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Abstract

The primary objective of this research is to investigate various optimization
problems connected with partial differential equations (PDE). In chapter
we utilize the tool of tangent cones from convex analysis to prove the exis-
tence and uniqueness of a minimization problem. Since the admissible set
considered in chapter [2]is a suitable convex set in L*°(D), we can make use
of tangent cones to derive the optimality condition for the problem. How-
ever, if we let the admissible set to be a rearrangement class generated by
a general function (not a characteristic function), the method of tangent
cones may not be applied. The central part of this research is Chapter
and it is conducted based on the foundation work mainly clarified by Ge-
offrey R. Burton with his collaborators near 90s, see [7, [8 9, [10]. Usually,
we consider a rearrangement class (a set comprising all rearrangements of
a prescribed function) and then optimize some energy functional related
to partial differential equations on this class or part of it. So, we call it
rearrangement optimization problem (ROP). In recent years this area of re-
search has become increasingly popular amongst mathematicians for several
reasons. One reason is that many physical phenomena can be naturally
formulated as ROPs. Another reason is that ROPs have natural links with
other branches of mathematics such as geometry, free boundary problems,
convex analysis, differential equations, and more. Lastly, such optimization
problems also offer very challenging questions that are fascinating for re-
searchers, see for example [2]. More specifically, Chapter [2| and Chapter
are prepared based on four papers [24] 40, [41], [42], mainly in collaboration
with Behrouz Emamizadeh. Chapter [4] is inspired by [5]. In [5], the exis-
tence and uniqueness of solutions of various PDEs involving Radon measures
are presented. In order to establish a connection between rearrangements
and PDEs involving Radon measures, the author try to investigate a way to
extend the notion of rearrangement of functions to rearrangement of Radon
measures in Chapter
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Chapter 1

Introduction

The central part of the thesis is about rearrangements of functions, see
Chapter |3 and this part of work is based on the basic theories developed by
G. R. Burton near 90s. More specifically, in [7, ], the author summarized
the basic properties of rearrangement of functions, and gave a definition
of a class of functions which are rearrangements of each other, called rear-
rangement class which is usually the admissible set in our problems. Then,
a variety of properties of this class and its topological closure are investi-
gated. At the same time, the author also applied these results to several real
world problems connected with partial differential equations, both the un-
constrained and constrained versionﬂ Amongst other things, the following
is a main result of so called unconstrained version taken from [7]:

Theorem 1.0.1. EILet (Q, M, 1) be a finite, separable, non-atomic measure
space. Let f € LP(u) and R be a rearrangement class generated by f. Sup-
pose U is a real strictly convex functional on LP(u), sequentially continuous
in the Li—topology on LP(u). Then U attains a mazimum value relative to
R. If f* is a mazimizer and g € Li(p) is a subgradient of U at f* (such a g
must exist) then f* = ¢og almost everywhere, for some increasing function

}.

G. R. Burton’s rearrangement theory including Theorem was ap-
plied to real world problems and used as a tool in projects that were purely
academic. For example, in [2I], the authors investigated a physical prob-
lem which is to design a composite membrane with patches. The authors

'For unconstrained version, we mean doing the optimization on the pure rearrangement
class, while for the constrained version, we focus on part of the rearrangement class.
2For definitions, see Preliminaries of Chapter
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2 CHAPTERI[ INTRODUCTION

model the problem into a rearrangement optimization problem where the
goal function is the principal eigenvalue associated to a differential equation
with Dirichlet Boundary condition. One can find similar papers such as
[18, 25, 34] etc.

It is easily verified that a rearrangement class whose generator is a char-
acteristic function xg, i.e. xg(zr) =1ifz € F and xg(x) =0if ¢ ¢ E, con-
sists of x with |F'| = |E|. This simple fact makes it possible to investigate
numerous shape optimization problems using the theory of rearrangements.
As a result, one can establish an intimate connection between free boundary
problems with rearrangement optimization problems, eg. Remark 3.2.1 in
Chapter

Since the space of L™ is excluded in a number of results in G. R. Bur-
ton’s rearrangement theory, we apply the method of tangent cones in order
to derive optimality conditions in particular problems. We learned this ap-
proach from the paper [32]. In [32], the authors firstly consider a different
admissible set in L* and then formulate the optimality condition with re-
spect to this set. Finally, they invoke the optimality condition to prove the
existence of the optimal shape. Chapter [2| describes a problem similar to
132].

In this research, we will utilize the tools of rearrangement theory and
tangent cones to investigate various optimization problems involving par-
tial differential equations. More precisely, the main result of Chapter [2] is
Theorem for which a similar result is discussed in [9], but the authors
in [9] considered a different admissible set. For Chapter |3, Theorem
and Theorem are extensions of Theorem 2.2 in [43] and Theorem 3.1
in [32] respectively. One point should be remarked in Chapter [3| is that
Theorem seems to be new in the existing literature, and we hope it
will serve as a motivation for further research. Two stability results regard-
ing rearrangement theory discussed in Section 3.4 are also new. Finally, a
natural generalization of the idea of rearrangements to Radon measure will
be presented in the last chapter. This development is novel (based on the
author’s knowledge) and the author hopes it will stimulate a new direction
of research.



Chapter 2

Tangent Cones

In this chapter, we will utilize the tool of tangent cones from convex analysis
to study a minimization problem, which models the minimum energy of
displacement for an isotropic elastic membrane subjected to a vertical force,
such as a load distribution. Before discussing the concrete problem, we needs
some preliminaries about tangent cones.

2.1 Preliminaries

This section gathers the mathematical background for the sections to follow.
In this chapter, we will denote by | - | the Lebesgue measure in RV, Let us
begin with the definition of tangent cones.

Definition 2.1.1. Let X be a normed linear space and C' a nonempty set of
X. The inner (intermediate, or derivable) tangent concﬂ of C' at a, denoted
Tl (a), is defined as follows: v € T{.(a) if and only if for each t, | O there
exists a sequence {v,},o | in X satisfying

(i) limy, o0 vy, = v,
(ii) a+tpv, € C,Vn e N.

As the notion of Gateaux differentiability is used quit often in our analy-
sis, we give its definition in the following for the convenience of the readers,
see also [3] or [14]:

'We will call it the tangent cone for short in the following.

3



4 CHAPTER[2 TANGENT CONES

Definition 2.1.2. Let X be a normed linear space, and U an open subset
of X. Then, the functional F : U — R is Gateaux differentiable at x € U if
there exists F'(x) € X*, the dual of X, such that, for allv € X,

lim F(xz +tv) — F(x)
10 t

= (F'(x),v).

F'(x) is referred as Gateauz derivative of F at x. Moreover, if F is Gdteaux
differentiable at every point x of U, we say F is Gateauz differentiable (on
U).

The following two lemmata are useful for deriving the minimality condi-
tions of the problem.

Lemma 2.1.1. Let C and X be as in Definition d: X - Ra
functional which is Gateauz differentiable and Lipschitz continuous in an
open set B containing C. If f is a minimizer of ® in C, then

(2.1) (®'(f),h) 20, VheTu(f),

where (-, -) denotes the dual pairing between X* and X. Here, ®'(f) stands
for the Gateaux derivative of ® at f.

Proof. Throughout the proof, k denotes the Lipschitz constant of ® in FE.
We assume the assertion of the lemma is false, to derive a contradiction. So
we can find h € T4(f) with (®/(f),h) < 0. Fix a sequence t, | 0. From
the definition, there exists a sequence {h,} in X such that h, — h and
f+tuhy, € C,¥n € N. Set § = (®'(f),h), and keeping in mind that ¢ is
negative, there exists N1 € N such that

O(f +tah) — @(f)
tn

1)
< 5, Vn > Nj.

Since h,, — il, we can find Ny € N such that No > Ny, f + tNQH € F and
HhN2 - HH < —%. In particular, we have

(22) B(f + ) — D) < St

On the other hand, @ is Lipschitz continuous in F, hence
(2.3) O(f +tnyhi,) — ®(f +tayh) < ktn,

From (2.2) and (2.3), we deduce ®(f + tn,hn,) < ®(f). This, recalling
f+tn,hn, € C, contradicts the minimality of f. O

- 1
hN2 — hH < _Qth'
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Lemma 2.1.2. Let C' be a nonempty convex set in X, and ® : X - R a
convez functional which is Gateauz differentiable. If (®'(f),h) > 0 for all h
in TH(f), then fis a minimizer of ® in C.

Proof. To derive a contradiction, let us assume the assertion is false. So we
can find f € C such that ®(f) < ®(f). Observe that f — f € TH(f) because
C convex. Indeed, pick an arbitrary sequence t, | 0, and set v, = f - f,
Vn e N. Clearly, v, — f— fand f4+to(f — f) = tuf + (1 —tn)f € C as

desired. Now by the assumption, (®'(f), f — f) > 0. However,

O(f +t(f - ) — ®(f)

(@'(f), f - f) =lim

tl0 t
1—t)® to(f) — ® A
t10 t
which is a contradiction. Therefore, f is a minimizer of ® in C. O

Remark 2.1.1. The readers are encouraged to compare Lemmata and
here with Propositions 1.89 and 2.25 in [T]|]. Note that there are two
main differences:

(i) The Bouligand tangent cone is used in [14] instead of the one in Defi-
nition [2.11]

(ii) The Fréchet differentiability of ® is crucial when applying Propositions
1.39 and 2.25 in [1J)] to real problems.

For convenience, we fix D C RY and denote

(2.4) Aaz{feLOO(D):nggl,/Df(:n)dm:a},

for a given 0 < o < |D|. Note that the condition a € (0,|D|) is to ensure
the set A, is not trivial. In order to determine the characteristics of tangent
cones in A, let us introduce the following definition.

Definition 2.1.3. For any function f € A, we define the sets DY, D}'Z and
Djlc as follows

(i) DY = {z € D: f(x) =0},
(it) D} ={z € D:0< f(z) <1},

(i) Dy ={x € D: f(z) =1}.
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Lemma 2.1.3. If f € A,, then the tangent cone of A, at f consists of
functions h € L*°(D) such that

(i) [ph(x)dz =0,
(i) limy o0 ||x@oh ™[ =0,
(iit) limp_o0 || x@1 At =0,

where Q¥ = {x € D: f(z) <1/n}, QL ={xr € D: f(x) >1—1/n}, and h*
(resp. h™ ) is the positive (resp. negative) part of h.

Proof. See Proposition 2.1 in [4] and Proposition 4.5 in [16]. O
Lemma 2.1.4. Let f € Ay. If h €T} (f), then
h(z) > 0 a.e. in D?:, h(z) <0 a.e. in D}c.

Proof. Observe that D% C Q% and D} C QL. Whence, the assertion readily
follows from Lemma lZl..LB.l O

Henceforth, we will denote positive real numbers by RT.

Definition 2.1.4. We say the graph of f has no significant flat sections
provided

{z e RN : f(z) =c}|=0,VceR".

2.2 Mathematical model

In reality, the following Poisson boundary value problem models the sta-
tionary state of vibration of an isotropic elastic membrane, fixed around the
boundary, and subjected to a vertical force f(z) :

—Au = f(z) inD
(2:5) { u=0 on 0D,

where D is a smooth bounded domain in R?. Then, the function u stands
for the displacement of the membrane from the rest position. Clearly, by
changing f, u will change, so it makes sense to use uy instead of u to stress
the dependence of displacement on the force.
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2.2.1 The linear case

First, we are interested in minimizing the total displacement of the mem-
brane:

(2.6) inf Q)L(f):/Ddex.

J€Aa

Observe that we confine ourselves to forces described by A, referring to
(2.4). In other words, the admissible forces are those that take values in
[0, 1], and have fixed total strength, designated by «.

Lemma 2.2.1. &, (-) is linear.
Proof. Let us recall the Saint Venant’s boundary value problem:

(2.7) { —Av=1 inD

v=20 on 0D.

Multiplying the differential equation in (2.5) by v, integrating the result over
D and after an application of divergence theorem, it yields

(2.8) /DVuf'Vvdx = /vada:.

Similarly, multiplying the differential equation in (2.7 by u¢, and integrating
the result over D, yields

(2.9) / Vuy - Vodz :/ usde.
D D

Comparing (2.8)) and , we have
(2.10) @L(f):/ ufda::/ fudz.
D D

Thus, () is linear. O

Due to the linearity of ®1,(+), it is not necessary to utilize the method of
tangent cones to derive the following result.

Theorem 2.2.2. The minimization problem (@) has a unique solution
f € Ac. Moreover, f minimizes ®r(f) in A. if and only if
(i) |D3

- )
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(ii) v(zo) > v(x1), V(x0,21) € D?E X Djlé.

Also, the unique mz’nimizerf s a characteristic function which can be iden-
tified with X fy<cy for some ¢ > 0.

Proof. We postpone addressing the uniqueness to the end of the proof.

Let f be a solution of (2.6) in A, and we first prove the assertion (i).
In order to derive a contradiction, we suppose |D;‘c| > 0. Then, we have

g=/ D* fdx > 0. By using strong maximum principle and Lemma 7.7 in

[30], we deduce v is positive and has no significant flat sections in D. Ob-
serving that \D;| > [p. fdx = [, there must exist positive ¢; such that
f

Haj € D;} cu(x) < cl}‘ = /3. To this end, we set
(x) x€ D\D;‘;

f
(2.11) flx)y=<0 T € xED;}:v(a}) >
1

It is obvious that f € A, and we evaluate

b(f) = 0u(f) = [ fodo— [ fode= [ (7= fruao
f

vdx — fvda:
;

- /{mGD;}:v<cl}

= (1— fods — foda
AzGD}:v<cl} /{xED’}:v>c1}

1— f)dz — Fdx » = 0,
sa /{xED;‘E:v<cl}( f) v /{xGD}:Uzcl} f v

which is a contradiction. So, we have |D; =0,i.e. f must be a characteristic

(2.12)

function. Now, we proceed to test f for assertion (ii). In order to derive a
contradiction, let us assume there exist wy C D?; and wy C D} such that

(2.13) lwo| = |wi| and / Ud:(}</ vdz.
wo w1
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Then, we set
flx) ze€D\ (wyUw)
f(z) =40 T Ewr
1 T € wp.

Clearly, f € A, and we evaluate

1) — @p(f) = /D Foda /D fodz = / (e

:/ vd$—/ vdx < 0,
wo w1

which contradicts the minimality of f. So, f satisfies condition (ii).

Conversely, let f satisfies (i) and (ii). By using elliptic regularity theory
and Sobolev embedding theorem, see for example [26], we have v € C(D).
Since v has no significant flat section in D, it follows from (i) and (ii) that
f = Xp with D = {z e D:v(zx) <c3} for some positive ¢3. We fix an
arbitrary g € A, and construct g as in if |[Dy| > 0, otherwise, set
g = g. On the other hand, for an arbitrary x with D C D and |D| = o,
we have

(2.14) @L(X[))—‘I)L(XD):/A’de—ﬁvdxz/ vdx—/ vdr < 0.
D D D\D D\D

Therefore, similarly to the calculations performed in , in conjunction
with (2.14), we have ®1,(g) > ®1(g) > P (f). Since g is arbltlrary7 f is the

minimizer of ([2.6)).

Finally, the uniqueness follows from assertion (i) and Lemma O
Remark 2.2.1. In fact, by using (@, we can apply the Bathtub principle,
see Theorem 1.14 in [39], to prove Theorem[2.2.3
2.2.2 The nonlinear case

In contrast with the linear case, we study the following minimization prob-
lem

(2.15) flIlf On(f / fugpdx.

The nonlinear case above will be the focus of our analysis in the following
sections. Let us briefly introduce the physical interpretation and give a
general overview of the following sections in this chapter.
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Physically, the quantity ®x(f) as defined in measures the energy
of displacement of the membrane. The dependence of @ on f is obviously
nonlinear. More specifically, the minimization problem implies that
we are interested in the minimum value of the energy of displacement given
that the forces applied to the membrane are selected from A,. We are par-
ticularly interested in force functions that achieve the minimum. Such forces
are called optimal solutions of . Indeed, we shall prove that optimal
solutions exist. In fact, we will show that there exists a unique optimal
solution. Our next result is that the optimal solution has a distinguished
characterization like linear case; namely, it is of bang-bang type. Such name
is referred to two-valued functions. In our case, the optimal solution will
turn out to be a {0, 1}-valued, hence a characteristic function. Another fea-
ture of the optimal solution is that its support contains a layer around the
boundary of D, which is expected from the physical point of view. Indeed,
a force acting at a location near the boundary, noting that the membrane
is held fixed at the boundary, will result in small displacement in contrast
to when the same amount of force is applied to points which are located far
from the boundary.

After addressing the existence and uniqueness of optimal solutions (in
Section 2.3), we present two monotonicity results (in Section 2.4), the first
of which is physically quite interesting and in compliance with expectation.
More precisely, we shall prove that by increasing the value of «, the sup-
port of the corresponding optimal solution increases in the sense of nested
sets. The second monotonicity result is intriguing due to its physical inter-
pretation that, the maximal distance from the rest position of the optimal
solution is increasing with respect to a.. In that section, we shall utilize some
techniques from [22]. The last section of this chapter will be allocated to
showing that the optimal solutions of are stable, see Theorem

Remark 2.2.2. Since A, is well structured, the tangent cone to A, has a
very convenient characterization. This characterization in conjunction with
the convexity of Ao and ®n pave the way toward derivation of necessary and
sufficient conditions for a function to be an optimal solution of . The
method of tangent cones was recently used in [32], where the authors investi-
gated a shape optimization problem. Surely, this method can also be applied
to many other optimization problems, however, we should warn the readers
that the method has its limitations. For example, in [11, [12], the authors
explore the possibility of designing a membrane, fixed at the boundary, and
made out of two materials, so that the corresponding frequency is maximal.
This is shape optimization problem to which the method of tangent cones
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can certainly be applied. However, if we look at the same problem allowing
three or more materials used in the design then the method of tangent cones
can no longer be accessible.

Let us mention that G. R. Burton and J. B. McLeod [9] amongst other
things studied a similar optimization problem to . They used the same
functional as ®n(f), but considered a different admissible set. The admis-
sible set, used in [9], was a rearrangement class, see Definitions and
. In that paper, the authors address existence and uniqueness of opti-
mal solutions in general domains, and in radial domains in particular.

