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Abstract

This thesis is a contribution to some fields of the metrical theory of numbers in non-
Archimedean settings. This is a branch of number theory that studies and characterizes
sets of numbers, which occur in a locally compact topological field endowed with a non-
Archimedean absolute value. This is done from a probabilistic or measure-theoretic
point of view. In particular, we develop new formulations of ergodicity and unique
ergodicity based on certain subsequences of the natural numbers, called Hartman
uniformly distributed sequences. We use subsequence ergodic theory to establish a
generalised metrical theory of continued fractions in both the settings of the p-adic
numbers and the formal Laurent series over a finite field. We introduce the a-adic
van der Corput sequence which significantly generalises the classical van der Corput
sequence. We show that it provides a wealth of examples of low-discrepancy sequences
which are very useful in the quasi-Monte Carlo method. We use our subsequential
characterization of unique ergodicity to solve the generalised version of an open problem
asked by O. Strauch on the distribution of the sequence of consecutive van der Corput
sequences. In addition to these problems in ergodic methods and number theory, we
employ some geometric measure theory to settle the positive characteristic analogue of
an open problem asked by R.D. Mauldin on the complexity of the Liouville numbers in
the field of formal Laurent series over a finite field by giving a complete characterization

of all Hausdorfl measures of the set of Liouville numbers.
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Introduction

Metric number theory is a branch of number theory which studies and characterizes sets
of numbers with fixed arithmetic properties from a probabilistic or measure-theoretic
point of view. The central theme of this theory is to determine whether or not a given
property holds everywhere except on an exceptional set of measure zero. In addition,
the metric theory of numbers includes the study of the complexity of those exceptional
sets in terms of Hausdorff dimension. Nowadays, the theory is deeply intertwined with
measure theory, ergodic theory, dynamical systems, fractal geometry and other areas
of mathematics. This thesis emphasizes the study of non-Archimedean settings, such
as the a-adic integers, the p-adic numbers and the formal Laurent series over a finite
field, which possess a different geometric nature from the classical real numbers. It
also aims to make contributions to other fields, including subsequence ergodic theory,
continued fractions, diophantine approximation and uniform distribution theory, of the
non-standard metric number theory.

To begin with, we consider a locally compact topological field X endowed with
a non-Archimedean absolute value | - | defined on it. This is a map of X into the

nonnegative real numbers with the following three properties:
(1) |z| = 0 if and only if x = 0;
(2) [zy| = |zllyl;
(3) |z +yl < max(|z|, [y]).

The a-adic integers, the p-adic numbers and the formal Laurent series over a finite field
are some examples of a non-Archimedean space.

The familiar triangle inequality |x+y| < ||+ |y| can be thought of as an expression
of the Euclidean axiom that the shortest distance between two points is a straight
line. In our non-Archimedean setting, the absolute value however satisfies a stronger
inequality, called the ultrametric triangle inequality: |z+y| < max(|z|,|y|). It produces
a geometry that is quite different from that produced by the ordinary triangle inequality.
Some of the ways in which it differs is relevant to this thesis.

Any locally compact topological group X is endowed with a translation invariant

Haar measure. This makes the space interesting for the study of the metrical theory of



numbers. We refer to elements of the field X as numbers because their elements in a

very precise sense are like the integers, the rational numbers and the irrational numbers

in the real numbers.

In spite of their strange structure, the non-Archimedean spaces turn out to be of

particular interest and importance in number theory and other areas of mathematics.

We shall see some motivation and applications to several topics in the beginning part

of each chapter. We omit them here to make the thesis a reasonable size.

This thesis is a product of the following publications:

[A]

[B]

[J]

J. Hancl, A. JasSova, P. Lertchoosakul and R. Nair. On the metric theory of
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J. Hanél, A. JasSova, P. Lertchoosakul and R. Nair. Polynomial actions in positive
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J. Hancl, A. Jassova, P. Lertchoosakul and R. Nair. On the quantitative metric

theory of continued fractions. Preprint 2014.
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Of necessity only a part of this work appears in this thesis. A summary of the

excluded work can be found in the appendix.

In this thesis, we refer to work of the author by a capital letter in brackets [A]-[J].

The results without any reference are new and have not appeared in other publications.



To make the thesis relatively self-contained, we put in Chapter 1 a concise review
of background material necessary for understanding the metrical theory of numbers in
non-Archimedean settings. This preliminary chapter is also meant to collect all the
definitions and results which will be referred to in the sequel. It includes basic notions
and well-known results from measure theory, ergodic theory, uniform distribution theory
of sequences and non-Archimedean spaces.

In Chapter 2, we learn some subsequence ergodic theory. In particular, we develop
new formulations of ergodicity and unique ergodicity based on certain subsequences
of the natural numbers, called Hartman uniformly distributed sequences. These new
ideas appear in Theorem 2.3.2 and Theorem 2.5.1. They will prove fruitful later in
our metrical studies of continued fractions in the positive characteristic setting and the
p-adic setting and of the distribution of some low-discrepancy sequences.

In Chapter 3, we introduce the Liouville numbers in positive characteristic which
play an important role in Diophantine approximation in this setting. We investigate the
complexity of the Liouville numbers in terms of measure and dimension. Particularly,
we show that the set of Liouville numbers is large in the sense that it is uncountable and
dense in the field of formal Laurent series; nevertheless, we show further that the set
of Liouville numbers is small in the sense that it has Haar measure zero and Hausdorff
dimension zero. By using some geometric measure theory, we prove Theorem 3.5.1
which gives a complete characterization of all Hausdorff measures of the set of Liouville
numbers in positive characteristic. This settles the positive characteristic analogue of
an open problem raised by R.D. Mauldin.

In Chapter 4, we introduce the theory of continued fractions in the field of formal
Laurent series. In Theorem 4.4.1, we prove that the continued fraction map is exact
with respect to Haar measure. This fact of exactness implies a number of strictly weaker
properties. In particular, we then use the weak-mixing property and ergodicity, together
with some subsequence and moving average ergodic theory, to establish Theorem 4.6.1
and Theorem 4.7.1 which provide a generalised metric theory of continued fractions in
positive characteristic. We add further to the theory by employing Gél and Koksma’s
method to establish Theorem 4.9.1 which gives a quantitative metric theory of continued
fractions in positive characteristic.

In Chapter 5, we study an analogue of the regular continued fraction expansion
for the p-adic numbers which was given by T. Schneider. In Theorem 5.4.1, we prove
that Schneider’s continued fraction map is exact with respect to Haar measure. This
fact of exactness implies a number of strictly weaker properties. Again, we use the
weak-mixing property and ergodicity, together with some machinery from subsequence
ergodic theory, to establish Theorem 5.6.1 and Theorem 5.7.1 which give a generalised

metric theory of p-adic continued fractions.



In Chapter 6, we generalise the classical notion of van der Corput sequences to
the a-adic van der Corput sequence. In Theorem 6.3.2, we prove that this newly
defined sequence provides a wealth of low-discrepancy sequences which are very useful in
numerical integration. Then we give another construction of the a-adic van der Corput
sequence using a generalization of the Kakutani-von Neumann odometer. Moreover,
we show that the generalised Kakutani-von Neumann odometer is uniquely ergodic.
Finally, we use our subsequential characterization of unique ergodicity to establish
Theorem 6.4.1 which solves the generalised version of an open problem asked by O.

Strauch on the distribution of the sequence of consecutive van der Corput sequences.



Chapter 1

Preliminaries

This chapter is meant to provide a concise review of background materials necessary
for understanding the metrical theory of numbers in non-Archimedean settings. More
importantly, it aims to collect together in one place all the definitions and results
which will be referred to in the sequel. The first four Sections 1.1-1.4 develop the
basic notions of measure theory, which include measure spaces, examples of measures,
integration and function spaces. They are what is needed to introduce the concepts
of measure-preserving dynamical system and ergodicity in Section 1.5. Then we in-
vestigate two further specialized subfields of ergodic theory in the next two sections.
In fact, Section 1.6 introduces the spectral study of the Koopman operator induced
by a measure-preserving transformation. Section 1.7 specializes the study of invariant
measures to continuous transformations. In Section 1.8, we summarize the basic ideas
of the classical theory of uniform distribution. In the last two sections, we discuss
the non-Archimedean spaces on which this thesis is based. In particular, Section 1.9
introduces the a-adic integers, and Section 1.10 introduces the p-adic numbers and the
fields of formal Laurent series.

We shall refer to the following textbooks [10], [14], [20], [27], [54] and [58] as standard
references. All well-known results we quote can be found in these references.

We now list some notation which will be used repeatedly throughout the thesis:

e We use the notation Ny and Ns; to denote the set of non-negative integers and

the set of natural numbers greater than 1, respectively.

e Given a set F, we denote by #FE its cardinality, and we define the characteristic
function of E by 1g(z) =1ifz € E and 1g(x) =0ifz ¢ E.

e For any real number o, we define e(a) = ™.

e Given two real-valued functions f and g, we write f = O(g) or f < g if |f| < ¢|g]
for some positive constant ¢. We write f = o(g) if lim, o f(z)/g(x) = 0, and

we say that f and g are comparable if f = O(g) and g = O(f).



1.1 Measure spaces

Definition 1.1.1. Let X be a non-empty set. A collection B of subsets of X is called

a o-algebra if it has the following three properties:

(1) 0 € B;

(2) for any E € B, we have X \ E € B;

(3) for any countable collection {E,}2, of sets in B, we have ;- | Ey, € B.
We call (X, B) a measurable space.

Clearly, if B is a o-algebra of subsets of X, then it is easy to see that X € B and
that B is also closed under taking countable intersections. If X is a compact metric
space, the Borel o-algebra of subsets of X is the smallest o-algebra that contains every

open subset of X. An element of the Borel o-algebra is called a Borel set.

Definition 1.1.2. Let (X, B) be a measurable space. A function u: B — [0, 00] is said

to be a measure if it satisfies the following two conditions:

(1) pu(0) = 0;
(2) for any countable collection {E,}22 , of pairwise disjoint sets in B, we have
:u< U En) = ZN(En)
n=1 n=1
We call (X, B, ;1) a measure space.

It is an immediate consequence of the condition (2) in Definition 1.1.2 that, for any
E,F € B such that E C F, we have u(E) < u(F).

Definition 1.1.3. Let (X, B, ;1) be a measure space. Whenever u(X) =1, we call i a
probability measure and refer to (X, B, ) as a probability space.

Definition 1.1.4. Let (X, B, 1) be a measure space. The space X is said to be o-finite
if there exist countably many sets E,, € B such that X = J;2 | B, and p(E,) < oo.

Definition 1.1.5. We shall say that a property holds almost everywhere if the set of

points on which the property fails to hold has measure zero.

In order to define a measure, it is necessary to define the measure of every set in the
o-algebra under consideration. This is usually impractical; instead, we seek a method
that allows us to define a measure on an easily managed subcollection of subsets and

then extend it to the required o-algebra.



Definition 1.1.6. Let X be a nonempty set. A collection A of subsets of X is called

an algebra if it has the following three properties:
(1) 0 € A,
(2) for any E € A, we have X \ E € A;
(8) for any two sets Ey and Eo in A, we have E1 U FEy € A.

We define the o-algebra generated by A to be the smallest o-algebra containing A and
denote it by B(A).

Theorem 1.1.7 (Kolmogorov Extension Theorem). Let X be a set, and let A be an
algebra of subsets of X. Suppose u* : A — [0, 00| satisfies the following three properties:

(1) p(0) =0;

(2) for any countable collection {E,}52 1 of pairwise disjoint sets in A such that
U2, En € A, we have

o0

W <n©1 En> = ;M(En);

(3) there are countably many sets E, € A such that X = ;| En and p*(E,) < .
Then there exists a unique measure p : B(A) — [0, 00] which is an extension of p*.

The Kolmogorov extension theorem says that if we have a function that looks like a
measure on an algebra A, then it is indeed a measure when it is extended to B(.A). The
important hypotheses are (1) and (2), while the hypothesis (3) is a technical assumption
saying the space X is o-finite. Note that we shall often use the Kolmogorov extension
theorem with the algebra of finite unions of cylinder sets which we define presently.

For each i € N, let (X;,B;, 11;) be a probability space. Let X = [[;2, X;, so that a
point of X is a sequence (x;)?°, with z; € X; for each i. We now define a o-algebra B
of subsets of X as follows. Let n € N, let E; € B; (1 < j <n), and consider the set

n 0o
[IE < [] Xi={@)X € X:a;€ B, 1<j<n}
j=1 i=n+1
Let A denote the algebra of finite unions of all such subsets of X. The o-algebra B is the
o-algebra generated by A. We write (X, B) = [[;2,(X;, B;). If we define p* : A — [0, 0]
by giving the above rectangle the value H;‘L:1 wi(Ej), then we can use the Kolmogorov
extension theorem to extend u* to a probability measure u, called the product measure,
on (X, B). The probability space (X, B, 1) is called the product space of the (X;, B;, ;).



A special type of product space will be important for us. Here each space (X;, B;, 11;)
is the same space (Y,C,v), where Y is a countable set {y;}7°, and v is given by a
probability sequence (px)72, with pr = v({yx}). We now take elementary rectangles
where each Ej, in the description above, is taken to be one point of Y. That is, for each
ne€Nanda; €Y (1 <j<n), we consider the set

Aa1,...,an = {(ZEZ)?il €EX:ixj=a;, 1<j< n}

and call it a cylinder set of length n. The algebra of finite unions of all cylinder sets

generates the product o-algebra B. We have pu(Aq, . q4,) = H?:l Dj-

1.2 Examples of measures

Lebesgue measure: Take X = [0,1], and let A denote the algebra of all finite unions
of subintervals of [0,1]. For an interval [a, b], define A*([a,b]) = b — a and extend this
to A. Then this satisfies the hypotheses of the Kolmogorov extension theorem, and so
it defines a Borel probability measure. This is the Lebesgue measure on [0, 1].

In a similar way, we can define Lebesgue measure on [0, 1]". An n-dimensional cube
is a set of the form [a1,b1] X - -+ X [ap, by,], where 0 < a; < b; <1 for each 1 < j < n.

Let A denote the algebra of all finite unions of n-dimensional cubes. Define
Ay (a1, b1] x -+ X [an, by]) = H(bj — a;)
j=1

and extend this to A. Again, this satisfies the hypotheses of the Kolmogorov extension
theorem and defines the n-dimensional Lebesgue measure on [0, 1]™.

Throughout this thesis, we shall reserve A, for the n-dimensional Lebesgue measure.

Stieltjes measure: Take X = [0,1], let A denote the algebra of finite unions of
subintervals of [0,1], and let v : [0,1] — [0, 0] be a non-decreasing function. For an
interval [a,b] C [0,1], define u}([a,b]) = v(b) — v(a) and extend this to A. Then the
Kolmogorov extension theorem extends ), to a Borel measure.

A wide range of measures can be constructed using this method. Lebesgue measure
can also be viewed as a special example of this construction, that is, by taking v(z) = x.

A more interesting example that will prove useful when we study continued fractions

W(z) = 1 /x dx
Clog2 )y 1+a

This measure p, is called the Gauss measure. It is worth noting that Gauss measure

is given by taking

and Lebesgue measure are comparable in the sense that they have the same null sets.



Dirac measure: Let (X, B) be any measurable space, and let = € X. For any F € B,

we define the measure
1 if x ek,

0x(E) = { 0 otherwise.

We call 6, the Dirac d-measure supported at z.

Haar measure: Let X be a locally compact topological group. There exists a way
to assign a probability measure to subsets of X, which ties in with its group structure,

and subsequently to define an integral for functions on X.

Theorem 1.2.1 (Haar Theorem). Let X be a locally compact topological group. There
s a unique, up to a positive multiplicative constant, measure p on the Borel o-algebra

B of subsets of X satisfying the following four properties:
(1) for any x € X and E € B, we have pu(x + E) = p(E);
(2) for any compact set K C X, we have pu(K) < oo;
(3) for any E € B, we have p(E) = inf{u(U): E C U, U open};
(4) for any open set E C X, we have u(E) = sup{u(K): K C E, K compact}.

This unique measure y is called Haar measure on X.

Hausdorff measure and dimension: Let (X,d) be a metric space, and let s > 0.

The s-dimensional Hausdorff measure of any set £ C X is defined by

) )
HP(F) = 61_i>131+ <inf { ;(diamBj)s: EC ]L;Jl Bj, diamB; < (5}) € [0, o0],
where the infimum is taken over all countable covers of F by balls with diameter less
than or equal to 0. Here, diamB; = sup{d(z,y): =,y € B;}. It is worth noting that if
X =R", then A\, and H" are comparable, and noting that if X is a compact topological
group with Haar measure p, then ;o and H' are comparable.

We define here the Hausdorff dimension of any set E C X to be

dimpg F = inf{s > 0: H*(E) =0} =sup{s > 0: H*(F) > 0}.

The notion of Hausdorff dimension will be useful for the study of fractal sets; i.e., it is
used to investigate the complexity of sets with non-integer dimension in the sense that
the more complicated sets have bigger Hausdorff dimension. For an introduction to the

subject of Hausdorff measure and dimension, the reader is referred to [12] and [47].



1.3 Integration

Let (X, B, 1) be a measure space. We give a brief introduction to integration on X.

Definition 1.3.1. A function f : X — R is said to be measurable if f~1(E) € B for
every Borel subset E of R, or equivalently, if f=((c,00)) € B for all c € R. A function

f: X — C is said to be measurable if both its real and imaginary parts are measurable.
We now define integration via simple functions.

Definition 1.3.2. A function f: X — R is said to be simple if it can be written as a

linear combination of characteristic functions of sets in B :

T
f= Zai]lEi
i=1
for some a; € R and E; € B, where E; are pairwise disjoint, and 1g, denotes the

characteristic function of E;.

Simple functions are measurable. We define the integral for simple functions by

X i=1

This value can be shown to be independent of the representation of f as a simple
function. Thus, for simple functions, the integral can be thought of as being defined to
be the area underneath the graph.

Suppose that f : X — R is measurable and f > 0. Then there exists an increasing

sequence of simple functions (f,)72; which converges pointwise to f. We define

fdp = lim / fndu.
/_X n—oo X

Note that this definition is independent of the choice of sequence (f,)52 ;.
For an arbitrary measurable function f : X — R, we write f = f* — f~, where
/T =max(f,0) >0 and f~ = max(—f,0) > 0. Define

/deuz/xﬁdu—/xf—du.

Finally, for a measurable complex-valued function f : X — C, we define

/deMZ/XRe(f)dqui/XIm(f)du,

where Re(f) and Im(f) denote the real part and the imaginary part of f, respectively.

Definition 1.3.3. A real-valued or complex-valued function f defined on X is said to

be integrable if [y |f|dp < oo.
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Observe that f is integrable if and only if |f] is integrable. If f = g p-almost
everywhere, then one is integrable if the other is and [ v Jdu = [ + 9 dp. The space of

integrable functions is defined to be

LY(p) = {f:X—)(C: fmeasurable,/ \f\d,u<oo},
X

where two integrable functions are identified if they are equal p-almost everywhere.
The following three basic theorems will be useful later. The first result establishes
an inequality relating the integral of the limit inferior of a sequence of functions to the
limit inferior of integrals of these functions, the second one is a generalised version of
the dominated convergence theorem, which basically justifies the passage of the limit
under the integral sign when p = 1, and the last one allows the order of integration to

be changed in iterated integrals.

Theorem 1.3.4 (Fatou’s Lemma). Let (X, B, u) be a measure space, and let (fn)22,
be a sequence of measurable real-valued functions on X which is bounded below by an
integrable function. If liminf,, fX fndp < oo, then liminf, ., f, s integrable and

Jx liminf,, o0 fr dpp < liminf,, o0 [y fr dp.

Theorem 1.3.5 (Dominated Convergence Theorem). Let (X, B, i) be a measure space,
let 1 < p < oo be a real number, and let (f,)>2, be a sequence of measurable real-valued
functions on X converging u-almost everywhere to a measurable function f : X — R.
Suppose there is a function g : X — R in LP(u) such that |fr(z)] < g(x) for p-almost
everywhere x € X. Then f € LP(u) and limy, o || fr, — fllp = 0.

Theorem 1.3.6 (Fubini’s Theorem). Let (X, Bx, ux) and (Y, By, py) be two o-finite
measure spaces. Suppose that f : X xY — R is an integrable function with respect to

the product measure px X py. Then we have

/Xxyfd(uxxuy //fxyduy Ydpx (x //f;pydluX z) duy (y).

1.4 Function Spaces

Let (X, B, u) be a measure space, and let p € R with p > 1. Consider the set of all
measurable functions f : X — C with | f|P integrable. This space is a vector space under
the usual addition and scalar multiplication of functions. If we define an equivalence
relation on this set by identifying two such functions when they are equal p-almost
everywhere, then the space of equivalence classes is also a vector space. Let LP(u)
denote the space of these equivalence classes of functions f such that |f|P is integrable.
This is called the LP space. We write f € LP(u) to mean that the function f: X — C
has | f|P integrable. The expression || f||, = ([ [f[? dp)'/? defines a norm on LP(p), and

11



this norm is complete. Therefore, LP(u) is a Banach space. The bounded measurable
functions are dense in LP(u). It is worth mentioning that if u(X) < co and 1 < p < g,
then we have LI(u) C LP(u).

The Banach space LP(u) is a Hilbert space if and only if p = 2. The inner product
in L%(u) is given by (f,g) = [ + Jgdu. We note the Schwarz inequality, which says that

[(Foal < [ fll2llgll2

for all f,g € L?(u).

1.5 Ergodic theory

Let (X, B, 1) be a probability space, and let T': X — X be a transformation on X. We
shall call (X, B, u,T) a dynamical system.

Definition 1.5.1. The dynamical system (X, B, u,T) is said to be measure-preserving
if, for every E € B, we have n(T~'E) = u(E). If the transformation T : X — X has
the further property that, whenever E € B satisfies T~ 'E = E, we have u(E) = 0 or
u(E) =1, then T is called ergodic.

Ergodicity can be viewed as an indecomposability condition. If ergodicity does not
hold, then there exists a set ' € B such that T~'E = E and 0 < pu(E) < 1. We can
thensplit7: X - XintoT : F — Eand T : X\ E — X\ FE with invariant probability
measures ﬁ,u(/h NE) and ﬁ(E),u(Ag N(X\E)) for A; € B(F) and Ay € B(X \ E),
respectively.

There are several ways of stating the ergodicity condition, the reader can consult
[10], [53] and [58]. The following result from [58, Theorem 1.6] characterizes ergodicity

in terms of an operator Upf = foT.

Lemma 1.5.2. [58] Let (X, B, u,T) be a measure-preserving dynamical system. Then

the following statements are equivalent:
(1) T is ergodic.

(2) Whenever f is measurable and (f o T)(x) = f(x) for all x € X, we have f is

constant p-almost everywhere.

(8) Whenever f is measurable and (f oT)(z) = f(z) for p-almost everywhere xz € X,

we have f is constant p-almost everywhere.

(4) Whenever f is in L*(u) and (foT)(x) = f(z) for all z € X, we have f is constant

u-almost everywhere.

12



(5) Whenever f is in L*(u) and (f o T)(z) = f(x) for p-almost everywhere x € X,

we have f is constant p-almost everywhere.

A similar characterization in terms of LP(u) functions is true for any p > 1.
We now introduce the following famous ergodic theorem which is a consequence of

measure preservation and ergodicity.

