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Organizational states of turbulence are identified through novel analysis of large scale pipe flow
experiments at a Reynolds number of 35 000. The distinct states are revealed by an azimuthal
decomposition of the two-point spatial correlation of the streamwise velocity fluctuation. States with
dominant azimuthal wave numbers corresponding to kθ ¼ 2,3,4,5,6 are discovered and their structure
revealed as a series of alternately rotating quasistreamwise vortices. Such organizational states are highly
reminiscent of the nonlinear traveling wave solutions previously identified at Reynolds numbers an order of
magnitude lower.
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There are two very distinct approaches to turbulence
research. One is based on a dynamical systems viewpoint
and the approach to the problem is to try to capture its
essence in a mechanistic, low-dimensional system.
Importantly, this approach has so far only been effective
at very low Reynolds numbers (Re) close to transition. The
other approach is a statistical one that has been employed
for many years (mostly using experimental data) to study
turbulent flows at a wide range of Reynolds numbers (even
very high Re). In this Letter we show that the dynamical
systems picture of coherent structures organizing the
dynamics close to transition persists at higher Reynolds
numbers. We identify the corresponding structures and
show that they resemble their low-Re counterparts.
Using the dynamical systems approach, significant

advances in turbulence research have been made through
applying ideas from finite-dimensional dynamical systems
theory to the governing equations of fluid flow (the Navier-
Stokes equations) [1]. This has led to the discovery of
“exact coherent states” [2,3], which are essentially invariant
solutions of the Navier-Stokes equations, in turbulent
flow. A prime example is that of unstable, nonlinear
traveling wave solutions in a turbulent pipe flow close to
transition [4–9].
In recent years, the more traditional approach has also

made great progress through increasingly sophisticated
experimental methods [10] and direct numerical simula-
tions (DNS) of turbulence [11] with regard to the presence
of coherent motions in turbulent flows (of which fully
developed turbulent pipe flow is one example [12]). The
discovery and subsequent characterization of several types
of coherent motions, such as bursts, sweeps, vortices, and

vortex packets or clusters [13–19], and very large-scale
motions (VLSMs) [20–24], has provided a new perspective
in which to view turbulent flow and has hinted at a
potentially decipherable organization to the flow.
The two approaches have both developed an idea of

turbulence as consisting of a jungle of coherent structures
or coherent motions. Despite this, the two approaches still
remain quite separate. The biggest difficulty in bridging
this divide is the Reynolds number. Whereas experimen-
talists are often primarily concerned with investigating
turbulent behavior at increasingly high Re, dynamical
systems theory is necessarily applied to low Re flows.
This difficulty can lead one to question the relevance of the
low Re exact coherent states unless they can be identified in
high Re turbulent flows, which are evidently more complex
than any hitherto identified invariant solution. Despite only
being applied at low Re, the dynamical systems viewpoint
justifies its relevance to higher Re flow on the basis that
there is nothing particularly special about Reynolds num-
bers near transition and the same mechanistic picture can be
applied at any Reynolds number, except that as the
Reynolds number increases the number of exact solutions
also increases. However, nobody has ever been able to
prove this assertion and the present evidence base is not
particularly strong. What is required is experimental
evidence to bring the two approaches together at an
intermediate Reynolds number well above transition.
The question of how experimental data can best be

analyzed in order to show the presence (or otherwise) of
exact coherent states is an open one. In this Letter we
present, through the use of a novel analysis technique
applied to a large-scale experiment, evidence suggestive of
the presence of nonlinear traveling-wave invariant solutions
in fully developed turbulent pipe flow at a Reynolds
number significantly higher than that at which they have
been previously observed. In so doing we not only provide
the first evidence for the potential relevance of dynamical
systems based solutions applied to higher Re flows, but
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also illuminate new ways in which turbulence data can be
analyzed with a view to linking these two (often far too
separate) fields of research.
The experiments were performed in the Very Large

Scale Pipe Flow (VLSPF) facility at the University of
Liverpool. This facility consists of a 23.3 m long pipe
constructed of a series of borosilicate glass sections with
an internal diameter 100 mm. The turbulent flow at
Re ¼ UbD=ν ¼ 35 000 and Rþ ¼ uτR=ν ¼ 940, (where
Ub ¼ bulk velocity, D ¼ pipe diameter, R ¼ pipe radius,
uτ ¼ friction the velocity, and ν ¼ kinematic viscosity) is
investigated using a high-speed, stereoscopic particle
image velocimetry technique [18,23,25] in which the
measurement plane (located 22 m from the pipe inlet,
corresponding to 220D) is perpendicular to the streamwise
velocity, providing all three components of velocity across
the entire pipe cross section with good temporal resolution.
The flow is not tripped but transitions to turbulence
naturally (at a Reynolds number of approximately 2000)
a little way downstream of the inlet. Immediately upstream
of the inlet is a plenum chamber to remove swirl and help
provide uniform inlet flow. To enable the PIV measure-
ments the flow is seeded with silver-coated hollow glass
spheres with an average diameter of 10 μm, which have a
density close to that of water and hence follow the turbulent
flow closely. A water-filled prism is located between the
pipe and cameras to eliminate refraction caused by the
air-glass interface. The results presented in this Letter come
from 21 268 vector fields, or the equivalent of 512.4R of
fluid passing the measurement plane.
The allocation of each individual velocity field to a

