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The vibration of a four-span continuous plate with two rails on top and four extra elastic supports excited by a moving model car is studied through numerical simulations and experiments. Modal testing is carried out to identify Young’s moduli of the plate material and the rail material. Shell elements and beam elements are adopted for the plate and the rails of their Finite Element (FE) model respectively. An offset is required to connect the rails and the plate in the FE model and the offset ratio of the shell element is updated to bring the numerical frequencies of the structure (plate with rails) closest to its experimental frequencies. Modal Superposition (MS) method with numerical modes of the structure and an iterative method are combined to predict the vibration of the structure subjected to the moving car. The displacements of four points of the plate are measured during the crossing of the car and compared with predicted results. The two sets of results agree well, which validates the model of the system. Parametric analysis is then made using the validated system model.
Keywords Moving load; Experiment; Parameter identification; Multi-span plate; Dynamic response.
Introduction
Moving load problems are a kind of dynamic problems in which the load on a subject changes its location in time at a high enough speed. Examples are many, like a train crossing a bridge, a bullet being shot out from a gun, a working crane and so on. A brief overview of moving load problems can be found in Ouyang’s tutorial1. Au et al.2 reviewed vehicle-bridge interaction analyses according to bridge types. The interaction between moving vehicles and infrastructures is an important problem needed to be solved accurately for developing safe, economic and environmentally-friendly railways or highways and improving riding comfort for passengers3, 4. One main difficulty in solving this kind of problems, taking the railway for example, is that the contact force between a wheel and a rail varies with time and is dependent on the deflection of the rail at the contact interface as well as the displacement of the wheel, which leads to a coupled problem, implying that it is quite difficult to solve the dynamic contact problem between the rail and the wheel. Kalker5 gave a good review about contact theories and their applications. In this paper, the assumption of rigid dynamic point contact without separation is used to solve the dynamic response of a plate structure subjected to a moving car and it is found good enough to reach accepted accuracy.  
As for the dynamic response of big structures, the number of structural modes needed for computation is much smaller than the number of Degrees of Freedom (DOFs) of the structure’s Finite Element (FE) model, thus the Modal Superposition (MS) method is generally thought to be highly efficient in this case, compared with the direct method6. For this self-excited vibration problem, since the traveling speed of the moving vehicle is fairly low, the frequencies involved in the response are not high. It is found that a small number of modes are good enough. Bowe and Mullarkey7 derived the final forms of these two methods for a beam subjected to a moving mass and compared the results by these two methods with the results in the literature. Beam theories and plate theories are commonly used to model simple bridges or rails8, 9, but they are not good enough to model complicated bridges with complex internal structures and boundary conditions. Generally, the analytical modes of complicated structures are not available. In this case, the Finite Element method must be adopted to capture their numerical modes. A good way of using the MS method is that the real modes of complicated structures are approximated by their numerical counterparts in the MS method. Baeza and Ouyang10 studied the vibration of a truss structure excited by a moving oscillator by using the MS method with numerical modes of the truss structure obtained by the FE method. Xia and Zhang11 combined the MS technique with the FE method to simulate the dynamic interaction between the China-Star high-speed train and a bridge with 24 m-span prestressed concrete box girders on the Qin-Shen Special Passenger Railway in China. Li et al.12 established FE models of different types of vehicles and bridges to extract numerical modes of the vehicles and bridges and wheel jump is allowed at the contact interface.  
To solve two separate sets of equations of the bridge and the vehicles in time domain respectively, there are generally two methods available: the coupled method13-16 and the iterative method17-21. The coupled method combines the equation of motion of the bridge and that of the vehicles together. Then the coefficient matrices of the equation of motion of the whole system are actually time-varying and the equation can be solved by a number of numerical integration methods. On the other hand, the iterative method solves the two sets of equations separately, imposing displacement compatibility and force equilibrium at the contact interface through an iteration algorithm. A numerical integration method is still needed during the iterative process but updating coefficient matrices of the equations at every time step is avoided. Zhang and Xia21 compared time-step iteration (TSI) method with inter-system iteration (ISI) method through vehicle-bridge interaction systems.
To predict accurately dynamic responses of a real system, it is of great significance to determine the actual geometric and material parameters of the systems, to build an appropriate model for the system and to validate the predicted results by experiments. Zhai et al.15 established a three-dimensional vehicle-track model and validated it with full-scale field experiments. Arvidsson and Karoumi22 reviewed models and experiments in the field of train-bridge interaction and discussed key model parameters. Liu et al.19 measured ambient vibration and high-speed train-induced vibration of a composite railway bridge with seven spans to validate their train-bridge interaction model. The properties, natural frequency and the modal damping ratio of a 25-meter concrete girder specimen were obtained by full scale tests to estimate the dynamic performance of a prestressed concrete girder railway bridge under the passage of a moving train23.
The dynamic response of a single span beam subjected to moving vehicles has drawn much research attention, but relatively smaller amount of research work has been done for the interaction between multi-span beams and moving vehicles8, 9, 24-28 and the experimental study of the vibration of multi-span beams excited by moving vehicles is even less29, 30. Chan and Ashebo30 identified the moving loads acting on a three-span continuous beam through measured bending moments of the beam. Stancioiu et al.29 experimentally investigated the vibration of a four-span plate subjected to one or two moving masses under different masses and speeds and compared numerical results with experimental results. 
The work in this paper is a further development of the work by Stancioiu et al.29. Based on the rig reported by Stancioiu et al., two rails and four actuators are attached on top of the plate and on the bottom surface of the plate respectively, and the moving masses are now replaced by a moving car as shown in Fig. 4. The four actuators are applied to impose four time-varying forces at four locations of the plate structure (one location at each span individually) based on an active control algorithm according to the feedback signals which are the displacements measured by four laser displacement transducers, for the purpose of controlling the vibration of the plate structure. However, vibration control is the second phase work after this paper. In this paper, the four actuators do not produce any forces. However, their presence even without actuation presents a small amount of (passive) stiffness that should be accounted for in order to make an accurate model. The moving car is the only excitation source, but the properties of the whole structure are changed locally where actuators are attached, so the stiffness of the actuators should be considered in the model of the whole structure. The model by Stancioiu et al. is two dimensional. It is necessary to develop a 3-dimensional model to capture accurate modes of the more complicated structure, including its torsional modes, and to examine the influence of four contact points between the moving model car and the rails on the dynamic response of the car-plate system. 
This paper first presents the details of the MS method and an iterative method based on the model of an oscillator moving on a simply supported beam. Numerical modes of the beam are obtained by the FE method and applied in the MS method. This approach can be extended to be a general way of solving moving load problems, which is to use ABAQUS to obtain numerical modes of a structure and to implement MS method using the numerical modes of the structure and iterative method in MATLAB. This approach is verified firstly by the numerical results of the moving oscillator model of Nguyen and Kim18. Then the vibration of a four-span continuous plate with two rails on top and four extra elastic supports (provided by four actuators) excited by a moving model car is studied by simulations and experiments. Experimental results and numerical ones are found to agree very well. Then an in-depth parametric analysis is done using the experimentally validated numerical model.
2.  MS method by numerical modes and iterative method
2.1. Moving oscillator model
The moving oscillator-on-beam model13 is adopted here to demonstrate the combined MS method and the iterative method, as shown in Fig. 1. The beam’s equation of the transverse motion and the equation of the mass in the vertical direction can be written as
	
