1.  Introduction
Large igneous provinces are voluminous accumulations of igneous rocks emplaced over a very short geological time. They are argued to be a consequence of fundamental whole-mantle processes (Torsvik et al. 2006, Steinberger & Torsvik, 2012) that may affect the core and the generation of the geomagnetic field therein (Biggin et al., 2012). At the surface, the climatic effect of the eruptions, especially of continental flood basalts, has been proposed as a cause of Phanerozoic mass extinctions (Courtillot et al. 1988, Courtillot and Olson 2007). The mechanism is thought to involve large volumes of SO2 rising to the stratosphere where it can have a major impact on the climate (Self et al. 2008). Assessing the rate at which flood basalts were erupted is crucial to understanding their effect on global climate with a particular need to identify pulses of intense activity. In the case of the Deccan Traps, grouping sequences of flows with similar palaeomagnetic directions led Chenet et al. (2008) to propose very rapid eruption of the entire succession. This view was challenged by Jay et al. (2009) on the grounds that only one transitional direction was observed between normal and reversed flows, which led them to propose an eruption rate of less than one every 2000 years.  Here, using data from the North Atlantic igneous province, it will be shown how the concept of next-neighbour correlation can provide an additional constraint on the eruption rate.
The secular variation of the Earth’s magnetic field is recorded over geological times in sequences of lava flows, where each flow represents a snap shot of the field at a point in time. The various parameters which can be estimated from the combined directional data are used to address different geophysical questions. The mean direction may be used to infer palaeolatitude under the hypothesis of a time averaged geocentric axial dipole, or may be used to study rotations of tectonic blocks. In this case the degree of palaeosecular variation (PSV), represented by the dispersion of the individual unit vectors is a “nuisance parameter”: a parameter with little bearing on the problem at hand, yet one that must be considered in its formulation. In palaeomagnetism , it is common practise to  use the method of Fisher (1953) to eliminate this parameter and to obtain confidence intervals for the mean direction. Often parameters that are unwanted hindrances in one problem are useful quality checks and may also contain information cogent to related problems. In this case, the angular dispersion of the unit vectors is often estimated, partly as a check upon data quality and partly as a parameter of interest in its own right, indicating the long-term state of the geomagnetic field (e.g. McFadden  et al. 1991, Johnson et al. 2008, Hulot et al. 2010). The degree of accuracy with which either the mean direction or its dispersion can be determined is reduced if the sequence does not reflect the full range of secular variation. This can happen if the lavas are emplaced rapidly, so that the direction recorded by each flow is strongly correlated to the previous flow. The degree of next-neighbour correlation through a sequence can be described by a third parameter, which should be eliminated when estimates of mean direction or angular dispersion of unit vectors are required, but which, just like angular dispersion, may carry geophysical information. Here it is proposed that the degree of next-neighbour correlation will, under the assumption of reasonably constant rates of secular variation, be a useful proxy for the rate of emplacement through the pile.
In this paper a method for estimating the degree of next –neighbour correlation is described by introducing an appropriate covariance matrix. Furthermore, methods for eliminating it from estimates of angular dispersion are presented. The main focus, however, will be on the information conveyed by the parameter itself: next-neighbour correlation as a proxy for emplacement rate of a lava pile. It will be shown how this parameter might help discriminate between different models of eruptive history within volcanic provinces.  The use of palaeomagnetism to constrain the age of a sequence is commonplace and magnetostratigraphy along with radiometric dating can be used to estimate a mean rate of extrusion. Fine scale variations in the rate, within individual chrons for instance, are much harder to detect.  
2. Method
The aim is to assess the degree of serial correlation within a sequence of unit vectors (or poles) which may have an associated uncertainty. The most convenient sampling distribution for this purpose is a bivariate normal distribution. The choice may seem strange, because generally palaeomagnetic directions and poles are described in terms of a Fisher distribution, but for the small angular dispersions that will be dealt with here, the two distributions are more or less indistinguishable. The distribution used is matter of mathematical convenience and is not intended to represent the limiting frequency distribution of palaeomagnetic vectors which is best described by an angular Gaussian distribution (Khokhlov et al. 2006). As yet a frequency distribution that captures all of the variation in the data remains elusive (Khokhlov and Hulot 2013) and so, with the understanding that we are not describing frequencies but estimating parameters, an isotropic bivariate normal distribution is quite appropriate. It will be assumed, however, that Fisher’s mean direction is known to a reasonable degree of precision.  
