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Abstract 

Theoretical studies of vehicle-bridge interactions have been conducted extensively, 

but a relatively much smaller amount of work concerns experimental studies of this 

problem. Full-scale tests of vehicle-bridge vibrations can be done to estimate the 

performance of the vehicle-bridge system or validate theoretical models, but are 

expensive compared with small-scale experiments in a lab. In addition, continuous 

bridges are paid relatively much less attention compared with simply supported 

bridges in the literature. This thesis is dedicated to the theoretical and the laboratory 

experimental studies of a four-span continuous plate structure subjected to moving 

cars. 

Firstly, the mode shapes of a multi-span continuous beam are approximated by using 

a number of sinusoidal functions which are the mode shapes of the beam with simply 

supported boundaries. The analytical solution of the continuous beam subjected to a 

moving force can be derived as one simple expression for the whole length of the 

beam based on the approximated modes, and the contributions of bridge frequencies 

to the modal responses of the beam would be clearly shown in the analytical solution, 

which can provide guidance for identifying the modal properties of the beam. This 

idea is illustrated by a two-span beam. The response of a simple beam subjected to a 

moving force is compared with that of a two-span continuous beam. The second part 

of this thesis is about the vehicle-bridge interaction and separation, which are 

investigated by using the moving sprung mass model. 

After that, a general approach of simulating vehicle-bridge interactions is applied to a 

four-span plate structure traversed by one or two moving cars at different speeds. 

There are two types of situations for two cars: the two cars are either separated or 

connected together with pitching rotation allowed for each car. The adjacent loads of 

two-connected-cars are almost equal distance away from each other, which is like a 

series of moving equidistant loads. A Laser Vibrometer is used to measure the car 

speeds, and four laser displacement transducers at each span are utilized to capture 

the structural responses. The theoretical model of the rig is updated and validated 

with experimental results. A frequency spectrum analysis of measured structural 

displacements and an in-depth parametric analysis based on the validated theoretical 

model are carried out. 
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1.   Introduction 

Moving load problems are a kind of dynamic problems in which the load on an 

object changes its location in time at a high enough speed. Examples are many, like 

trains crossing a bridge, bullets being shot out from a gun, a working crane and so on. 

A brief overview of moving load problems can be found in (Ouyang, 2011). In this 

thesis, the vibration of a railway bridge crossed by travelling trains is the concern. 

The vibration of a highway bridge travelled by vehicles is also introduced in the 

literature review as a reference. 

1.1. Train-Bridge Dynamics 

With growing globalization and tourism, the communication between different cities, 

areas and countries is booming, leading to strong demand for fast transportation. As a 

safe, fast and comfortable means of transportation with high loading capacity and 

low energy consumption, high-speed rail has been expanding across Japan, European 

Union, US, China and many other places across the globe (UIC, 2017a). According 

to the International Union of Railways (UIC) (UIC, 2017a), high speed rail is a 

whole ‘system’ constituted by many elements: infrastructure (new built tracks 

especially for high speeds above 250 km/h or existing tracks especially upgraded for 

high speeds up to 200 km/h or even 220 km/h in some cases), rolling stock (specially 

designed train sets), operating conditions and equipment, etc. Japan opened the 

world’s first high speed railway line from Tokyo to Osaka with a designed 

operational speed of 210 km/h (later increased) in 1964. France is thought to be the 

first country in Europe who started the operation of a high speed line between Paris 

and Lyons in 1981, at a speed up to 260 km/h. China has experienced a rapid 

development of high-speed railway in recent decades, ranking first in the world 

currently in terms of the mileage in operation with 23,914 km and construction scale 

of high-speed railway with 10,730 km by 1st March 2017 (He et al., 2017; UIC, 

2017b). The distribution of high-speed railways in Europe and China by 1 March 

2017 can be seen in Figure 1.1 and Figure 1.2, respectively. According to the report 

by UIC (UIC, 2017b), there are 37,343 km long high speed lines in operation and 

15,981 km long high speed lines under construction by 1st March 2017. 
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Bridges are widely built in high-speed railways to provide high enough stiffness for 

the railway infrastructure and save arable lands. For example, the averaged ratio of 

the bridge length to the whole length of railway lines for the major high-speed 

railway operational lines in China is over 50% and the maximum ratio is as high as 

94.2% on the Guangzhou-Zhuhai intercity railway (Sun, 2011; He et al., 2017). 

Short-span bridges are the main bridges constructed in the high-speed railway lines. 

Among them, simply supported bridges make up the largest portion and continuous 

bridges are used for larger spans than the simply supported bridges (Yan et al., 2015). 

 

 

Figure 1.1. Distribution of high-speed railway in Europe by 1 March 2017 (from 
http://www.uic.org, accessed 04/04/2017) 
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Figure 1.2. Distribution of high-speed railway in Asia by 1 March 2017 (from 
http://www.uic.org, accessed 04/04/2017) 

If a vehicle’s mass is not negligible compared with a bridge’s mass, the inertial force 

generated from the transverse vibration of the vehicle must be taken into account in 

calculating the transverse vibrations of the vehicle and the bridge, making the 

calculation complicated. The dynamic response of a bridge subjected to a moving 

load can be much higher than that excited by the corresponding static load (Kou and 

DeWolf, 1997; Baeza and Ouyang, 2008), especially with the presence of bridge 

surface irregularities (Kou and DeWolf, 1997; Pesterev et al., 2004), which causes 

the fatigue of the bridge and reduces the service life of the bridge. Due to the high 

traffic density of high speed rails, this situation for high-speed rails could be worse 

than that in normal rails. Furthermore, repeated high-speed wheel loads may force 

the bridge into resonance (Yang et al., 2004) which amplifies the dynamic response 

of the bridge with time and, therefore, should be avoided in the design stage of the 

bridge. The safety and riding comfort of the high-speed train are also big concerns, 

which raise the research interest in the vibration of the trains (He et al., 2017). A 

better understanding of the train-bridge dynamic system is necessary in order to build 

better bridges to resist vibrations, and to make better trains to reduce the vibration of 

bridges along with enough safety and riding comfort. 



1. Introduction 

4 
 

1.2. Research Motivations 

The vibration of a bridge crossed by moving trains has been studied for more than 

one and a half centuries since the collapse of Stephenson’s bridge at Chester in 

England in 1847 (Iwnicki, 2006). Numerous researchers have dedicated themselves 

to the development of the theoretical models of this problem, initially from the 

moving force model to the moving mass model, the moving oscillator model (Frýba, 

1999) and the moving vehicle model. With the rapid development of computers and 

the Finite Element (FE) method, the structural analysis of complicated and large 

structures has been feasible since the 1940s (Yang et al., 2004), making the 

numerical simulation for a real bridge subjected to travelling trains more 

sophisticated and accurate. 

On the other hand, experimental techniques, like modal testing (Ewins, 2000) and 

ambient vibration testing (Au, 2011) make the identification of structural frequencies 

not hard to achieve. In addition, various sensors, like accelerometers, strain gauges, 

laser vibrometers and so on provide convenient means of measuring the dynamic 

response of real structures. Some wireless sensors, like wireless strain gauges and 

accelerometers (Sekiya et al., 2016) become cheap compared with wired sensors and 

enable the data processing centre to be far away from the sensors. A large number of 

wireless sensors can be placed on a bridge to obtain its mode shapes (Whelan et al., 

2010) or monitor the bridge for a long time (Moreu et al., 2017) at a reasonable cost. 

Theoretical study of the train-bridge dynamics contributes to a better railway design 

and maintenance, but theoretical models need to be updated and validated by 

experimental results. On the other hand, modal testing on a real bridge demands 

placing many sensors on the bridge to identify its mode shapes. In this case, 

theoretical models can be used to predict the mode shapes of the bridge, although the 

accuracy of the predicted mode shapes depends on a variety of factors of the 

theoretical model. 

Full-scale tests on railways are usually conducted to identify the modal properties of 

bridges, validate the theoretical models of a train-bridge dynamic system and so on, 

but demand a close collaboration with railway staff, which may be one of the reasons 

why full-scale experiments of the train-bridge dynamic system are rarely seen in the 
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literature (Green and Cebon, 1994; Xia et al., 2003a; Liu et al., 2009; Zhai et al., 

2013). On the other hand, small-scale experiments in a lab can avoid these 

drawbacks (Stǎncioiu et al., 2011; Yang et al., 2017). Advantages of doing small-

scale experiments in a lab are many. For example, many new sensors and new 

modelling or identification methods are tested in a lab firstly and then applied to real 

scenarios (Li et al., 2015). Furthermore, theoretical models of vehicle-bridge systems 

could be verified by small-scale experimental results. However, reports on small-

scale experiments on the train-bridge dynamic system are few in the literature. This 

thesis is devoted to the theoretical and laboratory experimental studies of the train-

bridge dynamic systems. 

Apart from the above motivations, another motivation of this thesis is about the type 

of bridge to study. Simply supported bridges have been widely studied, but relatively 

much less attention is paid to the study of continuous bridges in the literature. 

Numerical results in section 3.1 of this thesis show that the Dynamic Amplification 

Factor (DAF, which is defined as the ratio between the maximum dynamic 

displacement of a structure at its mid-span and its static deflection at the same place) 

of a two-span continuous beam traversed by a moving force can be as large as 3.21 at 

the second mid-span when the speed ratio of the moving force to the critical speed of 

the beam is 0.85, which is much larger than the maximum DAF of a simply 

supported beam (about 1.75). Normally, only using the first mode of a simply 

supported bridge is good enough to obtain accurate dynamic displacement of the 

beam subjected to moving loads (Yang et al., 2004). However, more modes are 

needed in the calculation for a continuous bridge, as the first few frequencies may be 

close to each other, which can be seen from the values of the dimensionless 

parameter   (the product of wavenumber and span length) for a multi-span beam 

(Blevins, 1979). Therefore, the dynamic effect of a continuous bridge should be 

investigated carefully for designing a safe and long-life high-speed railway. 

The analytical solution of a simple bridge subjected to a moving force can help 

researchers quantify the contributions of different frequency components in the 

dynamic response of the bridge, which can provide guidance for identifying modal 

properties of the bridge, for example, bridge natural frequencies from the structural 

response (Yang and Lin, 2005). However, the analytical solution of a continuous 

beam subjected to a moving force cannot be described by one expression for the 
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whole length of the beam due to the different expressions for the mode shapes of 

different spans of the beam, and the complexity of the solution for a span increases 

with the number of the span. It is worth studying to describe the mode shapes of a 

continuous beam by using one expression for the whole length of the beam and to 

derive the analytical solution of the continuous beam subjected to a moving force. 

1.3. Aim and Objectives 

The aim of this thesis is to study the dynamic interaction between moving cars and a 

four-span continuous plate structure in a lab by theories and experiments in order to 

gain further understanding of vehicle-bridge dynamic interaction. To this end, there 

are several interesting aspects that are worth investigating. 

(1) To describe the mode shapes of a continuous beam approximately by one 

equation for the whole length of the beam and to derive the analytical solution of the 

equation of motion of the continuous beam subjected to a moving load in one 

equation. 

(2) To assess the vibration behaviour of a beam/plate structure excited by a moving 

force model, a moving sprung mass model and a moving rigid body model. 

(3) To implement the Mode Superposition (MS) method and an iterative algorithm 

for analysing moving-load problems. 

(4) To develop a contact loss model for the moving sprung mass model. 

(5) To build a proper theoretical model for an experimental vehicle-bridge dynamic 

system (a four-span continuous plate structure traversed by moving cars) and 

determine its dynamic responses efficiently. 

(6) To identify the material and geometric properties of the experimental system and 

to update and verify the theoretical model with experimental results. 

(7) To study the influences of vehicle speed, vehicle mass, vehicle length, wheel/rail 

contact stiffness and the number of moving vehicles on the dynamic responses of the 

plate structure theoretically and experimentally in the lab. 
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1.4. Outline of the Thesis 

Firstly, a review of more than 200 publications in the area of vehicle-bridge 

dynamics is conducted in Chapter 2, including theoretical work and experimental 

work. After that, a simply supported and a two-span continuous Euler-Bernoulli 

beam traversed by a moving constant force or a moving harmonic force are studied 

analytically in Chapter 3. The mode shapes of a two-span continuous beam are 

described approximately by one equation for the whole length of the beam and used 

in the analytical solution of the beam subjected to a moving force (constant or 

harmonic). 

A beam traversed by a moving sprung mass considering separation between the mass 

and the beam is presented in Chapter 4. The equation of motion of the beam is 

transformed into modal coordinates by using the MS method and coupled with that 

of the mass during the no-separation period. The coupled equation is solved by using 

the Newmark-Beta method. Free vibration occurs for the beam and the mass during 

separation period. The vibrations of a simple beam and a two-span continuous beam 

subjected to a sprung mass are compared with those of the beams traversed by a 

moving force. 

A four-span plate structure traversed by a moving car is studied theoretically and 

experimentally in a lab in Chapter 5. The equation of motion of the plate structure 

and that of the car are solved separately by an iterative method. The Euler-Bernoulli 

beam model is compared with an FE model for the plate structure in terms of the 

modal shapes of the structures. The car is treated as a two degrees-of-freedom (DOFs) 

rigid body with heave and pitch motions. An offset ratio is chosen as an updated 

parameter to make the numerical frequencies of the plate structure closer to the 

experimental counterparts. The theoretical model of the car-plate dynamic system is 

validated by measured displacements of the structure subjected to a moving car at 

different speeds. The spectra of the measured structural displacement responses with 

and without the moving car (free vibration) are also investigated. Then, a parametric 

analysis based on the validated theoretical model is carried out to study the 

influences of car model, point damping (provided by additional supporting actuators), 

car speed, car mass, car length and contact stiffness on the vibration of the system. 
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Two cars are utilized to excite the plate structure in Chapter 6. The two cars are 

either separated or connected by a connector which allows the rotation of each car. A 

number of tests with different car speeds are conducted in the lab. The dynamic 

displacements of the plate structure and time-varying car speeds are acquired. 

Spectra of the structural dynamic displacements are also presented. The influences of 

the number of cars, loads of two-connected cars and car accelerations on the dynamic 

response of the structure are investigated numerically in the last section of this 

chapter. 

