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Abstract

In this thesis we study the space of m-spin structures on hyperbolic Klein orb-
ifolds. A hyperbolic Klein orbifold is a hyperbolic 2-dimensional orbifold with a
maximal atlas whose transition maps are either holomorphic or anti holomorphic.
Hyperbolic Klein orbifolds can be described as pairs (P, 7), where P is a quotient
H/T of the hyperbolic plane H by a Fuchsian group I" and 7 an anti-holomorphic
involution on P. An m-spin structure on a hyperbolic Klein orbifold P is a complex
line bundle L such that the m-th tensor power of L is isomorphic to the cotangent
bundle of P and L is invariant under the involution 7. We only consider a certain
class of hyperbolic Klein orbifolds which we call nice Klein orbifolds, namely those
where no fixed points of the involution 7 are fixed by any elements of the Fuchsian
group I'. We describe topological invariants of m-spin structures on nice Klein
orbifolds and determine the conditions under which such m-spin structures exist.
We describe all connected components of the space of m-spin structures on nice
Klein orbifolds and prove that any connected component is homeomorphic to a

quotient of R¢ by a discrete group.
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Chapter 1

Introduction

The classical spin structures on compact Riemann surfaces play an important
role in algebraic geometry since Riemann [21]. Their modern interpretation
and classification as complex line bundles such that the tensor square is iso-
morphic to the cotangent bundle of the surface was given by Atiyah [2] and
Mumford [11]. Classification of classical spin structures on non-compact Rie-
mann surfaces and the corresponding moduli spaces were studied in [12] and
[14]. The moduli spaces of m-spin structures on Riemann surfaces play an
important role in mathematical physics [24], [22] and singularity theory [5].

An m-spin bundle on a Riemann surface is a complex line bundle such that
its m-th tensor power is isomorphic to the cotangent bundle of the surface.
A hyperbolic Riemann surface is a quotient P = H/I" of the hyperbolic plane
H by a torsion-free Fuchsian group I'. In the case where I' contains elliptic
elements we will refer to the quotient H/T" as a Riemann orbifold. The fixed
points of elliptic elements of I" correspond to special points on the orbifold
H/T', called the orbifold points or marking points. Paper [17] studied m-spin
structures on P = H/T" which are invariant under an anti-holomorphic invo-
lution, where I' does not contain elliptic elements. The aim of this project
is to study the case where the Fuchsian group I' contains elliptic elements,
hence extending the results of paper [17].

A normal isolated singularity of dimension n is Gorenstein if and only if there
is a nowhere vanishing n-form on a punctured neighbourhood of the singular
point. According to the work of Dolgachev [5] hyperbolic Gorenstein quasi-
homogeneous surface singularities of level m are in 1-1 correspondence with
m-spin structures on Riemann orbifolds.



To study m-spin structures, we assign to each m-spin structure on P an asso-
ciated m-Arf function, a certain function on the space of homotopy classes of
simple contours on the orbifold P with values in Z/mZ, described by simple
geometric properties. To do this we first establish a connection with lifts of
Fuchsian groups and use properties of Isom(H), the group of isometries of
the hyperbolic plane.

Definition 1.0.1 Let P be a Riemann orbifold. Let p € P. Let 7(P,p)
be the orbifold fundamental group of P (for details see section 5.3.2). We

denote by 7°(P,p) the set of all non-trivial elements of 7(P,p) that can be
represented by simple contours. An m-Arf function is a function

o:7(P,p) = Z/mZ
satisfying the following conditions

1. o(bab™') = o(a) for any elements a,b € 7°(P, p),
2. o(a™') = —o(a) for any element a € 7°(P,p) that is not of order 2,

3. o(ab) = o(a) + o(b) for any elements a and b which can be represented
by a pair of simple contours in P intersecting at exactly one point p
with intersection number (a, b) # 0,

4. a(ab) = o(a) + o(b) — 1 for any elements a,b € 7°(P,p) such that the
element ab is in (P, p) and the elements a and b can be represented
by a pair of simple contours in P intersecting at exactly one point p
with intersection number (a,b) = 0 and placed in a neighbourhood of
the point p as shown in Figure 5.3,

5. for any elliptic element ¢ of order ¢ we have ¢-o(c) +1=0 mod m.

Qur aim is to understand what restrictions arise if we assume that the m-Arf
function is invariant under an anti-holomorphic involution of P.

The first step was to classify Arf functions on orbifolds with holes and punc-
tures. Special cases of this classification problem have been considered pre-
viously, such as in the paper [15] which looked at classifying Arf functions
on surfaces with holes and punctures, but no orbifold points. Paper [16]
on the other hand looked at orbifolds with only orbifold points, no holes or
punctures. To combine the results of these two papers it was necessary to
return to the proofs. Section 5.5.3 outlines the main results.



A definition of a standard basis of w(P, p) can be found in section 5.3.2.

We define the Arf invariant § of o as follows:

1. If g > 1 and m is even then we set o = 0 if there is a standard basis
{a1,b1,...,a4,bg,c1,...,c,} of w(P,p) such that:

i(l —0o(a;))(1—0(b;)) =0 mod 2
i=1
and we set 0 = 1 otherwise.
2. If g > 1 and m is odd then we set o = 0.
3. If g = 0 then we set § = 0.

4. If g = 1 and there is a standard basis {a1, b1, ¢1, ..., ¢, } of m(P,p) with
ci,. .., ¢, holes, ¢, 41, ..., 41, punctures and ¢, 11,41, - - -, Cpp 41,11, €l

liptics then we set:
0 = ged(m,o(ar),0(b1),0(c1) +1,...,0(ct,41,) + L1 —1,... .o, — 1),
where p; is the order of ¢, 4, 4.
Definition 1.0.2 Let ¢ be an m-Arf function on P and let:
1. n be the number of holes ¢; with o(¢;) = j,
2. nf; be the number of punctures ¢; with o(c;) = j,
3. n§ be the number of elliptics ¢; with o(c;) = j.

Then the topological type of o is a tuple
t = (9757 ng7 s 7n£,1—1an1(!))7 e 7”21_172917 e aple)v

where ¢ is the genus of P, § the Arf invariant of o, Z;n:_ol n =1y, Z;”:_Ol nl =

l, and 2;”:_01 n§ =l. and pi,...,p, are the orders of elliptic elements.
Our first main result is the following theorem (Theorem 5.5.11), which gives
conditions under which an m-Arf function and hence an m-spin structure
exists on a surface with holes, punctures and elliptic points.

b}



Theorem 1.0.3 A tuple t = (g,6,n%,...,n" . nb.....nf | p1,....,p.) is

» 'o'm—1>
the topological type of a hyperbolic m-Arf function on a Riemann orbifold of
genus g with 1, holes, 1, punctures and l. orbifold points of orders pi,...,p,

iof and only if it has the following properties:
(a) If g > 1 and m is odd, then § = 0.
(b) If g > 1, m is even and n?+n§ %0 for some even j, then 6 = 0.
_ : . : h
(c) If g =1 then ¢ is a divisor of m, ged{j + 1|n} + n} # 0} and
ng(pl - 17 -5 Pl — 1)

(d) The following degree conditions are satisfied: (p;,m) =1 fori=1,...,1,
and

—_

!
) ~ 1
](n?"’_n?)_Zf:(2_29)—(lh+lp+le) mod m.

i=1

3

<.
Il
=)

The next step was to use these results and paper [17] to understand the in-
variants and the deformation space of such m-Arf functions invariant under
an involution. Sections 8.9, 8.10, 8.11 and 8.12 outline the main results.

A Klein surface is a topological surface with a maximal atlas whose tran-
sition maps are either holomorphic or anti-holomorphic. All Klein surfaces
are equivalent to pairs (P, 7), where P is a Riemann surface and 7 an anti-
holomorphic involution on P. A Klein orbifold is a pair (P, 7), where P is a
compact Riemann orbifold and 7 is an anti-holomorphic involution on P.

There are two kinds of contours which are invariant under the involution 7:

e An owal is a simple closed smooth contour consisting of fixed points of
T.

e A twist is a simple contour which is invariant under the involution 7
but does not contain any fixed points of 7.

We can decompose P into two surfaces P, and P, by removing some invariant
contours.

Definition 1.0.4 Let P7 be the fixed point set of 7. We say that a Klein
orbifold (P, 7) is separating if the set P\ P7 is not connected. Otherwise we
say it is mon-separating.



Figure 1.1: Separating Klein surface.

Figure 1.2: Non-Separating Klein surface.

The following figures illustrate the general method to construct Klein orb-
ifolds described in more detail in Chapter 7.

Definition 1.0.5 We say (P, 7) is a nice Klein orbifold if the fixed point set
P7 does not contain any orbifold points of P.

Definition 1.0.6 Let (P, 7) be a nice Klein orbifold. The topological type of
(P, 7) is the tuple
(97 27’, ka Py 7p7">7

where ¢ is the genus of the Riemann orbifold P, 2r the number of marking
points on P, p1, p1, p2, P2, - - ., Pr, Pr their orders, k is the number of connected
components of P7, e =0 if (P, 7) is non-separating and ¢ = 1 otherwise.

The involution 7 : P — P acts on all structures related to the Riemann
orbifold P, for example on m-spin structures. So the question is: given an m-
spin structure on P and an anti-holomorphic involution on P, what properties
does the Arf function have to have? All Klein surfaces can be constructed
from discrete subgroups of G =Aut(H) called real Fuchsian groups. A lift
of a real Fuchsian group into the m-fold cover G,, of G induces an m-Arf
function. We study the properties of these Arf functions. In section 7?7 we
show that for an Arf function o to be invariant under the involution 7 it
must satisfy:

o(tc) = —o(c) for any ¢ € w(P,p)

We show that for odd m, ¢ vanishes on all ovals, while for even m we have
o =0 or m/2 on all ovals and o vanishes on all twists.

7



Definition 1.0.7 Let (P, 7) be a non-separating nice Klein surface of type
(g9,2r,k,0,p1,...,pr). The topological type of a real m-Arf function o on P

1S:

(i) If m is odd, then the topological type is a tuple (g, k, p1, ..., p-), where
k is the number of ovals of (P, 7).

(ii) If m is even, then the topological type is a tuple (g, 9, ko, k1, p1,- - -, Pr),
where 0 is the m-Arf invariant of ¢ and k; is the number of ovals of

(P, 7) with value of o equal to m - j/2.

Theorem 1.0.8 The space of m-spin bundles on non-separating nice Klein
orbifolds with g > k+2, marking points of orders > 3 and even m decomposes
into the connected components

8(9767 kkalvplv cee apr)7

where t = (g, 9, ko, k1,,p1, - - -, Dr) satisfies the condition

T

1
%.kl_;_i:(l—g—r) mod m

and S(t) is the set of all real m-spin bundles such that the associated m-Arf

function is of type t. Each of the components S(g,0, ko, k1,p1,.-.,pr) 1S a
branched covering of the moduli space of Klein surfaces of topological type
(g,2r, ko + k1,0,p1, ..., pr) and is diffeomorphic to

39—3+2r
R /M0d9,57k0,k17pl7~-~7pr7
where Modg 5 k.o.k1.p1,...pr 45 @ discrete group of diffeomorphisms.

Theorem 1.0.9 The space of m-spin bundles on non-separating nice Klein
orbifolds with g > k+ 2, marking points of orders > 3 and odd m decomposes
into the connected components S(g,k,p1,...,p.), wheret = (g,k,p1,...,pr)
satisfies the condition

~ 1
—Z—:(l—g—r) mod m
i=1 Pi

and S(t) is the set of all real m-spin bundles such that the associated m-
Arf function is of type t. FEach of the components S(g,k,p1,...,p) 1S a

8



branched covering of the moduli spaces of Klein surfaces of topological type
(g9,2r,k,0,p1,...,p.) and is diffeomorphic to

39—3+2r
R /MOdgak7p17"'7p’r7

where Modg . p,,...p, 15 a discrete group of diffeomorphisms.

Definition 1.0.10 Let (P,7) be a separating nice Klein orbifold of type

(9,2r,k,1,p1,...,p). Let P, and P, be the connected components of P\ P".
If m is odd, then the topological type of a real m-Arf function o on P is a

tuple (g, 8, k. pi, ... ,Pr), where 4 is the m-Arf invariant of olp, and k is the
number of ovals of (P, 7).

Real m-Arf functions with even m on separating Klein orbifolds have addi-
tional topological invariants. We can define an equivalence relation on the
set of ovals of P called similarity (see section 8.5).

Definition 1.0.11 Let ¢ be an oval in P™. If m is even, then the topological
type of a real m-Arf function o on P for even m is a tuple

(97 57 k(()]a k?7 k(%?k}upla v 7pr)7

where & is the m-Arf invariant of olp,, k;’ is the number of ovals similar to
¢ with value of o equal to j - m/2 and kjl 18 the number of ovals not similar

to ¢ with value of o equal to j-m/2 on (P,T).

Theorem 1.0.12 The space of m-spin bundles on separating nice Klein orb-
ifolds with g > k + 1, orders of marking points > 3 and even m decomposes
into the connected components

5(9757 k87k(1]7k(1)7k%)p17 s 7pT)7

where 3
t= (9757 kgv k?a ké7 kipl? o 7p7’>

satisfies the conditions

(a) If g >k + 1 and kS + kb # 0 then 6 = 0,
(b) Ifg>k+1and m=0 mod 4 then 6 = 0,
(¢c) Ifg=Fk+1 and k§ + k #0 then 6 =1,

9



(d) Ifg=k+1 and K+ k =0 and m =0 mod 4 then § =1,
(¢) Ifg=Fk+1 and k§ + k} =0 and m =2 mod 4 then é € {1,2},

(f) The following degree condition is satisfied

r

1
%.kl_izl_i_l—g—r mod m,

and S(t) is the set of all real m-spin bundles such that the associated m-Arf

function is of type t. Each of the components S(g,0, k3, k9, k3, kX, p1, ... py)
is a branched covering of the moduli space of Klein surfaces of topological
type (g,2r, k) + kY + k + ki,1,p1,...,p.) and is diffeomorphic to

39—3+2r 5
R /MOdg767k87k?7ké7k%7p17"'7p'r7

where MOdg,S,kg,k?,ké,k% is a discrete group of diffeomorphisms.

yP1se-sPr

Theorem 1.0.13 The space of m-spin bundles on separating nice Klein orb-
ifolds with g > k+1, orders of marking points > 3 and odd m decomposes into

the connected components S(g, 8,k pr, ... ,Dr), where t = (g, 8, k. pis... ,Dr)
satisfies the conditions

(a) If g >k + 1 then § = 0,
(b) Ifg=Fk+1 thend =1,
(¢) =3y = (1 —g—7) modm,

and S(t) is the set of all real m-spin bundles such that the associated m-

Arf function is of type t. Fach of the components S(g,g,k,pl, cey D) 1S @
branched covering of the moduli space of Klein surfaces of topological type
(9,2r,k,1,p1,...,pr) and is diffeomorphic to

R3g—3+2fr/MOd B

9767k7p17"'7p7‘7

where Mod 1s a discrete group of diffeomorphisms.

g;S,k,pl seesPr

10



The thesis is organised as follows:

In Chapter 2 we study the isometries of H, in particular the orientation pre-
serving isometries. These isometries form a group G* = PSL(2,R). We then
describe a covering G of G™.

Chapter 3 is an introduction to spin structures with general facts on Rie-
mann surfaces from [6] and [7]. In Chapter 4 we study two detailed examples
of spin structures from [3].

In Chapter 5 we first establish a connection between m-spin structures on
Riemann orbifolds and lifts of Fuchsian groups into the m-fold cover of
PSL(2,R). We study lifts of Fuchsian groups in some detail. Next we intro-
duce the level function, which takes an element of PSL(2,R) and assigns a
number in Z/mZ. In this way we can define an Arf function o : 7°(P,p) —
Z/mZ. We discuss the definition of m-Arf functions and their topological

classification. The main result (Theorem 5.5.11) of this chapter gives condi-
tions for there to be an m-Arf function and hence an m-spin structure on an
orbifold with holes, punctures and orbifold points.

In Chapter 6 we discuss Gorenstein quasi-homogeneous surface singularities
and establish a correspondence to spin structures.

In Chapter 7 we review general facts on Klein surfaces, including topological
classification and their construction from real Fuchsian groups.

Chapter 8 contains the main results. We study higher spin bundles on nice

Klein orbifolds, extending the results of paper [17] to surfaces with orbifold
points.

11



Chapter 2

Basics

2.1 Isometries of H and Aut(H) = PSL(2, R)

The content of this section is taken from [16].

One model of the hyperbolic plane is the upper half plane model,
H={zeC:Im(z) >0},

equipped with the metric ds? = %.

An isometry of the hyperbolic plane is a transformation from H to itself
which preserves distance. Such transformations form a group, we denote
it by G. The group has two connected components, G consisting of all

orientation-preserving isometries of H and G~ consisting of all orientation-
reversing isometries of H.

Let j € G~ be the reflection in the imaginary axis, j(z) = —Z, let h € G~.
Their product g = j - h is an element of GT. This implies h = j=!. g =
j-g € j-GT. (Since j is of order 2, j2 =1). So we can write the set of ori-

entation reversing isometries as G~ = j-GT and G = GTUG™ = GTUj-GT.

The special linear group SL(2,R) is the group of all real 2 x 2 matrices with
determinant one:

SL(2,R) = {(Z Z) :a,b,c,dERandad—bc:l}

The group G* = PSL(2,R) = SL(2,R)/{+£I} is the group of orientation-
preserving isometries of H. We describe G by fractional linear transfor-

12



mations. That is, the action of an element (%) € PSL(2,R) on H is by

Z %Is. Elements of G* can be classified with respect to the fixed point

behaviour of their action on H. An element is called hyperbolic if it has 2
fixed points which lie on the boundary O0H = RU{oo}. A hyperbolic element
with fixed points a, £ in R is of the form

_ (/\)_{ 1 _()\a—ﬂ —(A—l)aﬁ)}

P (@ — BV A—1 a—\3 ’
where A > 0. The map A — 7,3()\) defines a homomorphism R, — G*
(with respect to the multiplicative structure on R, ).

One of the fixed points of a hyperbolic element is attracting, the other is
repelling. The axis I(g) of a hyperbolic element g is the geodesic between
the fixed points of g, oriented from the repelling fixed point to the attracting
fixed point. The element g preserves the geodesic [(g). We call a hyperbolic
element with attracting fixed point o and repelling fixed point 8 positive if
a < (. The shift parameter of a hyperbolic element ¢ is the minimal dis-
placement inf,cpd(z, g(z)).

An element is called parabolic if it has one fixed point, which is on the
boundary JH. A parabolic element with real fixed point « is of the form

wo-[('2 1)

The map A — 7,(A) defines a homomorphism R — G (with respect to the
additive structure on R). We call a parabolic element g with fixed point «
positive if g(x) > x for all x € R\{a}.

A non-identity element that is neither hyperbolic nor parabolic is called ellip-
tic. It has one fixed point in H. Given a base point x € H and a real number
o, let p.(¢) € GT denote the rotation through angle ¢ counter clockwise
about x. Any elliptic element is of the form p,(¢), where x is the fixed point.
Thus we obtain a 27-periodic homomorphism p, : R — G (with respect to
the additive structure on R). We call an elliptic element of the form p,(¢)
with ¢ € (0, 7) positive.

13



2.2 Coverings of the Group G = Isom(H)

The material of this section follows [17], but the exposition of the proofs is
more detailed.

We introduce the following description of the Lie group coverings of G =
Isom(H), compare with definition 2.1 in [17].

Proposition 2.2.1 The m-fold covering group of G = PSL(2,R) can be
described as

Gl ={(g,0) € GT x Hol(H,C*) : §™(2) = ¢'(z) V=z € H}
with multiplication (ga, d2) - (g1,01) = (92 - 91, (02 0 g1) - 01).
Proof Topologically GT is an open solid torus, m(GT) = Z, hence there
exists an m-fold covering of G which is unique up to a homeomorphism.
One can check that the space G is connected and that the map G — G*
given by (7,0) — 7 is an m-fold covering of G*. Hence G}, — G is the
topological m-fold covering of G*. Since G is a Lie group there is a unique

group structure G, Let us now check that the multiplication formula above
indeed describes a group structure on G\ .

Let (g91,01), (92,02) € X. We have (g2,82) - (91,01) = (92 - 91, (620 1) - &1)
which belongs to X if (g2 - ¢1) = ((d2 0 ¢1) - 61)™. Using that 67" = g and
05 = g5, we can write the left hand side as

(g2091) = g5(g1) - g1 = 05" (1) - 67" = ((d2 0 qn) - 61)™,

so X is closed under multiplication.

To see the operation is associative, let (g1, 1), (ga,02), (g3,93) € X. We have

((91,61) - (g2, 02)) - (93, 63)

(91 g2, ( 92) : 52) : (93, 53)
= ((91-92) - 93,[((01 © g2) - 62) © g3] © J3).
(91,61) - (g2, 02) - (93,03)) = (91,01) - (g2 - 93, (02 0 g3) - J3)

= (

g1-(92-93), (010 (92 93)) - (02 0 g3) - 03)).

14



Since g1, g2, g3 € Gt and G is a group, associativity is satisfied for the first
component in the brackets. For the second component we see

([((61 0 g2) - 62) 0 gs] - 03)(2) = ([(61(g2) - I2) © ga] - 63)(2)
= [01(g2(g3(2))) - d2(g3(2))] - 03(2)
= ((010(g2-93)) - (620 g3) - 03)(2).

For the identity element of G we want
(€,0¢) - (9,0) = (g.6) - (e,0c) = (g,9) for all (g,6) € X.
That is (g,0) = (e g,(0c0g)-0) = (g-e,(doe)-d.).

1. In the first component e-g = g-e = g for all ¢ € G = PSL(2,R).
This implies e is the identity of PSL(2,R). So e(z) = z.

Since (e,0.) € X we must have 67" = Le. Since e(z) = z we have
% = 1. Hence (d.(2))™ = 1 for all z € H. We have m choices for

e, that is 6.(2) = 1 ¥z, 6,(2) = exp (%) Vz, d.(2) = exp () Vz,
0(2) = exp (%) Vz etc.

m

2. (0¢0g)-0=(6oe)-6, =0 forall (9,0) € X. If 6.(2) = 1 Vz then
we have (6.0 ¢)(z) = 1 and (6. 0 g)(2) - d(2) = 1-6(2) = 6(2). If
0c(2) = exp (22) Vz with k = 1,...,m — 1, then (0. 0 g)(2) - §(2) =

m

exp (Z2) §(z) # 6(z).

Therefore the identity in G is (e, d.), where e : H — H is the identity map
and 0.(z) =1 for all z € H.

For (g,d) € X take the inverse to be (¢7%,071 o g7!). Then we have
(9.0)-(g7" 0 Tog™") = (grg™", (dog™")-(07"og ™)) = (e, d(g™")-0 " (g7") = (e, 1),
and similarly (¢71, 67 o g™1) - (g,9) = (e, 1). O

The Lie group covering of the full isometry group G = Isom(H) = Gt UG~
can be described as follows:
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Definition 2.2.2 Let 7 : G, — G be the Lie group m-fold covering of GG
given by G, = G UG, with:

61 ={(9.0) € 6 x Holn. )" = .

— d
G, = {(9,6) € G~ x Hol(H, C*)|o™ = ﬁg} ,
and the product of elements in G, given by

<92091,<(520g1) 51) lf (92,52) - G+
d9) - 01) = . m
(92,02) - (g1,01) { (2001, (020g1) - 01) if (g2,02) € G

The identity element of G, is eq,, = (eq, 1), where eq is the identity in G
and 1 is the constant function §(z) = 1.

Let J € G, be one of the m pre-images of the reflection in the imaginary
axis j, then Gt = J -G, .

Proposition 2.2.3 For a pre-image J € G,, of j we have J*> = eq,, .

Proof The element J must be of the form J = (j,6) with 6™ = Lj = —1,i.e

§ : H — C* is a constant function with ™ = —1. Hence J? = (4,4) - (j,9) =
(joj,(604)-0) = (eq, |6|*) = (eq,1) = eg,,. Note here we use that §-0 = |4|2.
U

Elements of G can be classified with respect to the fixed point behaviour
of the action on H of their image in G*. We say that an element of G} is
hyperbolic, parabolic, elliptic if its image in G has this property.

The homomorphisms
Ta752R+—>G+, e :R—=GY, p,:R—=GT

define one-parameter subgroups in the group G*. Each of these homomor-
phisms lifts to a unique homomorphism in the m-fold cover:

Top: Ry =G, P,:R—-G!H R,:R—G.

The elements T, 3(A), Pa(A) and R, (§) are called hyperbolic, parabolic and
elliptic respectively.
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Proposition 2.2.4 We have j7o5(N)j ' = 7_a_s(N), j7a(N)i 7 = m_o(=N),
§pe()i~" = p-z(=t). In particular jToec(N)j™" = Toeo(N), jmo(A)j~! =
mo(=A), jpi(t)j =" = pi(—t).