Theorem 1.5.3 (Birkhoff Ergodic Theorem). Let (X, B, u,T') be a measure-preserving
dynamical system, and let f € L'(u). Then the limit

1 N
lim — ™
i, 2 7(T")

exists p-almost everywhere o € X. If (X, B, u, T) is an ergodic dynamical system, then

the limit equals fX fdu for u-almost everywhere o € X.

It is worth mentioning a way to further analyze the properties of a dynamical system

is to find an isomorphism with a well-understood ergodic or uniquely ergodic system.

Definition 1.5.4. Let (X1,B1,u1,T1) and (Xa,Ba, 2, To) be two measure-preserving
dynamical systems. We say that (X1,B1,p1,11) and (Xa,Be, po, To) are metrically
isomorphic if there exist two sets E1 € By and Eo € Ba, with p1(Eq1) = 1, ua(Fs) = 1,
T1(E1) C Ey and To(E2) C Eo, and if there exists an invertible measure-preserving
transformation ¢ : (E1, By, 1) — (Fa, Ba, u2) such that (Ty o p)(z) = (¢ o Ty)(z) for
all x € E1.

The ergodicity, all mixing properties and unique ergodicity are preserved under a

metrical isomorphism. See [10, p 9-11] and [58, p 57-67] for more details.

1.6 Associated isometries and spectral theory

Let (X, B, 1, T) be a measure-preserving dynamical system. Foreachp > 1,7 : X — X
induces the Koopman operator Ur : LP(u) — LP(u) defined by

(Urf)(z) = f(Tx)

for f € LP(u) and x € X. Because T is measure-preserving, for each function f € L'(u),
we have [y foTdu = [y fdu and so in particular |[Urf|, = ||f|lp- This means that
Ur is a linear isometry® on the Hilbert space L?(ut). The study of U is usually called
the spectral study of T', and we shall see later how this is useful in proving some results

relating to ergodicity.

'An isometry of a Hilbert space H is a linear operator U such that (Uv,Uw) = (v,w) for all
v,w € H. We say that U is unitary if, in addition, it is invertible. Recall that L> (n) is a Hilbert space
with respect to the inner product (f,g) = [ fgdp.
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[e.e]

Definition 1.6.1. A sequence of complex numbers (ay)22 _ . is called positive definite

o0

if, for any sequence (z,)°>_.. in C with only a finite number of non-zero terms,

Z n—mZnzm = 0.

n, m

o0

Theorem 1.6.2 (Bochner-Herglotz Theorem). A sequence (a,)5_., in C is positive

definite if and only if there exists a finite measure w on the torus T = R/Z such that

an:Az"dw(z).

If we consider Up : L?(u) — L*(u), and if we denote the adjoint of Uz by Uy !, then
the sequence ((ULf, f))oe_o is positive definite, see e.g. [10, p 26-29]. Therefore, by

the Bochner-Herglotz theorem, there is a measure wy satisfying

(URf, f) = /Tz" dus (2).

The measure wy is called the spectral measure. It is worth noting another consequence
of measure preservation of 7" that (Up f,Up' f) = (U™ f, f) for all n,m € Z.

1.7 Invariant measures for continuous transformations

Let X be a compact metric space equipped with the Borel o-algebra B. We denote
by M(X) the collection of all probability measures defined on X. It is well-known
that M(X) is convex? and compact in the weak* topology®, see [58, p 146-150]. Let
T : X — X be a continuous transformation. It is clear that 7" is measurable. Recall that
a probability measure 1 € M (X) is preserved by T if, for each E € B, u(T7'E) = u(E).
Let M(X,T) denote the set of probability measures defined on X and preserved by T.
Again, M (X, T) is a convex non-empty compact subset of M (X) in the weak* topology,
see [58, p 152]. Furthermore, the set of all probability measures on which T is ergodic
is precisely the set of extremal points of M (X,T).

Definition 1.7.1. Let M(X,T) be the set of probability measures defined on X and
preserved by T. We shall call T uniquely ergodic if M(X,T) is a singleton.

In other words, T is uniquely ergodic if there exists only one probability measure
preserved by T'.

The following theorem relates elements of M (X) to linear functionals on the space
C(X) of all complex-valued continuous functions defined on X. Indeed, if we have a
map J : C(X) — C that is continuous, linear, positive and normalized, then J must

be given by integrating with respect to a Borel probability measure.

2Tf pa, 2 € M(X) and 0 < ¢ < 1, then cpr + (1 — c)p2 € M(X).
3The weak® topology on M(X) is the smallest topology such that, for every continuous function
f: X —C, the map p — fX fdp is continuous.
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Theorem 1.7.2 (Riesz Representation Theorem). Let X be a compact metric space.

Suppose that J : C(X) — C is a continuous linear map satisfying two conditions:
(1) J(1) =1, where 1 : X — C is defined by 1(x) =1 for all x;
(2) f >0 implies J(f) > 0.

Then there exists jp € M(X) such that J(f) = [y fdu for all f € C(X).

The following result from [58, Theorem 6.2] says that each p € M (X) is determined

by how it integrates continuous functions.

Lemma 1.7.3. [58] Let X be a compact metric space, and let p and v be two Borel
probability measures on X. If [\ fdu = [y fdv for every f € C(X), then pn = v.

The following result from [58, Theorem 6.8] gives a useful criterion for checking

whether a measure is preserved by the transformation 7.

Lemma 1.7.4. [58] Let X be a compact metric space, and let p € M(X). Suppose
T : X — X is a continuous transformation of X. Then p € M(X,T) if and only if

Jx foTdu= [y fdu for every f € C(X).
The last result in this section is a well-known characterization of unique ergodicity.

Theorem 1.7.5 (Characterization Theorem of Unique Ergodicity). Let X be a compact
metric space, and let T : X — X be a continuous transformation. Then the following

statements are equivalent:
(1) For every f € C(X), (1/N)SN_| f(T"a) converges uniformly to a constant.
(2) For every f € C(X), (1/N)SN_| f(T"a) converges pointwise to a constant.

(3) There exists p € M(X,T) such that, for all f € C(X) and all a € X,
| X
i 2 J(T"e) Z/deu-
(4) T is uniquely ergodic.

1.8 Uniform distribution

A sequence of real numbers is uniformly distributed if the proportion of terms falling in
a subinterval is proportional to the length of that interval. Such sequences are studied
in Diophantine approximation and dynamical systems and have applications to Monte

Carlo integration. For a general reference on this subject, we refer the reader to [27].
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Definition 1.8.1. Let (x,)5%, be a sequence of real numbers. We say that the sequence
()02 is uniformly distributed on an interval I C R if, for any subinterval [a,b] C I,
we have

1 b—a
1. - 1< <N n s = —
gy LSS Nean €fo b} = =7

In this thesis, we shall restrict our attention to the interval [0, 1], and we shall denote

by {z,} the fractional part of x,,.

Definition 1.8.2. Let (x,)52 be a sequence of real numbers. We say that the sequence
(2,)22; is uniformly distributed mod 1 if!, for any Jordan-measurable subset B C [0,1],
we have

Nhinm% {1 <n<N:{z} € B} = \(B),

where A denotes the Lebesque measure on [0, 1].

We note that the requirement of any Jordan-measurable subset B in Definition 1.8.2
can be replaced by any subinterval [a,b], [a,b), (a,b] or (a,b) of [0,1] without changing
the definition. The condition is saying that the frequency with which the sequence {z,,}
lies in [a, b] converges to b—a, the length of the subinterval. In a multi-dimensional space
[0,1]%, the definition of uniform distribution can be established in a similar fashion.
The following famous result gives a necessary and sufficient condition for (x,)5 ; to be

uniformly distributed mod 1.
Theorem 1.8.3 (Weyl Criterion). The following statements are equivalent:
(1) The sequence (,)52; is uniformly distributed mod 1.

(2) For any continuous function f :[0,1] — R with f(0) = f(1), we have

N 1
. 1
dm oy s h = [ @
(3) For each a € Z \ {0}, we have
| X
: il 2TIOTn —
N W nzzle 0

From the Weyl criterion, we can extend the definition of uniform distribution to a

more general setting.

1A set in the Euclidean space is Jordan-measurable if it can be well approximated by polyrectangles
or a finite unions of rectangles. Such sets include all rectangles, balls, and simplexes. Also, any finite
union and intersection of Jordan-measurable sets is Jordan-measurable, and so is the set difference of
any two Jordan-measurable sets. For a precise definition of Jordan-measurable sets, see [2, p 396-397].
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Definition 1.8.4. Let X be a locally compact topological group equipped with the Haar

[e.9]

measure . Suppose that (xy,)>2 , is a sequence in X. We say that the sequence (z,)72 4

is uniformly distributed on X if, for any f € C(X), we have

Another related concept of uniform distribution is discrepancy. Let w = (z,)5%; be

a sequence in [0, 1]°.

Definition 1.8.5. For each N € N, define the discrepancy Dy (w) of z1,...,zN by

1
Dy(w)=sup|—= -#{1<n< N:z, € B} — \(B)/|,
Ber | N

where I = {J[;_1[0,u;): 0 < u; < 1}, and \s denotes the s-dimensional Lebesgue

measure on [0,1]°.

The discrepancy is nothing other than a quantitative measure of uniformity of
distribution. In particular, the sequence w is uniformly distributed on [0,1]* if and
only if Dy(w) — 0 as N — oo. In a sense, the faster Dy (w) decays as a function of N,
the better uniformly distributed the sequence w is. One of the fundamental obstructions
in nature in this subject is that there is a limit to how well distributed any sequence
can be. Precisely, it is one of the most famous conjectures in the theory of uniform
distribution that, for any sequence w in [0, 1]%, the inequality Dy(w) > N~!(log N)*
holds for infinitely many N € N.

Definition 1.8.6. We call w a low-discrepancy sequence if Dy (w) = O(N~!(log N)*),

where the constant depends only on the dimension s.

The following theorem illustrates the importance of low discrepancy in the quasi-
Monte Carlo method.

Theorem 1.8.7 (Koksma-Hlawka Inequality). Let w = (z,,)02; be a sequence in [0, 1]°.
Suppose f:[0,1]° — R is a function of bounded variation V (f). Then, for each N € N,

N
1
— fxn—/ f(x)dz| < V(f)Dn(w),
E SRy BT SN
where Dy (w) is the discrepancy of x1,...,zN.

In the theory of uniform distribution, we are usually interested in the distribution
of a given sequence. Let w = (x,)72; be a sequence in [0, 1]%, and let J denote the set

of all Jordan-measurable subsets of [0, 1]°.
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Definition 1.8.8. A function v : J — [0,1] is said to be a distribution function of the
sequence w if there is an increasing sequence (Ny)3, of natural numbers such that, for
every B € J, we have

1
v(B) = lim — - #{1 <n < Ny: x, € B}.

k—oo IV

Let G(w) be the set of all distribution functions of w. If G(w) = {v} is a singleton, then

v is called an asymptotic distribution function of the sequence w.

For each 1 < ¢ < s, let x,,; denote the ith coordinate of x,,. If (z,,;)72  is uniformly
distributed mod 1 for every i = 1,..., s, then every distribution function v of w satisfies

two further properties:
(1) for every B=1; x Iy X -+- x [0,0] X -+ x Iy € J, we have v(B) = 0;
(2) for every B =[0,1] x [0,1] x -+ x [0,2] X -+ x [0,1] € J, we have v(B) = x.

The distribution function which satisfies the conditions (1) and (2) is called a copula.

For a full treatment of the theory of copulas, we refer the reader to [39].

1.9 «a-adic integers

If b > 2 is an integer, then every nonnegative integer has a b-adic representation of the
form ng+n1b+ngb? +- - - +npb* for some k € Ng with n; € {0,1,...,b—1} (0 <i < k).
This idea of expressing an integer is an extension of the decimal numeral system. We
now describe a class of locally compact groups, called the a-adic integers, which can
be seen as a general framework of a numeral system. For more details, the reader is
referred to [20, p 106-117].

Let a = (an)22; be a sequence of natural numbers greater than 1. We define the
a-adic integers Ag to be the set of infinite sequences in [[>2,{0,1,...,a, — 1}.

For two a-adic integers = = (2,)22; and y = (yn)22, let 2 = (2,)52; be defined
as follows. Write x1 + y1 = t1a; + 21, where z; € {0,1,...,a1 — 1} and t; € Ny. Write
xo + Y2 + t1 = teag + 2o, where z9 € {0,1,...,a2 — 1} and t2 € Ny. Suppose zo, ..., 2k
and to,...,t; have been defined. Then write g1 + Ypr1 + tx = tpr10pr1 + 2ka1,
where zp11 € {0,1,...,ap+1 — 1} and ¢4 € Ng. We have thus inductively defined the
sequence z = (25,)22;, which we deem to be x + y. The binary operation + which we
call addition makes A, an Abelian group.

For each nonnegative integer k, let
Ap={(zn)p2) € Ay z; =0, j < k}.

These sets Ay form a basis at 0 = (0)22, for a topology on A,. With respect to this

topology, A, is compact and the group operations are continuous, making A, a compact
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Abelian topological group. A second binary operation called multiplication, denoted
by x and compatible with addition, is defined as follows. Let v = (1,0,0,0,...).
Note that {nu}9° is dense in A,. First on {nu}2,, define nju x nau to be (nina)u.
Deeming multiplication to be continuous on A, defines it off {nu}7> ;. The two binary
operations, addition and multiplication, make A, a topological ring.

It is worth mentioning the non-Archimedean structure of A, which can be derived
from the topology. Let x = (x,)5%; and y = (v, )52, be two arbitrary elements in A,.
We can define an absolute value on A, by |z| = 2™, where m is the least integer for
which z,,, # 0, and |0] = 0. Then it is not hard to check that the absolute value satisfies
the ultrametric triangle inequality |z + y| < max(|z|, |y]).

For each n € Nand E C {0,1,...,a, — 1}, let p,(E) denote the measure on the
finite set {0,1,...,a, — 1} given by

pn(E) = % -#E.

The Haar measure y is the corresponding product measure on A,.
The dual group® of A,, which we denote as Z(a®), consists of all rational numbers
t =¢/A,, where A, = ay---a, and 0 < ¢ < A, for some natural number r. To evaluate

a character x; at © = (x,)02; in A,, we write

4
xe(x) = €<A—(JE1 +aixro + ajagxs + - +ay--- ar—lxr)>,
T

where e(a) denotes 2™ for a real number a.

1.10 Non-Archimedean local fields

A local field is a locally compact topological field with respect to a non-discrete topology.
Given such a field, an absolute value can be defined on it. There are two basic types of
local fields: those local fields with Archimedean absolute values and those local fields
with non-Archimedean absolute values. Every local field is isomorphic, as a topological
field, to one of the following fields: the real numbers, the complex numbers, the finite
extension of the p-adic numbers and the field of formal Laurent series over a finite field.
For a full account of local fields, we refer to [52]. We now deal with the non-Archimedean

local fields: the p-adic numbers and the field of formal Laurent series.

5For a locally compact Abelian group, a character of G is a continuous group homomorphism from
G with values in the torus T. The set of all characters on G can be made into a locally compact
Abelian group, called the dual group of G. The group operation on the dual group is given by pointwise
multiplication of characters, the inverse of a character is its complex conjugate, and the topology on
the space of characters is that of uniform convergence on compact sets.

19



p-adic numbers: The p-adic number system, for any prime number p, extends the
ordinary arithmetic of the rational numbers in a way different from the extension of
the rational number system to the real number system. The extension is achieved by
an alternative interpretation of the concept of closeness or absolute value. It turns out
that the extended fields are of particular interest and importance in number theory.

Let p be a prime number. For any rational number r, we can write

with u and v coprime to p and to each other. Let |r|, = p~*("). Then d,(r,7’) = |r—7'|,
defines a metric on Q. The completion of Q with respect to the metric d, is denoted
by Q, and referred to as the p-adic numbers. We use Z, to denote {z € Q,: |z|, < 1}
— the ring of p-adic integers. We shall be interested in the open unit ball

PZy =A{px: v € Lp} ={x € Qp: |z|, < 1}.

It is worth keeping in mind that the metric d, has the ultrametric property, i.e.,
dy(r,r") < max(dy(r,r’),dy(r", ")) for all r,7’,r" € Q,. A basic and easily-verified
property of Q, is that each element « of Q, has a unique p-adic expansion of the form
a =7 kup", where ng € Z, ky € {0,1,...,p — 1} for all n, and ag, # 0. From
this, we note that |a|, = p~™°. The main characteristics of Q, that distinguish it from
R stem from the non-Archimedean property. It turns out that Q, is a locally compact
field, and hence it is endowed with the Haar measure p characterized by u(pZ,) = 1.

See [9, Ch 4] or [26, Ch 1] for a clear and succinct introduction to the p-adic numbers.

Fields of formal Laurent series: The field of formal Laurent series over a finite
field is considered the positive characteristic analogue of the real numbers. Many issues
in number theory which have been studied in the setting of the real numbers can be
addressed in the setting of the formal Laurent series. We refer the reader to [54, Part II]
and [29] for the construction and structure of this field and for a survey of Diophantine
approximation in this setting, respectively.

Let F, be the finite field of ¢ elements, where ¢ is a power of a prime p. If Z is
an indeterminate, we denote by F,[Z] and F,(Z) the ring of polynomials in Z with
coefficients in F, and the quotient field of F,[Z], respectively. For each P,Q € F,[Z]
with Q # 0, define |P/Q| = ¢8(P)=dee(@) and |0| = 0. The field F,((Z71)) of formal

Laurent series® is the completion of F,(Z) with respect to the valuation | - |. That is,

F,((Z7Y) = {anZ" + an 1 Z" V- dagta 2+ in€Z, a; € F,}

5The field of formal Laurent series over a finite field, or the non-Archimedean local field of positive
characteristic, is usually referred to as “positive characteristic”. This distinguishes it from the p-adic
numbers which is the non-Archimedean local field of characteristic zero.
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and we have |a, Z" +ap_1 2"+ -+ | = ¢" (a, # 0) and |0] = 0, where ¢ is the number
of elements of F,. It is worth keeping in mind that |- | is a non-Archimedean norm,
since |a + B < max(|af, |8]). Moreover, every ball in the field of formal Laurent series
of finite radius is compact. In fact, F,((Z~!)) is the non-Archimedean local field of
positive characteristic p. As a result, up to a positive multiplicative constant, there
exists a unique countably additive Haar measure y on the Borel subsets of F,((Z71)).
In [54, p 65-70], Sprindzuk finds a characterization of Haar measure on F,((Z~1)) by
its value on the balls B(a;q") = {8 € F,((Z71)): |a — B] < ¢"}. Indeed, it was shown
that the equation p(B(a;q™)) = q" completely characterizes Haar measure.

It is worth noting that the sequence of the coefficients of a formal Laurent series
can be considered analogous to the sequence of the digits in the decimal expansion of
a real number. In [29], Lasjaunias pointed out that if a = > °° a_nZ " (ng €7Z)is

n=-—ng

an element of F,((Z71)), then we have a € F,(Z) if and only if the sequence (a_, )%

n=1

is ultimately periodic.
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Chapter 2

On subsequence ergodic theory

In this chapter, we make some contributions to subsequence ergodic theory and we
describe some ideas which will be employed in succeeding chapters. Given a Hartman
uniformly distributed sequence (a,)5 ; of natural numbers, we are able to show that
if, for each p > 1 and f € LP(u), the limit

1N
lim — T
Ngnoo N Z f( Oé)
n=1

exists p-almost everywhere o € X, then only the ergodicity of the dynamical system
(X, B, p,T) implies that the limit is equal to | « [ dp for p-almost everywhere. This is
not only interesting in and of itself but also useful in applications. Moreover, we can give
a new formulation of unique ergodicity, which generalises the classical characterization
theorem of unique ergodicity, using this property of (a,) ; being Hartman uniformly
distributed. Finally, we give a remark on moving average ergodic theory which will be

useful with regard to our applications.

2.1 Introduction

A topic of classical interest in ergodic theory is extending the Birkhoff ergodic theorem
to various classes of subsequential ergodic averages. Indeed, we are interested in the
conditions on a dynamical system (X, B, i1, T') and a subsequence (ay, )22 ; of the natural

numbers such that, for each f € LP(u), the limit

LN
lim — E f(Ta)
=1

N—oo N
n

exists and converges to the expectation [ « [ du for p-almost everywhere o € X. When
the dynamical system (X, B, u,T) is ergodic, with (a,)32,; = (n)22, and p = 1, this is
the Birkhoff ergodic theorem.
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One of the first fundamental achievements in subsequence ergodic theory appear in
a series of papers of J. Bourgain, e.g. [6] and [7]. These showed that, for each ergodic
dynamical system (X, B, u,T) and f € L?(u), we have

exists p-almost everywhere o € X. More generally, he showed the existence of the limit

L1
]\}gnoo N nZ::l f(TP(n)Oé)a
where P(n) is a polynomial with integer coefficients, for an L? function f.

Another profound advance in the theory, due to Nair e.g. [33]-[37], was an elaborate
extension of the work of Bourgain to a broad class of subsequences of the natural
numbers. These include the cases a,, = p,, and a,, = P(p,), where P is a polynomial
with integer coefficients, and p,, denotes the nth prime number.

The purpose of this chapter is to make some contributions to subsequence ergodic
theory by considering a class of Hartman uniformly distributed sequences of natural
numbers. In addition, this chapter is meant to provide some machinery which makes
it possible for the calculations in Chapters 4, 5 and 6.

The outline of this chapter is as follows. We first introduce in Section 2.2 the
arithmetic framework on which our subsequence ergodic theory is based. This includes
the notions of LP-good universality and Hartman uniformly distribution. In Section 2.3,
we provide two subsequence ergodic theorems. In Section 2.4, we supply a wealth of
examples of LP-good universal sequences and Hartman uniformly distributed sequences.
In Section 2.5, we give a new formulation of unique ergodicity in the framework of

subsequence ergodic theory. In Section 2.6, we give a moving average ergodic theorem.

2.2 Preliminary arithmetic context

In this section, we describe the arithmetic and analytic framework on which our sub-

sequence ergodic theory is based.

Definition 2.2.1. A sequence of natural numbers (a,)5>; is called LP-good universal
if, for each dynamical system (X,B,u,T) and f € LP(u), the limit

1 N
Jm oy 2 S(Te)

exists p-almost everywhere a € X.
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It is an immediate consequence of the Birkhoff ergodic theorem that the sequence
of natural numbers, a,, = n, is L'-good universal.
Recall that a sequence of real numbers (x,)2°; is uniformly distributed mod 1 if,

for each interval I C [0, 1), we have
1
i T < < : n = 9
Jim - #{lsn < N:{z} € I} =]

where |I| denotes the length of I, and {x,,} denotes the fractional part of x,,. In addition,
we say that a sequence of natural numbers (a,,)02 ; is uniformly distributed on Z if, for

each m € Ny and k£ € {0,1,...,m — 1}, we have

1 1
i — <n<N: = = —.
]\}1_13{1)0]\7 #{1<n<N:a,=kmodm} -
That is, a sequence is uniformly distributed on Z if and only if it is uniformly distributed

among the residue classes mod m for every natural number m > 1.

Definition 2.2.2. A sequence of natural numbers (an)o2; is called Hartman uniformly
distributed if it is uniformly distributed on Z and if (yan)32 is uniformly distributed

mod 1 for each irrational number .