Conclusions of this thesis and discussions about future work are made in Chapter 7, 

which is followed by references. 
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2.   Literature Review 

Theoretical models of the train-bridge system have been developed from a moving 

force on a beam to complicated vehicles travelling on realistic FE-modelled bridges 

(Yang et al., 2004; Thompson, 2008). The solutions of theoretical models range from 

analytical solutions to numerical solutions. However, there is a trade-off between the 

complexity of the system model and the computational time. It is of significant 

importance to establish a theoretical model of the vehicle-bridge system with 

acceptable computational efficiency based on the desired accuracy for the results and 

the complexity of the system. 

To predict accurately the dynamic responses of a specific real vehicle-bridge system, 

accurate information about the parameters, like the geometry, material properties, 

boundary conditions and modal properties of the system is necessary. Such 

information may be obtained from the design company of the bridge and the train 

manufacturer. However, the physical values of these parameters are different from 

the design values because of the errors caused by the structural construction, the 

manufacturing process and the aging effect. In this case, obtaining actual values of 

the system parameters becomes important for predicting accurate results and 

detecting damage of the system. In engineering, modal testing is usually carried out 

to obtain the modal properties (frequencies, damping and mode shapes) of the bridge 

and the train. These obtained modal properties are often used to update the 

theoretical model (Aktan et al., 1998; Sehgal and Kumar, 2016; Yang et al., 2017) or 

assess the state of the system (Zhu and Law, 2015). Impact hammer testing and 

shaker testing are two common methods to excite small structures for modal testing 

in the lab, but they are expensive and sometimes hard to implement for bridges in 

reality. 

On the other hand, moving vehicles can excite bridges to vibrations with high signal-

to-noise ratios, which is very helpful for modal analysis of the bridges. Normally, 

sensors can be placed on a bridge to obtain the modal properties of the bridge. 

However, it was found that the modal properties, including frequencies and mode 

shapes could also be extracted from the responses of vehicles passing over the bridge 

(Yang and Lin, 2005; Yang et al., 2014; Zhu and Law, 2015). Actually, the responses 
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of the bridge or the vehicles contain the information of the whole train-bridge system 

because of the interaction between the trains and the bridge, which is a characteristic 

of the interaction system and could provide different means of identification for the 

interaction system. Similarly, the properties of the vehicles can be extracted from the 

responses of the vehicles (Yang and Lin, 2005) or the bridge (Karoumi et al., 2005; 

Deng and Cai, 2009). The contact forces between the vehicles and the bridge can be 

identified either from the instrumented bridge (Chan and Ashebo, 2006; Yu and 

Chan, 2007; Deng and Cai, 2010b) or from the instrumented vehicles (OBrien et al., 

2014). 

The theoretical and experimental work in the field of vehicle-bridge interaction is 

reviewed in this chapter. Firstly, various theoretical models are classified into four 

main categories based on vehicle models, namely the moving force model, the 

moving mass model, the moving oscillator model and the moving vehicle model. The 

applications of moving load in the identification of vehicle or bridge properties are 

discussed in the following section. There are two main types of identification 

parameters: bridge parameters, including bridge material properties, bridge modal 

properties, bridge damage like cracks etc.; and vehicle parameters, including axle 

loads and distance, vehicle speed and so on. Another important approach for 

studying the train-bridge dynamic system is experiments, including field tests and 

laboratory tests, which are all overviewed in the last two sections. 

2.1. Theoretical Work 

While a moving train-wheel load can be treated as a moving force, a moving mass, a 

moving oscillator or a more complicated moving vehicle consisting of springs, 

dashpot and rigid-bodies in theoretical models, a bridge can be modelled as a beam, a 

plate or an FE model (Au et al., 2001; Nguyen et al., 2009; Xia and Zhang, 2005; 

Zhai et al., 2013). If the moving load was treated as a moving force, it would not be 

hard to solve the problem. Taking a constant force moving at a constant velocity on a 

simply supported beam for example, the equation of motion of the beam after 

applying MS method has the same form as a single DOF system excited by a 

harmonic force, which can be solved analytically (Frýba, 1999). On the other hand, if 

the mass of the moving vehicle is considered, the contact force between the vehicle 

and the bridge would change with time, as the contact force includes an inertial force 
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of the vehicle. The inertial force is dependent on the motion of the vehicle, which is 

influenced by the motion of the bridge, so the contact force actually is an interaction 

force varying with time. In this case, the equation of motion of the bridge cannot be 

solved analytically. 

In order to determine the dynamic response of the bridge under moving vehicles, MS 

method can be used to separate the space component from the time component in the 

whole solution. The whole solution is equal to the sum of different modes multiplied 

by their corresponding modal coordinates. Another way is the direct method (Song et 

al., 2003; Lou, 2007; Neves et al., 2012). By using the FE method, the whole 

solution is discretized into a number of elements in space and nodal coordinates in 

time. The solution of a point within an element is given by the product of the nodal 

coordinates of the system and the shape function of the system. As for the dynamic 

response of large structures, the number of structural modes needed for computation 

is much smaller than the number of DOFs of the structures’ FE models, thus the MS 

method is generally thought to be highly efficient in this case, compared with the 

direct method.  

After applying the MS or FE method, only the generalised or modal coordinates in 

the time domain are the remaining unknowns in the equation of motion of bridges. 

The next question is to solve the equations of motion of the bridges and vehicles. 

There are generally two methods: the coupled method (Yang et al., 2000; Sun and 

Dhanasekar, 2002; Zhai et al., 2009; Lou et al., 2012) and the iterative method (Lei 

and Noda, 2002; Nguyen et al., 2009; Liu et al., 2009; Feriani et al., 2010; Zhang and 

Xia, 2013). The coupled method eliminates the contact forces from the equations of 

motion of the bridge and vehicles. Then the equations of motion of bridges and 

vehicles are actually combined to one equation with time varying mass, damping and 

stiffness matrices, which can be solved by a numerical integration method. The 

Component Mode Synthesis (CMS) method (De Salvo et al., 2010; Salcher and Adam, 

2015) is one example of the coupled method. It combines the DOFs of the bridge in 

modal coordinates with the DOFs of the vehicle into one equation of motion for the 

whole system. On the other hand, the iterative method solves the equations of motion 

of the bridge and vehicles separately by imposing the displacement compatibility and 

force equilibrium at the contact interface. A numerical integration method is still 

needed but the equations do not have time-varying coefficient matrices. Some other 
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methods to solve the vehicle-bridge interaction problem are exemplified in the 

following. Neves et al. (2012) combined the equations of vehicles and a bridge with 

additional compatibility equations, leaving displacements and contact forces as 

unknowns. The combined equation was then solved directly by a block factorization 

algorithm. However, the wheel/rail contact loss was not allowed. This drawback was 

then resolved in (Neves et al., 2014). Liu et al. (2014) proposed a non-iterative 

method to solve the motion of the vehicle and that of the bridge separately by 

estimating the forces acting on the vehicle at every time step from the displacements 

and velocities of the wheel sets at the previous time step under the condition of small 

enough time steps. 

For the integration methods, Zhai (1996) proposed a predictor-corrector integration 

method to analyse large-scale linear algebraic equations with diagonal mass matrixes. 

This method combined a new explicit method and the Newmark method and avoided 

solving the linear algebraic equations. Hence the integration efficiency was improved 

compared with implicit integration methods. Due to the usage of the predictor, the 

accuracy of the method was higher than explicit integration methods. 

Basically, a real bridge vibrates in three directions. These three vibrations influence 

each other through the wheel/rail contact, but the influence is sometimes small and 

could be ignored depending on the situation and the purpose of the study. The 

vertical vibration of a bridge is one of the major concerns in design. The lateral 

vibration of the train-bridge system is important in studying train derailment (Xiao et 

al., 2010). The longitudinal vibration of the rail is a big factor affecting the wheel 

and rail wear. In this thesis, the vertical vibration of the bridge is the only concern. 

The influences of the lateral vibration and longitudinal vibration on the vertical 

vibration of the bridge are small for the experimental rig in the lab and thus ignored. 

However, the lateral vibration and the longitudinal vibration of the train-bridge 

system are also mentioned at appropriate places in this chapter.  

2.1.1. Moving force model 

Many researchers’ interests have been attracted to the vibration of a bridge subjected 

to moving trains since Stephenson’s Bridge collapsed in 1847 in England (Iwnicki, 

2006). If the mass ratio of a vehicle to a bridge is small, the vehicle-bridge dynamic 

system can be modelled as the moving force model (Figure 2.1).  
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Figure 2.1. Moving force model 

(a) Theoretical model 

Stokes is believed to be the first researcher who treated the train-bridge dynamic 

system as a moving load problem (Timoshenko, 1953). Olsson (1991) solved the 

moving force problem by both an analytical method and the FE method. 

Assumptions inherent in the problem were also discussed. Fryba (1999) gave the 

derivation process for the closed-form solutions of the vibration of an Euler-

Bernoulli beam crossed by a moving constant force in different scenarios and 

validated the theoretical results by comparing with experimental results in his 

monograph. The moving harmonic force problem was also discussed and validated 

by experimental results of the vibration of a bridge excited by a moving locomotive. 

Fryba also considered the scenario of a strip of distributed force moving on a beam to 

simulate the dynamic response of a large-span railway bridge subjected to a number 

of train carriages. Savin (2001) derived the analytical solution for the vibration of 

beams passed over by successive moving forces. A simplified method of calculating 

maximum dynamic deflection of the beam under successive forces was given. 

Pesterev et al. (2003b) determined the function of the maximum deflection of a beam 

with respect to the velocity of a moving force based on the first beam mode. Garinei 

and Risitano (2008) firstly analysed the dynamic responses of small and medium 

bridges travelled by a combined force including a constant component and 

alternating components in the range of 0-6 Hz. Then several equidistant combined 

forces were studied. The results showed that alternating forces, even with much 

lower amplitudes than that of the constant force, could lead to unacceptably large 

deflections and thus should be reduced. Dimitrovová and Varandas (2009) analysed 

the effect of the sudden change of the foundation stiffness of a beam on the critical 

speed of the moving load at which the first mode of the beam is excited into 

resonance.  
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Wu et al. (1987) studied the vibration of a multi-span plate subjected to one or a 

series of forces moving at variable speeds by the FE and MS methods. Wang and Lin 

(1998) firstly carried out the modal analysis of a multi-span Timoshenko frame 

structure, taking account of the effects of axial inertia, rotatory inertia and shear 

deformation of each frame. The vibration of the frame structure excited by a moving 

concentrated force or a moving distributed force was studied by the MS method next. 

Yau (2001) studied the impact factor of continuous beams subjected to a series of 

moving forces. It was found that the number of spans reduces the impact factor of the 

beams. Martinez-Castro et al. (2006) tackled the vibrations of non-uniform multi-

span beams traversed by moving forces by using a semi-analytic method. The 

numerical mode shapes of the beams were firstly obtained by the FE method. Then 

the resulting equations of motion of the beams after applying the MS method were 

solved analytically. 

Belotserkovskiy (1996) studied the vibration of an infinite beam resting on identical 

periodic simple elastic supports subjected to a harmonic concentrated force by using 

the Fourier Transformation. Jin (2004) studied the vibration of an infinite beam on a 

poroelastic half space passed over by a harmonic force by using Fourier 

Transformation. Kargarnovin and Younesian (2004) were concerned with the 

dynamic response of an infinite Timoshenko beam resting on a generalized 

Pasternak-type viscoelastic foundation subjected to an arbitrary-distributed moving 

force. 

Eftekhari and Khani (2010) firstly used the FE method to discretize the spatial 

domain of the equation of motion of the moving force-beam system. Then the 

Differential Quadrature Element (DQE) method was employed in each time step to 

solve the resulting time domain equation. Hu et al. (2013) adopted a generalized 

multi-symplectic integrator method to deal with the moving force problem.  

(b) Resonance and cancellation 

The free vibrations of a bridge passed by train loads may cancel to null, which is 

known as the phenomenon of cancellation, or on the other hand appear to be in 

resonance because of the accumulation of the free vibrations. Yang et al. (2004) used 

a series of forces to simulate a number of train carriages. The closed-form solution of 

the dynamic response of a simply supported beam traversed by a sequence of moving 
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forces was derived. The phenomenon of resonance and cancellation were identified 

and the optimal design criteria were proposed for bridges. Museros et al. (2013) 

analysed the free vibrations of a simply supported beam and an elastically supported 

beam after the exit of a moving force. The scenarios of cancellation and maximum 

response were discussed. Xia et al. (2014) derived the analytical solutions for a 

simply supported beam subjected to a moving force or a series of moving forces. For 

each scenario, the conditions for the cancellation and resonance were discussed. 

Then a numerical study for the dynamic response of a bridge under high-speed trains 

was carried out to verify the analytical solutions. Sha et al. (2016) investigated the 

resonance and cancellation phenomenon in a periodic viaduct under a series of 

equidistance moving forces. 

(c) Train-track vibration 

The vibration of the railway track system resting on the ground subjected to train 

loads is another interesting research topic which has drawn much attention. A few 

examples can be found in (Steenbergen and Metrikine, 2007; Koziol et al., 2008; 

Sheng, 2015). Steenbergen and Metrikine (2007) studied the beam resting on the 

half-space to a moving harmonic force by using three different approaches. Hoang et 

al. (2017) studied analytically the vibration of a periodically supported beam 

subjected to moving forces and applied to a non-ballasted railway track. Zhao et al. 

(2017) studied the nonstationary random vibration of an infinite beam resting on a 

Kelvin foundation subjected to moving random forces by using the Pseudo 

Excitation Method (PEM) and the Fourier Transform. 

2.1.2. Moving Mass Model 

When the inertial effect of moving vehicles cannot be ignored, it is essential to use 

more complicated models for the vehicles. The moving mass model (Figure 2.2) is 

the simplest model including the inertial effect of a moving vehicle. If the contact 

stiffness and contact damping are also considered, the moving sprung mass model 

(Figure 2.3) is needed.  
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Figure 2.2. Moving mass model 

 

Figure 2.3. Moving sprung mass model 

(a) Traditional approach 

Ting et al. (1974) derived the integration form of the equation of motion of the mass-

beam dynamic system by using a Green function. A backward difference method and 

a numerical integration method were applied for the time domain and the spatial 

domain, respectively. Humar and Kashif (1995) studied the vibration of a plate 

travelled by a sprung mass by using the FE method. Pesterev and Bergman (2000) 

improved the solution for the shear force and bending moment of a beam subjected 

to a sprung mass with an arbitrarily varying speed. Pesterev et al. (2003a) compared 

the moving sprung mass model with the moving mass model and found that the 

dynamic stress of the beam varies with the model even when the contact spring 

stiffness of the sprung mass becomes infinite. The reason was thought to be the high 

frequency components in the contact force for the moving sprung mass model, which 

did not vanish with the increase of the contact spring stiffness. Bowe and Mullarkey 

(2008) derived the final forms for a beam subjected to a moving mass by both the 

direct method and the MS method, and compared the results by these two methods 

with those in the literature. Feriani et al. (2010) compared the performance of two 

iterative schemes which act on the whole time history (WTH) and in the single time 

step (STS), respectively.  