2.3 Existence and uniqueness of optimal solutions

This section is devoted to the minimization problem (2.15). But first, we
need the following basic result regarding the energy functional ® .

Lemma 2.3.1. The functional ®n enjoys the following properties:
(i) ®n is weak*-continuous in L>°(D).
(i) @ is strictly convex in A,.

(111) @ is Gateauz differentiable; moreover, ®\(f) can be identified with
QUf.

(iv) ®n is Lipschitz continuous in A,.

Proof. For (i), (ii) and (iii), see Lemma 2.1 in [43]. We proceed to prove
part (iv). To this end, we multiply the differential equation in (2.5) by uy,
integrate the result over D, and finally apply the divergence theorem to
deduce

(2.16) /]Vuf|2d:c—/fufdx.
D D

An application of the Holder’s inequality to the right hand side of (2.16]),
coupled with the Poincaré inequality, leads to

2
Vs < C 1l gl oy
D 0
where C is a positive constant. From the last inequality, we infer

(2.17) lotsll gy oy < C 151
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For all f and ¢ in A,, we have

o)~ 2wl = | [ (7= augao+ [ atus - u)a

< ’/D(f—g)ufdx + ‘/Dg(uf — ug)dx

<C|f -yl HUfHHg(D) +Cllglla lluy = ugHH(}(D)
<Ol + gl 1 =gl

<Clf -9l
where we have used (2.17)) in the third inequality, and the definition of A,
in the last inequality. O

Remark 2.3.1. After revisiting the proof of (iv) in the Lemma above, it is
not hard to see that the Lipschitz continuity can be extended to an open set
O € L>*(D) containing Ay, for example, O ={f € L>®: -1 < f < 2}.

The main result of this section is the following:

Theorem 2.3.2. The minimization problem has a unique solution
f. Moreover, f is characterized as follows: f minimizes ®n(f) relative to
Ay if and only if:

(i) |D3] =0,
(ii) u];(xg) > Uf(l’l), Y (zo,x1) € D?A X D}.
Indeed, f s a characteristic function which is equal to X{u(c}, where ¢ =
f
maxp up > 0.

Proof. The proof is based on the notion of tangent cones, a tool that was
also considered in [32]. We begin by observing that, A4, is closed in L>(D),
and convex. Hence, A, is weak*-closed. By Theorem 2.10.2 in [33], we infer
Aq is in fact weak™-compact. On the other hand, by Lemma (i), Dy
is weak*-continuous, hence is solvable. We postpone addressing the

uniqueness to the end of the proof.
Let f be a solution of lb in A, and set
D;‘;:{xeD;l/ngfg1—1/n}.

We first prove u 7 is constant on D;}. To this end, observe that D;} =

U.2, D, hence it suffices to prove u j is constant on Dj. To derive a
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contradiction, suppose u ; is not constant on D}, for some n. Thus, there
exist two measurable sets w; and we in D} such that

(2.18) |wi| = |w2| and / ufdm</ udz.
w1 w2

Now taking
1 T € wip
h(z) =< -1 x € wy
0 z€(w Uwr)s,

which belongs to T% _( f) (see Lemma [2.1.3), yields
(2.19) <<I>’N(f),h>:2/ufhdx:2/ u};d:c—?/ usdr <0,
D w1 w2

by (2.18). Recalling Lemma [2.3.1f and Remark clearly, (2.19) contra-

dicts the optimality condition (2.1)). Thus, u i is constant on D;}. Next, from

the differential equation ({2.5)), coupled with Lemma 7.7 in [30], we infer that
the graph of u i has no significant flat sections in D;}. Therefore, |D;| =0,

as desired.
For part (ii), let us assume there exist two measurable sets wg C D?E and

w1 € Djlg such that

(2.20) lwo| = |w1| and / upde < / udz.
wo w1
Next, we set:
1 T € wo
h(z) =< -1 z€w

0 z¢€(wUuw)s,

which belongs to T (f). Similarly to the proof of part (i), the inequality
in (2.20) leads to a contradiction of the optimality condition ([2.1)). Since
D% =

2;

|D| = a. By the elliptic regularity theory, see for example [26], we infer

uj € H?(D), thus, by the Sobolev embedding theorem, it follows that up €
C(D). Using part (ii), we deduce D = {CE eD: uf(ac) < c}, where

0, we deduce that f must be a characteristic function yp, where

c= sup up(z) = inf ug(x)>0.
Z‘ED}» IED?A
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Clearly, we have u j=con 8D%, which implies u j=c in D?;. Whence,
D= {:E eD: uf(x) < c}, where ¢ = maxp u; > 0.

Conversely, let us assume the pair (f,u j) satisfies (i) and (ii). Due to
the continuity of u jr we deduce

¢ = sup us(zx) = inf us(zx)>0.
ZGD} xGD?a

Let us fix i in T7 ( f). From Lemmata and we obtain

<<I>§v(f),h>=2/ ufhda:=2/ ufhd:c+2/ ujhdz
D D(; D}

22/ c*hdx+2/ c*hdszc*/ hdzx = 0.
DY D} D

Therefore, we infer from Lemma that f is a minimizer.

Finally, we settle the issue of uniqueness. To this end, we assume f is
a solution of 1j To derive a contradiction, let us assume f is another
solution of () We set g = %( f + f) which belongs to Ag, because Aq
is convex. Recalling that ®y is strict convex, it now follows that ®x(g) <
D ( f ), which contradicts the minimality of f. O

Proposition 2.3.3. If D is simply connected and xp, is the unique mini-

mizer of the problem , then D is connected and contains a layer around
oD.

Proof. From Theorem [2.3.2] we infer D = {:c eD: uf(az) < c}, where ¢ =

maxp g > 0. This implies D contains a layer around §D, since u i€ C(D)
and u 7 vanishes on 9D. To prove D is connected, we assume otherwise and

derive a contradiction. So let us assume there is a component of 15, denoted
D’, such that the intersection of 9D’ and 9D is empty. Observe that, u j=c

on OD'. Recalling the Poisson problem ({2.5)), it follows that

591 —Aquzl in D/
(2.21) up=c on 0D,

Hence by the strong maximum principle, we deduce, from 1} up>c in
D’. This clearly contradicts the fact that u j<cin D'
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2.4 Monotonicity results

In this section, we address two monotonicity results related to problem
(2.15). Let us fix some notation. Similarly to A, we define Ag as follows:

AB:{fGL“(D):0§f§1,/[)f($)dw:ﬂ},

where 0 < 8 < |D|. By Theorem we know the two minimization
problems

flelga O (f) and flenjg SN (f),

have unique solutions, which we denote them by xp and x Dy respectively.
Furthermore, we have

(222) Dy ={zr€D:uy(z)<co} and Dsg={xec D:ug(x)<cs},

for positive ¢, = maxp u, and cg = maxp ug, where u, and ug satisfy:

—Aug =xp inD
(2.23) { Ug =0 on 9D,
and
(2.24) —Aus =Xp, D
ug =0 on dD.

Our first monotonicity result is the following

Theorem 2.4.1. If0 < 8 < a < | D], then cg < c,.
Proof. From (2.23)) and ([2.24)), it follows that

{ _A(ua_uﬁ):Xf)a_X[)ﬁ in D

2.25
( ) U —ug =0 on 0D.

Multiplying the differential equation in (2.25) by u, — ug, integrating the
result over D, followed by an application of divergence theorem, yields

[ 196 =ua)de = [ (xp, = xp,) (00— us)do

(2.26)
= / (uaq — ug)dr + / (ug — uq)dz.
Da\Dg Dp\Da
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From , we infer u, — uﬁ < ca —cg in ﬁa \ ﬁg, and u, —ug > cq —cg
in Dg \ D Thus, equation (|2 leads to

/ V(e — up) 2 dx < D\ Dal(ca — c5) + D5\ Dal(cs — ca)
(2.27) /b
= (ca—¢5) (1Da\ Dsl = 1D5\ Dal ) -

Because | Dy \ Dg| = |Da| — | Do N Dg| and |Dg \ Do| = |Dg| — |Do N Dgl,
we infer

(2.28) [Da\ Dg| = Dg \ Da| = |Da| = | Dgl.
Substituting into , it follows that

[ 1960 = ) do < (ca = ) (1Dal = 1D4]) = (ca = c5)(a — 5).
Since the left hand side of the last equation is nonnegative, and the fact that
B < a, we infer cg < c,. [

Our second monotonicity result is as follows
Theorem 2.4.2. If0 < < «a < |D|, then 155 C D,.
Proof. Let us introduce the following subsets of D:

E ={uq —ug >cq —cg} and F:{ua—ug < cq —cCa}.

Similarly to the proof of Theorem recalhng , we infer u, —ug <
Co —Cp in D, \ Dg, and uq —ug > cq —cg in Dg \ D By the definition of
FE and F, it follows that

(2.29) Do\ Dg CF,
and
(2.30) Dg\ D, CE.

From ([2.29)), in conjunction with the fact that F' = D \ E, we deduce E C
(D \ Dq) U Dg. From the differential equations in (2.23) and (2.24), we

obtain
~A(ua —ug) = xp, —Xp, <0 In EC (D\ Do) U Dg.

On the other hand, by Theorem we have uq —ug = ¢q — cg on OF.
Whence, by the weak maximum principle, u, —ug < cq —cg in E. Recalling
the definition of E we can conclude E must be empty. Furthermore, it
follows from that Dﬁ \ D, is empty as well. Hence, Dg D,, as
desired. O
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2.5 A stability result

Before stating the result of this section, we fix some notation. Let

Aan:{fELOO(D):Ongl,/f(a;)dx:an},
D

where 0 < ay, < |D|. Let x p, denote the unique solution of the following
minimization problem:

inf & .
st N (f)

The symmetric difference of two sets £ and F' is denoted by E A F.
Our stability result is the following:

’I‘Aheorem 2.5.1. Let xj, denote the minimizer of problem , Sfatisfying
D] =a. If an — «, then xp — xp in LY(D). Moreover, |D,, A D| — 0.

Proof. Since o, — «, we infer

loy, —al = ‘/ anda;—/ X pdx
D D

= ’/ (Xp, — Xp)dz
D
D

where the third equality in (2.31)) holds as a result of Theorem Hence,

Xp, = Xp in LI(D).
Since

(2.31)

/D Xp, — Xpldz = Dy 2 D],

we also deduce ]f)n A ﬁ\ — 0. This completes the proof of the theorem. [






Chapter 3

Rearrangement of Functions

This chapter will be devoted to the theory of rearrangement of functions and
its applications to partial differential equations. More specifically, we will
present the mathematical background first. Then, two applications to real
problems will follow. Finally, we will show two intriguing approximation
results.

3.1 Preliminaries

This section gathers the background for the sections to follow. We begin
by reviewing the relevant parts of the rearrangement theory attributed to
G. R. Burton. The appropriate references for this section are [7, [§, 36]. We
stress that the materials to follow are specialized to suit the purpose of the
present chapter, hence they may not appeal in the most generality.

Definition 3.1.1. Let X and X' be two measurable subsets of RN and RM
respectively. Suppose Ln(X) = Ly (X') < oo, where Ly and Ly denote
the Lebesque measures in RN and RM, respectively. Suppose f : X —
[0,00) and g : X" — [0,00) are measurable functions. We say f and g are
rearrangements of each other if:

Aren(@) = Ly ({r € X = f(z) > a})
>

(3:-1) =Ly ({z €X' g(z) >a}) =gz, (a), YVa>0.

Definition 3.1.2. Let f be a function as in Definition|3.1.1. The function
f2:(0,Ln(X)) — R defined by

fA(s) =max{a: sz, (o) > s}

19
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is called the decreasing rearrangement of f. Also, the function fa(s) =
fA(LN(X) = s) is called the increasing rearrangement of f.

The following remark is useful.

Remark 3.1.1. It is well known that when f is continuous and its graph
has no significant flat sections in the sense that

Ly({r e X: f(x)=c})=0, VceRT,

then f2 and fa will be both continuous, moreover, 2 will be strictly de-
creasing, and fa will be strictly increasing.

Definition 3.1.3. Let f be as in Definition|3.1.1. The set R(f), called the

rearrangement class generated by f, is defined as follows:
R(f)={g9: X —[0,00) : g and f are rearrangements of each other}.

Remark 3.1.2. As the weak closure of rearrangement classes is vital in
rearrangement theory, we will utilize ~ and ~° to denote the corresponding
weak and strong closure respectively in this chapter.

One of the cornerstones in G. R. Burton’s rearrangement theory is the
following result.

Lemma 3.1.1. Let 1 < p < oo, and p' be the conjugate exponent of p, i.e.
1/p+1/p = 1. Suppose f € LV (X), and R = R(f) is the rearrangement
class generated by f. Then

(i) R C LY (X), and ||f|ly = llglly, for every g € R. Here || - ||,y denotes
the usual LP -norm.

(ii) R, the weak closure of R in LV (X), is convex and weakly compact in
LP(X). Moreover, R = c0°(R), the closed convex hull of R.

(iii) For A an affine subspace of finite codimension in LV (X), ext(R N A),
the set of extreme points of RN A, is equal to R N A.

(iv) Let A be as in (iii). Then RN A =7co°(RN.A).
(v) The relative weak and strong topologies on R coincide.

Proof. For (i), (ii) and (v), see [7, [§]. For (iii) and (iv), see [10]. O

!The integration is taken over the corresponding domain.
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Lemma 3.1.2. Let p' and f be as in Lemma|3.1.1. Then

(i) There is a measure preserving map p : D — (0,|D|) such that f =
2 op.

(ii) ||g® — b2

S lg = Al for all g and h in L’ (D).

Proof. For (i), see Lemma 2.4 in [8] or Proposition 3 in [49]. For (ii), see
Lemma 2.7 in [§] or Corollary 1 in [19]. O

In what follows we often write increasing instead of non-decreasing and
decreasing instead of non-increasing.

Lemma 3.1.3. Let f : X — (0,00) and g : X — (0,00) be measurable
functions. Suppose the graph of g has no significant flat sections. Then
there is a decreasing function ¢ such that ¢ og and f are rearrangements of
each other. In particular,

¢(s) = fa o gy (s)-

Moreover, there is a increasing function (;; such that qgo g and f are rear-
rangements of each other.

Proof. The proof is similar to Lemma 2.9 in [§]. Recalling Remark
we infer g2 is strictly decreasing, hence it has a left inverse which coincides
with A\g . We set ¢(s) = fa o Agzy(s). To see that ¢ o g and f are
rearrangements of each other we first observe that ¢ o g and ¢ o g® are
rearrangements of each other. This, in turn, implies (¢ 0 g)a = (¢ 0 g™)a.
However, (¢pog®)a = ¢pog™, hence (pog)a = pog™ = fa o)\g,ﬁNogA = fa.
Therefore, pog and f are rearrangements of each other, as desired. The last
assertion can be proved similarly by considering &(s) =f2o0 Agcy(s). O

Lemma 3.1.4. Let f € LP (X) and g € LP(X) be non-negative functions,
where 1/p + 1/p' = 1. Let R be the rearrangement class generated by f.
Suppose there is a decreasing (or increasing) function ¢ such that pog € R.
Then ¢ o g is the unique minimizer (or mazximizer) of the linear functional

L(h) :/ hgdLy,
X

relative to h € R.

Proof. The proof is a minor variant of the proof of Lemma 2.4 in [9]. t
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Remark 3.1.3. In Lemma|3.1.4], it is important to notice that ¢ o g is the
unique minimizer (or mazimizer) of the linear functional L(h) relative to
R, not only R.

Lemma 3.1.5. Let f € o (X) and R be the rearrangement class generated
by f. Let R be the weak closure of R in L’ (X). Then

R:{gELl(X):/ gdﬁN:/ fdLy and
b's b's

/S ghdt < / fAdt, Vs e (O,EN(X))}.
0 0

Proof. See Lemma 2.2 in [9], or [51]. O

Corollary 3.1.6. Suppose the hypotheses of Lemma hold. Let h € R,
and R(h) denote the rearrangement class generated by h. Then, R(h) is
contained in R.

Proof. The proof follows immediately from Lemma [3.1.5 O

The next lemma is easy to prove:

Lemma 3.1.7. Let f : X — [0,00) be a measurable function, then,

|E|
[ gdenz [ pad
E 0
for every measurable subset E C X.
Henceforth, the support of f will be denoted by
S(f)={ze X : f(z) >0},

and the reader should distinguish this definition of support from the usual
topological definition.

Lemma 3.1.8. Let f € L¥ (X) and R be the rearrangement class generated
by f. Let R be the weak closure of R in Li”/(X). For every g in R, we have

1SN <1S(9)l-
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Proof. In order to derive a contradiction, let us assume [S(g)| < [S(f)|.
Hence, a = 0|S(g)c| fadt is positive. Since g € R, there exists {g,} C R
such that g, — ¢ in L (X). Then, we have

[S(9)€] 1S(g)°|
(3.2) a:/ fAdt:/ gnpdt
0 0

S/ gndﬁNZ/ InX5(g)cdLN
S(g)e X
—>/ gXS(g)CdEN:/ gd,CNZO,
X S(g)°

which contradicts the positivity of . The inequality in (3.2)) is a consequence
of Lemma B.1.7 O

We will also need two results from functional analysis.

Lemma 3.1.9. Suppose 1 < p < oo and p’ is the conjugate exponent of p.
Suppose fn — f in Lp/(X), and gn — g in LP(X). Then [y fagndly —
Jx fgdCln.

Proof. By applying the Holder’s inequality we obtain

] /X Fagnd L — /X fgdﬁN‘:‘ /X Fulgn — )L + /X <fn—f>gdzN'
< Wl llgm — gllo + \ [t f)gch].
X

Since {f,} is bounded in L¥ (X), and g, — ¢ in LP(X), the first term on
the right hand side of the inequality above tends to zero. Its second term
tends to zero because f,, converges weakly to f. O

Lemma 3.1.10. Let C be a convez set in a real vector space Y. Let l; and
lo be linear functionals on Y, and I be a real number for which there exist
y1 and y2 in C such that l1(y1) < I <li(y2). Moreover, suppose there exists
yo € Y such that la2(y) > la(yo), for all y € C satisfying l1(y) = I. Then
there is a real number v such that yo minimizes lo + 11, relative to C.

