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Abstract. In this paper we consider the group search problem, or evac-
uation problem, in which k mobile entities (MEs) located on the line
perform search for a specific destination. The MEs are initially placed
at the same origin on the line L and the target is located at an unknown
distance d, either to the left or to the right from the origin. All MEs
must simultaneously occupy the destination, and the goal is to minimize
the time necessary for this to happen. The problem with k = 1 is known
as the cow-path problem, and the time required for this problem is known
to be 9d − o(d) in the worst case (when the cow moves at unit speed);
it is also known that this is the case for k ≥ 1 unit-speed MEs. In this
paper we present a clear argument for this claim by showing a rather
counter-intuitive result. Namely, independent of the number of MEs,
group search cannot be performed faster than in time 9d− o(d). We also
examine the case of k = 2MEs with different speeds, showing a surpris-
ing result that the bound of 9d can be achieved when one ME has unit
speed, and the other ME moves with speed at least 1/3.
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1 Introduction
Search problems are well-studied within the fields of operations research, com-
puting, and mathematics. Indeed, nearly sixty years ago Bellman [6] asked a
question that can be stated as follows: “A hiker is lost in a forest whose dimen-
sions are known to her. What is the best path for her to follow to escape the
forest?”

In general, search problems deal with a searcher looking for a hidden object
(or “target”), with a goal of minimizing the time required to find it. Many versions
of this problem can be considered, including variations in the environment (e.g.,
a geometric setting vs. a graph), whether the target is fixed or mobile, or if the
target is a point in space or a boundary of a region or other curve, the use of a
deterministic or randomized search strategy, and whether or not the searcher(s)
have access to additional tools to aid the search (such as markers to drop in the
environment) [3,4,5,7,8,11,12,15,16].

Search also naturally leads into the rendezvous problem, where two or more
searchers seek to meet in an environment, and that problem lends itself to ad-
ditional considerations of the inherent abilities of the searchers themselves, such
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as whether they have the same speed or different speeds, their ability to com-
municate and see their environment (typically over a limited distance), and if
the searchers are able to follow the same or different search strategy, e.g. do the
searchers have unique identifiers so they can adopt their own search method, or
are they indistinguishable and therefore must use the same (randomized or de-
terministic) strategy? [1,9,10]. The book by Alpern and Gal [2] is a good survey
of known results for both the search and rendezvous problems.

The focus of this paper is on the group search problem or evacuation problem,
where k mobile entities, all starting from the origin on the line, must find and
simultaneously gather at the target located at an unknown distance d from the
origin. The inspiration for the name comes from consideration of an evacuation
procedure of a building (one, say, that is on fire). We note that some of the
mobile entities might find the target and move away from it, only to return
later. Strictly speaking, the “simultaneous gathering” condition can be dispensed
with by noting that the evacuation procedure has finished only when all mobile
entities have reached and “exited” at the target.

In the case of the line that we consider, the most relevant previous results
are in relation to the cow-path problem, a search problem that was introduced by
Baeza-Yates, et al. in 1988 [3] and has since been considered in the same form
and in different variations in [4,5,11,13,14,16,17]. The cow-path problem involves
a single cow, Eloise3, who is standing at a crossroads (defined as the origin) with
w paths leading off into unknown territory. Traveling with unit speed, the goal
of Eloise is to locate a target destination (say, a tasty patch of grass) that is
at distance d from the origin in as small a time as possible. Eloise faces three
difficulties: (1) she does not know the value of d, (2) she does not know which
of the w paths leads to the goal, and (3) her eyesight is not very good, so she
will not know she has found the goal until she is standing in it.

Baeza-Yates, et al. [3,4] studied the cow-path problem, and proposed a deter-
ministic algorithm they called Linear Spiral Search (detailed later) as a solution.
In the case that w = 2 (two paths), this algorithm will find the goal in time at
most 9d, and they showed that this is optimal up to lower order terms. In the
same work, the authors considered the case of w > 2 paths, showing an optimal
(up to lower order terms) result of

(
1 + 2 ww

(w−1)w−1

)
d time bound to find the

target using a deterministic search strategy.
Let us move away from cows, and into the world of mobile entities (MEs)

in what follows, opening up our entities to (possibly) have more computational
power, memory, and/or communication ability than the average cow. We will
use the phrase mobile agent (or more simply agent) interchangeably with mobile
entity in what follows. We will also use the words target or destination to denote
the goal of the search.