Akin and Mofid (1989) determined the vibration of a beam with various boundary 

conditions subjected to a moving mass by using an analytical-numerical method and 
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compared the result with that obtained by the FE method. Chatterjee et al. (1994a) 

investigated the vibrations of continuous bridges with surface irregularities subjected 

to a moving mass or a moving sprung mass. The MS method and the iterative 

method were utilized to solve the problem. Yang et al. (1995) performed a 

parametric study for various simple and continuous beams traversed by one or two 

bidirectional five-axle trucks. Each truck was modelled as three lumped masses 

resting on the beam with three sets of springs and dashpots. The effects of a defined 

speed parameter, the vehicle/bridge frequency ratio, the bridge damping and the 

bridge surface roughness on defined impact factors (the increase between the 

dynamic response and the static response divided by the static response) were studied. 

De Salvo et al. (2010) found the mode shapes of continuous beams with non-uniform 

cross sections and solved the moving mass-beam problem by using the CMS method. 

Mamandi and Kargarnovin (2010) carried out a parametric sensitivity analysis of the 

dynamic response of an inclined Timoshenko beam travelled by successive (mainly 

one or two) moving masses/forces. The mass of the moving mass or equivalent 

moving concentrated force, the speed of the moving mass/force, the beam’s 

inclination angle, length of the beam, height of the beam and spacing between 

successive moving masses/forces were taken into account. Nikkhoo et al. (2014) 

tackled the vibration of an undamped Kirchhoff plate excited by two streams of 

successive moving masses with opposite travelling directions representing traffic in 

two lanes on a bridge. Yamchelou and Nouri (2016) did a parametric study for the 

vibration of a beam excited by a moving mass with different accelerations and mass 

ratios between the mass and the beam. 

(b) Contact loss 

Lee (1995) is thought to be the first researcher who took into account of the effect of 

separation between the moving mass and the beam. He found that the application of 

suitable tensile axial forces on the beam could help avoid the separation between the 

travelling mass and the beam. Lee (1996) also showed that there was a higher chance 

for separation between the mass and the beam to occur when the mass ratio of the 

mass to the beam increased, especially at high velocity of the mass, and the effect of 

separation on dynamic response of the beam could be significant. Pesterev and 

Bergman (1998) proved theoretically that the time-varying mass matrix of the mass-
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beam system was invertible. 

(c) Other approaches  

Apart from the traditional methods to solve the train-bridge dynamic problem, there 

are some other methods. Cifuentes (1989) determined the vibration of a beam excited 

by a moving mass by using a combined FE/Finite Difference (FD) method. Rao 

(2000) studied the internal and external resonances of an Euler-Bernoulli beam 

subjected to one or a series of moving masses by using a perturbation approach 

based on the method of multiple scales. Verichev and Metrikine (2000) investigated 

the dynamic rigidity of a Timoshenko beam resting on an elastoviscous base in a 

moving contact with a mass by using the Fourier Transformation. DeFaria and 

Oguamanam (2004) studied the vibration of a plate under a moving mass by using 

adaptive Mindlin elements and the perturbation method. Bajer and Dyniewicz (2009) 

used the space-time FE method to solve the moving mass problem. Kumar and 

Saleeb (2009) modelled the interaction between masses/oscillators and a beam/plate 

in ABAQUS by using the ‘hard’ contact and contact loss was allowed. Chen et al. 

(2014) studied the interaction between an accelerating mass and a Timoshenko beam 

by using the Spectral Element Method in Time Domain (TSEM). 

2.1.3. Moving Oscillator Model 

A more realistic model for a train is the moving oscillator model (Figure 2.4) which 

is made of an unsprung mass, a sprung mass and a spring or a dashpot connecting the 

two masses.  

 

Figure 2.4. Moving oscillator model 
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(a) Theoretical model 

Olsson (1985) proposed a general vehicle-bridge element to model the vehicle-bridge 

interaction phenomenon with the MS method. Klasztorny and Langer (1990) studied 

the dynamic stability and the steady-state response of a single-span beam subjected 

to a stream of moving oscillators. Yang and Lin (1995) defined an interaction 

element comprised of a bridge element and the suspension units of a vehicle 

(modelled as an oscillator) resting on the bridge element. The DOFs of the vehicle 

body were eliminated on the interaction element level by using the dynamic 

condensation method. However, the accuracy of the vehicle response was not good 

enough. Such a drawback was overcome by modelling vehicles as oscillators (Yang 

and Yau, 1997; Yang and Wu, 2001). Cheung et al. (1999) studied the vibration of a 

multi-span non-uniform beam travelled by one or a series of moving oscillators by 

using the MS method with assumed beam modes. Cheng et al. (2001) presented a 

vehicle-track-bridge element to consider the effect of track structure on the dynamic 

response of the vehicle-track-bridge system. While the vehicle was treated as a 

moving oscillator, the track was modelled as a Bernoulli-Euler beam supported by 

springs and dampers connecting the track with the bridge deck. Biondi et al. (2005) 

studied the dynamics of the train-track-bridge system by using the CMS method to 

couple the continuous media (rails and bridge) and the oscillators (train loads). 

Muscolino et al. (2009) revealed theoretically that the influence of impulse on the 

dynamic response of oscillators was significant when the oscillators entered and left 

a bridge.  Wang et al. (2010) studied the resonance of a two-span continuous beam 

under a series of moving oscillators. It was found that the continuous beam could 

have two critical speeds corresponding to two resonance responses under a certain 

range of the span length at the train speed of 500 km/h.  

(b) Contact loss 

Cheng et al. (1999) studied the separation between moving oscillators and a multi-

span continuous beam by using numerical modal shapes obtained by means of the FE 

method. The impact at the moment of reattachment was implemented through a 

proposed algorithm. Stǎncioiu et al. (2008b) studied the separation between an 

oscillator and a beam and the reattachment effect afterwards. The scenario of a 

moving oscillator moving on a truss structure considering the separation and 
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reattachment between the oscillator and the truss structure was studied by Baeza and 

Ouyang (2008). The MS method and the FE method were utilized to solve the 

oscillator-structure dynamic problem. Michaltsos (2010) studied the oscillator-beam 

interaction considering irregularities of the beam and separation between the 

oscillator and the beam. Ebrahimi et al. (2015) studied the vibration of a simply 

supported Euler-Bernoulli beam with different numbers (zero to three) of 

intermediate supports subjected to a moving oscillator. 

2.1.4. Moving Vehicle Model 

With the development of high-performance computers, it becomes possible for 

researchers to establish and calculate the moving vehicle model (Figure 2.5) with 

more details about the train. Whereas the bridge model is usually built in a 

commercial FE software, the vehicle model is normally established analytically by 

treating it as a rigid-body structure with connecting springs and dashpots (Au et al., 

2001). Using the FE method to establish both the vehicle model and the bridge model 

was also studied in (Li et al., 2010; Neves et al., 2012).  

 

Figure 2.5. An example of moving vehicle model 

(a) Vehicle and bridge model 

Fryba (1968) studied the vibration of a simply supported beam subjected to a 

travelling two-axle system considering beam surface irregularities. Hwang and 

Nowak (1991) conducted the parametric analysis of the dynamic loads exerted on a 

bridge with surface roughness subjected to trucks. Truck type, total weight, axle 

distances, and speed were treated as random variables and simulated by the Monte 

Carlo method. The bridge surface roughness was simulated by a Power Spectral 

Density (PSD) function. Composite steel girder bridges and prestressed concrete 

girder bridges were studied. Chatterjee et al. (1994b) investigated suspension bridges 
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with different boundary conditions traversed by a moving vehicle. The vehicle 

models in 1D, 2D and 3D were compared. Marchesiello et al. (1999) studied the 

dynamic response of a three-span plate interacting with a seven-DOF moving vehicle 

by using the analytical modes of the plate. Lou and Zeng (2005) derived the equation 

of motion of a vehicle-bridge dynamic system based on the stationary value of the 

total potential energy of the dynamic system with the assumption of no separation 

between wheels and rails, which was solved by a numerical integration method. 

Ouyang and Mottershead (2007) studied the vibration of a beam excited by a moving 

flexible body with conformal contact by using a combined numerical-analytical 

method. Xia and Zhang (2005) combined the MS method with the FE method to 

simulate the dynamic interaction between the China-Star high-speed train and a 

bridge with 24 m-span prestressed concrete box girders on the Qin-Shen Special 

Passenger Railway in China. Zhai et al. (2013) established a train model with 35 

DOFs for every carriage and illustrated in detail that strong dynamic interactions 

existed within the system of the train, track and bridge and it was necessary to 

investigate train-track-bridge dynamic interaction. Yang and Yau (2015) studied the 

resonance caused by the pitch motion of a vehicle passing over a number of simple 

bridges. 

Lou (2005) introduced a bridge-track-vehicle element to take into account the 

pitching effect of the vehicle. The vehicle was modelled as a four DOFs multi-body 

with one car-body, two wheels and springs and dashpots connecting the car-body and 

the wheels. Lei and Noda (2002) studied the interaction between a vehicle and a 

track system with random vertical track profile by the FE method. The equations of 

motion of the vehicle and the track system were established separately and solved by 

an iterative method. Pesterev et al. (2004) derived the analytical solution for the 

contact force between a moving vehicle and road surface with irregularities by using 

the MS method. Xu et al. (2009) studied the random vibration between a moving 

vehicle and a Kirchhoff plate on a Kelvin foundation by using a 2D moving element 

method and the Pseudo Excitation Method (PEM). Lou et al. (2012) proposed a rail-

track-bridge element with the length of the bridge element longer than that of the rail 

element.  

Li and Su (1999) simulated the resonant vibration of a girder bridge traversed by a 

number of train carriages using the moving force model and the moving vehicle 
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model, respectively. It was found that the resonance of a small or medium-span 

girder bridge subjected to a high-speed train with many vehicles may be caused by 

the free vibration of the bridge. Zhu and Law (2002) investigated the vibration of a 

multi-lane continuous bridge deck travelled by a number of vehicles. Each vehicle 

was modelled as a seven-DOF system. Xia et al. (2003b) analysed the dynamics of a 

high-speed railway bridge under articulated trains. Nguyen et al. (2009) simulated a 

real train consisting 15 vehicles passing over a slab simply supported bridge. Each 

vehicle was modelled as a 27 DOFs system and the bridge was discretized into 

different elements. An iterative method was implemented to solve the train motion 

and the bridge motion through a linear contact model. Guo et al. (2012) established a 

three-dimensional (3D) model for a train-track-bridge dynamic system, where 

several identical vehicles were included (each vehicle treated as a 27 DOFs rigid-

body structure) and a rail-ballast-beam FE model was built for a bridge. The MS 

method was applied for the equation of motion of the bridge and the coupled 

equation of motion of the train-bridge system was derived based on the wheel/rail 

rigid contact. The simulated results had good agreement with field measured results. 

Huang and Wang (1998) analysed the effect of the longitudinal grade on the 

vibration of highway bridges passed over by different vehicles. The eleven-DOF 

vehicle model was established to represent the HS20-44 truck in America. Three 

multi-span girder bridges with rough bridge decks were considered. Cojocaru et al. 

(2004) studied the vibration of a beam traversed by a moving second elastic beam 

which was represented as a train and connected with the beam by means of a rigid 

interface. Xu et al. (2011) did a sensitivity analysis for a vehicle-bridge system with 

random surface roughness by using PEM and the Precise Integration Method (PIM). 

Then the sensitivities were used in the optimization at the design stage with the 

riding comfort of the vehicle as an objective function. Zhang and Xia (2013) 

compared the time-step iteration (TSI) method with the inter-system iteration (ISI) 

method applied in the vehicle-bridge interaction system. Lou and Au (2013) derived 

the formulae for calculating accurate bending moments and shear forces of 

Bernoulli-Euler beams under moving vehicles by using the FE method. Doménech et 

al. (2014) did a comprehensive sensitivity analysis for the vehicle-bridge interaction 

parameters by using different vehicle models. 

 



2. Literature Review 

23 
 

(b) Wheel/rail contact 

Stǎncioiu et al. (2008a) considered the separation and reattachment of a two-axle 

system moving on a beam. The wheel/rail contact was assumed to be at a point. 

There are four possible contact scenarios for the two-axle system travelling on the 

beam: only the front wheel, only the rear wheel, no wheels or both wheels separated 

from the beam. In each scenario, the equation of motion for the whole system is 

different and the contact scenario at every time step needs to be judged. The 

vibration of a continuous beam with multiple elastic supports travelled by a two-axle 

system considering separation and reattachment was also studied by them (Stǎncioiu 

et al., 2009). Zhu et al. (2015) used a linear complementarity method to study a 

vehicle-bridge dynamic system considering separation and random roughness and the 

conventional trial-and-error iterative process in numerical simulation was avoided. 

Liu et al. (2008) studied the dynamic response of a simply supported bridge 

traversed by vehicles (each vehicle modelled as a ten-DOF system) with Hertz 

contact springs considering separation. Dinh et al. (2009) investigated the scenario of 

a ten-car train passing over a two-span continuous beam at different speeds and rail 

irregularity wavelengths. While each car was modelled as a 31 DOFs rigid-body 

structure composed of one car body, two bogies and four wheel-sets with connecting 

springs and dashpots, the bridge FE model was built by using 3D beam elements. A 

3D wheel/rail rolling contact model was established based on Hertz and Kalker 

contact theories and separation was allowed at the wheel/rail interface. Ju (2013) 

studied the influence of the displacement difference between two adjacent simply 

supported girders caused by foundation settlements or rotations on train derailment 

coefficients. The wheel/rail separation was considered in a nonlinear moving wheel 

element. Salcher and Adam (2015) included Kalker’s linear creep theory in the train-

bridge interaction model by using a modified CMS method. An example of a 

ballasted single-span steel bridge traversed by a Railjet train with seven passenger 

cars was studied. It was concluded that a sophisticated model of the train-bridge 

system was essential for quantifying the effect of rail irregularities on the system 

dynamic response. 