Proof. The proof is a minor variant of the proof of Lemma 2.13 in [§]. O

We end this section by recalling the notion of subdifferentiability of con-
vex functionals, see for example [15].
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Definition 3.1.4. For 1 <r < oo, let ¥ : L"(X) — R be a conver func-
tional. We assume W is proper, i.e. VU(ug) < 400, for some ug € L"(X)
and nowhere takes the value —oco. For u € L"(X), the subdifferential of U
at u is denoted OV (u), and defined as follows:

W (u) = {w eL’(X): U(v) > U(u) +/

(v —u)wdLy, Yv € LT(X)} .
X

If 0¥ (u) # 0, then we say ¥ is subdifferentiable at u.

Since r < oo, it is well known that if ¥ is norm continuous, then an
application of the Hahn-Banach theorem implies 0W(u) # ().

3.2 Rearrangement optimization problem 1

Consider the boundary value problem

(3.3) u=0 on 0D,

{ —Au+ h(z)u= f(zr) inD

where D is a smooth (C? is enough) bounded domain in R?. The functions
h(z) and f(x) are non-negative and bounded. Physically, models an
elastic membrane which is fixed around the boundary, subject to a vertical
force f(z). The function h(z) represents the density of the membrane, and u
the displacement from the rest position. In case the membrane is isotropic,
i.e. it is made of a single material, h = 0, hence reduces to the classical
Poisson’s problem:

3.9 102377 on,

Henceforth, we will use | - | and dz instead of Ly (-) and dLy respectively in
this chapter. The energy functional associated with (3.4) is defined by

(3.5) ®(f) = [ fugds,

where uy € Hj(D) is the unique positive solution of (3.4). Two interesting
optimization problems related to ® are as follows:

sup ®(f) and inf ®(f),
feR ferR
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where R denotes a rearrangement class generated by a known function.
Both of these problems have been extensively investigated by G. R. Burton
in 7,8, @]. In recent years a number of mathematicians have attempted to
apply the tools introduced by G. R. Burton to various optimization problems
similar to the ones mentioned above.

Let us now proceed to describe precisely the problems that will be dis-
cussed in this section. First, we consider the following boundary value prob-
lem:

(3.6) { —Apu=f inD

u=20 on 0D,

where A, is the classical p-Laplace operator, i.e. Ayu =V - (|[Vu[P=2Vu),
with 1 < p < oo. Next, denoting the unique solution of (3.6) by u; €
WO1 (D), and recalling that us is the unique minimizer of the functional

1
F(u):/ |Vu]pdx—/ fudzx,
pJp D

relative to u € I/VO1 P(D), we define the p-energy functional associated to

(3.6), as follows:

(3.7) %(f) = [ fusda.

We are interested in the following optimization problems:
(3.8) inf @,/()).

and

(3.9) fei%lr:A ®p(f),

where R denotes a class of rearrangements generated by a known function,
and A an affine subspace of codimension one in an appropriate function
space.

Let us describe the physical interpretation of which is most realistic
when p = 2. The goal is to identify a force function selected from R, in such
a way that the total energy of displacement of the membrane is as small
as possible. A similar problem has been considered in [32]. In that paper
the authors considered an elastic membrane made out of two materials with
prescribed quantities, subject to a fixed vertical force. They proved the
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existence of the best possible design so that the corresponding total energy
of displacement is minimal. The analysis conducted in [32] was based on
tangent cones, but in the present work we follow the approach of [7, 8,9, [43].

The physical relevance of can be described similarly to the uncon-
strained problem. In this case, we are interested in minimizing the total
energy of displacement of the membrane under the constraint that the ver-
tical force is admissible provided it is applied to a location intersecting a
prescribed set.

Problem has been considered in [43], under very restrictive condi-
tions on the generator of the rearrangement class. More precisely, the author
imposed the generator to be strictly positive and bounded. In this section,
we remove both of these conditions. In addition, we address the case where
D is a ball, an interesting situation that is neglected in [43]. In [20], the
authors discussed the maximization version of ; that is,

sup ®,(f).
fER

Motivated by [20], the paper [23] mainly discusses a maximization problem
related to the following boundary value problem:

ou

|Vu\p_2£ = f(z) ondD,

—Apu+ |[ulP?u=0 inD
(3.10)

0
where f € R, and — denotes the outward normal derivative to the bound-
v

ary. More precisely, the authors investigate the following maximization
problem:

sup Z(f),
fER
where
(3.11) I(f) = | fupdH™ .
aD

Here uy € WHP(D) denotes the unique solution of , and dH" ! stands
for the (n — 1)-dimensional Hausdorff measure on dD.

Problem , to the best of our knowledge is new. We hope it will
serve as a motivation for further research. Henceforth, we refer to as
the unconstrained problem, and as the constrained problem.

The rest of the section is organized as follows. First, we will focus on
the unconstrained problem . In that subsection we will also consider
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the case of D being a planar disk, and prove that the minimizer is radial
and increasing. Secondly, we will consider the constrained problem ,
and show there exists a unique solution. Because of the presence of the
constraint in this problem, the expectation of having a radially increasing
minimizer, in case the domain is a disk, is no longer guaranteed.

3.2.1 The unconstrained minimization problem

This subsection is devoted to the unconstrained problem . Let us fix
some notation. Consider fy € Lp/(D), assumed to be a non-negative and
non-trivial function. Here the set D is assumed to be a smooth bounded
domain in R?. We let R denote the rearrangement class generated by fo. For
f € LP(D), uy € VVO1 P(D), as before, denotes the unique positive solution

of .

The first main result of this section is the following

Theorem 3.2.1. The unconstrained problem (@ has a unique solution
f € R. Moreover, there exists a decreasing function ¢ such that

(3.12) f=¢@), ae inD,

where 4 = U The equation is called the Euler-Lagrange equation for

A~

f.
The second main result is
Theorem 3.2.2. Let D be a disk centered at the origin with radius a. Then
f, the unique solution of , is radial, i.e. f is a function of r = |x|.
Moreover, f is increasing in .
To prove the above theorems we need the following basic result.
Lemma 3.2.3. The following statements are true.
(i) ®, is weakly sequentially continuous in L* (D).
(i1) ¥, is strictly convez.
(i1i) ®, is Gateaux differentiable. Moreover, the Gateauz derivative of ®,

at f, denoted ®,(f), can be identified with 5 f U
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Proof. (i) Let us consider f, — f in L (D). For simplicity, let us set
Uy, = uyf, and u = uy. We claim

(p— 1)®y(f) +p / (o — Pudz < (p— 1)@, (f)
(3.13) b

< (p—1)2,(f) +p / (o — Flunds.

D

We only prove the first inequality in (3.13]), since the second one can be
proved similarly. To this end, we begin by observing that

(11 (-1 = sup ){p [ gvto— [ |Vv|pda:},

veW, P(D

for every g € L” (D), and that,

(3.15) (p— 1),(f) = p /D fudz - /D Vupde,

recalling that u = uy. From (3.14), with g = f,,, we infer

(= 1)y(fa) > p /D faudz — /D Vuld.

This last inequality lends itself to

(316)  (p—1)2,(fn) > p /

D

(fn — fludz +p/D fudx — /D |VulPdx.

Finally, (3.16)) in conjunction with (3.15)) yields the first inequality in (3.13]).
From (3.13), it is clear that in order to complete the proof of part (i), it
suffices to show

(3.17) lim [ (f,— fludz =0 and lim [ (f, — flupde =0.

The first limit in (3.17) follows from the weak convergence of { f,,} in L¥ (D),
since uw € LP(D). However, the verification of the second limit in (3.17)
requires more work. To this end, let us recall

—Apuy, = fr, inD
(3.18) { Uy, =0 on 0D.
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Multiplying the differential equation in (3.18) by u,, and integrating the
result over D, yields

(3.19) /]Vun]pdac:/fnundfn.
D D

An application of Holder’s inequality to the right hand side of (3.19)), fol-
lowed by the Poincaré inequality, leads to

[Vun[Pdz < C| fully lunllyrepy»
D 0

where C' is a universal positive constant. Whence, {u,} is a bounded se-
quence in WO1 P(D). This, in turn, implies existence of a subsequence of
{un}, still denoted {u,}, and w € W, (D), such that

Uy — W inW&’p(D) and  wu, - w in LP(D).

Next we write

(3.20) /(fn — flupdr = / (fr— f)(un —w)dm—i—/ (fn — flwdz.

D D D
The first term on the right hand side of tends to zero because of
Lemma The second term in also tends to zero because of weak
convergence of {f,} in conjunction with the fact that w belongs to LP(D).
This completes the proof of part (i). Parts (ii) and (iii) have been proved in
[43]. O

Proof of Theorem m We first relax the minimization problem (3.8]),
by extending the admissible set R to R, the weak closure of R in L? (D).
Whence, we obtain

(3.21) inf ®,(f).
fER

Clearly, is solvable, since ®, is weakly continuous, and R is weakly
compact. In addition, thanks to the strict convexity of ®, and convexity of
R, the solution to is unique. Let us denote this unique solution by
f . We now proceed to prove that in fact f € R. To this end, we recall the
necessary condition satisfied by f ; namely,

(3.22) 0 € 89,(f) + 9&x(f),
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where {7z stands for the indicator function supported on R;ie.,

SR(Q)Z{ 20 g;g

see [I5] or [14] for details. Since ®, is Gateaux differentiable, d®,(f) =
{(I’;,(f)} On the other hand, from Definition we infer

0 (f)
(3.23) . . ,
—{we ) & = &)+ [ (7~ Puds, vs e 17 (D)},
Note that from , we infer that for (w, f) € (%ﬁ(f) x R:
(3.24) /D (f — HHwdz < 0.

Also, from ([3.22)) we deduce
(3.25) o (f)+w=0,

for some w € ¢z ( f ). The equation 1) in turn, implies

(3.26) /D<1>;(f)(ff)dx+/Dw(ff)dx:o, Vf e L¥ (D).

Recalling @, ( f)

112, in conjunction with (|3.26]) and (3.24]), we obtain

_p—

(3.27) /D(f ~ Pade >0, VfeR.

Whence, f minimizes the linear functional L(h) = [ hiidz, relative to h €
R.

From the differential equation
—Ayi=f, inD,

coupled with Lemma 7.7 in [30], it followsAthat the graph of ug, the restric-
tion of @ to the set S(f) = {z € D : f(z) > 0}, has no significant flat
sections on S(f ); From Lemma we know there exists a f; € R such

that S(f1) € S(f). Therefore, if we denote by Rg, the functions which are
b1y

rearrangements of fi on S( f ), then by Lemma we infer existence of a
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decreasing function ¢g such that ¢g(is) € Rs. We now proceed to extend
¢s to a decreasing function ¢ in such a way that ¢(u) € R(f1) = R. Let us
assume for the moment that this task has been accomplished. Then, from
Lemma it follows that ¢(@) is the unique minimizer of the functional
L, whence we must have f = ¢(), which is the desired result.

We now come to the issue of extending ¢g. This is done in two steps.

The first step is to show that @ achieves its smallest values on S(f). To this
end, it suffices to prove the following inequality

(3.28) a=esssupu < ess inf u =,
S(f) S(f)e

where S( f )¢ denotes the complement of S( f ). In order to prove 1' we
assume it is false and will derive a contradiction. So let us suppose a > (3,

for the moment. Whence, there exist constants ~,d, and sets A C S(f),

A

B C S(f)¢, both of positive measure, such that f <y < § < a, and
>0 onA and w<+vy onB.

We may assume |A| = |B|, otherwise we consider subsets of A or B, see [46].
Let n: A — B be a measure preserving bijection; such a map exists, see for
example [46]. Next, we define a new function f as follows:

(z) z € (AUB)®
f(n(z))  zeA
fin=H(x)) x€B.

_ f
Fla) =1 J

Clearly f is a rearrangement of f Since f € R, it follows from Corol-

lary that f € R. Thus,

/D Fadz — /D fude = /A UB?ﬂdx— /A . fadx = /B Fudz — /A fadzx
= [ forapyida — [ fodo
- [ f@yitateds = [ fide
g(y—é)/fdx<0,
A

which contradicts the minimality of f , relative to R.
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In the second step, we give an explicit definition of the extended function.
We denote the extended function by ¢, and define it as follows:

w0={ 0 152

where « is defined as in (3.28). Clearly, ¢ is decreasing, and ¢(i) € R.
Hence, the proof of the theorem is completed. O

Remark 3.2.1. If fo = xp,, the characteristic function of some measurable
set Dy C D, then, from Theorem we can deduce f = Xp, for some
D C D, satisfying |D| = |Do|. In addition, from , it follows that
D= {z € D :u(zx) < B}, for some B > 0. This, in turn, implies that D
contains a layer around the boundary 0D, since 4 € C(D). If D is simply
connected, we can additionally show that D is connected. To see this, assume
the contrary. So, we assume there is a component of 15, say U, such that
the intersection of OU and 0D is empty. Observe that, & = 5 on OU. Thus
u satisfies

—Apl :f inl
(3:29) { =0 on OU.

Applying the strong mazimum principle to , we findw > B inU. This
clearly contradicts the fact that i < B throughout D, hence, D is connected.
Since D = {x € D : u(x) < B}, 4 satisfies

—Apﬂ = X{ﬂ<ﬁ} mn D
u=0 on dD.

By setting v = 8 — 4, we derive

(3.30) Apv = X{v>0}>

which is the one phase obstacle problem for the p-Laplacian operator. Through
a private communication with H. Shahgholian, we found that many ques-

tions related to the free boundary of are yet to be settled, see [35,[38].

However, when p = 2, the free boundary of the problem 1s extensively

studied, see for example [{]]].

In order to prove Theorem [3.2.2] we need the following result.
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Lemma 3.2.4. Let f € L” (B), where B is a ball centered at the origin.
sing —cos@ and
cosf sinf )’

let fr(z) = f(Rz). Let u € W(}’p(B) and v € Wol’p(B) satisfy

Let R be a rotation map about the origin, i.e. R(0) = <

—-Apu=f nB
(3.31) { u=0 on 0B,
and

-Apv=fr nB
(3.32) { v=0 on 0B,

respectively. Then v(x) = u(Rz), in B.

Proof. We set w(x) = u(Rx). Consider a test function ( € C3°(B). It
is easy to see that Vw(z) = R™'Vu(Rz), and that |Vw(x)| = |Vu(Rz)|.
Whence

/B V() P2Vw(z) - VC(z)dx
(3.33)
= /B |Vu(Rz)[P~2Vu(Rz) - RV((z)dz,

where we have used R~' = R!, the transpose of R. We next use the change
of variables y = Rz in (3.33)), to obtain

/QrVumePQVMxm>-vc@»dx
(3.34)
_ /B Vu(y) P2 Vuly) - VE(y)dy,

where C(y) = ¢(x). Since, € C°(B), from and 1' we infer

/ \Vw(z)|P2Vw(z) - V{(z)dx

(3.35) B i

— [ s@ide = [ fat@)c()ds,
B B

Whence, w is a solution of (3.32). By uniqueness we deduce w(x) = v(z),
as desired. 0
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Proof of Theorem . Let us first show that f is radial. To this end,
we let R be a rotation map about the origin. Also, we set fR(:U) = f(Rx)
Let & € Wy P (D), and v € WyP(D), denote the solutions of , with
f=fand f = fg, respectively. From Lemma we infer v(x) = 4(Rx).
Whence

<I>p(fR):/Dvadx:/Df(R:c)ﬁ(Rx)dx:/Dfﬁda;:q)p(f).

Thus, fR is also a solution of . By uniqueness, we deduce f = fR. Since
R is arbitrary, we infer f is radial.

To prove f is increasing, we first need to show that @ is radial and
decreasing. To this end, it suffices to show the boundary value problem

—Apu = f inD
(3-36) { u=0 on 0D,

has a radial solution. Thus, we need to prove the following initial value
problem is solvable.

1 .
—= (rlu'P72) = f(r),  @/(0)=0, wu(a)=0.
r
By integrating the above ordinary differential equation from 0 to r, we derive

(3.37) rlu P72 = — /7" sf(s)ds.
0

Thus, v < 0, since f > 0. Hence u is decreasing, as expected. Now,
integrating (3.37)), from r to a, yields

u(r) = / (1 /Ot sf(s)ds)pll dt.

Therefore, the unique solution of is radial.

Now we apply Theorem which ensures f satisfies , for some
decreasing function ¢. Therefore, f must be increasing. This completes the
proof of the theorem. O

3.2.2 The constrained minimization problem

In this subsection, we prove the constrained problem (3.9 is solvable. But
first we need some preliminaries. We fix a measurable set K C D such that
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|K| = a with 0 < « < |D|. Let fo € L (D) be a positive function, which
is different from the unconstrained case. Then, there exist positive 8 and ~
such that

(338) |Fi={s€D: fylx)> B} <a<|{zeD: folz) > f} = B,
and
(339) |Fi={zeD: folz) <~} <a<|{reD: filx) <~} =Fl.

Furthermore, we suppose fp does not concentrate its largest or smallest
values on K in the sense by satisfying:

(i) |[E1\ K| >0,0r |E;\ K| =0 and |K \ E2| > 0;
(i) |FL\ K| >0, or [F1\ K| =0 and |K \ F3| > 0.

Let us set € = [} fodz. The class of rearrangements of fy in D is denoted
R(fo), which for simplicity we use R instead of R(fy). Finally, we set

A={fel”(D): / fde = e},
K
Observe that A is an affine subspace of codimension one in L (D).

We are now ready to state the main result of this section.

Theorem 3.2.5. Let fo, R, D, K and A be as described in the beginning
of this section. Then, the constrained problem:

(3.40) dnf (/)

has a unique solution f. Moreover, f satisfies the following Euler-Lagrange
equation:

(3.41) f=¢ i+ k), ae inD,

for some A € R, and a decreasing functiqn ¢, unknown a priori. Here @
stands for the solution of (@, with f = f.

The following result will be used in the proof of Theorem [3.2.5]

Lemma 3.2.6. Let R and A be as in TheoremM. Then, RN A =TRNA,
where the bar indicates the weak closure in LP (D).
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Proof. Since RNA is weakly closed, it follows that RN A C RNA. To prove
the reverse inclusion, we fix ¢ € RN A, and consider a weakly open subbasis
No,i(g), containing g. Whence,

.