In [5] Baeza-Yates and Schott examined other variations of the cow-path
problem in these stronger settings. They note the straightforward fact that if
d is known by the ME then, in the worst case, it must travel for 3d units of
3 From the book Eloise and the Old Blue Truck, by Kennon Graham, illustrated by
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time (for w = 2 paths). They also considered cases involving two or more MEs
having uniform speed. If the MEs are able to communicate arbitrarily far away,
then a total distance of at least 2d must be traveled to find the destination, and
4d if both MEs must reach the destination. Baeza-Yates and Schott showed the
total distance traveled when no communication is present, and both MEs must
reach the goal is also 9d, the same time it would take a single ME .

The previous results all applied to deterministic search algorithms. Kao, et
al. [14] examined the first randomized algorithm for the cow-path problem and,
for the case of w = 2 paths, obtained an optimal randomized 4.59112d bound for
the search time. Those authors also give a bound for w > 2 paths, which they
conjecture to be an optimal randomized strategy.

The cow-path problem, with either one or two MEs, cannot be solved in time
smaller than 9d (up to lower order terms), where d is the distance from the origin
to the destination, and the MEs have unit speed. This result is proved, and re-
proved in various fashions, in [4,5,11,13,14,16,17]. However, [5] seems to claim
that if the number of MEs is greater than two, then the evacuation procedure
can be performed in a smaller time. We would dispute this claim and in the first
part of this paper will give a proof showing that 9d is also optimal (up to lower
order terms) when the number of MEs is at least 2. In doing so, we present
an alternative way of proving the lower bound of 9d than the papers previously
mentioned have done.

In the second part of this paper, we would initiate the study of the evacuation
problem where mobile entities have different maximum speeds. We show the
somewhat surprising result (to the authors at least) that when there are two (or
more) mobile entities, one with unit speed and the others having maximum speed
at least 1/3, then the evacuation problem can still be performed in time at most
9d. The authors believe that this is the first result regarding the evacuation
problem with mobile entities having different maximum speeds, and hope to
inspire further work in this direction. Indeed, the authors know of no prior work
in the field of search, rendezvous, or evacuation that considers mobile entities
with differing maximum speeds.

1.1 Our Results

We consider k MEs on the line, all starting at the origin. We work in the
restricted setting where communication between MEs is only possible when
they are in contact (i.e. occupy the same location), but we consider that any
communication occurs instantaneously.

We examine the evacuation problem where all k MEs must simultaneously
occupy a target located at an unknown distance d from the origin. The aim is
to achieve this goal in as small a time as possible. We assume here that d is a
positive integer, but most all of our results can be generalized for rational or real
values of d, provided that d is not too small.

In Section 2 we consider k(≥ 2) MEs having a uniform speed that (by re-
scaling time) we will set to 1. We briefly recall the Linear Spiral Search method
described in [3,4] in which a single ME can find a target in time at most 9d,



and also recall a coordinated method for two MEs to solve evacuation in time
at most 9d.

We give a new proof of a lower bound of 9d − o(d) for the evacuation time
of two or more MEs having unit speed (Theorem 4).

In Section 3 we will look at the case when k = 2 and the MEs have different
maximum speeds. We will normalize the speeds of the MEs by setting the speed
of the fastest ME to 1 and then setting the speed of the slower ME propor-
tionately. We demonstrate that, provided the speed of the slower ME is at least
1/3, then the 9d evacuation time bound can still be achieved (Theorem 6).

In our considerations we will use time-space diagrams to support our reason-
ing and the proofs. A time-space is a 2d-plane with the horizontal axis repre-
senting location on the line L and the vertical axis refers to the time t. We are
only interested in the half-plane where the values of time are positive. In this
context, the trajectory adopted by a ME can be described as a function of time
t to give a location on L.