It should be noticed that the point wheel/rail contact assumption is acceptable for 

calculating the vertical dynamic responses (displacement and acceleration) of the 
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vehicle and the bridge (Ju and Liao, 2010; Guo et al., 2012; Antolín et al., 2013). 

However, if the accurate contact force or the contact stress/strain is the concern, e.g. 

in studying the train safety or rail wear, more sophisticated wheel/rail contact models 

are needed (Antolín et al., 2013). For sophisticated wheel/rail contact theories, one 

may refer to the detailed overview by Kalker (1991). As the dynamic responses of 

the vehicle and the bridge are the main concerns in this thesis, the point wheel/rail 

contact assumption is adopted. 

(c) Vehicle-track vibration 

Sheng et al. (2004) developed a theoretical model incorporating vehicles, a track 

with irregularities and a layered ground to predict the dynamic wheel-rail forces and 

the displacement power spectra of the track and the ground surface. Ma and Liu 

(2016) proposed a theoretical model based on the periodic-Fourier-modal method for 

studying the vibration of a floating slab track with random irregularities subjected to 

a number of vehicles. 

2.1.5. Identification of a Vehicle-Bridge System 

Apart from using the aforementioned various theoretical models of the vehicle-

bridge dynamic system to predict the dynamic responses of the system, identifying 

the system properties from vehicular or bridge responses is another important 

research topic and reviewed in this section. Please note that identifications for the 

vehicle-bridge system are discussed theoretically only here. The applications in 

reality are described in section 2.2 (experimental work). 

(a) Identification of modal properties of bridges  

Unlike traditional methods of identifying the modal properties of bridges by using 

sensors to measure the dynamic responses, extracting modal properties from vehicle 

responses does not need the installation of sensors on bridges and could scan the 

modal properties of a number of bridges with high efficiency. Hence this approach 

has drawn much research interest in recent years.  

To identify bridge frequencies from vehicle responses, Yang and Lin (2005) derived 

the analytical solution for the dynamic responses of both the moving sprung mass 
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and an Euler-Bernoulli beam based on the assumption that the mass ratio of mass to 

beam is small and the inertial effect of the mass can be ignored. The spectrum 

analysis of the mass response and the beam response revealed some useful 

information associated with the moving speed of the mass, sprung mass frequency 

and the beam frequencies. The possibility of identifying the bridge frequencies from 

the vehicular response was discussed. Yang and Chang (2009b) demonstrated the 

feasibility of using Empirical Mode Decomposition (EMD) technique to extract 

higher beam frequencies from a moving mass response. Yang and Chang (2009a) 

investigated the influences of the key dynamic parameters of the sprung mass-beam 

system on the vertical dynamic response of the moving mass. It was found that the 

smaller the initial mass/beam acceleration amplitude ratio in each mode is, the 

greater the possibility of identifying the bridge frequency in that mode from the mass 

response is. However, the bridge surface roughness was not considered in the above 

works. To overcome this drawback, Yang et al. (2012) proposed to use two 

connected vehicles to remove or reduce the blurring effect of road surface roughness. 

To enhance the visibility of bridge frequencies from the vehicular response, Yang et 

al. (2013b) used the singular spectrum analysis with a band-pass filter to filter out the 

vehicle frequency for identifying bridge frequencies. 

While the above works focused on extracting bridge frequencies from the passing 

vehicles, some researchers recently began to study the feasibility of constructing the 

bridge mode shapes from the passing vehicles’ responses. Zhang et al. (2012) 

extracted the structural mode shape squares from the acceleration response of a 

tapping vehicle by using the Short Time Fourier Transform (STFT). Yang et al. 

(2014) constructed the mode shapes of a simply supported bridge from the passing 

vehicular responses by using Hilbert Transform (HT). Malekjafarian and OBrien 

(2014) identified the bridge modes from vehicular responses by using the Short Time 

Frequency Domain Decomposition (STFDD). The signals from the axles of two 

successive trailers towed by a tractor were used and external excitations were also 

applied to the bridge to reduce the effect of road roughness on the accuracy of 

identification results. Malekjafarian and OBrien (2017) believed that it was a good 

idea to excite a bridge by using a travelling tractor connected by two trailers and an 

external excitation with a frequency close to one of the bridge frequencies. The two 

axle responses of the second trailer were measured and a subtraction was done 
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between the two responses to reduce the effect of road surface roughness. The bridge 

mode shapes could be estimated from the measured axle responses by Hilbert Huang 

Transform (HHT). 

(b) Damage detection of bridges 

Damage identification of the bridge under traffic load is another interesting and 

important research topic and has been studied extensively. There are normally two 

approaches known as the indirect method (OBrien and Malekjafarian, 2016) and the 

direct method (Sun et al., 2016) based on measured signals from the vehicle or the 

bridge, respectively. A recent overview in this topic could be found in (Zhu and Law, 

2015). Malekjafarian et al. (2015) presented another critical review on the indirect 

bridge monitoring using vehicular responses passing over the bridge. A very recent 

good discussion about the merits and limitations of using the indirect method to 

detect the bridge damage was given in (Hester and González, 2017). Zhang et al. 

(2012) proposed a damage index based on the mode shape square extracted from an 

instrumented tapping vehicle, which was found robust to noise. Feng and Feng (2016) 

proposed to use a video-based sensor to record the time history vibration of a beam 

traversed by moving vehicles. The first mode shape of the beam was constructed 

from the measured data and the curvature of the mode was then used to identify the 

damage of the beam.  

(c) Identification of vehicle axle loads 

Apart from the above large amount of work dedicated to the identification of bridge 

parameters, there are also some researchers identifying vehicle parameters. Karoumi 

et al. (2005) studied the identification of vehicular axle loads from the measured 

strain data embedded in a bridge by minimizing the difference between the measured 

strain and the evaluated strain which was obtained with the usage of a determined 

influence line. The axle positions, axle loads, speed and acceleration were evaluated. 

OBrien et al. (2014) identified the contact force between a moving vehicle and a 

bridge by using the vehicle response. The applications of this method to the 

identifications of the bridge’s bending stiffness and road pavements were also 

discussed. 
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The bridge-weight-in-motion is a significant application for identifying the vehicle 

axle loads from bridge responses and has attracted wide research interests. Chan and 

Ashebo (2006) identified the vehicle axle forces acting on a continuous beam by 

mounting eleven strain sensors on the beam. MS method and impulse function were 

used to inversely calculate the axle forces. Ding et al. (2009) evaluated the contact 

forces between a vehicle and a bridge with surface irregularities by using an 

evolutionary spectral method. The dynamic response of the vehicle-bridge system 

was separated into two parts: vehicle induced response and bridge surface 

irregularities induced response. Each part was calculated separately and then added 

together. Deng and Cai (2010b) used the influence surface concept to identify the 

vehicle axle loads travelling on a concrete slab bridge which was modelled as a 3D 

FE model in ANSYS program. The dynamic response of the bridge was separated 

into an inertial part and an interaction part. It was found that the inertial part has a 

significant effect on the identified results and should be excluded from the bridge 

response if the influence surface concept is used. As the acceleration of the bridge 

cannot be measured at every point in reality, the inertial part needed to be obtained 

from the vehicle-bridge interaction simulation. 

2.1.6. Vibration Control of a Vehicle-Bridge System 

As the vehicle-bridge dynamic system is a time-varying system, it is quite different 

from linear time-invariant systems to control the vibration of such a system. Tomás-

Rodríguez and Banks (2010) gave a good introduction about the time-varying system 

and the control methods for such a system in their book. The optimal control and 

sliding mode control methods were discussed in detail in the book. Passive control 

methods have been developed for a long time and studied widely for supressing the 

vibration of bridges excited by moving vehicles (Papadimitriou et al., 1997; Yau and 

Yang, 2004; Samani and Pellicano, 2012; Pisal and Jangid, 2016). For example, 

Samani and Pellicano (2012) studied the performances of different absorbers for 

supressing the vibration of a simply supported beam traversed by equidistance 

moving forces.  

On the other hand, semi-active or active control methods have drawn much attention 

recently because of the smartness of these methods. Patten et al. (1999) implemented 

an adjustable semi-active hydraulic actuation system to a real bridge in service. 
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Giraldo and Dyke (2007) compared passive control, semi-active control and active 

control for the oscillator-beam dynamic system and proposed to use semi-active or 

active control methods for the system. Nikkhoo et al. (2007) used a linear optimal 

control algorithm with time-varying gains to control the vibration of a beam 

subjected to a moving mass. The displacement and velocity of the beam were used as 

feedbacks. Stǎncioiu and Ouyang (2014) studied the optimal control and discussed 

the implementation of the control method for the mass-beam dynamic system. 

Nikkhoo (2014) utilized piezoelectric patches mounted on the top and bottom 

surfaces of an Euler-Bernoulli beam as actuators and the classic linear optimal 

algorithm was used to control the vibrations of the beam with various boundary 

conditions subjected to a simple rectangular impulse force, a moving force and a 

moving mass. 

2.2. Experimental Work 

Experimental work is important for validating theoretical models and assessing the 

condition of real systems. Experimental results are often different from predicted 

results by theoretical models. Model updating is usually adopted to tackle this 

problem (Mottershead and Friswell, 1993). The material properties and modal 

properties of a vehicle-bridge dynamic system are significant values to be determined 

by experiments in many cases. It is ideal to have the complete information of the 

whole system. However, this is hard to achieve in reality. In most cases, only partial 

information about a bridge or vehicles is available or can be measured. Therefore, it 

is necessary to study the identification problem from partial information of the whole 

system. 

To assess the real structural or vehicular properties, field tests are to be carried out. 

However, field tests are expensive in terms of labour and equipment, and traffic 

control is often needed. These drawbacks can be overcome by doing laboratory 

experiments. It is ideal to do laboratory experiments especially when the main 

purpose of the experiments is to verify modelling or identification methods. In 

addition, the experimental conditions can be adjusted or controlled by experimental 

staff depending on the experimental purposes. The experimental work in the area of 

vehicle-bridge interaction is reviewed based on field tests and laboratory experiments 

in the following two sections. 
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2.2.1. Field Experiments 

To predict accurately dynamic responses of a real vehicle-bridge system, it is of great 

significance to determine the actual geometric and material parameters of the system 

and to validate the theoretical models by experiments. In spite of the large amount of 

work dedicated to the theoretical study of the vehicle-bridge dynamic problem, much 

less experimental work has been reported in the literature. 

(a) Model updating and validation 

Green and Cebon (1994) identified the modal properties of a three-span highway 

bridge by impact tests on the bridge with an instrumented hammer. The wheel loads 

of a vehicle and the dynamic response of the bridge were measured simultaneously 

when the vehicle was travelling on the bridge (Green, 1990). The identified modal 

properties of the bridge and measured wheel loads were used in a convolution 

integral to predict the dynamic response of the bridge. The predicted dynamic 

response of the bridge was compared with the measured response. Kwark et al. 

(2004) compared simulation results with experimental results of the dynamic 

response of a bridge crossed by a Korean high-speed train. Xia et al. (2003a) 

measured the free vibration response and the dynamic response of the Antoing 

Bridge on the railway line between Paris and Brussels excited by one and two high-

speed Thalys trains. Lee and Yhim (2005) adopted the FE method to analyse the 

dynamic response of a two-span continuous box girder bridge subjected to moving 

forces. Shell elements with six DOFs per node were utilized and field experiments 

were conducted to verify the numerical results. Zhai et al. (2009) established a 3D 

vehicle-track model and validated it with full-scale field experiments. Kim and Kim 

(2010) fabricated a 25 m prestressed concrete girder as a test specimen and modal 

testing was performed on the specimen at every prestressed stage. Then the identified 

modal properties were used to predict the dynamic response of a girder railway 

bridge passed by a moving train. 

Cai et al. (2007) studied the influence of approach-span conditions on a bridge’s 

dynamic response subjected to moving vehicles by using a experimentally validated 

theoretical model. Zhang et al. (2008) simulated a high-speed railway bridge 

consisting of 28-span 24 m simple box girders traversed by the Pioneer Train. The 
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simulated results were compared with measured results. Liu et al. (2009) measured 

the ambient vibration and high-speed train-induced vibration of a composite railway 

bridge with seven spans to validate their train-bridge interaction model. Arvidsson 

and Karoumi (2014) reviewed the theoretical models and experiments in the field of 

train-bridge interaction and discussed key modelling parameters. Feng and Feng 

(2015) updated the theoretical model of a short-span plate girder railway bridge by 

using the measured response of the bridge subjected to freight trainloads in the time 

domain with a low-cost remote vision sensor. Koziol (2016) experimentally validated 

the wavelet-based approach of solving the infinite Euler-Bernoulli beam resting on a 

nonlinear foundation subjected to a set of moving forces for the train-track 

interaction problem. 

(b) Identification of bridge or vehicle parameters 

To assess the bridge or the vehicle condition, various works have been done for 

identifying the bridge or vehicle parameters by using different signal processing 

techniques or algorithms. Paultre et al. (1995) evaluated the Dynamic Amplitude 

Factor (DAF) of three highway bridges in Canada by measuring the forced vibrations 

of the bridges excited by one or two trucks. The free vibrations of the bridges were 

also measured to evaluate the modal properties of the bridges and calibrate the FE 

model of the bridges. Huang et al. (1999) identified the modal properties of a three-

span continuous bridge by impulse testing with impulsive forces generated from a 

loaded truck. The recorded data was processed by applying the Ibrahim time-domain 

identification technique. The identified results were compared with those by ambient 

test. Brownjohn et al. (2003) assessed the upgrading works of a highway bridge by 

doing dynamic tests on the bridge combined with the updating of the bridge FE 

model. Gonzalez et al. (2010) used the moving force model to estimate the critical 

speed and the DAF of the bridge by doing the field experiment of a truck passing 

over a simply supported bridge. Kim and Kim (2010) identified the material 

properties, natural frequencies and modal damping ratios of a 25-meter concrete 

girder specimen by full scale tests and estimated the dynamic performance of a 

prestressed concrete girder railway bridge under the passage of a moving train. Deng 

and Cai (2010a) identified vehicular axle loads travelling at different speeds on an 

instrumented bridge with bumps on the bridge deck by using a proposed 
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methodology (Deng and Cai, 2010b). Yang et al. (2013a) carried out field tests to 

measure various bridges’ natural frequencies by using a hand-drawn cart. The 

reliability of this approach was verified by comparing with an ambient test and a free 

vibration test. The influence of the elastic properties of the cart wheels was examined 

as well. Han et al. (2015) monitored the truck traffic across a bridge in China by 

using Weight-In-Motion (WIM), Automatic Video Recorder (AVR) and image 

processing techniques. The DAFs of the bridge under different recorded trucks were 

calculated and compared with Chinese codes and the American Association of State 

Highway and Transportation Officials (AASHTO) specification. Nagayama et al. 