	
	[bookmark: Eq1](1)

	
	
	[bookmark: Eq2](2)


where  and  are the density of the beam and Young’s modulus of the beam respectively;  and  are the area and second moment of area of beam’s cross section;  is the stiffness of the spring between the mass and the beam;  is the mass of the oscillator;  and  are the transverse deflection of the beam and the vertical displacement of the mass respectively; v is the travelling speed of the moving oscillator.
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[bookmark: _Ref422494125][bookmark: _Ref423771078]Fig. 1. Moving oscillator model
Substituting  into Eq. (1), multiplying the resultant equation with  and integrating it over the whole beam length, one can derive
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Eq. (2) can be rewritten as
	
	
	[bookmark: Eq5](4)


where  is mass-normalised mode vector of the beam (without the moving oscillator) and  is the corresponding modal coordinate vector; , , . Note that  in Eq. (3) and Eq. (4) is numerical mode vector of the beam, which approximates its analytical mode. The FE model of the beam is built in ABAQUS and its numerical modes can be obtained by modal analysis and exported into MATLAB. 
An iterative method is used to solve the two sets of equations, avoiding updating mass and stiffness matrices in the equation of motion of the whole system. It is performed in every time step in combination with the Newmark integration method and implemented in MATLAB.
From time  to time , the iterative scheme works as follows31:
Step 1. calculate  and  at time , where  and  is a Newmark integration parameter;
Step 2. assume the initial  at time  as ;
Step 3. calculate  and , where ,  is a Newmark integration parameter; 
Step 4. calculate ;
Step 5. the equation of motion of the mass after applying Newmark integration can be obtained as , so  ;
Step 6. calculate  and  if the velocity and acceleration of the mass are needed;
Step 7. calculate ;
Step 8. the equation of motion of the beam after applying Newmark integration scheme becomes , so  where  is the new value of  at time ;
Step 9. check if the following convergence criterion is satisfied
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where  is the iterative number which is 0 here and  (tolerance) is suggested to be between  and  by Yang and Fonder31.
If Eq.(5) is satisfied, the iterative scheme from time  to  ends and the next time step starts from step 1 again, otherwise  is updated by  , where  is a relaxation coefficient between 0 and 1. The iterative scheme ends when the oscillator leaves the beam. Although the moving oscillator model is used here to demonstrate MS method and iterative method, they can be applied to other more complicated models.
2.2. Numerical verification
The properties of the moving oscillator model are the same as those in the reference18: the length of the beam , , , , , , . The critical speed (defined as the speed of a moving constant force at which the structure is excited into resonance at its first mode) of the beam is calculated as . The time step  is constant to be  s.
The dynamic responses of the moving oscillator system given in Fig. 2 are very close to the analytic results in Fig. 9 by Nguyen and Kim18, which indicates that the approach presented in this paper works well. Please note that only the first mode is used in the computation for comparison, as such is the case for the ‘analytic’ results18.
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[bookmark: _Ref424028729]Fig. 2. Comparison of vertical displacements of bridge mid-span and accelerations of car body / sprung mass at speeds of 50 km/h (a, b) and 360 km/h (c, d) (‘Analytic’ refers to the ‘Analytic’ curve in Fig. 918)

