Time-like reductions of supergravity and black

string solutions

Thesis submitted in accordance with the requirements of
the University of Liverpool for the degree of Doctor in Philosophy
by

Paul Dempster

September 23, 2014



Abstract

We consider various geometrical and physical aspects of the supergravity g-maps, which
are induced by dimensional reduction to three dimensions of five-dimensional N/ = 2
supergravity theories coupled to vector multiplets. In this way, the g-maps can be
thought of as a composition of the r-maps and c-maps. We treat in parallel the case of
reduction over two space-like directions and over one space-like and one time-like direc-
tion. We observe that in the latter case, surprisingly, the order in which the time-like
and space-like reductions are performed is relevant for some geometrical properties of
the resulting reduced theories. For the simplest example of pure supergravity in five di-
mensions, we show indeed that the target manifolds obtained from the two reductions
correspond to inequivalent open submanifolds in the pseudo-Riemannian symmetric
space Gy(9)/(SLa - SLz). Moreover, each submanifold is endowed with a different in-
tegrable structure which makes one a complex manifold and the other a para-complex
manifold.

As an application we investigate how the g-map can be used to generate new non-
extremal and extremal non-BPS static black string solutions in five dimensions. We
also make progress towards constructing new stationary solutions. The generic nature
of these constructions, which don’t rely on the target manifolds being symmetric spaces,
allow us to gain a more systematic understanding of various properties of black objects

in supergravity.
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Chapter 1

Introduction

String theory has long been considered the most likely candidate to provide a consistent
theory of quantum gravity. Since the “second superstring revolution” we have been able
to go beyond string perturbation theory and understand many of the non-perturbative
aspects of string theories, both through various dualities and through the emergence
of the eleven-dimensional theory known as M-theory [1-4]. An important tool in this
regard is provided by supergravity theories, which arise naturally as low-energy effective
theories of string and M-theory.

By considering strings propagating in backgrounds which involve different compact
manifolds, the number of supercharges, as well as the matter content, admitted by the
effective supergravity theories can be varied. An important aspect of such supergrav-
ity theories, which we will make use of throughout this thesis, is the fact that they
come equipped with two types of geometry: spacetime geometry and the geometry of
the scalar target manifold. For theories with 16 or more supercharges (N > 4 in four
dimensions), the geometry of the scalar manifold is completely fixed once the matter
content of the theory is specified. On the other hand, for theories with 8 or 4 super-
charges (M =2 or N =1 in four dimensions) the matter content does not completely
fix the scalar geometry, and so such theories can possess a much richer structure.

Whilst the scalar manifolds of A/ = 1 theories in four dimensions are only required
to be Kahler [5], those of the N' = 2 theories (which we will concentrate on in this

thesis) must satisfy more restrictive conditions, and are controlled by the properties
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of special geometry. As well as being interesting for purely mathematical reasons [6,
7], such geometry plays an important role in the understanding of non-perturbative
aspects of gauge theories [8,9], string compactifications [10, 11], and the microscopic
understanding of black hole physics [12-15]. More recently, special geometry has been
used to construct new solutions to N/ = 8 supergravity [16,17], as well as to obtain new
asymptotically-AdS solutions in gauged supergravities [18-20] with applications to the
AdS/CFT correspondence.

We now present an introduction to the main results in this thesis:

The r-map, c-map and ¢-map

For the N/ = 2 supergravity theories in which we will be interested in this thesis one
can understand the effect of both space-like and time-like dimensional reduction via
a series of maps between the target manifolds of such theories: the r-maps [21, 22],
c-maps [23,24] and g-maps. This latter can be understood as the composition ¢ = cor
of an r-map and a c-map. These maps provide us with important tools both in a
mathematical and physical context, and remain an active area of research.

Mathematically the r-map, c-map, and by extension the ¢-map, all preserve com-
pleteness [25]. Therefore, by classifying complete projective special real manifolds,
a project initiated in [26], one can obtain large classes of complete, and generically
non-homogeneous, quaternionic-Kéhler manifolds.

Physically, each of these maps can be understood as a relation between the target
manifolds of two rigid or locally supersymmetric field theories. In this thesis we will be
interested in taking as our starting point a five-dimensional N' = 2 theory of n vector
multiplets.

In the case of rigid supersymmetry, the target manifold of this theory is an affine
special real manifold M,,. By space-like reduction, we obtain a four-dimensional theory
of n vector multiplets, with target space an affine special Kéhler manifold. A further
space-like reduction gives a three-dimensional theory, for which the degrees of freedom

can be packaged into n hypermultiplets, with target space a hyperkahler manifold
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Q4n, [27]. This provides us with maps
Mn L> N- 2n L> Q4n-

If instead one reduces over a time-like direction, then the target manifolds of the re-
sulting Euclidean theories are equipped with a split-signature metric, and can be de-
scribed using para-complex geometry [28,29]. Indeed, time-like reduction of the five-
dimensional theory gives rise to a target space which is affine special para-Kéahler [28].
Likewise, both time-like reduction of the four-dimensional Minkowski theory and space-
like reduction of the four-dimensional Euclidean theory give rise to target spaces which
are para-hyperkahler [29].

In the case of local supersymmetry, the target manifold of the five-dimensional
N = 2 supergravity theory with n vector multiplets is a projective special real mani-
fold M, [30]. By space-like reduction we obtain a four-dimensional theory of (n + 1)
vector multiplets, the extra degrees of freedom compared to the rigid case coming from
the reduction of the gravity multiplet. The relevant target manifold is a projective spe-
cial Kéhler manifold ]\_fzn+2. A further space-like reduction gives a three-dimensional
supergravity theory, for which the degrees of freedom can this time be packaged into
(n + 2) hypermultiplets, with target space a quaternionic-Kihler manifold Q4,15 [24],

as required by supersymmetry [31]. This provides us with maps
Mn L> N2n+2 é Q4n+8-

If instead one reduces over a time-like direction, then the target manifolds of the result-
ing Euclidean-signature supergravity theories are again equipped with split-signature
metrics, and can be described using para-complex geometry. Time-like reduction of
the five-dimensional theory gives rise to a target space which is projective special para-
Kahler [32].

The study of the time-like versions of the c-map has only been undertaken fairly
recently, in work by the author and collaborators [33,34]. Here it is shown that both

time-like reduction of the four-dimensional Minkowski theory and space-like reduction
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of the four-dimensional Euclidean theory give rise to a three-dimensional Eulclidean
theory whose target manifold is para-quaternionic-Kéahler.

In Chapter 4 we analyse in detail the structure of those (para-)quaternionic-Kéhler

manifolds which are in the image of one of the g-maps.

Commutativity of space-like and time-like reductions

A central theme throughout this thesis is the use of time-like dimensional reduction as a
solution-generating technique. In particular, instanton solutions to the dimensionally-
reduced Euclidean theories can be dimensionally lifted to provide us with stationary
solitonic solutions, e.g. black holes, to our original supergravity theories [35]. Such
solutions play a crucial role as testing ground for various conjectures in string theory
and other theories of quantum gravity [1].

The structure of Euclidean supergravity theories is much less well understood than
Minkowski-signature ones, and they often present us with surprising features. For
example, in [36] it was shown that time-like reductions of ITA and IIB supergravities
give rise to two inequivalent (i.e. not related by a real field redefinition) nine-dimensional
Euclidean supergravities. This is in contrast to the case of space-like reduction, where
the two nine-dimensional Minkowski theories are related by real field redefinitions:
an artefact of T-duality. One of the primary motivations for this thesis is to better
understand the structure of Euclidean-signature field theories (both with rigid and
local supersymmetry), continuing the work of [28,29,32].

An important question that arises in the study of Euclidean supergravity theories
obtained from both space-like and time-like reductions is whether the order of the
reduction matters. In [36] it was argued that, for the case where the scalar manifold
of the Euclidean theory is a homogeneous (coset) space, this order does not matter.
However, their argument rested on being able to parametrise the scalar coset manifold
using the Borel gauge, which for the cosets appearing in Euclidean supergravity theories
(which have non-compact stability group [35]) does not provide a global parametrisation
of the manifold.

In this thesis, we concentrate on the reductions of five-dimensional N' = 2 super-
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gravity coupled to an arbitrary number of vector multiplets. Upon reduction to a
three-dimensional Euclidean theory, the scalar target manifolds are generically non-
homogeneous. However, one can use properties of the special geometry underlying
these theories to get a handle on the admissible geometric structures which are present
for all such spaces.

A surprising result of this thesis, which has been presented in a publication by the
author [37], is that, even for the simplest case of pure five-dimensional supergravity,
some of these geometric structures are sensitive to the order in which the space-like
and time-like reductions occur. Note that this is in contrast to the situation for rigid
supersymmetry, where it was shown in [29] that the three-dimensional Euclidean the-
ories obtained by time-then-space (TS) and space-then-time (ST) reductions could be
related by a real field redefinition.

In Chapter 5 we show the two scalar manifolds obtained from TS and ST reduction
of the five-dimensional pure supergravity theory can be distinguished by the existence
of different integrable structures on each. Indeed, for TS reduction, the scalar manifold
comes equipped with an integrable para-complex structure, whilst for ST reduction
we find an integrable complex structure. This fact is generic for all target manifolds
obtained after dimensional reduction of the five-dimensional N' = 2 theories to three
Euclidean dimensions, and so this non-commutativity of time-like and space-like reduc-
tions is expected to carry over to the general five-dimensional theory with an arbitrary
number of vector multiplets. This will be analysed further in a future publication by

the author [38].

Black string solutions

In four dimensions, no-go theorems [39] forbid the existence of extended black objects
in general relativity with horizon topology different to S?, which is the case for black
holes.

However, higher dimensions are less restrictive, and one can construct solutions
with more exotic horizon topology, see e.g. [40]. The general class of such solutions

that we are interested in in this thesis are black branes, which possess translational
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symmetry in some spacetime directions. Such solutions are of particular interest in the
context of string theory.

Such black objects come in two main classes: extremal and non-extremal. These are
distinguished thermodynamically by the fact that extremal black objects have vanishing
horizon temperature. In theories of extended supergravity, extremal objects can be
further separated into BPS and non-BPS. The BPS objects are characterised by the
preservation of some degree of the supersymmetry of their parent theory, and saturate
the Bogomolnyi bound relating their mass to the central charge of the underlying
supersymmetry algebra.

The advantage of studying BPS solutions is that they can be obtained and classified
using the so-called Killing spinor equations [41]. These are a set of first-order differ-
ential equations, and are therefore generally easier to solve than the full second-order
field equations. Such objects are by now well understood, both at a macroscopic and
microscopic level. Constructing non-BPS and non-extremal solutions is significantly
more involved, since these do not satisfy the Killing spinor equations, and as such there
is still a lot to discover.

In this thesis we will concentrate on the case of stationary black strings (1-branes)
in five dimensions. These possess translational symmetry in both a time-like and space-
like direction, which constitute the worldvolume directions of the string. By dimension-
ally reducing over these isometric directions we obtain a three-dimensional Euclidean-
signature supergravity theory, to which we can find instanton solutions. These can then
be lifted back to five dimensions, and to the sought-after black string solutions. This
procedure is generally known as ‘diagonal’ dimensional reduction and oxidation [42].

This dimensional reduction provides us with the link between the spacetime geome-
try and the target space geometry. In particular, reduction from five to three dimensions
implements the ¢g-map at the level of the target space. All of the five-dimensional de-
grees of freedom then parametrise the para-quaternionic-Kéhler manifold in the image
of the g-map. In fact, for the static extremal black strings we will meet in Chapter
6, the truncation of certain five-dimensional fields means that we are restricted to a

specific para-Kéahler submanifold of the full para-quaternionic-Kéhler manifold.
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Our method for constructing instanton solutions to the three-dimensional Euclidean
theory follows the philosophy of [43], and can be interpreted from the point-of-view of
the target space geometry in the following manner. Single-centred extremal BPS black
strings correspond to null geodesic curves contained within the eigendistributions of
the integrable para-complex structure, whilst non-BPS black strings correspond to null
geodesic curves not contained within these eigendistributions. Indeed, we can use such
a geometrical characterisation of extremal solutions whenever the underlying target
manifold admits an integrable para-complex structure. In Chapter 7 we utilise this
fact to construct new BPS and non-BPS stationary solutions for which we relax the
condition of staticity.

The construction of non-extremal solutions is less formulaic. Since non-extremal
black objects are non-BPS, we are unable to use Killing spinor equations. However,
various methods have been used to construct non-extremal black holes and black branes,
which often involve reducing the equations of motion to first-order [44-46].

In Chapter 6, we extend the formalism of [47,48] and construct non-extremal solu-
tions directly at the level of the equations of motion. We first impose that the solutions
be spherically symmetric in the three-dimensional space transverse to the string. We
are then able to integrate the second-order equations of motion directly and obtain a
general solution, before finding conditions on the integration constants which ensure
that the five-dimensional solutions correspond to physical black strings with finite scalar
fields. These solutions have appeared previously in a publication by the author [49].

This formalism can also be extended to more general non-extremal stationary solu-

tions, and we make progress in this direction in Chapter 7.

Outline

This thesis is organised as follows: in Chapters 2 and 3 we introduce the main math-
ematical and physical background needed to understand the bulk of this thesis. In
Chapter 4 we analyse the supergravity g-maps for the case of an arbitrary number
of vector multiplets coupled to supergravity, and motivate the question of ST vs. TS

reductions. We then concentrate, in Chapter 5, on the example of pure supergravity in
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five dimensions, and show that dimensional reduction over one space-like and one time-
like direction provides us with two inequivalent open submanifolds of the symmetric
space Gig(2)/(SLa - SLz). In Chapters 6 and 7 we then turn to spacetime geometry. In
Chapter 6 we construct new non-extremal and extremal non-BPS static black string
solutions to five-dimensional supergravity with vector multiplets. Then, in Chapter 7,
we relax the condition of staticity and construct more general stationary solutions. We

finish in Chapter 8 with conclusions and ideas for future work.

Notation and conventions

We use the conventions of [5].



Chapter 2

Preliminary mathematics

In this chapter we introduce the various mathematical ideas which will be important
throughout this thesis. We begin by simply requiring the existence of a differentiable
manifold, and add further structure (metric, complex structure, quaternionic structure,
etc.) to this as we go.

We begin in Section 2.1 with an overview of differential geometry, introducing the
elementary material upon which the rest of the chapter builds and working up to
special real geometry, which will play an important role in this thesis. In Section 2.2
we introduce the dual notions of complex and para-complex differential geometry, with
the aim of describing projective special (para-)Kéahler manifolds, before moving on to
discuss (para-)quaternionic-Kéhler manifolds in Section 2.3. Finally, in Section 2.4, we
turn to the subject of Lie algebras, presenting a number of key results which will be of

use in Chapter 5.

2.1 Differential geometry

In this section we introduce a number of fundamental concepts in differential geometry,
with the aim of familiarising the reader with the tools needed to approach the bulk of
this thesis. We do not claim to give a completely rigorous account of the material, and
refer liberally throughout to the relevant source material for further information.
After some basics, we define in Section 2.1.2 the notion of an (affine) connection

on a differentiable manifold , and use this to discuss geodesy, holonomy and curvature.
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We then equip our manifold with a pseudo-Riemannian metric in Section 2.1.3 and
use this to discuss the Levi-Civita connection, orthonomal frames, pseudo-Riemannian
symmetric spaces, and finish with Berger’s theorem on Riemannian holonomy. We end
with Section 2.1.4 on the subject of special real geometry, which contains many of the

results we will use throughout this thesis.

2.1.1 Basics of differential geometry

Throughout this section we take M to be some arbitrary m-dimensional differentiable
manifold. We denote by I'(T'M) the set of smooth vector fields on M, i.e. the set of

sections of the tangent bundle T M, and by F(M) the set of smooth functions on M.

Integral curves

Let X € T'(T'M) be some smooth vector field. Then we define an integral curve

generated by X to be a function

v :la,b] — M,

parametrized by ¢t € [a,b] such that the tangent to the curve at a point v(t) € M is
X (1), 1.e. the value of the vector field at that point.
In particular, take some local coordinate patch U C M on which we choose a set of

local coordinates {x*}. Then the integral curve is defined by the property

dx" L
i XH(x(t)). (2.1)

2.1.2 Connections on the tangent bundle

We now introduce the notion of an affine connection on a differentiable manifold M.

Note that no extra structure, e.g. existence of a metric, is required in this subsection.
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Affine connections

We define an affine connection V via the map

V:D(TM)xT(TM) — T(TM)

(X,Y) = VxY. (2.2)

In order to be a connection, V must satisfy some properties, namely linearity in its

first argument and the Leibniz identity in its second, viz.
VixigvZ = [VxY +gVy Z,

for any X,Y,Z € I'(T'M) and f,g € §(M) some smooth functions on M, and
Vx(fY) = X(f)Y + fVxY,

for any X, Y € I'(T'M) and f € §(M).
Another way of formulating this is via the language of derivations. In particular,

we choose some smooth vector field X € I'(T'M). Then define a linear map
Vx:I'(TM)—-T(TM),

which acts as a derivation on the module of smooth vector fields I'(T'M) over the ring
of smooth functions §(M). In this context, saying that Vx acts as a derivation just
tells us that it is linear Vx (Y + Z) = VxY + Vx Z and satisfies the Leibniz property

as before.

Affine connection in a coordinate basis

Suppose we now choose some coordinate basis for TM, so X = X*0,,. Then

VxY = XV, (Y0y)

= XH(8, YN\ + XHY"(V,.0,)
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= XF|9 Y +T),Y"| 0,

where we have used both linearity (first line) and the Leibniz property (second line) of

the connection. The connection coefficients are defined via.
LA
V.0, =: FW(?,\,
i.e. they are the components of the vector field V0, in the coordinate basis.

The affine connection on functions

We extend the action of the affine connection Vx to the space of smooth functions
§(M) on M by

where £ x f is the Lie derivative of f along the curve X. In a coordinate basis X = X",

we have

ozH’

X(f)

which is just the usual directional derivative of f along the vector field X.

The affine connection on tensor fields

We can further extend the definition of Vx to arbitrary rank tensor fields by simply
requiring it to act as a derivation on the algebra of tensor fields ©(M) over R. In
particular, we want it to preserve tensor-type (i.e. map tensors of rank (r, s) to tensors

of rank (r,s)), to commute with contractions, and to satisfy
Vx(T1 ®@Ty) = (VxT1) @ To + Th @ (VxTs). (2.3)

As a quick example, we compute the action of Vx on a smooth 1-form w € T'(T*M).
Take some vector field Y € I'(T'M). Then on the one hand the definition of Vx on

$(M) tells us that we should have
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On the other hand, the property (2.3) tells us that

Vx(w)) = (Vxw)(Y)+w(VxY),

i.e. the connection acts first on one argument then the other. Putting this together we

find the action of Vx on cotangent vector fields to be

(Vxw)(Y) = X(w(Y)) — w(VxY). (2.4)

Parallel transport and geodesics

Choose some smooth vector field V' € T'(TM), and consider the integral curve c(t)

generated by V.

Definition 1. We say that a vector field X € T'(T'M) is parallel transported along
a curve c(t) if

Vy X =0.

Using this, we define the notion of a geodesic curve v(t) as an integral curve

generated by a vector field V' € I'(T'M) which satisfies

VvV =0,

at least up to some reparametrization of the curve.

Given a point p € M, we can define the notion of a geodesic symmetry as a
map s, : M — M which fixes p and reverses geodesics through p, i.e. sp(y(t)) = y(—1).
In other words sy(p) = p and (sp)« = —1lr,n, where (sp) : T,M — T,M is the
differential of s at p. Note that the map s, need only be defined in a neighbourhood
of p. Geodesic symmetries will be important later when we talk about symmetric

spaces.

Holonomy

Given a connection V on M, we can use the notion of parallel transport to define a

transformation group Hol(V, p) acting on the tangent space T),M.
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In particular, take p € M and consider the set of all closed loops in M based at p:

Cp(M) = {y:10,1] = M [~(0) =~(1) = p}.

Now, take a vector X € T, M and parallel transport it around some loop c¢(t) € Cp(M).
The result will be a new vector X, € T),M. Hence, to each loop we can associate a map
P.:T,M — T, M which takes X — X_.

The set of all such transformations, obtained by considering all possible loops in
Cp(M), gives a group Hol(V,p) C GL(m,R) called the holonomy group at p. Ex-

plicitly, the action of an element Hol(V, p) on T,M is given by
P.X = Xh=X"h,e,,

where h € Hol(V,p) and {e,} is a basis of T, M.

Note that if M is arcwise connected, then Hol(V,p) = Hol(V, q) for any p,q € M.
Hence the holonomy group is independent of the base point, and we simply refer to
Hol(V). This will be the case for all of the manifolds we encounter in this thesis.

Moreover, if we consider only the subset C’g (M) C Cp(M) of loops that are ho-
motopic to the identity (can be shrunk to a point) then we obtain the restricted
holonomy group at p, denoted HolO(V, p). For simply-connected manifolds this of

course coincides with Hol(V,p).

The torsion tensor

A particularly important tensor field that can be constructed from the affine connection

V is the torsion tensor

T :T(TM) xT(TM) — T(TM)

(X,Y) = VyY—VyX —[X,Y]. (2.5)
In a coordinate basis {0,,} we have

T(X,Y) = (rjw - rﬁu) X1YV 9y,
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Definition 2. We call an affine connection V torsion-free if T(X,Y) =0 for any

X,Y e T(TM).

In terms of a coordinate basis, the torsion-free condition just tells us that the

connection components Ff;,/ are symmetric in their lower indices.

The curvature tensor

Another important tensor field constructed from the connection is the curvature ten-

sor

R:T(TM) x T(TM) x T(TM) — T(TM)

(X, Y, Z) — vayZ — Vyvxz — V[ny]Z. (2.6)
In a coordinate basis {J,,} we have

R(X,Y)Z = XYV Zz° aﬂrﬁp - ayrﬁp + Ffmrgp - Figng .

Definition 3. We call an affine connection V flat if R(X,Y)Z =0 for any X,Y, Z €
T(TM).

Note that for manifolds with flat connection, the holonomy group Hol(V) is trivial

(see 10.25 of [50]).

2.1.3 Pseudo-Riemannian geometry

We now move on to consider differentiable manifolds endowed with additional structure,
namely the existence of a metric g.

Let (M, g) be a pseudo-Riemannian manifold of signature (p,q). We call an affine
connection V on M metric compatible if Vg = 0. It turns out that there exists
a unique metric compatible torsion-free connection D on (M, g), which we call the
Levi-Civita connection.

We can compute the Levi-Civita connection explicitly using the Koszul formula [51]

29(DXK Z) = Xg(Y, Z) +Yg(X, Z) - Z.g(Xa Y)
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—|—g([X,Y],Z)—g(X, [Y>Z])_9(Y7 [X7Z])a (27)

where X,Y, Z € I'(TM). Note that when taking X,Y, Z to be coordinate vector fields,
and hence to commute, the final three terms on the right hand side of (2.7) vanish,
and one recovers the usual form of the Levi-Civita connection in terms of Christoffel
symbols. The complementary case, where X, Y, Z are left-invariant vector fields, will

be useful in Chapter 4.

Orthonormal frame

Given a pseudo-Riemannian manifold (M, g), we can define an orthonormal frame

{eq}, which spans T'M, satisfying

g(eq,ep) = Nap,

where

We can relate the basis {e,} to a coordinate basis {0,} by
eq = €40,
The vielbeins e,* are SL(m,R) matrices and satisfy
ea" ey’ g = Nav,

where g, = g(0,0,) are the components of the metric g in the coordinate basis. The

inverse vielbein e, is given by

a ab_ v
€u = Gu € -

Any two orthonormal frames {e,} and {e,} are related by an SO(p,q) transfor-

mation, i.e. e, = M,’e, for M € SO(p,q). Hence the natural language for describing
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orthonormal frames is to introduce a principal SO(p, ¢) bundle, called the frame bun-
dle, over M [52].

We can define a dual basis {0} of T*M satisfying 0%(ep) = 5. In terms of the

coordinate basis {dz*}, we have
0 = e, dx",
and so the metric g can be written
g = gudr" @ dz¥ = nub® @ 60°.

For most of the applications in this thesis, it will be convenient to work in such an

orthonormal frame.

Connection 1-form and Cartan’s structure equations

Given an affine connection V on a pseudo-Riemannian manifold (M, g), we can write
VxY in terms of an orthonormal frame {e,}, as we did with the coordinate basis in

Section 2.1.2. In particular,
VyY = X° (anC + Yb7§b> e,
where we have defined the connection coefficients with respect to the basis {e,} as
Vaey =: Yopee-
These can be related to the connection coefficients I',,, of Section 2.1.2 by
Yab = ex“ea’ (%%A + 6b”Fﬁy) :

We can likewise write the components of the torsion tensor 1" and curvature tensor R

in the orthonormal basis [52].
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We define the connection 1-form as

w = 5. 0°. (2.8)

This satisfies Cartan’s structure equations

dO® + wy A 6° =T9, (2.9)
dw®y + w® Aw, = RY%, (2.10)
where we have defined the torsion 2-form 7% = %Tbac 6° A 6°, and the curvature

2-form R%, = %Rabcd 6c A 9.

Pseudo-Riemannian symmetric spaces

An important class of pseudo-Riemannian manifolds, which will appear in Chapter 5,
are symmetric spaces. In order to define these, we follow Theorem 10.72 of [50] and

Corollary 8.16 of [53].

Theorem 1. Let (M, g) be a pseudo-Riemannian manifold. Then the following are

equivalent:

(i) DR =0, where D is the Levi-Civita connection on (M, g).

(ii) The geodesic symmetry s, around any pointp € M acts isometrically, i.e. (s*g)p =
9p-

Recall [51] that the pullback (s))* acts on the (0,2) tensor field g as

(s"9)p(X,Y) = g ((8p)+X, (sp)Y), X, Y € T,M.

Definition 4. A pseudo-Riemannian manifold satisfying (i) or (ii) in Theorem 1 is

called locally symmetric.

If, in addition, (M, g) is complete and simply-connected, then it is a symmetric

space. In this latter case, the manifold is a homogeneous space' G/H for which there

! A topological space X is called a homogeneous space if there exists a transitive action of some
Lie group G’ on X. The Lie subgroup H C G is the stabilizer of the ‘origin’ 0 € X.
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exists a certain involutive automorphism o of G. In particular, let G7 = {g € G|o(g) =
g} be the fixed-point set of the involution, and G¢ the component connected to the
identity. Then G C H C G?. A consequence of this is that GZ, H and G all have
the same Lie algebra . We will have more to say on this in Section 2.4.

Symmetric spaces have an important role to play in the context of extended su-
pergravity theories, as they often turn up as the target manifolds of certain non-linear

sigma models [35]. Indeed, it is in just such a setting that we will meet them in Chapter

5.

Berger’s list of Riemannian holonomies

The notion of holonomy gives rise to a classification of Riemannian manifolds, known
as Berger’s theorem, which will prove illuminating in the remainder of this thesis. We

follow 10.92 of [50].

Theorem 2. Let (M,g) be a Riemannian manifold which is not locally symmetric
and for which the restricted holonomy group Hol®(D) is irreducible®*. Then Hol(D) is

contained within one of the groups in Table 2.1.

Holonomy Dimension | Manifold

SO(n) n Orientable

U(n) 2n Kéhler

SU(n) 2n Calabi-Yau

Sp(n) 4dn Hyperkahler

Sp(n) - Sp(1) | 4n Quaternionic-Kéhler
G 7 Go-manifold

Spin(7) 8 Spin(7) manifold

Table 2.1: Berger’s list of Riemannian holonomies

As an example of what Table 2.1 means, we show:

Theorem 3. For a generic orientable Riemannian manifold (M, g) of dimension n,

the holonomy group Hol(D) is contained within SO(n).

Proof: We first note that, since Dg = 0, the connection D preserves the length of
a vector. Hence, g,(P.X,P.X) = ¢p(X,X) for any X € T,M. Expanding in an

2From a theorem of de Rham (10.43 of [50]), this is equivalent to saying that M is not locally a
product manifold.
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orthonormal frame {e,} for T,,M, we find

Tlab = hachbdncdu

and so h € SO(n) C GL(n,R). Hence, the holonomy group is reduced to a subgroup
Hol(D) C SO(n). O

For the case where M is a (irreducible, simply-connected) symmetric space G/H,
the holonomy group is simply equal to the isotropy subgroup H. This will be important
when we look at the symmetric space G(2y/(SLa - SL2) in Chapter 5.

Manifolds of special holonomy play an important role in string compactifications
(see [54] and references therein) due to the fact that they admit covariantly constant
spinors (Theorem 3.6.1 of [55]). In particular, this means that strings propagating on a
background including one of these compact manifolds (e.g. heterotic strings on R3! x Xg
where X is a Calabi-Yau threefold [56]) preserve some number of supercharges in the

lower-dimensional non-compact space .

2.1.4 Special real geometry

Special real manifolds are central to the main subject matter of this thesis: five-
dimensional N' = 2 supergravity theories. We will see in Chapter 3 that the consistent
supersymmetric coupling of five-dimensional N' = 2 vector multiplets with gravity re-
quires the presence of a so-called “projective special real” manifold. In this section
we will introduce the relevant mathematical framework to understand this result. We
follow [48,57] and unpublished work by V. Cortés and T. Mohaupt.

We start with an intrinsic definition of a Hessian manifold, and add further structure
until we reach a conic affine special real (CASR) manifold. We then define a projective
special real (PSR) manifold as a certain quotient of, or equivalently a hypersurface in,

the CASR manifold.

Definition 5. A pseudo-Riemannian manifold (M, g, V) endowed with a flat, torsion-

free special connection V is called Hessian if Vg is completely symmetric.
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Given a flat torsion-free connection, V, we can cover M with a set of ‘normal

coordinates’ h! such that the connection components I‘§ i vanish. This tells us that

VxY = X1(9;Y7))d;, with 8; = ST

Then the requirement that Vg be completely symmetric, i.e. that (Vxg)(Y, Z) be

symmetric in X, Y, Z, can be shown to be equivalent to the condition

0197k = 0591K

which tells us that locally the metric g can be written as

O*H 7

for some Hesse potential H(h). For the particular case in which the function H is a

cubic polynomial, we have

Definition 6. A Hessian manifold (M, g, V) with Hesse potential a cubic polynomial

is called an affine special real manifold.

Affine special real manifolds appear in supersymmetric field theory when one wants
to write down a consistent interacting Lagrangian for rigid N' = 2 vector multiplets
in five dimensions. In this case, one finds that the scalar fields contained within the

vector multiplets should parametrise an affine special real manifold [28, 58].

Definition 7. A d-conic Hessian manifold (M,g,V,§) is a Hessian manifold

(M, g,V) endowed with a vector field & such that:
(i) D€ = 21, where D is the Levi-Civita connection on (M, g).
(ii) V&= 1.
The first of these conditions can be analysed by recourse to the Koszul formula

(2.7) with Y = €. The left hand side then reads
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using the first conic condition. Since this is now symmetric in X, Z we need only
concentrate on those terms on the right hand side of (2.7) which are likewise symmetric

in X, Z. Hence, we have
dg(X,2) =&9(X, Z) + g([X,&], 2) + 9([Z, €], X),
which in components reads

dgry = E50kgrs + gr 01" + 910565 = Legry. (2.11)

Thus £ acts as a homothety on the metric g.
We turn next to the second condition defining the d-conic Hessian manifold, which
tells us that Vx& = X for any smooth vector field X € I'(T'M). In terms of special

coordinates h! this becomes
X'(ore”)o; = X705,
or in other words 9;¢7 = §7. Hence, the vector field ¢ is an Euler vector field
¢=hnloy,
with respect to the special coordinates. Plugging this into (2.11) we find
WX Okgry = (d—2)g1,

which tells us that the components of the metric g on a d-conic Hessian manifold, with
respect to the special coordinate basis, are homogeneous of degree d — 2. Since we
saw already that gr; = 8?7 ;H, then the Hesse potential for a d-conic Hessian manifold
should be homogeneous of degree d. Combining this with the definition of an affine

special real manifold, we have

Definition 8. A conic affine special real (CASR) manifold (M,q,V,§) is

a 3-conic Hessian manifold with Hesse potential a cubic polynomial. In particular,
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H(h) = cryxh'h/hE for some constants crj -

In the physics literature, CASR manifolds play an important role in moving between
theories with rigid and local supersymmetry. In particular, the additional assumption
that the Hesse potential be homogeneous means that the rigid theory is invariant under
superconformal transformations [57]. One can therefore use the superconformal calculus
in five dimensions [59,60] to construct a locally supersymmetric theory. Geometrically,
this corresponds to performing the so-called ‘superconformal quotient’, which we now

discuss.

From CASR to PSR manifolds

We start with a CASR manifold (M, g, V, &), which we take to be some domain M C R”
parametrized by special coordinates h!, with I = 1,...,n. The vector field ¢ induces

an RT action on M given by
' — MBI, XeRT.