Noulg) = {f e L”(D) : ’/led:c—/Dlgd:c

where | € LP(D). We set V = {fe L¥(D): [,lfdx = [,lgdz}, which
D D

is an affine subspace of codimension one in L¥ (D), and observe that V C
Noi(g). Let K = VNRNA, so K is convex, weakly compact and non-empty.
Moreover, by the Krein-Milman theorem, see [I7] or [48], we infer £ =
co(ext(K)). Therefore, ext(K) is not empty. However, ext(K) = VNRNA,
by Lemma (iii). Whence, N,;(g) "R N A is not empty, which implies
g must be a weak limit point of R N A. Thus, g € RN A, as desired. O

Proof of Theorem . We begin by relaxing the problem (3 . To
this end, we extend R ﬂ A to RN A, and consider:

(3.42) inf ®,(f).
FERNA

Since R N A is Weakly compact, and ®, is weakly continuous, the minimiza—
tion problem (3 is solvable. Moreover, RN A = RN A, by Lemma
hence R N A 1s convex. This, along with the fact that ®,, is strictly convex
imply that ) has a unique solution. Let us denote the solution by f
We claim that in fact, f € RN A. To prove the claim, we first write the
necessary condition satisfied by f :

(3.43) 0 € 0, (f) + 0z (),
where {7, denotes the indicator function supported on RNA. From 1 ,

we infer existence of g € 90z ( f ) such that

(3.44) ]% Dﬁ(f—f)da:—ir/[)g(f—f)dxzo, vf € 17 (D),

where we have used 8<I> o(f) = {@,(f f)}; here @ denotes the solution of l ,

with f = f . From , we deduce

(3.45) /a(f—f)d;pzo, VfeRNA.
D
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The inequality implies that f minimizes the linear functional lNL( f)=
i) pufdz, relative to f € RN A. At this stage we utilize Lemma For
this purpose, we set Iy (f) = [, xx fdz, l2(f) = L(f),C=Rand I =e. In
order to apply Lemma [3.1.10] we only need to verify existence of f; and fo
in R such that

/ xk fidr < e </ XK fodz.
D D

For simplicity, we suppose |E1 \ K| > 0, |F; \ K| = 0 and |K \ F»| > 0,
and other cases can follow similarly. Furthermore, it follows from
and that |K \ E1| > 0 and |F5 \ K| > 0. We construct f; as follows.
Let A C F5\ K and B C K \ F, be measurable sets with |A| = |B|. Let
m : A — B be a measure preserving bijection. Define

fo() z € (AUB)°
filz) =4¢ folm(z)) =zecA
fony*(z)) =€ B.

Clearly, f1 € R, and fD Xk fidx < fD Xk fodx = €. Next, we construct fs.
Let C C E1\ K and D C K \ E; be measurable sets with |D| = |C|. Let
12 : C'— D be a measure preserving bijection. Let

fo(z) z € (CUD)°
fo(x) =< fo(me(z)) =z€C
fo(ny*(2)) =€ D.

Then, f, € R, and [, xkfodx > [ xKfode = e Now we can apply
Lemma to infer existence of A € R such that f minimizes the lin-
ear functional M (f) = [, f(@+ Axk)dz, relative to R. Observe that @ has
no significant flat sections on D, hence the same holds for & + Axx. Then,
it follows from Lemma there exists a decreasing function ¢ such that
¢(u+ Axx) € R. Thus, by Lemma we obtain

f=¢(i+ k) ae inD.
This completes the proof of the theorem. O

Remark 3.2.2. Interested readers are encouraged to use the ideas and tools
presented in this chapter to investigate the following maximization problem:

sup Z(f),
fERNA

where Z(f) is defined as in . This problem will certainly be of interest
to the authors of [23].
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3.3 Rearrangement optimization problem 2

In [32], the authors consider the following boundary value problem:

—A =f inD
(3.46) u+xgu=f in
u=20 on 0D,

in which D is a smooth bounded domain in RY(N = 2,3), f is a given
function, F is a measurable subset of D, and x g is the characteristic function
of E, ie. xg(x) =1if z € E and xg(z) = 0 if z ¢ E. Denoting the
unique solution of by ug, they investigate the following minimization
problem:

(3.47) inf / fupdx,
|[E|=a /D

where |E| denotes the Lebesgue measure of F, and « is a given positive
number. After proving to be solvable, they set up the minimality
condition in terms of the tangent cones. Since the underlying function space
is L>°(D), they are able to derive a convenient formulation of the tangent
cone of an appropriate convex set. They prove, amongst other results, that
solvability of is ensured once certain conditions are satisfied by the
force function f.

The main motivation of this research comes from the physical meaning
of the minimization problem which we briefly describe here. The
boundary value problem (3.46)) models an elastic membrane, constructed
out of two different materials, fixed around the boundary, and subject to a
vertical force f(x) at each z. The function ug denotes the displacement of
the membrane from the rest position, and the quantity |’ p fupdx measures
the total energy of displacement. To ensure the membrane is as robust as
possible, one naturally is led to the minimization problem (3.47)). Clearly,
any solution of is a favorable design. A natural question that may
arise is: what if we want to use more than two different materials in our
design )

We present an answer to this question under similar restrictions imposed
on f as in [32]. The mathematical set up of the problem is as follows.
Consider the boundary value problem

{ —Au+g(x)u= f(x) inD

(3.48)
u =0 on 0D,

Zsay, due to cost restrictions.
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in which D C RY, g is a non-negative function in L°(D), and f is a non-
trivial non-negative function in L?(D). Associated with (3.48) a quantity
called energy is defined by:

(3.49) @(g):/ fugda::/ |Vug|2da:+/ gugdw,
D D D

where ug is the unique solution of (3.48]). Note that the following identity
follows from the variational formulation of u,:

(350)  ®(g) = sup {Q/vad:n—/D(|Vv|2—|—gv2)da:}

vEHE (D)

Let us fix a non-trivial function gg such that 0 < gg < 1, and let R = R(go)
denote the rearrangement class generated by go. We are interested in the
minimization problem:

(3.51) gigfsz(g).

Remark 3.3.1. If go = xE,, for some Ey with |Eg| = a, then R = {xE :
|E| = a}. In this case, by identifying R with the set {E : |E| = a}, we see

that reduces to (3.47).

Remark 3.3.2. Another interesting way to describe Problem 1s that
we can treat g(x) as the spring factor. Then, the mathematical model for
s the elastic membrane supported by springs with fived boundary.
So, our target is to minimize the energy of displacement by rearranging the

supports of spring:ﬂ

Our approach to proving the solvability of is based on the well
developed theory of rearrangements of functions by G. R. Burton [7] [§].
To this end, we first relax the minimization problem by extending
the admissible set R to its weak closure R with respect to L2-topology.
Once the relaxed problem is shown to be solvable, we will demonstrate how
the restrictions on the force function f imply that solutions of the relaxed
problem are indeed solutions of the original problem .

An important feature of ® which has been overlooked in [32] is its strict
convexity. This crucial fact guarantees that the solution of , if it exists,
is unique. Using the strict convexity of ® we are able to recapture the results

3This physical interpretation comes from a discussion with A. B. Movchan, and he also
pointed out that the differential equation in (3.48) can also be found in [T3].
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of [32], and reduce technicalities in the case of radial domains. Indeed, we
will show that when D is a ball and f is radial then the solution of is
radial and non-increasing. We will also discuss the maximization problem.

The remaining part of this section concerns a free boundary result, for
which we have used the method of domain derivatives to verify that the value
of the solution of the state equation corresponding to an optimal shape is
constant on the free boundary (the boundary of the optimal shape), and
various monotonicity assertions pertaining to the density and the amount
of materials used in the construction of the membrane.

3.3.1 More preliminaries

Before attacking the problem, we need to develop more backgrounds about
rearrangement of functions. Let us use R to denote the weak closure of R
in L?(D). It is well-known that R is convex, and weakly compact in L?*(D),

see Lemma [B.1.1]

Lemma 3.3.1. Let R be defined as above. Then, R C L*®(D) and Vg €
R gl < llgolloo-

Proof. In order to derive a contradiction, we suppose g ¢ L>°(D). Hence,
for every positive M, |{x € D : g(x) > M} | > 0. Let us choose M = ||go|| .,
and set £ = {z € D: g(z) > |lgoll . }- Since g € R, there exists {g,} C R
such that g, — g in L?(D). Then, we have

(3.52) /gndx:/ ande—>/ gXEd:U:/gdx.
E D D E

From the definition of £ and the fact that [, gndz < ||gol, |E|, in conjunc-
tion with (3.52), we deduce

. =1 < .
359 ool Bl < [ ado = tim [ gudo < ool 1]

Obviously, (3.53) is a contradiction. The above argument in particular im-
plies the measure of E is zero. Hence, ||gl|,, < l|gollo,- This completes the
proof of the lemma. O

Lemma 3.3.2. Suppose non-negative functions {g,} C L>(D), and g €
L?(D). Suppose g, — g in L>(D). Then, g is non-negative a.e. in D.

Proof. This is an immediate consequence of Mazur Lemma. Indeed, by
Mazur Lemma, there exists a sequence {v,} in the convex hull of the set
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{gn : n € N} such that v, — g in L*(D). Therefore, v, — g in measure.
Whence, there exists a subsequence of {v, } which converges to g a.e. in D.
This completes the proof. ]

We will also need the following rearrangement result for the Dirichlet
integral (see e. g. [6]). Note that here v* denotes the Schwarz symmetrization
of v (see e.g. [30]):

Lemma 3.3.3.
(i) If v € HE(RY) is non-negative then v* € HE(RY), and the following
inequality holds

(3.54) / Vo2 do g/ Vol da.
RN RN

(i) Ifv € HY(RYN) is non-negative, equality holds in M, and {x € RN :
Vo =0, 0<v(z) <M} has zero measure, then v is a translate of v*.

3.3.2 Existence and uniqueness of optimal solutions

This subsection is devoted to the minimization problem (3.51). But first,
we need the following basic result regarding the energy functional ®.

Lemma 3.3.4. The energy functional ® satisfies the following:
(i) ® is weakly continuous on R with respect to L*—topology.
(ii) ® is strictly conver on R.

(iii) Given g and h in R, the following formula holds

) -9
(3.55) lim *(&) = ®l9) = —/ (h— g)ulde, 0<t<l,
t—0t t D
in which & = g+ t(h —g), and u = ug.
Proof.

(i) Let {gn} € R and g € R such that g, — g in L?(D). For simplicity,
let us set u,, = ug, and u = uy. We have

(3.56)

— AUy + guun = f in D
Up =0 on 0D.
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Multiplying the differential equation in (3.56) by u,, and integrating
the result over D, yields

(3.57) /|Vun|2dx+/ gnufldx—/ fupdx.
D D D
From Lemma we know ¢, are non-negative. Therefore (3.57))

implies
(3.58) /\Vun\gdxg/ fupdx.
D D

By applying Hélder’s inequality and the Poincaré inequality to the
right hand side of (3.58]) we obtain

(3.59) Vun|*dz < C | flly unll g1y
D 0

in which C' is a positive constant. Whence, {u, } is a bounded sequence
in H}(D). This in turn implies existence of a subsequence of {u,,}, still
denoted {u,}, and w € HJ(D), such that

U, = w in HY(D) and wu, — w in L*(D).

Let us prove that w = u, where u is the solution of

(3.60)
u=20 on 0D.

{ —Au+gu=f inD

Indeed, by (3.56)) we have
/ Vi, - Vgi)da:—}-/ JnUnodx :/ fodx, V¢ e C(D).
D D D

Since u, — w in H}(D), g, — g in L*(D) and u, — w strongly in
L?(D), from the latter equation we find

/Vw-ngd:n—{—/gwqbdx:/fgbdm, Vo € C5°(D).
D D D

This means that w is a solution of (3.60]), and by uniqueness, we must
have w = u. To prove (fi)), we observe that

0(0.) = 2(0)] =| [ £~ wde] <117l —

which together with the fact that limy, 0 ||un — ull2 = 0 imply ().
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(ii) Let h,g € R, 0 <t < 1, and & = th+ (1 —t)g. For v € H}(D), we
have

(3.61) 2/vad:c—/D]Vv|2dx—/D§tv2da::
t<2/vadar—/DVv]2—/th2d:z:>
+(1—1) (2/vadx—/D|Vv|2—/Dg112d:n)

By taking supremum of (3.61)) with respect to v € HZ (D), we obtain
(3.62) O(th+ (1 —1t)g) <tP(h)+ (1 —t)P(g).

This proves the convexity of ®. We now show that ® is in fact strictly
convex, by contradiction. To this end, we assume that there exists
t € (0,1) such that ®(th + (1 — t)g) = t®(h) + (1 — t)P(g). For
simplicity, we use u; in place of w4 (1_¢)g- So, we have

(3.63) 2/ futdx—/ |Vut|2da:—/ Euide =
D D D
t(2/ fuhdac—/ |Vuh]2—/ hu%dm)
D D D
+(1-1) <2/ fugdx—/ |Vug|2—/ guﬁdm)
D D D

From (3.63)), we deduce the following equations

(3.64) 2/ fuhd:v/ \Vuh|2/ hujdx =
D D D

2/ futda:—/ \Vut]2dx—/ hu?da
D D D

and

(3.65) 2/ fugdx—/ |Vug]2—/guf]da;—
D D D

2/ futda:—/ |Vut]2dx—/ guidz
D D D
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From the maximality of uj coupled with (3.64)), we infer up = u;. Sim-
ilarly, from the maximality of u, and (3.65), we find uy = u;. Hence,
ut = up = ug. On the other hand, from the differential equations

—Aup + hup, = f, a.e. in D,

and
—Aug + gug = f, a.e. in D,

we infer (h — g)uy, = 0 almost everywhere in D. Since uy, is positive by
the strong maximum principle, we must have h = g almost everywhere
in D. Therefore, the strict convexity is proved.

For simplicity, we set u; = ug,. We know

(3 66) —Aug +&up = f in D

' up =0 on 0D,
and
(3.67) —Au+gu=f inD

. u=0 on 0D.

From (3.66) and (3.67)), we obtain

(3.68) — Aug —u) + glug —u) = gup — §ug = (9 — &)

Multiplying (3.68|) by us 4+ u, and integrating the result over D, we get

(3.69) / |V |2dz — / |Vu|? —|—/ guidr — / guldz
D D D D
= / (9 — &)u(u + u)de = —t/ (h — g)ug(ug + u)dz
D D

From (3.69), we derive ®(&) — ®(g) = —t [, (h — g)usudz, which in

turn implies:

(8.70) (&) — D(g) +1 / (h— g)ulde

D
= —t/ (h — g)ugudz + t/ (h — g)u*da
D D

=—t /D(h — g)(uy — u)udzx.
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By applying Hoélder’s inequality to the right hand side of (3.70), we
find

(3.71) |®(&) — @(g9) + t/D(h — g)u’dx

< t[h = glloo llue = ully [[ully -

Since & — g weakly in L?(D) (and even strongly), by the proof of part
we have ||uy —u||2 — 0 as t — 0. Hence, dividing by ¢ in (3.71]) and
letting ¢ — 0 we get the desired result.

O

Remark 3.3.3. By revisiting the proof of Lemma (), we actually have
that ® is strictly convex and weakly continuous on the set {f cL*D): f> 0}
with respect to L% —topology.

Before stating the main result of this section, we make some assumptions.
To begin with, henceforth we will use vy € H}(D) to denote the unique
solution of the Poisson boundary value problem:

—Avy = in D
(3.72) o=/ in
vp=0 ondD

Here are the assumptions that we need:

Al: vy < fin D.

A2: f<—-Afin D.

Remark 3.3.4. Note that we can find a non-negative f satisfying A2. In-
deed, consider the boundary value problem

(3.73)

—Au—u=N inD
u=20 on 0D

in which N € [0,00). The energy functional associated with 18

1 1
I(u):2/D|Vu]2dx—2/Du2dx—/DNuda:

It is clear from the Poincaré inequality, see for example [1], that if D is
thin, then I(u) will be coercive. So, by an application of the direct method



46 CHAPTER[B REARRANGEMENT OF FUNCTIONS

of calculus of variations to the functional I(u), we infer the existence of a
critical point which is a solution of . In order to show that has

a non-negative solution, it suffices to point out that I(|u|) < I(u).
The main result of the section is the following:

Theorem 3.3.5. Suppose that f satisfies one of the assumptions Al or
A2. Then the minimization problem has a unique solution § € R.
Moreover, there exists an increasing function ¢ such that

(3.74) g=1v(u) ae. in D,
where U = ug.
To prove Theorem [3.3.5, we need the following lemma:

Lemma 3.3.6. Suppose f satisfies one of the assumptions A1 or A2. Sup-
pose g is a measurable function such that 0 < g < 1. Then, uy has no
significant flat sections on D.

Proof. First, let us suppose the assumption A1l apply. From the boundary
value problems (3.48)) and (3.72), we deduce

—A(ug —vf) + g(ug —vy) = —gvy in D
ug — vy =10 on 0D,

Since g and vy are non-negative, u, < vy in D by the strong maximum
principle. On the other hand, by the strong maximum principle, we have
f>vy>0in D.

In order to derive a contradiction, we assume that there exists L C D
such that the measure of L is positive, and ug is constant on L. By applying
Lemma 7.7 in [30], we infer f = guy in L. To this end, by observing that
D = S(g) US(g)°, let us divide the discussion into cases. If |[L N .S(g)| > 0,
then we have

f=gug <gvg<vy<f in LNS(g)
which is a contradiction. Otherwise, we have f = 0 in L N S(g)¢ with
|L NS (g)¢| > 0 which is absurd.

To show that the assertion of the lemma holds under A2, it suffices to
prove that A2 implies A1. To this end, notice that we have:

(375) { ~A(vg—f)=f+Af inD
vp—f<0 on 0D.

Since f+ Af is non-positive, we can apply the maximum principle to (3.75)
to deduce vy < f. Hence, the proof is complete. O
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Proof of Theorem . We first rglax the minimization problem ((3.51))
by extending the admissible set R to R. Thus, we get

(3.76) inf ®(g).
geER

By Lemma , ® is weakly continuous on R with respect to L*-
topology. Hence, the minimization problem @ is solvable. Furthermore,
thanks to the strict convexity of ® (Lemma @ (i) ) the solution to ({3.76)
is unique. Let us denote this solution by g.

