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1 Introduction

This paper considers a nonhomogeneous continuous-time Markov decision process (CTMDP) in a
Borel state space on a finite time horizon with N constraints.

To the best of our knowledge, the majority of the current literature on constrained CTMDPs
considers an infinite time horizon; see e.g., [5, 9, 10, 13, 14, 25] and [9, 12, 29] dealing with the
total discounted and long-run average rewards, respectively. For unconstrained CTMDPs on a
finite horizon, we mention e.g., [3, 11, 8, 19, 26, 28], which establish the optimality equation. The
constrained optimal problem for a CTMDP on a finite horizon has received less attention, see e.g.,

[20], which is closely related to the present paper. In [20] for rewards in special forms (linear
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in the system state) on a finite state space, the authors reduced the constrained finite horizon
CTMDP problem to a deterministic optimal control problem through the Kolmogorov equations,
by investigating which, the maximum principle for the CTMDP problem was established. The
present paper follows a different method from [20]; our investigations are based on the study
of occupation measures, and the reduction of the CTMDP problem to a constrained optimality
problem over the set of all occupation measures. Compared to [20], we do not require any special
form on the rewards/costs, and the model is in a general Borel state space. Furthermore, our main
result asserting the optimality of a Markov policy, which is a mixture of deterministic Markov
policies, was not obtained or mentioned in [20].

More precisely, we will deal with the constrained CTMDP on a finite horizon under suitable
conditions similar to those imposed in [9, 11, 12, 14, 25, 27|, which, except for [11], all deal with
CTMDP problems on an infinite time horizon. In particular, our model admits the following: (1)
the transition rates may be unbounded and depend on time; (2) the reward/cost rates may be time-
dependent and unbounded from both above and below; (3) the states space and the action space
are both general Borel spaces; and (4) the performance criterion to be optimized is the expected
finite horizon rewards, while N constraints are imposed on similar expected finite horizon costs.

The main results and contributions of the present paper are as follows. First, we introduce
the appropriate notion of an occupation measure of a policy for the finite horizon CTMDP. The
occupation measure in the present paper is necessarily different from and more detailed than the
occupation measure for infinite horizon models; see [13, 14, 25]. The space of occupation measures
is characterized, and its convexity and compactness with respect to some appropriate topology
are shown under the imposed conditions. The characterization result allows one to rewrite the
constrained CTMDP optimal control problem as a constrained static optimization problem over the
set of occupation measures. We show that the occupation measure of each given policy coincides
with the one of some Markov policy; see Theorem 4.1. Then the compactness result leads to
the existence of an optimal policy for the original constrained CTMDP optimal control problem
(see Theorem 5.1). Second, we show that each extreme point of the performance vector space
is generated by a deterministic Markov policy, and in turn establish the existence of an optimal
Markov policy, which is a mixture of no more than N + 1 deterministic Markov policies; see
Theorem 5.2. Similar results were known in [1, 7, 23] for discrete-time Markov decision processes
and [14, 15, 24, 25] for CTMDPs on an infinite time horizon. However, to the best of our knowledge,
such results on the optimality of the mixture of deterministic Markov policies have not been reported
in the current literature on finite horizon CTMDPs as considered in this paper.

The rest of the paper is organized as follows. In Section 2 we introduce the constrained optimal
control problem for the finite horizon CTMDP. After giving some preliminaries in Section 3, the

properties of occupation measures are examined in Section 4. The main optimality results on



the existence of a constrained-optimal policy are given in Section 5. We finish the paper with a

conclusion in Section 6.

2 Optimal control problem

In what follows, for each Borel space X, we denote its Borel o-algebra by B(X). Unless stated
otherwise, by measurability we mean the Borel measurability. For each subset I' of X, denote by
I'¢ its complement, and by It the indicator function. For a finite signed measure p, |u| denotes its
total variation.

The nonhomogeneous CTMDP model with IV constraints is a collection
M := {S’ Av A(ta I)(t >0,z € S)’ q(|t7 x, (I), (Tk(tv z, CL), gk(x))/iVZO}’ (21)
consisting of the following elements:

(a) a nonempty Borel space S equipped with the Borel o-algebra B(S), called the state space,

whose elements are referred to as the states of a system;

(b) a nonempty Borel space A equipped with the Borel o-algebra B(A), called the action space,

whose elements are referred to as the actions (or decisions) of a decision-maker (or controller);

(c) a family {A(t,z),t > 0,2 € S} of nonempty subsets A(¢,z) of A, where each A(t,z) denotes
the set of actions available to a controller when the system is in state x € S at time ¢, and it
is assumed that A(¢,x) € B(A), and there is a measurable mapping f : [0,00) X S — A such
that f(t,x) € A(t,z) for all t > 0 and z € S

(d) transition rates ¢(-|t,x,a), a Borel measurable signed kernel on S given [0, 00) x K, satisfying
0 < ¢q(Dl|t,z,a) < +oo for all (t,z,a) € Kand x ¢ D € B(S), being conservative in the sense
of q(S|t,x,a) = 0 and stable in the sense of

¢ ()= sup q(t,z,a)<oo Vaze€S, (2.2)
t>0,a€A(t,z)

where
K:={(t,z,a):t >0,z € S,a € A(t,x)}
is assumed to be a Borel measurable subset of [0,00) x S x A, and
q(t,z,a) := —q({x}|t,z,a) > 0
for all (¢, z,a) € K. For the future reference, let
it 2,0) = g(T — {z}[t, z,a)

for each I' € B(5).



(e) the reward rate ro and the cost rates 7 are Borel measurable (real-valued) functions on K,
while the Borel measurable functions gg and g on S, K = 1,..., N, denote the terminal

reward and cost rates, respectively.

Next, we give an informal description of the evolution of a CTMDP with the model (2.1).
Roughly speaking, the controller observes the system state continuously in time. If the system
remains at the state z at time ¢, he/she chooses an action a € A(t,z) according to some given
policy, as a consequence of which, the following happens:

(i) Immediate rewards/costs 7 (t, z, a)dt are received.

(ii) A transition from state x to some state in D (with ¢ D) occurs with probability
q(D|t,x,a)dt + o(dt), or the system remains at state x with probability 1 — g(x|t, z, a)dt + o(dt).