2 Multiple MEs With Uniform Speeds
As mentioned earlier, there has been much previous work done in this problem
before. However, the goal of this section is to provide a clear and complete
explanation to the claim of the 9d− o(d) worst case in this setting for multiple
searchers with uniform speeds. We will use d to denote the destination as well
as the (unknown) distance to that destination. This should not cause confusion
as the meaning should be clear from the context. We recall our assumption that
d ≥ 1.

For completeness we first recall what is known in the case of one or two
searchers.

2.1 A Basic Strategy for a Single Mobile Agent
As a brief reminder, a search strategy in the case of a single ME for two paths
was outlined in [4], referred to as Linear Spiral Search by the authors in that
paper. This search strategy is given as Algorithm 1, where for simplicity we
consider the two paths to be a line in this case.

Algorithm 1: A “doubling strategy” for a single mobile agent
r ← 1
dir ← left /* dir ∈ {left, right} */

while (Destination not found) do
Walk distance r in direction dir and return to the origin /* (Stop at

destination if found.) */

Reverse dir
r ← 2 · r

end while

This deterministic search strategy for a single ME yields the search time of
9d, which is optimal up to lower order terms [4, Theorem 2.1].



2.2 Evacuating Two Mobile Entities on the Line
For the evacuation problem with two MEs on the line (or two paths), there are
at least two strategies that will yield a 9d upper bound for the problem.

One strategy is that each entity ignores the existence of the other entity and
simply executes their own version of Algorithm 1, independently of the other
(in fact, each ME can independently begin by going left or right at the start of
their own procedure). This will clearly give an evacuation time of at most 9d,
since an entity that finds the destination simply waits for the other.

A second strategy coordinates the use of the searchers to find the target. One
such coordinated strategy was first described and analyzed in [5]: Two searchers
start exploring in opposite directions with a speed of 1/3, then the searcher who
finds the target uses their maximum speed to catch up to and inform the other
agent, and then both travel to the target at maximum speed.

This procedure also guarantees the 9d upper bound for completing evacuation
of the pair of searchers. Furthermore, this coordinated strategy gives the total
distance of 12d traveled by the pair, as opposed to a worst-case total distance of
18d by the use of Algorithm 1 in an uncoordinated fashion. (See [5] for details.)

2.3 A Lower Bound
In [5], the authors make the statement “if we have more [than two] robots, we
can have two robots searching and coming back to certain points, while other
robots can carry messages between the searchers until the goal is found. In this
case, the goal can be reached in a smaller time.”

It is unclear if the authors of [5] are claiming that the evacuation problem
can be solved in time smaller than 9d − o(d) using more than two searchers,
and no proof of any such claim is offered. In any case, we would dispute such
a claim, and here we want to give a new proof that 9d is a lower bound (up to
lower order terms) on the evacuation problem (for any number of agents). We
remind the reader that the lower bound of 9d − o(d) was proven to be optimal
for a single agent in [4]. We want to investigate the lower bound for two or more
agents with maximal speed 1.

So here we assume that there are at least two agents performing the group
search problem. To facilitate our proof, we first define some notation. We suppose
that the agents performing the evacuation procedure are following some fixed
(but unknown) algorithmic procedure, which may or may not be coordinated.
The only restrictions we impose are the ones mentioned earlier, that agents can
only communicate when they occupy the same point, that this communication
is instantaneous, and that the maximum speed is 1.

Definition 1. For t > 0, we define α(t) ∈
[
0, π

2

]
as the angle, measured in

radians, as follows:

α(t) = sup
t′≥t

{
arctan

(x
t′

)
: (x, t′) ∈ E

}
,

where E is the set of all pairs (x, t′) such that some agent is at distance x from
the origin at time t′.



In other words, α(t) defines a symmetric cone (centered around the origin)
of size 2α(t) in the time/space diagram that contains all terrain that is ever
explored from time t to time ∞ during the evacuation procedure, if we assume
that the evacuation target does not actually exist, so that the agents will be
exploring the x-axis forever.

We note the following facts without proof.

Fact 2. For any sequence 0 < t1 < t2 < . . ., we have α(t1) ≥ α(t2) ≥ . . ..
In other words, for any increasing sequence of numbers {ti}∞i=1, the sequence
{α(ti)}∞i=1 is a non-increasing sequence.