(2015) identified a bridge’s frequencies from the responses of two cars passing over 

the bridge by using the cross power spectrum of the two cars’ responses. Lee et al. 

(2016) developed a moving cart system instrumented with an accelerometer, a 

microphone and an impact hammer to indirectly measure the Frequency Response 

Function (FRF) of structures. The cart system moves at a speed of 0.4 m/s and stops 

to measure the FRF of a foot bridge with the impact hammer as excitation in a field 

test. Modal analysis was done by using Power Spectral Density Estimate (PSE) and 

Proper Orthogonal Mode (POM). Kong et al. (2017) extracted the frequencies and 

mode shapes from responses of a bridge excited by two passing vehicles. The first 

vehicle response with a time shift was subtracted from the second vehicle response to 

reduce the effect of the road surface roughness and a residual response could be 

obtained. Then the modal properties of the bridge were extracted from the residual 

response by FFT and STFT.   

2.2.2. Laboratory Experiments 

The above-mentioned field experiments usually require a close collaboration with the 

railway or highway operation administration office, which means that the field tests 

could only be done under certain time and other conditions. Another way to study the 

train-bridge dynamics experimentally is conducting laboratory tests, which avoid the 

above drawback of field experiments and allow researchers a greater control of 

experimental conditions.  

(a) Model updating and validation 
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Bilello et al. (2004) validated the theoretical model of a beam subjected to a moving 

mass by experimental results. Stǎncioiu et al. (2011) investigated the vibration of a 

four-span continuous beam subjected to one or two rolling balls travelling at various 

speeds experimentally and theoretically (as a one-dimensional moving mass-beam 

model). Yang et al. (2017) built a 3D FE model for a four-span continuous plate with 

two rails on top of the plate which guide the movement of a model car. Shell and 3D 

beam elements were used for the plate and the rails, respectively. The offset ratio 

between the shell element and the beam element was updated based on measured 

frequencies of the plate structure (plate and rails). Good agreement was found 

between the measured vibration data and the predicted values. 

Bian et al. (2014) developed a computer-controlled sequential loading system to 

generate equivalent vertical loading on a ballastless high-speed railway sample by 

using actuators for simulating the dynamic excitation due to moving trains. One 

advantage of this method is that high train speeds, like a 360 km/s train speed, can be 

modelled in the lab. 

(b) Identification of vehicle or bridge parameters 

Zhu and Law (1999) identified the moving loads exerted on a multi-span continuous 

Timoshenko beam with non-uniform cross-section by using different combinations 

of measured responses. Chan and Ashebo (2006) identified the moving force 

between a travelling vehicle and a multi-span continuous beam by using the 

measured bending moment of the beam. Cerda et al. (2012) compared an indirect 

approach of identifying the bridge damage (using the measured vehicular response) 

with a direct approach (using the measured bridge response) based on laboratory 

tests. Zhang et al. (2012) validated a proposed damage identification method by 

using the response of a tapping vehicle passing over a damaged plate in the lab. 

Chang et al. (2013) carried out a laboratory study on identifying a beam damage by 

using the pseudo-static method derived from a vehicle-bridge interaction system. 

McGetrick et al. (2015) experimentally investigated the feasibility of identifying the 

global stiffness of a beam by using a passing vehicular response. Kim et al. (2016) 

utilized the subtracted responses of two connected travelling vehicles on a simply 

supported beam to reduce the effect of the surface roughness of the beam on 
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identifying the beam’s frequencies. A laboratory experiment was conducted to verify 

this approach and examine its feasibility. 

2.3. Concluding Remarks 

More than two hundred publications are reviewed in this chapter. Among them, 

several papers influence my research significantly. Baeza and Ouyang (2008) solved 

the vibration of a truss structure excited by a moving oscillator considering the 

separation and impact at the moment of reattachment between the two systems by 

using the MS method with structural FE modes. Yang and Fonder (1996) gave a 

good demonstration for using iterative methods to solve vehicle-bridge interaction 

problems. Nguyen et al. (2009) established a sophisticated vehicle model with 27 

DOFs, a bridge FE model and a 3D contact model for a real vehicle-structure system. 

Stǎncioiu et al. (2011) conducted experiments of a four-span beam subjected to one 

or two moving balls and compared experimental results with theoretical results. 

Although various theoretical models and identification methods for vehicle-bridge 

systems have been developed in the literature, the work of applying these theories 

into real systems with experimental validation is relatively sparse. In addition, 

choosing appropriate modelling and solving techniques for a real vehicle-bridge 

system depends on the complexity and scenario of the system and thus a case study 

of the system with experimental validation is essential. Furthermore, publications 

about identification of bridge properties are mostly limited to simply supported 

bridges. To the author’s best knowledge, very little work concerns about continuous 

bridges. One characteristic of a continuous bridge is that the product of a 

wavenumber for one mode and the span length of the bridge is often close to that for 

a neighbour mode (Blevins, 1979), which means their adjacent natural frequencies 

may be close to each other. This characteristic increases the difficulty of identifying 

the modal properties of continuous bridges in reality. The theoretical and 

experimental studies of a four-span continuous plate structure traversed by one and 

two moving train-vehicles will be illustrated in the following chapters of this thesis. 
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3.   Moving Force Problem 

The vehicle-bridge dynamic problem was first treated as a moving force problem in 

the literature (Timoshenko, 1953). A moving force model is often used to calculate 

the vibration of a bridge subjected to one or a number of vehicles when the mass 

ratio of every vehicle to the bridge is small (Frýba, 1999; Yang and Lin, 2005). The 

analytical solutions of a simply supported beam traversed by constant or harmonic 

forces are available, which allow researchers to have an insight into the frequency 

components of the beam vibrations. This can provide guidance for identifying the 

modal properties of a bridge when moving vehicles are adopted as excitations for the 

bridge. However, the vibration of a continuous beam passed by moving forces is very 

difficult to derive analytically because the analytical mode shapes of a continuous 

beam cannot be described by a single expression for the whole length of the beam. In 

this chapter, to tackle this problem, the mode shapes of a continuous beam are 

approximated by a number of modal functions of the beam when the intermediate 

supports are removed. A single expression is used to describe the approximate modes 

of a multi-span continuous beam and the analytical solution of a continuous beam 

subjected to a moving force is then also derived in one equation. The modal 

components are clearly shown in the analytical solution, which is beneficial for 

identifying the modal properties of the continuous beam. A two-span continuous 

beam is adopted as an example to demonstrate and verify this method. 

3.1. A Beam Traversed by a Moving Force 

A uniform beam subjected to a moving constant force is considered in this section. 

We assume that the beam’s cross-section stays plane after deflection. An example is 

shown in Figure 3.1. Hamilton’s principle is adopted to derive the equation of motion 

for this model. 
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Figure 3.1. Simply supported beam subjected to a moving force 

The potential energy of the beam is written as 

 � # $%& & '�% ()*+),*-% d/d�01� # $%& '� ()*+),*-%1� d� (3.1) 

Where 

 E is the Young’s modulus of the beam 

 � # & �%d/0  is the second moment of area of the cross section, 

 / the cross-sectional area of the beam, 

 � the upward vertical deflection of the beam, 

 � the horizontal coordinate of a point on the neutral axis measured from the 

left end of the beam 

 � the vertical coordinate of a point on the cross-section measured from the 

neutral axis of the beam 

 	 the length of one-span beam. 

The kinetic energy is given by 

� # $%& & 23�4 % 5 �4 %6d/d�01� # $%& & 233��4 ′6% 5 �4 %6d/d� # $%& 2�3�4 ′6%d� 51�01�
$%& 2/�4 %d�1� 	 (3.2) 

where �  is the longitudinal deflection of one point of the beam. The dot over a 

symbol and the prime up beside a symbol denote the derivative with respect to time � 
and the derivative with respect to space �, respectively. 

The work done by external and damping forces is written as 

 ��� # & 9:��3� : ��6�� : � ) +); ��<d�1�   (3.3) 
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where  

 � Dirac delta function, 

 � external force, 

 � damping coefficient of the beam, 

  � the travelling speed of force. 

Substituting Eq. (3.2) and Eq. (3.3) into Hamilton’s principle below 

 & 3�3� : �6 5 ���6d�;*;= # 0	 (3.4) 

where �$  and �%  are two time instants, gives the equation of motion of a beam 

subjected to a moving force as 

 2/ )*+);* 5 '� )?+),? : 2� )?+);*),* 5 � )+); # :��3� : ��6 (3.5) 

Eq. (3.5) includes effects of rotation and damping. It should be noted that Eq. (3.5) 

does not consider shear effects. In fact, only when the ratio between the beam height 

and length is large enough, the shear effect and rotation effect become obvious. 

Damping is not significant for most engineering materials and its effect is also small 

except near resonance. Hence for undamped thin beams, Eq. (3.5) can be reduced to 

 2/ )*+);* 5 '� )?+),? # :��3� : ��6 (3.6) 

MS method is used to solve Eq. (3.6). The solution can be expressed as a form of 

modal expansion 

 
1

( , ) ( ) ( )i i

i

w x t x q tϕ
∞

=

=∑  (3.7) 

The mode shape satisfies 

 :�%2/! 5 '� )?@),? # 0 (3.8) 

Eq. (3.8) is an eigenvalue problem whose solution is 

 ! # A$ sin (E1 �- 5 A% cos (E1 �- 5 AH sinh (E1 �- 5 AJ	cosh	3E1 �6 (3.9) 
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where  # KL*M01?NO?
 is a dimensionless parameter related to the boundary condition 

of the beam; A$ , A% , AH , and AJ  are coefficients.  , A$ , A% , AH , and AJ  are to be 

determined by the boundary conditions of the beam. 

Eq. (3.9) satisfies 

 & 2/!�!�d� # P��1� ��� ,			& '�!� )?@R),? d� # ��%P����� ,			
, S # 1, 2, 3…1�  (3.10) 

where ���is the Kronecker delta function, which equals 1 when 
 # S and 0 otherwise; 

P�� is the coefficient to be determined when 
 # S. 
Substituting Eq. (3.7) into Eq. (3.6), multiplying the resultant equation by !�  and 

integrating it over the beam length, one can get 

 �X� 5��%�� # : YZ[[!�3��6 (3.11) 

3.1.1. A Simply Supported Beam Subjected to a Moving Constant 

Force 

For a simply supported beam, Eq. (3.9) becomes 

 !� # sin (�\,1 - , 
 # 1, 2, 3… (3.12) 

P�� is calculated from Eq. (3.10) to be 
$%2/] in this case. 

The natural frequencies of a simply supported beam are �� # KNOM0 (�\1 -% , 
 #
1, 2, 3… and  � # 
^. 

Thus for a simply supported beam, Eq. (3.11) becomes 

 �X� 5��%�� # : %YM0_ sin	3�\`1 �6 (3.13) 

Applying the initial conditions of ��306 # 0, �a4 306 # 0, the solution of Eq. (3.13) 

can be derived as 

 ��3�6 # : $
L[*b([cde -*

%YM0_ sin (�\`1 �- 5 [cdef[L[*b([cde -*
%YM0_ sin3���6 (3.14) 
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where 
�\`1  is defined as the driving frequency in the 
th mode and represented by ���  

(unit: rad/s) in this thesis. The driving frequency can also be expressed as ��� # Lg[%\ #
�%̀1 in the unit of Hz. 

Now introduce the static deflection caused by the moving force in the 
th mode 

 ��� # : YZ[[L[* (3.15) 

and the frequency ratio of driving frequency to structural natural frequency in the 
th 

mode 

 �� # Lg[L[ # �\`1L[ (3.16) 

For a simply supported beam, ��� # : %YM0_L[* . 

Then, Eq. (3.14) could be expressed as 

 ��3�6 # hi[$bj[* 9sin (�\`1 �- : ��	sin	3���6< (3.17) 

Substituting Eq. (3.12) and Eq. (3.17) into Eq. (3.7), one can obtain the deflection of 

a simply supported beam as 

 �3�, �6 # ∑ hi[$bj[* 9sin (�\,1 - 3sin (�\`1 �- : ��	 sin3���66<l�m$  (3.18) 

It can be seen from Eq. (3.18) that two types of frequencies exist in the dynamic 

displacement of the beam, namely driving frequencies 
�\`1  which is related to the 

speed of the moving force and natural frequencies of the beam �� . Their 

contributions to the corresponding modal displacements of the simple beam can be 

found from Eq. (3.18) to be | hi[$bj[* sin (�\,1 - | and | j[	hi[$bj[* sin (�\,1 - |, respectively. 

3.1.2. Approximate Modes of a Continuous Beam 

It can be seen from Eq. (3.11) that if !3�6 is available in analytical form, Eq. (3.11) 

could be solved analytically for a beam subjected to a moving force. Although the 

analytical mode is available for continuous beams, the mode expression varies with 

span. This makes the analytical solution for each span different and needs to be 
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calculated separately. Moreover, the initial conditions for the next span depend on 

previous spans. The analytical solution for the last span would be very complicated, 

especially when the number of spans is large. Therefore, the analytical solution for 

continuous beams is rarely seen in the literature. 

To obtain the analytical solution for continuous beams in a simple form, approximate 

modes of continuous beams with one expression for the whole beam length are 

derived first. Then, the equation of motion is solved analytically for continuous 

beams. 

The supports of a beam can be modelled as elastic springs with large enough 

stiffness. A beam with o  extra spring supports at arbitrary locations is shown as 

Figure 3.2. These elastic springs can be seen as external forces imposed on a free-

free beam (Wu and Lin, 1990). 