Fix g € R and set g, = § +t(g — §), for t € (0,1). Due to the convexity
of R, g € R. From Lemma we can derive [,(g — g)a*dz < 0.
Whence, § maximizes the linear functional L(h) = [}, hi*dz, relative to
h € R. From Lemmata [3.3.1] [3.3.2) and [3.3.6| it follows that the graph
of 4 has no significant flat sections on D. Then by Lemma [3.1.3| we infer
existence of an increasing function v such that ((%)2) € R. Moreover, by
setting 1 (t) = 1 (t2), we have ¢ () € R with ¢ to be increasing. Therefore,
from Lemma it follows that (@) is the unique maximizer of the func-
tional L, whence we must have § = ¢ (@), which is the desired result. The
proof of the theorem is completed. O

An intriguing question arises at this point; namely, even though ¢ in
Theorem [3.3.5] is a global minimizer, is it possible for ® to have local min-
imizers relative to R? The answer to this question is negative. To prove
this, we need a less restrictive version of Theorem 3.3 (iii) in [§] stated as
follows:

Lemma 3.3.7. Let 1 < r < oo, N : L"(D) — R be weakly sequentially
continuous and R = R(hg) denote the rearrangement class generated by
some hg € L"(D). Assume that for every pair (hi, he) € R xR the following
relation holds:

lim N(th2+(1—t>h1) —N(hl) :/(hg —hl)gdl‘
D

t—0+ t

for some G € L™ (D). Suppose U is a strong neighborhood (relative to R) of
h € R, for which we have:

Vhel: N(h) <N(h).

Then, h minimizes the linear functional £L(h) = [ hG da, relative to h € R.
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Now we state our result concerning local minimizers.

Theorem 3.3.8. Let the hypotheses of Theorem hold. If g1 and go

are two local minimizers of ®(g) relative to g € R, then g1 = ga.

Proof. For simplicity we set u; = ug, and us = ug4,. Lemma in con-
junction with Lemma [3:34] implies that g1 and g are maximizers of the
linear functionals:

L1(9) = /D guidzs

and

Lo(g) = /D guidx

relative to g € R, respectively. In particular, we infer:

(3.77) /ggu%dxg/ glu%daz and /glugdxg/ggu%dx.
D D D D

Thus, we obtain:
2/ fuidx — / (|Vu1|2 —|—glu%)d;v < 2/ Sfurdz — / (|Vu1|2 +ggu%)daz
D D D D
< 2/ fugdx — / (|Vuz|? + gou3)dx
D D
< 2/ fuodx — / (|Vuz|?* + gru3)dx
D D
< 2/ furdw — / (|Vu1\2 + g1u?)dz
D D

where the first and third inequalities are consequences of , whereas the
second and the fourth inequalities follow from . From the equation
above, we see that all inequalities must in fact be equalities. This in turn
implies u; = wug, due to the uniqueness. Whence, we deduce g1 = g2 as
desired. O

3.3.3 Radial domain

In this subsection we assume D is a ball, say B(0, R). The following is our
result regarding radial symmetry of solutions to the minimization problem
B51).

Theorem 3.3.9. Suppose f is radial and satisfies one of the assumptions
A1l or A2. Then the solution of 1s radial and non-increasing.
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Proof. Let g denote the solution of and let R be a rotational map
about the origin. Since f is radial, we infer uy0 R = u4or. Thus, ®(goR) =
®(g) and goR is also a solution of . By uniqueness, we deduce goR = g,
for every rotational map R. Whence, g is radial, as desired. To prove that
g is non-increasing we observe that, since u = uy is radial, we can write the

equation in (3.48)) as
(NN = PN gu)

Since f > vy by Al and g < 1 by assumption, we have f — gu > vy — u.
Furthermore, vy —u > 0 by the proof of Lemma [3.3.6] Hence,

—(rN WY >0, =N >0, W <.

Since (by Theorem [3.3.5) g = #(u) for some non-decreasing 1, g is non-
increasing as desired. O

3.3.4 Some remarks

Remark 3.3.5. In addition to the minimization problem , one can
also consider the maximization problem:

(3.78) sup ®(g).
g€ER

Since ® is weakly continuous and convex, ® reaches its mazimum value at
the extremal points of the convex set R (i.e. the elements of R). Hence,
problem is solvable (see Theorem 7 of [1] or Remark 3.1 of [32]).
Moreover, if one of the assumptions A1 or A2 holds, along the same lines
as in the proof of Theorem [3.3.5, it can be shown that, if § is a mazimizer,
then:

(3.79) g = (),

almost everywhere in D, for some decreasing function I/NJ Here u = ug, the
solution of with g = g.

Note that, for mazximizers we do not have uniqueness in general. How-
ever, we are going to prove that in case D is a ball and f is radially sym-
metric and non-increasing, any maxrimizer is radially symmetric and non-
decreasing, hence unique. Indeed, let v = ug,, where g, is the increasing
Schwarz symmetrization of g (see [36]). For simplicity we write u instead
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of ug. Then, by Lemma @), we have

1 1 1
(3.80) — =®(g) = / yvu|2da:+/ §u2daz—/ fudz
2 2J)p 2)p D

1 1
> / ]Vu*\zd:r—i—/ §u2dac—/ fudz.
2Jp 2Jp D

Now, applying the Hardy-Littlewood inequality, see for example [37], to the
last two integrals in , keeping in mind that f = f*, we obtain

(3.81) —7<I> /|Vu [*dx + = /g*u*2dm—/ fu*dz.
D

Recalling that v minimizes the functional:

1 1
I(w) = 2/ ]Vw!de+2/ Q*wzdm—/ fwdzx,
D D D

relative to w € H} (D), we infer from :

(3.82) —fCD /]Vv\ dx + = /Q*Ude—/ fvdx:—%cb(g*).
D

As g is mazimal for ®, then ®(g.) < ®(g), which together with ,

and yield:
/|Vu\2dx:/ \Vu*|?dx
D D

We now proceed to show that v = u*. From Lemma , it suffices to
verify that the set {x € D : Vu =0, 0 < u(z) < M} has measure zero.
Observe that, by the proof of Theorem we have —Au = f —gu > 0
almost everywhere. Thus, we deduce the measure o E D: Vu =0,0<
u(z) < M} is zero. This implies w = u*, and by (3.79), g = ¥ (u*) almost
everywhere in D. Since ¥ is decreasing, g is radial cmd non- decreasmg, as
claimed.

Remark 3.3.6. A consequence of is that the larger values of U is
achieved where G is large. Whence, in case the set {Gg = 0} has positive
measure, it will contain a layer around the boundary 0D, since 4 is contin-
uwous (if N = 2,3), and vanishes on 0D. Physically, this means that in the
construction of a robust membrane one should use the material with least
density near the boundary. A similar conclusion can be drawn regarding the

mazximization problem .
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Remark 3.3.7. Note that Theorem can be improved. Indeed, if D
is Steiner symmetric with respect to a hyperplane | (see e.g. [36]) and f
is Steiner symmetric with respect to l, then § (the solution of ) will
also be Steiner symmetric. Of course, in this case, one needs to use the
mequality:

(3.83) /]Vu|2da:2/ \Vub2dz,
D D

instead of in which u* stands for the Steiner symmetrization of wu.
We apply well known techniques of symmetrization. From Theorem
we know g = ¥ (u), almost everywhere in D, for some increasing function 1).
Here, we are using u in place of ug. Let us consider the auriliary problem:

(3.84)

AW +Wy(W) = f(x) inD
{ W =0 on 0D.

Since VU(t) = fg sy(s)ds is conver, has a unique solution W € H}(D)

which is the unique minimizer of the functional:

(3.85) IC(W):% /D VW 2d + /D W(W)dz — /D W,

relative to W € HY(D). Indeed, W = u, since u is a solution of .
From the inequality , the Hardy-Littlewood inequality, e.g. [31], and

the fact that:
/\I/(u)da::/ W (uh)de,
D D

we deduce

1
/ |Vu|2d33+/ \I/(u)dx—/ fudx
2Jp D D
1
> / |vuﬁ\2dx+/ xlf(uﬂ)dx—/ fufda,
2Jp D D

where we have used f = f%. The last inequality clearly implies u also
minimizes IC relative to Hg(D). Hence, by uniqueness, we infer u = uf.
Recalling the relation § = ¥(u), we obtain § = 1 (u?), almost everywhere in
D. Since 1 is increasing, it follows that § = §*, as desired.
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3.3.5 Free boundary, monotonicity and stability results

Consider the following boundary value problem:

(3.86) { —Au+ (axe + Pfxpe)u=f inD

u=20 on 0D,

where D is a smooth bounded domain in RY (N = 2,3), f € L?(D) is a
given non-negative function, 1 > o« > > 0, E is a measurable subset of
D, and E€ is the complement of £ in D. Denoting the unique solution of
by up, we are interested in the following minimization problem:

(3.87) inf fupdz,
|El=v.JD

where 0 < v < [D[. By Theorem we know (3.87)) has a unique
solution D C D with |D| = ~ if f satisfies A1 or A2. Also, we have

D= {z € D :up(z) > c} for some positive c.

3.3.5.1 Free boundary

As mentioned above, D = {z € D :up(z) > c} for some positive c. This in
turn implies:

(3.88) up(z) =e¢, ondD.

In this subsection we show that the free boundary result could have
been drawn a priori provided we were ensured that D would be a smooth
open set, positioned away from the fixed boundary 0D. To this end, we
use the technique of domain derivatives similar to those employed in [20].
Our presentation is merely aimed at highlighting a particular method of
dealing with issues such as these, but will not be very rigorous since similar
techniques already exist in the literature.
For simplicity we set u = up. So:

(3.89)
u=20 on 0D.

{ —Au+((a—B)xp+Bu=f inD

Let V € C?(RN ,IRN ) be a vector field with compact support in D. Define
D! = (Id + tV)(D), the image of D under the mapping Id + tV, which is a
diffeomorphism for small ¢. Thus, D! inherits the same properties retained
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by D; namely, smoothness, openness and being away from dD. Next we let
u' € H}(D) be the function satisfying:

(3.90) { —Au' + ((a = B)xpt + B)u’ = f in D

ut =0 on dD.

Next, we define the domain derivative of u in the direction of V', denoted '

(3.91) W(z) = lim ui(z) — ulz)

D.
t—0+ t  TE

The limit in (3.91) exists [50]. Moreover, ' € H'(D) but falls short of

being a member of H{(D). Using similar arguments as in [20], one can
show u! — w in H3(D) as t — 0. Recalling that D is the solution of the
minimization problem:

(3.92) inf ®(E):= [ fupdz,

(3.93) ®'(E) = lim

The notation used in (3.93) is easy to understand. It is equally easy to verify

that ®'(D) = [, fu'dz. From the Lagrange multiplier theorem applied to
the minimization problem (3.92)), we infer the existence of a constant ¢ such
that:

(3.94) ®'(D) = &Vol' (D).

The right hand side of (3.94)) is the domain derivative of the volume operator,
which is easily computed, or using Theorem 6 on p.713 of [26]:

Vol (D) = / V- vdo,
oD

where v stands for the unit normal vector on dD. So, we derive
(3.95) / fu'dr = 5/ V.vdo, YV e C*RN,RM).
D ab

Now we proceed to find an equivalent expression for the left hand side of
(3.95)) which will lead us to our desired result. To this end, multiply the
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differential equation in (3.89) by u!, the differential equation in (3.90)) by u,
subtract the resulting equations, and integrate over D to obtain:

(3.96) (a— D) </D uu'dx — /Dt uutdac> = /Df(ut — u)dx.

On the other hand, we have:

/ uu'dr = /~ u(z + tV)ul(z + tV)
Dt D

ov;

(3.97)
_ / (i + V)l (@ + V) (1 + £V - V + O(82))da,
)
as t — 0%, Note that:
u(z + tV)ul (z + tV)
(3.98) — (u(z) + (V- V + O(12))(u(x) + (Vul - V + O(2)
=uu' +tV(uut) - V + O(t?),

as t — 0T. Thus, from (3.98)), we derive

(3.99) u(x+tV)u'(z+tV)(1+tV-V +0(t?) = uu' +tV - (v’ V) + O(+?),

as t — 07. Finally, from (3.96), (3.97), (3.99) and the fact that u! — u in
HE (D), we obtain

—(a — 5)/ V- (u?V)dx = / fu'dx.
D D
Thus, as D is smooth, and recalling 1) we derive
(3.100) — (a— 5)/ UV - vdo = e/ V-vdo, VV € C*RY RY).
oD oD

Clearly, from ([3.100]), we find

as desired.
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3.3.5.2 Monotonicity and stability results with respect to

We know that for each 0 < < |D| the minimization problem (3.87)) has
a unique solution. Now consider 0 < 71,72 < |D| and their corresponding
unique solutions:

(3.101) Dy, ={z€D:uy(z)>cy}, Dy ={x€D:uy(x)>cyt,

for positive c,, and c,,, where u,, and u,, satisfy:

(3.102) —Auy, + (axp, + PXpe, Juy, = f inD
Uy =0 on 0D,

and

(3.103) —Auy, +(axp,, +Bxpg Jus, = f in D
Uy, =0 on OD.

Theorem 3.3.10. If 0 < v < y2 < |D| then ¢y, > c,,.

Proof. From (3.102)) and (3.103)), we deduce
(3'104) - A(U’Yl - u’yz) + (aXle + 5XD%1)(u71 - u'yz)

= —(a = Buy(xp, —xp,) D,

72

with %y, —u, = 0 on dD. Multiplying the differential equation in (3.104])
by ., —u,, integrating the result over D, followed by an application of the
divergence theorem yields:

.105) [ [V, —wn)Pdo+ [ (@, + Brps Yo — )l
= —(0=8) [ i~ ), ~xp,,) o
= (0= ) | tnalim =105, 5, = X015, )l 0,

where the last inequality is due to the fact that the left hand side is non-
negative. Hence, since a > 3, (3.105]) leads to

(3.106) 0> /D Uy (U = Uy ) (X, \ D,y = XD, \Dsy, ) 42
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Changing v; with v in (3.106) and adding this new inequality to (3.106))
we find

(3.107) 0> /D (3, =W)X, \ by, ~ Xboy0\D,, ) 4T

| . 2 .2 2 2 T r 2 .2
From (3.101), we infer u3, —u3, > 5, —cj, in Dy, \ Dy, and ug, —us, <

c%l — 052 in ].372 \[),Yl. Hence, from (|3.107) we find

2 2
02 (& =) [ (b6, = Kb 0,00

Finally,~since |D’y1 \D’YQ‘ = ’D’Yl| - |E'Yl n D’Yz| and ‘D'YQ \B’Y1| = |l~)’72’ -
|Dy, N D.,|, we get

/D(XDH\DW = XDo,\D,, ) 4T = 2
Therefore,

0 Z (C%q - 6’272)(71 - 72)

Since 71 — 72 < 0, we obtain ¢,, — ¢y, > 0 as desired. O
Theorem 3.3.11. If0 < v, < y2 < |D| then D,, C D.,.
Proof. Let us introduce the following subsets of D:

{E = {z €Dy (@) — uy (@) S0 — )
F={zeD:uy(@) —up(@) >cy —cpt

From (3.101), we deduce uy, —uy, > ¢y, — ¢y, In Dm \[)72, and Uy, — Uy, <
Cy; — Cy, in D,, \ D,,. By using the definitions of E and F, we have

(3.108) Dy, \ Dy C E,
and
(3.109) D, \D,, CF.

Since F = E°, by utilizing (3.108), we infer F' C (D,, \ D,,)¢ = D%, U D5, .

From (3.102|) and (3.103|) and observing that DgQ U Dy, = (D4, N D)) we

infer

(3.110) = Aluqy = up) +(aXp, +BXpe npe )(Un = Uss)

:XDVI\DW(ﬁ—a)uw, in FFCD UD,,.
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On the other hand, we have u,, —u,, = ¢y, — ¢, on dF. Since 8 < «
and uy, > 0 in D, in conjunction with ¢y, — ¢y, > 0 from Theorem
and by using the maximum principle we deduce u,, — uy, < ¢y, — ¢y, in F.
By using the definition of F', it follows that F' = (). From , we infer
D, \D,, =0,ie., D, C D, as desired. O

Corollary 3.3.12. If0 < v < 72 < |D|, then uy, > uy, in D.

Proof. By Theorem [3.3.11] we have —(«o — ﬂ)uw(xf)71 — Xsz) > 0in D.

Recalling the boundary value problem ([3.104]), followed by an application of
the strong maximum principle, we infer w,, > u,, in D as desired. O

For the rest of this subsection, we will denote the minimization problem
(3.87) as follows
(3.111) U(y) = inf fugdz.

Since f is non-negative and non-trivial, the following is an easy consequence

of Corollary [3.3.12
Corollary 3.3.13. ¥(y) is a decreasing function on (0,|D|).

Theorem 3.3.14. If y1 converges to 72 in (0,|D]) then u,, converges to
Uy, in C(D). Moreover, ¢, converges to c,,, where ¢y, = uy, (0D+,) and
Cyg = Uy, (aD’Yz)'

Proof. Fix 0 <72 < |D|. Let ~; increase to vz, we claim that u,, converges
to u,, in C'(D). From Theorem|3.3.11{we know that D., C D.,. By applying
general Holder’s inequality and Sobolev embedding theorem, (3.105)) leads
to

[ 1900, = w)Pda - [ (@, + B ) — o
D D Y1

(3.112) - (a N ﬁ) /D Uz (u'ﬂ B UWQ)XD’W\DWl dx
~ =1
< (a - /8) Hu72H4 Hu’h - u’72”4 ‘D’m \ D%‘?
~ =1
< Cla—p) HU’YQH}[Ol(D) luy, — U’YQHHol(D) [ Dz \ Dy, |2

in which C' is a positive constant. Since the second term of the first line of
(3.112)) is non-negative, we obtain

~ ~ 1
(3.113) [y, — uvzHH(}(D) < Cla—p) Hu'h”H&(D) [ Dy, \ Dy, |2
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Observing that |D., \ D+,| = |D.,| — |D4,| = 72 — 71 by Theorem
from we deduce that u., converges to u,, in H(D). By utilizing
elliptic regularity theory and Sobolev embedding theorem (see e.g. [26]) we
infer that wu,, converges to u,, in C(D). One can prove in a similar way
that if y1 decreases to 2 then u., converges to u,, in C(D).