Fact 3. limi→∞ α(ti)
def
= α exists, and is independent of the particular increas-

ing series of numbers {ti}∞i=1 chosen.

The previous fact follows as the non-increasing sequence {α(ti)}∞i=1 is bounded
below (by 0), and, hence by the monotone convergence theorem, has a limit. (We
can alternatively express Facts 2 and 3 in terms of the tangents of the angles.)

Theorem 4. Suppose that there are two agents performing the evacuation. If
tan(α) ̸= 1

3 , where α is the limit defined in Fact 3, then there exists δ > 0 and
arbitrarily large values of d such that the evacuation procedure takes time at least
(9 + δ)d.

Proof. For the sake of this proof, we may suppose that there is an “adversary”
who decides where to place the evacuation target, provided that this point has
not yet been visited by any agent in the evacuation procedure.

Suppose ε > 0. (We shall say more about how we select ε later.) Given this
ε, let us pick t0 and t1 > t0 large enough so that:

(a) |α(t0)− α| < ε,
(b) the position at time t1, z(t1), of an agent Z satisfies

∣∣∣arctan( |z(t1)|
t1

)
− α

∣∣∣ < ε

(Remark: We assume, without loss of generality, that the value of α(t) in an
interval around t1 is defined by an agent located to the right of the origin.
Otherwise, we may consider a similar argument to the one that follows where
α(t1) is defined by an agent to the left of the origin. Hence, under our
assumption, the agent could be at the point labeled Z in Fig. 2.3.), and

(c) the line from Z extending backwards in time at a 45◦ angle to the time-axis
that intersects the cone defined by the angles ±(α±ε) does so after the time
t0. (See Fig. 2.3.)

The purpose of the last condition is that the shaded region shown in the
figure has not been visited by any agent (as has the corresponding region on the
right-hand side of the figure, but we have not shaded that region).

Given this choice of t0 and t1, the evacuation point is placed slightly inside
of the shaded region, as shown in Fig. 2.3.

With this configuration as labeled, we can make the following conclusions:
The earliest time that the evacuation point, at distance d from the origin,

can be found is at time t′, where t′ satisfies tan(α + ε + ζ ′) = d
t′ , for a small
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Fig. 1: Time/space diagram of configuration used to establish the lower bound

ζ ′ > 0 (to guarantee the target is in the unexplored region). Note that we can
also choose ζ ′ so that ζ ′ < ε.

This means that the earliest time that agent Z could learn about the existence
of the target is at the time t′ + d+D, where D satisfies

∣∣∣ D
t′+d+D − tan(α)

∣∣∣ < ε.
This is because Z is at the specified location in the diagram at time t′ + d+D,
and obtaining the information at an earlier time would violate the “speed of
light” in this timeframe (which is the maximum speed of 1, indicated by the line
that makes a 45◦ angle with the time axis).

Finally, this means that the earliest that agent Z could arrive at the evacu-
ation point is at time t′ +2 · (d+D), since Z would require time d+D to travel
to the evacuation point from its current location at full speed.

The remaining part of this argument is some calculations in order to attempt
to lower bound the sum t′ + 2 · (d+D). First we have that

tan(α+ ε+ ζ ′) =
d

t′
as already noted, and (1)

tan(α± ζ ′′) =
D

D + d+ t′
for a small 0 < ζ ′′ < ε (with sign (2)

depending upon the exact location of Z).

Using Taylor’s Theorem (see your favorite beginning calculus book), we note
that we can write

tan(α+ ε+ ζ ′) = tanα+ (sec2 α)(ε+ ζ ′) + g(δ′)(ε+ ζ ′)2 and (3)
tan(α± ζ ′′) = tanα± (sec2 α)(ζ ′′)± g(δ′′)(ζ ′′)2 (4)

where g(z) = 2 sec2 z tan z, 0 < δ′ < ε+ ζ ′, and 0 < δ′′ < ζ ′′.
The signs in (4) depend upon the position of Z. For the location of Z as

given in Fig. 2.3, we have that (4) is actually (using the appropriate signs):

tan(α− ζ ′′) = tanα− (sec2 α)(ζ ′′)− g(δ′′)(ζ ′′)2. (5)



(The case for Z located on the other side of the angle labeled αR is similar to
the analysis we give below, and is left to the reader.)