3.  Theoretical development and experimental study of a moving-car-on-bridge model 
3.1. Experimental setup
A four-span continuous plate with four grounded elastic springs (representing four actuators) and a moving car on top is shown in Fig. 3. The whole length of the plate is 3.6 m with four equal spans. Front and rear ramps are located before and after the plate respectively. The displacements of four points of the plate are measured by four laser displacement transducers. Figure 4 shows the first two spans and the first span in more detail. The actuators are attached to the plate via thin rods functioning as elastic springs and they will be used in vibration control to be reported in a separate paper. Their average stiffness is measured to be around 8548 N/m. The mass of each thin rod is 50 g. A 4.335 kg model car can travel along the two rails glued on top of the plate. The width of the plate is 101.67 mm and the thickness of the plate is 3.16 mm. The two rails are the same and the width and height of each rail are 6.85 mm and 8.52 mm respectively.
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[bookmark: _Ref436148582]Fig. 3. Lateral view of the whole experimental setup (unit: cm)
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[bookmark: _Ref435802937]Fig. 4. Pictures of experimental setup: (a) first two spans, (b) first span
It should be pointed that vibration experiments of a 4-span continuous structure of this degree of complexity subjected to a moving car have not been reported in the literature.
3.2. Car model
The model car is treated as a rigid body which consists of two DOFs (pitch  and heave ) as shown in Fig. 5. The centre of gravity of the car is assumed to be at its geometric centre. The parameters of the car model are:  , moment of inertial around the y axis , its wheel span  m and the car body length  m.
[image: ]   [image: ]
[bookmark: _Ref441658499]Fig. 5. Idealization of the moving car: (a) elevation; (b) cross-sectional view at the front axle
There are three stages representing different car locations on the infrastructure: stage 1 - the whole car at front ramp and its front wheel at starting point of the plate; stage 2 - the whole car on the plate and its rear wheel at starting point of the plate; stage 3 - the whole car on the plate and its front wheel at end point of the plate. The dynamic response of the system during the time period of the car moving from stage 1 to stage 3 is simulated and compared with experimental measurement. As the ramps are quite short and they are not connected with the plate, they can be taken to be rigid and without movement.
The equations of motion of the moving rigid body in the vertical plane during stage 1 to stage 3 can be written as 
	(6)
	(7)
where  is the deflection of the rail at the contact point with th spring;  is the stiffness of the th spring and z(t) is the displacement of the gravity centre of the car body.
It should be noticed that the deflection of the ramp is zero due to its rigid body and no-movement assumption. The car is given a push at the start and allowed to travel along the rails freely. The time instants when it passes 4 midpoints are recorded by 4 electromagnetic sensors. It is found that its travelling speed can be taken to be constant.
3.3. Parameter identification for structural model
To know the area and moment of inertia of the rail section, a clear picture of the rail section was taken and its profile was then detected by using image processing and saved in a CAD drawing. Figure 6 shows the picture of the rail section and the CAD drawing of its profile. The two figures look similar but not the same, which could be caused by the error of edge detecting for the picture. The area and second moment of area of the rail section are calculated from its CAD drawing to be around  and  respectively. The cross section of the plate is rectangular. The area and second moment of area of the plate are calculated to be  and  respectively, where b is the width of the plate and h is the height of the plate. The density of the rail and the plate are identified to be around 8356.5  and 7699.8  respectively.
The Young’s modulus of a Euler-Bernoulli beam can be identified from measured natural frequencies
[bookmark: Q_8]	 	(8)
where  is the kth frequency of the beam and can be obtained by modal testing;  is the kth wave number of the beam and can be calculated by using beam’s theory according to its boundary conditions ;  is the length of one span of the beam. , , A and I can be identified directly or indirectly, so E can be calculated inversely from this frequency formula. Modal testing is carried out on a plate specimen and a rail specimen separately to obtain their natural frequencies. The Young’s moduli of the rails and the plate are calculated to be around 86.6 GPa and 183.4 GPa respectively from Eq. (8).
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[bookmark: _Ref422139003]Fig. 6. The picture of rail section and its CAD drawing
3.4.  FE model of the structure 
A 3D FE model of the plate with supports and rails is built in ABAQUS. 480 shell elements (S4R) are used for the plate and 160 beam elements (B31) for each rail which are tied to the plate. Four spring elements and four mass elements are tied to the plate too, modelling the elastic springs and the mass of the thin rods. For the boundary conditions of the plate, only the rotational degrees-of-freedom are allowed at the five pin supports. Modal analysis is done in ABAQUS to predict the frequencies of the structure which are compared with the experimental frequencies obtained by modal testing. An offset ratio for the shell elements is needed to represent the connection between the rails to the plate since the neutral axis of the rails and the neutral plane of the plate is at a short distance apart. As the structural FE model is the approximation of the actual structure, this value of the offset may not be the distance between the rails’ neutral axis and the plate’s neutral plane and it should be determined through model updating, which turns out to be 1.87 and brings the numerical frequencies of the structure close to their experimental counterparts.
Table 1 shows the differences between the first eight experimental frequencies and the corresponding numerical frequencies. It can be seen from the table that the differences are less than 5.0%, which indicates that the FE model of the structure is good enough for dynamic analysis. The first eight mode shapes of the structure obtained from ABAQUS are very similar to the mode shapes of the four-span continuous beam. The first torsional mode of the structure occurs as its 9th mode.
[bookmark: _Ref436645861]Table 1. Comparison between experimental and numerical frequencies of the structure
	Mode
	1
	2
	3
	4
	5
	6
	7
	8

	Experimental
	21.242
	23.381
	28.632
	36.374
	68.541
	73.564
	83.080
	93.560

	Numerical
	20.376
	22.582
	28.180
	34.990
	65.417
	71.036
	82.704
	95.278

	Difference
	-4.1%
	-3.4%
	-1.6%
	-3.8%
	-4.6%
	-3.4%
	-0.5%
	1.8%


The equation of motion of the FE model of the structure can be expressed as
	
	
	[bookmark: Eq9](9)


where  and  are mass matrix and stiffness matrix of the structure model respectively;  is the force vector which changes with the movement of the car. The concentrated forces  acting on the structure at the th wheel location can be expressed as
	
	
	(10)

	
	
	(11)


What should be noticed is that the contact force at the th wheel is  as compression force is defined as positive force in contact mechanics.
 is the nodal displacement vector of the structure which can be expressed as
	
	
	[bookmark: Eq10](12)