specific state (i.e., a single wave number) was based on
the number of positive-negative peaks present in the instan-
taneous streamwise velocity fluctuation of that field alone.
First, the 2D spatial correlation was calculated using Eq. (1),
where the zero subscripts denote the center of the correlation.
Because of the azimuthal symmetry, the correlation can be
performed through all azimuthal angles and ensemble
averaged. The azimuthal wave number of the resulting
correlation was identified using the highest peak in fast
Fourier transform (FFT). Over 97% of the vector fields could
be assigned to a wave number between 2 and 6 using this
technique. Wave numbers of 1 and 7 were also detected but
they were very rare and didn’t provide converged statistics,
so they have not been presented. No threshold was used on
the peak height. The application of thresholds was inves-
tigated but using a threshold to match only the most coherent
instances (similar to [26]) resulted in only marginal
differences in the results despite only 25% of the vector
fields being assigned to a state. We have therefore resisted
the temptation to use an arbitrary threshold.

Ruuðr0 þ Δr; θ0 þ ΔθÞ ¼ huðr0 þ Δr; θ0 þ ΔθÞuðr0; θ0Þi
u2rms

:

ð1Þ

Figure 1(a) shows the two-point spatial correlation of the
streamwise velocity fluctuation in the radial-azimuthal
plane decomposed by azimuthal wave number. We show
the five dominant wave numbers (kθ ¼ 2; 3; 4; 5; 6). A clear
alternating pattern of positive and negative correlation is
observable at each of the wave numbers. These are related
to the large-scale coherent motions in the turbulent flow
and elucidate a behavior that involves significant correla-
tion at large azimuthal angles. This is demonstrated in
Fig. 1(b), which shows an example instantaneous velocity
field for each of the five wave number states. The alter-
nating pattern is observable in the streamwise velocity
fluctuations, although it is to some extent camouflaged by
the small-scale fluctuations, particularly at kθ ¼ 6.
Figures 1(c) and 1(d) show the conditionally averaged

velocity field for each wave number state. The color map
shows streamwise velocity fluctuation and the vector
arrows indicate the direction of the flow in the azimu-
thal-radial plane. In addition to applying the condition
corresponding to the wave number, a condition on the sign
of the streamwise velocity fluctuation has also been
enforced. Figure 1(c) is conditioned for u0 < 0 and
Fig. 1(d) for u0 > 0, where u0 ¼ uðr0; θ0Þ. All of the
assignable vector fields are used and the split between
u0 < 0 and u0 > 0 is approximately even for all wave
numbers (50%� 2%). The vector arrows have been nor-
malized such that their magnitudes are all equal for the
purposes of clearly showing the vortices around the whole
azimuth of the pipe; without the normalization, the vortices
around the azimuth are swamped by the vectors near the
conditioning point. These figures encapsulate the character-
istics of each of the states: alternating positive and negative
fluctuations of the streamwise velocity around the pipe
azimuth combined with a series of alternately rotating
quasistreamwise vortices. It is interesting to observe the
variation in radial location of the vortex cores around the
pipe azimuth. They are not all located at the height at which
the condition is applied, instead a wide variation can be
observed, with some located near the wall and others
located further towards the center of the pipe. This is
particularly noticeable for kθ ¼ 4 and kθ ¼ 5 in our
experimental results. This variation is due to the condition-
ing on u0. Physically, it can be interpreted as the flow
pattern centered around a low-speed (u0 < 0) event being
different to that centered around a high speed event
(u0 > 0) even within the same flow field. This is a distinct
characteristic of some previously discovered traveling-
wave solutions in turbulent pipe flow and the overall
picture is very reminiscent of a set of nonlinear traveling
wave solutions [4,5]. The only previous experimental
observation of such states is from instantaneous snapshots
at much lower Re [27,28]. It is worth noting that the “edge
state” identified in numerical simulations at Reynolds
numbers near transition [29] would be classified as a kθ ¼
2 state in our system and, in fact, the conditional average of
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FIG. 1 (color). Organizational states at Re ¼ 35 000 corresponding to kθ ¼ 2; 3; 4; 5, and 6 (top to bottom), shown by (a) the spatial
correlation of the streamwise velocity fluctuation in the radial-azimuthal plane, red contours show Ruu ¼ 0.05 and 0.1, blue contours
Ruu ¼ −0.05 and −0.1; the dot marks the center of the correlation at (r0, θ0), (b) instantaneous snapshots of the velocity field,
(c) conditionally averaged velocity fields with u0 < 0, (d) conditionally averaged velocity fields with u0 > 0. In (b)—(d) the color maps
show streamwise velocity fluctuations (red indicates u > 0, blue indicates u < 0, and white indicates u ≈ 0) and vector arrows show the
direction of the velocity in the azimuthal-radial plane.
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the kθ ¼ 2 state does resemble the edge state. This indicates
that the fully turbulent flow at Re ¼ 35 000 still momen-
tarily visits this state (or something similar) periodically
and is a new insight into the behavior of turbulence at this
relatively high Reynolds number. Each of the states we
have identified (kθ ¼ 2; 3; 4; 5 and 6) can be related to
theoretical exact coherent states (traveling wave solutions)
with m-fold rotational symmetry for m ¼ 2; 3; 4; 5, and 6
found by Wedin and Kerswell at a Reynolds number an
order of magnitude lower than our experiments [5].
The percentage of the vector fields assigned to each of

