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ABSTRACT

Consider the space of sequences of k letters ordered lexicographically. We study the set M (o) of
all maximal sequences for which the asymptotic proportions « of the letters are prescribed, where
a sequence is said to be maximal if it is at least as great as all of its tails. The infimum of M ()
is called the a-infimax sequence, or the a-minimax sequence if the infimum is a minimum. We
give an algorithm which yields all infimax sequences, and show that the infimax is not a minimax
if and only if it is the a-infimax for every v in a simplex of dimension 1 or greater. These results
have applications to the theory of rotation sets of beta-shifts and torus homeomorphisms.

1. Introduction

Symbolic dynamics is a fundamental tool in dynamical systems theory, and the interaction
between the dynamics of the shift map and an order structure is frequently important. For
example, kneading theory [11] describes the dynamics of a unimodal map as the set of sequences
which are less than or equal to the kneading sequence of the map in the unimodal order;
while in Parry’s work [22] on beta-shifts it is the relationship between the shift map and the
lexicographic order which plays a central role. In such systems, a particular orbit is present
if the maximum (or more generally supremum) of the orbit is less than or equal to a given
sequence: hence, in order to decide whether or not a given dynamical feature is present, the key
question is the size of the minimum, or infimum, of the set of maximal sequences which exhibit
the feature. It is for this reason that such minimax and infimax sequences are important.

This paper provides a description of minimax and infimax sequences in the lexicographic
order, where the relevant dynamical feature — closely related to rotation vectors — is the
asymptotic proportions of the letters. In the remainder of the introduction we will first give an
informal description of the main results, and then expand on their dynamical significance.

Given k > 2,let ¥ = {1,2,..., k:}N be the space of sequences in the letters 1,2, ..., k, ordered
lexicographically, and let o: ¥ — X be the shift map. A sequence w € ¥ is said to be maximal
if o"(w) < w for all > 0.

We are interested in maximal sequences for which the asymptotic proportions of the letters
are given by some o € A, where A is the set of vectors in R* with non-negative entries summing
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to 1. Denote by M () the subset of ¥ consisting of maximal sequences w with the property
that, for each ¢ with 1 < i < k, the asymptotic proportion of the letter ¢ in w is given by «;.
Let Z(a) denote the infimum of the set M(a), the a-infimax sequence. This infimum, while
necessarily maximal, need not in general be an element of M(a): when it is, it is called the

a-minimax sequence.

The main results of the paper can be summarised as follows:

THEOREM 22. (DESCRIPTION OF INFIMAXES) There is an algorithm for computing Z(cx)
(to an arbitrary number of letters) in terms of a sequence of substitutions. This sequence of

substitutions is determined by the itinerary of o under a multi-dimensional continued fraction
map K: A — A.

THEOREM 24. (INFIMAX OR MINIMAX) The infimum Z(a) of M(«) is a minimum, i.e. is an
element of M(av), if and only if v is the only point of A with its itinerary.

We say that v is regular if it is the only point of A with its itinerary, and that it is exceptional
otherwise. Whether « is regular or exceptional appears to depend on the growth rate of the
itinerary of e in a delicate way: our final result gives a flavour of this dependence.

THEOREM 27. (REGULAR OR EXCEPTIONAL) If the itinerary of o grows at most quadratically
then o is regular; on the other hand, if it grows sufficiently fast then o is exceptional.

We now discuss the dynamical implications of these results in more detail. Let X be a
shift-invariant subset of X. The vector p(w) € A of asymptotic proportions of the letters in an
element w of X, if well-defined, is called the rotation vector of w, and the collection of all of
the rotation vectors of elements of X is called the rotation set p(X) of X. This terminology is
by analogy with manifold dynamics: in fact, in the authors’ forthcoming paper “New rotation
sets in a family of torus homeomorphisms”, these symbolic rotation vectors are related directly
to rotation vectors for torus homeomorphisms, and the techniques developed in this paper
make it possible to provide a detailed description of all of the rotation sets which arise in a
parameterised family of torus homeomorphisms.

When X is a subshift of finite type, a theorem of Ziemian [26] states that p(X) is a convex
set with finitely many extreme points, given by the rotation vectors of the minimal loops of
the transition diagram. While this result is useful, subshifts of finite type are rather special,
and are often ill-suited to understand dynamical behaviour in parameterised families, since
Markov partitions can change dramatically under small changes in the map. Here we consider
a broader class: in analogy with kneading theory and beta-shifts, we consider subshifts of the
form

Xw)y={weX: o' (w)<wvforall r>0},

where v € . In fact, since the supremum of any shift-invariant set is a maximal sequence,
and since X (v) = X (sup X (v)), it suffices to consider the case where v is maximal, which we

henceforth assume.
Now if there is some w € M () with w < v then it is clear that a € p(X (v)), since if w <wv

and w is maximal than w € X(v). Recalling that Z(a) denotes the infimum of all of the
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w € M(a), it follows that
v>I(a) = acp(X(v)).

Similarly, it can be shown (see Lemma 19 below) that if w is any (not necessarily maximal)

element of ¥ with p(w) = «, then the supremum of the orbit of w is at least Z(c). Therefore
v<I(a) = adp(XW)).

Whether or not a € p(X(v)) when v = Z(ax) depends on whether or not Z(«) has rotation
vector a: that is, on whether it is an a-minimax, or only an a-infimax. Therefore the results
of this paper make it possible to determine whether or not a € p(X(v)) by comparing v
with the single sequence Z(a). Moreover, since a consequence of the above discussion is that
p(X(v)) can only change as v passes through an element of the set Z = {Z(«) : & € A} of
infimaxes, understanding how the structure of p(X (v)) changes as v increases is closely related
to understanding the structure of the set of initial segments of Z.

It is well known [14, 25] that when k = 2, all of the infimaxes are minimaxes and are the
Sturmian sequences studied by Morse and Hedlund [21, 16]. Thus the infimax sequences with
k > 3 letters can be seen as extensions of the two letter Sturmians. The construction of infimax
sequences described here is reminiscent of the construction of Sturmian sequences through their
relationship with continued fraction expansions. First there is a division-remainder procedure,
similar to the standard Euclidean algorithm, which produces a sequence n of non-negative
integers, analogous to the partial quotients of a continued fraction expansion (this sequence
is the itinerary of the orbit of & under K: A — A with respect to a certain partition of A,
just as the sequence of partial quotients of the continued fraction expansion of a € (0,1) is the
itinerary of a under the Gauss map). Second, this itinerary is used to construct a sequence
of substitutions which are applied successively to the single letter k, producing a sequence of
words of increasing lengths, each of which is an initial subword of the infimax. If « is a rational
vector then the minimax sequence is periodic, and is determined after finitely many steps of
the algorithm.

Since their introduction in 1940, Sturmian sequences have been studied extensively [1]. The
wide range of fascinating and deep properties which they exhibit has inspired attempts to find
classes of sequences in k > 2 symbols which share these properties. It was quickly discovered
that no single class generalizes all of the key properties of Sturmians.

The infimax sequences defined here generalize the infimax property of Sturmians to an
arbitrary number of symbols, and it is therefore natural to ask: what other properties do they
share with Sturmians, and how do they relate to the other generalizations which have been

defined?
Some properties are easy to determine. Infimax sequences in the case k > 2 are very far

from being balanced and, in general, are not of Arnoux-Rauzy type [4], and do not provide
good rational approximations. In addition, their rate of convergence to their digit frequency
vector can be much slower than that of rigid rotation on a torus (this is shown in the authors’
forthcoming paper “New rotation sets in a family of torus homeomorphisms”), and their orbit
closures are not always uniquely ergodic [8].

Other more subtle properties merit further investigation. Jenkinson [18, 17] has shown that
the measures associated with Sturmian sequences minimize the dispersion amongst ergodic
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invariant measures of x — 2z mod 1 having the same digit frequency. Thus, for example,
treating binary words as base 2 expansions of points of [0, 1], amongst binary words of length ¢
which contain the symbol 1 exactly p times, the Sturmian word has the smallest geometric
mean and the smallest standard deviation about its arithmetic mean p/q. The analogs of this
beautiful result for infimaxes are currently being studied.

