On the use of higher order bias approximations for 2SLS and k-class
estimators with non-normal disturbances and many instruments

Abstract

The first and second moment approximations for the k-class of estimators were originally
obtained in a general static simultaneous equation model under the assumption that the
structural disturbances were i.i.d. and normally distributed. Later, higher-order bias
approximations were obtained and were shown to be important especially in highly overi-
dentified cases. It is shown that the higher order bias approximation continues to be valid
under symmetric, but not necessarily normal, disturbances with an arbitrary degree of
kurtosis, but not when the disturbances are asymmetric. A modified higher-order approx-
imation for the bias is then obtained which includes the case of asymmetric disturbances.
The effect of asymmetry in the disturbances is explored in the context of a two equation
model where it is shown that the bias of 25LS may be substantially changed when the
skewness factor increases. The use of the bias approximation is illustrated using empirical
examples from the literature on return to schooling, which employs a model with many
instruments, and on higher education wage premia.
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1. Introduction

Moment approximations of estimators in simultaneous equation models have a long
history. The seminal paper was Nagar (1959) who derived approximations to the first
and second moments of the consistent k-class of estimators in a general simultaneous
equation model with exogenous regressors. In obtaining the results, it was assumed that the
structural disturbances were independently and normally distributed. Later Mikhail (1972)
extended Nagar’s O(T~!) bias approximation for the 25LS case to a higher order, viz.
O(T72), and under the same assumptions while Iglesias and Phillips (2010) give the higher
order approximation for the consistent k-class estimator. Nagar’s work led to a great deal of
research concerned with the small sample properties of simultaneous equation estimators; in
particular, various writers examined conditions under which Nagar’s approximations were
valid, see Srinavasan (1970). The main result was given by Sargan (1974) who showed that
a necessary and sufficient condition was that the estimator moments should exist. Much
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work has been done to explore the existence of estimator moments especially in simplified
models. However, a paper which is of particular relevance, given its generality, is Kinal
(1980). His results show that in the general simultaneous equation model chosen by Nagar,
the 25LS estimator has moments up to the order of overidentification. However, k-class
estimators behave differently depending on the value taken by k. In cases where k > 1,
which includes the LIM L estimator, the k-class estimators do not possess moments of any
order while when k < 1 higher moments exist and this does not depend on the order of
overidentication. Nagar type approximations have also been used in other contexts, see
e.g. Bun and Windmeijer (2010).

In Phillips (2000) it was shown that the Nagar bias approximation for the 25LS estima-
tor is correct under much less restricted conditions than assumed by Nagar. In particular,
the result does not require the assumption of normality nor, indeed, symmetry. In Phillips
(2007) it was noted that for the Nagar bias approximation to hold a sufficient condition is
that the disturbances obey the classical Gauss-Markov assumptions which includes, in par-
ticular, the class of conditionally heteroscedastic disturbances such as ARCH/GARCH.
Neither paper considered the higher order approximation however.

While the Nagar bias approximation has attracted considerable attention, this has not
been the case for the higher order approximation perhaps because of the relatively strict
assumptions under which it has been presented, such as requiring normality, but also it
may be seen as adding little to the Nagar result. In this paper it is shown, firstly, that the
Mikhail higher order bias approximation is valid without assuming normality for the dis-
turbances. It does, however, require that the disturbances are distributed symmetrically.
If disturbances have a skewed distribution then the approximation has to be modified. An
important and new contribution of this paper is to present the 25LS higher order bias ap-
proximation in the context of asymmetrically distributed disturbances. An extension of the
results to the consistent members of the k-class is available in a Supplementary Appendix.
Secondly, it is shown that in strongly overidentified cases the Nagar approximation may
overstate the bias while the higher order bias approximation may be far more accurate.
This arises when the additional terms are opposite in sign to the first order approximation.
It is then argued that bias correction is better conducted based upon the higher order bias
approximation especially in cases where the number of instruments is large.

The effect of asymmetry on the bias of 25L.S is initially explored in a simple two-
equation simultaneous equation model. It is found that the bias may be significantly
affected as the degree of asymmetry increases. Both the approximation terms and the
actual percentage bias figures show that asymmetry can play a greater role in 25LS bias
than suggested in Knight (1984), where the allowable skewness and excess kurtosis values
were relatively small (in asymmetric cases). After presenting the main results, the 25LS
bias approximation is applied to estimates for the return to schooling in Staiger and Stock
(1997) based on Angrist and Krueger (1991), and to an empirical model in Fortin (2006)
for higher education wage premia.



2. A simple case

The effects of asymmetry on 25LS estimation bias are explored in a very simple si-
multaneous equation model in this section, in an attempt to isolate the key factors, and
to demonstrate that the asymmetry effect can be substantial even in cases where the bias
values are moderate. The approximate bias expressions for 25L.S bias in Section 6 and
k-class bias in Supplementary Appendix A provide a means for estimating the biases in
the context of a general model.

The following simple model is considered:

Y1t = Brya + uig, (1)
Yot = Boyi e + "Y/Zt + u2 ¢ (2)
t=1,2,..T,

where z; is a p x 1 vector of exogenous variables. The reduced form for ya; is given by

Y2 = Ba(Bryes +ure) 7'z + uzy
= Bifay2s + 7 2t + ugt + Boury
= T ézt + vt (3)
/ , _;’_ﬁ ,
where 7§, = 717% 7, and vy = DT /3125;1 .

Theorem 2 in Section 6 presents the approximate 2SLS bias to order O(T~2) for
estimation of a general model without assuming normality or symmetry in the structural
disturbances, and the part due to the asymmetry of the disturbances can be specialised to
the following, see Appendix 2, for the model above in the special case of [;:

A* = (1 - B1B2) (011185 + 2011252 + 0122) (4)
43 (y'z)? 3 (V)2 Z2)
OCEANE (>-(y'2)%)?

where Z is a T' X p matrix with t-th row z;, t = 1,...,T, and oy, = Elujujiug] for
i,5,k=1,2.

Importantly, note that the second factor does not involve 51 or By or the disturbance
third moments but depends upon the exogenous variable coefficient vector v which can be
varied independently so it is clear that, for non-zero third moments of the disturbances
and appropriate choice of 81 and f3, A* may become large.

This simple case provides evidence that skewness of disturbances seems likely to cause
estimation biases to differ substantially in some situations compared to when disturbances
are symmetric. The analogous result for the general k-class of estimators in the simple
case is given in Supplementary Appendix A.




2.1. Numerical and Simulation Results

It is possible to investigate the relationship between the third moment parameters
0111, 0112 and o122 and the bias numerically, via the approximation A* and also by Monte
Carlo, for given values of 51 and (2. The two-equation model above can be used to
investigate the performance of the new higher-order bias approximation (4) in asymmetric
cases, and to illustrate how the bias can be shaped by the third moments of structural
disturbances.