Then, for a given ε, we can find (small) constants C1 and C2 (that depend
upon ε) such that

tan(α+ ε+ ζ ′) ≤ tanα+ (sec2 α)(ε+ ζ ′) + C1(ε+ ζ ′)2 (6)
and tanα− (sec2 α)(ζ ′′)− C2(ζ

′′)2 ≤ tan(α− ζ ′′) (7)

for all 0 < ζ ′ < ε and 0 < ζ ′′ < ε. We note that C1 → 0 as ε + ζ ′ → 0 and,
similarly, C2 → 0 as ζ ′′ → 0.

In what follows, in order to simplify the notation somewhat, we will let
x = tanα and recall, of course, that sec2 α = 1 + tan2 α = 1 + x2.

Therefore, from (1) and (2), and (6) and (7) we can write:

t′ ≥ d

x+ (1 + x2)(ε+ ζ ′) + C1(ε+ ζ ′)2
, and (8)

D

D + d+ t′
≥ x− (1 + x2)(ζ ′′)− C2(ζ

′′)2, from which we get (9)

D ≥
(d+ t′)

(
x− (1 + x2)(ζ ′′)− C2(ζ

′′)2
)

1− x+ (1 + x2)(ζ ′′) + C2(ζ ′′)2
. (10)

(Again, in the other case to consider for the location of the agent Z, one can
obtain similar inequalities to use as lower bounds.)

The earliest time that agent Z can complete the evacuation procedure is
t′ +2 · (d+D) which, using (8) and (10) is lower bounded by the function, after
some simplification,

d · h(x, ε, ζ ′, ζ ′′, C1, C2)
def
= d

{
1

x+ (1 + x2)(ε+ ζ ′) + C1(ε+ ζ ′)2
+ 2

+

(
2
(
x− (1 + x2)(ζ ′′)− C2(ζ

′′)2
)

1− x+ (1 + x2)(ζ ′′) + C2(ζ ′′)2

)
·
(
1 +

1

x+ (1 + x2)(ε+ ζ ′) + C1(ε+ ζ ′)2

)}
.

Recall that if ε+ ζ ′ → 0, then C1 → 0, and if ζ ′′ → 0, then C2 → 0.
So let us consider the function f(x) = 1

x + 2 +
(

2x
1−x

)
·
(
1 + 1

x

)
. We claim

that f(x) ≥ h(x, ε, ζ ′, ζ ′′, C1, C2) for any x ∈ (0, 1), and for all small enough ε
(and hence ζ ′, ζ ′′, C1, and C2), and that h(x, ε, ζ ′, ζ ′′, C1, C2) increases to f(x)
as {ε, ζ ′, ζ ′′, C1, C2} all approach 0.

Elementary calculus tells us that f(x) is minimized, under the restriction
that 0 < x < 1, when x = 1

3 . In this case, we have f
(
1
3

)
= 9, and f(x) > 9 for

any other value of x ∈ (0, 1)−
{

1
3

}
.

We therefore claim that for any other value of x ∈ (0, 1)−
{

1
3

}
, since f(x) > 9,

and since h increases with decreasing values of {ε, ζ ′, ζ ′′, C1, C2}, we can find
(suitably small) ε (and corresponding C1 and C2 for all 0 < ζ ′, ζ ′′ < ε) such that
h(x, ε, ζ ′, ζ ′′, C1, C2) > 9 as well. So if tan(α) ̸= 1

3 , we can find a ε > 0, and a
corresponding δ > 0 so that h(x, ε, ζ ′, ζ ′′, C1, C2) ≥ 9 + δ.



Finally, for this δ defined above (by choosing an appropriate ε), since α(t)
decreases to α, we can find an infinite sequence of pairs of times {(t2i, t2i+1)}∞i=0

so that (t2i, t2i+1) would all satisfy conditions (a), (b), and (c) above (with t2i
in place of t0 and t2i+1 in place of t1).