A fundamental property of Sturmians is that they code the orbits of a rigid rotation of
the circle. This is sometimes expressed by saying that rigid circle rotation is their geometric
model. Rigid rotation on a circle can be viewed as an interval exchange map on two intervals,
and interval exchanges on more intervals occur as geometric models for known classes of
sequences with k > 2 symbols [23, 2, 12, 19]. Thus another natural question is whether or
not k-symbol infimaxes are always codings of interval exchange maps on k intervals. Some of
them are, but there are straightforward counter-examples (such as infimaxes with itinerary
11110): the issue is therefore to distinguish the two cases. Using the terminology and results of
Ferenczi and Zamboni [13], this is closely related to the problem of determining which rational
frequency vectors give rise to clustering Burrows-Wheeler transforms. As we discuss at the end
of Section 2, the infimax sequences code the attractors in the family of interval translation
maps on k intervals studied by Bruin and Troubetzkoy [7, 8].

Another natural question is the relationship of the multi-dimensional continued fraction
algorithm used in this paper with existing algorithms. As with multi-symbol generalizations of
Sturmians, no single multi-dimensional continued fraction algorithm yields all of the properties
enjoyed in the classical one-dimensional case [24]. The purpose of the algorithm defined here is
to generate infimax sequences and as such it contributes little to the understanding of rational
approximation in higher dimensions. However, the existence of exceptional sets on which all
points have the same expansion make it an interesting algorithm in its own right, and questions
such as its ergodicity merit further study.

Section 2 contains basic definitions and precise statements of the theorems described above.
Some preliminary results are presented in Section 3, and a finite version of the problem is then
treated in Section 4: given non-negative integers ai, ..., ay, what is the smallest maximal word
which contains exactly a; occurrences of each letter ¢? The solution of this problem is required
later in the paper, and also introduces the main ideas in a more straightforward context.

In Section 5 we prove the validity of the algorithm for determining infimax sequences,
before finishing, in Section 6, by considering the conditions under which infimax sequences
are minimaxes.

2. Definitions, notation, and statement of results

Let k > 2 be the number of letters in our alphabet A = {1, ..., k}. We fix k throughout, and
suppress the dependence of objects on it, except in Remark 9 and in the final part of the proof
of Theorem 24.

Denote by ¥ the space AN of sequences with entries in .A: we consider 0 to be a natural
number, so that elements w of ¥ are indexed as w = (w;),>0. Order ¥ lexicographically, and

endow it with the product topology (where A is discrete).
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Similarly, denote by A* the set of non-trivial finite words over the alphabet A, ordered
lexicographically with the convention that any proper initial subword of W € A* is greater
than W (this convention is simply to ensure that A* is totally ordered, and does not affect any
of the results of the paper). Given W € A* and i € A, write |IW| > 1 for the length of W, and
|[W|; > 0 for the number of occurences of the letter ¢ in W.

If V,W € A*, denote by VW the concatenation of V and W, by W = WIWWW ... the
element of ¥ given by infinite repetition of W, and by VW the element VIWWWW ... of X.
An element of ¥ of the form W is said to be periodic. Given W € A* and n > 0, denote
W™ =WW ...W the n-fold repetition of W, an element of A* provided that n > 0: if n =0
then W™ denotes the empty word, which will be used only when concatenated with elements
of A*.

If we X and r > 1 is an integer, write w(™ = wow ... w,_1, the element of A* formed by

the first r letters of w.
The shift map o: ¥ — ¥ is defined by o(w), = w,11. An element w of ¥ is said to be

maximal if it is the maximum element of its g-orbit: that is, if o"(w) < w for all » > 0. We
write M C ¥ for the set of maximal elements. Observe that M is a closed subset of ¥, for if
w € ¥ is not maximal then there is some r > 0 with 6" (w) > w, and it follows that o (w") > w’
for all w’ € ¥ sufficiently close to w.

Given W € A*, write p(W) € QF for the vector whose " component is the proportion of
the letter ¢ in W: that is, p(W); = |W|;/|W]. Let

A:{aERgozak>O,Zai:1}7

the simplex which contains these rational vectors, with the face a; = 0 removed, equipped with
the maximum metric d,. Removing the face ap = 0 makes the statements of the results of the
paper cleaner, and clearly if o, = 0 then the problem reduces to one with a smaller value of k.

Given a € A, denote by R(a) the set of elements of ¥ with asymptotic proportions of
letters a:

R(a):{weZ:p(w(r)>—>aasr—>oo}CE.

REMARK 1. R(a) is not closed in Y. For example, when k =2 the sequence 2" 21 is
an element of R(1/2,1/2) for all r >0, but 2”21 — 2 ¢ R(1/2,1/2) as r — oo. This is a
consequence of the more general observation that the asymptotic proportions of elements of 3,
which depend on their tails, do not interact well with the order and topology on ¥, which are
defined using the heads of its elements.

We define also the set of maximal sequences with proportions «,
M(a) = MNR(a).

Following on from Remark 1, observe that it is easy to construct elements of M(a). Provided
that a # (0,0, ...,0,1) then there are elements of R(c) for which there is an upper bound N
on the number of consecutive occurences of the letter k, and prepending kV+! to such an
element yields an element of M(a). On the other hand, if a = (0,0,...,0,1) then k € M(a).
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In particular, since every non-empty subset of 3 has an infimum, we can define the a-infimax
sequence Z(a) by

Z(a) = inf M(ex).

(o) is necessarily an element of M, but need not be an element of R(c), which is not

closed in X. In the case that it is (and so is an element of M(«)), we call it the a-minimax
sequence.

Having introduced the basic objects of study, we now turn to the algorithm for constructing
Z (), which is given in terms of the itinerary of o under a certain dynamical system K: A — A,
defined piecewise on the subsets

An:{aeA:{%J:n}CA (n € N),
(73
where |x| denotes the integer part of z. First, let K, : A, — A be given by
Kooy = (02 0o el s b loaso) )
].—Ckl ].—Ckl ].—C!l 1—041 1—041

Each K, is a projectivity: an embedding induced on a subset of R* by the action of an element
of GLg41(R) on projective coordinates in RP*. As such, it sends convex sets to convex sets.
Its inverse K, ': A — A, is given by

K Y«

n

D "D’ D’ D D

1 _ _ _
( )Z((n—i— Jag—1 +nag  ar o Qg—2 Q 1+6¥k)7 (2.2)

where D = (n+ 1)ag—1 + nay + 1.
Let J: A — N be given by J(a) = [a1/ax], so that a € A j(o). Then define K: A — A by

K(a) = KJ(a)(a)a

which is a multi-dimensional continued fraction map [24]. Associated to K is an itinerary map
®: A — NN defined by

(), = J(K"(a)) (r e N).
We shall see that the infimax sequence Z(c) is obtained from a sequence of substitutions

associated with ®(a). Recall that a substitution on A is a map A: A — A*. Overloading
notation, this induces maps A: A* — A* and A: ¥ — ¥ which replace each letter of the input

sequence with its image: A(wowiws...) = A(wo)A(w1)A(ws) . ... Define substitutions A,, for
each n € N by
i o (i+1) if1<i<k-2
Ay (k—1) = k1™t and (2.3)
k = k1T

Observe that the expression (2.2) for K, () results precisely from translating (2.3) in such
a way as to give the proportions of each letter in A, (w) in terms of the proportions in w, that
is,

we R(a) <= A,(w) € R(K, ().
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Given n € NV, define substitutions A, , for each r € N by
Anr=A, 0A, 0 0, .
Then define a map S: NN — 3 by

S(n) = lim Ay, (k) = lim Ay, (k),

r—00 T—00

where in the first definition A, , is regarded as a map ¥ — X, and in the second as a map
A* — A*. The limit exists since A, (k) begins with the letter k, and hence Ay (k) is an
initial subword of Ay ,11(k) for all r.

The first main theorem of the paper states that, for every a € A, the corresponding infimax
sequence is given by S(®(a)).

THEOREM 22. Let @ € A. Then Z(ax) = S(®(av)).

The question of whether or not the infimax sequence is a minimax (that is, of whether or

not an a-minimax exists) is answered by the following result:

THEOREM 24. Let o« € A. Then
a) ®~1(®(a)) C A is a d-dimensional simplex for some d with 0 < d < k — 2.

b) Z(e) is the minimum of M(ex) if and only if ®~1(®(av)) is a point.