The estimation of 51 is considered here. 50 million Monte Carlo replications are used
for each moment computation, so that the MC simulated moments may reasonably be
called the "true” moments. The sample size is T' = 50, and fixed exogenous data for each
element zj; of z;, j = 1,2,3, was drawn from an AR(1) model zj;; = 0.92zj;—1 + v with
Vi AN (0,1). Attention is drawn in particular to Figure 1, where the bias is depicted
for a large number of different skewness cases in two separate models. It is found that the
skewness of the structural distubances in each equation can have a substantial effect on the
bias of the 25 LS estimator, and that the approximation does well in capturing the effect.
Table 1 summarises the improvement compared with the approximations due to Nagar and
Mikhail over a number of different skewness cases for the structural disturbances.

When generating the data the following are specified: the coefficients of the structural
model, the structural covariance matrix ¥, and the u; and us skewness coefficients 711 and
72, respectively. Two different ways of generating the structural disturbance term u; are
considered, "Beta” and ”Lognormal”. The Lognormal cases are genuine multivariate log-
normal, while the ”Beta” cases are a linear combination of Beta random variables. The
underlying parameters of the distributions in both cases are chosen numerically to yield
structural disturbances with the desired covariance matrix and with specified skewness val-
ues v and 7 - this is then repeated for various choices of the skewness values. Full details
about the data generation are given in Supplementary Appendix C, where, in particular,
the values used for the underlying distributional parameters are provided. Summary re-
sults are presented in the present section for the Beta cases, where the skewness can be
positive or negative, while Supplementary Appendix B presents additional results including
the Lognormal cases.

The parameters of the main structural model considered are below, and were chosen
numerically with a constraint that the 25L5 bias should be in a mild or moderate range
of 10-20% in absolute value. It is not clear from (4) that large differences in third moment
values necessarily lead to large changes in bias, as the effect depends on other parameters
and the exogenous data. This was found to be the case in simulations, and the parameteri-
sations below were selected as cases where the size of the asymmetry effect was of practical
relevance. If the constraint on the size of the 25 LS bias is removed, there are parameteri-
sations where the effect of varying the third moment values can be very large, but where
the 25 LS biases are relatively extreme. Models A and B below are therefore examples of
what can happen due to asymmetry, while avoiding the relatively extreme cases. Values for



the first stage ”population” F' statistic Fjep, = maZ'Zmy, see Cruz and Moreira (2005), are
given as a measure of the strength of the instruments. Neither model is considered a weak
instruments case (Fjop < 1), while Model A is a good instruments case (Fj,, > 10). The re-
duced form covariance matrix €2, implied by the choices of %, 51 and (o, is also given below.

Model A
B1 = 2.733, B2 = —16.388,v = (38.126, 6.205, 3.870)’,
38.106 —11.780 0.316 0.068
X = (—11.780 92.107 > = <0.068 5.111) » Fpop = 35.66.
Model B

By = —3.92, By = 47.04, v = (39.84, —12.94, —10.71)/,

13.06 7.48 0.03 —0.03
= <7.48 60.98) St = (—0.03 0.86 ) s Fpop = 4.74.

A grid of w1 and us skewness values is considered in Figure 1, and the true and approxi-
mate bias values are computed at each point for Models A and B. Sets of Beta distribution
parameters («g, 1) are chosen, see Supplementary Appendix C, to achieve u; skewness
values in the set s = {—5,—4.5,...,—-0.5,0,+0.5,...,+4.5,45}, and the same is done for
the (aw, B2) corresponding to ug skewness values in this set. S = sx s then represents a grid
of skewness values for u; and uy. Bias denotes a vector of Monte Carlo simulated (”true”)
bias values corresponding to members of S, while Biasnagar, Biasrikhail, and Biasye, are
vectors of the corresponding approximate values using, respectively, the approximations by
Nagar, Mikhail, and the result in Theorem 2.

Figure 1 plots the Monte Carlo simulated bias and the improved bias approximation for
Models A and B over the skewness pairs, and it is seen that the bias can vary substantially
with skewness. The results suggest that the skewness of the structural disturbances can
have a substantial effect on the 25LS estimation bias, and that the O(T~2) approximation
taking third moments into account can capture this well. The bias approximations that
do not take into account the asymmetry of model disturbances are given by the horizontal
planes. The true bias is nonlinear in the skewnesses, but is approximated well by the
expression in Theorem 2.



Figure 1: Simulated Bias vs the new O(T~2) approximate Bias
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The nearness of Biasyqgar and Biasne, to Bias can be compared in terms of Euclidean
distance, and this is also done for the approximation due to Mikhail. The distances dﬁ’(f;ar,
df/}fghml and dﬁi‘f} are summary performance measures for the approximations over uy and
uy skewness values in the interval [—5, 5], based on a total of 21?2 = 441 pairs of skewness

values. The results in Table 1 indicate that the new bias approximation does best in this
overall sense for both Model A and Model B.

Table 1: Distance from true bias

Bias Bias Bias
dNagar dMik;hail dNew

Model A 3.02 2.69 0.63
Model B 5.65 4.70 2.21

The values are Euclidean distances be-

tween the vector of simulated biases,
Bias, and the vectors of approximate bi-
ases. For example, d¥%% = ||Bias —

Biasnewl|-

3. Model and Notation

A simultaneous equation model given by

Byt + th = Ut (5)



is considered, in which 1 is a G x 1 vector of endogenous variables, z; is a K x 1 vector
of strongly exogenous variables and wu; is a G x 1 vector of independently and identically
distributed structural disturbances with G x G positive definite covariance matrix ». The
matrices of structural parameters, B and I' are, respectively, G x G and G x K. It is
assumed that B is non-singular so that the reduced form equations corresponding to (5)
are:

Yt = —B_IFZt + B_lut
= HZt + Ut,

where IT is a G x K matrix of reduced form coefficients and v; is a G x 1 vector of reduced
form disturbances with a G x G positive definite covariance matrix 2. With T observations
the system may be written as

YB + 71" =U. (6)

Here, Y is a T' X G matrix of observations on endogenous variables, Z is a T x K matrix
of observations on the strongly exogenous variables and U is a T' X G matrix of structural
disturbances.

The first equation of the system is given by

y1 = Yo + Z1y + ua, (7)

where y; and Y5 are, respectively, a T x 1 vector and a T' X g matrix of observations on g+ 1
endogenous variables, Z7 is a T' X k matrix of observations on k exogenous variables, 5 and
~ are, respectively, g x 1 and k x 1 vectors of unknown parameters and u is a T x 1 vector
of independently and identically distributed disturbances with positive definite covariance
matrix F(uju)) = X11. The reduced form of the system includes Y; = ZII; 4+ V; in which
Y1 =(y1:Y2), Z=(Z:Zy) is aT x K matrix of observations on K exogenous variables
with an associated K x (g4 1) matrix of reduced form parameters given by IIy = (7 : Ils),
while V) = (vg : V2) is a T' x (g + 1) matrix of reduced form disturbances. The transpose
of each row of V7 is independently and identically distributed with zero mean vector and
(g+1)x(g+1) positive definite covariance matrix €; = (w;;) while the T'(g + 1) vector
vecVq, obtained by stacking the columns of V7, has a positive definite covariance matrix
of dimension T'(g + 1) x T'(g + 1) given by Cov(vecV;) = Q7 and has finite moments up
to fifth order. This latter condition is required to ensure that the expansion used has a
remainder term of appropriate order, see Phillips (2000). It is further assumed that:

1. Equation (7) is over-identified so that K > g + k, i.e. the number of excluded
variables exceeds the number required for the equation to be just identified. This
over-identifying restriction is sufficient to ensure that the Nagar expansion is valid in
the case considered by Nagar and that, at least, the first estimator moment exists:
see Sargan (1974).