Hence, the domain M should be chosen such that it is invariant under multiplication
by positive numbers.

There are a number of equivalent ways to define a projective special real (PSR)
manifold. The most familiar is to define a PSR manifold as a hypersurface H C M
given by

H={xe M|H(z)=1}.

The full CASR manifold can then be obtained from #H by the R* action generated by
&. We can equip ‘H with the metric gy = —% 9|, which is assumed to be Riemannian.
Away from H the tensor field —%g on M gives rise to a Lorentzian metric on M, since
it is negative definite in the direction of ¢ [57].
We can also think of H as the set of cosets of M under the R™ action. In other words,
we can obtain H by ‘projecting’ along the orbits of the vector field &, i.e. H = M/R™T.
We now want to equip X with a Riemannian metric. Since £¢g = 3g, we see that

the metric g on the original CASR manifold changes along the orbits of £. In order to
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define H as a Riemannian coset space, we want a tensor field on M upon which £ acts
isometrically. To this end, we define

_ 0*H
~ onlon’

. 1
a dh! ® dh?, where H = —3log H. (2.12)

One can show that the tensor field a satisfies £¢a = 0, i.e. it is constant along orbits
of &. Since it will be useful in Chapter 3, we write explicitly the components of a in

terms of the special coordinates:

= ((ch)u B 3(Chh)](Chh)J) 7 (2.13)

chhh 2 (chhh)?
where we have defined chhh := crygh’h? b, (chh)r := cryxh’hE, ete.

We can therefore define a PSR manifold H as the quotient
H = M/RT,

with quotient metric obtained from a. Note that for the hypersurface embedding 7 :

‘H — M, the pullback of —% g and a induce the same metric on H:

g =1" (—;g) =1"(a).

Projective special real manifolds will be important in Chapter 3, where we will
see that they naturally appear when one tries to consistently couple N = 2 vector

multiplets to gravity in five dimensions.

2.2 (Para-)Complex differential geometry

This section deals in parallel with the subjects of complex and para-complex differential
geometry, which have many important applications in supergravity. Whilst complex
differential geometry is fairly familiar, the use of para-complex differential geometry in
physics was only formalised fairly recently [28]. By introducing the notion of e-complex

manifolds, where ¢ = —1 refers to complex manifolds and ¢ = 1 to para-complex
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manifolds, we are able to treat both types of geometry on the same footing.

The primary aim of this section is to provide the necessary material to understand
projective special e-Kahler manifolds, which appear in the study of four-dimensional
N = 2 vector multiplets coupled to gravity. However, along the way we will introduce
a host of material which will prove useful throughout this thesis. We begin in Section
2.2.1 by defining almost e-complex structures, and treat their integrability in Sections
2.2.2-2.2.3, before moving on in Section 2.2.4 to e-Kahler manifolds. Finally, the main
bulk of this section is contained in Section 2.2.5 where we introduce the notion of special
e-Kéahler manifolds.

We mostly follow the treatment of [52] for complex geometry, and [28,32] for its

para-complex cousin.

2.2.1 Almost e-complex structure

An e-complex structure J is a tensor field such that at each point p € M, the endo-

morphism J, € End(7,M) satisfies
J2 = eldp, .

For e = —1 this is the usual definition of an almost complex structure. For e = 1 we also
impose that the two eigenspaces T,M* = ker(Id, F J,,) have the same dimension [28].
In this case J is called an almost para-complex structure.

Given an almost e-complex structure J on M, we can define a dual structure J* €

I'(End(T*M)), which is defined by
(J7E)(X) = (I X)),
for any £ e I'(T*M), X € I'(TM).

2.2.2 Integrability of an almost complex structure

We follow Section 2.11 of [50], which gives three equivalent criteria for an almost com-

plex structure J on M to be integrable. We investigate them in turn.
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Vector fields

Let Z € T,M Cxr »M ® C be a vector in the complexified tangent space at some point
p € M, and J, € End(T,M €) an almost complex structure.
Since J, is an anti-involution, we can split the complexified tangent space into two
disjoint subspaces [52]
T,M® =T,M* & T,M",

where

T, = {7 € T,MC|J,Z = +iZ ). (2.14)

We call T,M " the holomorphic tangent space and 7, M ~ the anti-holomorphic
tangent space. These are also sometimes denoted T, M (1.9 and T,M 0.1 which is
the notation we use in the following. Hence, any almost complex structure J gives
rise, at each point p € M, to a decomposition of T, M € into a holomorphic and an
anti-holomorphic tangent space.

We decompose the generators T, M* = span{X,} into T,M1:?) = span{X;} and
T,M©®Y = span{X;}. Then

Definition 9. The almost complex structure J is integrable if [X;, X;] € TpM(LO)

for any X;, X; € TpM(l’O).

Since the generators X, € T,M C satisfy the relations
[X(hXb] = faC,bXC7

the statement that J is integrable is equivalent to the statement that the structure
constants f¢; satisfy

F=0, fE=o. (2.15)

(Y ij

Using this information we can find an equivalent condition for an almost complex

structure J to be integrable based on 1-forms.
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1-forms

Given the basis {X,} of T,MC, we can define a dual basis {#%} of the complexified
cotangent space 1,y M € Ty M @ C in the usual way. One can then show [51] that the
0% satisfy

dh® = —f2 6° A 6°. (2.16)

The decomposition, via J, of T, M € into a holomorphic and anti-holomorphic tan-
gent space induces a similar decomposition of 7,7 M C into oM 19 and T » M 0.1 We
can then split {6%} into disjoint sets {#} and {f7}.

The exterior derivative decomposes as
A" = —f1,.07 N OF — 2f;,—§0j AGF — f;‘,;éj A GF,

so that J being integrable in the vector field sense given above is equivalent to the

vanishing of the final term here. As such, we have

Theorem 4. The almost complex structure J is integrable in the sense of Definition
9 iff the exterior derivative df of any holomorphic 1-form 6 € T;M(LO) contains mo

(0,2) form.

Newlander-Nirenberg theorem

The final condition for J to be integrable is the subject of the famous Newlander-

Nirenberg theorem. We first define the Nijenhuis tensor?

N(X,Y):=-J[X, Y]+ J[JX, Y]+ J[X,JY] - [JX,JY]. (2.17)

Then the Newlander-Nirenberg theorem states:

Theorem 5. The almost complex structure J is integrable in the sense of Definition

9i4ff N(X,Y) =0 for any X,Y € T(TM).

The proof can be found in Theorem 8.12 of [52]. Note that the vanishing of the

Nijenhuis tensor is a local condition, so only needs to hold on open sets of M. This

3The first term is just [X,Y] for J an almost complex structure, but becomes important in the case
where J is an almost para-complex structure.
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will be important in Chapter 5, when we see that two open orbits contained within the

same pseudo-Riemannian symmetric space admit different integrable structures.

2.2.3 Integrability of an almost para-complex structure

The condition for integrability of an almost para-complex structure can be derived
similarly to the complex case in the previous subsection. However, in this case the
eigendistributions T, M * are real vector spaces. Since Jp is an involution on T,M, we

can make the decomposition
T,M =T,M" & T,M",

where

T,M* ={X € T,M|J,X = +X}.

Then Frobenius’ theorem guarantees that the almost para-complex structure J is in-
tegrable if [X,Y] € T,M™* for any X,Y € T,M*. Again, this is equivalent to the
condition that the Nijenhuis tensor (2.17) vanishes [28,61].

The integrability of an almost e-complex structure J defines on M the structure of

n

an e-complex manifold. The simplest examples are C, where C, is the ring of e-complex

numbers

C.:=R[i], i*=¢e

We call i, the e-complex unit. For ¢ = —1 this is the usual complex unit ¢, while for
e = 1 we have a para-complex unit, generally denoted e. Note that the set of para-
complex numbers is not a field, since it admits zero divisors. Hence, one needs to be
careful when using certain facts from linear algebra. For an overview, see [61].

Note (Proposition 2 of [28]) that a para-complex manifold (M, J) of real dimension
2m is locally a product manifold, so that we can find local coordinates (zi, zi)i:L_.,m
for which dz oJ = £dz’.. For further details and examples of para-complex manifolds,
and para-complex geometry in general, see [62] and references therein.

A function f : M — C. is called e-holomorphic if df J = i.df. This is a spe-

cific example of the more general notion of an e-holomorphic map between e-complex
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manifolds (M, J) and (M’,J’), which satisfies df J = J' df.

2.2.4 Almost e-hermitian and e-Kahler manifolds

An almost e-complex manifold (M, J) equipped with a pseudo-Riemannian metric g is

said to be almost e-hermitian if ¢ is compatible with J, i.e.

Ip(JpX, JpY) = —egp(X,Y),

for any X,Y € T,M. Then we can define a 2-form wy, called the fundamental
2-form, on (M, g, J) via
wi(X,Y) = g(JX,Y).

We have

Definition 10. An almost e-hermitian manifold (M, g, J) is almost e-Kdhler if the

fundamental 2-form wjy is closed, dwy = 0.

If J is integrable, then we obtain the usual condition for (M,g,J) to be an e-
hermitian or e-Ké&hler manifold. In particular, in this case dw; = 0 can be shown to be
equivalent to D.J = 0, where D is the Levi-Civita connection on (M, g). Then locally

one can find a set of e-holomorphic coordinates z* such that the metric g is given by

aZK a =b
g = Re <8z“02bdz ® dz ) ,

for some function K (z, z) called the e-K&hler potential.

2.2.5 Special e-Kahler manifolds

Just as the special real manifolds we met in Section 2.1.4 will prove to be useful for
five-dimensional supergravity theories, so the special Kédhler manifolds we will introduce
next will be important for the study of four-dimensional N/ = 2 supergravity theories,
as we will see in Chapter 3.

We begin this section by defining the notion of an affine special e-Kéhler (ASeK)

manifold. These are important for the study of supersymmetric field theories in four
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dimensions. In particular, in order to consistently couple rigid N' = 2 vector multiplets
in four-dimensional Minkowski (¢ = —1) or Euclidean (e = 1) space(time), the scalar

fields should parametrise an affine special e-Kéhler manifold [5,28].

Definition 11. An e-Kdhler manifold (M, g, J) equipped with a flat torsion-free ‘spe-

cial’ connection V is called affine special e-Kdhler if:
(i) Vg is completely symmetric, i.e. (M,g,V) is Hessian.
(i) Vw =0, where w is the fundamental 2-form on (M, g, J).

Since (M, g, V) is Hessian, we can use the arguments of Section 2.1.4 to introduce a
set of ‘special’ coordinates X! on M. The second condition then implies [28] that the
special coordinates are compatible with the e-Kahler structure. That is, the metric g

can be obtained from the e-Kéhler potential

K(X,X) =i (X F; — XTFy), (2.18)

where F(X) is an e-holomorphic function called the prepotential. Here we have
used the notation Fj(X) = 0;F(X), etc. The components of the metric on the ASeK
manifold are then given by*

0?K

Nis(XX) = 5T

—ie (Frg — Fry) . (2.19)

Following the story of special real geometry in Section 2.1.4, we next define a
conic affine special e-Kéhler (CASeK) manifold. This plays the same role for the four-
dimensional theory as the CASR manifold did for the five-dimensional theory. Namely,
it allows us to move between theories with rigid and local supersymmetry by means of

the superconformal calculus (see [5] and references therein).

Definition 12. A conic affine special ¢-Kdhler manifold (N, gy, J,V,§) is an

affine special e-Kdhler manifold (N, gn,J, V) endowed with a vector field & satisfying:

(i) D& =1d, where D is the Levi-Civita connection with respect to gy .

4Here we write Ny for the components of the metric g to be consistent with the literature.



CHAPTER 2. PRELIMINARY MATHEMATICS 31

(i) V€ =1d.

Comparing to Definition 7 we see that CASeK manifolds are a subclass of 2-conic
Hessian manifolds. We saw there that the vector field & was an Euler vector field
with respect to the special real coordinates. Likewise, using special e-holomorphic
coordinates X! on N, we find that the conditions (i) and (ii) of Definition 12 imply

that

0 yx1 9 (2.20)

_ I
=X ox! D d

We can also introduce a second privileged vector field J€ on N, given by

9 _. 0
. XI o XI
JE = axI 't HxT (2.21)

Together ¢ and J¢ generate a C} action on the CASeK manifold N. In the case
€ = —1, we see that ¢ generates dilatations X! — |A\| X, while J¢ generates a U(1)
transformation

X eox!, X1 em0X

In the case e = 1, C! is the group of invertible para-complex numbers, which is discon-
nected [61]. We can therefore choose whether to allow the full action of C_; = C*,
or just the component connected to the identity Cj. Note that the action of e € C*
induces an anti-isometry on the CASeK manifold which takes gy — —gn.

Performing an analysis similar to that in Section 2.1.4, we find that £ acts homo-

thetically on gy, while J¢ acts isometrically
Legn =29n,  Lyegn = 0.

Moreover, the components (2.19) of the metric gy should be homogeneous of degree
d — 2 = 0, which implies that the prepotential F'(X) should be homogeneous of degree
2.

Motivated by analogy with CASR manifolds, we define a tensor field

9’K
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The components of the tensor field g are given by

Nij (NX)[(NX),

Ny " 2.23
9= TXNX T (XNX)Z (2:23)

where Ny; are the components of the metric gx on N (2.19). We note that X'g,; =

g;7X”7 = 0, which implies that the tensor field g is degenerate along the directions
spanned by {¢, J&}

Hence g does not provide a metric on the CASeK manifold. However, both £ and J&
act isometrically on ¢

£§g: £J£g:0.

Definition 13. A projective special e-Kdhler (PSeK) manifold (N,g,J) is de-
fined to be the quotient manifold N/C! of a conic affine special e-Kdhler manifold
(N,gn,J,V,€). The metric G on N is induced by the tensor field g on N, while the

e-complex structure J on N is induced from J on N.

The C} action by which we quotient to get the PSeK manifold is that generated
by the vector fields {&, J€}. Since the tensor field g is isometric along these directions,
it gives a natural metric on the quotient space N/C}. Note that the action of e € C*
mentioned above, which acts as an anti-isometry on the CASeK manifold, has no effect
on the metric g of the PSeK manifold.

There are a number of ways to think of this construction. It is often convenient
to consider a codimension 1 hypersurface S C N inside the CASeK manifold, given
by gn(§,€) = const. This fixes the homothety £ acting on gn and defines a so-called
Sasakian manifold. A particularly useful choice is to consider the hypersurface { K =
1}, where K is the e-Kéhler potential for gy. Since we still have the U(1) action
generated by J¢, we can then think of the Sasakian manifold S as a U(1) principal
bundle over the PSeK manifold N, so N = S/U(1).

The PSeK manifold N can be parametrized by a set of projective coordinates

a_ Xt
X0
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Since the prepotential F'(X) is homogeneous of degree 2, we write

F(X X' .. )= (X"F (1, ;{; i, ) = (XV)2F(24..),

which defines a non-homogeneous prepotential F(z). Using the notation Fy := gzﬁ,
etc. we can write the metric g on the PSeK manifold as
_ 82K:(Z, 2) A =B
where
K(z,2) = —log (ic [2(F = F) — (Fa + Fa)(z* = 2h)]) . (2.25)

Projective special e-Kahler manifolds will appear in Chapter 3 when we consider
the coupling of local N = 2 vector multiplets. We will see that our use of a factor e
will allow us to treat the case of such theories living in four Minkowski or Euclidean
dimensions simultaneously. Indeed, the coupling of vector multiplets in 341 dimensions
will naturally be described by using projective special Kiahler geometry (¢ = —1), while

in 4 4+ 0 dimensions they will be described by projective special para-Kéahler geometry

2.3 (Para-)Quaternionic-Kéihler and hyperkihler geome-

try

In this section we introduce the material necessary for understanding quaternionic-
Kahler and hyperkéhler geometry. Although fairly complicated mathematically, such
manifolds appear naturally in physics, as we will see in Chapter 3, when one considers
theories of rigid or local N/ = 2 hypermultiplets.

We first go through some of the preliminaries (Section 2.3.1) for defining e-
quaternionic-Kéhler manifolds. In Section 2.3.2 we define hyperkéhler manifolds, be-
fore finishing with (pseudo-)quaternionic-Kéhler manifolds in Section 2.3.3 and para-
quaternionic-Kéhler manifolds in Section 2.3.4.

The material in this section is collected from a number of disparate sources, pre-
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dominantly [50,55,63].

2.3.1 Preliminaries
Symplectic groups

The definitions of hyperkahler and quaternionic-Kéahler manifolds involve the symplec-
tic groups, as we saw in Table 2.1. We define the symplectic group Sp(2n, F) C
SL(2n, F) over a field F' (generally taken to be R or C) to be the group of 2n x 2n

matrices M with coefficients in F' which satisfy

MTQM = Q,

where 2 is the skew-symmetric matrix

We can use this to define® the pseudo-unitary-symplectic group Sp(k,1) via

Sp(k,1) = U(2k, 21) N Sp(2k + 21, C) C SO(4k, Al).

A particularly useful low-dimensional example is the case k + [ = 1, in which case

Sp(2,C) can be identified with SL(2,C), and we see that

Sp(1) = SU(2).

Finally, it will be useful to define a product of the groups Sp(k,l) and Sp(1) via

Sp(k, 1) - Sp(1) = (Sp(k,1) x Sp(1)) /Z2,

where the Zy factor corresponds to multiplication by +Id. This product has a natural

®We follow the conventions of Section 2.4 of [34]. In other places, Sp(n) is written as USp(2n).
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action on H™, where m = k + [, via

Sp(k,l) - Sp(1) x H™ — H™

(AMV’ A; xﬂ) = AuyxV)\T’

which makes obvious the action of Zy described earlier.

Almost e-hypercomplex structures

Suppose M admits two anti-commuting almost complex structures .Jq, J2, such that

T Jo = —Jody, JP=J2=-Id.

Then there is a third almost complex structure J3 = JiJo with Jg = —Id. In fact,
we can define a family Z of almost complex structures on M parametrized by the two-
sphere S? of unit imaginary quaternions. That is, take ai + bj + ck € Im(H) = S2.
Then

(aJi + bJay + cJ3)? = —Id.

The triple {J1, J2, J3} we call an almost hypercomplex structure on M [64].
Suppose now that M admits an almost complex structure J; and an almost para-

complex structure Jo, which anti-commute. Then there exists a second para-complex

structure J3 = JyjJy. In this case we call the triple {Ji, 2, J3} an almost para-

hypercomplex structure on M [65].

Almost e-quaternionic manifolds

A manifold M is said to be almost e-quaternionic if there exists a sub-bundle @) C
End(T'M) such that for any = € M there exists some open neighbourhood U > x such

that

Q|U = Span{‘]lv ‘]2, J3}7

where the J, are a basis of almost e-hypercomplex structures on M. We will call ) an

e-quaternionic structure on M.
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For ¢ = —1 this is the usual definition of a quaternionic structure (Section 1.2

of [63]), while for e = 1 we call it a para-quaternionic structure [61].

e-Quaternionic hermitian manifolds

Let (M,g) be a pseudo-Riemannian manifold such that (M,Q) is an almost e-
quaternionic manifold for which the basis of almost e-hypercomplex structures are
metric compatible, i.e.

gp(JX,JY) = —egp(X,Y),

for any X,Y € T,M and J € @Qp. Then (M,Q,g) is quaternionic hermitian for

€ = —1 and para-quaternionic hermitian for ¢ = 1.

2.3.2 Hyperkahler manifolds

We now move on to define hyperkdhler manifolds. In the same way that the affine
special real /Kéhler manifolds which we met earlier encode the couplings of rigid N’ =
2 vector multiplets, so hyperkahler manifolds encode the couplings of rigid NV = 2
hypermultiplets, as we will see in Chapter 3.

As we saw in Theorem 2, the statement that a Riemannian manifold (M, g) be
hyperkahler is a statement about its Riemannian holonomy group. In particular, let D

be the Levi-Civita connection on a 4n-dimensional Riemannian manifold (M, g). Then

Definition 14. (M, g) is hyperkdhler if the Riemannian holonomy group Hol(D) is

contained within Sp(n).

Note that as Lie groups Sp(n) C SU(2n) so hyperkéhler manifolds represent a
subclass of Kéhler manifolds. In particular, they are Ricci flat (see Proposition 10.29

of [50]).

Relation to almost complex structures

We can make the relation between hyperkahler and almost Kéahler manifolds more

explicit with the following theorem (Definition 1.1.1 of [63]):
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Theorem 6. A Riemannian manifold (M, g) is hyperkahler iff 3 an almost hyper-
complex structure {J1, Ja, Js} such that (M, g, Jy) is an almost Kdhler manifold with

respect to each of the J,.

We can package these conditions into one by defining the quaternion-valued 2-form
w € Q*(M,H) via

w = iwy + jws + kws,

and requiring dw = 0.

This has so far only said that hyperkahler manifolds are almost Kéahler. However,
there is a theorem by Hitchin (Lemma 1.1.3 of [63]) which tells us that the almost
complex structures J, are integrable if dw = 0, i.e. if (M, g, J,) is hyperkidhler. The
existence of such a triplet of integrable complex structures in fact makes this a hyper-

complex manifold (Section 7.5.1 of [55]).

Examples

In the case n = 1 we have Sp(1) = SU(2), so a four-dimensional hyperkahler manifold
is Kédhler and Ricci flat, and vice versa. As such, a compact four-dimensional Kéhler
manifold with vanishing first Chern class (i.e. a Calabi-Yau 2-fold) is hyperkahler. Such
manifolds are either a torus or a K3 surface.

Non-compact four-dimensional hyperkahler manifolds are important examples of
gravitational instantons, i.e. solutions to the four-dimensional Einstein equations in

Euclidean signature [66,67].

2.3.3 Quaternionic-Kihler manifolds

If we were following directly the discussion of special real and special Kahler geometry
above, the natural progression would be to define some notion of “conic-hyperkahler”
manifolds, before taking a superconformal quotient to obtain quaternionic-Kéhler®
manifolds which could then be used to construct theories of local N/ = 2 hypermulti-

plets.

51f we were to continue our naming conventions, these might be called “projective hyperkahler”, but
thankfully the mathematicians got there first.
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We do not enter into details on this subject, however, as it would remove us too far
from the central narrative. In terms of the superconformal calculus for four-dimensional
hypermultiplets [68], we want to be able to construct a hyperkahler cone, or Swann
bundle [69], over a quaternionic-Kéahler manifold. This admits a certain H* action
which allows us to perform the superconformal quotient as in the real and Kéhler cases
above. The mathematical details of this procedure goes under the name “QK/HK
correspondence” [70] and is the subject of much recent study [71-76].

As we saw in Theorem 2, the statement that a Riemannian manifold (M, g) be
quaternionic-Kéhler is a statement about its Riemannian holonomy group. In partic-
ular, let D be the Levi-Civita connection on a 4n-dimensional Riemannian manifold

(M, g) for n > 2. Then

Definition 15. (M, g) is quaternionic-Kdhler if the Riemannian holonomy group

Hol(D) is contained within Sp(n) - Sp(1).

In the case n = 1, we have Sp(1) - Sp(1) = SO(4) so any oriented four-dimensional
manifold would automatically be quaternionic-Kéhler in this sense. However, one gen-
erally applies a more restrictive condition on (M, g) in this case, namely (Section 7.5.1

of [55]):

Definition 16. A four-dimensional Riemannian manifold (M, g) of signature (4,0)
is quaternionic-Kdhler if it is oriented, Finstein, and has self-dual Weyl tensor.
Relation to quaternionic structure

There is an important theorem (Proposition 14.36 of [50]) which relates the definition of
a quaternionic-Kahler manifold given above to the existence of a quaternionic structure

Q@ on (M, g). In particular

Theorem 7. A Riemannian manifold (M, g) is quaternionic-Kdhler iff 3 a quater-

nionic structure Q such that (M, Q, g) is quaternionic hermitian and:
(i) The Levi-Civita connection preserves Q.

(it) For any p € U; NUj, the quaternionic structures @, on U; and U; agree.
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Let’s have a closer look at what each of these statements mean. The action of D

on J € Q is given as a function DJ : TM — End(TM) with
DJ(X) = [Dx, J].

To say that D preserves the quaternionic structure is to say that the endomorphism
DJ(X) is again part of the quaternionic structure, i.e. it is generated by the basis

{J1, Jo2, J3}. Concentrating on .Jq, for example, we would have
[Dx, Jl] = G(X)Jl + b(X)JQ + C(X)Jg,

where a,b,c € I'(T*M) are 1-forms. However, taking into account the fact that we

have J12 = —Id, one can show
0= [Dx, J7] = —2a(X)1d,

which sets a(X) = 0. As such, DJ;(X) is a linear combination of Js, J3. A similar
argument works for DJy(X) and DJ3(X). Moreover, the condition J1Jo = J3 implies

that we should have

DJi(X) = + a(X)J2 + B(X)J3
DJQ(X) = —a(X)J1 +’Y(X)J3

DJ3(X) = =B(X)J1 —v(X)J

For the second condition, consider open sets U; N U; # ) in M with quaternionic
structures @; and @; respectively. Then at p € U; N U;, we'll have two subsets of
End(T,M): one generated by (Q;), and one by (Q;),. The consistency condition above
then states that the two vector spaces thus obtained should agree. Note that this does
not mean that the individual complex structures need agree.

One way to think of this is that the bundle End(T'M) admits a decomposition

End(TM) =Q & Q'
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where @ is invariant under SO(3) transformations rotating the S? of almost complex

structures.

The parallel 4-form

One of the lessons to be learnt from the study of Riemannian holonomy (see, e.g. Section

10C of [50]) is that whenever we have a reduction of the holonomy representation Hol(D)

there is some corresponding tensor field on 7'M which is parallel with respect to D.
For the case of quaternionic-Kéahler manifolds the relevant tensor field is a 4-form

given by [63]
3
Q= Z Wa N\ Wq,
a=1

which is non-degenerate and globally well-defined. Then we have (Definition 1.2.1
of [63]):

Theorem 8. Let (M,Q,g) be a 4n-dimensional quaternionic hermitian manifold with

n > 2. Then it is quaternionic-Kdhler if DQ = 0.

Curvature

We now turn to look at the curvature of quaternionic-K&hler manifolds. The main

result, presented as Theorem 14.39 of [50], is:

Theorem 9. A quaternionic-Kdhler manifold of dimension 4n > 8 is Einstein, i.e.

R, = cgu for some constant c.

Two proofs of this theorem can be found in [50]. Recall that in the four-dimensional
case, a quaternionic-Kéahler manifold was defined to be an Einstein manifold.

In fact, quaternionic-Kéhler manifolds are naturally split into those with positive
Ricci curvature and those with negative Ricci curvature, due to the following theorem

(Theorem 14.45 of [50]):

Theorem 10. A quaternionic-Kdahler manifold is Ricci-flat, i.e. ¢ = 0, iff it is locally

hyperkdhlerian.
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We will see in Section 3.4 that in order for a quaternionic-K&hler manifold to be
admissible as the target space of local hypermultiplets it should have negative Ricci

curvature.

How to check a manifold is quaternionic-Kahler

For many applications in supergravity it is useful to know, given a particular Rieman-
nian manifold (M, g), whether it is quaternionic-Kéhler. Above we have given a number
of equivalent ways of formulating this condition. However in practice, at least for the
applications we have in mind, it is easiest to use the definition in terms of holonomy
representations. That is, we want to show Hol(D) C Sp(n) - Sp(1).

For this, we can make use of the Ambrose-Singer theorem (Theorem 10.58
of [50]), which tells us that, given a metric g, we need only to compute the Levi-Civita

connection 1-form w of (2.8). If we can show that
weT*M®H,

where h C sp(n) @ sp(1), then Ambrose-Singer will ensure that (M, g) is quaternionic-
Kabhler.
We follow section 2.4 of [34]. In order for the Levi-Civita connection 1-form w to

lie in (sp(n) ®sp(1)) ® T* M, one should be able to make the decomposition

q t
w=pRIlay +12® ) (2.26)

where the components of p, ¢,t are 1-forms satisfying
€ sp(n),

and p € sp(1). The first of these conditions can be shown to be equivalent to ¢ =—q

and t7 = —t, while the second is equivalent to tr(p) = 0, pf = —p.
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Pseudo-quaternionic-Kahler manifolds

Let D be the Levi-Civita connection on a 4n-dimensional pseudo-Riemannian manifold

(M, g), where g is a metric of signature (4k,4l) with k£ + 1 =mn and n > 2. Then

Definition 17. (M, g) is pseudo-quaternionic-Kdhler if the Riemannian holon-

omy group Hol(D) is contained within Sp(k,l) - Sp(1).

The theory of pseudo-quaternionic-Kéhler manifolds runs fairly parallel to that for
quaternionic manifolds outlined above, with a suitable change in the signature of the
metric. Further details are given in, e.g. [77].

The only difference for technical applications comes in the check that a given pseudo-

Riemannian manifold is pseudo-quaternionic-Kéhler, which becomes [34]

i -1 O —1x 0
q = - q,
0 1 0 1
—1x 0 -1 O
tr = t,
0 1 0 1

and

2.3.4 Para-quaternionic-Kahler manifolds

We turn our attention now to para-quaternionic-Kéhler manifolds [77], which will ap-
pear throughout this thesis as the target spaces in the image of the time-like or Eu-
clidean c-maps, as we will see in Chapter 3.

Let D be the Levi-Civita connection on a 4n-dimensional pseudo-Riemannian man-

ifold (M, g), where g is a metric of split-signature (2n,2n) with n > 2. Then

Definition 18. (M, g) is para-quaternionic-Kdhler if the Riemannian holonomy

group Hol(D) is contained within Sp(2n,R) - Sp(2,R).

As with quaternionic-K&hler manifolds, the case n = 1 should be treated separately

since again this only implies that the manifold be oriented. We require instead the
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stricter condition that it be oriented, Einstein and have a self-dual Weyl tensor.

Relation to para-quaternionic structure

One can relate the definition of a para-quaternionic-Kéhler manifold given in terms of

holonomy to the existence of a para-quaternionic structure @ on (M, g). In particular,

Theorem 11. A Riemannian manifold (M,g) is para-quaternionic-Kdhler iff 3 a

para-quaternionic structure Q such that (M, Q,g) is para-quaternionic hermitian and:

(i) The Levi-Civita connection preserves Q.

(it) For any p € U; N Uj, the para-quaternionic structures Qp, on U; and U; agree.

We can treat the first of these conditions similarly to the quaternionic case. In
particular, saying that the Levi-Civita connection D preserves the para-quaternionic

structure @) is equivalent to the existence of 1-forms «a, 8,y € T'(T*M) such that

DJi(X) = +a(X)J2 + B(X)J3
DJy(X) = —a(X)J1 +7(X)J3

DJ3(X) = B(X)r  +~(X)J

The second condition is just analogous to the corresponding condition for quaternionic-
Kéhler manifolds.
How to check a manifold is para-quaternionic-Kahler

To check whether (M, g) is para-quaternionic-Kéahler, we use the Ambrose-Singer the-
orem as before. This time we require that the Levi-Civita connection 1-form w lies in
(sp(2n,R) @& sp(2,R)) @ T*M. For this to be the case one should be able to make the

decomposition [34]

w=p® g, + 12 ® , (2.27)

where
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and

tr(p) = 0.

2.4 Lie algebras

In this section we introduce the material necessary for understanding the structure of
Lie algebras and symmetric spaces. This material will be important in Chapter 5 when
we study the pseudo-Riemannian symmetric space Ga(9)/(SLa - SLa).

For brevity we will content ourselves with simply stating the various results that
we need, referring to the literature for proofs and further details where necessary.

We begin in Section 2.4.1 by providing a number of definitions and terminology
needed for discussing Lie algebras. We then turn, in Section 2.4.2; to the study of
real forms of a complex semi-simple Lie algebra, and relate their classification to the
classification of (pseudo-)Riemannian symmetric spaces. In Section 2.4.3 we introduce
the root space decomposition of a given real form, before using this in Section 2.4.4 to

describe the Iwasawa decomposition of a Lie algebra.

2.4.1 Preliminaries

There are many excellent texts on the basics of Lie algebras. We mainly follow [78,79].

Definitions

Recall that a Lie algebra g is a vector space over some field F' which comes equipped
with a bilinear antisymmetric ‘bracket’ relation [-,-] : g X g — g, satisfying the Jacobi
identity

([X,Y],Z]|+[Y,Z],X]+[[Z,X],Y] =0.

A Lie subalgebra h C g is a subspace of g which is closed under the bracket

operation, that is [h, h] C h. An ideal b in g is a subspace satisfying [g, h] C b.
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Adjoint representation

Associated to any Lie algebra g there is a linear map ad : g — End g called the adjoint
representation which associates to any X € g the endomorphism ad X : g — g given
by

(ad X)Y = [X,Y]. (2.28)

In terms of this endomorphism, the Jacobi identity becomes

(ad Z) [X,Y] = [(ad 2)X, Y] + [X, (ad Z)Y],

which is just the property that ad Z acts as a derivation on the Lie algebra g.