In palaeomagnetism it is customary to express direction cosines relative to North, East and vertical. Here it is convenient to adopt a co-ordinate system where the direction cosines (xi, yi, zi) of a group of unit vectors satisfy . This is equivalent to rotating the co-ordinate system so that the mean direction coincides with the pole (e.g. Fisher et al. 1987:32) and converting to Cartesian co-ordinates. The data are expressed as two column vectors  and  and the angle between the ith unit vector and the mean direction is  .Considering a bivariate normal distribution with the expectations of both  x and y equal to 0,  the  likelihood (P)of x,y can be written
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where N is the number of individual directions, C is the covariance matrix between different data  (not between x and y) and  denotes its determinant. If enough time had elapsed between each eruption, the directions would be independent of one another, then the covariance matrix would be 
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where  is the identity matrix and  is the variance arising from the geomagnetic secular variation, which is assumed constant over the period in question. A diagonal covariance matrix is an appropriate choice when cross-correlations are thought to be insignificant i.e. the expectations of pairwise products are
	
	

	(3)



and similarly for y.
If the lava pile was emplaced rapidly this condition no longer holds as neighbouring flows are likely to record similar directions. This can be encoded by assigning a characteristic next-neighbour correlation, η, between 0 and 1 so that the expectations are now  
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and likewise for y. This condition is best expressed by making the inverse of the covariance matrix tridiagonal because it is the inverse of C that appears explicitly in the likelihood (eq. 1). Following a suggestion of  Sivia (1996), we assign the covariance matrix as
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It can easily be verified that this matrix has a tridiagonal inverse 
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The determinant is found to be 
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Substituting equations (6) and (7) into equation (1) gives the likelihood of obtaining a series of unit vectors in a sequence of flows exhibiting next-neighbour correlation. 
The aim is to estimate the two free parameters σ and η. It should be remembered here that the mean direction is assumed to be well-determined; if this is not the case then the problem involves an additional two parameters. Also, the individual measurement errors have been ignored. While this is often justified if a reasonable number of samples have been taken from each flow, it is customary to adjust estimates of PSV for “within-site scatter” using  Fisher estimates of dispersion for each flow. If the individual flow mean directions are determined with a typical precision k, which cannot be considered negligible, then a suitable covariance matrix would be 
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which again has a tridiagonal inverse. The measurement error makes the influence of next-neighbour correlation leak away more quickly through the sequence than in eq. (5).
As there are only two parameters to consider, the likelihood (eq. 1) can be quickly evaluated at all possible values of σ and η. There is no need for any great precision; evaluating σ at intervals of 10-2 and η at intervals of 1/40 will provide enough detail to examine the likelihood as a function of η and σ. Normalising the likelihood over the region of interest gives the joint distribution for the two parameters; this is simply the application of Bayes’ theorem with uniform prior probability distributions for η and σ. In fact, it has been assumed that , and  the prior probability for η is uniform between 0 and 1; this reflects the fact that anti-correlation between neighbouring flows seems unlikely on physical grounds. Normalisation is carried out simply by summing the likelihood over the region of interest and dividing the likelihood by this sum. This gives the posterior probability distribution of σ and η, which we write . Here we are principally interested in estimating η as an indicator of the rate at which the lava pile was emplaced. To find the marginal distribution of η, σ is eliminated by integration:
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where  is the maximum value of σ, above which the likelihood is 0.The same method can be used to marginalise η and so give an estimate of PSV that takes into account the next-neighbour correlation through the sequence. Again the integration is well approximated by simply summing the normalised likelihood over the grid points.  In what follows, both the joint and marginal probabilities will be shown, although for ease of interpretation we will use a more traditional measure of dispersion. A measure of angular dispersion (S) commonly used in palaeomagnetism is root-mean -squared  angular deviation from the mean direction and is related to σ by
	
	
	(9)


Distributions will be shown as a function of S. The transformation of variable has a negligible effect on its posterior probability. The best estimate of each parameter will be considered to be the most probable value, either for the joint distribution when both η and σ are being estimated, or for the marginal distribution  if only one parameter is required. 