To formalize what is described above, we now describe the construction of a CTMDP. Let

Sa = SU{A} (with some isolated point A ¢ S), Q° := (S x (0,00))>, and the sample space be
S%:Q%Jﬂmﬁhm,“ﬁhmﬂmAmm“)M@e&meSﬁmﬂQa&VlglghkzlL

and let F be the Borel o-algebra on €2. Then we obtain the measurable space (2, F). For each k > 0
and e := (xg,01,x1,...,0k, Tk, ...) € Q, let hg(e) := (x0, 01,1, ...,0k, xx) denote the k-component

internal history, and define
To(e) :=0, Tri1(e):=01+02+ ...+ Oryr1, Xi(e) := zy.

In what follows, the argument e € () is always omitted. Let Tt := limg_,, Tk, and define the state

process {&} by

T, fTp <t <Tggq,
g“Z{A, if 1> T
for each t > 0.

Evidently, T} (k > 1) denotes the k-th jump moment of {{;}, Xj_1 is the state of the process on
[Ti—1,Tk), and 6 plays the role of the sojourn time at state X;_1. We formally put ¢(:|t, A,an) =
0, r(t,A,an) := 0, A(t,A) :={aa}, Aa := AU {aa}, where apn ¢ A is an isolated point.

Take the right-continuous family of o-algebras {F;}+>¢ as the internal history of the marked
point process {1}, Xi, k > 0}, that is, F; := o(T), < 5, Xy, € I',T' € B(S),s < t,m > 0). Let P be
the o-algebra of predictable sets on €2 x [0, 00) related to {F;}+>0, that is, P := o({I' x {0}, €
Fot UL x (s,00),I' € Fs_,s > 0}), where Fs_ := Vi<sF; see Chapter 4 in [21] for details. A

real-valued function on Q x [0, 00) is called predictable if it is measurable with respect to P.

Definition 2.1. A policy is a P-measurable transition probability m(dale,t) on B(Aa) from Q x
[0, 00), which is concentrated on A(t, &), where &_ = limg &. A policy m(dale, t) is called Markov



if there is a stochastic kernel ¢ on A given [0,00) x S such that w(dale,t) = ¢(dalt,&—(e)) and
o(A(t,z)|t,x) = 1. We will denote by ¢ = ¢(dalt,z) a Markov policy. A Markov policy ¢ is
called deterministic Markov whenever there exists a A-valued Borel measurable function f(¢,z) on
[0,00) x S such that ¢(dalt,z) is a Dirac measure concentrated at f(¢,z). Such a deterministic

Markov policy will be denoted by f for simplicity.

We denote by 1I the set of all policies, by II7, the set of all Markov policies, and by Hﬁl the set
of all deterministic Markov policies.
Theorems 4.13 and 4.19 or (4.38) in [21] imply that each policy 7(dale, t) can be characterized

by the following expression

Tr(da"€7 t) = I{t:O}WO(da"m(% O) + Z I{Tk<t§Tk+1}7rk(da|x07 917 Ty 79]67 Tk, t — Tk)
k>0

T,y Pas (d), (2.3)

where 7°(da|xg,0) is a stochastic kernel on A given S concentrated on A(0, ), 7*(k > 1) are

stochastic kernels on A given (S x (0, 00))*+!

concentrated on A(t,zy), and d,, (da) denotes the
Dirac measure at the point aa.

Evidently, for any policy = € Il and D € B(S), the random measure
m™(Dle. t)dt = / 4(DIt, & a)m(dale, ) Ig, gyt (2.4)
A

is predictable. Note that m™(Dle,t) in (2.4) defines the jump intensity of the process {{;}, which
together with (2.3) gives the following representation

m™(Dle,t) = Iy—oymf (Do, 0) + Y Iipy <oty ymi (Dlao, 01,21, ..., Op, xp, t — Ti),
k>0
where mJ(D|xo, 01,21, . ..,0k, xp, t — Ty) := [, a(D|t, zx, a)w*(da|xg, 0y, ..., 0, xp, t — Ti)lz,¢ D)
for Ty, <t < Tjp1, m§(Dlzo,0) := [, q(DI0, zo, a)7°(dalzo, 0)I{z,¢ Dy, see [22] for details.

Let the policy m be fixed. By a theorem of Jacod’s, given the initial distribution v on B(S),
there is a unique probability measure PJ on (€2, F) under which the random measure m™ defined
in the above is the unique dual predictable projection of the random measure on B((0,00) x S)
defined by >+, d(1, x,)(dt, dx); see more details and the relevant definitions in Chapter 4 of [21]
or [22]. This fact is useful in the proof of Lemma 3.3 below. Let us recall the more explicit
construction of the measure P on the measurable space (Q, F) given in [12, 14, 25]. Let Hy = S
and Hy, = S x ((0,00] x Sa)¥, k = 1,2,.... The measure PF on Hy = S is given by PJ(D) =~(D)
for all D € B(S). Suppose that the measure P on Hy has been constructed. Actually, PT will be
a measure on (2, F), but here, with slight abuse of notation we use it also to denote its marginal

projection onto the space of k-component histories Hy. Then PJ on Hjyi is determined by the



following formula:

P™(T x (dt,dz)) := | PT(dhy)I T (da|hy,, t)e™ Jo MR (Slhiw)dv gy 2.5
S dz)i= | By k) L{0, 11 <00}k (dx|hg, e ; (2.5)

[e']

PI(I x (00,A)) := /FPJ(dhk){I{ekH—oo} +Ig, . <ooye” Jo” MRS,

where I' € B(Hy). According to the Ionescu Tulcea theorem, there exists a unique probability
measure P on (€2, F), which has a projection on Hy satisfying (2.5). Let ET be its corresponding
expectation operator.

Let T € (0,00) be a fixed finite terminal time. For each policy 7 € II, we define

T
V(’/T,’I“k,gk) :]EZ; |:/0 /Ark’(t?gt?a)’fr(da‘evt>dt+gk(§T) ’ k= Oala"'7N7 (26)

provided that the expectations are well defined.

Let the numbers, di, k = 1,2,..., N, be the constrained constants. We denote by
U={mnell: V(r,rg,g9x) <dg, fork=1,...,N} (2.7)

the set of policies satisfying the N constraints. A policy m € II is called feasible if it is in U.
Throughout this article, to avoid trivial cases, we suppose that U # (), and this assumption will not
be mentioned explicitly below. Then, the constrained optimal control problem under consideration

is as follows:
Maximize V(m,rg,g0) over all w e U. (2.8)

Definition 2.2. A policy 7* € U is called optimal if

V(7*,70,90) = SUEV(W,Tovgo)- (2.9)
S

The main objective of this paper is to show the existence of a Markov optimal policy, which is

a mixture of no more than N + 1 deterministic Markov policies; see Section 5.