Proof The statement can be easily shown geometrically by looking at the
fixed points of the isometries of the form jgj~!. Alternatively, we can use

explicit formulas for different types of isometries. For the first identity, take
a point z € H. For the left hand side we have

(Tap (NG )(2) = j7as(V)(=2)
_((a—B)(=2) — (A—1)aB
-/ ( A= 1)(—2) +a—3 )

_ ((Aa —B)(=2) — (A — 1)@6)
A=1D(=2)+a—-)\3 '

Since o, B, A € R we have @ = 0, f = 3 and A\ = ), so we have
(Aa = B)(=2) — (A —1)aj
A=1)(—=2)+a—-A3
A —B)z+ (A —1)ap

A=Dz—a+ A3

(170, (M) )(2) = =

For the right hand side we have

A=) = (=h))z = (A = D)(=a)(=F)

B Y I PYe)
S (ha— Bzt (A—1as
A=1z—a+A3
Similarly for 7, (A\) and p,(t). O

2.3 Centres

The material on the centre of a group is basic algebra. The details of the
examples are own calculations.

Let (G, *) be a group. The centre Z(G) is defined by
Z(G)={heGlhxg=gxhVg e G}

and is a commutative subgroup of G.
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1. G = SL(2,R). For the centre Z(G) we need ( CCL Z ) € SL(2,R) such

that

a b e f\ (e f a b e f
(L) ()=o) (Ea) v(50)e=e
That is we need a, b, c,d € R such that

(ae—l—bg af+bh)_ ( ea + fc eb—l—fd)

ce+dg cf+dh ] \ ga+hc gb+ hd

We have ae+bg = ea+ fc, af +bh = eb+ fd, ce4+dg = ga+hc and cf +
dh = gb + hd. The first equation implies bg = fc, which must hold for
all f,g € R implying ¢ = b = 0. Putting b = 0 in the second equation

we get that a = d. So elements of the centre are of the form ( 8 2 )

10 -1 0
e 2 —
and we require a* = 1. Thus Z(G) = {( 01 ),( 0 —1 >}

Clearly these two matrices commute with any other matrix.

2. G = PSL(2,R), Z(G) = {K - )1 }

3. Consider the m-fold covering G, of G*. For (g,0) € Z(G}) we need
(97 6) ’ (91,51) = (91761> ’ (975) for any <91751) S Gr—;
That is we need (g - g1, (00 g1) - 01) = (g1 - g, (01 0g) - 9).

So we need g € PSL(2,R) to commute with every g, € PSL(2,R).
That is, we require g such that g-g; = gy - g for any ¢g; € PSL(2,R).
The centre of PSL(2,R) consists of the identity, therefore ¢ is the iden-
tity map g(z) = z.

Now ¢(z) = z and ¢'(z) = 1 and we require ¢'(z) = §™(z) Vz € H since
(9,0) € Gi-. So 0™(z) = 1 and we have m possibilities: 0(z) = 1Vz,
0(z) = exp(3E) Vz, 6(z) = exp(ZL - 2) Vz etc.

m
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We need (dog;)-d1 = (d109)-d. If 6(2) = 1 Vz then (dogy)-0; = &; and
((0109)-0)(2) = (01(9(2)))-0(2) = (01(2))-1 = 01(2). So (e, 1) € Z(Gm).

If §(z) = exp(2)F Vz then 6(g1(2)) - 01(2) = exp(2Z)* - §1(2) and

m

01(9(2)) - 6(2) = 01(2) - exp(2=)%. So (e, exp(2E)F) € Z(Gn).

m

Hence Z(G') = {(e, 1), (e, exp(Z)), (e, exp(2)), - - - (e, exp (%))}.
We have |Z(G,,)| = m. Note that Z(G,,) = 7 !(e), the preimage of
the identity e € G™.

Let U = (e,exp(%2)). We proved that U is a generator of Z(G,,).

m

Recall that the homomorphism p, : R — G* of elliptic elements with
the fixed point # € H lifts to a homomorphism R, : R — G}. For
x =i it is easy to check that R;(27) = (e,,exp(Z)) = U and R;(2wl) =

(R;(2m))! = U' € Z(G}) = 7 '(eq). Note that for any x € H we have
(R, (27l)) = p,(27l) = eq, hence R,(27l) € 77 (eq) = Z(G ).

Note that the element R,(27l) depends continuously on x, but the centre of
G, is discrete, so the element R, (27l) must remain constant. Thus R, (27l)
does not depend on x. We obtain thatR,(27l) = U’ and

Z(Gp) ={R27))|l =0,...,m — 1}
for any x € H.
Lifting the identities in Proposition 2.2.4 into G,, we have, following [17]:
Proposition 2.3.1
s NI = T TN = T (V)
JP,(N)J = TP, (\)J = P_o(—)),

JR.(t)J ' = J 'R, (t)J = R_z(—t).

In particular
JTo00 M) = T Ty 00N J = Tooo(N),
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JPy(A)J ™ = T LRy(A\)J = Py(=A),
JR(1)J " = J'Ri(t)J = Ri(—t),
JUJ =g \UI=U"

20



Chapter 3

Introduction to Spin Bundles

The discussion of Riemann surfaces and vector bundles on them in this chap-
ter is mostly based on [6] and [8].

3.1 Riemann Surfaces

Definition 3.1.1 A Riemann surface is a connected complex analytic man-
ifold of complex dimension one, that is, a connected manifold M of real di-
mension two with a maximal set of charts {U,, 2o }aca on M (that is, {U, }aca
constitutes an open cover of M and

2o Uy — C

is a homeomorphism onto an open subset of the complex plane C) such that
the transition functions

fop = za 0 z/gl 1 28(Ua NUg) = 24 (Uy N Up)

are holomorphic whenever U, N Uz # 0.

Definition 3.1.2 A continuous mapping f : M — N between Riemann
surfaces M, N is called holomorphic if for every local coordinate {U, z} on M

and every local coordinate {V,(} on N with U N f~1(V) # 0, the mapping
CofozTl:2(UN fYV)) — ¢(V) is holomorphic (as a mapping from C to
C).

Definition 3.1.3 A holomorphic function on a Riemann surface M is a
holomorphic mapping from M to C.
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Definition 3.1.4 A meromorphic function on a Riemann surface M is a
holomorphic mapping from M to the Riemann sphere C U {co}.

Theorem 3.1.5 (Uniformization Theorem) Let M be a simply connected
Riemann surface. Then M is conformally equivalent to one and only one of
the following:

1. The Riemann sphere CU {oo},

2. The complex plane C,
3. The hyperbolic plane HH = {z € C: Im(z) > 0}.

The surface is then called elliptic, parabolic or hyperbolic respectively.
We are interested in the hyperbolic case.
Definition 3.1.6 A Fuchsian group is a discrete subgroup of PSL(2, R).

Using the uniformization theorem we can write a hyperbolic Riemann surface
as a quotient of the hyperbolic plane by a Fuchsian group.

Topologically, each compact connected surface is a sphere with ¢ handles.
We call g the genus of the surface. If the genus of the surface M is known
we can calculate the Euler characteristic, y(M) = 2 — 2g. For example the
Euler characteristic of a sphere (genus 0) is 2, the Euler characteristic of a
torus (genus 1) is 0 and for surfaces of genus greater than or equal to 2 the
Euler characteristic is negative.

Given a triangulation of a surface M we can calculate x (M) according to the
following formula:

X (M) = #verticies — #edges + #triangles.

3.1.1 Construction by Gluing

We can construct hyperbolic Riemann surfaces by considering a fundamental
domain for a Fuchsian group and gluing together the edges according to the
group action. We consider an example from [3].

Example 3.1.7 The surface My is constructed as follows. Take a polygon in
the hyperbolic plane consisting of 24 isometric reqular triangles whose angles
are g, see Figure 3.1. The boundary identifications are given by 1—16, 3—18,
5—20,7—-22,9-24,11—-2,13—4, 15—6, 17—8, 19—10, 21 — 12, 23— 14.
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Figure 3.1: Fundamental domain in the hyperbolic plane for surface M.
Identifying given edges in our example My (see Figure 3.1) we have 24 tri-
angles, 36 edges and 6 vertices A, B,C, D, E,Z. We have

X(M)=6-36+24=—-6=2—2g,
giving g = 4.

3.2 Bundles

Definition 3.2.1 An n-dimensional vector bundle over a field F is a map

p : E — B together with an F-vector space structure on p~'(b), for each
b € B, such that the following local triviality condition is satisfied: There is
a cover of B by open sets U, for each of which there exists a homeomorphism:

he : p H(Uy) — Uy x T,

taking p~1(b) to {b} x F" by a vector space isomorphism for each b € U,.
Such a homeomorphism h,, is called a local trivialization of the vector bundle.

Here B is called the base space, E the total space and the vector spaces
p~1(b) are called the fibres.
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We refer to n as the rank of the bundle F over F.

For example taking F = C we get a complex bundle, or taking F = R we get
a real bundle.

Definition 3.2.2 A line bundle is a vector bundle of rank one.

Example 3.2.3 The trivial bundle E = B x FN with p : E — B the projec-
tion onto the first factor, p : (b,v) — b.

We are interested in complex line bundles on Riemann surfaces.

Definition 3.2.4 An isomorphism between vector bundles p; : £; — B and
p2 : Es — B over the base space B is a homeomorphism A : £y — Fs taking

each fibre p;'(b) to the corresponding fibre p,*(b) by a linear isomorphism.

3.2.1 Gluing Maps/ Cocycles

We will describe a method for constructing vector bundles. Given a vector
bundle p : E — B and an open cover {U,} of B with local trivializations

he @ p~Y(U,) — U, x F, we can reconstruct E as the quotient space of the
disjoint union I1,(U, x F™) obtained by identifying (z,v) € U, x F" with
hgh ' (z,v) € Ug x F" whenever z € U, N Ug. The functions hgh,' can be
viewed as maps ggo : UoNUs — GL,(F). These satisfy the cocycle condition
G+8980 = gya 00 Uy NUz N U,. Any collection of ‘gluing functions’ gg, (also
called a cocycle (gs,)) satisfying this condition can be used to construct a
vector bundle.

3.2.2 Cotangent Bundle

Let X be a Riemann surface and {U;} an open covering, z; : U; — C. On

U; N U; the function g;; = Z—Z is holomorphic and does not vanish. The

functions satisfy the cocycle relation:

dz, dz; dz;

9ikGki = d_zjdzk = d_,;, = Gji-

The line bundle associated with the cocycle (g;;) is the cotangent bundle.

Remark For higher dimensional complex varieties, the canonical bundle
is the n-th tensor power of the cotangent bundle, where n is the complex
dimension of the variety. For Riemann surfaces n = dim¢ = 1, hence the
cotangent bundle is equivalent to the canonical bundle.
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3.2.3 Operations with Bundles: Tensor Product

Suppose we have two line bundles E = (U;, g;;) and F = (U, fi;), over the
same base, where (U;) is an open cover and g;;, fi; are gluing functions. Then
we can define the tensor product in the following way:

E®F = (Ui, i fij)

3.2.4 Divisors

Definition 3.2.5 A divisor U on M is a mapping
a: M —Z

which takes on non zero values for only finitely many points on M.

We can write the divisor U as:

u=1[r",
j=1
with P; € M, o; € Z.

fU = H;”Zl Pfj and B = H;nzl Pjﬁj, then we have:
us = r~"

J=1

and
-1 —ay
u'=T[r.
7=1

To any meromorphic function f on a compact Riemann surface M we can
associate a divisor, denoted by (f). To each zero we associate the order of
the zero and to each pole we associate minus the order of the pole, to all
other points we associate zero.

Definition 3.2.6 The degree of the divisor U = [/, P;” is the sum Y 7" | a;.

Definition 3.2.7 A divisor that is the divisor of a meromorphic function is
called principal. The degree of a principal divisor is 0 (since a meromorphic
function has as many poles as zeros).

Definition 3.2.8 Two divisors that differ by a principal divisor are called
linearly equivalent. That is, two divisors Dy, Dy are linearly equivalent if
Dy — Dy = (f) for some meromorphic function f.
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3.2.5 Connection between Line Bundles and Divisors

Let D be a divisor on a Riemann surface X. There exists an open covering
{U;} of X and meromorphic functions 1; on U; with (¢;) = D on U;. On
U;NU; we can take
Gij = ﬂ
V;
The function g;; : U; NU; — C is holomorphic since v; and 1); have the same
zeros and poles with the same orders on U; N U;. The family (g;;) forms a
cocycle. The cocycle condition is satisfied:

g e
B A

The line bundle determined by the cocycle (g;;) is denoted by (D).

Remark If we have a bundle E corresponding to the divisor D, then the
mth tensor power of E corresponds to the divisor mD.

Definition 3.2.9 The canonical divisor is the divisor of the cotangent bun-
dle. Any divisor linearly equivalent to the divisor of the cotangent bundle is
also called canonical.

3.2.6 Spin Bundles

Definition 3.2.10 A spin bundle on a Riemann surface is a complex line
bundle E such that the tensor square of E is isomorphic to the cotangent
bundle of the surface. Equivalently we can require that twice the divisor of
E corresponds to the canonical divisor.

Definition 3.2.11 Let m be an integer, m > 2. An m-spin structure on a
Riemann surface is a complex line bundle £ such that the m-th tensor power
of E is isomorphic to the cotangent bundle of the surface. Equivalently m
times the divisor of F corresponds to the canonical divisor.
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Chapter 4

Examples of Spin Bundles

This chapter looks at two examples of spin structures. The general facts on
Riemann surfaces are from [6]. Here we study examples from [3] in more
detail.

4.1 Weierstrass Gap Theorem and Hyperel-
liptic Surfaces

Theorem 4.1.1 (The Weierstrass “gap” Theorem [6]) Let M be a Rie-
mann surface of positive genus g, and let p € M be arbitrary. There are
precisely g integers

I=n<ng<---<nyg <2

such that there does not exist a meromorphic function f on M holomorphic
on M\{p} with a pole of order n; at p.

Remark The numbers n; are called the gaps at p. Their complement in the
positive integers are called the non-gaps.

To proceed we note that if m; and moy are non-gaps this means that we can
have a function f;, ¢ = 1,2, with a pole of order m; at the point p; hence
my + my is also a non-gap as f; - fo has a pole of order m; + my at p. So the
non-gaps form an additive semi-group.

Definition 4.1.2 (Semi-Group) A semi-group is a set S and a binary op-
eration * satisfying:
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1. Closure: Va,b € S,axbe S

2. Associativity: Va,b,c € S, (a*b)xc=ax* (bxc)

There are precisely g non-gaps in {2, ...2¢} with 2¢g always a non-gap. These
are the first g non-gaps in the semi-group of non-gaps.

Definition 4.1.3 The weight w of a point p on a Riemann surface is defined
by w = > (pi — 1), where 1 = p; < py < p3 < ... < p, < 2g is the gap
sequence of p. The weight of a point is always non-negative, the Weierstrass
points are defined as exactly those points with positive weights.

Theorem 4.1.4 On a Riemann surface of genus g the total weight is

> w(p) =(g9-Dglg+1).

peEM

Theorem 4.1.5 If a non trivial automorphism of a Riemann surface of
genus > 2 has at least 5 fixed points, then all fixed points are Weierstrass
points. [6]

Definition 4.1.6 A Riemann surface M is called hyperelliptic provided there
exists a non-constant meromorphic function on M with precisely 2 poles.

Proposition 4.1.7 A hyperelliptic Riemann surface has precisely 2g + 2
Weierstrass points. (See [6] page 94).

Proposition 4.1.8 For a point p on a Riemann surface M, v € N, ho(vp) =

dim¢(M; O(vp)) corresponds to the number of linearly independent holomor-
phic sections in the bundle corresponding to the divisor vp. We can calculate
ho using the formula: ho(vp) = v+ 1 — #{gaps< v in the Weierstrass gap

sequence of p}. (See [8]).

Remark If a line bundle L satisfies deg(L) = 2g — 2 and ho(L) = ¢ then L
is canonical.

4.2 Non-Hyperelliptic Example of (Genus 4

We will study m-spin bundles on the surface M, we constructed in Example

3.1.7.
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4.2.1 Weierstrass points on M,

The rotation around Z by %” is an automorphism with A, B, C, D, E and Z
as fixed points; hence Theorem 4.1.5 implies that they are Weierstrass points.

A reflection at the centre of an edge is an automorphism with 6 fixed points;
hence all 36 edge centre points are Weierstrass points.

According to Proposition 4.1.7 on a hyperelliptic surface of genus g = 4 there
are 2g+2 = 10 Weierstrass points. Since we have already identified 6 vertices
and 36 centres of the edges to be Weierstrass points on My, our surface My
can not be hyperelliptic.

M, has genus 4 so the total weight is (4—1)4(4+1) = 3-4-5 = 60, according
to Theorem 4.1.4. Hence there are at most 60 Weierstrass points on M.

Definition 4.2.1 A group action G x X — X is transitive if it possesses
only a single orbit. That is, Vx,y € X 3¢ € GG such that gz = y.

The isometry group acts transitively on the set of triangles, so if we have any
Weierstrass points in the interior of a triangle then there would be Weierstrass
points in the interior of every triangle giving 24 more Weierstrass points. But
then we would have 42 4 24 = 66 Weierstrass points which can not happen
since it would exceed the total weight of 60. Similarly we have no other
Weierstrass points on the edges. So we have 6 vertices and 36 centre points
of the edges with total weight 60. All vertices have the same weight, say =z,
all centres of the edges have the same weight, say y. Hence:

6z + 36y = 60.

Note that x and y are positive integers. Hence the vertices must have weight
4 and the edge centre points weight 1.

4.2.2 Gap Sequence of the point 7

We now look at the gap sequence of the vertex Z. Our surface has genus 4
thus the gap sequence is as follows:

1l=n1<ng<ng<nyg <2g=_8.

We know Z is a vertex and so has weight 4, hence using Definition 4.1.3 we

have:
g

Z(ni —i) =4
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If 2 was a non-gap, then 4, 6 would be non-gaps, then the gap sequence could
only be 1 < 3 <5 < 7. For this gap sequence the weight is (1 — 1) + (3 —
2)+(5—3) 4 (7 —4) = 6, but we know that the weight of Z is 4. Thus 2
must be a gap. Hence we have ny =2 and 3 < ng <ng < 7.

Since n; = 1 and ny = 2, the first two terms of the weight evaluate to zero
and we have:
(n3—3)—|—(n4—4):4:>n3+n4:11.

If ng = 3 then we have ny = 8, which is not possible since we require ny < 7.
Similarly, if ng = 6 we have ny, = 5 which can not be the case since we need
ng < nyg. We are left with two possibilities:

ng=4=n4=171,
ny=95=ny =06.
So the gap sequence for Z is either:
1<2<4<Torl<2<5<6.

If1 <2 <5 < 6isour gap sequence, then 3, 4 and 7 are non-gaps. Since 3 is
a non-gap we have that 6 is also a non-gap, however 6 is in the gap sequence.
Contradiction. We are left with 1 < 2 < 4 < 7 as our gap sequence. Note
here the non-gaps 3, 5 and 6 are contained in an additive semi-group.

4.2.3 Higher Spin Bundles on M,

The number of holomorphic sections in the bundle corresponding to the di-
visor 67 is ho(67) = 6 + 1 — #{gaps < 6 in the Weierstrass gap sequence of
Z} =4 = g. Hence 67 is canonical. Therefore 37 defines a 2-spin structure,
27 defines a 3-spin structure and Z defines a 6-spin structure.

Remark Bér -Schmutz use this example in [3] to construct examples of non-
hyperelliptic Riemann surfaces with largest possible dimension of the space
of positive harmonic spinors.

4.3 Non-Hyperelliptic Example of Genus 6

4.3.1 Construction of M

We construct the surface Mg as follows. The fundamental domain in the
hyperbolic plane consists of 50 isometric regular triangles whose angles are
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Figure 4.1: Fundamental domain in the hyperbolic plane for surface Mjg.

%, see Figure 4.1. The boundary does not consist of the edges of theses trian-

gles but of the geodesics dividing the triangles into smaller triangles. They
go from one vertex to the centre point of the opposite edge. The boundary
identifications are as follows: 2 — 17, 5 —20, 8 — 23, 11 — 26, 14 — 29, 1 — 24,
4—-27,7-30,10—-3,13—-6,16—-9, 19 — 12, 22 — 15, 25 — 18, 28 — 21. As
in the previous section we calculate y(Mg) = 15 — 75+ 50 = —10 = 2 — 2g,
giving g = 6. So Mj is a surface of genus 6.

4.3.2 Weierstrass points on M

Some isometries of Mg are the rotation around a vertex with angle %, a re-
flection at the centre point of an edge, the rotation around the centre point

of a triangle with angle 2?”

The isometry group acts transitively on the set of vertices, on the set of tri-
angles and on the set of centre points of edges.

Using Theorem 4.1.4 we calculate the total weight to be 210. Hence there
are at most 210 Weierstrass points.
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The reflection at Z has 6 fixed points (Z and the 5 centre points of edges

from C' to D). Hence by Theorem 4.1.5, all these 6 fixed points are Weier-
strass points.

If there are further Weierstrass points they either lie in the interior of a
triangle (50) or appear twice on each edge (75 x 2 = 150) so their number
must be divisible by 50. The total weight is 210, which is divisible by 3.
Since 50 is not divisible by 3 the total weight of further Weierstrass points
would have to be at least 150. But then the total weight would be too large.
Hence the vertices and the centre points of edges are the only Weierstrass
points. As in the previous example, all vertices have the same weight, say =z,
and all centre points of edges have the same weight, say y, so we have:

152 + 75y = 210,

so either the vertices have weight 9 and the centre points of edges weight 1,
or the vertices have weight 4 and the centre points weight 2.

4.3.3 Gap sequence of the point 7

We consider the gap sequence of Z:
l=n1<nyo<ng<ng<ng<ng<2g9=12,
2<ny < ng<ng<ng<ng<1l.

We need the following version of the Rieman-Hurwitz formula:

Theorem 4.3.1 (Riemann-Hurwitz Formula) Let M be a Riemann sur-
face of genus g > 2, 0 : M — M an isometry with prime order ord o. Let ~y
be the genus of the quotient M /{c). Then the number of fized points of o is
equal to

2+29—27-01“da.

ordo — 1

On Mg the rotation p around Z with angle 2?” has order 5 and 5 fixed points
(A, B, C, D, Z). Using Theorem 4.3.1 we can calculate 7, the genus of the
quotient Mg/ (p):

2.6-2-7-5

5=2
- 5—1 ’
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giving v = 0. So Mg/(p) = CP".

By definition of the gap sequence (see Theorem 4.1.1) we have that 5 is a gap
at Z if there is no meromorphic function f on Mg such that f is holomorphic
on Mg — {Z} and has a pole of order 5 at Z. So 5 is a non-gap at Z if there

is a function f meromorphic on Mg such that f is holomorphic on Mg — {7}
and has a pole of order 5 at Z.

The canonical projection map f : Mg — Mg/{(p) = CP' is a meromorphic
function on Mg, f is holomorphic on Mg — fix(p*) = Mg — {Z}.

Since p is the rotation through 2, ord(p) = 5, we have:

f: Mg — Mg/ {p)

2 20

So f has a pole of order 5 at Z; f is a ramified covering of Mg over CP! of
order 5 with Z as a branch point. So 5 is a non-gap of Z.

Since 5 is a non-gap, 10 is also a non-gap since the non-gaps form an ad-
ditive semi-group. So we have 2 < ny < nzg < ngy < ns < ng < 11 as our
gap sequence, with n; € {2,3,4,6,7,8,9,11}. If 2 were a non-gap then 4,
6 and 8 would be non-gaps, as well as 44+ 5 =9, 5+ 6 = 11, leaving only

3 and 7 as possible values for no,...,ng. If 3 were a non-gap then 6 and 9
would also be non-gaps, as well as 3+ 5 =8, 3+ 6 = 11 leaving only 2, 4
and 7 as possible values for ng,...,ng. So 2 and 3 must be gaps, otherwise

we’d have too many non-gaps. So we have 1 < 2 < 3 < ny < n5 < ng with
n; € {4,6,7,8,9,11}.

We know since Z is a vertex it has either weight 9 or weight 4. Using
Definition 4.1.3 we have that the weight is equal to

D (i —i) = (n1 — 1) + (n2 = 2) + (ng — 3) + (na — 4) + (n5 — 5) + (ng — 6)

i=1

= (ng —4) 4+ (n5 — 5) + (ng — 6) = ng + ns + ng — 15.

1. To get weight 4 we need ny + ns + ng = 19.

Suppose ny = 4 = ns + ng = 15. Then if ny = 6 = ng = 9. If
ng =7=ng =38. If ny =8 = ng =7, which can not be the case since
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we require ns < ng. So we get two possibilities for the gap sequence:
1<2<3<4<6<9,

1<2<3<4<T7<8.

Now if ngy = 6 = n5 +ng = 13. If ny = 7 = ng = 6, which can not
be the case. Similarly for ny = 9,11. (Note that in this case 4 is a
non-gap so we have that 8 is also a non-gap).

If ny =7 = ns+ng = 12. Then if ny = 9 = ng = 3, which can not
happen. Similarly for ns = 11. (Note that here 4, 6 and 8 are non-gaps,
leaving only 9 and 11 as choices for gaps).

ny = 8 is impossible since 4 and therefore 8 would be a non-gap in this
case.

ny = 9 is impossible since we would have too many non-gaps.

. To get weight 9 we need ny + ns + ng = 24. Similar considerations to
the above show that the only possibilities for the gap sequence to have
weight 9 are:

1<2<3<4<9<11,

1<2<3<6<7<1l.

So we have four possibilities for the gap sequence of Z.