This means that there is an infinite sequence of distances di such that the
evacuation time (having a target at distance di) will be at least (9 + δ)di. □

Intuitively, Theorem 4 tells us that the leftmost and rightmost boundaries
of the region explored by the agents must (in the limit) grow an average of 1/3
unit distance per unit of time in order to successfully accomplish evacuation in
time (at most) 9d.

For more than two agents, we may consider the leftmost and rightmost agent
at any time. The region that has been explored by a set of agents will still consist
of a single connected segment in the line. Hence, we can conclude the following
result just by considering the leftmost and rightmost agent at any moment in
time, and repeating the proof of Theorem 4.

Corollary 5. For two or more agents, if tan(α) ̸= 1
3 , then there exists δ > 0

and arbitrarily large d such that evacuation takes time at least (9 + δ)d.

3 Agents Having Different Maximum Speeds
Now we consider two cases involving mobile entities having different maximum
speeds. As before, by rescaling, we assume the maximum speed is 1. We call a
mobile entity with maximum speed 1 a “fast ME”. A mobile entity with speed
s, where 0 < s < 1 shall be called a “slow ME”. We use the notation FME to
refer to the “fast” mobile entity. Similarly, we will use SME to refer to the “slow”
mobile entity.

Section 3.1 deals with the special case of one fast ME and one slow ME . In
the case that s ≥ 1

3 , we show that evacuation can still be accomplished in time
9d, a fact that these authors found surprising when we first discovered it.

Section 3.2 deals with the case of two fast MEs and one slow ME . Even in
this case, if the slow ME is not too slow (in particular, if s ≥ 1

5 ), then evacuation
can still be performed in time 9d.

3.1 One Fast, One Slow
For one FME and one SME we will show that, provided s ≥ 1

3 , the 9d evac-
uation time bound still holds using a coordinated strategy for the two mobile
entities. A picture that hints at the strategies of the two MEs can be seen in
Fig. 2, but we give some brief discussion of each strategy in what follows.

The FME’s Strategy. The FME searches for the evacuation point as if
the SME is not there, using the doubling strategy described in Algorithm 1
(always traveling at its maximum speed). The FME follows this strategy until
the evacuation target is located. Having found the target, it immediately seeks
to make contact with the SME (still moving at its maximum speed of 1). Both
MEs then walk together to the evacuation target with the full speed s of the



SME . Fig. 2 shows the exploration path the FME takes to find the target as
the solid black line, which is simply the doubling strategy from before.

One point to keep in mind is that the FME knows the strategy of the SME ,
so the FME knows in which direction to travel in order to find and inform the
SME once it locates the target.

The SME’s Strategy. The slow mobile entity is obviously unable to mimic
the path of the FME due to its reduced maximum speed. Somewhat counter-
intuitively, even if s > 1

3 , the SME is instructed to use speed 1
3 and follow the

dashed path outlined in Fig. 2. It follows such a path until it is informed by the
FME of the location of the evacuation target, and then proceeds at maximum
speed, i.e. s, to reach that destination.

..

time

Fig. 2: An optimal strategy for two
different speeds, where the slower
agent has a speed at least 1/3 the
speed of the fast agent.

The SME is following its own
“doubling strategy”, but this takes
more time to execute than it does
for the FME . In particular, initially
the SME stays at the origin for 4
units of time, and then begins its own
movements. After that, it uses a “dou-
bling strategy” to move to distances
1, 2, 4, 8, 16, . . . from the origin (on op-
posite sides of the origin, i.e. moving
to distance 1 to the left, taking three
units of time, returning to the origin,
then to distance 2 to the right and re-
turning, then to distance 4 to the left,
etc.) Recall that the SME is moving at
speed 1/3, and, hence takes time 2·3·2k
to execute one portion of its “doubling”
move, i.e. moving to distance 2k and
returning to the origin.

Observe that the SME and FME will meet at certain pre-defined times and
locations during their trajectories. All of the meeting points, aside from the first
one at the origin while the SME is not moving, occur at locations that were
originally extreme points (i.e. turning points) of the trajectory of the FME . For
example, the two agents will meet at distances 1, 2, 4, . . . from the origin (again,
on opposite sides of the origin).