3 Preliminaries

In this section, we present some assumptions and preliminary facts that are used to prove our main

results in the subsequent sections.

Assumption 3.1. There exist a continuous function w > 1 on S and constants ¢ > 0, b > 0,
M > 0 such that

(i) [qaldylt,z,a)w(y) < cw(x)+ b, for all (t,z,a) € K;

(ii) ¢*(z) < Mw(z) for all x € S, with ¢*(z) as in (2.2);



(iii) |rx(t,z,a)| < Mw(z), |gr(z)| < Mw(x) for each (t,z,a) € Kand 0 < k < N.
(iv) L:= [qw(z)y(dz) < oo, where v is the given initial distribution.

The above condition guarantees that T, := limy_ oo T} is infinite almost surely with respect to
P7 under each m € 1I, see Lemma 3.1. This fact is essential to the validity of the representation
(3.5) in the proof of Lemma 3.3 below. Parts (iii) and (iv), together with Assumption 3.2, imply
that the Dynkin formula is applicable to the class of functions of interest, see also Remark 3.1
below.

The following two lemmas summarize some consequences of Assumption 3.1.
Lemma 3.1. Under Assumptions 3.1(i, ii, iv), for each = € II, the following assertions hold.
(a) ET[w(&)] < e[L+ %], for each ¢t > 0, with L as in Assumption 3.1(iv);
(b) PJ(& € D) =~(D)+ Eﬂfg [1a(D|s,&—, a)n(dale, s)ds], for each ¢t > 0 and D € B(S);
(c) PJ(& € 8) =1, foreach t > 0.
Proof. 1t follows from Lemma 3.1 in [11], see also Proposition 3.1 in [25]. O

Lemma 3.2. Suppose that Assumption 3.1 holds. Then, for each k =0,1,..., N,
b
\V(m,ri,986)| < (T +1)MeT[L+2] Vel
c

Proof. For each m € Il and 0 < k < N, by Lemma 3.1(a) and Assumption 3.1(iii)

Vimrog)| = [EI[ /T [ e g ayn(dale. )it + ]|
< / MES[w(&)]dt + MES[w(er)]
< M/ dt+M[°’TL+be ]
< (T—i—l)MeCT[L—F%}.
]

We introduce some additional conditions important for the validity of the relevant statement

in Lemma 3.3 below.

Assumption 3.2. Let the function w be as in Assumption 3.1. There exist a continuous function

w' > 1 on S and constants ¢ > 0, & > 0 and M’ > 0 such that

(i) [qw'(W)a(dylt,z,a) < W' (z) + V', for all (t,z,a) € K;



(ii) w(z)(1+ ¢*(z)) < M'W'(z), with ¢*(z) as in (2.2);
(iii) L' := [qu'(z)y(dz) < oo.

Remark 3.1. The role of Assumption 3.2 is for the finiteness of EZ[w(&:)q*(&)] fort > 0; see the
assertions in (3.2) and (3.3) in proving Lemma 3.3 below. However, when the transition rates or the
reward functions are bounded (i.e., Sup(y 5 oy [Tk (t, 2, a)| < 00, sup,cg |gr(w)| < 00), Assumption

3.2 is mot required at least for the relevant statement in Lemma 3.3 below.

Let I :=[0,7]. Given any function @ > 1 on S, a function ¢ on I x S is called w-bounded

if the w-weighted norm of ¢, [[¢lle = sup( z)erxs ‘%(E;S”, is finite. We denote by Bg(I x S) the
Banach space of all @-bounded Borel measurable functions on I x S, and by Cy(I x S) the space
of all bounded continuous functions on I x S. Obviously, Cy(I x S) C Bi(I x S). Let

K :={(t,z,a) :t€[0,T], z €S, a€ A(t,x)}.

Since K = KN([0,7] x S x A, and K € B([0,00) x S x A) by the assumption above, K is also a
Borel measurable subset of [0,00) x S x A). The class of w-bounded Borel measurable functions on
K, denoted by Bg(K), is similarly defined.

Consider a function ¢ € B, (I x S). We mention that if ¢(¢,z) is absolutely continuous in ¢ € [

for each x € S, then there is some measurable function ¢’ on I x S satisfying

S
gp(s,:z:)—gp(u,x):/ O(t,x)dt, Ve eSS, 0<s<u<T.

u
Then for each x € S, the function ¢'(¢t,2) on I x S coincides with the partial derivative of the
function ¢(t,x) in t € I apart from on a null set Ly, (x) C I with respect to the Lebesgue measure.
With w and w’ as in Assumption 3.2, let Cj}f},([ x S):={¢ € B,(I xS): foreach x € S, p(t, )
is absolutely continuous in t € I, and ¢’ € By (I X S)}.

Lemma 3.3. Suppose Assumptions 3.1(i, ii) and 3.2 are satisfied. Then, the following assertions

hold.
(a) (Dynkin’s formula): for each ¢ € C’:}’E}, (I x S), under every 7 € II,
T
E7 [/0 <<p’(t,§t) -I-/S/Acp(t,x)q(dxt,&,a)w(da|e,t)> dt] = E7[o(T, &r)] — ¢(0,7),

where (0,7) := [4©(0,z)y(dx).

(b) For each m € Il and h € B,,(I x 5),

ET [/OT/S/tT/Ah(s,x)q(da:|t,§t,a)w(da|e,t)dsdt} —E7 [/OT h(t,gt)dt] —/OT h(t,~)dt,

where h(t,v) := [4h(t,z)y(dz) for all t > 0.