Examples

A familiar example of a Lie algebra, which we have already used when talking about
integrability of vector fields in Section 2.2, is the set of smooth vector fields I'(T'M) on
a manifold M, with bracket [X,Y] = XY — Y X for any X,Y € T'(TM).

The second important example is the Lie algebra g of a Lie group G, which is
generated by left-invariant vector fields. That is, for any group element a € G we can
associate a map L, : G — G acting by left translations L,(g) = ag. Then left-invariant
vector fields on G are precisely those for which (Lg)« Xy = X4y for X, € T,G. We can
then identify the set of left-invariant vector fields g C I'(T'G) with the tangent space
T.G at the identity e € G. The Lie algebra g therefore has the same dimension as the

group G.

Solvable, nilpotent and semi-simple Lie algebras

Let g be a finite-dimensional Lie algebra. Write

The sequence

g=9¢"29¢ 2..., (2.29)
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is called the derived series for g. We say that g is solvable if g/ = 0 for some j.

We next define

g00=0, Ok+1=[9,0kr1]-

The sequence

g=002012..., (2.30)

is called the lower central series for g. We say that g is nilpotent if g; = 0 for
some j. Note that g/ C g;, so any nilpotent Lie algebra is automatically solvable. Both
nilpotent and solvable algebras will be important when we discuss Iwasawa subalgebras
in Section 2.4.4.

Many of the most elegant classification theorems for Lie algebras only hold for the
so-called semi-simple Lie algebras, which can be defined as those g with no nonzero
solvable ideals. Throughout the remainder of this thesis, we will always take g to be

semi-simple.

Killing form

The Killing form of a Lie algebra g is a bilinear function B : g x g — R defined by

B(X,Y) =tr(ad XadY). (2.31)

Clearly the Killing form is symmetric via cyclicity of the trace. Moreover, let «: g — g

be an automorphism of g, i.e.

[a(X),a(Y)] =[X,Y] VXY eg.

Then we have

B(a(X),a(Y)) = B(X,Y) Vac Aut(g), X,Y €g. (2.32)

In other words, the Killing form is preserved by automorphisms of g.
The Killing form is an important tool in a number of classification theorems for

Lie algebras. In particular, Cartan’s criterion (Theorem 1.42 of [79]) states that the
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Lie algebra g is semisimple iff the Killing form for g is nondegenerate. In this case, we
can diagonalise B in a suitable basis. The eigenvectors with negative eigenvalue are
the compact generators, whist those with positive eigenvalue are the non-compact

generators.

Lie algebra involution

An involution « : g — g is an automorphism” of the Lie algebra g such that a® = 1
is the identity map.
With any involution « of g, we can decompose g into disjoint subspaces, being the

+1 and —1 eigenspaces of a. We denote by

t={Xecg:aX)=X}, p={Xe€g:aX)=-X},

the +1 and —1 eigenspaces respectively. We then have the Lie algebra decomposition

g=tdp.

Note that the algebraic structure of g simplifies as follows. Let X,Y € ¢. Then

a[X,Y] = [a(X),a(Y)] = [X, Y],

so for X,Y € ¢ the Lie bracket [X,Y] € ¢. Likewise, for X,Y € p, we find that
[X,Y] € ¢, whereas for X € £, Y € p, we have [X,Y] € p. Hence, the algebraic

structure of g decomposes as

[e,¢) Ce [e,p]Cp, [p,p]Ct (2.33)

We see that the +1 eigenspace € C g forms a Lie subalgebra of g, which normalizes p.

Alternatively, we could think of the involution as providing a Zs-grading g =

"Generally we find the cases where o = 41 uninteresting.
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Gev D Goaq Of g, where

[geva gev] - Gev [gevu godd] C Yodd» [godda godd] - Gev- (2-34)

This is the notation we will use in Chapter 5.
In fact, the conditions (2.33) are precisely equivalent to the condition that G/K is
a symmetric space, where G = exp g and K = expt [80]. The triple (g, ¢, «) is called a

symmetric Lie algebra.

2.4.2 Real forms of Lie algebras

Given a complex Lie algebra g, we say that a real form gg exists if there is a basis
such that the structure constants are real. This is equivalent to the statement that g

is the complexification of gg:

g = go ®r C = go @ igo.

Any real form gg of g defines a notion of conjugation on g. In particular, we write

9> 7 =Xo+ 1Yy € go D tg0,

then the conjugation with respect to g is given by Z — Z = X — iYp.
Theorem 6.11 of [79] guarantees that any complex semi-simple Lie algebra g admits
a compact real form ug, that is, a real Lie algebra on which the Killing form is

negative definite.

Classification of real forms

Given a complex semi-simple Lie algebra g, a natural question to ask is: what are the
allowed real forms?
In order to answer this, we proceed as follows. First, we know that any such g

admits a compact real form uy. We then look for the possible involutions « : uy — ug.
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Each such involution gives rise to a decomposition of ug into eigenspaces

ug = €9 & po- (2.35)

Note that both subspaces are compact, since ug is compact.
We now perform the ‘Weyl unitarity trick’ on the (—1) eigenspace, and replace

po > ipg. This defines a real form

go = to D ipo, (2.36)

of g. It turns out that as o runs over all involutions of ug, so (2.36) gives rise to all real
forms of g [78]. The results of this classification can be found in Table 9.3 of [78], and
can be represented graphically through the use of Tits-Satake diagrams [81].

Since po was compact, we find now that ipy is non-compact. Such a decomposi-
tion of a Lie algebra into compact and non-compact subspaces is known as a Cartan

decomposition [79].

Riemannian symmetric spaces

The real forms (2.35) and (2.36) provide us with examples of symmetric Lie algebras
(ug, £, ) and (go, €o,d), which give rise to symmetric spaces G/K and G*/K with
maximally compact stability group K = expy. Since the generators of pgy (resp. ipp)
are compact (resp. non-compact), the coset G/K (resp. G*/K) will be a compact (resp.
non-compact) symmetric space.

Moreover, we can endow each of these with a negative (resp. positive) definite metric
derived from the Killing form B restricted to pg (resp. ipg), giving them the structure

of a Riemannian symmetric space.

Classification of real forms of symmetric spaces

The non-compact symmetric spaces G* /K are important in many supergravity applica-
tions [35]. However, when dealing with time-like dimensional reduction, one encounters

pseudo-Riemannian symmetric spaces, for which the stability group K is a non-compact
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subgroup of G* [82]. From our discussion thus far, we would expect that such non-
compact subgroups should appear by considering non-Cartan involutions of a given
non-compact real form gg. A natural question to ask is then: given a non-compact real
form gg of some complex semi-simple Lie algebra g, what are the admissible involutions
of go?

The classification is similar to that for determining the real forms of a given complex
Lie algebra. The results can be found in Table 9.7 of [78], from which we can read off

the possible pseudo-Riemannian symmetric spaces G*/K*.

2.4.3 Root spaces

From now on we change notation slightly and take g to be a real semi-simple Lie algebra
of dimension n.

Let g = €@ p be a Cartan decomposition of g (which always exists) and take a C p a
maximal abelian subalgebra of p, which we take to have dimension dim a = r = rank g.
Let (H;) = {Hi,...,H,} be a basis for a. The matrices ad H; will be simultaneously
diagonalisable (Lemma 7.5.9 of [83]) and defined by their action on the basis (7,),
a=1,...,nof g

In particular, we have

ad Hi(Ta) = )\a(Hi)Taa (237)

which defines a set of n r-component vectors ),, spanning the dual space a*. The
non-zero A, are called the roots of g, the set of which we denote 3.

Given a particular basis (H;) for the Cartan subalgebra, we can choose a subset
YT C ¥ of roots, which we call positive roots, by taking those vectors whose first
non-zero entry is positive®. Finally, the simple roots are those positive roots which
cannot be written as the sum of two other positive roots. It is a theorem (Proposition
2.49 of [79]) that the number of simple roots of a Lie algebra g is equal to its rank.

An example is in order, which we take from [37].

8This definition of positivity is sometimes called lexicographic ordering [79]. However, one is
free to choose some other definition of positivity, provided (i) for any nonzero root A, one of A and —\
is positive; and (ii) any sum and positive multiple of positive roots is positive.
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Example: G5

Consider the Lie algebra g of the group G = Gy(3), being the noncompact group of type
G2. This has dimension 14 and rank 2. We will meet this Lie algebra in Chapter 5, so
in order to prepare ourselves we will use it as our toy example for understanding root
spaces.
In the notation of Chapter 5 we take the basis (by) = {b1,...,b14} of g given in
(5.14) and choose
Hy =b1+by, Hy=by— bo.

The matrices ad H; and ad Hs in the basis (b,) are given by

adH, = diag(0,0,1,2,1,—-1,-2,-1,1,0,—1,—1,0,1),

ad H, = diag(0,0,3,0,—3,-3,0,3,1,-2,1,—1,2,—1).

Hence, the non-zero roots of G2 are given by

)\3 = (173>7 )\4 = (270)7 )‘5 - (17 _3)7 )‘6 - (_17 _3)7
)‘7 = (_270)1 )‘8 = (_1)3)7 )‘9 = (17 1)7 )\10 = (Oa _2)7

>\11 - (_17 1)a )‘12 = (_]-a _1)5 )‘13 - (072)a )\14 = (17 _]-)7

where the first element of A\, denotes the eigenvalue of b, under Hj, the second under
Hs. These roots can be plotted on a plane with axes corresponding to H; and Hs
eigenvalues, and one sees that they form the usual root diagram of the Lie algebra of
type G2, presented in Figure 2.1.

The positive roots, i.e. those with first non-zero entry positive, are given by ¥ =
span{As, A4, As, Ag, A13, A14}. In Figure 2.1 these are denoted with an open diamond.
Moreover, one can show that each of {3, A4, Ag, A14} can be written as the sum of other

positive roots. Hence, the simple roots are {\5, A13}.
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Hy
)‘8 f J\/\B
A13
A11 \ / Ag
A
7 )\4 Hl
A12 / \ A14
A10
)\6 )\5
Figure 2.1: Root system for G2
Restricted root spaces
Any non-zero root A € a* defines a restricted root space
gry={Xe€g:adH(X)=XNH)X VHEa}. (2.38)

The non-zero A € a* for which g is nontrivial? are then precisely the (restricted) roots

of g. Furthermore, we put
go={X€g:adH(X)=0 VHEca}. (2.39)
From the construction of gy and gg, we see that g is the direct sum

g 29069@9)\, (2.40)
AEX

which just says that any X € g either has zero eigenvalue under the action of ad H; for

all 4, or it has non-zero eigenvalue for some ad H;.

9Note that gy always contains the zero element 0 € g.
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Let X € g) and Y € g, be elements of the restricted root space for some roots A, p.

Then
adH[XvY] = [H’ [XvY” = [[HaX] 7Y] + [X7 [H7YH = ()‘"’_/J’)(H) [X,Y],

where we've used the Jacobi identity. Hence, [X,Y] € gx4, (it could be the zero

element), and so we have
(92 8] C Oty (2.41)
Positive root spaces and nilpotent Lie subalgebras

We now restrict ourselves to the positive root space T C X. Define

nt =P o (2.42)

Aext

Take X,Y € nt with X € gy and Y € g, for some positive roots A\, p € ¥T. Then
[X,Y] € gty C 0, and so n™ is a Lie subalgebra of g. One can show further that n is
a nilpotent Lie algebra, in the sense that the lower central series (2.30) terminates [83].

2.4.4 The Iwasawa decomposition for Lie algebras

We now have all the necessary information in place to study the Iwasawa decompo-
sition for real semi-simple Lie algebras. The question of how this decomposition lifts

to the level of the Lie group we study in detail in Chapter 5.

Theorem 12. Any real semi-simple Lie algebra g can be written as the direct sum
g=t@adn’, (2.43)

where a is abelian and n* nilpotent.

Proof: The proof can be found as Proposition 6.43 of [79]. O
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The Iwasawa subalgebra
We denote by

[:=a®nT, (2.44)

the Iwasawa subalgebra appearing in the Iwasawa decomposition (2.43). One can
show that [ C g is a solvable subalgebra, which relies on the fact that n™ is nilpotent [79].
It is a fact, which we will use in Chapter 5, that any two Iwasawa subalgebras of g

are conjugated via some element of g. This is explained in Section VI.5 of [79].

Example: G revisited

We return now to look at the restricted root spaces for the case g = Gyp). We have

go = span{by, by} = a for the maximal abelian subalgebra. Taking A € ¥ gives

nt = span{bs, ba, bs, by, b13, b14} C g.

This is precisely the nilpotent subalgebra n appearing in the Iwasawa subalgebra of

Proposition 2 in [37].



Chapter 3

Preliminary physics

We now introduce the necessary background physics needed for the main body of this
thesis, concentrating on the role of N’ = 2 supersymmetry.

We start in Section 3.1 with a general discussion of black objects in supergravity
theories, specifically concentrating on those which can be derived from string theoretic
considerations. We then turn to the subject of N' = 2 theories in five dimensions (Sec-
tion 3.2) and describe the coupling of N/ = 2 vector multiplets to gravity, relating this
to the geometric structures of special real manifolds introduced in the previous chapter.
We perform a similar analysis in Section 3.3 for four-dimensional vector multiplets in
both Minkowski and Euclidean signature, and relate this to the special (para-)Kéhler
manifolds, before mentioning the structure of hypermultiplets coupled to gravity in
Section 3.4. We then move on to the technique of dimensional reduction (Section 3.5),
which we use to relate the matter-coupled supergravity theories in five, four and three
dimensions. Finally, in Section 3.6, these reductions are interpreted as providing maps

between the various scalar target spaces, known as the r- and c-maps.

3.1 Black objects in supergravity theories

We concentrate in this section on the general structure of supergravity theories, and
investigate the type of solutions which they admit. We begin in Section 3.1.1 by
outlining how matter-coupled supergravity theories naturally emerge from looking at

string theory at low energies. We then turn to look at the type of solutions that can be

55
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found to such theories, concentrating on the ‘black p-branes’ in Section 3.1.2 and then
investigating some of their physical properties in Section 3.1.3. Section 3.1.4 contains
a number of useful definitions pertaining to general field configurations. Finally, in
Sections 3.1.5 and 3.1.6, we look at the scalar manifolds associated to supergravity
theories containing scalar fields, and introduce a number of useful geometrical notions

which will help us to find and classify solutions.

3.1.1 From strings to supergravity

One of the primary motivations for studying supergravity as an extension of general
relativity (GR) comes from string theory. In particular, the massless bosonic sector of
the type II superstring contains the graviton, a 2-form potential, a scalar field called
the dilaton, and various other (n — 1)-form gauge potentials, where the precise values
of n depend on which of the type II string theories (IIA or I1IB) we're considering [84].

At low energies then (where the massive modes of the string become irrelevant) we
naturally obtain gravitational theories in some D-dimensional background containing
various gauge potentials. Moreover, by considering suitable geometries on which the

strings propagate, we can add various ‘matter’ fields to this content.

The effective action

Consider the worldsheet action describing a string moving in some background

(Gun, Bun, ¢) which is sourced by its massless modes [85]

1
S —
4o’

/ o /7 [(MGMN(X) + z‘eaﬂBMN(X)) 0 XM 35 XN + o’ R(7)6(X)] .
(3.1)
The condition that the worldsheet theory be Weyl invariant at the quantum level is
equivalent to the vanishing of a set of beta functions Syn(G) = Bun(B) = B(¢) =0
[85]. These can in turn be interpreted as the equations of motion coming from an
effective action for the fields (Gasn, By, ¢) which constitute the NS-NS sector of

type II strings

1 1
SNS_Ng = TR dVz/—Ge 2? (R + 40y OM ¢ — HHMNPHMNP> . (3.2)
10
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where H(3) = dBy) is the field strength of the B-field. Note that the action (3.2) has
a non-canonical factor e~2? multiplying the Ricci scalar, which tells us that the metric
G is really the ‘string frame’ metric.

The string frame action (3.2) has the advantage that it is tailored to string pertur-
bation theory. In particular, the asymptotic value of the dilaton ¢ is related to the
string coupling constant gg via

gs = e¥>. (3.3)

The factor of e=2¢> = g§2 in (3.2) is due to the fact that the action was computed at
tree level in string perturbation theory.

One can go to the ‘Einstein frame’ metric, for which we recover the canonical
Einstein-Hilbert term, by absorbing the dilaton into the string-frame metric via an
appropriate field redefinition. Indeed, making the field redefinition Gan = €?/2garn

we find

1 1 1
S = W dloxv —g <R — 50M¢ 8M¢ - 12€_¢HMNPHMNP> ’ (34)
10

which takes a form amenable to relativists. For Type II theories, one should add to
this the contribution from RR-sector fields, which schematically take the same form,
with the 3-form field strengths replaced by suitable n-form field strengths.

The advantage of coming to such gravitational theories from string theory is that,
by including also the contribution from massless fermions in the string spectrum, one
can embed the bosonic actions into a fully supersymmetric action. Within theories
of extended supersymmetry, one can identify a particular class of “BPS” states, which
saturate a supersymmetric mass bound and can therefore be compared between different
theories. This has led to a fuller understanding of non-perturbative aspects of string
and M-theory by studying the spectrum of allowed BPS states in a given supergravity

theory [4].
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3.1.2 Black p-branes

In dimension greater than four, one can encounter spacetime solutions with horizon
topology differing from the S”~2 one expects for black holes [86,87]. In Chapter 6 we
will construct charged solutions in five-dimensional supergravity which have topology
R x S2, i.e. they have infinite spatial extent in one direction. Such objects are referred
to as black strings, and are a specific case of a general class of black p-brane solutions
which appear in supergravity theories.

In this thesis, the class of D-dimensional supergravity theories we want to consider
are those comprising the metric gy, a set of scalar fields ¢%, and (n — 1)-form gauge
potentials with n-form field strengths. As we saw above, these constitute the general
field contents one obtains by a suitable truncation of the spectrum of string or M-theory.

In most of the applications in this thesis we will only be interested in the case n = 2,

but for the moment we continue more generally.

Extremal p-branes

The simplest class of solutions we can look for are the so-called (extremal) ‘p-brane’
solutions [42,88], which have an ISO(p,1) x SO(D — p — 1) symmetry. That is, the
spacetime has translational and Lorentz symmetry along the (p+ 1)-dimensional world-
volume of the brane, and isotropic symmetry in the directions transverse to it. Splitting
our D spacetime coordinates into z* (u = 0,1,...,p) along the brane and y"™ (m =
p+1,...,D—1) in the transverse directions, the most general metric ansatz respecting

the ISO(p,1) x SO(D — p — 1) symmetry is given by
ds%D) = eQA(r)an:c“d:c” + 280§, dy™dy™, (3.5)

where 7 = (ymym)% is the isotropic radial coordinate in the transverse space. The

corresponding ansatz for the scalar fields is p® = ().
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Charged solutions

For the gauge fields, we need to check which (n—1)-form gauge potentials couple to the
p-brane worldvolume. We can do this via a simple dimension-counting argument. Given
an (n — 1)-form gauge potential with field strength F] [n]» the electric charge associated

with a given configuration is

Q= /SDn *E )

Counting dimensionality we have an SP~", taking up (D —n) spatial dimensions, placed
at a large radial distance (a further spatial dimension) from some source. Hence, the
source of the (n — 1)-form gauge potential should be extended in p = n — 2 spatial
directions. Turning this around, we see that a p-brane is coupled electrically to a

(p + 1)-form gauge potential. Moving now to the magnetic charge

P:/ Fla),
Sn

(oo}

we can use the same arguments to show that the source should extend in p= D —n —2
spatial directions. Hence, a p-brane is coupled magnetically to a (D —p—3)-form gauge
potential.

Note that in the case p+1=D —p—3,ie. when p+2 = % is half the dimension of
the spacetime, a given p-brane solution can couple both electrically and magnetically
to the (p+ 1)-form gauge potential, giving rise to dyonic solutions. This is the case for,
e.g. black holes (0-branes) in four dimensions and 3-branes in ten dimensions, which
appear in IIB supergravity [88].

Concentrating on the case D = 5, n = 1, which is relevant for five-dimensional
supergravity coupled to vector multiplets, we see that the electrically charged solutions
will have p = 0, while magnetically charged solutions will have p = 1. The static
electric black hole solutions have been well studied in [43,47] using a formalism akin to
that presented in this thesis. Here we will focus on the magnetic black string solutions
in Chapter 6, before going on to consider more general classes of both electric and
magnetic black objects in Chapter 7.

An important point, which we will make use of later, is that for the p-brane solutions
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(3.5) the fields are all independent of the worldvolume coordinates z#. Hence we can
hope to construct such solutions by dimensional reduction of the D-dimensional theory
to a (D — p — 1)-dimensional Euclidean theory [35]. We will clarify what we mean by

the notion of ‘dimensional reduction’ in Section 3.5.

3.1.3 Properties of the solutions

The black brane solutions that we wish to consider generally have infinite spatial extent
in some directions, and so the total energy of the spacetime as measured by some surface
integral at infinity would diverge. Instead, then, we should consider the energy density,
or tension of the solution. One can achieve this by suitably modifying the usual

expression for ADM mass. Writing gyyn = nun + Ay, we have [42]

1

- D—p—1yvi (ajp . 9. pb
T (a hij azhb), (3.6)

where 4,7 = 1,...p — 1 are the spatial coordinates of the brane, and b=1,...,D — 1
runs over all spatial directions. The integral is performed over the boundary dMp of
the transverse space.

The entropy density per unit worldvolume Spp of the solution is given as usual by
the Bekenstein-Hawking formula

A
Spn =

)

where the area A is taken to be the area of the (p + 2)-sphere at the event horizon. In
other words, it is the area of a surface of constant time, radial distance, and p-brane

spatial volume.

3.1.4 Field configurations

In this section we give a number of definitions pertaining to the structure of field
configurations in theories with gravity, following the treatment in [35]. This will enable
us to make sensible modelling assumptions about our spacetime geometry in order to
simplify the search for solutions.

Recall that a spacetime (M, g) is said to be stationary if it admits a Killing vector
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K which is time-like near infinity. We extend this to the concept of a stationary field

configuration:

Definition 19. A field configuration is called stationary if the spacetime is stationary
and the Lie derivative with respect to K of the scalars and the vector field strengths

vanishes.

Definition 20. A stationary spacetime is static if the Killing vector K is hypersurface

orthogonal, i.e. K|,V K, = 0.

For the purposes of dimensional reduction as we will meet them in this thesis we
generally require the existence of a pair of commuting Killing vectors K and K on our
spacetime M, at least one of which should be space-like.

The orbits generated by the space-like Killing vector will tell us about the geometry
of the solution. For example, if K generates orbits isomorphic to R then the spacetime
is translation invariant. Likewise, the spacetime is axisymmetric if all orbits are closed

39,89].

3.1.5 Non-linear sigma models

As well as the spacetime geometry, on which we have been concentrating thus far, the
supergravity theories we will meet in this thesis are all endowed with a second type
of geometry: that of the scalar target space. In particular, consider a matter-coupled

supergravity action of the schematic form

S = /d%\/g <]§ — G ()0, 00 Db + .. ) , (3.7)

where the coupling G,;(®) depends on the n scalar fields &%, and the dots could stand
for additional terms involving field strengths, fermions, etc. Such theories are referred
to as gravity-coupled non-linear sigma models.

It will be instructive to derive the equations of motion for such theories. The

Einstein equation, after taking a trace and back-substituting, is

1
o B — Gap(9)9,2°9,0° = 0. (3.8)
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The equations of motion for the scalar fields ®* are
V204 + T9.(2)9, BP0 d° = 0, (3.9)
where the coeflicients I'f (®) are given by
[3.(®) = %G“d (G + 0:Grd — 9aGe) ,

and 9, = %. This affords the following interpretation. A particular field configuration
®?(z) can be thought of as a map from a D-dimensional spacetime (X, g) to an n-
dimensional pseudo-Riemannian manifold (Mp, G), which we call the target space.
The metric on the target space is precisely the coupling matrix G, (®) appearing in
the non-linear sigma model, which gives us the natural identification of I'f, (®) with
the components of the Levi-Civita connection on (Mp,G). A given field configuration
should satisfy the scalar equations of motion (3.9). Maps ® : X — M p satisfying (3.9)
we call harmonic.

Hence, we see that finding scalar field configurations ®%(x) satisfying the equations
of motion is equivalent to finding harmonic maps from spacetime into an n-dimensional
target space Mp. Given such a map, the Einstein equation (3.8) then determines the

three-dimensional spacetime geometry.

3.1.6 Totally geodesic submanifolds

In practice, it is often convenient to work with only a small subset of all the fields in a
given theory, enabling us to find solutions to a simpler set of field equations. However,
we need to ensure that any such truncation of the field content is ‘consistent’ in the

following sense:

Definition 21. A consistent truncation is a truncation of the field content for

which the solutions of the truncated theory are solutions of the full untruncated theory.

In other words, we should be able to truncate a given field either at the level of the

action or at the level of the field equations.
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In many of the applications we’ll be interested in in this thesis, we would like to
truncate certain scalar fields of the theory. In terms of the target manifolds, this would
correspond to restricting ourselves to maps ® : X — M’ C Mp from spacetime X
into some submanifold M’ of the full target space. We can then turn the condition
that the truncation is ‘consistent’ into a geometrical condition on the submanifold M’,
namely that it be a totally geodesic submanifold. We start with the mathematical
definition before relating this to the notion of consistent truncation of scalar fields in
which we are primarily interested.

We follow Definition 8 of [32]. Let ¢ : M’ — (M, D) be an embedding of M’ into

M, where the manifold M is equipped with a connection D.

Definition 22.  The embedding v : M' — (M, D) is called totally geodesic if for
any two vector fields X,Y € T'(T'M) which are tangent to M', DxY is again tangent

to M.

Indeed, let n = dim M and m = dim M’ < dim M. Take {X7,...,X,} to be a local
frame for TM in some neighbourhood of p € M’, such that {Xy,..., X,,} restricted
to M’ is a local frame for TM’. Then the condition that M’ be totally geodesic is

equivalent to the statement that

m
Dx,X; =Y T}Xy,
k=1

along M’ for all 7,7 = 1,...,m. Splitting the indices as ¢ = 1,...,m and z = m +
1,...,n, this is just the statement that the coefficients I'7; vanish.

We saw above that finding solutions to the scalar field equations is equivalent to
looking for harmonic maps from spacetime to some target space Mp. If we instead
restrict ourselves to maps ® : X — M’ C Mp into totally geodesic submanifolds, then

we can make use of the following (Proposition 12 in [32]):

Proposition 1. Let + : M’ — M be a totally geodesic embedding. Then a map

o : N — M’ is harmonic iff f =10 @ : N — M is harmonic.

For the cases we’ll be interested in, NV here is taken to be a D-dimensional spacetime,

while M = Mp is taken to be the target manifold of the D-dimensional theory.
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Generally we will look for totally geodesic submanifolds M’ C Mp obtained by
truncating some of the scalar fields in our theory. This would correspond to the case
where M’ is a hypersurface in M p. From the definition of totally geodesic submanifolds
in Definition 22, it is not immediately clear how the case of such truncations could be

treated. However, we can make use of the following [90]:

Proposition 2. Let (M, G) be a pseudo-Riemannian manifold with metric G. If there
exists an involution T : M — M which acts isometrically on G, then the fixed-point set

of T is a totally geodesic submanifold M’ C M.

We will see a number of examples of Proposition 2 when we look at constructing
solutions, where truncating certain scalar fields will correspond to turning off certain
charges in the supergravity theory. The ‘consistent truncations’ of Definition 21 are

then precisely those which give rise to totally geodesic submanifolds.

3.2 The five-dimensional theory

This thesis is primarily concerned with the study of five-dimensional N/ = 2 super-
gravity theories coupled to supersymmetric matter multiplets. Such theories, apart
from being interesting in their own right, can give us insights into the non-perturbative
structure of string and M-theory through study of the various solitonic objects which
they admit.

In this section we first introduce the relevant field content for studying supersym-
metric field theories in five dimensions, before analysing the action describing an ar-
bitrary number of vector multiplets coupled to supergravity. This action will be our

starting point for much of the work presented in this thesis.

3.2.1 The field content

We start with the fermionic content [28]. In five dimensions (assuming Lorentzian space-
time signature) the minimal spinor representations are symplectic Majorana spinors \?,
with ¢ = 1,2, which transform as a doublet under the SU(2) R-symmetry group of the

five-dimensional ' = 2 superalgebra. Introducing the totally antisymmetric tensor €;;,
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the symplectic Majorana condition just tells us that the spinors A satisfy the reality
condition [28§]

()\1)* = —B)\jéij,

where B is the charge conjugation matrix.

Counting the degrees of freedom, we see that the minimal spinor in five dimensions
has 8 real components. Hence, the “A/ = 2” theory, which admits 8 real supercharges,
is really the minimal allowed in five dimensions.

We now turn to the on-shell massless multiplets of the N' = 2 theory. The ones we
will need for our present purposes are the A/ = 2 vector and gravity multiplets.

The N' = 2 vector multiplet in five dimensions consists of a U(1) gauge field A,
a real scalar ¢, and an SU(2) doublet of symplectic Majorana spinors A’. Counting
the on-shell degrees of freedom, we find 3 + 1 = 4 on the bosonic side, and 4 on the
fermionic side, which matches as required. For the off-shell multiplets, we would need to
add a further auxiliary bosonic field Y¥ = Y7* transforming as a triplet of SU(2) [28].
However, for our purposes the on-shell multiplets will suffice.

The N = 2 gravity multiplet in five dimensions consists of the vielbein eZl, a
gauge field A; called the ‘graviphoton’, and an SU(2) doublet of symplectic Majorana
gravitini 1% Again, counting the on-shell degrees of freedom we find 3 + 5 = 8 on the
bosonic side and 2 x 4 = 8 on the fermionic side.

For the matter-coupled supergravity theories that we will be interested in we want

(5)

to take ny,” copies of the vector multiplets and a single copy of the gravity multiplet.

(5)

Indexing the vector multiplets by x = 1,...,ny,”, our full field content is
(6217 w}u -'4/17 Aﬁa )\z|x7 ¢$)

At this stage we should point out a bit of a sleight-of-hand. The ¢%, it will turn out,
parametrise an n&}r’)—dimensional manifold H, which is not necessarily flat. Therefore
the spinors A% should really be vectors A% with a = 1,. .. ,n%?) a flat SO(ng)) tangent

space index introduced via the vielbeins f of H [30]. However, since we will only be

interested in the bosonic part of this multiplet, we leave such technicalities aside and
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refer the reader to the appropriate places in the literature for a full treatment.

The most general supersymmetry transformation rules for this field content are
given in equation (2.6) of [30], and we do not repeat them here. Taking them as
granted we now turn our attention to constructing a five-dimensional action describing

the dynamics of this field content, which should be gauge-invariant and supersymmetric.

3.2.2 The five-dimensional action

The action describing the coupling of ng’) five-dimensional N' = 2 vector multiplets to

supergravity was first analysed in [30]. We here concentrate only on the bosonic sector,
since this will be all we need to construct black brane solutions, and refer to [30] for
the fermionic completion. Using the conventions of [32], the five-dimensional action is
given by

R 3 . 1 .
S = [da [ﬁ (2—4gxy<¢>aﬂ¢xaﬂ¢y—4aij(h> ;Jﬂ'*‘”)

1 ADPEN i 1)
- %czjke# PNFh Fl AL | (3.10)

Here z = 1, ... ,ng)) labels the vector multiplet scalars, while ¢ = 1,.. .,n&}r’) + 1 la-

bels! the gauge fields: n&f) from the vector multiplets, and one (the graviphoton) from
the supergravity multiplet. Our convention is to use ‘hats’ for the five-dimensional
spacetime indices i1 = 0,...,4.

In [30] the authors showed that requirements of gauge invariance (which imposes
that the coefficients c;j;, be constant) and supersymmetry restricts the scalar target
space of the five-dimensional theory to be an ngf)—dimensional projective special real
(PSR) manifold, as described in Section 2.1.4. That is, the scalar fields ¢* parametrise
the hypersurface H(h) = 1 within a conic affine special real (CASR) manifold with

Hesse potential

H(h) = cijuh’hI hF.

The gauge coupling matrix a;;(h) is then given by the components (2.13) of the tensor

'Note that since we’ve dropped the fermionic terms, i no longer stands for a symplectic index.
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field @ on the CASR manifold, while

Oht Oh

gmy(¢) = Qjj (h) 87556 87596’

defines the metric on the PSR manifold. Hence, the full dynamics of the Lagrangian
(3.10) is determined once we specify the number of vector multiplets, ngf), and the
coefficients c;jy.