Let o be the reflection at Z. The order of ¢ is 2 and the reflection at Z has
6 fixed points. So by Theorem 4.3.1 we calculate the genus of the quotient
Mg/{(o) to be v = 2.

Let Z' be the image of Z under the projection Mg — Mg/{c) = M’'. The
gap sequence of Z" in M'is 1 =ny; < ny < 2y = 4. So we have two options
for the gap sequence: 1 < 3 if Z’" is a Weierstrass point and 1 < 2 if not. In

every case 4 is a non-gap. This means there is a meromorphic function f on
M’ with a pole Z' of order 4, holomorphic on M' — {Z'}.

Since o is a reflection in Z (order 2), the projection g : Mg — M’ has a pole

of order 2 at Z. Hence the composition f o g : Mg —— M’ JycPlis a
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meromorphic function on Mg with a pole of order 2 -4 = 8 at Z. Hence 8
is anon-gap of Z in Mg rulingout 1 < 2 < 3 < 4 < 7 < 8 as the gap sequence.

The gap sequence of Z’ is either 1 < 2 or 1 < 3, hence either 2 or 3 is a
non-gap of Z’, so there is a meromorphic function f : M’ — CP! on M’
with a pole Z" of order either 2 or 3 and holomorphic on M' — {Z’}. The
composition fog: Mg — M’ — CP! is a meromorphic function on Mg with
Z a pole of order either 2-2 =4 or 2-3 = 6, hence at least of 4 and 6 is a
non-gap for Z. Thisrulesout 1 <2 <3<4<6<9.

Thus the gap sequence of Z must be either 1 < 2 <3 <6 <7 < 11 or
1<2<3<4<9<1l.

4.3.4 Higher Spin Bundles on M

Now the argument is as in section 4.2.3. According to Proposition 4.1.8 the
number of linearly independent holomorphic sections in the bundle corre-
sponding to the divisor 107 is 10 + 1 — #{gaps < 10} = 6 = ¢g. Hence 10Z
is canonical. Therefore 57 defines a 2-spin structure and 27 defines a 5-spin
structure.
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Chapter 5

Higher Spin Bundles

Higher spin bundles were studied by Natanzon and Pratoussevitch. In this
chapter we describe their results from [15], [16] and [17]. The following re-
sults are new: Lemma 5.2.5 and Proposition 5.2.6 extend Propositions 2.5
and 2.6 in [17] to include the case of elliptic elements. Lemma 5.3.21 is new.

Section 5.5.3 combines the ideas from [15] and [16] to understand the case
where we have holes, punctures and marked points.

We assign to each m-spin bundle on a Riemann orbifold an associated m-Arf
function, a certain function on the space of homotopy classes of simple con-
tours on the orbifold P with values in Z/mZ, described by simple geometric
properties. To do this we first establish a connection between m-spin bundles
on Riemann orbifolds and lifts of Fuchsian groups into the m-fold cover of
PSL(2, R).

5.1 Higher Spin Bundles on Riemann Sur-
faces and Lifts of Fuchsian Groups

In this section we follow [16].

Recall that G = Isom™ (H) = PSL(2,R) and a Fuchsian group is a discrete
subgroup of Gt =PSL(2,R). Recall that G,! is the m-fold covering Lie group
of GT.

Definition 5.1.1 Let I' be a Fuchsian group. A lift of the Fuchsian group
[ into G}, is a subgroup I'* of G}/ such that the restriction of the covering
map 7 : G — G to I'* is an isomorphism '™ — T.
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+ so when we lift T into G}
we have m choices for each element. To lift the group I' we need to lift the
elements in such a way that the lifted elements form a subgroup of G;f,. That

Each element g € T' has m pre-images in G

is, for each g € T choose ¢g* € 77!(g) in G}, such that
L. g7 -95 = (91 g2)" for any g1, go in T,
2' e*G = eGm?

3. (g71)* = (¢g*)! for any g € T.

If we choose ¢* in this way, the map «|p« : [ — I' is bijective because of the
way in which we choose one pre-image for each element of I'. The covering
map 7 preserves mulitplication, 7(g; - g5) = 7(g7) - 7(93) = g1 - go-

It is actually sufficient to choose g* for all elements of a set of generators in
such a way that the relations of I' are satisfied in I'*.

The following result was proved in [16]:

Theorem 5.1.2 There is a 1-1-correspondence between m-spin bundles on
Riemann orbifolds and lifts of Fuchsian groups into the m-fold cover of

Aut  (H).

5.2 Level Function

5.2.1 Definition of a level function

The material in this section is from section 3 in [16].

Let A be the set of all elliptic elements of order 2 in G*. Let = be the
complement in GT of the set A. The subset Z is simply connected. The
pre-image = of the subset = in G consists of m connected components,
each of which is homeomorphic to Z. The connected components of = are

separated from each other by connected components of the preimage A of

A. Each connected component of = contains one and only one pre-image of
the identity element of G, i.e. one and only one element of the centre of G} .

Definition 5.2.1 If an element of G}, is contained in the same connected

—_

component of the set = as the central element U*, k € Z, we say that the
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element is at the level k and set the level function s, on this element to
be equal to £ mod m. For pre-images of elliptic elements of order 2 we set
sm(Rz(t)) =k mod m for t =7 + 27k.

Any hyperbolic or parabolic element in G, is of the form T, 5(\) - U* or

P,()\) - U*. For elements written in this form we have
Sm(Tas(A) - UF) =k, sp(Pa(N)-U") = k.

Any elliptic element in G} is of the form R,(t). For elements written in this
form we have

sm(Ra(t)) =k
if and only if ¢ € (—7 + 27k, m + 27k].

Definition 5.2.2 The canonical lift of an element ¢ in G* into G is an
element ¢* in G} such that 7(¢*) = ¢g and s,,(¢*) = 0.

5.2.2 Properties of the level function

We look at the behaviour of the level function s, under inversion (Lemma
5.2.3), conjugation (Lemmas 5.2.4, 5.2.5, 5.2.6 ) and multiplication in some
special cases (Lemma 5.2.7).

Lemma 5.2.3 (Lemma 3.1 in [16]) The equation s,,(A™') = —s,(A) is
satisfied for any element A in G with exception of pre-images of elliptic
elements of order 2.

Proof Let A € G} and let k = s,,(A), then A is in the same connected
component of = as U*. Let ~ be the path in = that connects A with U*.
Consider the path 6(t) = (y(t))~!. The path & connects A~! with U~*.
Since the path 4 remains in the same connected component of Z, it avoids
A. Consequently, the path & also avoids A, i.e. it remains in the same

component of Z. Thus the element A~ is in the same connected component

of Zas U™, ie s,(A71) = —k = —s,,(A). O

Lemma 5.2.4 (Lemma 3.2 in [16]) For any elements A and B in G,, we
have s,,(BAB™') = s,,(A).
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Proof An element B € G} can be connected to the unit element in G} via
a path 3. The path «y given by v(t) = B(t)- A-(B(t)) ! connects the elements
Aand B-A-B~'. If Ais not in A then any conjugate () of A is not in
A, hence the path 4 remains in the same component of the set =. If A is
in A then any conjugate 7(t) of A is also in A, hence the path 5 remains in

the same component of the set A. In both cases s,, is constant along ~, in
particular s,,(B-A- B™) = s5,,(A). O

Conjugation of an element with J € G,,,. Here we generalise Proposition 2.5
in [17] to include the case of elliptic elements.

Lemma 5.2.5 We have s,,(JCJ) = —s,(C) for any element C' in G,
apart from pre-images of elliptic elements of order 2.

Proof Hyperbolic and parabolic elements of G} are of the form T, g(\) -
U* and P,()\) - U*. By definition 5.2.1 we have s,,(T,s(\) - U¥) = k and
$m(Po(X) - UF) = k. By proposition 2.3.1 we have JT, 5(\)J = T_, (),
JP,(A\)J = P_,(—=)\) and JUJ = U~'. Hence

J(Tos(N)-URT =T o _5(\)-U*

and J(Py(\) - UM = P_o(=X) - U So s$py(T-0_p(\) - U*) = -k =
—8m(Tag(N) - UP) and s, (P_o(=A) - U™*) = —k = —5,,(Pa(\) - U").

Let C be an elliptic element (not of order 2). Any elliptic element C in
G, is of the form R,(t) for some = and t. By proposition 2.3.1 we have
JR.(t)J = R_z(—t). (Note —% = j(x), where j is the reflection in the
imaginary axis). If s,,(R,;(t)) = k then t € (—7 + 2wk, 7 + 27k). So —t €
(—m —2mk,m — 2rk) = (—7 4 27(—k), ™ + 2m(=k)), 50 Sp(Rj)(—t)) = —k.
Hence $,,(JR,(t)J) = —sm(R.(1)). O

Here we generalise Proposition 2.6 in [17] to include the case of elliptic ele-
ments.

Proposition 5.2.6 We have s, (FCF™') = —s,,(C) for any element F in

G,, and any C in G} apart from pre-images of elliptic elements of order 2.

Proof We can write an element F' € G,, as F = A - J for some A € G},
hence FCF~! = (AJ)C(AJ)™' = A(JCJ ) A~ = A(JCJ)A~!. By Lemma
5.2.4 we have s,,(A(JCJ)A™!) = s,,(JCJ) and by lemma 5.2.5 we have
Sm(JCJT) = —5,(C). O
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Lemma 5.2.7 (Lemma 3.3 in [16]) If the axes of two hyperbolic elements A
and B in G}, intersect then $,,(AB) = $y,(A) 4 sm(B).

Proof Let [4 resp. [g be the axes of A resp. B. Let x be the intersection
point of 4 and lg. Any hyperbolic transformation with the axis [4 is the
product of a rotation by 7 at some point y # z on [4 and a rotation by 7 at
the point x. Similarly, any hyperbolic transformation with the axis lp is a
product of a rotation by 7 at the point  and a rotation by 7 at some point
z # x on lg. Hence the product of any hyperbolic transformation with the
axis [4 and any hyperbolic transformation with the axis (g is a product of a
rotation by 7 at a point y # x on l4 and a rotation by 7 at a point z # x
on lp, i.e. it is a hyperbolic transformation with an axis going through the
points y and z. Thus the product of two hyperbolic elements with distinct
but intersecting axes is always a hyperbolic element.

Assume without loss of generality that the elements A, B € G satisfy the
conditions $,,(A) = s,(B) = 0. We want to show s,,(AB) = 0. Let us
deform the elements A and B. If we are decreasing the shift parameters while
keeping the same axes, then the product tends to the identity element. On
the other hand we have just explained that the product remains hyperbolic,

i.e. it stays in =. Therefore the value of s,, on the product remains constant,

ie. $u(AB) = s,,(id) = 0. O]

5.3 Level functions on lifts of Fuchsian groups

5.3.1 Lifting elliptic cyclic subgroups
Here we give a more detailed proof of Lemma 4.1 in [16].

Lemma 5.3.1 Let ' be an elliptic cyclic Fuchsian group of order p. The
group I' is generated by an element v = p, (27 /p) for some x € H.

1. Let us assume that p and m are relatively prime. Then the lift T'* of
[ into G exists and is unique. There is a unique element n € Z/mZ
such that p-n + 1 = 0 modulo m. The lift T'* is generated by the

pre-image 5 of v = p(27w/p) in G} such that s,,(7) = n.

2. If p and m are not relatively prime, then the group I' cannot be lifted
into G
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Proof Finite order elements are of the form p,(¢), for this element to be of
order p we need

(px(gb))p = pac(p ) gb) = id.
For this element to be the identity we need p - ¢ = 2wk, k € 7Z, that is
o= 27“ - k. We have (p,(27/p))P = pgc(%’r -p) = pz(2m) = id. For p to be the
order we require p to be the smallest such that (p,(27/p))? = id. Suppose
0<k<p,0<§<1then0<27r§<27r. Then we have:

<axzw/p»k:=p$(zw§) £id

since 27% ¢ 277Z.
p

To lift T into G} we have to find an element 4 in the pre-image of v in G
such that 47 = 1. The pre-image of v in G,, can be described as the coset
{U™- R,(2r/p)|n € Z/mZ}. For the element R,(27/p) we obtain:

(Ru(2n/p))P = Ru(27) = U
Hence for an element U™ - R, (27 /p) we have:
(U Ro(@n/p)) = U (Ry(2n/p))P = U™ Ry(27) = U™U = UvH
and U™*! = ¢ if and only if np +1 =0 mod m.

If (m,p) # 1, say they have a common divisor d, then np is divisible by d,
np + 1 is not divisible by d so np + 1 is not divisible by m. Hence there is no
n such that np+1=0 mod m.

If (m,p) = 1 then by the Euclidian algorithm there are integers z, y such
that 1 = max + py, re-writing as 1 + p(—y) = mx we have 1 + p(—y) = 0
mod m. Take n = —y mod m. Such an n is unique modulo m. Assume
we have nq, and ny such that 1 +n:p =0 mod m and 1 + nop =0 mod m.
Taking the second equation from the first we get (n; — ng)p = 0 mod m.

Since (m,p) = 1 we have ny —ny =0 mod m, i.e. ny =ny mod m.

Hence for not relatively prime p and m it is impossible to lift " into G.f.. For
relatively prime p and m there is a unique lift of T into G, generated by
U™ R,(27/p) with np+1=0 mod m. O
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5.3.2 Finitely generated Fuchsian groups
The following definitions follow [25] and section 4.2 in [16].

Definition 5.3.2 A Riemann orbifold (P, Q) of signature

(g; lhvlpale “P1,-- 7ple)

is a topological surface P of genus g with [}, holes and [, punctures and a set
Q = {(x1,p1),...,(x,,p.)} of points x; in P equipped with orders p; such
that p; € Z, p; > 2 and z; # x; for i # j. The set () is called the marking of
the Riemann orbifold (P, Q).

Definition 5.3.3 Let (P,Q = {(z1,p1),-..,(z1,,p.)}) be a Riemann orb-
ifold. Two curves vy and 7; on P which do not pass through exceptional
points z; € ) are called QQ-homotopic if v, can be deformed into v; by a
finite sequence of the following processes:

1. Homotopic deformations with fixed starting points such that during
the deformation no exceptional point is encountered.

2. Omitting a subcurve of v; which does not contain the starting point of
~; and is of the form 6*7¢, where ¢ is a curve on P which bounds a disk
that contains exactly one exceptional point x; in the interior.

3. Inserting into ~; a subcurve which does not contain the starting point
of v; and is of the form §*Pi, where ¢ is a curve on P which bounds a
disk that contains exactly one exceptional point z; in the interior.

Two curves vy and v, which do not pass through exceptional points z; € () are
called freely QQ-homotopic if 7y can be deformed into v; by a finite sequence
of deformations as above where the base point may be moved during the
deformations.

Definition 5.3.4 Let (P,Q = {(z1,p1),-..,(z1,,p.)}) be a Riemann orb-
ifold and let p be in P\@Q. Then the set of @-homotopy classes of curves start-
ing and ending in p forms a group. This group is called the Q-fundamental

group or the orbifold fundamental group and denoted by 7@ (P, p) or 7°®(P, p)
or simply 7 (P, p).

Definition 5.3.5 Let I be a Fuchsian group. The quotient P = H/T is a
surface and the projection ¥ : H — P is a branched cover. Let () consist of
the branching points and the corresponding orders. Then (P, @) is a Riemann
orbifold. We call the Riemann orbifold (P, Q) hyperbolic and say that it is
defined by T
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Cn C1

Figure 5.1: Canonical system of curves

Proposition 5.3.6 Let T be a Fuchsian group, (P, Q) the corresponding Rie-
mann orbifold and p € P\Q. Then w(P,p) = T.

The following definitions are taken from section 4.2 in [16].

Definition 5.3.7 A canonical system of curves on a Riemann orbifold (P, Q) =

{(z1,p1), ..., (x1,,pi.)}) of signature (g;lp, Ly, le - p1,...,p1.) is a set of simple
closed curves

(a1,b1,...,a4,bq4,c1,...,Cp)

based at a point p € P, where n = l;, + [, 4+ [, with the following properties:

1. The curve ¢; encloses a hole in P for ¢ = 1,...,1,, a puncture for ¢ =
In+1,...,l,+1, and the marking point x;_;, , for ¢ = [, +1,+1,...,n.

2. Any two curves only intersect at the point p.

3. In a neighbourhood of the point p, the curves are places as shown in
Figure 5.1.

4. The system of curves cuts the surface P into l;, + [, + [, + 1 connected
components of which [, + [, are homeomorphic to an annulus, I, + 1
are discs. The last disc has boundary

alblal_lbl_l . -agbga;bg_lcl ceeCpy.

If (a1,b1,...,a4,bg,c1,...,cy) is a canonical system of curves, then we call
the corresponding set of elements in the orbifold fundamental group 7 (P, p)
a standard basis or a standard set of generators of (P, p).
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Figure 5.2: Axes of a sequential set of signature (0;3,0,0)

Definition 5.3.8 For two elements C; and C5 in G with finite fixed points
in R we say that C; < C} if all fixed points of C; are smaller than any fixed
point of Cs.

Definition 5.3.9 A sequential set of signature (0;1, 1y, 1. : p1,...,p,) with
ln+1,+1. = 3is a triple of elements (Cy, Cy, C3) in G such that the element
C; is hyperbolic for @ = 1,.. ., l;, parabolic for ¢ = l,+1, ..., [+, and elliptic
lh—t, fori =l +1,+1, ... [, +1,+1. = 3, their product C-Cy-C3 =
1, and for some element A € G the elements {C] = AC;A™'},_123 are
positive, have finite fixed points and satisfy C] < C) < C4. (Figure 5.2
illustrates the position of the axes of the elements C! for a sequential set of

of order p;_

signature (0;3,0,0), i.e. when all elements are hyperbolic.)

Definition 5.3.10 A sequential set of signature (0;lp,ly,lc : p1,...,p1) is
a tuple of elements (C4,...,Cy,41,41.) in GT such that the element C; is
hyperbolic for i = 1,...,1;, is parabolic for i = [;, +1,...,1, +, and elliptic
of order p;_y,—y, fori =l +1,+1,..., Iy +1,+ 1., and for any i € {2,...,[,+
l, + 1o — 1} the triple (C - - - Ci—1, Cy, Cigq - - - Oy 41,41.) 1s a sequential set.

Definition 5.3.11 A sequential set of signature (g;ln,ly,le = p1,...,p1,) 18
a tuple of elements

(Ah s 7Aga Blv sy Bga 017 sy Clh+lp+le)

in G such that the elements A;,..., Ay, Bi,..., B, are hyperbolic, the el-
ement C; is hyperbolic for ¢ = 1,...,[;, parabolic for ¢« =, +1,...,1l, + 1,
and elliptic of order p;_y,, for i =1, + 1, +1,... 4y + 1, + I, and the tuple

(Ah BlAle;17 s 7Ag7 BgAngg;l; Cl7 ) Clh+lp+le)
is a sequential set of signature (0;2g + Iy, Ly, lc = p1, ..., D1.)-
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Definition 5.3.12 We say that a Fuchsian group I' is of signature

(g; lha lpa le “P1y-- 7pl5>
if the corresponding orbifold H/T" is of this signature.

Theorem 5.3.13 Let V' be a sequential set of signature

(97 lha lp7le P1y-- 7ple)-

Fori=1,...,1. let y; € H be the fized point of the corresponding elliptic
element of order p; in V. Let P = H/T and let ¥ : H — P be the natural

projection. Let Q = {(Y(vy1),p1),---, (V(y.),p.)}. Then the sequential set
V' generates a Fuchsian group I' such that the Riemann factor orbifold (P =
H/T', Q) is of signature (g;ln,ly,lc = p1,...,p.). The natural projection ¥ :

H — P maps the sequential set V to a canonical system of curves on the
factor surface (P, Q).

Theorem 5.3.14 Let I' be a Fuchsian group such that the factor orbifold
P =H/T is of signature (g;ln,ly,lc = p1,...,p.) with I + 1, + 1. = n. Let
p be a point in P which does not belong to the marking. Let W : H — P be

the natural projection. Choose ¢ € ¥~(p) and let ® : T' — 7(P,p) be the
induced isomorphism. Let

v ="{a1,b1,...,0g 0y ¢1,. ...}
be a canonical system of curves on P, then
V=0"0v)={® " a),® (b1),..., 2 (a,), @ (by), ® (c1), ..., D en)}

is a sequential set of signature (g;ln, Ly, le = D1, ..., 01)-

5.3.3 Lifting Fuchsian groups of genus 0

In this section we recall some results from [16] needed for the generalisation
in section 5.5.

Lemma 5.3.15 (Lemma 4.5 in [16]) Let (051, 1y, le = p1, ..., p1.) with I, +
l,+1. = n be the signature of the sequential set (Cy,...,C,). Fori=1,...,n,
let C; be the canonical lift of C; into Gt. Let U be the generator of the centre
Z(GH) given by the element Ry(2m). Then the elements Cy,...,C, satisfy

the following relations: C‘l”;Jrleri =U fori=1,....,l. and Cy---C,, = U2,
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Proof (This proof is inspired by an idea from [10]). A canonical lift Cy, 14, 4

of an elliptic element p, (27 /p;) = C_’thpH is of the form élh+lp+i = R,(27/p;)
for some z. Hence

CP . = (R.(21/p;))P = R,(2m) = U.

lh+lp+i

Let IT be the canonical fundamental polygon for the group generated by the
elements C1, . .., C,, such that the generators C; can be described by products
C; = 0;0:41 of reflections oy, ..., 0, in the edges of the polygon II (suitably
numbered). Then o? = id therefore

Cy--Cp = (0109)(0203) -+ (0n_10,) (0,01) = id.

The product C; ---C, = id € G lifts to él~--é’n € Gr. So C’lén is in
the preimage of the identity, therefore belongs to the centre of G .

As we vary II continuously, this central element must also vary continuously.

But Z(G,,) is a discrete group, so Cy---C, must remain constant. We
can shrink the polygon II down towards a point z. In the course of this
continuous deformation of the fundamental polygon II the hyperbolic and
parabolic elements of the sequential set will become elliptic. As we continue
shrinking the polygon towards the point z, the angles 7/py, ..., 7/p, of the
polygon tend to the angles fi,..., 03, of some Euclidian n-sided polygon.

Thus the element C; = R,(21/p;) € G tends towards the limit R,(25;),
while the product C’l e én tends toward the product

Therefore, using the formula
Brt ot fn=(n=2)7

for the sum of the angles in a Euclidian n-sided polygon, we see that the

product Cf - - - C,, must be equal to
R.(2(n — 2)w) = U"2

Thus C? =Uand Cy---C, =U"2. O

lh+lp+i

Recall from the proof of Lemma 5.3.1 that if (p,m) = 1, C = p,(27/p) € G*
and C' = R,(27/p) is the canonical lift of C' into G, then C? = R,(21) =
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U # é. This implies that the canonical lift C' is not a good candidate for
lifting C. Try C' = C - U', where t - p+1 =0 mod m. Then

Cr=(C-UP=Cr-U*=U-U"=U""=¢
This implies that C' = C - U" is a good candidate for lifting C'.

Lemma 5.3.16 (Lemma 4.6 in [16]). Let (C4,...,C,) be an n-tuple of ele-

ments in G such that their images (Cy,...,Cy) in G form a sequential set
of signature

(0;lh7lp7le Py 7ple)
with I, + 1, +l. =n. Then Cy---C,, = € if and only if

Sm(C1) + -+ $m(Cr) = —(n—2) mod m.

Proof For i = 1,...,n, let C; be the canonical lift of C; into G . The

elements C; can be written in the form C; = C; - U*m(©) therefore
Cy---Cp=(Cy---Cp) - UsmCFF5m(Cn)-

Using Lemma 5.3.15 we obtain C; - - - C,, = Un~2+sm(C)++5m(Cn)  The prod-
uct C --- C), is equal to € if and only if the exponent of U in the last equation
is divisible by m, i.e. if

n—2+5,(C1) 4+ +s5,(Cp,) =0 modm

that is
Sm(C1) + -+ $n(Cy) = —(n—2) mod m.

O

Corollary 5.3.17 (Lemma 4.7 in [16]). Let (Cy,Cs,Cs) be a triple of ele-
ments in G\, with

Cy-Cy-Cs=e.

Let C; be the image of the element C; in G. Let (C1,Cy,C3) be a sequential
set of signature (051, Ly, le = p1, ..., p1.) with Iy + 1, + 1. = 3. Then

Sm(C1 - Ca) = 5 (C1) + $m(C2) + 1 if the element Cs is not of order 2,

Sm(C1 - Cq) = =5 (C1) — $m(Cy) — 1 if the element Cs is of order 2.
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Proof According to Lemma 5.3.16 the elements C; satisfy
$m(C1) + $m(Ca) + 8, (C3) = =1 mod m.
On the other hand C,C2C5 = € implies C1Cy = C5 ! hence
5m(C103) = 5,,(C51) = —5,,(C3) = 5,0 (C1) + 5,0 (Co) + 1
if the element Cj5 is not of order 2 and
5m(C103) = 5,,(C51) = 5,0 (C3) = —5,,(C1) — 5,,(Cy) — 1

if the element C5 is of order 2. O

5.3.4 Lifting sets of generators of Fuchsian groups

In this section we collect some results from [16] that will be needed in section
5.5. We have added some details to the proof of Proposition 5.3.20.