Let us proceed to proving the second assertion regarding the convergence
of ¢y, to ¢y,. In order to derive a contradiction, we assume that there exists
an € > 0 such that |c,, — ¢y,| > € when v converges to v2. Furthermore,
by Theorem we have |D,, A D71] = |v2 — 71/, where A denotes the
symmetric dlfference of sets. Since |Ds, A D71| converges to zero and .,
is in C'(D), we deduce that there exist #1 € dD., and x3 € dD,, such that
[Uny (#1) — Uy, (22)| < F€ if |72 — 71| < 01, for some positive d1. On the other
hand, since u,, converges pointwise to w,, then |u, (1) — uq, (z1)] < %€ if
|72 — 71| < 02, for some positive d2 < §;. Then, by using triangle inequality,
we have

ey = Ca| = [ty (1) = wap (22)] < gy (21) =y, (B2) [+ [ugy (21) =y, (21)] <€
which is a contradiction. This completes the proof of the theorem. O
Corollary 3.3.15. ¥(y) is continuous on (0,|D|).

Proof. Let 71 converge to 72 in (0, |D|). By applying Holder’s inequality, we
have

W) — W) = \ [ (s = wppaa

< Ny = w11l

1
<y = sl 11l 1D

By Theorem [3.3.14] u,, converges to u,, in C(D). Hence (3.114) implies

that (1) converges to ¥(7s). O

(3.114)

From Corollary [3.3.13| we infer that W¥(vy) is differentiable almost every-
where. However, the following theorem shows that it is actually continuously
differentiable on (0, |D]).

Theorem 3.3.16. ¥(v) is continuously differentiable on (0,|D|). Moreover,

’

V() = —(a—p)ct

in which ¢, = u,(dD,).
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Proof. Fix 0 < 72 < |D| and let ; increase to 2. We claim that Fn)-¥(yz)
2

Y1,=72
converges to —(a — B)c,m. Multiplying the differential equation in ([3.104])
by ., + u,,, integrating the result over D, followed by an application of
divergence theorem, in conjunction with D,, € D, (Theorem3.3.11)) yields

L (90 P = 1V Pyde+ [ (g, + Bxpg Y, =i, da
= (0= 0) [l +un)xp,, ~ Xp,)da
(3.115) b
= (a—p) /Du'yz(u'yl + uvg)Xﬁw\[)Wl dx
= (O‘_ﬁ)[ - uw(u% +u72)dx'
D"/Q\D'Yl

Furthermore, from (3.102)), (3.103)) and (3.115]), we deduce
(3:116) W) = W0) = [wfdo— [ w,fde
D D
_ 2 5 3 2
= [/D|Vu71| da:+/D(osz71 4—B><D%1)u71 da:}
2 2
_ [/D |V, | alav—l—/D(axjj72 +BXD%2)U,YQ dx]

= [ (90 = VP dot [ oxp, +Brps V0, =i, da

D’YZ\D'YI
=<a—6>[ ~ uw(Ueruvz)d%—(Oé—ﬂ)[ o da
D'YZ \D'Yl D'YQ \D'Yl
:(O‘_B)/ - u’qu’hdlﬂa
D'YQ\D’Y]_

where we have used the fact that D% - Dw in the third equality, and also

applied (3.115)) in the fourth equality. To this end, by using (3.116)) and the
fact that |D,, \ D~,| =72 — 71, we calculate:

Y Y1) — v Y2 o — /8
(fyz—»y;) —[~la=-p)3]| = 2 —m /D \D (it = )
Y2 71
(3.117) < (a =B [lupun = Al 5\, -



60 CHAPTER[B REARRANGEMENT OF FUNCTIONS

By (3.101)) and Corollary [3.3.12, in DW \D71 we have ¢y, < Uy, < Uy < ey

So, by applying Theorem we infer

s, = o, < 12— 2

which converges to zero. From , we obtain the desired result.
Similarly, when ~; decreases to s, the ratio w converges to

—(a—p )c?m. By Theorem we know that c, is continuous with respect

to v. Hence, we infer that ¥(y) is continuously differentiable with \I//(’y) =

—(a—ﬁ)cg on (0, |D]). O

3.3.5.3 Monotonicity and stability results with respect to «

Assume that 0 < 8 < ag,a9 < 1. For each of a1 and ao, theNminimizaEion
problem 1' has a unique solution, which we denote by Dy, and Da,,
respectively. We know that |Dy,| = |Da,| = v and

(3.118) Doy = {2 € D : Uy () > Cay}s Doy = {2 € D : gy (%) > Cay},

for co, and c,, positive, where u,, and uq, satisfy:

(3119) —AUoﬂ + (OéIXDal +/8XD31)UO¢1 = f inD
Uay =0 on 0D,

and

(3.120) —Auq, + (a2xp,, + PXpg Juaz = f in D
Uay =0 on 0D.

From (3.119)) and (|3.120]), we infer that:

(3.121)  — A(tugy, — Uay) + (a1X,ja1 + 5XD31)(ual — Uqy)
= ta, [(01 = B)(xp,, — Xp, ) + (@2 —a1)xp, | inD,
with ue, — %a, =0 on 0D.

In this subsection, we define the following subsets of D for convenience:
E={z€ D :uy(x) —uu(r) < co — Cay}
F={zeD:uy(x)—tu(x) > cay —Cay}

G={z €D :ug () — tn(x) =Cay —Cas}-
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By (3.118)), we infer that
(3.122) Doy \ Doy CE and D, \ Do, C F.
Theorem 3.3.17. If 0 < a1 < az <1 then cq, > Cay-

Proof. By (3.122), we get E = (G U F)® C F® C (Dq, \ Da,)®. Then, the
differential equation (3.121) leads to

(3.123)  — A(uay, — Uay) + (OélXDalmDaz + 5)([7&1)(1101 — Ugy)
= Uqy |:(041 — /B)XDQQ\Dal + (CYQ - OZl)XDQQ] in B C ( a1 \Da2) .

We will use the method of contradiction. So let us assume c,, < cq,. Thus,
Uy — Uy = Cay — Cay < 0 on OF. Since 8 < ag < ag and u,, > 0in D, the
right hand side of is non-negative. By using the maximum principle
we deduce uq, — Uay > Ca; — Cas 1n E. This implies £ = by using the
definition of E. Hence, by (3.122), Da, \ Doy = 0, i-€., Do, € Da,. By using
the fact that |Dq,| = |Da,| = v, we infer Dy, = Dal With this condition,

m leads to

(3124) = A(ta; = tas) + (1Xp, + BXpg )(Uay = Uas)

= Uq, (g — O‘l)XDa2 in D,

with ug, — uq, = 0 on 0D. After applying the strong maximum principle
to (3.124), we deduce un, > uq, in D. Let us denote the distribution
functions of uq, and ua, as Ay, (t) = [{z € D : ua, (z) > t}| and Ay, (t) =
|{z € D : uq,(x) > t}|, respectively. Since uy, > Uq, in D, we infer

(3.125) Mg, (8) > Ay, (), V0 <t < lug, [|o

Recalling (3.118), we have Ay, (¢a;) = |Day| =7 = |Day| = A, (Cay). As
uo, € C(D), we know that Ay, () is decreasing on (0, [|uq,||,,). By using
(3.125)), we deduce that ¢y, > cq, which is a contradiction. This completes
the proof. ]

Corollary 3.3.18. If0 < a3 < aa <1, then uq, > Uq, in D.

Proof. By Theorem[3.3.17, we have uq, —tay > Cay —Cay > 0in FUG. Then,
let us focus on the subset E. Since ¢y, > Cq,, we deduce OE C 0D U G.
Also, we have uq, — uq, > 0 on 0E. By applying the strong maximum
principle to , we infer uq, — Uq, > 0 in E. Therefore, ug, — g, >0
in FUF UG = D as desired. O
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Proposition 3.3.19. If0 < a1 < ap < 1, then Dy, N Dq, # 0.

Proof. By (3.122) we have ' = (GU E)¢ C E¢ C (Dg, \ Da, ). From the
differential equation in (3.121)), it follows that

(3'126) - A(ual - ua2) + (QIXDal + /BXDglngQ)(ual - ua2)

= Uq, [—(041 - B)(XD%\DQQ) + (g — O‘l)XﬁalﬂDa2 in F C (D QQ\Dal) .

In order to derive a contradiction, we assume f)oé1 N l~7a2 = (). Then, ([3.126])
leads to

(3.127) = A(uay = tiay) + (01Xp,, + BXpg by, )(Uey = tas)
= —Uq, (a1 — /B)Xf)al\f)a2 in I C ( az \ Doq) :

Since cq, > Cay (Theorem [3.3.17)), from the definition of F we infer u,, —
Uqy = Cay — Cay > 0 on OF. Clearly, the right hand side of is non-
positive. Thus, by applying the maximum principle, we infer uy, — tq, <
Ca; — Cap In F'. Recalling the definition of F, this implies F = 0. By (3.122] m,
we deduce Doy \ Do, =0, i.e. Dy, € Da,. Since | Dy, | = |Day| = 7, we infer
Da, = Do, # 0 which is a contradiction. O

Theorem 3.3.20. Let 0 < 8 < aj,as < 1. If aq converges to az in (B, 1],
then |Dy, A Dg,| converges to zero.

Proof. Fix f < ay < 1 and let o) increase to ap. We claim that Dy, A Dag,|
converges to zero. First, let us introduce the following auxiliary boundary
value problem

*Aaoa + (O‘1X[)&2 + 5XD&2)11041 =finD
Uo, =0 on 0D.

From (3.120)) and (|3.128]), we deduce
(3’129) - A(am - ua2) + (QIXDQQ + /BXDSQ)(@OQ - uaz)

= (g — al)anXDaz in D,

(3.128)

with @g, — uq, = 0 on dD. Since ag > aq, we infer that (ag — al)uOQXﬁQZ
is non-negative. So, by applying the strong maximum principle to (3.129)),
we obtain i,, > Uq, in D. Furthermore, by (3.118]), we have

(3.130) Dy, ={x € D : g, (2) > Cap} 2 {2 € D : Upy () > oy} = Day.-
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Multiplying the differential equation in (3.129)) by @q, — Uq,, integrating the
result over D, followed by an application of divergence theorem yields

[ 190, = wa) o+ [ (@ix,, + Oxpy,)(ia, — s P
D D o2

(3131) - (a2 B al) /D Uy (’&al - UaQ)XDa2 dx

. ~ oL
< (a2 — a1) [[uag ll4 1Ea, — tasly [Das |2
N ~ oL
< C(OQ - al) ||ua2||H01(D) Huoél - ua2||H&(D) |Da2|27
where we have used general Holder’s inequality in the first inequality and

Sobolev embedding theorem in the second inequality. Since the second term
of the first line of (3.131)) is non-negative, we obtain

~ ~ 1
(3.132) [tta, — ua2HH3(D) < Claz —a1) Hua2HH§(D) [ Das 2.

Noting that «; increases to az, we infer ,, converges to uq, in Hi(D). By
utilizing elliptic regularity theory and Sobolev embedding theorem, we infer

{la, cONVerges to g, in C(D). So, from (3.130) and the fact that |Dq,| = 7,
in conjunction with Lemma we deduce that |Dy, \ Dq,| decreases to
zero, and

(3.133) |Day| =~

On the other hand, from (3.119)) and (3.128]), we have

(3.134)  — A(ua, — tiay) + (alXDal + BXDgl)(qu — o)
= (1 = B)lias (Xp, )\ Do, ~ XDay\Day) D
with uq, — e, = 0 on dD. Now, let us introduce the following subsets of

D:

E = {2€D:uy(x)—tla () < ca — Cay}
F ={2€D:uy(x)—tia, () > ca, — Cay} -

Using (3.118) and (3.130)), we infer Doé1 \DOK1 C F and Da1 \Da1 C E.

Moreover, by (3.130)), we have F' = (E)¢ C (Da, \ Day)¢ C (Day \ Day )¢

So, m ) leads to
(3'135) - A(“’al - aal) + (QIXDQI + BXngmﬁgz)(ual - aal)

= _(al - ﬂ)ﬂmXDQI\DQQ in F - ( a2 \Da1) .
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Since ¢, > €qy (by Theorem , we have uq, — Ua, = Cay — Cap > 0
on OF. By applying the maximum principle to (3.135), we deduce Uy —
qu < Ca; — Cqy In F. Recalling the definition of F', we have F = 0. Since

Do, \ Dy, C F, we infer Dy, \ Do, = 0, i.e. DOL1 C Dq,. So, from (3.133)
and the fact that |D,,| = 7, we deduce |Day \ Da, | decreases to z€ero.
Furthermore, recalling that |Dy, \ Dg,| decreases to zero, from we
have

[Day & Day| = |(Day \ Day) U (Day \ Day)| < [Day \ Day|+Day \ Doy | = 07

when oy increases to g as desired. Similarly, when a; decreases to as with
B < ag < 1, we will have |D,, A D,,| converging to zero. This completes
the proof. O

For the rest of this subsection, we will denote the minimization problem

(3.87)) as follows

(3.136) U(a) = inf fupode = | fuqdx
Theorem 3.3.21. Let 0 < 8 < a1, a0 < 1. If a1 converges to as in (B,1],
then uq, converges to uqa, in C(D).

Proof. Fix B < as < 1. Multiplying the differential equation in (3.121))
by U, — Ua,, integrating the result over D, followed by an application of
divergence theorem yields

3130 [ (Vo = var) o+ [ (@i, + By oy — s Pla
—(@1=8) [ oy (e~ 102) Xy, ~ X,
D

+ (al - 042)/ Uny (uoq - u&2)XDa2dx
D

~ ~ 1

< (Oq - B) ||u042”4 ”uoq - Ua2H4 ’Doq A Da2’2
~ 1
+ |a1 - 042’ Hua2H4 Hum - ua2”4 |Da2‘2

<C ”ulmHHé(D) Huoq - uaz”H&(D)
~ ~ 1 ~ 1

x (01 = B)|Day & Deyl? + o = anl[ Do 2]

where we have used general Holder’s inequality in the first inequality and
Sobolev embedding theorem in the second inequality. Since the second term
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of the first line of (3.137)) is non-negative, we deduce

(3.138)  [[ua, — UO@HH&(D)
~ ~ 1 ~ 1
<C HUGQHH(%(D) [(al = B)|Day & Day|? + o — g ’Da2|2:| :

By using Theorem [3.3.20| the right hand side of (3.138]) converges to zero
when «a; converges to as. Hence, from (3.138), we infer that wu,, converges

to g, in H}(D). Furthermore, by applying elliptic regularity theory and
Sobolev embedding theorem, we infer that u,, converges to uq, in C(D). O

Corollary 3.3.22. Let 0 < f < ay,a2 < 1. If ay converges to as in (5, 1],
then ¥(ay) converges to W(ag).

Proof. From (3.136]), by using Hoélder’s inequality, we calculate:

() — Ban)| = ' [ Fer —wor)as

< N fllg lluar = was o

1
< llz llwar = was lloo DI

Since uq, converges to q, in C(D) (Theorem [3.3.21)), from (3.139)) we infer

that WU(aq) converges to ¥U(as), as desired. O

(3.139)

3.4 Approximation and stability results

In reality, it is not easy to find the exact solution of the minimization prob-
lems and . Usually, we need numerical simulations, in this case, if
the generator of the rearrangement class is a simple function, it will simplify
the computations by the computer. As every measurable function can be
approximated by simple functions in an appropriate sense, it is interesting
to address the following question:

Question 3.4.1. If f,, converges to f in an appropriate LP space, does fn
converge to f in the same space, where * denotes the corresponding unique

minimizer of (3.8) or in R(-)?

The weak closure of rearrangement class is of great importance in re-
arrangement theory, for example, see Lemma Motivated by Ques-
tion [3.4.1] we are interested in the following stability question.
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Question 3.4.2. If f, converges to f in _an appropriate LP space, does the
Hausdorff distancd| between R(fn) and R(f) diminish, where (-) denotes
the corresponding weak closure of (-) in LP(D)?

The structure of this section will be organized as follows. In the following
subsection, we collect some well-known results. The last subsection contains
the main results where answers to the two aforementioned questions will be
given.

3.4.1 More preliminaries

First, we present the definition of Hausdorff distance for convenience.

Definition 3.4.1. Let (X,d) be a metric space. Suppose L and K are two
non-empty subsets of X. Then, the Hausdorff distance between L and K is
defined by

di (L, K) = max {Sup <inf d(z, y)> sup (inf d(z, y)) } .

zeK \YEL yeL reK

Then, let us recall the Radon-Riesz Theorem.

Theorem 3.4.1. Let 1 <p < oo, f € LP(D) and {f,} C LP(D). If fr, = f
in LP(D) and im0 || full, = [|f]l,, then fr — f in LP(D).

Proof. See section 37 in [45]. O

3.4.2 Main results

We give an affirmative answer to Question by introducing the following
result.

Theorem 3.4.2. Let 1 < p < oo, fo € LP(D), {fn} C LP(D) and ® be a
functional on LP(D). Suppose fo, {fn} and ® satisfy

(i) fn — fo in LP(D),
(11) ® is strictly conver and weakly continuous on ¢o°® (U3 gR(frn)),

(iii) There exists unique f, € R(fy) such that ®(f,) = inf rer(s,) (f) =

inffem O(f) for alln € NU{0}.

4See Definition below.
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Then, fn — fo in LP(D).
Remark 3.4.1. From Lemma (i), we know

U R(fn) C ©0° (U R(fﬂ)) =0’ (U R(fn)) .
n=0 n=0 n=0

Usually, we can prove that ® is strictly conver and weakly continuous on

a larger set F' D ¢o® (U5 R(fn)), see Lemma Lemma and Re-
mark . For condition (iii) in Theorem by observing that ® is

strictly convex and R( f(A)) is convex, the uniqueness of minimizer is en-
sured. Since the approach of proving the existence and uniqueness of (@
or is to first relax the problem by extending the rearrangement class to
its weak closure, the second equality in (i) is usually the situation, see the
proof of Theorem or Theorem|[3.3.5] for details. Finally, if the existence
and uniqueness of solution are ensured for the corresponding maximization
pmblenﬂ then we could change ‘inf’ into ‘sup’ in condition (iii).

We break the proof of Theorem [3.4.2| into several lemmas.