It seems likely that η, as a measure of next-neighbour correlation, should increase with increasing sampling frequency, and so could give insight into the rate at which lavas erupted. The 10ka field model CALS10k.1b (Korte et al. 2011) provides a long enough time series to see how η varies as the sampling period is lengthened. A typical result is shown in figure 1. A random location was taken (26°N, 16°E) and the model was sampled at 500 year intervals between 8500BC and 1950AD to produce a time series of 21 directions. Contours are plotted which enclose 99%, 95% and 67% of the probability distribution. At the bottom the marginal distribution of S is shown, while on the left the marginal distribution of η is shown, both of which are plotted on arbitrary scales. In this case best estimates  of η and S are 0.52 and 5.3° respectively. 
Five more locations were chosen at random (42°S,242°E, 70°S,7°E, 17°N,107°E, 54°N,210°E and 7°S, 84°E). At each location a time series of directions was produced from the model with time intervals of 100 years, 200 years etc. up to 1000 years. For the shorter time intervals, the number of directions was limited to 25 (i.e. a 2400 year period at 100 year steps) so that similar numbers of directions were analysed in each case although the sequence with the longest time interval of 1000 years consisted of only 11 directions. For each of the 50 time series generated the best estimate of η was calculated from its marginal probability and is plotted against sampling period in figure 2. As expected, η decreases with lengthening sampling period. A “re-organization time” of current loops within the core of 1180 years was suggested by Stacey and Davis (2008), while analysis of satellite data suggests a value of 890 years for the same quantity (Olsen et al. 2006). It seems reasonable that this is the longest period over which next-neighbour correlation should be observed, and figure 2 seems to confirm this. This demonstrates the general concept of next-neighbour correlation as a tool for measuring the timescale over which a lava pile was emplaced, but it would be rather optimistic to suggest that η can be simply calibrated using figure 2. The secular variation seen in the model is considerably less than is seen in most volcanic sequences and extrapolation from the model to real palaeomagnetic data is unlikely to be valid. In the next section we consider some palaeomagnetic data.
3. Case study: The North Atlantic Igneous Province
The method is best illustrated with some practical examples, taken from published studies. Within the North Atlantic igneous province (NAIP) thick sequences on Greenland and the Faroe Islands have been the focus of very detailed recent palaeomagnetic studies of unusually high quality. Directions from 94 individual lava flows in West Greenland were reported by Riisager et al. (2003) in a study notable for employing photogrammetry for cross-checking stratigraphic corrections as well as for the sophistication of the magnetic measurements and the high precision of the flow mean directions. Similarly exacting methodology yielded high precision directions from 83 flows on the Faroes (Riisager et al. 2002), which is stratigraphically one of the most complete sections within the NAIP. Some details of the sections from both studies are given in table 1. In all of these cases the mean flow directions are precise enough to ignore within-site scatter and the simple form of the covariance matrix (eq. 5) can be used. Table 1 also gives the best estimates from the marginal distributions of η and S(σ), with limits containing 95% of the mass of their distributions. There is reasonable agreement between the estimates for S(σ)and the very high upper limits seem overly generous. This is because no constraint was included in the formulation of the problem to exclude the possibility of a sequence representing a highly correlated group from a much wider underlying distribution. This problem may be addressed by adopting a different non-uniform prior distribution for σ, but we will not pursue this further here.
