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Abstract

In engineering, biology and physics, in many systems, the particles or members
give birth and die through time. These systems can be modeled by continuous-
time Markov Chains and Markov Processes. Applications of Markov Processes are
investigated by many scientists, Jagers [1975] for example . In ordinary Markov
branching processes, each particles or members are assumed to be identical and
independent. However, in some cases, each two members of the species may
interact/collide together to give new birth. In considering these cases, we need to
have some more general processes. We may use collision branching processes to
model such systems. Then, in order to consider an even more general model, i.e.
each particles can have branching and collision effect. In this case the branching
component and collision component will have an interaction effect. We consider
this model as interacting branching collision processes.

In this thesis, in Chapter 1, we firstly look at some background, basic concepts
of continuous-time Markov Chains and ordinary Markov branching processes.

After revising some basic concepts and models, we look into more compli-
cated models, collision branching processes and interacting branching collision
processes.

In Chapter 2, for collision branching processes, we investigate the basic proper-
ties, criteria of uniqueness, and explicit expressions for the extinction probability
and the expected/mean extinction time and expected /mean explosion time.

In Chapter 3, for interacting branching collision processes, similar to the struc-



ture in last chapter, we investigate the basic properties, criteria of uniqueness.
Because of the more complicated model settings, a lot more details are required
in considering the extinction probability. We will divide this section into several
parts and consider the extinction probability under different cases and assump-
tions.

After considering the extinction probability for the interacting branching pro-
cesses, we notice that the explicit form of the extinction probability may be too
complicated. In the last part of Chapter 3, we discuss the asymptotic behavior
for the extinction probability of the interacting branching collision processes.

In Chapter 4, we look at a related but still important branching model, Markov
branching processes with immigration, emigration and resurrection. We investi-
gate the basic properties, criteria of uniqueness. The most interesting part is
that we investigate the extinction probability with our technique/methods us-
ing in Chapter 4. This can also be served as a good example of the methods
introducing in Chapter 3.

In Chapter 5, we look at two interacting branching models, One is interacting
collision process with immigration, emigration and resurrection. The other one is
interacting branching collision processes with immigration, emigration and resur-
rection. we investigate the basic properties, criteria of uniqueness and extinction
probability.

My original material starts from Chapter 4. The model used in chapter 4 were
introduced by Li and Liu [2011]. In Li and Liu [2011], some calculation in cases
of extinction probability evaluation were not strictly defined. My contribution
focuses on the extinction probability evaluation and discussing the asymptotic
behavior for the extinction probability in Chapter 4. A paper for this model will
be submitted in this year. While two interacting branching models are discussed

in Chapter 5. Some important properties for the two models are studied in detail.
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Chapter 1

Introduction

In this first chapter, we introduce the background and basic properties of continuous-
time Markov chains and Markov branching processes. These facilitate our dis-
cussion models we investigate in later chapters. At the end of this chapter, we

will have an outline for this thesis.

1.1 Background

Nowadays, research related with probability plays a great role in science especially
for random processes. For example, for a certain species, we may wonder whether
the species will eventually be extinct or not. If this is the case, we may want to
find the probability and try to take special care towards that species. These
questions can be concerned with some random processes.

In probability theory, in 1907, A. Markov introduced an extremely important
concept, which is named after him as Markov processes. Markov processes in-
vestigate some random phenomena in models with emphasis on the case of finite
number of states.

The continuous-time Markov chain is one of the important fields in Markov

processes. The first systematic study of continuous-time Markov chains was by



A.N. Kolmogorov(1931). He found that the probability law governing the evolu-
tion of the process occurs as the solution of either of two systems of differential
equations. The two equations are now called the Kolmogorov backward and
forward equations. These investigation continued into the 1940s. Many good
references about continuous-time Markov chain are developed, for example, Ya-
mazato [1975], Hou and Guo [1988], Anderson [1991] and Chen [1997] etc.
Markov branching process with denumerable state space is one of the most
important subclasses of Markov chains. It originally was used in the analysis of
extinction of family names while the original problem was introduced by Galton in
1873. The basic property of Markov branching process is the branching property,
i.e., different particles/elements act independently when they give offspring.
However, the independence properties may not be appropriate to all real life
examples. Indeed, for example, sometimes branching events may happen with
the interaction/collision of two or more particles but not by one particle alone.
In other words, the model can be generalized with some interacting properties.
The main aim of this thesis is to consider the interacting branching systems, and
investigate the basic properties. Moreover, as investigating extinction behavior
of the particles in the process is important and challenging, we will look into this

area with more details.

1.2 Definitions and Basic Properties of Markov
Chains

Definition 1.1 A stochastic process X (t), t € [0, +00), defined on a probability
space (S, F, P), with values in a countable set E (to be called the state space of the
process), is called a continuous-time parameter Markov chain if for any finite set
0<t; <ty <---<t, <ty of times’, and corresponding set iy, ig, - ,ip_1,%, ]

of states in E such that P{X (t,) = i, X (tn—1) = n_1, -+, X(t1) = i1} > 0, we



have

P{X(tn+1) = ]|X(tn) = in|X(tn—1) =lp—1," " :X(tl) = il}

= P{X(tu1) = §1X(8) = in} (L1)

Equation 1.1 is called the Markov property. If for all s, such that 0 < s <t
and all 4,j € F | the conditional probability P(X(t) = j|X(s) = i) appearing on
the right-hand side of 1.1 depends only on ¢t — s, and not s and ¢ individually,
we say that the process {X(¢),t € [0,+00)} is homogeneous, or has stationary
transition probabilities. In this case, then, P(X(t) = j|X(s) = i) = P(X(t—s) =
71X (0) = i), and we define

pij(t) == P(X(t) = j|X(0) =14), i,j€ L t>0,

as the transition function of the process.

The finite-dimensional probabilities of the process { X (¢),¢ > 0}, that is prob-
abilities of the form P{X(t,) = in, X(tn_1) = tn_1, -+, X(t1) = i1}, where 0 <
t <ty <---<t,and 11,19, -+ ,i, € F, are all expressible in terms of the tran-
sition function p;;(t) and the initial probability distribution p; = P(X(0) = i),
1€ E.

Definition 1.2 Let E be a countable set, to be called the state space. A family

of functions (p;;(t);i,j € E,t > 0) is called a transition function on E if

(i) pij(t) >0 for allt > 0 and i,j € E; and



(ii) Forall t > 0,1 € E
Zpij(t) <1l (1.3)

jEE
(iii)For all s, >0 and i,j € F
pij(s +1t) = Zpik(s)pkj (t). (1.4)
keE
(This is called the Chapman -Kolmogorov equation.)
Furthermore, we call this transition function standard if
(iv)
Ilfif%pn(t) =1forallieE, (1.5)

(and so, by the inequality 0 < >_.;p;;(t) < 1 — pii(t), we have p;;(t) — d;; as
t—0foralli,jekFE).

A transition function is called honest if } . pi;(t) =1 forallt >0 ,i € E,
and dishonest otherwise.

For a transition function (p;;(t);7,7 € E,t > 0), we define

pij(0) — 0y (1.6)

= lim
g t—0+

Theorem 1.1 Let (p;;(t);i,j € E,t > 0) be a transition function. Then for all

i,j € B, qi = p;(0) exists and

0 < qij < o0, if 1 # 7
J f #J (1.7)

D izilii < ¢ =—qi < +oo, fori€ L.

The matrix @ = (¢;;;4,j € E) is called a Q-matrix of the transition function
(pij(t);i,7 € E). A state 7 is called stable if ¢; := —¢;; < +00 and instantaneous

if g; = +00.A state i is called absorbing if ¢; = 0.

Definition 1.3 A Q-matriz Q = (¢;;;1,j € E) is called a conservative QQ-matriz

if gij > 0(i # j) and 3, ,; qij = —qii for alli € E.



Lemma 1.1 Let (p;;(t)) be a transition function and suppose state i is stable,
then

¢ij = p;(0) exists and is finite.

Lemma 1.2 Let (p;;(t)) be a transition function and suppose state i is stable,
then

(i) ZjeEpgj(s) +di(s) =0 for all s > 0, where d;(s) =1 — ZjeEpij(s),

(ii) 3 jep 1Py ()] < 245,

(W) D 5ep @i <0, Y iep @i =0, if E is finite and pi;(t) is honest.

Let (r;;(N\);4,7 € E, X > 0) be the Laplace transform of a transition function
(pij(t);i,5 € E). The properties stated in Definition 1.2 become
i) 7;j(A) >0foralli,je Eand A >0,

11)7i5(A) = i (1) + (A= 1) 2opep rie(A)rej(p) = 0 for all ¢, j € Eand A, pu > 0,

(
(
(i) AD peprin(A) <1, forallie Eand A >0,
(
(iv) limy o0 Aryi(N) = 1 for all i € E.

Lemma 1.3 A function r;;(\) >0 for alli,j € E and A\ > 0 such that

rij(A) >0 for alli,j € E and X > 0, (1.8)
A (N <1, foralli € E and A >0, (1.9)
keE

i (A) =1 () + (A —p) Zrik()\)rkj(,u) =0 foralli,j € E and A\, ;n > 0, (1.10)
keE

lim Ary;(A\) =1 for alli € E. (1.11)

A—00

is called a resolvent function, and is called honest if equality holds in (1.9).



Definition 1.4 Let (p;;(t)) be a transition function, and let
7“@‘()\) = / €7Atpij(t)dt, A>0,i,5 € E (112)
0
be the Laplace transform of p;;(t).

Proposition 1.1 Let (r;;()),4,j € E; X > 0) be a resolvent function. Then there

is a unique transition function p;;(t) such that
rii(A) = / e Mpii(t), forall\>0,i,j€E (1.13)
0
and p;;(t) is honest if r;;(\) is.

Lemma 1.4 The following equations are equivalent to each other and they are

two equivalent forms of the Kolmogorov forward equation.:

Pt = puar, t>0,ij€E, (1.14)
keE

Arii(A) = 85+ rie(Na, A >0,4,j € E. (1.15)
kerE

Lemma 1.5 The following equations are equivalent to each other and they are

two equivalent forms of the Kolmogorov backward equation:

() =Y aw(tpii(t), t>0,i,j€E, (1.16)
kerE
Mri(A) =0+ > qrig(N), A >0,i,j € E. (1.17)
kelE

Suppose (p;j(t);i,j € E) is the transition function for a continuous-time
Markov Chain. When we study the properties of the process, we may look into its
corresponding ()- matrix (g;;;4,j € E). It is because, in most cases, the finding
the () -matrix is much more easier than the transition function (p;;(¢);4,j € E)
itself. (p;;(t);i,j € E) is called Q- function or Q- process as some of its proper-
ties can be seen by the (-matrix. Similarly, the corresponding Laplace transform
(9i(N);i,7 € E) is called Q- resolvent. So, we now review some facts and prop-

erties for ()-matrix before further analysis.

6



Theorem 1.2 Suppose Q) = (gi;;1,5 € E) is a stable (but not necessarily con-
servative) Q- matriz. Then there exists a Q-function (p;;(t);i,7 € E) satisfying
both the Kolmogorov backward and forward equations. Moreover, this Q- function
(fi;(t);1,7 € E) is minimal in the sense that for any other Q-functions(p;;(t);i,7 €

E), fi;(t) < pi(t) (i,j € E,;t>0).

The minimal solution is called as the Feller minimal Q-function and the cor-
responding Laplace transform is called as the Feller minimal resolvent function.
The Feller Q-resolvent function (¢;;(A\);4,j € E) can be obtained either by

the backward integral recursion

B (N) = i,
! % (1.18)
oI\ = g (X), n >0,

1)

)\-H]

where gzﬁz(?)()\) converge to ¢;;(\) as n — oo for all 4,j € E, similarly, by the

forward integral recursion

O \) = dii_
#ii (M “% (1.19)

o) = 260 (N), n>0.

[

A+q

where (;51(-;)()\) converge to ¢;;(\) as n — oo for all i,j € E.
The following theorem is related to the uniqueness of Q-function. If @ is
conservative, then the Feller minimal Q-function is unique if and only if any one

of the following four statements holds.

Theorem 1.3 The following statements are equivalent.
(1) The Feller minimal Q-matriz function, fi;(t) is the unique solution of the
Kolmogorov backward equations.
(11) The equation Qx = Ax,0 < x < 1; that is,
Z%j%’ =Ar;, 0<uz;<1,iek, (1.20)
JEE
has no nontrivial solution, for some (and therefore for all) A > 0.

7



(i1i) The inequality Qrz > Az, 0<uz; <1,i € E; that is,
J#i
has no nontrivial solution, for some (and therefore for all) A > 0.
(iv) The equation Qx = \x,—1 < x < 1; that is,
Zqz-jxj = )\ZEZ‘, —1 S ZT; S 1,2 S E, (122)
jJEE

has no nontrivial solution, for some (and therefore for all) A > 0.

Definition 1.5 A conservative Q- matrix which satisfies any of the conditions
(i)-(1v) of the above theorem is said to be reqular. The corresponding Q- function

18 honest and is unique.

Theorem 1.4 Suppose that the Feller minimal Q- function is dishonest. Then it
18 the unique Q-function satisfying the Kolmogorov forward equation if and only
if the equation
ZyiQij =Ayj, y;=20,j€ Eazyj < F00 (1.23)
i€k jEE

has no nontrivial solution, for some (and therefore for all) A > 0.

The above results can be found in section 2.2 in Anderson [1991]. The unique-
ness properties for ()-functions for different models will be discussed individually
in detail in the corresponding chapters in this thesis.

After reviewing some fundamental facts about the uniqueness of Q-functions,
if ) is regular, we can further discuss the absorbing behavior of the process. We
give some related definitions in this chapter and we will look into the details in
each model discussed in later chapters.

Let (p;;(t),i,5 € E) be a transition function, and let (X(¢),t > 0) denote
a continuous-time Markov chain with state space E, and having p;;(t) as its

transition function.



Definition 1.6 Given i,j € E, if p;j(t) > 0 for some (and therefore all) t > 0,
we say that 7 can be reached from ¢ and we we denote this with i — j . If 1 and j
can be reached from each other, we say that ¢ and j communicate and we denote

this with i < 7.

Definition 1.7 Let (p;;(t);i,7 € E) be a regular transition function.
(i)A statei € E is recurrent if [ pu(t)dt = +o0, and transient if [~ py(t)dt <
+o00. The process (p;;(t);i,5 € E) is called recurrent if all states are recurrent.
(i) A state i is called positive recurrent if limy_.o, pii(t) > 0. The process
(pij(t);i,5 € E) is called positive recurrent if all the states are positive recurrent.

(111) A state i is called absorbing if ¢; = 0.

It is trivial that if # communicates with 7, then ¢ is transient if and only if j

is transient. So transience and recurrence are class properties.

Definition 1.8 We can define the average time spent by the process staying in

a particular state i

/ pu(t)dt = / E(Iix@=iy| X (0) = d)dt
0 0

= E(/ Iixp)=iydt| X (0) = i)
0

= E( time spent in i | start in i ).

The criterion of recurrence is not the main focus of our thesis.For more details
in this area, we can look at some specialized books, for example, Anderson [1991]
and Chen [2004]. After reviewing some background knowledge and properties
for continuous-time Makov chain, we now look into a classical model, Markov

branching processes as preparation for later chapters for more generalized models.



1.3 Markov Branching Processes

A (one-dimensional) continuous-time Markov branching process (MBP) is a spe-
cial class of continuous-time Markov chain with the state space Z, = {0,1,---}
with transition function P(t) = (p;;(t);4,j € Z;) and the ¢-matrix Q = (¢;;;1,7 €

Z,) given by

ibj_iq, ifi>1

Gij = (1.24)
0, otherwise
where
b > 0(k #1),—by = > by < +00. (1.25)
k#1

Markov branching processes are well-known in probability theory and there
are many studies of Markov branching processes in biological and physical sci-
ences. It is known that the basic property which governs the evolution of a
Markov branching processes is the branching property, that is, different particles
act independently when giving birth or death. As a review of the Markov branch-
ing processes, we look into two basic but important theorems. Theorem 1.5 (i)
actually is based on the result of Theorem 1.3 in this chapter. Theorem 1.5(ii)
explains what the branching property means in mathematical notations. The-
orem 1.6 gives the regularity criteria for the Markov Branching Process which
can be used to compare with other regularity criteria in other generalized models.

Theorem 1.5 and Theorem 1.6 can be found in section 3.3 in Anderson [1991].

Theorem 1.5 Let Q) be given in (1.24) and (1.25), with (p;;(t)) being the corre-
sponding Feller minimal Q-function. Then, we know that

(1) pi;(t) is the unique solution of the Kolmogorov forward equation.

10



(ii) For alli>1,7>0 andt >0,

Pij (t) = Z Py (t) c Py (t> (126)

li+Hlo+-+l=j

With the ¢g-matrix @ defined (1.24) and (1.25), in order to investigate the proper-
ties of the branching process, we define a generating function B(s) = Y -, bgs".
There will be lots of discussion and usage of similar generating functions in other

generalized models.

Theorem 1.6 Let Q) be given in (1.24) and (1.25), Q is regular if and only if
one of the following conditions holds.

(i) B'(1) < +o0.

(11)B'(1) = 400 and for some (therefore for all) € € (¢, 1),

b ds
/E B = (1.27)

where q is the smallest positive root of B(s) = 0.

It should be noted that the branching property relies on the independence
assumption. In most realistic situations, however, this assumption may not be
appropriate. Indeed, in practice, particles usually interact with each other. This
may explain the reason why there always has been a great effort to generalise the
ordinary branching processes to the more general branching models, for example,
in the book edited by Athreya and Jagers [1997], Chen and Renshaw [1995] and
Chen [2002].

1.4 Outline of the thesis

This thesis mainly concentrates on theoretical study of some generalized Markov
models, especially the interacting branching collision processes. In order to study
these complex processes, besides the well-known ordinary Markov branching pro-

cesses, we need to study the collision branching process which is an important

11



component of the interacting branching collision processes. After getting more
understanding in collision branching processes, we are then able to move forward
to the model most concerned in this thesis. Through studying the interacting
branching collision processes, we may apply similar techniques in related models.
Markov branching process with immigration-migration and resurrection is cho-
sen to consider. Studying the properties of this model may also be treated as an
example for the new techniques that we used in interacting branching collision
processes.

Chapter 2 discusses the collision branching processes. This model accounts for
the effect of collision or interaction, between particles or individuals. We study
the regularity, uniqueness, extinction and explosion behavior in detail.

Chapter 3 discusses the interacting branching collision processes. Studying
this model is very challenging as the branching component and the collision
component interact with each other. We study the regularity, uniqueness and
extinction behavior in detail. When we study the extinction behavior in chap-
ter three, however, in some cases, the closed forms of extinction probability are
very complicated. It is difficult to obtain useful information from those compli-
cated expressions. Last section of Chapter 3 deals with this problem and we try
to reveal the asymptotic behavior for these complex forms of extinction proba-
bilities and show that the asymptotic behavior for these complicated extinction
probabilities actually takes a very simple form.

Chapter 4 discusses the Markov branching processes with immigration-migration
and resurrection. We study the regularity, uniqueness, extinction and asymptotic
behavior for this model. We try to use similar analytic tools and techniques used
in Chapter 3 in tackling some difficult points. Although the two models are
quite different, Chapter 4 may still be treated as an example for the techniques
introduced in Chapter 3.

Chapter 5 discusses the interacting collision processes with immigration - mi-

12



gration and resurrection and interacting branching collision processes with im-
migration - migration and resurrection. We study some properties and criteria
of regularity, uniqueness and extinction probability for these models. Also, the
difficulties for finding the extinction probability are also discussed at the end of
the chapter.

My original material starts from Chapter 4. The model used in chapter 4
were introduced by Li and Liu [2011]. In Li and Liu [2011], some calcula-
tion in cases of extinction probability evaluation were not strictly defined. My
contribution focuses on the extinction probability evaluation and discussing the
asymptotic behavior for the extinction probability in Chapter 4. While two inter-
acting branching models are discussed in Chapter 5. Some important properties
for the two models are studied in detail.

Finally, a summary of this thesis is presented in Chapter 6.

13



Chapter 2

Collision Branching Processes

2.1 Introduction

Collision branching processes (CBP) have a great role in the theory of probabil-
ity especially in physical sciences. Consider a branching process with collisions
between particles occurring at random; when any two particles have a collision,
they are removed and replaced by k ‘offspring’ with probability px(k > 0), inde-
pendently of other collisions. In any small time interval (¢t+At) there is a positive
probability At +o(At) that a collision occurs, and there is a probability o(At) of
two or more collisions occurring in this time interval. At time ¢, supposing that
there are i particles present. With the assumption of equally likely pairing, after
At, there will be j particles with probability (;)Hpj_HgAt + o(0t). We can use
X(t) , the number of particles living at time ¢, to be a continuous- time Markov
chain with non-zero transition rates ¢;; = (;) bj_ito,(j > i — 2,4 > 2), where
by = —6(1 — p2) and b; = Op; (j # 2).

Here, we give the formal definition. In this work, we study the model con-
sidered in Chen et al. [2004], Chen and Li [2009] in detail. This chapter closely
follows Chen et al. [2004].

14



2.2 Preliminary and Mathematical Model

Definition 2.1 A g-matriz Q = (¢;;; i, € Z4) is called a collision branching

q-matrix if it has the following form:

(3)bjise, if j>i—2,i>2
qij = ? (2.1)
0, otherwise

where
bj > O(] 7& 2), and — by = Zj#gbj < 400,

together with by > 0,01 > 0 and %5250; > 0.

Definition 2.2 A continuous-time Markov chain on the state space Z., is called
a collision branching process (henceforth referred to as a CBP) if its transition

function P(t) = (p;;(t);i,j € Z.) satisfies the forward equation

P'(t) = P(t)Q (2.2)
where Q) is a CB-q-matrix.

It is obvious that CBPs have two absorbing states which are 0 and 1. There-
fore, absorbing/ extinction probabilities for these states require evaluation sepa-
rately. Also, it can be noted that total rate of leaving each state i is a quadratic
function of 4, this might lead to the expectation of a more readily explosive be-
havior. Regularity and uniqueness criteria are considered in section 3. Evaluation
of extinction probabilities is discussed in section 4. Expected explosion time is

discussed in section 5.

2.3 Uniqueness

Since () is stable and conservative, by Theorem 1.2, the Feller minimal process
for CBP always exists. We need to investigate, under what conditions the process

would be unique. In order to investigate these properties of CBPs, it is necessary
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to define the generating function of a known sequence {by; k > 0} as

B(s) =Y bis*,[s| < 1. (2.3)
k=0

It is obvious that B(0) = by > 0 and B(1) = 0. Set my; := B'(1) =
Z;iljijrg — 2by — by, which satisfies —co < m; < +oo. This quantity, B'(1),
measures the drift away from state 0. With normalization with > ., b;, my is
the expected jump size from any state i. The above generating function plays
an extremely important role in our later analysis. The sign of B’(1) determines
the number of roots for the equation B(s) = 0 in [0,1]. It is clear that B(s) is
well defined at least on [—1,1]. The following simple yet important properties of
these functions will be constantly used in this chapter and we state them here for

convenience.

Lemma 2.1 (i) The equation B(s) = 0 has at most two roots in [0,1] . More
specifically, if B'(1) < 0 then B(s) > 0 for all s € [0,1) and 1 is the only root
of the equation B(s) = 0 in [0,1], while if B'(1) > 0 then B(s) = 0 has an
additional simple root p, satisfying 0 < p, < 1 such that B(s) > 0 for s € (0, py)
and B(s) <0 for s € (py,1).

Proof. We start from proving B’(s) = 0 has either one root or two roots in [0,1].
It can be noticed that B”'(s) > 0 for all s € [0,1), so B'(s) is convex for s € [0, 1).
This means that B'(s) = 0 has at most two roots for s € [0,1). Furthermore,
because of the fact that B(0) = by > 0 and B(1) = 0, B’(s) cannot be greater
than 0 for all s € [0,1).This tells that B’(s) = 0 must have at least one root in
(0,1).

Then, it can be noted that, in (0,1), B’(s) = 0 has one root only when
B'(1) < 0.When B’(1) <0, since B'(0) = b; > 0, there exists £ € [0,1) such that
B'(s) > 0 for all s € (0,€) and B'(s) < 0 for all s € (£,1). This implies that B(s)

is strictly increasing on [0, ], and strictly decreasing on [£, 1].With the end point
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value of B(0) and B(1), B(s) > 0 for all s € [0,1), imply that 1 is the only root
for B'(s) =0 in [0,1].

Next, if B’(1) > 0, (including B’(1) = 4o0), there exist & and & with
0 < & < & < 1, such that B'(&) = B'(&) = 0 and that B'(s) > 0 for all
s €[0,&) U (&,1] and B'(s) < 0 for s € (&§,&). B(s) is strictly increasing on
[0,&1] U [&2, 1] and strictly decreasing on [£1, &]. So, B(s) = 0 must have 2 roots,

one root is 1 and the other root is within (&, &5). |

Lemma 2.2 Let (p;j(t);i,j € Zy) be the Feller minimal Q-function, where Q is
a CB q-matriz given in (2.1) and (2.2), then all the states k > 2 are transient,

i.e., foranyi >0 and k > 2,

/ pir(t)dt < +00
0

This also means that lim;_, pi(t) = 0.

Proof. For any fixed ¢ > 0, from the Kolmogorov forward equations, we have

t
Pio(t) = dio + q20 / piz(t)ds,
0

it implies that fooo pi2(t)dt < 400. Then by mathematical induction with the
Kolmogorov forward equations, we can get fooo pir(t)dt < +oo for all k > 2. This

implies lim;_ . pix(t) = 0. [

Now, we can continue to deal with the question of uniqueness. It should be
noted that if a Feller minimal Q)-transition function is honest, the corresponding
conservative g-matrix () is said to be regular and this @)-transition function is

unique.