There is therefore a fundamental distinction between regular elements a of A, for which
®~1(®(ar)) is a point, and exceptional elements for which this is not the case. That both
possibilities occur is the content of the following theorem.

THEOREM 27. Let o € A and n = ®(a).
a) If there is some C such that 0 < n, < Cr? for all r, then « is regular.
b) If k>3 and n, > 2712 H::_Ol (n; +2) for all »>1, then ®1(®(a)) is a simplex of

dimension k — 2, so that « is exceptional.

Notice that if £ = 2 then Theorem 24 a) gives that every a € A is regular.

The growth condition of Theorem 27 b) is designed for ease of proof and can be improved
without difficulty. Providing a precise characterisation of the set of regular a« when k > 3, by
contrast, appears to be a challenging problem.

The substitutions A,, which play a central role here appear in a different context in papers
of Bruin and Troubetzkoy [8] and Bruin [7] (dealing respectively with the case k = 3 and the
case k > 3). These papers are concerned with a certain class of interval translation mappings
(which are defined similarly to interval exchange mappings except that the images of the
monotone pieces can overlap). The most interesting case is when the maps are of infinite
type, which means that the attractor is a Cantor set. An interval translation mapping with
k monotone pieces which is of infinite type can be renormalized infinitely often, with each
renormalization being described by a substitution on the space of k-symbol itineraries. The



Page 8 of 28 PHILIP BOYLAND, ANDRE DE CARVALHO, AND TOBY HALL

dynamics on the attractor is therefore given by the subshift generated by the sequence of
substitutions corresponding to the sequence of renormalizations.

It turns out that the substitutions arising from renormalization of k-piece interval translation
mappings in the class considered by Bruin and Troubetzkoy are exactly the substitutions A,
of (2.3). Their results provide extensions of some of the results of this paper, particularly in
the case k = 3: see Remarks 25 b) and 29 a).

Cassaigne and Nicolas [10] use the family of limiting sequences obtained by Bruin and
Troubetskoy to illustrate techniques for calculating the factor complexity of sequences associ-
ated with s-adic constructions. In the language of this paper, they show that the factor com-
plexity function p(n) of infimax sequences in the case k = 3 satisfies p(n + 1) — p(n) € {2, 3}
for all n, excluding certain trivial cases.

3. Preliminaries

In this section we state some basic facts about the maps defined in Section 2. The proofs are
routine, and could be omitted on first reading. The crucial result for what follows is Corollary 6,
which asserts that the map S o ® is lower semi-continuous.

LEMMA 2. Let n € N. Then the substitution A,: A* — A* is strictly order-preserving.
Similarly A,,: ¥ — X is strictly order-preserving, with A, (M) C M.

Proof. To show that A,: A* — A* is strictly order-preserving, suppose that V,W € A*
with V' < W. Then either W is a proper initial subword of V', in which case A, (W) is a proper
initial subword of A, (V), so that A, (V) < A, (W) as required; or there is some R > 0 with
Vi, =W, for 0 <r < R and Vg < Wg. If Vg <k — 2 then it is obvious that A, (V) < A, (W).
On the other hand, if Vg =k — 1 and Wg =k, then A, (V) = A,(Vo...Vg_1)k1"*t! ..., and
Ay(W)=A,(Vo...Vg_1)k1™.. .. If W has length R + 1 then A, (W) is a proper initial subword
of Ap(V), so that A, (V) < A, (W); while if W has length greater than R + 1, then the letter
following A, (Vp ... Vr_1)k1™ in A, (W), being the first letter in the A,-image of a letter, is
not 1, so again A, (V) < A, (W) as required.

The proof that A, : ¥ — X is strictly order-preserving is similar but simpler, since there is
no longer any need to worry about the ends of the words.

To show that A, (M) C M, let w € M. Consider wy, the first, and hence largest, letter
in w. If wy < k—1 then A,(w,) =w, + 1 for all r, and it is clear that A, (w) € M. Assume
therefore that wg > k — 1, so that A,,(w) begins with the letter k. Suppose for a contradiction
that A, (w) is not maximal, so that A, (w) = Vv for some V € A* and v € ¥ with v > V.
Since Vp = k we must have vg = k. Since k can only occur as the first letter in the A, -image
of a letter, it follows that w = Uu with A,(U) =V and A, (u) = v. Since w is maximal we
have u < Uu, and since A,, is order-preserving we have v = A, (u) < A,,(Uu) = Vv, which is
the required contradiction. [}

The following lemma is an immediate consequence of the definition (2.3) of the substitu-
tions A,,.
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LEMMA 3. Let ng,nq,...,ng—2 be any natural numbers. Then A, oA, o+ 0 A, (W)
has initial letter k for all W € A*.

Proof. If Woy=1i<k, then (A,(W))o=14i+1 for all neN; while if Wy=Fk then
(A, (W))o = k also. O

Endow NN with the product topology, and order it reverse lexicographically: that is,
lexicographically with the convention that 0 > 1 > 2 >3 > -.-. This convention is to ensure

that S: NN — ¥ is order-preserving.

LEMMA 4. S: NN = ¥ is continuous and strictly order-preserving, with image contained

in M.

Proof. Let n € NV,
To show that S(n) € M, observe that Ay, (k) € M for each r by Lemma 2. The result

follows since M is closed in X.
To show that S is continuous at n, observe that since A, (k) = k1™, the word Ly, , := Ay (k)

has length at least 1+ >_._, ns. Therefore if m € NV satisfies m("+?) = n("*+1) then S(m) and
S(n) agree to at least 1+ >_._ ng letters. This establishes that S is continuous at n provided
that ng # 0 for arbitrarily large s.

To show continuity at n in the case where n = ng...n,_10 for some r > 0, observe that, for
R>k—-1,

AR(RD) = AN (k2) = - = AFTRE(k (k1) = AF R (kb D),

and, repeating the argument, A{*(k1) has initial subword E1HLE/(=D] Now if m # n is very
close to n, then m =ng...n,_1 0% m, g..., where R is very large and m, g > 0. It follows
that

Lnrir = Dy 1 (AF (K1) = Ay (RAFHE/G=DE

agrees with S(n) = Ap,—1 (k) to at least 1+ [R/(k — 1)] letters, establishing continuity at n
as required.

To show that S is strictly order-preserving, let m € NN with m < n, so that there is some
r € N with m™ =n but m, > n, (since NV is ordered reverse lexicographically). Then
Anr—1(Ay, (K0)) is an initial subword of S(n) for some letter ¢ € A, while Ay ,—1(Ay,, (k) is
an initial subword of S(m). Now A, (k) = k1™ < k1™ A, (¢) = A, (k() since m, > n,, so
that S(m) < S(n) by Lemma 2 as required. O

Using the definitions of the product topology on ¥ and the lexicographical order on A*, the
standard definition of lower semi-continuity for functions from a metric space X into ¥ can be
phrased as follows: f: X — ¥ is lower semi-continuous at z € X if

VReN, Je>0, dz,y) <e = fly)B > flx)B.
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Similarly, f: X — NN is lower semi-continuous at z if the same condition holds, bearing in
mind that the > should be interpreted reverse lexicographically.

Although the itinerary map ®: A — NV is discontinuous at all preimages under K of the
discontinuity set of K, it is everywhere lower semi-continuous:

LEMMA 5. ®: A — NV js lower semi-continuous.

Proof. We need to show that for all R € N and all a« € A, there is an € > 0 such that if
doo(a, B) < € then ®(8)) > &(a)®). The proof is by induction on R.

For the case R = 0, observe that for all a € A there is some € > 0 such that if do(a, 8) < €
then 8 € Aja)UAjq)-1, 50 that J(B) < J(a) and hence ®(8) 0 > () as required.

If R > 0, then for each a € A there is, by the inductive hypothesis, some § > 0 such that
if doo (K (t),y) < & then ®(v)EY > &(K(a)) B~ Then, by continuity of K (4, there is
some € > 0 such that if do (e, 3) < € then either J(8) = J(a) and doo (K (), K(8)) < J; or
J(B) < J(a). In either case, ®(8)) > &(a)) as required. O

Combining Lemma 4 and Lemma 5 gives
COROLLARY 6. So®: A — M is lower semi-continuous.

The next lemma and remark describe the case in which one of the components of « is zero,
so that the problem can be reduced to one over a smaller alphabet.