The five-dimensional matter-coupled supergravity theories described (for the vector
multiplet sector) by (3.10) can be obtained from 11-dimensional supergravity [91] by
compactification on a Calabi-Yau three-fold X [92]. In this description, the Hodge
numbers (h!, h%1) of the Calabi-Yau determine the number of vector and hypermulti-
plets present in the five-dimensional theory, while the coefficients c¢;j;; are given by the

intersection matrix

Cz’jkE/ V;AV}/\Vk,
X

where 4,7,k = 1,...,h%! and V; is a basis of the cohomology H!(X). We will come

to the structure of the hypermultiplet sector in Section 3.4.

3.3 The four-dimensional theory

We next turn our attention to the four-dimensional N' = 2 theories. Within this thesis,
these will arise predominantly in the dimensional reduction of the five-dimensional
theory over a space-like or time-like direction. We will therefore find it useful to treat

the four-dimensional Minkowski and Euclidean theories simultaneously.

3.3.1 The field content

The N = 2 supersymmetry algebra in four-dimensional Minkowski (resp. Euclidean)
space can be obtained from dimensional reduction of the five-dimensional supersymme-
try algebra over a space-like (resp. time-like) direction [28]. We will discuss the issue
of dimensional reduction in more detail in Section 3.5. For the moment, we will take it
to mean that representations of the five-dimensional tangent space group SO(1,4) are

decomposed as representations of the four-dimensional tangent space group SO(1,3)
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or SO(4) as appropriate.

The minimal spinors in four Minkowski dimensions can be taken as either Majorana
or Weyl [5]. However, in order to treat both the Minkowski and Euclidean theories on
the same footing, we follow [28] and take them to be Majorana. Then reduction of the
five-dimensional fermions gives four-dimensional Majorana fermions €); transforming
under the SU(2) R-symmetry group of the four-dimensional superalgebra.

Continuing in this manner, we can derive the four-dimensional supermultiplets from
dimensional reduction of their five-dimensional counterparts. The reduction of the five-

dimensional vector multiplet gives the four-dimensional vector multiplet
(A,uv Qia Z)a

where z is a scalar field made up of the five-dimensional scalar field and the fifth
component of the five-dimensional gauge field. For space-like reduction, these combine
to form a complex scalar field, while for time-like reduction it is para-complex, as we
will see in Section 3.5.3. One can of course derive this field content from the multiplet
calculus of massless V' = 2 representations in four dimensions [93].

The N = 2 supergravity multiplet in four dimensions consists, as in the five-
dimensional case, of the vielbein, an SU(2) doublet of gravitini, and the graviphoton.
The extra degrees of freedom coming from reduction of the five-dimensional supergrav-
ity multiplet arrange themselves into a further four-dimensional vector multiplet. This
will be important in Section 3.5.3.

To summarise, our four-dimensional field content is
mo,0 I A _A
(eua¢uaAu’Qi y % )7

where here A = 1,... ,n@ labels the four-dimensional vector multiplets, and I =

(A, n%f) + 1) the gauge fields.
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3.3.2 The four-dimensional action

The action describing the coupling of ng‘) four-dimensional N/ = 2 vector multiplets

to supergravity in Minkowski signature was described in [94,95]. Here we follow [32]
and treat the four-dimensional Euclidean and Minkowski theories in parallel. This will
be important in Section 3.5.3 where we want to consider both space-like and time-
like reductions of the five-dimensional supergravity theory (3.10). Introducing the

parameter €1 via
-1 ifd=1+3

€1 =

11 ifd=044,

the bosonic part of the action is given by [32]
4 R 5 AquzB 1 I pJpv 1 I 7aJ|pv
Sys= [ d*z\/g 5 —gag(2,2)0,270" 27 + ZIUFWF + ZR[JF#VF . (3.11)

The fermionic completion of (3.11) can be found for the Minkowski case in [95]. Our

conventions for the dual field strengths are FIIm = %5’“"0" F pIO,. The dependence of

(3.11) on € enters through the scalar fields 24, which are €;-complex, and the couplings
9aps R17,Zry. In order that all kinetic terms have the correct sign in the Minkowski
theory we require g4z to be positive definite and Z;; to be negative definite. For the

Euclidean theory, we take g 45 to have split signature (ng), n%f)).

Gauge invariance and supersymmetry of the action (3.11) restrict the 2n§f)—
dimensional target space parametrized by the z to be a projective special e;-Kéhler
(PSe; K) manifold with metric g45(2, 2), as described in Section 2.2.5.

In particular, we take X! to be the special e;-holomorphic coordinates on the

CASe1K manifold N, such that
XA
A

=

are coordinates on the PSe; K manifold N. Then the couplings N7; = R+ ie, L7y can
be determined from the prepotential F'(X) via [32]
(NX)(NX)y

NIJ(XaX) :FIJ(X)_Eliqw, (3.12)
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where

Nij(X,X) = —ie, (Frj— F1j),

are the components of the metric on the CASe; K manifold.
The dynamics of the four-dimensional theory are therefore encoded in a single €;-

holomorphic function F'(X), which is homogeneous of degree 2.

3.4 The hypermultiplet sector

The other N/ = 2 supermultiplet that we will encounter in this thesis is the hyper-
multiplet, which consists of four scalar fields and two spinors. Since this field content
remains unchanged by dimensional reduction, the bosonic part of the hypermultiplet
sector is identical in five, four or three dimensions. The only difference comes in the
spinor representations involved [5].

The full action for n hypermultiplets coupled to supergravity is given in [31]. In

four dimensions the Lagrangian for the bosonic sector reads

1
o g — Z}—W}—W — huw(q)0uq" 0" q", (3.13)

where u,v = 1,...,4n labels the scalar fields in the hypermultiplets. In [31], the authors
show that imposing that the full Lagrangian be locally supersymmetric restricts the 4n-
dimensional target manifold for the scalar fields to be quaternionic-Kéahler, as described

in Section 2.3.3, with negative scalar curvature
R = —8n(n+2).

The three-dimensional action can be obtained from (3.13) by dimensional reduction.
In this case, the bosonic degrees of freedom contained in the four-dimensional gravity
multiplet can be packaged into an extra hypermultiplet, using the fact that three-
dimensional vector fields can be dualized to scalars. We will see this in more detail in

Section 3.5.4.
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3.5 Dimensional reduction

The procedure of dimensional reduction, which we have touched upon at various points
so far, is one of the central tools we will use in this thesis to understand the structure
of supergravity theories.

In this section we will give an overview of the philosophy and procedure of Kaluza-
Klein dimensional reduction (Sections 3.5.1 and 3.5.2) in a general setting. We then
move on in Section 3.5.3 to reduce the five-dimensional supergravity theory of Section
3.2 to four dimensions, and in Section 3.5.4 we reduce the four-dimensional supergravity

of Section 3.3 to three dimensions.

3.5.1 Kaluza-Klein dimensional reduction

In this section we will elaborate on the procedure of Kaluza-Klein dimensional reduc-
tion, which plays a central role in much of this thesis. There are many excellent reviews
on this subject, so we will be fairly schematic and simply present the main results and
techniques, referring to the literature for more detailed calculations.

Our main interest in this thesis is dimensional reduction over a circle S! or torus
T", which we can simply treat as successive S reductions. Therefore we concentrate
on the case of reduction on a circle. Kaluza-Klein reduction on more exotic compact
manifolds, e.g. S™, can be found in [96].

For the S! reductions, we first want to expand the (D + 1)-dimensional fields

®(xM) = ®(2#, ) as a sum of Fourier modes
O(at) 2) = Z o () R (3.14)

where R is the radius of the compact S'. This simply provides us with a rewriting of
the original (D + 1)-dimensional field in terms of an infinite tower of D-dimensional
fields ¢, (z#) with masses of order |n|/R. The Kaluza-Klein procedure then amounts
to truncating the massive spectrum of this D-dimensional theory and keeping only the
massless fields, in this case ¢g. For the S example this always amounts to a consistent

truncation of the theory. However, for dimensional reduction on a general compact
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manifold, one needs to take care that the interactions between zero modes do not give
rise to non-zero modes [96].

Note that for the decomposition (3.14), truncating the modes with n # 0 is equiv-
alent to requiring that the (D + 1)-dimensional field be independent of the internal
coordinate z. Indeed, for S* reductions such an ansatz always provides us with a con-
sistent truncation to the massless spectrum in D dimensions, and so we will take this
as our ‘definition’ of Kaluza-Klein reduction for the remainder of this thesis.

We next need to consider the representations under which fields transform in various
dimensions. In D41 dimensions, fields are classified by some choice of representation of
the tangent space group SO(D, 1). Dimensional reduction then corresponds to express-
ing representations of SO(D, 1) as representations of SO(D —d, 1) x SO(d), where we
take the compact manifold to be d-dimensional?. For example, consider a gauge field
Ay in 4 + 1 dimensions, which transforms in the vectorial representation of SO(4,1).
From the four-dimensional point-of-view, this looks like a vector A, and singlet A, of

SO(3,1).

3.5.2 Dimensional reduction

We can now move on to consider the dimensional reduction of a (D + 1)-dimensional

action describing a p-form gauge field coupled to gravity. The relevant action is

R 1
- —-—F

= auge — dD+1 e
S SEH+Sg g / T e 5 2(}9—1—1)!

Fhefipi| (3.15)

1ee-flpt1

where the ‘hats’ refer to (D + 1)-dimensional objects, and € = det(é) is the determinant
of the (D + 1)-dimensional vielbein. We wish to dimensionally reduce the action (3.15)
over a circle which we take to be either space-like or time-like. In order to treat
both cases simultaneously, we take z° to be the compact direction and introduce the

parameter €; via

—1 if 2¥ space-like
€ =
+1 if 29 time-like.

2In the case where one of the internal directions is time-like this would be SO(D—d+1)x SO(d—1,1).
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This appears in the (D + 1)-dimensional tangent space metric as

Nah = (_617 77ab>7

where 7, = diag(eq, 1).

In order to perform the Kaluza-Klein reduction of (3.15) we need to make suitable
ansatze for the various fields involved. From the discussion in Section 3.5.1, we should
require that both the metric and the field strengths are independent of the compact
coordinate 2°. In addition, we make the following ansatz for the (D 4 1)-dimensional

vielbein:

eP? 0

éﬂa = . (3.16)
66¢VM e_o‘d’eua

Here we have split the metric degrees of freedom into a scalar ¢ (generally referred to as
the Kaluza-Klein scalar or dilaton), the Kaluza-Klein vector V,,, and the D-dimensional

vielbein. In terms of the (D + 1)-dimensional line element we have
dshy = —e1€?P?(da® + V,dzt)? + e 2*%ds?, . (3.17)

The constants « and 3, which for now need only satisfy § # 0, will be determined
by the requirement that we pass from the (D + 1)-dimensional Einstein frame? to the

D-dimensional Einstein frame upon reduction.

Symmetries

Let us take a step back for a second and consider the symmetries in (D + 1) and D
dimensions. This will help us understand how to make a sensible reduction ansatz. In

particular, consider (D + 1)-dimensional general coordinate transformations (GCTSs)

Segpn = 205955 + 9po0nEP + 9pa0pE" .

3Recall that the Einstein frame is defined such that the Einstein-Hilbert term in the Lagrangian has
a constant prefactor.
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The most general form for the transformation parameters &* which preserves the

Kaluza-Klein form of the metric (3.17) is [96]

¢ =gMx), & =c’+ )

From the D-dimensional point-of-view, the parameter ¢ gives rise to a constant shift
of the dilaton accompanied by a scaling of the gauge field, whilst £#(x) and A(z)
parametrise, respectively, D-dimensional GCTs and local gauge transformations. In-
deed, focussing on the parameter A(z), we find dx¢ = drg, = 0 and 5\V,, = 9 A\ ().
We turn our attention now to the (D + 1)-dimensional n-form gauge potentials. In
fact, since we will only meet forms with n = 1 in this thesis, we restrict to this case for

the moment. Under (D + 1)-dimensional GCTs, the gauge field A; transforms as
SeAp = EPOAL + A0,
Decomposing the gauge field as A; = (Ao, A,) we find
O¢Ag = 10 Ao + Ao, 0 Ay = EPO AL + Ap0L &P + Agdu .

This tells us, as expected, that Ay and A, transform as a scalar and vector respec-
tively under D-dimensional GCTs. However, the extra parameter £ has introduced
further transformations. In particular, the gauge field A, is not invariant under &0

transformations. It is therefore useful to define a new gauge field
Ay =A, — AoV,
which is invariant, dz0 A, = 0. Hence we can write the 1-form A in five dimensions as
Apdaf = Ag(dz® + V,da') + A,dat.

We are now in a position to proceed with the dimensional reduction of (3.15). We

here simply present the results. Details of the calculation can be found in [34].
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Reduction of the Einstein-Hilbert term

We first concentrate on reduction of the Einstein-Hilbert piece, Sgp, of (3.15). It turns
out to be convenient to do this in two stages: first, perform the reduction using the
vielbein ansatz (3.16) with & = 0 and 8 = 1, and then perform a Weyl rescaling of
the D-dimensional metric at the end to ensure that we reduce to the D-dimensional
Einstein frame. We can then read off the appropriate values of o and [ that would

reduce straight to the Einstein frame. We find [34]
R 1
SkH = /dee [e¢2 + gele?"z’HM,,H“” )

where here H = dV is the field strength of the Kaluza-Klein vector. In order to remove
the non-canonical factor in front of the Ricci scalar we make a conformal rescaling,

9w = €*4%§,,,. The Ricci scalar in this case transforms as [89)]
R=e¢*?|R—2(D—1)Ag"V,V,¢ — (D —1)(D —2)A* 0,6 8,6| .

Choosing A = —ﬁ and throwing away a total derivative piece gives (we have dropped

the ‘tilde’ from the D-dimensional metric)

R D-1 1 202 v
SEH = /dD[,Ue |:2 — m&ugf) a“qb + gEle D-2 (bHMVHIL :| . (318)

We note that the conformal rescaling is equivalent to choosing
a=—— B=1, (3.19)
in the reduction ansatz (3.16).

Reduction of the gauge term

We now reduce the term Sgauge in (3.15) involving the p-form gauge potentials. Fol-

lowing the discussion above we define the p-form

Ap) = Ap) — Ap-11 AV,
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where (A[p—l])ﬂlmll«pfl = (A[p})gm,,,u%l. We also introduce the field strengths Fj,, ;) =
dA[p] and G[p} = d'A[pfl}' FOHOWing [34] we find

1 _
Sgauge = /dee |:_2(294,:l)!6(2p+2 D)ag+pé FNI---Mp+1FM1...up+1
1
+27])‘616(2p_D)04¢_ﬁ¢ Gul.nﬂpGﬂl-..ﬂp , (320)

where the coefficients a and /5 should be fixed as in (3.19).

3.5.3 Reduction of five-dimensional supergravity

We can now put the results of Section 3.5.2 into practice and use them to dimensionally
reduce the action (3.10) of five-dimensional vector multiplets coupled to supergravity,
which would correspond to D =4, p = 1.

Following [32] we denote by o the Kaluza-Klein scalar in the five-dimensional viel-
bein ansatz, and .Ag the Kaluza-Klein vector. Moreover, we should set o = % and
B =11in (3.16) in order to reduce to the four-dimensional Einstein frame. Hence, the

Kaluza-Klein ansatz for our five-dimensional line element becomes
dsé) = —e1e?(da® + A%)% + e_"ds%4). (3.21)

The dimensional reduction of (3.10) is carried out in [32]. The result is that the four-

dimensional action is given by
4 R - iqpsi | L I il L I 7d|u
Si= [ dze 5 9ij(2,2)0u2' 02 + ZI[JFMVF e ZR”FWF me o (3.22)

where i = 1,... ,nS) + 1 and I = (0,7). The explicit expressions for the fields and
couplings appearing in (3.22) are given in [32]. Since we will make use of them at
various points in the thesis, we reproduce them here. The scalar fields z* are e;-complex

and given by 2! = x' + i, ¢, where

2 =2.6"0 A, y =63e7h, (3.23)
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and i¢, is the e;-complex unit. The hypersurface condition H(h) = 1 satisfied by the
scalar fields h® parametrising the CASR manifold then gives the relation H(y) = 6e3.

The four-dimensional gauge fields Aﬁ are given in terms of the five-dimensional
gauge fields AZ and the Kaluza-Klein vector .,42 as

1 i 1 7 %
AD = —EA?“ Al =V2-675 (A, — AG A)) . (3.24)

The remaining quantities in (3.22) are given by

3 ((ey)i; 3 (ny)i(cyy)j> R
g o= e _3 = 1301 (0),
Y 2 <cyyy 2 (cyyy)? ()

1 2
Too = eilcyyy) (6 + 39$$> ;

2
Toi = —gel(cyyy)(gx)i,
2
Z; = 561(02/3/3/)92‘]‘7
1
Roo = —g(cxxx),
1
Ry = §(cxx)z,
Rij = —(ca;)ij. (325)

Here we have used the shorthand cyyy = c;j vy, gre = 9ij zzd | ete. It will be
necessary in Chapter 4 to consider also the components of the inverse matrix Z77.

These are given by

7% = 6e(cyyy)
7% = 6er(cyyy) et

g 1
T9 = 6e(eyyy)! <.TU1.I‘J + 4g”> . (3.26)

The reduced action (3.22) is of the form appropriate to describe four-dimensional
Minkowski (e = —1) or Euclidean (e; = 1) supergravity coupled to ng;l) = n%?) +1

vector multiplets, as in (3.11). Indeed it was shown in [30,32] that the action (3.22)
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corresponds to a theory with a ‘very special’ prepotential

1 XiXI Xk
F(X) = —6€1CijkT,

which only depends on the data c;;, of the five-dimensional theory. We will revisit
this in Section 3.6.1. In the case of space-like reduction (e; = —1), such prepotentials
can also be obtained from compactification of type Il supergravity on a Calabi-Yau

threefold with intersection numbers c;j.

3.5.4 Reduction of four-dimensional supergravity

We now turn to the reduction of the four-dimensional Minkowski (e = —1) or Eu-
clidean (¢; = 1) action (3.11) describing vector multiplets coupled to supergravity.
This corresponds to setting D = 3, p = 1 in Section 3.5.2, so that = 8 = 1 in the
Kaluza-Klein ansatz (3.16). We denote by z# the compact direction, and introduce the
parameter ez which takes the value e = —1 (e2 = 1) for space-like (time-like) reduction.

The full ansatz for the four-dimensional line element is then
dsa) = —ee?(dz* + B)? + 6_2¢d8%3). (3.27)

We further introduce the quantity € := —ejes = (—1)!, which keeps track of the number
of time-like directions in the three-dimensional theory.

For the space-like reduction of the four-dimensional Minkowski theory (correspond-
ing to €; = €2 = —1 in our notation), the dimensional reduction was carried out in [24].
For time-like reduction of the Minkowski theory (e; = —ea = —1), the corresponding
calculation was presented in [34]. The full calculation with arbitrary €; o will appear in
a future publication by the author [33]. We present this here.

We denote the field strength of the Kaluza-Klein vector as H = dB, and
decompose the four-dimensional gauge fields as A,{L = (Al + B, ¢!, ¢h), where m

is a three-dimensional space(time) index. Then the three-dimensional action is given by
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R 4 |
Sy = /d3xe [2 — O 0" — 9;j0n2' 0" + §62€4¢HmnHmn
1
+i62¢IIJ (ngn + Hmncl) (FJ|mn + HmnCJ>
1 _ 1
— e 2T y0mclome) — Se2Rise™™” (FL, + HmnCh) apc’] .

(3.28)

Recall now that in three dimensions a vector field can be dualised to a scalar field.
This is a specific example (D = 3, p = 1) of the fact that in D dimensions we can
dualise a p-form gauge potential into a (D — p — 2)-form, using the Hodge-* operator.

In the case at hand, we introduce the dual field strengths

1
n
Gm = _5625man p’ Gmn = 6lgmanpa

where G denotes any 2-form field strength. Note that we have used here the definition
of € given above, which appears via e.g. &ynpe™? = 2led}. Using this in (3.28) we

obtain

R - |
S3 = /d?’xe [2 — O 0" — 9;j0n2' 0" — ZelemeHm
1
t5€ Ty (FL + Hpdh) (F‘”m - HmC])

1
—5626—2% 7O ¢ O™ + Ryy (FL + Hp¢h) amgq . (3.29)

The dualised field strengths FZ and H,, are not completely arbitrary, however, but
must satisfy the Bianchi identities 9™ F! = 0™H,, = 0. We can encode this in the
three-dimensional Lagrangian through the use of Lagrange multipliers f 7 and qg In
particular, we add the following term to the Lagrangian in (3.29):

e_lﬁLM = — (ng -+ HmCI) 8m5[ + %Hm <8m& + Cfﬁm@) . (3.30)

The equations of motion for F}, and H,, coming from the combined action (3.29) and
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(3.30) are

Hy = e (aqu e ?m@) , (3.31)

FLyH T = ee207l) (amf TR JKamgK) . (3.32)

Finally, we can substitute these expressions back into the action to obtain the reduction

of (3.11) in terms of the 4(n$) + 1) scalar fields (2%, ¢, ¢, ¢!, ¢p):

Ss = / d*re [g — GijOm7 0™ — 0y 0"
- VRGNS ~ >~ 1
+ae 1 (006 + 0 i) (976 + 7T - Se2e L1007

e T (08— Ruxcdnc®) (07 - RJLamcL)] . (3.33)

In Section 3.6.2 we will describe the geometry of the scalar target space for this the-
ory, and argue that it is e-quaternionic-Kéhler. It is therefore admissible as the target
manifold for a theory of ng = ngf) + 1 hypermultiplets coupled to three-dimensional
(Minkowski or Euclidean) gravity, albeit with couplings dependent on the prepotential

F(X) of the four-dimensional theory. Moreover, we will see that this four-dimensional

origin endows the target manifold with additional structure, making it e;-complex.

3.6 r-maps and c-maps

In the final section of this chapter we’ll review the current state of the art with regards
the use of dimensional reduction to provide maps between target spaces.

In Section 3.5 we carried out the reduction of five-dimensional (resp. four-
dimensional) N = 2 supergravity coupled to vector multiplets over a space-like or time-
like direction, and presented the resulting four-dimensional (resp. three-dimensional)
action.

In this section we will concentrate on the scalar sectors of these theories, which
are described by certain non-linear sigma models. Dimensional reduction induces maps
between the corresponding target spaces, which we term the - and c-maps.

We begin in Section 3.6.1 with the five-to-four reduction. We prove that the target
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space of the reduced theory is given by a certain projective special e;-Kéhler manifold
with prepotential dependent on the data of the five-dimensional theory. In Section 3.6.2
we then look at the four-to-three reduction. The target space in this case is given by

an e-quaternionic-Kéahler manifold equipped with an integrable e;-complex structure.

3.6.1 The supergravity r-maps

We saw in Section 3.5.3 that dimensional reduction of five-dimensional N' = 2 super-
gravity coupled to ng}r’ ) vector multiplets over a space-like (resp. time-like) direction gives
rise to a four-dimensional Minkowski (resp. Euclidean) theory describing supergravity
coupled to (n%}r)) + 1) vector multiplets. Moreover, the prepotential F(X) encoding
the couplings of the four-dimensional theory is given in terms of the data c;;, of the
five-dimensional theory.

Concentrating solely on the target space geometry, which is important for char-
acterising supergravity solutions, we see that dimensional reduction induces a pair of

maps

71 :H — N,

which associate to a given PSR manifold H of dimension n&f) a 2(n§,5) + 1)-dimensional

manifold N equipped with a (pseudo-)Riemannian metric gy:
a5 = —9ij(y) (dyidyj — eldxidxj) ) (3.34)

For ¢, = —1, which corresponds to space-like reduction, the r-map was studied
in [30]. The case €; = 1, corresponding to time-like reduction, was studied extensively
in [32], where it was termed the time-like r-map.

As a simple application of some of the material we introduced in Chapter 2, we

prove, combining the results of [30,32] the following:

Proposition 3.  The (pseudo)-Riemannian manifold (N, gy) admits an integrable

e1-complex structure J, with respect to which (N, gy, J) is an e1-Kdhler manifold.

Proof: We introduce the frame F = (8yi,0,:) for TN and co-frame F* = (dy', dx") for
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T*N. With respect to F the metric gy is given by

Introduce an endomorphism J € End(TN) via
J=€60,® dyj + 8yi &K dxj,
which has the matrix representation

0 1
J = )

611 0

with respect to the frame F. Clearly J defines an almost €;-complex structure on N,
and one can easily show that g5 (JX, JY) = —e195(X,Y), so that (N, gy, J) is almost
€1-hermitian.

To show integrability of .J, it is easiest to note that for e; = —1 (resp. €; = 1) the
basis of T*N(1-0) (resp. T*N*) is made up of exact forms. Hence, J is integrable in
the sense of Theorem 4.

Finally, the fundamental 2-form is given by
1 ~ Z -
w=—7 gij(y)dz’ Ndy’,
which has exterior derivative
L. i j k
dw = —5(8kgij)dx Ady’ A dy" =0,

where we have used the fact that g;;(y) is Hessian. This completes the proof. [
Hence we see that the manifolds in the image of the local r-map are e;-Kéhler.
Indeed, it is further shown in [30, 32] that such manifolds are projective special €;-

Kéhler, as required for the target manifolds of four-dimensional supergravity coupled
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to vector multiplets, with €;-holomorphic prepotential

1 XiXixk
F(X) = —*€1CijkT.

; (3.35)

As an example of how such calculations progress, we unify the results of [30] and [32].
We begin by introducing the e;-holomorphic coordinates
i X

z :ﬁzx’b_i_zqyz

Then, following Section 2.2.5, we find the inhomogeneous prepotential F(z) =

—¢€1(czzz). The Kihler potential K(z, Z) is given by

K(z,z) = —log K(z,z),

for

K(z,2z) = %elielc(z —Z2)(z—2)(z—%2) = gel(cyyy).

Hence, the components of the metric on the manifold N parametrized by z* are

0707 2!

92K 3 (cy)ij B §(ny)i(cyy)j o
(nyy 2 (cyyy)? >_ 19i5(Y),

and we find

gu = €105 (y)dz"dz = —Gii(y) (dyidyj - eldacid:):j) .

This proves that the metric gy is projective special e;-Kéahler with prepotential (3.35).

3.6.2 The supergravity c-maps

We saw in Section 3.5.4 that dimensional reduction of Euclidean or Minkowski four-
dimensional supergravity coupled to vector multiplets gave rise to a three-dimensional
theory of hypermultiplets coupled to gravity, with all the data of the three-dimensional
theory determined by the e;-holomorphic prepotential F'(X) of the four-dimensional
theory.

Concentrating on the target spaces of the theories, dimensional reduction induces
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a family maps

gleve) - N Q,

which associate to each projective special e;-Kéhler manifold of dimension 2n$) a

4(n$f) + 1)-dimensional manifold @ equipped with a (pseudo-)Riemannian metric 95

. . ~ - - 2
96 = 9z 2)dzdz + (d9) — ere™ (do + (aly — Crac? )
1 1 - -
+e2e T pdc ¢ + Seem T (dlr ~ Ruxcd(™) (dCy = Rypdct).

(3.36)

We will go through each of these maps in turn. The nomenclature is that of [33].

The spatial c-map

The spatial c-map corresponds to the case €1 = e = —1, and is obtained from the
space-like reduction of the four-dimensional Minkowski theory.

1’_1)) admits a quater-

It was shown in [24] that the Riemannian manifold (@, gg
nionic structure @ for which (Q, Q, ggl’_l)) is a quaternionic-Kéahler manifold. The
idea is to show that the Levi-Civita 1-form admits a decomposition as in (2.26). In this
case the Ambrose-Singer theorem ensures that Hol(D) C Sp(n)-Sp(1) for n = ng) +1,
and hence that (Q, Q, ggl’_l)) is quaternionic-Kéhler.

The c-map can be understood physically from the point-of-view of T-duality be-

tween type ITA and IIB strings on My x Xg, where X is a Calabi-Yau threefold [23].

The temporal c-map

The temporal c-map corresponds to the case €4 = —ey = —1, and is obtained from a
time-like reduction of the four-dimensional Minkowski theory.

It was shown in [34] that the pseudo-Riemannian manifold (Q, g(—_l’l)

Q
para-quaternionic structure @ for which (Q, Q, ggl’l)) is a para-quaternionic-Kéahler

manifold. Again, the idea is to show that the Levi-Civita 1-form admits a decomposition

) admits a

as in (2.27). In this case the Ambrose-Singer theorem ensures that Hol(D) C Sp(2n,R)-

Sp(2,R) for n = ng) + 1, and hence that (Q, Q, ggl’_l)) is para-quaternionic-Kahler.
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The Euclidean c-map

The remaining case of interest is ¢ = —ey = 1, which corresponds to space-like
reduction of a four-dimensional Euclidean theory. In this case, one can again show [33]

that the resulting pseudo-Riemannian scalar manifold is para-quaternionic-Kéhler.

In summary then, we have:

(€1,€2)

Q
quaternionic structure (Q, with respect to which (Q,Q,ggl’ez)) 1S an e-quaternionic-

Proposition 4. The (pseudo-)Riemannian manifold (Q,g ) admits an e-

Kahler manifold, where e = —eq€s.

The proofs of these assertions are best presented after a rewriting of the three-
dimensional theory (3.33) using the so-called ‘real formulation’ of special geometry
developed in [97]. Since this will require a host of additional background material we
do not attempt to prove these results in this thesis, and instead refer the reader to the

literature already mentioned, in particular [24,33].

(e1,€2)

In addition to being e-quaternionic-Kéhler, the manifolds (Q, Q, 96

) in the image

of the local c-maps admit some additional structure. In particular:

(e1,€2)

Q

age of the c-maps admit an integrable e1-complex structure J compatible with the e-

(€
Q

Proposition 5. The e-quaternionic-Kdihler manifolds (Q,Q,g ) in the im-

quaternionic structure. This makes (Q, g 1’62), J) into an €1-complex manifold.

Proof: For the case e, = e = —1, the proof can be found in Propositions 1 and 2

of [98]. The remaining cases will be presented in [33].

We will prove Propositions 4 and 5 for the case of pure five-dimensional supergravity

in Chapter 5.



Chapter 4

The supergravity g-maps

In this chapter we will combine the r-maps and c-maps by performing the dimensional
reduction to three dimensions of five-dimensional ' = 2 supergravity coupled to vector

multiplets. In the notation of Section 3.6, the resulting map

6(61752) — 6(61762) o 77617

would take an ng}%)—dimensional PSR manifold to a 4(n§}:’) + 2)-dimensional e-

quaternionic-Kéhler manifold. This is represented in Figure 4.1.

HTM 9H
#(=1) F+D)
Y
N2n+25.g](§71) N2n+2,9§\7+1)
#=1,-1) c(=1,+1) c(+1,-1)
Y
Qunts:95 7" Qunrs 95 Y Qunss, g
Q Q Q

Figure 4.1: The supergravity g-maps.

We begin this chapter in Section 4.1 with a derivation of the three-dimensional

Lagrangian obtained by dimensional reduction of the five-dimensional theory of N' = 2

86
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supergravity coupled to vector multiplets, and note that the metric on the correspond-
ing target manifold locally separates into a product metric. In Section 4.2 we investigate
the structure of the group manifold L fibered over the PSR manifold defining the origi-
nal theory, and compare this to the solvable subgroup of isometries for a generic g-map
space. We then turn to the question of whether the time-then-space and space-then-
time reductions commute in Section 4.3, and identify a map between the corresponding
target spaces which is then used to find the ‘hidden’ symmetry generator present for
all g-map spaces. Finally, in Section 4.4, we calculate the connection and curvature
tensors on the group manifold L.

The material from this chapter will appear in a future publication [38] by the author.

4.1 The ¢g-maps from dimensional reduction

We start with the bosonic part of the action for five-dimensional N’ = 2 supergravity
coupled to n vector multiplets!, which we saw in Section 3.2. The action, which we
reproduce here for convenience, is given by

R 3 ; 1 .
S5 = /d593 [\/g (2 - ngy(éf))aﬂﬁf)xaﬂéf)y - Zaij(h) é,;]”'“”)

+ (hl/écijkgﬂl}ﬁ(}j\%'j]:g&fv;‘ . (4.1)

We look for field configurations (g, ¢*, AL) admitting two commuting isometries,
which we take to be along the 2% and 2* directions. We consider in parallel the cases
where z¥, 2% are both space-like, and those where one of the directions is time-like.
This latter case will be important in Chapters 6 and 7 when we look for stationary
solutions of the five-dimensional equations of motion.

Combining the ansétze for the five-to-four and four-to-three reductions (3.21) and

(3.27), we make the metric ansatz Ms = S1 x S x M3 with

ds%5) = —€1e% (da° + AO)2 — €e??7C (d$4 + B)2 + ef2¢7”ds?3), (4.2)

I Throughout this chapter we use, for convenience, n = ni,S) to denote the number of five-dimensional

vector multiplets.
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where €12 take the values —1 for reduction over a space-like direction and +1 for a
time-like reduction. We also introduce the variable € := —ejeg = (—1)!, where ¢t is
the number of time-like directions in the three-dimensional theory. The Kaluza-Klein
vectors have components A° = Agd:c4 + Agd:n“, and B = B,dz". Note that here we
are using u = 1,2, 3 as a three-dimensional space(time) index.