First we consider the two Svartenhuk sections from West Greenland emplaced prior to the North Atlantic break-up at about 61-58Ma. There is good agreement between the two sections, suggesting a very similar eruptive regime with best estimates of η of 0.92 for both sections. The high degree of next-neighbour correlation as well as volcanological observations led the authors to assign many of the flows to “directional groups” (DGs), reducing the number of independent directions from 39 to 13 in the case of Svartenhuk 2. The joint probability for all 39 directions and the 13 mean directions of the directional groups are shown in figure 3. Two points worth noting are that the distribution of σ is not  greatly changed by the grouping and, while grouping reduces η, there is still significant next-neighbour correlation between the DGs. The possibility that mean directions obtained from large flow fields may not be fully independent was highlighted by (Riisager et al. 2003), so in itself is not a new observation, but quantifying the amount of next-neighbour correlation throughout the sequence may help to elucidate the temporal relation between the individual flows and the flow fields.
The very high degree of next neighbour correlation seen in the Svartenhuk sections makes the estimate of angular dispersion unreliable, as can be seen by the very wide posterior distribution in figure 3. This is what is meant by a nuisance parameter operating as a safety device (e.g. Jaynes 2003:219), the high value of η clearly warning that other inferred parameters may be unreliable, but the next-neighbour correlation co-efficient is also of intrinsic interest for volcanological reasons. Here it suggests a very high rate of emplacement of the lava flows during the initial phase of flood volcanism.  
Turning to the sections from the Faroes, Riisager et al. (2002) found directions from the lower formation (Fámjin and Vágur) to be unaffected by grouping while the middle formation (Sandvík and Breidadalsá) showed a strong tendency to form directional groups. This was interpreted a representing a slow phase of volcanism with an eruption rate of about 1 per 70ky followed by the onset of phase 2, represented by the middle formation. Consideration of the  stratigraphic thickness of directional groups led to the conclusion that the rate of accumulation was faster in the lower Sandvík section than in the later  Breidadalsá  section. The approach taken here confirms these trends and yields some additional insight. The two profiles from the lower formation (Fámjin and Vágur) were observed to overlap slightly, and in the original study some flows were combined to obtain mean directions. Here each profile was considered in isolation; the 15 flows from Fámjin gave s(σ)= 15.7°, η=0.32 while the 12 flows form Vágur gave s(σ)= 17.9°, η=0.26. Despite quite low numbers of flows there is remarkable consistency between the two profiles. Also of note is that the value of η, while lower than in the Middle Formation and so consistent with a lower rate of eruption, is still significant. Despite the low number of flows and the associated large uncertainties, there is clear evidence that both profiles do exhibit next-neighbour correlation, yet there is strong magnetostratigraphic and  volcanological evidence that the rate of eruption could not have been much greater than 1 flow per 70ky (Riisager et al. 2002). The simple calibration of η according to figure 2 therefore seems to fail at low values, by up to 2 orders of magnitude.
Results from the Middle Formation reveal a high degree of next-neighbour correlation but with η significantly lower in the later Breidadalsá section than in the Sandvík section consistent with a slower rate of eruption. Of interest is the marked difference in the best estimate of S(σ) for the two sections, given that both  have been assigned to C24r. Because we have determined a marginal distribution of σ, having taken account of correlation through the sequence, we are able to say with some certainty that the two profiles have recorded different amounts of secular variation. For Breidadalsá, the probability that s(σ)>15° is about 10%, while for Sandvík the probability that s(σ)<15° is similarly about 10%. Generally, our new parameter is seen to support the field observations, but care must be take in its interpretation, which can only be done with in conjunction with a deep understanding of the architecture of the volcanic sequences. 
4. Discussion
The preceding analysis shows how a quantitative analysis can be made of next-neighbour correlation of directions through a volcanic sequence and how this might be used as a temporal constraint and for estimating parameters such as palaeosecular variation when the directions cannot be regarded as independent. There is however a clear disjoint between the timescale on which next-neighbour correlation operates in models and in palaeomagnetic data. Using the field model CALS10k.b (Korte et al. 2011), η is seen to drop to zero for sampling periods of around 1000 years and this is in keeping with notions of typical timescales of secular variation. Yet volcanic sequences that were emplaced over timescales of tens of thousands of years show significant next-neighbour correlation. This suggests that the geomagnetic field displays some features operating on timescales of 100 ka. This is perhaps not too surprising; there is evidence of structure persisting in the field over millions of years (e.g. Johnson et al. 2008). An important consequence is that simple comparison between the PSV recorded in a volcanic sequence with a model of recent secular variation may give misleading results. For instance, the similarity between PSV recorded in the Steens basalt and archaeomagnetic secular variation curves led Jarboe et al.(2008) to conclude that they represented similar time periods, but if long-term correlation also exists , such interpretations should be made cautiously. 
