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Abstract—The total scattering cross section (TSCS) has been 

proven to be an effective quantity to characterize the performance 
of stirrers in a reverberation chamber (RC). It is shown in this 
letter that the maximum TSCS is a quarter of the stirring surface 
area, and it is equal to the absorption cross section (ACS) of the 
same area with perfect radio absorbers. The mathematical proof 
is presented and measurements are performed to validate this 
limit. It is also shown that the TSCS and ACS are statistical dual 
quantities; related dual quantities are also given. The TSCS can 
be used to characterize how well a stirrer is designed or how close 
an RC is to a perfect RC. 
 

Index Terms—scattering cross section, reverberation chamber, 
RC stirrer, RC characterization.  
 

I. INTRODUCTION 
HE total scattering cross section (TSCS) has been studied 
and measured in a reverberation chamber (RC) [1-3]. It has 

been found that the TSCS is an important parameter used to 
characterize the ability of an object to scatter the diffuse field, 
thus it can be used to characterize stirrer performance in an RC 
and provide guidelines for stirrer design [3]. This is an area 
which has not attracted a lot of research attention. 

In this letter, we will show that there is a limit of the TSCS 
for a given stirring surface area. The TSCS of stirrers is limited 
by the stirring surface area. An optimized stirrer structure can 
only approach this limit but cannot exceed it. It is found in this 
letter that there exist dual statistical quantities in the RC. For 
electrically large object, since the limit of absorption cross 
section (ACS) is already known [4], and the TSCS and ACS are 
dual quantities. We will show that the limit of TSCS is a quarter 
of the stirring surface area. By comparing the measured TSCS 
with this limit one can characterize how well the stirrer is 
designed. It can be seen that an RC and an anechoic chamber 
(AC) are also dual environments for averaged S-parameters, 
which means the TSCS could also be used to characterize the 
performance of an RC. 
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The letter is organized in four sections. In Section II, the 
mathematical derivation is given and the dual quantities are 
obtained. In Section III, measurements are performed to 
validate the limit. Finally discussions and conclusions are given 
in Section IV. 

 

  
                          (a)                                                               (b) 
Fig. 1.  (a) Measurement scenario and the equivalent boundary (stirring 
surface), (b) equivalent boundary and all interaction paths between two 
antennas, the dashed lines represent the stirrer path and the solid lines represent 
the unstirred part. 

 

II. THEORY 
We first introduce an equivalent boundary from the full wave 

point of view and then use a ray model (multipath model [5, 6]) 
to complete the analysis. A typical measurement scenario is 
shown in Fig. 1(a). Suppose the vertical stirrer is rotating, then 
there is an equivalent boundary (stirring surface) which covers 
the stirrer when it is rotating. When the stirrer is rotated, from 
the full wave point of view, we just change the boundary 
condition of each small piece on the equivalent surface. 
Different boundary condition configurations correspond to 
different stirrer positions. It should be noted that the equivalent 
boundary can be chosen arbitrarily as long as it covers the 
rotating stirrer, but the limit can be considered as the smallest 
surface that covers the stirrer when it is rotating. As can be 
seen later, when the stirrer is close to the corner (wall) of the 
RC, the equivalent boundary shown in Fig. 1(a) may not be the 
smallest surface, the effect of the wall needs to be considered. 

Two scenarios are analyzed: an RC with stirring boundary 
and an RC with absorbing boundary. It can be seen that, 
interestingly, these two scenarios are dual. 

The Limit of the Total Scattering Cross Section 
of Electrically Large Stirrers in a Reverberation 

Chamber 
Qian Xu, Yi Huang, Senior Member, IEEE, Lei Xing, Zhihao Tian, Student Member, IEEE, Chaoyun 

Song and Manoj Stanley 

T 



 2 

A. RC with Stirring Boundary 
The frequency response of the transmission coefficient (𝑆21) 

can be considered as a superposition of all scattering and 
reflection paths between two antennas in the RC, as shown in 
Fig. 1(b). The dashed lines represent the paths that interact with 
the stirrer (stirred part) while the solid lines represent the paths 
that do not interact with the stirrer (unstirred part).  