8



Proof. (a) Since ¢ € CUIJ’SJ,(I x S), it follows from the definition of Cul)’?u, (I x S) above that

o(s,9)| < lellow(y), and |¢'(s, y)| < (1§ lotwr (W(y) + ' (1)) (3.1)

for all s € I and y € S. Under the conditions of the statement, we have

/ / lgl(des, . a))p(s,2)n(dale, 5) < [o]l / 5 / a(de]s,y, a)m(dale, s) + w(v)* (v)]

< lolle / / o(dzls, y, a)n(dale, 5) + 20(1)q" (v)]
< lellw[ew(y) +2M'W' (y) +b] ¥V (s,y) € I x S. (3.2)

Thus, (3.2) and Lemma 3.1(a) give

/OTEQ [/A/S|q,(dx’5a537a)|<p(8,x)|7r(da’e’5)] ds

T
< Hcp||w/ E7 [cw(gs) +b+ 2M’w’(§s)}d«9
0
< Tlgllwl(c+b)eT L+ b+ 2M'e“T (L + ) < oo (3.3)

Moreover, by (3.1) we have

T T
/ (5, £)lds < 1 lrsr / (w(Es) + & (€2))ds
0 0

which, together with Lemma 3.1(a) (with w being replaced by (w + w’) here), gives

b+ b
c+c

T
E; [/0 !s0’<s,5s>ld8] <N opur T FOTIL + L + ] < oo. (3.4)

Since the process is nonexplosive, similarly to [2] with a deterministic setup, we write that

(almost surely with respect to PJ) for each 0 <t < T,
1.6 = pl0.0) + [ (s, €0ds + BY RCCSLACE (35)
n>1

with Ap(s, &) = o(s,&) — ©(s,€s—). Then, because the random measure m™ is the dual pre-
dictable projection of the random measure >, -, 0(z, x,)(dt,dx) on B((0,00) x S) under PJ, w

take expectation in both sides of the above equality and obtain that

Ezyr [(p(T, {T)]

= (0,7) +ET UOTQO £, ds] B[S Aso(&@)an(ds)}

| n>17(0T]
T
= +E”[/ o' sﬁsds] E7
0

b [ et et 65 Tn,X,J(ds,dy)]

n>1



T
— p(0,y) +E { / so'<s,5s>ds} LET

// (w(s,y)—w(s,és))m”(dy|e,s)ds]
s J(o,1]

/9/(07T]/1480(57Q)Q(d9|57§s,a)ﬂ(da\qs)dsl .

Here, integrability results such as (3.3) and (3.4) validate all the involved operations. Moreover,

T
— p(0,y) +E { / so'<s,5s>ds} LET

for every e € Q, £s_(e) = &s(e) on (0,T] except finite time points. Hence, part (a) follows.
(b) For each (t,x) € I x S and h € B,(I x 5), let ¢(t,x) := ftT h(s,z)ds. Then, we have

T
o€ CLI X ), & (t0) = —h(t,), @(0.) = [ h(s,a)ds,and o(T.2) =0,
’ 0

which, together with (a), implies (b). O

Under ¢ € I7, {&;,t > 0} is a pure jump Markov process with respect to the probability space
(Q,F, P$) We denote by p?(t,z; s, D) the Feller’s transition function of {&;,¢ > 0}, which satisfies

p’(t,x;5,D) = PY(& € D|¢ = x),V z €5, DeB(S), s>1t>0,

see [6]. For each z € S, t € [0,7] and ¢ = ¢(dalt,x) € II],, we introduce that for each measurable

function h on K,
hs,2,0) = [ hs..)o(dals.)
A
provided that the right hand side is well defined, and put
T
V(¢7rk70; t, .%') = / / rk(57y7¢)p¢(tax;sady)d8' k= 0717"'7N' (36)
S Jt

Lemma 3.4. Suppose that Assumptions 3.1 and 3.2(i) hold. For any Markov policy ¢ € II), and
0<k<N,V(p,rg0;t,x)is a solution of the following equation

't x) + ri(t, 2, ¢) + /Sw(t, yaldylt,z,¢) =0 Vite Ly(z), © €5, (3.7)

with the boundary condition ¢(T',z) = 0 for each x € S. Here q(D|t, x, ¢) := [, q(D|t,z,a)¢(dalt, x)
forallz € S, D € B(S) and t > 0.

Proof. By the backward Kolmogorov equation (e.g. Theorem 3.1 in [6]) , we have

(4 2 _ [ b0 .
p?(t, x;s,D) —/t /Sq(dz]v,x,qb)p (v, 258, D)dv + 64,1 (D). (3.8)

On the other hand, for each z € S and t > 0,

T s
/t /S ire(s, . 6)| / /S lgl(dzlv, 2, D) (v, 2 5, dy)dvds

10



T pT
== /t' /U /S|q|(d2|va$7¢) /S |7"]§(S,y7 qb)’pd’(v’ 2; S,dy)de’U

T
— /t /S ’q‘(dZ‘thy (b)V((ls, ‘Tk’, 07 v, z)d?}

IN

T

| [ ladsloa )@ + DMTw(z) + Ddo
0o Js

< T(T +1)Me“Tcw(x) + b+ 2w(z)g* () + ?q*(x)] < 0.

Thus, using Fubini’s theorem, by (3.6) and (3.8) we have
T
VO 0ita) = [ [ty oo s,dy)is
t S

T s T

- /t /Srk’(s?y7¢)/t /SQ(dZ|U,JZ’,d))p¢(’U,Z;S,dy)dUdS+/t Tk(sax7¢)ds
T T T

_ / / / a(dzlv, 7, 9) / ra(s, s O)p° (v, 25, dy)dsd + / ru(s, 2, 6)ds
t v S S t
T T

-/ { / q(dz|v,x,¢>V<¢,rk,o;v,z>} v+ [ s..0)is,
t S t

and so (3.7) is verified. O

4 Occupation measures

In this section, we introduce the occupation measure of a policy for the finite horizon CTMDP, and

present some basic properties of the space of occupation measures.
Definition 4.1. For each w € 11, the occupation measure n™ of m on K, is defined by
n"(dt,dz,da) := EX[I1¢, carym(dale, t)]dt. (4.1)
Note that n™(K) = T, and so {n™, 7 € II} is a bounded family of measures on B(K).

Remark 4.1. For the sake of comparisons, we mention that the occupation measure for discounted

models on an infinite time horizon in [13, 14, 25] takes the form of

n" (dz,da) = a/o efath[I{gtedw}Tr(da\e,t)]dt

with a constant discount factor a. Evidently, the occupation measure for the finite horizon CTMDP

as considered in this paper is more detailed.