Lemma 5.3.18 (Lemma 4.8 in [16]). LetT" be a Fuchsian group of signature

(g; lhvlpa le :p1,... 7ple)

generated by the sequential set V = {Ay,By,..., Ay, B,,Cy,...,Cy,}, where
n=1Iy+1l,+1l. Let V={A,By,...,A,B,;,Ci,...,C.} be a set of lifts of
the elements of the sequential set V into G, i.e. the image of A;, B; resp,
C; in G is A;, B; resp. C;. Then the subgroup T* of G,, generated by V is

a lift of T into G\, if and only if

[Al,Bl]"'[Ag,Bg]'Cl"'ane, Cpi =€ fOTizl,...,le.

In+lpti
Proof For any choice of the set of lifts V' the restriction of the covering map
G, — G to the group I'* generated by V is a homomorphism with image
['. If the conditions of the lemma hold true, then the group I'* satisfies the
same relations as the group I', hence this homomorphism is injective. O

Lemma 5.3.19 (Lemma 4.9 in [16]). Let {Ay, By,..., Ay, By, Cy,...,Ch}
be a tuple of elements in G, such that the images {Ay, By, ..., Ay, By, Cy,...,Cn}
in G form a sequential set of signature (g;ln,lp,le : p1,...,p1.) with U, +1, +

l.=n. Then

1481 HCj =

=1

= Zsm(Cj) =(2—-29) —n modm

J=1

(O}
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(in the case n = 0 this means 2 — 2g =0 mod m) and for any i =1,...,1,
Cﬁfﬂpﬂ' =e<=p;- Sm(Olh+lp+z') +1=0 modm.

Proof The case g = 0 was discussed in Lemma 5.3.16. We shall now reduce
the general case to the case g = 0. By definition of sequential sets the set

(A, BiAT'B,... A, B,A
is a sequential set of signature (0;2g + Iy, l,,,l.), hence

g n g

4. B1- 1] =[]A - B:AT' B - f[ Ci=é
1=1 =1 i=1 i=1
if and only if

n

(5m(A7) + $m(BAT B 4+ sm(Ch)

=1 =1

—((29+n)—2)=(2-2g9) —n mod m.

M=

Invariance of the level function s, under conjugation implies that

sm(BiA7 B 1) = s, (A7Y).

1

Since A; is not an element of order 2, s,,(A; ') = —s,,(4;), and hence
Sm(Ai> —|— Sm(BZAl_le_l) = Sm(A,) — Sm<Ai) = O
The last statement follows from Lemma 5.3.1. O

Proposition 5.3.20 (Lemma 4.10 in [16]). Let I' be a Fuchsian group of
stgnature

(ga lha lp7l6 ‘P - 7ple)-

LetV ={A,By,..., Ay, By, Ch,...,C.}, wheren = l+1,+1., be a sequential
set that generates I'. That is Ay, By, . .. ,flg, Bg are hyperbolic and correspond

to handles. The element C; is hyperbolic fori =1,...,1l, and corresponds to
a hole, is parabolic for i = l,+1,...,l,+1, and corresponds to a puncture and

is elliptic of order pi_y, 1, fori=1,+1,+1,...,l, +1,+1. and corresponds
to a marking (orbifold) point. Then there exists a lift of T' into G}, with
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C; being lifted to level n; for i = 1,... 1, + 1, if and only if the signature
(95U, Uy, le = D1, - .., p1.) satisfies the following liftability conditions: (p;,m) =
1 fori=1,...,l. and

le lh+lp

Z——an (29 —2)—n=0 mod m.

Moreover, if the liftability conditions are satisfied then any set of levels can
be realised for lifting Ay, By, ..., Ay, By.

Proof First assume there exists a lift of I' into G}},. Let{A;, B;, C;} be a set
of lifts of V as in Lemmas 5.3.18 and 5.3.19. Let n; = s,,(C;). Then according

to Lemma 5.3.19 we have p; - nj1y, 4, +1 =0 mod m fori=1,...,l, and
lh+lp+le
(29 —2)+n+ Z n; =0 mod m.
i=1

The congruence p; - 41,11, +1 =0 mod m implies that p; is prime with m
fort=1,...,l.. Furthermore, since

P1---Di. Y S U
P ey ,) = 2 (1)

1
Di Di i

(p1-- 'pze)'nmhﬂp = —(p1-- 1) i

we obtain that

le
an+lh+lp = P <— Z pl> -

Hence

=1 =1
In+lpHe Ih+1p
=(pi-p) |- D, » Zn (29 —2) —
i=lp+p+1
In+lp+le
E—(m---m)( ni+(29—2)+n>
=1
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Now assume the liftability conditions are satisfied. We want to construct a
lift of T" into Gf.. Since p; is prime with m, we can choose Nitipt1, € L/MmZ
such that p; - i1y, 4, +1 =0 mod m fori=1,...,l.. Then

1
(p1---pi.) - it +l, = —(p1--m1) - 17

and hence

lh+lp+le
(pr---p.) - ((29—2)+"+ Z ") =

ntlp le

(pl---pze)-<(2g—2 +n+ Z Z%)zo.

=1 7

Since py - - - py, is prime with m, we conclude that

(2g—2)+n+2ni50,

i=1
1.e.

iniz (2 —2g) —n.
i=1

Let V = {4;, B;,C,} be any set of lifts of V such that s,,(C;) = n; for
i=1,...,0, + 1, + .. We have p; - njyy, 41, +1 =0 mod m fori=1,...,1[

and
an_ 2 —2g) —n.

Hence according to Lemma 5.3.19 the set V' generates a lift of I' into G,,.
Since Lemma 5.3.19 does not impose any conditions on the values s,,(A4;)
and s,,(B;) for i = 1,..., g, any of m?? choices of these 2¢g values leads to
a different lift of I' into G,,. Finally note that we can divide by p; ---p;, in
Z/mZ since (p;,m) = 1. O

Lemma 5.3.21 Ifm is even and (g;ln,lp,le - D1, .., p1.) is as in Proposition

5.5.20 then
le

1
Z——lezo mod 2.
i=1 Pi
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Proof If ged(p;, m) = 1 and m is even then p; is odd, hence z% is odd in

Z/mZ and therefore z% — 1 is even in Z/mZ. Thus

(3

le le

1 1 0w
Z;_ze:Z(——l)_o d2.

i=1 11 i—1 Pi

O

5.4 Lifts of Fuchsian groups, Level Function
and Arf Functions

The following result was proved in [15] and [16]:

Theorem 5.4.1 For a Fuchsian group I', there is a 1-1-correspondence be-
tween the lifts of T into G}, and m-Arf functions on P = H/T.

When we lift T into G, for each g € T' we choose g* € G above g in such
a way that the set of all g* forms a subgroup. For each element that we lift
we can choose a number in Z/mZ to specify the level that we lift to. This

gives a function s,, : I' = Z/mZ.

So we can check the conditions of Arf functions to see if there is a lift, rather
than checking if the lifted elements form a subgroup.

By Theorems 5.1.2 and 5.4.1 there is a 1-1-correspondence between m-spin
bundles on Riemann orbifolds and m-Arf functions.

5.5 Higher Arf functions

In sections 5.5.1 and 5.5.2 we recall the results about higher Arf functions
from [16] and [15]. In section 5.5.3 we generalise the results of [16] and [15] to
the case of orbifolds with holes and punctures. In [15] only the case of surfaces
with holes and punctures but without marking points was considered, while
in [16] surfaces with markings but without holes or punctures were dealt
with.
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5.5.1 Definition of higher Arf functions on orbifolds

Higher Arf functions were introduced in [16] and [15] to describe higher spin
structures. Here we follow section 5.1 in [16].

Let I' be a Fuchsian group of signature (g;in,{.le : p1,...,p.) and P =
H/T the corresponding orbifold. Let p € P. Let 7(P,p) be the orbifold
fundamental group of P (see Definition 5.3.4). Let ¥ : H — P be the
natural projection. Choose ¢ € ¥~1(p) and let ® : T' — 7(P,p) be the
induced isomorphism. (See Proposition 5.3.6).

Definition 5.5.1 We denote by 7°(P,p) the set of all non trivial elements

of (P, p) that can be represented by simple contours. An m-Arf function is
a function

o :7(P,p) = Z/mZ
satisfying the following conditions
1. o(bab™) = o(a) for any elements a, b € 7°(P, p),
2. o(a™') = —o(a) for any element a € 7°(P, p) that is not of order 2,

3. o(ab) = o(a) + o(b) for any elements a and b which can be represented
by a pair of simple contours in P intersecting at exactly one point p
with intersection number (a, b) # 0,

4. o(ab) = o(a) + o(b) — 1 for any elements a, b € 7°(P, p) such that the

element ab is in 7°(P, p) and the elements a and b can be represented
by a pair of simple contours in P intersecting at exactly one point p
with intersection number (a,b) = 0 and placed in a neighbourhood of
the point p as shown in Figure 5.3,

a b

Figure 5.3: o(ab) = o(a) +o(b) — 1
5. for any elliptic element c¢ of order ¢ we have ¢-o(c) +1 =0 mod m.
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Definition 5.5.2 Let T be a lift of " into G,. Let us consider a function
or« : (P, p) = Z/mZ such that the following diagram commutes

o)

r I~
-
m(P,p) —2 Z]mZ

It was shown in [16] and [15] that the function op« = 6p«|7°(P, p) is an m-Arf
function. We call this function the m-Arf function associated to the lift I'*.

The following result was proved in [16] and [15].

Theorem 5.5.3 For a Fuchsian group I', there is a 1-1-correspondence be-
tween

1. lifts of T into G,
2. m-Arf functions on P =H/T,

3. m-spin bundles on P = H/I.

Hence the results of section 5.3 on lifts of Fuchsian groups can be rewritten
in terms of the corresponding Arf functions.

Proposition 5.5.4 Let I' be a Fuchsian group of signature
(97 lha lpa le P1y - 7ple)

and let P = H/T. Let (a1,by,...,a4,by4,c1,...,¢,) be a standard system
of generators of I' with ci,...,¢q, hyperbolic, ci,11,...,cy,41, parabolic and
Cly+lp+1, - - - » Cn €lliptic of orders py, ..., . Then there exists an m-Arf func-
tion o : ™(P,p) = Z/mZ with o(c;) = n; fori=1,...,1,+ 1, if and only if
the following liftability conditions are satisfied: (p;,m) =1 fori=1,... 1,

and
lh-i-lp

Z——an (29 —2)—n=0 mod m.

Moreover, if the liftability conditions are satisfied, any tuple of 2g values of
o on ai,bi, ... a4 by leads to a unique m-Arf function.
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5.5.2 Higher Arf functions and autohomeomorphisms
of orbifolds

We follow section 5.2 in [16].

Let I be a Fuchsian group of signature (g; lp, l, le : p1,...,p.) and P = H/T’
the corresponding orbifold. Let p € P. Let ¥ : H — P be the natural
projection. Choose ¢ € ¥~!(p) and let ® : T' — 7(P,p) be the induced
isomorphism. Let I'* be a lift of I' in G;;,. Consider the following transfor-
mations of a standard basis

v=Aay,b,...,a5byc1,....cn}
of (P, p) with n = I, + 1, + [, to another standard basis
o' = {a), by, ag, by, c )

1. CL/1 = Clel.

Q

2. a} = (a1az)ai(araz) ™,
V) = (ayag)a; ay by (aras) ™,
dy = ayasa;’,
Vy, = byay talt.

3. ap = (b, er)b, (b, ter) ™

g g

b, = (by c1bg)cy thgaghyt (b, erby) Y,

g g

/K1
¢y = b, c1by.

/ /
4. aj, = apq1, b, = by,

a§c+1 = (dﬁildk)ak(diildk)_l»

/ _ -1 -1
Vi1 = (1 di) bk (diadi) -
5 /o _ -1
- Cp = Ck+1, Cpy1 = Ck+1Cka+1.

Here d; = [a;,b;] for i = 1,...,¢, in 4 we consider k € {1,...,g— 1}, in 5
we consider k € {1,...,n — 1} such that either ¢, ¢;y1 are both hyperbolic,
both parabolic or both elliptic of the same order. If a}, b} resp. ¢, is not
described explicitly, this means a; = a;, b, = b; resp. ¢, = ¢;.
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We will call these transformations generalised Dehn twists. Each generalised
Dehn twist induces a homotopy class of autohomeomorphisms of the orbifold
P, which maps holes to holes, punctures to punctures and marking points
to marking points of the same order. The group of all homotopy classes of
autohomeomorphisms of the orbifold P is generated by the homotopy classes
of generalised Dehn twists as described above.

In Lemma 5.5 in [16] it was shown how to compute the values of an m-Arf

function o on the standard basis v" from the values of o on the standard basis
v for each of the generalised Dehn twists described above. The generalisation
to the case of orbifolds is straightforward.

Lemma 5.5.5 Let 0 : m°(P,p) — Z/mZ be an m-Arf function. Let D be a
generalised Dehn twist of the type described above. Suppose that D maps the
standard basis

v=Aa1,b,....a5byc1,....cn}

mto the standard basis

v' = D(v) = {a},b},...,ay,b,,c,....c,}.

Let «;, B, i resp. o, BL, ~i be the values of o on the elements of v resp. v'.
Then for the Dehn twists of types 1 — 5 we obtain

1. oy =y + By

2. 51261—061—062—1, 55262—042—061—1-
3. ay =0, B,=a,—m — L

4. ) = gy, By = Bryt, 042+1 = O, 5;/€+1 = Bk
5. Ve = Vet Vi1 = Vh-

5.5.3 Topological classification of higher Arf functions

In this section we combine the ideas from [15] and [16] to understand the
case of orbifolds with holes and punctures.

Let P be a Riemann surface of type (g; s, . le : D1, .., pi.) with I, +1,+1. =
n. Let p € P.
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Definition 5.5.6 Let o : 7%(P,p) — Z/mZ be an m-Arf function. We
define the Arf invariant 6 = 6(P, o) of o as follows: If g > 1 and m is even
then we set § = 0 if there is a standard basis {a1,b1,...,a,4,bg,c1,..., ¢y} of
the orbifold fundamental group 7(P,p) such that

g

> (1-o(a))(1—o(b:) =0 mod 2

=1

and we set 0 = 1 otherwise. If g > 1 and m is odd then weset § = 0. If g =0
then we set 6 = 0. If ¢ = 1 and there is a standard basis {a, b1, c1,...,¢,}

of the fundamental group =w(P,p) with ¢i,...,¢, corresponding to holes,

h
Cly+1,- -+ Clut1, corresponding to punctures and ¢, 41,41, - - -, Clj 41,41, COTTE-

sponding to marking points then we set

d =ged(m,o(ar),o(br),o(c1) +1,...,0(c,) +1) (5.1)
=ged(m,o(ar),0(b1),0(c1) +1,...,0(c,41,) +L,p1 —1,...,p, — 1).
(5.2)

Lemma 5.5.7 Formulas (5.1) and (5.2) are equivalent.

Proof Let d be a common divisor of m, o(cj4i,41,)+1fori=1,... l.. Then
m =0 mod d and 0(¢iyi,41,) = —1 mod d. We know that p;o(city,+1,) +
1=0 mod m but m =0 mod d hence pia(ciHth) +1=0 mod d. Since
U(Cz‘+zh+lp) = —1 mod d we have —p; + 1 = 0 mod d. Hence d is a divisor
of p; — 1.

Now let d be a common divisor of m, p; —1. Then m =0 mod d and p; = 1
mod d. We know that p;o(citi,41,) +1 =0 mod m implying p;o(citi,41,) +

1 =0 modd. Since p;, = 1 mod d we have U(cthHp) +1 =0 modd.
Hence d is a divisor of o(c;yy,41,) + 1. O

Expanding on a remark after Definition 6.1 in [16], we will now show that
the Arf invariant § does not change under Dehn twists (the transformations
described in Lemma 5.5.5), i.e. it is indeed an invariant of an Arf function.

Lemma 5.5.8 If g > 1, m is even and o(c;) are odd fori =1,.... 1, +1,
then
9
> (1=0(a))(1 = a(b)
i=1
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does not change parity under Dehn twists. If g =1 then
ng(U(CLl), U(b1)7 U(Cl> + 17 s 7U<Cn) + 1)
does not change under Dehn twists.

Proof Let D, v, v, oy, Bi, i, &b, Bi, i be as in Lemma 5.5.5. Let us first con-
sider the case g > 1 and m even:

For a Dehn twist of type 1 we have

(1—a)(1=p) = (1= (a1 +5))(1=5)
=(1-a)(1=51)-(1=5)=(1—-ay)(1—-p) mod?2

since f1(1 — () is always even.

For a Dehn twist of type 2 we have

(I—a))(d =81+ (1 —ag)(1—p5)
(1—041)(1—61+a1+a2—|—1)+(1—a2)(1—ﬁ2+a1+0z2+1)
(I—a)(1=p1)+ (1 —a)(l = B2) + (2 — (1 + o)) (a1 + a2) +1)
(1—(]11)(1—,61)+(1—O[2)(1—52) mod 2

since (2 — (a1 + ao))((1 + ) — 1) is always even.

For a Dehn twist of type 3, if [,+1, > 0 then v, = o(c;) is odd by assumption.
If I, + 1, = 0 then since m is even and p; - 71 + 1 =0 mod m, we have that
71 is odd. Then 74 +1=0 mod 2 and 1+ 3, =1 — 3, mod 2 imply

(L4 Be)(1 — g+ (1 +1))
=(1+8)1—-ay) =(1-0,)(1—a, mod 2.

(1 —ap)(1 =5

Dehn twists of type 4 do not change § since they only permute (g, 8x) with

(41, Brs1). Dehn twists of type 5 do not change § since they do not change
(07 and BZ

Let us now consider the case ¢ = 1: Dehn twists of types 2 and 4 involve
pairs a;,b; and a;, b;, i.e. they are not applicable in the case g = 1. Dehn
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twists of type 5 do not change ¢ since they do not change «;, ;.

For a Dehn twist of type 1 we obtain of = a3 + (1, 8] = 1 and 7, = ;.
Thus

ged(ad, A1) = ged(aq + B, f1) = ged(au, Br)

and therefore
ng<m7O/1761771 + 17 s 7P>/llh+lp + 17p1 - 17 -5 Dl — 1)

=ged(m, o, i, + 1, Y, T Lo — 1, o — 1),

For a Dehn twist of type 3 we have o) = =1, f] = a1 — 71 — 1 and 7} = ;.
Let d be a common divisor of m, ay, 81,1 +1,..., 7,4, +1,p1—1,...,p.— 1,
Le.

m=a; =0 =0 mod d,

M= =Y4, =—1 modd,
pm=---=p, =1 modd.
Since d divides ay, f; and 1 + 1 then d is a divisor of of = —f; and
B = a1 — (11 +1). So every common divisor of m, ay, 8,71 +1,..., 9,41, +
1,p1—1,...,p. —11is a common divisor of m, o}, 81,7, +1, ... ,’yl’h+lp+1,p1—
L,...,p,—1. Similarly, every common divisor of m, o, 8,71 +1,..., %, 1, +
Lpi—1,...,p, —1is a common divisor of m, a1, B1, 1 +1,..., Y41, +1, 01—

1,...,p, — 1. Thus
ged(m, oy, B, + 1,0, + Lo — 1, — 1)
is equal to
ged(m, an, B, + 1,0 Y40, + Lpr — 1,0 opr. — 1),
Il

Definition 5.5.9 Let n be the number of holes ¢; with o(¢;) = j, n} the
number of punctures ¢; with o(¢;) = j and n$ the number of elliptics ¢, 41,14

with o(¢;) = j (that is, the number of elliptics with p;j +1 = 0 mod m.)
The type of the m-Arf function (P, o) is the tuple

h h D p
(9757n07 e anm—hn(]? s 7nm717p17 e 7ple)7

where ¢ is the Arf invariant of o defined above.
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Lemma 5.5.10 Let o : 7°(P,p) — Z/mZ be an m-Arf function.

(a)

(b)

If g > 1 then there is a standard basis v = {a1,b1,...,a4,by,¢1,...,¢}
of m(P,p) such that

(o(ar),0(b1),...,0(ay),0(by)) = (0,¢,1,...,1)
with € € {0,1} and
o(cr) < <ola,), olc,41) <+ < o(cy1i,4.)-
If m is odd or there is a contour around a hole or puncture such that the

value of o on this contour is even, then the basis can be chosen in such
a way that £ =1, 1.e. so that

(o(ar),0(b1),...,0(ay),0(by)) = (0,1,1,...,1).

If g = 1 then there is a standard basis v = {ay,b1,¢1,...,¢,} of w(P,p)
such that (o(ay),o(by)) = (6,0), where § is the Arf invariant of o and

O'(Cl) S Ce S O'(Clh),O'(Clh+1> S R S U(Cthrlp)-

(The inequalities between o(c;) € Z/mZ are to be understood as inequalities
between elements of {0,...,m —1}).

Proof a) Let us fix some standard basis

Vo = {al,bl,...,ag,bg,cl,...,cn}
and consider the sequence of values of the Arf function o on the basis vg
(0517517 see 70497597717 cee 7,}/”)

= (o(a1),0(b1),...,0(ay),0(by),0(c1),-..,0(cn)).

Any other standard basis v is an image of this basis vy under an auto-
homeomorphism of the surface, i.e. under a sequence of Dehn twists.
Hence according to Lemma 5.5.5 the sequence of values of o on the basis
v is the image of the corresponding sequence with respect to the basis vy
under the group generated by the transformations that change the first
2¢g components (a1, 81, ..., oy, f,) as follows
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1. (0517517"'7Oéi7ﬁi7"'7aguﬁg) '_><a17517'"7ai:tﬁi7ﬁi7"'7ag7/8g>
2. (011,51,...,Oji,ﬁi,...,ag,ﬁg) >—>(al,ﬁl,...,ai,ﬂi:i:ozi,...,ozg,ﬁg)

3. (0517517"'70575751'7"'7Oéj7ﬁj7"'7ag7ﬁg)
|—>(O[l,ﬁl,...,@i,ﬁi—&j—1,...,Oéj,ﬁj—C(i—l,...,ag,ﬂg)

4. (alaﬂla"'7&9—17/69—17ag769)
— (ahﬁh e 7ag—176g—17 _/Bgaag - M — 1)

D. (alaﬂla"'>ai>ﬁi7"'7aj7ﬁj7"'>ag7ﬁg)
= (abﬁla"'aaj7ﬁj7"'7ai7ﬁi7"'aagaﬁg)

6. (041,61, c. ,Oéi,ﬁi, c. ,Oég,ﬁg) — (061,61, ce, — Oy, —61, . ,Oég,ﬂg)

7. (0, By, By oyog, By) = (0, Pry ooy =0, iy oo g, By)

and change (71,...,7,) by all possible permutations of (vq,...,7,) and
(%h+1, s 771h+zp)-

The inequalities between the values of o on the elements ¢; are easy to sat-
isfy, because the transformation group contains all possible permutations
of (y1,...,%,) and (Y41, - -+ Vi,+1,). Our aim is to show that if m is odd

or one of the numbers 71,...,7;,4, is even, any tuple (ay, 51, ..., ay, 5y)
can be transformed into the 2g-tuple

(0,1,1,...,1)
while otherwise any such tuple can be transformed into one of the tuples
(0,0,1,...,1) or (0,1,1,...,1).

We claim that the group of transformations described in (a) contains the
transformation of the form

(...,ai,ﬁi,...,aj,ﬁj,...,)H(...,ai,ﬁi—2,...,0@,@-,...).

Assume (7, j) = (1,2) to simplify notation. We apply transformations 3,
6, again 3 and again 6 and obtain

(1, 1,0, Bay o) = (g, B — e — 1 ag, Bo — g — 1,...)

= (g, 01 —ag — 1, —ag, —(fs —ay — 1),...)

= (o, 1 —ae—1—(—ag) —1,—ag,—fFo+a1+1—a; —1,...)
= (a1, 1 — 2, —qg, —fa,...)

— (o, 51 — 2,00, B, .. .).
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c)

Furthermore, we claim that the group of transformations contains a trans-
formation of the form

(05176170527ﬂ27"'7a9769) — (0757171)"'717]-)’
where £ € {0, 1}.

With the help of the transformation described in (b) we transform
(Oél?ﬁlv Qg, 627 s 7agvﬁg) = (0/17 617 0/27 Béu cee 70/97 ;)7
where o, 5, € {0, 1}.

If we have some i,j € {1,...,g} such that of = ] = o) = f; =
then applying the inverse of transformation 3 we obtain of = a) = 0,
Bl = Bi+aj+1 =107 =} =0, 8] = fi+a;+1 = 1. By successive use of
this transformation we can achieve the situation where every pair (o, /)
except at most one contains at least one 1. Using transformation 5 we
can assume that (o, 81) € {(0,1),(1,0),(1,1)} for i = 2,...,g. Applying
transformations 1 and 2 respectively we can change (af,8’) = (1,0) or
(0,1) to (1,1). Hence we obtain ay = 8y = ... = ay = ] = 1. It remains
to consider (of, B]). Applying transformations 1 and 2 respectively we
can change (of, 87) = (1,1) and (1,0) to (0,1).