2. The T x K matrix Z is strongly exogenous and of rank K and there exists a K x
K positive definite matrix with limit matrix Y77 = lim7_., T~ 'Z’Z. Following
Anderson et. al. (1986, p7) it will also be assumed that T-1Z'Z = Xz, + o(T1).

4. Nagar Approximations to the bias

The 25LS estimator of a = (',7")’ is given by

A 1 N
(VY- Ve Y37 Y- V3
‘= ( ZYe  Z)Z z )% (®)

The Nagar approximation for the bias of the 25LS estimator for « is given by
E(a—a)=[L—-1]Qq+o(T™), (9)

!/
where L = K — g — k is the order of overidentification, ¢ = % [E(%m)
where X = (Z1ly: Z7).
The Mikhail higher-order approximation for the 25LS estimator for «, in the same
framework as Nagar, but extending the expansion to include terms up to Op(T_Q), is given

by

} and Q = (X'X)!

E(a@—a) = (L-1)[I +tr(QC) — (L —2)QC]Qq +o(1/T?), (10)

which adds two terms to Nagar’s result, namely, (L—1)tr(QC)Qq and —(L—1)(L—2)QCQgq,
both of which are O(T~2). The (g + k) x (g + k) matrix C above is defined by

(1/T)E(V3Va) 0O

¢= 0 0

It is apparent that when L is relatively large these added terms can be important. Also,
in the two-equation case, tr(QC)Qq = QCQq so that the higher order terms cancel for
L = 3 while for L > 3 the higher order terms will be opposite in sign to the leading bias
term, see Table 2 of Hadri and Phillips (1999) where this is noted. Hence in models with
a large number of instruments the higher order approximation will be of particular value
since reliance on the leading bias term may severely overstate the bias; in such a case bias
correction may fail. Some evidence for this is given in Iglesias and Phillips (2012), and the
issue will be considered again in an empirical application with large L in Section 7.1.

The assumptions made by Mikhail in obtaining this result were the same as those used
by Nagar so that normality was assumed for the disturbances. It is shown in Section 6 that
the assumption of normality for disturbances can be relaxed, and that the approximation
is modified when the disturbances are asymmetric.



5. An Alternative Approach to Approximating the 2S5LS Bias

In Phillips (2000) an alternative approach to finding 25LS moment approximations
was introduced. To illustrate, consider the estimation of the equation given in (7) by the
method of 25LS. It is well known that the 25L.S estimator can be written in the form

. ( B ) B ( 7' 711, 7' 7 )‘1 ( 1, 7' 27 > an
5 Z\zly 77 AVAS

where Iy = (Z'Z)"'Z'Yy and #; = (Z'Z)~'Z'y,. This representation of 2SLS was con-

sidered in Harvey and Phillips (1980) and in Phillips (2000,2007). As shown in Phillips

(2000), it is possible to write both & = f(vecll;) and v = f(vecll;), which enables a Taylor

expansion of the estimation error &; — oy about the point vecll; as follows:

filveelly) = fi(veell;) + (vee(IT; — I1y)) £V

)

+l(vec(f{1 — Hl))’fi@) (vee(ITy — T1y))

2!
1 . . .
5 IR (s — ) (vee(Tl — 1)) fi (vee( I — 1))
1 ~
—{—IF(Uec((Hl —10)) + op(T_Q) (12)

where fi(l) is a K(g+1) vector of first-order partial derivatives, % : fi(2) isa (K(g+1))x
1

(K(g+1)) matrix of second-order partial derivatives S i R— f-(3) isa (K(g+1))x

> veclly (8vecﬁ1 )7 Jurs

(2)
(K(g + 1)) matrix of third-order partial derivatives defined as fl(il = %, r=1,..,K,

s = 1,...,9 + 1. The derivatives, fl-(l), fi(Q) and fz(?")s are given in Phillips (2000). The
expression F(vec((IT; — II;)) represents the unknown fourth term which will involve the
fourth order partial derivatives and products of four components of vec(f[l —II;). All
derivatives are evaluated at vecll;.

The bias approximation to order T~ ! is obtained by taking expectations of the first

two terms of the stochastic expansion to yield:
1
B — ;) = gtr fPUe (Zz2) 201 o Z(Z’Z)—l)] +o(T7).

When the partial derivatives fi(Q) are introduced and 2{* is interpreted in terms of the
structural parameters, the bias approximation is readily found. It is of interest to examine
this bias approximation further. Note that the approximation changes as the matrix 7
changes. When Q7* = Q ® Ir, which is the case where the rows of the matrix V; are
serially uncorrelated and homoscedastic, the approximation reduces to that given by Nagar:

E(&; — ;) = €;Qq + o(T ™), (13)



where ¢; is (here and throughout) an appropriately sized row vector of zeros with a 1 in
position i. However, to obtain his approximation Nagar assumed that the disturbances
were normally distributed while here it need only be assumed that the row vectors of
V1 obey the Gauss Markov assumptions so that the row vectors are serially uncorrelated
and homoscedastic.

To find the bias approximation to order 772 it will also be necessary to evaluate the
expected values for each of the terms in the expansion in (12). It has proved possible to
find an explicit representation for the first three terms, see Phillips (2000), but it is quite
difficult to do so for the fourth term. Notice that the third term

1

3!
is a linear function of products of three components of vec(Il; —II;) and the bounded third
order derivatives which are evaluated at vec(Il;). It may be shown that the third moment
of the least squares regression estimator is O(T~2), see for example Phillips and Liu-Evans
(2011), from which it may be deduced that the expectation of the third term in (12) is also
O(T~2) and this is evaluated in Appendix 1.

While an explicit representation cannot be found for the fourth term in the expansion,
F(vec((IT; — II})), it turns out that we do not need to do so. It may readily be deduced
that it is a linear function of fourth order products of the components of vec(Il; — II7)
and the bounded fourth order derivatives evaluated at vec(Il;). We find that not knowing
its precise form is of no consequence in context because the fourth moment of the least
squares regression estimator does not depend upon the kurtosis of the error distribution
to the order of the approximation. This is shown in Phillips and Liu-Evans (2011) where
we demonstrate that the fourth moment of the least squares regression estimator in the
general linear regression model has two components. The first of these is O(7~2) while the
second, which involves the kurtosis of the error distribution is O(7~3) and, as such, plays
no role in our approximation to O(7~2). This latter result is also implicit in the work of
Ullah, see Ullah (2004).