where   is the mass-normalised modal matrix (numerical modes) of the structure model and  is the vector of the modal coordinates.
Substituting Eq. (12) into Eq. (9) and multiplying  on both sides of Eq. (9) lead to
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 where  is the ith natural frequency of the structure and it is found that using 8 or more modes does not make a big difference on dynamic response of the system, so 8 modes are used. The torsional modes of the structure do not produce much influence on the structural dynamics.
 3.5. Experimental verification of the system model
 The structural model and the car model are combined and solved by the aforementioned iterative method in MATLAB. It is found from simulations that adopting  N/m or bigger values for the stiffness of springs , ,  and  does not make much difference, so the stiffness of springs , ,  and  is taken to be  N/m for modelling the rigid contact between the wheels and rails. The average velocity of the car is measured to be around 1.05 m/s. The constant time step length is 0.0005 s. The dynamic responses of the plate at four measured points are predicted by the system model and compared with experimental measurements obtained by laser displacement transducers. 
Figure 7 gives the displacements measured by four laser transducers and the deflections of the four points on the plate predicted by the system model respectively. It can be seen from the figure that the downward plate deflections from simulation and experiment are almost the same in magnitude, but numerical results of the upward deflections are slightly bigger than the experimental ones. In addition, all the numerical responses lag slightly behind the experimental ones. The difference between the two sets of results could be caused by the inevitable errors in the identified parameters and the assumption of constant car velocity used in the system model. Note that the car’s travelling speed decreases slightly due to friction as it moves forward. Generally, the numerical results agree well with experimental ones, which indicates that the system model is good enough to predict the structural dynamic response.
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[bookmark: _Ref442453206][bookmark: OLE_LINK6][bookmark: OLE_LINK7]Fig. 7. Comparison between displacements measured by laser transducers and numerical displacements of the plate at measurement points
Numerical analysis 
4.1. Moving rigid-body model and moving mass model
To see the difference between the results by treating the car as a 2-DOF rigid body and the results by treating it as a moving (point) mass, a comparison is made below. The mass is the same as the car and the stiffness of the contact spring for the moving mass model is taken as the total stiffness between the car body and the plate:  N/m. The deflections of the plate at the four measured points from the two models are shown in Fig. 8. It can be seen that there is little difference between the results from the two models: the time histories are almost the same, but the magnitude obtained by the moving mass model is slightly bigger. However, if a torsional mode of the plate is excited, a moving rigid-body model needs to be adopted to take account of the influence of this torsional mode.
[image: ]
[bookmark: _Ref442453312]Fig. 8. Comparison between numerical displacements of the plate at measurement points by moving rigid-body model and those by moving mass model
The displacement of the centre of the car body and the displacement of the mass are shown in Fig. 9. It can be found in the figure that the displacement of the car body is basically the same as, but slightly smaller than the displacement of the mass. 
[image: ]
[bookmark: _Ref442453387]Fig. 9. Comparison between displacement of rigid-body centre and displacement of moving mass
[bookmark: OLE_LINK13][bookmark: OLE_LINK14]4.2. The influence of car speed 
Figure 10 shows the influence of car speed on the dynamic response of the four mid-span points (not the same as the four measured points) of the structure. The critical speed of the structure is  m/s.
The reference static deflections are obtained in ABAQUS by placing the car at the mid-spans of the plate so that the four wheels present four concentrated forces. Dynamic Amplification Factor (DAF) is defined as the ratio between the maximum dynamic response of the mid-span point of one span and its static deflection with the car on the mid-span of this span. It can be seen from the figure that the maximum dynamic responses of the mid-span points basically increase with the ratio of the car speed to the critical speed in the range of 0.015 to 0.15. A small local peak occurs at the ratio of 0.075. The DAFs of the mid-span points in spans 2-4 fluctuate very much when the speed ratio is greater than 0.135. This is probably because that the influence of vibration of front spans on rear spans becomes strong under high car speed. It is found that negative contact forces always occur when car speed ratio is greater than 0.2. However, the contact force can only be greater or equal to zero (loss of contact) in reality, so the dynamic responses with car speed ratio greater than 0.2 are not presented in this paper. Fryba3 showed that the maximum dynamic response of a simply supported beam under a moving constant force increases firstly and then decreases with the speed and the peak response happens at the speed ratio in the range of 0.5 to 0.7 for different damping of the beam. What should be paid attention to is that the car speed that leads to loss of contact changes with car mass as shown in Table 2. For a heavier car, a lower car speed for loss of contact is found. 
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[bookmark: _Ref439926478]Fig. 10. DAF of mid-span points against car speed ratio (mv= 4.335 kg and =0.208 m)
[bookmark: _Ref439945988]Table 2. Speed ratio for loss of contact
	Car mass / structure mass
	0.1
	0.4
	0.7
	1.1

	Car speed / critical speed
	0.5
	0.2
	0.15
	0.1



4.3. The influence of span ratio 
The relationship between the dynamic response of the structure and the wheelbase with different mass ratios (car mass / structure mass) is shown in Fig. 11. The mass ratio is changed by changing the car mass only. It is found from the figure that DAF basically does not vary with mass ratio under the same car peed. Increasing wheelbase can make the dynamic response of the structure decrease in the range of span ratios (wheelbase / beam span) between 0 and 0.8, and increase to a steady state afterwards. That is to say that a shorter car can cause a greater structural dynamic response, which is verified by the previous fact that the displacements of the structure obtained from the moving mass model are bigger than that from the moving rigid-body model. It is interesting to find that the dynamic response of the first span reaches a steady state with shorter wheelbase than that of other spans as shown in the figure. The dynamic responses for several wheelbases are shown in Fig. 12. It can be seen that initially when the car span ratio is 0.3 the dynamic response of one mid-span point only has one downward  peak, but has two downward peaks for car span ratio of 0.8 or higher and the time difference between the two peaks increases with wheelbase. The two sets of wheel loads are like two separate loads at a certain distance apart, which may cause two peaks in the dynamic response of the structure. When the wheelbase increases, it seems like that the distance between two mass loads increases. In consequence, the time interval between the two peaks becomes bigger.
(a) [image: ] (b) [image: ]
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[bookmark: _Ref439946709]Fig. 11. Dynamic responses of mid-span points against wheelbase at car speed v=1.05 m/s with mass ratios of (a) 0.2, (b) 0.4, (c) 0.6, (d) 0.8