Theorem 2.1 The CB-g-matriz is reqular if and only if B'(1) < 0.
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Proof. If part: Suppose B'(1) < 0 and let P(t) = {p;;(t)} be the minimal

Q-transition function. Substituting (2.1) into the forward equations (2.2) gives

J+2 .
/ ? .
pi;(t) = Zpik(t) (2) bj—k+2,%,7 > 0. (2.4)
k=2

Then, multiplying s/ on both sides of the above equality and summing over

j, forany 7 and 0 < s < 1,

gp;j<t)5j _ i(f pi(?) (’;) by a8

We get, for 0 < s < 1,
Oo’tj—B -~ (F t)s"2i >0 2.5
Zpij< )s' = B(s) ) o |Pir(t)s™ 12 0. (2.5)
By Lemma 2.1, together with the above conditions, B(s) > 0, for all s € (0,1),
the right hand side of (2.5) is strictly positive.

By Lemma 1.2, for all £ > 0,
> Ipk ()] < 24, (2.6)
=0

where ¢; := —g; = (1)b2 < co. The series > =0 Pj;(t)s? converges uniformly on
[0,00) for all s € [0,1). Also, as pj;(t) are continuous , therefore, the derivative

of Y77 g pij(t)s’ exists and equals to 22 pi;(t)s’.
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After taking integration for the left hand side, we have

Zpij(t)sj —s'>0, i>0,0<s<1.
j=0

(2.7)

Letting s T 1 in above equation, Z;io pij(t) > 1 for all ¢ > 0, We have shown

that the minimal )-transition function is honest, and @) is regular.

Only if part: Suppose

B'(1) > 0, our aim is to construct a @* matrix which

is not regular, then through a comparison of Q* with the original CB ¢g-matrix )

leads to the conclusion that @) is not regular. Define a (conservative) birth death

g-matrix Q*

4;; =

\

where b* > a* > 0. Here,

(C]:},’L,j S Z+) by

if j=i+1,i>2

Va*, if j=i—1,i>2

2). (2.8)
—(3) (@ +b), if j=i>2

0, otherwise,

this @Q* is not regular by Theorem 3.2.2 in Anderson

[1991]. By doing so, we need to prove that

N 1 nn— 1"
)+ Ann-1 4o+ Grn—1"""432
n—2 Gnn+1 Qnn+1G9n—1n Qrnt1 " - Q23
2 > 1 a* 1 a*n—2 1
B b_*(g(n(n —1) + b_*(n —1)(n—2) Tt prn—2 m)
B ﬁ”EszF) k(k—1)
n=2 k=2
R k(k—1)
k=2 n=k

Next, we continue our aim, to construct a * matrix which is not regular by

choosing suitable a* and b* for the CB-g-matrix (). After doing so, conclusion

that @) is not regular then

follows.
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In order to so, first note that B’(1) > 0 is the same as 2bg+by < > 72 jibj (<
+00), so we may choose a* and b* with
2bg+ by <a’ <b <> jbis (2.9)
j=1

We have shown that Q* is not regular, so the equation
M —-Qu=0 (A>0) (2.10)

has non-trivial solution, we denote this by {u* = u;()\),i > 0}.
It is obvious that u* depends on both value of a* and b* and what we want to
get the u* satisfies
At < Qut (2.11)

By Theorem 1.3, if such u* can be found, the conclusion that @) is not regular
follows.
We need to find a* and b* such that (2.11) holds.

First, we prove that a* and b* can be chosen such that both

%) 7 %
a
b — )kl S pr 2.12
2t ) .

and

bo(a )+ (b + b1) < (2.13)

hold. Let x, be a sequence that strictly decreasing and converging to 2by + b;.
We denote this relation by z,, || 2by + b;. In order words, % 11,

As n — oo,

ij+2 Z 2b0 h ) Z]bj+2 (2.14)

k=1 j=1

Then it is obvious that b* can be chosen such that

2by + b
mez 0+1) > b* (2.15)

Similarly, let y, be a sequence that strictly increasing and converging to b*.
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As n — o0,
*

b
bo(—) + bo -+ by I 2bo + by (2.16)

n

Then it is obvious that a* can be chosen that

bo(;) + (b + 1) < a* (2.17)
Next, we replace (2by + by) in (2.15) by a* , which is greater,
S L, ar k=1 g
jzl biyo ;(b—*) > b (2.18)
holds.
To prove A\u* < Qu*, we note the solution to (A — Q*)u = 0 satisfies up(\) =

u1(A) = 0 and

b (uir1(A) — w;(N) = a™(ui(A) — ui—1(N)) + Aui(N) (;)_ i>2. (2.19)

For example, if i = 2, we see that b*(ug(\) —us(A\)) = (a* + N)uz(A) > 0. This
implies that w;(\) is strictly increasing in ¢ for each fixed A.

From (2.19), we can
a*
Uik (A) = Uipp—1(A) > g(uwk—l()\) — Uiyr—2(N))

and

*

ui(A) — ui—1(A) < E(Um(/\) —ui(A))

After some algebra, we get

Uirk(A) = Uirr-1(A) 2 (Z—*)kfl(um()\) —ui(A)) (2.20)
and
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Equation (2.11) is obviously true for ¢ =0 or ¢ = 1.

For 1 > 2, we have
Qui = > ayuy
§=0

= Z qiju;

j=i—1

= (;) [bowi—2(A) + brui—1(X) + Z bj_ivouj(N) — Z bj_itou;(N)]

j=it1 j=i-2,j#i

= (;) [bo(wi—a(X) — ui(N)) + b1 (ui—1(X) — wi(X)) + Z bi—iva(uj(N) — u;(N))]

j=i+1

_ (;) (—Lu+ 1)

Here, both I, and I; , which define below, are positive.

By (2.12) and (2.20), we can get
I = ) biga(uig(N) — wi())
j=1
o0 j
= ) b2 Y (uik(N) =tk (V)
j=1 k=1

> Y by DG ) — w0

> 0" (uir1(N) — wi(N)). (2.23)
Similarly, by (2.13) and (2.21), we can get

Io = bo(ui(A) = ui-2(A)) + b1 (us(A) — ui-1(N))
= (bo + b1)(ui(A) = ui—1 (X)) + bo(ui—1(A) — ui—2(X))
2+ (o 1)) () — w1 (V)

< a"(ui(A) —ui—1(N)). (2.24)

< (bo(

From (2.23) and (2.24), together with (2.19) and (2.22), (2.11) is verified. The

‘Only if” part is thus done.
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From Theorem 2.1, we can see that if the drift B’(1) is smaller or equal to
zero, the CBP is then unique. How about if B'(1) is positive and even if it

B'(1) = +00? We will answer this question in next theorem.
Theorem 2.2 There exists only one CBP.

Proof. In this part, we only need to consider the case for 0 < B'(1) < co. To
prove that the CBP is unique, we will show that the forward equations have a
unique solution. To show this, we will use the Theorem 2.28 in Anderson [1991],
i.e we prove that the equation p(A)(Al—Q) =0, 0 < p(A) € [, has no nontrivial
solution for some (and therefore for all) A > 0.

Suppose there is such a non-trivial solution when A = 1, denoting as p =

i, i > 0. Then, by (2.1), we have

j+2 .
i .
pj = ZM (2) bj—iv2, 720, (2.25)
=2

with

p; >0 (j=0) and Zuj < 400 (2.26)

=0

It is obvious that
> 2oy > 0and Y72, s’ < oo for all s € [0, 1],

By root test, because of having same radius of convergence,

Z <;) pis? <oo, 0<s<l1. (2.27)

Jj=2

Together with Fubini’s Theorem,

s’ =B ST 0<s< 1. 2.28
> @3 (5)ms o< (2.28)

=2

From (2.25) and (2.28), it is clear that both 3 7 u;s? and > 77, (2 pis=? are
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strictly positive for all s € (0,1) and thus B(s) > 0 for all s € (0,1), which

contradicts Lemma 2.1 because B'(1) € (0,00]. The proof is then complete. m

2.4 Extinction and Explosion

Knowing that the CBP is uniquely determined by its g-matrix, we now examine
some of its properties. Let {X(¢),t > 0} be the CBP, and let P(t) = {p;;(¢t)}
denote the corresponding transition function.

Define the extinction times 7y and 7; for states 0 and 1 by

(

inf{t > 0,X(¢t) =0} if X(¢) =0 for some ¢t > 0
o \+oo if X(t)#0forallt>0
r
inf{t > 0,X(¢t) =1} if X(¢) =1 for somet >0
"o +00 if X(t)#1forallt>0

\

and denote the corresponding extinction probabilities by
ap = P{my < 400|X(0) =i} and a;; = P{n < +00|X(0) = i}.
Theorem 2.3 The extinction probabilities satisfy
aio + qain = ¢, (2.29)
where q = py is the smallest root of B(s) = 0 in [0,1]. More specifically,
aip+an =1, if B'(1) <0, (2.30)
a0 +qain = ¢ <1, if 0 < B'(1) < 4o0. (2.31)
Proof. First deal with (2.30), refer to Theorem 2.1 , CB g-matrix is regular if

and only if B'(1) < 0. When B’(1) < 0, we have the following,
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from (2.7),

o0
D pi(t)s’ —s'>0, i>0,0<s<1.
7=0

Also,

tlim pij(t) =0, Vi,j> 2, since states ¢ > 2 are transient .
— 00

(2.32)

(2.33)

Then, taking ¢ — oo in (2.32) and using Dominated Convergence Theorem,

piO(t)SO +pi0(t>81 + Zpijsj _ Si > O,
j=1
aio + san > s° Vs el0,1).
Taking s T 1 give (2.30) as
ao +a; < 1.
Next, we prove (2.31). Since 0 < B'(1) < +o0.

from Lemma 2.1, we know the smallest positive root, ¢ < 1.

From (2.5),

Zp;j(t)sj = B(s) Z (g)pik(t>5k_2; Vsel0,1), i>0.

Put s = ¢ into (4.2.1)

Letting t — o0,

Tim pio(t) + lim piy(t)g + lim 22191] (g’ =q',Vi>2
J:
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Then, we apply Dominated Convergence Theorem in last term on left hand

side of the above equation gives (2.31):
aio + qain = ¢,

The proof is then finished. [

Theorem 2.3 tells us that if B/(1) < 0, then the process is absorbed with
probability 1 while the the absorption probability is less than 1 if 0 < B'(1) <
+00. We try to show that, if the absorption has not happened, then the process
must explode.

Define probability generating functions F' = {Fj(t,s),i > 0} by Fi(t,s) =

> pij(t)s? from (2.5):

Zp/(ij)(t)sj = B(s) Z (g)pik(t)sk_Q

S gy S (Y-

o TELD) S — gty

ds? :
=2
OF(t,s)  Bls) PFilt,s)
= 2.
T o 2 s (2:39)
Lemma 2.3 The transition function P(t) = {p;;(t)} satisfies
tlg?o X;pij(t) =0, Vi>2. (2.40)
‘]:

Proof. Limit exists because >, p;(t) is decreasing in ¢. It is trivial that

pio(t) + par(t) + ipz’j(t) = ipij(t). (2.41)
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(i) when B'(1) <0, p(t) is honest, and a;o + a;; =1
=2
(il) 0 < B'(1) < oo, from (2.5)

o) ' 00 k s

>, 05 = B Y (4 )pul)st 2 v s € 0.1
7=0 k=2

and the right hand side is equal to 0 when s = q.

BES) Zpéj(t)sj => (S)pik(t)sk—% Vs el0,1).

k=2

Rewriting (2.39),

y? B(y) 0y B(y) "

Integrating w.r.t. y in [0, z] gives,

/!

5 -2 [

Integrating w.r.t. « on [0, s| gives,

Soe=a ([ i)

Ei(t,s) = piolt) +palt)s+ 2/05 (/ys Fil(t’y)dx> dy

B(y)
= pio(t)erﬂ(t)SJr?/o %E/(tay)dya

where F/(t,y) := 0F;(t,y)/0t. Letting s T 1, we have

Zpij(t) :2/0 ;z—y?);Fi’(t,y)dy.

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

Our objective is to prove the right hand side of (2.46)is equal to as t — oo, i.e,
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I 11_”1«"'(15 )dy = 0
im [ ——F/(t,y)dy = 0.
t—oo o B(y)

Note that for € € (0,1),

l1—e

. I—y
lim ——F!(t,y) = 0.
=0 Jo  B(y) (t.9)

By (2.43), we can note that the above integrand is dominated by 1/(1 — y)?
and because the limit as ¢ — oo of the left hand side of (2.43) is equal to 0 for

s €[0,1). So, it is suffices to prove that

tim [ L= e )y = 0
im [ ——=F/(t,y)dy = 0.
t—00 1—¢ B(y>

for some suitable €. Because B'(1) > 0, thereisa ¢ s.t. B(¢q) =0,0<¢ < 1. We
get
—F{(t,s) = |F/(t, )] < Y [l (0)]s7 < Y In(0)] < 245, Vg < s < 1.
=0 =0

if we take € < 1 — ¢, note that Fé((t;) >0Vsel0,1)

and B(s) <0 for s € (¢q,1),

Pl-y, P (1 =y)(=F(ty)
/1 B(wFi(t,y)dy —/1 dy

—c —€ _B<y)
P (l-y)
< dy(2¢;) < oo. 247
I Syt 24m
By Dominated Convergence Theorem, the proof is completed. [

Lemma 2.4 B(s) =0 has a unique root g, in (—1,0).

Proof. since B(—1) < 0 and B(0) > 0, B(s) = 0 has at least one root in (—1,0).

To prove uniqueness, suppose there are distinct roots g, and .o in (—1,0).
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Putting

(Dbj14a, ifi>2,j>i—2.
i =
0, otherwise,

into P'(t) = P(t) - Q, we have

j+2 L
Pi(t) =Y pat) (2) bj—kt2
k=2

Multiplying s/ on both sides of the above equality and summing over j yields

that for any ¢ > 0 and s € (—1,1),

g;péjsﬂ’ - i:(ji%pik(t)(l;)bj_m)sj

7=0 k=2
- Z Z pir(t) (2> bj—ky28’
k=2 j=k—2
- K\ 5o o G—k+2
= szk(t) 5% bj_kt28
k=2 j=k—2
= LA ‘
= Z Dik (t) 9 S Z bjS]
k=2 =0
- k
= B(s) Zpik(t) <2) sh2
k=2

= t.s? = B(s i (t "2 s e (—1,1).
St = B () (-11)

Therefore, taking integration over [0, ¢],

ipij(t)sj —s' = B(s) ;i /0 tpik(u)du <’2“> k2

= pi(t)gl = diy
§=0
and
Zpij(t>Qi2 = i
j=0
We can get the following results using similar methods in Theorem 2.3.
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i
Aio + Gx1Qi1 = Qyq

and

aio + Gatin = ¢y, Vi >2

Without loss of generality, we set i = 2.
_ 2
20 + ¢x1021 = Gy

2
a20 + ¢x2021 = Qio-

(g2 — qu)aor = (@2 — 1) (G2 + Gs1)
21 = (s1 T Qs2
= <0.
Contradiction happens as the probability should be non-negative. [

After going through the above theorems and lemmas, we now go to the evalu-
ation of the extinction probability a;y and a;;, and the explosion probability ;...

We will use ¢, to denote the unique root of B(s) =0 in (—1,0).
Theorem 2.4 (i) If B'(1) <0 then

ao = (¢, —q.)/(1 — q.) (2.48)

ain = (1-ql)/(1—q) (2.49)

and a;so = 0.

(i1) If 0 < B'(1) < 400 then

a;0 = (qu - q*qi)/(q - Q*)v (25())
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an = (¢' — 4.)/(q— ¢) (2.51)
and aioo = (q(1 —¢2) — (1 = ¢") = (¢" = 1)) /(¢ — q.).
Proof. By Theorem 2.3, when B’(1) < 0, we have

aipo+an=1, 1> 2.

Similarly, we can also get

7
o + ¢+Qi1 = q,,

1—¢!
ap =
71l 1_q*7
Qi_Q*
= Qj0 = .
T

Since P(t) is honest, when B’(1) < 0, we have a;o + a;; = 1.

(ii) If 0 < B'(1) < oo, again by Theorem 2.3

aio + qain = ¢'

‘ (2.52)
a0 + q«0i1 = q,
a;o and a;; can be evaluated easily. Then, by Lemma 2.2, we have
ajo + a1 + i =1 ;1 2> 2,
Therefore, a;o can also be found easily.
The proof is then completed.
|

Next, we deal with the mean hitting time. Let
pir = Elmilr <oy | Xo = 1], k=0,1

denote the expected extinction times starting in state 7. Similarly, let oo =
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BT {r. <o0}| Xo = j], where 7 is explosion time.

Theorem 2.5 (i) If B'(1) < 0, the expected extinction times are all finite and

are given by

2 [ Ty fiy) " (y—q.)(1—y) fily)

fo = O—%F{ %L; B(y) dy+L* B(y) @L
(2.53)

o 2 (1 —y)2fily) "y =)0 —y)fily)

S RAE [/0 B(y) dy+/q* B(y) dy} (2:54)

for i > 2, where

_oa(d-y)  yd-—yh
(i1) If 0 < B'(1) < 400 then, again, the expected extinction times are all finite.

(2.55)

They are given by

2 [ -  (y - 4.)(a — ) i)
o= =) q*/o B(y) dy”/q* B(y) dy}’
(2.56)
o 2 [ ["(q—y)>fily) Oy —aq.)(qa—v)fi(y)
i = <q—q*>2_/o B(y) d“/q* B(y) dy] (2:57)

for i > 2, where

) =g — = ), wld™ =y (2.58)
qa—y qa—y

Proof. Note that the integral in (2.53),(2.54) (2.56) and (2.57) are finite as

the function f in (2.55) and (2.58) is bounded on [—1,1]. Note that |(f;(y))| <

2i, Vyel-1,1].

By Lemma 2.1 and Lemma 2.4, we know that ("B_(zf and (%_(Z’;) are bounded

on [0, ¢] and [g., 0] respectively.
Therefore all the integrals are finite.
We prove (ii) first, 0 < B'(1) < o0, ¢ € (0,1)
From (2.39),

OF(t,s) 1, Filts)

Fr Lo iC v
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Integrating (2.39) w.r.t. s and Fubini’s theorem, for any s € [0, ¢,

Fi(t,s) = pio(t) + pa(t)s + 2 /08 %Fi’(t, y)dy.

Similarly, we can do integration along -ve real axis, for any s € [g., 0],

Fi(t,5) = pio(t) + pun(t)s + 2 / (L s)dy.

where
Fi(t,s) =Y pi(t)s’.
j=1

Let s = ¢ in (2.59) and s = ¢, in (2.60) with

> i) = ¢
=0

and
> piitd =
Jj=0
With
qq_y /
Fi(t,q) = pio(t) + ps tq+2/ ——F;(t,y)dy,
(t,q) = pio(t) + pa(t) B (t,y)
we get
qq_y /
Pio(t) + pi tq=q1—2/ ——F;(t,y)dy,
olt) + pu(t) By ey
Oy_q* /( )d
pit+pitq*=q—2/ Fi(t,y)dy.
o0 palt) . BW)

Recalling (2.52) together with

¢ — polt) — pa(t)g =2 / q 4Ry,

we have
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(a0 — pio(®)) + (an —pu()g = 2 / q LIt

(aio — pio(t)) + (an —pa(t))g. = 2 / yB_@(;* Fi(t,y)dy.

Integrating the above equations w.r.t. ¢ and noting that F;(0,y) = ¢

! ! Tq—y i
/O (aio — pio(u))du + Q/O (ain — pi(u))du = 2/0 W(Fz’(ty) —y')dy,
/o (aip — pio(u))du + q*/o (a1 — pir(u))du

®y— g i

Letting ¢ — oo in above two equations and using Dominated Convergence
Theorem gives

q
q—Y i
tio + Qi = 2/ ———(Fi(00,y) — y")dy,
' 0 B(y)

Hio + Gxflin = 2/ %(E(oo,y) - yi)dl/-

%

We note that a; — pip = P(t <1 < 00| Xo =1), k=0,1.

Fi(o0,y) = lim Fi(t,y) = aio + any.

q i
q—y)lao+any —y
Mo + Hinq = 2/ ( ) )
0

dy 2.62
B(y) (2.62)
0 ( o . . a0

y q*><a10 + azly y )
o+ prage = 2 / dy. (2.63)
o . B(y)

iio and p;; can be obtained easily.

(i) for B'(1) < 0 (2.63) still holds, let s T 1 in (2.59) gives

1
]_ _
1= puo(t) + pu(t) + 2 / LY gt ya,
0

B(y) *

pio(t) +pa(t) =1 —2/0 %F{(t,y)dy,
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Similarly,

0
; Y —4qx
pio(t) + pi tq*zqi—Q/ ——F;(t,y)dy.
o(t) 1(t) By (t,y)

Since a;g + a;1 = 1, we rewrite,

(a0 — piolt)) + (@i — pu(t)) =2 / ;[—;)’F;@,y)dy

Integrating the above equation w.r.t. ¢ with Fj(¢,0) = ¢,
t t 1 1— Y .
[t = mo@)du+ [ @ = pa)dn=2 [ T E ) - v
0 0 0
By (2.39) and Lemma 2.3,
thm E(t,y) = Q0 + Uiy, t — o0.

Using Dominated Convergence Theorem, we get

11_y ]
i0 + i :2/—Fiooay —y')dy,
M40 i1 0 B(y)( ( ) )

1

1—y ,

fio + i1 = 2/ (a0 + any — y')dy,
0 B(y)

together with (2.63),

Yy —q :
fio + Hi1Gx = 2/ “(aio + ainy — y')dy.
.. By)

tio and j;; can be obtained easily.

The proof is completed. [ |

2.5 Expected Explosion Time

By previous results, for B’(1) < 0, the process will certainly be absorbed. So,
in this section, we only deal with the expected explosion times for the case 0 <

B'(1) < 4o0.
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We define

Piso(t) =1 — Z pi(t) = P(Toe < t|Xo = i) (2.64)

as probability of explosion by time ¢ starting from state i, and p;(t) — oo as

t — o0.

Theorem 2.6 [f0 < B'(1) < +oo, then the expected explosion time is finite and

15 gien by
Hico
_ 2 "A-yla—y) o l—g [T@-y)?*,
BCEES (/ Bly) Wy — / B Wy
1-q ["(y—a)la—y)
R /q Bly) f@-(y)dy> (2.65)

for i > 2, where fi(y) is given in (2.55).

Proof. Noting that all of the integrals in (2.65) are finite as discussed above, so

Hico < OO.
i — / (e — Do (1))t
0

where

P(t < Too < 0| Xg=1) = aio — Pico(t)

= (1 —aip—an) — pisc(2).

Together with (2.64)

Hico = / Z(pij(t)—ao—au)dt
0o =

= / pij(t)dt — pio — pia (2.66)
0

by (2.5):
Zp;j(t)sj = B(s) Z <§)pik(t)3k_2, s€[0,1)

k=2
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Integrating (2.5) w.r.t ¢ from 0 to oo, we get

aio + ;18 — §° - /OO k—2
B pir(t)dts" <.
B(s) ; 0

k—2

Considering the coefficient of s*72, we can obverse that

where
;0 + ;18 — st

Gl =50

Integrating (2.67) twice w.r.t. s gives,
S [ patast =2 [ (s = )Gty
k=20 0
letting s T 1,
0 [e'e) 1
> [ patiar=2 [ 0= )Gy
=9 J0 0

Substituting (2.70) in (2.66), we have

1
Hico = 2/ (1 —y)Gi(y)dy — o — par
0

(2.67)

(2.68)

(2.69)

(2.70)

(2.71)

Then, we substitute a;y and a;; from (2.50) and (2.51) into (2.69). Then, further

substituting the intermediate result with (2.56) and (2.57) into (2.40) gives the

result we wanted.

Finally, we can also look at the time spent in each state over the lifetime of

the process.

Let 7 be the total time spent in state & > 2, and let p;, = E[m| X (0) = i].

Then,

ik = E(/ Iix@=rydt| Xo = Z) :/ pir(t)dt.
0 0

Thus

2 -
Hik = HGEk 2)(0)-
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This expression is obtained in (2.68) and so we can have our last theorem in

this chapter.

Theorem 2.7 All of the p, i > 2, k > 2, are finite and given by
2 (k=2)
par = G (0), (2.72)

where G;(s) is given in (2.69) and ng_Q)(O) is the derivative of G;(s) near 0.

Remark 2.1 At this point, we have considered the collision branching processes
i detail. We have discussions about the model settings, uniqueness , extinction
and explosion behavior of collision branching processes. This certainly helps us
. understanding the new challenging model in next chapter, i.e. interacting

branching collision processes.
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Chapter 3

Interacting Branching Collision

Processes

3.1 Introduction

Last chapter, we have discussed the collision branching processes. This chapter,
we will combine the collision branching model with an ordinary Markov branching
processes.

In practical cases, particularly in biological sciences, individual particles may
interact with each other. In this chapter, to relate this reality, we include a
collision component into a ordinary Markov branching process. We call these
processes interacting collision branching processes.

In the interacting collision branching processes, the two components, collision
branching processes (CBP) and ordinary Markov branching processes (MBP),
strongly interact with each other.

For the ordinary Markov branching processes, there are lots of reference al-
ready such as Harris [2002], Athreya and Ney [2004], Athreya and Jagers [1997]and
Asmussen and Hering [1983]. For the collision branching process, there are much

fewer papers discussing in this area, see Chen et al. [2004, 2010] and Kalinkin
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[2001, 2002]. Also, we have looked at some properties in the chapter before.
For the interacting branching collision process, it is much more troublesome but
interesting as the two components interact with each other.