When the next-neighbour correlation co-efficient is used to estimate angular dispersion of palaeomagnetic vectors, marginalising η allows a probability distribution for angular dispersion to be given. Of particular interest are the two sections from the Middle Formation in the Faeroes, which are both assigned to C24r. While we have not attempted to give a statistical test of significance, there is a low probability that both sections represent the same magnitude of PSV. Because η has been integrated out, the next-neighbour correlation cannot be the cause of the discrepancy. Furthermore, the section with the lowest angular dispersion (Breidadalsá) also exhibits the lower next-neighbour correlation. It is difficult to see how such a difference in the estimates of angular dispersion could arise unless the origin was geomagnetic. One possible explanation is that low secular variation in the  Breidadalsá is related to the unusually long duration (2.5 ma) of C24r. The lower sections (Fámjin, Vágur ) span C26n, C25r, C25n and the start of C24r, when there were four reversals in a period of approximately 2 million years.  The PSV recorded in these sections (15.7° and 17.9°) is not significantly different than the 17.5° of angular dispersion recorded in the Sandvík section in C24r. As the unusually long chron C24r progresses, PSV falls to the low value of 10.9° recorded in the upper Breidadalsá profile. If proven, this observation would confirm the robustness of the relationship between reversal frequency and PSV (e.g. Biggin et al. 2008), and add weight to the hypothesis that PSV can change on timescales of a million years or so (e.g. Bazhenov et al. 2011). The Kanisut profiles from Greenland (table 1), also attributed to C24r, shows similar PSV to the other sections but their place within the chron is not certain.
It should be remembered that no attempt has been made to fully describe the true underlying distribution of palaeomagnetic vectors. An interesting topic for future work would be to apply the methodology described here to the distribution given by Khoklov and Hulot (2013), which found subtle but significant differences between models and the data from which they were derived. Correlation in the data could conceivably give rise to such discrepancies.
5. Conclusions
Where a succession of lava flows has been sampled palaeomagnetically in stratigraphic order, a parameter can be derived which describes the degree of next-neighbour correlation in the remanent directions. This is a useful proxy for the eruption rate and appears independent of the magnitude of palaeosecular variation. More work is needed to establish the precise relation between next-neighbour correlation and eruption rate and to determine the effect of the rate of palaeosecular variation, a geophysical variable that has hitherto received no attention. Importantly, marginalisation of the next-neighbour correlation allows estimates of angular deviation of directions to be derived from correlated sequences with meaningful error bounds, something that was not previously possible. This in turn hints at changing field behaviour between 54 -58 million year ago, with PSV decreasing as the field entered a 2.5 million year long chron. Observation of correlations between directions recorded in lavas with eruption rates as low as 1 per 70ka suggest that the geomagnetic field manifests features with typical timescales of 100ka and that simple comparisons with recent secular variation may give misleading results. 
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Captions for figures
Figure 1.  Contours of the likelihood as a function of η and S(σ). Contours enclose 67%, 95% and99% of the mass of the likelihood. Marginal probability distributions for η (along side) and S(σ) (along bottom) are also given with an arbitrary scale.
Figure2.  Best estimates of η as a function of sampling period for the field model CALS10k.1b at the 5 locations given in the text. The estimate is the value that yields the highest marginal probability for η after eliminating σ.
Figure 3. Likelihood contours for the Svartenhuk 2 profile  showing the effect of assigning the directions from all flows (bottom figure ) to directional groups (top figure). η is seen to be reduced but not eliminated, while the estimate for S(σ) is largely unaffected.
Table 1.  Summary of the NAIP data used , taken from (a) Riisager et al. (2003) and (b) Riisager et al.(2002). N is the number of individual flows in each profile. The Kanisut flows(*) come from  4 individual profiles, but have been taken as a single section for the purpose of estimating S(σ).