Mathematically, the frequency response at each frequency 
can be expressed as 

 
𝑆21 = ∑ 𝐻𝑖(𝑗𝜔)𝐸𝑖𝑖 = ∑ 𝐻𝑠(𝑗𝜔)𝐸𝑠𝑠 + ∑ 𝐻𝑢(𝑗𝜔)𝐸𝑢𝑢  , (1)  

 
where 𝐻𝑠(𝑗𝜔) and 𝐻𝑢(𝑗𝜔) represent the transfer functions of 
each stirred path and unstirred path between the transmitting 
(Tx) and receiving (Rx) antenna respectively, and 𝐸𝑠 and 𝐸𝑢 
are the excitation amplitudes of each path determined by the 
radiation power and pattern of the transmitting antenna. The 
reason why 𝐻𝑠(𝑗𝜔) and 𝐻𝑢(𝑗𝜔) are introduced is that, when 
averaging the stirred part will cancel each other and only the 
unstirred part will be left. To simplify the derivation, we can 
consider the stirrer as a lossless reflector, and the magnitude of 
the transfer function of each path does not change (as can be 
seen later, these assumptions are not necessary), and the 
rotation of the stirrer becomes the stirring of the phase of each 
path. Thus for each stirrer position (boundary configuration) 
and each frequency, we have  
 

𝑆21,1 = ∑ 𝐻𝑠(𝑗𝜔)𝑒𝑗𝜑𝑠,1𝐸𝑠𝑠 + ∑ 𝐻𝑢(𝑗𝜔)𝐸𝑢𝑢  ,  
𝑆21,2 = ∑ 𝐻𝑠(𝑗𝜔)𝑒𝑗𝜑𝑠,2𝐸𝑠𝑠 + ∑ 𝐻𝑢(𝑗𝜔)𝐸𝑢𝑢  ,  

⋮ 
𝑆21,𝑛 = ∑ 𝐻𝑠(𝑗𝜔)𝑒𝑗𝜑𝑠,𝑛𝐸𝑠𝑠 + ∑ 𝐻𝑢(𝑗𝜔)𝐸𝑢𝑢  ,        (2)  

 
where 𝑛 represents each stirrer position. The averaged 𝑆21 with 
𝑁 boundary configurations can be obtained as 
 
⟨𝑆21⟩𝑁 = ∑ �𝐻𝑠(𝑗𝜔)𝐸𝑠

1
𝑁
∑ 𝑒𝑗𝜑𝑠,𝑛𝑁
𝑛=1 �𝑠 + ∑ 𝐻𝑢(𝑗𝜔)𝐸𝑢𝑢  .   (3)  

 
For a well stirred RC, the reflected phases are random, and the 
distribution of the phase 𝜑𝑠,𝑛 should be uniform, thus we have 
 

lim𝑁→∞
1
𝑁
∑ 𝑒𝑗𝜑𝑠,𝑛𝑁
𝑛=1 = 0 .                        (4)  

 
Equation (3) becomes 
 

lim𝑁→∞⟨𝑆21⟩𝑁 = ∑ 𝐻𝑢(𝑗𝜔)𝐸𝑢𝑢  ,                  (5)  
 
which is the from the unstirred part. 

B. RC with Absorbing Boundary 
If we replace the equivalent boundary by a perfect 

absorber/perfect matched layer (PML) as shown in Fig. 2, all 
the signals that interacting with the PML will be totally 
absorbed, and (1) becomes 

 
𝑆21 = ∑ 𝐻𝑢(𝑗𝜔)𝐸𝑢𝑢  .                            (6)  

 

 
Fig. 2.  The equivalent surface is replaced by a PML, waves with light dashed 
lines are perfectly absorbed. 