We can use X (t) ,the number of particles living at time ¢, to be a continuous-
time Markov chain with non-zero transition rates.

Here, we give the formal definition. In this work, we are using the model
considered in Chen et al. [2012]. Sections 3.2 - 3.5 closely follow Chen et al.

[2012]. Section 3.6 closely follows Chen et al. [2014].

3.2 Preliminary and Mathematical Model

Definition 3.1 A g-matriz Q = (q;j; i,j € Z4) is called an interacting branch-

ing collision qg-matriz (IBC g-matriz) if it has the following form:

ibjivr + (3)Cjmina, U j2i-2,021
Gij = 2 (3.1)
0, otherwise

where

b0>0,bj ZO(]#l),ZZOZQbk >0 and — by :Zj;«élbj < 400,

co>0,¢;> 001 #2),) 1 lgck >0and —ca=3",,,c; < +00,

together with the conventions b_y =0 and (;) =0.

Definition 3.2 A Markov interacting branching collision process (henceforth
referred to as an IBCP) is a continuous-time Markov chain on the state space Z

whose transition function P(t) = (p;;(t);4,5 € Zy) satisfies
P'(t) = P(t)Q (3.3)
where @Q is given in (3.1) - (3.2).
It is obvious that the collision branching processes (CBP) have two absorbing
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states 0 and 1. However, unlike CBP, with the ordinary Markov branching pro-
cesses (MBP) component, state 1 is not an absorbing state. So, the absorbing/
extinction probability are considerably different from CBP in the chapter before
and this is very challenging.

Regularity and uniqueness criteria are considered in Section 3. Evaluation
of extinction probability will be discussed in Section 4 and 5. Section 4 focuses
on regular case and Section 5 focuses on irregular case. Furthermore, since we
may note that the closed forms for the extinction probabilities of the interacting
branching processes are sometimes very complicated, so we try to examine the
asymptotic behavior of the extinction probability in Section 6.

Similarly to CBP, if ) is stable and conservative, the Feller minimal process
for IBCP always exists. We need to investigate, under what conditions would
the processes be unique. In order to investigate these properties of IBCP, it is
necessary to define the generating function of two known sequences {by; k > 0}
and {cp; k > 0} as B(s) =Y oo bps® and C(s) = > _po, cxs™.

B(s) and C(s) are well defined at least on [—1,1]. We provide the following

lemma which will be used constantly throughout this chapter.

Lemma 3.1 (i) The equation B(s) = 0 has at most two roots in [0,1]. More
specifically, if B'(1) < 0 then B(s) > 0 for all s € [—1,1) and 1 is the only root
of B(s) =0in [0,1). If0 < B'(1) < 400 then B(s) = 0 has an additional root
in [0,1), denoted by py, such that B(s) > 0 for all s € [—1,py) and B(s) <0 for
s € (py, 1). Moreover, B(z) = 0 has no other root in the complex disk {z : |z| <
1}.

(ii) The equation C(s) = 0 has at most two roots in [0, 1] and exactly one root
in [—1,0). More specifically, if C'(1) < 0 then C(s) > 0 for all s € [0,1) and 1 is
the only root of the equation C(s) = 0 in [0, 1], which is simple or with multiplicity
2 according to C'(1) < 0 or C'(1) = 0, while if 0 < C'(1) < +oo then C(s) =0

has an additional simple root p. satisfying 0 < p. < 1 such that C(s) > 0 for
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s € (0,p.) and C(s) < 0 for s € (pe,1). Also C(s) = 0 has ezactly one root,
denoted by (. € [—1,0] such that C(s) > 0 for all s € ((.,0] and |(.| < p.. This
root is simple unless C'(1) = 0 and Y, cope1 = 0. Also, |(:| = pe if and only
if Yoo Cokir = 0. Moreover, C(z) = 0 has no other root in the complex disk
{zlz] <1}

Throughout this chapter, we shall let py and p. denote the smallest nonnegative

root of B(s) =0 and C(s) = 0 respectively.

Proof. Proofs are similar in the chapter for CBP and thus omitted. [

Lemma 3.2 Suppose that Q is an IBC q-matriz as defined in (3.1) - (3.2) and let
P(t) = (pij(t);i,5 > 0) and P(N) = (¢ij(N); 1,7 < 0) be a Q-function and its Q-
resolvent, respectively. Further assume that the Q-function P(t) and Q-resolvent
®(N) satisfy the Kolmogorov forward equation (3.3). Then for any i > 0, t > 0,

A >0 and |s| < 1, we have

OFi(t,s) _ C(s) 0*Fil(t,s) OF(t, s)
5 = 5 gz TB0)—5, (3.4)
or equivalently,
. C(s) 07PN, s) OD;(\, s)
AR, 5) = ' = —= - —— 5=+ Bls) - —5 = (3.5)

where Fi(t,s) = 322 pij(t)s? and @;(\,s) = 372 ¢ii(N)s7.

Proof. From (3.3),

J+2 k Jj+1
p;j <t) = ;plk(t) (2> Cj—k+2 + ;plk(t)kbjk+1

Multiplying s/ on both sides of the above equality and summing over Z, we
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immediately obtain (3.4).

o o0 j+2 oo j+1
IAUREED 9) SICI (4 ERNEEES 3p i Ree
Jj=0 2

J=0 k= j=0 k=1
= > <2>pik;(t) 7 Cioreas’ + > kpi(t) Y bjoppd
k=2 j=k—2 k=1 j=k—1
oo k o0 oo oo -
= Z (2>pzk(t) Zc]s]+k 24 Z kp(t) Z b,stthL
k=2 =0 k=1 =0
oo k: [ee]
= C(s) Z <2)pik(t)sk >+ B(s) Z kpa(t)s*~!
k=2 k=1

Let Fy(t,s) = 3.7 pij(t)s7,

OR(t5) _ OG)F*Rls) | o

OFi(t, s)
ot 2 Js ’

O0s

j=0

where @;(), s) = 377 ¢i;(N)s7. |

fo pij(t)dt denotes the expected time spent in each state over the lifetime of

the process.

Lemma 3.3 Suppose that Q is an IBC q-matriz as defined in (3.1)- (3.2). Let
P(t) = (pij(t);i,7 > 0) be a Q-function that satisfies the Kolmogorov forward

equations. Then
(i) fo pi;(t)dt < +o00(i,j > 1) and thus limg . pij(t) = 0(i,7 > 1).
(i1) For any i > 1 and s € [0,1),

i (/Oop” ) -7 < +o0. (3.6)

J=1
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Proof. We will make use of irreducibility of positive states. By Kolmogorov

forward equation,
(i)
Pio(t) = pia(t)co + pir (t)bo
= / pia(t)dt < oo since by, co > 0
0

= / pij(t)dt < oo for all i,j > 1.
0

(i) is proved.
(ii) from (3.4)

ip;j(t)sj = Cgs) iplk(t)k:( —1)s" 2 4+ B(s Zp“‘f - (3.7)

which can be rewritten as

s = [(k=1)C(s _
S5 =3 [E= 5 a0 ueyes (39
=0 k=1
We separate this problem into two situations, C'(1) < 0 and 0 < C'(1) < +o0.
If C'(1) < 0, we have C(s) > 0 for all s € [0,1). There exists k > 2, such that
% + sB(s) > 0 for any k > k. Then by (3.8) we obtain

|M?ﬁ

S [ CO) )lm(t}ksm

+{U%_#+SB } szk

Taking integration in the above ineequality with some little algebra, making the
second term of the right hand side of the inequality as the subject, we can get
(3.6).

On the other hand, if 0 < C’(1) < +o00, then again by Lemma 3.1 we know
that C'(s) = 0 has a smallest nonnegative root p. € [0,1) such that C(s) < 0

for any s € (pe,1). Now, for any & € (p., 1), there exists a & > 2 such that

44



w + 5B(3) < 0 for any k > k. Then by (3.8)

I e ]Zm

IN
1
—~
T
|

Integrating the above inequality yields that

{@_;ﬂ +35B (5)} : i ( /0 N pik(t)dt> fgk—2
> lim pio(t) — g — Z: {w I 53(5)] (/OOO pikdt) ko2
> —00
M

which implies (3.6) since + 5B(5) < 0. The proof is then completed. ®

3.3 Uniqueness

Before discussing the regularity and uniqueness, we need to consider the following

lemma.

Lemma 3.4 Suppose that Q = (g;5;4,j > 0) is a conservative g-matriz and E>1

is an integer. Define a new matriz Q* = (qj;;4,7 > 0) as

dij; Zf . > k
0, otherwise.

Then Q* is also a conservative g-matrixz. Moreover, if Q) is reqular then so is Q*.
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Proof. 'We only need to prove the last statement. Suppose that Q* is not regular,

i.e., the following equation

Q'Y > \Y

must have a nontrivial solution for some A\ > 0, which we denote that as ¥ =
(yi;1 > 0).
We can see that y; = 0 for 4 < k. From the definition, Y = (y;;4 > 0) must

also a solution of the equation
QY > )Y
So, for i < k,

(QY); = Z%’jyj = Z ¢y = 0= Ay;
5=0

j=k+1
since y; = 0 for all i < k.

While for i > k,
(QY): = (Q"Y)i = Ay;.

Therefore, () is not regular and this is a contradiction. We complete the proof.

Theorem 3.1 Let Q) is an IBC g-matriz satisfied (3.1) and (3.3). Then Q is
reqular if and only if C'(1) < 0.

Proof. 1If part: first assume that C'(1) < 0, if B’(1) < 0, B(s), C(s) are both

positive for all s € [0,1). From (3.5),
A ei(N)s > st se0,1). (3.9)

Letting s 1 1 in (3.9) yields that A3 "7 ¢;;(A) = 1, i.e. @ is regular.

Next, suppose that C’(1) < 0 and 0 < B’(1) < 400, again from (3.5),
M) 6ii(N)s —s' > B(s) Y guks*!, s €0,1). (3.10)
j=0 k=1
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If @ is not regular, there exists an i > 0 and a A > 0 such that A3 72 ¢;;(\) < 1.

Hence, there exist a § > 0 and an § € (p,, 1) such that for all s € [, 1] we have

s =AY (NS >0 (3.11)
=0
By (3.10) and (3.11) together with noting the fact that B(s) < 0 for all § € (pp, 1)
we obtain
0 < s =AY 05\’ < =B(s)>_ du(Mks*!
j=0 k=1
) S =AY dij(N)sT
< J <Y N)ks (3.12)
B STOREEY
Therefore,

oo o 1 5 B
;qbik()\)(l gty > / s = o0

which is a contradiction and hence @) is regular.
Only if part: given @ is regular. Suppose C’(1) > 0, by Chen et al. [2004]
There exist a* and b* such that
2c) + ¢ < a* <b* < Zj0j+2 (313)
j=1

and

00 J a* k—1
Z Cj+2 <F> > b*. (314)
Choose an € € (b* —a*) and let iy = [222] + 1. Define a ¢-matrix Q = (gi;;4,j > 0)

as

B (;) Cj—i+2 + ibj_i+1, if 7> 10
qij =
0, otherwise.

By Lemma 3.4, in order to prove Q is not regular, we only need to prove Q is not

regular.
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Define a (conservative) birth-death g-matrix Q* = (¢j;;4,j € Zy) by

p

()b if @ >dg,j=i+1,i>2
. (3) (@ +¢) it i > g, j=i—1,0>2
q;; = .
—() +a +e) if j=1i>i
| 0 otherwise.
Since
Z( 1 +...+M)
n=2 Inn-1 an+1qn 1n Qnn+1 " " 423
> n(n—1
= Z (2)(a +€) 4.
—~ n nn 1 b* )(n 2)b

2

2 1 a*t+e 1 (a*+e)" 2 1
- b*(;n(n—1)+ b m—Dm—2) T T2 2-1)

_ —ZZ (a* +5/b*)

n=2 k=2
b*nk
n=2 k=1
2 & kg
- 32;(1)) k(k—1)

By Theorem 3.2.2 in Anderson [1991], @* is not regular. Hence
M =-=Q)u=0 (A>0) (3.15)

has a non-trivial (non-negative) bounded solution denoted by u* = (uy;7 > 0). It

can be noted that ug = --- = u;p = 0 and u; > 0 for all i > iy with

b (w1 — ) = (" + &) (us — s 1)+Auz<;>_1, i>i (3.16)
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It can be seen that (u;;i > ig) is strictly increasing in ¢. From (3.16) for all & > 1

and ¢ > 1,

a* +e\" a*\
Uik — Uipk—1 = ( = ) (Uip1 — ug) > (b_*) (i1 — ug) (3.17)

and

uFrﬂng( N:ym—qu<<EJ@%—m4y (3.18)

a* + ¢

For all ¢ > i(, we can get

(Qu); = Z Qiju;

7: [ee] o
<2> <C()ui2 + U1 + E Cj—it2Uj — E Cji+2ui>

j=it1 j=i—2,j#i

+i<bouz‘—1 + Z bj—141uj — Z bj—z'—i—lui)

=it it

1

= (2> [Co(ui—Q u;) + c1(ui— — Z Cj—ivo(u )}
Jj=i+1
—|—’l|:b0 Ui—1 —U,L Z bj z+1 ):|
Jj=i+1

_ @)p@+@ﬂ4&h+%)

where Id = Co(ui - Ui_g) + cl(ui - Ui—l); Ib = Z;‘ii—&-l Cj_z‘_;,_g(u]' - UZ‘>, Jd =

bo(ui — wi—1) and Jy =377, b (uy — wy).
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By (3.16) and (3.17), we get

I, = Z Cj71+2<uj_ui)

j=i+1
o0

= Z Cir2(Wits — ui)
j=1

J

[e.e]
= Z Cj+2 Z(Uerk — Uipk—1)
j=1

k=1

00 J w\ k—1
Z Cjy2 Z (%) (Uir1 — ;)
j=1

k=1
* . — .
(2
> b ('U/ +1 'U/,L>

v

where b* is defined in (3.14), and
Jy = Z bjfi+1<uj — ;)
j=i+1
= Z bjs1 (Ui — i)
=1

J

o
= Z bj+1 Z(qu - Uz‘+k71)
j=1

k=1
00 J a* k—1
> ij+1 Z (E) (Uig1 — u;)
j=1 k=1
= B(Uiﬂ - Zz)

where b = Z;’il j+1 Zi:1<z_:)k_l~
By (3.18)

Ii = colu; — ui—g) + c1(ui — ui—q)
= (co+c)(u —ui—1) + coui—y — ui—2)
b*
< (COE + (co + 01)) (u; — ui—1)

< a*(ui — ui—l) (319)
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and

Jd = bo(ul — Ul',l).

Therefore,
(;) Ib + ZJb Z (;) b*<ui+1 — UfL) + igo(ui+1 — Uz)

and

<;> ]d + in S (;) a*(ui — ui_l) + Zbo(ul — ui_l)

_ (;) (" + &) (us — 1) — K;)g - zbo} (s — ui1)-

Therefore, u* = (u;;7 > 0) satisfies
Qu* > \u*. (3.20)
For all i < i, (3.20) is trivial. For ¢ > g, by (3.15), (3.18) and (3.19), we get

(Qu); = (;) I +iJ, — K;) Id+in] > Au; + K;)g — ibo} > Ay

Here, [(;)5 — ibg] > 0 since ig = [%] + 1. Thus Q is not regular and hence by

Lemma 3.4, () is not regular. [

Theorem 3.2 There exists only one IBCP which satisfies the Kolmogorov for-

ward equation.

Proof. Together with Theorem 3.1, we now only need to consider C'(1) > 0. To
prove that the IBCP is unique, we show that the forward equations have a unique
solution. Using similar logic in last chapter, to show this, we use Theorem 2.28

in Anderson [1991], i.e. we prove that the equation

YA =Q)=0,Y >0,Y -1 < oo (3.21)
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has non-trivial solution for some and (therefore for all) A > 0. Where I denotes
the column vector on Z, whose components are all equal to 1.
Suppose that {Y = y;;¢ > 0} is a solution of (3.21). For A =1, (3.21) can be

rewritten as

Yn = Z (yj (;) Cn—j+2 + jbnfjJrl)a n=>0

Jj=1

Multiplying both sides of the above equation by s”, summing over n > 0. We get

iynsn:Ya—i_YE)

n=0
where
Y, = B(S)Z:ynns"’1
n=1
and
. n n—2
Y, = C(S)Z o )Yns"
n=2
So we have
Y(s) = %S)Y” + B(s)Y'(s) (3.22)

First consider B'(1) > 0 and C’(1) > 0, this means B(s) < 0 and C(s) < 0 for
all s € (pp V pe, 1) and hence the right hand side of (3.22) is negative. However,
the left hand side is positive which is a contradiction.

If B'(1) <0 and C’(1) > 0, then

Y(s) < B(s)Y'(s), s € (pe,1),

and
Y'(s)
> B
Yis) = (s)
Hence
Iy (1) —InY( )>/1 ds__
n —InY(p.) > = +00.
=) B
But we know that 0 < Y (1) < oo, there is a contraction. |
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3.4 Extinction Probability

Having established that IBCP is uniquely determined by its g-matrix, we will
now examine some of its properties. Let {X(¢),¢ > 0} be the unique IBCP, and
let P(t) = {pi;(t)} denote its transition function. Define the extinction time 7y,
by

7' {inf¢t > 0,X(t) =0} if X(¢t) =0 for some t >0

0=

+o0 if X(t)#0 forall £ >0

and denote the extinction probability by
a; = P(mo < 00| X(0) =14), i>1.

Before we consider the absorbing behavior of IBCP, we need to establish two
lemmas for this purpose. For the absorbing behavior of IBCP we will separate it

into two different cases, regular and irregular.

Denote
Gi(s) = (/Ooopik(t)dt) sFoi>1 (3.23)
o) = [ ZE ve G 321

where integral should be taken along the inverse direction if y < 0. By Lemma 3.1,

we know that H(y) is finite for all y € ({., p.). Also, let

Aly) = exp{2H(y)}, y € (G pe)- (3.25)

We can also note that

H(O):07 H(y)<01fy€((c,0)
A(0) =1, Afy) <1lifye((,0)
A(y) — 0, 1iff H(y) — —oc.
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Lemma 3.5 (i) lim, .+ H(y) = —occ and lim,_ .+ A(y) = 0.
(i) 0 < C'(1) < +oo, ie. p. < 1. Suppose, if ppb = p. < 1, then 0 <

limy,. H(pc) < +00. If p. < pp <1, then lim,_, - H(y) = +o0.

Proof. Tt can be seen easily by definition of A(y) and H(y) respectively. ]

Lemma 3.6 (i) For anyi>1 and |s| <1,

C(s)
2

-G (s) + B(s) - Gi(s) = a; — 5. (3.26)
Moreover, for |s| < p., we have

Gils)- Al - Gl(0) = [ 20 =) 41y (3.27)

(i) For any i > 1,

lim G(s)A(s) = 0. (3.28)

s—Ce

Proof. From (3.4) with Lemma 3.3
S0 =) 3 (3 )palost* 4 s Z Ep(£)s5
=0 k=2
Integrating above equality with respect to ¢ € [0, 00) with
GI(S) = Z </ pik(t)dt) Sk.
k=1 0
Therefore,

a; —s' = @G;’(s) + B(s)G(s) (3.29)

Treat (3.29) as a first order differential equation in G(s), after some calculation,

we have

oI [G”( )+%G’( >} - {%mi )} Iy e,

7

[G’.(y)efoy o dﬂf} _ MA(%



and
1 ! o ° 2(@1- — yi)
Gi(s) - A(s) = Gi(0) = | —=—— - Aly)dy.
0
We now try to prove (3.28): lim,_.., Gi(s)A(s) = 0.
If -1 < (. <0, then |G(¢.)| < oo, by Lemma 3.5 lim,_,, A(s) = 0, (3.28) is
proved.

If (. =—1, C(—z) = C(x) for all z € [0,1]. For all x € (0,1),

B(—z)+ B(z) = 2) bya™ > 2
k=0
—B(—x) < B(zx)—2b

—s 2B(z) s 2B(—x)
Jo C(x) 9 —=¢e Jo @ dx

s _dx

< efo (=) d’”:A(S)e b J5 Tay

From (3.27) that for s € [0, 1),

Gi(=9)|A(=s) < Gis)A(s) e ho et
S * Aly) —4bg [ A=
< G; 0 —4bo [ cd(z> + (2/ —dy) o fo C(x)
(0)-e o Cy)
s x $ QbOIOy%) s _dx
< G; 0) - —4bg fo cd(I ) (2/ e—dy) —4bg fo T(z)
(0)-e 0 C(y)
s T $ —bofoy%) s _dx
< G; —4bo [, Cd(z ) (2/ e—dy) —bo [, C(z)
(0)-e 0 C(y)
< Gi( ) 4b0fs cd(i) + — 2 bofs c‘i’(i)
0
Therefore,
i [G(5)|A(s) = liny |G(~5)| A(—s) = 0.
and thus (3.28) is proved. |

Having the above lemmas and definitions, we are ready to consider the extinc-

tion probability. Firstly, looking at the case that () is regular, i.e. by Theorem 3.2,
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an IBCP g-matrix @ is regular if and only if C'(1) < 0.
Theorem 3.3 Suppose that C'(1) and B'(1) < 0. Then a; =1, (i > 1).

Proof. From (3.26)

C(s)
2

-GY(s) + B(s) - Gi(s) = a; — 5",

C(s) >0, B(s) > 0 for all s € [0,1). Therefore, a; — s* > 0. Let s — 1, we have

a; > 1. But a; <1 is always true and thus a; = 1. [ |

Theorem 3.4 Suppose that C'(1) < 0 and 0 < B'(1) < +o00. Thena; = 1(i > 1)

if and only if J = 400 where

" Aly)
J= / 29 4y 3.30
. Cly) 30
and A(y) is defined in (3.25). Moreover, if J < 400 then
)
ai:J_1~/y dy, i>1. 3.31
. Cy) Y (3.31)

Proof. Suppose J = 4+00. Since the positive states communicate to each other,
we have either a; = 1 for all « > 1 and a; < 1 for all 7« > 1. We try to prove by
contraction.

Assume that a; < 1. In (3.27), we have,

G (s) - Als) — G (0) = 2 /0 " “&‘y)y CA(y)dy + 2 / | “é(;)y CAly)dy. (3.32)

Let s — 1, first term on right hand side of (3.32) is finite and the second term
tends to —oo since J = +oo. This is a contradiction and we have a; = 1 for all

i > 1. Now suppose J < +o00. By (3.27) and (3.28),

~G0) = —2 /< “Czyi’ - Aly)dy. (3.33)
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Together with (3.27), we have

Define

Gifs) - Als) = /< S % - Aly)dy.

=J! Mdy (i>1).

T; =
e Cl)

Then by (3.34), a; > x; (i > 1). On the other hand,

Z ik Tk + Gio
k=1

? .
Z [(2) Ck—i+2 + Zbkiﬂ] Ty,

k=i—2

i

00 . k
- /1 Zk:l;z [(2) Cr—itr2 + Zbk7i+1:| Y efoy 2B(x) 4

C(y) e
Ce

1 (i i—2 . i1
J—l/ (2)0(3/)9 +iB(y)y oY ZC]?((;))dxdy

¢ C(y)

J! { /< : (;) Aly)y™dy +% /< 01 iA’(y)y"‘ldy}

i ! i—1)A i,Qd 1A/ ifld
2J{/<c< DA(y)y y+/<c (¥)y y]
Z[A(l) - Cl_lA(Cc)}

0.

(3.34)

We have use the assumption of J < oo and result from Lemma 3.5 for the last

step. By Lemma 4.46 of of Chen [2004] or Li and Chen [2006], we know a; < z;

(1 > 1), a; = x; and the proof is then finished.

We see that J < 400 if and only if Jy = fol %dy < 400 where the former J

is given in (3.30). In practice, it may be difficult to check whether J is finite or

not. So, we try to find some convenient sufficient conditions to check the quantity

J.

Corollary 3.1 Suppose that C'(1) <0 and 0 < B'(1) < +oc0. Then a; =1 (i >
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1).

Proof. Just note that

/1 2B(J,)d

A(l) = elo e ™ > 0,
P A(y)
——=dy = +o00.
Ce C(y)
From Theorem 3.4, conclusion follows. [ |

Corollary 3.2 Suppose C'(1) = 0 and 0 < B'(1) < +oo together with C"(1) <
oo. If C"(1) > 4B'(1), then J = 400 and thus a; =1 (i > 1). If C"(1) < 4B'(1),
then J < +00, a; < 1 and a; is given in (3.31).

Proof. By using L’Hopital rule two times, we get

o1 —2)B(z)  4B'(1)

li = — = —.
sol  C(x) cm -
Denote v = C,, ) for convenient. Let g(z) = %, and we can expand g(x)

as power series of z in the internal [0, 1) with the form

*)(0
ngx where g = J l{;'<)
k=0 ’
by (3.24)
1 & vk
H = = d
() kaogk/o 1_ -
2 £k | 11—z
k=0
1S v 1S [V, -
= §ng - dx+§ng Z(—l) (1—2)" dx
k= k=1 0 m=1
In(1 -
= (2 y)zgk-i-Hl(y)
k=0

We know that H;(y) is bounded and y € [0, 1],

o 2(1-2)B()
Zg’“_lﬁ? Clw) "

o8



This gives A(y) = A1(y) = (1 — y)” where A;(y) is bounded on y € [0, 1].
From the definition of Jy = fol %dy, and under the assumptions that C’'(1) =

0, together with J; is finite if and only if the integral fol =

dy :
oy 18 convergent, or

equivalently, if and only if 4B’(1) > C”(1). The proof is then complete. |

For regular case, we are now ready to consider the expected extinction time.