If m = 2r + 1 is odd, then we use the transformation described in (b) to
map
0,1,1,..., )~ (1,1 =2-(r+1),1,...,1)
=(0,—m,1,...,1)=(0,0,1,...,1).
If m is even and v, = 2r is even, then we use the transformation 5, the

transformation 4, successive application of the transformation described
in (b) and the transformation 5 again to map

(0,0,1,...,1) — (1,...,1,0,0)

—(1,...,1,0,0 = 2r — 1)
— (1,...,1,0,1)
—+(0,1,1,...,1)
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hence also in this case the 2g-tuple (0,0,1,...,1) can be transformed into
the tuple (0,1,1,...,1).

f) If m is even and ~; is even for some i € {2,...,1;}, then we can apply the
transformation that permutes y; and 7; to obtain the situation as in (e).
The situation is more complicated if m is even and ~; is even for some
ie{lp+1,...,l,+1,} as we cannot permute elements of different type

(¢q is hyperbolic, ¢; is parabolic). In such a case we need to introduce a
different kind of standard basis, one where ci, ..., ¢, are parabolic and

Cly 415 - - -5 Cl, 41, are hyperbolic. 0

The following theorem gives conditions under which an m-Arf function and
hence an m-spin structure exists on an orbifold with holes, punctures and
marking points.

Theorem 5.5.11 A tuplet = (g,6,nf,...,nt _,,nb.....nb L pi,....p.) is

m—1
the topological type of an m-Arf function on a hyperbolic Riemann orbifold
of type (g,ln, Ly, le = p1,....p1) if and only if it has the following properties:

(a) If g > 1 and m is odd, then § = 0.

(b) If g > 1, m is even and n? +nf # 0 for some even j, then § = 0.

(¢) If g =1 then § is a divisor of m, ged{j + 1|n? +n? # 0} and
ng(pl - ]-7 <oy Pl — 1)

(d) The following degree conditions are satisfied: (p;,m) =1 fori=1,...,1,
and

m—1 l

~ 1
E j(nl +nh) g —=(2-29) = (ln+1,+ 1) modm.
j=0 !

=1

Proof Let us first assume that the tuple ¢ is the type of an m-Arf function
on a hyperbolic Riemann orbifold of type (g; s, 1y, lc : p1,-..,p1.). Then ac-

cording to Proposition 5.5.4 the signature (g; lp, Ly, lc = p1,. .., p, ) satisfies the
liftability condition (d) (here 32747 p =yt j(nf+nf) and n = l+l,+1e).

If g > 1 and m is odd, (P, o) = 0 by definition.
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If m is even and n? + n? # 0 for some even j € Z/mZ then according to

Lemma 5.5.10 there is a standard basis v = {ay,b1,...,a4,b5,¢1,...,¢,} of
7°(P, p) such that

(o(ar),o(br),...,0(a.),0(by)) =(0,1,1,...,1),
hence 6(P, o) = 0 by definition.

If g = 1 then § is a divisor of m, o(ay), o(b1), o(c1) +1,...,0(ci+1,) + 1,01 —
1,...,p, — 1 by definition.

Let us assume that ¢ = (g, 9, n?, n?,pl, ...,p.) is a tuple satisfying the con-
ditions (a) to (d). Let P be a Riemann orbifold of signature (g,lp,l,, [ :
p1,-..,p.) and let

{al,bl,...,ag,bg,cl,...,cn}

be a standard basis of 7°(P,p). According to Proposition 5.5.4, any tuple
of 2g values in Z/mZ can be realised as a set of values on a;, b; of an m-
Arf function on 7°(P,p). In particular, if ¢ > 1 then for any 6 € {0,1}
there exists an m-Arf function o such that (o(a1),o(b1),...,0(ay),0(b,)) =
(0,1 =4,1,...,1) and if g = 1 then for any divisor § of m, o(ay), o(by),
o(c1)+1,...,0(c,41,) +1,p1 — 1,...,p. — 1 there exists an m-Arf function
o such that (o(ay),o(by)) = (6,0).

Let g > 1. For the chosen basis v = {a1,b1,...,a4,0g,C1,...,C1p 11,41} We
have o(a;) = 0, o(by) = 1 — 0 and o(a;) = o(b;)) = 1 for all i > 1, hence
(1 —o(a1))(1 —o(by)) = 6 and (1 — o(a;))(1 —o(b;)) = 0 for all i > 1.

Therefore
g

S (1= o(a)(1 - o(b)) = 6.

i=1

If 6 = 0 then we have just shown that there exists a standard set of generators
with
g

Y (1—o(a)(1—a(b;)) =0,

i=1

hence 6(c) =0 =19.
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If § =1 then we have

g

S (1 - o)1~ o(b) = 1

i=1

for one set of generators. We assume that conditions (a) and (b) are satisfied,

hence we can only have 6 = 1 if m is even and o(¢;) are odd for all i =
1,...,l, +1,. Then Lemma 5.5.8 shows that

9
> (1= o(a))(1 = o(b)
i=1

does not change under Dehn twists, hence:

g
> (1 =a(a)(1—ob) =1
i=1

for any standard generating set, i.e. (o) =1=1.

Now let g = 1. Then

5(0) = ng(Wl, 0<a1)’ U(b1)> U(Cl) + 17 s 7U(Clh+lp)>p1 - 17 <o Pl — 1)
= ged(m,0,0,0(c1) +1,...,0(ci41,),01 — 1,.. ... — 1)
= ged(6, ged(m,o(cr) +1,...,0(ci,41,),01 — 1, ..., — 1)).

We assume that condition (c) is satisfied, hence ¢ is a divisor of m,o(c;) +
L...,0(c41,) +1,p1 —1,...,p, — 1. Hence

§(o) = ged(d, ged(m, o(c1) +1,...,0(ct,44,),p1 — 1,...,p1. — 1)) = 6.
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Chapter 6

Higher Spin Bundles on
Riemann Orbifolds and
Gorenstein Quasi-Homogeneous
Surface Singularities

6.1 Higher Spin Bundles on Riemann Orb-
ifolds and Gorenstein Quasi-Homogeneous
Surface Singularities

Definition 6.1.1 We consider the space C™ with fixed coordinates
T1yeonyIp.

A holomorphic function f : (C",0) — (C,0) is said to be quasi-homogeneous
of degree d with indices o, . .., ay, if for any A > 0 we have

FOMzy, A 2,) = X f (2, 2).

The index a4 is also called the weight of the variable z,. In terms of the Taylor

series f = > fra® the condition of quasihomogeneity of degree d means that

b Th - ke of the

all the indicies (k1, ..., k,) of the non-zero terms f, "

-----

series lie on the hyperplane
Y= {(l{?l,,kn> IOélkl—l-"'—i-Oénkn:d}.

Definition 6.1.2 A normal isolated singularity of dimension n is Goren-
stein if and only if there exists a nowhere vanishing n-form on a punctured
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neighbourhood of the singular point. For example all isolated singularities
of complete intersections are Gorenstein.

Definition 6.1.3 A normal isolated singularity of dimension at least 2 is
Q-Gorenstein if there is a natural number r such that the divisor r - Ky is
defined on a punctured neighbourhood of the singular point by a function.
Here Kx is the canonical divisor of X.

Automorphy factors were introduced by Dolgachev [5] , Milnor [10], Neumann
[19] and Pinkham [20] to describe quasi-homogeneous surface singularities.

Definition 6.1.4 A negative unramified automorphy factor (U,T',L) is a
complex line bundle L over a simply connected Riemann surface U together
with a discrete co-compact subgroup I' C Aut(U) acting compatibly on U
and on the line bundle L, such that the following two conditions are satisfied:

1. The action of I" is free on L*, the complement of the zero-section in L.

2. Let T'<T be a normal subgroup of finite index, which acts freely on U,
and let £ — P be the complex line bundle £ = L/ T over the compact

Riemann surface P = U/I". Then E is a negative line bundle, i.e. the
self-intersection number P - P is negative.

There are three possibilities for a simply-connected Riemann surface U, it
is either the sphere CP!, the complex plane C or the real hyperbolic plane
H. We call the corresponding automorphy factors spherical, euclidian and
hyperbolic respectively.

Dolgachev in [5] gave the following characterisation of those automorphy
factors that correspond to the Gorenstein singularities.

Theorem 6.1.5 A quasi-homogeneous surface singularity is Gorenstein if
and only if for the corresponding automorphy factor (U,I', L) there is an

integer m (called the level or the exponent of the automorphy factor) such
that the m-th tensor power L™ is I'-equuariantly isomorphic to the tangent

bundle Ty of the surface U.

This result puts Gorenstein quasi-homogeneous surface singularities in rela-
tion with higher spin bundles on Riemann orbifolds.

The following correspondence was shown in [16]:
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Theorem 6.1.6 Let I' be a Fuchsian group of signature
(gv lh7 lp7 le “P1, - 7ple>

and P = H/T the corresponding orbifold. Let p € P. There is a 1-1-
correspondence between

1. hyperbolic Gorenstein automorphy factors of level m associated to the
Fuchsian group T',

2. m-spin structures on P,
3. lifts of T into G},

4. m-Arf functions o : 7°(P,p) — Z/mZ.
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Chapter 7

Introduction to Klein Surfaces

In this section we follow [17] with slight modifications from Klein surfaces to
a certain type of Klein orbifolds.

7.1 Introduction to Klein Surfaces

Definition 7.1.1 A Klein surface (or non-singular real algebraic curve) is
a topological surface with a maximal atlas whose transition maps are dian-
alytic, i.e. either holomorphic or anti-holomorphic.

Definition 7.1.2 A real form of a complex algebraic curve P is a pair
(P,7), where P is a compact Riemann surface and 7 : P — P is an anti-
holomorphic involution on P. The set P7 of fixed points of 7 is called the
set of real points of (P, 7).

Example 7.1.3 If a complex algebraic curve is given by an equation
F(z,y) =0,

then the complex conjugation of both components x and y induces an anti-
holomorphic involution. The fixed points of this involution are the points of
the curve with both components real.

The category of Klein surfaces is equivalent to the category of such pairs
(P, 7), see [1]. The involution acts on all structures related to the Riemann
surface, for example on vector bundles.

Definition 7.1.4 A Klein orbifold is a pair (P,7), where P is a compact
Riemann orbifold and 7 : P — P is an anti-holomorphic involution on P.
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Definition 7.1.5 We say (P, 7) is a nice Klein orbifold if the fixed point set
P7 does not contain any marking points of P. A nice Klein orbifold has an
even number of marking points, paired up by the involution 7.

There are two kinds of contours which are invariant under the involution 7,
the ovals and the twists. Ovals are simple closed smooth contours consisting
of fixed points of 7. A twist is a simple contour in P which is invariant under
the involution 7 but does not contain any fixed points of 7.

Definition 7.1.6 We say (P, 7) is separating if the set P\P7 is not con-
nected. Otherwise we say it is non-separating.

We can decompose P into two orbifolds P, and P, by removing a number of
invariant contours. The decomposition is unique in the case of a separating
Klein orbifold but not unique in the case of a non-separating Klein orbifold
since the twists can be chosen in different ways.

Definition 7.1.7 Let (P, 7) be a nice Klein orbifold. The topological type of
(P, ) is the tuple (g; 2r, k, € : p1,...,pr), where g is the genus of the Riemann
orbifold P, 2r the number of marked points on P, p1, p1, p2, pa2, ..., Pr, Pr their
orders, k is the number of connected components of the set of real points P7,
e = 0 if (P, 7) is non-separating and € = 1 otherwise.

Definition 7.1.8 Given two Klein orbifolds (P, 71) and (Ps, 72), we say that
they are topologically equivalent if there exists a homeomorphism ¢ : P, — P,
such that ¢ o171 = 15 0 .

The following generalisation of the result of Weichold [23] gives a classification
of nice Klein surfaces up to topological equivalence, see also [4]:

Theorem 7.1.9 Two nice Klein orbifolds are topologically equivalent if and
only if they are of the same topological type. A tuple (g,2r,k, e, p1,...,Dr)
1s a topological type of some nice Klein orbifold if and only if either e = 1,
1<k<g+1,k=g+1 mod2ore=0,0<k<g.

Any separating nice Klein orbifold can be obtained by gluing together a Rie-
mann orbifold with boundary without marking points on the boundary with
its copy via the identity map along the boundary components. If we replace
the identity map with a half-turn on some of the boundary components, we
obtain a non-separating nice Klein orbifold. Moreover, all non-separating
nice Klein orbifolds are obtained in this way. This is illustrated in figures 7.1
and 7.2.

All Klein surfaces can be constructed from real Fuchsian groups:
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Figure 7.1: Separating Klein surface.

Figure 7.2: Non-Separating Klein surface.

Definition 7.1.10 A non-Fuclidian crystallographic group or NEC group is
a discrete subgroup of Aut(H). We will call a NEC group I a real Fuchsian
group if the intersection It=1n Aut, (H) is a Fuchsian group, r + It and
the quotient P = H/ 't is a compact orbifold.

Let I be a real Fuchsian group. Let I'* = I'N Aut (H), P = H/I* and let

® : ol — P; be the natural projection. Then for any automorphism g € I,
the map 7 = ® 0 g o ! is an anti-holomorphic involution on Ps. Thus a

real Fuchsian group I defines the Klein orbifold [[] = (Pg, 7).

Definition 7.1.11 The topological type of a real Fuchsian group [ is the
topological type of the corresponding Klein orbifold (Pp, 74).

The following is a generalisation of the results in [14] to the case of nice Klein
orbifolds, see also [4]:

Theorem 7.1.12 For a hyperbolic automorphism ¢ € Aut, (H), let ¢ be the
reflection whose mirror coincides with the axis of ¢, let \/c be the hyperbolic
automorphism such that (\/c)? = ¢ and let ¢ = ¢ /c.
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1. Let (g,2r,k,1,p1,...,p.) be a topological type of a nice Klein orbifold,
te. 1 <k <g+1andk =g+ 1 mod2. Letn = k. Let g =
(9+1—n)/2. Let

(a1,b1,...,a5,bg,€1,....€r,C1,...,Cp)

with ey, ..., e, elliptic and cy .. .c, hyperbolic be a standard set of gen-
erators of a Fuchsian group of signature (g, k,0,7 : p1,...,p,), then

(a1,b1,...,a5,bg,€1,...,€,C1,...,Cn,C1y...,Cp)
is a set of generators of a real Fuchsian group r of topological type
(g;2r k.1 pr1,... o).
Any real Fuchsian group of topological type
(g;2r,k,1:p1, ... pp)
15 obtained in this way.

2. Let (g,2r,k,0,p1,...,p) be a topological type of a nice Klein orbifold,
i.e. 0 <k <g. Let us choosen € {k+1,...,g+1} such thatn = g+1
mod 2. Let g = (g+1—n)/2. Let (a1,by,... a5 bg,€1,...,€,C1,...,Cpn)
be a standard set of generators of a Fuchsian group of signature (g;n, 0,7 :
D1y, Dr), then

(al,bl,...,ag,bg,el,...,67»,01,...,Cn,él,...,ék,6k+1,...,Cn)
is a set of generators of a real Fuchsian group of topological type
(97 2T7 ka Oupla s 7p7')-

Any real Fuchsian group of topological type (g;2r, k,0,p1,...,p;) is ob-
tained in this way.

3. Let I be a real Fuchsian group as in part 1 or 2 and let (P,T) be the
corresponding nice Klein orbifold. We now think of elements

(al,bl,...,ag,bg,cl,...,cn)

as loops in P without a base point (up to homotopy of free loops) rather

than generators of . We have PT = ¢; U---Uc¢,. The contours
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C1,...,CL correspond to ovals, the contours cgyq,...,c, correspond to
tunsts. Let Py and Py be the connected components of the complement
of the contours cy,...,c, in P. Fach of these components is an orbifold
of genus g = (9+1—n)/2 with n holes and r marking points. We have
T(Py) = P. We will refer to Py and Py as a decomposition of (P, T)
in two halves. (Note that such a decomposition is unique if (P, T) is
separating, but is not unique if (P,T) is non - separating since the
twists Cpy1,...,Cn can be chosen in different ways). Let a, = (ta;)™"
and b, = (b))~ fori=1,...,g, lete, = (te;)~" fori=1,...,r. Then

(Cthl,...,ag,bg,el,...,eT,Cl,...,Cn)
and
! / ! / / /
(ah, by, a5, b5, €1, €, Cly ety Cn))

are sets of generators of w(Py) and w(Ps).

. Let Py and Py be a decomposition of (P,T) in two halves. A bridge
between invariant contours c; and c; is a contour of the form

r U (th)tur; Ul

where | is a simple path in Py starting on c; and ending on c;, r; s
the path along c; from the end point of | to the end point of Tl and r;
is the path along c; from the starting point of Tl to the starting point
of l. (If ¢; or ¢; is an oval, the path r; or r; respectively consists of
Just one point). Let dy,...,d,_1 be contours which only intersect at the

base point, such that d; is a deformation of a bridge between c; and c,,.
Then

/ / / / / !/
(a1,b1,...,a5,bg,ay,b), ... a5,b5,e1,..., 60, €1+ e,

Ciy--. )cn—ladla s adn—l)

is a set of generators of w(P). Note that Tc; = ¢;. We will refer to
such sets of generators as symmetric.
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C;
l Tl
Cj
Figure 7.3: A bridge between ovals ¢; and ¢;
Ci
l
4
€
Figure 7.4: A bridge between an oval ¢; and a twist ¢,
Ci
l Tl
Cj
Figure 7.5: A bridge between two twists ¢; and ¢;
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Chapter 8

Higher Spin Bundles on Klein
Orbifolds

This chapter contains the main results of the thesis. I follow the scheme of
the proof of a similar result in the Klein surface case in [17] and [18] and
show that the generalisation of the claim to the Klein orbifold setting holds.

Let (P, 7) be a Klein orbifold. The involution 7 acts on all structures related
to the Riemann orbifold P, for example on the spin structures. The question
is, given an m-spin bundle on P invariant under the involution, what prop-
erties does the corresponding Arf function have? In this chapter we study
these properties. We get that for odd m the Arf function o vanishes on all
ovals, while for even m we have ¢ = 0 or m/2 on all ovals and ¢ vanishes
on all twists. We call Arf functions that satisfy these conditions real m-Arf
functions.

In [17] Natanzon and Pratoussevitch describe topological invariants of m-spin
bundles on Klein surfaces and give conditions under which such bundles exist.
I have extended their results to the case of nice Riemann orbifolds. I will
outline the main results in section 77 Using these results and Theorem 5.5.11
I next describe all connected components of the space of higher spin bundles
on Klein orbifolds and prove that any connected component is homeomorphic

to a quotient of R? by a discrete group.
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8.1 From Lifts of Real Fuchsian Groups to
Higher Spin Bundles on Klein Orbifolds

Definition 8.1.1 An m-spin bundle on a Klein orbifold (P, T) is a pair (e :
L — P,(), where e : L — P is an m-spin bundle on P and §: L — L is an
anti-holomorphic involution on L such that eo f =T oe.

Definition 8.1.2 Two m-spin bundles (e; : Ly — P, 51) and (ey : Ly —
Py, B) on Klein orbifolds (P, ) and (Ps, T2) are isomorphic if there exist
biholomorphic maps ¢, : L1 — Lo and ¢p : P, — P, such that the obvious
diagrams commute: es 0 ¢y = ¢ppoey, foopy = ¢ 0P and o pp = ppoTy.

Definition 8.1.3 A lift of a real Fuchsian group [ into G, is a subgroup I

of G, such that the projection |z, : * = I'is an isomorphism.

Recall the following correspondence (Theorem 5.1.2):

Theorem 8.1.4 There is a 1-1-correspondence between m-spin bundles on

Riemann orbifolds and lifts of Fuchsian groups into the m-fold cover of

We will sketch the proof here as it will be useful for the study of lifts of real
Fuchsian groups. Let I' be a Fuchsian group. A lift of ' is of the form

* N m d
I = {(g,0,)lg € T, € Hol(H, C"), 5" = ——g}.

The corresponding m-spin bundle ep« : L« — P = H/T is of the form
L« =(HxC)/I'" - H/T = P,

where the action of ['* on H x C is given by
(9,0g) - (z,2) = (9(2),04(2) - ).

Every m-spin bundle on P = H/T is obtained as er+ for some lift I™* of T.
Here we generalize Proposition 3.4 in [17] and give a more detailed proof.

Proposition 8.1.5 To any lift of a real Fuchsian group into the m-fold cover
G, of Aut(H) we can associate an m-spin bundle on the corresponding Klein
orbifold.
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Proof Let I'* be a lift of a real Fuchsian group [ into the m-fold cover
Gy, of Aut(H). Let T = I't = T' N Aut, (H) be the corresponding Fuchsian
group and T* = I N G} be the corresponding lift of I. Take P = H/T
and Ly« = (H x C)/T*. Let er, : Lp~ — P be the corresponding m-spin
bundle as in Theorem 8.1.4. For any (g,d,) € N G, consider the mapping
(z,2) — (9(2),04(2) - ). 1 will show that this mapping maps points in the
same orbit of ['* on H x C to points in the same orbit, i.e. it induces a map
Br+ : Lps — Lp«. Moreover, I will show that the map fr- does not depend

on the choice of the element (g,d,) € [N G;,. Finally T will show that Sp-
is an anti-holomorphic involution. Let us discuss the details:

If (¢/,2') and (z,x) correspond to the same point in Lr« = (H x C) /T,
(2, 2") = (h,6n) - (z,2) = (h(2),0n(2) - 7)

for some (h,d;) € I'*. Then

(9(2),04(2')-7') = (9(h(2)), 3(h(2))-0n(2) - ) = ((goh)(2), ((840N)-01)(2)-T).
On the other hand
(901091, Byenog-1) (9(2),3,(2):8) = ((gohog™)(9(2)), onog-r (9(2)) y()-2).
Note that

Sgon = (840 h) - Op,

Ggonog=1 = (0gon © g™") - 9g-1 = (350 h) - 0p) 0 g™1) - 041,

hence
(gohog ™, dsonog-1) - (9(2),0,4(2) - T)

= (g0 h)(2), (950 k) - 3n) 0 97" )(9(2)) - 34-1(9(2)) - 0y(2) - T)-
Note that (eg,1) = (g7, d4-1) - (9, ,) implies 5,-1(g(2)) - 6,(2) = 1, hence

(g0 hog™ dgong1) - (9(2),84(2) - T) = ((g 0 h)(2), (8 0 ) - 0n)(2) - T).
Thus we obtain
(9(2),04(2') - 7') = ((g 0 1) (2), (65 0 h) - 04)(2) - 7)
= (gohog ™", dgenog1) - (9(2)

N}
—
I
N—
&I
S~—
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ie. (g(2'),04(%")-7') and (g(z),d4(2) - ) correspond to the same point in Lp-.
Thus the mapping (z,z) — (g(2),0,(2) - ) induces a map Sp. : Lps — Lp-.

If we choose different (g1,d,,), (g2,0,4,) € N G, then

(92:04) - (97", 0,,)

= (92091 "8 007") - 0,-0),

(92097, 0gpogt) - (91(2), 04, (2) - 7)

= (922 0:)(91(2)), (0g © 97 ) (91(2)) - 0,-1(91(2)) - 0y, (2) - 7))

Note that (eq,1) = (g1, 04-1) - (91,04,) implies §y,-1(g1(2)) - 0, (2) = 1,
hence

(920 91", 8g091) - (91(2), 04y (2) - ) = (92(2), 89, (2) - T),
ie. (g1(2),04 (2)-7) and (g2(z), d4,(2)-T) correspond to the same point in Lp-.
Thus the map fSj. does not depend on the choice of the element g € N G..

If we apply ;. twice we get

We have go g € [* since g € [* and we have gog € G for any g € G,
hence go g € I*NG} = I*. Thus (z,2) and (gog) - (z,2) are equal modulo
the action of I'*. We have therefore shown that ;. is indeed an involution.

We can now associate with the lift T'* of the real Fuchsian group [ the m-spin
bundle ep. := (er-, Bp. ). O

Proposition 8.1.6 To any m-spin bundle on the Klein orbifold (P, T) we

can associate a lift of a real Fuchsian group into the m-fold cover G,, of
Aut(H).

78



Proof Any m-spin bundle on (P, 7) is obtained as er« for some lift I'* of T
into Gy,. Let (e: L — P, : L — L) be an m-spin bundle on (P, 7). We have
eof3 = roe. Consider alift 3 of 8: L — L to the universal cover L = H x C
of L. Let € be the projection H x C — P. The map B is bi-anti-holomorphic,

invariant under I'* and with the property €o 5’ = T1oe, hence ,@ is of the form

Bz,x) = (g(2), f(2,2)),

where ¢ is some element of I~ and f is some anti-holomorphic map. For a
fixed z the map = — f(z,z) is a bi-anti-holomorphic map C — C, hence
f(z,x2) = a(z) - & + b(z), where a : H — C* and b : H — C are holomorphic
functions. Since S is a bundle map, it preserves the zero section of L, hence

b(z) = 0 for all z. Thus f is of the form

Blz,z) = (9(2), a(2) - 2),
where a : H — C* is a holomorphic function. Considering the m-fold tensor
products, we obtain an anti-holomorphic involution given by

55" (z,x) = (9(2), a™(2) - 7)

on the cotangent bundle of P, hence

a = %g

m:*

Therefore g = (g, ,) with 0, = a defines a lift of the element g into G
The map 3 is invariant under the action of I'* on H x C:

For an element h = (h,d,) € T*, the elements (z,x) and & - (2, ) represent
the same elements in L, hence the elements

ﬁ(z,x) =g- (Z’:E)

and

B(}Nz(z,x)):giz(z,x)

must represent the same elements in L. Note that if ghg—! is the lift of ghg™*
into I'* then the element

—~——

ghg™t - g- (2,2) = (9(n(2)), .. .)
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represents the same element in L as § - (z,x). Thus the elements

P

ghg™-g-(z,2) and g-h-(z 1)

are equivalent under the action of I'* on H x C. The action of I'* on H x C
is free, hence these elements can only be equivalent if

—_——

ghg=-g=g-h.
Thus
G-h-g'=ghgt eI

Hence the element § = (g, d,) normalises the lift T*, i.e. gI™*g~" = T*.