Using the ansatz (4.2) we can perform a two-step dimensional reduction of the five-
dimensional action (4.1), following the procedure outlined in Section 3.5. In particular,
we first reduce along the 2 direction, which is space-like (resp. time-like) for ¢; = —1
(resp. €1 = 1), and then further over the z* direction, which depends on the sign of es.

Indeed, all of the ingredients for this reduction were already given in Section 3.5.
We simply need to plug the expressions (3.25)—(3.26) describing the four-dimensional
theory reduced from five dimensions into the expression (3.33) for the three-dimensional
Lagrangian obtained by reduction of the four-dimensional theory. Performing the re-
duction in this manner, and suitably rearranging, we find that the three-dimensional

theory takes the form of a gravity-coupled non-linear sigma model with Lagrangian

L3 =

M\m

G (9)0670¢Y + i e1a5; ()i D — %‘2(00)

|
»Moo

152007

- ¢2 e (06 +¢"'D cf) + @6(840)
+éegaij(h) (¢ — 270¢°) (9¢7 — 270¢0)

2
¢ (8{0 + 2'9¢; + L (c:cx) ¢t — é(c;p:p:p)@(o>

1 . ~ 1
= eqt . . k_ = a0
+U¢6a (h) <8§Z + (ex)ix0C 2(0mx),8§ )
~ 1
X (8@- + (cx) 10¢" — 2(05]3$)j8<0> : (4.3)
The relations between the five-dimensional and three-dimensional field contents can be

determined from the formulae in Chapter 3. In particular, we saw already that

) 61/6 )

are the components of the five-dimensional gauge fields along the 2% direction. The
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scalars (o, ¢) appearing in (4.3) are related to the Kaluza-Klein scalars appearing in
the metric ansatz (4.2) by

e ¢, 637 0. (4.5)

The Kaluza-Klein vectors can be determined from the relations

H,u = ;2 (8;&; + Cla,ugl - CNIauCI) ) (4'6)
04 ¢'H, = —@ ( Co+ 2'0,G; + 1(c:m:) o 1(cxw‘r)a CO> (4.7)
03¢ S0 1St M 6 H ) :
and
A = —v2¢°. (4.8)

Finally, the remaining components of the five-dimensional gauge fields can be deter-

mined from

fZ + CiH/L = j;aij(h) (8u5j + (cm)jk(?#(k ;(cajx) MCO>
6 ‘ 1 |
—UTG;J:Z ( 9,0 + (%Q (cxx) (' — 6(cmmx)8ugo> , (4.9)
d
" . gl/6 )
Ay = W(CZ —z'¢Y). (4.10)

The scalar manifolds obtained by SS (1 = e2 = —1), ST (¢; = —ea = —1) and TS
(1 = —eg = 1) reduction are denoted, respectively, QB9 QBT and QTS and are

parametrized by the 4(n§}5) + 2) scalar fields (¢°, z, 0, ¢, &, (Y, ¢*, Co, @) Each of these
(e1,€2)

manifolds is equipped with a metric 90 given by
(er,€2)  _ § Ty 3 i 700 T 42 i 2
96 = 4gxy(qﬁ)d¢ de¥ — 107 —5€1a;j(h)dz'dx’ + 4¢2 d¢” + —do
_ I 02
— g1 (46 -+ ¢ = GrdcT)” = Zoelae?)

—ﬁmzj(h) (d¢ — 2'dc®) (d¢T — a9 dCO)

5 d idf, 4 L A — - d02
3¢ <C0—|—x G+ (CiL‘iL‘) C—g(c:)::)::r) C>
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—Ulqsea"j(h) (d@- + (cx)ipdCt — ;(cxx)id(0>
X <d§j + (cx) jpd¢t — ;(c:px)ij()) . (4.11)

The metric gg is positive definite for SS reduction, while it has split signature for
both ST and TS reductions, albeit with a different distribution of signs in each case.

Since it lies in the image of one of the c-maps, Proposition 4 guarantees that the
pseudo-Riemannian manifolds? (Q(61’62), 951’62)) are e-quaternionic-Kahler. Moreover,
Proposition 5 tells us that in each case Q(¢2) admits an integrable e;-complex struc-
ture.

From the structure of (4.11), we see that the metric on the (para-)quaternionic-

Kéhler manifold in the image of the g-map can be written locally as a bundle metric [25]

90(p;a) = gu(p) + gr(p,a), (p.a) € H x L,

where

3
9H = Zg:vy ((ZS) d‘bx d¢y7

is the metric on the PSR manifold H with coordinates (¢*) and gy is a family of
metrics on the manifold L which is fibred over H. We will investigate the structure
of the manifold L in the next section, where we will see that it can be identified with
the orbit of a certain solvable Lie group G appearing as the generic isometry group for

spaces in the image of the ¢g-map.

4.2 The group manifold

We now turn our attention to a description of the manifolds L(€1-¢2) o R3n+6 5 R>0
R>% which have real dimension 3n + 8 and are parametrized by the coordinates
(U7 ¢7 ‘riv ¢a <07 Civ CO: CZ)

2We write Q<Ss> = Q<71’71), etc.
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We define the following co-frame () on T*L{€1:2);

= (45 G - G =
of = fdma B:éd,
P o= S =[5 (0 = ') (4.12)
3¢ M ¢ ) *

& = 24— 5 <d§0 + 2%dé; + l(cacx) ¢t — l(c:m:v)dg )
o3¢ 6

& = \/(277) (d@ + (cx)id¢? — ;(Cﬂ?ﬂﬁ)idd)) :

With respect to this basis, the metric g7, can be written as

g = —an" PO+ @ —adie’ @al + 50 (4.13)

—en’ @0 — e20in' @1 — €26 ® & — €07E ®E,

where we have made use of the freedom to choose a basis of h’ such that a;;(p) = &;; at
any point p € H on the PSR base space. Hence the 1-forms (4.12) form an orthonormal
basis of T*L(€1:¢2) with respect to the scalar product (4.13).

The exterior derivatives of (4.12) are given by

dnf"t? =~ An° — & AN — Enpa AT,

d€N+2:O7
o' = —a ,

V3
dp =0,

V3 1
dn’ = 75 A’ — §£n+2 A, (4.14)
) 1 1 . .
dn' = ——B AN — Z&paa A0 — o A,
n 2\/35 n 2§+2 n n

V3 1 ;
d€0=—75/\§0—§§n+2/\§0+a A&,

1 1 2 .
dé; = — i — =&Enpao N i—i——ci-oﬂ/\ k,
§ 2[6 € 2§+2 5 \/g ik n

which shows that (4.12) generate a (dual) Lie algebra g*. We can then interpret gy,
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as a left-invariant pseudo-Riemannian metric on the corresponding Lie group. The

structure constants of g are determined from the relation
Aot =~ 08 A G°.
The corresponding Lie brackets amongst the left-invariant vector fields
(Ta) = Voo, U2, Ay, B, V0, Vi, U, UY, (4.15)

dual to

(604 = ("2, Epin, o, B0 1 0, E4),

are then given by

1
[BaAl] — %A’La [Un+27 Vn+2] — Vn+27
Vo,U%] = —Vasa,  [Vi,U7] = =61 Viys,
[Un+2,V[] — %‘/[’ [UnJrQ,UI] — %UI,
V3 1
BV = -X2v, [BVi]=——=V,
[ ; 0] 2 05 [ ) ] 2\/3
V3 , 1 .
BU% = =U°, [BU'|=—=U'
[ ) :| 2 ’ [ ’ ] 2\/5 ’

V3

One can use these relations to show that the derived series (2.29) terminates, and hence
that g is a solvable Lie algebra. We will see in Section 4.2.3 that the corresponding Lie
group can be identified with a solvable subgroup of the generic isometry group of the
(para-)quaternionic-Kéhler manifolds in the image of the g-map.

The explicit expressions for the vector fields (T4) in a coordinate basis on L{(€1:2)

are:

—1 ! 0,
= — —=00y,
V3 V3

Vo = \/i? [(ago T Gody) + 2 (0 + Gi0;) - %(cmx)i(ﬁé — i) + é(cm@(a@ — ;)]

Viio = ¢0;, U2 =640,y A 00,, B=
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- . 1
Vim 2 [0 + G0 — @10, — 09 + Seanitor, ~ o)
o/

_ . _ 09
Ul = ‘/;’Tb [(a&, —¢'oy) — 2", — ¢°;)] - (4.17)

So far then we have the following picture. The three dimensional reductions provide
us with scalar manifolds locally having the form Q(¢12) = { x L{€1:¢2) where in each
case L(€:¢2) can be identified with the group manifold L of a solvable subgroup of
the generic isometry group of spaces in the image of the g-map. For each of the
three reductions this manifold is equipped with a different left-invariant metric. In the

ordering of (4.15) the signature is
sign(gz) = (—€1, 1, —e1lp41, 1, —€¢, €211, —€2, —€lpyq). (4.18)

We now move on to study the isometry group of the e-quaternionic-Kéhler manifold
QQ = ¢ o 7(H) obtained by applying the supergravity g-map to the PSR manifold .
We'll do this in three steps: first we look at the generic isometry group of the projective
special e1-Kéhler manifolds in the image of the r-maps; then the generic isometry group
of the e-quaternionic-Kéhler manifolds in the image of the c-maps; and finally put these

together to look at the generic isometry group of spaces in the image of the g-map.

4.2.1 Isometries generated by r-maps

Recall from Section 2.1.4 that a projective special real (PSR) manifold can be thought

of as a homogeneous cubic hypersurface % C R™*! defined by the equation
H = cijph'WhF =1,
and comes equipped with a positive definite metric

1
gn=—3 8210gH‘H.
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Let
Aut(H) ={p € GL(n+ 1,R)|p"H = H},

be the group of automorphisms of H. Then clearly any automorphism of H preserves
the metric gy, so we have Aut(H) C Isom(#). It may in addition be possible for
the isometry group to be further enhanced by invariances which are not symmetries of
the full five-dimensional action [99]. Applying the local r-map to (H, gx) we obtain a

projective special €1-Kihler manifold (N, gy ), where gy is e;-Kéhler with potential

K = —log (H (Im(2))) .

Since this is invariant under automorphisms of H, we see automatically that Aut(H) C
Isom(N Jholoms Where the latter is the group of €;-holomorphic isometries, i.e. automor-
phisms which preserve the €;-complex structure J.

We are interested here in the further isometries of N generated by the r-map, which

constitute the ‘generic’ isometry group of any r-map space and exist independently of

the choice of ¢;;i. These are given by

e Translations in the real parts of z,

=t +w, weR™H

which form an abelian subgroup, isomorphic to R"!, of the full isometry group

of N.

e Real dilatations

P LD WS

which induce a Kéhler transformation on K and therefore leave the metric gy

invariant.

Hence, the ‘generic’ isometry group of any space in the image of the r-map is given by
the solvable group
L =R xR"™.
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The Lie algebra [ of £ takes the form
[=V & RH,

where V' = R"*! is the abelian Lie algebra of dimension n + 1 on which H acts as a

derivation. The non-zero commutators are given by
[H,X] =-X, (4.19)
for any X € V.

4.2.2 Isometries generated by c-maps

The e-quaternionic-Kéhler spaces @ in the image of the c-map are locally a product
Q = N x G., where N is a 2m-dimensional PSe; K manifold, and G, a solvable group,
which can be identified with an Iwasawa subgroup of the Lie group SU(m + 1,1) [25].

The metric on @ is locally of the form

gQ(pa CL) = gN(p) +ch(p’ CL), (p> a‘) €N x Gca

where g, are a family of left-invariant metrics on G, depending on a parameter p € N.

We look now at the description of the Lie algebra g. = iwasu(m + 1,1) of G.. We
follow unpublished notes by Thomas Mohaupt. We can decompose the generators of
g into

g.=VaRZydRD,

where V' = R?"*+2 is the abelian Lie algebra of dimension 2m + 2, on which RZ; acts
as a central extension. This makes V @ RZj a Heisenberg algebra [25], on which D acts

as a derivation. The non-zero commutators are given by
1
(X, Y] =w(X,Y)Zy, [D,X]= §X’ [D, Zy] = Zy, (4.20)

where X € V and w is a non-degenerate symplectic form on V.
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In [25] the authors realise the Lie group G. as a group of affine transformations of
R?m+4 where for our case m = n + 1. Each element (), a, vl 07) € G. = R?"*6 can be

identified with the affine transformation

¢ e,
- 6%>\<] + ol (4.21)
& o~ e+,

b = pte (%CO + ;¢ =0 — UOC~0> + a.

We can therefore identify G, with the orbit of the point (1,0,0,0), which is L. =

R>0 x R?"+5 ¢ R?"*6, The identification is given by
Ged (N o, 0!, 0) = (e*, a, v, 07) € L.

We have thus identified the generic isometry group of c-map spaces. It may still be
the case that for certain choices of prepotential the duality group D(N) of the four-
dimensional theory, defined as the subgroup of symplectic transformations X! bel
which leave the prepotential invariant F(X) = F(X), is enhanced by so-called “hidden”

symmetries [100]. These then descend to isometries of the special quaternionic-Kéhler

manifolds in the image of the ¢-map.

4.2.3 Isometries generated by the ¢g-map

The automorphism group of spaces in the image of the c-map contains both the solvable

group of isometries G, described in the previous section and the duality group D(V)

of the four-dimensional theory:
Aut(Q, 99, Q) 5 D(N) x G

For those spaces contained also in the image of the g-map, i.e. for which Q = &(N) =
¢ o 7(H), the duality group of the four-dimensional theory contains the solvable group

L = R* x R"! where n is the dimension of H. Hence, any ¢-map space has at least
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the isometry group

Aut(Q,gQ,Q) O (R* x R"M) x G..

As we did in Section 4.2.2, we now seek to elucidate the structure of the Lie group
G = L x G, appearing as part of the isometry group for generic g-map spaces by
realising it as a group of affine transformations of R3"*® which we parametrise by
(0,0, ", 6, ¢, ¢t ¢, (NZ) We do this in multiple steps, building up the full form of the
transformations by combining those descending from both the r-map and c-map.

We concentrate first on the scaling symmetry
P — eneAtmeng (4.22)

where the weights (mg,nge) are given by

 |o|o|at| o] O] ¢ |G|
me |10 1[0 -3]-L]1]3
ng |[0/1]0 1| 3| 3 |3]3

This can be considered a ‘basis’ of the two dilatations present in the ¢g-map isometry
group: the scaling of ¢ coming from the ¢-map and that of ¢ from the r-map.
We next consider how the (n + 1)-dimensional group of translations z* + x? + w?

coming from the r-map descend to isometries of the g-map space. We find

o = o,

¢ = &,

= 4w

¢ - ¢

¢ Cw'l, (4.23)

_ 1
G = G (cw)y¢? — §(cww)¢ ¢°,
o = (o—wG+ %(cww)iCi + %(cwww)CO,

¢ = 9
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These combine with the dilatations with weights mg¢ above to give the action of the
isometry group generated by the r-map that we met in Section 4.2.1.

Note that the r-map isometries act non-trivially on fields which only appear after
a second reduction. This is due to the fact that we have made field redefinitions upon
reduction in order to maintain general covariance [100].

Finally, the isometries coming from the c-map act as in (4.21), namely:

o = o,

A
¢ = e,
= 2

¢ - e%/\CO + Y,
¢ e 4ol (4.24)
G — e+,
1 = ~
do = e2*{o+ 1o,

¢ e)‘qg + ez (170§0 + f;id — vifi — vofo> + .

The next step is to turn on all of the transformation parameters, those descend-
ing from both the r-map and c-map, and determine the action of the full (3n + 8)-
dimensional isometry group. We can effectively write this down by inspection by
combining (4.23) and (4.24), making sure that we include the correct scaling under
dilatations. One can indeed check that the following transformations leave the 1-forms

(4.12) invariant:

CZ — e%)\—%uci_‘_e%)\—%uwico_‘_vi’ (425)
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G — enMandy — enMatyid 4 %eéAféu(wa)iCi

1
+éeéx_%"(cumv)co + o,

_|_
A ~ |
v (e%”%m — eV ew)yy ¢ = SBT3 (cww), c”)

1y,3, % ygly, 4= 1 1y 1 '
—0 <62/\+2“C0 —e2 Mkl + QGEA_W(wa)i ¢!

Looking back to the five-dimensional field content (4.4)—(4.10), we note that all fields
involve components of the 1-forms (4.12). Hence, since these 1-forms are invariant under
the action of the g-map isometries (4.25), we see that none of these transformations
alter the physical field content of the theory. The most they can do is scale various of
the field strengths by positive constants, which can be reabsorbed into the electric and
magnetic charges of the field configurations.

The transformations (4.25) give us the action of a finite group transformation with
parameters (u, A\, w', v!, 97, ) € R**+8 and allow us to identify G with the orbit of the
canonical base point (o, b,z &, CO,Ci,fg,é) =(1,1,0,0,0,0,0,0) in L = R>? x R0 x

R3n+6 C R3n+8 via,

G 3 (M wh, o, 00,00, 5o, 5) = (e, e, wh, a, 00, 0, Ty, §;) € L.
Using this, we can write down the group multiplication on R3"*8 which defines G. In

particular, we see that the composition of two group transformations

% 0,0 ~ ~ PNt o0 1 0~ ~)
(M,)\,U},Oé,’l),U,UO,UZ‘)O(,LL,A,U} &, U,V 7U07vi)7
produces the transformation (u”, N, w"t, o v, " 5, ¥!') given by

o=
o= A+ N,

p .
w” = efuw" +u',
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1,_3
v//o _ 62>\ qu/0+vo,
U//z _ €2>\ 2“1}”4—62)‘ Q,uwzvl()_’_vz’ (4.26)
~11 1>\+ -1 o 11y 0 | ~
o = ZH; — e2 2“(cw)ijv]—§e2 M (cww)v"™ + Uy,
- 1343, . 1 1,1 ;
Ug = €2>‘+2“U6 >‘+2“wlv£—|—§e2>‘ 2“(011)10)1'1]/Z

1 l>\_§’u 10 ~

+-e2" 2H (cwww)v”™ + vy,

.1 1, 4 1y_3, 4

a// — 6/\O/+’U062>\ 2'“‘1}/0-}-’0 ( )\ 2“1}”—#62)\ 2,LszU/0>

i Ixilg~ 1y_1 ;11
—vt [ ex?T2rg] — e2 " 2H (cw) 07 — Ze2? T 2H (cww) 0"
(A J 2

1yvi1, s L 1y 1 ;
62”2“20’1)24-562’\ 24 (cww);v"t

~4
o
H/\
y
+
[ 1Y)
=
C

—l-ge% ”(cwww) > +a.
Infinitesimally, the transformations (4.25) are generated by
6 = puH + AD + w'T; +v'Q; + 07 P! + aZ,

where the vector fields are given by>

1 ; 3 1., 1: 3+
H = 7 _aag + 20,0 — *Coaco = 50 + 560, + 50,
- 1:
D = —¢dy— ¢ — cfagf — fg 9z,
1T N
T, = 5 Oni + 0 — cijnl’ 9z — Giog,

Qo = \/§<840—5an§)»
Q = 5@—5'3"7

2\[ (o, +cfa)
)

Zy = —0; (4.27)

One can then show that the frame

(Va) = (Zo, D, T;, H,Qo, Qi, P°, P') (4.28)

3The factors have been chosen for later convenience.
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on T'L gives rise to the same non-trivial brackets as the frame (T4) in (4.15). Hence
we can identify the two Lie algebras.

These generators can be plotted on a root diagram with respect to the Cartan basis

V3

= 7(H+ V3D), Hy= %(D — V3H),

H,y

which is shown in Figure 4.2. The solvable subgroup generated by (4.27) is represented

by root vectors ending in open diamonds.

H,
Q
Qz ,7ZO
/
< Pz 'Hl
\(/
T; PO

Figure 4.2: Root system for the generic isometry group of g-map spaces. Open dia-
monds represent roots associated to the generators of the solvable subgroup of isome-
tries, while the closed diamond corresponds to the additional ‘hidden symmetry’.

On top of the 3n+8 isometries described above which describe the group manifold L,
the (para-)quaternionic-Ké&hler spaces in the image of the ¢-map may admit additional
“hidden symmetries”. In general, the existence of such hidden symmetries depends
on the model chosen. However, for spaces in the image of the g-map we are always
guaranteed at least one additional hidden symmetry, independently of the choice of
cijk [100]. Since we have already exhausted the group of transformations which leave

the 1-forms (4.12) invariant, this hidden symmetry should act non-trivially on these 1-
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forms, and hence on the five-dimensional fields (4.4)—(4.10) which are built from their
components. We should then be able to use the action of this hidden symmetry on
suitable ‘seed’ solutions to ‘switch-on’ extra charges. This solution-generating technique
has already proven to be of great success in the case where the target manifold of the
three-dimensional theory is a symmetric space (see, e.g. [16] and references therein).
However, we are working here in the completely generic case, making no assumptions
about the data c;;, of the original five-dimensional theory.

Although in theory the relevant hidden symmetry transformation can be deduced
from the expressions in [100], we take a more roundabout approach by first identifying a
particular transformation which can be interpreted as a Weyl reflection of the completed
root space in Figure 4.2. This will also play an important role when looking at solutions

of the five-dimensional theory in Chapter 7.

4.3 Time-space vs. Space-time reductions

In this section we restrict ourselves to the case e = 1, i.e. €, = —e9, which corresponds
to ST or TS reduction.

Consider the metric g5 given in equation (4.11), and denote the two metrics ob-
(7171) (1771)
Q Q

investigate the question: how can the pseudo-Riemannian manifolds (Q, ggl’l)) and

tained from ST and TS reduction by g and g¢ respectively. We want to

(Q,gg’_l)) be related?
Note first that one can always find an analytic continuation relating the three di-
mensional reductions [101]. In our conventions, the continuation from SS reduction to

TS reduction is given by

(67,0, 6,276, ¢, G0, Gi) = (67, 0,6’ i, —iC®, ¢, =G, i),
while that from SS reduction to ST reduction is

(6", 0,027, 6, ¢, 0, Gi) = (67, 0, 6,2, =, 00, (T iCo, i)

These substitutions change the relative signs in (4.11) in the same way as making the
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corresponding changes in €1, €. In the case where the scalar manifold is a symmetric
space, this can be interpreted as choosing different real forms of the underlying complex
symmetric space.

In the case of pure supergravity in five dimensions, the authors of [101] also con-
structed a map, which they called the “(¢,%) flip”*, mapping the ST and TS re-
ductions into each other. In particular, as we will clarify in Chapter 5, pure five-
dimensional supergravity reduced to three Euclidean dimensions gives rise to scalar
manifolds which can be described as open orbits of the pseudo-Riemannian symmetric
space Giy(9)/(SLa - SL2), which is a real form of the complex-Riemannian symmetric
space G5 /SO(4,C). In [101] the scalar manifolds obtained by ST and TS reductions
were described by equipping each with the same Riemannian metric but choosing dif-
ferent reality conditions for the complexified fields parametrising GS/SO(4,C). The
(t,%) flip of [101] then acts isometrically on the Riemannian metric, but exchanges the
reality conditions associated with the ST and TS reductions.

Note that this differs to our approach, which is to use the same real coordinates
on each of the scalar manifolds but to equip them with different pseudo-Riemannian
metrics. Generalizing to the case of an arbitrary number n of vector multiplets coupled
to five-dimensional supergravity, we therefore require that the (¢, ) flip provide us with
a real map ¢ : R4+ — R4+8 jcting isometrically:

oigg =gy Y.
Such a map would then give us a way of exchanging the order of TS and ST reductions.
In particular, if this map is globally well-defined on () then we can identify the two
scalar manifolds obtained by ST and TS reductions and deduce that space-like and

time-like reductions commute, at least for the case at hand.

*The naming comes from the two directions parametrising the reduction torus in [101].
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4.3.1 The (t,¢) flip

Using our notation, we generalise the argument of [101] and begin by making the

following real field redefinitions:

V:O‘%(b%’

_3 1

P2 =0 202,

1 0

= —a(",

n=7 ¢
Mé:bxza

=
=
Il
|
\Q
Y
-
|
I
=]
on
|
%
<.
n
|
Wl Do
—
o
S
S~—
S
s
Ny
.
+
[SURI
—
o
IS
S
S~—
S
I
=
3
~__

y' = Vh, (4.29)

where a, b, e, g are arbitrary constant coefficients with a? = 1. We take the 4n + 8 real
scalar fields parametrising Q to be (y¢, p1, p2, 1, b, v;, i1, fiz). The reason for introduc-
ing the variables (4.29) is that they turn out to have extremely simple transformation
properties under the interchange of ST and TS reductions, as we will now clarify.

In terms of the new variables (V, p2) the metric ansatz (4.2) for the case of ST or

TS reductions (e3 = —e1) becomes

1 1
Tom (da® + A°)? + e V6 po(da* + B)?| + —5dsly),  (4.30)

ds®, =675V |—e;
() v

Hence we see that V' acts as a volume modulus for the direct 5 — 3 reduction over a
(split-signature) torus, and therefore should be unaffected by which toroidal direction
we first reduce over.

Let us focus on the two-dimensional (world-volume) part of the metric (4.30):

1
\/602

dsiy = —€1 (da® + A°)? + e1V6 pa(da’ + B). (4.31)
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From (4.8) and (4.29) we can write
V20 dxt + Agdx“ = —aV6 py da* + Agdx“,
so that the ‘diagonal’ part of (4.31) becomes

This hints that the transformation

2
dsim 3 _6]_

—pP2 —pP1
P2 = s, p1— :
P — P Pt — p3

(4.32)

would do the job (at least up to some factor) of flipping the sign € — —e¢; in the
diagonal part of the world-volume metric.
To further justify this, we rewrite the metric (4.11) on the para-quaternionic-Kéhler

manifold in terms of the variables (4.29). Defining

. 3
gij(y) = maij(h)a

we have
. ii Vpa o i 7
9 = GuW)dy'dy’ — —5=e1gij(y)dppdps — 5 @1@%
1 1 243 2v/3a
e | ——d V2 iy, dv;
4V3,0261 <j H1 p1dfiz + be phdv; + —— be pribdv,

1 i 1 i a ; a ; 2
+og(cupe)iduy — g (cppn)iduy — s pr(cpunpe)idu; + bgpl(cﬂzm)id,ul)

v i L |
'+g§;;flgw(y)(dul%—apldug)(du{4—ap1dﬂg)

2
1
(cp1pa)i d#Q)

1 V3, 1
€l <—2jd,u2 + @l@d’/@ BT (cpzpz)idpt — 2

i 1 V3 V3
—4V493@)<d% 2N(Ww%kWh 2@(Wﬂﬁkmh>

1 V3 V3
X <ede o (cpa)ju dply — 22 (Cm)gldMQ) (4.33)
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We see that there is a two-dimensional subspace spanned by (p1, p2) with metric
dpt — dp3
2= s,
4p3
which is just the metric on the two-dimensional para-Kéahler symmetric space
S0(2,1)/5S0(1,1). Clearly the transformation (4.32) acts isometrically on go, as we
can see by writing everything in terms of the para-complex variable p = p1 + eps.

The remaining terms in (4.33) are slightly more complicated to deal with. However,

after some calculation, one can show that the transformations

VeV, v—uy, yi|—>yi,
(15, 1) > (py, —ph),
(ﬂ17ﬂ2) = (_/12)/7’1))

—pP2 —pP1

p2 — ’ P11 — 5
P — p} p?—p3

(4.34)

have the effect of flipping €1 — —e; in (4.33). Hence, the transformation (4.34) has
precisely the effect of taking us from the manifold (Q,ggl’l)) to (Q,gg’_l)), ie. it
interchanges the ST and TS reductions.

We note from the form of (4.34), however, that the transformation is singular along
the loci p1 = #£py. This implies that we still have no global isometry relating the
manifolds obtained from time-space and space-time reduction.

In the next chapter we will investigate in more detail the global structure of the
scalar manifolds obtained by dimensional reduction in the simplest case of pure five-
dimensional supergravity. The general case will be treated in a future publication by

the author [38].

4.3.2 The hidden symmetry

We now move on to use the (¢,1) flip to generate the additional ‘hidden’ symmetry of
the para-quaternionic-Kéhler manifolds in the image of the ¢g-map.

First, we write the generators (4.27) of the solvable Lie algebra g in terms of the
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variables (4.29):

11 3 3 1, . 1 3
H = —V@[QV&/—2Pﬁ%1—2Pﬁ%2—2uﬁh4+uﬁhg+2w&q+2uﬂh4,
1 1 1 1, 1 i i
D = —5VOv = 50 = 5200 — 510y — 5Vi0u; — 1205, — 10,
1 V3e g g
T, = 7 [b% T ——(ep1)ijon; — <€’/i - W(Q“«lﬂ?)i) Opia
g
_Z\fb? (Cﬂlﬂl)iaﬂ1:| )
Qo = ady, — b, i+ A20p,
Q-—ia-+3(c Y530, — 2 (cpingn)iOy + | —=—vi + 2 (cpapia): | O
i \/g w 2 U2 )ijOu; 6b2 H242)i0fiy \/3 6()2 01 b2 1
P o= Lo
2\/§ 12
. e
Pz = S,
28 ‘
Zy = Lo (4.35)
2V/3

The action of the (t,v) flip (4.34) then leaves P! invariant, while exchanging
P« Zy, T Q;.
The remaining root, (g, however, is mapped to
Qo = a(p? + p3) Opy + 2ap1p2 0p, + /ﬂiﬁﬂé — [110p,, (4.36)

which completes the root diagram in Figure 4.2 describing the symmetries of a generic
g-map space. Hence we see that the (¢,v) flip acts as a Weyl reflection of the root
space in Figure 4.2 in the hypersurface orthogonal to P°.

One can show that the generators
1 .
Yo=o(D=V3H), Yi=Qo, Y. =Qo

generate an s[(2) subalgebra [Y_, Y] = 2Yp, [Yo, Y4] = £Y4 of the full isometry group.
We will comment on some possible applications of this in Chapter 8.

The finite form of the transformation generated by QO is given by its action on the
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fields (4.29) by

ph — py + 00,
fiz — fiz — 0%/,

p

’_) e —
P 1 —at®p’

(4.37)

where p = p1 + ep2. One can show explicitly that this provides an isometry of the
metric (4.33). Again, this is a fairly lengthy but straightforward calculation, so we

omit the details.

4.4 Geometrical data on GG

In this section we calculate some useful geometric data (connection, curvature) on the
group manifold L. We use this to determine the conditions necessary on the PSR
manifold for which L is a locally symmetric space.

We first want to calculate the Levi-Civita connection on L = G, which we equip
with the left-invariant metric gz, given by (4.13). The associated scalar product on g is

denoted (-,-) and is defined by the Gram matrix

g = diag(—el, 1, —611n+1, 1, —€, —621n+1, —€9, —E]In_;,_l). (438)

That is, we consider the Lie algebra g with the basis (T4) of (4.15) and structure
constants (4.16), and equip it with a pseudo-Euclidean scalar product (-, -) defined by
(4.38).