 
As can be seen, (5) and (6) are the same. Although in [1], the 

measurement was performed directly in the time domain, we 
measured it in the frequency domain and obtain the impulse 
response by using the inverse fast Fourier transform (IFFT) [7, 
8]. In the time domain the decay of [𝐼𝐹𝐹𝑇⟨𝑆21⟩]2  follows 
𝑒−𝑡(1/𝜏𝑅𝐶+1/𝜏𝑠) [1], where 𝜏𝑅𝐶  is the chamber decay time and 𝜏𝑠 
is the scattering damping time. By correcting the loss of the RC 
(including the loss of the stirrer), the scattering damping time 
can be obtained from the decay speed of 𝐶(𝑡), which is defined 
as [1-3]  
 

𝐶(𝑡) = [𝐼𝐹𝐹𝑇⟨𝑆21⟩]2 〈[𝐼𝐹𝐹𝑇(𝑆21)]2〉⁄ = 𝑒−𝑡/𝜏𝑠  .     (7)  
 
Here 〈⋅〉 means averaging over all stirrer positions (boundary 
configurations). Since the chamber loss is corrected in (7), we 
can consider the walls of the RC in Fig. 1(b) and Fig. 2 as being 
lossless, thus the decay speed of [𝐼𝐹𝐹𝑇⟨𝑆21⟩]2  in (7) 
determines 𝜏𝑠 in Fig. 1(b) and the decay speed of [𝐼𝐹𝐹𝑇(𝑆21)]2 
in (6) determines 𝜏𝑅𝐶  in Fig. 2. Since (5) and (6) are the same, 
𝜏𝑠 in the scenario of Fig. 1(b) equals 𝜏𝑅𝐶  in the scenario of Fig. 
2. 

It has been proven that, for an electrically large perfect 
absorber, the maximum absorption cross section (ACS) is a 
quarter of the overall surface area of the object and independent 
of the shape of the object [4], and 𝐴𝐶𝑆 = 𝑉 (𝑐0𝜏𝑅𝐶)⁄  (all the 
loss is from the absorber [9]) in Fig. 2, where 𝑉 is the volume of 
the RC and 𝑐0 is the speed of light. Based on this, remember 
𝑇𝑆𝐶𝑆 = 𝑉 (𝑐0𝜏𝑠)⁄  in Fig. 1(b) [1], thus the theoretical limit of 
the TSCS of an electrically large perfect diffuse wave scatterer 
is a quarter of the stirring surface area. A summary of dual 
quantities is given in Table I.  

 
TABLE I 

SUMMARY OF DUAL QUANTITIES 

In the scenario of 
Fig. 1(b) 

In the scenario of 
Fig. 2 

         lim𝑁→∞⟨𝑆21⟩𝑁   =            𝑆21  

                 𝜏𝑠                 =             𝜏𝑅𝐶  

         𝑇𝑆𝐶𝑆 =
𝐴𝑠
4

       =         𝐴𝐶𝑆 =
𝐴𝑠
4

 
  

𝐴𝑠 represents the stirring surface area in Fig. 1(b) and the PML surface area 
in Fig. 2, respectively.  
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It should be noted that, when the RC is heavily loaded (the 
absorber occupies a large volume in the RC), the power profile 
of the impulse response no longer decays exponentially 
(actually no profile, the response is close to the free space 
response), in this case 𝜏𝑅𝐶  and 𝜏𝑠  need to be extracted in a 
larger RC. 

We have assumed the magnitude in each path is invariant 
when deriving (5). It can be proven that this assumption is 
unnecessary. Mathematically, an arbitrary complex number 𝐻 
can be expressed by using a superposition of 𝑀 unit vectors 
with phases 𝜑𝑚 (∑ 𝑒𝑗𝜑𝑚𝑀

𝑚=1 ), where 𝑀 can be arbitrarily large. 
In this case, (4) becomes 

 
lim
𝑁→∞

1
𝑁
∑ ∑ 𝑒𝑗𝜑𝑚,𝑠,𝑛𝑀

𝑚=1 𝑒𝑗𝜑𝑠,𝑛𝑁
𝑛=1 = 0 .             (8) 

 
The distribution of 𝜑𝑚,𝑠,𝑛  and 𝜑𝑠,𝑛  are uniform. Thus, the 
stirring of magnitude can still be regarded as a superposition of 
phase stirs and the form of (5) still holds valid. The loss of the 
stirrer can be shifted to the loss of the walls in the RC [5] which 
was corrected in (7). 