Theorem 3.5 Suppose that Q) is given in (3.1) - (3.2)and P(t) = (pi;(t);i,5 > 0)
is the Feller minimal Q-function. If C'(1) < 0 and J = +oo, then E;[1] < o0

(1 > 1) if and only if

[ L [ty s <o 335
and E;[r) is given by

where F; is the conditional expectation when the process starts from ¢ > 1.

Proof.  First note that E[rp] is the conditional expectation for the extinction
time, i.e.

Elrg] = / (1= po()dt = 3 py(Hydt = G(1),
our aim is to find G;(1). By (3.27), we have

1—1y")

Gi(s)- Al - o) = [V gy (3.37)
and
! o 0 2<ai B yz) .
Gi0) = | Fes - Ay (3.38)

Integrating (3.37), we get

= , 5 du s 1 u2<1_yz) 5
Gils) GZ(O)/O yien +/0 5 )/O o) Awdidu (3.39)

(u
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(pij(t);i,7 > 0) is the unique IBCP, i.e.

Substituting (3.38) into (3.39), we get

(u)

Letting s — 1 in (3.40), we have

C(y)

Gi(s) = /05[A1 /Cu 2l _yi)A(y)dy]dw

() C(y)

Gi(1) :/0 [Al /Cu 21~ yZ)A(y)dy]dU-

(3.40)

(3.41)

(3.36) is then follows from (3.41). It is trivial that (3.36) is finite if and only

if (3.35) is true.

In the case of C'(1) < 0 and J < +oo. It is trivial that E;[rg] = 400 as

C'(1) <0 and J < +o0, then

o<t | [ [ 2250

Proof.  The proof is similar to Theorem 3.5 and note that E;[7o|m0 < oo] =

a;' [ (a; — pio(t))dt.

a; < 1. As a result, based on the above theorem, we obtain a similar result. m

Theorem 3.6 Suppose that Q is an IBC q-matriz as in (3.1) - (3.2) and P(t) =

the Feller minimal Q-function. If

We should note that, in Theorem 3.6, the E;[15|79 < oo] is based on the

conditional mathematical expectation under the condition {7y < oco}.

3.5 Extinction Probability: Irregular Case

the Feller minimal ()-process and thus dishonest.
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We have looked through the regular case, i.e. C’(1) < 0. Now, we go to the

irregular case, i.e. 0 < C'(1) < +00, p. < 1. In this case, the unique IBCP is still



Theorem 3.7 If Q is irregular, i.e. 0 < C'(1) < co0. And also 0 < B'(1) < oo

with p. = py < 1, then a; = p'.

Proof. Putting s = p. in (3.7), we have
Zp;j (t)Pé = 0.
=0

Integrating above equality by both sides, we get
> pii(t)pl = pl.
=0

Letting ¢ — oo, and using dominated convergence theorem with Lemma 3.3 (i).

The conclusion is reached. [ ]

Theorem 3.8 If Q) is irreqular, i.e. 0 < C'(1) < co. And also 0 < B'(1) < oo

with p. = pp < 1, then the mean conditioned extinction time E;(1o|T9 < 00) is

Proof. From (3.26), we have

given by

C(s)
2

Gi(s) + B(s)Gi(s) = p. — &',

and solve this as a first order differential equation. Then, using similar method

in Theorem 3.5 will give the desired conclusion.

Theorem 3.9 Suppose that C'(1) > 0, i.e. p. < 1 and furthermore, p, < p. < 1,
for all i > 1, the extinction probability is given by

Pe inA(y)d
a; = =W - Agid . (3.42)
J& ety
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Proof. From (3.26),

c)

5 Gils) + B(s) Gi(s) =ai— s i 2 1 [s| < 1,

solving (3.26) on [0, p.) gives,

s 2B(z) 52 . y2Bz
Gi(s) - eli % — o) = [ —(a&y‘r) eld C .
0

B(x) dx

Therefore, G)(p.) < +oo and eld” o = 0.

Since [/ 261,3(1, dx = —oo with B(x) < 0 for all (py, p.). We have

Gi(0) = /% ey, (3.43)

Solve (3.26) on ((, 0] gives

s 2B(x S 2 . v 2Bz
Gi(s) i F — o) = [ (a&w 1) ol 80y
0

Therefore, G(C.) < +oo and eli® %d = 0. Since [;* Qéiﬁ)dx = —oo with

B(z) < 0 and by Lemma 3.5 we get

v [ 2(ai =) RO P
Gi(O)—/O —C’(y) dy. (3.44)

From (3.43) and (3.44), we have

Pe 2(@1 ) 1926{9 I>d$
/gc Cly) !

and thus (3.42) follows. |

Next, we will look at the case with p. < p, < 1. It is surprisingly that the
extinction probability for this case is very troublesome. Before we get the closed
form for the extinction probability, we try to get a lower and upper bound for

this.

Theorem 3.10 Suppose that C'(1) > 0, i.e. p. < 1, and furthermore, p. < pp <
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1; then p. < a; < p} for all i > 1.
Proof. This can easily be proved by putting s = p, and p. into (3.26), we have,

a; = Blp)Gi(pe) + p.

C / 7
a; = gpb) Gi(p) + py

Note that B(p.) > 0 and C(p) < 0. Therefore, p. < a; < p.. We can also see
that when p. < p, = 1, a; < pi = 1 which follows that IBCP is not honest.

In Theorem 3.10, we haven'’t calculated the extinction probability a;, when
pe < pp < 1. To improve the result, we do some mathematical transformation.

From (3.26), be rewrite as

ApGi (s) + Bo(s)Gils) = Us(s)

where Ag(s) = Cés), By(s) = B(s) and Uy(s) = a; — s*. Now we define

Al(S) = Ao(S)Bo(S)
Bi(s) = Bo(s)[Bo(s) + Ay(s)] — Ao(s)By(s)

Ui(s) = Bo(s)Us(s) — By(s)Uo(s)
then if we substitute the above equation set recursively, we can get

An($)G™ () + B, (s)G" (s) = Uy (s) (3.45)

)

A,(s) = An_1(s)Bp-1(s) (3.46)
Bu(s) = Bua(8)[Bua(s) + Apa(s)] = Ana(s)Boa(s)  (347)

Un(s) = Bn-a(s)U,1(s) = B, _1(s)Un-1(s) (3.48)

Note that all A,(s) and B,(s) (n > 0) are entirely expressible in terms of the
given functions, B(s) and C(s) and also independent of i. Similarly, all U,(s) are

expressible in term s of B(s) and C(s) together with the unknown constant a;.
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By (3.46), we can get

Aa(5) = Aols) [T Bels).

where Ag(s) = Cés) which has been defined above.

An(pe) = AnlC) = 0,7 > 0, (3.49)

Prove by mathematical induction, we have

By(pe) = (Bolpe) + nA(p.) ) ﬁBkw, ¥n>1 (3.50)
A (pe) = Ap(pe) [ Brlpe), ¥Yn>1
with -
Bu(p) = Blp:) > 0 and A4(p) = S <,
Similarly,
Bu(Ge) = (Bo(¢) +nAi(<.)) ﬁ)Bk(@), V> 1.
AL(G) = Ay (C) H Bi(&), Yn=z1
with -
Bo(¢.) = B(¢) > 0 and AL(¢) = O/é@ > 0. (3.51)

Lemma 3.7 Suppose C'(1) > 0, i.e. p. < 1 and furthermore, p. < p, < 1.Then
we have

(i) An(pe) = An(Ce) =0, ¥n > 0.

(i1) Bn(Ce) > 0, ¥n > 0.

(111) If —25,;((52)) is a positive integer m, then B,(p.) > 0 for all0 <n <m—1

and Bn(p.) = 0. If —QCJ?((;’CC)) is not a positive integer. Setting m as the integer
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part of—ZCE,;((Zz)), then By(p:) >0 for all 0 < u < m and B,,(p.) < 0.

Proof.
(i) has been shown in the above theorem.
(ii) can be easily proved by considering the above theorem with mathematical

induction.

N

(iii) considering (3.50), noting that Aj(p.) = C/(zpc < 0, the result is then

trivial.
|
Theorem 3.11 Suppose that p. < p, < 1.
(i) If C'(p.) + 2B(p.) = 0, then
a; = pl + ot (3.52)
(it) If C'(p.) + 2B(pe) > 0, then
pL+iopt < a; < p} (3.53)
(1i1) If C'(p.) + 2B(pe) < 0, then
pl < a; < min{p}, p’ +iop '} (3.54)
where o s a positive constant which is independent of i and given by o = —%.
Proof. By putting n = 1 in (3.45) - (3.48) together with the fact, we have
BICE) o B(s) (2B(s) + 0'2(3)) - C(s)B’(s)G;/(S)
= B'(s)(s" —a;) —is" ' B(s). (3.55)
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Putting s = p. in (3.55), with C(p.) = 0, G/ (p.) < +oo and GY(p.) < co. We

get
B(pe)[2B(pe) + C'(pe)I G (pe) = 2B'(pe) (ph. — ai) — 2ip, ' Blp).  (3.56)
If C"(pe) +2(pe) =0, we get
2B'(pe)(py — ai) = 2ip. ' Blp,)
ai = pltiop,"
(ii) If C"(pe) + 2(pc) > 0, similar to (i), we get
a; > p, +iop.t
together with Theorem 3.10, we get

pe < a; < min{py, p. +iop ).

By Theorem 3.11, we can find out the closed form of a; if C'(p.) +2B(p.) = 0.

In the next theorem, we now try to get the a; if C'(p.) + 2(p.) < 0.

Theorem 3.12 Suppose that p. < ppy < 1 and C'(p.) +2B(p.) < 0, then we have

i/ i y Bi(x)
chC y'B'(y )All(y) 'B(y fo A1(fc)d dy

x)
cB(y I 1zdr
fcc YOl el A dy

a; =

Proof. By (3.55), we know that for |s| < p,
A1 ()G (s) + Bi(s)G(s) = Ui(s)

where
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and

Ui(s) = B'(s)(s" — a;) — is" ' B(s).

Bi(s) Ui(s)
G (s)+ Gl(s) =
(s) A,(5) (s) A,(5)
c Bl( )
Solving the above equation on s € ((, p.), with G;’((c)efoc W 0, we get
s y Mdaz
G ()l By _ / Ui(y)el” wo™ (3.57)
Ce Ay (y)

c By (y)

Letting s 1 pe in (3.57), GY(po)e’® D™ = 0 and By(pe) = LB(pc)(C'(pe) +

Bq(z)
Pe Up(y)e
dy = 0.
/Cc Ai(y) y

2B(p.)) < 0, we have

ie.
Pc !/ - Pc ,,t R/ s 1—1 z
ai/ B(y)efyﬁyzgdd _/ y'B'(y) — iy By) jy 2a .
¢ Aiy) C Ax(y)
- zB/() 7,1 lB fy Bl(i)d
i = va Al(y) P @ dy
' e B'(y) J¢ 51D ge
fcc YOl y 0 Ar@ M dy
The proof is then completed. [

From this point, we only need to investigate the case of C'(p.) + 2B(p.) > 0.
To do so, we need to do some further transformation. Firstly, we need to know
more about the structure of U,(s) defined in (3.48). We also know that U,(s)
depends on 7 > 1. So, we include this factor into our notation and denote it as

Um'(S).
Lemma 3.8 For anyn >1 andt > 1, we have
)= Dui(s)Us; () (3.58)
k=0

where Uéf)(s) denoted the k’th derivative of Uy;(s) = a;—s', {Dpn1(s),0 < k < n}

are totally expressible by the two known B(s) and C(s). While D, x(s) does not
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depend on i > 1. {D,,(s)} can be written recursively as follows.
Dio(s) = —=B'(s), Dii(s) = B(s) (3.59)

Dn,k<5) = Dn—l,n—k(3>Bn—1(S) - Dn—l,k(S)B;L—l(5> + D;—l,k<S)Bn—1(3)v k<n-1

(3.60)
and B
Dyn(s) =[] Bul(s) (3.61)

Proof. Using mathematical induction with (3.48), the conclusions will be reached.

As an example, when n = 1,
Uii(s) = B'(s)(s" — ;) —is" ' B(s) = Dyo(s)Uni(s) + Dua(s)U; (s)

where D (s) and Dy 4(s) is defined in (3.59). |

Remark 3.1 From the definition of Uy(s), it can be noted that

nAt

k
Uni(s) = D Dus(s)Us. (s).
k=0
We may use the former notation for simplicity.

We now further consider the case that C’'(p.) + 2B(p.) > 0. Considering

B(pe) > 0 and C’(p.) < 0, there exists a positive integer m such that
mC'(p.) + 2B(p.) < 0 and (m — 1)C"(p.) + 2B(p.) > 0.

Our Theorem 3.10 and 3.11 are tackling the case m = 1. We now consider the

case for m > 2.

Theorem 3.13 Suppose that ) is an IBC gq-matriz, with p. < p, < 1 and
C'(pe)+2B(p.) > 0. Let m = mink € Z; kC'(p.) + 2B(p.) < 0 and thus m > 2.
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(1) If mC'(p.) + 2B(p.) = 0, then Ug(p.) > 0 for all0 < k < m —1 and
Un(pe) = 0. Hence by (3.58)

m/\z

! i~k

Dm,l(PC)
Dm,O(PC) ’

(11) If mC"(p.) + 2B(p.) < 0, then Ux(p:) > 0 for all0 < k < m —1 and

In particular, a; = p. +

Un(p:) < 0. Hence

p+m21m m—1,k( ! i~ <a<p+mZMD (ﬂc)_ il ik
¢ Dm 10 (Z—]{Z)' ¢ ‘ ¢ P 1l) (,0) (Z—k>‘ ¢
(3.63)

Dp—1,1(pec) Dy, 1(pe)

In particular, p. + 5 Tolpe) S <Pt B 00

Proof. From (3.50) that

k—1

Bu(pe) = %(23(,)6) 1)) [1 B, vh =1, (3.64)

J=0

From (3.64) and By(p.) = B(p.) > 0,

m = min{k > 1;kC"'(p.) + 2B(p.) < 0}

= min{k > 1; Bx(p.) <0}

From (3.47),
An(8)G D (8) + B ()G (5) = Up(s).

(i) Letting s = p. in the above equation,
Ap(pe) =0 and By, (p.) =0,

gives

Un(pc) = 0.
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(3.62) immediately follows from Lemma 3.8, by noting

mAL

DmO(pc PC +2Dmk c>—0

(ii) If mC’(p.)+2B(p.) < 0, we can prove that Uy(p.) > 0forall0 < k < m—1

and Up,(p.) < 0. and hence that inequalities (3.63) follows by noting

(m—1)Ai
Dm lﬁ(pc a; Z Dm lk ( c) >0
and
mAL
q k
Dino(pe) (@i = pb) + D~ Duna(s)Us; (pe) < 0.
k=1

Remark 3.2 In obtaining (5.62), we have assumed that Dy, o(p.) # 0. If Dy o(pe) =
0, using (3.58), we can set Dy, i(p.) =0, fori=1,2,3,--- etc. This means that

A (s) and B,,(s) are divisible by s — p.. This also means that
Ap($)G2 (8) + B ()G (5) = Uni(s)

could be reduced by dividing s — p.. Similarly, we have assumed that D,,_10(p.) >
0 and Dp,o(pe) > 0. If they are negative, the sign in inequality (3.63) will need

to be reversed.

Assumption 3.1 Suppose that @) is an [BC-q-matriz, with p. < p, < 1 and
C'(pe) + 2B(pe) > 0, under the setting in (3.46), we assume that A, (s) > 0 for
all s € (&, pe) where m = min{k > 1;kC"(p.) + 2B(p.) < 0}.

Theorem 3.14 Suppose that Q) is an IBC-g-matriz, with p. < p, < 1 and

C'(pe) + 2B(p.) > 0 and that —25((52)) is mot an integer. Let m = min{k >

1;kC"(pe) + 2B(p.) < 0}.
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(1) with the Assumption 3.1, i.e. An(s) > 0 for all (&, p.). The extinction

probability s then given by

mAi it rpe Y Dink(¥) JHi(y) g
_ 2ak=0 iR} Je. T An(y) © Y
. P (3.65)
€ Am(y) Y

where Dy, (y) and Hy,(y) = [} ﬁ:g; dx are defined in Lemma 3.8.

Proof. From (3.45), we have
An($)GY" T (5) 4+ B ()G (5) = Upa(s)

under Assumption 3.1, we solve the above equation and have

/
[G(mH)(y)eHm(y)] _ Uni®) r1,00)

GV (s)etn® - V() = [ Lot i, (3.66)
0

7 (2

By (3.50), we have

Bn(pC) = [B()(IOC) + nA/<pc)] H Bk(pc)‘

With our settings in this case, we know that B, (p.) > 0 forall 0 <n <m —1

and By, (p.) < 0. With A,,(s) > 0, for all s € (é‘c,pc) and by Lemma 3.7 noticing

/‘5 Bm(x)

that p,. is a root for A,,(z) = 0. We have e’ @ 50 as s — Pe- S0,

we can get

pe Umi(y)
—GmY ) = / eHm®) gy 3.67
. (0) ) Y (3.67)

Similarly, by (3.46), we have

m—1

B (&) = (Bo(&e) + mAy(&)) [ Belée) >0

k=0

with A,,(s) > 0, for all s € (&, p.) and, by Lemma 3.7, noticing that &. is a root

s Bm(z

for A,,(z) = 0, we have eflm(*) = — el Tm@® 0 as s — &.. We get

~G"(0) = /0 Z ((5; M@y, (3.68)
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From (3.67) and (3.68),

P Uni(y) u (s)
e"mdy =0,
/gc Am(ZJ)

(3.65) can be obtained with substituting U,,;(y) which defined in (3.58).

Assumption 3.2 Suppose that Q) is an [BC-q-matriz, with p. < p, < 1 and
C'(pe) + 2B(p.) > 0, under the setting in (3.46), we assume that there ezists a

s € (&, pe) such that A, (s) <0, where m = min{k > 1; kC'(p.) + 2B(p.) < 0}.

Remark 3.3 Under Assumption 3.2, we may worry about that fg (S ds, may
not be defined at the zero of A, (s) in (&, pe). We will consider the problem with
complex analysis. Since A, (s) is an analytic function of s, therefore, without
loss of generality, we assume 0 is not a zero for A(s). Otherwise, we can choose
another non-zero point of A(s) as the starting point of our discussion. Moreover,
we note that there are only finite number of zeros in (&, p.). Let &, be the
negative zeros, for each &, we can find a sufficient small radius vy, such that
A, (s) has no other zero on the disk {z;|z — &, | < ri}. As an example, let &,

as the smallest negative zero, for any y € (&.,&.,), define the complex integral

fc 8) dy where Cy is the closed curve starting and ending at y and along each
circle {z; |z — &.,.| =1k} as defined above together with alongside the real number

axis. The integral is then a real value. By Theorem of residue, the integral equals

to the sum of residues of A{i‘zl) at zeros of An(s). If we consider the upper part

of Cy, denote by C'y, because of symmetm’c property, fé

2 ny s) y
We denote this integral by (~) ¢, Y f ds for convenience. Szmzlarly, let p., be the

’m.

largest positive zero of Apm(s) on (&, pe), then for any y € (pey, Pe)- fc Am(s ds
15 also well-defined and 1s a real value given that the integral is not passing any

zeros of Ap(s).
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Theorem 3.13 Continued Suppose that Q) is an IBC-:
(1) with the Assumption 3.2 in Remark 3.3, i.e. there exist s € (&, pe) such
that A, (s) < 0, where m = min{k > 1;kC"(p.) + 2B(p.) < 0}. Then

mAT 3! c iikDm, ( ) m
_ o mm ) $ e My

a; (3.69)
() - By
% o B (z)
where Hy,(y) = (~) ¢/ oo de.
Proof. (ii) Again From (3.45), we have
An()G () + Bu()G™ () = Uni(s)
under Assumption 3.2, we solve the above equation and have
/
7 Umi(y) i
Ggm""l) ,y 6Hm(y):| — me eHm(y)
{ ) An(y)
Z ° Um%(y) Z
G(erl) S eHm(s) . G(erl) 0 :/ eHm(s)d
") o) = [ e
similar with (i), we obtain
7 Unily) 5
G(mﬂ)(() = (~ 7{ mird) o Hm(v) gy,
and
Ec U ( ) -
—GEmH) 0) = (~ ]{ mi\Y efm¥) gy,
0)=) o An(y)
From (3.53) and (3.54), we have
pe Umz(y) H
o f Lol
&6 Am(?/)
(3.69) can be obtained with substituting U,,;(y) which defined in (3.58).
|
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3.6 Asymptotic Behavior of Extinction Proba-
bility

Though the closed forms for the extinction probabilities of the IBCP are obtained
in the theorems above, some of the these closed forms are very complicated. This
part will show that, for large i,the asymptotic behavior of these complicated
expressions for the extinction probabilities actually takes a very simple form.

As a review and preparation, we first give a lemma about the properties of
A(s) given in (3.25).

Recall that —1 < (. < 0 is the negative zero of the generating function C(s)
and 0 < p. < 1 is the smallest positive zero of C(s). Also, p. = 1 if and only if

0<C'(1) < 4o0.
Lemma 3.9 (i) Suppose 0 < C'(1) < 400 and thus p. < 1. Then

A(y) ~ k(pe —y)* asy — p.

2B(Pc)
C'(pc)’

(i) A(y) ~ k(y — &)° asy — &, where 0 < k < +00 is a constant and

where 0 < k < +00 is a constant,. (i.e. independent of y) and o =

— 2B(&)
p= C'(&e) "

(111) Suppose C'(1) =0 and C"(1) < 4B'(1) < +o0. Then

Aly) ~ k(L —y)" asy — 17,

4B'(1)

where 0 < k < +00 is a constant (i.e. independent of y) and v = D -

Proof. Under the condition 0 < C’(1) < +o0, p. < 1 is a single zero of C(s) and

if we let
2B(x)(pe. — )

(3.70)

f(z) could be expanded as a power series of = on the interval [0, p.). Here we

view f(x) as a real valued function of z. Suppose the expansion takes the form
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of
= i frex® (3.71)
k=0

(k) . R o
where f, = % but we shall not use this fact for simplicity as it is not our

focus.

By (3.70) and (3.71), for 0 < y < p., we have

Y2B(x) , [
[ =[x

0

_ Zf/ oot

—x
k Y o
) (gfkpls>/o pc—erZf’fle (m)pﬁ /O(pc_x) L
B (3.72)

We use J; and J; for convenient and they will be further analyzed below.

From (3.71), J; in (3.72) can be further simplified as

(kapc) /Oy P f(pc)/oy pcdfx.

By L’Hopital’s rule, we know that

.) = lim e %) _ 2P
flee) = I =) T'lpo)

which is finite. Similarly, for Js in (3.72), it can be rewritten as

00 k k 00 k k m
=Yk 0 S W (L) e
k=1 m=1 m k=1 m=1 " \Pe
We can see that the first term in the right hand side of (3.73) is just a constant

and the second term of the right hand side is just a rational function of y and

clearly bounded for y € [0, p.]. By mean-valued theorem, J; can be written as a

constant k, such that

Aly) = exp (/Oy 261?(53) dw) ~k(pe—y)* as y — p, (3.74)
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where o = —f(p.) = 201?((5:))

For (ii), it is similar to (i), —1 < p. < 0 is the single negative zero of C(s)

and we let
(96)(56 — &)
then

k=0

For ¢, <y < 0, we have

[ [ e e

And then the conclusion of (ii) can be drawn similar to (i) with 8 = —f(&.) =
2B(&e)

(&) "

For (iii), since C’(1) = 0, there is no root on [0,1) and 1 is the zero of C(s)

with multiplicity 2. And we can see that 0 < B'(z) < oo, and we let
2B(x)(1 — x)
hz) = —%——.
() )
Noting that

Jim, h(z) = _Zg((;)) '

(iii) is also done similar to (i) and (ii).

|
Lemma 3.10 For any complex number a, we have
. I(z+a)
lim ———=27%=1 3.75
Jm o : (3.75)

where real part of a is positive and I'(+) is the gamma function

Lemma 3.10 is well-known result so the proof is skipped. We are now ready

to discuss the core part of this section, the asymptotic behavior of the extinction
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probability.

Theorem 3.15 If C'(1) =0 and 0 < B'(1) < 400, then

(1) the extinction probability {a;}, starting from state i > 1, is less than 1 (for
all i > 1) if and only if C"(1) < 4B'(1).

(11) In addition, if C"(1) < 4B'(1), then

a; ~ kyi™® + kyiTPE as i — 400 (3.76)

where k1 and ko are constants and oo = %15/;/'((11)) —1>0and = 2()]?((2)) > 0.

(111) Furthermore,

a; ~ ki™%, as i — o0 (3.77)
where k is a constant and o = % —1>0.

Proof. (i) is proven in this chapter earlier.
(ii) Suppose C’(1) = 0 and C”(1) < 4B'(1) < +o0, then by Theorem 3.4 and

Corollary 3.2 this chapter before.

1 [TYAW)
a; = J/gc W) dy (i>1). (3.78)

where J = f;c %dy is a finite constant which is independent of 7. We consider

the integral

. 1i1_y)’y 14
I(Z):k-/y(—d :k-/ i(1—y)2d
N At Al Oy( y)dy

where 0 < k3 < 400 is a constant and v = % > 1 since we have 0 < C"(1) <

4B'(1) < 400. It can be noted that

PG+ )0(y — 1)
INCEE)

1
/ y'(1—y) "2y =
0
with Lemma 3.10, we get

Il(i) ~ kyi'™, i — oo, for a constant ky. (3.79)
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Thus, we focus of [éi), similar to the treatment for Il(i), but we need to note that

& is a single zero of C'(s). Also with Lemma 3.9, we have

LY = k5/ Yy — &)ty
&e

> (0, we have

where ( = 5((?)