The Levi-Civita connection can be calculated from this data using the Koszul for-

mula (2.7). In this manner we find

DUn+2 == 0,
n+2 L 0 L
Dy,., = -U /\Vn+2_§U /\Vo—iU A Vi,
DB = 07
1 1 1o
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1 .
—76201‘ij] AV,

V3
1 1 3

Dyy = SV AU™+ Sel% A Vs - *Q[V0 AB
1 ..
—5616”% A A]7

Dy = EV-/\U”” 1cS--UJ' v, —LV- B

%—21, +2€1J /\n+2 2\/51/\
1 1 .
+§V0 NA; + %elciij] A Ag,
1 1 3

Dyo = 2U0/\U"+2—26V0/\Vn+2+\2fU0/\B
1 .
—§UZ/\AZ‘7

Dy = 1Ui/\U"“—1 89V AV, +LUZ'/\B
1 .. 1 ..
—e1 09U N A; — —cTFV A A 4.39
+2€1 J \/gc J ks ( )

where all indices on the c;;;, are raised and lowered with 4;;, e.g. cijk = cl-jlé”“. Here

we use the identification of bi-vectors with skew-symmetric endomorphisms

(XAY)Z)=X{Y,Z)—(X,2)Y, X,Y,Z€g. (4.40)

We next proceed to compute the curvature of the connection D, using the formula

R(X,Y) = [DX7DY] - D[X,Y] )

for vector fields X,Y € g. In this way R(X,Y) is considered as a skew-symmetric

endomorphism of g, given by

R(U"™2 Voy2) = —Dv,,,, RU"? B)=RU"? 4;)=0,

R(U™™Vy) = —%DVO, R(U"“,Vg):—%DVi, R(U”“,UO):—%DUO,
R(U"™ U = —%Dw,

R(Viso, B) = R(Vasa, Ai) =0, R(Vn+2,V0):%6DU0,

R(Voi2, Vi) = %Q%DUJ', R(Vn+27UO):_%€2DV(ﬁ

. 1 ..
R(Viia U') = 569Dy,
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1 V3 1
R(B,A;) = ——Da., R(B,Vi)=—-"Dy,, R(B,V;)=—=Dy,
( ) 7304 (B, Vo) 5 Dvo ( ) Wil
V3 : 1
R(B,UY) = —X°D R(B, U = ——— Dy
( 3 ) 2 U9, ( ) ) 2\/§ Uty
1
1 1
R(A@,V}) = §El5ijDV0+$CZ‘jkDUk+Fijlm‘/l/\Am,
1
R(A,U%) = —gad;Dys,
. 1 .. 1 ) .
A, UY) = 28 Dpo — —=e1¢/* Dy, + Fiy/™U' A Ay
R(A;,U7) 5% Do \/3616 vi + Fa? U N ,
1 1 4
R(V,V;) = —geDa,  R(V,U%) = 5Dy, R(V0,U") =0,
. 1 . 1 . )
R(V;,U%) = o, R(V;,UJ):56{Dvn+2+%620i3kDAk+F¢HmUZ/\Vm,
. 1 ..
R(U°,UY = — 560" Dy, (4.41)

where the constant model-dependent quantity Fijkl is given by

1 1
Fylm = (Cz‘jkcklm + Ciklcjkm> 1 (5ij5lm + 5§5§”) — —okom, (4.42)

67"

Wl

Using (4.39) and (4.41), one can show that DR = 0, i.e. L is locally symmetric, iff the
Ejkl vanish identically. This clearly holds for n = 0, ¢111 = 1, which corresponds to
the case of pure five-dimensional supergravity. It is a subject for future work to classify

the possible ¢;j;, for which DR = 0.



Chapter 5

Time-like reductions of pure

supergravity

In Chapter 4 we wrote down the five-dimensional Lagrangian (4.1) describing N' = 2
supergravity coupled ng)) vector multiplets, as well as its dimensional reduction (4.3)
to three (Euclidean or Minkowski) dimensions. We also motivated the question of
whether the two target spaces obtained by space-then-time (ST) and time-then-space
(TS) reduction are “the same” in any sense. The aim of this section is to concentrate
on the case where the five-dimensional theory is restricted to be pure five-dimensional
supergravity. This theory has been well studied in the context of generating five-
dimensional solutions in [101-105].

We begin in Section 5.1 with a description of five-dimensional pure supergravity
and its reduction to three dimensions. In Section 5.2 we turn to a mathematical de-
scription of the scalar manifolds of the three-dimensional theory, which in each case can
be identified with a certain solvable group manifold contained within the symmetric
space G5/SO(4,C), and follow this up in Section 5.3 with a description of the auto-
morphism group of this solvable Lie group. Then, in Section 5.4, we use this formalism
to determine how the scalar manifolds obtained by ST and TS reduction fit into the
symmetric space Ga(ay/(S Lz - SLa), which is the main result of this chapter. Finally, in
Section 5.5 we describe the geometric structures on the solvable subgroup, and prove

that the scalar manifolds obtained by dimensional reduction of pure supergravity are

111
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e-quaternionic-Kéahler, and admit integrable €;-complex structures.

This chapter is based on the paper [37] by the author.

5.1 Dimensional reduction of pure five-dimensional super-
gravity

We start with the bosonic action for pure five-dimensional supergravity. This can be
obtained from (4.1) by considering the case with no five-dimensional vector multiplets

(ng}r’) = 0) and Hesse potential H = (h°)3. The action then becomes

1 S
S = / &z [ < fwf“”> ; %sﬂ”f’ﬂfﬂﬁfﬁm;l : (5.1)

which is simply the Einstein-Maxwell action supplemented by a Chern-Simons term.
Performing the dimensional reduction as in Section 3.5.2, we obtain the three-

dimensional Lagrangian

R 3 3
Ly = 5+ zald) - 500) -

el 00 + g1 (06+¢1 T &)

4¢2 (

éez (8{1 — :E@CO)

2
€9 <8§0 + x@& + %x28(1 — é$38<0>

o3
0
+@6(8C )
+O‘?¢
1 p 1L oo 2
+a—¢e (8C1+$8C — 5% oC ) , (5.2)

where I = 0,1. The relations between the five- and three-dimensional field contents
can be read off from the corresponding expressions (4.4)—(4.10) in Chapter 4.

For this chapter the scalar manifolds obtained by SS (e1 = e2 = —1), ST (e; =
—e3 = —1) and TS (¢ = —ey = 1) reduction are denoted, respectively, M%) pr(ST)
and MTS) and are parametrized by the eight scalar fields (z, o, ¢, é, ¢o. ¢, CNO, C~1)

Comparing with the analysis in Chapter 4 we see that, since ng)) = 0, the PSR man-
ifold appearing as the target space of the five-dimensional theory is zero-dimensional.
Hence, the eight-dimensional target manifold of the three-dimensional theory can be

identified with the group fiber of the g-map spaces that we met previously. We can
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therefore use the formulae of Section 4.2, after putting n&?) =0 and H(h) = (k)3 to
describe the target manifold of the theory with Lagrangian (5.2). In Section 5.5 this will
provide us with a direct proof that the target manifold of the three-dimensional theory
is e-quaternionic-Kéahler and equipped with a pair of integrable e;-complex structures.

Although many of the following expressions could be read directly from those in
Chapter 4 we reproduce them here for convenience. We first introduce the basis of

1-forms

R S S S S _ d¢
?o= (@ dd-Gad), &=
a = ﬁdac, Bzﬁda,

g g

0o _ ‘773 0 1_ |9 1 0
=t =[5 i), (53)
& = 2 3 dCo + xdC +1x2d¢1—3x3d40
0o = 73 \ 40 15 6 ;
b = o (40 wdc - Gt

which we also denote

(9&) = (772752704’677’07771750761) . (54)

In terms of (5.3) the metric g(2) on the scalar manifold! M(€1:2) can be written as

490 = —e P @ +&£R& —aa@at BB —en’ @1’ —ent @n' — et @& — €1 ®E.

(5.5)
The exterior derivatives df® are given by

dp* = =& AR’ =& Ant =& A,
dés = 0,
da = LOz AB

\/3 ’
g = 0,

V3 1
dn’ = 7/8 A — 552 A, (5.6)

"We write M%) = M(_l’_l), etc.
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dn' = 2\[6/\77—752M7 —a A,
g = —\fﬁ/\ﬁo—;&/\fo—l-a/\&?
s, = ——=BN&— 52/\51-1-104/\777

f V3

which shows that they form a Lie algebra with structure constants given by the relation
df® = —cgceb A 6¢, on which ¢(€12) is a left-invariant metric.

Denoting the basis of vector fields dual to (6*) by

(Ta) = (Va,U?, A, B, Vp, W, U°, U™, (5.7)
we find equivalently
B,A] = A, [ULVi] = Vo
) \/3 ) ) )
[%7(]0] = _V27 [‘/iaUl] = _‘/27
1 1
i) = Vi forI=01, [UU"]= 0" forI=0,1,
V3 1 o1 V3
B,Vo] = ——“V,, [BVi]=-—=W, [B,U"] =07,
(B, Vo] 5 Vo, [B.W] Welk [ ] 5
1
B,U' = —U',
5.0 =575
2
AV = W, [AU']=-U° [AW]=-—2U. (5.8)

V3

This Lie algebra is seen to be solvable. Indeed, we will see below that it is an Iwasawa
subalgebra of the Lie algebra of Gy(y).
The explicit expressions for the vector fields (T}) in a coordinate basis on M (€1-2)

are

Vo= 005 UP=00, A= —zod. B=—ad,

v—\/@(a+fa~+a+~a~—12 —¢195) + 2o} (0: — (%0

0=1/ 5 [(Oc +Godg) + (01 + 105) — 527(9g, — ¢ 95) + 6( ¢,
- 1

Vi= \/f [(341 +G105) = w(0g, — (105) + 52%(0g, — (") |

1
U’ = T\/gv a3¢(84~0 - CO%),
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Ut = %\/075 [(55 —(105) — (9, — ¢°9;)| - (5.9)

The curvature calculations (4.41) for the g-map group manifold adapted to the case
at hand tell us that DR = 0, so that the target manifolds M (€1:¢2) are locally symmetric.

In the case of SS reduction, the target manifold can be identified with the Rie-
mannian symmetric space Ga)/SO(4) [36,102], which is quaternionic-Kéhler. On the
other hand, dimensional reduction of pure five-dimensional supergravity over one time-
like and one space-like direction gives rise to a scalar target space locally isometric to
the pseudo-Riemannian symmetric space (see [104] and references therein)

Ga2)

S:SLQ-SLz’

(5.10)

which is para-quaternionic-Kéahler [77].

In [105] it was shown that the spaces obtained from ST and TS reduction are locally
isometric by relating them to a standard parametrization of the space (5.10). Geomet-
rically, however, we have seen that the target spaces M T and MTS are distinguished
by the integrability properties of the left-invariant almost e;-complex structures within
the para-quaternionic structure. This hints that the local isometry of [105] does not
capture the full description of these manifolds.

In particular, we will show in this chapter that the spaces M T and MTS can be
realised as open orbits of the Iwasawa subgroup L of Gy acting on S. While these
orbits are locally isometric, they are not related by an automorphism of L.

Before moving on to a description of Gy, we note that both of the symmetric

spaces (ig(2)/S0(4) and Gy(z)/(SLa - SLz) are different real forms of

2(2)
SO(4)C

In [101] this was used to relate all three scalar manifolds obtained by dimensional
reduction to each other via suitable analytic continuations, as we discussed in Chapter

4.
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5.2 Aspects of Gyy) and its subgroups

Throughout this section we write G = G5(g) for the simply connected noncompact form

of the Lie group of type G2.

5.2.1 Description of the Lie algebra of Gy

We now seek to describe the Lie algebra g of the Lie group G. We follow Ch. 5, Section
1.2 of [106].

The Lie algebra g admits a Zs-grading
g=V+sl(V)+ V"

where the subspaces have degree (1,0,—1) € Zs respectively under the grading, and

V = R3. Note that sl[(V) = s[(3,R). The Lie brackets are given by

[A’:E] = A.’E, [Avg] :*AT&

[1"7 y] = -2z X Y,
[&;n] = 26xn,
f = 3r®¢—E@Ides(V)Cal(V) =V eV, (5.11)

forall z,y € V, &,ne V* and A € sl(V). The cross products are defined by
zxy=det(z,y,) €V, Exn=det™'(&n,) V=V,

where det™! € A3V is the inverse of det € A3V*. We shall denote by (e;) = (e1, ea, €3)
the standard basis of V, by (€) its dual basis and by eg the endomorphism e; ® e’ of
V. Then, e.g. e] X e = e3.

The Cartan subalgebra a C g consisting of all diagonal matrices in sl(V') is given

by

a= {;Aieg ;Ai:o}.
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5.2.2 The solvable Iwasawa subgroup L C G

Choose a basis

1 1 2
leel—eg, H2261—262+€§,

of the Cartan subalgebra a C g. Then, following Section 2.4.3 we can construct a

maximal nilpotent subalgebra n C g

_ 2 .3 .2 3 .3
n_span{el)e , € 761761762} cg,

as the sum of the positive root spaces of a. We then define [ = a@®n C g, which is the?
solvable Lie algebra (Iwasawa subalgebra) appearing in the Iwasawa decomposition of
g, as described in Section 2.4.4.

Define a basis (V1, ..., Vs) of [ by

1 1 1
V=3¢, Vo= (el —ed), V3= —=¢%, Vs = ——(e! —2e2+¢d),
1 1 Vo= g(er —e3), Vs 7 A 2\/§(1 5+ e€3)
Vs = V3el, Vs = e, Vri= —V3e?, Vg := —ey. (5.12)

Using the relations (5.11) we can show that the Iwasawa subalgebra [ C g with this
basis has precisely the same nontrivial brackets (5.8) as the basis (7},) of the Lie algebra
obtained from each of the three dimensional reductions.

We have seen so far then that the three reductions of pure five-dimensional super-
gravity (SS, ST and TS) provide us with scalar manifolds M (58)  p5T) and MTS)
which can all be identified with the group manifold L of an Iwasawa subgroup of Gy(y),
parametrized by (z, 0, ¢, (5, 0.t 50, 51) For each of these reductions the scalar mani-

fold is equipped with a different left-invariant metric 9(51762) with signature

Slgl’l(g) = (7617 +7 —€1, +7 —€, —€2, —€2, 76) . (513)

Hence, for SS reduction the metric is positive definite, while for ST and TS reductions
we obtain split-signature metrics, albeit with a different distribution of signs.

In the case of the Riemannian symmetric space G/SOy4, we know that SO, is a max-

2Recall that any two Iwasawa subalgebras of g are related to each other by conjugation.
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imally compact subgroup of G, and so the Iwasawa decomposition is exact (Theorem
6.46 of [79]). In particular, this means that the Iwasawa subgroup L acts transitively
on the symmetric space G/S0O,4. Hence, we can identify globally the Riemannian man-
ifold (M (59, ¢(35)) obtained from SS reduction with the Riemannian symmetric space
G/S0y, or alternatively with the L-orbit L - o of the canonical base point 0 € G/SO;.

For the split-signature case, we need to study the pseudo-Riemannian real form

G/(SLsy - SLs), which we turn to next.

5.2.3 The symmetric space S = Gy2)/(SLy - SLo)

In order to describe the pseudo-Riemannian symmetric space appearing in the ST
and TS reductions of five-dimensional supergravity, we introduce the Zs-grading g =

fev + Goda Of the Lie algebra g with

Jev = a—&—span{eg,e?’,e%,e%}%’5[2695[2,

_ 1 .2 .3 .3 .1 2
Jodd = Span{elae2ae € 761762763763}'

That this is indeed a Zs-grading of g can be seen simply by using the Lie brackets

(5.11). The two sly factors are generated by the sly-triples
(h(l) = [6%765] = 6% - 6%, e(l) = 6%, f(l) = 6%),

and

(h(2) = [e3,€%] = —e] — €3 + 23, e = ¢35, £ = e3).

That is,
[h(m?e(a)} — 2@, [hm),f(a)} — _of(@), [e(a>7f<a)} — h®,

and [X(l),X(z)] =0, for any X(@ ¢ 5[ga).
The corresponding pseudo-Riemannian symmetric space S = G/Gey is

Ga2)

S:SLQ'SLQ'
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Proposition 6. The symmetric space S admits a G-invariant para-quaternionic-
Kabhler structure (g, Q), where the metric g is induced by a multiple of the Killing form.

Hence (S,g,Q) is a para-quaternionic-Kdhler manifold.

Proof: The proof is given as Proposition 1 of [37]. O

We saw earlier that the standard Iwasawa subgroup L C G acts transitively on the
Riemannian symmetric space G/SOy. However, the orbit L - o of the canonical base
point o € S if not even open (in the topological sense). To see this we note that, given
a subgroup U C @G, the orbit U -0 C S = G/Ge, of the canonical base point o € S
is open iff g, + Lie(U) = g, i.e. dim(U) = dim(G/Gey). For an Iwasawa subalgebra
I' C g, this is the case iff g, NI/ = 0.

Clearly, for the Iwasawa subalgebra [ in Section 5.2.2, we see [N ge, # 0, and so the
orbit L - o C S is not open. This means that we cannot globally describe the pseudo-
Riemannian symmetric space .S simply by picking some representative in the standard
Iwasawa subgroup L C G, as was the case for the Riemannian symmetric space G/SOj.
This is related to the failure of the Iwasawa decomposition to provide a global covering
of G/H for H non-compact. However, it is still possible to find a decomposition of
the form HL for an open subset U C G, thus providing a local parametrization of the
symmetric space G/H. In this case, the orbit L - o of the canonical base point will be
open.

This failure of the Iwasawa decomposition has important consequences for station-
ary supergravity solutions, which in many applications can be described by cosets G/H
for H non-compact [35]. In [107] it was shown that solutions with regular event hori-
zons correspond to complete geodesics contained within an open orbit of the Iwasawa
subgroup, whereas those not contained in a single orbit lift to singular spacetimes.
In [108] it was argued that elements of G for which the Iwasawa decomposition fails
to hold correspond to the so-called ‘active duality transformations’ mapping BPS to

non-BPS solutions.
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5.2.4 Open orbits in the symmetric space

The Iwasawa decomposition is not unique. In fact, given some Iwasawa subgroup
L C G, we can find a conjugate Iwasawa subgroup L' = C,(L) := aLa~! for a € G
with the same Lie algebra3. In the case where L’ acts with open orbit in S, we obtain a
left-invariant locally symmetric para-quaternionic-Kéahler structure on L’ = L induced
from the symmetric para-quaternionic-Kéhler structure on S.

Our strategy in this section is to look for conjugate Iwasawa subgroups L' = C,(L)
such that the orbit M; = L’ - 0 is open in S, and then show that M; is isometrically
covered by one of the scalar manifolds M©T) or M) We do this at the level of the
algebra: we seek a € G such that the conjugate Iwasawa subalgebra I' = Ad,(I) C g is
transversal to ge,.

To proceed, we first pick some element a = exp(&) € G, where £ € g, and calculate
X' = Ad,X = e*¢X for each X € [. One could then compare a generic element of
[" with a generic element of g., to see whether there exist any non-trivial members of
their intersection. However, we already know that g,qq M gey = 0. Hence, if we can find
some vector space isomorphism ¢ : [ — goqq, then [ = g,q4 will be transversal to ge,.
To construct such a map, let us denote by 7 : g — goqq the projection along g.,, and
by ¢ : [ = goqq the map

X = m(X').

If the vectors ¢(V}) are linearly independent, then ¢ is a vector space isomorphism.
From the isomorphism ¢ : [ — g,q9 we compute the left-invariant metric g; on
L = I’ from the scalar product (-,-)1 = ¢*(,-) g on [, where (-, -) 5 is the scalar product
on g,qq obtained by restricting %B to goqq- Here B is the usual Killing form on g, as
defined in (2.31). It may still be the case that g; in the basis (V,) does not correspond to
either gT) or ¢(T9) which are both diagonal with respect to this basis. However, the
metrics could still be equivalent if they are related by the action of some automorphism
of L (up to a positive scale factor). This will lead us in the next section to analyse the

automorphism group of L, or equivalently of [ (since L is connected).

3That is, [ = Lie(L) and I' = Lie(L’) have the same non-trivial brackets.
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In what follows we use the basis of g given by

1 2 9 3 9 3 3 1 1
by =e; —e; by=ej—e€3, by=e], by=ce], bs=e5 bs=e3 br=es,

bs=¢e3, by=e1, bip=e2, bii=e3, ba=e', biz=e’, buu=c’ (5.14)

In this notation, [ = span{bi, ba, b3, by, b3, by, b13, b14}, while g,qq we take to have the

basis (f1,..., fs) := (bg, bro, b12, b13, ba, bs, b7, bg).
For future use, we note that the non-trivial scalar products (-, ) p between elements

of goqq are given by

(fi, f3)B=fo, fa) B =3, (fe,fa)B =[5, fr)p =1, (5.15)

from which we can read off the corresponding Gram matrix representing (-,-)p :

(5.16)

o o o O
o o o o o

o o o o o O
—_

o o o o o o o

o o o o o w o o
o o o o w o o o
o o o o o o o w
o o o o o o w o

o o O

5.3 Automorphisms of the solvable algebra

In anticipation of what is to come, we now turn our attention to the automorphism
group of the solvable Lie group L. Since L is connected, we have Aut(L) = Aut(l),
and so we concentrate on finding automorphisms at the level of the Lie algebra .
Recall that [ has non-trivial brackets (5.8) with respect to the basis (7)) defined in

(5.7). Automorphisms of [ are characterized by the existence of an invertible linear
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map A : [ — [ satisfying

[AX),A(Y)] =A[X,Y] VX, YeL

In fact, it will be convenient to use the dual formulation of the Lie algebra [ defined
by the dual basis (0%) of [* given in (5.4), which has exterior algebra (5.6). The
important point is that a map A : [ — [ is an automorphism of [ iff the dual map
A* " — I* satisfies

dA*9 = A*d6 VeI,

For practical purposes, then, we want to look for all invertible linear maps A* satisfying

d(A*0)* = —cl (A*0)° A (A*0)¢ Va=1,...,8, (5.17)

where cj, are the structure constants of the algebra I.

We find that the most general automorphism of [ depends on eight real parameters

(a,...,h), and is given by its action on the basis of [* via
A*(&2) = &2,
A*(B) =5,

A (a) = ba + ¢f,
A*(n") = déa — V/3dB + en’,

A (') = f& + 2bda + (20d — \%f) B — V3cen®

+ ben*,
A* (&) = hés — ibeé-l- <1h— 4Cf> B —V3c%en
R V3 VB 1
+ 2bcent + b2e&y,
A*(&o) = g&2 — 2bha + (\/gg - QCh) B — cen’
+ V3bc%en' + bPe&y + V3b%cet,

4
A (n?) = b3e*n® + aly — <4bdh + \/gbf2> oY
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N 2 4 e
+<2\/§dg 4cdh+\/gfh \/gcf>6

+ (2\/§ceh —2V3clef — 2c3de — 269) n°
+ (2\/§b02de + 4dbcef — 2beh> nt

+ 2b3dego + (2\/§b20de + 2b2€f) &.

The details of the proof that this gives the general form of automorphisms of [* is fairly
straightforward, and we refer the reader to Theorem 1 of [37]. We can now read off the

matrix M representing A* with respect to the basis (6%), that is, A*(6%) = M%,0°:

Be2 0 0 0 0 0 0 0
a 100 d f g h
msy1 0 b 0 0 2bd —20bh —4/3/3bf
m 0 ¢c 1 —V/3d m V3g—2ch 1/3V3(h—4c
M= 4,1 4,5 g / ( f) ’ (5.18)
ms1 0 0 0 e —v/3ce —cPe —V/3c%e
mg1 0 0 O 0 be V3bc2e 2 bece
203de 0 0 0 0 0 b3e 0
mg1 0 0 O 0 0 V3b2ce b2e
where

ma = —4b (dh+ 1/3\/§f2) . ma1 = 2V3dg — dcdh +2/3V3fh — 4/3v/3cf?,

mas=2cd—1/3V3f, ms1 =2V3ceh —2V3c%ef —2cde — 2eg,
me1 = 2b (\/gczde +2cef — eh) , mgq = 252 (\/gcde—i- ef) .

In order for A* to be invertible, we require det(M) = b'%°% # 0, and so both b and
e should be non-zero. This decomposes the eight-parameter family of automorphisms
of [ into four connected components. Note that the matrices M witha=c=d= f =

g=h=0and b,e € {£1} form a subgroup Zgs X Zs C Aut(l) acting by the diagonal
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matrices
diag(-1,1,-1,1,-1,1,1,—1) and diag(1,1,1,1,—1,—1,—1,—1).

We note finally that the matrix (5.18) is the transpose of the matrix representing

the automorphism A of [ with respect to the basis (7j,).

5.4 Identifying the open orbits corresponding to ST and

TS reductions

In this section, we determine the appropriate group elements a € G for which the
conjugated Iwasawa subalgebra I' = Ad, () C g is transversal to ge,. This gives us an

Iwasawa subgroup L' C G with open orbit in S.

5.4.1 An open orbit corresponding to Time-Space reduction

We claim that the element a = exp & with € = el + el = by +b12 € g defines an Iwasawa
subalgebra I' = Ad,(l) transversal to ge,.
To see this, compute X’ = Ad, X = e X for every basis element X € [. We have

(Proposition 4 of [37])

by = b1+ bz +b7, by=>by+br, by=bs—br+bg+bi1+bis,
W =bs— by —by+bg — by — bio — br2 + ba, b5 = bs — bg,
o = bg — 2by — by — 3by + b11 — bia, blg = b1z — 3by + 2011,

b,14 == b14 + 3b6 - 2b10 - 1)12.
From this we can read off the action of :

@(b1) = b7 +bia, @(ba) =br, @(bz) = —by + bg + b1,
@(by) =bg — by —big — b12, (bs) =bs, (bg) = bg — 3by — b1,

©(b13) = b1z — 3b7,  @(b1a) = —2b1g — bra.
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As a map from [ with basis (V,) to goqq with basis (f,), the matrix representing ¢,

that is ¢(Va) = Aapfp, is given by

3 3 0
o & 0
0 0 %
0 21% 0
0 0 0
-2 -1 0
0 0 —V3
0 1 0

0 3 0
0 1 0
0 —V3 0
0 0 0
V3 0 0
0 0 0
0 V3 -3
0 3 0

One can check that det(A) = 3 # 0, and therefore the vectors ¢(V,) are linearly

independent. Hence the Iwasawa subalgebra I & g,44 is transversal, and the orbit

My=L"-0oC Sisopenin S =G/Ge.

The Gram matrix G; of the scalar product (-, )1 = ¢*(-,-) p on [ with respect to the

basis (V) is given by

gl - AgAT7

where G is the Gram matrix (5.16) of the scalar product (-,-)p on goq4q With respect to

the basis (fp). The resulting matrix is

g1

—18

=)
|
ooo&w

—12V/3
—~18

o o o o o O

0 —12v/3 —18

0 0o -3
—2V/3 0 0
3

0 0 —¥3

0 -3 0

0 63 3
63 0 0
3 0 —6

(5.19)



CHAPTER 5. TIME-LIKE REDUCTIONS OF PURE SUPERGRAVITY 126

In order to compare this with the metrics obtained from dimensional reduction, we
seek an automorphism of [ which brings (5.19) to a diagonal matrix. We impose that
MGIMT is diagonal, where M is the matrix (5.18) representing the transpose of a

general automorphism of [. One finds that this constrains the parameters of M as

1 1 2
f ) g ) a 6 ) C 2 ) 2 ) e \/g
Thus there is a unique inner automorphism diagonalizing the Gram matrix (5.19), and

precisely one such automorphism in each component of Aut(l). The diagonalized Gram

matrix is in all cases
- 1
glies — pdiag(—1,1,-1,1,-1,1,1, 1), (5.20)

which agrees, up to an overall (positive) scale factor, with the metric g(T9) of the scalar
manifold M TS obtained by dimensional reduction with €; =1, = —1.

To summarise, we have shown

Proposition 7.  The left-invariant metric ¢TS5 = ¢ on L obtained by time-space
reduction of pure five-dimensional supergravity is related by a unique inner automor-
phism of L, combined with a scaling by %, to the left-invariant metric g1 on L obtained
from the open orbit My = L' -0 C S, where L' = Co(L) and a = exp(e! +el) € G is an

Twasawa subgroup of G.

5.4.2 An open orbit corresponding to Space-Time reduction

We claim that the element a = exp & with £ = el + e% = bg+b12 € g defines an Iwasawa
subalgebra [” = Ad,(l) transversal to ge,.
To see this, compute X’ = Ad,X = e*d¢X for every basis element X € [. We

have [37]

b) = by —bg 4+ bra, by =bo+2bg, by =bg— by+ by + bys,
bil:—b3+b4+b6+b7fb10*b11*b13+bl4v
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f5 = —3b7 4+ 2b11 + b1z, by = 3bg + 3by — 2b1g — 2b11 — b13 + bya,

from which we find

o(b1) = —bg + b12, @(ba) =2bg, @(b3) = —by + b3,
@(by) = by + by —big — b1z, (bs) =bs —bg, (bg) = by — b12,

o(b13) = big — 3b7,  @(b1a) = 3by — 2b1p — b1,

corresponding to the matrix o(V,) = Agp fp given by

o
w
o
wo
|
w
o
|
o
o

[N

o
o
o

|

&
o
o
B
o

One can check that det(A) = —12 # 0, and therefore the vectors ¢()V}) are linearly
independent. Hence the Iwasawa subalgebra [7 = g, is transversal, and the orbit
My =L"-0C Sisopenin S =G/Ge.

The Gram matrix Gy of the scalar product (-, -)a = ¢*(-,-)p on [ with respect to the
basis (V) is given by

Gy = AGAT,

where G is the Gram matrix (5.16) of the scalar product (-,-)p on g,qq With respect to
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the basis (fp). The resulting matrix is

72 0 63 0 0 =36 —-12v/3 0

0 0 0 0o ¥ 0 o -3
6vV3 0 0 0 0 -2v3 0 0
0 0 0 0o -3 0 (N VE
G2 = . (5.21)
0 ¥ 0 -3 -6 0 0 0

—12v/3 0 0 0 0 63 0 0

3 V3
o -3 0o ¥ 0 0 0 —6

In order to compare this with the metrics obtained from dimensional reduction, we
seek an automorphism of [ which brings (5.21) to a diagonal matrix. We impose that
MGaMT is diagonal, where M is the matrix (5.18) representing the transpose of a

general automorphism of [. One finds that this constrains the parameters of M as

1 1 1
f=0, d=——, h=—--, g=0, a=0, ¢c=0, b=41, e=+——.
2V/3

Thus there is a unique inner automorphism diagonalizing the Gram matrix (5.21), and
precisely one such automorphism in each component of Aut(l). The diagonalized Gram

matrix is in all cases
: 1
Gy = Sdiag(1,1,1,1,~1, 1, ~1,~1), (5.22)

which agrees, up to an overall (positive) scale factor, with the metric g1 of the scalar
manifold M©T) obtained by dimensional reduction with €; = —1,¢e9 = 1.

To summarise, we have shown:

(8T) = ¢(=1.1) on L obtained by space-time

Proposition 8. The left-invariant metric g
reduction of pure five-dimensional supergravity is related by a unique inner automor-

phism of L, combined with a scaling by %, to the left-invariant metric go on L obtained
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from the open orbit Ms = L" -0 C S, where L" = Cy(L) and a = exp(e! + €2) € G is

an Twasawa subgroup of G.

5.4.3 Disjoint open L-orbits on S

In the previous subsections we have constructed open orbits M; = L) - o (i = 1,2) of
the canonical base point 0 € S = G/Ge, under subgroups L0 = aiLai_l, with a; € G,
conjugate to the standard Iwasawa subgroup L C G. We can take a different point of

view, however, and consider the L-orbit L - 09 of different points o € S. We have
M, =L% . o= aiLa;lo = a;Lo™ = Lo, (L- o(i)),

where we have defined o(") = a; Lo, and L, : S — S is the diffeomorphism given by the

left G-action on S.

Proposition 9.  The open L-orbits L - o) are disjoint.

Proof: We refer to Proposition 14 of [37] for the proof, which relies on the assertion
that if two such L-orbits, L - o) and L - 0, are not disjoint then there exists some

a € L such that the left-invariant metrics g; and g2 on L are related by
g2 = C 191,

i.e. by a specific automorphism of L. However, there exists no element M of Aut([) =
Aut(L) such that G; = MGoMT, as can be shown by explicit calculation using the

matrices (5.18), (5.19) and (5.21). O

Corollary 1. The Iwasawa subgroup L C G acts with at least two open orbits on

S=G/(SLy - SLy).

5.5 Geometric structures on the Iwasawa subgroup

We end this chapter by exploring some of the geometric structures carried by the
Iwasawa subalgebra [ equipped with the three metrics ¢(2) related to the different

dimensional reductions of pure five-dimensional supergravity.
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To be concrete, we use the basis (T,) of [ given in (5.7), and equip [ with a scalar

product (-, ) = (-, )02 defined by the Gram matrix

gdiag — diag(—e1,1, —€1,1, —€, —€2, —€2, —¢), (5.23)

with respect to the basis (7}).

We define the skew-symmetric endomorphisms

J = EQUQ/\VQ—B/\AJre?Ul/\UO—eQ;Ul/\Vl
+e2%UO AV + e\fVl AV, (5.24)
bzzQ?WA%+%%A%—;ﬂMﬂ—q?WAW
—;Ul/\A—q?VO/\A—?UO/\B—I-q;Vl/\B, (5.25)
J3 :e%WAw—QfmAw—Q?UMUMé%AW
—é%ﬂAA+q;mAA—q;ﬂAB—‘f%AB, (5.26)
i::—@WAw—BAA+QfWAUWf%WAm
+@§ﬂA%+QfmA%, (5.27)

where we have used the notation of Section 4.4 to write J, € End(T'M) as bivectors.
One can check that the J, (o = 1,2,3) are pairwise anti-commuting, and satisfy

the following relations:

(J1)2=eld, ()2 =eld, (J3)?=eald:=¢dd, Jy=JJ.

Hence, the endomorphisms J, define left-invariant almost e,-complex structures on L.
For ¢, = —1 we have complex structures, whereas for ¢, = 1 we have para-complex
structures. Note moreover that jl, which only differs from J; via its action on the
subspace spanned by {U?, V}, is e;-complex. We put Q := span{J,|a = 1,2, 3}, which
at this stage is an almost e-hypercomplex structure.