Because of this, the expectation of the fourth term in (12) to the order of the approx-
imation will not depend upon the actual distribution of the errors provided the moment
condition on vecV is satisfied. Hence the expectation based upon the normal distribution,
which has already been found by Mikhail, can also be employed for other distributions
and in finding the higher order bias approximation to order T2 the relevant part of the
Mikhail result will simply be added.

SE 59 G — ) (ee(Ty — 1)) £ (vee(TT; — Iy (14)

2,18

6. The Higher Order Bias Approximations for 2S5LS

In this section the bias approximation is presented under weaker conditions than those
assumed by Mikhail. In case the disturbances are non-normal but symmetric, the evalu-
ation of the expected value of the third term in (12) is trivially zero while the evaluation

10



of the fourth term has already been done by Mikhail for the normal distribution and, as
noted at the end of Section 5, the same evaluation will apply here also. Hence the Mikhail
approximation carries over directly for non-normal but symmetric distributions for which

the moment conditions are met and does not depend upon kurtosis. The following theorem
is deduced:

Theorem 1. In the model of Section 8 where the errors are symmetrically but not neces-
sarily normally distributed, the bias of the it" component of the 2SLS estimator in (11) is
given by

E(&i — ) = (L = 1)[ejQq + tr(QC)e;Qq — (L — 2)e;QCQq) + o(T~?)
fori=1,2,...,g+k.

This is exactly the approximation found by Mikhail for the case of normally distributed
errors and the proof of the theorem follows immediately from the preceding discussion. This
result helps to explain the findings of Knight (1985) who, using exact finite sample theory
in the context of a two equation model, found that a moderate level of kurtosis had little
effect on the bias of the 25L.S estimator.

The second case of interest is where the errors are asymmetrically distributed. Now it
is necessary to extend the Mikhail approximation to allow for asymmetry but, again, the
approximation does not depend upon the kurtosis of the error distribution. Introducing
the evaluation of the third term of (12) it is found that the revised approximation is given
in the following.

Theorem 2. In the model of Section 3 where the errors may be asymmetrically distributed,
the bias of the it" component of the 2SLS estimator is given by

E(&; —a;) = (L-1)[e}Qq+tr(QC).c;Qq — (L —2)eiQCQq] +
e QH(B) @ Iy+1) VU H' QX' Ay, + €,(QHQY (1541 ® Bo)H'
+r(QH (I ® Bo)V H') Ty 4 1) QX' Ag
+tr((Iyp1 ® B))QY H'QX'Diag(XQe;) XQH) + o(T™?)
where the effects of the asymmetry of the disturbances are indicated by the presence of the
(g+1)2x (g+1) matriz of third moments Q* which is obtained by stacking the (g+1)x (g+1)

matrices Qijs,s = 1,...,(g+1), which have ij-th element wijs = E(vpivpjvps), p=1,...,T.
The T x 1 vector Ay, has pt* component 2 (X' X))y —2(2'Z) 2y, Bo = (—1,8'), and

H = <8 Ié’) is a (g+k)x (g+1) selection matriz. When 2* is zero the bias approximation
reduces to that of Mikhail (1972).

The proof of the above is given in Appendix 1. If it is required to express the asymmetry
effect in terms of the structural parameters one can replace the transpose of 2* with its

11



-1
g+1
(B’)gjll comprises the first g + 1 columns of (B’)~!, ¥* is the G x G? matrix formed as
¥ = (8451, Bij2, ..o, Dije) and X is a G x G symmetric matrix with general element
equal to the third moment oy, = Elusujiun, i, 5,k =1,...,G.

Notice that the asymmetry effect does not depend explicity on L —1 and so it is present
whatever the order of overidentification; in particular, the asymmetry effect does not go to
zero in this case. The plots in Figure 2 are based on estimates of 81 in a sequence of models
where L = 1 and where different values for the coefficient on the excluded non constant
exogenous variable are considered, see Model Group L below. While the other structural
parameters are the same as Model A and were kept fixed, a choice of v* = (24.49, —0.89)
for the vector of reduced form coefficients yielded the largest asymmetry effect that could
be found in the region [—100, 100]2.

structural parameter representation, viz, Q¥ = ((B’)g_jl)'E*((B’);il ® (B'), ;) where

Model Group L

B = 2.73,85 = —16.39, v = (24.49, —0.89(0.5 + s))’,

5 38.11 —11.78
o\ —11.78 9211 )

On the left in Figure 2 the percentage biases are plotted against F[R?], the Monte
Carlo average of the sample R? values for the first stage reduced form estimate. Lower
values for E[R?] indicate that the instruments are weaker, and correspond to smaller values
of s. The simulations are run for three of the Beta cases used earlier. In particular, the
two dotted lines correspond to structural disturbances with u; and ug skewnesses (v1,73)
of either (—1,1) or (1,—1), while the two solid lines correspond to skewnesses of either
(—0.5,0.5) or (0.5,—0.5), and the dashed line is a case of zero skewness. On the right in
Figure 2, the dotted and solid lines plot the vertical difference between the respective lines
in the previous plot. It is evident here that the moderate levels of skewness are having
a substantial effect on the bias when the instrument is weak but not too weak. When
E[R?] =0, the 25 LS estimator will be equivalent to OLS, which has a smaller asymmetry
effect in this example.
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Figure 2: Simulated Bias of BLQSLS when L =1
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It is apparent that the asymmetry effect is a complicated function of the endogenous
variable parameters in the model and all the third moments of the structural disturbances.
As such it is difficult to deduce its sign or magnitude in general though it is possible to
calculate the value of the approximation for a given structure. The study by Knight (1985)
referred to above also examined the effect of error skewness on the bias of 2515 and found
that a moderate degree of skewness appeared to have only a small effect; however, there
have been no results for substantial departures from symmetry until now nor, indeed, for
cases with a large number of instruments.

Theorem 2 suggests that the magnitude of the bias will increase with K, due to the
three terms involving A,,. Appendix 3 shows that the first of these is bounded below as
follows

LHHCH E
VT 2

where ¢ = (eQH (5} ® Ig+1)QW*HQX')" while ¢ and ||c||, are scalars that do not go to zero
with K. For a given sample size T, this is increasing in K, and the other two terms in
Theorem 2 involving A,., are of the same form and therefore have similar lower bounds that
increase with 7. In practice there will be many cases where the effect of asymmetry does
not increase with K. Theorem 2 applies to 25LS, but the estimator will be equal to OLS
when K =T, and the OLS asymmetry effect may be relatively low. For sufficiently weak
instruments, there may not be much change at all in the asymmetry effect from increasing
K, and it could be decreasing over some or all values of K.

’C/Aa:z‘ >
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Figure 3 presents percentage biases and differences as in Figure 2, but now these are
plotted against K as additional instruments are added to the model. To see a case where the
asymmetry effect would increase with K an initial model with relatively strong instruments
was chosen (Fp,, = 320.89), then, to avoid E[R?] growing too quickly towards 1, the
additional instruments were given a very small reduced form coefficient. The results in
the figure are for a similar model to Model A initially, but with the three reduced form
coefficients multiplied by three, so that v = (3 x 38.126,3 * 6.21,3 % 3.87)". Additional
instruments are added with a reduced form coefficient of 0.000000001. It can be seen that
the effect of asymmetry on bias does increase in this example, though the effect is more
noticable at relatively high skewness values of 3 and -3.