[image: ][image: ]
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[bookmark: _Ref440017181]Fig. 12. Dynamic responses of mid-span points for span ratios of (a) 0.3, (b) 0.8, (c) 1.7, (d) 3.0 with mass ratio of 0.4
4.4. The influence of contact spring stiffness 
The influence of contact spring stiffness on the dynamic response of the structure can be seen in Fig. 13 (mv=4.335 kg and Lc=0.208 m). As can be seen in the figure, the contact spring stiffness does not influence the dynamic response of the structure much under car speed of 1.05 m/s, but the influence becomes stronger at higher car speeds. It is interesting to find that the magnitude of the contact force between the first car wheel and the plate structure does not differ much with contact spring stiffness at v=1.05 m/s as shown in Fig. 14. This is because when the car speed is low, the inertial force in the contact force is small and the main contribution to the contact force is the dead-weight of the car which is constant. However, higher frequencies of the contact force occur when the contact spring stiffness increases at the car speed of v=1.05 m/s, as found in Fig. 15. This is also true for the car speed of v=5.74 m/s shown in Fig. 17. On the other hand, the magnitude of structural response differs significantly with changing contact spring stiffness at v=5.74 m/s as shown in Fig. 13 and the magnitude of the contact force basically increases with contact spring stiffness at v=5.74 m/s as shown in the Fig. 16. Figure 18 and Figure 19 show that the dynamic response of the car body decreases quite much in magnitude with contact spring stiffness for both car speeds (1.05 m/s and 5.74 m/s). It can be seen from Fig. 20 that the car basically oscillates slightly faster with larger contact spring stiffness when the car moves at 5.74 m/s. However, this is not true when v=1.05 m/s. It can be estimated from Fig. 18 that the car almost oscillates at the same frequency with different contact spring stiffness. Please note that the above phenomenon found for the contact force between the first car wheel and the rail is also true for the contact forces between other car wheels and the rails, although they are not presented in this paper.      
When the car speed is 1.05 m/s, the basic frequency of the moving car (different from the natural frequency of the car) is related to the car speed and equals to . This frequency and the natural frequency of the car in the vertical bouncing mode presented in Table 3 are the source of the frequencies of the contact force, which can be found in Fig. 15. When the car speed is 5.74 m/s, the basic frequency of the moving car related to the car speed becomes  Hz. This frequency and the natural frequency of the car shown in Table 3 are the source of the frequencies of the contact force and can be found in Fig. 17. The high frequency of the contact force looks like the integer multiples of , which seem quite obvious in Fig. 17 (c).

[bookmark: _Ref461271465]Table 3. Natural frequencies (Hz) of the car in the vertical bouncing mode and rotation mode
	Spring stiffness (N/m)
	1.0E+02
	1.0E+03
	1.0E+04
	1.0E+05