LEMMA 7. Let o € A have itinerary n = ®(«), and let 1 < i < k — 1. Then «; = 0 if and
only if n,. =0 for allr =i —1mod k — 1.

Proof. By (2.1), if a1 =0 then K(a),—1 = Ko(a)g—1 = 0, while if a;; = 0 for some ¢ with
2 <i <k —1then K(a);—1 = 0. Since ®(a)g = 0 whenever «; = 0, it follows immediately that
if a; =0 thenn, =0 for all r =¢— 1 mod k — 1.

For the converse observe first, by a straightforward induction on i, that if 0 <4 < k — 2 and
if ng = 0, then

Wit/ (1*2220%) if1<j<k—i-2,

Kp, oKy, 00K, (a); = .
' o a1/<1—zgja5> fi=k—i—1,

independently of nq,...,n;. The case i = k — 2 gives

aq

K

Nk—2

o K,

MNk—1

a1
P B = — >
oo Kngla): T

provided only that ng = 0. Now if n,, = 0 for all » = 0 mod k£ — 1 then repeated application of
this inequality gives K**~D(a); > ay/(1 — a1)® for all s > 0, and since K**~Y(a); < 1 for
all s it follows that a; = 0, establishing the converse in the case ¢ = 1.
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The statement for arbitrary ¢ < k — 1 follows. For if n,, = 0 for all r =% — 1 mod k — 1, then
B = K~!(a) has itinerary m = ®(3) satisfying m,. = 0 for all » =0 mod k — 1. Therefore
B1 =0, and hence «; = 0 by ¢ — 1 applications of (2.2). O

COROLLARY 8. Let a € A and n = ®(«). Then the following are equivalent:
a) For all r > 0, no component of K" (a) is zero; and
b) For all v > 0, there is some s > 0 with 1, ;1) 7 0.

REMARK 9. This remark relates the K-orbit of a when some a; =0 to the K-orbit
of the point B obtained by deleting the i*® component of a. We therefore include the
value of k£ in our notation, writing AF instead of A. For each i with 1 <4 <k — 1, write
AR ={a € A* 1 a; = 0}, the i face of A, and let m;: A¥? — A*~1 be the bijection which
forgets a;: that is, m;(a) = (@1, ..., ®i—1,i41,...,ar). The bijection 7; clearly also depends
on k, as do the maps K, but no confusion will arise from continuing to suppress this dependence.

Now if k > 3 and o € A¥?, then it follows directly from (2.1) that

Kiay - {Foml@) iti=1,
ﬂflloKOﬂi(a) 1f2§l§]€—1

i—

In particular, the itinerary ®(m;(a)) is obtained from ®(a) by deleting the zeroes which occur
at each position r =47 — 1 mod k — 1.

As stated in Section 2, if n € NV it is not in general the case that there is only a single point
of A with itinerary n. However, it is a straightforward consequence of Lemma 7 that ®~!(n)

is a single point for itineraries of the form n = W 0.

LEMMA 10. Let n =mngny...n,_10 € NY. Then there is a unique a € A with ®(a) = n,
namely o = Kl o K to---0o K71 (0,0,...,0,1).

Proof. ®(a) =mifandonlyifa= K, oK 'o---oK, ! (B)forsome 3 with itinerary 0.
But ®(3) = 0 if and only if 8 = (0,0,...,0,1) by Lemma 7. O

In particular, if o has an itinerary of this form then a € QF. Theorem 16 states that, con-
versely, every element o of A N Q" has such an itinerary: that is, that K"(a) = (0,0,...,0,1)
for some 7.

4. The finite version

In this section we solve a finite version of the minimax problem, which is a necessary precursor
to our later results. The simplicity of the solution makes it straightforward to understand the
origin of the maps K, and the substitutions A,,.
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A word W € A* is said to be maximal if W is a maximal element of ¥ or, equivalently, if
W=UV = W >VU,ie. W is at least as large as all of its cyclic permutations.

Let A = {a = (a1,...,a;) € N* : qj, > 0}, the discrete analogue of the space A. Continuing
the analogy, we write for each a € A
Ra)={We A : |W|;=a;for 1<i<k} (afinite set),
M\(a) ={W e R(a) : W is maximal}, and

~

Z(a) = min M\(a).

REMARK 11. An obvious comment, which is nevertheless important for the proof of

Theorem 13 below, is that every W € ﬁ(a) has a cyclic permutation which belongs to M (a).

For cach ne€N write A, ={a €A : nay <a; < (n+1)az}, and define a bijection
I?n: ﬁn — A by

~

K,(a) = (as,a3,...,ak_1,a1 —nag, (n+ )ag — ay),
whose inverse [A(; LA ﬁn, the Abelianization of the substitution A,,, is given by

[A(;l(a) = ((n+ 1)ak—1 + nag,a1,az,...,05—2,a0k-1 + a).

LEMMA 12. Let a € A. Then the set A;l(M\(a)) of words whose image under A,, lies in
M\(a) is exactly /T/I\(IA(n(a))

Proof. To show that A;l(./T/l\(a)) C M\(I?n(a)), let W e A* with A, (W) € /\//T(a). Then
W € R(K,(a)) by comparison of the right-hand side of (2.3) with the formula for K 1.
Moreover, W is maximal: for if W =UV < VU then A, (W) = A, (U)A,(V) < A, (V)AL (U)
by Lemma 2, contradicting the maximality of A,,(W).

To show that A, (W) € M\(a) for all W € M\(I?n(a)), it follows as above that A, (W) €

R(a). That it is maximal follows from translating the statement A,, (M) C M (Lemma 2) into
the finite setting:

W maximal = WeM = A,(W)=A,(W)e M = A,(W) maximal.
|

The following theorem gives the fundamental relationship between the substitutions, the
linear maps associated to the division-remainder algorithm, and the minimax: the substitution

A,, sends the minimax for a to the minimax for I?; Ya).
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THEOREM 13. Let a € A.
(a) If a; = 0 for all i < k then Z(a) = k.
(b) Otherwise, Z(a) = A (Z(Kn(a))), where n = |ay /ay.

REMARKS 14.
a) The theorem gives rise to a straightforward algorithm for calculating f(a): the key point

is that the sum of the entries of I/(\'n(a) is @y less than the sum of the entries of a; and if
a; > 0 for any 7 < k, then a; will be positive after applying ¢ — 1 terms of the appropriate

sequence of I?n’s. Therefore repeatedly applying K la:/ax| €ventually yields an a with a; =0

for all ¢ < k. The hand implementation of this algorithm is illustrated in Examples 15
below, while the statement of Theorem 13 translates directly into a recursive algorithm for
computer implementation.

b) By linearity of the K, we have Z(Na) = Z(a)" for each integer N > 1.

EXAMPLES 15. Let k=3 and a = (24, 3,14). We have

(24,3,14) =5 (3,10,4) =% (10,3,1) &9 (3,0,1) =% (0,0, 1),

so that
7(24,3,14) = AjAgA10As(3) = AjAgA10(31%) = A1A(311°2%) = A1 (320 (31)%) = 31 (311)'° (312)°.

Notice that the intermediate words 313, 311923 and 32! (31)3 are f(B,O7 1), f(l(),?)7 1), and
7 (3,10, 4) respectively.
Similarly, if k =4 and a = (2,3, 1, 3) then
(2,3,1,3) 2% (3,1,2,1) =% (1,2,0,1) &% (2,0,0,1) £ (0,0,0,1),
so that

~

7(2,3,1,3) = AoAsAiAs(4) = AgAsA; (411) = AgA5(4122) = Ag(4111233) = 422234141,

Proof of Theorem 13. Statement (a) is obvious, since k* is the unique element of
R(0,0,...,0,ay).

For (b), it suffices to show that f(a) is in the image of A,,, where n = |a;/ag]: the result
then follows immediately from Lemmas 12 and 2.

Since a; > nay, there are clements of R(a), and hence, by Remark 11, of M\(a), in which
every occurence of the letter k is followed by the word 1", and such elements of M\(a) are

smaller than any element of M (a) which does not have this property. Therefore

Z(a) = k1"Wy k1"Ws -+ k1"W,,
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for some words W, which do not contain the letter k. Moreover, the letters must be arranged
in ascending order in each W,.: that is,

W, =1"m12mn2 . (B — 1)kt
for each r, where the n, ; are non-negative integers. For if this were not the case, then replacing
each W, with a word in which the same letters are arranged in ascending order would decrease
every cyclic permutation of 7 (a) starting with k, so that there would be an element of M (a)
smaller than Z(a).