Figure 3: Simulated asymmetry effect on the bias of BLQSLS for different values of K

% Bias Differences in % bias

35

— skewnesses 0.5, -0.5 — skewnesses 0.5, -0.5 -7 -
0 --- skewness zero --- skewnesses 3, -3 7

skewnesses 3, -3

3.0

25

2.0
1

0.5
1

% Bias

15

Difference between % Biases
1.0

7. Empirical applications

7.1. Compulsory school attendance and earnings, Angrist and Krueger (1991)

Angrist and Krueger (1991) investigate the effect of compulsory school attendance on
schooling and earnings levels using US Census data. The topic continues to be interest, see
e.g. Devereux and Hart (2010). Others have investigated the wider benefits of compulsory
education, see Stephens and Yang (2014). Angrist and Krueger (1991) used 25LS estimates
to comment on the bias in OLS estimation of the return to education. Previous studies had
focused on correcting for OLS estimation bias caused by omitted variables that would be
positively correlated with education years, such as ”innate ability”, but the 2S5 LS estimates
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in Angrist and Krueger suggested a negative bias in the OLS estimation of the return to
education. That is to say, the 25LS results suggested that the returns to education were
higher than previously thought.

While the original analysis was concerned with the OLS bias, measured using 25L.S,
this section uses the approximation in Theorem 2 to account for the estimation bias that
arises when using 25LS. The study by Angrist and Krueger is well known, making it
appealing for the purpose of illustration. However, the possibility of weak instruments,
see Bound, Jaeger and Baker (1995), may affect the accuracy of the bias approximations.
Thus the specification in Case 2 of Staiger and Stock (1997) is used, which Cruz and
Moreira (2005) find to be free from the weak instruments problem. The sample sizes are
large, ranging from 247,199 to 486,926 across the three survey cohorts, yet 25L.S biases of
around 3 to 4% in absolute value persist. The interest is in estimation of « in the following
structural equation for log wage, In(W), where i denotes the ith individual while ¢ and j
denote the year and quarter in which the individual was born:

Wi = X{B+) Yil+aEi +u
C
E; = Xr+ Z Qij0; + Z Z YieQij0jc + €.
J c J

Here E; denotes the education years of the ith individual, X; is a vector of covariates, ();;
is a dummy variable taking value 1 if individual ¢ was born in quarter j, while Y. is a
dummy variable taking value 1 if individual ¢ was born in year c. The quarter of birth Q.
and interaction terms Y;.Q;; are correlated with education years, but seem unlikely to be
correlated with omitted variables from the wage equation.

Column (1) of Table 2 replicates the estimates for Case II in Tables 2 of Staiger and
Stock (1997), and provides estimates of the skewness of the wage equation structural distur-
bances, while Column 2 provides the estimated percentage biases, obtained using Theorem
2, with E[Vju1] estimated by VQI’OLS’ITLLQSLS and the elements w;j; of Q* estimated by
Wijs = % Zthl U4;04j0ts, Where Uy is the tl-th element of Vors. Matlab code for this is
available upon request. It can be seen that the estimated biases, as a percentage of the
2SLS estimate, are between -3.47% and 3.82%, depending on the sample. The O(T~?)
estimates for the 1930-39 cohort in Column (2) suggest that the returns to schooling were
3.47% higher, while the estimated returns for the 1920-29 and 1940-49 cohorts were biased
upwards by 2.05% and 3.82%, respectively.
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Table 2: Estimation of «, and the 25LS bias, Staiger and Stock (1997)

I R
Staiger and Stock % Bias % Biasyagar
1920-29 « 0.0633 2.05 2.53
(n = 247199) A(uy) 2,23
1930-39 o' 0.0806 -3.47 -4.22
(n=329509)  4(u1) -2.40
1940-49 « 0.0393 3.82 4.33
(n = 486926) A(uq) -2.31

Column (1) replicates values from Case 2 of Staiger and Stock (1997). Column
(2) estimates the bias using Theorem 2, while (3) estimates the bias using the

original Nagar approximation.

Despite the estimated skewnesses being substantial, the amount of bias that can be
attributed to the third moments of the structural disturbances, according to the analytical
approximation, turns out to be negligible in the present example. It can be seen, though,
that the higher-order bias terms taken as a whole are important. The O(7~2) bias terms
are non trivial and opposite in sign to the Nagar O(T~!) bias, so that the total bias,

o —

% Bias, is relatively small. Thus if the Nagar approximation were used to bias-correct
in this case it would make the bias worse than if the 25LS estimator were not corrected
at all. When the bias approximation up to order O(T~2) is used, though, this mistake is
avoided. The importance of the higher-order terms may be expected, as there are a total of
30 instruments in this specification, making the order of overidentification relatively high
at L = 29. The higher-order bias terms will tend to become more important at higher
values of L, and it was noted in Section 4 that the contribution will be opposite in sign to
the O(T~1) bias.

7.2. The own-cohort supply effect on college wage premia, Fortin (2006)

Fortin (2006) investigates the relationship between state-specific supply of higher educa-
tion college labour in the US and the wage premia obtained by college graduates between
1979 and 2002. The interest is in the estimation of «y in the following inverse relative
demand equation for state s at time ¢, a 3-year pooled time period:

ot = 00+ a1qst + a2qst? + Y + Ss + Py + et

where 75 = In(wk,/w),,) is the college-high school wage gap for young workers, gs; =
In(CY,/HY) is the relative supply of young workers with college education to those without,
qg is the same but for old workers, Yy, is a vector of observable demand variables, while S,
and P; represent state and time effects, respectively. The coefficients can be collected in a
vector a.. The coefficient a; therefore reflects the effect on the wage premium of shifting
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the relative supply of young college workers, and it has implications for higher education
policies and wage inequality.

The relative supply of new college graduates, gs¢, is likely to be influenced by e, the
inverse relative demand shocks to the college wage premium, though, and it is therefore
an endogenous variable. One of the ways Fortin (2006) accounts for this endogeneity
is by using a feasible weighted 25LS estimation, with a number of instruments for gg.
There are four instruments used in Panel C of Table 8 in the paper by Fortin: three
supply-related determinants of lagged enrollment rates in public colleges, along with a
variable representing the lagged level of enrollment in private colleges, making the order of
overidentification L = 3.

The coefficient on qg; is re-estimated by 25 LS here, and the bias is estimated using the
approximation in Theorem 2. The first column of Table 3 presents the feasible weighted
25LS estimates of oy due to Fortin, while the second column is 25LS, with heteroskedas-
ticity robust standard errors in parenthesis. Two estimates are obtained, corresponding
to US states with relatively low and high enrollment in private colleges, where the state
educational policies under consideration do not apply. The results are qualitatively similar
to those of Fortin, in that the point estimates suggest a greater supply effect on the wage
premium in states where enrollment in private colleges is lower; « is still significant at
the 10% level in this part of the sample, and not significant for the states with relatively
high private enrollment, the point estimate also changes sign in this latter case, so that it
is now the same as for the Low Enrollment sample. Moreover, the difference between the
estimates in the two samples is not as pronounced.