 

Figure 3.2. Model of a free-free beam with extra spring supports 

The beam is assumed as an Euler-Bernoulli beam whose equation of motion can be 

described as 

 '� )?+3,,;6),? 5 2/ )*+3,,;6);* # :∑ ���3��, �6�3� : ��6p�m$  (3.19) 

where �� is the elastic stiffness of the 
th spring. 

Assume 

 �3�, �6 # ∑ !r�3�6��3�6s�m$   (3.20) 

where !r�3�6 is the Sth mode of the free-free beam without springs, 
 the number of 

modes used and ��3�6 is the corresponding generalized coordinate. 
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Substituting Eq. (3.20) into Eq. (3.19), multiplying the resultant equation by !r�3�6 
and integrating the whole equation over the beam length, the following equation can 

be derived 

 �X�3�6 5 �t�%��3�6 # :∑ ��φt�3��6"t3��6vw3�6p�m$  (3.21) 

where �t� is the Sth natural frequency of the free-free beam without springs; "t3xy6 is 

the 
 × 1 vector of modes of the free-free beam without springs; w3�6 is the 
 × 1 

vector of generalized coordinates. One can obtain 
 different equations from Eq. 

(3.21) for different S which is an integer between 1 and m. Putting these equations 

together, the vector form of Eq. (3.21) is obtained as 

  wX 3�6 5 diag3�t�%6w3�6 # :∑ ��}t3��6"t3��6vw3�6p�m$  (3.22) 

By introducing the relationship 

 w3�6 # ~eyL; (3.23) 

where p is a coefficient vector and � denotes the natural frequency of the free-free 

beam with springs, Eq. (3.22) can be transformed as 

 �diag��t�%� 5 ∑ ��"tp�m$ 3��6"t3��6v : diag3�%6�~ # � (3.24) 

where ~  is the 
 × 1  vector containing the 
  coefficients �� . Eq. (3.24) is an 

eigenvalue problem wherein the unknowns are � and ~. After solving Eq. (3.24), 

one can obtain the modes of free-free beam with springs as 

 !�3�6 # ∑ !r�3�6��3�6	s�m$  (3.25) 

where ��3�6  is the element of ~3�6  which is the corresponding eigenvector of 

eigenvalue ��%. 

Please note that Eq. (3.24) and Eq. (3.25) can be applied to a beam with arbitrary end 

supports and extra spring supports. !r�  would become the �th mode shape for the 

corresponding end supports, although the free-free beam is demonstrated above. 

To verify this method and see the accuracy of approximate modes, a simply 

supported beam with one extra equidistance elastic support shown in Figure 3.3 is 

taken here as an example. The geometric and material properties are adopted from 

(Stǎncioiu et al., 2008b): '� # 63000	Nm%, 2/ # 20.245	kg/m and one span length 
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of 	 # 2.25	m. The approximate modes obtained by this method will be compared 

with the numerical modes by the FE method and analytical modes. 

 

Figure 3.3. Simply supported beam with one spring support 

(a) Modal properties of simply supported beam  

The analytical frequencies with a simply supported beam with no elastic supports can 

be written as 

 �� # $%\KNOM0 	(�\%1-% 		3S # 1,2,3, … 6				3unit: Hz6 (3.26)  

The first 8 analytical frequencies of the simply supported beam can be calculated 

from Eq. (3.26). The FE model for the simply supported beam is established in 

ABAQUS and then its numerical modes are obtained by modal analysis. The 

frequencies of the beam obtained from ABAQUS are compared with the analytical 

ones. It is found that using 20 B23 elements is enough to reach a good accuracy. The 

error between the two types of frequencies is shown in Table 3.1. The first eight 

numerical frequencies obtained by the FE method are very close to the analytical 

ones. Figure 3.4 shows that the 5th to 8th numerical mode shapes by the FE method 

are very smooth. 

Table 3.1 The comparison between analytical and numerical frequencies (unit: Hz) 

Mode 1 2 3 4 5 6 7 8 
Ana. 
fre. 

4.3272 17.309 38.945 69.235 108.18 155.78 212.03 276.94 

FE fre. 4.3272 17.309 38.946 69.242 108.21 155.86 212.24 277.40 

Error 0.00% 0.00% 0.00% 0.01% 0.03% 0.05% 0.10% 0.17% 

 

(a)  (b)  
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(c)  (d)  

Figure 3.4. Numerical modes by FE: (a) 5th mode, (b) 6th mode, (c) 7th mode, (d) 8th 

mode 

(b) Modal properties of a two-span continuous beam  

If a middle pinned support is added to the simply supported beam, the beam’s 

boundary condition becomes two-span continuous supported. The material and 

geometric properties are the same as those for Figure 3.3. Three different methods 

are used to obtain the frequencies and mode shapes of the continuous beam. 20 B23 

elements are used to obtain the FE frequencies. The analytical frequencies of the 

continuous beam are calculated by treating each span of the continuous beam as one 

individual beam and applying appropriate boundary conditions to the two individual 

beams (Rao, 2007), which have the form 

 �� # $%\KNOM0 (E[1 -% (unit: Hz) (3.27) 

where  � is determined by the boundary conditions applied to the 
th mode shape of 

the continuous beam and the derivation process is shown below. 

The analytical modal shapes can be expressed as (Rao, 2007) 

!1�3�6 # sin (E[1 �- : �y�3E[6�y��3E[6 sinh (E[1 �- , � ∈ 90, 	<, 
 # 1, 2, 3… (3.28) 

!��3�6 # A% sin � �	 ��� 5 �% �cos � �	 ��� : cosh � �	 ���� 5 A% sinh � �	 ���,	 
�� # 3� : _%6 ∈ 90, 	<  (3.29) 

where !1� and !�� are the mode shapes of the first span and the second span, 

respectively, and 

/%� # sinh3 �6 cos3 �6 : 2 sin3 �6 cosh3 �6 5 sin	3 �6cos	3 �6sinh3 �6 : sin	3 �6  

�%� # sin	3 �6 
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A%� # cos3 �6 : sin3 �6sinh3 �6 cosh3 �6 : /%� 

The non-dimensional parameters   for the first eight modes of the continuous beam 

with two equal span lengths are shown in Table 3.2. They are calculated by applying 

the boundary conditions of the continuous beam to Eq. (3.28) and Eq. (3.29). 

 

Table 3.2 Non-dimensional parameters for two equal span continuous beams 

Mode 1 2 3 4 5 6 7 8   3.1416 3.9266 6.2832 7.0686 9.4248 10.2102 12.5664 13.3518 
 

An elastic spring of stiffness 1 × 10$%  N/m is added at the middle point of the 

previous simply supported beam and the present method introduced in this section is 

adopted to calculate the ‘present frequencies’ (frequencies procured by the present 

method) in Table 3.3. Fourteen modal shapes of the simply supported beam are used 

in the calculation for the present frequencies. The FE model of the two-span 

continuous beam is built and the numerical frequencies are obtained by the modal 

analysis in ABAQUS. It can be seen from the table that the accuracy of the present 

frequencies is very high with errors for first eight frequencies being less than 1%. 

Table 3.3 Frequencies of the two-span continuous beam by three different methods 
(unit: Hz) 

Mode 1 2 3 4 5 6 7 8 

Analytical 
fre. 

17.309 27.04 69.235 87.626 155.78 182.82 276.94 312.64 

Present 
fre. 

17.309 27.06 69.235 87.799 155.78 183.58 276.94 314.89 

Error1 0.00% 0.06% 0.00% 0.20% 0.00% 0.42% 0.00% 0.72% 
FE 
fre. 

17.309 27.04 69.243 87.641 155.86 182.96 277.40 313.31 

Error2 0.00% 0.00% 0.01% 0.02% 0.05% 0.08% 0.17% 0.21% 

Note: Present fre. - the frequencies obtained by the present method, 
Error1 - error between present frequencies and analytical frequencies, 
Error2 - error between FE frequencies and analytical frequencies. 

It was found that using 14 analytical modes of the simply supported beam to 

approximate the continuous beam can produce very accurate mode shapes of the 

continuous beam, as shown in Figure 3.5 for the comparison between analytical 
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mode shapes, FE mode shapes and the mode shapes by the present method in the first 

8 modes. 

(1) (2)  

(3) (4)  

(5) (6)  
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(7) (8)  

Figure 3.5. Comparison between the first 8 analytical modes, present modes and FE 
modes of the two-span continuous beam 

The expressions for the first eight approximate mode shapes of the two-span 

continuous beam can be written as the following: 

!$3�6 # sin	3%\_ �6 (3.30) 

!%3�6 # :sin (]̂ �- : 0.909067 sin �3]̂ �� 5 0.0650185 sin �5]̂ �� : 

0.0161288 sin (¡\_ �- 5 0.005841 sin (¢\_ �- :
0.0026089 sin ($$\_ �- 5 0.0013356sin	3$H\_ �6 (3.31) 

!H3�6 # :sin	3J\_ �6 (3.32) 

!J3�6 # :0.5194158 sin (]̂ �- 5 

0.6450743 sin (H\_ �- 5 sin (£\_ �- : 0.1072308 sin (¡\_ �- 5 0.0346894 sin (¢\_ �- :
0.0149913 sin ($$\_ �- 5 0.007578sin	3$H\_ �6 (3.33) 

!£3�6 # sin	3¤\_ �6 (3.34) 

!¤3�6 # 0.3341662 sin (\_ �- : 0.349719 sin (H\_ �- 5 0.5116485 sin (£\_ �- 5
sin (¡\_ �- : 0.1262567 sin (¢\_ �- 5 0.0468124sin	3$$\_ �6 : 0.0224626sin	3$H\_ �6 (3.35) 

!¡3�6 # :sin	3¥\_ �6 (3.36) 
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!¥3�6 # :0.2390081 sin (\_ �- 5 0.2426749 sin (H\_ �- : 0.2709403 sin (£\_ �- 5
0.43718 sin (¡\_ �- 5 sin (¢\_ �- : 0.1354074 sin ($$\_ �- 5 0.0543915sin	3$H\_ �6 (3.37) 

where ] # 2	 is the whole length of the continuous beam. 

Please note that the above expressions for the mode shapes of a two-span continuous 

beam with equal span lengths are valid for this type of beam with any geometric and 

material properties and any length of the beam, although these expressions are 

derived from a particular case. In addition, Eq. (3.30) to Eq. (3.37) are just one of 

many sets of approximate solutions. The general form of the mode shapes of the two-

span continuous beam can be written as 

 !� # ∑ A��sin	3p\_ �6$Jpm$  (3.38) 

where A�p is the coefficient of the term of sin (p\_ �- in the 
th mode. 

3.1.3. A Two-Span Continuous Beam Subjected to a Moving Constant 

Force 

(a) Analytical solution 

Substituting the approximate mode shapes of the continuous beam Eq. (3.38) into the 

equation of motion of a beam subjected to a moving constant force in modal 

coordinates Eq. (3.11), one can obtain 

 �X� 5 ��%�� # : YZ[[∑ A��sin	3p\`_ �6$Jpm$  (3.39) 

where �� is the 
th natural frequency of the two-span continuous beam. 

Similarly to Eq. (3.17), the solution of Eq. (3.39) can be written as 

 ��3�6 # ∑ hi[$b�j[¦�* A�p §sin (p\`_ �- : ��p sin3���6¨$Jpm$  (3.40) 

where ��p # p\`_L[  , ��� # : YZ[[L[*  , P�� # & 2/!�3�6!�3�6d�_�  and !�3�6  is the 
 th 

mode shape of the continuous beam.  

By using the expressions for !�3�6 in Eq. (3.30) to Eq. (3.37), P�� is calculated as 

following: 
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P$$ # \% 2/], P%% # %¢$��^2/], PHH # \% 2/], PJJ # %¡$��^2/] 

P££ # \% 2/], P¤¤ # ¤%£^2/], P¡¡ # \% 2/], P¥¥ # $$£�^2/] (3.41) 

The displacement of the continuous beam is the sum of mode shapes of the beam 

times corresponding modal coordinates 

 �3�, �6 # ∑ !�3�6��3�6l�m$  (3.42) 

It can be seen from Eq. (3.42) that the contribution of the 
th frequency to the modal 

displacement of the continuous beam response is | ∑ A
jsin	3S]̂ �614S#1 ∑ �ª
1:3�
o62 A
o�
o|$Jpm$ . 

The acceleration of the continuous beam can be written as 

 «3�, �6 # ∑ !�3�6�aX 3�6l�m$  (3.43) 

where �aX  is the second derivative of �� with respect to time �, which is 

 �aX 3�6 # ∑ hi[$b�j[¦�* A�p9: (p\`_ -% sin (p\`_ �- 5 ��pωy%sin	3���6<$Jpm$  (3.44) 

It can be seen from Eq. (3.43) and Eq. (3.44) that the contribution of the 
 th 

frequency to the modal acceleration of the continuous beam response is 

 /� # |∑ A�­sin	3�\_ �6$J�m$ ∑ hi[L[*$b�j[¦�* A�p��p|$Jpm$  (3.45) 

(b) Validation 

To verify the above analytical solutions for the two-span continuous beam subjected 

to a moving force by using the approximate mode shapes of the beam, a numerical 

example is given here for comparing the analytical solutions with numerical 

solutions. The material and geometric properties of a two-span continuous beam are 

from (Nguyen et al., 2009): 2 # 5400	kg/mH , / # 7.73	m% , ' # 28.25	GPa , � # 7.84	mJ and 
� # 4.255 × 10J	kg. The example bridge is a simply supported 

bridge with the length of 	 # 30	m  (Nguyen et al., 2009). The length of the 

continuous beam is assumed to be ] # 2	 # 60	m. The vehicle loading is treated as a 

constant force of � # 
�° moving at a speed of 360 km/h. The above properties are 

different from the properties used in section 3.1.2 for deriving the approximate mode 
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shapes of the continuous beam, which is to verify the universality of the mode shapes 

derived in section 3.1.2. The numerical method of solving this problem is described 

below. 

The equation of motion of the continuous beam after applying MS method can be 

described in modal coordinates as 

 �aX 3�6 5 ��%��3�6 # : Y@[3`;6Z[[  (3.46) 

The first eight analytical frequencies and mode shapes of the continuous beam, 

which are given in Eq. (3.27) to Eq. (3.29), respectively, are adopted in the Newmark 

integration which can give directly the acceleration of the beam (Yang et al., 2004). 