Under this strategy, the SME will never discover the evacuation point before
the FME does so, and therefore must simply keep walking in this way until the
FME comes to inform it of the location of the evacuation target and take it
there with the maximum speed of the SME .

We also remark that by following the particular outlined strategy, the SME
is at the origin at the same moment that the FME is at one of the turning
points of its movements.

Still 9d Evacuation, When s ≥ 1
3
.



Theorem 6. The coordinated strategy outlined above for the SME and FME
gives a 9d upper bound for time of the evacuation problem, as long as s ≥ 1

3 .

Proof. We can think of the evacuation procedure as a three-step process where
(1) the FME locates the evacuation target, (2) the FME informs the SME of
that location, and (3) the two agents proceed (back) to the target.

We assume that d ≥ 2. (The 9d bound for d = 1 is easy to verify.) Note that
the FME will locate the target between successive “peaks” on the same side of
the origin (or it will find the destination just at a “peak”), so we define k to be
the integer such that 2k−2 < d ≤ 2k. In particular, we can write d = 2k−2 + ε
for some 0 < ε ≤ 3 · 2k−2.

The “discovery phase” to locate the target will take time (at most)

2 · 1 + 2 · 2 + · · ·+ 2 · 2k−1 + d = 2

k−1∑
i=0

2i + d = 2 · (2k − 1) + d.

At the time when the FME locates the evacuation target, the distance be-
tween the FME and SME is 4

3ε. Why? The two agents crossed paths at the
meeting point that is 2k−2 away from the origin, and since that meeting the
FME has moved distance ε and the SME has moved a distance of ε

3 (as it is
moving at speed 1

3 ). After the FME locates the target, it immediately reverses
direction to inform the SME . At that time, the two agents are 4

3ε apart and
the distance between the pair will decrease at a rate of 2

3 (the relative speeds
between the agents). Therefore, the time for the FME to inform the SME is
4
3ε÷

2
3 = 2ε. Note that this also means when the FME informs the SME , they

are at distance 2ε from the evacuation target.
Finally, the two agents return to the target to complete the evacuation pro-

cedure. Thus, assuming the 1
3 worst-case speed of the SME , this final “exit

portion” will take time 2ε÷ 1
3 = 6ε.

Therefore, the entire evacuation procedure (in the worst-case, with a 1
3 speed

for the SME) will take time at most

2(2k − 1) + d+ 2ε+ 6ε = 2(4× 2k−2 − 1) + d+ 8ε

= 2
(
4(2k−2 + ε)− 4ε− 1

)
+ d+ 8ε

= 8d− 8ε− 2 + d+ 8ε

= 9d− 2.

□

We conjecture that when s < 1/3, then the evacuation time for the pair is
strictly larger than 9d, i.e. there exists a constant δ > 0 such that the evacuation
time is at least (9 + δ)d− o(d).

3.2 Two (or More) Fast Agents, Many Slow Agents
We finish with a remark about evacuating two (or more) fast agents, together
with one or more slow MEs.



With (at least) two FMEs, this pair can perform the coordinated evacuation
procedure mentioned in Section 2.2. Once a fast ME discovers the evacuation
target and proceeds to inform the other FME , any slow agents that have re-
mained at the origin can be informed as the FME passes through the origin. It
takes an FME time 4d to find the target and return to the origin, and another
5d time to catch up to the other FME , inform it, and return to the target.
Hence, as long as the slow MEs have a speed of at least 1/5, they will arrive at
the evacuation point at the exact same time as the fast pair, hence, the collection
of all MEs can still finish the evacuation in time 9d.

4 Conclusion
As stated in the introduction, our main goal in this paper was to initiate study of
the evacuation problem using mobile entities having different maximum speeds.

We demonstrated some cases where the original optimal 9d bound for ho-
mogeneous mobile agents is still obtainable in this new setting, provided the
maximum speed of the slow agent(s) is not too small. Further work is neces-
sary to investigate these problems, and the related, more general, search and
rendezvous problems utilizing entities with different maximum speeds.
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