III. MEASUREMENTS 
Since 𝐴𝑠 4⁄  is the TSCS of a perfect diffuse field scatterer, 

we can only observe a measured TSCS value lower than 𝐴𝑠 4⁄ . 
It is impractical to measure all possible stirrer designs to verify 
this assumption. In this section, we present the measured TSCS 
of two different stirrers at the University of Liverpool at 10 
GHz to characterize the stirrer performance and to check if it is 
smaller than 𝐴𝑠 4⁄ . 

The measurement setup is shown in Fig. 3. Two horn 
antennas were used (Rohde & Schwarz® HF 906 and 
SATIMO® SH 2000) and 10001 samples of S-parameters in 
the range of 9.8 GHz ~ 10.2 GHz were collected at each stirrer 
position. The vertical stirrer was rotated with 360 stirrer 
positions (1 degree/step); since we were measuring the TSCS of 
the vertical stirrer, the horizontal stirrer was fixed. After all the 
S-parameters were collected, a 10th-order elliptic band pass 
filter with 10 GHz center frequency and 200 MHz bandwidth 
was used to filter the S-parameters [7, 8]. The time domain 
impulse response can be obtained from the IFFT of the filtered 
S-parameters. The extraction procedure of  𝜏𝑠 is similar to the 
chamber decay time (𝜏𝑅𝐶) extraction [7, 8]. 𝜏𝑠 can be extracted 
from the least-square fit of the logarithm of 𝐶(𝑡) in (7) [7, 8], as 
shown in Fig. 4; thus the measured TSCS can be obtained using 
𝑇𝑆𝐶𝑆 = 𝑉 (𝑐0𝜏𝑠)⁄  [1]. 𝐶(𝑡) with different step degrees are also 
shown. It can be seen that, smaller step degrees (more sample 
number) can reduce the least-square fit error, and more 
available signals can be used for the least-square fit. 

To obtain an averaged TSCS, we randomly changed the 
positions of antennas and the horizontal stirrer and repeated the 
measurement 10 times. The measured TSCS values of 10 
random configurations are shown in Fig. 5(a). The limit of 
TSCS is also given. By removing one paddle we can have two 
different stirrers with the same stirring surface, shown in Fig. 
5(b). Because the stirrer was close to the corner of the RC, the 

use of a cylinder as the equivalent boundary (stirring surface) 
would give an overestimated value. A better choice is shown in 
Fig. 3(b). Only surfaces that do not overlap with the walls of the 
RC contribute to the equivalent boundary. The dimensions are 
given in Fig. 3(b) and the maximum TSCS can be calculated as 
10.6/4=2.65 m2. As expected, all the measured TSCS values are 
smaller than the theoretical limit, and the ratio of 4𝑇𝑆𝐶𝑆/𝐴𝑠 
can be used to characterize how close the stirrer is to a perfect 
diffuse wave scatterer. We use the average value to calculate 
the ratio. As can be seen, the removal of one paddle degrades 
the performance of the stirrer as expected. At 10 GHz, the one 
with 3 peddles is about 56% and the one with 2 peddles is about 
44%, thus we can quantify the effectiveness of the stirrer.   

 

    
                             (a)                                                     (b) 
Fig. 3. TSCS measurement setup in the RC, the size of the RC is 3.6 m (W) × 
5.8 m (L) × 4 m (H). The equivalent boundary is shown in (b) with dots, the 
surface area is 10.6 m2. 
 

  
Fig. 4. Measured 10 log[𝐶(𝑡)] with different step degrees, the S-parameters are 
filtered using an elliptical filter. 𝜏𝑠 = −10/(𝑘𝑙𝑛10), where 𝑘 is the slope of the 
least-square fit line. Signals after 1000 ns are the noise floor and are not used 
for the least-square fit. 
 