A sequence being Hartman uniformly distributed has a couple of equivalent for-
mulations. Firstly, (a,)?2; is a Hartman uniformly distributed sequence if and only
riant — (), In other words, (a,)3%, is a

if, for each 6 ¢ Z, we have imy_.oc % 25:1 e ™1

Hartman uniformly distributed sequence if and only if, for each z € T \ {1},

Secondly, a sequence of natural numbers is Hartman uniformly distributed if and only
if it is uniformly distributed on the Bohr compactification of the integers. For further

background on Hartman uniform distribution, see [19] and [27].

2.3 Some subsequence ergodic theorems

We now introduce the following two pointwise subsequence ergodic theorems. The first
result, due to Nair [34], enables us to calculate the limit of the ergodic averages for
an LP-good universal sequence with the requirement of weak mixing. For Hartman
uniformly distributed sequences of natural numbers, it is nonetheless possible to prove
a second version of subsequence ergodic theorem using only ergodicity. Note that a

sketch proof of the second theorem can be found in [36].
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Theorem 2.3.1. [34] Let (X,B,u,T) be a weak-mizing dynamical system, and let
(an)22, be an L?-good universal sequence. Suppose that, for any irrational number -,

the sequence (yay,)° is uniformly distributed mod 1. Then, for any f € L*(u),

Jm Z ) = [ s
p-almost everywhere a € X.

We note that L? is dense in LP for every p in (1,2]. Hence, this theorem extends
readily to the case p > 1 by approximation by L? functions, and so do other results
in this chapter. However, it is still an important open problem in subsequence ergodic
theory for the case p = 1. We forego the details as we do not need this degree of

generality in our applications.

Theorem 2.3.2. [A] Let (X, B,u,T) be an ergodic dynamical system, and let (ap)22

n=1

be a Hartman uniformly distributed sequence which is also L?-good universal. Then,
for any f € L*(n),

N
3 1 Qn _
ngnooﬁgf(T a) = /deu
w-almost everywhere o € X.

Proof of Theorem 2.3.2. Let f € L*(u), and set

Plainly, we have |+ 25:1 f(T9a)| < Mf(a) (N € N) and Mf € L?*(p). It follows

from the dominated convergence theorem that the limit

Ly sert 1S por|

N
; S (formtt— fo1om)

2
du)

[ (ot pore ottt - foTon) dy ).
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By arranging the terms using the Koopman operator, we have

N 2
A}E}noo H_ Zf Ta"+1 nzz:lf o T 2

~ lim _( S W) U )~ (U )+ U ).

N—> N2
> 1<n,m<N

It now follows from the Bochner-Herglotz theorem that there is a spectral measure wy
attached to the function f such that (ULf, f) = [; 2" dws(z). This is

N 2
1
(17L+1_ Qn
]\}lm H—g foT _Ng foT

:]\}I_I}éom< / ZAn=0m _ Gn—Gm+1 Zan_a'm_l)dwf(z)>
n,m<N

:J&floom< / (2—2z— 2z ")z m d(,uf(z)>.

We now have

1 N 1 N 2
. - an+1 _ — Tan
NN DAL SIL
n=1 n=
N

= lim_ (2—z—z_1)<%z >< szl)dwf)

T n=1

If z =1, the right hand side vanishes. In addition, when z # 1, this tends to zero as
Jj — oo because (ay,) is Hartman uniformly distributed. This shows that goT" = g. Now
it follows from Lemma 1.5.2 that if 7" is ergodic and g(T'a) = g(«) for a measurable
function g, then g(a) must be [y f dp.

All we have to do now is to show the pointwise limit is the same as the norm limit.

We consider an increasing sequence of natural numbers (IV;);2; such that

We have

/x(i N%g:lf(T“”a)—/ fdu 2>du(0é)<00,




which implies that

o

D

t=1

2
< 00

1<
N LA o)~ [ s

p-almost everywhere a € X. This means that

p-almost everywhere o € X. As (ay,)

e~ [ fau] =o)

oo

| is L?-good universal, we must have

N
3 1 Qn _
ngnooﬁgf(T 04)—/deu

p-almost everywhere o € X. This completes the proof of Theorem 2.3.2. m

2.4 Examples of Hartman uniformly distributed and good

universal sequences

The following is a list of constructions of Hartman uniformly distributed sequences. The

first six are also examples of LP-good universal sequences for some p > 1. The other

examples appear in [35]. Note that the second example is not in general Hartman

uniformly distributed but it provides a wealth of sequences satisfying Theorem 2.3.1.

(1)
(2)

The sequence (n)S%; is L'-good universal. This is Birkhoff ergodic theorem.

Polynomial like sequences: Let P(x) be a polynomial mapping N into itself, and

[e.e]

let (pn)52; denote the sequence of prime numbers. Then the sequences (P(n))

and (P(py))52, are LP-good universal sequences (p > 1). See [6], [7] and [33].

Note that if n € N, then n? # 3 mod 4, so in general the sequences (P(n))>; and
(P(pn))3e, are not Hartman uniformly distributed. We do, however, know from
[59] that if « is an irrational number, then both (yP(n))>2; and (vP(pn))5e, are

uniformly distributed mod 1.

Condition H: Sequences (a,)s, that are both LP-good universal and Hartman
uniformly distributed can be constructed as follows. Denote by [z] and {z} the
integer part and the fractional part of real number x, respectively. Set a,, = [g(n)]
(n=1,2,...) where g : [1,00) — [1,00) is a differentiable function whose derivative
increases with its argument. Let Ay denote the cardinality of the set {n: a, < N},
and suppose, for some function a : [1,00) — [1,00) increasing to infinity as its

argument does, that we set

b(N) = sup
tere[sa)

§ : e27rizan )

n: an <N
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Suppose also, for some decreasing function ¢ : [1,00) — [1,00) and some positive
constant C' > 0, that

b(N) + A[a(N)} + a(JYV)

< .
Ax < Ce¢(N)
Then if we have -
Z c(0™) < o0
n=1

for all @ > 1, we say that (a,)?2  satisfies condition H, see [37].

Sequences which satisfy condition H are both Hartman uniformly distributed and
LP-good universal (p > 1). Specific sequences of integers satisfying condition H

include a,, = [g(n)] (n =1,2,...) where:

(a) g(n) =n¥if w>1and w ¢ N.

(b) gln) = o™ for v € (1,3).

(¢) g(n) =bpn* +--- 4+ byn + by, where by, ..., b, are not all rational multiples of
the same real number.

(d) Hardy fields: By a Hardy field, we mean a closed subfield (under differenti-
ation) of the ring of germs at +o0o of continuous real-valued functions with
addition and multiplication taken to be pointwise. Let H denote the union of
all Hardy fields. If (a,)52; = ([h(n)])52,, where h € H satisfies the conditions
that, for some k& € N,

h(x)

h
lim (z) = 00 and lim —= =0,
=00 gk—1 i00 xk

then (a,)22; satisfies condition H. This example is observed in [5].

(4) A random example: Suppose that (b,)5°; is a strictly increasing sequence in N,

n=1
and let B = {b,}3° . By identifying B with its characteristic function 15, we may
view it as a point in A = {0, 1}, the set of maps from N to {0,1}. We may endow
A with a probability measure by viewing it as a Cartesian product A = [[72; X,
where, for each natural number n, we have X,, = {0,1} and specify the probability
measure v, on X, by v,({1}) = w, with 0 < w, <1 and v,({0}) = 1 — w, such

that lim,, ., wpn = 0o. The desired probability measure on A is the corresponding

oo
n=1

product measure v = [[°2, v,. The underlying o-algebra A is that generated by

the cylinder sets
{(AN)ZO:l €A Anl =Oppyeeey Ank = a"k}

for all possible choices of ni,...,n; and ay,,...,ay,. Then almost every point

(an)22, in A, with respect to the measure v, is Hartman uniformly distributed, [6].
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(11)

(12)

(13)

Block sequences: Suppose that (a,)22; = (J,—[dn, €] is ordered by absolute value
for disjoint ([dy,, e,])22 with d,—1 = O(ey,) as n tends to infinity. Note that this
allows the possibility that (a,)>2 is zero density. This example is an immediate

consequence of Tempelman’s semigroup ergodic theorem, [56, p 218].

o0

. - .
o1 is an LP-good universal

Random perturbation of good sequences: Suppose (ay,)
sequence which is also Hartman uniformly distributed. Let 6 = (0,)52; be a
sequence of N-valued independent, identically distributed random variables with
basic probability space (Y,.A,P), and a P-complete o-field A. Let E denote the
expectation with respect to the basic probability space (Y,.A,P). Assume that

there exist 0 < a < 1 and § > 1/« such that
an = O (™) and Elogi |61] < oo.

Then (a, + 0,(w))52; is also an LP-good universal sequence which is Hartman
uniformly distributed, [38].

an = [P(n)] (n =1,2,...), where P(x) = bpa* 4 --- 4+ byx + by and by, ..., by are

not all rational multiples of the same real number.

an = [P(pn)] (n=1,2,...), where (p,)22, denotes the sequence of prime numbers
and P(z) is as in (7).

an, = [f(n)] (n = 1,2,...), where f(z) denotes a non-polynomial entire function

which is real on the real numbers and such that |f(z)] < e(°82) with a < 3.

an = [f(pn)] (n=1,2,...), where (p,)22; denotes the sequence of prime numbers
and f(z) is as in (9).

ap = [bpcos(bpx)] (n = 1,2,...) for a strictly increasing sequence of integers

(bn)22; and almost all z with respect to Lebesgue measure.

an = [bhcos(byz)] (n = 1,2,...) for a strictly increasing sequence of integers

(bn)22 such that a,, < nP, for some p > 1, and all = outside a set of Hausdorff

dimension not greater than 1 — —.
4p+§
an = [gn(x)] (n = 1,2,...) for almost all € [a,b] with respect to Lebesgue

measure, where (g,(x))%2, is a sequence of continuously differentiable functions

n=1
defined on [a, b] satistying the following hypotheses. For each pair of distinct natural

numbers n and m, we have:

(a) gl (z) — g,,(x) is monotonic on [a, b].

(b) There is an absolute constant A such that |g},(z) — g},(z)| > X > 0.
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(14) an = [gn(x)] (n =1,2,...) for all x lying outside a set of Hausdorff dimension at

oo, is a sequence of continuously differentiable

most 1 — 1—1) in [a,b], where (g, (x))32
functions defined on [a, b] satisfying the hypotheses (a) and (b) of (13) and also

meeting the further two requirements:
(¢) For all z € [a,b], we have

sup g, (z)| < n”
z€la,b]

for some p > 1 and with an implied constant independent of x.

(d) For each pair of distinct natural numbers n and m, the function

g;(x)gm( )
gn(x) — g ()

is monotonic on [a, b].

2.5 Hartman uniform distribution and unique ergodicity

In this section, we give a new and much more powerful formulation of unique ergodicity.
Indeed, we consider some kind of subsequential ergodic average rather than the normal
ergodic average over the natural numbers as appeared in the classical characterization

theorem of unique ergodicity. The reader may find some partial proof from [36].

Theorem 2.5.1. [F| Let T : X — X be a continuous transformation of a compact
metric space X, and let (a,)5%; be a Hartman uniformly distributed sequence which is

also L?-good universal. Then the following are equivalent:
(1) For every f € C(X), (1/N) 25:1 f(T ) converges uniformly to a constant.
(2) For every f € C(X), (1/N)SN_| f(T*«) converges pointwise to a constant.

(8) There exists p € M(X,T) such that, for all f € C(X) and all o € X,

(4) T is uniquely ergodic.

Proof of Theorem 2.5.1.
(1) = (2): This holds trivially. m
(2) = (3): Define a linear operator J : C(X) — C by

J(f) = lim —Zf (T«

N—oo N
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Observe that J is continuous since

< sup |f(a)l.
acX

1 N
‘N;f(T“"a)

In addition, we have J(1) = 1 and the fact that f > 0 implies J(f) > 0. Hence, by the
Riesz representation theorem, there exists € M(X) such that J(f) = [ fdp. Also,
we note that J(f oT) = J(f), so [y foTdu = [y fdu. Thus, we have p € M(X,T)
by Lemma 1.7.4. m

(3) = (4): Suppose that v € M(X,T'). We have, for all a € X,

N
4 1 Qn _
ngnooN;f(T a)—/xfdu-

Integrating with respect to v and using the dominated convergence theorem, we obtain

/de,u:/X</de,u> du:]\}ii)moo/X%éf(T“”a)du(a)

:A}E}noo/xfduz/xfdy

for all f € C'(X). We have v = p by Lemma 1.7.3, and hence T is uniquely ergodic. m

(4) = (1): By Theorem 2.3.2, if (1/N)> >, f(T%"«) converges uniformly to a
constant, then this constant must be [ fdu, where M(X,T) = {u}. Suppose to the
contrary that (1) does not hold. Then there exist a function g € C(X), an € > 0 and a

sequence (an)3_; in X such that

N
1
~ ) 9T ayn —/gdu'ze.
¥ e - |
For each N € N, set

1 N
UN = N Zl 5T“”OCN7
n=

where J, denotes the Dirac §-measure supported at x. This means that

‘/nguN—/ngu‘ > e (2.5.1)

Since M (X) is compact, we can pick a convergent subsequence (un;)32; of (un)R=;

say to fioo. By the inequality (2.5.1), we see that o, # p. To show the contradiction,
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it suffices to prove that po, € M(X,T). Let f € C(X). Then we have

frefrre- el i)

An an+1
- | [ Do - ora,
1 NJ
< lim — T% — fo Tt dg,
]ggo Nj X ;(‘fo fo ) Nj

Integrating both sides of this inequality with respect to u and noting that the left hand
side is a constant, we have

N;
1 J
d Oo—/ oTd Oo'g/ <lim—/ foT% — foT%™ H|ds, _>d
‘/Xf p | SoTdu U n§:1( )| by, | dp

By using the dominated convergence theorem, the Fubini’s theorem, and the fact that
Ix dday, =1, we obtain

N.
1 J
‘/ fd%o_/ fon%o‘< lim —/ Z(foTan_foTan“) dp
X X ]—)OO N] X el
By using the Schwarz inequality, this is
1| &
'/ fduoo—/ fonuoo‘ < lim — | S (fo T — foTot) (25.2)

Next we can calculate the right hand side of (2.5.2) in terms of the Koopman operator.

N; N 2 1

1 2

lim | Y (foT™ — fo™ :hm—</ S (foT™ — foTot) du)
Jmroo N n:l( )2 i=oo Nj \ Jx n:l(

D=

= lim i Z /(fOTa"—fOTa”H)(foTam—foT“mH)dM
2o N\ e, I

—lin (X @A - O O o))
J

1<n,m<N;

By the Bochner-Herglotz theorem, there exists a spectral measure wy attached to the
function f such that (URf, f) = [; 2" dwy(z). This is

N;
lim — || (foT™ — foT*)

[NIES

1
= ]i)rgo F( Z /(Zzan_am _ Zan—am-i-l _ zan—am—l) d(,uf(z)>
J I N<nm<n; /T

1

1 2

= lim —( Z /(2 —z—z71)n 0, d(,uf(z)> .
j=oo Nj 1<n,m<N; T

32

N[



Finally, we have

N.
1 J
lim — T — foT*!
Jim nz::l(fo fo |,
1Y 1 & 2
= lim / 2—z—z71 <— z“”> <— z_“m> dw z) .
i ([ (w2 (w2 (2)

If z = 1, the right hand side vanishes. In addition, when z # 1, this tends to zero as
Jj — oo because (a,)52 is Hartman uniformly distributed. From the inequality (2.5.2),
we see that [y fduc = [y foT dus for every f € C(X). By Lemma 1.7.4, we must
have pioo € M(X,T), and this contradicts the unique ergodicity of 7. m

This completes the proof of Theorem 2.5.1. m

2.6 Moving ergodic averages

We begin by introducing some notation. Let Z be a collection of points in Z x N, and
let

Zh = {(m,n) € Z: n > h},
ZM = {(z,y) € Z%: |x — m| < ¢(y — n) for some (m,n) € Z"},
ZMk) = {x: (x, k) € ZM (k eN).

Geometrically, we can think of Z! as the lattice points contained in the union of all

solid cones with aperture ¢ and vertex contained in Z' = Z.

Definition 2.6.1. A sequence of pairs of natural numbers (ay,by)32 is Stoltz if there
exist a collection of points Z in Z x N and a function h = h(t) tending to infinity with
t such that (an,bn)se, € Z" and if there exist hy, ¢ and d > 0 such that, for all
k € N, we have the cardinality #Zg)‘)(k:) < dk.

This technical condition is interesting because of the following lemma.

Lemma 2.6.2. [3] Let (X, B,u,T) be an ergodic dynamical system, and let (an, by)22
be a Stoltz sequence. Then, for any f € L'(u), the limit

bn
i 3
exists p-almost everywhere a € X.
Note that if we set
S 1 & _
M¢(a) = nh_>H;O —n ]2_:1 f(T V) and M, (o) = E ]Z:l F(T9 @)
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and observe that

My (Ta) = My g(a) = 5- (#(ToHa) = (T a)),

then we can see that M¢(T'a) = My (o) for p-almost everywhere a € X. A standard
fact in ergodic theory is that if (X,B,u,T) is ergodic and if M¢(Ta) = My («) for
p-almost everywhere o € X, then My(a) = | « [ dp for p-almost everywhere o € X.

Therefore, we have the following result.

Theorem 2.6.3. [A] Let (X, B, u, T) be an ergodic dynamical system, and let (ap,bp)5 4
be a Stoltz sequence. Then, for any f € L'(p),

b
3 1 - an+] _
Jggob—;f(T a)—/)(fdu

n i
p-almost everywhere a € X.

We note that the term “Stoltz” is used here because the condition on (ay,by)5e,
is analogous to the condition required in the classical non-radical limit theorem for
harmonic functions, also called a Stoltz condition, which suggested Lemma 2.6.2 to the
authors of [3]. Averages where a,, = 1 for all n will be called non-moving. This is as
opposed the more general moving averages which are averages along intervals whose
initial element, i.e. a,, may not be 1. Moving averages satisfying the above hypothesis

can be constructed by taking, for instance, a, = 2" and b, = 22" ",
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Chapter 3

Complexity of the Liouville
numbers in positive characteristic

A Liouville number in the field of formal Laurent series over the finite field F, can be
defined analogously as in the real case. That is, the set £ of Liouville numbers consists
of irrational elements of F,((Z~1)) that can be very well approximated by a sequence
of rational functions from Fy(Z). Our main aim is to investigate the complexity of .Z
in terms of size and dimension. Indeed, we show that .Z has Haar measure zero and
Hausdorff dimension zero. We locate the exact cut-point at which the h-dimensional
Hausdorff measure of . drops from infinity to zero for any dimension function h. Our
results also include the fact that if % has infinite h-dimensional Hausdorff measure,

then it does not have o-finite A-dimensional Hausdorfl measure.

3.1 Introduction

A Liouville number is an irrational number « € R with the property that, for every

natural number n, there exist integers p and ¢ with ¢ > 1 and such that
1

Therefore, Liouville numbers are real numbers that can be very well approximated by
a sequence of rational numbers. They were of significance in establishing the first proof
of the existence of transcendental numbers, and they initiated the study of Diophantine
approximation of algebraic real numbers.

From the point of view of measure theory, almost all real numbers are transcenden-
tal. Also, the Liouville numbers are uncountable. However, the set of Liouville numbers
is quite small. More precisely, Oxtoby showed that its Lebesgue measure and Hausdorff
dimension are both zero, [45, p 8-9]. It had been asked further by R.D. Mauldin what
the exact cut-point at which the Hausdorff measure of the Liouville numbers drops from

infinity to zero is. Recently, Olsen and Renfro solved this 20 plus year open question by
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giving a complete characterization of all Hausdorff measures of the Liouville numbers,
[42] and [43].

This chapter aims to extend this study of the complexity of the Liouville numbers
to the setting of the fields of formal Laurent series. We now summarize the contents
of this chapter. First of all, we introduce in Section 3.2 the Liouville numbers in the
positive characteristic setting. We show that the set of Liouville numbers is dense in
this setting and that there are uncountably many of them. In Section 3.3, we look
into the complexity of the Liouville numbers in terms of size and dimension, and we
arrive at the conclusion that the set of Liouville numbers is so small that it has both
Haar measure and Hausdorff dimension zero. We then introduce the concept of exact
Hausdorff dimension in Section 3.4 which is used to provide a further indication of the
complexity of the Liouville numbers. Finally, we give a complete characterization of all
Hausdorff measures of the Liouville numbers in Section 3.5; however, the proof appears
in Section 3.8 as we need several preliminary results which come along in Section 3.6
and Section 3.7.

3.2 Liouville numbers

Definition 3.2.1. A Liouville number in positive characteristic can be defined to be
an irrational element o € Fy((Z71)) \ Fy(Z) with the property that, for every natural
numbers n, there exist polynomials P,Q € F,[Z] with |Q| > 1 and such that

P‘ - 1
a——=| < —=—.
Ql eI
The set £ of Liouville numbers is

£ = {a EF,((Z 7)) \F (2): ¥n € N,3P,Q € F [Z] with|Q| > 1, |

o
Ql Q)
It is worth noting that the set of Liouville numbers can also be expressed as

ceparynnn(fU U () o

n=1QcF,[Z] PEF,[Z]
lQI>1

To describe the importance of the Liouville numbers in positive characteristic, we

begin with some definitions.

Definition 3.2.2. An element a € Fy((Z71)) is called an algebraic number if there

exists a polynomial
f(x) = Apa™ + Ap_12" L+ o+ Ajz + Ay,

where Ay, ..., Ay € F,[Z] are not all zero, such that f(a) = 0. An element in F,((Z71))

which is not algebraic is said to be a transcendental number.
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It follows easily from the definition of algebraic numbers that almost all elements
in F,((Z~1')) are transcendental. The following theorem characterizes transcendence in

this space.

Theorem 3.2.3 (Liouville Theorem in Positive Characteristic). [31] Let o € F,((Z71))

be an algebraic number of degree n > 1. Then there exists a constant c(a)) > 0 such that

o b
Q

-

Q
for all P,Q € F,[Z] with Q # 0.

It follows immediately from the Liouville theorem that all Liouville numbers are
transcendental; that is, Liouville numbers are examples of elements in F,((Z 1)) which
are not a root of any nonzero polynomial equation with coefficients from F,[Z]. Typical
examples of Liouville numbers are Y >° , a_,Z ' where a_, € F, with infinitely many
a—n # 0, and it follows easily from these examples that the set of Liouville numbers is

uncountable. Therefore, we have the following results.

Lemma 3.2.4. Let (a—,)52; be a sequence in F, with infinitely many a—_, # 0. Then

—n! - . .
Yol a—nZ™™ is a Liouville number.

Proof of Lemma 3.2.4. Let a = > 2, a_nZ~™. Tt is clear that the sequence of the
coefficients of the formal Laurent series representing « is not ultimately periodic, so it
follows that a ¢ Fy(2).

Now, for any n € N, define P, and @, in F,[Z] with |@Q,| > 1 as follows:

n
Qn = Zn! and P,=Q, Z a_jz—j!.
j=1

Then we have

Pn > —j —(n —(n -n
amgt =] X ayZ | =g = QT < jQul
n j=n+1

Therefore, we conclude that any such « is a Liouville number. m
Theorem 3.2.5. The set of Liouville numbers £ is uncountable.