To show that f(a) is in the image of A,,, it therefore suffices to show that n,; <1 for all r.
Observe first that Z?’;l ne1 = a1 — nay < ag, so that at least one n,.; is zero, and in particular
n1,1 = 0 by maximality of f(a).

Suppose for a contradiction that ns; > 2 for some least s. Define words W/ for 1 <r <ay
by Wi_, =1W,_1, W, = 1W/. and W] = W, for r # s — 1, s: that is, push one of the 1s from
Ws to Ws_1. Then taking an appropriate cyclic permutation yields an element W’ of M (a)
given by

W' = k1I"W]k1"W{,y --- k1"W, E1"W7 - E1"W[_,,
where ¢ is not equal to s since W/ starts with the letter 1 by choice of s, but W} does not start
with the letter 1 by maximality of W’. Now

W < K1"Wy k1" Wy - K1"W,, K1"Wy - k1"Wi_; < Z(a),

where the first inequality is by definition of the words W) together with ¢ # s, and the second
is by maximality of Z(a). This contradicts that Z(a) is the minimum element of /\//\l(a),

establishing that Z(a) is in the image of A,, as required. O

To connect this result with the formalism used in the general case, observe that

~ R,
A, —— A

lﬂ l” (4.1)

A, Ky A

commutes, where 7: A — A is defined by 7(a) = a/ > a;. Moreover, the functions K, can be
gathered into a single function K: A — A defined by I?(a) = I?Lal/akj (a), giving rise to an
itinerary map d: A — NN defined by

d(a), =n < K'(a) € A,.
Since IA(T'(a) =(0,0,...,0,1), a fixed point of K, for some r, the itinerary <f>(a) has only finitely
many non-zero entries.
The following is then a restatement of Theorem 13. Note that it does not claim to give the
minimum element of M () for rational o, but only the minimum periodic element: that this

is in fact the minimum of M () will follow from Theorem 22 below.
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THEOREM 16. Let o € AN QF. Then the itinerary of a is of the form ®(a) = ngny ... n,._1 0,
and the minimum periodic element P(a) of M(a) is equal to S(P(a)).

Proof. Let a € A be the smallest integer vector which is a positive multiple of . Then

any periodic element of M(c) is of the form W, where W € M (Na) for some N > 1. However

Z(Na) = Z(a)™ by Remark 14b), so that the smallest periodic element of M(c) is Z(a).

It is immediate from (4.1) that ®(c) = ®(a), so that in particular n = ®(a) is of the given
form. Then

Pla) = Z(a) = Aur1(k) = S(B(c))

)

as required. |

REMARK 17. In the computer science and combinatorics of words literature, the term
Lyndon words is used for words that are minimal amongst their cyclic permutations with
respect to the lexicographic order [3, 20]. Therefore maximal words are the same as Lyndon
words when the ordering of A is reversed, and the results of this section can be rephrased as
determining the largest Lyndon word with a given number of each of the letters.

5. Proof of Theorem 22: I(a) = S(®(x))

In this section we prove that the infimum Z(a) of M(ax) is given by S(®(ax)). We show first
(Lemma 19) that S(®(«)) is a lower bound of M(«a), and then (Lemma 21) that it lies in the
closure of M(ax).

That S(®(a)) is a lower bound of M () is a special case of a more general result. Given
any w € 3, define supw € M by

supw = sup o’ (w),
r>0
so that w =supw if and only if w € M. Lemma 19 below states that if w € R(a) then
S(®(ar)) < supw: in particular, if w € M(a) then S(®(ar)) < w as required.
The proof uses the finite version of the result as expressed by Theorem 16, and we start with
a lemma which provides appropriate rational approximations to a together with corresponding
periodic approximations to the supremum of an element of R(cx).

LEMMA 18. Leta € A, w € R(a), R € N and ¢ > 0. Then there is some 3 € ANQF and
a periodic v € M(B) such that do,(ct, ) < € and (supw)F) = ),

Proof. Write s = supw. By definition of the supremum, there is some r > 0 such that
(o7 (w)) ) = s Since 0" (w) € R(ax), there is an initial subword s W of o (w) long enough
that

doo(ct, p(sT W 1H)) < e,
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Let U be the length R word with the property that (o7 (w))@EHIWD = (B W U,

Let v € M be the maximal shift of the periodic sequence u = s(B) W 1R. We shall show that
v = s which will establish the result, with 8 = p(s() W 1),

Since s, and hence u, begins with the letter k, v is a subword of s W 1E < s(B) W U:
but every length R subword of s() W U is a subword of w, and hence is less than or equal to
s(") by the definition of the supremum. Therefore v < s() On the other hand, however,
B > (B = S(R), since v > u. This establishes the result. O

LEMMA 19. Let o € A and w € R(e). Then S(®(er)) < supw. In particular, S(®(c)) is
a lower bound of M(a).

Proof. Write s=supw. To show that S(®(a)) <s, it suffices to show that
S(®(a)) ) < 5B for every R € N. Fix such an R.

By the lower semi-continuity of S o ® (Corollary 6), there is some e > 0 such that if
doo (0, B) < € then S(®(a)) ) < S(B(B))H).

By Lemma 18 there is some B with d.(a,3) < € and some periodic v € M(3) with
s(B) = (®) Theorem 16 gives v > S(®(3)). Then

S(@(a)® < S(@(8)") < v = s

as required. 0

We now turn to proving that S(®(a)) € M(a). To do this we need to construct elements
of M(a) which agree with S(®(«)) on arbitrarily long initial subwords, and the following
straightforward lemma will be used for this purpose.

LEMMA 20. Let o € A, R€N, and € > 0. Then there is some 8 € ANQF such that
doo(at, B) < € and ®(B)F) = d(a)P),

Proof. The proof is by induction on R, with the base case R = 0 being the statement that
rational elements are dense in A.

Suppose then that R > 0. Let n = J(), so that & € A,,. Recall that K|a, = K,,: A, = A
is a homeomorphism. By the inductive hypothesis, there is a sequence (v,) in A N Q* converging
to K(a) with ®(y;,)#Y = &(K(a)) =1 for all i. Let 8 = K !(~,) for some i large enough
that doo(a, B) < €. O

LEMMA 21. Let @ € A. Then S(®(a)) € M(«

~—

Proof. If a € ANQF then S(®(a)) € M(ax) by Theorem 16, so we assume that a ¢ QF,

and in particular, by Lemma 10, that n = ®(«) has infinitely many non-zero entries.
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It suffices to find, for each R, an element w of M (a) with initial subword A, r(k). We can
assume that nr41 > 0, since otherwise we increase R until this is the case.
Using Lemma 20, find for each r > 0 an element 3, of A N Q" with d(c, 3,) < 1/2", whose

itinerary
®(B,) =n, =n,onp1...0.1,0,

satisfies n, s =ns for 0 <s < R+ 1.