2
C7(Ee)

By Lemma 3.10 again, we get
I~ kgiPE (i — o00). (3.80)

Combining 7\ and I} in (3.79) and (3.80), together with the constant 1/.J, we

get (3.76) and noting that |(.| < 1, (3.77) is given.

Now, we can consider the irregular case, i.e. 0 < C’(1) < +o00. We separate
the irregular case into three subcases again similar to what we did in last section,
Pa=pe <1, pp <p.<land p.< pp <1, while p. and p,. is the smallest positive
zero of B(s) and C(s) respectively. For p, = p. < 1 is trivial and we get a; = p’

(1 > 1) before in this chapter. We now go to the second case, p, < p. < 1.

Theorem 3.16 If p, < p. < 1, then the extinction probability of the IBCP,

starting from i > 1, denoted by {a;}, possesses the following asymptotic behavior

a; ~ ki pt + koi P ((as i — 00) (3.81)

2B(PC) _ 2B(£C)
g >0 0= T

independent of i. Furthermore, we have

where o = > 0 and k1 and ke are constants which are

a; ~ ki~*p.  (as i — o). (3.82)
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2B(pe)

I

where k is a constant and o =

Proof. By Theorem 3.9 in this chapter, we know that the extinction probability

{a;}, starting from ¢ > 1, is given by

e Y A(y)
’ pe AW) 10, '
¢ Y
We see that the denominator of the right hand side of (3.83) is a constant and

is independent of i. Now, we look at the numerator. We separate it into two

integrals,
- ey Aly)
[(l) :/ Y dy
' o Cy)
and
) _ [T yAY)
= [ L2,
? & C(y)

1-2(1') is already analyzed in last Theorem 3.15, so we now focus on [1(1')’ note that
pe < 1 1is the single zero of C(s), for s € (0,1), by Lemma 3.9 (i), we know there
exists a constant k£ such that

A Pc ZA(y) Pe 3
Im:/ !/ dy:k‘/ y'(pe —y)* 'y
! 0 C(y) 0 (p )

where o = 201?((5)) > 0 as both B(p.) and C’(p.) are negative.

Doing some simple transformation, we have

pC . . 1 .
/ Y (pe —y)* 'y = ﬂ?a/ 2 (1—a)* da
0 0
me(’i + 1I'(a)
© Tl+a+1)

By Lemma 3.10, we have
]1@) ~ k:nz'_o‘pf:, as 1 — 00

and

]éi) ~ k21i_5§i, as i — 00
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with some constants k1; and ko;. (3.81) is proved. Noting that |(.| < pe, (3.82)

follows and this completes the proof. [ |

Now we can consider the third irregular case, i.e. p. < p, < 1. Note that by
Lemma 3.1, we know that C’'(p.) < 0 and B(p.) > 0. We can further divide our
consideration into three cases, as C'(p.) + 2B(p.) = 0, C'(p.) + 2B(p.) < 0 and
C'(pe) +2B(p.) > 0. We first deal with the case of C'(p.) + 2B(p.) = 0.

Theorem 3.17 If p. < p, < 1 and C'(p.) + 2B(p.) = 0. Then the extinction

probability {a;}, starting from i > 1, is given by

a; = pl. + oip! (3.84)
where o = — Bl Furthermore,
B (ﬂc)
a; ~ ki~®p’ (i — +00). (3.85)
where k = < is a constant and o = 2]?(’)6) =—1.
Pc C (Pc)

Proof. (3.84) is proved in Theorem 3.11 in this chapter before and then from
(3.84),

a; = p, + oip! !
when i — 0o, we have a; ~ ki~%p’ with the condition of C'(p.)+ B(p.) < 0 which

implies & = —1 . The proof is completed.

Now, we move to the second irregular case with C’(p.) + 2B(p.) < 0.

Theorem 3.18 Suppose p. < pp < 1 and C'(p.) + 2B(p.) < 0. Then the ex-

tinction probability {a;} of the IBCP, starting from i > 1, possesses the following
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asymptotic property,
a; ~ ki~ ®pt + kyi PEL (i — +00) (3.86)

where k1 and ko are constants and o = QB((”C)) <0 and g = 23(56)) > 0. Further-

more, we have
a; ~ kpl i (i — +00) (3.87)

2B(

where —1 < a = C,(”fz)) < 0 and k is a constant.

Proof. 1If p. < pp < 1 and C'(p.) + 2B(p.) < 0, then the extinction probability

{a;} is given by Theorem 3.12

. B (x
pe Y B W)—iv' 1Bl I R e g,

a; = &e 1;1(9) f d (388)
f&c Al(:yy) ’ Al(z xdy
Ap(s) = C<S), and By(s) = B(s),

2
Ai(s) = Ao(s)Bo(s) and Bi(s) = By(s)[Bo(s) + Ag(s)] — Ao(s) By (s),

where

B(s)(2B(s) + C'(s)) = C(s)B'(s)
5 .

Again, we see that the denominator is a constant. i.e.

Pe iB/ 4 ile v Bi(@)
Ce Ai(y)

In order to look at the properties of {a;} in (3.89), we try to separate the right

hand side of (3.89). Denote

. k./pc y'By(y) — iy By(y) ol fig;d “dy
0

a;, =
Ai(y)
0,im A | y By(x
i = k/ v Boly) — iy " Boly) iy ey, (3.90)
Ce Al(?J)

]‘y Md Yy Bl CC
Furthermore, we need to look at e’® 41@™ and therefore f @ da: By our
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definition above,

[age = Lo [ e [ o

where By(0) = by > 0 and Ay(0) = ¢ > 0.

As a result, we have

o[ 2] ol [ ) o

where k; is a constant which is independent of y. Put (3.91) into (3.90), we see

that

=

- _ . ("Y' Bly) — iy Bo(y), Aoly

e L) B
[Ty Bily) — iy Boly), Ao(y
=k / Ao<y>Bo<y> le(

B P iy' ' Bo(y) —
- k/ )

Bom 18 bounded on [0, pe| since p. < pp < 1, Bo(s) and B{(s) are bounded on

[0, pe]. By mean value theorem, there exist k; and ko which are both independent

of y and n such that

) Pc - Y B ($) Pe yBO(x)
a.+:/m/ i1 ex {/ 0 dm}d +k:/ "ex {/ dz bd
7 1 0 ) P 0 AO(ZE) Y 2 o ) P 0 A()(l') Yy

(3.92)

We note that exp { I fio( } actually is defined as A(y) in (3.25)and by using

Lemma 3.9, there exists another set of constants k; and ky that gives

Pc Pc
al = klz’/ Y pe —y)dy + kz/ y'(pe —y)“dy
0 0

where a = ZB((”“ < 0. Since C'(p.) + 2B(p.) < 0, we can deduce

—1<a<0. (3.93)

82



With some easy transformation,

pC . . 1 .
/ Y pe—y)dy = plpd / 21— x)¥da
0 0

1
= p’ja/ 71— z) e e
0

o TOT(L+ )

SAVAR .94
Pe Tli+1+a) (3:94)
Similarly,
pe D+ D01+ )
Wpe — y)*dy = pitite . 3.95
/O y'(pe —y)*dy = p; Tt 2+ a) (3.95)

When ¢ — o0,

o = kgt UL g e U DI+ )
Fii+1+a) T(i+2+a)
= kyip"iT T (1 + ) 4 koptt T (1 + ).

So, for a; and similar for a; , there exists a k; and ks such that

af ~ ki %p, (i — o)

a; ~ kyi €L (i = o)

with 5 = ZCE,}((EZ)) > (. Then (3.86) is proved. (3.87) comes from (3.86) directly.

Finally we consider the third irregular case, i.e. C’(p.) + 2B(p.) > 0. But
we know that C’(p.) < 0 and B(p.) > 0, there exists a smallest positive integer
m > 2, such that (m — 1)C"(p.) + 2B(p.) > 0 and mC"(p.) + 2B(p.) < 0. We let

= %, such that 0 < m —1 < a < m, we now consider the first subcase that

mC'(p.) + 2B(p.) = 0.

Theorem 3.19 Suppose p. < py < 1 and C'(p.) + 2B(p.) > 0. If there exists
a positive integer m such that mC’(p.) + 2B(p.) = 0, then there exists m + 1

constants {ko, k1, , km} such that the extinction probability {a;}, starting from
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1 > 1, can be written as
o
a; =Y ki'p". (3.96)
i=0

In particular, there exists a constant k such that
a; ~ ki~®p. (i — o0) (3.97)

where a = =< m.

QB(PC) — _
C/(Pc)

Proof.  (3.96) follows from (3.62) in Theorem 3.13 in the chapter before. (3.97)

can be easily seen by noting that k,,i"p.~"™ is a dominated term in (3.96). Here

2B(pc)

we have used m = —a = — .
C'(pe)

It can be seen that Theorem 3.17 is a special case of Theorem 3.19 when
m = 1.

Next, we consider the other subcase of mC’(p.) +2B(p.) < 0 for some m > 2.
Recall from (3.46) to (3.47), we have define A,,(s) and B,,(s) recursively from
A, (s) and B(s) for (m>n > 1).

A,(s) = An-1(s)Bn-1(s) (3.98)

By(s) = Bn-1(s)[Bn-1(s) + A, _1(s) = An_1(s) B, (s)] (3.99)

Explained in Remark 3.3, in order to avoid complex analysis, without loss of

generality, we assume that A,,(s) > 0 for all s € (&, p.)-

Theorem 3.20 Suppose p. < py < 1 and C'(p.)+2B(p.) > 0 and that —201?((;’;)) is

not an integer. Let m = min{k > 1, kC'(p.)+2B(p.) < 0} where —(m+1) < a =

2B(Pc)
C'(pe)

0}. Further assume that An,(s) > 0 for all s € (&, pe) where Ap(s) is defined

< —m for the positive integer such that m = min{k > 1, kC'(p.)+2B(p.) <

sequently as in (3.98) and (3.99). Then the extinction probability {a;} of the

IBCP (i > 1), starting from i > 1, possesses the asymptotic property that there
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exist m + 1 constants {ko, k1, -+, kn} such that

m

il i—l —a .
a; ~ ; K, = l)!pc i (i — 400) (3.100)

where o = QC?((SC)). Furthermore, we have

ai~k-pli~® (i — +o0) (3.101)
B(pc
where —(m+1) < a = 20,((56)) < —m.

Proof. By Theorem 3.14, we know that for sufficient large i, the extinction

probability {a;} is given by

oSty [ el [ e om

for some constant k that is independent of ¢ where A,,(s) and B,,(s) are defined
in (3.98) and (3.99). Recalling from Lemma 3.8, the function D, ;(s) etc are

given recursively as

and
Dii(s) =[] Bm(s). (3.105)

By (3.103) - (3.105), it is easily seen that all D,,;(s) are analytic functions of s,
as power series of s, and thus bounded in the interval [¢., p.|. It follows that the

{a;} in (3.102) could be written as

— i! pe gn—l { Y Bn(x)
a; = Ky — exp / dz »dy (3.106)
; (Z - l)' & Am<y> 0 Am(x)
where {kq, k1, , kn} are (m + 1) constants.
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Similar to what we have done in Theorem 3.18, we define

i = Shgty [ [ S

i = St [ e [ B

=0

where a; = aj + a;, then by (3.98) and (3.99), we have

Bn(s) _ Bmoa(s)  Ani(s)  Bpi(s)
An(s)  Ap_i(s) T ©  Bua(s) (3.107)

and thus

o [ ) o [ et B8

By repeating (3.107) and (3.108) and noting that % is just a constant, we

get that

exp{/oy izggdx} —k-exp{/oy ig—g;dsﬁ} : %. (3.109)

where k is a constant.

By using (3.98) we could easily see that for any n > 1, A,(s) = Ag(s) [1r—y Bk (s)-
Using this relation in (3.109) and then substituting the resulting (3.109) into
(3.106), we obtain that there exist (m+ 1) constants, denoted by {ko, k1, , km}

such that

P P
o = 2 by

Now since m is the minimal k such that kC’(p.) + 2B(p.) < 0, and hence p, is

iAW) Sy Aly)  f [Y2B()
Y (A (1)) p{/o 0 d }dy. (3.110)

not a zero of the function Ay(y) ZZ:(JI Ar(y)/(An(y))?. Thus by applying mean-
valued theorem together with (i) and (ii) of Lemma 3.9 we see that {a;} in (3.110)

could be written as

7l pe
ot =Y kot [ e )y (3111)
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2B(Pc)

o0 < 0.

where @ =

Similar, we have

R il pe
o=k | ey (3.112)

_ 2B(ﬂa)
where (= g < 0.
Using the same transformation we have used before together with using (3.94)
and the fact that |£.| < p. < 1, we could similarly prove (3.100). Then (3.101)

follows directly from (3.100). |

At this point, we try to use two theorems to conclude the asymptotic behavior
of the extinction probability. One is for the regular case and one is for irregular

case.

Theorem 3.21 Suppose C'(1) = 0, C"(1) < 400, B'(1) < 400 and Jy =

1 Ay)

0 mdy < 400, as it — 00, we have
a; ~ ki™® (i — o0) (3.113)
where o = 46{5,;/'((11)) —1>0 and k is a constant which is independent of 1.
Proof. See Theorem 3.15. [

Theorem 3.22 Suppose 0 < C'(1) < +o0, i.e. 0 < p. < 1. Further assume

oy # pe. Then when i — oo,

a; ~ ki~®p. (i — o0) (3.114)

2B(pc)

where o = o) and k is a constant which is independent of 1.

Proof. It can be easily note that Theorem 3.16 to Theorem 3.20 are special cases

2B(pe)

for Theorem 3.22 with different value of o« = Tl

i,e. a > 0, in Theorem 3.16,
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a = —1 in Theorem 3.17, —1 < a < 0 in Theorem 3.18, &« = —m for some m > 2

in Theorem 3.19, —(m + 1) < a < —m for some m > 2 in Theorem 3.19. |

Remark 3.4 At this point, we have considered the interacting branching collision
processes in detail. We have discussions about the model settings, uniqueness ,
extinction probability and its asymptotic behavior of the interacting branching
collision processes. One may notice that this thesis concentrates mainly on the
theoretical study of the models. Till now, we have not made attempts to perform
simulations. Actually, we understand the importance of real life applications and
simulations of theoretical results. These important parts will be considered in the
future.

From the interacting branching collision processes, we try some new methods
in discussing the model properties especially for the part about extinction probabil-
ity and its asymptotic behavior. In next chapter, we will make use of similar new
techniques to discuss another important generalized Markov branching process,
i.e. Markov Branching Process with Immigration - Migration and Resurrection.
We may also treat this model as an good example in applying related techniques

suggested in this chapter.

88



Chapter 4

Markov Branching Processes
with Immigration - Migration

and Resurrection

4.1 Introduction

In this chapter, we discuss a generalized Markov branching process with immigration-
migration and resurrection.

In this model, both state-independent and state-dependent immigration are
considered.

For state-independent case, Adke [1969] and Aksland [1975, 1977] considered
state-independent immigration with a birth-death process. For state-dependent
case, Yamazato [1975] considered a Markov branching process with immigration
only when the process is in state 0. This model is known as Markov branching
process with resurrection. See also Foster [1971], Pakes [1971, 1993], Pakes
and Tavaré [1981] and Chen and Renshaw [1990, 1993, 1995, 2000]. Li and Chen
[2006] considered a branching process with state-independent immigration and

resurrection which covered Yamazato’s model.
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In this chapter, the state-independent immigration-migration and resurrection
are considered together which is a generalized model of Li and Chen [2006].

Sections 4.1, 4.2 and 4.3 as far as Theorem 4.5 closely follow Li and Liu [2011].

Definition 4.1 A g¢-matriz Q = (gij;i,j € Z.) is called a branching g-matriz

with tmmigration-migration-resurrection, BPIMR q-matriz, if

hy, if i=0,j>0
dij = Z-bj,iJrl + a1, Zf 1>1,7>21—1 (41>
0, otherwise

where
hj 20(]#0), 0< —h(]:z;ozlhj < 00

a; 200 A1), 0 —ar =350, < (42)

bJZO(.]%l), Og—b122j¢1bj<00.

hj corresponds to the resurrection component, a; corresponds to the immigration-
migration component, and b; corresponds to the branching component. The gen-

erating functions will be defined below.

Definition 4.2 A Markov branching process with immigration-migration-resurrection
s a continuous-time Markov chain on the state space Z whose transition func-

tion P(t) = (pij;i,J € Z4) satisfies

where Q) is given in (4.1) - (4.2).

The structure of this chapter is as follows. Some preliminary results are
firstly obtained in Section 1. Uniqueness and regularity criteria are then obtained
in section 2. Section 3 discusses the details related to extinction probability if
no resurrection is considered. Asymptotic behavior of extinction probability is

discussed in Section 4.
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In order to investigate properties of BPIMRs, it is necessary to define the
generating functions of the three known sequences {hy;k > 0}, {ax;k > 0},

{br; k > 0} as

H(s) = thsk, A(s) = Zaksk and B(s) = Zbksk.
k=0 k=0 k=0

These three functions play important role in our later analysis. It is clear that

H(s), A(s) and B(s) are well defined at least on [—1,1].

Lemma 4.1 (i) If hg < 0, then H(s) < 0 for all s € [1,—1) and limy; H(s) =
H(1)=0. If hg =0, then H(s) = 0.

(11) A(s) is convex on [0,1] and A(s) = 0 has smallest nonnegative root p,,
such that A(s) > 0 for all s € (0, p,) and A(s) < 0 for all s € (pa,1).

If (1) =0, p, = 1 with multiplicity 2.

If A(1) <0, p, = 1 with multiplicity 1.

If 0 < A(1) < +o0, then p, < 1 which is simple. On the other hand, B(s)
shares the same properties.

(iii) For any k > 0, kB(s) + A(s) is convex on [0,1] and thus has at most
2 zeros on [0,1]. If kB'(1) + A'(1) < 0, then kB(s) + A(s) > 0 Vs € [0,1)
and kB(s) + A(s) = 0 has only one root 1 on [0,1] which is simple or with
multiplicity 2 according to kB'(1) + A'(1) < 0 or = 0. If kB'(1) + A'(1) > 0,
then kB(s) + A(s) = 0 has exactly two roots s and 1 on [0,1] with 0 < s < 1
such that kB(s) + A(s) > 0 for s € (0,s;) and kB(s) + A(s) < 0 for s € (sg, 1).
Moreover, both s, and 1 are simple.

() If A'(1) = +o0 and B'(1) <0 or 0 < A'(1) < +00 and B'(1) = 0, then
for any k > 0, the equation kB(s) + A(s) = 0 has exactly one root s € (0,1)

such that sy is increasing with respect to k and limy_,o, sp = 1.

Proof. The proof is skipped here as the result is trivial. [
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Throughout this chapter, we denote p, and p, as the smallest nonnegative

roof of A(s) =0 and B(s) = 0 respectively.

Lemma 4.2 Let P(t) = (pi;;1,7 > 0) and ®(N\) = (¢i;(N);4,5 > 0) be the Feller
minimal Q-function and Q-resolvent, respectively, where Q is given in (4.1) -

(4.2). Then for anyi >0 and s € [0,1),

pr s)pio(t szk +B(s) Y pult) - kst (4.4)
h=1

or equivalently,

/\Zﬁbz’j(/\)sj — ' = H(s)pio(A Z¢zk s~ + B(s) Zgbdc
=0

(4.5)
Proof. By the Kolmogorov forward equations in (4.3), we have
j+1
PU( = pio(t)h; + szk (@1 + kbj_kt1)
multiplying s/ and summing over j € Z,,
00 oo j+1
Zp’ij (t)s” = piolt Z hjs’ + Z szk (aj—ps1 + kbj_jt1)s’
j=0 7=0 7=0 k=1
= H(s)pio(l) + Z Z pik ()" (aj_kq1 + kbj_pi1)s’ !
k=1 j=k—1
= H(s)pio(t) + Y _pix(t)s > (a; + kby)s’
k=1 =0
= H(s)pio(t) + A(s) > _pu(t)s" ' + B(s) Y pun(t)ks*".
k=1 k=1
Using Laplace transform, we get
A hi(N)sT =" = H(s) - ¢io(\) +A(s)+ > du(N)s T+ B(s)- > gult) - ks* .
=0 k=1 k=1
The proof is then completed. [ |
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Lemma 4.3 Let P(t) = {pi;;i,7 > 0} be the Feller minimal Q-function where

Q is gien in (4.1) - (4.2).
(1) Suppose that ho = 0. Then for any i > 0,

/ pir(t)dt < oo, k>1 (4.6)
0
and thus

(17) tlim pi(t) =0, >0, k>1. (4.7)

(11i) Moreover, for any i >0 and s € [0, 1), we have

i (/Ooopik(t)dt) sF < 00, (4.8)

k=1
Proof.

(i) In our settings, ag + by > 0, from Kolmogorov forward equation
Pio(t) = pin(t)(ao + bo).
Integrating the above equation, we have
t
polt) =G+ (a0 +b) [ pu(u)da
0

which implies [;° pii(¢)dt < +oo for all ¢ > 0. Hence by the irreducibility of

positive states we know that
/ pw<t) < +0o0 for aHj 2 1.
0

(ii) is directly followed from (i).

(iii) Firstly, we consider the case of 0 < B'(1) < oo. There exists a k > 1
such that kB'(1) + A'(1) > 0. By Lemma 5.1 (iii), kB(s) + A(s) = 0 has a root
s; € (0,1) such that kB(s) + A(s) < 0 in (s;,1). Note that H(s) = 0 by our
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assumption and B(s) < 0 for s € (py, 1). Using (4.4), for s € (py V s, 1),

> pyt)s’ = pr B’ + B(s pr (1)js"™!
§=0
- pr 5] 1+A Z pij(t 5] !

j=k+1

k

)Y pi(t)js’" + B(s me )js’™!

Jj=1 j=k+1
E oo
< A(9)) pi(t)s + [kB(s) + A(s)] Y pi(t)s
J=1 j=k+1
Integrating the above inequality with respect to t yields,

0 o i limy oo pio(t) — 8" — A(s) D7, (fo pij(t dt)sj !
> (/0 pij(t)dt)s < TB(s) + Als) < +o00.

j=k+1
For the case of B'(1) < 0, either for the cases A’(1) = +o0 or 0 < A'(1) <
+oo with B/(1) = 0, from Lemma 5.1 again , we know that for any k > 1,
kB(s) + A(s) = 0 has a root s; € (0,1) such that s T 1 as & — co. So for any
s € ]0,1), there exists a k such that s, > § with kB(5) + A(5) > 0. Again from
(4.4),

Zp;j(t)gj = pr )5~ + B(3 ZPU )8!
=0

> A(é)ZpU(t)éH + B(3) .Z pij ()5
> (kB(3) + A(3)) - i ()& + A3 pr i

Integrating the above inequality with respect to ¢ yields,

[kB(3)+A(3)]- i (/Otpij(t)du> 1 < ipijgf—gi—A(g)i (/Otpij(u)du) &,

j=k+1 3=0 J=1
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Let t — oo and (4.6), we have

[e.e]

Z / pij(w)du - F71 < oo.
0

j=k+1
For the case of B'(1) < 0 with 0 < A’(1) < +o0, there exists a k£ > 1 such that
kB'(1)4+ A’(1) < 0. Together with the use of Lemma 5.1 (iii), (4.8) can be proved
similarly. (4.8) can be proved similarly while for the case of A’(1), B'(1) <0, it
is trivial with similar proof from above as A(s), B(s) > 0 for all s € [0,1). The

proof is then completed. [

4.2 Uniqueness

Now, we are ready to consider the regularity and uniqueness criteria for the

Markov branching processes with immigration-migration and resurrection.

Theorem 4.1 A BIMR g-matriz Q) is reqular if and only if
(i) B'(1) < +o0

(i) B'(1) = 400 and fsl %(S)ds = 400 for some (and for all) € € (pp, 1),

where p, < 1 is the smallest nonnegative root of B(s) = 0.

Proof. If part:
If B'(1) <0, by (4.5), for s € [0,1),

AS " 0N — s > H(s) - do(N) + A(s) Y 6y(A)s L
j=0 j=1
Let s T 1, we immediately see that
A ei(h) =1
=0

which implies
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A ei(h) =1
j=0

The Feller minimal @)-process is honest and () is regular.

Assume 0 < B'(1) < 400, the condition 0 < B’(1) < 400, implies f —Bds =
+o0o for some (and then for all) e € (pp,1). Therefore, we need to prove that @
is regular if and only if [~ —peyds = +oo for some (and then for all) € € (py, 1).
Suppose that f —pmds = +oo for some (and then for all) e € (pp, 1) but @ is
not regular. i.e. there exists a = 1— A7) $;;(A) > 0 for some i > 0 and a

fixed A > 0. Then there exists v € (pp, 1) such that

. > A
S =AY 65N 2 5 and [H(s)| + |AGs) < 5, s € (3,1
for s € (7,1), B(s) < 0 together with (4.6)

i S =AY 05N+ H(s)dio(N) + Als) - 3272, digs’ ™
Z P = ~B0)

L

= —6B(s)’

Taking integration for the above inequality, we have Zj; di;(N)(1 —49) >

6 -

ds = 400 which is a contradiction.