[ is an involution, hence the element

B(B(Z’,ZL‘)) = §2 ’ (Z’x)

represents the same element in L as (z,x). The action of I on H x C is
free, hence these elements can only be equivalent if g?> = é. The fact that
G-I*-g! =T* and g* = ¢ implies that the subgroup of G,, generated by
[ and g is a lift of [ into G, 0

8.2 Lifts of Real Fuchsian Groups and Real
Arf Functions.

According to Theorem 5.5.3 there is a 1-1 correspondence between lifts of
a Fuchsian group T' into the m-fold cover G, of G = PSL(2,R), m-spin
bundles on the Riemann orbifold P = H/T" and m-Arf functions on P. A lift
[* of a real Fuchsian group I into the m-fold cover G, of G induces a lift
I'* = [* NG, of the Fuchsian group I' = I'N G into G, whence an m-Arf
function o, on H/I'. We study the properties of such m-Arf functions.

Lemma 8.2.1 Let I be a real Fuchsian group, ' = [T NG* the correspond-
ing Fuchsian group, [I] = (P = H/T,7) the corresponding Klein orbifold

and T* a lift of L into G,,. Assume that T has no elements of order 2.
Then the induced m-Arf function o = of on P has the following property:

o(rc) = —o(c) for any c € (P, p).
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Proof The anti-holomorphic involution on P is given by 7 = ® o f o &1

where f is any automorphism in [~ =I'NG~ and @ is the natural projection
H— P.

The induced involution on (P, p) = I' = I'* is given by conjugation by an
element of (I*)~ = I N G, which by proposition 5.2.6 changes the sign of
Sm, hence o(1¢c) = —a(c) for any ¢ € ©%(P,p). O

Definition 8.2.2 We call an m-Arf function on a Klein surface compatible
(with the involution 7) if o(7¢c) = —0o(c) for any ¢ € (P, p).

Lemma 8.2.3 Let o be a compatible m-Arf function on a Klein surface
(P,7). If m is odd, o vanishes on all ovals and all twists. If m is even,
then o(c) is either equal to 0 or to m/2 for any oval and any twist c.

Proof If an element ¢ € (P, p) = T corresponds to an oval, then 7(c) = ¢
and o(rc) = o(c). If ¢ corresponds to a twist, then 7(c) is conjugate to c,

1

that is 7(c) = gcg™! and o(7c) = o(gcg™') = o(c). So in both cases we

have o(7¢) = o(c). On the other hand o is compatible, so o(7¢) = —o(c) for
any c¢. Hence we must have 20(c) = 0 modulo m. For odd m this implies
o(c) = 0, for even m either o(c) =0 or o(c) = m/2. O

Recall from Theorem 7.1.12 that for a hyperbolic automorphism ¢ € Aut, (H),
¢ is the reflection whose mirror coincides with the axis of ¢, y/c is the hyper-
bolic automorphism such that (y/c)? = ¢ (y/c shifts half the distance of c)
and ¢ = ¢y/c.

The results of [14] imply:

Lemma 8.2.4 Ifc € [isa hyperbolic element that corresponds to an oval
on P =H/T, then T contains the reflection ¢. Ifc € Disa hyperbolic element
that corresponds to a twist on P = H/T, then [ contains the element ¢ = éVe.

Lemma 8.2.5 Let I' be a real Fuchsian group, I = I't = T'NG* the cor-
responding Fuchsian group, [f‘] = (P = H/T',7) the corresponding Klein

surface and T* a lift of T into G,,. Then the induced m-Arf function o = op-
on P vanishes on all twists.
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Proof By Lemma 8.2.3 we know that if m is odd then ¢ vanishes on any
oval and any twist. For even m we have o(c) = 0 or o(c) = m/2 for any
oval and any twist c¢. We need to show that the case m even, c a twist and
o(c) =m/2 is not possible.

Let ¢ be a hyperbolic element in T' 2 7%( P, p) which corresponds to a twist.
According to Lemma 8.2.4 the group I’ contains the element ¢ = éve. Let

C e ()t and C € (I'*)~ be the lifts of ¢ and & Without loss of generality
we can assume that ¢ = 75 () so that ¢ = j - 79(A/2), where j is the
reflection in the imajinary axis and 79 .,(A/2) shifts half the distance of c.

The lift of & in T™* is of the form C' = JTj . (A\/2) - U9 for some integer g.

Using identities JTpo0(A) = To.00(A)J and JU? = U~9J from Proposition
2.3.1 we obtain:

C? = (JTo0o(N2)UN)? = JT oo (N2)ULT Ty oo (A/2)U*
= Tp.00(A/2) JUT Ty oo (A/2) U
= To.00 (N /2)U 0T I Ty 00 (N /2) U
= Tp.0o (A 2) U Ty (N /2)
= To,00(A/2)T0,06(A/2)
= Tpo(A/2+ 1/2)
= Tpoo(N).

The element C' € T*, so (0)? € I'* since lifted elements form a subgroup.
The element (C)? is a preimage of (¢)> = & = G\/ct/c = ce/e/c = c.
Thus (C)? = Ty () is the lift of ¢ in I*. By definition of an induced m-Arf
function, we know that o(c) is equal to the value of s, on the lift of ¢, hence
o(c) = $m(To.0(A)). On the other hand we have s,,(7) o (A)) = 0, compare

with section 5.2.1. Therefore o(c) = $,,,(Th.(A)) = 0. O

Definition 8.2.6 A real m-Arf function on a Klein orbifold (P, 7) is an m-
Arf function o on P such that

1. o is compatible with 7, i.e. o(7c) = —o(c) for any ¢ € ©)(P, p).

2. o vanishes on all twists.
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Corollary 8.2.7 Let I'* be a lift of a real Fuchsian group [. Assume that
I' = I' N Aut,(H) has no elements of order 2. Then the induced m-Arf

function o = op. is a real m-Arf function on the Klein orbifold [f‘]

Definition 8.2.8 Two lifts (I*); and ('), of a real Fuchsian group I are
similar if (I*); = (I*), - U? for some ¢ € Z.

Following the same reasoning as in [17] we obtain

Theorem 8.2.9 Let [' be a real Fuchsian group. Assume that I' = I'n
Auty (H) contains no elements of order 2. Let (P = H/I',7) be the cor-
responding Klein orbifold. Let p € P. Then there is a 1-1-correspondence
between.:

1. m-spin structures on the Klein orbifold (P,T).

2. Similarity classes of lifts of I into the m-fold cover G, of Aut(H).

3. Real m-Arf functions o : 7\(P,p) — Z/mZ.

8.3 Topological Invariants of Higher Arf Func-
tions

We want to know whether the space of all m-spin structures is connected,
and if not, how many connected components it has. It turns out that we
have either one component (connected) or two components, and that there
is an invariant of an m-Arf structure, namely the Arf invariant, introduced
in Definition 5.5.6 which tells us which component the m-Arf structure is in.

For convenience we will recall the results of section 5.5.3, specialising to the
case that P is a Riemann orbifold of type (g; s, 1y, lc : p1,p1,- ., Dr, Dr) With
l,=0,1lc=2rand l, +2r = n. Let p € P. Let o : n°(P,p) — Z/mZ
be an m-Arf function. The Arf invariant § = §(P,0) of o is defined as
follows: If g > 1 and m is even then we set § = 0 if there is a standard basis
{a1,b1,...,a4,by,¢1,...,c,} of the orbifold fundamental group (P, p) such

that
g

> (1—=0(a:))(1—o(b:) =0 mod 2

=1
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and we set 0 = 1 otherwise. If ¢ > 1 and m is odd then weset 6 = 0. If g =0
then we set 6 = 0. If ¢ = 1 and there is a standard basis {a, by, c1,..., ¢}

of the fundamental group w(P,p) with ¢4, ..., ¢, holes and ¢, +1,..., ¢, 12,
elliptics then we set

0= ng(m7 U(a1)7 U(bl)u O'(Cl) + 17 s 7U(Cn) + 1)
=ged(m,o(ar),o(by),o(c1) +1,...,0(c,)+1L,pr —1,...,p, — 1).

Let n? be the number of holes ¢; with o(¢;) = j. Then the topological type
of o is a tuple

= (97 57 nga oo anfn—hpl?ph o 7p1”ap7“)7
where g is the genus, ¢ the Arf invariant of o, Z;”:_Ol n? =l and p1,p1,. ..\ Pry Pr

are the orders of elliptic elements.
The following theorem is a special case of Theorem 5.5.11 and Proposition
5.5.4.

Theorem 8.3.1 1) Let n} be the number of holes ¢; with o(c;) = j. A tuple

t= (9767n37 cee 7n21—17p17p17 “ee 7p7“>pr)

is the topological type of a hyperbolic m-Arf function on a Riemann orb-
ifold of type (g;ln,l, = 0,lc = 21 : p1,p1,...,pr,pr) if and only if it has
the following properties:

(a) If g > 1 and m is odd, then § = 0.

(b) If g > 1, m is even and n? # 0 for some even j, then § = 0.

(c) If g = 1 then 0 is a divisor of m, ged{j + 1|n§1 # 0} and ged(py —
L...,pr—1).

(d) The following degree condition is satisfied in Z/mZ:

m—1 T

, 1
Zj'n?_QZ_.:(2_29)_(lh+2r)'
§=0 i=1 ¢

2) ]f (gu n](}’n}ll7 s anfn—hpl)ph cee 7pr7pr) with Z;n:_()l TL? = lh satisfy the
condition (d), then for any choice of a standard (or symmetric) set of
generators

(al,bl,...,ag,bg,cl,...,cn)
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of m(P) and any choice of the values o(a1),o(b1), ... ,0(ay), o(by) there ex-

ists an m-Arf function on P of type (g, 8, ni,n, ... nl | piipy, . 0e D)

for some 0 with the given values on ay, by, ..., a4, by.

8.4 Topological Invariants of Real Arf Func-
tions - Non-Separating Case

Let (P, 7) be a non-separating nice Klein orbifold of type (g, 2r, k,0,p1, ..., pr).

Definition 8.4.1 The topological type of a real m-Arf function o on P is:

(i) If m is odd, then the topological type is the tuple (g,k,p1,...,p:),
where k is the number of ovals of (P, 7).

(ii) If m is even, then the topological type is the tuple (g, d, ko, k1,01, - - ., Pr),
where ¢ is the m-Arf invariant of o and k; is the number of ovals of

(P, ) with value of o equal to m - j/2.

8.5 Topological Invariants of Real Arf Func-
tions - Separating Case

Let (P,7) be a separating nice Klein orbifold of type (g,2r, k, 1,p1,...,p;).
Let P, and P be the connected components of P\P7.

Definition 8.5.1 If m is odd, then the topological type of a real m-Arf func-

tion o on P is the tuple (g,8, k, p1, . .. ,Dr), Where 4 is the m-Arf invariant of
o|p, and k is the number of ovals of (P, 7).

Real m-Arf functions with even m on separating Klein orbifolds have addi-
tional topological invariants.

Definition 8.5.2 We say that two ovals are similar, ¢; ~ co, if (U (71)7!)
is odd, where [ is a simple path in P; connecting c; and cs.

Note that two ovals are similar with respect to o if and only if they are
similar with respect to ¢ mod 2, hence we obtain using Theorem 3.3 in [14]:

Proposition 8.5.3 Similarity of ovals is well-defined. Similarity is an equiv-
alence relation on the set of all ovals with at most two equivalence classes.
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Definition 8.5.4 Let ¢ be an oval in P7. If m is even, then the topological
type of a real m-Arf function o on P for even m is the tuple

(g,S, kga k?a k(1)7k}7p17 s 7p7‘)7

where 4 is the m-Arf invariant of o|p,, k? is the number of ovals similar to ¢
with value of o equal to j - m/2 and k:]l is the number of ovals not similar to
¢ with value of o equal to j-m/2 on (P, 7). (The invariants k! are defined

up to the swap of £? and k;.)

8.6 Real Arf Functions on Bridges

Lemma 8.6.1 Let (P, 1) be a nice Klein orbifold and let o be a (not neces-
sarily real) m-Arf function on (P, 7). Assume that the orbifold fundamental
group w(P,p) has no elements of order 2. Let d be a bridge as defined in
Theorem 7.1.12.

o Let (P, 1) be separating. Then o(rd) = —o(d).

e Let (P,T) be non-separating. Let ci,...,¢c, be invariant contours as in
Theorem 7.1.12, with cq,...,c corresponding to ovals and Cgyq,...,C, cOT-
responding to twists. If o vanishes on all twists cxy1,...,¢, then o(rd) =
—o(d).

Proof Let d = r;U(7l)"'Ur;Ul be a bridge between ¢; and ¢; as in Theorem
7.1.12.

e If ¢; and ¢; are both ovals, as shown in Figure 8.1 we have:

C;

Figure 8.1: A bridge between ovals ¢; and ¢;
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d=(rl)"'Ul,
rd=7((r)'ul)=1"turl=d"

Now we see that o(7d) = o(d™) = —0o(d).

o If ¢; is an oval and ¢; is a twist, as in Figure 8.2, we have:

C;

4

Figure 8.2: A bridge between an oval ¢; and a twist c;

d=(r))"'Ur;Ul,
rd=7((r)"'Ur;Ul) =1""UTr; UT,
(rd)™' = (r1) ' U (7r;) "t UL
= ((r)turulu Tt ur U ()T Ul
=dUc '

Using Properties 3 and 2 of Arf functions we get
o((rd)™) = o(d) + a(cj_l) =o(d) — o(cj).
Using Property 2 we obtain o(7d)™! = —o(7d) and therefore
o(rd) = —o(d) + o(c;).
Now we see that o(c;) = 0 implies that o(7d) = —o(d).
o If ¢; and c¢; are both twists , as in Figure 8.3 we have:
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Figure 8.3: A bridge between two twists ¢; and ¢;

d=r;U(t) "t ur; Ul
Td
(rd)~

(U ()P U Ul = Ul U Ul =1 U U Tl U Ty,
i) ( D~tU (rry) Ul
(rra) PUrH U (U ()Tt ur, U U (Tt U rj‘l U (rry) "t ul)

(rr
(

=ctudU cj_l.
Using Properties 3 and 2 of Arf functions we obtain
o((rd)™") = olc;') + o(d) +o(c;") = o(d) — o(c;) — a(cy).

Using Property 2 of Arf functions we obtain o((7d)™') = —o(7d) and there-
fore

o(rd) = o(c;) — o(d) + o(c;).
Now we see that o(c;) = o(c;) = 0 implies o(7d) = —o(d). O

We will need the following generalisation of Lemma 4.5 in [17]:

Lemma 8.6.2 Let (P,7) be a Klein orbifold of type (g,2r,k,€,p1,...,pr),
pi > 3, and o an m-Arf function on P. Let cq,...,c, be invariant contours
as in Theorem 7.1.12, with cy, ..., cy corresponding to ovals and cgiq, ..., Cy
corresponding to twists. Let

Y Y
B:(al,bl,...,ag,bg,al,bl,... b

3 g7 g?
/
€1y ey €y €y e €0 CLy e Cu1,ydyy sy 1)

) r

be a symmetric generating set of ©¥(P). Assume that
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(i) o(a;) = o(al), o(b;)) =a(b)) fori=1,...,9,
(ii) 20(c;) =0 fori=1,...,n—1,
(i1i) o(c;) =0 fori=k+1,...,n.

Then o is a real m-Arf function on (P,T).

Remark. Condition (ii) means that o vanishes on all twists.

Proof To be real, the m-Arf function ¢ must vanish on all twists and be
compatible with 7, i.e. satisfy the equation o(7z) = —c(z) for all z € 7{(P).
Condition (i77) implies that ¢ vanishes on all twists. We will first check the
equation o(7z) = —o(x) for all z in B.

,g: Recall that a, = (1a;)™", hence 7a; = (a})™! and

exr =ua;b,i=1,...
o(ta;) = o((a})™') = —o(a}). Condition (i) implies o(a}) = o(a;), hence
o(ra;) = —o(a;) = —o(a;). Similarly o(7b;) = —o(b;).

.., g: Recall that a/ = (7a;)7!, hence 7a’ = (a;)~" and
J / /

o(ra;) = o((a;)”") = —o(a;). Condition (7) implies o(a;) = o(a}), hence
o(ra}) = —o(a;) = —o(a}). Similarly o(7b)) = —o(¥).

ex =cyeli=1,...,r. o(re;)) = o(e;') = —o(e;) since 7e; and e; ! are
elliptic elements of the same order (see Lemma 5.3.1).
exr=c,1=1,...,n—1: Recall that 7¢; = ¢; for an oval ¢;, i = 1,...,k,
while 7¢; is conjugate to ¢; for a twist ¢;, i = k+1,...,n — 1. In both cases
o(r¢;) = o(c¢;). Condition (i7) implies 20(¢;) = 0 for i = 1,...,n — 1, hence
o(re;) =o(¢;) = —o(e).

exr=d;,i=1,...,n—1: Condition (i77) implies that o vanishes on all twists.
According to Lemma 8.6.1 it follows that o(7d;) = —o(d;) fori =1,...,n—1.
Consider ¢ : m(P) — Z/mZ given by 6(x) = —o(7x). The involution 7 is an

orientation-reversing homeomorphism, so it is easy to check using Definition
5.5.1 that if o is an m-Arf function then so is 6. We have checked that for any
x in B we have o(tx) = —o(z), hence 6(x) = —o(7x) = o(x). Thus we have
two m-Arf functions, o and &, which coincide on a generating set. We can
conclude that ¢ an dé coincide everywhere on 71 (P), i.e. for any x € 7 (P)
we have o(7z) = —6(x) = —o(x). This shows that the Arf function o is real.
0

8.7 Topological Equivalence of Arf Functions

Definition 8.7.1 Two m-Arf functions o, and o2 on a Klein orbifold (P, 7)
are topologically equivalent if there exists a homeomorphism ¢ : P — P such
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that g o7 = 70 ¢ and 07 = 0, 0 ¢, for the induced automorphism ¢, of
(P, p).

Theorem 8.7.2 Let (P, 1) be a Klein orbifold of type (g,2r,k,€,p1,...,pr),
pi > 3. Let o be a real m-Arf function on (P,7). For e = 1 assume that
k< g—1and let n = k. For e = 0 assume that k < g — 2 and take
ne{k+1...,9—1} such thatn =g—1 mod 2. (The assumption k < g—2
implies k+1<g—1, hence {k+1,...,9—1} #0). Let

(al,bl,...,ag,bg,el,...,er,cl,...,cn)

be a generating set as in Theorem 7.1.12. Then we can choose bridges
di,...,d,_1 in such a way that

/ / / /
(a17b17 “ .. ,ag,b§7a17b1, “ .. ,a‘é,bg,

/ /
Clyevey €ry€lyeeey €, ClyneyCro1ydy, ... dyq)
with a} = (ta;)™L, b, = (1b;) 7', e} = (1e;) 7" is a symmetric generating set of
w1 (P, p) and

(i) If m is odd, then o(d;) =0 fori=1,...,n— 1.

(ii) If m is even and (P,T) is separating, then o(d;) € {0,1} for i =
,....,n—1.

(iii) If m is even and (P, T) is non - separating, then o(dy) = -+ = o(d,_1) €
{0,1}.

Proof In the case ¢ = 1 we have § = (g + 1 — k)/2 and the assumption
k < g—1implies g > 1. In the case e = 0 we have § = (g +1—n)/2 and the
assumption n < g — 1 implies ¢ > 1. Our aim is to choose disjoint bridges
dy,...,d,_1 which satisfy the conditions above.

e If m is even we can consider the 2-Arf function ¢ mod 2 on P. If m is
even and (P, 7) is non-separating, then according to Lemma 11.2 in [14], we
can choose the bridges dy,...,d,_; in such a way that

(0 mod 2)(dy) =---=(c mod 2)(d,_1).
This means for the original m-Arf function o that
o(dy)=---=o0(d,—1) mod 2.

e Let ()1 be the compact orbifold of genus § with one hole obtained from P;
after removing all bridges di,...,d,_1. Let 6 be the Arf invariant of 7o, -
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(i) Consider the case § > 2. According to Lemma 5.5.10 we can choose a
standard set of generators (aq, b1, ..., a3, b;,€1,...,¢e,¢) of m(Q1,p) in
such a way that

(o(ar),o(br),...,0(az),0(b;)) = (0,1 — 6, 1,..., 1),
hence o(a;) = 0.

(ii) Consider the case § = 1. According to Lemma 5.5.10 we can choose a

standard set of generators (ay, by, e, ..., €., ¢) of m1(Q1,p) in such a way
that

(0(a1), o(br)) = (9,0),
hence o(b) = 0.

Thus if § > 1 then there exists a non-trivial contour a in P; with o(a) = 0,
which does not intersect any of the bridges dy,...,d,_1. If we replace d; by
(ra)~'d;a, then

o((ta)'dia) = o((ta)™) + o(d;) + o(a) — 2.
Taking into account the fact that o(a) = 0 we obtain
o((ta)'dsa) = o(d;) — 2.

Repeating this operation we can obtain o(d;) = 0 for odd m and o(d;) €
{0,1} for even m.

e Note that the property o(dy) = --- = o(d,—1) mod 2 (if m is even and
(P, 7) is non-separating) is preserved during this process, hence o(d;) = - -+ =
o(d,_1) at the end of the process. O

8.8 Moduli of Klein Orbifolds

For the following results about moduli spaces of Klein orbifolds we follow
[15] and [16] with minor modifications.

Let Mg o k.0p1....p. D€ the moduli space of Klein orbifolds of topological type

,2r k,0,p1, ..., pr). Let T'yorkp ..p be the group generated by the ele-
g 9,47,R,P15---5Pr
ments

v=Aa1,b,...,a4,bg,€1,...,€r,¢1,...,C}
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with the defining relations

g T

H[ai, bz] . €; - C; = 1

i=1 =1 =1
and e/ =1fori=1,...,7.
The Fricke space Tyorjp,...p. is the set of all monomorphisms
Y Lyorkpr,..p — Auty (H)
such that

{¢(az)7¢<bz)(z = 1a ce 7g)>¢(ez)(z = 1’ ce 7T)7¢(Ci)(i = 17 Tt k)}

is a set of generators of a Fuchsian group of signature
(g7lh = kvlp = O7l€ =2r: b1, P1,--- 7p7"7p7")-

For (g; 1, = k,l, =0,l. =27 : p1,p1, ..., Py, pr) to be a signature of a group of
hyperbolic isometries, we have to assume that > ;_, p%' < r+g—1. The Fricke

space Ty opkpy...p. 15 homeomorphic to R0~6+3%+27 The group Aut, (H) acts

on Ty orkpi...p. Dy conjugation. The Teichmuller space is Ty orppy...pr =

TgazTak:pl 7~~~:p7‘/Aut+ <H> :

Theorem 8.8.1 Let (g,2r,k,1,p1,...,p;) be a topological type of a Klein
orbifold, i.e. 1 <k < g+1andk =g+1 mod2. Letg= (g+1-—
k)/2. The moduli space Mgy ok 1pi....p. of Klein orbifolds of topological type
(g,2r,k,1,p1,...,pr) is the quotient of the Teichmuller space Tg ok py...pr UY
a discrete group action of automorphisms. Tg oy kp,...p, S homeomorphic to

a quotient Of R6g76+3k+2r = R39—3+2r

Theorem 8.8.2 Let (g,2r,k,0,p1,...,p.) be a topological type of a Klein
orbifold, i.e. 0 < k < g. Let us choose n > k such thatn = g+ 1 mod 2.
Let g = (g + 1 —n)/2. The moduli space Mgy ork.0p.,..p Of Klein orbifolds
of topological type (g,2r,k,0,p1,...,p,) is the quotient of the Teichmuller
space T ornp....p. bY @ discrete group action of automorphisms. Ty ornpy...p,

is homeomorphic to a quotient of R69-6+3n+2r — R3g=3+2r
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Theorem 8.8.3 The moduli space of Klein orbifolds of genus g decomposes
into connected components Mg oy cp...p.- Fach connected component is

homeomorphic to a quotient of R3973%2" by a discrete group action.

We can use Theorem 5.5.11 to give conditions for Arf functions on each com-
ponent and we have conditions on the ovals and the twists. We now combine
these to determine Arf functions which are invariant under the involution.
We consider four cases, covering separating and non-separating Klein orb-
ifolds for even and odd m.

8.9 Non-Separating Case, Even m

In this section we describe all topological types and the moduli space in the
non-separating case for even m.

In the separating case, the invariant contours are all ovals. When we decom-
pose the surface into two halves each component has genus § = (g+1—k)/2,
where k is the number of ovals. In the non-separating case we have at least
one twist. Natanzon showed in [13] that we can cut the surface in such a
way that the resulting components have genus 0.

Proposition 8.9.1 Let m be even. Let (P, T) be a nice Klein surface of type
(9,2r,k,0,p1,....0r), g > 2, p; > 3. A tuple (9,9, ko, k1,p1,-..,pr) with
ko + k1 = k is a topological type of some real m-Arf function on (P,T) if and
only if the following condition is satisfied:

T

1
%.kl_;_i:(l—g—r) mod m.