Set U = Ao, -+ Mgy, —1(k), and Wy = A, Ay -+ Ay, (k) for each r, so that
p(W,.)=p0,. Write L =|U| and L, =|U,| for r>0. Choose integers p, >1 for r >0
inductively to satisfy Y ._;psLs > 2"L,41. Finally, set

w=UWPWPWE . (5.1)

We will show that w € M(«), which will establish the result since it has initial subword
An r(k). To show that w € R(a),let I = {(r,s) : r € N, 0 < s < p, } ordered lexicographically,
and define an increasing function £: I — N by £(r,s) = L + sL, + E:;Ol p+ Ly, the index of the
beginning of the (s + 1)™ subword W, in (5.1). Now since p(W,) — a as r — oo we have
that for all € > 0 there is some J such that du(c, p(w™*))) < ¢ for all (r,s) > (J,0). On
the other hand, given any ¢ > ¢(1,0), we have du(p(w®), p(w*(™*))) < 1/27, where (r,s)
is greatest with £(r,s) <t, by choice of the p,. Therefore du(cr, p(w®)) = 0 as t — oo as

required.
It remains to show that w is maximal. Now we can write

w = AnoAnl e AnR(AnRJrl—l(k)AnRJrl (u))

for some u € X. However Ay, —1(k)Ayp,, (u) = k1"5+17 A, o (u) is maximal, since it has
initial subword & 1"7+1~! followed by a letter other than 1, whereas every letter k in A, ., (u)

is followed by at least nr41 consecutive 1s. Therefore w is also maximal by Lemma 2. |

Combining Lemmas 19 and 21 gives the result we have been working towards.
THEOREM 22. Let a € A. Then Z(ax) = S(®(a)). O

REMARKS 23.
a) The proofs of Lemmas 18 and 19 only depend on being able to find arbitrarily long initial

subwords W of w € R(a) with p(W) arbitrarily close to a. It follows that the results of this
section remain true if elements of R(a) are only required to have subsequential limits «,

which is a common approach in the definition of rotation sets. To be precise, for each o« € A
write

R'(er) = {w €EX:p (w(”)> — « for some r; — oo} cz,

and M'(a) = M NR'(a). Then S(®(ev)) is the infimum of M’'(ax), and S(P(ex)) < supw
for all w € R'(a).
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b) The infimax sequences S(®(a)) are almost periodic: for every initial subword W of S(®(av)),
there is some N with the property that every length N subword of S(®(a)) contains W.
As a consequence, the orbit closure

Ba ={0"(5(2())) : 7= 0}

is a minimal o-invariant set.

To show almost periodicity, assume that o ¢ QF (since otherwise S(®(cv)) is periodic and
therefore almost periodic), and write n = ®(«). Pick r large enough that A, (k) has
initial subword W. Now A, . oA, ,,0---0A, ., (i) has initial letter k for all i with
1 <i <k by Lemma 3, so that U; := A, ,4£—1(4) has initial subword W for each i. However
S(®(av)) = Anr+k—1(u) for some u € ¥, and is therefore a concatenation of the words Us.

This establishes the result, with N = 2 maxj<;<j |U;].

6. Minimax sequences

In this section we address the question of when the infimum Z(a) of M(«) is a minimum.
Since the set of maximal elements is a closed subset of ¥, Z(a) is necessarily maximal, and
the issue is whether or not it belongs to R(a). We will show that this happens exactly when
&~ 1(®(ax)) = {a}. We shall also show that this condition holds for some values of « (in fact
we already know by Lemma 10 and Theorem 16 that it holds for a rational), but fails when

the itinerary ®(a) grows too rapidly.

THEOREM 24. Let oo € A. Then
a) ®~1(®(a)) is a d-dimensional simplex for some d with 0 < d < k — 2.
b) Z(«) is the minimum of M(e) if and only if ®~1(®(av)) is a point.

Proof.  Write n = ®(a).
a) The homeomorphisms K, *: A — A, of (2.2) extend by the same formulae to homeomor-

phisms K;1: A = A, C A of compact simplices. Define, for each r € N, an embedding

Tmr:Kgolngllon-oK;f:Z%Z.

The images An, = Th,(A) of these embeddings form a decreasing sequence of non-
empty compact subsets of A, which are (k — 1)-dimensional simplices since each K1 is
a projectivity. Moreover A, , C A for all r > k — 1, since if a; > 0 for some 1 <14 < k then
Thr—1-i(a)k—1 > 0, and therefore YTy, _;(a)r > 0: it follows that

o' (n) = () An.,

r>0

is a non-empty compact convex subset of A, consisting of all those points which have
itinerary n: this set is a simplex by a theorem of Borovikov [6], which states that the
intersection of a decreasing sequence of simplices is a simplex. Since rational elements of A
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do not share their itineraries with any other points by Lemma 10 and Theorem 16, ®~!(n)
cannot contain more than one rational point, and hence has dimension at most k — 2.

If o € QF then the result follows by Lemma 10 and Theorem 16, so suppose that o ¢ QF.
In particular n, > 0 for arbitrarily large r, and hence |Ay (k)| = 0o as r — oco.

Set

a&i) = Tn,r(e(i)) = p(An, (7))

for each r € N and 1 <i < k, where ¢® = (0,...,0,1,0,...,0) is the i vertex of A. By
compactness and convexity, ®~1(®(a)) = {a} if and only if ol = o as r — oo for each i.
Suppose first then that ®~1(®(a)) = {a}: we need to show that S(n) € R(c).

Let € > 0: we will show that do, (p(S(n)(™), @) < e for all sufficiently large m. To do this, let

R > 0 be such that ds, (aR ,a) < ¢/2 for all 1 < i <k, and write W; for the word Ay g(7):
thus deo (p(W;), &) < €/2 for all 4. Let L = maxy<;<k |W;l.
Now

S(m) = lim Ap (k)= lim A, gr(A

r—00 r—oo,r>R

MR+1 ©---0 Anr(E))
is a concatenation of the words W;. Therefore du (p(S(n)(™), ) < € whenever m > 2L /e,
as required.

(k)

Conversely, suppose that S(n) € R(a), so that a; ' — e as r — oo. We need to show that

¢~ 1(®(a)) = {a}, or equivalently that !’ — a as r — oo for each i. The proof is by
induction on k > 2, with the case k = 2 immediate since then ®~!(®()) = {a} for all
by a).
We distinguish two cases.
(i) Suppose first that for every ¢ with 1 <i <k — 1, there are arbitrarily large integers
r =14 — 1 mod k — 1 with the property that n, > 0.

Write L( D — = |An,-(9)] for each r € Nand 1 <4 <k, so that as-i)Ls-i) is an integer vector
whose entries give the number of occurences of each letter in A, ,(¢). Comparing the
expressions Ap . (k — 1) = Ap,—1(k1™*1) and Ay (k) = Ap—1(k 177) gives

(k) (k) 4 a(l) L(l)

(k—1) _ @
) = G —|—L(1) . (6.1)

On the other hand, the first of these two expressions alone gives

af«k_)lLEnk_)l + (nT' + l)aS’I—)lLﬁ’l—)l

alk) =
Lgi)l + (n, + 1)L£121

(6.2)

(k)

Solving (6.1) and (6.2) for a ¥V in terms of o™ and a,’; under the assumption

n, > 0 gives

a1 = P 4 - (a(k) —a® ) )
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Since a(rk) — a as 7 — 00, it follows that for any e > 0 there is some R such that

doo(agak),a) < e for all r > R, and dm(aS-k71)7a) < e for all r > R with n, > 0: for
LY > L™ for all r, so that L¥, < (n, + 1) LY — L® | provided that n, > 0.
Now suppose that » > R with n, > 0. Then the expressions Ap (i) = An,r—1(@ + 1)

for 1 <i<k-—2give a§~1+)k—2 = ol g0 that, by (6.1),

(k—1) av(fj-)k—lLv(]j—)k—l + O‘gk_l)Lgk_l)

r+k—1 Lffj_)k_l + Lgkfl)

o

and hence agi;ljl is a convex combination of points within € of o and so is itself
within € of a.. Inductively it follows that d (aﬁi;é,)c_l), ) < e for all s € N. Since, by

the defining assumption of this case, there are r > R with n,. > 0 in every congruence

class modulo k — 1, we have d (aﬁkil), o) < e for all sufficiently large r. Therefore

(k—1)
o — o asr— oo.

Since ag) = aili;i)(k_l) for all 1<i<k—2 and r> (k—1)—1, it follows that
agi) — a as 7 — oo for all ¢ as required.

Suppose then that there is some ¢ with 1 < ¢ < k — 1 such that n,, = 0 for all sufficiently
large r =4 —1mod k — 1. We shall show that if ®(8) =n then 8 =a. Now for
cach r € N we have that ®(3) =n if and only if 3=K oK 1o---0 K ! (8)

MNpr—1

for some @3 with ®(8') =n,n,41..., so we can suppose without loss of generality
that n, = 0 for every r = 0 mod k£ — 1, and hence by Lemma 7 that oy = 81 = 0. By
Remark 9 (and using the notation introduced there), m := ®(m () = ®(m1(3)) is
obtained from n by deleting the zero entries in positions which are multiples of k£ — 1.
Write a, = o) and ) =Tm(0,0,...,0,1) € A*~! for each r € N. We shall show
that

Q(—9yri = T (Quk-1)4it1) whenever 0 <i<k—3andsecN. (6.3)

That is, the proportions of letters in each Am (kK — 1) (a sequence over k — 1 letters)
is obtained from the proportions of letters in Ay, (k) by deleting an initial zero,
where 7’ is an appropriate index which increases with r. This will establish the result.
For then a, — a implies o — (@), or in other words S(m) € R(m;(a)). Hence
m1(a) = m1(08) by the inductive hypothesis, so that @ = 8 as required.