Lemma 3.4.3. Let E be a bounded subset of LP(D), and ® be a weakly
continuous functional on E. Then, ® is uniformly continuous on E.

Proof. We argue by contradiction. Suppose @ is not uniformly continuous
on F, i.e. there exists ¢ > 0 such that
(3.140)

— 1
Vn €N, Jap, Y, € B for which [z, —yn|, < — and |[®(zn) — P(yn)| > €
n

So, we have x,, —y, — 0 in LP(D). Since E is bounded, E is also bounded in
LP(D). Hence, there exist subsequences {z,, } and {y,, } such that z,, — &
and y,, — 9. Obviously, 2,9 € E. By using the weak continuity of ® and

the last inequality in (3.140)), we have
(3.141) |D(z) — P(y)] > €>0.

Recalling the facts that z, — y, — 0, x,,, — % and y,, — ¥, we must have
Z = g which contradicts (3.141)). This completes the proof of the lemma. [J

Lemma 3.4.4. Let f,g € LP(D) and f € R(f). Then, there exists § € R(g)
such that

(3.142) Hg—prz 9% = £211, < llg = £1l,,-

SUsually, this happens in radial domain, see for example Theorem 3.5 in [20].
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Proof. By applying Lemma (i), we infer the existence of a measure
preserving map p : D — (0,|D|) such that f = f2 o p. After defining

g = g~ op, we have § € R(g) and H§ - pr = |l9® — f2[|,- By applying
Lemma (ii), the assertion follows. O

Lemma 3.4.5. Let fo and ® be as in Theorem (3.4.4 For o > 0 and
h € LP(D), we define:

Ala,h) ={g € R(fo) : llg = hllp = o},

and

(3.143) Yah)= it @(g) - B(h).

If a > 0 and A(a, fo) is not emptgﬂ then ~(a, fo) 18 positive.

Proof. Let {g,} C A(«, fo) be a minimizing sequence such that

1
(I)(gn) < inf . (I)(g) +—.
geA(aafO) n

By Lemma (i), we have |gnll, = [l foll, for every n € N. Hence, there
exists a subsequence, still denoted {gy }, such that g, — gin LP(D). Observe
that g € R(fo). By weak continuity of ®, we deduce

B(g)< inf B(g).
geA(a,fo)

Then, we claim g # fo. Suppose not, let us assume g = fo. Since fo € R(fo)
by condition (iii) in Theorem we are in a position to apply Theo-
rem So, we have g, — fo in LP(D) which contradicts the definition
of A(a, fo). Whence, by condition (iii) in Theorem it follows that

A~

D(fo) < ®(g) < inf ().
9g€A(ex, fo)

This completes the proof of the lemma. O

Remark 3.4.2. Actually, we can utilize the tools from rearrangement theory
instead of Theorem[3.{.1| to prove Lemma[3.4.5. We present this alternative
proof here to show the powerfulness of rearrangement theory.

°In case a > 0 and A(a, fo) is empty, y(a, fo) = oc.
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Alternative proof of Lemmal[3.4.5 We begin the proof with two observations.
Firstly, from condition (iii) in Theorem fo is the unique minimizer of
® relative to R(fp). Secondly, v(a, fo) is already non-negative, so to finish
the proof of the lemma we only need to rule out the possibility of v(a, fo)
being zero.

For simplicity, we set A = A(«, fo). Then, note that A€, the complement
of A relative to R(fo), is equal to the set {g € R(fo) : lg — foll, < a}; which
is a strongly open subset of R(fy). By Lemma (v), there exists an
open weak set W such that f e W C A°. Without loss of generality, we
can choose W = {g € R(fo) : |l(g) — I(fo)| < €}, for some € > 0 and
I € (LP)* = L¥. Since A C W¢, clearly inf4 ®(g) > infye ®(g). Hence,
it suffices to show that infyye ®(g) > ®(fo). To seek a contradiction we
assume infyye ®(g) = ®(fo), and let {g,} € W€ be a minimizing sequence.
After passing to a subsequence, if necessary, and still denoted {g,, }, we infer
gn — g, for some g € R(fy). Since I(gn) — I(g), we have g € E = {g €
R(fo) : l1(g9) = I(fo)| > €}. On the other hand, by the weak continuity of ®,
we get ®(g,) — ®(g). So we must have ®(g) = ®(fo). Since ® is strictly
convex, § = fg. Whence, fo € F, which is a contradiction. O
Proof of Theorem [3.4.9 In order to derive a contradiction, we assume
there exist € > 0 and a subsequence of {f,}, still denoted {f,}, such that

‘ fon — ng > ¢ for all n € N. Then, by Lemma [3.4.4] there exist {g,} C
P
R(fo) and h,, € R(fn) such that

£ = ga| =152 = 5811, < Ifn = Foll,.
(3.144) P A s
n =20 = 128 = 581, < 1w = Foll -
Since f,, — fo in LP(D), there exists N1 € N such that ’ fn —gn|| < § for
p

all n > Nj. Recalling ‘

fn — foH > ¢, we have
P

fn_fOH _‘f ZE, VnZNl.
P p 2

(3.145) ‘ n — gn

9n — fAOH > ’
P
Since {gn} € R(fo), by Lemma we have 0 < (5, fo) < oo, otherwise,

replace € by a smaller positive value. Then, by using condition (i), (3.144))
and Lemma there exists No € N with Ny > N7 such that

[@(f) = @(gn)| < 37 (5. fo)
“I)(hn) - ‘I)(fo)} <37 (%fo) ;

(3.146)
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for all n > Ns. Therefore, by using (3.145)), (3.146)) and Lemma we

infer
O(fn) > O(gn) — %’Y <§7f0> > ®(fo) + %v (%,fo) > ®(h,), ¥Yn> N,

By recalling h,, € R(f), the equation above is obviously a contradiction.
This completes the proof of the theorem. O

Remark 3.4.3. By examining the proof above, the condition @) of Theo-
rem can be relaved to f5 — f& in LP(0,|D|).

Regarding to Question we have the following:

Theorem 3.4.6. Let 1 < p < oo. Suppose f, — f in LP(D). Then
dgy(Rn,R) — 0, as n — oo. Here, R, and R are the weak closure of
Rn = R(fn) and R = R(f) in LP(D) respectively.

Proof. Consider &, € R,. So, by Lemma (i), & = €5 o pp, for some

measure preserving map p,. Thus,
(3.147) [I€2 0 pu = F2 0 pully = 162 = 2 lp = 12 = £21p < I fa = Fllps

where the inequality in (3.147)) follows from Lemma (ii). Let us fix
e > 0. Since f, — f, in LP(D), we infer existence of N € N such that:

(3.148) €0 = 2 0 pullp < Ifn = fll, <& ¥n >N,

where we have used (3.147) and &, = 5,? o pn. Note that f2op, € R, hence
from (3.148), we deduce &, € R + Bc(0), where: B.(0) = {h € LP(D) :
k||, < €}. Hence, trivially, we obtain &, € R + B.(0) for all n > N. Thus,
Ryn € R+ Be(0) for all n > N.

Let us fix n > N, and consider € R,,. Then, there exists a sequence
{n;} € R, such that n; — n, in LP(D). Note that n; € R + B.(0) for all
i € N. Therefore there exists g; € R such that ||n; — gi[|, < €. Since {g;} is
bounded in LP(D), we can pass to a subsequence, if necessary, still denoted
{g:}, such that g; — g in LP(D). This, in turn, implies that g € R. Further,
we have 9;,—g; — n—gin LP(D). Thus, from the weakly lower semicontinuity
of the LP-norm we obtain: ||n — g||, < liminf; . |[7; — gi|l, < 2e. Whence,
N € g+ B2:(0) C R + Ba(0). This shows that:

(3.149) R, € R+ Ba(0), ¥n>N.
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Similarly, one can prove:
(3.150) R C Ry + Ba(0), VYn > N.

From , and Definition we find dg(R,,R) < 2¢ for all

n > N. This completes the proof of the theorem. O






Chapter 4

Rearrangement of Measures

The aim of this chapter is to explore a way to generalize the notion of
rearrangement of functions to rearrangement of Radon measures. Since this
line of research seems to be blank in the existing literature, we will develop
the theory from basics. For more information about Radon measures, we
refer to [5l 28] 29).

4.1 Extension to Radon measures

Let us start with the following definition of Radon measures. Henceforth, D
will be a smooth bounded domain in R and R>q will denote non-negative
real numbers.

Definition 4.1.1. Let B(D) be the Borel o-algebra on D. By a Radon
measure, we mean a finite signed Borel measure p : B(D) — (—o0, 00) with
its total variation |u|, i.e.

(4.1) 1| (E) = sup {Z [u(En)| - {En} € B(D) partition OfE}
n=1

for all E € B(D), satisfying
(i) |u|(OD) =0, and |u|(K) < oo for every compact set K C D.
(ii) every open set O C D is inner regular, i.e.

1l(0) = sup {[p|(K) : K € O, K compact} .

73
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(iii) every set E € B(D) is outer regular, i.e.

1l(E) = inf {|](0) : O 2 B, O open}.

Moreover, by Reisz representation theorem, every Radon measure is identi-
fied with a unique continuous linear functional on Co (D), i.e. dual of Co(D),
where Co(D) = {( € C(D): ( =00ndD}.

Remark 4.1.1. Since every open set O C D is o-compact, by Propo-
sition 1.60 in [29], every Borel set E is inner regular. In addition, as
|1|(OD) = 0, we are allowed to replace D by D when p is involved.

Lemma 4.1.1. For every E € B(D), the Borel o-algebra on D, we have

(12) ) =sw { [ cansc e cupp el <1}

Proof. Let us fix E € B(D). To simplify the notation, we will use A and B
to denote the values of and respectively. By Hahn decomposition
theorem (see [47]), there exist Borel sets D' and D~ such that D = Dt U
D=, D* N D~ =0, and such that the positive and negative variationd!] of 1
satisfy

WH(E) = w(D* NE), p(E)=-p(D"NE), VEeB(D).

Then, for every ¢ € Co(D) with [[¢||,, < 1, we have

< )H(D*AE) + p~ (DA E) = |u(D* N E)| + [u(D~ N E)|.

Therefore, we deduce B < A. Since D™ and D~ are Borel, in conjunction
with the inner regularity of Borel sets by Remark it follows that for
every € > 0 there exist compact sets K™ C DT and K~ C D~ satisfying

€

pHDFNK) <5, wT(DT\KT) < o

!The positive and negative variations of u are defined as follows:

1 _ 1
pt = (lul + ) and p” = S (lul = p).

Evidently, they are positive measures. Note that, in [29], they are called upper and lower
variations instead.
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So, by Urysohn’s lemma (see [47]), there is ( € Cy(D) such that ( = 1 on
K™, ¢(=—-1on K~,and |{| <1 on D. Whence, we deduce

A=p"(DTNE)+u (D" NE)

<u+(K+ﬂE)—|—u_(K_ﬂE)+e§/Cd,u—|—2e§B—|—26.
E

By arbitrariness of €, we have A < B. This completes the proof of the
lemma. O
Lemma 4.1.2. Let f € L' (D), where L'(D) = LY(D, EN)E| with LN denot-

ing N-dimensional Lebesque measure. For every E € B(D), we have

[ 15125 = [ crae:cecupricl <1}
E E

Proof. Since f is measurable, it is possible to decompose D by Borel sets
Dt and D~ with D = DY U D™ and DT N D~ = () such that f > 0
a.e. on D' and f < 0 a.e. on D~. Then, recalling f € L'(D), by using
similar technicalities applied in the proof of Lemma the conclusion
follows. O

Remark 4.1.2. The space generated by Radon measures is denoted by
M(D) and is equipped with the total variation norm

1l vy = sup { /D Cdp: ¢ € Co(D), [[¢]lo < 1}.
By Lemma we infer ||| pypy = [1l(D).

In the spirit of Definition we define the distribution function of the
Radon measure p as follows:

(4.3) nw)zsup{ [ cini cecon) el <1
E € B(D), Ly(E) = 5}.

Furthermore, by Lemma we can write (4.3)) in the following equivalent
form

(4.4) Tu(B) = sup {|u|(E) : E € B(D),Ln(E) = B}

2We will adopt this notation in this chapter.
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Since the Lebesgue measure is non-atomic, by Proposition 1.20 in [29], we
infer 7,(8) > —oo if § € [0, Ly (D)]. In addition, from (4.4), we also have
Tu(Ln (D)) = |pul(D).

Proposition 4.1.3. Let f € L'(D). We define
45  u(E) :/ fdCy, VEeB(D), with |us@D)=0.
E

Then, py is a Radon measure. Moreover, we can identify f with pg, i.e.
f e M(D), and |[pll pypy = I/l 1 (py- In addition, we also have

(46) T, (8) = T(5) zsup{ [ crizy s e D), el <1,
E € B(D), Ly(E) = ﬁ}.

Proof. Since f € L'(D), it is easy to check yy is indeed a Radon measure.
Then, we define the following two functionals on Cy(D):

(4.7) {Ll(o = Jp iy = [ Cdpg
Ly(C) = [pCfdln = [ (fdLN,

for all ¢ € Co(D). Clearly, L1 and Lo are both linear. On the one hand,
by Remark we infer L; is a continuous linear functional on Cy(D)
with [| L[| (¢, pyy = HI“f”M(D)‘ On the other hand, recalling f € L*(D), by
Lemma we have Lo is also a continuous linear functional on Cy(D)
with || Lal(copyy = 1/ ll21 ()

At this stage, we claim L1(¢) = Lz(¢) for all ( € Cy(D). First, let
us assume f is non-negative. Observe that L; and Ly are well-defined for
characteristic functions xg, where E € B(D), xg(z) = 1 if x € E, and

xe(z) =0if z ¢ E. From (4.5) and (4.7), it follows that
Li(xg) = py(E) = / fdCy = La(xz), VE € B(D).
E

Without loss of generality, we assume ( is non-negative. Otherwise, we have
¢ =(¢" — (¢, where (* = max {f,0} and (- = —min {f,0}. By using lin-
earity, the claim will follow from the non-negative case. By Theorem 1.74 in
[29], ¢ can be approximated by an increasing sequence {s, } of non-negative
simple functions. Since 0 < s, < ¢ and |s,, f| < |(f], by Lebesgue dominated
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convergence theorem, the claim follows. Now we start to remove the extra
assumption f > 0. Indeed, we can write f = f™ — f~. From the first step,
we infer the existence of continuous linear functionals L™, L™ and Radon
measures i+, ftf- such that

{ LH(C) = [ Cdpygr = [ CfTdLy
L=(¢) = [p¢dus- = [5¢fdLn,

for all ¢ € Cy(D). Therefore, we have

L) = L*(¢) — L () = /D Cduy = /D Cfdly, V¢ e Co(D),

where iy = pip+ —py- by (4.5)). After an application of Reisz representation

theorem, we can identify f with py and H“f”M(D) = [[fllz1(p)- From 1)
by a decomposition argument, we have

g l(E) = [E fldCx, VE€B(D).

So, by (4.4) and Lemma we infer (|4.6]). O

Remark 4.1.3. To understand , we may define a linear isometry
I:LYD)— LY(D) by I(f) = f on D and I(f) = 0 on dD. By Proposi-
tz’on we can embed L'(D) into M(D). If f € LY(D), we will always
abuse f with iy by denoting piy ~ f.

The following two definitions are consistent with Definitions and
3.1.3lin certain sense.

Definition 4.1.2. Let D' be a smooth bounded domain in RM with Ly, (D') =
Ly (D). Suppose p € M(D) and v € M(D'). We say v is a rearrangement
of u if and only if

T.(B) = T.(B), V0<B<Ly(D).

Definition 4.1.3. Let u € M(D). The rearrangement class generated by
w, denoted by R(u), is defined as follows:

R(p) ={v € M(D) : v is a rearrangement of 1} .

The following is a useful property of the distribution function 7,(-).
Proposition 4.1.4. Let u € M(D). Then,
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(i) T.(-) is increasing on [0, Ln(D)].

(it) Tu(-) is continuous on [0, Ly (D)].
Proof.

(i)

(i)

Let us fix 0 < 1 < B2 < Ly(D). From , it follows that for
every € > 0 there exists Fy € B(D) with Lx(F1) = (1 such that
Tu(B1) < |u|(E1) + e. By using Proposition 1.20 in [29], we infer the
existence of Fy € B(D) with By C Ey and Ln(E2) = f2. Then, we
have

Tu(B1) < |pul(E1) + € < [u|(E2) + € < Tu(B2) + €.

By arbitrariness of €, we deduce 7,(51) < Tu(B2) as desired.

In order to derive a contradiction, we suppose there exist 0 < <
Ly (D) and a convergent sequence {5, } C [0, Ly (D)] such that 8, — 3
and |7,(Bn) — Tu(B)| > € > 0. Without loss of generality, we assume
B decreases to 5. So, by Part (i), we have 7,(8,) > T.(8) + € and
T,.(Brn) is monotonically decreasing. Furthermore, we deduce T},(f5,)
converges to [ with

(4.8) Tu(B) + € <1 < Tu(Ln(D)) = |pl(D).
On the other hand, from (4.4, we infer for every n € N there exists
E, € B(D) with Ly(E,) = B, such that

€

(4.9) l(Bn) 2 Tu(Ba) =5 21— 5.

Combining (4.8) with (4.9), we have |u|(E,) — Tu(8) > §. By using
(4.4), it follows that

5 < lul(E) = 7,(8)
(410) < |ul(E,) — sup {|ul(F) : F € B(D),F C En, Ly(F) = 5}
<inf{|p|(F): F € B(D),F C E,,Ln(F) = 8, — 8}.

Since 3, decreases to 3, we infer there exists N € N such that

Bn 8 2[u|(D)
Ry +1, ¥Yn>N.

Whence, recalling (4.10]), we have
€|l bBn

4.11 E,) > -

wm e 2§ |5

] > |ul(D), V> N



4.1. EXTENSION TO RADON MEASURES 79

where [-] denotes the integer part of the corresponding real number.
Clearly, (4.11) is a contradiction as desired.

O

Remark 4.1.4. Recalling Definition [3.1.1), it is not hard to see that the
distribution function \y(-) defined there is only left continuous in general.
So the continuity of this new definition of distribution function seems to be
a significant improvement.

The following proposition shows a way to characterize L'(D) as a sub-
space of M(D).