Only if part: Suppose on the contrary, if @ is regular, with 0 < B'(1) < 400
but f —pmds < +oo for some (then for all) € € (py, 1). Since 0 < B'(1) < +oo,
there exists a k such that kB'(1)+ A’(1) > 0. By Lemma 5.1 (iii), there is a root

€ (0,1) for kB(s) + A(s) = 0. i..

kB(s) + A(s) < 0 for all s € [¢,1]

and  jB(s)+ A(s) <0 for all s e [é 1], j >k,

where € = p, V 55, < 1.
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We define a g-matrix Q" = (¢j;;4,7 > 0) by

. Gij, 1>k, j =0
qi; =
0, ifi<ky j>0.
By Lemma 3.4 in last chapter, Q* is regular since @) is regular. i.e. Z;O:o pi;(t) =

1 (# > 0). Consider the equations

qij .
W=D N O ws L (4.9)
J#i
and
¢ .
g = L 0<wu; <1,7>0. 4.10
u jééi )\+qfuj <u i (4.10)

Since @ is regular, (4.9) has only trivial solution. Noting that (4.10) is dominated
by (4.9) and using Comparison Lemma (see Lemma 3.14 of Chen [2004]) yields
that (4.10) has only trivial solution and @Q* is regular. It is similar as in deriving

(4.4), we have

D P = Als) Y i 4 Bls) Y pi(t) 55’ s € (0,1)0 > k
j=k j=k+1 j=k+1
(4.11)
with
tlir?opfj(t) =0 4,j5>k+1
Integrating (4.11) with respect to s from ¢ to 1 where € € (£,1),
= . - DY p ()8 — Als) 7 vy ()8!
I O R e T G

j=k+1
We know that B(s) < 0 in (e0,1) and > 72 [pj;(t)] < 2¢; by Lemma 1.2(ii).
Consider the right hand side of (4.12), we have

/ Vv (1)) — Als) o5 ()
: B(s)

. bods
ds < 2(q; + |aq|) - “B(S) < 0.
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From (4.12), by Dominated Convergence Theorem, we have

lim Z p(t) - (1—e)=0, i>k+1. (4.13)

j= =k+1
We have also used lim; ., pj;(t) = 0 for any i,j > 0 by Chung [1967]. In other
words, by the honesty of pj;(t), we have

lim » “pr(t) =1, i>k+1 (4.14)

t—o0 £ -

However, consider (4.11) again, letting s = £ < 1, with jB(¢) + A(e) < 0 for

jzl%,lett—>oo,

S0P = 30 G B0 12 ke
=k Jj=ko+1

This means

lim » “pi(H)g <0, i>k+1

t—o00 <

and thus
tlg& Zp g J<et<l
This contradicts (4.14). Our proof is then completed. ]

We now have the regularity criterion of a BPIMR ¢-matrix (). How about
if the g-matrix @ is not regular? The next theorem shows that there still exists

only one Q-function which can satisfy the Kolmogorov forward equations.

Theorem 4.2 There exists only one BPIMR which satisfies the Kolmogorov for-

ward equations.

Proof.  We only need to consider the case B’(1) = +oo. To prove that the
BPIMR is unique, we show that the forward equations have a unique solution.

To show this, we will use Theorem 2.8 in Anderson [1991], i.e. we need to prove

98



that the equation
YA -Q)=0 (4.15)

has no non-trivial solutions for some and (therefore for all)Y > 0, YI < +infty
and A > 0, where I denotes the column vector on Z, whose all components are
equal to 1. Suppose that {Y = y;;7 > 0} is a solution of (4.15) for A = 1. (4.15)

can be rewritten as

n+1

Yo = Yol + D Y5 (@njir + jbuyrr), 02 0.
j=1

Multiplying both sides of the above equation by s", summing over n > 0,

00 oo n+l oo n+l
2" = Zyoh DD g+ Y Jbaabis”
n=0 n=0 j=1 n=0 j=1

_ Vv

Y, = Zyohn8n = QOH(S)

n=0
s)iynsn !
n=1
s) inyns" !
n=1
We have
Y(s) =yoH(s) Zyn -l B(s)-iozyn-ns”_1 |s] < 1.
n=1

yo(1— H(s)) + (s — A($)) Y _yms" " =B(s) Y yans"", |s| <1.  (4.16)

Since B'(1) = 400, B(s) = 0 has aroot p, € [0,1) and B(s) < 0 for all s € (pp, 1).
Since A(1) =0, and A(s) is continuous in [0, 1]. There exists an € € (p, 1) such
that A(s) < s forall s € (g,1). We can see (4.16) in (e, 1), looking at the sign of

coefficient of y,, (n > 0). y, =0 (n > 0) is proved and so is this theorem.
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4.3 Extinction Probability

In this section, Theorem 4.3 to 4.5 closely follows Li and Liu [2011] . Original
work starts from Theorem 4.6 onwards. Throughout this section, we will always
assume that hyg = 0 and thus the state 0 is an absorbing state. This helps us
in considering the property regarding the extinction probability and extinction

time.
Let {X(¢);t > 0} be the unique BPIMR, and let P(t) = {p;;(t)} denotes its

transition function. Define the extinction time by

inf{t > 0,X(¢) =0}, if X() =0 forsome ¢t>0,
T0 =
+o0 if X()#0 forall t¢>0.

Denote the extinction probability by
a; = P(19 < 00| X(0) =1),i > 1.

We shall consider the absorbing behavior of BPIMR in this section. As a
preparation, we first provide some more settings and notations.

From (4.4), with H(s) = 0, we have
D Pt = A(s)> pu(t)s T+ B(s) Y pu(t)kst (4.17)
§=0 k=1 k=1

Integrating the above equality with respect to ¢t € [0, 00) with

Gi(s) = D opy (f,7 pin(t)dt)s®, together with Lemma 4.3, we have

s(a; — s') = A(s) - Gi(s) + sB(s)Gi(s), s€[0,1) (4.18)
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Solve the differential equation we have

GG = [ (6 —VIRW) 4 e 0, ) (4.19)

y _Az) dz

where G;(0) =0, R(y) = elra 3B@ and

R(0) = lim efa zéa((z))dz _ 1 (0)

y—0F

<1 if A(0)=0.

pa and py is the smallest nonnegative root of A(s) = 0 and B(s) = 0 respectively.
Theorem 4.3 Suppose that p, = py. Then a; = pj, (1 > 1).

Proof. Putting s = p, into (4.18), we get a; = p. ]

Theorem 4.4 Suppose B'(1) <0 and 0 < A'(1) < +oo. Thena; =1 (i > 1) if

and only if J = +o00 where

_ [ Bw
—/0 B(y)dy (4.20)

y _Az) dx

where R(y) = eloa 3B

Moreover, if J < +oo then

"Y' R(y)
a; = Jl/ YY) gy, 0> 1. 421
0 B(y) ( )

Proof. Suppose j = 400, by the communicating property of the positive states,
we know that either q; =1 for all > 1 or a; < 1 for all ¢ > 1. Now assume that
a; < 1. From (4.19), we have

Gl(s)R(s):/Oal %dw/s %@. (4.22)

Let s — 1 in the above equality. Then the first term on the right hand side of
(4.22) is obviously a finite constant and the last term tends to —oo since J — +00.

However, the left hand side is either finite or +00. This is a contradiction and
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thus a; = 1 for all i > 1. Now suppose that J < +o00. Define z; = J~! fol %dy
(¢ > 1). Then by (4.19) a; > z;, (1 > 1).

On the other hand, it can be shown that (z;;¢ > 1) is a solution of the equation
ZQikxk+Qi0:07 0<xz; <1, i>1
k=1

Indeed, for any ¢ > 1,

> ! oii_ ibk—ir1 + Qp_ip1)y"
Z Gt +qo = J / i kBH koit1) R(y)dy
1 0 ()

o [Ny By) + T Aly)
= /0 B(y)

= J! [2/01 y"‘lR(y)der/OlyiR’(y)dy}
= J'[R(1) - R(0)]

'y _A)
6'/’)“ zB(x) dxdy

= 0.

Therefore, by Lemma 4.46 of Chen [2004], we know that a; < x; (i > 1). Hence

(4.21) is proved. The proof is done.

In practice, it may be difficult to check whether J is finite or not. So, we try

to find some convenient sufficient conditions to check the quantity J.

Corollary 4.1 Suppose that B'(1) < 0 and 0 < A'(1) < 4o00. Then a; = 1
(i >1).

1 Ax)

Proof. We note that R(1) = eloa 7B@ > 0 and thus J = 400, the conclusion is

then obvious with Theorem 4.4. ]

Corollary 4.2 Suppose that B'(1) = 0 and 0 < A'(1) < +oo together with
B"(1) < 4o00. If B"(1) > 2A'(1), then J = 400 and thus a; =1 (i > 1), while
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if B"(1) < 2A'(1), then J < 400 and thus a; < 1 (i > 1) and then a; is given by
(4.21).

—xz)A(x %) (k)
Proof.  Tet g(z) = Y028 g(x) = Y2 gka®, g = S5 Define H(y) =

y Ax)
pa zB(z) d

ng/ 11— dx

H(y) = ng/ 11_—;de
- ;gk [ ngk [ S as

paml

= (ID(IQ_M e 2_y )Zgwlﬁ(y)

—In(1 — a
_ I ngkJr p>+H1()

—In(1 —vy)

- OO ).
k=0

We know that H;(y) is bounded on y € [0, 1]

B(z) B

ng _ 1;?11 (1 ; x)A(x) 2A'(1)

24'(1)
B//(l)

’y:

y A(z

R(y) = elniot

= Ri(y)(1-y)

where R;(y) is bounded on y € [0,1]. It then follows that J is finite if and only
if the integral f (1y—V is convergent, or equivalently, if and only if B”(1) >

2A'(1). The proof is now completed. |
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Theorem 4.5 Suppose that p, < py < 1. Then for any v > 1, the extinction

probability a; is given by

Po Y R(y) d
Y
0 B(
a; = ﬁ (423)
0 By)dy
y _Alz)
where R(y) = el 8@
Proof. From (4.18)
s(a; — s') = A(s) - Gi(s) + sB(s)Gl(s), s€][0,1)
solve on (0, p), note that A(z) < 0 for « € (p4, pp) and then pp” ﬁ?(é?) dx = —o0
v A@ g ]’ v A)
G ( ) Joa 7B dx} = fpa zB(@) .
B (y)
o A@) g [0 A g, Poq y fy A@) g
Gl(pb)e pa =B(x) _ Gz(o)e pa zB(x) / pa zB(x) dy
0 B(@/)
Poy R(y)
. J0  B(y) "7
v fﬂb R(y)
|

In Li and Liu [2011], some calculation for the following cases of extinction
probability were not strictly defined. So, we try to solved the extinction proba-
bility in another way.

Now we focus on the case p, < p, < 1.
Theorem 4.6 Suppose that p, < p, < 1, then pi < a; < p’, for all i > 1.
Proof. Letting s = p, and s = py, into (4.18), we have

(ai —p}) = Blpa)Gi(pa)

a; = pfz + B(pa)G;(pa) < pfz
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po(ai — py) = Alpe)Gilpy)
A(ps)

Gi > i.
b (po) > py

ai = py+

Note that B(p,) < 0 and A(p,) > 0. We have p} < a; < pi. The proof is done.

From Theorem 4.6, we have obtained a bound for the extinction probability,
but actually we could do much better than this. To achieve this, we need to

define a simple transformation. From (4.18), we can rewrite as
Bo(s)Gi(s) + Ao(s)Gi(s) = Uy(s)

where By(s) = sB(s), Ao(s) = A(s) and Uy(s) = s(a; — ')
In the transformation, by doing differentiation to the above equation and

grouping terms, we can get

Bi(5)G(s) + A1(s)G(s) = Uy(s) (4.24)
where
Ai(s) = Ao(s)[Ao(s) + By(s)] — Bo(s)Ap(s) (4.25)
Bi(s) = Ap(s)Bo(s) (4.26)
Ui(s) = Ao(s)Us(s) — Ay(s)Uo(s) (4.27)

Recursively, we could easily show that for any n > 0

Bo(8)G" ™ (8) + A, (s)G™ () = Un(s) (4.28)
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where {A,(s), B,(s),U,(s)} are defined recursively as

An(s) = Ana(8)[Ana(s) + Byooa(s)] = Bua(s)Api(s)  (4.29)
B,(s) = An_1(s)Bn-1(s) (4.30)

Un(s) = An-1(s)U,1(s) = A, _1(s)Un-r(s) (4.31)

Note that all A,(s) and B,(s) (n > 0) are entirely expressible in terms of the
given functions. A(s) and B(s) are also independent of i. Similarly, U,(s) are
totally expressible in terms of A(s) and B(s) together with the unknown constant
a;.

By (4.30), we can get
n—1
s) [T Ax(s). (4.32)
k=0
By(s) = sB(s) which has been defined above
B,(py) = B,(0) =0 ¥n>0. (4.33)

Prove by mathematical induction, we have

An(py) = (Ao(pb)JrnBé(pb))ﬁAk(pb) (4.34)

B (p) = Bé(pb)ﬁflk(pb), Vn>1 (4.35)
with Ag(ps) > 0, By(ps) < 0. i

A, (0) = [Ao(0) + nB)(0 HAk (4.36)

B (0) = B()(O)HAk(O), Vn>1 (4.37)

with Ay(0) > 0, B)(0) > 0.

Lemma 4.4 Suppose py < p, < 1. Then we have
(1) Bn(py) = B,(0) =0, Vn >0;
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(ii) An(0) > 0,Yn > 0;

(1) If —p‘;(,’(’;i) is a positive integer m, say, then A,(py) > 0 for all 0 < n <

m —1 and A,,(py) > 0.

A(py)

Alps)
If Po B’ (py)

"~ B (py)

then A, (py) > 0 for all0 <n < m and A,,(pp) < 0.

18 mot a positive integer, setting m as the integer part of —

Proof. (i) has been shown before.
(i) Since Ag(0) > 0 and Bj(0) > 0, the result can be easily obtained by
mathematical induction.

(iii) The result directly follows from (4.34). |

There are some further extinction probability calculation in Li and Liu [2011].
However, some of the complicated settings are not well defined at some particular

points. So, the following theorems has solved those difficulties.

Theorem 4.7 Suppose that p, < pg < 1.

(i) If A(py) + puB'(py) = 0, then
a; = py, +iop;, (4.38)

while Byo(s) = sB(s), o is a constant and is independent of i, which defined as

Alpy)
A(pp)—ppA’ (pb) *

(ii) If A(py) + puB'(ps) > 0, then

g =

py+iopy, < a; < pf, (4.39)
(1i1) If A(py) + poB'(pp) < 0, then
ph < a; < min{p’, pi +iopi}, (4.40)

where o is a constant and is independent of © which defined as o = %.
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Proof. By putting n =1 in (4.24) - (4.27) together with the fact that G”(py) <

+o00 and G'(p,) < 400, we have
Bi(s5)G7(s) + Ai(s)Gi(s) = Ui(s)
sA(s)B(s)Gi (s) + {A(s)[A(s) + B(s) + sB'(s)] — sA'(5)B(s)} Gj(s)

= A(s)a; — (i + 1)A(s)s" — sA'(s)a; + s A'(s). (4.41)
Let s = pp, note that Bj(ps) = psB(p),
Alpo)[Alps) + By(pw))Gilps) = Alpo)ai — (i + 1) A(p) oy, — oA’ (po)ai + oy A' (o)

() T Alps) + poB'(ps) = 0, we have
(ai = py)[Alps) = P A'(p1)] = iA(po) P,

then
a; = ,02 + iapé,

where o is a constant and is independent of ¢ which defined as ¢ = %

0.
(ii) If A(py) + poB'(py) > 0, together with Theorem 4.6,

P +ioph < a; < pl.
(i) If A(pp) + poB'(ps) < 0, together with Theorem 4.6,

ph < a; < min{p’, p +iopi}.

By Theorem 4.7, we see that if A(py)+ppB’(pp) = 0, then the exact value of a;

(1 > 1) are given, while if A(py) + ppB'(ps) < 0, only better bounds are provided.
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In fact for this case, an explicit expression for a;, (i > 1) is available.

Theorem 4.8 Suppose that p, < p, < 1, if A(py) + poB'(pp) < 0, then

Aq(z
[ DG A ) Jh B
_Jo Bi(y) Yy
@i = y A1(w)
o A(y)—yA'(y fﬂb B1(m) d
0 B1(y) Yy

Proof. By (4.24), B1(s)GY(s) + Ai(s)G%(s) = Uy(s). Solve (4.24) as a first order

differential equation, we have

Aq(z) Aq(z)
fgb Bi(i)d 1 . Uy (y) fgb B}é)d

e

Bl<y)
1% G aa [ Uiy) T e
Gl PO — (o) gy
0 Bl(y)
Joy B dy A(y)
Since A1(py) < 0 and B1(%) > 0, we have e’z "'~ = 0, since %’ Bi(z)dy =
0 A1(y) g
—00. Similarly, we know that % mo® =0, we have
/pb ) efgf” Rt dxdy =0
o Bi(y)
Note that
Ui(y) = Ay)ai — (i + DAY — yA'(y)ai +y A'y)
Po (i+1)A(y)y -yt A'(y /i gﬁgd d
_Jo B1(y) y
“ Py Aly)—yAl(y) 1B B3
b Yy)—y Y) 02 z
o T mp ¢ W
The extinction probability is obtained. [

By Theorem 4.7 and 4.8, we have found the closed form of extinction probabil-
ity. For the case of A(py)+ppB’(pp) > 0, we need to do some more transformation
as preparation. Firstly, we need to know more structure of U, (s) defined in (4.31).

Note that U,(s) depends upon i > 1. To emphasize, we shall denote it as Up;(s).
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Lemma 4.5 For anyn >1 and 1 > 1, we have
Uni(s) =Y Dus(s)U; (5) (4.42)
k=0

where Uéf)(s) denoted the k’th derivative of Uy = s(a; — s°), {Dpi(s),0 <k <n
are totally expressible by the two known A(s) and B(s), while D, x(s) does not

depend on i > 1. {D, x(s)} can be written recursively as follows.

Dl,o(S) = —A,(S), D171(S):A(S)

(4.43)

Dpi(s) = Dp_1g-1(8)An-1(s) — Dp_1x(s)AL,_1(s) + D;_Lk(s)An_l(s), 1<k<n-1

n—1
Dyu(s) = [ Anls).
m=0
Proof. Using mathematical induction with (4.31), the conclusions will be reached.

As an example, when n =1,

Uri(s) = A(s)a; — (i +1)s'A(s) — sA'(s)a; + s A/ (s)
= Dio(s)Ug () + Dia(s)Ug (5)
Dig(s) = —A'(s) and Dy;(s) = A(s),

UO(?)(S) = s(a; — ') and U(()Z-l)(s) =a; — (i +1)s

Remark 4.1 From the definition of Uy(s), it can be noted that
Uni(s) = 32020 Das(s)Us: (5).

We may use the former notation for simplicity. We now further consider
the case that A(py) + ppB'(pp) > 0. Considering A(p,) > 0 and ppB'(pp) < 0,
there exists a positive integer m such that mp,B'(py) + A(pp) < 0 and (m —
D)ppB'(py) + A(pp) > 0. Our Theorem 4.7 and 4.8 are tackling the case m = 1.

We now consider the case for m > 2.
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Theorem 4.9 Suppose that Q is a BIMR-q-matriz, with py, < p, <1 and A(py)+
poB' (pp) > 0. Let m = min{k € Z; kppB'(py) + A(ppy) < 0} and thus m > 2.

(1) If mpyB'(py) + A(py) = 0 then Ug(py) > 0 for all0 < k < m — 1 and
Um(pp) = 0. Hence

mA(i+1) .
Dy 1 (0o 1
=y Pv m,0(pp) + Dima(pp) (i +1 = k)!
In particular,
4 — Dm,O(p0> p2 2Dm,1 (pb) , 2Dm,2(pb)
L=
6D 0(p6) + D1 (p6)"" " p6Dimo () + Do 1 () PoDmo(po) + D1 (pb)
(4.47)

(11) If mppyB'(py) + A(py) < 0, then Ug(py) > 0 for all 0 < k < m —1 and
Un(pp) < 0. Hence

e Y Do 14(p3) G+ s

, 4.48
kZ:O 0Ds10(p) + Donia(pw) (i + 1 — k)1 “48)
mA(i+1) .
Dy i (p5) G+D'
< < : : ! . 4.49
2 Do) + Do) 1B 449
Proof. From (4.34),
k—1
Ax(p) = (Alpw) + kB (p)) TT As(er), VI =1, (4.50)
j=0

From (4.28),
Bu(s) - GV (s) + A(s)GE™ (5) = Upa(s),

(i) letting s = pp in the above equation, B,,(py) = 0 and A,,(py) = 0 gives

Un(pp) = 0. (4.46) immediately follows from Lemma 4.5, by noting

Dino(po)(pva; — ") + Dia(py)[a; — (i + 1) p}]

mA(i+1) |:_ (Z + 1)' -

+ D i () . P = 0.
pt (i+1—kN?

(ii) if A(pp) + mpeB'(py) < 0, we can prove that Ug(py) >0V0 < k <m —1
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and Up,(py) < 0 and hence (4.48) follows immediately by noting

Din—10(po)(poai — p) + Din—11(po)[ai — (i + 1) p})

(m—1)A(>i+1) (i +1)! z’+1—k:| iy

IN(
D, [ S A

and

Dino(po)(pvai — py™) + Dy (py)[a; — (i + 1) p}]

mA(i+1) .
(+D! ik
+ Dy i(pv) { - = ot < 0.
e (i+1—Fk)N"?

In obtaining (4.46), we have assumed that D,, (py) and D,, 1(ps) is not equal
to 0. Similarly, we have assumed that D,,_10(py) > 0 and D, o(pp) > 0. If they

are negative, the inequality will need to be reversed. [

Remark 4.2 Actually, if D,,0(ps) = 0, we can prove from (4.42) that Dy, ;(py) =
0 fori=1,2,3,--- etc. This means that A,,(s) and B,,(s) are divisible by s — py.

This also means that
By ()G (5) + A ()G (5) = Un(s)
could be reduced by dividing s — py.

Assumption 4.1 Suppose that Q) is a BPIMR-q-matrix with py < p, < 1 and
A(py) + poB'(pp) > 0, we assume that B,,(s) > 0 for all s € (0, py) where m =
min{k € Z;kpyB'(py) + A(pp) < 0}

Assumption 4.2 Suppose that () is a BPIMR-q-matriz with p, < p, < 1 and
A(pp)+peB'(py) > 0, we assume that there exists an s € (0, pp) such that B, (s) <
0 where m = min{k € Z; kpyB'(pp) + A(pp) < 0}.
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Theorem 4.10 Suppose that Q) is a BPIMR-q-matriz with p, < p, < 1 and

A(py) + ppB'(pp) > 0 and that —péﬁbﬁb) is not an integer. Let m = min{k €
Zy;kppB'(po) + Alpp) < 0},
with Assumption 4.1, i.e. By (s) > 0 for all s € (0,p,). The extinction

probability 1s then given by

po oA+ Dinie(y)  (+1)! 41—k Hm(y)dy

_ - €
oo S (51
b [ Ym0y m,1\Y m
0 ( Bm(y) >6H Wdy

Am(x
where Hy,(y) = [2 Bmgwg dr.

Proof. From (4.28), we have

B ()G (8) + A ()GI™ () = Upi(s).

% %

Under Assumption 4.1, we solve the above equation and have

/
|:Gz(m) <y)eHm(y):| _ Umz (y) 6Hm(y)

B
" Unmi(y)
Ggm) s)eftm(s) — Ggm) 0)efm(©)  — / —mAgz eHm(y)dy.
( ) ( ) 0 Bm(y)

By (4.34), An(pp) = (Ao(pb) + nBé(pb)> 17— Ax(ps) with our setting in the
case, we know that A,(py) > 0 forall0 <n < m —1 and A,,(py) < 0 and by
Lemma 4.4, noticing that B, (p,) = 0 we have

s Am(z)
j%b 32(2)

—0ass—p,.

So, we get
lim G\™ (t)efm®) = 0
t—0+
since H,,(0) = f,%b gzgzg = —o0. Let s — p, , we get
-
/ ml(y) eHm(y)dy =0
0 Bm(y)
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then

Pb m/\(H—l) Dm 1 (y) (lJrl)' 'y’b-‘rl—k’eHm(y)dy

0 = 20 Lok= Bm(y) (i+1—k)!
v b (YDmoW)+Pma®) \ H,,
ob < OBm(?J) : )eH Wy
The proof is complete. [

{is ds may

Remark 4.3 Under Assumption 4.2, we may worry about that fpb
not be defined at the zeros of Bp,(s) in (0, py). This is not a great problem if we
include complex integral when this happens. See Remark 3.3 in last chapter for

details.

Theorem 4.11 Suppose that @) is a BPIMR-q-matriz with p, < p, < 1 and

A(py) + ppB'(pp) > 0 and that _PbAB(QIib) is not an integer. Let m = min{k €

Z.,;kpyB'(py) + A'(pp) < 0}, with Assumption 4.2, in Remark 4.3, i.e. there

exists an s € (0, pp) such that By, (s) < 0. The extinction probability is then given

by
pb \mA(i+1) D p(y) (41! i41—k Hp
0 — (MK 050 Tty aey ey (4.52)
! o ((yDm o) +Dma (W) \ i, '
(~) %" (y B >€H Wy

where Hy,(y) = (~) ,%’,, gmgx dx.

Proof.

Again from (4.28), we have
Bou(3)GY" TV (5) + A (8)GE™ () = Upai(s).