	Frequency in bouncing
	1.529
	4.835
	15.288
	48.345

	Frequency in rotation
	2.648
	8.374
	26.479
	83.734
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[bookmark: _Ref441054156]Fig. 13. The influence of contact stiffness of one spring on DAF at (a) 1st, (b) 2nd, (c) 3rd, (d) 4th mid-span points under different car speeds
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[bookmark: _Ref459487630]Fig. 14. Contact force at first wheel for contact stiffness of  one spring (a) , (b) , (c) , (d)  N/m at car speed of 1.05 m/s
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[bookmark: _Ref459486876]Fig. 15. Single-sided amplitude spectrum of contact force at first wheel for contact stiffness of one spring (a) , (b) , (c) , (d)  N/m at car speed of 1.05 m/s
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[bookmark: _Ref441488382]Fig. 16. Contact force at first wheel for contact stiffness of one spring (a) , (b) , (c) , (d)  N/m at car speed of 5.74 m/s
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[bookmark: _Ref459478950]Fig. 17. Single-sided amplitude spectrum of contact force at first wheel for contact stiffness of one spring (a) , (b) , (c) , (d)  N/m at car speed of 5.74 m/s
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[bookmark: _Ref440359086]Fig. 18. Displacement of car body centre for contact stiffness of one spring (a) , (b) , (c) , (d)  N/m with car speed of 1.05 m/s
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[bookmark: _Ref441069838]Fig. 19. Displacements of car body centre for contact stiffness of one spring (a) , (b) , (c) , (d)  N/m at car speed of 5.74 m/s
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[bookmark: _Ref459479788]Fig. 20. Single-sided amplitude spectrum of displacements of car body centre for contact spring of one spring (a) , (b) , (c) , (d)  N/m at car speed of 5.74 m/s
Conclusions
Moving load problems are difficult to analyse and no commercial general-purpose structural analysis software packages can deal with them efficiently. A general and easy way to solve moving load problems is presented in this paper by using ABAQUS and MATLAB. Finite Element (FE) models of complicated structures are built in ABAQUS and their numerical modes are obtained and imported into MATLAB codes where Modal Superposition (MS) and an iterative method are implemented. The moving oscillator model is adopted to verify the proposed approach. The numerical results show that this approach works well with high efficiency.
A four-span continuous plate with two rails on top and four extra elastic supports excited by a moving model car is studied numerically and experimentally. The car is treated as a rigid body with two degrees-of-freedom in contact with the rails via four springs. An FE model of the plate with rails is built in ABAQUS to obtain its numerical modes and the parameters used in the FE model of the structure are identified based on measured frequencies. It is found that the torsional modes of the structure do not have much influence on the structural dynamic response within the speed range studied. The numerical prediction of structural displacements at four measured points of the structure agrees well with the experimental measurements. Further numerical studies reveal some interesting results. The structural response and car displacement from the moving rigid-body model are slightly smaller than those from the moving mass model. Increasing car speed can increase structural dynamic response in a certain speed range and loss of contact between the wheel and rail occurs at a lower car speed for a heavier car.  Basically, a longer car decreases structural dynamic response but does not make much influence on the structural response when the wheelbase is 1.5 times of one span of the structure or longer. When the car speed is low, the change of contact spring stiffness does not make much difference in structural response, but at a high car speed, the influence becomes strong. Additionally, at high car speeds larger contact spring stiffness basically leads to bigger contact forces between the car wheels and the rails and slightly quicker oscillation of the car. Regardless of the car speed, the frequencies of the contact forces basically increase but the dynamic response of the moving car body decreases, with contact spring stiffness.
Acknowledgements 
The first author would like to express his gratitude to the China Scholarship Council and the University of Liverpool who sponsor the first author’s PhD study and research work. The work is partly supported by EPSRC (EP/H022287/1).
References
1. H. Ouyang, Moving-load dynamic problems: A tutorial (with a brief overview), Mechanical Systems and Signal Processing, 25(6) (2011) 2039-2060.
2. F.T.K. Au, Y.S. Cheng and Y.K. Cheung, Vibration analysis of bridges under moving vehicles and trains: an overview, Progress in Structural Engineering and Materials, 3(3) (2001) 299-304.
3. L. Fryba, Vibration of Solids and Structures under Moving Loads (Thomas Telford, Prague, 1999).
4. Y.B. Yang, J.D. Yau, Y.S. Wu, Vehicle-Bridge Interaction Dynamics with Applications to High-Speed Railways (World Scientific, Singapore, 2004).
5. J.J. Kalker, Wheel-rail rolling contact theory, Wear, 144 (1991) 243-261.
6. M.-K. Song, H.-C. Noh, C.-K. Choi, A new three-dimensional finite element analysis model of high-speed train–bridge interactions, Engineering Structures, 25(13) (2003) 1611-1626.
7. C.J. Bowe, T.P. Mullarkey, Unsprung wheel-beam interactions using modal and finite element models, Advances in Engineering Software, 39(11) (2008) 911-922.
8. S. Marchesiello, A. Fasana, L. Garibaldi, B.A.D. Piombo, Dynamics of multi-span continuous straight bridges subject to multi-degrees of freedom moving vehicle excitation, Journal of Sound and Vibration, 224(3) (1999) 541-561.
9. Y.K. Cheung, F.T.K. Au, D.Y. Zheng, Y.S. Cheng, Vibration of multi-span non-uniform bridges under moving vehicles and trains by using modified beam vibration functions, Journal of Sound and Vibration, 228(3) (1999) 611-628.
10. L. Baeza, H. Ouyang, Dynamics of a truss structure and its moving-oscillator exciter with separation and impact-reattachment, Proceedings of the Royal Society A: Mathematical, Physical and Engineering Sciences, 464(2098) (2008) 2517-2533.
11. H. Xia, N. Zhang, Dynamic analysis of railway bridge under high-speed trains, Computers and Structures, 83(23-24) (2005) 1891-1901.
12. Q. Li, Y.L. Xu, D.J. Wu, Z.W. Chen, Computer aided nonlinear vehicle-bridge interaction analysis, J Vib Control, 16(12) (2010) 1791-1816.
13. B. Yang, C.A. Tan, L.A. Bergman, Direct numerical procedure for solution of moving oscillator problems, Journal of Engineering Mechanics, 126(5) (2000) 462-469.
14. Y.Q. Sun, M. Dhanasekar, A dynamic model for the vertical interaction of the rail track and wagon system, International Journal of Solids and Structures, 39(5) (2002) 1337-1359.
15. W. Zhai, K. Wang, C. Cai, Fundamentals of vehicle-track coupled dynamics, Vehicle System Dynamics, 47(11) (2009) 1349-1376.
16. P. Lou, Z.-W. Yu, F.T.K. Au, Rail-bridge coupling element of unequal lengths for analysing train-track-bridge interaction systems, Applied Mathematical Modelling, 36(4) (2012) 1395-1414.
17. X. Lei, M.-A. Noda, Analyses of dynamic response of vehicle and track coupling system with random irregularity of track vertical profile, Journal of Sound and Vibration, 258(1) (2002) 147-165.
18. D.-V. Nguyen, K.-D. Kim, P. Warnitchai, Simulation procedure for vehicle-substructure dynamic interactions and wheel movements using linearized wheel-rail interfaces, Finite Elements in Analysis and Design, 45(5) (2009) 341-356.
19. K. Liu, E. Reynders, G. De Roeck, G. Lombaert, Experimental and numerical analysis of a composite bridge for high-speed trains, Journal of Sound and Vibration, 320(1-2) (2009) 201-220.
20. A. Feriani, M.G. Mulas, L. Candido, Iterative procedures for the uncoupled analysis of vehicle-bridge dynamic interaction, in:  Proceedings of ISMA 2010 including USD2010, Katoomba (2010).
21. N. Zhang, H. Xia, Dynamic analysis of coupled vehicle–bridge system based on inter-system iteration method, Computers and Structures, 114-115 (2013) 26-34.
22. T. Arvidsson, R. Karoumi, Train–bridge interaction – a review and discussion of key model parameters, International Journal of Rail Transportation, 2(3) (2014) 147-186.
23. S.-I. Kim, N.-S. Kim, Dynamic performances of a railway bridge under moving train load using experimental modal parameters, International Journal of Structural Stability and Dynamics, 10(1) (2010) 91-109.
24. K. Henchi, M. Fafard, Dynamic behavior of multi-span beams under moving loads, Journal of Sound and Vibration, 199(1) (1997) 33-50.
25. A.E. Martinez-Castro, P. Museros, A. Castillo-Linares, Semi-analytic solution in the time domain for non-uniform multi-span Bernoulli-Euler beams traversed by moving loads, Journal of Sound and Vibration, 294(1-2) (2006) 278-297.
26. J. Pu, P. Liu, Numerical calculation of dynamic response for multi-span non-uniform beam subjected to moving mass with friction, Engineering, 2(5) (2010) 367-377.
27. V. De Salvo, G. Muscolino, A. Palmeri, A substructure approach tailored to the dynamic analysis of multi-span continuous beams under moving loads, Journal of Sound and Vibration, 329(15) (2010) 3101-3120.
28. Y.J. Wang, Q.C. Wei, J.D. Yau, Interaction response of train loads over a two-span continuous beam, International Journal of Structural Stability and Dynamics, 13(1) (2013).
29. D. Stǎncioiu, H. Ouyang, J.E. Mottershead, S. James, Experimental investigations of a multi-span flexible structure subjected to moving masses, Journal of Sound and Vibration, 330(9) (2011) 2004-2016.
30. T.H.T. Chan, D.B. Ashebo, Moving axle load from multi-span continuous bridge: laboratory study, Journal of Vibration and Acoustics, 128(4) (2006) 521.
31. F. Yang, G.A. Fonder, An iterative solution method for dynamic response of bridge–vehicles systems, Earthquake Engineering and Structural Dynamics, 25 (1996) 195-215.