Proposition 4.1.5. Let p € M(D). Then, i can be identified with a func-
tion g € LY(D) if and only if T,,(0) = 0.

Proof. Assume that u can be identified with a function g € L'(D), by
Proposition we have 7,(0) = T4(0) = 0 as desired. To prove the
converse, let us suppose 7,(0) = 0. Then, from (4.4]), we have

(4.12) sup{|p|(F): E € B(D),Ly(E) =0} =0.

First, let us assume g is non-negative. From , we infer p is abso-
lutely continuous with respect to L. By Radon-Nikodym theorem (Theo-
rem 1.101 in [29]), there exists a unique measurable function g : D — R
such that

u(E) :/EngN, VE e B(D).

Since [, gdLn = p(D) < oo, we have g € L'(D). Secondly, let us consider
the general case, i.e. u is a signed Radon measure. By Hahn decomposition
theorem, there exist Borel sets D and D~ such that D = DY UD~, D™ N
D~ = (), and such that the positive and negative variations u* and u~ of u
satisfy

(4.13)  pt(BE)=w(DTNE), p (E)=-u(D NE), VYEecB(D).

Then, by the first step, there exist measurable functions g% : D — R>( and
g~ : D — R>g such that

(414)  pH(E) = /E gtdly, w(E) = /E g-dLy, VEeB(D),
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and [, g*dLy = p*(D) < |pl(D) < oo, [pg7dly = p~(D) < |p|(D) <
00. Therefore, we infer

W(E) = pu*(E) — p*(B)

(4.15) -
:/ngdﬁN—/g d,CN:/gd,CN, VEEB(D),
E E E

where g = g7 — g~. On the other hand, from (4.13)) and (4.14)), we deduce
gt =0on D™ and g = 0 on DT pointwise £y almost everywhere. So,
we have ||g|| ;1) = [p+ 9TdLN + - g dLn = |p|(D) < co. Whence, by
Proposition it follows from that p can be identified with g as
desired. O

In this chapter, we define the rearrangement of functions in a slight
different way compared to Definition [3.1.1

Definition 4.1.4. Let D' be a smooth bounded domain in RM with Ly (D') =
LN(D). Suppose f: D — R and g: D' — R are two measurable functions,
we say f is a rearrangement of g if and only if

Aey(@) =Ly({z e D :[f(z)| 2 a})
=Ly({z €D :|g(z)] > a}) =gz, (a), Vae€Rso.

Remark 4.1.5. If f,g are non-negative functions, then Definition [{.1.]] is
reduced to Definition|5.1.1]

Henceforth, we will use the notation Ay instead of Ay . if the reference
measure for distribution function is Lebesgue measure. The following is a
useful consequence of Definition [4.1.4

Lemma 4.1.6. Let D', f and g be as in Definition[/.1.4. Then, we have
Ar(a) = Ag(a), VaeRsy, if and only if
Ly{lf(2)] > a}) = Lu({lg(z)] > a}), VaeRso.
Proof. Observing that
{ {If @) > o} =L {If (@) > a+ 1}
{If(@)] = a} =ML {If (@) >a-3},

and Ly (D) < oo, by using monotone convergence of Lebesgue measure, the
assertion in the lemma follows. O
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At this stage, we intend to show that two definitions of rearrangement,
i.e. Definition and Definition are consistent when M(-) is re-
stricted to L!(-). Let us start with the following two lemmata. In addition,
the sign function will be utilized in the proof of the following lemma, and it
is defined as follows:

1, ifz >0
sign(z) =<0, ifx=0
-1, ifx<O.

Lemma 4.1.7. Let f € L*(D). If0 < 8 < Ly(D), then there exists
a € Rxq such that Ly ({|f(z)| > a}) < B < Af(a). Moreover, we have

(4.16) T5(8) = /{ L Wdey (o),

where F € B(D), F C {|f(z)| = a} and Ly(F) + Ly({|f(2)] > a}) = 5.

Or, equivalently, we have
(4.17) T8 = [ LI @] > tht + ab.

Proof. Since Af(-) is decreasing, the first assertion easily follows. Recall-

ing (4.6), we set £ = F U {|f(x)| > a}, where F is the Borel subset of
{|f(z)| = a} as described in the lemma. Note that F' is admissible here
because Lebesgue measure is Borel regular. We claim that

@) Tz [ |fldew= [ |fldLy +aln(P)
2 {If1>a}
Indeed, since f € L'(D), there exists § > 0 such that
(4.19) / fldLy < % VG C D with Lx(G) < 6.
€]

On the other hand, since sign(f) is a measurable function, by Lusin’s the-
orem, see for example [27], there exists compact set K C D such that
Ln(D\ K) < § and the restriction of sign(f) on K is continuous. So, we
can find ¢ € Cy(D) such that ¢ = sign(f) on K. Whence, recalling ,
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we have
TH8) > /E Cfdly = /E Cden /E Ifldcy

> [ flaew—ex [ iridey
E\K ENK

:/ |f’dﬁN+Oz,CN(F)—€,
{lf1>a}

where we have utilized the fact Ly(D \ K) < § and in the second
inequality. By the arbitrariness of e, follows. On the other hand, by
([4.6), for any € > 0, there exist E € B(D) with Ly(E) = 8 and ¢ € Cy(D)
with ||¢|| <1 such that

ﬁ(ﬁ)—eﬁ/ECfdﬁNé/E!fldﬁNé/

|fldLn + aLln(F).
{IfI>a}

By the arbitrariness of €, we have

(4.20) THB) < /{ . deN +oly(P).

By using (4.18) and (4.20)), (4.16| follows.

Let us start to prove the third assertion. First, by using Fubini’s theorem,
it follows that

|f ()]
/ |fldLn = / / dtdLy(x)
{If1>a} {If1>a} Jo

1F@) o
_ / / dtdLy (x) + / / dtdLy
{71>a} Ja {71>at Jo

s /{|f>a}/a X{yeDi| () >} (2)dtdLy () + oLy ({|f(2)] > a})
B / /{ foay SHEPI WD (x)dLy(2)dt + oLy ({|f(z)] > a})

_ /OO Ca({f@)] > )t + aln({If(@)] > a}).



4.1. EXTENSION TO RADON MEASURES 83

Therefore, by and , we have
Ti0) = [ Iflden + aly(F)
{lf1>a}
- / La({f@)] > 1)t + aLy({|f(x)] > a}) + aLy(F)
= [ LI @) > e+ ap,

as desired. O

Lemma 4.1.8. Let f € L'(D). Suppose 0 < B < Ln(D) and A¢(a) = B,
then

(i) For every 0 < B < B, we have
71(65) = [ \rldcx,

where E € B(D), E C {|f(z)| > a}, and Ly(E) = §.

(it) For every B < f < Lx(D), we have

T3(8) = /{ e /F Fldlx,

where F € B(D), F C{|f(z)| < a}, and Ly(F) = — 8.

Proof. (i) If B =0, we set E = () and the assertion follows. So let us
fix 0 < 8 < B. Then, by Lemma there exists & > « such that
Ln({|f(x)| > a}) < B < Ap(&). Moreover, we have

T:(B) = dz + aLy(F) = dz,
+(B) /{|f>&}\f| v+ GLx(F) /{|f>d}UF!f! v

where F € B(D), F C {|f(z)| = @} and Ly (F) + Ly({|f(z)] > &}) = 5.
By setting E = {|f(z)| > @} U F, the assertion follows. Part (ii) can be
proved in a similar way. O

The following two Propositions clarify that Definition is a reason-
able generalization of Definition [4.1.4



84 CHAPTERA REARRANGEMENT OF MEASURES

Proposition 4.1.9. Let D' be as in Definition |4.1.4 Suppose f € LY(D)
and g € LY(D'). Then, we have

Tr(B) =T4(B), VYO<B<Ly(D), ifand only if
)\f(Oé) :)\g(oz), VQERZ().

Proof. First, let us suppose Af(a) = Ag(), Voo € R>g. We claim that
T (B) = T4(B), VO < B < Ly(D). If B =0or B = Ln(D), the assertion
follows trivially. So, we fix 0 < 8 < Ly(D). By Lemma there exists
a € Rxg such that Ly ({|f(z)] > a}) < B < Af(a). Moreover, we have

(122) T6) = [ Ex{If@] > the + a

By Lemma we also have Ly ({|g(z)] > a}) < 8 < Aj(a). Similarly, it
follows from Lemma [4£.1.7] that

(4.23) T2(8) = / " La({lo(@)] > 1))t + ap.

Therefore, by using (4.22]) and (4.23)), in conjunction with the fact that
Ar(a) = Ag(a), Ya € R>p and Lemma we infer T¢(8) = T4(B) as

desired.

Secondly, we suppose T¢(5) = T4(B), V0 < 8 < Ly(D). Then, we claim
that Af(a) = A\g(a), Vo € R>g. If o = 0, the assertion follows trivially. So,
we consider the case a > 0. In order to derive a contradiction, let us assume
there exists & > 0 such that A\s(&) # Ag(&). Without loss of generality, we
assume Af(G&) > Ag(&). On the one hand, we have Ty(Ag(&)) = Tg(Ag(&)).

More specifically, by Lemma (i) and Lemma we infer
(1.24) [isiaey = [ jglacu.
E {lgl=a}

)| > a} and Ly(E) = A\g(&). On the other

where £ € B(D), E C {|f(x)| >
= Ty(Af(&)). By applying Lemma [{.1.7 and

hand, we also have T;(As(&)
Lemma [4.1.8] (ii), we deduce

(4.25) / Fldly = / lgldLar + / gldLs,
{|f|=a} {lg|>a} F

where F' € B(D), F C {|g(z)| < &} and Ly(F) = Ap(&) — A\g(&). From
(4.24]) and (4.25)), we infer

(4.26) / FldLy = / lgldLar.
{|f|>a}\E F

)
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Since |f| > @& on {|f(x)| > &} \ F and |g| < & on F, from (4.26)), we must
have Ly({|f(z)| > a} \ E) = Lu(F) = Af(d) — A\g(&) = 0 which is a
contradiction. This completes the proof of the proposition. ]

Proposition 4.1.10. Let D' be as in Definition|{.1.4l Suppose f € L*(D)
and pp € M(D'). If p is a rearrangement of f, then p can be identified with
a function g € L*(D") and Mo (f) = Ma(g) for all non-negative c.

Proof. Let p be a rearrangement of f, then we have 7,(8) = T;(8) for all
0 < B < Ly(D). Since f € LY(D), it follows that 7,(0) = T;(0) =
Whence, by Proposition Proposition and Proposition the

conclusion follows. O

4.2 Further investigations

In this section, we intend to explore more properties of Rearrangements of
Radon measures. Let us start with the following proposition. To simplify
the notation, we set

2
D* — (_EN2(D), LNZ(D))-

{ D — [— »CN(D)’ EN(D)]
Proposition 4.2.1. Let u € M(D). We define u* : B(D*) — Rx¢ by
(i) p*(0) = pu*(0D*) =
(ii) 1*((—5,0)) = 1*((0,5)) = 3Tu(B), for every 0 < B < Ly (D).
(iir) p*(F\ E) = p*(F) — p*(E),

)
(iv) p*(Unty BEn) = 1 (En), fo
B(D*).

or every E,F € B(D*) and E C F.

—

or all pairwise disjoint collection { E,} C

=

(v) (ol En) = limy,_y00 p*(Ey), for every decreasing sequence {Eyn} C
B(D*).

Then, p* is a non-negative Radon measure on D*. Moreover, u* is a rear-
rangement of .

Proof. First, we must check if p* is well-defined, i.e. every E € B(D*)
is associated to a unique non-negative real number by p*. Let us start
with the existence of this association. Recalling that Borel o-algebra is
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generated by open sets and every open set on D* is a countable union of
disjoint open intervals, it suffices to show every open interval (a,b) ¢ D*
is admissible by this construction. If ab < 0, it is trivial. So we consider
ab > 0, without loss of generality, let us assume b > a > 0. Then, we
have (a,b) = [0,b) \ (N224[0,a + 1)) as desired. By the structure of this
construction and the continuity of 7,(-) by Proposition (ii), uniqueness
follows. Furthermore, from , we have 7,(-) is non-negative. Whence, by
using Proposition we readily deduce that p* is a non-negative Radon
measure on D* and p* is a rearrangement of /. O

Remark 4.2.1. We will call p* the symmetrically decreasing rearrangement
of .

Lemma 4.2.2. Let f € L*(D) with uy defined in Proposition . Then,
Wy can be identified with a function f* € LY(D*) and Af(a) = A+ () for
all non-negative a. Moreover, f* is symmetrically decreasing.

Proof. From Proposition we know 41} is a rearrangement of /iy (also
4.1.10

f). By Proposition the first assertion follows. The second assertion
can be deduced from Propositions and ]

Lemma 4.2.3. Let f,g € LY(D). If |f| < |g| on D, then f* < g* on D*.

Proof. Since |f| < |g| on D, we have A¢(a) < Ag(a) for all @ € R>p. By
Lemma we deduce Ap«(a) < Ag=(a) for all o € R>g. By symmetry,
we readily deduce f* < g* on D*. O

Remark 4.2.2. In LY(D), by f < g, we mean f < g pointwise Ly almost
everywhere.

Note that since [|C[|;:py = [I€llp1py < oo for every ¢ € Co(D), by
restricting ¢ to D, we can embed Co(D) into M (D). Then, it is reasonable
to have the following result.

Proposition 4.2.4. Let ¢ € Cy(D). Then, we have (* € Cy(D*).
Proof. By Proposition 4.2.1] and Lemma [4.2.2] we have

lim *(x) =0, lim *(x) = 0.
Jm, c@=0  m, @
By defining ¢*(x) = 0 on 9D*, it follows that (* is continuous at dD*.
Then, it suffices to show (* is continuous on D*. We argue by contra-

diction and assume there exist (1,32 € R>g such that 82 — 51 > 0 and
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A+ (B1) = A¢x(B2) > 0. By Lemma we have A¢(81) = A¢(B2). Since
A¢(+) is decreasing on Rxq, we deduce Ly ({1 < [((x)| < B2}) = 0. On the
other hand, by using the continuity of ¢, we have {1 < |¢(z)| < B2} is non-
empty and open. So, we must have Ly({f1 < {(x) < B2}) > 0 which is a
contradiction. O

Remark 4.2.3. Since (* is constructed as a element in L*(D*), the meaning
of continuity of it should be dealt with more care. Here, by (* € Co(D*),
we mean there exists n € Co(D*) such that ¢* = n pointwise L1 almost
everywhere.

The following is a variant of Hardy-Littlewood inequality.

Proposition 4.2.5. Let u € M(D) and ¢ € Co(D). Then, we have
Ln(E)

(4.27) /Cdu</ C o dpt, YE e B(D).
E _£N2(E)

Proof. Since [, Cdp < [5|¢]d|ul, it suffices to prove the inequality when ¢
and p are non-negative. Let us fix F € B(D). By using (4.4), Proposi-

tion [4.1.4] (i), and Proposition we infer
[ xwdu= (B0 P) < T(ENENF)
E

<min {7 (Ln(E)), T.(Ln(F))}

LN (E)

(4.28) <[

*
ey X(- LI, e,
2

2

Ly (E)

:/ © \hdut, VFeB(D).

_LEN(E)
2
To this end, let us define
n
A, = { Z CkXE, : ¢k € Ry is strictly increasing with respect to &,
k=1
{Ex} <p<n, € B(D) are pairwise disjoint}.
Then, from (4.28]), we have

Ly (E)

2
< * * .
/Esld,u < /_£N2<E) sjdp®, Vs € A
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Let us assume
Ly (E)

2
(4.29) /ESMdM < / enr(E) s}‘wduﬂ Vsy € A,
—ENE)

and fix spr41 € Ay If Ly(F) < 224:"51 Ln(E})), then we infer

M+1 M+1
/SMHdM:/ E CkXEdeS/ (E CEXE,, +02XE1UE2> dp
E E E

k=1

k=3

ENQ(E) M+1 *
*
_Ly(B) (Z ckXEk + cQXE1UE2> dlu’
2 k=3
Ln(E)

2

_ * *
T Sh1dp”,
2

where we have utilized (4.29) in the second inequality.
If Ly (E) > S M Ly (Ey), then we deduce

M+1

/ SpMt+1dp = Z ck,u(Ek N E)
E

k=1

M+1 M+1 M+1
:CU},(EQ(U EZ>>+Z(Ck—Ck1)M<Eﬂ(U Ez))
=1 k=2 i=k

M+1 M+1
<ap(B)+ Y (er— 1) (E N ( U Ez))

k=2 i=k
M+1 M+1
< Clﬁ(ﬁN(E)) + Z (Ck — Ck—l)ﬁ (ﬁN ( U EZ>>
k=2 i=k
LN (E)

2
* *
= s d
_Ly(B) M+1 1220
2

where we have utilized (4.4) and Proposition (i) in the second inequal-
ity. So, by the principle of mathematical induction, we have

Ly (E)

(4.30) / Spdp < / L;(E) spdp*, Vsp, €Ay, nelN
E )

By utilizing Theorem 1.74 in [29], we can approximate ¢ uniformly by a
increasing sequence of non-negative simple functions {s,} such that s, € A,
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and s, < (. Furthermore, we deduce xgs, converges to x g( uniformly and
XESn < xgC. By Lebesgue dominated convergence theorem, we infer

(4.31) lim Spdp = lim XEsnd,u:/ XECd/L:/ Cdu.

n—oQ E

On the other hand, by Lemma m it follows from (|4.30]) that

CN2(E> LN2(E)
. < * * < * *.
(4 32) /Esnd'u - /_LN(E) Sndu - /_LN(E) ¢
2 2
Whence, from (4.31]) and (4.32)), the inequality (4.27) follows. O

By examining the proof of Proposition we have the following result.

Proposition 4.2.6. Let u € M(D) and g € L'(D) N L' (D, ). Then, we
have
LN (E)

2
(4.33) /E gy < / L g, YE€B(D).
i)

Remark 4.2.4. If f € L*(D) and pu ~ f, we can write as

Ly (E)
2

/gfd£N</ g frdc', VE e B(D).
E

LN (E)
2

Moreover, if g € L™®(D, Ly), then g € LY(D) N LY (D, ). So, we have

Ly (E)

2
/ gfdly < / . g frdct, VYEeB(D), feLY(D), ge L®(D,Ly).
E -
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