If this condition is satisfied, then for any choice of a set of generators and
values on the set of generators which give us the right topological invariants
we get a real Arf function.

Proof Let B = (e1,...,e,,€),...,€.¢c1,...,¢4,dq,...,d;) be a symmetric

) r

set of generators of w(P,p) as in Theorem 7.1.12.
1) Let o be a real m-Arf function on (P, 7) of topological type

<g>57 kOa klapla o 7pr)-
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The Arf function o is real, hence vanishes on all twists, o(¢;) = 0 for
i=k+1,...,9+ 1. As for the ovals ¢y, ..., ¢, the Arf function o is of
the topological type (g, 9, ko, k1,p1, ..., pr), hence o takes the value 0 on

ko ovals and the value m/2 on k; ovals. Thus the topological type of the
m-Arf function o|p, is:

(‘6757”07"'7”}7;17171717"'Jpr)
with g =0, ng:ko—i—(g—i—l—k:),n%:kl and n/f = 0 for j #0,%

According to Theorem 5.5.11, the tuple (g, 5, ny,...,nt | pi,...,p,) must
satisfy the following:

T

mz Zl— (2—-2¢)—(g+1+7r) modm.

Jj=0 i=1 pi

Now let (ko, k1) be any tuple with ko + k1 = k and 3 - k& — STt =

i=1 p;
(1 —g—r) mod m. We will define an m-Arf function o on P as follows:

Choose a subset Ain {1,...,k} with |A| = k;. Set o(¢;) =m/2 fori € A,
o(c;) =0fori e {l,...,g9},i ¢ A. Theorem 5.5.11 implies that on the
compact surface P the Arf invariant § of o satisfies

g
Z (1—0(¢;))(1 —o(d;)) mod 2.
i=1

By varying the values o(d;) we can always achieve both 6 = 0 mod 2
and § =1 mod 2 unless all o(c¢;) are odd. Recall that o(c1),...,0(ck) €
{0,m/2} and o(cy1) = ... = 0(c,) = 0, hence the case that all o(c;) are
odd is only possible if m=2 mod4, kg =0, ky = k = g. On the other
hand Bk — >0, pl =1—g—r mod m. Substituting k; = g we obtain

m "1

Eg_ —=1—g—r modm.
i=1
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Let us consider this equation modulo 2. We have 3 = 1 mod 2 since

m = 2 mod 4. By Lemma 5.3.21 have >, , pii = r mod 2. Therefore

g=1—¢g mod 2,ie. 0 =1 mod 2. This contradiction shows that with
an appropriate choice of o(d;) we can achieve any value of ¢ in {0, 1}.

/

The values o(e;) and o(e}) are determined by p;. According to Theorem
8.3.1, these values on B determine a unique m-Arf function o on P. We
have o(¢1)+- - -+0(cg+1) = k1-m/2+0(cy41). On the other hand Theorem

8.3.1 applied to P; implies that

r

a(cl)+~~+a(cg+1):Zl+(2—2§)—(9+1+7’)

im1 Pi

1
:Z——l—l—g—r mod m.

i=1

Hence o(cg41) = 3211, o L+1—g—7r—4k -m/2 mod m. We know that

ey +1=g—r—ki-m/2=0 mod m, hence o(cy41) =0 mod m.
Lemma 8.6.2 implies that o is a real Arf function. This construction gives
all real Arf functions of type (g, 0, ko, k1) as it realizes all choices of values
on a symmetric set of generators that conforms to the given topological

type. [l

Example 8.9.2 For example, look at an orbifold P of genus g = 4 in the
case m = 6. Theorem 7.1.9 implies 0 < k < 4. We will look at the case when
k=2. For k =2 we can take (ko, k1) = (0,2),(1,1) or (2,0).

Let p1,p1,...,pr, pr be the orders of the marking points. By Theorem 5.5.11
for an m-spin bundle to exist on the compact orbifold P we require

—22 —(2—29)—2r = —6—2r = —2r mod 6. (8.1)

By Proposition 8.9.1 for there to be an involution on the m-spin bundle we
require
1

3-k1—Z;:—3—r mod 6. (8.2)
i=1 4"

Note that the condition (8.1) is implied by (8.2).
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Recall that m and p are relatively prime. So (6,p;) = 1 implying p; = 1
mod 6 or p; =5 mod 6. :z% is the inverse of p; in Z/67Z. For p; =1 mod 6

wehavez%zl mod 6 and for p;, =5 modG,I%:E) mod 6.

Out of v orders of marking points, let + < r be 5 mod 6 and r — x be 1
mod 6. For (8.1) to be satisfied we need —2(5x + (r — z)) = —2r mod 6,
that is —8x = 0 mod 6 and x = 0,3,6,9,.... So if r = 1 we have a 6-
spin bundle for py = 1 mod 6, iof r = 2 we have a bundle if py = py = 1
mod 6 and if r = 3 we have a bundle if py = ps = p3 = 1 mod 6 or if
p1=p2=p3=>5 mod 6.

To have an involution on the bundle we require (8.2) to be satisfied. That is
3-ky—(r+(r—z))=-3—7r mod 6= 42 =3k; +3 mod 6. Fork; =0
that is 4xr = 3 mod 6 which is never satisfied. For ki = 1 we have 4x = 6
mod 6 that s 4x =0 mod 6 so x =0,3,6,9,.... For k=2 we have 4x =9
mod 6 which is never satisfied.

While we can have 6-spin bundles on Klein orbifolds of types

(ga 27’,2,0,])1, s 7pr)

with (ko, k1) = (2,0) and (ko, k1) = (0,2), we can only extend the involution
from the orbifold to the bundle if (ko, k1) = (1,1). Then x =0,3,6,9,.... i.e
ifr=1thenp =1 mod®6, ifr =2 then py =p, =1 mod 6 and if r =3
then py =ps =p3 =1 mod 6 or p; =p, = p3 =5 mod 6.

Proposition 8.9.3 Let m be even and let (P, T) be a nice Klein orbifold of

type (g,2r,k,0,p1,...,p), g > k+2, p; > 3. Two m-Arf functions on (P, T)
are topologically equivalent if and only if they have the same topological type

(9,0, ko, k1, p1, -+, pr)-
Proof Let o be a real m-Arf function on (P, 7) of topological type
(9,0, ko, k1, p1, -+ -5 pr).
Let n € {k+1,...9 — 1} such that n = ¢ — 1 mod 2. (The assumption
k<g—2impliesk+1<g—1, hence {k+1,...,9g— 1} #0).

Let ¢q,...,c¢, be invariant contours as in Theorem 7.1.12, with cq,..., ¢
corresponding to ovals and c¢gyq,...,c, corresponding to twists. The Arf
function o is real, hence it vanishes on all twists,

(k1) =+ =0(cy,) =0.
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The Arf function o is of topological type (g, d, ko, k1), hence (o(c1), ..., 0(ck))
is a permutation of ky times zero and k; times m/2. Let P, and P, be
connected components of the complement of the contours cq,...,¢, in P.
Each of these components is a surface or genus § = (¢ + 1 — n)/2 with n
holes. The condition n < g — 1 implies g > 1.

(i) Consider the case § > 2, i.e. n < g — 3. Note that there are contours
around holes in P; such that the values of ¢ on these contours are even,
namely the value of o on ¢g41, ..., ¢, is zero. Thus, according to Lemma
5.5.10, we can choose a standard generating set

(a1,b1,...,a5,b5,€1,...,€r,C1,...,Cp)
of m(Py) in such a way that
(0(ar),o(b1),...,0(az),0(b;)) = (0,1,1,...,1)
and

olc1) =---=o0(ck) =0, o(Cryy1) =+ =0(cx) =m/2.

(ii) Consider the case § = 1, i.e. n = g — 1. According to Lemma 5.5.10
we can choose a standard generating set (aq,by,€1,...,€.,¢1,...,¢,) of
7m(Py) in such a way that

(o(ar),a(b1)) = (6,0),
where
§ = ged(m, o(ar), o(b),o(c) +1,. .. 0(ca) +1,p1 — 1,...,pp — 1),
and
o(e) = - = o) = 0, (crur) = - = ac) = m/2.

Note that there exist ¢ such that o(¢;) +1 = 1, for example all i in

{k+1,...,n}, therefore the greatest common divisor is 5 = 1. Hence
we can choose a standard generating set (a1, b1, €1,...,€.,¢1,...,¢,) of
7(P;) in such a way that

(0(a1),0(b1)) = (1,0),

o(cy) =--=o0(cy) =0,

o(ck) =m/2.

O-(Cko—‘,-l) = ...
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Let

/ / / /
B: (al,bl,...,ag,bg,al,bl,...,ag,bg,
/
€Ly ey €y €y ey €0 CLy e Cu1,dyy oy 1)

be a symmetric generating set of w(P) as in Theorem 8.7.2; i.e. there exists
¢ € {0,1} such that

o) =+ = o(d) = &
The Arf invariant of o is:

n—1

J = Z(l —o(e)(1—o(d;)) + Z(l —0(a;))(1 —o(b;))

+Z (1—o(a))(1—a(b)

= i(l —o0(c)(1 —o(dy))

=(1-9[(1-0)+--+1-0)+1-m/2) 4+ (1—-m/2)+

k‘o k'l
1-0)+---+(1-0)]
k

n— 1

(—~

(1 =& (ko + k(1 —m/2)+n—1—k)
(1= -1~k -m/2)
(1-¢) mod 2.

To see that n —1—Fk;- % =1 mod 2, note that by Proposition 8.9.1 we have

m 1

_.klzz—+1—r—g mod m,

i=1
hence (n—1)—Fk- % = (n—1)—=>""_ 1p —1+r+g=Mn—-2)+g+r— 211;
mod m. By the choice of n we have n = g — 1 mod 2, hence (n—2)—|—g—

(9g—3)+9g=29—3=1 mod 2. So we need to show that r — 1p =0
mod 2. This holds due to Lemma 5.3.21.
Hence o(d;) =1—9 fori=1,...,n—1. The values of o on e; and € are de-

termined by their order p;. Thus for any real m-Arf function o of topological
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type (g,0, ko, k1,p1,-..,pr) We can choose a symmetric set of generators B
with the values of o on B determined by (g, 6, ko, k1, p1, - - ., pr) only. Hence

any two real m-Arf functions of topological type (g, 9, ko, k1, p1,...,p,) are
topologically equivalent. 0

Theorem 8.9.4 The space of m-spin bundles on non-separating nice Klein
orbifolds with g > k + 2, marking points of orders > 3 and even m de-
composes into the connected components S(g, 90, ko, k1,01, - -, pr), where t =
(9,9, ko, k1,,p1,...,pr) satisfies the conditions of Proposition 8.9.1 and S(t)
is the set of all real m-spin bundles such that the associated m-Arf function
is of type t. Fach of the components S(g,0, ko, k1,p1,-..,pr) 1S a branched
covering of Mg or otk 0p1,...p,) @0d 18 diffeomorphic to

39—3+2r
R /MOdg,é,ko,khpl,--.,prv

where Modg 5 k.o k1 .p1,...pr 45 @ discrete group of diffeomorphisms.

Proof Let k = ko -+ k. By definition, to any ¢ € Ty ay.g11p,...p. corresponds

a sequential set
V=(E,....,E C...,Cyp1)

of type (0,2r,g + 1,p1,...,p,) which, together with
(éla S 7Ck> ékJrla SR 7ég+1)7

generates a real Fuchsian group I'y,. On the Klein orbifold (P, 7) = [I'y], we
consider the symmetric set of generators (e, ..., e, €}, ..., e, c1,dy, ..., ¢y dy),

YT

where ¢, dy, ..., ¢4, d, correspond to the shifts

017 CN’g-‘rlc_’la s 7Ck7 CN’g-‘rlc_’k) Ck+17 ég-‘rlék-i-la s 7Cga Cg+ICg~
We introduce an Arf function o = o, given by
o(c;)=0 for i=1,... ko,

o(c;)=m/2 for i=ky+1,....ko+k =k,
o(c;)=0 for i=k+1,...,9,
o(d;))=1—-46 for i=1,...,g.

and o(e;) = o(e}) = n; such that n;p; + 1 =0 mod m.
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Similar to the construction of an Arf function in the proof of Proposition
8.9.1 we show that o(cy41) = 0 and hence Lemma 8.6.2 implies that o is a
real Arf function.

The Arf invariant of ¢ is equal modulo 2 to

Y (1—o(e)(l—o(d)) = (Z(l - 0(@))) -0

= (g—Za(cQ) -0
= (g—hi- )
= 4.

t = (9,6, ko, k1,p1,...,p,) satisfies the conditions of Proposition 8.9.1, hence
g—k% =2g+r—1->", pl@- mod m and therefore g—k1 % =r—3""_, pl,-_l
mod 2. Lemma 5.3.21 implies r — >, p%- = 0 mod 2 hence g — k1% =1
mod 2. We conclude that the Arf invariant of ¢ is equal to 6 mod 2.

Hence o is a real Arf function of type (g,9, ko, k1, p1,...,p:). By Theo-
rem 8.2.9, an m-spin bundle Q(v) € S(g,9, ko, k1,p1,...,p,) is associated
with this Arf function. The correspondence ¢ +— (1)) induces a map
Q:Toorge1pr,pr — S(9,0, ko, k1, p1, - .., pr). Let us prove that

Q(T0,2ng+1,p1 ~~~~~ Pr) = S(Q? 57 kO? kbpl? o Jp'r)'
Indeed, by Theorem 8.8.2, the map

U=>o00: T0727’79+17p1 pr 7 S(ga 5’ kU’ khpl? s 7p7“) - M972T1k7071717---7pr’

where ® is the natural projection, satisfies the condition
\IJ(TQZT,S]"FLIH ----- pr) = Mg 2rk0p1,:

The fibre of the map W is represented by the group Mod 9y x.0.p, ... p, Of all self-
homeomorphisms of the orbifold (P, 7). By Proposition 8.9.3, this group acts
transitively on the set of all real Arf functions of type (g, 9, ko, k1, p1,-- -, Dr)
and hence, by Theorem 8.2.9, transitively on the fibres ®~'((P,7)). Thus

Q(T0,2T79+1,P1 ----- Pr) = S(ga 57 kOa klapla S 7p7”)
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S(Qa 57 /{70, kbpla B >p7‘) = T0,2T7g+1,p1,~~,pr/M0d9,5,k07k1,1’1,~--,pr7

where
M0d9753k07k17@1,~-7pr C MOdg»2T7k70’p17""p’r :

According to Theorem 8.8.2, the space Tp2yg+1,p;,..p. 1S diffeomorphic to
R3gf3+2r. ]

8.10 Non-Separating Case, Odd m

In this section we describe all topological types and the moduli space in the
non-separating case for odd m.

Proposition 8.10.1 Let m be odd. Let (P, 1) be a nice Klein orbifold of type
(9,2r,k,0,p1,...,p), g >2, p; > 3. A tuple (g9,k,p1,...,pr) is a topological
type of some real m-Arf function on (P, ) if and only if

~ 1
—Z—:(l—g—r) mod m.
im1 Pi

If this condition is satisfied, then for any choice of a set of generators and
values on the set of generators which give us the right topological invariants
we get a real Arf function.

Proof Let
/ /
B=(e1,....em€,....6.,C1,...,¢q,d1,...,dy)

be a symmetric set of generators as in Theorem 7.1.12.

1) Let o be areal m-Arf function on (P, 7) of topological type (g, k, p1, ..., pr).
Since m is odd, Lemma 8.2.3 implies that ¢ vanishes on all ovals and
twists, o(c¢;) = 0 for i = 1,...,¢ + 1. Thus the topological type of the
m-Arf function o|p, is

(g;é,no,...,nfn_l SD1y ey Dr)
with g = 0, nf = g+ 1, n? = 0 for j # 0.

According to Theorem 5.5.11, the tuple (g, 5, nk,....nl | pi, ... pe) must
satisfy the following:

m—1 r

. 1 .
E j-n?—g —=(2-29)—(g+1+7r) modm.
J=0

i=1 "
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For g and n? as above, we obtain:
~ 1
—Z—:(l—g—r) mod m.
im1 i

2) Now let (g,k,p1,...,p,) be any tuple such that —> 7 L =1—g—7r

i=1 p;
mod m. We will define an m-Arf function o on P as follows: Set o(¢;) =0
for i = 1,..., ¢ and choose arbitrary values for o(d;) for i =1,...g. The

values o(e;) and o(e}) are determined by p;. According to Theorem 8.3.1,
these values on B determine a unique m-Arf function ¢ on P. We have
o(c1)+---+0(cgr1) = 0(cgs1). On the other hand Theorem 8.3.1, applied
to P, implies that

r

ole) 4+ olen) = 0+ (2-29) (g +1+7)

i=1 Di

1
:Z——i—l—g—r mod m.
o1 Pi

Hence o(cg41) = Y14 Z%+1—g—r mod m. We know that 0 ="’ Z%

1 — g —r mod m hence o(cyy1) =0 mod m. Lemma 8.6.2 implies that
o is a real Arf function. This construction gives all real Arf functions of
type (g, k,p1,...,pr) as it realizes all choices of values on a symmetric set

of generators that conforms to the given topological type. 0

Proposition 8.10.2 Let m be odd and let (P, T) be a nice Klein orbifold of
type (g,2r,k,0,p1,...,p), pi >3, g > k+2. Two m-Arf functions on (P, T)
are topologically equivalent if and only if they have the same topological type

(gvkapla s 7p7‘)'
Proof Let o be a real m-Arf function on (P, 7) of topological type

(97 k7p17 s 7p7">‘

Let n € {k+1,...9 — 1} such that n = ¢ — 1 mod 2. (The assumption
k<g—2impliesk+1<g—1, hence {k+1,...,9—1} #0).

Let ¢q,...,c, be invariant contours as in Theorem 7.1.12 with c,...,, ¢
corresponding to ovals and c¢gyq,...,c, corresponding to twists. Since m is
odd, Lemma 8.2.3 implies that o vanishes on all ovals and twists,

o(c1) =---=0(c,) =0.
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Let P, and P, be the connected components of the complement of the
contours cy,...,c, in P. Each of these components is a surface of genus
g = (9g+1—mn)/2 with n holes. The condition n < g — 1 implies g > 1.

(i) Consider the case § > 2, i.e. n < g—3. According to Lemma 5.5.10 we
can now choose a standard set of generators

(al,bl,...,CLg,bg,@l,...,elr,Cl,...,Cn)
of 7(P;) in such a way that

(o(ar),o(b1),...,0(az),0(bz)) = (0,1,1,...,1).

(ii) Consider the case § = 1, i.e. n = g — 1. According to Lemma 5.5.10
we can choose a standard generating set (aq, by, e1,...,€,,¢1,...,¢,) of
7(P;) in such a way that

(0(a1), a(br)) = (9,0),

where
g = ng(maa(al)va(b1>?U<cl> + 17 s ,O'(Cn) =+ 17p1 - 17 e Pr— 1)

Note that o(¢;) +1 = 1 for all 7 in {1,...,n}, therefore the greatest

common divisor is 6 = 1. Hence we can choose a standard generating
set (ay, by, e1,...,€m,¢1,...,¢,) of m(Py) in such a way that

(0(a1),0(b1)) = (1,0)

Let

/ / ! /
B: (al,blj...,ag,bg,al,bl7...,az§7b§7

/ /
€lyeney €y €1yees € Cy ey Cr1,dy, .. dy 1)

) r

be a symmetric generating set of m(P) as in Theorem 8.7.2, i.e.
o(dy) =---=0(d,—1) = 0.

The values of o on e; and €, are determined by their order p;. Thus for
any real m-Arf function o of topological type (g, k, p1, ..., pr) we can choose
a symmetric set of generators B with the values of ¢ on B determines by
(9,k,p1,...,p-) only. Hence any two real m-Arf functions of topological

type (g,k,p1,...,p,) are topologically equivalent. O
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Theorem 8.10.3 The space of m-spin bundles on non-separating nice Klein
orbifolds with g > 2, marking points of orders > 3 and with odd m decomposes
into the connected components S(g,k,p1,...,pr), where t = (g,k,p1,...,pr)

satisfies the conditions of Proposition 8.10.1 and S(t) is the set of all real
m-spin bundles such that the associated m-Arf function is of type t. Each of
the components S(g,k,p1,...,py) is a branched covering of Mgorkop1,..pr)
and 1s diffeomorphic to

Rgg_g_‘—%/MOdg’k

PLyesPr
where Modg k. p, ...p, 15 a discrete group of diffeomorphisms.
Proof By definition, to any ¢ € T072w+17p17_,_7pr corresponds a sequential set
V= (E,...,E.,Cy,...,C411)
of type (0,2r,g + 1,p1, ..., p,) which, together with
(Coveo o CooCrontse s Cor),

generates a real Fuchsian group I'y,. On the Klein orbifold (P, 7) = [I'y], we
consider the symmetric set of generators (e, ..., e, €}, ... e, c1,dy, ..., ¢y dy),
where ¢, dy, ..., ¢4, d, correspond to the shifts

C1,Cyi1Ch, ..., Cr, Coi1Cr, Cri1, Cyi1 Cigry - Cy, Cyin G
We introduce a real Arf function o = oy, given by
o(c;)=0(d)=0 for i=1,...,9
and o(e;) = o(e;) = n; such that n;p; + 1 =0 mod m.

Similar to the construction of an Arf function in the proof of proposition
8.10.1 we show that o(c,+1) = 0 and hence Lemma 8.6.2 implies that o is a

real Arf function of type (g, k,p1,...,pr).

By Theorem 8.2.9, an m-spin bundle Q(v) € S(g,k,p1,...,p.) is associated
with this Arf function. The correspondence ¥ +— (1)) induces a map 2 :
To2rg+1p1,pr — S(g,k,p01,...,pr). Let us prove that Q1o org11p1,..0,) =
S(g,k,p1,...,p). Indeed, by Theorem 8.8.2, the map

UV=0qo): TO,Zr,g-i-l,pl,...,pr — 5(97 k>p17 s 7pr) — Mg727”,k,0,p1,...7pr7

104



where ® is the natural projection, satisfies the condition
U(To2r,g+1,p1,mr) = Mg 2r k01,00

The fibre of the map W is represented by the group Modg 2 k.0p,....p. Of all
self-homeomorphisms of the orbifold (P, 7). By Proposition 8.10.2, this group
acts transitively on the set of all real Arf functions of type (g, k,p1,...,pr)
and hence, by Theorem 8.2.9, transitively on the fibres ®~'((P,7)). Thus

Q(T0,2T,g+1,p1,...,pr) = S(Q? k,p1,... 7p7')
and
S(ga k,pi,... 7p7‘) = T0,27‘,g+1,p1,-..,pr/MOdg,&k,ph...,pm

where
M0d97k‘7p17---7pr C MOdg72r7k707p17--'7pT *

According to Theorem 8.8.2, the space Tp 2, g11,p,,..p. is diffeomorphic to
R3g—3+2r. O

8.11 Separating Case, Even m

In this section we describe all topological types and the moduli spaces in the
separating case for even m.

In the separating case, i.e. if P\P" has two connected components, we
consider the restriction of the Arf function o to these components and use
the classification result of Theorem 5.5.11. On the other hand, we can start
with an appropriate Arf function on one of the components and extend it to
the other component and to the whole surface.

Proposition 8.11.1 Let m be even. Let (P,7) be a nice Klein orbifold of
typ@ (9727"71{', 17p17 s 7pr); g > 27 Pi > 3. A tuple

(ga 57 k(o]a k?? kéa khph L 7p7">
is a topological type of some real m-Arf function on (P,7) if and only if
(9,0, mf = k§ + kg, 0,...,0,n" y = k) + k{,0,...,0,p1,....pr)

is a topological type of some m-Arf function on an orbifold of genus g =
(9 +1—k)/2 with k holes and r marking points of orders py,...,p., i.e. if
and only if the following conditions are satisfied:

105



(a) If g >k +1 and kS + kb # 0 then § = 0.

(b) If g>k+1 and m =0 mod 4 then § = 0.

(¢c) Ifg=Fk+1 and k§ + k{ # 0 then 6 = 1.

(d) Ifg=k+1 and Ky + k5 =0 and m =0 mod 4 then § = 1.

(e) Ifg=k~+1 and k3 +kl =0 and m =2 mod 4 then § € {1,2}.

(f) The following degree condition is satisfied
1
%.(k?+k%)—zf:1—g—r mod m.
i=1 4"

If these conditions are satisfied, then for any choice of a set of generators and
values on the set of generators which give us the right topological invariants
we get a real Arf function.

If m =2 mod 4, then the Arf invariant 6 € {0,1} of such an Arf function
satisfies
§=k)=k) mod?2.

If m =0 mod 4, them the Arf invariant 6 € {0,1} of such an Arf function
satisfies
§=ky+k =k +k mod 2.