1

image2.emf
0 5 10 15 20 25 30

Position of first wheel (m)

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

V

e

r

t

i

c

a

l

 

d

i

s

p

l

a

c

e

m

e

n

t

 

(

m

m

)

Present, 50 km/h

Analytic, 50 km/h

Brige Mid-span


image3.emf
0 5 10 15 20 25 30

position of the first wheel (m)

-15

-10

-5

0

5

10

15

V

e

r

t

i

c

a

l

 

a

c

c

e

l

e

r

a

t

i

o

n

 

(

m

m

/

s

 

2

)

Present, 50 km/h

Analytic, 50 km/h

Car-body / sprung mass


image4.emf
0 5 10 15 20 25 30

Position of first wheel (m)

-2

-1.5

-1

-0.5

0

0.5

1

V

e

r

t

i

c

a

l

 

d

i

s

p

l

a

c

e

m

e

n

t

 

(

m

m

)

Present, 360 km/h

Analytic, 360 km/h

Bridge Mid-span


image5.emf
0 5 10 15 20 25 30

position of the first wheel (m)

-50

-40

-30

-20

-10

0

10

20

V

e

r

t

i

c

a

l

 

a

c

c

e

l

e

r

a

t

i

o

n

 

(

m

m

/

s

 

2

)

Present, 360 km/h

Analytic, 360 km/h

Car body / sprung mass


image6.png
Moving

Front Car . Plate with . Rear

Ramp Simple Raile Elastic  Ramp
Laser Support Spring

i Transducer l l

J J J
366 | | 00 452 133|228 |1es
) 9% %





image7.jpeg
First Span Second Span





image8.jpeg
—— Moving Car
Simple Support

Rail Plate





image9.png




image10.png
(b)

N





image11.JPG




image12.png




image13.emf
0 0.5 1 1.5 2 2.5 3 3.5

-1.5

-1

-0.5

0

0.5

1st point

 

 

0 0.5 1 1.5 2 2.5 3 3.5

-1.5

-1

-0.5

0

0.5

2nd point

 

 

0 0.5 1 1.5 2 2.5 3 3.5

-1

-0.5

0

0.5

3rd point

 

 

0 0.5 1 1.5 2 2.5 3 3.5

-1

-0.5

0

0.5

4th point

Time (s)

Displacements (mm)

 

 

Simulation

Measurement

Simulation

Measurement

Simulation

Measurement

Simulation

Measurement


image14.emf
0 0.5 1 1.5 2 2.5 3 3.5

-1.5

-1

-0.5

0

0.5

1st point

 

 

0 0.5 1 1.5 2 2.5 3 3.5

-1.5

-1

-0.5

0

0.5

2nd point

 

 

0 0.5 1 1.5 2 2.5 3 3.5

-1

-0.5

0

0.5

3rd point

Time (s)

Displacements (mm)

 

 

0 0.5 1 1.5 2 2.5 3 3.5

-1

-0.5

0

0.5

4th point

 

 

Mass model

Rigid-body model

Mass model

Rigid-body model

Mass model

Rigid-body model

Mass model

Rigid-body model


image15.emf
0 0.5 1 1.5 2 2.5 3 3.5

-2

-1.5

-1

-0.5

0

Time (s)

Displacements (mm)

 

 

Rigid-body model

Mass model


image16.emf
0.015 0.045 0.075 0.105 0.135 0.165 0.195

0.9

1

1.1

1.2

1.3

1.4

Car speed / critical speed

DAF

 

 

1st mid-span

2nd mid-span

3rd mid-span

4th mid-span


image17.emf
0 0.5 1 1.5 2 2.5 3 3.5 4

Wheelbase / span length of plate

0.2

0.4

0.6

0.8

1

D

A

F

1st mid-span

2nd mid-span

3rd mid-span

4th mid-span


image18.emf
0 0.5 1 1.5 2 2.5 3 3.5 4

Wheelbase / span length of plate

0.2

0.4

0.6

0.8

1

D

A

F

1st mid-span

2nd mid-span

3rd mid-span

4th mid-span


image19.emf
0 0.5 1 1.5 2 2.5 3 3.5 4

Wheelbase / span length of plate

0.2

0.4

0.6

0.8

1

D

A

F

1st mid-span

2nd mid-span

3rd mid-span

4th mid-span


image20.emf
0 0.5 1 1.5 2 2.5 3 3.5 4

Wheelbase / span length of plate

0.2

0.4

0.6

0.8

1

D

A

F

1st mid-span

2nd mid-span

3rd mid-span

4th mid-span


image21.emf
0 0.5 1 1.5 2 2.5 3 3.5

-2

-1.5

-1

-0.5

0

0.5

Time (s)

Displacements (mm)

 

 

1st mid-span

2nd mid-span

3rd mid-span

4th mid-span a


image22.emf
0 0.5 1 1.5 2 2.5 3 3.5

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

Time (s)

Displacements (mm)

 

 

1st mid-span

2nd mid-span

3rd mid-span

4th mid-span

b


image23.emf
0 0.5 1 1.5 2 2.5 3 3.5

-1.5

-1

-0.5

0

0.5

Time (s)

Displacements (mm)

 

 

1st mid-span

2nd mid-span

3rd mid-span

4th mid-span

c


image24.emf
0 0.5 1 1.5 2 2.5 3 3.5

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

Time (s)

Displacements (mm)

 

 

1st mid-span

2nd mid-span

3rd mid-span

4th mid-span

d


image25.emf
10

2

10

3

10

4

10

5

0.8

0.9

1

1.1

1.2

1.3

Spring stiffness (N/m)

DAF at 1st mid-span

 

 

1.05 m/s

3.50 m/s

5.74 m/s

a


image26.emf
10

2

10

3

10

4

10

5

0.6

0.8

1

1.2

1.4

Spring stiffness (N/m)