Now we can rewrite V (m, g, gx) as an integral with respect to the occupation measure of 7 as

follows.
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Lemma 4.1. Suppose that Assumptions 3.1 and 3.2 hold. Then, for each 7 € Il and 0 < k < N,
V(m,rg, gr) = /K Hy(t,xz,a)n" (dt,dx,da),
where
H(t..a)i= i) + [ autoatdvltoaa) + 5 [ oot (42)
Proof. 1t follows from (2.6), (4.1) and Lemma 3.1(b). O

By Lemma 4.1, we can reduce the optimal control problem (2.8) to the following static opti-

mization problem
Maximize / Hy(t,xz,a)n™(dt,dz,da) over w € 11, (4.3)
K
subject to / Hy(t,z,a)n™ (dt,dz,da) < dg, k=1,---  N.
K

In what follows, let P(K') be the collection of Borel measures n on K such that n(K) = T. For
each n € P(K), let j(dt,dx) be the marginal of  on I x S, and n(dx) be the marginal of 7 on S.
Remember, I = [0,7]. Lemma 9.4.4 in [17] guarantees the existence of ¢ € II}, satisfying

n(dt, dz, da) =: 7(dt, dx)¢(dalt, x)
on B(K). We define the following sets

D:={n": mell}, (4.4)
Py(K) := {77 € P(K): /S w(x)n(dx) < }, (4.5)

where @ > 1 is a real-valued function on S.

The theorem below characterizes the space of occupation measures.
Theorem 4.1. Under Assumptions 3.1 and 3.2, the following assertions hold.

(a) For each n € P,(K), it holds that n € D if and only if

T
/ (// q(dy]t,x,a)h(s,y)ds) n(dt, dz, da)
T
/ / s,y)n(ds, dy) — / h(s,v)ds Y h e Cy(I x S), (4.6)
7(ds, dy) = vy(dy)ds + /K Iy 7 (s)g(dylt, z, a)n(dt, dx, da)ds, (4.7)
on B(I xS5).
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(b) For each 7 € II, there exists a Markov policy ¢ such that ™ = ®.

(c) D is convex.

Proof. (a) Fix some n € D. Then for some policy m € II it holds that n = ™. Moreover, it follows
from Lemma 3.1(a) that n™ € P,(K). Thus, for any h € Cy(I x S), by the definition of n™ and

Lemma 3.3(b) we have

/K ( /S /t Tq(dy]t,z,a)h(s,y)ds) n(dt, dz, da)

—ET [/OTA/S</tTh(5,y)ds> o(dylt, &, a)m(dale, t)dt

—Er [/OT h(t,ft)dt} _ /OT h(t,7)dt

_ /0 ! /S h(t, 2)7 (dt, dz) — /O et (4.8)

On the other hand, take any n € P,,(K) such that (4.6) (or equivalently (4.7)) holds for . Then
there is a Markov policy ¢ satisfying n(dt, dz, da) = 7(dt, dz)¢(dalt, z). We next show n = n®, which

is equivalent to the following:
/ h(t,x,a)n(dt, dz, da) :/ h(t,z,a)n®(dt,dz,da) Y h e Cy(K). (4.9)
K K
The rest verifies (4.9). Since n(dt, dz, da) = 7(dt, dz)¢(dalt, x), for each h € Cy(K), we have

/ h(t,x,a)n(dt,dx, da) = /K h(t,x,a)q(dt, dz)d(dalt, z)

K
— /OT/SB(t,x,qb)n(dt,dx),

which, together with Lemma 3.4 and (4.7) as well as (4.1), gives

/Kﬁ(t,x,a)n(dt,dx,da)
oy
//6V¢>h0t:n (dt, dz) ///(/ qub,hSOsy)d) it 4)7(dt, )

OV (¢, h,0;t,x)

ot +/V(¢a h,0;t, y)q(dy\t,x,gb)] i(dt,dz) (by Lemma 3.4)

oV (¢, h,0;t
- —/ V(1,0 17) 4y (by (4.7))
0 ot
= [ V(0.7.0:0.0)1 (a0 (4.10)
S
= / h(t,x,a)n®(dt,dz, da). (by (4.1)).
K
Thus, (4.9) is proved, and so (a) follows.
Parts (b) and (c) follow from part (a) and its proof of (a), see (4.9). O
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Remark 4.2. Recall that the occupation measures in [13, 14, 24, 25] for infinite horizon discounted

cases are characterized, under similar conditions as in the present paper, by

an(dy) = ar(dy) + /S /A o(dyl, ayn(dz, da),

where homogeneous transition rates q(-|x,a) are treated, c.f. (4.7) in the previous theorem.

Definition 4.2. For each @ > 1 on S, the w-weak topology on Pg(K) is defined as the weakest
topology with respect to which, [} u(t,z,a)n(dt, dz,da) is continuous in n € Py(K) for each con-

lut,z,a)|
w(z)

tinuous function u on K such that sup ; oyex < 00. Convergence in the w-weak topology

is signified by N

Let P(K) be the collection of all the Borel probability measures on K. For each function w > 1

on S, we define two mappings, Ty, and T, as follows:

Ts - Py(K) — P(K), n — Tz(n), where Ty (n) is given by
w(x)n(dt,dx, da)

T (n)(dt,dz, da) = ~ (4.11
s @wntdy) )
T, : P(K)— Py(K), p— Te (), where T, (p) is given by
ﬁu(dt, dz,da)
T (p)(dt,dz,da) =T T (4.12)
Js sigr1(dy)

(Since 1 <@ < 0o on S, we have 0 < [ ﬁﬂ(dy) < oo for any p € P(K), and thus the mappings
T, and T} are well defined.)

Lemma 4.2. For each continuous function @ > 1 on S, P(K) (endowed with the usual weak
topology) and Py (K) (endowed with the w-weak topology) are homeomorphic with T being a

homeomorphism.
Proof. See [25]. O

As a consequence, Pg(K) endowed with the w-weak topology is metrizable, provided that the
function @ > 1 is continuous.
Specially, taking @ = w + w’ and w respectively (with w and w’ as in Assumption 3.2), we have

the following lemma.