Eight beam modes are used in the calculations. 

To study the influence of the vehicle speed on the structural dynamic response, a 

notion of critical speed is introduced here (Ouyang, 2011) 

��� # 1L=\  (3.47) 

where �$ is the first natural frequency of the beam in the unit of rad/s. ��� #868.388	km/h is calculated in this example. 

A speed ratio of the vehicle speed to the critical speed is introduced here 

 
`̀
±² # \`1L= (3.48) 

which matches the frequency ratio �$  defined in Eq. (3.16), and �$ # 0.415  is 

calculated in this example. 

It can be seen from Figure 3.6 that the present results of the continuous beam at first 

mid-span agree well with corresponding numerical results, which validates the 

approximate mode shapes of the two-span continuous beam and the analytical 

solutions of the beam by using the approximate mode shapes. The dynamic 

displacement ratio is defined as the ratio between the dynamic displacement at first 

mid-span and the static deflection at the same point. The maximum dynamic 

displacement ratio is the Dynamic Amplification Factor (DAF) which is 1.425 in this 

example. 



3. Moving Force Problem 

50 
 

(a) (b)  

Figure 3.6. Comparison between present results and numerical results at first mid-
span for the vibration of a two-span beam subjected to a moving force: (a) 
displacement, (b) acceleration 

The acceleration spectrum of the bridge vibrating freely at location 3L/16 after the 

passage of the moving force by FFT of the data calculated analytically using 

approximated modes is shown in Figure 3.7. The first two bridge frequencies are 

excited into large amplitudes, which is different from that for a simply supported 

bridge whose first mode is largely excited only (Yang et al., 2004). 

 

Figure 3.7. Excited bridge frequencies of the bridge acceleration response at 3L/16 
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(c) DAF of simply supported beam and two-span continuous beam 

Yang et al. (2004) defined the Impact Factor for a simply supported beam bridge as 

 � # ³´(µ*-b³i(µ*-³i3µ*6  (3.49) 

where ¶· (_%- and ¶� (_%- denote the maximum dynamic and static response of the 

bridge at the beam mid-span subjected to a moving load. Comparing the definition 

for the DAF in this thesis and the Impact Factor I by Yang et al. (2004), it is found 

that DAF=I+1. Yang et al. (2004) proposed a formula to estimate I for the 

displacement of a simply supported bridge traversed by a vehicle with a speed ratio 

of �$ as follows 

 �̧ # {$.£Jj=	º»¼	j=½�.£�.¡¡					º»¼	j=¾�.£  (3.50) 

Therefore, �̧ # 1.54 × 0.415 # 0.639 for a simply supported bridge with the same 

properties and span length as the two-span continuous bridge in this example. DAF 

would be 1.639 for the simple bridge, which is larger than the DAF for the two-span 

continuous bridge (1.425). 

It is found that the impact factor �̧  basically only changes with the speed ratio �$ 

(Yang et al., 2004). The DAF of the simply supported beam and DAF of the two-

span continuous beam with the same span length against the speed ratio are shown in 

Figure 3.8. It can be seen in the figure that the DAF at the first mid-span of the two-

span continuous beam is smaller than that of the simply supported beam in the whole 

speed ratio range from 0.05 to 1. However, the DAF at the second mid-span of the 

continuous beam increases from 1 at speed ratio of 0.45 to about 3.25 at speed ratio 

of 0.85. The reason of the trend of DAF at the second mid-span is discussed below. 
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Figure 3.8. Comparison between DAF of simply supported beam and DAF of two-
span continuous beam against speed ratio 

The first two mode shapes of the two-span continuous beam are depicted in Figure 

3.9. There is one cycle of the first mode in the whole length of the beam, whereas 

there exists two cycles of the second mode in the whole length of the beam. The 

critical speed where the beam is excited into resonance at the first frequency is 

�¿¼ # �$] # L=_%\ # L=1\  which is same as Eq. (3.47). The vehicle speed where the 

beam is excited into resonance at the second frequency is 

 �¿¼% # Y*_% # L*1%\  (3.51) 

The ratio between �¿¼% and �¿¼ is 

 
`ÀÁ*`ÀÁ # L*%L= # E**%E=* # H.¢%¤¤*%×H.$J$¤* # 0.7811 (3.52) 

which is a constant number. The reason why the DAF of the two-span beam at the 

second mid-span is maximum and very high (DAF=3.21) at the speed ratio of around 

0.85 is that the first and second modes of the beam are both almost excited into high 

amplitudes at this speed ratio, which is also found in Figure 3.7. The reason why 

DAF is not maximum at resonance speed ratio of 1 is that the beam displacement 

amplitude increases with time and there is not enough time for the beam response 

excited into largest amplitude (the period of the moving force on the beam is limited). 
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(a) (b)  

Figure 3.9. (a) First, (b) second normalized mode shapes of a two-span continuous 
beam 

3.2. A Beam Traversed by a Moving Harmonic Force 

The vibration of a bridge excited by moving harmonic forces is an important research 

topic, which has the application of identifying the modal properties of a bridge by 

using a moving vehicle with harmonic forces as excitation for the bridge (Zhang et 

al., 2012). If the analytical solution of such a problem can be derived, the frequency 

components would be shown in the solution expression and this could provide 

guidance for identifying the bridge modal properties. We consider a sinusoidal force 

moving at a constant speed on an Euler-Bernoulli uniform beam. An example is 

shown as Figure 3.10. 

 

Figure 3.10. Simply supported beam subjected to a moving harmonic force 

Replacing � in Eq. (3.11) with �sin3���6, one can obtain the equation of motion for 

a beam subjected to a moving harmonic force as follows 

 �X� 5��%�� # : �P

 sin3���6 !�3��6 (3.53) 
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where �� is the frequency of the external force. 

3.2.1. A Simply Supported Beam Subjected to a Moving Harmonic 

Force 

The 
th mode shape of a simply supported beam is known as Eq. (3.12), which is 

!�3�6 # sin	3�\1 �6 and P�� # $% 2/	. Substituting Eq. (3.12) into Eq. (3.53) leads to 

 �X� 5��%�� # : 2�2/	 sin3���6 sin	3�\`1 �6 (3.54) 

Applying the trigonometric function relationship, Eq. (3.54) can be transformed to 

 �X� 5��%�� # : �2/	 9cos3�� : �\`1 6� : cos	3�� 5 �\`1 6�< (3.55) 

The particular solution of Eq. (3.55) can be expressed as 

 �Â�3�6 # /� cos (�� : �\`1 - � 5 ��cos	(�� 5 �\`1 - � (3.56) 

where ��  is the natural frequency of the simply supported beam, given by �� #
KNOM0 (�\1 -% and the coefficients /� and �� can be found by substituting Eq. (3.56) into 

Eq. (3.55) as 

 /� # : YM01 $
L[*b(LÃb[cde -* (3.57) 

 �� # YM01 $
L[*b(LÃÄ[cde -* (3.58) 

The homogeneous solution of Eq. (3.55) can be expressed as 

 ���3�6 # A� sin3���6 5 Å�cos	3���6 (3.59) 

where the coefficients A� and Å� are to be determined by the initial conditions. 

The total solution of Eq. (3.55) is given by the sum of its homogeneous solution and 

particular solution as 

��3�6 # /� cos (�� : �\`1 - � 5 ��cos	(�� 5 �\`1 - � 5 A� sin3���6 5 Å� cos3���6 (3.60) 
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Substituting Eq. (3.60) into the initial conditions of ��306 # 0 and �4�3�6 # 0, one 

can obtain 

 Å� # :3/� 5 ��6 (3.61) 

 A� # 0 (3.62) 

Thus, the total solution of Eq. (3.55) is given 

��3�6 # : �2/	 1
��% : (�� : 
^�	 -% cos ��� : 
^�	 � � 5 �2/	 1

��% : (�� 5 
^�	 -% cos ��� 5 
^�	 � � 

: YM01 JLÃ[cde9L[*b(LÃb[cde -*<9L[*b(LÃÄ[cde -*< cos3���6 (3.63) 

A frequency ratio of the frequency of the input force �� to the 
th natural frequency 

of the beam �� is defined as below 

 ��� # LÃL[  (3.64) 

Substituting the static deflection parameter of ��� # : YZ[[L[* # : %YM0_L[* defined in 

Eq. (3.15), the frequency ratio of �� # �\`1L[ defined in Eq. (3.16) and the frequency 

ratio of ��� # LÃL[  in Eq. (3.64) into Eq. (3.63), one can get 

��3�6 # ���2 11 : 3��� : ��6% cos ��� : 
^�	 � � :���2 11 : 3��� 5 ��6% cos ��� 5 
^�	 � � 
5 %hi[j[j[Æ9$b�j[Æbj[�*<9$b�j[ÆÄj[�*< cos3���6 (3.65) 

The deflection of the simply supported beam can be given as 

�3�, �6 # Çsin	3
	̂ �6l
�m$

9���2 11 : 3��� : ��6% cos ��� : 
^�	 � � :���2 11 : 3��� 5 ��6% cos ��� 5 
^�	 � � 

5 %hi[j[j[Æ9$b�j[Æbj[�*<9$b�j[ÆÄj[�*< cos3���6< (3.66) 
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It can be seen from Eq. (3.66) that three types of frequencies exist in the dynamic 

displacement of the beam, namely natural frequencies of the beam �� , left shift 

frequencies to the input frequency �� : �\`1 , and right shift frequencies to the input 

frequency �� 5 �\`1 . Their contributions to the corresponding modal displacements of  

the simple beam response are |sin	3�\1 �6 %hi[j[j[Æ§$b�j[Æbj[�*¨§$b�j[ÆÄj[�*¨ |, 
|sin	3�\1 �6hi[% $$b�j[Æbj[�* |	, and |sin	3�\1 �6hi[% $$b�j[ÆÄj[�* |, respectively. 

3.2.2. A Two-Span Continuous Beam Subjected to a Moving Harmonic 

Force 

Substituting the approximate mode shapes of the continuous beam Eq. (3.38) into the 

equation of motion of a beam subjected to a moving harmonic force in modal 

coordinates which is Eq. (3.53), one can obtain 

 �X� 5��%�� # : �P

 sin3���6∑ A
osin	3o^�] �614o#1  (3.67) 

where P�� and /�p are available in Eq. (3.41) and Eq. (3.38), respectively. 

Similarly to Eq. (3.65), the solution of Eq. (3.67) can be described as 

��3�6 # ÇA�p9���2 11 : ��
� : ��p�% cos (�� : o^�] - � :���2 11 : ��
� 5 ��p�% cos (�� 5 o^�] - �$J
pm$

 

5 %hi[j[¦j[Æ9$b�j[Æbj[¦�*<9$b�j[ÆÄj[¦�*< cos3���6< (3.68) 

where ��� # : YZ[[L[*, ��p # p\`_L[  and ��� # LÃL[ . Please note that the �� in Eq. (3.68) is 

the 
th natural frequency of the continuous beam. 

The displacement of the continuous beam is as follows 

 �3�, �6 # ∑ !�3�6��3�6l�m$  (3.69) 

where !�3�6 # ∑ A��sin	3�\_ �6$J�m$  and ��3�6 is shown in Eq. (3.68). 
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It can be seen from Eq. (3.68) and Eq. (3.69) that the contribution of the 
 th 

frequency to the modal displacement of the continuous beam response is 

 Å� # |∑ /�� sin (�\_ �-∑ %0[¦hi[j[¦j[Æ§$b�j[Æbj[¦�*¨§$b�j[ÆÄj[¦�*¨$Jpm$$J�m$ | (3.70) 

The acceleration of the continuous beam can be expressed as 

 «3�, �6 # ∑ !�3�6�aX 3�6l�m$  (3.71) 

where �aX 3�6 is the second derivative of ��3�6 with respect to time �  and it can be 

derived from Eq. (3.68) as below 

�aX 3�6 # ÇA�p9:���2 (�� : o^�] -%
1 : ��
� : ��p�% cos (�� : o^�] - � 5���2 (�� 5 o^�] -%

1 : ��
� 5 ��p�% cos (�� 5 o^�] - �$J
pm$

 

: %hi[j[¦j[ÆL[*9$b�j[Æbj[¦�*<9$b�j[ÆÄj[¦�*< cos3���6< (3.72) 

The contribution of the 
th frequency to the modal acceleration of the continuous 

beam response can be seen from Eq. (3.71) and Eq. (3.72) to be 

 /� # |∑ A�� sin (�\_ �-∑ %È[¦hi[j[¦j[ÆL[*§$b�j[Æbj[¦�*¨§$b�j[ÆÄj[¦�*¨$Jpm$$J�m$ | (3.73) 

Similarly to the numerical example in section 3.1.3, the vibration of the same bridge 

subjected to a moving harmonic force with the same amplitude as that in the example 

is shown in Figure 3.11. The input frequency of the moving force is supposed to be 

the same as the third frequency of the bridge. The results obtained by the present 

method are very close to those by the numerical method. Compared with the 

vibration of the bridge excited by a moving constant force in Figure 3.6, the 

displacement response of the bridge subjected to the moving harmonic force is much 

smaller, but the acceleration response of the bridge is much bigger. The spectrum of 

the acceleration response is shown in Figure 3.12. Compared with the spectrum of 

the acceleration response of the bridge subjected to a moving constant force in Figure 

3.7, the amplitudes of the 3rd and 4th bridge frequencies of the vibration of the beam 

subjected to the harmonic force increase significantly. It is noted that the 3rd and 4th 

bridge frequencies are close to each other (16.1 Hz and 20.4 Hz). 
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(a) (b)  

Figure 3.11. Comparison between present results and numerical results at first mid-
span for the vibration of a two-span beam subjected to a moving harmonic force with 
input frequency É� # ÉÊ: (a) displacement, (b) acceleration 

 

 

Figure 3.12. Excited bridge frequencies of the bridge acceleration response at 3L/16 
by using a moving harmonic force with input frequency É� # ÉÊ 

3.3. Concluding Remarks 

In order to obtain the approximate mode shapes of a continuous beam valid on the 

whole length of the beam, the equation of motion of the free vibration of the 

continuous beam is established first by treating the middle supports as elastic forces 

acting on the same beam but with simple supports. Then the free vibration problem is 

transformed to an eigenvalue problem where frequencies of the continuous beam and 

the corresponding coefficient vectors are the eigenvalues and eigenvectors to be 
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solved, respectively. The mode shapes of the continuous beam can be expressed as 

the sum of those coefficients times the corresponding sinusoidal functions which are 

the modes of the beam with simple supports as the boundary. Although a specific 

numerical example for a continuous beam is used to obtain those coefficients, the 

approximate modes are valid for any length, any geometric and material properties of 

the beam. It should be mentioned that the solution of those coefficients depends on 

the properties of the beam and the length of the beam and they are not unique, which 

means many approximate modes are available. 