DAF at 2nd mid-span

 

 

1.05 m/s

3.50 m/s

5.74 m/s

b


image27.emf
10

2

10

3

10

4

10

5

0.7

0.8

0.9

1

1.1

1.2

1.3

Spring stiffness (N/m)

DAF at 3rd mid-span

 

 

1.05 m/s

3.50 m/s

5.74 m/s

c


image28.emf
10

2

10

3

10

4

10

5

0.8

0.9

1

1.1

1.2

1.3

Spring stiffness (N/m)

DAF at 4th mid-span

 

 

1.05 m/s

3.50 m/s

5.74 m/s

d


image29.emf
0 0.5 1 1.5 2 2.5 3 3.5

10.4

10.5

10.6

10.7

10.8

10.9

Time (s)

Contact force at first wheel (N)

a


image30.emf
0 0.5 1 1.5 2 2.5 3 3.5

10.5

10.55

10.6

10.65

10.7

10.75

Time (s)

Contact force at first wheel (N)

b


image31.emf
0 0.5 1 1.5 2 2.5 3 3.5

10.2

10.4

10.6

10.8

11

11.2

Time (s)

Contact force at first wheel (N)

 c


image32.emf
0 0.5 1 1.5 2 2.5 3 3.5

10

10.2

10.4

10.6

10.8

11

11.2

Time (s)

Contact force at first wheel (N)

d


image33.emf
10

-1

10

0

10

1

10

2

10

3

0

0.02

0.04

0.06

0.08

f (Hz)

|P1(f)|

 

 

data1

1.458 Hz

a


image34.emf
10

-1

10

0

10

1

10

2

10

3

0

0.02

0.04

0.06

f (Hz)

|P1(f)|

 

 

data1

1.167 Hz

4.666 Hz

23.91 Hz

b


image35.emf
10

-1

10

0

10

1

10

2

10

3

0

0.05

0.1

f (Hz)

|P1(f)|

 

 

data1

1.167 Hz

9.915 Hz

11.08 Hz

13.41 Hz

14.58 Hz

26.25 Hz

c


image36.emf
10

-1

10

0

10

1

10

2

10

3

0

0.01

0.02

0.03

0.04

f (Hz)

|P1(f)|

 

 

data1

1.167 Hz

12.83 Hz

16.91 Hz

50.16 Hz

87.20 Hz

101.2 Hz

d


image37.emf
0 0.1 0.2 0.3 0.4 0.5 0.6

10.4

10.5

10.6

10.7

10.8

Time (s)

Contact force at first wheel (N)

a


image38.emf
0 0.1 0.2 0.3 0.4 0.5 0.6

8

10

12

14

Time (s)

Contact force at first wheel (N)

b


image39.emf
0 0.1 0.2 0.3 0.4 0.5 0.6

0

5

10

15

20

25

Time (s)

Contact force at first wheel (N)

c


image40.emf
0 0.1 0.2 0.3 0.4 0.5 0.6

5

10

15

Time (s)

Contact force at first wheel (N)

d


image41.emf
10

0

10

1

10

2

10

3

0

0.02

0.04

0.06

0.08

f (Hz)

|P1(f)|

 

 

data1

1.592 Hz

6.369 Hz

a


image42.emf
10

0

10

1

10

2

10

3

0

0.5

1

1.5

f (Hz)

|P1(f)|

 

 

data1

4.777 Hz

b


image43.emf
10

0

10

1

10

2

10

3

0

0.5

1

1.5

2

f (Hz)

|P1(f)|

 

 

data1

6.369 Hz

12.74 Hz

19.11 Hz

25.48 Hz

c


image44.emf
10

0

10

1

10

2

10

3

0

0.5

1

1.5

f (Hz)

|P1(f)|

 

 

data1

6.639 Hz

12.74 Hz

19.11 Hz

31.85 Hz

46.18 Hz

d


image45.emf
0 0.5 1 1.5 2 2.5 3 3.5

-110

-109

-108

-107

-106

-105

-104

Time (s)

Displacement of car body centre (mm)

a


image46.emf
0 0.5 1 1.5 2 2.5 3 3.5

-12.5

-12

-11.5

-11

-10.5

-10

Time (s)

Displacement of car body centre (mm)

b


image47.emf
0 0.5 1 1.5 2 2.5 3 3.5

-2.5

-2

-1.5

-1

Time (s)

Displacement of car body centre (mm)

c


image48.emf
0 0.5 1 1.5 2 2.5 3 3.5

-1.5

-1

-0.5

0

Time (s)

Displacement of car body centre (mm)

d


image49.emf
0 0.1 0.2 0.3 0.4 0.5 0.6

-108

-107.5

-107

-106.5

-106

Time (s)

Car body centre displacement (mm)

a


image50.emf
0 0.1 0.2 0.3 0.4 0.5 0.6

-14

-12

-10

-8

Time (s)

Car body centre displacement (mm)

b


image51.emf
0 0.1 0.2 0.3 0.4 0.5 0.6

-4

-3

-2

-1

0

Time (s)

Car body centre displacement (mm)

c


image52.emf
0 0.1 0.2 0.3 0.4 0.5 0.6

-2

-1.5

-1

-0.5

0

Time (s)

Car body centre displacement (mm)

d


image53.emf
10

0

10

1

10

2

10

3

0

2

4

6

8

x 10

-4 f (Hz)

|P1(f)|

 

 

data1

1.592 Hz

6.369 Hz

a


image54.emf
10

0

10

1

10

2

10

3

0

0.5

1

1.5

2

x 10

-3

f (Hz)

|P1(f)|

 

 

data1

4.777 Hz

b


image55.emf
10

0

10

1

10

2

10

3

0

2

4

6

8

x 10

-4

f (Hz)

|P1(f)|

 

 

data1

6.369 Hz

12.74 Hz

c


image56.emf
10

0

10

1

10

2

10

3

0

2

4

6

8

x 10

-4

f (Hz)

|P1(f)|

 

 

data1

6.369 Hz

d


image1.png
E,p |