Proof of Theorem 3.2.5. It is an immediate consequence of the fact that there are

uncountably many » >, a_p,Z ' where a_,, € F, with infinitely many a_, # 0. m

We can investigate a little further the complexity of the Liouville numbers, and we
end this section by showing that the set of Liouville numbers is dense in F,((Z~1)). This
unsurprising fact is a consequence of the Baire category theorem and the observation in
(3.2.1). A Baire space is a topological space X with the property that the intersection

of any countable collection of open dense sets in X is dense in X.
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Lemma 3.2.6 (Baire Category Theorem). A complete metric space is a Baire space.
Theorem 3.2.7. The set of Liouville numbers £ is dense in F,((Z71)).

Proof of Theorem 3.2.7. Note that the field of formal Laurent series is a complete
metric space, so, by the Baire category theorem, F,((Z71)) is a Baire space. Then we
consider the definition of Liouville numbers in (3.2.1) and observe that, for each n € N,

the countable union of balls containing all the rational functions in F,(2)

U Y, @)

QEF,[Z] P€F,|
|QI>1

is dense in Fy((Z71)). Since Fy((Z71)) is a Baire space, it follows immediately that &
is dense in F,((Z71)). m

Before proceeding to the next section, we give here some comment on the quality
of rational approximation relating to Theorem 3.2.3. Let o € F,((Z71)) \ Fy(2).

For each positive real number € > 0, define

k(a,e) =

P
Ql-—00 - @"
where P and ) run over polynomials in F,[Z] with @ # 0. The approzimation exponent
of « is defined by
n(a) = sup{e > 0: k(a,e) < oo}.

It is clear that k(o,e) = oo if € > n(«), that k(a,e) = 0 if ¢ < n(a), and that
0 < k(a,n()) < co. By using some knowledge of the continued fraction algorithm in
positive characteristic, which will be developed in Chapter 4, it is true as in the real
case that, for every € € [2,00], there exists a € Fy((Z71)) \ F(Z) such that n(a) = e.
Moreover, the Liouville theorem in positive characteristic says that if « is an algebraic
number of degree n > 1, then x(a,n) > 0, and therefore n(a) € [2,n|. For a detailed

survey on this subject, the reader is referred to [29].

Definition 3.2.8. Let a € Fy ((Z71)) \ Fy(Z) be an irrational element. We call o a
badly approximable number if n(a) = 2 and k(«a,2) > 0.

The definition of a badly approximable number « is equivalent to saying that the
partial quotients in the continued fraction expansion for « are bounded. Clearly, by
the Liouville theorem in positive characteristic, all quadratic power series are badly
approximable. This fact is also a consequence of their particular continued fraction
expansion. It is worth underlining that Lasjaunias successfully described in [28] the
explicit continued fraction expansion for each algebraic number of degree greater than
2 that is known to be badly approximable. This is still a very important open question

in the classical real case.

38



When « is badly approximable, we are usually interested in the best possible value
of ¢(a) in Theorem 3.2.3. In the field of formal Laurent series, Fuchs proved in [16] an

analogous result of the Hurwitz theorem.

Theorem 3.2.9 (Hurwitz Theorem in Positive Characteristic). [16] Let 0 < ¢’ < q.
Then, for all irrational element o € Fy((Z71)) \ Fy(Z), the inequality
P 1
T QT 7P
has infinitely many solutions P,Q € F,[Z ] with Q # 0.

Note that, in the Hurwitz theorem in positive characteristic, if ¢’ > ¢, then the
inequality is not true in general. Consider for example o = [0;Z, Z, Z, ... ]. For more

references of the research in this direction, the reader should consult [16].

3.3 On the complexity of the Liouville numbers

In the previous section, we see that there are uncountably many Liouville numbers and
that they are dense in Fy((Z7!)). However, we shall show in this section that the set
of Liouville numbers is very small in the sense of measure and dimension. In fact, we
employ and adapt Oxtoby’s method to prove that it has Hausdorff dimension zero and

Haar measure zero.
Theorem 3.3.1. [H] For all s > 0, H*(Z) = 0. In particular, dimg £ = 0.

Proof of Theorem 3.3.1. Note that we can write the field of formal Laurent series as a
countable disjoint union of balls; that is, F,((Z71)) = Uaer, 7 B(4;1). Since Hausdorff
measure satisfies the countably additive property, it suffices to show, for each s > 0,
that we have H*(Z N B(A;1)) =0 for all A € Fy[Z].

Let s > 0, and let A € F[Z]. To prove that H*(.Z N B(A;1)) =0, we need to find,
for each 6 > 0, a countable cover {B;}52, of £ N B(A;1) such that diamB; < § and
Y721 (diamB;)* < 4. From identity (3.2.1), it follows that

comins) U U a(ori)

n=1 Q€F,[Z] PEF,(Z]
Q151 PI<IQ]

That is, for each n € N,

U, U (o)

QEF,[Z] PEF,(Z)
Q151 |PI<IQ]

is a countable cover of .Z N B(A;1) by balls. We can choose n so large that it satisfies

simultaneously the following three conditions:

1 1
— <6, ns > 2, d <
q (ns —2)g"s~2logq
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Then each of the balls in (3.3.1) has diameter

. L N PN
s (4 i) = {lo =100 €8(4+ G ) | < g < e <5

We note two basic combinatorial results:

#{P €Fy[Z]: |IP|<|QI} =1Q] and  #{QE€EF,[Z]:|Q|=q¢"} =(q-1)q

‘We now have

> Y (g

QEFq[Z] PeF,[Z] QERq[Z] Q€[]
QI>1 |PI<|Q] |QI>1 |QI>1
(a—1q" _ o~ 1
o Z qr(ns—l) o ( 1) Z r(ns—2)
r=1 r=1

This completes the proof of Theorem 3.3.1. m
Corollary 3.3.2. [H] u(%¢) = HY(ZL) =0.

Proof of Corollary 3.3.2. This follows from the fact that u and H' are comparable. m

3.4 Exact Hausdorff dimension

In order to investigate sets with Hausdorff dimension zero, it is useful to introduce a

finer notion of dimension that allows more discrimination than power functions.

Definition 3.4.1. A dimension function, or a gauge function, is a non-decreasing and
right continuous function h : [0,00) — [0, 00) with h(0) = 0.

For a dimension function h, define the h-dimensional Hausdorff measure H"(E) of
Ec Fq((Z_l)) by

HM(E) = Tim <inf { ; h(diamB;): E C jgl B;, diamB; < 5}) e [0, oc],
where the infimum is taken over all countable covers of F by balls with diameter less
than 0. Note that if s > 0 and h(r) = r*, then, by a transparent abuse of notation
M5 = H". For a comprehensive treatment of the Hausdorff measure H", the reader
should consult [47]. We shall say that h is an exact Hausdorff dimension for E if
0 < HME) < 0.
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It follows from Theorem 3.3.1 that no power function h(r) = r° gives the set of
Liouville numbers finite positive h-dimensional Hausdorff measure. In this view, it is
natural to ask whether the set of Liouville numbers has an exact Hausdorff dimension
or not. This question can be answered by using the translation invariance property of
Z; for related results, see [8], [41] and [42].

Lemma 3.4.2. [H] Let E CF,((Z71)) be a set such that E+ A = E for all A € F[Z],
and let \ be a translation invariant measure on F,((Z71)). Then A\(E) € {0,00}.

Proof of Lemma 8.4.2. Suppose that A(E) > 0. We claim that A\(E) = oo. Since
we have 3 cp 17 A(E N B(A;1)) = A(E) > 0, there exists Ay € Fg[Z] such that
AE N B(Ap;1)) > 0. Then, for all A € F;[Z], we obtain

A(E N B(A:1)) = A(E N B(A;1)) + (4o — 4))
A(E + (Ao — A) N (B(A:1) + (Ay — A)))
A

(EN B(Ao; 1)).

Therefore, A(E) = MENB(AL) = AME N B(Ap;1)) = oco. This
A€F,[Z] A€Fq(Z]

completes the proof of Lemma 3.4.2. m
Theorem 3.4.3. [H] For any dimension function h, we have H"(Z) € {0, 00}.

Proof of Theorem 3.4.3. Tt is clear that H" is a translation invariant measure for any
dimension function h. Moreover, the set .Z of Liouville numbers satisfies the condition
that £ + A = £ for all A € F,[Z]. It is an immediate consequence of Lemma 3.4.2
that H"(Z) € {0,00}. m

3.5 On the exact Hausdorff dimension of the Liouville
numbers

Due to Theorem 3.4.3, it is clearly of interest to ask two further questions about the

complexity of the Liouville numbers:

(1) For which dimension function h is H"(.Z) = 0, and for which dimension function
his HM(L) = oo?

(2) Does there exist a dimension function h such that H"(.Z) > 0 and the set .Z of

Liouville numbers has o-finite H" measure?

The first question asks one to locate the exact cut-point at which the Hausdorff measure
of .Z drops from infinity to zero. The second question asks, in the case H"(Z) = oo,
whether the h-dimensional Hausdorff measure is truly infinite, i.e. .Z is a countable

union of sets with finite A-dimension Hausdorfl measure or not.
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To answer these two questions, we begin with a definition. For a dimension function
h, define the function ®; by

Theorem 3.5.1. [H] Let h be an arbitrary dimension function.
(1) Iflimsupg o wez Pn(q¥)/q“s =0 for some s > 0, then we have H"(ZL) = 0.

(2) If imsupg g ez Pr(¢?)/q“* > 0 for all s > 0, then we have H"(Z) = oo and

the set £ does not have o-finite H" measure.

This result gives a complete characterization of all Hausdorff measures H"(.%) on
the set of Liouville numbers, and thus answers the last two questions. Indeed, firstly, it
locates the exact cut-point at which the Hausdorff measure of .Z drops from infinity to
zero. If h is a dimension function for which the function ®,(¢*) increases more slowly
than a particular power function of ¢* near 0, then H"(.%) = 0, and if h is a dimension
function for which the function ®5(¢*) increases faster than any power function of ¢*
near 0, then H"(Z) = oco. Also, it shows that if the h-dimensional Hausdorff measure
of % is infinite, then .Z does not have o-finite h-dimensional Hausdorff measure. Note
that Theorem 3.5.1 considers only r = ¢* (w € Z) rather than arbitrary nonnegative
r € R as in the real case, and this theorem is an analogue of Olsen and Renfro’s result
in [43]. To prove this theorem, we need several lemmas, so we postpone the proof of

Theorem 3.5.1 until the last section of this chapter.

3.6 Preliminary results I

To prove Theorem 3.5.1, we need some preliminary results, which are divided into two
sections. In Preliminary results I, we prove a special case about the exact cut-point
at which the Hausdorff measure of % drops from infinity to zero. In fact, we shall
make a requirement in Lemma 3.6.1 that the function r — h(r)/r is decreasing in a
neighborhood of 0. In Preliminary results 11, we collect some properties of the function
®;,. Then we use these properties to extend the results in Lemma 3.6.1 to a complete

characterization of all Hausdorff measures H"(.%) of the set of Liouville numbers.
Lemma 3.6.1. [H]| Let h be a dimension function.
(1) Iflimsupg o wez h(q?)/q** =0 for some s > 0, then we have H"(Z) = 0.

(2) If imsup e, ez M(q”)/q*® > 0 for all s > 0, and if r — h(r)/r is a decreasing
function in a neighborhood of 0, then we have H"(Z) = cc.
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Proof of Lemma 3.6.1(1). This result is simply a rephrasing of Theorem 3.3.1 that the

Hausdorff dimension of . equals 0. =

Proof of Lemma 3.6.1(2). Let h be a dimension function such that, for all s > 0,

h(q”)

ws

lim sup
q“—0
wWEZ

> 0,

and suppose that the function » — h(r)/r is decreasing in a neighborhood of 0. Observe

that, for all s > 0, we have

h(g* 1 h(g¥
lim sup (¢") = lim sup 5 (g )2 = 00. (3.6.1)
=0 q¥° g“—0 (qw)s/ (qw)s/
wWEZ WEZ

To prove the result, we suppose to the contrary that Hh(f ) < 0. Since h is continuous
from the right with h(0) = 0, it follows easily that H"(F,(Z)) = 0, and thus we have
H"(LUF,(Z)) < oo. Then there is a real number ¢y > 1 such that H"(LUF,(Z)) < co.
Moreover, it follows from (3.6.1) that there exists a natural number wy such that

h(g=*°)

q—wo

> ¢2co. (3.6.2)

Since H"(L UF,(Z)) < co, there exists a countable cover {Bj}52, of ZUF,(Z) by
balls with diamB; < ¢~*° such that Z;’il h(diamB;) < ¢.

We shall now construct a sequence (E, )5 ; of sets such that

ﬁ E, # 0; (3.6.3)
n=1
ﬁ E, C ZUF,(Z); (3.6.4)
n=1
E,|N B; ) =0. (3.6.5)
(N&)n(Us)

Since £ UF,(Z) C \J;2, Bj, this will give the desired contradiction.
The construction of the sets FE, is divided into four steps. We begin by giving some
notation. For a natural number n, we write F,[Z]" for the family of strings P; ... P,

of length n with entries P; € F,[Z], i.e.
F,[2]" = {P\...P,: P, € F,|Z]}.

First, we construct an auxiliary sequence (Q,,)02; in IF,[Z]. Next, by using this sequence
(Qn)22, we construct a sequence of sets (II,,)2; and Ip for P € II,, with IT,, C F,[Z]"
and Ip C .Z. Then we construct a sequence of sets (I',,)° ; with I',, C II,,. Finally, we

construct the sequence (E,)02 ;. m
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Construction of (Q,)%: Let ¢ = ¢®c. It follows from (3.6.1) that there exists an

increasing sequence (wy)2° ; of natural numbers such that

h(qg—“") .
i > 1; (3.6.6)
I A

Now we can construct inductively a sequence (@Q,)52; in F,[Z] so that the following

two conditions are satisfied for all n > 2 :

(I.1) we have
|Qnl = (cq" 1 Qu—1 ")

(I.2) we have
—Wn S

1 1
~q .
q"|Qn|? |Qn|"

The start of the induction. We simply put
Q=1

The inductive step. Assume that n > 2 and that Q1,Q2,...,Q,_1 have been con-
structed such that (I.1) and (I.2) are satisfied. Observe that

Wn,

(qm)M/m — <q—

Y o)
— wn /m)—1 —1).
qn> q (¢—1)

This implies without difficulty that there exists a @, in F,[Z] with

Wn

1/n
q Wn, n
<q—n> < 1Qul < (@)™, (368)
Then it follows immediately that @, satisfies condition (I.2). To see that Q,, satisfies
condition (I.1), we use (3.6.7) and (3.6.8) to obtain

qwn L/n an_l 2 n—1 n—1\2
‘Qn‘ > q—n > q—wn—l > (Cq ’Qn—l’ ) .

This completes the inductive step in the construction of the sequence (@) ;.

Construction of (II,,)0%, and Ip: For each n € N and P € F,[Z], we define sets
Ynp CF,Z], 8, CF,[Z], 11, CFy[Z]" and Ip C £ for P € II,, inductively as follows.
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Put

Y1 = {1},
Y1 =211,
Hl - 217

1 1
fl”(avm)

Next, assume that n > 2 and that the sets ¥,,_1 p, ¥y,—1, II,—1 and Ip for P € II,,_
have been defined. Now put

L (02
C)n—l7 |Qn—1|n_1

Yo.p=F/Z]N B(Qn

2n = U 2n,Pa
PeX, 1

Hn = {Plpg .. .Pn c Fq[Z]n: Pl c 2171,P2 S 227]31,. .. ,Pn c 2”7Pn71}7

> for P € ¥,,_1,

P, 1 >
Ip=B|—; for P=PP... P, €ll,.

Below we collect some of the main properties of the balls Ip. We shall denote the

distance between two sets X,Y C F,((Z71)) by dist(X,Y) = infrex, yev |z — yl.

Proposition 3.6.2. [H] We have the following.

(1) If PP € 11,41 with P € II,,, then we have

Ipp C Ip.

(2) If P1,Py € 11, are distinct, then we have

1
dist(Tp, . Ip,) > —— > 0.
( P P2) ’Qn’

(3) We have

e}

N U Ip € 2UF(2).

n=1Pell,
Proof of Proposition 3.6.2. Statement (1) is obvious by an easy calculation. Next,
we observe the fact that if Py, Py € II,, are distinct, and if Py = P 1Pi2... P, and
Py = P 1Py... Poy, then we must have P, # P ,. Now statement (2) follows by
an easy calculation. Finally, we prove statement (3). Let o € (2, UPeHn Ip. For
each n € N, we have a € UPeHn Ip, so there exists P = PP, ... P, € 1I,, such that
a € Ip = B(P,/Qn; |Qn|™™), whence |a — P,,/Qn| < |Qn|™". It now follows from the
definition of a Liouville number that « € Z UF,(Z). m
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Construction of (I',)2° ;:  We now construct sets I'y C Iy, I'y C Ily, ... inductively

such that the following three conditions are satisfied for all n > 2 :
(IL1) if diamB; > 1/(q|@Qn|)", then we have
Binlp =10
for all P € I'y;

(I1.2) we have
[

" QT P

#I
(I1.3) we have
I, C{PPell,: Pel,_}.
The start of the induction. We simply put
I, =1I;.
The inductive step. Assume that n > 2 and that the sets I'y C II;, I'y C Iy, ...,

I',—1 C II,—; have been constructed such that conditions (II.1)—(IL.3) are satisfied.
Put

1
I, = {PP ell,: Pel,_1,Vj EN, diam(Bj N Ipp) < F(diamfpp)}.

We shall now prove that the set I',, satisfies all the conditions (II.1)—(I1.3). Write
X, ={PPcll,: P el }\T,, ie.

nl_l (diamlpp)},

X, = {PP €ll,: Pel, 1, 3j €N, diam(B; N Ipp) >
q

and write, for each j € N,

—_

ij = {PP ell,: Pel, 4, diam(Bj N Ipp) > 3 (diamfpp)}.

q

We clearly have X,, = U]O’;l Xn,j, and we note that this union may not be disjoint.
We now prove the following four propositions. To avoid confusion, we emphasize that
these propositions are part of the inductive step. In particular, the variable n should

be interpreted as it is used in the inductive step.

Proposition 3.6.3. [H| We have

#{PPecll,: Pel,_ 1} = % H#T,1.
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Proposition 3.6.4. [H] For each j € N, we have

#Xpj < q|Qnl(diamB;) + h(1/q"|Qnl™)

Proposition 3.6.5. [H]| If 2 < m <mn, then #I';,—1 > 1 and

h(1/q™|Qm[™)
1/q™|Qm[™

Proposition 3.6.6. [H] We have

1

> cqm_l!Qm\m_l\Qm_l\m_l#F -
.

#X, < <1 - %) H#{PPell,: PeT,1}.

Proof of Proposition 3.6.3. By the construction of (Q,)5;, we note from (I.1) that
|Qn| > |Qn_1|""*. We now have

#{PPell,: PeT, 1} = 3 #(Fq[Z]ﬂB<QnP"_1' Q| ))

? n—1
P=Py..P, 1€l 1 Qn-1" |@n—1]

_ Po1 . |Qn >>
B Z M<B (Qn C)n—l7 |62n—1|n_1

P=P,...P, 1€l 1

Z |Qn]
Pel, ’Qn—l‘n_l
|Qnl
= Qn T #Ln-1,

as required. m

Proof of Proposition 3.6.4. We divide the proof into two cases. First, we assume that
#X,, ; = 1. In this case, X,, ; = {P} for some P € II,,, whence

1 1

diamB; > diam(B; N Ip) > — (diamlp) = ———.
" 0" |Qn["

q
This implies that h(diamB;) > h(1/¢"|Qn|"), and so

#s =< g < 90 i

This proves Proposition 3.6.4 when #X,; = 1. Next, we assume that #X,; > 2.
In this case, X, ; = {P1,...,Py} for some distinct P; € II,, and m > 2. Observe
that B; N Ip, # () for all 1 < i < m. Moreover, by Proposition 3.6.2(2), we see that
the balls Ip, are pairwise disjoint. It follows that B; must contain every ball Ip,.
Since Bj is a ball, we deduce that B; must contain the gaps between the balls Ip,.
By Proposition 3.6.2(2), we see that the length of each gap is greater than or equal
to 1/|Qn|. Now let w be the unique nonnegative integer such that ¢ < m < ¢“*+1. It
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follows that there exist i; and i with 1 <47 < i9 < m such that the distance between

Ip, and Ip,, is greater than or equal to ¢*/|@Qy|. This implies that

w

diamB; > dist(Ip, ,Ip,,) > >

m
@yl ‘]|Qn|7

and so we obtain

_ _ h(diam B;
#X, i =m < q|Qu|(diamB;) < ¢|Qn|(diamB;) + %'

This completes the proof of Proposition 3.6.4. m
Proof of Proposition 3.6.5. We first show that #I',,_1 > 1. For 2 < i < n — 1, the
inductive hypothesis (I1.2) and the fact from (I.1) that |Q;| > (c¢*~|Q;—1|""1)? imply

Qs
r>——-"__
#li2 Q1]

Repeated application of this inequality gives

CH#HD > #D

Hlp1 > #0p0 > > #y > #I' = 1.

Next, we prove that
h(1/a™|Qm|™) 1
1/q™|Qm[™ #Lm-1
By (3.6.6), the inequality in (I.2) that 1/¢™|Qm|™ < ¢ “™ < 1/|Qm|™ and the fact

that h(r)/r is non-decreasing near 0, we have
h(g=“m) 1 1

h(1/q™|Qm|™) _
1/q™|Qum|™ Z q—wm o (q—wm)1—1/2m = (1/’Qm‘m)1—1/2m

> g™ Q™ Q|

— ’Qm’m—l/?
(3.6.9)
Also, since |Qun| > (g™ 1 Qm_1/""1)? and #I',,_1 > 1, we deduce that
1 1

—-1/2 -1 -1 -1 -1
cqm_l ‘Qm‘m / > ‘Qm’m ’Qm—l’m > ’Qm‘m ‘Qm—l‘m #Fm—l.

(3.6.10)

Combining (3.6.9) and (3.6.10) gives the desired result. m

Proof of Proposition 3.6.6. We divide the proof into two cases. First, we prove the case

n = 2. By Proposition 3.6.4, we have

m > h(diamB)).  (36.1)

#Xo < Z#X2,j < q|Q2| ZdiamBj T

Since diamBj < ¢~“°, we now use the fact that the map r — h(r)/r is decreasing in a
neighborhood of 0, together with (3.6.2), to obtain

h(diamBy) S h(g=*°)
diamB; q—wo



We therefore conclude from (3.6.11) that

7|Q2] =, , .. 1 o~ 1
#Xo < h(diamB;) + ————— Y h(diamB;
1= ¢ ; ( i) h(1/q%1Q2[?) ; ( )
Q2| 1
< + -
¢ (/PP
By Proposition 3.6.5, we obtain
h(l/q2|Q2|2) 1 1 1
—— A5 > C — =c .
1/¢%|1Q21* — 21Qal']ul #I'y 4102
Hence,
14X, < Q2 n Q|Q2|C0 _ Qo n |Q72|'
q & q q

Also, Proposition 3.6.3 implies that

Q2|
|Q1]!

#{PPEHQIPEFl}: '#F1:’Q2’.

This equation and the previous inequality give
1 1 1
#Xs < <a+?> '#{PPGHQZ PGPl} < <1—?> '#{PPGHQZ PEPl}.

This completes the proof of Proposition 3.6.6 for n = 2.