In this section we want to prove that (L, g, @) is an e-quaternionic-Kéhler manifold
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with left-invariant e-quaternionic structure @, and that J; and J; are integrable left-
invariant e;-complex structures on L.

The integrability of the structures J; and J; is proven by computation of the corre-
sponding Nijenhuis tensor (2.17), which can be shown to vanish for J = J; and J = J;
by using the definitions (5.24) and (5.27), as well as the algebra (5.8). From Section
2.2, this shows that the structures J; and jl are integrable. One can also show that
neither Ny, nor N, vanish.

In order to show that  is an e-quaternionic structure on L, we need to check that
Q is parallel with respect to the Levi-Civita connection D. For the case of pure five-
dimensional supergravity the group fiber coincides with the whole scalar manifold, so

that the Levi-Civita connection can be read simply from (4.39):

1 1
Dy, = UQ/\V2+§UO/\V0+§U1/\V1,
DU2 - 0,
Dy = iBAA+1V/\V+1U0/\U1+L U' AV
A = \/g 260 1 26 \/§€2 1,
Dp = 0,
1 1 3 1
Dy, = —QVO/\U2—262U0/\V2+\2[V0/\B+261V1/\A’
1 1 1
Dy — —- 2_ Zyt — B
1 1
—ZVoAA— —aU'AA
2Vb/\ \/gélU N A,
1 1 3 1
Dyo = —2U0/\U2+26V0/\V2—\Q[UO/\B—FQUl/\A,
1 1 1
Din = ——U'ANU?*+-6ViAVa— —U'AB
Ul 2 +2€2 1 2 2\/3
1, 1
- A4+ — A. 2
2€1U VAN +\/§V1/\ (5 8)

We can now compute D.J,, for each of the skew-symmetric endomorphisms J, € Q.

Using the explicit expressions (5.24)—(5.26) and (5.28), we find

[Dx,Ji] = &(X)Jo+ B(X)Js,
[Dx, 2] = ea(X)J1+9(X)Js, (5.29)

~

[Dx,J3] = e2f(X)J1+e1H(X)Jz,
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where &, 8,4 € [* are 1-forms related to the basis (5.3) of I* by

V3 - V3 1 L1 V3
0—751, f=—Fan —5&, Y=san —-a

1
@z 2 2 2 2

132

(5.30)

This shows that the e-quaternionic structure () is parallel with respect to the Levi-

Civita connection. Hence, (L, g, @) is an e-quaternionic-Kéhler manifold.



Chapter 6

Five-dimensional black string

solutions

The five-dimensional Lagrangian (4.1) describing N' = 2 supergravity coupled to n%?)

vector multiplets gives rise to the three-dimensional Lagrangian (4.3) upon dimensional
reduction. The aim of this chapter is to look for a particular class of solutions to the five-
dimensional theory which have one time-like and one space-like isometry, thus enabling
us to use the dimensional reduction results. The main idea is that instanton solutions
of the dimensionally-reduced Euclidean-signature supergravity theory can be lifted to
solitonic solutions of the original five-dimensional supergravity theory.

The main result of this chapter is the construction of static non-extremal black
strings in A/ = 2 supergravity coupled to vector multiplets. We refrain from working
in a specific model (i.e. choice of Hesse potential for the five-dimensional theory) and
try to make the discussion as generic as possible.

We begin in Section 6.1 by identifying the class of solutions (static, magneti-
cally charged black strings) that we want to look for, and derive the relevant three-
dimensional field equations in Section 6.2. We then analyse the three-dimensional
Einstein equations (Section 6.3) and scalar equations of motion (Section 6.4), thus de-
termining the form of the three-dimensional instanton solutions. We then lift these
instantons to five dimensions in Section 6.5 and analyse their properties. We also in-

vestigate the structure of BPS and non-BPS extremal solutions. Finally, in Section 6.6,

133
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we consider the lift of our instantons to four dimensions, and identify new non-extremal
generalisations of small black holes.

The work in this chapter appeared in the publication [49] by the author.

6.1 The ansatze

We look for solutions to the five-dimensional field equations coming from (4.1) which:
(i) admit “stationary configurations” in the sense of Definition 19.

(ii) admit a space-like Killing vector field K which commutes with K and with respect
to which £ z® = 0 for any scalar or field strength ® (see Definition 19). Orbits of
K should be isomorphic to R, i.e. K generates translations along some space-like

direction.

Choosing adapted coordinates {z°, 2*} such that the Killing vectors K and K act
simply as translations (we shan’t for the moment specify which of 2 and 2* correspond
to time-like and which to space-like directions), the general Kaluza-Klein form of the

five-dimensional metric is given by (4.2), which we reproduce here for convenience:
ds%5) = —1e2(dz® + A%)% — e2¢277(dz* + B)? + e_2¢_”ds%3), (6.1)

All fields in (6.1) depend only on the transverse coordinates x*, with = 1,2, 3. Since
K is taken to be a time-like Killing vector, one of {2°, 2%} corresponds to a time-like
direction. Hence, we concentrate on the case of time-space or space-time reduction, for
which €3 = —¢7.

In this chapter we will be interested in static field configurations, i.e. those for which
the Killing vector K is hypersurface orthogonal (see Definition 20). We will relax this
condition in Chapter 7 in order to find more general classes of stationary solutions. In
the case of TS reduction staticity of the metric restricts A9 = Az = 0, whilst for ST
reduction we require A} = B, = 0. In order to treat our two Killing vectors K and
K on the same footing, we likewise impose that K be hypersurface orthogonal. This

allows us to set the remaining components of the Kaluza-Klein 1-forms to zero. Hence,
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our metric ansatz (6.1) becomes
dsé) = —61€2(d2®)? — €2e??7 (da™)? + e_2¢_gds%3). (6.2)

We focus on the case where the metric (6.2) describes a five-dimensional black 1-brane.
From the dimension-counting arguments of Section 3.1.2 we deduce that a 1-brane
(string) in five dimensions can be magnetically charged under a 1-form gauge field.

Hence, we make the ‘magnetic’ ansatz for the ng}:’) + 1 gauge fields

AL dat = Al dat, (6.3)

i.e. we impose that the ‘electric’ components vanish, A} = A% = 0.
It is important that these conditions correspond to a “consistent truncation” of the

field content in the sense Definition 21. We will show this explicitly in Chapter 7.

6.2 The three-dimensional action

For the class of static magnetically charged black 1-brane solutions that we focus on
in this chapter, we can truncate (4.3) to obtain the following three-dimensional La-

grangian:

- R i, j —2¢—30 1ij Foous
e Ly = 5 — W)y oMy — (09)* + 720737 4 ()0, G ;. (6.4)

(5)

The three-dimensional field content consists of the ny,” original (unconstrained) scalar
fields ¢* parametrising the PSR manifold; the ngf) + 1 scalars {; dual to the magnetic
field strengths in three dimensions; and the two Kaluza-Klein scalars ¢, ¢ coming from
the metric decomposition!. This gives a total of 2n$) + 3 scalar fields. In (6.4) we have
combined the constrained scalar fields A’ parametrising the CASR manifold with the

Kaluza-Klein scalar o via 3* = 65 e hi.

!Note that the scalars o and ¢ in (6.4) differ from those in (4.3) in that we have avoided making
the field redefinition (4.5).
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The Lagrangian (6.4) can be further simplified by making the field redefinition

wi=e iy, £=6- 2o, (65)
after which (6.4) becomes
R i i Aij Four L
"Ly = 5 = 5ij(w)0uw' 0wl + 57 (w) 9GO — 1 (9€)%, (6.6)

Note that this Lagrangian has no explicit dependence on €; or €2, meaning that the
subsector of fields relevant for static black string solutions is manifestly insensitive to
whether we first reduce over space or over time.

In terms of the metric degrees of freedom (&, o), the metric ansatz (6.2) reads
dsé) =20 | —e1e(da0)? — €2€§(d$4)2] + 6_2(§+20)d8%3). (6.7)

This makes it clear, as we shall confirm later, that £ somehow encodes the ‘non-
extremality’ of the solution. Recall from Section 3.1.2 that an extremal black p-brane
has a ISO(p, 1) group of isometries acting on its worldvolume directions. For the line
element (6.7) this is only the case if £ vanishes identically.

Returning to (6.6), we can read off that the 2n§}r’) + 3 scalars (w', G, ) parametrize
the totally geodesic submanifold S C M3 of the full para-quaternionic-Kéhler manifold

appearing as the target space of the full reduced theory, equipped with the metric
7 i — 69 (w)dEdEs + Lde?
gs = gij(w)dw'dw? — §¥ (w)d¢;d¢; + Zdﬁ ‘

We see that the metric on S = N x R is the product of a one-dimensional factor,

parametrized by £, and the 2(n$/5) + 1)-dimensional manifold N with metric

gn = Gij(w)dw'dw’ — §9 (w)dé; dé;.

In fact, we can identify N with the cotangent bundle N = T* M of the PSR manifold M

from the five-dimensional theory [49]. Moreover, since gy = §;;j(w)dw'dw’ is Hessian,
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it follows that gy is a para-Kahler metric on V. The proof is similar to that in Section
3.6.1 to show that T'M was para-Kéahler. Full details can be found in Appendix A
of [49].

Before moving on to look at the equations of motion coming from (6.6), we should
take a step back and remind ourselves of how to relate our three-dimensional field con-
tent to our five-dimensional field content. This is the basis of “dimensional oxidation”.

For the metric, we already have the relation (6.7), while for the remaining fields we find

. . ) 1 L -
W= 0w F = =€, 67 ()00, (6.8)

V2

6.3 The three-dimensional Einstein equations

Now that we have a field content and action for our three-dimensional theory, we can
go about solving the relevant Euclidean field equations. The field configuration thus
obtained will correspond to an instanton solution, which can be dimensionally lifted
to a five-dimensional soliton using the relations (6.7) and (6.8) between the three-
dimensional and five-dimensional field contents.

We start by solving the three-dimensional Einstein equations coming from (6.6).

After taking a trace and back-substituting they read:

1 N i . i g e 1
§RW — Gij(w)Opw' 0w’ + §" (w)0,¢ 0,Cj — 18“5 0,6 =0. (6.9)

For now we will concentrate on looking for solutions describing a single static black
string, and which therefore possess spherical symmetry in the transverse space.

Note that here we are imposing spherical symmetry at the level of the equations of
motion. A slightly different approach, taken by, e.g. [109-111], is to impose spherical
symmetry at the level of the action, and use this to perform a further dimensional
reduction to a one-dimensional theory depending only on a single radial coordinate.
A particular advantage of our approach, as we will see later, is that for extremal
solutions one can dispense with the assumption of spherical symmetry and allow for

the possibility of multi-centred black strings.
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Any spherically symmetric line element in three (Euclidean) dimensions can be

brought to the form [112]
dsly = A Ddr? + 24 (d6 + sin® 0dy?) , (6.10)

where 7 is a radial coordinate defined in the range 0 < 7 < oo. The asymptotic
region here corresponds to 7 — 0 while the near horizon limit corresponds to 7 — oc.
Imposing spherical symmetry on the full field configuration means that the scalar fields
(w', ¢, €) depend only on 7.

Plugging the metric ansatz (6.10) into (6.9) for u,v # 7, and solving as in [49], we
find

Ar) - ¢ 11
¢ sinh(er)’ (6.11)

where the constant ¢ is chosen positive for concreteness. Hence we find that the three-

dimensional line element (6.10) is given by

4 2
c 9 c

dr? + ————dQ3. 6.12
T sinh?(cr) ° (6.12)

ds?y = ————
(3) sinh?(c7)
This is the metric of our instanton solution, which we will later lift to five dimensions.
Turning our attention to the remaining Einstein equations (6.9), namely those with

u=v =7, we find the Hamiltonian constraint
2 . ig o g F A L
¢ = gij(w'w? + g7 (w)¢iGj — 7€ =0, (6.13)

where " denotes differentiation with respect to 7.

In terms of the geometry of the target space S, the Hamiltonian constraint has the
following interpretation. Consider some geodesic curve C' on S parametrized by 7 € R.
The tangent vector to C' at some point p € S with coordinates (w?, é,é) is given by
X, = (wl,@,f) Then the Hamiltonian constraint (6.13) is just the statement that
this tangent vector has constant norm, i.e. gs(X,, X,) = ¢2, which in turn tells us that
the radial coordinate 7 is an affine curve parameter. Curves C' with ¢ > 0 are space-

like, while those with ¢ = 0 are null. We will see later that space-like geodesics on S
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correspond to three-dimensional instantons which lift to non-extremal black strings in
five dimensions, whereas null geodesics correspond to instantons which lift to extremal
black strings.
We can write the metric (6.12) in a more ‘revealing’ form by introducing the new
radial coordinate
ce”

p= Snh(er)’ (6.14)

which is no longer an affine coordinate for the geodesic curve C'. The range 0 < 7 < 00
of the affine radial coordinate corresponds to the range co > p > 2¢ for (6.14). In
particular, we will see that the asymptotic region of the five-dimensional solution is
situated at p — oo while the outer horizon is situated at p = 2c¢. One can in fact use
the coordinate p to continue the solution to the region 0 < p < 2¢ between the inner
and outer horizons [47].

In terms of (6.14) the metric (6.12) takes the form

dsé) = dp® + W (p)p*dQ3, (6.15)
where
2
Wi=1- 25 = g2 (6.16)
p

is harmonic in the three-dimensional transverse space.

6.4 The three-dimensional scalars

We now turn our attention to the remainder of the three-dimensional field content,
namely the 2n§f) + 3 scalar fields (w, Gis €). Again, we impose spherical symmetry at
the level of the equations of motion, so that they only depend on the coordinate 7. The
goal is to solve the remaining field equations coming from (6.6) in order to determine

the three-dimensional field configuration, and try to relate this geometrically to the

scalar manifold S.
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6.4.1 Determining ¢

We first consider the equation of motion for the scalar £. This is simply 5 = 0 and can
be solved by £(7) = at + b for some integration constants a,b. Since £ appears as a
metric degree of freedom, we expect these constants to be fixed by considering suitable
boundary conditions for the five-dimensional line element. In particular, we require
that the line element becomes flat in the asymptotic (7 — 0) limit, and has a finite
(non-zero) horizon area per unit length in the near horizon (7 — oco) limit.

Looking at (6.7) in the 7 — 0 limit, we see that both ¢ and £ should tend to zero
to ensure transverse asymptotic flatness, which fixes b = 0.

The horizon of the black string has topology R x S?, with the R factor corresponding
to the spatial worldvolume of the string. In order to have a finite horizon size per unit
length of the string, we need the coefficients of both the S? and R factors in the metric
to be finite in the limit 7 — oo.

The S? factor appearing in the five-dimensional line element can be read off by

taking the 7 — oo limit of (6.12) and plugging it into (6.7) to find
ds%5) D (2¢)2e~ 40N 2ate)T 02,

In order that this integrates up to give a finite non-zero result as 7 — oo, the scalar

field o(7) must have the asymptotic expansion
20(T7) = 20por — (@ +¢)T as T — o0,
Substituting this into the part of (6.7) containing the worldvolume directions we have
dsé) D 2Thor—eT [—ele_‘”(dxo)2 - ezem(dm4)2} .

Precisely which factor corresponds to the spatial part of the horizon depends on whether

we are considering a time-space (e; = 1,ea = —1) or space-time (e = —1,e3 = 1)

4

reduction of the five-dimensional theory. For the former, where z* is a spatial direction,

the requirement of finite (non-zero) horizon size imposes a = ¢, while for the latter,
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where 20

is a spatial direction, we must take a = —c. Hence, in general, a = €;¢, and
we find

&(1) = ercer. (6.17)

We can thus understand in what sense the scalar ¢ encodes the non-extremality of the
spacetime solution.

We have seen, then, that the physical requirements that our metric describes an
asymptotically flat black string with finite horizon area per unit length determines
exactly the profile of £ in terms of the parameter ¢, thereby reducing the number of

independent integration constants by 2.

6.4.2 Determining QN}

We now move on to the equations of motion for the scalars 51 dual to the three-

dimensional field strengths. From (6.6) we find

which integrates to give

Q = gij(w)ﬁj, (6.18)

where the ' are integration constants proportional to the magnetic charge of the so-
lution under the five-dimensional gauge fields .AL To see this, we use (6.8) to relate
the three-dimensional scalars (6.18) to the non-zero components of the five-dimensional

field strength. In particular, we find

A 1 .
Fy, = ——=p"sind. (6.19)

V2

Note that constant shifts in the scalars C~Z simply correspond to gauge transformations
of the five-dimensional gauge fields, and so further integrating (6.18) would not give
rise to additional physical degrees of freedom.

Before moving on, we substitute (6.17) and (6.18) into the Hamiltonian constraint
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(6.13), which now becomes

22 () (07 - 19 =0 (620

6.4.3 Determining v’

Finally, the equations of motion for the scalars w’ read, after using (6.18) and the fact

that the metric g;; is Hessian,
. N S R A
9i (W)@ + 5 0igji (ij —p'p ) =0. (6.21)

Due to the explicit dependence of (6.21) on §;; and its derivatives, it is difficult to solve
(6.21) in a model-independent way. For now we content ourselves with finding a class of
explicit solutions which always contains the standard Reissner-Nordstrom black string.

Following [49] we first contract (6.21) with w’, and use homogeneity of the metric

Gij, along with the Hamiltonian constraint (6.20), to arrive at
i (w)w' (07 — *w’) = 0. (6.22)

2

We can obtain our class of universal solutions by setting 7 — c?w’ = 0, from which we

obtain
. , B!
w'(7T) = A’ cosh(er) + — sinh(er), (6.23)
c
where the A’ and B are integration constants, and we have chosen the prefactors for
later convenience. We can find relations between the integration constants by ensuring

that the solutions (6.23) still satisfy the Hamiltonian constraint (6.20) and the full

equations of motion (6.22), which become, respectively,
Gij (FA'AT — B'BI + p'p/) =0, and 0Okgij (CPA'A7 — B'BY + p'p’) = 0.
It is convenient at this point to introduce the quantities

pl =B —cA', p'= B+ A, (6.24)
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in terms of which the Hamiltonian constraint and equations of motion become
G’ =) =0, Okgy(0'P —P'P) =0. (6.25)

It will turn out when we look at the full five-dimensional solution that the p’, p’
encode the behaviour of the five-dimensional scalar fields at the inner and outer horizons
respectively.

Writing the ansatz (6.23) in terms of the radial coordinate p defined in (6.14) we
have

wi(p) = (Ai T pp) Wh = H ()W, (6.26)
where W is given in (6.16), and the functions H'(p) are harmonic in the three-
dimensional transverse space.

This completes the determination of the three-dimensional instanton solution. To
recap, the three-dimensional line element is given in terms of the affine coordinate 7

by (6.12), and in terms of the isotropic radial coordinate p by (6.15). The scalar field

¢ is fixed in terms of the parameter ¢ by (6.17) or, using (6.16), by

&(p) = —%61 log W(p). (6.27)

The scalar fields (; satisfy (6.18) and encode the magnetic charges of the five-
dimensional solution via (6.19): in this sense we have already ‘dimensionally lifted’
these fields. Finally, the scalar fields w® are given in terms of 7 by (6.23) and in terms
of p by (6.26). However, the w’ as they stand still depend on 2(n$/5) + 1) undeter-
mined integration constants, which should be fixed in terms of the ‘physical charges’
of the solution. Given the relations (6.25) this will necessarily have to be achieved in a

model-dependent fashion.

6.5 Five-dimensional solutions

In order to make contact with our initial goal of constructing black strings in five dimen-

sions, we simply need to ‘dimensionally lift’ the three-dimensional instanton constructed
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in Section 6.4 using the relationship between the five-dimensional and three-dimensional
field contents. In section 6.5.1 we derive the functional form of the five-dimensional line
element describing static non-extremal black strings, and note some of its properties
in section 6.5.2. In section 6.5.3 we then further analyse the solutions and determine
the remaining integration constants in terms of the physical ‘moduli’ of the solution.
Finally, in sections 6.5.4 and 6.5.5 we turn to the extremal limit and analyse the under-
lying geometrical structure of extremal BPS and non-BPS solutions in terms of data

on the target manifold.

6.5.1 Non-extremal black strings

Using (6.8) and the hypersurface condition H(h) = 1, we find
120 — [ (w)"3 = H(H) 3We. (6.28)
In addition, we see from (6.27) that
e = W2, (6.29)

Substituting (6.28), (6.29), and the three-dimensional line element (6.15), into the five-

dimensional line element (6.7) we find

d 2
dsy, = H(H)™F (~Wdi? + dy?) + H(H)} <va L dQ%) | (6.30)

where {¢,y} are the worldvolume directions of the string. Note that transverse asymp-
totic flatness of the metric (6.30) implies that H(H) — 1 as p — co. We can also read
off from (6.30) that the black string has two horizons. An outer (event) horizon at
p = 2¢, and an inner (Cauchy) horizon at p = 0. As ¢ — 0, we see that both horizons
‘coalesce’, confirming the identity of ¢ as the non-extremality parameter.

The constrained five-dimensional scalar fields h’(p) are found from (6.8) to be

hi(p) = H(H) 5H!(p). (6.31)
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Looking at the p — oo limit of this we find that the integration constants A’ are simply
given by the asymptotic values of the scalar fields hl = h(co). Asymptotic flatness
of (6.30) is then just the statement that H(h) = 1, i.e. that the scalars are restricted
to the hypersurface {H = 1} defining the original PSR manifold. This gives us ng)
independent integration constants associated to the boundary values of the physical
scalars parametrizing the five-dimensional target manifold.

To interpret the remaining integration constants (which can be taken either as B,
p’ or p'), we look at the behaviour of the scalars hi(p) at the outer and inner horizons:

Wy Hp)5p' W Hip) 5
This motivates calling p’ (resp. p') the inner (resp. outer) ‘horizon charges’. In the full
solution we should be able to use (6.25) to determine these in terms of the asymptotic
charges hl_ and . We will come back to this point in Subsection 6.5.3.

To recap, then, the line element of our five-dimensional solution is given by (6.30),
where the functions H!(p) are harmonic in the space transverse to the worldvolume
of the string. The five-dimensional field strengths are given in terms of the charges
P’ by (6.19). Finally, the constrained scalar fields, which satisfy H(h) = 1, are given
in terms of the harmonic functions H* by (6.31). This data determines the functional
form of our five-dimensional magnetic black string. The constants p’ (equivalently p)
appearing in H’ should be chosen such that the equations (6.25) are satisfied, subject

to the restriction that the line element (6.30) be regular outside the outer horizon.

6.5.2 Properties of the solution

Before continuing, let us calculate some properties of the solution constructed in Sub-

section 6.5.1. The entropy of the inner and outer horizons are, respectively

(VIS

S_=xH(p):, S, =nH(p)3,
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while the temperature associated to each horizon is

V2e

Ve _ Ve
47

_1 2¢ ., _
H(p) 27 T+_ 47T H(p> )

N

T_:

which vanishes in the extremal limit ¢ — 0.
Using the normalization of Section 3.1.3 (see also [111]) we find that the tension of
the black string is

1 1 .
T = ghico)p' = icijkhloohéoﬁk, (6.32)

while the magnetic central charge is
Zm = hi(00)p’ = cijrhi hi p". (6.33)

6.5.3 The remaining conditions

In order that our ansatz (6.23) for the scalars w' gives rise to a spacetime solution
corresponding to a five-dimensional black string, we need to ensure that the integration
constants satisfy the model-dependent conditions (6.25), which we recall correspond to
the Hamiltonian constraint and the w’ equations of motion.

Our strategy here is to look for configurations of charges which allow us to construct
regular black string solutions in a relatively model-independent fashion.

To see how this might work, let us focus on the Hamiltonian constraint, which we

rewrite in terms of p*, the ‘horizon charge’ associated with the outer horizon:
9 (H) (0P’ — 2chip’ — p'p’) = 0. (6.34)
Completing the square, this becomes
9ij(H) (P — ehiy) (P — chdy) = §ij(M) (Phihd, + P'P) - (6.35)

If we consider a diagonal model, i.e. choose a Hesse potential H(h) such that g;;

and its derivatives (when evaluated on the solution) are diagonal, then (6.35) can be
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solved by

P’ —chl, = 44/c2(hi )2 + (p1)2, (6.36)

fori=0,... ,n%}r’). This determines the integration constants (‘horizon charges’) p‘, or

%
00

equivalently p' = p' — 2ch’_, in terms of the quantities h’_ and p°. The sign in (6.36)
should be chosen such that the line element (6.30) is ‘regular’ in the sense of having
no metric singularities outside the event horizon. In particular, we should require that
the H!(p) do not vanish for any p > 2c. Writing

P (p—20)hig +7'

Hi(p)=hi += = ,
(p) P P

we see that the harmonic function remains non-zero for p > 2¢ provided sign(hl.) =
sign(p’). Hence, if h_ is positive we should choose the + sign in (6.36), whereas if it
is negative we should choose the — sign. One can show, moreover, that with this sign
choice the functions H!(p) remain non-zero up to the inner horizon at p = 0.

Hence, for diagonal models we have identified a class of solutions depending on
2n§/5) + 2 independent parameters: the nS) + 1 magnetic charges p'; the ng) + 1 asymp-
totic values of the scalar fields h’, subject to the constraint H(h.) = 1; and the
non-extremality parameter c.

One method of constructing solutions for a completely general class of models

is to impose the condition (6.36) and determine what restrictions the off-diagonal

components of (6.35) put on the various parameters. First, we define B¢ =

sign(hi,)/c2(hi )2 + (p')2. Then substituting (6.36) into (6.35) we find

§ij(H) (hihl + 55 — B'67) = 0. (6.37)

Certainly for diagonal elements, i.e. i = j, the LHS of this expression vanishes iden-
tically. For off-diagonal elements, i # j, a model-independent way of satisfying (6.37)

can be found by imposing the stronger condition that

Ahi bl + 'y — BB =0,
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for each 4, j with g;;(#H) # 0, which can be shown to be equivalent to
hiep — higp' = 0.

Hence, the ratios

S
W, 7

are constant. In the generic case, where all elements of §;;(#) are non-zero, this implies
that all h%_ and p are proportional to each other, and can be written simply as multiples
of, say, hY, and p°. In particular, we write hi = p'hl, p' = u'p’. Note that hY
is not itself an independent constant, but should be chosen such that H(hy) = 1.
Furthermore, the ansatz (6.36) fixes p* = u'p?, and so all of the functions H'(p) should
be proportional to H%(p). This in turn tells us that H(H) o (#")3, and so the scalar
fields (6.31) are constant and equal to their asymptotic values.

Going back to the five-dimensional line element (6.30), we see that in this case the

solution takes the form

1 dp?
dsts) = 7 (—Wdt* + dy?) + (H°)? <I/€/ + p2dQ§> :

which is simply the Reissner-Nordstrém (RN) black string [88]. Hence, for the generic
case, our ansatz (6.23) with (6.36) produces the magnetically-charged five-dimensional
RN black string.

Between these two extremes (‘diagonal’ models vs. generic models) there are those
for which g;; and its derivatives admit a block decomposition. In this case, the ansatz
(6.36) restricts each of the integration constants within a block to be proportional to
one another. For k blocks we therefore obtain a solution depending on k harmonic
functions, as in [47,48].

It turns out, however, that there exist a large class of models for which (6.36) is
not the most general ansatz one can make [43]. In particular, suppose that we can find

some constant matrix R'; # £0; which leaves g;; invariant, i.e.

R'gR = g,
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as matrices. Then we can solve (6.35) by setting

p' —chly = £R'; \/c2(hz;o)2 + ()2, (6.38)

where the sign is chosen such that sign(hi ) = sign(p’), and by taking the integra-
tion constants to again be proportional to each other within each block of the metric.
However, we now see that having all of hl_ and p’ proportional to each other does not
necessarily imply that all of the p* should be proportional, and hence that the scalar
fields h'(p) need not be constant.

Hence, for models admitting an ‘R-matrix’, we can find solutions depending on
a reduced number of integration constants but which nevertheless have non-constant

scalar fields.

6.5.4 Extremal black strings

In Subsection 6.5.1 we have shown how to construct static non-extremal magnetic black
strings to five-dimensional N’ = 2 supergravity theories, which depend upon some non-
extremality parameter c. By taking the extremal limit ¢ — 0 of such solutions, we
are able to construct both BPS and non-BPS extremal black strings. In this case the

function W (p) tends to unity and the line element (6.30) becomes
dsk) = H(H)™5 (—dt? + dy®) + H(H)5 (dp? + p?d03) (6.39)

which has a single horizon at p = % = 0. Moreover, the Hamiltonian constraint (6.34)

becomes simply

9ii(M) (0P’ = ') = 0. (6.40)

For a generic model, this can be solved by taking p’ = +p, where the sign is chosen
such that the harmonic function H?(p) remains non-zero for p > 0, i.e. we choose
sign(p’) = sign(h’,). However, if the metric admits a constant ‘ R-matrix’, then we can

solve (6.40) by taking

p =R
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In each case, we have

h'(p) = H(p)"'/?p’ for p—0,

which now depends only on the charges p* of the solution. This is the attractor mech-
anism for extremal black strings [111].
Let us look now at how different choices of an R-matrix lead to different classes of

extremal solutions. The tension (6.32) of the extremal black string is

1 . 1 o
T = 5]%(00)])@ = §hZ(OO)Rl]p],

so that

1 1 N

Hence we see that solutions with R?; = j:é;- are BPS, i.e. T = 3|Z,,|, while those with
R + ié;- are non-BPS. We see that if a given model (i.e. choice of Hesse potential)
admits the existence of a non-trivial R-matrix, we can explicitly construct extremal
non-BPS black string solutions. In [49] this is done for the case of the ST? and STU
models.

In the consideration so far, we have obtained single-centred black strings from con-
sidering the extremal limit of the non-extremal solutions constructed in Subsection
6.5.1. However, looking back at the metric ansatz (6.7), we see that concentrating on
extremal solutions should be equivalent to truncating the field &, since this enhances
the isometry group of the worldvolume directions to the full Iso(1,1). Hence, we pro-
ceed by setting & = 0 at the level of the action (6.6). This is a consistent truncation,
for which the target space of the three-dimensional theory reduces to the para-Kéhler
submanifold N = T*M C Ms.

The equations of motion for w’ (making no assumptions about the three-dimensional

geometry) are given by

Aw' + 17, (aﬂwjauwk . gﬂ@sl)gkm(ausm)) —0, (6.41)
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where A is the three-dimensional Laplacian and

. 1. R
it = 59" (Dgk), (6.42)
are the connection coefficients for the Hessian metric § on the PSR manifold.

Then, if § admits an R-matrix, we can make the ‘extremal instanton ansatz’
duw' = R57%9,G,, (6.43)
after which the equations of motion (6.41) become
Aw' = 0.

Consistency with the three-dimensional Einstein equations (6.9) requires moreover that
R, =0, i.e. that the three-dimensional spacetime be Ricci flat, and hence flat.
We can solve the w’ equations of motion in this case with arbitrary multi-centred

harmonic functions
g fry HZ = hZ 7’”
W) = W) = i+ 3 P

where ¥ = (2#) = (2',2%, 2%). In this manner we obtain static multi-centred black

string solutions corresponding to parallel strings with horizons located at &, in the
transverse space. Again, solutions with R = 41 correspond to BPS configurations,
while those with R # 41 correspond to non-BPS configurations.

We finish this section by returning to the extremal instanton ansatz (6.43) and

elucidating its geometrical meaning.

6.5.5 The geometry of extremal solutions

The pseudo-Riemannian manifold (V,gy) which is the target space relevant for ex-
tremal black strings admits an integrable para-complex structure J with respect to
which gy is para-Kahler.

Given a frame F' = (0,1, 0;,) for TN, and a co-frame F* = (dw',dé;) for T*N, we
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define an endomorphism J € End(T'N) by

J = gij@))awi & d&j + gz‘j(w)af ® du’ .

i

This has the matrix representation

with respect to the frame F, and so J defines a para-complex structure on N. The

dual endomorphism J* € End(7T*N) acts on the co-frame F* as
J*(dw') = §d¢; ,  J*(dG) = gijdw

It is useful to consider a second co-frame for T*N with respect to which the endo-

morphism J* acts diagonally. In particular, we take

= (dwi + §ide;, dwt — dg}) :
with respect to which J* acts as

J*(dw' £ §9d¢;) = +(dw' £ §Yd(;).

For the case of single-centred extremal black strings, we see that the tangent vectors
(W', +g¥ fj) correspond to null geodesic curves contained within the eigendistributions
of the integrable para-complex structure .J, whereas the tangent vectors (w, Rij 74 kgtk)
with non-trivial R-matrix correspond to null geodesic curves not contained within the
eigendistributions of J. This gives a geometrical characterisation of BPS vs. non-BPS
solutions in the single-centred case.