the wave number states is shown in Table I. It is seen that
the most common state is that of kθ ¼ 3 with 29%. This
corresponds to the very weak pattern visible in the total
spatial correlation [12,30] and the most dominant azimuthal
mode found using proper orthogonal decomposition (POD)
of simulated turbulent pipe flow [12]. It is possible that this
is the fingerprint of the most common traveling wave
solution in fully developed turbulent pipe flow at this Re.
The state corresponding to kθ ¼ 4 is almost as common as
kθ ¼ 3, being assigned to 25% of the vector fields inves-
tigated. This corresponds less well to POD results but it is
very similar to another previously identified traveling-wave
solution [4].
The experimental database allows the construction of a

Markov chain that is representative of the behavior of
turbulent pipe flow (solely in terms of the wave number
states). Some properties of this chain are also included in
Table I. The “propensity to remain” in the current state
indicates the likelihood of the vector field nþ 1 being in
the same azimuthal wave number state as vector field n.
Vector fields are captured at the rate of 500 per second, so
the time between field n and nþ 1 being captured is 2 ms.
This propensity to remain is high for all wave number
states, indicating that they have significant longevity. This
longevity can be viewed as a streamwise extent by invoking
Taylor’s approximation of frozen flow [31,32]. As an
indication of the potential longevity, the length of the
“longest example” of each state (calculated using Taylor’s
approximation with a convection velocity equal to the bulk
velocity) is also given in Table I. These values can be
viewed as a measure of the stability of the state: the
propensity to remain being as Δt → 0 and the longest
example being as Δt → ∞. Together they indicate that all
states are reasonably stable, but state kθ ¼ 6 is significantly
less stable than the other four states that have been
identified.

Figure 2 shows an example of the variation of the wave
number states in the streamwise direction (top panel)
through the use of Taylor’s hypothesis. The axial coherence
of each of the states is demonstrated by this figure. In this
particular case kθ ¼ 3 shows very strong coherence, but
this is just one example. The middle panel is the corre-
sponding correlation (Ruu) for each streamwise location.
This clearly shows several examples of transitions between
states (e.g., at x=R ≈ 2; 6; 10; 16; 20). The bottom panel is
the corresponding instantaneous streamwise velocity fluc-
tuation, which enables the visualization of the large-scale
structures that are responsible for the pattern in Ruu shown
in the middle panel, and are therefore key in determining
the wave number state of the flow.
Figure 1 of this Letter perfectly encapsulates the first

evidence that exact coherent states (i.e., unstable nonlinear
traveling-wave solutions to the Navier-Stokes equations
that one might previously have considered to be phenom-
ena solely of transition) have a significant imprint on
turbulent pipe flow at a Reynolds number of
Re ¼ 35 000, which is an order of magnitude above
transition. Importantly, these are the first results at any
Reynolds number to show the presence of these solutions

TABLE I. Properties of the five identified states.

Wave number state kθ ¼ 2 kθ ¼ 3 kθ ¼ 4 kθ ¼ 5 kθ ¼ 6

Vector fields assigned 17% 29% 25% 16% 9%
Propensity to remain 82% 86% 85% 84% 75%
Longest example 1.2R 4.6R 2.0R 1.6R 1.8R

FIG. 2 (color online). An example of the axial coherence of the
wave number states. Top: Variation of azimuthal wave number
(kθ) with axial distance (x), showing significant axial coherence
of the wave number states. Middle: The corresponding correla-
tion map at r0=R ¼ 0.75 showing the correlations that lead to the
state allocation and also the transitions between wave number
states (red indicates Ruu > 0, blue Ruu < 0, white Ruu ≈ 0 and s
is the arclength, i.e., s ¼ r0θ). Bottom: The corresponding
instantaneous velocity fluctuations, where red indicates u > 0,
blue u < 0, and white u ≈ 0.

PRL 113, 234501 (2014) P HY S I CA L R EV I EW LE T T ER S
week ending

5 DECEMBER 2014

234501-4



statistically and not just through instantaneous snapshots.
This is crucial in our cognizance of the importance of these
states and the potential they have to enhance our funda-
mental understanding of turbulence at any Reynolds
number and potentially allow us to control it.
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