Lemma 4.3. Under Assumptions 3.1 and 3.2, if [ f(y)d(dylt,z,a) is continuous in (t,z,a) € K
for each bounded continuous function f on S, then D is closed in P,/(K) and in P, (K). Here
and below, P,/(K) and P,(K) are endowed with the w’-weak topology and the w-weak topology,

respectively.
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Proof. Note that D C B,,(K). We only show that D is closed in P, (K); the other case is absolutely
similar. Take an arbitrary sequence {n,,} in D such that 7,, — 19 € P,,(K). Let m,, € II be such
that 7, = ™. Then, under Assumptions 3.1 and 3.2, by Lemma 3.1 we have

T
b
/w(x)n (dz) = / E7m [w(&)]dt < TeT'|L + E] = M'<oo ¥YVm>1, (4.13)
S - 0
which, together with 7,, — 79, implies

/Sw(:v)no(dx) = lim [ w(z)y (dz) < M". (4.14)

m—r0o0 S

Thus, to prove 19 € D, by Theorem 4.1(a) it suffices to verify (4.6) with n being replaced by 7.
Indeed, for any h € Cy(I x S), by 0y, € D and Theorem 4.1(a) we have

/K/S/tT q(dylt, z,a)h(s,y)dsnm(dt, dz, da)
= /S/OT h(t, z)im(dt, dz) — /OT h(t,y)dt ¥ m> 1. (4.15)

Since ||h[| := sup( z)erxs [h(s,z)| < oo, by Assumption 3.1 we have
T
/ / lgl(dylt, 2, a)|(s,y)|ds < TIhI2q° (2) + cw(z) + b) < TIAI2M + ¢ + bu(z) ¥z € 8.
S Jt

Moreover, it follows from the dominated convergence theorem that [ ftT q(dy|t,z,a)h(s,y)ds is
continuous in (¢, z,a) € K. Thus, letting m — oo in (4.15), we see that (4.6) holds for ng, and so
Theorem 4.1(a) implies that 1y € D. The proof is complete. O

For the compactness of D, as in [12, 14, 25] on the infinite horizon, we further introduce the

following condition.
Assumption 4.1. Let w and w’ be as in Assumption 3.2.

(i) [q f(y)a(dylt,z,a) is continuous in (t,x,a) € K for each bounded continuous function f on
S; and [¢g(y)q(dylt, z,a) is continuous in a € A(t,z) for each (¢,z) € I x S and bounded

measurable function g on S.

(ii) There exists an increasing sequence of compact subsets (K,,) of K satisfying J,,, K = K and
w' ()

im0 i0f (13,0 e K\ K 5 = 00, Where inf () := oc.

Remark 4.3. Assumption 4.1 implies that A(t,x) is compact for each (t,x) € I x S; see Lemma

3.10 of [25]. On the other hand, the function wi@) g, Assumption 4.1(ii) is a so-called strictly

w(x)

unbounded or moment function, which plays a role in verifying that D is sequentially relatively

compact; for the details, see the proof of Theorem 4.2 below.
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Theorem 4.2. Suppose that Assumptions 3.1, 3.2 and 4.1 hold. Then, D is compact in P, (K).

Proof. Since P,,(K) is metrizable and D is closed (by Lemma 4.3), it suffices to show that T3,(D) is
sequentially relatively compact in P(K) endowed with the usual weak topology. Indeed, for every

n™ € D, under Assumptions 3.1 and 3.2, by Lemma 4.2 and (4.11), we have

/w/(m)Tw(n”)(dt,d:U,da) - w
K

w(z) (x)n™(x)

g/ o

= T/o Tlw'(&))dt < e“T[L! +

—] < 0. (4.16)

Now (4.16) and the Prokhorov theorem (see Theorem 12.2.15 in [17]) imply that {T,,(n),n € D} is
sequentially relatively compact in P(K), and so is D in P, (K) (by Lemma 4.2 with v =w). O

5 Existence of optimal policies

This section establishes the existence of a Markov optimal policy, which is a mixture of no more

than N + 1 deterministic Markov policies.

Assumption 5.1. The functions r(t,z,a), gr(x) (k = 0,1,...,N), and fs G(dylt,z,a) are

continuous in (¢,z,a) € K. Furthermore, one of the following conditions (i) and ( ) holds:
(i) Either ¢* or each of the functions g is bounded on S.
(ii) There exists a function w” > 1 on S and constants ¢’ > 0, b > 0 and M” > 0 such that

1) [sw"(Wa(dylt,z,a) < W () + V", V (t,2,0) €K;
2) L= fS " (@) y(d) < oo;

3) There exists an increasing sequence of compact subsets (K,) of K satisfying

lim inf
m—o0 (t,z,a)eK\K}, w'(x)

and ,, K}, = K;

4) W' (2)(1+ ¢*(z)) < M"W"(z) for all x € S,
where w, w’ are as in Assumption 3.2.

Suppose Assumptions 3.1, 3.2 and 4.1 are satisfied. Then under the first part of Assumption 5.1,
one can show that [ f(y)q(dylt, z,a) is continuous in (t,z,a) € K for each w-bounded continuous

function g on S; the reasoning is similar to the one in the proof of Lemma 8.5.5 in [17]. If additionally
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Assumption 5.1(i) is satisfied, then Hy, is w-bounded and continuous on K, where Hy, is defined by
(4.2). The function [} Hy(t,x,a)n(dt,dz,da) is continuous in n € D C P,(K) endowed with the
w-topology. By Theorem 4.2, D is compact in P, (K). Consequently, problem (4.3) has an optimal
solution. Now one can apply Theorem 4.1 for the existence of a Markov optimal policy for problem
(2.8). If alternatively, Assumption 5.1(ii) is satisfied, then [q gx(y)q(dylt,z,a) in the definition of
Hj, is w'-bounded continuous in (t,z,a) € K, so that [, Hy(t,x,a)n(dt,dz,da) is continuous in
n € D C P,y (K) endowed with the w'-topology. On the other hand, applying the same reasoning
as in the proof of Theorem 4.2, D is compact in P,/ (K) under Assumption 5.1(ii). Therefore, we
can again conclude the existence of a Markov optimal policy for problem (2.8).

The above discussions amount to the following statement.

Theorem 5.1. Under Assumptions 3.1, 3.2, 4.1, and 5.1, there exists a Markov optimal policy for
problem (2.8).

Definition 5.1. A policy m € 1I is said to be a mixture of m + 1 deterministic Markov policies

fi,0=0,1,2,...,m, if

m
n™(dt,dx,da) = mefl (dt,dz,da),
1=0
where p; > 0 for all 0 <! <m, and py + - - - + ppm = 1.