For the case of multi-centred black strings, solutions no longer correspond to null
geodesics, but rather to totally isotropic submanifolds of N [35]. Again we can charac-
terise BPS vs. non-BPS solutions by whether these submanifolds are contained within

the eigendistributions of the para-complex structure.
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This geometrical characterisation of extremal solutions carries over to more general
situations where the target space is para-Kahler. We will see more of this in Chapter

7.

6.6 Four-dimensional solutions

In Section 6.5 we were able to dimensionally lift the three-dimensional instanton so-
lution constructed in Sections 6.3 and 6.4 back to five dimensions in order to find
static black string solutions to our five-dimensional supergravity theory. We saw that
our ability to do this relied on relating the five-dimensional Minkowski theory and
the three-dimensional Euclidean theory via dimensional reduction over one time-like
and one space-like dimension. One advantage of splitting the dimensional reduction
up into two stages like this is that we can now lift our three-dimensional instanton
solutions to four Minkowski dimensions, thereby constructing a solitonic solution to
the four-dimensional supergravity theory obtained by space-like reduction of the five-
dimensional theory. In the language of four-dimensional A/ = 2 theories, we would be
considering a theory with prepotential
1 XiXixk

which we met in Section 3.5.3.
Since we want to lift only over the time-like direction, we need to concentrate on
the case of space-then-time reduction, i.e. take e = —1 = —ey. Then we can rewrite

the metric ansatz (6.7) as

where

dsty = —eXT372 4 X375l

Using (6.28), (6.29), and the explicit form of the three-dimensional part of the line
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element (6.15), we find that the four-dimensional solution has line element

N

dsty = —H(H)"2Wdt* + H(H)

dp?
(W - p2dQ§> : (6.44)

The four-dimensional black hole thus obtained has an inner horizon at p = 0 and an

outer horizon at p = 2¢. The area of the outer horizon is
Ay =41V 2c H(ﬁ)%,

whereas the area of the inner horizon vanishes. In the extremal limit ¢ — 0, the outer
horizon shrinks to zero size, and we are left with a ‘small’ black hole. The line element
(6.44) should therefore be thought of as a non-extremal deformation of a small black
hole.

In Chapter 7 we will see that by turning on additional fields in the five-dimensional
theory, we can construct black holes in four dimensions which in the extremal limit

remain physical, i.e. their horizon area remains non-zero.



Chapter 7

Stationary five-dimensional black

objects

In Chapter 6 we were able to use the target space geometry appearing upon dimensional
reduction from five to three dimensions to construct static black string solutions to five-
dimensional supergravity. In this chapter, we relax the condition of staticity, and look
for more general classes of five-dimensional solutions.

Recall that in Section 6.5.5, a useful geometrical characterisation of extremal solu-
tions was given in terms of the eigendistributions of a given integrable para-complex
structure on a para-Kahler scalar manifold. Motivated by this, in this chapter we will
look for the possible maximal totally geodesic submanifolds admitting a para-Kahler
structure.

In Section 7.1 we identify three consistent truncations of the three-dimensional
theory, corresponding to three totally geodesic submanifolds of the full scalar target
space M3. We then treat each of these in turn (Sections 7.2-7.4), commenting on the
relevant geometry and finding explicit black hole and black string solutions.

The work presented in this chapter is ongoing and as yet unpublished, but will form

the basis of a number of future publications by the author.

155
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7.1 Consistent truncations

We start with the scalar manifold M3z of the dimensionally reduced theory of five-
dimensional supergravity coupled to vector multiplets, which is the target manifold
associated to the non-linear sigma model with Lagrangian (4.3).

For the TS and ST reductions (which we will concentrate on in this chapter) the
resulting scalar manifolds (Q, gQ) are para-quaternionic-Kéhler. Here we look for to-
tally geodesic para-Kihler submanifolds of @, from which we can hope to construct
instantons which lift to solutions of the five-dimensional field equations.

Recall from Proposition 2 in Chapter 3 that we can identify totally geodesic sub-
manifolds of Q by finding an involution on @ which acts isometrically on go- The
fixed-point set of this involution will then define a totally geodesic submanifold.

We look for totally geodesic submanifolds of half the dimension of @, that is, of di-
mension 2n—+4. These correspond to turning off half of the three-dimensional fields. We
first identify three isometric involutions of @), which give rise to three totally geodesic
submanifolds: two ‘electric’ and one ‘magnetic’. In Sections 7.2-7.4 we then treat each
in turn and identify classes of five-dimensional solutions to the truncated theories.

The three involutions are:

(i) The ‘electric’ truncation, corresponding to the involution

((bza g, ¢7 $i7 (;7 407 Ci7 507 E’L) = (¢x7 g, ¢7 xia (57 _C07 _Ci7 _507 _E’l) (71)

(ii) The second ‘electric’ truncation, corresponding to the involution

(¢Iu g, ¢7 wiv &7 C07 Civ 607 57,) — (qsxv g, QZ)’ _xia _(57 _Coa Civ 507 _52) (72)

(iii) The ‘magnetic’ truncation, corresponding to the involution

(qua g, ¢7 xiv an C07 Civ 507 51) — (quv g, ¢’ _xia _(57 Cov _Civ _507 52) (73)

Given the expression (4.11) for the metric gg, it is a simple exercise to show explic-
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itly that the involutions (7.1)—(7.3) act isometrically.

7.2 Electric truncation I

The first ‘electric truncation’ corresponds to the involution (7.1) which acts isometri-
cally on gg. Hence the fixed-point set of (7.1) is a totally geodesic submanifold S, C Q,

parametrized by the 2(719) + 2) scalars (¢%, 0, ¢, 2, gg) The associated Lagrangian is

3 3 3
- ngy(ﬁb) " 0" + 6lau( )oz' 'Ox) — ?452(8(;5) 402 (80)2

1509 (7.4)

The corresponding metric on S, is

3

0 (D)9 Y — vy (e + 5 (d6V + 1

gs. = 4 4¢2 (dU)

1FaddP. (75

Note that for SS or ST reduction (i.e. e; = —1), this metric is positive definite, while for
TS reduction (e; = 1) it has split signature (ng/s) +2, n%f) +2). Motivated by the method
for finding solutions in, e.g. [47], we therefore concentrate on the TS reduction. Indeed,
we will show that in this case (Se, gs,) admits an integrable para-complex structure J
which gives (S, gs,,J) the structure of a para-Kéhler manifold.

The consistent truncation defined by the involution (7.1) restricts us to the subset
of field configurations with ¢° = ¢ = (o = ¢ = 0. We also focus on the case of TS
reduction. In terms of the five-dimensional fields, this corresponds to setting both the
‘magnetic’ and one of the ‘electric’ components of the five-dimensional gauge fields to
Zero, .AL = A} =0, as well as truncating the first Kaluza-Klein vector A°.

Therefore, the remaining five-dimensional field content is

. gl/6
Al == TCCZ dt, (76)

for the gauge fields, and

SHRSS

1
(dz + Bydat)? + 63— dsk), (7.7)

ds%) = —6730%dt? + 63
(o}
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for the metric. The Kaluza-Klein vector B, is determined from the three-dimensional

scalars via its field strength

1 N
H,, = EEWP 0. (7.8)

Introducing coordinates h’ parametrising the CASR manifold, so that

Gy (9)dd"dgpY = a;;(h)dh'dR/, it is convenient to make the field redefinition

1

R L o 1 -
— 5. 190 1 5., 9] _ 2 2
In terms of the metric on the scalar manifold we find
A g g oig iy, L (4,2 572
9s. = Gij(y) (dy dy’ — dx'dx ) + 17 do® —do” ) . (7.10)

This is just the metric on the para-Kéahler manifold

o SL(2,R)
e = N> 500, 1)

which is the product of the projective special para-Kahler manifold N = TM appear-
ing in the image of the time-like r-map, which we met in Section 3.6.1, and a two-
dimensional factor parametrized by (¢, (;3) Since it is the product of two para-Kéahler

manifolds, (S, gs,) is automatically para-Kéahler.

7.2.1 Equations of motion

We first look at the equations of motion coming from (7.9). The Einstein equations

read
1 . in . d 1 A in . j L L ooag 5
§RW — Gi; ()0 Oy’ + Gij(y)Oux' 0! — Eﬁugb 0,0 + @8,@ oy =0, (7.11)
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while the equations of motion for the scalars read

V2’ + 10"y y* + 150,27 0% = 0, (7.12)
V' + 2050,y 0 a" = 0, (7.13)
1 1, -
V2 — —(9¢)* — —(99)* =0, (7.14)
¢ ¢
-9 -
V24— gau(ﬁ O"é =0, (7.15)

where f;k are given by (6.42). Note that the equations of motion for (y*,z*) and (¢, )

decouple.

7.2.2 Extremal BPS and non-BPS solutions

We look for solutions of (7.11) with flat transverse space, i.e. R, = 0. We leave the
case of non-extremal solutions to future work. In this case, (7.11) is solved if we make
the ansatze

6=+, yi =R, (7.16)

where the “R-matrix” satisfies RTgR = §. With this, (7.14) and (7.15) tell us that
O(¢~") =0, so
1

*= T (7.17)

where f(Z) is harmonic in the three-dimensional transverse space. Likewise, (7.12) and
(7.13) reduce to
Oy’ + Qfékauyjauyk =0,

which is equivalent to

8u (gm (y)auyj) =0.

Following [47] we introduce the field y; via

auyi = gij (y)auyja (7'18)
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in terms of which the equation of motion for y* becomes [y; = 0. Hence, we have
yi = Hi(2), (7.19)

where the functions H;(Z) are harmonic in the three-dimensional transverse space.

The Kaluza-Klein vector has field strength

Hyy = £ 2(&)epp 0 ( ) )

1
f(@)
which takes the form dB = x)df. The five-dimensional metric takes the schematic
form

dstyy = —0”dt* + o~ | (dz + B - di)* + fd3®| = —0®dt* + o dsguy,

which corresponds to a non-rotating black hole with four-dimensional Gibbons-Hawking
base [41]. The remaining scalar field o can be determined from y* by ¢® = H(y").
However, one first needs to invert the relation (7.18), which can only be achieved in a

model-dependent fashion, as in the study of five-dimensional black holes [43,47,48|.

Example: The STU model

As a brief example of the form such stationary solutions could take, we concentrate on

the STU-model [113]. This has ng') = 2 and Hesse potential
H(h) = h*h%n3.

We also restrict ourselves to the single-centered spherically symmetric case. Given a

solution y; = H;(p) = A; + %, we can solve (7.18) to find




CHAPTER 7. STATIONARY FIVE-DIMENSIONAL BLACK OBJECTS 161
The function f(p) =a+ 27” gives B = 2n cos 0 d¢. Hence, we find the five-dimensional

line element
dslyy = —(HaHaHs) "23dt> + (HaHoHs) /P [~ (dz + 2n.cos 0.d)” + f(dp® + pd23)] .

Depending on the values of the constants a and n, the four-dimensional part of this
solution has a different interpretation. For example, the case a = 0, 2n = 1 would

correspond to a flat base space
r2
d8%4) = dr2 —+ Z(dq’z)Z + d¢2 + 2C089d1j}d¢) + d9)2,

written in terms of the Euler angles (0, ¢,1) on S3. Here we have put p = r2/4 and
1 = z, which is taken to have periodicity 47 [66].

The solution is electrically charged under the five-dimensional gauge fields, with
g = R7Q;.

The possible R-matrices for the STU-model are given by

+1 0 0
R= 0 +1 0 ;
0 0 441

where the choice of sign for each diagonal element is independent. For R = +1 we

obtain BPS solutions, while for R # +1 we obtain non-BPS solutions.

7.3 Electric truncation 11

The second ‘electric truncation’ corresponds to the involution (7.2) which acts isometri-

cally on gg. Hence the fixed-point set of (7.2) is a totally geodesic submanifold S!cQ,

parametrized by the 2(n§’) + 2) scalars (¢%, a0, ¢, (%, fo). The associated Lagrangian is

R
co= B3, (0)osragy - 4;2

3
- (00)° — (00’
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o 3 -
+ g0 (MOCIT + S 5ea(00)” (7.20)

and the corresponding metric on S is

(0 + 1o (do)? — - coay (R — serdGZ. (7.21)

1
162 4 b3 2

3
gs, = ngy(¢)d¢$d¢y + 42

Note that for SS or TS reduction (i.e. e = —1), this metric is positive definite, while
for ST reduction (e = 1) it has split signature (ng}%) +2, ng’) +2). For the same reasons
as above we therefore concentrate on the ST reduction.

The consistent truncation defined by the involution (7.2) restricts us to the subset
of field configurations with z = ¢ = (% = ¢; = 0. We also focus on the case of ST
reduction. In terms of the five-dimensional fields, this corresponds to setting both the
‘magnetic’ and one of the ‘electric’ components of the five-dimensional gauge fields to
Z€ero, AZ = 6 = 0, as well as truncating the second Kaluza-Klein vector B, = 0 and
one component of the first, AJ = 0.

Therefore, the remaining five-dimensional field content is

. ogl/6

for the gauge fields, and

¢ B 61/3
dsly) = _gl/3 <0> dt? + 67362 (dz + A\ da)* + qudsf?,), (7.23)

for the metric. The Kaluza-Klein vector .Az is determined from the three-dimensional

scalars via its field strength

6/ 2¢ ~
'FBV = - O'3¢ €,u/p5p€0' (7.24)

It is convenient to make the field redefinitions

3

1 1 -1 3 P J SA] —
oc=u"2v 2, ¢=u 202, y =ovh', G;ly) 402
v

aij(h), (7.25)
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so (7.20) becomes

3

r_. in,d o Lo 197 1 2 Z\2
L= 5 Gij(y)0y' 0y’ + ggz‘j@)aC a¢7 — @(81&) + ﬁ(aCo) ) (7.26)
or in terms of the metric on the scalar manifold
N i L i g7 1 9 3 oz
gs: = 9ij(y)dy'dy’ — ggij(y)df d¢’ + mdu - @dCo- (7.27)

7.3.1 Relating the electric truncations

Using the (¢,%) flip of Chapter 4, we can relate the two electric truncations to each

other. In particular, if we start with the truncation in Section 7.2, the variables

(V7 P1; P2, ,ulinuév VimalwaQ) given in (429) become

D=

V=o

ol
|
(NI
<
ol
=
e
I
S
8
o

- g =

y = 0 = — y

¢z, p2 1 5 \/305
with all others vanishing. Applying the (¢, ) flip to this configuration gives us a theory

with
1 -

ﬁ¢>

and ()" = (@) = (¢°) = (&)’ = 0. This is precisely the field content of the second

o =02, o =o"ipr, ((1) =VBa, (G) =-

electric truncation.

Moreover, we see that the (¢,v) flip really maps the Lagrangian (7.4), which is
relevant for TS reduction, to the Lagrangian (7.20) relevant for ST reduction. This
provides us with a global isometry between the totally geodesic submanifolds (S, gs,)

and (57, gs;). We will comment on the possible significance of this in Chapter 8.

7.4 Magnetic truncation

We now concentrate on the ‘magnetic truncation’, corresponding to the involution (7.3)
which acts isometrically on g5. Hence the fixed-point set of (7.3) is a totally geodesic

submanifold S,, C @, parametrized by the 2(n§/5) + 2) scalars (¢%,0,¢,¢ ¢). The
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associated Lagrangian is

_ R 3 T 3 o, O° 0y2
L = 5 = 92y(9)00°9¢" — 4¢2(3¢) 15299 +@(3C)
o (WG, (7.28)
and the corresponding metric on S, is
= 3o 0smde? + (a0 + o = (a0 = LG dg. (729
9S8, = 4g;ry 4¢2 o2 12¢ ¢O’ iagy. .

Note that for both ST and TS reductions this metric has split signature (n%}r)) +2, n%f) +
2).

The consistent truncation defined by the involution (7.3) restricts us to the subset of
field configurations with ¢ = (;3 =('= 50 = 0. In terms of the five-dimensional fields,
this corresponds to setting the ‘electric’ components of the five-dimensional gauge fields
to zero, A4 = A4 = 0, as well as truncating the second Kaluza-Klein vector B, =0,
and the three-dimensional components of the first Kaluza-Klein vector Ag =0.

Therefore, the remaining five-dimensional field content is

65y Ee

.7-' o

= epa?(h)0°¢, (7.30)
for the gauge fields, and

¢

g

61/3
sty =~ 67202 da? + M = 00 (2) (@t Casy a3)

for the five-dimensional line element. The Kaluza-Klein vector is given by
= —/2¢% dz*. (7.32)

It is convenient to make the field redefinitions

4 . 3
o =u 3y %, (ﬁ:u%v*%, y'=vh',  Ggii(y) = —ai(h), 7.33
J 402"
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so (7.28) becomes

r_. i j 1 2 1 0\2 | S ~ij X ous
L= 5 Gij(y)Ouy' o'y’ — m(au) t 1902 (0¢")" + 19 I(y)0uG:i0" G,
or in terms of the metric gg,,:
G5 = Gi3 )y’ diy? + —5 (du)? — ——(dc)? — 24 (y)dl;
mo 4u? 12u? 4 LN

The five-dimensional gauge field strength (7.30) then becomes

s 3 6~1/5¢,

pv Tful/pgij (e ger

and the line element (7.31) is

—2/3

dsty) = —e1=———(da” + Ajda®)? — ea6'/% () (da*)? + 6/ %dsY,

uv
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(7.34)

(7.35)

(7.36)

(7.37)

We can consider a further truncation of this model to field configurations with

¢Y = 0. This is induced by the involution (y¢,u,¢% () — (i, u, —C°, () which acts

isometrically on (7.35). The resulting scalar target space is then precisely that which

we studied in Chapter 6 in the context of static black string solutions. This proves that

the truncation we made in Chapter 6 is consistent, since it corresponds to restricting

ourselves to a totally geodesic submanifold of a totally geodesic submanifold.

The manifold Sy, is para-Kéhler since it is the product

SL(2,R)

= T°M x 2H2E)
5 *50(1,1)

of the para-Kéahler manifold 7 M, which was relevant for static extremal black strings

in Section 6.5.5, and a two-dimensional factor parametrised by (u, ().
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7.4.1 Equations of motion

We first look at the equations of motion coming from (7.34). The Einstein equations

read

]. A i :
*R;w — 9ij (y)a,uy oy’ —

1 1 3 sz
> O+ 755046000 + 257 (1)9,G:0,G; = 0, (7.38)

42 12u2

while the equations of motion for the scalars read

V3 4 fé-k@“yjauyk - zfé-kgjmgk"a“smaﬂsn =0, (7.39)
VG — 200,70 = 0, (7.40)
Vu— (@) — o (0C0) =0, (7.41)
V3¢l — %auu ¢ =o0. (7.42)

7.4.2 Extremal BPS and non-BPS solutions

We look for solutions of (7.38) with flat transverse space, i.e. Ry, = 0. In this case,
(7.38) is solved if we make the ansiitze!

i V3o x
where the “R-matrix” satisfies RT gR = §.

With this, (7.41) and (7.42) tell us that O(u~!) = 0, so

1
f(@)

(7.44)

u =

where f(Z) is harmonic in the three-dimensional transverse space. Likewise, (7.39) and
(7.40) reduce to Oy* = 0, so
y' = H'(D), (7.45)

!Note that, in terms of the variables (4.29), the first of these conditions becomes p1 = £p2, which
corresponds to the singular locus of the (¢, v)-flip (4.34).
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is harmonic. Returning to (7.33), we see then that
1
v=H(H)3.

The remaining five-dimensional fields are given by

V6 ;
A = ;7@;4, T, =

3 6= 1/6¢y

NG Cup(R™H)' 0P

Plugging these expressions into the line element (7.37) we find

2
62/ V6 61/ )
d8%5) = _EIW (dxo + 7d$4 _GQW(d.’E4)2+61/3H(H)2/3d1‘2, (7.46)

where we have fixed the sign of A°. Note that choosing the opposite sign would simply
correspond to a coordinate redefinition z* — —z.
In order to interpret these solutions physically we concentrate on the case of ST

reduction and introduce the coordinates

t=—a* z=2*4+6"1%", (7.47)

in terms of which the line element (7.46) becomes

61/3

dsfs) = IEnEE [—dt? + dz® + (f — 1)(dt + dz)?] + 6P H (H)*/2dz>.

In [41] such solutions are called ‘plane-fronted waves’. This particular solution can be
thought of as taking the extremal black string of Chapter 6 and putting a pp-wave

along its worldvolume.

7.4.3 Non-extremal solutions

We now turn our attention to spherically symmetric solutions of (7.38)—(7.42). We
take coordinates (7,6, ¢), and insist that all fields are independent of both 6 and ¢, as

in Chapter 6. Recall that the most general form for the three-dimensional transverse
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space consistent with the Einstein equations (which for p, v # 7 are just R, = 0) is

ds% - dr? +

= ————d02, 7.48
3 " sinh?(cr) sinh?(cr) (7.48)

where we take ¢ > 0. The remaining components of (7.38), namely those with y =v =
T, give us the Hamiltonian constraint
a2 ({0)2

~ s 3 . L
=g + 197 W)GG — Lg + Ty

= 0. (7.49)

We turn now to the scalar equations of motion (7.39)—(7.42). The equations of

motion for (3, Q:Z) are the same as in Chapter 62. For {; we have

d /... z
— (3" w)5) =0,
which we solve with
3 2 N »
G =—=0ij(y)P’, (7.50)

V3

where the integration constants §’ are proportional to the magnetic charge of the solu-
tion under the gauge field A’

Using (6.18), the equation of motion (7.39) for the 3* becomes
g 1 ~i A L. i~
i+ 50" () () (y]y’“ - pfp’“) = 0.
As in Section 6.4.3 we solve this with
. . B
y' (1) = A cosh(cr) + — sinh(er). (7.51)
c

Introducing the radial coordinate p via (6.14) we can rewrite (7.51) as

B_CA) W2 = W2 H(p), (7.52)

y'(p) = <Ai +

where the function W (p) was introduced in (6.16).

2Note that there we used w® for the scalar fields.
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We next consider the equations for (u,(?). For (Y, (7.42) becomes

92 d [¢°
0 - 20 2
[ — _— _ g 0
¢ uuC Y <u2> ’
which has solution
¢" = V3Du?, (7.53)
for some integration constant D. With this, (7.41) becomes

1
i ——u® — D% =0.
u

1

Introducing w = v, we have

wi —i® + D* =0,
which can be solved by taking
w(7) = acosh(er) + gsinh(m‘), (7.54)
provided D? = 3?2 — c?a?. In terms of the radial coordinate p of (6.14) we have
Tdm—<a+A)W’5ff@mfi

where f(p) is harmonic in the three-dimensional transverse space and we have defined

A := 8 — ca. Hence,

ulp) = W2 f(p)~". (7.55)

Returning to the Hamiltonian constraint and using the solutions we’ve found so far,

we see that (7.49) reduces to

22— 4u(y) (59— 79) =0, (7.56)

which is the same as we had for the non-extremal black string case (6.20). Hence the

class of models for which we can find solutions is identical.
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Summarising, we have

for the Kaluza-Klein scalars.

Turning to the Kaluza-Klein vector A%, we have

Y = /3A(A + 2ca) u?.

In terms of the radial coordinate p, this becomes

0 0
% - —pQW(p)Cifp — _\/3A(A + 2ca) XP).

f2(p)
Hence
L@ B 3A(A + 2ca)
dp (ap+A)?
the solution to which is
3A(A + 2ca)

(7.57)

1
0 0 _

Substituting these expressions into (7.37) results in the asymptotically-flat five-

dimensional line element

6723f 6Y/3W
2 _ 0 0 4\2 4\2
d8(5) = —€lw(dx - \/5( dx ) — 62w(d.ﬁ )
d 2
+6/3H (H)*/? (V‘[’/ + p2d93> . (7.58)

We can determine the integration constant (%(co) by imposing that the line element
(7.58) approaches the extremal single-centered solution (7.46) as ¢ — 0. In particular,

we want

_ V3p

0 c—0
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which requires (°(0c0) = —v/3a~!. Hence we find

“lp) = - (7.59)

ﬁ ap — VAKNAF2c—VA)
a ap+ A '

Note that for A = 0, we have f(p) = «, and (7.58) matches with the static case
(6.30) provided aw = 1. This provides the interpretation of A as encoding the deviation
of the solution from statiticity.

Reading off the metric coefficients we have

—2/3

goo = _61}16(7_[)1/3 <1 + ?> ) (7.60)
-1/6 / P

goa = —€1 HG(%)l/S (1 - \/Z( = ;2 \/Z)> ) (761)
1/3 /A T 9¢ — 2

g = _€1H(6’H)1/3( = 2p /8 ’ (7.62)

from which we see that the (20, z%) part of the metric degenerates at

6-1/3 W

()=~
900 9a4 — (goa) e~

i.e. at p = 2c.

Let us now concentrate on the case of ST reduction, which will be relevant for con-
structing four-dimensional black hole solutions in Section 7.4.4. Making the coordinate
change (z°,2%) = (t,2) given in (7.47), the line element (7.58) can be written in the

form

2 2
61/3 [A + 2¢ [A [A [A + 2¢
2 _ _ - —
dsiz) = HH) W( 50 dt + 2Cdz + 2cdt—|— e dz

d 2
13 pra)2/3 ( &P~
+6 (H) (W

+ de9§> , (7.63)

which corresponds to a static black string (6.30) boosted in the z-direction with boost

parameter given by

A+ 2¢ [ A [ A A+ 2c¢
t— % t+ %Z, z — %t—i‘ 2% z. (764)
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In this form, the metric (7.63) is asymptotically flat in the directions transverse to
the worldvolume of the string. Hence, we can read off the ADM mass and momentum,

which are given by

M = cijphi Wi pF, P, = \/A(A +2¢),

where p' := p' + (A + 2c)h’,.

Before moving on to consider the reduction of (7.63) to four dimensions, we com-
ment on an interesting observation. Namely, the boosted black string solution can be
generated from the static black string (6.30) by a certain action of the ‘hidden’ SL(2,R)
symmetry described in Section 4.3.2.

To see this, we start with the static black string (6.30) which, in terms of the
variables (4.29), has

P1 = 07 P2 = W761/2)
and perform the transformation

1+p
cosho + p sinho’

[ A A
sinhoc = —{/—, cosho = +26.
2c 2c

For p)j we get the correct expression to match (°(p), whereas for p) we find p) =

prs o =¢°

where

W12 =1 which reproduces the metric (7.58).

7.4.4 Four-dimensional solutions

We now consider the space-like reduction of (7.58) to four Minkowski dimensions. To

proceed we write (7.58) in a form suitable for reduction:

6—2/3f

61/3H(/H)1/6
H(’H)l/fs

2
0 0 4 2
(42 - V30 dat) + sty

ds(s) =
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We can then read off the expression for the four-dimensional part of the line element,

which is (putting z* = —t)

d 2
dsfy = dt? + fY2H(H)V? <V’; + p%mg) . (7.65)

B w
fl/QH(H)l/z

This describes a static non-extremal four-dimensional black hole with outer horizon at
p = 2c¢ and inner horizon at p = 0. Unlike the four-dimensional solutions we met in
Section 6.6, however, we find that (7.65) has finite area at both the inner and outer

horizons, which remain finite in the extremal limit ¢ — 0. Indeed we find the entropy

Sy =mV(A+2c)H(p), S—=m/AH(p).
Our four-dimensional solution is electrically charged under

A° = 61/ (1 _viar)a 20)A> dt,
p

with charge
do = —V/6(A + 2¢)A. (7.66)

We can invert this relation to find A in terms of the physical electric charge gy of the

four-dimensional black hole. Indeed, we have

/ 1
A:_C+ C2+6(QO)25

where we have chosen the sign such that A > 0. The relation between the horizon
charges p’,p' and the magnetic charges p' should be solved model-by-model, as ex-
plained in Chapter 6.

These four-dimensional solutions take precisely the same form as the non-extremal
black holes found in the static axion-free truncations of four-dimensional N = 2 su-
pergravity [114]. We have therefore identified the five-dimensional lift of such solutions
as being boosted black strings (7.63) with momentum P, proportional to the electric

charge ¢o of the four-dimensional solution.



Chapter 8

Conclusion and outlook

In this thesis we developed our understanding of the g-map from a geometrical point-
of-view, specifically in relation to time-like dimensional reduction, and used this to
generate new stationary solutions of five-dimensional N' = 2 supergravity coupled to
vector multiplets.

We first derived the three-dimensional action obtained from dimensional reduction
of our five-dimensional theory of vector multiplets coupled to supergravity, treating

both space-like and time-like reductions on equal footing. This provided us with three

(SS) ,(ST) (TS)

maps, which we called ¢ and ¢ , depending on whether the first and second

» 4
reduction steps were taken to be over a space-like or time-like direction.

We argued that the target manifolds in the image of each of these maps was e-
quaternionic-Kéahler. Moreover, they admitted an integrable e;-complex structure com-
patible with the e-quaternionic structure. This meant that, surprisingly, the target
manifolds to the two Euclidean-signature theories obtained by ST and TS reductions
were equipped with distinct geometrical structures: one was a complex manifold, the
other para-complex.

Locally, however, the two manifolds seem to be isometric to each other. We demon-
strated this by generalising the (¢, 1))-flip obtained in [101], between the scalar manifolds
QYT and QTS obtained by ST and TS reductions respectively. Although this map

did not provide a global isometry, so that we were still unable to identify the two spaces,

it did prove useful in explicitly constructing a ‘hidden’ symmetry generator present in

174
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the isometry group of every g-map space. This hidden symmetry completes an SL(2,R)
global symmetry group of the three-dimensional theory, which we again stress is com-
pletely generic and does not rely on the target manifold being homogeneous. Analysing
how such SL(2,R) transformations act on a given asymptotically flat five-dimensional
solution could provide an indication as to how one can generalise the recent work on
‘subtracted geometries’ [115-118] and the Kerr/CFT correspondence (see [119] and
references therein).

We then turned to the question of the global structure of the scalar manifolds
QBT and QT9) for the example of pure five-dimensional supergravity. In this case we
found that the two spaces could be realised as inequivalent open orbits of the Iwasawa
subgroup L of the Lie group Gy(s), lying inside the pseudo-Riemannian symmetric space
S = Gy2)/(SLa - SLz). Although again they were found to be locally isometric, the
orbits were inequivalent in the sense that there is no automorphism of L that relates
them. We will investigate similar questions for the general case of five-dimensional
supergravity coupled to n vector multiplets in a future publication [38]. In particular,
it still remains to be determined whether or not there exists a global isometry relating
the general g-map spaces.

This question of whether time-like and space-like reductions commute could have
implications for the moduli space of string compactifications that involve time-like
directions. For space-like reductions, it is conjectured that points on the classical
moduli space should be identified under the action of the discrete U-duality group [1].
However, in the case of time-like reductions, such duality groups do not act properly
discontinuously [120], and so it is still unclear how such an identification should take
place. In particular, the resulting space will not necessarily be Hausdorff [120]. By
analysing the global structure of such moduli spaces, we hope to be able to clarify the
role of the duality group in the case of compactifications including a time-like direction.

As an application of the g-map, we constructed five-dimensional solutions admitting
a time-like and space-like Killing vector: black strings. By dimensionally reducing to
a three-dimensional Euclidean supergravity theory, we were able to construct explicit

instanton solutions, which then lifted to non-extremal static black strings in five di-



CHAPTER 8. CONCLUSION AND OUTLOOK 176

mensions. We also investigated the extremal limit of such solutions, and argued that
both BPS and non-BPS black strings could be obtained for any model admitting a suit-
able ‘R-matrix’, before giving a geometric meaning of such solutions in terms of null
geodesics falling within the eigendistributions of an integrable para-complex structure.

We then made progress towards extending this formalism to non-static solutions.
By modifying the techniques used previously to construct extremal and non-extremal
black holes and black strings in five-dimensional supergravity, we found that it was
straightforward to explicitly construct new classes of stationary solutions.

In the case of black holes, we found that it was possible to relate directly the
theories relevant for ST and TS reductions via the action of the (¢,4) flip. This can
be understood in the context of the 4d/5d correspondence of [121,122]. A charged
four-dimensional black hole can be lifted to a five-dimensional black hole. This is the
ST side of the reduction. Applying the (¢,v) flip to this configuration gives another
five-dimensional solution which looks like a black hole sitting over a four-dimensional
Gibbons-Hawking base. Although we only saw this for extremal solutions, it should
work equally for non-extremal solutions, which we leave for future work.

In terms of constructing five-dimensional solutions, the goal is to use the formalism
developed in this thesis to obtain the most general charged rotating black holes and
black rings in five-dimensional supergravity with an arbitrary number of vector multi-
plets. Although progress has been made using group-theoretic techniques (see [16] and
references therein), we would like to exploit only those geometrical structures which
are generic, and can be utilised irrespective of whether the target manifolds are homo-
geneous spaces. A first step towards this could be to understand how our more general
constructions fit into the framework provided by the aforementioned group-theoretic

methods.
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