Under Assumption 4.2, by the same reasons in proving Theorem 4.10, we solve

the above equation

/
{Ggmﬂ)(y)eﬁm(y)} — Umi(y)eflm(y)

G§m+1)(8)6]:[m(s) _ G(m)(o)eﬁlm(o) = (~) j{S Umi(y)) eHmW gy,
0
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When s — p,,
P N
0= (N)J(Ig Unil¥) iy,

B.(y)
therefore, ‘ . ]
- (~) Opb Zn:AO(erl) l;rjr,lxzz(f)/) (i(iﬁ)k!)!ywkkeffm(y)dy
i (~) § (me,o(ByjISm,l(y)>efim(y)dy
The proof is then completed. [ |

4.4 Asymptotic Behavior of Extinction Proba-
bility

Though the closed forms for the extinction probabilities of the BPIMR are ob-
tained in the theorems above, some of the these closed forms are very complicated.
This part will show that, for large i,the asymptotic behavior of these complicated
expressions for the extinction probabilities actually takes a very simple form.

As a review and preparation, we first give a lemma about the properties of

R(y) used in (4.19).

Yy _Alx)

Lemma 4.6 (i) Suppose R(y) = e’re B () < B'(1) < 400 and p, < pp < 1.
Then
R(y) ~ k(py —y)*  as y—py,

Apy)
B’ (p)

(11) Suppose B'(1) =0, p, < pp =1 and B"(1) < 2A'(1) < +00. Then

where 0 < k < +00 is a constant (i.e. independent of y) and o =

Rly) ~k(1—y)" as y—1"

24(1)

where 0 < k < +00 is a constant (i.e. independent of y) and v = IOk
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(iii)

v A 0 if  A(0) >0,
R(0) = lim eloa = z)>dz _ f (0)
y—0t <1 Zf A(O) _

Y dx
(1v) Suppose Ry(y) = e'/%b Oy < pa < 1. Then

Ri(y) ~k(py —y)* as y—p,

where 0 < k < +00 is a constant (i.e. independent of y) and o = pz:AB(pr)b)‘

Proof.
(i) Under the condition 0 < B(1) < +oo and thus p, < 1 is a single zero of
B(s) and if we let

fla) = ;g% (pp — ) (4.53)

f(z) could be expanded as a power series of x on the interval [p,, py). Here we

view f(z) as a real valued function of z. Suppose the expansion takes the form

of
x) = kaxk (4.54)
k=0
By (4.53) and (4.54), for 0 < y < p,, we have
y v
[ A0y, [,
e zB(x) oo Pb— T
= ka/ T da
k=0 e PO T
:E:ﬁ/h%(m o)
k=0 “Pa Po =t

= (Zaat) [ 2 é<—1>m(§) A [

= i+ (4.55)

We use J; and J, for convenience.
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From (4.54), J; in (4.55) can be further simplified as

(kapb) [ = [

By L’Hopital’s rule, we know that

—A(py)
poB' ()

L Alx)
) = B

(oo — ) =
which is finite.
Similarly, for J5 in (4.55), it can be rewritten as
00 k k: m
sz ST kap’szL(——l) o (50)
m=1 m m=1 m

We can see that the first term in the right hand side of (4.56) is a constant that
is independent of y, while the second term in the right hand side of (4.56) is

clearly bounded for y € [pq, pp]. From mean-value theorem, J, can be written as

a constant ko such that

R(y) = exp { /py ﬁ}((xi) dw} ~k(pp—y)* as oy —py, (4.57)

A(pp)
P B’ (pb)

(ii) Since B'(1) = 0, there is no root on [p,, 1) and 1 is the zero of B(s) with

where 0 < k < 400 is a constant (i.e. independent of y) and o =

multiplicity 2, with 0 < A’(1) < co and we let

A(x)(1 —x)
hiz) = 22— 1)
(=) xB(x)
noting that lim, .,- h(x) = %{8). The conclusion can be obtained similar to

(i).
(iid) Tt is shown in (4.19).
(iv) Under p, < p, < 1, f(x) = ;]‘B((x)) (pp — ), f(x) could be expanded as

a power series of = on the interval [2, py). Here, we view f(r) as a real valued
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function of z. Suppose the expansion takes the form of f(z) = >".2, frz",

/dex: de

%b xB(:c) o pp— T

= kapb/ > _x+kaZ (k>p§m/;(pb—:v)””‘1dfﬂ

m=
= S+ )
we use J; and J; for convenience. From the above equation, J; can be simplified

dx Y odx
(kapb) /)b pb_x:f(pb)/pzb P

By L’Hopital’s rule, we know that

Aw)
)(pb )

as

—A(py)

= lim —_—
fen) Po B’ ()

e—pi TB(x

which is finite.

Similarly,

%) k k k
Iy — k Q __ k L Z 1
2 ;fkpbmzl - kapb; -
We can see that the first term in the right hand side of .J; is a constant that is
independent of y, while the second term in the right hand side is clearly bounded

for y € [, py). From mean-value theorem, .J; can be written as a constant ks,

such that

Ri(y) = exp { /j Alz) dfc’} ~k(pp—y)* as oy —py,

A(py)
B’ (py)

where 0 < k < 400 is a constant (i.e. independent of y) anda =
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Lemma 4.7 For any complex number a, we have

lim I'(z+a)

lim =7 2 =1 (4.58)

where real part of a is positive and T'(+) is the gamma function.

Lemma 4.7 is well-know result so the proof is skipped.
We are now ready to discuss the core part of this section, the asymptotic

behavior of the extinction probability.

Theorem 4.12 If B'(1) =0 and 0 < A'(1) < 400, then

(1) the extinction probability {a;}, starting from state i > 1, is less that 1 (for
all i > 1) if and only if B"(1) < 2A'(1).

(ii) In addition, if B"(1) < 2A'(1), then

a; ~ki™® as i— o0 (4.59)
where k 1s a constant and o = % —1>0

Proof.
(i) is proved in Theorem 4.4 and Corollary 4.2.
(ii) Suppose that B’(1) = 0 and p, < pp = 1, then by Theorem 4.4 and

Corollary 4.2 in this chapter.

1 [Yy'R(y) .
0= J/o Sy (0= 1) (4.60)

where J = fol %dy is a finite constant which is independent of 7.

We consider the integral

: "Y' R(y)
1= / SR ON
! 0 B(Q) Y

we know that y;}?;z)/) is bounded on [0, ] where 0 < ¢ < 1 for ¢ > 1. So, we focus
on the behavior of I\” when y — 1-. (f—% is bounded on [0, 1] as B/(1) = 0 and
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B"(1) < 400, with Lemma 4.6 (ii)

. 1i1_y)’y 1'
I(’):k/y(—d :k/ i(1—y) 2
i ) A e eal A Oy( y) T dy

0 < k1 < 400 is constant and v = % > 1, since we have 0 < B”(1) < 2A'(1) <

+00. It can be noted that

where I'(+) is the gamma function, with Lemma 4.7, we get
I~ ki, (i — o00) (4.61)

for some constant k, where v = 1 + a which is (4.59).

Theorem 4.13 Suppose that p, < pp < 1, then the extinction probability of the
BPIMR, starting from i > 1, denoted by {a;}, possesses the following asymptotic
behavior,

a; ~ ki~®pi (i — 00) (4.62)

_ _Alp)
when o = By )>0

Proof. By Theorem 4.5, we know that the extinction probability {a;}, starting

from ¢ > 1, is given by

Pb yR
0 dy

- fpb R(y) d

We see that the denominator of the rlght hand side of (4.63) is a constant and is

<1. (4.63)

i

independent of 7. Now, we look at the numerator, let

y_ (" Y RW)
19 = / Y20 ay,
! o By) /

Note that p, < 1 is the single zero of B(s) for s € (0,1), by Lemma 4.6 (i), we
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know there exists a constant & such that

) Pb ZR(y) Po 3
I(Z)Z/ ’ dy:k/ Y (pp — )" dy
' o B) 1 0 (o =9)

Alpy)

where v = —2fbs > 0 since A(py) and B'(p,) are negative.

/ Yp—y)*ldy = p?,*“/ a'(1—2)* 'da
0 0
ira L1+ 1) ()
P Tlita—1)

By Lemma 4.7, we have
I(Z) ]{Ii_a 7 -
1~ Py, T — 00.

This completes the proof. [ |

Now we turn to consider the case of p, < p, < 1. We know that B'(p,) < 0

and A(py) > 0. We can further divide our consideration into three cases as

Alpw) + pB'(ps) = 0,
A(py) + ppB'(py) < 0 and

A(py) + poB'(py) > 0.

We first deal with the case of A(py) + ppB'(pp) = 0.

Theorem 4.14 If p, < p, < 1 and A(py) + ppB'(pp) = 0, then the extinction
probability {a;} of the BIMRP, starting from i > 1, given by
a; = pj +iop;, (4.64)

_ Alpy)
where o = WP:A/(,%)' Furthermore,

a; ~ i %py (i — o) (4.65)

— _Alp)
B’ (p)
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Proof.  (4.64) is proved in Theorem 4.7. From (4.64), a; = p} + iopj, when

A(pp) — Alpy)
B’ (pb) A(pp)—pp A’ (pp) *

i — 00, we can easily get a; ~ 0i~%p} where a = =—1,0

Now, we move to the next subcase for p, < p, <1, 1i.e. A(py) + poB’(pp) < 0.

Theorem 4.15 Suppose p, < p, < 1 and A(py) + ppB'(pp) < 0. Then the
extinction probability {a;} of the BIMRP, starting from i > 1, possesses the

following asymptotic property,
a; ~ ki~%p; (4.66)

where k is constant, —1 < a = M < 0.
pu B’ (pb)

Proof. 1f p, < po < 1 and A(py) + ppB'(pp) < 0, then the extinction probability

{a;} is given by Theorem 4.8

oo (1) Aly) A Ty B
0 5i) € dy
a; = " Al(z>d (467)
o AWy @) i mEP

0 Bi(y)
Ao(s) = A(s); Bo(s) = sB(s),
Ai(s) = Ao(s)[Ao(s) + By(s)] — Bo(s)Ap(s)
= A(s)[A(s) + B(s) + sB'(s)] — sA'(s)B(s)

Bi(s) = Ao(s)Bo(s) = sA(s)B(s) (4.68)

Again, we see that the denominator is a constant, i.e.

Py (7 i _ 241 A y o Ay (@) g
A (1,69
0

Bi(y)

In order to look at the properties of {a;} on (4.69), we try to focus on [%, gigi; dx.
2
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By our definition above,

/y A1($)d [V Ao()

wBi(@) ~ Ju B o Bo(x) o Ao(2)
A, Bew) | Ad)
- [, B g ! Bo()

where Ag(2) > 0 and By(%2) > 0.

L mat g wat) oo

where k; is a constant which is independent of y. Put (4.70) into (4.69), we see

that
DAL -y A, Bl f [ ),
“oT k/o By (y) kle(y) p{ o Bo(x)d }dy
_ ? i+ Dy Aly) —y T AY), Boly) Y Ao(@) o
- LBy ) p{/ Bof) }dy
_ P+ Dy Aly) —y A y) Y o)
B kQ/o (Ao(y))? P { /ﬂQb Bo(l‘)d }dy
#(s) is bounded on [0, py] since p, < p, < 1, Ag(s) and Aj(s) are bounded on

[0, pp). By mean value theorem, there exists k1 and ks which are both independent

of y and 7 such that

b [y T @)y 1y 471
We notice that exp { f A go(z dm}dy actually is defined as R;(y) and by using

Lemma 4.6, there exists another set of constant k; and ks that gives
73 o
a; = ki(i +1) / Y (oo —y)*dy + kfz/ Yoy — y)dy
0 0
where a = (’)b)) < 0, since A(pp) + poB'(pp) < 0, =1 < ae < 0.

puB'(
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With some easy transformation,
t/ Yoy —y)dy = p?‘m{/ 7'(1—x)*dx
0 0

1
— pz—l-oz-l-l/ ZL‘Z(]_ —ZE)adZL'
0

o L@+ (a+1)
b Ll +a+2)

Similarly,
ri+2)'a+1)
I'(i+a+3)

oy ,
/ vy — ) dy = py "

0
Substituting the above results into (4.71), and applying Lemma 4.7, we will get

a; ~ kii~*p} (i — 00) and the proof is then completed.

Finally, we consider the case for p, < p, < 1 and A(py) + ppB'(ps) > 0. But
we know that A(py) > 0 and ppB'(py) < 0, there exists a smallest positive integer,
m > 2, such that (m—1)pyB'(pp) + A(pp) > 0 and mp, B'(pp) + A(py) < 0. Firstly,

consider the subcase that mp, B’ (py) + A(py) = 0. We let a = pr(@b) such that

O<m—-1<—-—a<m.

Theorem 4.16 Suppose p, < po < 1 and A(py) + poB'(pp) > 0. If there exists
a positive integer m such that mpyB'(py) + A(py) = 0, then there exist (m + 1)
constants, {ko, ki, , kn} with kg = 1 such that the extinction probability {a;},

starting from i > 1, can be written as

m

;=Y i+ 1) pf " (4.72)
=0

In particular, there exists a constant k such that

a; ~ ki~®pi (i — o0) (4.73)

A(pp)
B’ (pp)

where o = =—m <0.
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Proof.  (4.72) follows from (4.46) in Theorem 4.9, (4.73) can be easily seen by

noticing that k,,i™p, ™ is a dominated term in (4.72). Here —m = o = pféa’gb) <

0. [ ]

It can be seen that Theorem 4.16 is a special case of Theorem 4.14 when
m = 1. Next, we consider the other subcase of mp,B'(py) + A(py) < 0 for m > 2.
Recall from (4.29) to (4.30). We have define A,,(s) and B,,(s) recursively from
A,(s) and B,(s) for (m >n > 1)

An(s) = Ana(s)[An-1(s) + By 1 (s)] — Buoa(s) A, 1 (s)

n—1

Bn(s) = An_1(5)Bn_1(s).

Explained in Remark 4.3, in order to avoid complex analysis, with loss of gener-

ality, we assume B,,(s) > 0 for all s € (0, py).

Theorem 4.17 Suppose p, < pa < 1 and A(py)+poB'(py) > 0 and that — Alpy)

po B’ (pv)
is not an integer. Let m = min{k € Z,;kpyB'(py) + A(pp) < 0} where —(m +
1) < a= I;B(f% < —m. Further assume that B,,(s) > 0 for all s € (0, pp)

where By, (s) is defined in (4.29) and (4.30). The extinction probability, a;, of the
BIMPR, starting from i > 1, possesses with asymptotic property that there exist

(m+ 1) constants {ko, k1, ,km_1} such that

m

i
= k———pilie 4.74
SRP LGN T

A
where o = (,pb) . Furthermore, we have
B’ (pp)

a; ~ kii~%pp (i — o0) (4.75)

_ _ _Alpp) _
where —(m + 1) < = 5t < —m.

Proof. From Theorem 4.10, we know that for sufficient large i, the extinction
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probability {a;} is given by

S [ [y o

=

for some constant k that is independent of i where A,,(s), By, (s) are defined in

(4.29) and (4.30) and the function D,,;(s) are defined recursively as

Dio(s) = —A(s); Dii(s) = A(s), (4.77)
Dyi(s) = Dn1s-1(8)An-1(s) = Dp—1p-1(s)Aj_1(s)

+Dn 1k (8) Ana(s) (4.78)

Dpn(s) = H An(s) (4.79)
m=0
By (4.77) - (4.79), it is easily seen that all D,,;(s) are analytic function of s, as
a power series of s, and thus bounded, particularly within [0, p,]. It follows that
the {a;} in (4.76) could be written as

_Z lzitl—z /pb é;;) exp{ﬁ %dx}dy (4.80)

=i 2

where {ko, k1, , kn} are (m + 1) constants.

We note that

An(@) _ Ana(z) | Bja(x) AL (@)
Bo(@) ~ Boa(@) | Boa@) Ay i(2) (4.81)
Therefore,
P A() Y Api(@) ) | Bnoa(y) A1 (2)
&3 / el B / B Do)

Pb
By repeating (4.81) and (4.82) and noticing that — E 2}); is just a constant, we
m—1\ 7%

)

get that

ol [ b} -t [ S

By using (4.30). we could easily see that for any i > 1, B,.(s) = Bo(s) [1r—s Ax(s)-
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Substituting this fact into (4.83), then substituting the result into (4.80), we ob-
tain that there exist (m + 1) constants, again denoted by {ko, k1, -+ , ky} such
that

- . (¢ + 1! ” i Boly) Z:(]l By (y) ox Y Ao(x) .
aZ—Zkl(Hl_l)!/o y BT p{/p; Ok } (4.84)

=0

By mean value theorem and Lemma 4.6 (iv), we have

Z+1 P i+1— e’
Z T / Y oy — y)dy (4.85)

— (t+1-1)!

_ _Alew)
where v = B (o) < 0.

Using some transformation and Lemma 4.7, we can get

m

i e
a =) kg (i 00)

=0

where o = 20 and (4.75) follows directly from (4.74).

o B(pp)

At this point, we try to use two theorems to conclude the asymptotic behavior
of the extinction probability. One is for the case p, < pp = 1 and one is for the

case of p, < 1.

Theorem 4.18 Suppose B'(1) = 0, B"(1 ) < 2A'(1), and p, < pp = 1 with

A(z)
fl Rly) By < 00 where R(y) = elre DU g5 i — +o0, we have

a; ~ ki~ %p} (i — 00)

where o = % —1>0 and p, =1 and k is independent of i.
Proof. See Theorem 4.12. [
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Theorem 4.19 Suppose 0 < B'(1) < +o00, i.e. pp < 1, then when i — oo,
a; ~ ki ®p. (i — o0)

A(pp)

where o =
B’ (pp)

and py < 1 and k s independent of 1.

Proof. It can be easily note that Theorem 4.13 to 4.17 are special cases for

Alpp)

Theorem 4.19 with different values of o« = £hl
B’ (pp)

i.e. > 0 in Theorem 4.13,
a = —1 in Theorem 4.14, —1 < a < 0 in Theorem 4.15, a = —m for some m > 2

in Theorem 4.16, —(m + 1) < a < —m for some m > 2 in Theorem 4.17. ]

Remark 4.4 At this point, we have considered the Markov branching processes
with immigration-migration and resurrection (BPIMR) in detail. BPIMR is an
important model in Markov branching processes as it suggests immaigration for
rescuing a species from extinction. We have discussed about the model settings,
uniqueness , extinction probability and its asymptotic behavior of BPIMR. In
this chapter, we try the new methods, suggesting by the chapter about interacting
branching collision processes (IBCP), in discussing the model properties especially
for the part about extinction probability and its asymptotic behavior. Although
the results for the two models are not the same, this chapter does give us a better
understanding for the properties for BPIMR and the techniques we learnt in the
chapter of IBCP.
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Chapter 5

Further Discussion on Markov
Branching Processes with
Collision, Immigration -

Migration and Resurrection

5.1 Introduction

In this chapter, we discuss two generalized Markov branching processes. The first
one is Interacting Collision Process with Immigration - Migration and Resurrec-
tion (ICIMR). The second one is Interacting Branching Collision Process with
Immigration - Migration and Resurrection (IBCIMR).

In these 2 models, both state-independent and state-dependent immigration
are considered. From Chapters 2 to 4, we have discussed Collision Branching
Process, Interacting Collision Branching Process and Immigration- Migration and
Resurrection Process. We will further discuss other related models.

The structure of this chapter is as follows. This chapter is divided into two

major parts for ICIMR and IBCIMR. Some preliminary result for ICIMR are
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obtained in Section 2. Uniqueness and regularity criteria for ICIMR are then
obtained in section 3. Section 4 discusses the details related to extinction prob-
ability for ICIMR if no resurrection is considered. Then, sections 5-7 follow the
same structure for IBCIMR. Some preliminary result for IBCIMR are obtained
in Section 5. Regularity criteria for IBCIMR are then obtained in section 6. Sec-
tion 7 discusses the details related to extinction probability for IBCIMR if no
resurrection is considered.

In this chapter, the state-independent immigration-migration and resurrection

are considered together which is a generalized model of Li and Chen [2006].

5.2 Preliminary Settings for ICIMR

Definition 5.1 A g-matriz Q = (qij;i,j € Zy) is called a branching q-matriz
with interacting collision process with immigration-migration and resurrection,

ICIMR g-matriz, if

h;, if 1=0,7>0
4ij = (;)Cj—i+2 +aj_iy1, of 1>1,7>i-2 (5.1)
0, otherwise

where
hy>0(j #0), 0<—hg=3 722 h; <00

;200 #1), 0< —ay =3, a; <0 (5-2)
¢; 200 #2), 0<—c1=3,,¢ <oo.

We should assume, through this chapter, a_y =0 and (;) = 0.

Definition 5.2 An interacting collision process with immigration-migration-resurrection
1s a continuous-time Markov chain on the state space Z. whose transition func-

tion P(t) = (pij;1,7 € Zy) satisfies

P'(t) = P(t)Q (5.3)



where Q) is given in (5.1) - (5.2).

In order to investigate properties of ICIMR, it is necessary to define the gener-
ating functions of the three know sequences {hy; k > 0}, {ax; k > 0}, {cx; k > 0}

as
H(s) = thsk> A(s) = Zaksk and C(s) = chsk.
k=0 k=0 k=0
These three functions play important role in our later analysis. It is clear that

H(s), A(s) and C(s) are well defined at least on [—1,1].

Lemma 5.1 (i)If hy < 0, then H(s) < 0 for all s € [1,—1) and limsy H(s) =
H(1)=0. If hg =0, then H(s) = 0.

(11) The equation A(s) = 0 has at most two roots in [0, 1]. More specifically, if
A'(1) < 0 then A(s) > 0 for all s € [-1,1) and 1 is the only root of A(s) =0 in
[0,1). If 0 < A'(1) < 400 then A(s) =0 has an additional root in [0, 1), denoted
by pa, such that A(s) > 0 for all s € [—1,py) and A(s) < 0 for s € (pg,1).
Moreover, A(z) = 0 has no other root in the complex disk {z : |z| < 1}.

(111) The equation C(s) = 0 has at most two roots in [0, 1] and exactly one root
in [—1,0). More specifically, if C'(1) < 0 then C(s) > 0 for all s € [0,1) and 1 is
the only root of the equation C(s) = 0 in [0, 1], which is simple or with multiplicity
2 according to C'(1) < 0 or C'(1) = 0, while if 0 < C'(1) < +oo then C(s) =0
has an additional simple root p. satisfying 0 < p. < 1 such that C(s) > 0 for
s € (0,p.) and C(s) < 0 for s € (pe,1). Also C(s) = 0 has ezxactly one root,
denoted by (. € [—1,0] such that C(s) > 0 for all s € ({.,0] and |¢.| < pe. This
root is simple unless C'(1) = 0 and Y, copr1 = 0. Also, |(| = pe if and only
if > peoCokt1 = 0. Moreover, C(z) = 0 has no other root in the complex disk

{z ]2 < 1}.

Proof. These preliminary proofs are similar in the chapters for CBP and IBP

and thus omitted.
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Throughout this chapter, we denote p, and p. as the smallest nonnegative

roof of A(s) =0 and C(s) = 0 respectively.

Lemma 5.2 Let P(t) = (pi;j;i,7 > 0) and ®(A\) = (¢i;(N);4,5 > 0) be the Feller
minimal Q-function and Q-resolvent, respectively, where Q is given in (5.1) -

(5.2). Then for anyi >0 and s € [0,1),

Z p’Lj s)pio(t Z pik(t '+ C(s) Z pir(t) (5) s*2 (5.4)

or equivalently,

)\Z% s7 — 5" = H(s)pio(\ ZW C(S)§¢ik(k)<§)sk—2

(5.5)

Proof. By the Kolmogorov forward equations in (5.3), we have

Jj+1 j+2
pz]( sz h + szk Aj—f+1 T szk< )cjk‘+2

multiplying s/ and summing over j € Z,,

o oo j+1 oo j+2
Zp;] (t)sj = sz Z h 3] + Z szk a] k+13 + Z Zplk ( )Cjk+28j
7=0

J=0 k=1 j=0 k=2
= H(S)pio(t> -+ Z pik(t)sk_laj_kﬂsj_kﬂ
k=1 j=k—1
[o¢] (e.) k
35 o (§)
k=2 j=k—2
= H(s)pio(t) + Zpik ot Z&]SJ
k=1
+ ip k(t)sti i c;s’
k=2 Z j:O 2)"
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Using Laplace transform, we get

A Z ¢ij()\)5j 4§ = ( ¢20 Z ¢2k k1 + C(S) Z ¢zk<)‘) (l;) sk—2,

The proof is then completed. [

Lemma 5.3 Let P(t) = {pi;;i,7 > 0} be the Feller minimal Q-function where
Q is given in (5.1) - (5.2).
(i) Suppose that hg = 0. Then for any i > 1,

/ pij(t)dt < 400, (i,j > 1) (5.6)
0
and thus

(ii)thl?opij(t) =0, «>1,5j>1. (5.7)

(1ii) For anyi>1 and s € [0,1), we have

e}

Gils) = ( /0 h pik(t)dt) o < 400, (5.8)

k=1
Proof.
(i) We will make use of the irreducibility of positive states. From Kolmogorov

forward equation
Pio(t) = pia(t)co + pa (t)ao
Integrating the above equation, we can get [ p; (t)dt < 400 and [ pia(t)dt <

+o00 for all ¢ > 1 since

Qgp, Co > 0.

Hence by the irreducibility of positive states we know that
/ pij(t)dt < +oo for all 4,7 > 1.
0

(ii) is directly followed from (i).
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(iii) From (5.4), we have

Zp;j (t)s = A(s) Zpik(t)skfl + C(s) Zpik.(t) (I;) sh=2

which can be rewritten as

D05’ = Yleds) + ke~ Dlpn(t)2

k=1

We separate this problem into two situations, C'(1) < 0 and 0 < C'(1) < oo.
If C'(1) <0, we have C(s) > 0 for all s € [0, 1)

There exists a k > 2 such that % + sA(s) > 0 for any k > k. Then,

we obtain

[e’e) k—1 C(S) fe'e) )~ ~

Zp;j(t)sj > [sA(s) + Tk(k Vpar(t)s*72 + Z k(k — D)]pi(t)s*2
7=0 k=1 k=k

sA(s) + =D 5 [ put0ans= < tim poft) -
- k:1[sA(s) + w] /000 pie(t)dts =2,

With some simple calculation,we can get the result.
If 0 < C'(1) < 400, we know that C(s) = 0 has a smallest nonnegative root
€ [0,1) such that C(s) < 0 for any s € (p, 1).