Next, we prove the case n > 3. We have

HXn <Y # X (3.6.12)
j=1
Now observe that
1
if j satisfies diamB; > prE ORI then X, ; = 0. (3.6.13)
n—1

We now prove (3.6.13). Indeed, if (3.6.13) were not satisfied, then there would exist
PP € 1I, with P € T',_; such that diam(B; N Ipp) > (1/¢"!)(diamIpp). Particularly,
this would imply that B; NIpp # (), and thus B; N Ip # () by Proposition 3.6.2(1). But
this would contradict the inductive hypothesis (I1.1) since diamB; > 1/¢" Q1" 1.
This proves (3.6.13).

It follows from (3.6.12), (3.6.13) and Proposition 3.6.4 that

#X, < > #Xn,j
j=1
diamB;<1/¢" 1|Qn—1|""1
i<1/q |Q oo1| 1 N (3.6.14)
<q|Qn diamB; + ——— h(diamB,).
o 2 TG 2 M m )

diamB;<1/¢" "1 Qn—1|"1
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For each j with diamB; < 1/¢"1|Q,—1]/""!, Proposition 3.6.5 implies that

h(diamB;) _ h(1/¢"'|Qn_1|"! . . oo 1
(‘ J) > ( /n_l ‘ 1L_1) > cq 2|Qn—1| 2|Qn—2| 2 )
diamB; —  1/¢" Q1] #T

We therefore conclude from (3.6.14) that
Q‘Qn‘ : #Pn—2 - .
#X, < h(diamB,;
A QA Qe 2 (diam )
diamB;<1/¢" " |Qpn—1|" "}
1 oo
+ —————— > h(diamB;)
R Ta 2= ]
‘Qn‘ : #Pn—2 1

S o+ ——F—<0C0-
cq"31Qua[" Q2" 2 T R(1/q" Q)
By using the inductive hypothesis (I1.2), we have

#1255
" q2|Qn—2|n_

Hence, we obtain

|Qn| : #Fn—l o + 1 co
cq"0|Qn—1 "1 h(1/q"Qn[™)

By Proposition 3.6.5, we know that
h(1/q"|Qn[")
1/¢™Qnl

This and the previous inequalities imply that

|Qn| : #Fn—l Q|Qn| : #Fn—l o |Qn| ! #Fn—l |Qn| : #Fn—l
n—>5 n—1¢0 + n—1 0= "33 n—1 + 7 n—1"
cq" P |Qn—1] | Qn—1] q"3|Qn—1] q"Qn-1|

Finally, using Proposition 3.6.3, we obtain

#Xn <

1
#Pn—l .

> ¢q" M Qn|" | Quoa "

#Xn <

1 1
#X, < (W +?> H#{PPell,: PeT, 1}

1
< (1— ?> #{PPell,: Pel,_1}.

This completes the proof of Proposition 3.6.6 for n > 3. m
We are now ready to prove that the set I',, satisfies (II.1)—(IL.3).

Proof that Ty, satisfies condition (II.1). It is immediate from the definition of the set
I, that it satisfies (II.1). Indeed, suppose to the contrary that there exist a j with
diamB; > 1/¢"|Qy|" and a P € T, such that B; N Ip # (). This implies that

. 1 1 .
diam(B; N Ip) > 70T = (diamIp).
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However, this inequality contradicts the fact that P € I'),. This proves that the set ',

satisfies condition (II.1). m

Proof that Ty, satisfies condition (I1I.2). Since we have X,, = {PP € II,,: P € T';,_1 }\I'y,,
it follows from Proposition 3.6.3 and 3.6.6 that

#I, =#({PPell,: Pel,_1}\ Xy,)

1
> g #{PPElL:Pel, )
Q]
= — - #I',, 1.
T I e

This proves that the set I',, satisfies condition (I1.2). m
Proof that T, satisfies condition (I1.8). This is obvious. m

This completes the inductive step in the construction of the sequence (I'),)02 ;.

[e.e]

Construction of (E,)>2;: We simply put

E, = U Ip.

Pel'y,

We can now complete the proof of Lemma 3.6.1(2) by showing that the sequence
(Ep)oo, satisfies all the conditions (3.6.3)—(3.6.5).

Proof of (3.6.3). Clearly, it follows from the induction that F, # () for every n € N.
Now we observe that condition (II.3) implies that E, 1 C E, for each n € N. Using the

o

fact that every ball in F,((Z~1)) is compact, we can see that the sequence (E,,)%; is a

decreasing sequence of nonempty compact sets, and we thus conclude that (7, E,, # 0.
This proves (3.6.3). m

Proof of (3.6.4). Tt follows from Proposition 3.6.2(3) that

o0

ﬁEng U Ip c2UF,(2),
n=1 =

as required. m
Proof of (3.6.5). 1t follows from (IL1) that (N2, En) N (U2, Bj) = 0. m

This completes the proof of Lemma 3.6.1(2). m

3.7 Preliminary results II

In this section, we collect some properties of the function ®; which will be useful
for extending the results in Lemma 3.6.1 to Theorem 3.5.1. The first lemma is an

adapted result from [43, Lemma 2.1] which says that, for each dimension function

o1



with some specified properties, we can always find another dimension function with the
same specified properties such that it gives much less value than the original one does.
The second lemma is taken from [43, Lemma 2.2]. This says that ®; is a dimension
function with the property that r — ®p(r)/r is decreasing in a neighborhood of 0.
Finally, our third is analogue of [43, Lemma 2.2(3)] which says that the h-dimensional
Hausdorff measure and the ®j-dimensional Hausdorff measure of a set in F,((Z71))

are comparable.

Lemma 3.7.1. [H] Let h be a dimension function such that the function r — h(r)/r is
decreasing in a neighborhood of 0. Suppose that limsupg._, ez h(¢*)/q*° > 0 for all
s > 0. Then there is another dimension function g such that the function r — g(r)/r

is decreasing in a neighborhood of 0 and such that
(1) imsupge_o, ez 9(¢%)/q%° > 0 for all s > 0;

(2) limge—0,wez 9(¢*)/h(g”) = 0.
Proof of Lemma 8.7.1. First, we note that, for all s > 0,

h w
lim sup (ZS) = o0. (3.7.1)
q“—0
wWEZ
This was proved in (3.6.1). Next, observe that
h w
lm M) _ o (3.7.2)
qw_>0 qw
wWEeZ

This follows from the fact that the function r — h(r)/r is decreasing near 0 so that
the limit limgw_0, wez h(¢¥)/q¥ exists, and we therefore conclude from (3.7.1) that
limge 0, wez M(q¥)/q” = limsup e, ez P(¢*)/q” = co. This proves (3.7.2).

By (3.7.1) and (3.7.2), there is an increasing sequence (wy)22; of natural numbers

such that the following two conditions are satisfied for all n € N :

h(g~*") 2
SAAC D I 3.7.3
(q—wn)l/n ( )
o) <n+1> Ma) (3.7.4)
q—wn+1 n q_wn

For each n € N, put

. —wn< n > h(q_wn+1)
Pn = ( T h(q_wn) .

Note that it follows from (3.7.4) that ¢~“»+1 < p, < ¢7“*. Now we can define the
function g : [0,00) — [0, 00) by

0 for r =0,

g(r) = MO for gmentt < <y,
rhrgg,:z) for p, <r < q“n,
h(g=1) for r > g1,
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It is not hard to check that g is increasing and right continuous with ¢g(0) = 0.
In particular, this says that g is a dimension function. We must now show that the
function r — g(r)/r is decreasing in a neighborhood of 0 and that g satisfies conditions
(1) and (2).

We first prove that the function r — g(r)/r is decreasing near 0. Note that

h(g~“n+1 _
g(r) _ (qﬁ—‘rl )% for q Wntl <r S p77/7 (3 7 5)
r an ") —qin for p, <r < q “n.

For ¢=“»+1 < r < p,, we have

gr) _ h@ )1 (@) 1 glpa)
r n+1 r n+1 p, Pn

We conclude from (3.7.5) that the function r — g(r)/r is decreasing on (g~ “n+t, g~ ].

For ¢=“» < r < p,—1, we have

gla) ) 1 ka1 g(r)

q—“n n q~¥n T n T T

Now we can also conclude from (3.7.5) that the function r — g¢(r)/r is decreasing on
(Pn, pn—1]. Thus, we have proved that the function r — g(r)/r is decreasing.
Next, we prove that g satisfies condition (1). For all s > 0, we use (3.7.3) to obtain

w —Wn
lim sup g(qs) > lim sup 9(g”")

=0 g n—oo  (q7¥m)*

wEZ
h —Wn
= lim sup M
n—00 n(q_“")s
h(g=“"
> lim sup (g=)

—wn)1/n
o n(g=—r)

. n?
> limsup —

This shows that condition (1) is satisfied.
Finally, we prove that g satisfies condition (2). Since the function r — h(r)/r is
decreasing, we conclude that h(q“)/q” > h(g=*")/q~“" for all ¢* € [g~“n+1, g~ "],

whence we obtain

h(g—*m)

h(g®) > h(g~“+1) > ng(q”)  for g7+ < ¢* < py,
| e =nglg)  for pn < ¥ < g

It now follows that g(¢*)/h(¢*) < 1/n for g~“n+t < ¢ < ¢~“», and hence we have
limge 0 wez 9(¢¥)/h(g”) = 0. This shows that condition (2) is satisfied. m
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Lemma 3.7.2. [43] Let h be a dimension function.

(1) The function ®y, is a dimension function. In particular, the ®p-dimensional Haus-

dorff measure H®" is well defined.
(2) The function r — ®p(r)/r is decreasing in a neighborhood of 0.

Lemma 3.7.3. [H] Let h be a dimension function. We have
HP(B) < HI(E) < gH*"(E)
for all E CF,((Z71)).

Proof of Lemma 3.7.3. First we claim that H®r(E) < H"(E) for all E C F,((Z71)).
This is an easy consequence of the fact that

)= g (2 < (") <

r

Next, we show that H"(E) < ¢H®*(E) for all E C F,((Z7')). Let § > 0, and define

HME) = inf { > h(diamB;): E C | | B;, diamB; < 5};
j=1 i=1

Hi"(E) = inf { > ®(diamB;): E C | | B;, diamB; < 5}.
j=1 j=1
Note that H"(E) = lims_o H2(E) and H®(F) = lims_o ”Hgbh (E). Now it suffices to
prove that (1/q)HE(E) < ’H?h (E) + 6. Let {B;}32, be a countable cover of E' by balls
with diamB; < 6. For each j € N, we have
h(t)

. J . . .
Oy, (diamBj) + 5 > Oy, (diamBj) = 0<t§1£11£mBj(d1amBj)T.

It follows that, for each j € N, there is a ¢; with 0 < t; < diamB; such that

: o . h(t;
Py, (diamBj) + o5 > (dlamBj)%. (3.7.6)

J

For each j € N, let w; denote the unique nonnegative integer with

Wi

-1 diamB; < ¢

q t )

and let ¢* = max{q¥ < tj: w € Z}. Then it is easy to check that diamB; = q“i i

for all j € N. Observe that the set B; can be covered by ¢“7 balls B;1,..., B; «; with
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diamB;; = ¢i foralli=1,...,¢%. Since E C Uj2: Bj € U5, U;]:Jl Bj; and h is an

increasing function, we conclude from (3.7.6) and (3.7) that

Z Oy (diamB;) + 6 = Z <<I>h(diamBj) + 2%)
j=1 j=1
diamB
- Z t. ! h(tj)
— J
7j=1

v
| =
L)
[
<
>
—~
~
<
~

IV

| =
K

€

<
>
—
<
£

>

This implies that ”H?h (E) 4+ 6 > (1/q)HR(E) for every § > 0. Finally, letting § — 0

gives the desired result. m

3.8 Proof of Theorem 3.5.1

Proof of Theorem 3.5.1(1). Let h be a dimension function such that

¢ W
lim sup M
q“—0 qws
wWEZ

=0

for some s > 0. It now follows from Lemma 3.6.1 that H®»(.%) = 0. In addition,
by Lemma 3.7.3, we see that H"(.Z) and H®»(Z) are comparable. Thus, we have
H" (&) = 0, and this proves Theorem 3.5.1(1). m

Proof of Theorem 3.5.1(2). Suppose to the contrary that there exists a dimension
function h, with the property that

@ W
lim sup M >0

q“—0 q“*
wEZ

for every s > 0, such that . has o-finite h-dimensional Hausdorff measure. That is,
we have & = (JiZ, Ej, where E; C F,((Z71)) with H"(E;) < oo for all j € N. Since
limsupgw 0 wez Pn(q”)/q® > 0 for every s > 0 and, by Lemma 3.7.2, the function
r +— ®p(r)/r is decreasing in a neighborhood of 0, it now follows from Lemma 3.7.1
that we can find a further dimension function g such that the function r — g¢(r)/r is

decreasing in a neighborhood of 0 and such that
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(1) imsupgw_,o ez 9(¢”)/q** > 0 for all s > 0;
(2) limgw—0,wez 9(¢*)/Pn(g”) = 0.
It follows from (1) and Lemma 3.6.1 that
HI(ZL) = . (3.8.1)

Since H"(E;) < oo for all j € N, we conclude from Lemma 3.7.3 that H®"(E;) < oo
for all j € N. It then follows from (2) that H9(E;) = 0 for all j € N. Hence, we obtain

HI(L) = H9< U Ej> <) HI(E;) =0. (3.8.2)
j=1 j=1

The desired contradiction now follows from (3.8.1) and (3.8.2). This completes the
proof of Theorem 3.5.1(2). m

This completes the proof of Theorem 3.5.1. m
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Chapter 4

Metric theory of continued
fractions in positive characteristic

Let F, be the finite field of ¢ elements. An analogue of the regular continued fraction
expansion for an irrational element a in the field of formal Laurent series over FF, is

given uniquely by

a:AO(a)+ )

where (A, (a))2,, is a sequence of polynomials with coefficients in F, such that, for
each n > 1, deg(A,(«)) > 1. In this chapter, we shall first prove the exactness of the
continued fraction map in positive characteristic. This fact implies a number of strictly
weaker properties. Particularly, we then use the weak-mixing property and ergodicity to
establish various metrical results regarding the averages of partial quotients of continued
fraction expansions. A sample result that we prove is that if (p,)52; denotes the

sequence of prime numbers, we have

1

N
. _q
Jim Z::l deg(4p, () = ——7

for almost everywhere o with respect to Haar measure. Also, we prove a quantitative
version of the metrical results regarding the averages of partial quotients. By using Gal

and Koksma’s method, we prove for instance that, given any € > 0, we have

1 q

A1)+ An(@)| ¥ = g7 + o N3 (log N)5 )

for almost every a with respect to Haar measure.
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4.1 Introduction

Extending the idea of the Euclidean algorithm, for a real number «, let

1
a=co+ 1 :[00;617027037"'] (CNEN)
c+
! 1
co +
c3+ -
denote its regular continued fraction expansion. The terms cqy,cy,co,... are called

the partial quotients of the continued fraction expansion, and the sequence of rational

truncates

_ P
dn

are called the convergents of the continued fraction expansion.

[co;cty- -5 Cnl (n=0,1,2,...)

For a real number «, let {a} denote its fractional part. We now consider the

particular ergodic properties of the Gauss transformation 7' : [0,1) — [0,1) defined by

Toz:{l} and T0 = 0.

a

Notice that c,(a) = ¢1(T" 'a) for all natural numbers n. The dynamical system
([0,1),B,v,T), where B is the Borel o-algebra of subsets of [0,1) and v is the Gauss
measure defined, for any E € B, by

1 da
FE) = —
v(E) log2/Ea+1’

is ergodic. See [10, p 165-177], [24, Ch 4] or [49] for more details. This point of view

can be used to prove the following result.

Suppose I’ : R>¢g — R is a continuous increasing function such that

1
/0 |F(c1(z))|dv(x) < .

Then we have

g wo !
Jim —;F(cl(T 0)) = /0 Fley () dv(z)

N—ooco N
n

almost everywhere o with respect to the Lebesgue measure on [0, 1). Specializing for
instance to the case where F'(x) = log x, we recover Khinchin’s famous result that

logn

. o0 1 log 2
]\/11—H>loo(61(a) cen(@)N = H (1 + m>

n=1

2=

almost everywhere o € [0,1) with respect to Lebesgue measure, [25]. Results for means
other than the geometric mean can be obtained by making different choices of F. See
also [24, p 230-232] for more details.
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A second well-known result giving a quantitative version of the metrical theory of
continued fractions, due to de Vroedt [11], is the following. Suppose f : N — Rxq is
a nonnegative function such that f(n) < K nz= for all n € N , where K and w are

positive constants. Then, given any € > 0,

sz a(T"w Zf log< ﬁ) —|—0<N_%(logN)%+e)7

as N tends to infinity, for almost everywhere a € [0,1) with respect to Lebesgue
measure. Again, by adopting f(z) = logx, this theorem refines Khinchin’s result.

A beautiful result, due to Nair [34], generalises the work of Khinchin to include a
broad class of the subsequential ergodic averages of the partial quotients. For instance,
let (a,)S%; be an L%-good universal sequence of natural numbers such that, for any

irrational number 7, the sequence (ya,)?2; is uniformly distributed mod 1, and let

n=1
G : R>¢p — R be a continuous increasing function such that fol |G (c1(x))]? dv(z) < oco.

Then we have

N 1
lim Z:lG(cl(T ")) :/0 G(ci(z)) dv(x)

N—oo
n=

almost everywhere a with respect to the Lebesgue measure on [0,1). Note that the
sequence of natural numbers satisfies the conditions on (a,)5 ;. If we set a,, = n and
G(z) = log z, then this is Khinchin’s result.

The purpose of this chapter is to extend these classical studies on the metric theory
of continued fractions to the setting of the fields of formal Laurent series. In Section 4.2,
we introduce the continued fraction algorithm in the positive characteristic setting.
Then we define a cylinder set in Section 4.3 and use it to prove in Section 4.4 the
exactness of the continued fraction map in positive characteristic. In Section 4.5, we
use the ergodicity of the continued fraction map to establish the metric theory of
continued fractions in positive characteristic. In Section 4.6 and Section 4.7, we further
investigate the metric theory of continued fractions by employing some subsequence and
moving average ergodic theorems. Finally, we introduce Gal and Koksma’s method in
Section 4.8 and use it to establish the quantitative metric theory of continued fractions
in positive characteristic in Section 4.9.

We make a final note from [30] that questions in positive characteristic are not only
of mathematical interest, but can be motivated by the study of pseudorandom sequences
over finite fields. Any sequence may be encoded as a formal Laurent series. The linear
complexity of profile of a sequence reveals how easy or difficult it is to generate initial
segments of the sequence by short linear recurrences. The profile of a given sequence
may be read off from the continued fraction expansion of the formal Laurent series which
encodes it. Sequences with desirable linear complexity profiles form a cryptographic

point of view correspond to formal Laurent series which are difficult to approximate.
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4.2 Continued fraction algorithm

As in the classical context of real numbers, we have a continued fraction algorithm for
F,((Z71)). Note that, in the case of the field of formal Laurent series, the roles of [0, 1),
Z, Q and R in the classical theory of continued fractions are played by B(0;1), F,[Z],
F,(Z) and F,((Z~1)), respectively.

For each o € F,((Z71)), we can write

1
a=Ay+ = [Ag; A1, Az, As, ... ],

A+
Aoy +

1
A3 + e
where (A,,)5°, is a sequence of polynomials in F,[Z] with |A,| > 1 for all n > 1. Here,
the sequence (A,,)>°, is uniquely determined by «, and it is clear that the sequence is
infinite if and only if a ¢ F,(Z). Note that, in the context of continued fractions, we
often deal with the set Fy[Z]* = {A € F,[Z]: |A| > 1}. As in the classical theory, we

define recursively the two sequences of polynomials (P,)>2, and (Qn)s>, in F,[Z] by
Py =AnPy1+ Py and Qn = AnQn-1+ Qn-2,

with the initial conditions Py = Ag, Qo = 1, P = A1Ag+ 1 and Q1 = A;. Then we

have Q,Py—1 — Qn-1P, = (—1)", and whence P, and Q,, are coprime. Also, we have

P,
@ = [AO;Aly' .. ,An]
In addition, it is worth noting an easily verified property that, for any 8 € F,((Z71)),
/BPn + Pn—l
Ag; Ay, ..., Ap, B = ———v——.
[o; 41 1= San e

For a general reference on this subject, the reader should consult [25] and [50].
The continued fraction map, or the Gauss transformation, T on the unit ball
B(0;1) ={a_1Z ' +a_2Z72+---: a; € F,} is defined by

Ta:{l} and T0 =0,
@
where {a, Z"+---+ao+a 1 Z ' +---} =a_1Z7 ' +a_oZ7 2+ is its fraction part.
We note that if « = [0; A1 (a), A2(a),...], then we have
T"o = [0; Apti1 (@), Apyo(a),...] and Ap (T a) = Appm (@)

for all m > 1 and n > 0.
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4.3 Cylinder sets

When we have to prove some properties which hold for every set in a c-algebra, it
suffices to show that the properties hold on an easily managed subcollection of subsets
which can be extended to the required o-algebra by using the Kolmogorov extension
theorem. Cylinder sets are those mentioned subsets which are usually employed to
prove some metrical properties relating to continued fractions.

Recall that F,[Z]* = {A € F,[Z]: |A| > 1}. Let n € N, and let Ay, ..., A, € F,[Z]".
The cylinder set Ay, .. a, of length n is defined to be the set of all points in B(0;1)

whose continued fraction expansions are of the form [0; Ay, ..., Ay, ...]. That is,
AAI,---,An = {[07 A17 o 7An—17 An + /8] : B c B(O7 1)}

The relationship between a cylinder set and a ball appears in the following lemma.

This is crucial for calculating the measure of each cylinder set.
Lemma 4.3.1. [I] Let n be a natural number, and let Ay, ..., A, € Fo[Z]*. Then
AAL---yAn = B([O; Aq, ... ,An]; ’Al R An‘_z).

Proof of Lemma 4.5.1. First, we show that the cylinder set A4, . 4, belongs to the ball
B([O; Aty Ayl AL --An]_2). Let o = [0; Ay,...,Ap—1,An + ], where 8 € B(0;1),
and let P,/Q, = [0; Aq,...,Ay]. Then we have

i
@n

| A+ B)Pr1+ P2 Py
B ‘ (Ap + B)Qn-1 + Qn—2 a @
_ 8] 1 1

T 1Qul1Qn + BQu ] T 1QuP T A AL

This shows that a € B([0; Ay,..., Ay];|A1 -+ Ay |72).

To prove the converse, suppose that o ¢ Ay, a,. Then we can write o as
the continued fraction [0;Bi,...,Bn—1,B, + 7], where v € B(0;1) and B; # A;
for some i = 1,...,n. Let j be the first position where B; # A;, so that we have
a=[0;A1,...,A;_1,Bj,...,By_1,B, +7]. If P;/Q; =[0; Ay,...,A;], then

— ‘B(Pn—lQn - PnQn—l)
Qn(Qn +/8Qn—l)

HO;Al,...,Aj_l,Bj,...,Bn_l,Bn +’Y]—[O;Al,...,Aj_l,Aj,...,AnH
[Bj; -+ Bn-1,Bn +71Pj-1+ Pjo [Aj;...,An]Pj 1+ Pjo
[Bj;...,Bn1,Bp +7]Qj—1 + Qj—2  [Aj;..., A,]Qj—1+ Qj—2

B |[Bji - Bne1, B +7] — [Aj;..., Ay]| _|4; - By

[Bji -, Buo1, Bn +71Qj-1|[[4)i -, An] Q1| [4511B]1Qj-1[?