Column 3 provides the estimated percentage biases, obtained using Theorem 2 as before.
It can be seen that the estimated biases are quite substantial at 6.6% and 33.6%. In
parenthesis are the proportions of the biases that can be attributed to the third moments
of the structural disturbances according to the analytical approximation. The values are
still low in the present example, though this may be expected given the estimated skewness
of the structural equation disturbances, which is almost zero.
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Table 3: Estimation of a1, and bias statistics

(1) (2) 3 (4)

Private Enroll- Fortin (2006) 2SLS % Bias 0%

ment

Low (N =217) a1 -0.22 (0.08)  -0.13 (0.08)  6.6% (0.39%) 6.75% (0.36%)
A(u1) -0.06 -0.15

High (N = 126) a1 0.11 (0.14)  -0.026 (0.08) 33.6% (0.63%) 93.9% (0.95%)
A(uy) 0.20 0.30

Column (1) replicates the Feasible Weighted 2SLS results, from Panel C of Table 8 in Fortin (2006).
Column (2) presents 2SLS estimates with robust standard errors, (3) presents estimates of the 2SLS bias
using Theorem 2 with the proportion attibuted to skewness in parenthesis, and (4) presents values for the
measure of relative bias risk and the proportion attributed to skewness. The 25LS results are different to
what would be obtained using the Stata code provided on the AER website after removing the weighting
for heteroskedasticity, due to the way in which Stata removes colinear variables in 25LS regression. In

particular, Z in the present setup contains all exogenous data.

The fourth column reports an approximate measure of bias-related risk using the new
analytical bias approximation. This would be relatively challenging to compute for the An-
grist and Krueger (1991) application due to the large sample sizes, but it is straightforward
in the present setting. Recall that, given a model defined in terms of a parameter vector ©
belonging to a space C, a standard measure of global estimation risk for a single parameter
0, see for example E.L. Lehmann (1983), is the mazimum risk given by r = supgcc R(6,9)
where 0 is the estimator of # and R(60,9) = Eg[L(0,9)] is a risk function defined in terms
of a loss function L. If the loss function is set to L(#,9) = |# — J| then R is the absolute
bias in estimation of # at a particular point ® € C' and r is the maximum bias over C.
The term 7199 is an empirical version of this, where the approximate relative bias using
Theorem 2 is numerically maximised over values for the Equation 1 structural coefficients
that lie within narrow 10% confidence intervals. A small confidence level of 10% is chosen
here to compare the bias risk in the Low and High private enrollment states, because wider
confidence intervals for o in the High private enrollment states include zero, where the %
bias is undefined; the confidence interval at 10% is (-0.04, -0.016).

If the bias were simulated for the Fortin model in order to calculate R for a particu-
lar parameterisation, an underlying parametric distrbution for the structural disturbances
would be chosen, along with the structural coefficients for both equations. The absolute
bias could be calculated this way for many different choices of the structural coefficients,
and then the maximum could be taken as an estimate of the global risk . The approxi-
mate bias, however, just requires a specification for E[Vju;] in ¢, and Q*. By setting the
Equation 1 structural coefficients to a new set of values &, different to the 25L.S estimates,
and using the observed data y;, Y2, and Z;, the term E[VQ’ul] can be set to ‘72/’OL5111,
where 41 = y1 — Z1&. By doing this, the structural covariance matrix, and the endoge-
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nous variable coefficient in the relative supply equation (see Fortin (2006)), are implicitly
constrained to take values within the set where the expected value E[Vjuq] is equal to
Vzl,o 1st1. The approximate relative biases are computed for each &, and 714y denotes the
maximum obtained numerically.

The statistic suggests that there is more (relative) bias risk associated with 25LS
estimation in the high private enrollment sample than in the low private enrollment sample,

in addition to the higher point estimate of the bias given in Column 3.

8. Conclusion

The 25LS estimator has an important place in the history of simultaneous equation
estimation and continues to be frequently used in practice; hence, the more that is known
about its properties the better. The results in this paper are of both theoretical and
practical interest. As noted previously, the Mikhail 2515 bias approximation is likely
to be of particular importance when equations are heavily overidentified since then the
higher order terms may be relatively large. The fact that the approximation holds under
symmetric distributions and any degree of kurtosis obviously increases its applicability in
practical cases. However, when the errors are asymmetrically distributed it is seen that
the Mikhail approximation to order 72 no longer holds and we have presented the correct
approximation for such cases.

The earlier work of Knight indicated that the 25LS bias is not much affected by
disturbance kurtosis and our analysis supports this since the O(T~2) bias approximation
is unchanged in its presence. In fact kurtosis is only relevant at the O(T~3) level of
approximation. Knight also concluded that the 25 LS bias was relatively robust to skewness
in the disturbances. Our analysis supports this too for small values of the skewness measure
since the asymmetry effect is of order T=2. However the effect of asymmetry on the bias can
be significant at larger skewness values. More generally, the larger the degree of skewness
the greater the effect on the 2S5 LS bias although the effect of asymmetry on the bias is not
unidirectional. It is found that an increase in disturbance skewness may have a different
impact depending on the sign of the skewness measure. It is shown, using two simple
examples, that increasing positive skewness can lead to a reduction in positive bias or
an increase in negative bias, while an increase in negative skewness may reduce negative
bias or increase positive bias. Thus an estimator may have more/less bias as a result of
asyminetry.

Given the above, it is clear that asymmetry is an important concern when estimating
by 25 LS, as its contribution to bias can be substantial and in either direction. As long as
there is significant estimator bias we shall wish to reduce it and, fortunately, we have the
means of doing so since a bias approximation to order 72, which includes the asymmetry
effect, is available along with code for implementing it. This can be used directly for bias
reduction. It is also possible to estimate the incremental bias that is due to asymmetry and
check the effect it has on the overall bias. Bai & Ng (2005) provide a test for skewness of
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error terms in multiple regression models, and the analysis above suggests that an extension
to models containing one or more endogenous variables would be worthwhile.

While we give particular attention to the effect of skewness on estimator bias, it has
been shown that with or without skewness the higher order bias approximation is to be
preferred, particularly in strongly overidentified cases, since bias correction can break down
if the higher order bias terms are neglected. Indeed the foregoing discussion makes the case
for bias correction to be generally based on the higher order bias approximation.

Finally, the k-class of estimators where k < 1 are also of interest partly because esti-
mators in this class have all necessary moments while 2515 has moments up to the order
of overidentification. As mentioned above, the higher order bias approximation is available
for this class of estimators too.
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Appendix

Appendixz 1: Theorem 2

In this Appendix we evaluate the expectation of the skewness term

% D (fre = ps) (vee(ly — Ty

We commence with the following:

(vec(I; — IIy)).