Now, for any & € (p,, 1), there exists a k > 2 such that

k(k — 1)0(3)

5 +5A(8) <0

for any k > k.
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Then, we obtain

Sws = I st

+ Q) [T +3AG) ()5
S [k,‘(kf —21)0(~) + SA(S)] %pik(t)sk_2
+ I PE D sa @ty

Integrating the above inequality yields

[k<k 1)0 + SA(S Z/ pir(t)dts" 2

ESl

> lim pio(t) — 5 — [5G + —k(k_;)c(g)

]/ pik(t)dt§k_2 > —00
0

b
Il

o(k— 1)

which implies (iii) since &) 1 5A(3) < 0. The proof is then completed.

5.3 Uniqueness Criteria for ICIMR

Now, we are ready to consider the regularity and uniqueness criteria for the Inter-

acting Collision Process with Immigration - Migration and Resurrection (ICIMR).
Theorem 5.1 An ICIMR q-matriz Q) is reqular if and only if C'(1) <0

Proof.
Without loss of generality, H(s) = 0 in the following proof.

If part:
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Suppose C’'(1) < 0 and A'(1) <0, then A(s) and C(s) are both positive for
€ [0,1). By (5.5), for s € [0, 1),

A Z gf)ij()\)s] > g
=0
Let s T 1 yields that
A o) = 1
=0

which implies

A o(n) =1
§=0

The Feller minimal ()-process is honest and @) is regular.
Next, suppose C’(1) <0, if 0 < A'(1) < +o0, again by (5.5), for s € [0,1),

A 20 Big(N)s? — 8" = Als) 3002 dun(A)s™
If @ is not regular, there exists an i > 0 and a A > 0 such that A Y32 ¢i;(\) <

Hence, there exists a 6 > 0 and § € (p,, 1) such that for s € [, 1], we have

st—\ Z;i[) qbij()\)sj > 0.
By the above inequalities together and note that A(s) < 0 for 5 € (p,,1), we

can obtain
b < s — )\Z¢ij()\)3j < —A(s) Z@k()\)skil
: k=1
) )‘ZJ 0¢” ‘ N
) —A(s S Z ol Y
for s € [s,1).
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Therefore,
- (1— 3% /1 )
a2 s [0 g
Z¢k() L = ). TA(s) § = 400
k=1
which is a contradiction and hence @) is regular.
Only if part: Suppose on the contrary, if @ is regular, with 0 < C’(1) < +oc.
By a similar argument as in Chen et al. [2004] and Chen et al. [2012]. This part

can be easily proved.

We now have the regularity criterion of a ICIMR g-matrix (). How about if
the g-matrix () is not regular? The next theorem shows that there still exists

only one @-function which can satisfy the Kolmogorov forward equations.

Theorem 5.2 There exists only one ICIMR which satisfies the Kolmogorov for-

ward equations.

Proof. We only need to consider the case C’(1) > 0. To prove that the ICIMR
is unique, we show that the forward equation has a unique solution. To show
this, we will use Theorem 2.8 in Anderson [1991], i.e. we need to prove that the
equation

YA —Q)=0 (5.10)

has no non-trivial solutions for some and (therefore for all) A > 0, Y > 0 and
Y I < 400, where I denotes the column vector on Z, whose all components are
equal to 1. Suppose that {Y = y;;4 > 0} is a solution of (5.10) for A = 1. (5.10)

can be rewritten as

n+1 n+2 .
J
Yn = Yohn + Zyj<an—j+l> + Z Y (2) Cn—jt+2, n =>0.
j=1 j=2
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Multiplying both sides of the above equation by s", summing over n > 0,

00 oo n+l oo n+2 .
Z Yns" = Z Yohns" + Z Z Ay — ]+1yjs + Z Z ( ) Cn7j+2yi5n
n=0

n=0 j=1 n=0 j=2
= Yh+Ya+Yc

Y, = Zyohnsn = yOH(S)

n=0
oo n+l
— n
Y, = E E Up—j+1Y;S
n=0 j=1
() ()
= An—j+1Y5S
j=1 n=j—1
(9] (9]
— j—1 n—j+1
- E Y;S § An—j+15
j=1 n=j—1

= A(s) f: Yp s
n=1

oo n+2
}/c == ZZ( )Cn ]+2y]

n=0 j=2

I
NN
N\
N S,
~_
&
V)
b
w
- 1
o
3
<
+
no
V)
3
<
+
no

: i@

n=2
We have
O(s) —
Y(s) = yoH (s Zyn % Zynn(n —1)s"? |s| < 1.
n=2
yo(1—H(s)) Zyn = C;S> n(n—1)s""2 |s| < 1. (5.11)
—2

Since C’'(1) > 0, C(s) = 0 has a root p. € [0,1) and C(s) < 0 for all s € (p,,1).

Since A(1) = 0, and A(s) is continuous in [0, 1]. There exists an € € (p., 1) such
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that A(s) < s for all s € (¢,1). We can see (5.11) in (e, 1), looking at the sign of

coefficient of y,, (n > 0). y, =0 (n > 0) is proved and so is this theorem.

5.4 Extinction Probability for ICIMR

Throughout this section, we will always assume that Ay = 0 and thus the state
0 is an absorbing state. This helps us in considering the property regarding the
extinction probability.

Let {X(t);t > 0} be the unique ICIMR, and let P(t) = {p;;(¢)} denotes its

transition function. Define the extinction time by

inf{t > 0,X(¢) =0}, if X() =0 forsome ¢t>0,
T0 =
+o0 if X()#0 forall t¢>0.

Denote the extinction probability by
a; = P(19 < 00| X(0) =1),i > 1.

We shall consider some absorbing behavior of ICIMR and the difficulty in
evaluation in this section. As a preparation, we first provide some more settings
and notations.

From (5.4), with H(s) = 0, we have

S

Zp§j<t>sj = A(s) > pu(t)s" " + % > pu(t)k(k — 1)s"72, (5.12)

Integrating the above equality with respect to ¢t € [0, 00) with
Gi(s) = >y (Jy7 pir(t)dt)s®, we have

C(s)
2

GY(s) + Gi(s) =a; — s, s€l0,1) (5.13)
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sC(s)
2

G!(s) + A(s)Gi(s) = s(a; — s'), s€10,1) (5.14)

po and p. is the smallest nonnegative root of A(s) = 0 and C(s) = 0 respec-

tively.
Theorem 5.3 Suppose that C'(1) and A'(1) <0. Then a; =1, (i > 1).

Proof. From (5.13)

%@G;'(s) + A(s)Gi(s) = s(ai — ),
C(s) > 0, A(s) > 0 for s € [0,1). Therefore, a; — s* > 0. Let s — 1, we have

a; > 1. But a; <1 is always true and thus a; = 1. [ |

Theorem 5.4 Suppose that p, = p.. Then a; = p., (i > 1).

Proof. Putting s = p, into (5.13), we get a; = p’. |

At this moment, we have found the extinction probability, a;, for ICIMR for
the case of (1). both C’(1) and A'(1) <0 and (2). p, = pe.

In order to get the extinction probability for other cases, we need to solve
the differential equation (5.13). However, as the order of the differential equation
is more than 1. There is a need to know more about the transition function
P(t) = (pij;i,j € Zy). After having such information, we may be able to find
the extinction probability, a;, using numerical methods.

After studying Interacting Collision Process with Immigration - Migration and
Resurrection (ICIMR), we now discuss another related model, Interacting Branch-

ing Collision Process with Immigration - Migration and Resurrection (IBCIMR)
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5.5 Preliminary Settings for IBCIMR

Definition 5.3 A ¢-matriz Q = (gij;i,j € Z) is called a branching g-matriz

with interacting branching collision process with immigration-migration and res-

urrection, IBCIMR q-matriz, if

hj, if 1=0,7>0
Gij = (D) cjmive + @joipr +ibj_ipr, if i>1,5>i—2 (5.15)
0, otherwise
where )

hJZO(j%O), OS—hQZZ;)ilhj<OO
a; >0(j#1), 0<—a;=>.,,a; <0
J ( 1 Z];él J (516)
b; >0

)
(J#1), OS_bl:Zj;élbj<oo
(

c; >0(j #2), O§—01:Zj¢20j<oo.

\

We should assume, through this chapter, a_; =0 and (;) =0.

Definition 5.4 An interacting branching collision process with immigration-migration

and resurrection is a continuous-time Markov chain on the state space Z whose

transition function P(t) = (pi;;1,7 € Zy) satisfies
P'(t) = P(t)Q (5.17)
where @Q is given in (5.15) - (5.16).

In order to investigate properties of IBCIMR, it is necessary to define the
generating functions of the four know sequences {hy; k > 0}, {ax; k > 0}, {by; k >

0} and {c; k > 0} as
H(s) = Z his®,  A(s) = Zaksk, B(s) = Z brs® and  C(s) = chsk.
k=0 k=0 k=0 k=0

These four functions play important role in our later analysis. It is clear that

H(s), A(s) , B(s) and C(s) are well defined at leat on [—1, 1].
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Lemma 5.4 (i) if hg < 0, then H(s) <0 for all s € [1,—1) and limg; H(s) =
H(1) =0. If hg =0, then H(s) = 0.

(ii) The equation A(s) = 0 has at most two roots in [0, 1]. More specifically, if
A'(1) < 0 then A(s) > 0 for all s € [-1,1) and 1 is the only root of A(s) =0 in
[0,1). If0 < A(1) < 400 then A(s) =0 has an additional root in [0, 1), denoted
by pa, such that A(s) > 0 for all s € [—1,p,) and A(s) < 0 for s € (pa,1).
Moreover, A(z) = 0 has no other root in the complex disk {z : |z| < 1}. Same
property holds for B(s).

(111) The equation C(s) = 0 has at most two roots in [0, 1] and exactly one root
in [—1,0). More specifically, if C'(1) < 0 then C(s) > 0 for all s € [0,1) and 1 is
the only root of the equation C(s) = 0 in [0, 1], which is simple or with multiplicity
2 according to C'(1) < 0 or C'(1) = 0, while if 0 < C'(1) < 400 then C(s) =0
has an additional simple root p. satisfying 0 < p. < 1 such that C(s) > 0 for
s € (0,p:) and C(s) < 0 for s € (pe,1). Also C(s) = 0 has ezactly one root,
denoted by (. € [—1,0] such that C(s) > 0 for all s € (¢.,0] and |(.| < p.. This
root is simple unless C'(1) = 0 and Y, copr1 = 0. Also, |(:| = pe if and only
if Y oreoCoki1 = 0. Moreover, C(z) = 0 has no other root in the complex disk

{z;]2] <1}

Proof. These preliminary proofs are similar in the chapters for CBP and IBP

and thus omitted.

Throughout this chapter, we denote p, , p» and p. as the smallest nonnegative

roof of A(s) =0, B(s) =0 and C(s) = 0 respectively.

Lemma 5.5 Let P(t) = (pi;;i,7 > 0) and ®(N\) = (¢i;(N);4,5 > 0) be the Feller

minimal Q-function and Q-resolvent, respectively, where @ is given in (5.15) -
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(5.16). Then for any i >0 and s € [0,1),

pr s)pio(t szk s* '+ B(s kazk s* 14O (s) szk ( )

(5.18)

or equivalently,

A Z ¢ij(N)s? —s' = H(s)hio(A Z Pir(A
k—1 AW
s) Z(bik()\)ks + C(s) Z(,bik()\) (2)5 .19)

Proof. By the Kolmogorov forward equations in (5.17), we have

j+1 j+1 o
Pi;(t) = pio(t)hy + Zpik(t)aj—kz-i-l + Zpik(t)kbj—k+1 + sz‘k (2> Cj—kt2

k=1 k=1 k=2

multiplying s/ and summing over j € Z,,

o) oo j+1
> op0s = plt Zh YD pi(t)ajpes
Jj=0 j=0 k=1
0 J+1 oo j+2 .
3N puOkbipas + >0 pult) ( >Cj—k+23]
7=0 k=1 7=0 k=2
= H(s)pio(t) ‘|‘Z Z Pir(t)s" aj a7
=1 j—k—1
£33 a4+ 3 3 gt (B) e s
k=1 j=k—1 k=2 j=k—2

= sz + szk k_l Z CLij
=0
+ Z kpi (t)s* Z b;s’ + Zpik(t)sk_Q Z (S) c;s

j=0

— H(lt szk ka 0 S mlo(§)
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Using Laplace transform, we get

A di(N)s! s = H(s)ow() Zm
B(s)Y  ¢u(Nks* ™ +C(s) Y (N <’;) sh2,

k=1 k=2

The proof is then completed. [

Lemma 5.6 Let P(t) = {pi;;i,7 > 0} be the Feller minimal Q-function where
Q) is given in (5.15) - (5.16).

(i) Suppose that hg = 0. Then for any i > 1,

/ pij(t)dt < +oo,( 1,5 >1) (5.20)
0
and thus

(ii)tlirglopij(t) =0, «>1,5j>1. (5.21)

(11i) For anyi>1 and s € [0,1), we have

e}

Gils) = ( /0 h pik(t)dt) o < fo0. (5.22)

k=1
Proof.
(1) We will make use of the irreducibility of positive states. From Kolmogorov
forward equation

pgo@) = pir(t)ao + pir(t)bo + piz(t)co

Integrating the above equation, we can get

/ pir(t)dt < 400 and / pia(t)dt < 400
0 0

for all 7 > 1 since

ag, b(), co > 0.
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Hence by the irreducibility of positive states we know that
/ pij(t)dt < 4o0 for all 4,5 > 1.
0

(i) is directly followed from (i).
(iii) From (5.18), we have

S p (05 = A9) S pa(t)s + B(s) kazk )1 4 C(s) szk ()
=0 k=1

which can be rewritten as

> P () = [sA(s) + sB(s)k + @k(k — D]pa(t)s" 2.

j=0 k=1

We separate this problem into two situations, C’(1) < 0 and 0 < C'(1) < 0.
If C'(1) <0, we have C(s) > 0 for s € [0, 1).
There exists a k > 2 such that M +5A(s) 4+ sB(s)k > 0 for any k > k.

Then, we obtain

S0 = YA+ Bk + kG- Dl

i\

i 9+ sB(s)i + S = 1pa(t)52

k=k

Taking integration in the above inequality yields

[sA(s) + sB(s)k + w] Z(/Ooo pie(t)dt)s" 2

ot}

-1

< tlirilopio(t) — 5" — Y [sA(s) + sB(s)k + k(k—#l)C(s)](/ooo pir(t)dt)s" 2.

T

With some simple calculation,we can get the result.
If 0 < C'(1) < +o00, we know that C(s) = 0 has a smallest nonnegative root

pe € 10,1) such that C'(s) < 0 for any s € (p., 1).

145



Now, for any § € (p., 1), there exists a k > 2 such that

k(k —1)C(3)

5 + 5A(3) + §B(3)k < 0

for any k& > k.

Then, we obtain

Zp;j(t)gj = Z[M+§A(§)+§B(§)k]pik(t)§k‘2

< 2
k=k ~
-+ [k?(k? _21)0(5) + §A(§) 4+ §B(§)k]pik(t)§ki2
< 6100 | s sm6 me
+ i[w + SA(3) + 5B(3)k]pa (t)5" 2.

Integrating the above inequality yields

[M—FSA + 5B(5 Z/ P (t)dts* 2

> lim pio(t) — =% ) 5A(3) + 3B(5)k] / pi(t)dts* 2 > —o0
— 00 0

which implies (iii) since M + SA(S) 4+ §B(8)k < 0. The proof is then

completed. ]

5.6 Regularity Criteria for IBCIMR

Now, we are ready to consider the regularity criteria for the Interacting Branching

Collision Process with Immigration - Migration and Resurrection (IBCIMR).
Theorem 5.5 An IBCIMR q-matriz Q) is reqular if and only if C'(1) < 0.
Proof.
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Without loss of generality, H(s) = 0 in the following proof.
If part: Suppose C'(1) < 0,if A’(1) <0 and B'(1) <0, then A(s),B(s) and C(s)

are both positive for all s € [0,1). By (5.19), for s € [0,1),
A (Vs > st
=0
Let s T 1 yields that
A ei(h) =1
=0

which implies

A e(n) =1
j=0

The Feller minimal @-process is honest and @) is regular.

Next, suppose C'(1) <0, if 0 < A'(1) < 400 and 0 < B'(1) < 400, again by
(5.19), for s € [0,1),

AT GV — st > A(s) S5, d(Nst1 + Bls) S5 due(Aks .

If @ is not regular, there exists an i > 0, and a A > 0 such that A3 7% ) ¢;(\) <

Hence, there exists a 6 > 0 and § € (p, V pp, 1) such that for s € [3,1], we
have

s' =AY 220 9i(N)s? > 6.

By the above inequalities together and note that A(s) < 0 and B(s) < 0 for

all § € (pa V pp, 1), we can obtain

0 < s =AY 0N < —A(s) ) ()" = B(s) Y dun(A)ks"!
j=0 k=1 k=1

(5.23)
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With some simple calculation, we can get A Z;io ¢i; > +oo which is a con-
tradiction and hence @) is regular.

Next,suppose C'(1) < 0, if B’(1) <0 and 0 < A’(1) < 400, again by (5.19),
for s € [0, 1),

A Z;io Gij(N)s! — s' > A(s) 2272, dun(N)s* !

If @ is not regular, there exists an i > 0, and a A > 0 such that A 372 ¢i;(\) <

Hence, there exists a § > 0 and § € (p,, 1) such that for s € [3, 1], we have
st — )\ Z;i[) Qﬁm‘()\)Sj > 0.
By the above inequalities together and note that A(s) < 0 for § € (p,,1), we

can obtain

0 /\Z] 0(% ' .
A S SYE C< ;m (5.24)

for all s € [5,1).

Therefore,

o0 ~ 1
;@ko\) a-5 > /s %(S)ds = 400
which is a contradiction and hence @) is regular.
Similarly, suppose C’(1) < 0, if A'(1) < 0 and 0 < B'(1) < 400, again by
(5.19), for s € [0,1),
AT 6y(N)s7 — st = Bls) 52, du(\kst!
If @ is not regular, there exists an ¢ > 0, and a A > 0 such that A Z;io dij(N) <

Hence, there exists a 0 > 0 and 5§ € (py, 1) such that for s € [, 1], we have

Si - A Z;i() qbij(A)Sj > 0.
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By the above inequalities together and note that B(s) < 0 for § € (p,, 1), we

can obtain
§ < = Z $i(N)s < —B(s) Y di(N)ks"!
j k=1
) s' =\ Z -0 ¢U ' -
< I= <

—B(s) —B(s = Z_: P (X
for s € [5,1).
Therefore,

1
Z¢zk (1 —3§") > / %(S)ds:ﬂ)o

which is a contradlctlon and hence () is regular.

(5.25)

Only if part: Suppose on the contrary, if @ is regular, with 0 < C’(1) < +oc.

By a similar argument as in Chen et al. [2004] and Chen et al. [2012]. This part

can be easily proved.

5.7 Extinction Probability for IBCIMR

Throughout this section, we will always assume that hy = 0 and thus the state

0 is an absorbing state. This helps us in considering the property regarding the

extinction probability.

Let {X(t);t > 0} be the IBCIMR, and let P(t) = {p;;(t)} denotes its transi-

tion function. Define the extinction time by

inf{t > 0,X(¢t) =0}, if X() =0 forsome

T0 =

+o0 if X(t)#0 forall
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Denote the extinction probability by

We shall consider some absorbing behavior of IBCIMR and the difficulty in

evaluation in this section. As a preparation, we first provide some more settings

and notations.

From (5.18), with H(s) = 0, we have

D05 = A Dl BG) kaz oty S S k(e

k=1 k=2

Integrating the above equality with respect to ¢t € [0, 00) with

Gi(s) = > p i (fy” par(t)dt)s*, we have

@Gé’(s) + B(s)Gi(s) + ==Gi(s) =a; — ', s €0,1)

C(s)
2

GY(s) + sB(s)G(s) + A(s)Gi(s) = s(a; — '), s€[0,1)

1)sh2.

(5.26)

(5.27)

(5.28)

Pa; pp and p. is the smallest nonnegative root of A(s) = 0, B(s) = 0 and

C(s) = 0 respectively.

Theorem 5.6 Suppose that A'(1), B'(1) and C'(1) < 0. Then a; =1, (i > 1).

Proof. From (5.27)

SC()

G (5) + sB(s)Gi(s) + A()Gi(s) = s(ai — 5),

A(s) > 0, B(s) > 0 and C(s) > 0 for s € [0,1). Therefore, a; —

s — 1, we have a; > 1. But a; < 1 is always true and thus a; = 1.

Theorem 5.7 Suppose that p, = py = pe. Then a; = p., (1 > 1).
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Proof. Putting s = p, into (5.13), we get a; = p.. |

At this moment, we have found the extinction probability ,a;, for IBCIMR for
the case of both A’(1),B'(1) ,C'(1) <0 and p, = pp = pe-

In order to get the extinction probability for other case, we need to solve
the differential equation (5.27. However, as the order of the differential equation
is more than 1. There is a need to know more about the transition function
P(t) = (pij;i,j € Zy). After having such information, we may be able to find

the extinction probability,a;, using numerical methods.

Remark 5.1 At this point, we have considered two related Markov branching
processes in detail. As we know the importance of ICBP and BPIMR in chapters
before. Since ICIMR and IBCIMR introduced in this chapter are new models
having related intuitive meaning, there is a need to study their properties. We
have discussed the model settings, some properties about uniqueness , reqularity
and extinction probability and of ICIMR and IBCIMR. However, as the differen-
tial equations involved in the above models are even more complicated. We only
know the extinction probability for certain cases. Numerical methods may be in-
troduced to help our understanding for the two models, especially for evaluation

of extinction probability.
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Chapter 6

Conclusions and Future Work

6.1 Conclusions

In the previous chapters, we have studied some generalized branching models,
especially for the interacting branching collision processes and discussed some of
the important characteristics of the the corresponding @)-processes. This mainly
includes the uniqueness and regularity criteria, the extinction and the correspond-
ing asymptotic behavior.

In Chapter 2, the collision branching processes are studied in detail. We
review the uniqueness and regularity criteria for this model. Then, extinction
and explosive behavior are also considered in detail. This chapter mainly serves
as some background for our next model considered, the interacting branching
collision processes.

In Chapter 3, the interacting branching collision processes are considered in
detail. We study the uniqueness and regularity criteria for the model. Then,
we focus on the evaluation of the extinction probability for the processes. In
order to do so, we separate our problem into different subcases. We can see that
the collision component takes a relatively important part than the branching

component. After applying different transformations, we finally have the explicit
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forms of extinction probability. However, we note that some of the explicit forms
are very complicated. To deal with this problem, we consider the asymptotic
behavior of the extinction probability.

In Chapter 4, the Markov branching processes with immigration-migration
and resurrection are studied in detail. We studied the uniqueness and regularity
criteria for the model. Then, we go to the evaluation of the extinction probability
for the processes. In order to do so, we separate our problem into different sub-
cases. We see that the state-dependent branching component takes a relatively
important part than the state-independent immigration component. This is actu-
ally quite trivial as it means that, for a particular species, when the overall death
rate is larger than or equal to the birth rate, immigration and resurrection is nec-
essary to rescue the species. After applying different transformations, we finally
have the explicit forms of extinction probability. However, again, some of the
explicit forms are very complicated. To deal with this problem, the asymptotic
behavior of the extinction probability are then considered.

In Chapter 5, the interacting collision processes with immigration - migration
and resurrection and interacting branching collision processes with immigration
- migration and resurrection are considered in detail. We study some of the
uniqueness and regularity criteria for the models. We can see that the collision
component takes a relatively important part than the branching component and
immigration component. Then, we focus on the evaluation of the extinction prob-
ability for the processes. Some cases for extinction probability are solved. While
some cases are still needed further consideration as the differential equations are
too complicated to solved. Numerical methods may help for this purpose.

My original material starts from Chapter 4. The model used in chapter 4
were introduced by Li and Liu [2011]. In Li and Liu [2011], some calcula-
tion in cases of extinction probability evaluation were not strictly defined. My

contribution focuses on the extinction probability evaluation and discussing the
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asymptotic behavior for the extinction probability in Chapter 4. While two inter-
acting branching models are discussed in Chapter 5. Some important properties

for the two models are studied in detail.

6.2 Future Work

The models studied in the previous chapters play an important role in the study
of generalized branching processes. The models can be fitted in different practical
cases, particular in biological science, individuals usually interact with each other.
Immigration or protection of species are always a hot issue. The following are
some related further work that we would like to investigate in the future.

(i) We have included a branching component into the collision processes. Ac-
tually, according to different situations, we may include a migration component
into the collision processes, etc. Various combinations may fit in different real life
applications.

(ii) In this thesis, we have only considered at most 2 absorbing states in our
models. However, we may also considered that the case for having n(> 2) ab-
sorbing states. Evaluating the extinction behavior will be much more challenging,
but there may be such models in realistic situations.

(iii) It can be noted that our discussion in this thesis, theoretical study of
the models are focused. We have not made attempts to perform simulations.
Actually, we understand the importance of real life applications and simulations

of theoretical results. These important parts will be considered in the future.
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