Observe first that when s = 0, equation (6.3) reads

KoloK to o K M0,...,0,1) =m(Ky o K, o Kplo 0 K, 1(0,0,...,0,1))

(6.4)
for 0 <i <k — 3, where on the left hand side (0,...,0,1) € A*~! and on the right
hand side (0,0,...,0,1) € A*. This is a straightforward consequence of (2.2): since
i <k —3, the (k—1)™ component of K, loK lo-- 0K 10,0,...,0,1) € AF is

zero, so that applying K L eyclically permutes the first & — 1 components.
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Now it follows from (2.2) that

-1 —1 _ =1, ~1. Ak-1 kyit+1
T oK, =K, om AT A

m

for all 1 <i <k — 2 and all m € N. Applying this for ¢ = 1,2,...,k — 2 in succession

gives
7712711 o K’;li72 o---0 K;j = K’;lllcfz 0O--+0 KT;,} o 71-1_1 . Ak—l — Ak,k—l
for all my, ..., mg_s. Then, using again the observation that if a € A**~1 then K;*

cyclically permutes its components,

K1 O"'OKTZ}:’]TloK()_loKil O~~'OK7107T1_12A’€71—)A’€71 (6.5)

mpg—2 mE—2 ma

for all mq,...,mp_o.
Applying (6.4) followed by s applications of (6.5) establishes (6.3) as required.

REMARKS 25.
a) It is clear that if ®~!(n) is more than just one point, then S(n) can only be the minimum

of M(a) for at most one & € ®~*(n). The content of the final part of the proof is that in
fact it is not the minimum of any of the sets M(a), and indeed does not belong to R(ax)
for any o € A.

b) Combining Theorem 24 b) with Lemma 17 of [8] and Lemma 4.2 of [7] yields the following
result: the action of the shift map on the orbit closure ¥, of Remarks 23 b) is uniquely
ergodic if and only if « is regular.

In view of this result, we make the following definitions:
DEFINITIONS 26. « € A is regular if ®~}(®(a)) = {a}, and exceptional otherwise.

When k = 2, every a € A is regular by Theorem 24 a). Therefore, in the two letter case,
there is an a-minimax sequence for all a: these are the well-known Sturmian sequences [14,
25]. When k > 3, we have already seen that o is regular if it is rational (i.e. if ®(c), = 0 for
all sufficiently large r). The following theorem states that the same is true when ®(a), >0
grows at most quadratically with r, and, on the other hand, that if ®(a), grows too fast then
a is exceptional.

THEOREM 27. Let @ € A and n = ®(a).
a) If there is some C such that 0 < n, < Cr? for all v, then « is regular.
b) If k>3 and n, > 272 Hl:&(ni—i—Q) for all r>1, then ®~1(®(a)) is a simplex of

dimension k — 2, so that « is exceptional.

Proof. We use the notation of the proof of Theorem 24.
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a) We will use a theorem of Birkhoff [5, 9] to show that A is contracted by the embeddings Yy, ,-,
and we start by giving some necessary definitions and stating this theorem. Let A = (a;;)

be a k by k matrix with strictly positive entries, and f4 be its projective action on A: that
is, fa: A = A is defined by

Ao
fala) = ———.
(@) = Al
Define also
d(A) = max Um 5y (6.6)

1<i,jl,m<k QimQ;i

(that is, d(A) is the largest number that can be obtained by choosing four elements of A
arranged in a rectangle, and dividing the product of the two elements on one diagonal by
the product of the two elements on the other). d(A) is stricly greater than one unless A has
rank 1.

Let 7: [1,00) — [0, 1) be the strictly increasing function 7(d) = (v/d — 1)/(v/d + 1). Write A
for the simplex A less its faces, and let ¢: AxA— R>o be Hilbert’s projective metric
(which generates the Euclidean topology),

; B3
o B) :10g1g¢1§;§k ﬁ
S0,)> J Mi

Birkhoff’s theorem states that, provided d(A) > 1, the restriction of f4 to A contracts the
metric § by 7(d(A)): that is, §(fa(a), fa(8)) < T(d(A)) 6(c, B) for all a, B € A.
Now let A(n) be the k by k matrix with A(n)1x—1 =n+1, A(n)1x =n, A(n);;—1 =1 for

2<i<k, A(n)rr =1, and all other entries zero: as an example, when k = 5,

00 0 n+1 n
1 0 0 0 0
A(n) = 01 0 0 0
0 0 1 0 0
0 0 O 1 1

By (2.2), we have fa(,) = K;': A — A. Although A(n) has some zero entries, we shall see
that any product of 2k — 3 such matrices A(n,) with each n, > 0 is strictly positive.

Write A(ng,...,n,) = [[._, A(ns). By considering the action of A, o---0A,, , on each
of the letters 1,...,k, it can be seen that A(ng,...,ng_3) has row i, for 1 <i <k —2,
consisting of ¢ zeros followed by n;_; + 1 and then n;_; in the other columns; row k£ — 1 has
a 1 in column 1 and zeros in the other columns; and row k has a zero in column 1 and 1s in
the other columns. Similarly A(ng—_o,...,nok—4) has row 4, for 1 <1i < k — 1, consisting of
t — 1 zeros followed by ni_s4; + 1 on the diagonal and ni_s4; in the other columns; while
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row k has 1 in every column. As an example, when k = 5, these two matrices are given by

0 nog+1 no no No ng+ 1 ns ns ns ns
0 0 ny + 1 ny1 ni1 0 N4 + 1 N4 Ty T4
0 0 0 ng+1 ne and 0 0 ns +1 ns ns
1 0 0 0 0 0 0 0 ng+1 ng
0 1 1 1 1 1 1 1 1 1
The product A(no,...,n2k—41) = (aij)1<i,j<i of these matrices is therefore strictly positive
when each n, > 0, with each a;; a polynomial of degree at most 2 in no, ..., nor—4. We shall
show that, for each 1 <¢ < kand each 1 <1 < m < k, the quotient a;;/a;, is bounded above
by 2, while the quotient a;,,/a; is bounded above by a linear function of ng_1,...,nok_4.

As a consequence, since (6.6) says that d(A) is the product of one quotient of the first type
and one of the second, there is some R, depending only on k, such that

d(A(’rlo, . ,ngk_4)) < R(nk_l + -+ ngk_4) (67)

provided that each n, > 0.
The claim is straightforward when ¢ = k& — 1, in which case a;; is either ny_s or ng_o + 1;

and when i = k, in which case a;1 =1, a; =2+ Zf;,‘:’fi n; for 2<1 <k -1, and a;, =

@i k-1 — 1. When 1 <4 < k — 2, the explicit descriptions of the elements of A(ng,...,nk_3)

and A(ng_g,...,Nog_4) give
n;—1 if 1 S l S i,
ni1(Mgi—2 +2) + (g2 + 1) ifl=i+1,
dir = ni_1(2+ 252123372 NG| + Nigti—2 ifi+2<I<k,

k— .
ni_1(1+ Z?:kii72 nj | + Nkti—2 if | =k,

from which the claim follows.
Now let a € A, and suppose that there is some C such that n = ®(a) satisfies 0 < n,. < Cr?
for all r. For each r > 0 we have

Tn)(r+1)(2k73)71(z):(K710~-'OK71 )o(K71 o...oK71 )O"'O

no n2k—4 n2k—3 Nak—17
-1 -1 x
(Knr(Zka) o K"('r'+1)(2k73)71)(A)
Since (K1, , o oK.l . )A)C A (because the product of 2k — 3 matrices

A(n) is strictly positive), it is enough to show that
[T (A i—s), - g1y 20—3)-1))) = 0.
r=0

By (6.7) and n, < Cr?, there is some @ depending only on C and k such that d, :=
d(A(Ny(2k=3)s -+ Nr41)(2k—3)—1)) < (Qr)? for all » > 1, so that 7(d,.) < (Qr —1)/(Qr + 1).
Recall that if 0 < a, <1 for all 7 then [[)°;a, =0 if and only if Y7 (% - 1) diverges.
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Since

the result follows.
Set

6,= min deo(al?, al)
1<i<j<k—1
for each r > 0, the smallest distance between a pair of vertices in the simplex A, , excluding
the vertex Yy (0,0,...,0,1). We shall show that 6y =1 and &, > 6,1 — 1/2"+2 for each

r > 1, so that 6, > 3/4 for all r. It is therefore not possible for all of the agj) to converge
to the same point.