1 1

= > )
min(|A4;], | B;)|Qj-11* ~ |Qnl?

This shows that o ¢ B([O; Ap, .o AR AL - An|_2), as required. m
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From Lemma 4.3.1, it follows immediately that u(Aa,  a,) = |41 4,72 We
note also that two cylinder sets Ay, . 4, and Ap, . p, are disjoint if and only if
Aj # Bj for some 1 < j <n.

Let A denote the algebra of finite unions of cylinder sets. Then A generates the
Borel o-algebra of subsets of B(0;1). This follows from the fact that the cylinder sets
are clearly Borel sets themselves and that they separate points, that is, if @ # 3, then
there exist two disjoint cylinder sets A; and Ay such that o € Ay and 8 € As.

4.4 Exactness and weak mixing

In [23], Houndonougbo proved that the dynamical system (B(0;1), B, u, T) is measure-
preserving and ergodic. Nevertheless, in order to calculate the more general averages of
convergents of continued fraction expansions, we need subsequence ergodic theory which
requires a stronger property of the dynamical system, called weak mixing. Indeed, we
shall systematically prove that the continued fraction map in positive characteristic is
exact with respect to Haar measure. This fact of exactness implies all mixing properties
and ergodicity.
Let
N = {E €B: u(k) € {0,1}}

denote the trivial o-algebra of subsets of B of either null or full measure. We say that

a measure-preserving dynamical system (X, B, u,T) is exact if

Ao,

n=0

where T™"B={T""E: E € B}.
Theorem 4.4.1. [I| The dynamical system (B(0;1),B,u,T) is exact.

In order to prove the exactness, we need the following three lemmas. Note that the

first two lemmas appear in [23] in slightly different language.
Lemma 4.4.2. [I] The dynamical system (B(0;1),B,u,T) is measure-preserving.

Proof of Lemma 4.4.2. By the Kolmogorov extension theorem, it suffices to show that,
for any cylinder set Ay, . 4,, we have ,u(T_lAAL,,,’An) = u(Aa, .. 4,). First, we note
that (A4, a,) = |A1 -+ Ay| 72 Then we notice that

T Au, 4, = U AV IR (4.4.1)
A€F,[Z]*
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Note also that, for each j > 1, we have #{A € F,[Z]*: |A| = ¢’} = (¢ — 1)¢’. Now, by
the disjointness of cylinder sets, it follows from (4.4.1) that

T AN a) = D [AAL AP = (A A2 Y AP
A€F,[Z]* A€EF,[Z]*

o= (g — 1)’ o= —1
j=1 j=1

g ’Al .. An‘_z - /’L(AA17---7A7L)'

This shows that the continued fraction map preserves Haar measure. m

Lemma 4.4.3. [I] For the dynamical system (B(0;1),B,u,T), suppose that E € B.

Then, for any natural number n and any cylinder set Ay, .. A, , we have

w(Aay,...A, NTTE) = u(Aa,,.. 4, 1(E).

Proof of Lemma 4.4.3. By the Kolmogorov extension theorem, we need only to prove

the case that £ = Ap, . B, is any cylinder set. We first observe that

—-n
T™"Ap,...Bn = U ACy,....CpBrsee By
Clrnycnqu[Z}*

By the disjointness of cylinder sets, it follows immediately that
Aa A NT AR, .. B = A4y, . Ap.Bi,....Bm-
Therefore, we conclude that
(A4, NT " Apy, . B,) = [A1 - ApBy - B |72 = p(Aay,. 4, 1(ABy,..B,,)-
This completes the proof of Lemma 4.4.3. m

Lemma 4.4.4. [I] Let (X, B, u) be a probability space, and let E € B. Let A C B be an
algebra that generates B. Suppose that there exists an w > 0 such that

w(ENA) 2 wu(E)u(A)
for all A € A. Then either u(E) =0 or u(F) = 1.

Proof of Lemma 4.4.4. Let ¢ > 0. As A generates B, there exists a A € A such
that p((E€\ A)U (A \ E°) < e. Therefore, we have |u(E®) — pu(A)| < e. Note that
ENAC(E°\A)U(A\ E) so that u(ENA) < e. It now follows that

HEW(E?) < p(E)(u(A) + ) < p(E(A) + ¢ < Sp(BNA) + < (5 T 1>e.

As € > 0 is arbitrary, we have pu(E)u(E°) = 0. Thus, either u(E) =0 or u(E) = 1, and
this completes the proof of Lemma 4.4.4. m
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We are now in a position to prove that the continued fraction map 7" on B(0;1) is

exact with respect to Haar measure.

Proof of Theorem 4.4.1. It is not hard to check that we need only to prove the inclusion
Mo, T~ "B C N. Let E € (22, T~"B. It follows immediately that, for each n > 1,
there exists an E, € B such that E = T "E,, and pu(E,) = p(E). Then, for each
cylinder set Ay, . a, of length n, we always have

MENAA . A,) =w(TT"Ey N A a,) = W(E)u(Aa, . 4,)-

It follows that p(E) € {0,1}, so E € N. This proves the exactness. m

If (X,B,u,T) is exact, then a number of strictly weaker properties follow. Firstly,

for any natural number n and any Ey, F1, ..., E, € B, we have

lim p(EByn T B0 0T 0B, ) = p(Bo)u(E) - ().

jl,-",]n—)OO

This is called mizing of order n. Mixing of order n = 1 is

lim p(Eg T~ Er) = p(Eo)pu(Er),

j—o0
and this is called strong mizing, which in turn implies

1

N
Jim ; |(Eo N T Ey) — p(Eo)u(Ey)| = 0

which is called weak mizing. Weak-mixing property implies the condition that if £ € B
and if T7'F = E, then either u(FE) = 0 or u(E) = 1. This last property is referred to
as ergodicity in measurable dynamics. All these implications are known to be strict in

general, see [10, p 22-26].

4.5 Metric theory of continued fractions in positive char-
acteristic

The most basic implication of exactness is ergodicity. In this section, we shall use the
fact that the continued fraction map is ergodic to give the answers to Gauss’ metrical
problems concerning the averages of partial quotients of continued fraction expansions.
Indeed, for a typical point o = [Ag(a); A1 (), Aa(a),...] € Fo((Z71)), we would like

to identify for instance the limits:
(1) Imyeo + Ef:f:l deg(A,(a));
(2) for each A € Fy[Z]*, imy o0 & - #{1 < n < N: Ay(a) = A}

(3) for each m € N, limy_, % -#{1 <n < N: deg(A,(a)) =m}.
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Theorem 4.5.1. Let F': R>o — R be a function such that

/ F (1A (2)])] da(z) < oo
B(0;1)

Then we have

Jm e P -y 10

n
n=1 q

p-almost everywhere o € B(0;1).

Proof of Theorem 4.5.1. Note that A,y1(x) = A1(T™z). Apply the Birkhoff ergodic
theorem with f(z) = F(|A1(z)|). By using the fact that u(Aa,) = |A1|72, it is a little
of combinatorial work to see that
/B( | F(|Ai(2)) du(x) = (¢ — Dag *F(q) + (¢ — D)a*q " F(q?) +
051

o0
F(q")
-y
n=1

This completes the proof of Theorem 4.5.1. m

Theorem 4.5.2. Let H : N™ — R be a function such that
[ H(A@). A (@) duo) < oc.
B(0;1)

Then we have

i im g— 1"
ngnw—ZHm cebna@D = X HG ) ()

1,..,imEN

p-almost everywhere o € B(0;1).

Proof of Theorem 4.5.2. Note that A,im(x) = Ap(T"z). In view of the Birkhoff
ergodic theorem, we consider f(z) = H(|A1(z)],...,|An(x)|). By using the fact that
w(Aay, A, = A1 A,n| 72, it is a little of combinatorial work to see that

_ b (A
/ o 0@ MA@ dute) = 30 HG >< = e S >

i1,..,im EN

: i [ (@ —1)™
= > H@....d )<q1+7+m
i1,..,im EN

This proves Theorem 4.5.2. m

Theorems 4.5.1 and 4.5.2 are general results for calculating means. Specializing for
instance to the case F'(x) = log, x, we establish the positive characteristic analogue of
Khinchin’s constant

lim |4y (a)- - Ay (@)|¥ = g7
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p-almost everywhere o € B(0;1), also proved [4] and [25]. Results for means other
than the geometric mean can be obtained by making different choices of F' and H, see
[24, p 230-232] for more details. In addition, the following three results, which were

proved in [23] and rediscovered in [4], can be viewed as corollaries of Theorem 4.5.1.

Corollary 4.5.3. [23] We have

q
lim — % d —
NS NZ eg(Anla)) = 277
p-almost everywhere o € B(0;1).

Proof of Corollary 4.5.3. Apply Theorem 4.5.1 with F'(x) = log, z. Indeed, we have

o

—(g— M_ - n_
/3(0;1)“qu(’Al(xwd“(x)_(q 1)2 = 12 = .

~= g q" q—1

This shows that the hypothesis of Theorem 4.5.1 is satisfied when we set F'(z) = log, =.

It now follows that

> log,(¢™) q
o o) = i, St ) = - 3 ) - 2t

n=1

p-almost everywhere o € B(0; 1), as required. m

Corollary 4.5.4. [23] Given any A € F [Z]*, we have
1 _9
—. <n<N:A,(a)=A) =
]\;I—Igo N #{1<n<N:A,(a) =A} =4

p-almost everywhere o € B(0;1).

Proof of Corollary 4.5.4. Observe the fact that mﬂ{w}ﬂfh(xﬂ) = 14 (A1(2))
for p-almost everywhere z € B(0;1). Apply Theorem 4.5.1 with F'(z) = mﬂ{w}(az),

where 1g(x) is the characteristic function of a set E. Indeed, we have

(¢")
/3(0;1)

1 1 A {IA\} _
L () dute) = Z T < o
This shows that the hypothesis of Theorem 4.5.1 is satisfied. It now follows that

(¢—1

lim i-#{lgngN:An( )=A} = lim —Z]I{A}

N—oo N—oco N

= x ) = # T ) = —2
—/B(O.l)]lm}“l( ) du(z) /B(O;U o (A @) dulz) = 14]

p-almost everywhere o € B(0; 1), as required. m
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Corollary 4.5.5. [23] Given any two natural numbers k < 1, we have

. 1 q—1
Jim - #{l <n < N: deg(An(a)) =1} s
1 1
i — <n<N: > = —
A}l_lgo N #{1 <n < N: deg(4,(a)) > 1} T
. 1 ) 1 1

p-almost everywhere o € B(0;1).

Proof of Corollary 4.5.5. In view of Theorem 4.5.1, we consider Fi(z) = L (2),
Fy(z) = Ljgt o0y (%) and F3(x) = Ligr gy(z), respectively. m

Now we would like ask some further questions in two more general directions. First,
given any sequence (a,)s>; of natural numbers, we wish to identify, for a typical point
a = [Ag(a); A1(a), Aa(a),...] € F((Z71)), the subsequential limits:

(1) im0 5 Xy deg(Aa, (@));
(2) for each A € Fy[Z]*, imy oo - #{1 S n < N: A, (@) = A}
(3) for each m € N, limy o0 1 - #{1 < n < N: deg(Aq, (a)) = m};

(4) given another sequence (b,)°; of natural numbers, we would like to calculate

the moving averages of the same quantities as in (1)—(3), for instance, the limit

b

.1 &

lim — 3 deg(Aq, +5()).
Jj=1

n—o0 by, 4

We shall answer these questions in Sections 4.6 and 4.7 for a large class of the sequences
(an)22 4 and (b,)52; by employing the subsequence and moving average ergodic theory.
For the second direction, we wish to investigate some quantitative version of the metrical
results regarding the ergodic averages. In particular, we shall find the error terms of
the ergodic averages in Theorem 4.5.1-Corollary 4.5.5 as functions of N. For example,
we shall see in Section 4.9 how the geometric mean of |[A,(«)| (n =1,...,N) deviates

from the Khinchin’s constant ¢%/(9=1) for y-almost everywhere o € B(0;1).

4.6 On the metric theory of continued fractions in positive
characteristic I

In this section, we assume that the sequence (a,)52; of natural numbers is L?-good

o0

universal. We also suppose, for any irrational number ~, that the sequence (ya, )5 ; is

uniformly distributed mod 1. Some examples of the sequences (a,)>2; can be found in
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Section 2.4. These include the sequences (P(n))22; and (P(p,))s,, where P(x) is a

polynomial mapping N into itself and p,, denotes the nth prime number.

Recall the elementary identities > >, nz™ = ﬁg and Y00 n?x" = 9(61(1_2303) for

|z| < 1. Also, as is easily verified, a simple computation shows that
(o]

F(q").

n )

/ F(1Ay()]) duz) = (g — 1)
B(0;1)

n

8»&

q
F(q

/B oy PG @) = =) ;

for every function F' defined as in Theorem 4.6.1. These two identities, in the light of
the results in this section, indicate the relation between the expectation of the variable
|a| and the frequency with which it takes a specific value for p-almost everywhere « in
B(0;1). Analogous observations hold for other variables in this section. Particularly,

the valuation |-| is in L?(u), and so we can now employ the subsequence ergodic theory.

Theorem 4.6.1. [I] Let F': R>¢g — R be a function such that

/ F (1A (2)]) 2 dpu(z) < 0.
B(0;1)

Then we have

EIE WL UNEIRR o

p-almost everywhere o € B(0;1).

Proof of Theorem 4.6.1. Note that A, +1(z) = A1(T%z). Apply Theorem 2.3.1 with
f(z) = F(|Ax(2)]).

Theorem 4.6.2. [I] Let H : N™ — R be a function such that

/ H(A (@), | Am(@))[? dia(z) < oo.
B(0;1)
Then we have

N
. 1 i i (g—=1)™
]\}?OON;H(\Aan(a)!,...,\Aanm_l(a)’) - Z H(q" g )<Qi1+---+z’m>

il:“wimEN

p-almost everywhere o € B(0;1).

Proof of Theorem 4.6.2. Note that Ay, 1m(x) = Ap(T% ). Apply Theorem 2.3.1 with
(@) =H(A(2)],...,[An(z)]). =
Theorems 4.6.1 and 4.6.2 are general results for calculating means. They both

readily extend from L? to LP (p > 1), though this is primarily of technical interest.
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Specializing for instance to the case F(x) = log, z, we establish the subsequential
Khinchin’s constant in the positive characteristic setting:

q

= qqfl

2|

lim [Ag, (@) -+ Agy ()]

N—oo

p-almost everywhere oo € B(0;1). Results for means other than the geometric mean can
be obtained by making different choices of F' and H, see [24, p 230-232] for more details.

In addition, the following three results can be viewed as corollaries of Theorem 4.6.1.

Corollary 4.6.3. [I] We have

N
. g
Jim n§:1 deg(Aq, () = 1

p-almost everywhere o € B(0;1).
Proof of Corollary 4.6.5. Apply Theorem 4.6.1 with F(z) = log, . m

Corollary 4.6.4. [I] Given any A € Fy[Z]*, we have
. 1 -2
. < < : = =
]\}I—I;I})O N #{1<n<N: A, (o) =A} =]A]
p-almost everywhere o € B(0;1).

Proof of Corollary 4.6.4. Apply Theorem 4.6.1 with F(x) = m]l{w}(x). See also

the proof of Corollary 4.5.4. m

Corollary 4.6.5. [I] Given any two natural numbers k < I, we have

o1 qg—1
Jim < #{l<n < Nz deg(Aq, (o)) = 1} 7
1 1
im — - <n<N: S G
A}l_l}})o ~ #{1 <n < N: deg(4,, () > 1} T
1 ' 1 1
Nll_I)réON#{1§7’L§Nkédeg(Aan(Oé))<l}:F 1_ql——k

p-almost everywhere o € B(0;1).

Proof of Corollary 4.6.5. In view of Theorem 4.6.1, we consider Fi(z) = Ly (),
Fy(z) = Ljgt 00y (%) and F3(x) = Ligr y(z), respectively. m

4.7 On the metric theory of continued fractions in positive
characteristic I1

In this section, we state the moving average variants of those results in Section 4.6.
The proofs, which are very similar to those in the previous section, are foregone. Note
that we use Theorem 2.6.3 for the calculations in this section, and we assume that

(an,bp)o% is a Stoltz sequence.
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Theorem 4.7.1. [I] Let F': R>¢g — R be a function such that

/ IF (|1 Ay (2)])] da() < oo.
B(0;1)

Then we have
bn
lim i
n—00 by, 4
J

F(lAu @) = (-1 Ff}i”
1

n=1

p-almost everywhere o € B(0;1).

Theorem 4.7.2. [I] Let H : N™ — R be a function such that
/ [H([Ar(@)], - | Am(2)])] dpu(z) < oo.
B(0;1)

Then we have

bn m
tin Y A @ Magina @) = 3 HG ) ()
j=1 i1 ey im EN
p-almost everywhere o € B(0;1).
Corollary 4.7.3. [I] We have
1l q
Jim D ; deg(Aq, +j(a)) = -1

p-almost everywhere o € B(0;1).

Corollary 4.7.4. [I] Given any A € Fy[Z]*, we have

lim = {1 << bt Auas(0) = A} = |47

n—oo n

p-almost everywhere o € B(0;1).

Corollary 4.7.5. [I] Given any two natural numbers k < I, we have

lim (1< < by deg(Aa, 5(0) =1} = T,

n— o0 n q
1 . 1
nh—>n;o E : #{1 <Jj<by: deg(Aan-i-j(a)) > l} = F,
1 o 1 1
Jm e #L S 5 S bas k< deg(Aagi(@) <8 = (1 o

p-almost everywhere o € B(0;1).
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4.8 Gal and Koksma’s method

In this section, we introduce Gél and Koksma’s method on determining the error term of
ergodic averages. The method is slightly technical but it is very useful for establishing
our quantitative metric theory of continued fractions in positive characteristic. The

following lemma appears in [17, Théorem 3] in slightly different language.

Lemma 4.8.1 (Gal and Koksma’s Method). [17] Let S be a measurable subset of a
Euclidean space. For any non-negative integers M and N, let o(M,N;z) > 0 be a
function defined on S such that

(1) o(M,0;x) =0 for every non-negative integer M > 0;
(2) o(M,N;z) < o(M,N";2)+p(M+N',N—N';x) for every non-negative integers
M,N >0 and 0 < N'<N.
Suppose that, for all M > 0,
[ o018y dr = (V)
where ¢(N)/N is a non-decreasing function. Then, given any € > 0, we have
#(0,N;2) = o (N)¥ (log N)'*5)

almost everywhere x € S with respect to Lebesgue measure.

Before proceeding, we give the following two remarks on Lemma 4.8.1. First, Gél
and Koksma stated their results in the setting where the set S is a measurable subset
of a Euclidean space. However, none of the proofs in [17] depend on the Euclidean
setting. In fact, their results are true more generally. We are interested in the case
where S = B(0;1), for which the result is also true. Second, the function ¢ can be

viewed as a generalization of the difference of two functions in a sequence:
e(M,N;z) = [pmen(x) — orr ()],

where the condition (2) is just a generalization of the triangle inequality

[oarn (2) = par ()| < lonrene () — onr (@) + [oarn (€) = paren ()]

Particularly, we focus on the case where py(x) = Zivzl F,(x), that is,

M+N

p(M,N;z) = > Fy().
n=M+1

The next lemma is useful when we would like to change variables in an integration.
This result is an immediate consequence of Lemma 4.4.2 that the dynamical system

(B(0;1),B, 1, T) is measure-preserving.

Lemma 4.8.2. [J] For every n € N, we have du(T~"a) = du(c).
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4.9 Quantitative metric theory of continued fractions in
positive characteristic

In this final section, we give a quantitative version of the metrical results appeared
in Section 4.5 by employing Gal and Koksma’s method. We start with two general

theorems for calculating the quantitative ergodic averages.

Theorem 4.9.1. [J] Let F': R>g — R be a function such that

/ F (1A (2)])2 dpu(z) < 0.
B(0;1)

Then, given any € > 0, we have

S R L

p-almost everywhere o € B(0;1).

Proof of Theorem 4.9.1. Apply Gal and Koksma’s method with S = B(0; 1),

M+N

> (riaaran - [ o Fllaa)) dua) )|

n=M+1

o(M,N;a) =

¢(N) = N and p = 2. Then the proof is reduced to showing that, for any pair of
integers M > 0 and N > 1, we have

I:/
B(0;1)

where K is a constant depending only on F(z).
Put

M+N

S (Fuaan- [ Fla@) )

n=M+1

2
dp(a) < KN,

Pi= [ PlA@)dut)  andPi= [ F(lA(@))P dute).
B(0;1) B(0;1)
Then it is not hard to calculate P; and P» explicitly:

P =(q—1)qq 2F(q) + (g — Va*¢ *F(¢*) + (¢ — 1)g*q O F(¢*) + - -
(- S E) (4.9.1)

and
Py=(q—1)q "F(9)* + (¢ — V)g *F(¢*)?* + (¢ — V)g >F(¢*)* + - --
O 102
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Working out I =[50 (Sl (F(1A(T"a)]) — P1))* dp(a), we get

M+N
_ o
I_ngw:ﬂ/B(o;l)(F(’Al(T = A dule)
M+N-1 M+N
w23 Y [ ) - RE(A ) - P dia).

n=M+1 m=M+2” BO:1)
m>n

(4.9.3)

By Lemma 4.8.2, we can use the change of variables formula to obtain

M+N

na . 2 N
n:%é[:_i_l/B(O;l)(FﬂAl(T ) = P1)? du(a)
M+N

= > </B(0;1) F(IAl(T"a)I)Zdu(a)—2P1/

F(lAL(T70)]) dia(a) + Pf)
n=M+1 B(0;1)

M+N

S ( / oy P ) () 2 /

F(lA1 (@) du(T~"a) + Pf)
n=M+1 B(0;1)

M+N

=S ( [ i@ dute) 27 |
n=M+1 B(0;1) B(0;1)
M+N

= Y (B—2PP+P})=N(P,-P}),
n=M-+1

F(1AL (@)]) du(o) + Pf)

(4.9.4)

and
M+N—-1 M+N

> /B (F([AL(T"a)]) = P)(F(|AL(T™)]) — P1) dp()

n=M+1 m=M+2” B0:1)
m>n

M+N-1 M+N

= 3 3 ([ F DR ) dute

n=M+1 m=M+2
m>n

s /B oy FAC Q) due) P, /B (

M+N-1 M+N

=% (L, Fia@DFA o) - 77)

n=M+1 m=M+2
-1

:NZ(N—n)UB

n=1

F(lA(T™a)]) du(a) + p12> (4.9.5)
0;1)

F(lAL (@) F(AL(T0)) diu(a) — Pf).
(0;1)

Combining (4.9.3), (4.9.4) and (4.9.5), we now have

N-1

I = N(P,—P?)+2 Z(N_n)</3

n=1

F<|A1<a>|>F<|A1<T"a>|>du(a)—Pf). (4.9.6)
(0;1)
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We can calculate [p ) F(|A1()]) F(JA1(T")]) dpu(r) explicitly as follows:
[ Fia@DF( A7) duta)
B(0;1)

-2 e (S () ) (S (5F)Fe) o

Asz,...,An€F¢[Z]*

i=1 j=1

By (4.9.1) and (4.9.7), we see that fB(O-l) F(JA1(a))F(|A1(T")|) du(e) = PZ. Thus,
by (4.9.6), we arrive at the hypothesis of Lemma 4.8.1 that I = O(N), and hence this
completes the proof of Theorem 4.9.1. m

Theorem 4.9.2. [J] Let H : N™ — R be a function such that
/ [H([Ar(@)],- . [ Am (@) dp(e) < .
B(0;1)

Then, given any € > 0, we have

N—oo

N
) 1
lim N ZH(|An(oz)|, cos [ Antm-1(a)])
n=1
. H( i1 im) (q_ 1)m N_%(l N)%—l—e)
— Z q-,...,q W +o0 og
115 im EN

p-almost everywhere o € B(0;1).