Under Assumption 3.1, we consider the space of performance vectors for the model (2.1) with

the criteria (2.6):

U = {(V(?T,To,go),. . .,V(W,Y’N,g]\])) ‘ T € H}. (51)

In the proof of the main statement below, we shall make use of the next result, whose proof is

available in [18]; see also [11] for the proof of its version in the case of a denumerable state space.

Lemma 5.1. Under Assumptions 3.1, 3.2, 4.1 and the first part of Assumption 5.1, the following

assertions hold.

(a) There exists a unique ¢ in ColJ’BJ (I x S), and a deterministic Markov policy f* € II¢, satisfying

the following optimality equation:

¢'(t,x) + sup [ro(t,z,a) + / o(t,y)a(ylt,z,a)] =0, Vit € L (x), z €5;
a€A(t,x) S

o (t2) + rolt,z, 7 (8,2)) + /S ot y)alylt, =, f*(t, 7)) =

J(tx)+ sup [rolt, )+ / ot eyl 2 a)l, VeI, z € 5
a€A(t,x) S

o(T,x) = go(x), Yz €S5. (5.2)
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(b) The policy f* and the function ¢ in (a) satisfy that V(f*,r0,90) = supren V(7w 70,90) =
Js #(0,2)y(dz).

We are in position to present the main statement.

Theorem 5.2. Suppose Assumptions 3.1, 3.2, 4.1 and 5.1 are satisfied. Then the following asser-
tions hold.

(a) The space of performance vectors, U, is nonempty, compact and convex.

(b) Each extreme point of U (there exists at least one), say v?, is generated by a deterministic

Markov pOhCY7 say f7 i'e'7 v = (V(f7 7o, gO)? ey V(f7 7’N79N))~

(¢) There exists an optimal Markov policy, which is a mixture of (N + 1) deterministic Markov

policies.

Proof. (a) For each 0 <k < N, u € By(K) and n € D, let

(u,m) = /Ku(t,:c, a)n(dt, dx, da). (5.3)
Then, by Lemma 4.1 and Theorem 4.1 we have
V(m,rg, gr) = (Hik,n™), for all 7 € II, (5.4)
and so

U =A{((Ho,n),...,(Hn,n)) | n € D}. (5.5)

Since the functions Hj, are continuous and w-bounded (resp., w’-bounded) on K under Assumption
5.1(i) (resp., Assumption 5.1(ii)), U is nonempty, convex and compact, because so is D. Hence, (a)
is true.

(b) By (a) U admits at least one extreme point, say v*. Below we prove that any given extreme
point v** of U is generated by a deterministic Markov policy by induction with respect to the
number of constraints N.

Consider the case of N = 0 (i.e., U = {(Ho,n) | n € D}). Then, by the convexity and
compactness of D (proved above), Y C R := (—o0,00) is a bounded closed interval, and the
two extreme points of U, denoted by v, and vyg., corresponding to the two end points of the
closed interval, are given by the optimal values of the following two unconstrained finite-horizon
CTMDP problems: (Hy,n™) = V(m,ro,g90) — maxrerr and (Ho,n™) = V(m,10,90) — mingemn
respectively. Lemma 5.1 gives the existence of deterministic Markov policies f; and fo satisfying
Umaz = SUPrert V (7,70, 90) = V(f1,70, 90), and vpip, = infrerr V (7, 7r0, go) = V(f2,70, 90). Thus, (b)

is true for the case of N = 0.
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Suppose that (b) is true for the case of N =n — 1. Then, consider the case of N = n. For any
extreme point v®* € U in this case of N = n, by (5.5) we can write v** = ((Ho, 7™ ), ..., (Hp,n™ ),
for some 7% € II”,. Since v°® is an extreme point of I, it is not in the interior of U C R™*!. So by

the supporting hyperplane theorem [4], there exists a hyperplane

H = {(CO,Cl,...,Cn) e R*T! ‘ ZAkck_p*}a (5'6)

k=0
where A\ and p* are fixed constants defining H such that

n

Z)\k<Hk,T]7rex> = p* > Z)\kvk for all (1}0,111,. . .,Un) cu.
k=0 k=0

Here it is without loss of generality to put A, # 0 for otherwise one just needs to introduce an

appropriate relabeling. This, together with (5.4) and (5.3), implies

V() Mrs Y Awgr) = O MeHe ™) = p" = V(m, Y Mk, » Akgr) VY ow €11
k=0 k=0 k=0 k=0 k=0

This means
V(T Merks D Awgr) = sup V(m, D Akri, D Akgi) = p*- (5.7)
k=0 k=0 mell k=0 k=0
Define the set
Vi=UNH, (5.8)

which is nonempty, convex and compact. Note that the extreme point v®* is also an extreme point
of V since v is on H.

Moreover, for any ¢ € II] ;t € I, and x € S, let

VA(tx) = sup V(e HY,0;t,), (5.9)
Pelly,

where, X = (Ao, -5 An), and

n
HY(t,x,a) = Z MeHi(t, 2, a)
k=0

for each (t,z,a) € K.
Then, by Lemma 5.1, there exists a policy f; € 1% such that

V(fy, HE 0t ) = VA(tz) € CL0, (1 % 9), (5.10)

and

-

V (k) + B )+ [ Vet g
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= sup (VX "(t,x) + HY(t,x,a) + / Vx(t,y)q(dy]t,x,a)> =0 (5.11)
a€A(t,x) S

forall z € S and t € L;X(x).
By (5.4), (5.7), and Theorem 4.1(b) we have

VA(Oﬁv)_/VX(va)PY(dx)_ sup /V((b,H;,0,0,J?)")/(d.CE)—p* (512)
S eettr, Js

For each x € S, and t € I, let

A(t,z) == {a € At,z) : Vtx(t,:c) + H{(t,z,a) + / VX(t,y)q(dy|t,x,a) = 0} (5.13)
S
whenever the set on the right hand side is nonempty; and for (¢,z) at which that set is empty, we

put
At,x) = {f5(t,2)},
where fy is the deterministic Markov policy satisfying (5.10). It holds that for each z € S and
t € [0,T] that 0 # A(t,z) C A(t,z). In what follows, if necessary, we always extend A(t,z) to
[0,00) X S by putting A(t,z) = {f5(t,x)} for each (¢,z) € (T,00) x S.
For each (t,z) € I x S, the set fl(t, x) C A(t,z) is compact because for any fixed (¢,z) € I x S,

the function

-

Gla) =V (t,2) + H2(t, 3, 0) + /S VAL y)q(dylt, o, a) (5.14)
is continuous in a € A(t, z) by the virtue of [17, Lem.8.3.7], and so A(t, z) is closed. Now the com-
pactness of A(t,z) follows from this and the compactness of A(t, z); see the discussion immediately
after Assumption 4.1.