     
                                             (a)                                                        (b) 
Fig. 5. (a) Measured TSCS at 10 random RC configurations and the TSCS limit 
(solid line), (b) stirrers with 3 and 2 paddles. 

 

IV. DISCUSSION AND CONCLUSIONS 
In this letter, two dual scenarios in an RC have been analyzed 
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using a multipath model. Dual quantities are given in Table I. It 
has been found that there is a limit for the TSCS of an 
electrically large stirrer (a perfect diffuse wave scatterer). The 
value is a quarter of the stirring surface area. This means that 
optimized stirrer [10] can only approach but not exceed this 
limit. The ratio between the measured TSCS and the theoretical 
limit (4𝑇𝑆𝐶𝑆/𝐴𝑠) can be used to characterize how well the 
stirrer is designed or how close it is to a perfect diffuse wave 
scatterer.  

It should be noted that, although the derivation is for one 
stirrer, there is no difference for the case of an arbitrary number 
of stirrers, the derivation procedures are the same. Like the 
ACS, the TSCS also can be superimposed [1]. It can be found 
that, the measured averaged S-parameters in a perfect RC and 
perfect AC are the same, as shown in Fig. 6(a). The averaged 
multipath signals (from each stirrer position configuration) 
cancel each other. The averaged S-parameter is just the 
line-of-sight (LoS) path, which corresponds to a perfect 
anechoic chamber (AC) in Fig. 6(b). In this case, the measured 
⟨𝑆⟩ in an RC equals the measured S-parameter in AC (free 
space response). Thus the TSCS of a stirrer actually describes 
how close are the measured averaged S-parameter in an RC (⟨𝑆⟩) 
and the free space response in an AC ( 𝑆𝐹𝑟𝑒𝑒𝑠𝑝𝑎𝑐𝑒 ). This 
confirms the relationship between ⟨𝑆⟩ and 𝑆𝐹𝑟𝑒𝑒𝑠𝑝𝑎𝑐𝑒  in [11]. 
Especially when source stir is introduced [11-13], if we 
consider the rotating source as the origin of the frame of 
reference, rotating the source is actually rotating the whole RC, 
which has been proven to give a better performance [12, 13].  

 

  
(a)                                               (b) 

Fig. 6.  A perfect RC (a) and a perfect AC (b), waves with dashed lines in (b) are 
perfectly absorbed. 

 
One can also use the TSCS of a stirrer to characterize how 

close the RC is to a perfect RC. Suppose the measured TSCS of 
a stirrer is 𝑇𝑆𝐶𝑆, thus the surface area of the equivalent perfect 
diffuse wave scatterer is 4𝑇𝑆𝐶𝑆. Suppose the stationary surface 
area (ground floor, walls, ceiling, etc) is 𝐴𝑅𝐶 , we can use 
4𝑇𝑆𝐶𝑆/(4𝑇𝑆𝐶𝑆 + 𝐴𝑅𝐶) to describe how large is the stirring 
surface area compared to the overall surface area (including the 
stirring surface) in the RC. 

In this letter, we did not discuss the probability density 
functions (PDFs) of TSCS and ACS, since the Q (quality factor) 
can be considered as a random variable [14-16], which means 
𝜏𝑅𝐶 , 𝜏𝑠 and TSCS can also be treated as random variables. For 
the perfect absorber and the perfect diffuse wave scatterer, the 
PDFs of 𝜏𝑅𝐶  (ACS) and 𝜏𝑠 (TSCS) can be the same, since they 
can have the same value for each measurement scenario (for 
each scenario, a dual scenario exists). Another interesting 

problem is that, in [1], a sphere was moved freely in the RC and 
the TSCS was found to be 2𝜋𝑎2 (electrically large), and 𝑎 is 
the radius of the sphere, which is half of the surface area of the 
sphere. But in this letter, the maximum TSCS is 𝐴𝑠 4⁄ , the 
TSCS limit for a free moving object could be 𝐴𝑠 2⁄ , where 𝐴𝑠 is 
the surface area of the minimum sphere that can cover the 
whole object. How to prove this could be the future work. 
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