Proof of Theorem 4.9.2. The proof is similar to that of Theorem 4.9.1, so we shall give
only an outline. First of all, we apply Lemma 4.8.1 with S = B(0;1),

©(M,N;a)
gy n n 71 m (q_ 1)m

= Z H(|A(T"a)], ..., [An(T"a)) — Z H(¢", - d) =i ) |-
n=M+1 i1ymmrim€N q

¢(N) = N and p = 2. Next, it is not hard to show that

_ i1 iy ( (@ =17
[y FN@L @ i) = Y HG o) ()

i1,~~~7im€N
Finally, if we put P = fB(O-l) H(|A1(2)], .., |Am(x)|) du(x), then
/Bm) H(A (@), [ A (@D H( A1 (T"0), .., | An(T")]) dpa() = P2

These observations lead to Theorem 4.9.2. m

74



Again, Theorems 4.9.1 and 4.9.2 are general results for calculating means. When
F(z) = log,z, we establish the positive characteristic analogue of the quantitative

version of Khinchin’s famous result namely that
A1) An(@)|¥ = g7T + o N3 (log N)#+°)

p-almost everywhere av € B(0;1), [11]. In addition, the following three results can be

viewed as corollaries of Theorem 4.9.1.

Corollary 4.9.3. [J] Given any € > 0, we have

N
.1 _q _1 £
i 2 desli) = 225+ o(N R o))

p-almost everywhere o € B(0;1).
Proof of Theorem 4.9.3. Apply Theorem 4.9.1 with F'(z) = log,z. m
Corollary 4.9.4. [J] Given any A € F,[Z]* and € > 0, we have
1
lim — - #{1<n<N:A,(a)=A} =A%+ 0<N_%(logN)%+E)
N—oo N
p-almost everywhere o € B(0;1).

Proof of Theorem 4.9.4. Apply Theorem 4.9.1 with F(x) = m]l{w}(az). See also

the proof of Corollary 4.5.4. m

Corollary 4.9.5. [J] Given any two natural numbers k <1 and € > 0, we have

lim % “H#{1<n < N: deg(Ap(a) =1} = a1 —|—0<N_%(logN)%+e>,

N—o00 ql

.1 q—1 _1 3.,
]\;E}nooﬁ-#{lgnSN: deg(An(a)) > 1} = ) —|—0<N 2(log N)2 >,

: 1 . 1 1 S §+e
Jm % #H1 <0 < Nk < deg(An(e)) <1} = (1= o +o(N 3 (log N2 )

p-almost everywhere o € B(0;1).

Proof of Theorem 4.9.5. In view of Theorem 4.9.1, we consider Fi(z) = L (z),
Fy(z) = 1g ooy (w) and F3(x) = Lk g1)(x), respectively. m
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Chapter 5

Metric theory of p-adic continued
fractions

Let p be a prime number. An analogue of the regular continued fraction expansion for
the p-adic numbers was given by T. Schneider such that, for each o € pZ,, outside a
countable set of the p-adic numbers with finite continued fraction expansion, we have
uniquely determined two sequences (an(a) € N)>° 5 and (by(«) € {1,2,...,p —1})22,

such that
pal (o)

= pag (o)

b1 (Oé) +

az (o
ba(a) + L()
b3(a) + -
In this chapter, we shall first prove the exactness of the p-adic continued fraction map.
This fact implies a number of strictly weaker properties. Particularly, we then use
the weak-mixing property and ergodicity, together with some subsequence and moving
average ergodic theorems, to establish various metrical results regarding the averages
of partial quotients of p-adic continued fraction expansions. A sample result that we

prove is that if (p,)52; denotes the sequence of prime numbers, we have

N N
.1 D o1 p
Jim < ;:1: apo(@) = =7 and - lim = ;:1: bpa (@) = 5

for almost everywhere o with respect to Haar measure.

5.1 Introduction

The theory of continued fractions is one of the most important tools in number theory,
analysis, probability theory and other areas of mathematics. It provides a powerful

apparatus not only in the classical real numbers but also in the p-adic numbers. In this
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chapter, we shall investigate the metrical theory of p-adic continued fractions. Some
motivation of the metrical study of continued fractions can be found in Chapter 4.

In this case of p-adic numbers, a couple of candidate algorithms that might play
the role of the role of the regular continued fraction expansion on Q) are known to the
author. The first one is Ruban’s algorithm whose metric theory was studied in [48].
The algorithm studied in [48] is formally similar to the Gauss continued fraction map
and analogues are given of the results of Khinchin for this map. A deficiency of this
algorithm however, arising in part from the fact that Q, is not a Euclidean domain,
is that the sequence of rational approximations to a p-adic number arising from this
algorithm is not in general convergent. This limits the arithmetic usefulness of Ruban’s
algorithm. In this paper, we instead study Schneider’s algorithm [51] which does not
suffer from this deficiency and, in our view, is more arithmetically useful. The metric
theory of this algorithm was initiated in [22]. The form of the algorithm is however
quite different from that of the Gauss transformation.

We now summarize the contents of this chapter. In Section 5.2, we introduce the
Schneider’s continued fraction algorithm. Then we define a cylinder set in Section 5.3
and use it to prove in Section 5.4 the exactness of the Schneider’s continued fraction
map. In Section 5.5, we use the ergodicity of the p-adic continued fraction map to
establish the metric theory of p-adic continued fractions. In Section 5.6 and Section 5.7,
we further investigate the metric theory of p-adic continued fractions by employing

subsequence and moving average ergodic theorems.

5.2 Continued fraction algorithm

To study the regular continued fraction expansion on Q,,, we use Schneider’s algorithm

—v(a)

[51] which can be described as follows. Let o € pZ, with |a|, = p . By ignoring
a countable set, we may assume that the p-adic continued fraction expansion of « is

non-terminating. The Schneider’s continued fraction map T), : pZ, — pZ, is defined by

p° pv(a) B <pv(0c)

T :——b:
pe (0% «

mod p>,

where a = v(a) € Nand b € {1,...,p — 1} is uniquely chosen such that ]%a —bl, < 1.
Applying the Schneider’s map T, repeatedly, we see that

ai

p
o= e
b1 + p
p 3
ba +
bs + .
Therefore, the algorithm outputs a sequence of pairs (ap,b,)5>; in N x {1,...,p—1}.

The convergents of « arise in a manner similar to that in the case of the real numbers.
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In particular, we define two integer sequences (P,)°, and (Q,)5, by

Pn = ann—l +panPn—2 and Qn = ann—l + panQn—27

with the initial conditions Py = 0, Qo = 1, P, = p™ and )1 = by. A simple inductive
argument gives that Q, P,_1 — Qn_1P, = (—=1)"p®+ "+ Since p does not divide Q,,

it follows that P, and @,, are coprime. Also, we have

P, p"
Qn 2
n b1+ D _
pas
b2—|— a
b3+."+p—
bn

A more thorough account of p-adic continued fraction algorithms can be found in [32].
We note that if we represent the regular continued fraction expansion of o € pZj, by

the sequence (a,(a),b,())s2, in N x {1,...,p— 1}, then the iteration of T}, produces

Ty oo = (ans1(a), bnyr(@))py-
This implies that a, () = a1 (T;‘_loz) and b, (a) = by (T;‘_loz) for all n > 1.

5.3 Cylinder sets

To prove some properties which hold for every set in a o-algebra, it is enough to show
that the properties hold on an easily managed sub-collection of subsets which can
be extended to the required o-algebra by using the Kolmogorov extension theorem.
Cylinder sets are those subsets mentioned earlier which are employed to prove some
metrical properties regarding continued fractions.

Let n € N, and let z; = (a;,b;) € Nx {1,...,p— 1} for each 1 < j < n. Define

v(a)
Ay = {a € pZy: v(a) = ay, <pa modp) = bl}.

Also, we define

Auy oy = {0 €pZly: @ € Ay, Ty € Ay}
Proceeding inductively, we define
Dpyoan ={a€ply:ac Ay, Tha € Ay, ..., Tl?_loz €A}

In other words, the cylinder set Ay, . ., of length n is defined to be the set

n

Aml,...,mn = NS pr




We note an easily verified fact that two cylinder sets A, .. and A, .. are

n n

disjoint if and only if z; # y; for some 1 < j < n. Let A denote the algebra of finite
unions of cylinder sets. Then A generates the Borel o-algebra of subsets of pZ,. This
follows from the fact that the cylinder sets are clear Borel sets themselves and that
they separate points, i.e., if a # 3, then there are two disjoint cylinder sets Ay and Ao
such that o € A7 and B € As.

Now we define a measure pu* on A by setting
N*(Am,m,wn) = p_(a1+...+an)-

It is not hard to check that this measure coincides with the Haar measure p on A.
In addition, it is plain that pZ, = UxeNx{l,...,p—l} A,. By the Kolmogorov extension

theorem, the extension of measure p* is exactly the Haar measure p on pZ,.

5.4 Exactness and weak mixing

In [22], Hirsh and Washington proved that the dynamical system (pZ,,B,p,T),) is
measure-preserving and ergodic. Nevertheless, in order to calculate the more general
averages of convergents of p-adic continued fraction expansions, we need subsequence
ergodic theory which requires a stronger property of the dynamical system, called weak
mixing. Indeed, we shall prove that the Schneider’s continued fraction map is exact
with respect to Haar measure. This fact of exactness implies all mixing properties and
ergodicity as mentioned in the end of Section 4.4.

Recall that a measure-preserving dynamical system (X, B, u,T) is exact if we have

ﬁ T"B=N={F e B: u(F) € {0,1}},

n=0

where "B ={T""E: E € B}.
Theorem 5.4.1. [A] The dynamical system (pZy,, B, 1, T},) is exact.

In order to prove the exactness, we need the following two lemmas. Note that this

proof is different from the one presented in [A].
Lemma 5.4.2. [22] The dynamical system (pZy, B, j1,Tp) is measure-preserving.

Lemma 5.4.3. For the dynamical system (pZy, B, 11, Ty), let E € B. Suppose that n is

a natural number and Ay, . .. is a cylinder set with x; = (aj,b;) € Nx {1,...,p—1}

n

for each 1 < j <mn. Then we have

N(Am,---,xn N Tp_nE) = N(A:ch---,xn)N(E)'
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Proof of Lemma 5.4.3. By the Kolmogorov extension theorem, we need only to prove

the this lemma for the case that E'= Ay, ., where y; = (a},0;) € Nx{1,...,p—1}

for each 1 < j < m, is an arbitrary cylinder set. We first observe that

-n o
Tp Ay17---7ym - U Azl7~~~7zn7y17~~~7ym‘
Zlv"'vz’!LENX{lv"'vp_l}

By the disjointness of cylinder sets, it follows immediately that
Agyran VT " Ay = By n gt
Therefore, we conclude that
P(Azy, oz, N Tp_nAyl,---,ym) = p_(a1+m+a"+a/1+m+a;”) = u(Apy, oz )(Ayy iy )-

This completes the proof of Lemma 5.4.3. m

We are now in a position to prove that the Schneider’s continued fraction map 7},

on pZ, is exact with respect to Haar measure.

Proof of Theorem 5.4.1. Clearly, it suffices to prove only the inclusion ()2 ; ;"B C N.
Let £ € N2, T, "B. It follows immediately that, for each n > 1, there exists an E,, € B
such that £ =T, "F, and w(Ey) = p(E). Then, for each cylinder set Ay, ..,

PENAgy ) = (T, B N Agy ) = p(E)p(Agy o an)-
It now follows from Lemma 4.4.4 that p(E) € {0,1}, and whence E € N. This shows

the exactness of 7,,. m

5.5 Metric theory of p-adic continued fractions

The most basic implication of exactness is ergodicity. In this section, we shall use the
fact that the continued fraction map is ergodic to give the answers to Gauss’ metrical
problems concerning the averages of partial quotients of continued fraction expansions.
Indeed, for all a = (a,(a),by(®))52, € pZ, outside a set of measure zero, we would

like to identify for instance the limits:
(1) Ty oo § 3 an(@);
(2) 1m0 37 X ba(@);
(3) for each a € N, limy_, 00 % #{1 <n < N:ay(a) =a};

(4) for each b € {1,...,p— 1}, limy_0 % -#{1 <n < N:b,(a) =b}.
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Theorem 5.5.1. Let Fiy : R>g = R and Fp : R>g — R be two functions such that
/ |Fa(ai(z))|dp(z) < oo and / |Fp(bi(x))]du(z) < oo.
pr PZp

Then we have

N 00
lm 3 Fa(an(@) = (p— 1) 3 242,
=1

N—ooo N - ot p”
1 N 1 p—1
R ;::1 Fp(bp(a)) = 1 ;::1 Fp(n)

p-almost everywhere o € pZy.

Proof of Theorem 5.5.1. Note that a,(z) = ai (T}~ z) and by(z) = by (T~ 'z). Apply
Birkhoff’s ergodic theorem with fa(z) = Fa(a1(x)) and fp(x) = Fg(bi(x)). Also, it is
plain that, for each n € N and m € {1,...,p — 1}, we have

u({prZp:v(x):n}):< 1 ><p—1> p-1

pn—l P pr ’
1
p{z € pZy: bi(xz) =m}) = ST

Then it follows that

S (P21 S Faln)
/prFA(al(x))du(x)—;FA( )( o )—(p n>- poal

n=1
p—1 p—1
. FB(n) N 1 n
[, Frntanante) = 3T = 25 5 Falo)

This completes the proof of Theorem 5.5.1. m

Theorem 5.5.2. Let Hy : N™ — R and Hp : N™ — R be two functions such that

/pZ |Ha(ar(x), ... am(z))|du(z) < oo  and . |Hp(b1(x),... by (x))| du(z) < oco.

Then we have

. 1 m Ha(i1, ...y im)
ngnooﬁz:lHA(an(a),m7an+m—1(a)) =(@-1) | ZENw7
n= 115--43tm
N
. 1 1 . .
]\}E}nOONZHB(bn(Oé),,bn+m_1(a))zm ' Z HB(Zl,...,Zm)
n=1 i1yestm€{1,...,p—1}

p-almost everywhere o € pZy,.
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Proof of Theorem 5.5.2. 1t is plain that apnym () = an(Tyz) and byym(z) = by (T ).
In view of the Birkhoff ergodic theorem, we consider fa(z) = Ha(ai(x),...,amn(x))

and fp(x) = Hp(bi(x),...,bm(x)). Then the results follow. m

Theorems 5.5.1 and 5.5.2 are general results for calculating means. Note that, in the
p-adic case, the set of values for b,, is restricted, but the numerators p®» determine the
rate of convergence to a = (an (), by (@))22, € pZy. Specializing to the case Fu(z) = z,
we establish the p-adic analogue of Khinchin’s constant

lim (p2(@ .. prn (@) N =yl

N—o0

p-almost everywhere o € pZj,. Results for means other than the geometric mean can be
obtained by making different choices of F' and H, see [24, p 230-232] for more details.

In addition, the following three results can be viewed as corollaries of Theorem 5.5.1.
Corollary 5.5.3. [22] We have

1

N N
. _ P im _P
N el =gTy end i ) bale) =

p-almost everywhere o € pZy.
Proof of Corollary 5.5.3. Apply Theorem 5.5.1 with F4(z) =« and Fp(z) =x. m

Corollary 5.5.4. Given any two natural numbers a < a’, we have

. 1 p—1
]\}f(l)oN #{1<n<N:ay(a)=a} pra
1
]\}1_131_'#{1SHSN:%(@)>“}:FI—1=
<n<N:a< S !
A}l_])rn—-#{1_n_N.a_an(a)<a}—pa_1 1 i

p-almost everywhere o € pZy.

Proof of Corollary 5.5.4. In view of Theorem 5.5.1, we can consider F}x(:n) = 1ay(2),
F3(x) = 1400 () and F3}(z) = L q)(x), respectively. m

Corollary 5.5.5. Given any b,b' € {1,...,p— 1} with b <V, we have
1
i — <n<N:b, = =
A}l_IgON #{1 <n < N:b,(a) =0} ”
. 1 p—>b
—. <n<N:b(a)>bl=2_"
A}l_IgON #{1 <n < N:b,(a)>b}

1
. . <n< b < b, N
A}E}n N #{1<n<N:b<by(a) <V} =

p-almost everywhere o € pZy,.
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Proof of Corollary 5.5.5. In view of Theorem 5.5.1, we can consider Fjy(z) = Ly (),
Fi(z) = Ly p—1)(z) and Fi(z) = Ly (), respectively. m

Now we would like ask some further general questions. Given any sequence (ky)22
of natural numbers, we wish to identify, for a typical point o = (an, (), by ()22, € pZp,

the subsequential limits:
(1) oo 5 2t ak, (@)
(2) Hmy—oo 5 2 b, ()
(3) for each a € N, limy00 % - #{1 < n < N: ay, (@) = a};
(4) for each b € {1,...,p— 1}, imnyoo 2 - #{1 < n < N: by, (a) = b};

(5) given another sequence (1,,)72 ; of natural numbers, we would like to calculate the

moving averages of the same quantities as in (1)—(4), for instance, the limit

In
lim 1 ]zz:l aj,, +; () and lim li Z b5 ().

n—o0 [, n—o0 [,

We shall answer these questions in Sections 5.6 and 5.7 for a large class of the sequences

(kn)p2 4 and (1), by employing the subsequence and moving average ergodic theory.

5.6 On the metric theory of p-adic continued fractions I

In this section, we assume that the sequence (k,)52; of natural numbers is L?-good

o0

universal. We also suppose, for any irrational number +, that the sequence (yk;, )22 is

uniformly distributed mod 1. Some examples of the sequences (k,)>2; can be found in
Section 2.4. These include the sequences (P(n))>°; and (P(py))s,, where P(x) is a

n=1
polynomial mapping N into itself and p,, denotes the nth prime number.

Recall the elementary identities > >7 | nz™ = ﬁ and > 00 n?x" = fl(l_;”;g for

|z| < 1. Also, as is easily verified, a simple computation shows that

o0

/  Falar(@)duta) = (p = 1)

=1
Falor(@)? dpe) = (p—1) S A0S

n
PZyp n=1 p

for every function F4 defined as in Theorem 5.6.1. These two identities, in the light of
the results in this section, indicate the relation between the expectation of the variable
v(a) and the frequency with which it takes a specific value for p-almost everywhere o
in pZ,. Analogous observations hold for other variables in this section. Particularly, the

valuation v(-) is in L?(p), and so we can now employ the subsequence ergodic theory.
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Theorem 5.6.1. [A] Let Fy : R>g — R and Fp : R>o — R be two functions such that

/ |Fa(ar(2))? du(z) < oo and / |Fp(by(x)))? du(x) < oc.
PZyp

PZp

Then we have

> FA(n
Nlimoo_ZFA k(@ ; p"
p—1
lim — Fp(b Fgp(
Nl—I>noo Z B kn p 1n—1 B

p-almost everywhere o € pZy.

Proof of Theorem 5.6.1. Note that ay,(z) = al(TIf"_lx) and by, (z) = bl(TIf"_lzn).
Apply Theorem 2.3.1 with f4(x) = Fa(ai(z)) and fp(z) = Fp(bi(z)). m

Theorem 5.6.2. [A] Let Hy : N™ — R and Hp : N™ — R be two functions such that

. Hu(ar1(z), ... am(x)*du(z) < oo and ., Hp(by(z),...,bn(x))? du(z) < co.

Then we have

B m Hy(ir, .. im)
ngnoo N Z Ha(ak, (@), ..., akpm-1(@) = (p— 1) ' Z T pitetim
21,..0m EN
1 , ,
A}E}Iloo—ZHB bk (@), -, bk tm—1 () = W Z Hp(i1,...,im)

i1yeim€{1,....p—1}

p-almost everywhere o € pZy.

Proof of Theorem 5.6.2. Note that ag, 1m(x) = am(TIf":E) and by, +m(z) = bm(T;"$).
In view of Theorem 2.3.1, we can now consider fa(z) = Ha(ai(z),...,amn(z)) and

fB(:E) = HB(bl(:E), e ,bm(:E)). [ |

Theorems 5.6.1 and 5.6.2 are general results for calculating means. They both

readily extend to LP (p > 1) whenever (k,)5  is an LP-good universal sequence, though

n=1
this is primarily of technical interest. Specializing for instance to the case F4(x) = z,

we establish the positive characteristic subsequential Khinchin’s constant

1
]\}1_1}100 (p1 (@) ..o ()N = prT

p-almost everywhere o € pZ,. Results for means other than the geometric mean can be
obtained by making different choices of F' and H, see [24, p 230-232] for more details.

In addition, the following three results can be viewed as corollaries of Theorem 5.6.1.
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Corollary 5.6.3. [A] We have

N N
.1 D .1 D
o nzzl wal0)=o—7  ond  lim o nzzl bin(@) = 3

p-almost everywhere o € pZy.
Proof of Corollary 5.6.3. Apply Theorem 5.6.1 with F4(z) =« and Fp(z) =x. m

Corollary 5.6.4. [A] Given any two natural numbers a < a/, we have

1 p—1

1 —  #{1 <n<N: =ay=

NI_H>3>ON #{ SN s akn(oz) (I} pa )

1 1

im — - <n<N: > =

R A

lim <n<N:a< g 1
Nl_]goﬁ-#{l_n_ .a_akn(a)<a}—pa_1 1—pa,_a

p-almost everywhere o € pZy.

Proof of Corollary 5.6.4. In view of Theorem 5.6.1, we can consider F}x(m) = Ly (z),
F3(x) = 14 00)(2) and F3}(z) = 1, 4)(x), respectively. m

Corollary 5.6.5. Given any bt/ € {1,...,p— 1} with b <V, we have

Jim o #{1 <0< N (0) =8 = 2
lim . £{1<n<N:b(a)> b} =220
Noso N TS S N bkale) 208 = 0
lim i.#{1<n<N:b<bk(a)<b’}:b/_b
N—oo N - = - p—1

p-almost everywhere o € pZy.
Proof of Corollary 5.6.5. In view of Theorem 5.6.1, we can consider Fj(z) = Ly (),

Fg(x) = 1,1 (z) and Fj(z) = L) (x), respectively. m

5.7 On the metric theory of p-adic continued fractions II

In this section, we state the moving average variants of those results in Section 5.6.
The proofs, which are very similar to those in the previous section, are foregone. Note
that we use Theorem 2.6.3 for the calculations in this section, and we assume that

(kn,ln)22 is a Stoltz sequence.

Theorem 5.7.1. [A] Let Fs : R>o — R and Fp : R>o — R be two functions such that
/ |Fa(ai(z))|dp(z) < oo and / |Fp(bi(x))]du(z) < oo.
PLp Py
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Then we have

. 1
lim —
n—0o0 [, 4

I
. 1 n

Jim o= Z; Fp(be,+j()) =
J:

n

p-almost everywhere o € pZy,.

l’!L
S Falag,+(a)) =
7j=1

— Fa(n)
b= 1 )
( )n; o

-1
1 p
— ) Fg(n)
b= 1 n=1

Theorem 5.7.2. [A] Let Hy : N™ — R and Hp : N™ — R be two functions such that

/pzp |Ha(a1(x),. ..