Let K :={(t,z,a) : (t,z) € [0,T] x S,a € A(t,z)}, and K := {(t,z,a) : (t,z) € [0,00) x S,a €
A(t,z)}. According to Propositions D4 and D5 of [16], it is not hard to see that the set K is a Borel
measurable subset of [0,00) X S x A and K contains the graph of a Borel measurable mapping from
[0,00) x S to A.

Now consider a new CTMDP model with n constraints as follows:
W= {8, 4, At 2)(t > 0,2 € 9), g(dylt, 3, @), (ri(t, 7, 0), g8(2))io }

The corresponding versions of Assumptions 3.1, 3.2, 4.1, and 5.1 are all satisfied by the new model

A~

M.
Let us consider the space U of performance vectors of the model M, and prove

~

U=V (withV defined by (5.8))
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in the following two steps: i) U C V, and @) U D V.

The proof of 7): By Theorem 4.1, it suffices to restrict the following arguments to the class of
Markov policies. Since each Markov policy in the model M can be regarded as one in the model
M, each performance vector in U is also in U (i.e., ucu ). To further show that each performance

vector ¥ in U is also on H, let

b= (V(ﬁ',?’o,go), ) V(ﬁ-’rnygn)) = (<H07777AT>’ B <Hn>77fr>)

with some Markov policy # in the model M. Then, it follows from Lemma 3.3(a) and (5.4),
(5.12)-(5.13) that

S wlten®) = [ Hy(tw.an d do,da)
k=0 K

= —/ {Vxl(t,a:)—i—/Vx(t,y)q(dy\t,a:,a) nﬁ(dt,dm,da)
S

- K 3
= VN0,7y) - EI[VN(T, z7)]

= VX0,7) = p".

This means that ¢ is on the #, and so & C M. Hence, we have { CUNH = V.
The proof of ii): For any fixed v € V, by Theorem 4.1(b), v can be rewritten as

= ((Ho,n™),...,(Hn,n")), such that Z Me(Hp,m™) = p*, for some m € II7 . (5.15)
k=0

For this Markov policy 7, let us define
I:= {(t,x) €0,T] xS / <VX "(t,x) + H(t, z,a) + / Vx(t,y)q(dy]t,x, a)> m(dalt,z) < 0}
A S

Note that 77(I") = 0. Indeed, suppose for contradiction that 77 (I') > 0. Then

0 > // ™ (dt, dz) / (Vxl(t,:p)+H;3(t,x,a)+/SVX(t,y)q(dy|t,:c,a)> r(dalt, z)
= EVNT,ar)] - VA(0,7) + /S V(m, H20,2)9(dz) = 0,

where the last equality is by Lemma 3.3(a) and (5.15). Therefore, 77(I') = 0. From this fact
and (5.11), we see that the Markov policy 7(dalt,z) is concentrated on A(t, ) for all almost all
(t,x) € [0,T] x S with respect to the measure 777 (dt,dx). Now, there is a set ¢ C [0,7] x S of full

measure with respect to 7™ (dt,dz), and a Markov policy 7 satisfying
7(da|t,x) = 7(dalt, x)
for each (t,x) € ¢; and
7(dalt, x) = Iz (t.2)} (da)
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for each (t,z) € ([0,T] x S)\ ¢. It is clear that this Markov policy 7 is one for the model M; see
(5.11). For this Markov policy 7, the following relation holds:

0™ (dt, dz, da) = 7" (dt, dz)n(dalt, x) = 77 (dt, dz)7 (dalt, ) = 0™ (dt, dz, da),

where the last equality is by Theorem 4.1; see its proof. Consequently,

~

(<H07777r>7 RRE <Hn>777r>) = (<H07 777}>7 ) <H7L7777~r>) eu.

Consequently, V C U because the point v = ((Ho,n™),...,(Hn,n™)) €V is arbitrarily fixed.
Therefore, V = U. Below we legally study the space V as the space of relevant performance
vectors for the model M. Since the fixed extreme point v®* of V is also an extreme point of
U=7Y,and any deterministic Markov policy for the model M is also one for the original model M,
to complete the inductive argument, it remains to show that v** is generated by a deterministic

Markov policy for the model M.

For the model M, a deterministic Markov policy generates the point v** = (v§®, v{*, ..., v5") if
and only if it generates (v§¥, v$®, ..., v5" ) because
* n—1 M6
DY = L (5.16)
An

recall that A, # 0; see the sentence immediately after (5.6). So, it is equivalent to considering the

auxiliary model
M = {S, A, A(t,z)(t > 0,z € S),q(dy|t, z,a), (r(t, z,a), g(x))7 =3}, (5.17)

with only n — 1 constraints, for which we denote the space of relevant performance vectors by u'.
For the model M with n — 1 constraints, the corresponding versions of Assumptions 3.1, 3.2, 4.1,
and 5.1 are all satisfied by this model because so are they by the model M with n constraints. Since
(v, V5%, ..., vE") is an extreme point of V = L?, (v§®, vf*, ..., vf" ) is an extreme point of Z;l’, see
(5.16). Therefore, by the inductive supposition, the extreme point (v§*,v{*,...,vS" ) is generated
by a deterministic Markov policy (denoted by f) for the model M. Since f is also in II7, for the
model M, it follows from this and (5.16) that the extreme point v** = (v§¥, v$*, ..., v5") of V is
generated by the deterministic Markov policy f for the model M. This completes the inductive
argument, and (b) is thus proved.

(c¢) Given parts (a) and (b), the proof of this part of the statement can be similarly proceeded

as in the proof of Lemma 9 and Theorem 5 in [15]. O

6 Conclusion

In conclusion, for a constrained CTMDP in a Borel state space, where the performance measures

are the expected total rewards over a finite time horizon, under suitable conditions, we showed

22



the existence of a Markov optimal policy, which is a mixture of N 4+ 1 deterministic Markov ones,

where IV is the number of constraints. To this end, we studied the relevant properties of the space

of occupation measures and the performance vector spaces.
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