Lemma 1. E{(7t;s — ms)(vecVy)(vecV)' } = Qijs @ Diag(z,) where

Wils
W21s

Qijs =
L Wy+1,1,s
Zrl

Diag(zr) =

To see this we proceed from

Wy+1,2,s

Wg+1,2,s

E{(#tys — mps)(vecVi) (vecV1)'}y = E{el(Z'Z) " Z'vs(vecVy) (vecVr)'}

V1]

/
= E{(2'2) v, | P

/ /
Vg+1V1  Ug4103

where v; is a T' x 1 vector forming the 4t column of V;.
We shall write e.(Z'Z)"1Z" = z. and e,.(Z'Z) "1 Z'vs = Zlvs and consider E(zZ.vsvv)

v10)
Vo

/
U141

/
V2Vg 11

/
v9+1vg+1

J

with general term FE(Z,vsvpivq;) for p,q = 1,2,...,T, which is non-zero only when the
stochastic terms are of the same time period. When p = ¢ it is seen that E(Z.vsvpivp;) =
E(ZprUpstpiVpj) = Zpjwijs where Z,, is the pt" component of z, and E(vpivpjvps) = Wijs.

More generally,

2rl
0
=/ /
E(zZvs50v}) = wijs
0

= wjjsDiag(z,) for i,5,s =1,2,..., 9+ 1.
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In Phillips (2000) it is shown that the term of interest
1 K g+1

31 2 (s = ) (vee(TTy — 0y)) £ (vee(Ily — 10,)) (15)

r=1 s=1
is equal to the sum of the following three terms:

K g+1
D> (s — ms)(vecVi) {H'QeiBy . Z' XQH @ (Px — Py)}vechy

r=1s=1
K g+1

+ Z Z(ﬁm — 7rs) (vecV)){H'Q(X' ZE,.sH' + HE, . Z' X)Qe; 8y @ (Px — Pz)}vecVy
r=1 s=1
K g+1

+ 3D (s — mps) (vecVh) { Boci QX' ZEp  H'QX' @ XQH M vecV;
r=1 s=1

where E,, is a K x (g + 1) matrix of rank one with unity in the 7, s** position and zeroes
elsewhere, and I* isa T(g+1) x T'(g+ 1) commutation matrix, see Magnus and Neudecker
(1979).

It is required to find the expected value of the above and we shall do so by evaluating
each of the three components in turn.

(a) First term. We examine

(ftrs — mrs) (vecV1) {H'Qe; B\ EL, Z' XQH & (Px — Pyz)}vecVy

= tr[(7rs — mps) (vecVh) (vecVy) { H'Qe; BLEL . Z' XQH & (Px — Pz)}] (16)
where 7, — 7,5, which is the K (r — 1) 4+ st component of Vec(f[l —1II;), and which may
be written as 7,5 — ms = €.(Z'Z) 71 Z'vs. Here €. is a 1 x K unit vector with unity in
the rt" position and zeroes elsewhere. Thus it picks out the r*"component of (Z'Z)~ Z'v,
where v is a T' x 1 vector of reduced form disturbances appearing in the s** reduced form

equation, i.e. the s column of V;.
The term of interest can then be written as

trlel (Z'Z) "1 Z' v (veeVr ) (vecVi ) { H'Qe; By EL Z' XQH & (Px — Pz)}]. (17)
We have shown above in Lemma 1 that
E{e\(Z'Z) ' Z"vs(vecVr) (vecVh)'} = Qijs @ Diag(Z,)
so it follows that
E{tr[e(Z'Z) ™' Z'vs(vecVy) (vecVh ) {H' Qe BOEL, Z' XQH @ (Px — Pz)}]}
= tr[Qjs ® Diag(z.){H'Qe;ByErZ' XQH ® (Px — Pz)}]
= tr{Q;sH'QeByE,,Z' X QH }tr{Diag(z,)(Px — Pz)}.
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Some simplification is possible by writing
tr{Diag(Z,)(Px — Pz)} = %Az

Next we shall write E,5 = ere,, where es is a (¢ + 1) x 1 unit vector with unity in the sth

position. On putting €,8y = B0, the s component of By, the above expression may be
written as

€;QHQijSHIQX,Z€T5302; JAV (18)
Finally we need to find the value of

K g+1

Z Z e;QHQjsH' QX' Ze, Bz, Ay (19)

r=1 s=1
We shall proceed by first finding the summation for » = 1,..., K and so we consider

K
Z e;QHQijsH/QX/ZGTBsOZqCAIZ
r=1

K
= BueiQHQ H'QX' 2 " erel(2'2) ' 7' A,
r=1
= /BSOGQQHQUSHIQX/AIZ

where we have used the fact that Z erel. =Ix and X'Z(Z2'2)"' 7' = X'.

To complete the evaluation we snnply need to sum over s. Hence the final expression is

K g+1
EY Y (Frs — mre) (vecV)) {H'Qei By EL . Z' XQH ® (Px — Py)}vecVi
r=1 s=1
g+1
= iQH() _ BuoQjs) H' QX' A
s=1
= i QH () @ I11) Q" H'QX' Ay, (20)
g+l
Here we have used the result that Y S4i;s can be written as (5 ® I54+1)Q* where Q* is

s=1
a (g4 1) x (g + 1) matrix obtained by stacking the matrices Q;js,s = 1,...,g + 1.
(b) Second term. Recall that this is

K g+1
D (rs — mrs) (vecVi) {H'Q(X' ZE, H' + HE]  Z'X)Qe; 3y @ (Px — Py)}vecV.

r=1 s=1
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The expected value for this term can be found using the same approach as for the above
term as is shown in Phillips and Liu-Evans (2011). In fact

K g+1
B> > (frs — mps) (vecVi) {H'Q(X' ZE, H' + HE Z'X)Qei}y @ (Px — Py)}vecVy}

r=1s=1

= e; (QHY (Ig41 @ Bo)H' + tr(QHQ" (Ig41 @ Bo)H').Ig1r) QX' Ay
e (QHQ (Ig1 @ Bo)H' + tr(QH (Ig11 ® By)QY H') Igir) QX' Ay

(c) Third and final term. The expected value is

K g+1

B > (frs — mrs) (0ecV1) {BoeiQX' ZEn  H' QX' @ XQH Y *vecVi }
r=1 s=1

= tr{(Ip+1 ® B H'QX' Diag(XQe;) XQH}

where Diag(XQe;) is a diagonal matrix with j, " component e;-XQe,- = m;»Qei.
Summing the three terms in (a), (b) and (c) above yields finally:

E{% S5 (s — s wee(ly — ) £ (vee(Tly — T1y))

= el QH(B) @ I,41) U H'QX'A, .
+ e} (QHQY (I41 ® Bo)H' + tr(QH (Ig+1 @ BY)V H').Iyyr) QX' Ay,
+tr{(Iy41 ® B)QV H'QX'Diag(XQe;) XQHY}.