Proof Let P, and P, be the connected components of P\P7. Each of these
components is a surface of genus § = (g + 1 — k)/2 with k holes. Let

/AR /AN
B:(al,bl,...,ag,bg,al,bl,...,ag,bg,el,...,er,

/ /
€15--,€ 617...,Cn_1,d1,...,dn_1)

T

be a symmetric set of generators as in Theorem 7.1.12

1) Let (g,0,k0, k% kL kL. p1,...,p,) be the topological type of a real m-Arf
function o on (P, 7). The boundary components of P; correspond to the
ovals of P. The values on the ovals are 0 repeated k) + &} times and m /2
repeated kY + ki times. So

(§,0,nf = k§ + kg, 0,....0,nk ) = k) + k{,0,...,0,p1,....pr)

is the topological type of the m-Arf function o|p, on P;.
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2)

Now let (§,0,nfy = k§ + k3,0,...,0,nk , = k) + k1,0,...,0,p1,...,p,)

be the topological type of an m-Arf function ¢ on P;. We will define an
m-Arf function o on P as follows:

o(a;) =06(a;), o(b;)=a(b;) for i=1,...,3,

o(c;)=0(¢;) for i=1,....k—1

/

) are determined by p;.

(2

Let Ag and A; be the following subsets of {1,...k}:

Ag={ilo(c;) =0}, Ay ={i|o(c)=m/2}.

The values o(e;) and o(e

Note that [A;] = kJ 4+ k;. Let us partition each set A; into subsets A and
Aj such that [A?] = k. Let A* = A§UAS for a = 0,1. Let 8 € {0,1} be
such that k € A?. Fori=1,...,k — 1, choose an arbitrary odd value for
o(d;) ifi € AP and an arbitrary even value for o(d;) if i € AP, According

to Theorem 8.3.1, these values on B determine a unique m-Arf function
o on P. Lemma 8.6.2 implies that o is a real m-Arf function. This con-

struction gives all real Arf functions of type (g, 0, kS, k9, k3, kX, p1, ..., py)
as it realizes all choices of values on a symmetric set of generators that
conforms to the given topological type.

According to Theorem 5.5.11, for even m, the tuple
(§,0,mf = k§ + kg, 0,....0,n oy = k) + k{,0,...,0,p1,....pr)

is a topological type of some m-Arf function on an orbifold of genus § =
(9 — 1+ k)/2 with k holes and r marking points if and only if

(i) If g > 1 and n? £ ( for some even j, then ¢ = 0.

(ii) If § = 1 then § is a divisor of m, ged({j + 1n # 0}) and ged(py —
L....,p.—1).

(i) 32750 J-nf = iy = (2= 29) = (k+ 7).

Notethat g =0<g=k+1,§> 1< g > k+1, (2—2¢)—(k+r) =1—g—r

andzgzolj-nyzo-ng%—%-nh%:%(k?qu}).
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Let § > 1, that is g > k + 1. By Theorem 5.5.11 we have 6 = 0 if n* # 0
for some even j. Only n = kJ + k} and nfn/z = k{ + ki are non-zero.

Taking nff = kJ + k} # 0 we have condition (a). The value m/2 is even
when m =0 mod 4, giving condition (b).

Let g =1, thatis g = k+1. If n # 0 and ”fn/z = 0 then we have by The-
orem 5.5.11 that 4 is a divisor of m, ged(1) =1 and ged(p1—1,...,p.—1),
s00 = 1. If n! # 0 and ”21/2 # 0 then 4 is a divisor of m, ged{1, 2Z+1} = 1
and ged(py — 1,...,p. — 1), so 6 = 1, giving condition (c).

If nf =0 and ”21/2 £ 0 then ¢ is a divisor of m, ged{% +1} =% + 1 and
ged(pr —1,...,p, — 1).
(i) For m = 0 mod 4, 6 must be a divisor of ged(m, T +1) =150
0 = 1. This gives condition (d).
(ii) For m =2 mod 4, § is a divisor of ged(m, T+1)=2s0 6 e{1,2},
giving condition(e).

Finally the degree condition

can be rewritten as

1
%(k?—l—k%)—zle—g—r mod m.

=1

The Arf invariant 0 of the Arf function o on the compact orbifold P is
equal to

g

> (1ota) (10000} (1 ole (1ot + 3 (1-ofc))1=o(d)

i=1

modulo 2. Note that
g g
Zl—aaz (1 —o(b 521—0 N1 —o(b)) mod 2,
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hence

T
L

d=)» (1—-0(¢))(1—=0(d;)) mod 2.

i=1

If m =2 mod 4, then

E

(1—o(c)(1—o(d)) = AP = ks mod 2.

1

<.
Il

In this case m/2 is odd, hence condition (f) can be reduced modulo 2 to

~ 1
k?+k%—zf:1—g—r mod 2.

i=1 "
By Lemma 5.3.21 we have >, p%_ —r =0 mod 2. Hence we have
K +k =1—g mod 2.
On the other hand, Theorem 7.1.9 implies that k = g+ 1 mod 2. Hence
K +ky=k— (K +k)=(g+1)—(1-g)=0 mod 2,

1.e.

If m =0 mod 4, then

N

-1
(1—oa(e))1—0o(d))=|A"P| =k + k" mod 2.
1

In this case m/2 is even, hence condition (f) can be reduced modulo 2 to

r

1
—Z—zl—g—r mod 2.
i=1 1
By Lemma 5.3.21 we have >/, - —r =0 mod 2, hence
0=1—-—g mod 2.

On the other hand, Theorem 7.1.9 implies that K = g+ 1 mod 2. Hence
k= (k§+ k§) + (k) + ki) is even, i.e.

ko + k) =k +k{ mod 2.
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OJ

Proposition 8.11.2 Let m be even and let (P, 1) be a nice Klein orbifold of
type (g,2r,k, 1,p1,....,0), g > k+1, p; > 3. Two m-Arf functions on (P, 1)
are topologically equivalent if and only if they have the same topological type

(9757 k[())a k(l)7 ké7k%7p17 v 7pr)-

Proof Let P, and P, be the connected components of P\ P7. Each of these
components is an orbifold of genus § = (¢ + 1 — k)/2 with & holes and r
marking points. Let o be a real m-Arf function on (P, 7) of topological type

(ga 57 kgak&k(l)?k}upla"')p?")’
The condition £ < g — 1 implies g > 1.

(i) Consider the case g > 2, i.e. k < g—3. According to Lemma 5.5.10 we
can choose a standard set of generators

(al,bl,...,ag,bg,el,...,er,cl,...,ck)
of m(Py,p) in such a way that

(o(ar),a(by), ..., o(a),0(bs)) = (0,1 —=48,1,...,1).

(ii) Consider the case § = 1, i.e. k= g—1. According to Lemma 5.5.10 we
can choose a standard set of generators (ay,by,e1,...,€.,¢1,...,¢) of
(P, p) in such a way that

(0(a1),0(b1)) = (9,0).

Let
/ / / /
B: (al,bl,...,ag,bg,al’bl,...7a§,bg,
/ /
€lyeney €ry €y ey € Clyee ey Ch1,d1, .y dg1)

be a symmetric set of generators of 7(P) as in Theorem 8.7.2, i.e. all o(d;) €
{0,1} for i = 1,...,k — 1. The values on e; and €, are determined by their
orders py,...,p.. Let A be the first k) elements of {1,...%}, let A? be the
next kY elements, let A} be the next kj elements and finally let A} be the
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last k% elements. We can assume that cy, ..., ¢, are arranged in order such
that
o(ci) =gm/2 forie A}, j=0,1a=0,1,

o(d;) is odd if i, k € A§U AL for some a € {0, 1} and o(d;) is even otherwise.
Since o(d;) € {0,1}, we have

o(d;))=1 ifi ke AU AT for some a € {0,1} and o(d;) = 0 otherwise.

Thus for any real m-Arf function o of topological type

(9757 kgvk%kéukhpla LR apr)

we can choose a symmetric set of generators B with the values of ¢ on B
determined by (g, 5, kY, kY, k3, ki, p1,...,p,) only. Hence any two real m-Arf
functions of topological type (g, 0, k3, k%, ki, kL p1,...,p,) are topologically
equivalent. H

Theorem 8.11.3 The space of m-spin bundles on separating nice Klein orb-
ifolds with g > k + 1, marking points of orders > 3 and with even m decom-
poses into the connected components

5(9757 kgvkgak(lnk%?pl? s JpT)J

where 3
t= (g757 k87k?7k(1)7k%7p17 s 7pr)

satisfies the conditions of Proposition 8.11.1 and S(t) is the set of all real
m-spin bundles such that the associated m-Arf function is of type t. Fach of

the components S(g, 5, kS, kY kS, ki, p1,y ... pr) is a branched covering of

Mg 20 k19 4R}k L1
and 1s diffeomorphic to

39—3+2r B
R /M0d9767k87k?7ké7k%7p17"'7p'r7

where MOdg,S,kg,k?,kg),k} 15 a discrete group of diffeomorphisms.

sP1y--sPr

Proof Let k = k + k¥ + &k} + kl. By definition, to any ¥ € T5om k...
corresponds a sequential set

V:(Al,Bl,...,Ag,Bg,El,...,Er,Cl,...,Ck)
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of type (g,2r,k,p1,...,pr) which, together with

(Ch,...,Ch),

generates a real Fuchsian group I'y,. On the Klein orbifold (P, 7) = [I'y], we
consider the symmetric set of generators

/ / !/ / / /
((1/1, b17 s 7a§7b§7a’17 b17 cee 7ag7bg7 €1, -3€ry €1, .. 7€r7017d17 s 7Ck:717dk71)7
where ay, by, ..., a5, bz, a3, 0y, ... a5, b5, c1,dy, .., cg_1, d—1 correspond to the
shifts

A17 Bl; C. ,Ag, Bg,
CA1Cy, CyB1Cy,, . .., CAgCr, Cy B;Cr,
C1,CiCh, ..., Cr1, CiChr.

Let us consider the case ki > 0, other cases are similar. We introduce a real
Arf function o = oy, determined by the following conditions.

Ifg>2 ie k<g-—3, then

o(ar) = o(ay) =0, o(by)=o(by) =1-94,

o(a;) =o(a)) =o(b;) =0o(b)) =1fori=2,...,3.
Ifg=1ie. k=g —1, then
o(a)) =o(a)) =90, o(b)=0c(t))=0

and o(e;) = o(e;) = n; such that n;p; + 1 =0 mod m.
Furthermore let

AS={1,.. K0}, Ab={kS+1,... Kk},

A =k, .. ko + KDY, Al ={ko+K04+1,...  k—1}

and
o(c;) =0fori € AjU A},

o(c;) =1forie AVU A7,

o(d;) =0fori € AjU A7,
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o(d;) = 1fori € AjU A;.
Similar to the proof of Proposition 8.11.1, Lemma 8.6.2 implies that o is a
real Arf function and calculation shows that the Arf invariant of o|p, is equal

to 8. Hence o is a real m-Arf function of type t = (9, 5, k‘f,pl, ey Dr)-

By Theorem 8.2.9, an m-spin bundle () € S(g, ok pr, ... ,Dr) 1S associ-

)

ated with this Arf function. The correspondence 1 — (1)) induces a map
Q: Tyorkprope — 59,0,k p1,. .., p,). Let us prove that Q(T50mkpropy) =
S(g, 5, kg,pl, ...,pr). Indeed, by Theorem 8.8.1, the map

_ . N ¥
\Ij — (I) o Q . TQ,QT,k,pl,...,pr — S(ga 5) k; yP1y - - - 7p7'> — MgaQT,kprlv-pr’
where ® is the natural projection, satisfies the condition
‘I]<T5727'7k7p17“-ap’r) = M9727"7k7171)1,~~-7pr'

The fibre of the map W is represented by the group Modg  1p,,..p, of all self-

77777

homeomorphisms of the orbifold (P, 7). By Proposition 8.11.2, this group

acts transitively on the set of all real Arf functions of type (g, 5, k’g,pl, ceeyDr)
and hence, by Theorem 8.2.9, transitively on the fibres ®~'((P,7)). Thus

Q<T§,27‘7k7p17-~7pr) = S(ga 57 kgap1> cee 7pr)7

N~ _ .
5(97 67 kz yP1sy - - 7p7“) - T§»27’,k7p1,-~~:pr/MOdg,S,kz,pl,‘..,pT7

where

MOd C M0d97k71»p17---7p7"

97871{:1]' »P1y--sPr

According to Theorem 8.8.1, the space Tj o,k py....p i8 diffeomorphic to R39-3+27,
U

8.12 Separating Case, Odd m

In this section we describe all topological types and the moduli spaces in the
separating case for odd m.

Proposition 8.12.1 Let m be odd. Let (P,7) be a nice Klein orbifold of

type (g,2r k,1,pr,....p0), g > 2, pi > 3. A tuple (9,0, k,pr,....pr) is a
topological type of some real m-Arf function on (P, 7) if and only if

(gaéakaoa"'707p17--'7p7’)
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is a topological type of some m-Arf function on an orbifold of genus

g=(g+1-k)/2

with k holes and r marking points of orders py,...,p,, i.e. if and only if the
following conditions are satisfied:

(a) If g > k+1 then 6 = 0.
(b) Ifg=k+1 then o =1.
(¢) =i+ =(1-g—r) modm,

If these conditions are satisfied, then for any choice of a set of generators and
values on the set of generators which give us the right topological invariants
we get a real Arf function.

Proof Let P, and P, be the connected components of P\ P7. Each of these
components is a surface of genus g = (g+1—k)/2 with k holes and r marked
points. Let

/ / / /
B = (ai,b,...,a3,b5ay,by,...,a;5,05 e1,... e,
/ / d d
€15--5€5Cly o, Cp1,01, ..., n—l)

be a symmetric set of generators as in Theorem 7.1.12.

1) Let (g, 6, k. pi, ... ,pr) be the topological type of a real m-Arf function o
on (P,7). Since m is odd, Lemma 8.2.3 implies that o vanishes on all
ovals and twists, therefore

(G=(9+1—-k)/2,0,nh =knt=0,....0" | =0,p1,....p)
is the topological type of the m-Arf function o|p, on P;.
2) Now let (g = (g+1—k)/2, 8,k,0,...,0,p1,... ,pr) be the topological type

of an m-Arf function & on P;. We will define an m-Arf function o on P;
as follows:

Q
~~
kN
N~—
Il
Qe
~~
£
~
Q
—~
<
~—
I

a(b;) for i1=1,...,3,

o(a)) =ad(a;), o))=a(b;) for i=1,...,7,



o(¢;))=0a(¢;) for i=1,... k.

Choose arbitrary values for o(d;) for i = 1,...k—1. The values o(e;) and

o(e;) are determined by p;. According to Theorem 8.3.1, these values on
B determine a unique m-Arf function ¢ on P. Lemma 8.6.2 implies that
o is a real Arf function.

This construction gives all real Arf functions of type (g, 6,k pr,. .., Dr)
as it realizes all choices of values on a symmetric set of generators that
conforms to the given topological type.

3) According to Theorem 5.5.11, for odd m, the tuple

(§7S7k70’"'707p17""p7“)
is a topological type of some m-Arf function on an orbifold of genus § =
(9 +1—k)/2 with k holes and r marking points if and only if
(a) If § > 1 then § = 0.
(b) If § = 1 then 6 is a divisor of m, ged{j + 1n? # 0} and ged(py —
1,...,p, —1). Note that n? # 0, hence ¢ is a divisor of 1, i.e. § = 1.
(c) The degree condition

r

1
Z—— 2—-2§)— (k+r) modm,
Di

MS

Il
o

J

where n! = knh =0,...,n% | =0, = (g+1—-k)/2and I}, =
St = k. We obtain:

J

1 1—k
O-k:—|—1-0+...(m—1)-0—2—:2—2(g+—

o ) = (k+7)

OJ

Proposition 8.12.2 Let m be odd and let (P, T) be a nice Klein orbifold of

type (g,2r,k, 1, p1,...,p), g > k+1, p; > 3. Two m-Arf functions on (P, T)
are topologically equivalent if and only if they have the same topological type

(9757 k7p17 cee apr)-
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Proof Let P, and P, be the connected components of P\P7. Each of these
components is an orbifold of genus § = (¢ + 1 — k)/2 with k holes and r

marking points. Let o be a real m-Arf function on (P, 7) of topological type

(g,g, k,pi,...,pr). The condition k < g — 1 implies g > 1.

(1)

Consider the case § > 2, i.e. k < g—3. Then 6 = 0. According to
Lemma 5.5.10 we can choose a standard set of generators

(a,l,bl,...,Cl,g,bg,el,...,Gr,Cl,...,Ck)
of m(Py, p) in such a way that

(o(ar),o(br),...,0(az),0(bz)) = (0,1,1,...,1).

Consider the case § = 1, i.e. k = g— 1. Then § = 1. According to
Lemma 5.5.10 we can choose a standard set of generators

(al,bl,el,...,er,cl,...,ck)

in such a way that

(o(ar),a(br)) = (9,0).
Let

ropt /
B:(a1,b1,...,a§,b§,a1, 1y a5

/ / /
,ag, bz, €1, €€, €

) r

Cly. oy Chot, i, .o dpq)

be a symmetric set of generators of 7(P) as in Theorem 8.7.2, i.e.
o(d;) =0fori=1,...,k—1. The values on e; and e, are determined
by their order p;. Since m is odd, Lemma 8.2.3 implies that ¢ vanishes

on all ovals,
o(c;)=0 for 1=1,... k.

Thus for any real m-Arf function o of topological type (g, 0, k, p1, - .., p,)
we can choose a symmetric set of generators B with the values of o
on B determined by (g,g, k,p1,...,p,) only. Hence any two real m-

Arf functions of topological type (g,g, k,pi1,...,pr) are topologically
equivalent. 0
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Theorem 8.12.3 The space of m-spin bundles on separating nice Klein
orbifolds with g > k + 1, marking points of orders > 3 and with odd m

decomposes into the connected components S(g,g,k‘,pl, .y Pr), where t =

(g,g, k,pi1,...,pr) satisfies the conditions of Proposition 8.12.1 and S(t) is
the set of all real m-spin bundles such that the associated m-Arf function is

of type t. FEach of the components S(g, 8, k. piy. .. ,Pr) s a branched covering
of Mgorkipi,..p) and is diffeomorphic to

R39—3+2r/M0d -

g757k7p17'-~7p’r’

where Mod 5, 1s a discrete group of diffeomorphisms.

yP1se-sPr

Proof By definition, to any ¢ € T 5.k corresponds a sequential set
V=(A1,B,...,45 B, Er,....E.,Cy,...,Cy)

of type (g,2r,k,p1, ..., pr) which, together with

(Ch,...,Ch),

generates a real Fuchsian group I'y,. On the Klein orbifold (P, 7) = [I'y], we
consider the symmetric set of generators

!/ / / / / !
(a1,b1,...,a5,bg,ay,by, ... a5, 05, e1,. .. ep €, e, e, dr, . Cpor, i)
where
! / ! /
ay, b17 <o, Qg, bf]vala b17 s 7a§a bgachdl) s 7Ck—1adkz—1

correspond to the shifts
Al, Bl, RN ,Ag, Bg,

CYkAléka ékBléka S 7CkA§ék7 ékBgéky
Cl; Okélv ) Ck—lékc_’k—l-

We introduce a real Arf function o = o, determined by the following condi-
tions. If g > 2, i.e. kK < g— 3, then

o(ay) = o(a}) =0,

o(b) =o(by) =1-4,
o(a;)) =oc(a)) =0o(b;)=0c()=1 for i=2,...,7.

1
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Ifg=1,ie k=g—1, then
o(ay) =o(a)) = 5, a(by) = a(b}) = 0.
Furthermore let

o(¢;)=0(d;))=0 for i=1,...k—1

/
i

and o(e;) = o(e;) = n; such that n;p; + 1 =0 mod m.

Similar to the proof of Proposition 8.12.1, Lemma 8.6.2 implies that o is a
real Arf function and calculation shows that the Arf invariant of o|p, is equal

to 6. Hence o is a real m-Arf function of type t = (g,9, k,p1, ..., py)-

By Theorem 8.2.9, an m-spin bundle Q(¢) € S(g, 8, k. piy. .. , Dr) is associated
with this Arf function. The correspondence 1 — (1)) induces a map {2 :

Tiorkpr,..on — S(g, 5, k,p1,...,pr). Let us prove that Q(Tj o kpi...p.) =
S(yg, 0, k,p, ... ,pr). Indeed, by Theorem 8.8.1, the map

\Ij — CI) o Q : T§,2r,k,p1,...,pr — S(g, 67 k7p17 oo 7pT) — M9727'1k,17p17-~-7pr’
where ® is the natural projection, satisfies the condition
\I}<T§72Tak'pl7“'1p’r) = M9y27"7k71,1711~~-7pr'

The fibre of the map W is represented by the group Mod k1 p,,..p. of all self-
homeomorphisms of the orbifold (P, 7). By Proposition 8.12.2, this group
acts transitively on the set of all real Arf functions of type (g, 8.k pi,. .., Dr)
and hence, by Theorem 8.2.9, transitively on the fibres ®~'((P,7)). Thus

Q(T§,2T7k7p1,--.,pr> = S(.ga 57 k7p17 cee 7pr)

and 3
S<g7 67 kupla te 7p7') = T§,2T,k7p1,-~~7pr/MOdg,S,k,pl,...,pr’

where

MOd r C MOdgak717p17"'7p'r'

978:k7pl:~~~7p

According to Theorem 8.8.1, the space Ty 9,k py...p. is diffeomorphic to R39-3+27,
O

118



Bibliography

[9]

Alling, N.L.; Greenleaf, N: Foundations of the Theory of Klein Surfaces,
Lecture Notes in Mathematics, vol. 219, Springer, Berlin, 1971.

Atiyah, M.F.: Riemann Surfaces and Spin Structures, Ann. Sci. Ecole
Norm. Sup. (4) 4 (1971), 47-62.

Bar, C.; Schmutz, P.: Harmonic Spinors on Riemann Surfaces, Annals
of Global Analysis and Geometry 10 (1992), no.3, 263-273.

Bujalance, E.; Etayo, J.; Gamboa, J.; Gromadzki, G.: Automorphism
groups of compact bordered Klein surfaces, Lecture Notes in Mathematics,
vol. 1493, Springer, Berlin 1990.

Dolgachev, I.V.: On the Link Space of a Gorenstein Quasihomogeneous
Surface Singularity , Math. Ann. 256 (1983), 529-540.

Farkas, H.; Kra, I.. Riemann Surfaces, Springer-Verlag Berlin-
Heidelberg-New York, 1980.

Forster, O.: Lectures on Riemann Surfaces, Springer-Verlag New York,
1981.

Gunning, R. C.: Lectures on Riemann Surfaces, Princeton University
Press, Princeton, 1966

Katok, S.: Fuchsian Groups, The University of Chicago Press, 1992.

[10] Milnor, J.: On the 3-dimensional Brieskorn manifolds M (p, q,r), Knots,

Groups and 3-manifolds (L. P. Neuwirth, ed.), Annals of Math. Studies,
vol. 84, Princeton University Press, Princeton, 1975, pp. 175-225.

[11] Mumford, D.: Theta Characteristics of an Algebraic Curve, Ann. Sci.

Ecole Norm. Sup. (4) 4 (1971), 181-192.

119



[12] Natanzon, S.: The Moduli Space of Riemann Supersurfaces, Mat. Za-
metki 45 (1989), no. 4, 111-116, 127, translation in Math. Notes 45
(1989), no. 3-4, 341-345.

[13] Natanzon, S.: Moduli of real algebraic surfaces, and their superana-
logues. Differentials, spinors, and Jacobians of real curves, Russian Math.
Surveys 54:6 (1999) 1091-1147.

[14] Natanzon, S.: Moduli of Riemann Surfaces, Real Algebraic Curves and
Their Superanalogs, Translations of Mathematical Monographs, vol. 225,
American Mathematical Society, Providence, RI, 2004, Translated from
the 2003 Russian edition by Sergei Lando.

[15] Natanzon, S.; Pratoussevitch, A.. Higher Arf functions and Moduli

Space of Higher Spin Surfaces, Journal of Lie Theory 19 (2009), no.1,
107-148.

[16] Natanzon, S.; Pratoussevitch, A.: Topological Invariants and Moduli of
Gorenstein Singularities, Journal of Singularities, 7 (2013), 61-87.

[17] Natanzon, S.; Pratoussevitch, A.: Higher Spin Klein Surfaces, arXiv:
math.AG/1502.06546.

[18] Natanzon, S.; Pratoussevitch, A.: Moduli Spaces of Higher Spin Klein
Surfaces, arXiv: math.AG/1506.03511.

[19] Neumann, W.D.: On the Brieskorn complete intersections and automor-
phic forms, Invent. Math. 43 (1977), 285-293.

[20] Pinkham, H.: Normal surface singularities with C*-action, Math. Ann.
227 (1977), 183-193.

[21] Riemann, B.: Collected Works, Dover Edition, 1953.

[22] Jarvis, T.J,; Kimura, Y.; Vaintrob, A.: Moduli Spaces of Higher Spin
Curves and Integrable Hierarchies, Compositio Math. 126 (2001), no. 2,
157-212.

23] Weichold, G.: Uber Symmetrische Riemann’sche Flichen ind die Pe-
riodizitatsmoduln der zugehorigen Abelschen Normalintegrale erster Gat-
tung, Zeitschrift fiir Math. und Physik 28 (1883), 321-351.

120



[24] Witten, E.: Algebraic Geometry associated with matriz models of two-

dimensional gravity, Topological methods in modern mathematics (Stony
Brook, NY, 1991), Publish or Perish, Houston, TX, 1993, pp. 235-269.,

[25] Zieschang, H.: Finite Groups of Mapping Classes of Surfaces, Lecture
Notes in Mathematics, vol. 875, Springer, Berlin, 1981.

121