That 6y =1 is straightforward, since a((f) =K,! () is equal to e+ if 1 <i <k —2,
and to ((ng + 1)e® 4+ ey /(ng +2) if i =k — 1.
Now let r > 1. If 1 < i < k — 2 then we have Ay (7)) = Anr—1(Ap, (9)) = Anr—1( + 1), so
that

a =al™)  for1<i<k-2
Consider then the case i = k — 1. By (6.2)

af«k_)lLE«k_)l + (nr + l)asﬁl—)lLfﬂl—)l

alk=b = 7
L+ (me+ 1LY,
so that
Lik—)l agk—)l - 0‘51—)1
i gft = O o)

(n, + 1)L, + L

in which each component has absolute value bounded above by H:;Ol (ni +2)/n, < 1/27+2,

using Lgk_)l < [1:Zy (n; + 2) in the numerator and Lfle > 1 in the denominator.

(k—1)

Therefore doo(aur 0‘91) < 1/2"*2 and we saw in the first part of the proof that

doo(ag), af,ijll)) =0 for 1 <i <k —2. This gives 6, > 6,_1 — 1/2"+2 as required.

To show that &~ (®(a)) is a simplex of dimension k — 2, let 7: R¥ — R*~! be projection
onto the first £ — 1 coordinates. Then

Vo = {m(a{”) : 1<i<k—1} = {(no + D)r(eD)/(ng + 2), 7(e®), 7(e®), ..., w(e® )},

and (ng +1)/(no +2) > 1/2. Now for each r > 1, the set V,. := {w(aii)) 1<i<k-—1}is
within de-Hausdorff distance 1/4 of V, and hence the same is true for the limit V.. The
k — 1 points of V,, therefore span a simplex of dimension k — 2, which is the m-image of a

simplex of dimension k — 2 contained in ®~!(®()).
O
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ExAMPLE 28. The conditions of Theorem 27a) are obviously satisfied when n = ®(«) =
g - - -1 18 periodic without any zero entries: by the theorem, such a sequence is the itinerary
of a unique periodic point of K. The corresponding minimax sequence Z(a) is the fixed point
of the substitution A,, o--- oA, _,, and therefore generates a substitution minimal set [15].

The simplest such example is when k = 3 and ®(a) = 1. The minimum of M () is then
given by

lim A7(3) =3123113122312311311312311312231223123113122312311311312311311312.... ,

r—00

the unique fixed point of Aj. In this example « is the unique fixed point of K; or, equivalently,
the (suitably normalized) strictly positive eigenvector of the matrix

02 1
Al)=|1 0 0
01 1

from the proof of Theorem 27a). Notice that the minimum of M(«) is not of Arnoux-Rauzy

type [4]: for example, it has six factors of length two, and the substitution A; is not Pisot.

REMARKS 29.
a) Theorems 11 and 12 of [8] improve substantially on Theorem 27 in the case k = 3 (only).

After translation to the notation used here, they read:
THEOREM (BRUIN AND TROUBETZKOY) Let k =3, and let € A and n = ().
— For each r > 0, let Lo, = min{s > 1 : ng,ys # 0}. If either

St "
- Nor + 1 (n2r71 + 1)L2r '

TL2T+1
H =0
n2r—1+1+f2r

T

or if either condition holds for the shift o(n) = ®(K(a)) of n, then « is regular.
— If there is some A > 1 such that n,i 1 > An, for all sufficiently large r, then o is
exceptional.
This result gives rise to a striking pair of examples: on the one hand, if ®(«), = 2" for all r
then av is exceptional by the second statement; while on the other hand, if ®(a), = 2" when
r is even and ®(a), = 3" when r is odd, then a is regular by the second condition in the

former statement.
b) The result of Theorem 27a) clearly extends to the case where finitely many of the n, are

zero. When n,. = 0 for arbitrarily large r the situation is more complicated, as the product
of 2k — 3 successive matrices need not be strictly positive. This can not always be remedied
by grouping the sequence of matrices more judiciously: in the case where n,;_1) = 0 for
all 7, no product A(ng,ngt1,...,nstt) is strictly positive. This case arises when considering
the itinerary of an element « of A which has some zero coordinates (Lemma 7), and can
be treated by induction on k.

c¢) The fact that the bound of (6.7) depends only on k — 2 of the 2k — 3 variables means that
it is sufficient for regularity to have control over the n, along an appropriate subsequence.
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d) The growth condition in Theorem 27b) — which, for example, is satisfied by n, = pLa—

could easily be improved by improving the bounds on Lﬁk_)l and Lgl in the penultimate
paragraph of the proof: the point here is simply to show that exceptional « exist. In fact,
numerical experiments suggest that, when k=3, ®~!(n) is a non-trivial interval when

n, = r3, so that even the k = 3 results of Bruin and Troubetzkoy are far from optimal.

We finish by showing — closely following the proof of Corollary 13 of [8] — that a generic

element n of NV is the itinerary of only one point. We use the following lemma.

LEMMA 30. For alln > 0, the map K, 1: A = A does not expand the Hilbert metric: that
is, 6(K;7 Y (), K;1(B)) < 6(e, B) for all o, B € A.

n

Proof. Let a,3 € A, and write
o =K N a)=C ((n+1)ag_1 +nay, ar, ag, ..., Qp_o, g1 + ),

where C' = C(a) is a constant, and similarly 3’ := K 1(3). To prove the lemma, we need to
show that whenever 1 <1 < j <k, there exist I and J between 1 and k with

A !
o B3; <o B

Bias = Bray

This can be established straightforwardly by cases, using the elementary fact that if a,b,c,d
are positive reals then (a + b)/(c + d) lies between a/c and b/d.

;B3 _ i1

z’-a; ﬁiflajfl.

Day,— i Dap_18:— _1Bi_
((n+ Dag—1 +nag)Bj—1 lies between (n+ Dag—18;-1 _ k1B
((n+1)Br—1+nBr)oj1 (n+1)Br—10j-1  Br—1045-1

and nokfi1 akﬂj—l.
NP1 Prog_q
— If i > 1 and j = k then the argument is identical, except that the factors n 4+ 1 and n are

— If i and j are both between 2 and k — 1 then

— Ifi =1and j < k then

omitted.

— Ifi=1andj = k then ((n+ vy + now) (Be—1 + i) lies between ((n+ ey + naw) By

((n 4 1)Br—1 + np)(ar—1 + ar) ((n 4+ 1)Br—1 + npbr) k-1
4 ((n+1)ag—1 + nag) B
((n+1)Br—1 +nBr)ou

the argument above.

, each of which is between two terms of the required type by

O

Let O c NN be the set of itineraries n which contain infinitely many disjoint subwords 12#—3,

and let Reg C N be the set of regular itineraries n, i.e. those for which ®~!(n) is a point.
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THEOREM 31. O C Reg, and O is a dense G5 subset of NN,

Proof. Let n € O. As shown in the proof of Theorem 27, the map Kl_(%_S): A= As
represented by the strictly positive matrix A(1)2k—3

the Hilbert metric by a factor A € (0,1). It follows, using Lemma 30, that if r; is the index of

, and hence by Birkhoff’s theorem contracts

the start of the i*" disjoint subword 1272 in n, then we have
- —(2k—3) A
Anrit@2k-3) = Tnri k-3 (D) = Lo (K1 ( )(A)>

has diameter bounded above by Ai=1D, where D is the Hilbert diameter of K; “*~*(A) c A.
Therefore ®~1(n) is a single point, so that n € Reg.

For each N > 0 let On C NN be the set of itineraries which contain a word 12*~3 starting
after the N*" symbol. Then Oy is open and dense in the Baire space NV, so that O = ﬂNzo On

is a dense G subset of NY as required. |
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