The result is in terms of the (g + 1) x (g + 1)? matrix Q* which itself is obtained by
stacking the matrices €2;;s where the ijthelement of Qyjs is wijs = Elvigvjivg). QF may
be expressed in terms of the structural parameters, see Phillips and Liu-Evans (2011) as
follows:

O = (B ) S (B ® (B) ) (21)
where (B’)g_ilis a G x (g + 1) matrix containing the first (¢ + 1) columns of (B')~'and
where ¥ is a G x G? matrix given by X* = [Z;1, ..., Sijq)-

Appendiz 2

In this appendix we find expressions for the asymmetric terms in the context of the
simple model in Section 2.
Note that yo = Zmwo + vo from which we shall write X = Zmws. We shall also require
ﬁﬂ — (_17ﬁi),7 €; = 17 Q = (ﬂ-éZ,Zﬂ-Q)_l — mv H = (07 1)5 and
Qf — | Wi W2l Wiz w2r2
w121 W21 W122 W222
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‘We now define the vector

Z’(W27T/)Zl / / —1
(X' X))y = 24(Z2'2) 1y zlr%Z’Z/i)rz —24(Z2'2)" 2
A, = oy (X' X)) rwg — (2 7)1 2y _ % —2(Z2'Z) 2
XTX) ey — (2 7)) (ramer .
0T = G e | AR 42
where X/ = (2 d X'A,, = ZG™° s~ (7)1 All ;
= 7h(21, 22, «eor, 27), AN vz = 7 7m Z@zjzj( )z summa

tions run from 1 to 7.
The first of the asymmetric terms is

el QH(B) @ Ij+1) QU H' QX' A,

w11l w121

_ 1 (© 1)[1 0 =B O } W21l w221 <0>
whZ' Zmy 01 0 -5 w112 W12
W12 w222

1 >o(2)ma)? .
[ FéZ3Z7T2 — Zﬂézjzg(Z’Z) zj]

X /
YA
S(zyma)®  Yomhzi(Z2'Z) 2y
= _ — 22
(o) s = =) 2
The second asymmetric term is, using the fact that wioo = woo1,
ei(QHQ (Ig11 ® Bo)H' + tr(QH (Ig+1 ® Bo)V H') Iy 1) QX Ay
D(zjma)®  Yomhe2i(Z'Z) 7z
—9 _ J _ J 23
(w221 51W222) [ ﬂéZ’Zﬂ'Q (’ﬂ'éZ/ZTFQ)2 :| ( )

27



The third asymmetric term is

tr((Iys1 ® By )" H'QX' Diag(X Qer) XQH)
= tr{XQH (I, ® 5,)0" H'QX' Diag(XQe;)}

w11l w121
Zmy 1 =1 0 0 w21l w221 0
=trq{ ——(0,1
T{ng’sz( D [ 0 0 1 —pH } Wiz W22 1
w212 W222
2
wéZl’ZQTrg 0 0 0
zhm
% WéZ/ 0 7réZ2’Z27r2 0
YAVAS
2
0 Wég’;ﬂg
= trd o (wm — Brom)
=tr w7 2 w221 1W222
25w
ﬂélezﬂ'Q Z,Oﬂ_ 0 0 217_[_2
/ !
% 772Z 0 % 0 Zéﬂ'Q
WéZ/ZT('Q
0 2l 2y
whZ' Zmo
> (2ma)?
= _ = J = I, 24
(w221 5100222)[(77,22,27@)3} (24)
Finally, summing (22)-(24), we find that the asymmetric effect
QH(BY @ Iy ) H' QX' Ay s + e((QHA (41 @ Bo)H'
+ir(QH(Ig+1 @ ﬁé)Q*HI)-Ingk)QX/AmZ)
+tr((Igs1 ® By ) H' QX' Diag(XQe)) XQH) + o(T™?)
is equal to
Z(z§w2)3 > Wézjz;(Z’Z)_lzj
3(‘«0221 - 51W222)[(W52,ZW2)3 - (WéZ’ZTFQ)Q
2 (zm2)’? 2
_ =) 7 T 25
+ (wa21 61w222)[(7r§Z’Z7r2)3] o(T™) (25)

for this special case. It is seen that the above expression is of order 772 as expected and
the bracketed terms may go to zero quite quickly as 7' gets large. Clearly (w221 — B1w222)
plays a key role.
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It is helpful to interpret the disturbance skewness factors in terms of the structural
parameters. Noting that

wao1 — Prwzee = E(vl,tvit) - 51E(vg’,t)
E(€1,t + Bieat,  Boc1s + 62,15)2
1= B1P2 1— 5182
Bac1t + €2t 3
_6 ) S i L —— 26
FCT S5, (26)
which with some manipulation simplifies to
o112 + 2011202 + 0

wazy — Brusggy = THLP2 11292 + 0122 (27)

(1 = B1Ba)?
it is clear that this term can be made large for suitable choice of the parameters, especially
since B and B are unrestricted other than the requirement that 5152 # 1.

Consider now the part not involving wag; — Srwaee. If we put 75 = 1_2,7152 then

Y(gm)®  Yomhzzi(2'2) X)X %E(Z2)

= (1= B1Ba)’ [4

(thZ' Z7a)3 (7} Z' Z7s)? (v Z'Z)3 (V2" Z)? o8)
and the expression in (25) is
{(1 = B1B2)(011155 + 2011282 + 0122) }
L0 S0)E(22)
e 2

The terms involving the z;,j = 1,...,T, are O(T~?) and so are likely to become small
quite rapidly as T gets large. However the expression in the numerator (1 — 3152) (0111 ﬁ% +
2011232 + 0122) can be made large through suitable choice of coefficients $; and B2 and the
third moment parameters; hence there will be structures where the non-symmetry effect
on the bias in estimating 32 will be non-trivial despite the fact of being O(T~2).

This simple case suggests that skewness of disturbances seems likely to cause estima-
tion biases to differ substantially in some situations compared to when disturbances are
symmetric.

Appendiz 8 (Asymmetry and K )

Approximate lower bound
The first asymmetry term is

e;QH (By @ Ig11) " HQX' A, (30)
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where Ay, has p-th element x/(X'X) 'z, — 2, (Z'Z)~'z,. This can be written as
A, = (cp —c2) (31)

where ¢ = {€]QH (8{ ® I;41)Q*HQX'}Y, ¢, has p-th element 2,(X'X) 'z, and ¢, has p-th
element 2,(Z'Z)~'z,. The absolute value can be written as

(32)

|C/(Cx —c)| = HCH2H% - CZH26

where [[.||2 is the Euclidean norm. The term ¢ is the cosine of the angle between the vectors
{e!QH(B) @ Ig11)X*HQX'} and A,,, which does not go to zero with K. Similarly, ||c||,
does not generally decrease with K. The following lower bound on the term ||c, — c.||, is
increasing in K though:

chfczm

lea el > H 2 (33)
N HCHV—THCHl (34)
_ trace(Pg;)\/—Ttrace(Pz) (35)
_ K—%—’f (36)
So that
¢ er — ) > 2L ey g (37)

VT

with [|c||, and |¢| not generally decreasing with K.

30