Then we have

In

. 1 HA(ilv"'vim)
Jim =3 Halak,e5(0); s ahygemo(@) = (=17 3 SR
j=1 1,000y im EN
1 & 1
lim ™ ZHB(ban(OZ), oo Dl tjtm—1(@)) = e Z Hp (i, ...
Jj=1 i1,ytm€{1,...,p—1}
p-almost everywhere o € pZy,.
Corollary 5.7.3. [A] We have
1 P 1 & P
Jim o 2:1 g, +5(cr) = p—) and  lim - 221 bi+j(@) = 5
j= j=

yam ()| dp(z) < oo and

p-almost everywhere o € pZy.

|Hp(b1(x), ..., bm(2))| du(z) < oo.

PZp

Corollary 5.7.4. [A] Given any two natural numbers a < o', we have

. 1
lim —
n—oo n

. 1
lim —
n—oo [,

1
lim — - #{1<j<l,:a<ap4;(a) <d}

n— o0 n

HL<j <l ag,4j()

HL<j <l ag,4j()

p-almost everywhere o € pZy.

Corollary 5.7.5. Given any b, b’ € {1,...

lim {1 < < Dy b agla) = b} =

n—oo

n

lim {1 <G <l bay(a) > b} =

n—o0 [

n

1
lim — - #{1 < j <lp: b <bg,15()

n—o0 [,

p-almost everywhere o € pZy.
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<V} =

,p— 1} with b < V', we have
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b —b
p—1
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Chapter 6

Distribution functions for the
a-adic van der Corput sequence

For an integer b > 1, let (¢5(n))22; denote the base b van der Corput sequence in [0, 1).
Answering a question of O. Strauch, Aistleitner and Hofer calculated the asymptotic
distribution function of (¢y(n), dp(n +1),...,¢p(n +s—1))22; on [0,1)° and showed
that it is a copula. In this chapter, we introduce a generalised version of a van der
Corput sequence, called the a-adic van der Corput sequence, which provides a wealth
of low-discrepancy sequences. Then we shall see that the phenomenon extends not only
to a broad class of subsequences of the van der Corput sequences but also to a more
general setting in the a-adic integers. Indeed, we use the subsequence characterization
of unique ergodicity, together with the fact that the van der Corput sequence can be

seen as the orbit of the origin under the ergodic Kakutani-von Neumann transformation.

6.1 Introduction

In 1935, van der Corput introduced a procedure to generate low-discrepancy sequences
on [0, 1), see [57]. These sequences are considered the best distributed over [0, 1), since
no sequence has yet been found with discrepancy of smaller order of magnitude than
the van der Corput sequences, and hence the van der Corput sequences are considered
very important in the quasi-Monte Carlo method. The technique of van der Corput
is based on a very simple idea. Let b > 1 be a natural number. The van der Corput
sequence (¢p(n))s; in base b is constructed by reversing the base b representation of
the sequence of natural numbers.

In a collection of unsolved problems in uniform distribution theory!, Strauch asked
a question on the limit distribution of consecutive elements of the van der Corput
sequence. Precisely, the question asked us to find all the distribution functions for the
sequence (¢p(n), dp(n+1),...,¢p(n+s—1))5; on [0,1)*.

'Problem 1.12 in [55] as of 11 December 2011.
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The case s = 2 was solved by Fialova and Strauch in [13]. They showed that every
point (¢p(n), ¢p(n +1))22; lies on the line segment

y=x—1+b"F4pF1 forxe[l—b%1-p"" (k=0,1,2,...).
Then they gave an explicit formula for the asymptotic distribution function v(x,y) of
(pp(n), dp(n +1))5; to calculate for instance the limit

lim —Zm ¢bn+1|—//|:c—y|dv<xy>dv<w> U

which was previously demonstrated by Pillichshammer and Steinerberger in [46]. They
also noted that the limit distribution v(z,y) is a copula.

Recently, Aistleitner and Hofer [1] solved the general problem for s > 2 and showed
that the asymptotic distribution function of (¢p(n), dp(n +1),...,¢p(n+s—1))22, is
also a copula. They employed some ergodic properties of low-discrepancy sequences;
in particular, they used the fact that the van der Corput sequence can be seen as the
orbit of the origin under the ergodic Kakutani-von Neumann odometer.

In this chapter, we introduce a generalization of van der Corput sequences, called
the a-adic van der Corput sequence. These generalised van der Corput sequences also
belong to the class of low-discrepancy sequences. It is natural to ask whether the
question of Strauch is still true in this general setting or not. Indeed, we demonstrate
that this phenomenon holds in general and extends to a broad class of subsequences of
the a-adic van der Corput sequence by utilizing the subsequential characterization of
unique ergodicity, together with the fact that the a-adic van der Corput sequence can
also be seen as the orbit of the origin under the generalised Kakutani-von Neumann
odometer.

The outline of this chapter is as follows. In Section 6.2, we give an overview of
the classical van der Corput sequences. We first provide a primitive definition of van
der Corput sequences using the radical-inverse function, and then we introduce the
Kakutani-von Neumann odometer and use it to give a modern definition of van der
Corput sequences. In Section 6.3, we extend the classical van der Corput sequence with
fixed base b to a more general setting with the base from the a-adic integers. Also, we
prove that the newly defined a-adic van der Corput sequence satisfies the condition of
low discrepancy and exhibit that it can be constructed by using a generalization of the
Kakutani-von Neumann odometer, which possesses unique ergodicity. In Section 6.4,
we answer the question of Strauch in this setting of the a-adic van der Corput sequence
and show that this phenomenon also holds for a broad class of subsequences of the
a-adic van der Corput sequence.

In this chapter, we reserve b for a natural number greater than 1 and a = (a,)5

for a sequence of natural numbers greater than 1.

88



6.2 van der Corput sequence and Kakutani-von Neumann
odometer

Every nonnegative integer n has a unique b-adic representation of the form

o
n= g n;bt,
i=0

where n; € {0,1,...,b— 1} and at most a finite number of n; are non-zero. We note

also that every real number x € [0,1) has a b-adic representation of the form

o0
T = E zb L,
i=0

where z; € {0,1,...,b—1}; however, this representation is not unique. More precisely,
there are exactly two b-adic representations for each = € (0,1), one with z; = 0 (i > i)
and one with x; = b — 1 (i > ip) for some sufficiently large number iy. If we restrict
ourselves to the representations with z; # b—1 for infinitely many 4, then the coefficients
x; are uniquely determined for every z € [0,1). Define the radical-inverse function
¢y : Ng — [0,1) by

op(n) = ¢y < Z nibi> = Z nib_i_l.
=0 =0

The van der Corput sequence in base b is defined as (¢p(n))02 . It is a classical
result that the van der Corput sequence w = (¢p(n))52; is uniformly distributed on

[0,1) and has extremely low discrepancy such that

< log N

NDp(w)

3log2 /) — §+ 3log2’

log N 4 1
< and lim sup <NDN(w) _ 8 ) > 08 3
3log2 N—oo

see [27, p 127-130] for more details. Its s-dimensional extension is the Halton sequence
given by (¢p, (n), ..., ¢p,(n))5>; for pairwise coprime natural numbers by, ..., bs € N5 ;.
Properties of the van der Corput sequence and the Halton sequence are well-understood
and they are examples of low-discrepancy sequences valuable in numerical integration.

A second approach to obtain the van der Corput sequence is to consider the orbit
of the origin under the Kakutani-von Neumann odometer Ty, : [0,1) — [0,1), which is

a piecewise translation map given by
Tyx =2 —14+bF4p~F1 for ze[l—b%1-p""" (k=0,1,2,...).

That is, the base b van der Corput sequence is (¢p(n))p>; = (7;°0)72 ;. The name arises
from the fact that T}, is a “Euclidean model” for the map 7(x) = x + 1 on the ring of
b-adic integers; in other words, it is a b-adic adding machine transformation.

The second construction provides a wealth of new constructions of low-discrepancy

sequences, see e.g. [18]. In [15], Friedman proved the ergodicity and measure-preserving
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Figure 6.1: The graphs of the Kakutani-von Neumann odometer for b =2 and b =3

property of the Kakutani-von Neumann odometer. It follows from the ergodicity of the

Kakutani-von Neumann odometer and the Weyl criterion that (7;'x);2; is uniformly

n=1
distributed for almost everywhere x € [0,1). Furthermore, it can be shown that the
Kakutani-von Neumann odometer is uniquely ergodic, which implies that (7}'z)5e;
is uniformly distributed for every x € [0,1), see [18]. The sequence (7Ty'z)52; for an
arbitrary = € [0,1) is called the generalised van der Corput sequence, and it can be

seen as an example of randomized low-discrepancy sequences, see [21].

6.3 a-adic van der Corput sequence

In this section, we extend the definition of van der Corput sequences mentioned in
the previous section to the most possible general setting, and we show that this new
construction provides a broad class of low-discrepancy sequences.

Let a = (ay)32, be a sequence of natural numbers greater than 1, and let A, denote

the a-adic integers. Define the Monna map ¢, : A, — [0,1) by

Pa(x) = Z a1 _x_rfa
n=1 n

for every = = (z,)22; € A,. We identify each natural number n with the element nu
of A, and have therefore defined ¢,(n). The Monna map is continuous and surjective,
but not injective. We shall call the maximal subset of A, on which ¢, is injective its
regular set, and we shall call the sequence a = (a,)5%; useful if the regular set contains
all natural numbers. The a-adic van der Corput sequence is defined as (¢q(n))52, for

a useful sequence a. In the case where a,, = b for all n € N, the sequence (¢4(n))>2,
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coincides with the base b van der Corput sequence; that is, the Monna map can be
seen as a generalization of the radical-inverse function. One checks readily that, on the
regular set, the map ¢, is a bijection and that the image of a uniformly distributed
sequence on A, is uniformly distributed on [0,1). More generally, if a sequence is
asymptotically distributed on A, with respect to a measure p, then the image of the
sequence is asymptotically distributed on [0, 1) with respect to the push forward of the
measure p onto [0,1). Now we show that this generalised version of van der Corput
sequences gives us a wealth of low-discrepancy sequences. The aim of the following
lemma, is to show that the a-adic van der Corput sequence satisfies the low-discrepancy
criterion, though it is not a sharp result and it can be further improved. We note also

that the idea of the proof is developed from the classical dyadic case in [27, p 127-128].

Lemma 6.3.1. Let w = (¢q(n))52, be the a-adic van der Corput sequence. Then the

discrepancy Dy (w) of the a-adic van der Corput sequence satisfies

log N

<
NDy(w) < log 2

+ 1.

Proof of Lemma 6.5.1. We can always represent a given N € N by its a-adic expansion
N = Npay---ap_1+ Nip_1a1---ap_o+ -+ Noaj + Ny, (6.3.1)

where k£ € N and N; € {0,1,...,a; — 1} (1 < j < k). Partition the interval [0, N] of
integers into k subintervals My, ..., My as follows. First, put M; = [0, Nxay - - - ag_1]-
Then, for each 1 < j < k, we define M; as the interval

[Ngay---ag—1+ -+ Np_jyoa1---ap—jy1 + 1, Ngay - -ap_1 + -+ Np_jp1a1 - ap_j]

An integer n € M; can be written in the form
k—j+1
n=Nra - -ap_1+-++ Nk_j+2a1 cag_j1 1+ Z n;ag -« Ai—1, (6.3.2)
i=1
where ap = 1 and n; € {0,1,...,a;—1} (1 <i < k—j+1) such that ng_;j 11 < Ny—jt1.
In fact, we get all Ni_jy1a1---ap—; integers in M; if we let the n; run through all
possible combinations. Also, we can combine the last part on the right side of (6.3.2):
k—j+1
n = Ngay---ag—1+ -+ Ng_jioa1 - ak—jy1+ EE: niag -« ai—1,
i=1
where ag =1 and n; € {0,1,...,a;—1} (1 <7 < k—j+1)such that ng_j11 < Np_ji1.

It now follows that

k—j+1 k—j+1
Ny, Ni—ji2 : n; : n;
Galn) = ——F— g EEE N g S
aluuuak a/l"'a/k—+2 . a/l...a/i . a/l...a/i
J =1 =1
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n;
- Tuns

where z; only depends on j, and not on n. If n runs through M;, then Zf:_f +l -

. i a1—1 1 k—j ai—l NkrfjJrl .
through all fractions 0, ..., 5=, =, ... > = Gar7 0 some order.
Moreover, we note that
Nj Ni_; ap -+ Qg—jy2 — 1 1
0<a;——k g kg2 o Ok Bkt <
ai---ag ap - Qg—j42 ai---ag ap - Qg—j+1

We deduce that if the ¢,(n) (n € M;) are ordered according to their magnitude, then

we obtain a sequence w; of Np_j a1 ---aj_; elements that is an almost-arithmetic

1
a1k —j+1

from [40, Theorem 2.1]% that the discrepancy of each wj, multiplied by the number of
elements in wj, is at most 1. Combining this with [27, Theorem 2.6, Ch 2]* and the fact
that ¢q(1),...,¢q(IN) is decomposed into k sequences w;, we obtain NDy(w) < k.

It remains to estimate & in terms of N. By (6.3.1), we have N > a; ---ajp_1 > 251,
and so we obtain k < (log N/log?2) + 1. This completes the proof of Lemma 6.3.1. m

progression? with parameters 0; =0 and n; = . It now follows immediately

It is an immediate consequence of Lemma 6.3.1 that Dy (w) = O(N~!log N), where

w denotes any a-adic van der Corput sequence, and we have the following result.
Theorem 6.3.2. The a-adic van der Corput sequence is a low-discrepancy sequence.

We now give another construction of the a-adic van der Corput sequence using a

generalization of the Kakutani-von Neumann odometer. Define T, : [0,1) — [0,1) by

1 1 1 1
Tox=x—1+ + for x € |1— 11— >,
a/o e a/k—l a/o e a/k aO .. ak—l aO e ak

2For § > 0 and € > 0, a sequence ¢; < ¢z < --- < ¢, of points from the interval [0,1] is called an
almost-arithmetic progression-(0, €) if there exists an 7, with 0 < n < ¢, such that

(1) 0< e <n+om;

2 n—9m<cit1—c<np+onpfor1 <i<L—1;

(B) 1—=n—0n<ecr <1
Almost-arithmetic progressions were introduced by O’Neil in [44]. Their theoretical importance stems
from the following criterion. The sequence (cn)nZ; of points in [0, 1] is uniformly distributed mod 1
if and only if the following condition holds: given §>0,€e>0and ¢ > 0, there exists L = L(d,¢,¢')
such that, for all L > L, the initial segment ci,...,cr can be decomposed into almost-arithmetic

progressions-(d, €) with at most Lo elements left over, where Lo < €'L.
3For an arbitrary almost-arithmetic progression- (4, €) sequence c1,...,cr, we have

1/L+6/(14+1=262) for 6 > 0,
Dr(c,...,cr) < { min(n, 1/L) for § = 0.

‘For 1 < j < m, let w; be a sequence of N; elements from R with discrepancy Dy, (w;)- Let w be a
superposition of w1, ...,wm, that is, a sequence obtained by listing in some order the terms of the wj.
We set N = N1 + -+ + Ny, which will be the number of elements of w. Then we have

Dn(w) <Y WJDNJ. (w;).
j=1
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where k € N and ag = 1. Observe that, under the transformation Ty,

1 a; —1 1 1 1 a; —1 1 2
O — = = —— —+ = + > =
ai ai ai1az air a1G2 ai ai1az ai1az

We see that the orbit of 0 under the generalised Kakutani-von Neumann odometer T,

is precisely the a-adic van der Corput sequence, so we have (¢q(n))>2, = (17/0)°22,.

1
0.9 —:
0.8 —:
07
0.6 —:
0.5 —:
04 —
0.3 —:

0.2

Figure 6.2: The graph of the Kakutani-von Neumann odometer for a = (243)

One readily checks that the generalised Kakutani-von Neumann odometer preserves
the Lebesgue measure A on [0,1). Moreover, the Monna map defines an isomorphism
between the dynamical system (Ag, B, i, 7), where p denotes the Haar measure and
T(x) = 4+ u (z € A,) is the a-adic adding machine, and the dynamical system
([0,1),B,\,T,). Because of the density of the natural numbers in A, it follows that
the dynamical system (Ag, B, u, 7) is a uniquely ergodic group rotation, see [18, p 27]
and [58, p 162-163]. Moreover, via the Monna map, the two dynamical systems are
metrically isomorphic. This means that ([0,1), B, \, T, ) is a uniquely ergodic dynamical

system, and whence we have the following result.

Theorem 6.3.3. [G] Suppose that a = (a,)52 is a useful sequence of natural numbers

greater than 1. Then the dynamical system ([0,1),B,\,T,) is uniquely ergodic.
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6.4 Asymptotic distribution of the a-adic van der Corput
sequence

In this final section, we return to the question of Strauch in a more general setting.

Indeed, given my, ..., ms € Ny and a Hartman uniformly distributed sequence (k)22 ,

we find all the distribution functions for the sequence (¢q (kn+my1), ..., ¢a(kn+ms))o ;.

This result includes the case k, =nand m; =0, mg =1, ..., mg =s—1; i.e., we can

calculate the asymptotic distribution function for (¢q(n), ¢o(n+1),. .., ¢a(n+s—1))5 ;.
Define a map v :[0,1) — [0,1)® : o — (T} x,..., T2 x), and let

I'={y(z): z€[0,1)}.
The Lebesgue measure A on [0, 1) induces a measure £ on I' by setting
UE) = A{z €[0,1): y(z) € E})

for each E C I'. Moreover, ¢ induces a measure v on [0,1)® by embedding I into [0, 1)*.

More precisely, for every Jordan-measurable set B C [0, 1), we set
v(B)=4¢(BNT).

Theorem 6.4.1. [G] Let a = (ay)02, be a useful sequence of natural numbers greater
than 1, and let my,...,mg € No. Suppose (k)2 is a Hartman uniformly distributed

sequence. Then the following are true:

(1) The asymptotic distribution of (¢a(kn +ma),. .., ¢a(kn +ms))22 is v.

(2) The measure v is a copula on [0,1)°.

(3) The sequence (¢pg(kn +m1), ..., ¢a(kn +ms))oe, is uniformly distributed on T'.
Proof of Theorem 6.4.1(1). We first note that

(Ga(kn +m1), s dalkn +mg))osy = (T ™0, TEntMe0)02,.
Also, we know by the construction that, for each n € N,
(Thntmaq, . Thetmsg) = (T (Tk0), ... T™(TF0)) e T

Now consider a Jordan measurable set B C [0,1)°. We define the empirical measure of
the first N points of (TFn+m10,. .. Tkatms0) by

1
v (B) = - #{1 <n < N: (TFF™o0,...,T/0) € B}.
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To prove that v is the unique asymptotic distribution of the sequence, it suffices to

show that vy converges to v as N tends to infinity.

1
lim vy(B)= lim —-#{1<n<N: (Tkntmag . Thetmsg) ¢ B}

N—o00 N—)ooN
— _ < < kn+m1 kn+ms
ngnooN #{1 <n < N: (T;**™0,...,T,""™0) € BNT}
= lim — #{1<n<N Tk”(Tmlo)eprOJl(BﬂF)}
N—oo N

where proj; denotes the projection onto the first coordinate of [0, 1)®. By Theorem 6.3.3,
T, is uniquely ergodic. It now follows from Theorem 2.5.1 and the Weyl criterion that
(Thn (Tm10))%2, is uniformly distributed mod 1. Furthermore, the fact that a is a useful

sequence indicates the bijection of the map = +— T,(z). Therefore, we have

lim vn(B) = A(proj;(BNT))=4BNT)=wv(B).

N—o0
This shows v is the asymptotic distribution of (¢g(kn +m1), ..., ¢a(kn +ms))52 ;. B

Proof of Theorem 6.4.1(2). To show that the measure v is a copula on [0, 1)*, we argue
that the sequence (¢q(ky, +m;))oe; is uniformly distributed mod 1 for every 1 < j <'s.
We know that ¢ (k,, +m;) = TF (T, 0) for each n € N. Since T, is uniquely ergodic,
it follows from Theorem 2.5.1 and the Weyl criterion that (T (T,"0))2, is uniformly

distributed mod 1, as required. m
Proof of Theorem 6.4.1(3). This is an immediate consequence of Theorem 6.4.1(1). m

Theorem 6.4.1 is a more general answer to the question of Strauch. In particular,
when a, = b for all n € N, this result refines the work of Aistleitner and Hofer [1] for

a broad class of subsequences of the classical van der Corput sequence in base b.

Corollary 6.4.2. [G] Let b > 1 be a natural number, and let mq, ..., ms € Ny. Suppose

(kn)o2y is a Hartman uniformly distribution sequence. Then the following are true:
(1) The asymptotic distribution of (¢p(kn +m1), ..., ¢p(kn +ms))S is v.
(2) The measure v is a copula on [0,1)°.
(3) The sequence (¢p(ky +m1), ..., ¢p(kn +ms))02 is uniformly distributed on T

Proof of Corollary 6.4.2. Apply Theorem 6.4.1 with a,, =bforallm € N. m
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Appendix A

Summary of excluded papers

In this appendix, we give a summary of each excluded paper.

[B] J. Hancl, A. Jassovd, P. Lertchoosakul and R. Nair. Polynomial actions in positive
characteristic. Proc. Steklov Inst. Math., 280(suppl.2):37-42, 2013.

Summary: We prove the positive characteristic analogue of D.J. Rudolph’s result
regarding the famous H. Furstenberg’s conjecture 2x and 3x invariant measure. Indeed,
we show that either the entropy of the maps is zero or the non-atomic measure is Haar

measure.

[C] J. Hancl, A. Jassova, P. Lertchoosakul and R. Nair. On the quantitative metric
theory of continued fractions. Preprint 2014.

Summary: Quantitative versions of the central results of the metric theory of con-
tinued fractions were given primarily by C. de Vroedt. We give improvements of the

bounds involved by using a quantitative L? ergodic theorem.

[D] J. Hancl, A. Jassova, P. Lertchoosakul and R. Nair. Polynomial actions in positive
characteristic II. Preprint 2014.

Summary: We prove the positive characteristic analogue of E. Lindenstrauss’ result
regarding the famous H. Furstenberg’s conjecture 2x and 3x invariant measure. Indeed,
we improve our previous result in [B] by adjusting the condition that p and g are coprime

to the condition that p does not divide any positive power of q.

[E] A. Jassovd, S. Kristensen, P. Lertchoosakul and R. Nair. On recurrence in positive
characteristic. Preprint 2014.

Summary: Let P — 1 denote the set of primes minus 1. A classical theorem of A.
Sarkozy says that any set of natural numbers of positive density contains a pair of
elements whose difference belongs to the set P — 1. We investigate the positive charac-
teristic analogue of questions of this type, building on work of H. Furstenberg, by using

an ergodic approach.
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[F] A. Jassovd, P. Lertchoosakul and R. Nair. On variants of the Halton sequence.

Preprint 2014.
Summary: We use some ergodic methods to prove the uniform distribution of a large

class of subsequences of a generalization of the classical Halton sequences. This builds

on earlier work of M. Hofer, M.R. Taco and R. Tichy in the case of a generalization of

the classical Halton sequences.
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