A two-span continuous Euler-Bernoulli beam is used as an example to verify this 

method. It is found that the first eight modes of the two-span continuous beam can be 

approximated accurately by fourteen simple beam modes. The analytical solutions of 

a two-span continuous beam subjected to a moving constant force or a moving 

harmonic force are derived by using the approximated modes obtained, and these 

analytical results are very close to the results by using the numerical method.  

It is found from the results that the DAF of a two-span continuous beam at the first 

mid-span is smaller than that of a simply supported beam. However, the DAF at the 

second mid-span of the continuous beam can reach 3.21 at the speed ratio of 0.85, 

which means that the dynamic effect can be very strong for continuous bridges at 

high vehicle speeds. The moving harmonic force can significantly amplify the bridge 

vibration at the input frequencies which are close to any natural frequencies. This is 

very helpful for identifying the bridge modal properties accurately at low vehicle 

speeds. 
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4.   Moving Sprung Mass Problem 

The interaction between a vehicle modelled as a sprung mass and a bridge modelled 

as a beam is solved in this chapter and compared with the moving force model. The 

influence of the mass ratio between the vehicle and the bridge and the speed ratio 

between the vehicle speed and the critical speed on the bridge response are discussed. 

The separation between the vehicle and the bridge is studied as well. The dynamic 

response of a two-span continuous beam is compared with that of a simply supported 

beam. It should be mentioned that the initial conditions of a bridge and the bridge 

irregularities are not considered in this chapter, although they may have a significant 

influence on the vehicle-bridge vibration. It is the future work after this thesis. 

4.1. A Beam Subjected to a Moving Sprung Mass 

Figure 4.1 shows an example model of a simply supported beam subjected to a 

sprung mass which represents a vehicle. The vehicle mass is 
�  and the contact 

stiffness between the vehicle and the beam is ��. The contact damping is small and 

ignored in the study of this thesis. 

 

Figure 4.1. Sprung mass moving on a simply supported beam 

The equation of motion of the beam and the vehicle in the vertical direction can be 

described as 

 2/�X 5 '������ # :��3� : ��6 (4.1) 

 
���X 5 ���� # ���3��, �6 (4.2) 

where �� is the location of the beam point having contact with the vehicle in time. 

Please note that the zero position of the vehicle defined in Eq. (4.2) is the equilibrium 

position of the vehicle under its gravity force. The contact force � in Eq. (4.1) is 
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 � # 
�° 5 ��3�3��, �6 : ��6 (4.3) 

It should be mentioned that Eq. (4.1) to Eq. (4.3) are valid for a beam with any types 

of boundary conditions subjected to a travelling sprung mass, although a simply 

supported beam model is shown in Figure 4.1. 

4.2. Vehicle-Bridge Interaction 

The interaction between the vehicle modelled as a sprung mass and a beam bridge is 

coupled into a total equation of motion and solved by using the Newmark-Beta 

method in this section. The moving force model is compared with moving sprung 

mass model at different mass ratios and speed ratios for a simply supported bridge 

and a two-span continuous beam. 

4.2.1. A Beam Traversed by a Sprung Mass without Separation 

Supposing that a vehicle (a sprung mass) moves along a beam at a speed without 

separation between the vehicle and the beam, substituting Eq. (4.3) into Eq. (4.1) and 

applying the MS method to the resultant equation yields 

P���X� 5P����%�� 5 ��!�3��6Ç!�3��6�� : ����!�3��6 # :
�°!�3��6l
�m$ 	 


 # 31, 2, ……6  (4.4) 

where P�� # & 2/!�3�6!�3�6d�1�  which was defined in Eq. (3.10). 

Applying MS method to Eq. (4.2) leads to 

 ��X 5 ��%�� # ��%∑ !�3��6��l�m$  (4.5) 

where �� is the vibration frequency of the vehicle 

 �� # K�ËsË	 (4.6) 

When n modes are included in Eq. (4.4), o coupled equations can be obtained. These 

equations together with Eq. (4.5) can be rewritten in the matrix form of 

 ÌwX 5 Íw # Î (4.7) 
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where 

Ì # �diag3P��6 00 
`�,  
Í # Ï��"3��6"v3��6 	5 diag3��%6 :��"3��6:��"v3��6	 �� Ð,  
Î # §:
�g"3��60 ¨, 
w # 9�$	�%…�p	��<v, 

"3��6 # 9!$3��6	!%3��6…!p3��6<v, 

"v3��6 is the transpose of the vector "3��6, and diag3��%6 is a diagonal matrix with 

��% as its 
 × 
 element, and diag3 �ËZ[[6 and diag3sËÑZ[[ 6 are diagonal matrices with 
�ËZ[[ 

and 
sËÑZ[[  as their 
 × 
 elements, respectively. 

Eq. (4.7) can be solved by a number of numerical integration methods, like Runge-

Kutta method, Newmark-Beta method and so on. Newmark-Beta method is utilized 

in this thesis. 

The contact force between the vehicle and the bridge can be expressed as 

 �3�6 # 
�° 5 ��3∑ !�3��6��3�6 : ��p�m$ 6 (4.8) 

If the vehicle moves at a constant speed �, then �� # ��. If the vehicle speed varies 

at a constant acceleration « (when « is negative, the speed decelerates) and the initial 

speed of the vehicle is �� , the location ��  of the vehicle after time �  would be 

�� # ��� 5 $% «�%. 

4.2.2. A Simply Supported Bridge 

A comparison between the moving force model and the moving sprung mass model 

is conducted in this section. Two numerical examples are adopted to study the 

influence of the mass ratio of a vehicle to a bridge and the speed ratio of the vehicle 

speed to the critical speed on the vehicle-bridge vibration. The effect of contact 

stiffness between the vehicle and the bridge is also discussed. 
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(a) Example 1 – simply supported beam 

An example of one uniform Bernoulli-Euler beam with simply supported boundary 

conditions subjected to a moving sprung mass is studied in this section. The 

parameters in this example are: beam length 4.5 m, flexural rigidity 63,000 Nm%, 

mass per unit length of the beam 20.245 kg/m, which are from the reference 

(Stǎncioiu et al., 2008b). The contact stiffness �� is assumed to be big enough to 

model a rigid point contact between the vehicle and the beam. In this section, �� # 1 × 10¡	N/m is found to be large enough to model the rigid contact between 

the sprung mass and the beam in simulations, as the beam displacement does not 

change with contact stiffness larger than 10¡ N/m. The vehicle moves over the beam 

at a constant speed. A time step is chosen to be smaller than a quarter of the moving 

mass’s vibrating period 
vJ # \%LË # \

%KÒËÓË	
# 1.1 × 10bH	 s (for mass ratio 0.05) to 

capture the vibration of the mass. A small time step of Δ� # 1 × 10bJ	s is used in the 

Newmark-Beta integration method. 

It can be observed from Figure 4.2 and Figure 4.3 that the difference between the 

moving mass result and the moving force result is small for a small mass ratio, but 

this difference becomes bigger for a larger mass ratio, which indicates that the 

interaction between the vehicle and the bridge increases with the mass ratio. The 

same trend is also found for the relationship between the interaction and the speed 

ratio. In addition, moving mass results lag behind moving force results, and this 

phenomenon is more obvious with a larger mass and speed ratio. 
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(a) (b)  

Figure 4.2. Dynamic displacement ratio history at mid-span with mass ratio of 0.05 
at speed ratio of: (a) 0.1, (b) 0.35 

 

(a) (b)  

Figure 4.3. Dynamic displacement ratio history at mid-span with mass ratio of 0.3 at 
speed ratio of: (a) 0.1, (b) 0.35 

The contact force ratio histories between the contact force and the gravity force of 

the vehicle are shown in Figure 4.4 and Figure 4.5. The contact force ratio varies 

more obviously in terms of amplitudes with a bigger mass ratio and a bigger speed 

ratio, which validates the above finding that the vehicle-bridge interaction increases 

with the mass ratio and the speed ratio. Another interesting phenomenon is that the 

contact force ratio at the speed ratio of 0.35 becomes bigger when the vehicle is at 

the middle area of the beam. This phenomenon may explain the fact that the dynamic 

displacement ratio excited by a moving mass is bigger than that by a moving 
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constant force at the speed ratio of 0.35 when the vehicle or force are at the middle 

area of the beam in Figure 4.2 and Figure 4.3. 

(a) (b)  

Figure 4.4. Contact force ratio history with mass ratio of 0.05 at speed ratio of: (a) 
0.1, (b) 0.35 by moving sprung mass model 

 

(a) (b)  

Figure 4.5. Contact force ratio history with mass ratio of 0.3 at speed ratio of: (a) 0.1, 
(b) 0.35 by moving sprung mass model 

The displacement history of the beam at mid-span is compared with that at the 

contact point with the mass in Figure 4.6 and Figure 4.7. It can be seen from the 

figures that the response at the contact point is generally smaller than that at mid-

span when the vehicle is away from the middle of the beam, but the difference 

becomes small when the vehicle is at the middle part of the beam. One reason for this 
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phenomenon may be that the first mode of the beam is largest at the beam mid-span 

and the first mode makes the largest contribution to the displacement of the beam. 

(a) (b)  

Figure 4.6. Dynamic displacement ratio history at mid-span and contact point with 
mass ratio of 0.05 at speed ratio of: (a) 0.1, (b) 0.35 by moving sprung mass model 

(a) (b)  

Figure 4.7. Dynamic displacement ratio histories of bridge at mid-span and at 
contact point for mass ratio of 0.3 at speed ratio of: (a) 0.1, (b) 0.35 by moving 
sprung mass model 

(b) Example 2 – simply supported bridge 

The material and geometric properties of a real simply supported bridge are from 

(Nguyen et al., 2009): 2 # 5400	kg/mH , / # 7.73	m% , ' # 28.25	Gpa , � #7.84	mJ and the span length 	 # 30	m. The total vehicle mass is 42.55 t and the 

contact stiffness is 1060 kN/m in (Nguyen et al., 2009).  
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Only the first mode is used in Nguyen’s paper. A comparison between the results 

obtained by the sprung mass model in this chapter and the results in Nguyen’s paper 

are compared in Figure 4.8. Good agreement can be seen in the figure, which verifies 

the theoretical and coding work for the sprung mass model by the author of this 

thesis. Different vehicle mass and contact stiffness are studied in the following. 

(a) (b)  

(c) (d)  

Figure 4.8. Comparison between the present results by the sprung mass model and 
the analytical results in Figure 9 of (Nguyen et al., 2009) at vehicle speed of 50 km/h 
(a, b) and 360 km/h (c, d) 

Another contact stiffness �� # 10$$ is used to model the rigid contact between the 

sprung mass and the beam. A small time step of Δ� # 1 × 10bJ	s is used in the 

Newmark-Beta integration method, which is smaller than 
vJ # \

%KÒËÓË
# 10bH s. Figure 

4.9 and Figure 4.10 for this example are basically same as Figure 4.3 and Figure 4.5 
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for example 1, respectively, which indicates that the dynamic response ratio is only 

related to the speed ratio and the mass ratio. The vibration of a beam subjected to a 

moving force is only related to the speed ratio, which can be seen from its analytical 

solution (Yang et al., 2004). The mass ratio is another factor needed to be considered 

for the moving sprung mass model. Please note that the contact stiffness in this 

example (1 × 10$$ N/m) is much higher than that in example 1 (1 × 10¡ N/m). The 

influence of contact stiffness on the vehicle-bridge vibration is discussed in the next 

section. 

(a) (b)  

Figure 4.9. Dynamic displacement ratio history at mid-span with mass ratio of 0.3 at 
speed ratio of: (a) 0.1, (b) 0.35 

(a) (b)  

Figure 4.10. Contact force ratio history with mass ratio of 0.3 at speed ratio of: (a) 
0.1, (b) 0.35 
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(c) Contact stiffness 

Figure 4.11 shows the displacement and contact force responses with different 

contact stiffness for example 2. A big difference can be found between the results by 

using �� # 10¡	N/m and the results by using �� # 10$$	N/m. 

(a) (b)  

Figure 4.11. Comparison of moving sprung mass results with different contact 
stiffness: (a) displacement ratio at mid-span, (b) contact force ratio, for mass ratio of 
0.3 and speed ratio of 0.35 in example 2 

The moving mass model as Figure 2.2 can be used to model the rigid contact 

between the vehicle and the bridge (Ouyang, 2011). The moving mass model is 

adopted here and its results are compared with the results by the moving sprung mass 

model with different contact stiffness, which are shown in Figure 4.12. It is seen in 

the figure that the results when using �� # 10$$N/m agree well with the results by 

the moving mass model. In addition, high frequency oscillation occurs in the contact 

force when using the moving sprung mass model with �� # 10$$N/m, whereas this 

phenomenon does not occur in the result when using the moving mass model. It is 

found in simulations that the bridge displacement responses by using contact 

stiffness higher than �� # 10$$N/m do not change any more, and the contact forces 

change slightly with contact stiffness between 10$$N/m and 10$HN/m, but do not 

change with contact stiffness higher than 10$HN/m. 
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(a) (b)  

Figure 4.12. Comparison between moving sprung mass results with different contact 
stiffness and moving mass result: (a) displacement response ratio at mid-span, (b) 
contact force ratio, for mass ratio of 0.3 and speed ratio of 0.35 in example 2 

4.2.3. A Two-Span Continuous Beam 

The same numerical example as section 3.1.3 is adopted here. The contact stiffness 

of �� # 1 × 10$H N/m is used in this example to model the rigid contact. A small 

time step of Δ� # 1 × 10bJ	s  is used in the Newmark-Beta integration method, 

which is smaller than 
vJ # \

%KÒËÓË
# 1.8 × 10bJ s (for mass ratio 0.05). 

Figure 4.13 shows the comparison between moving force results and moving sprung 

mass results. When the speed ratio is small, the two types of results are basically the 

same, but the difference becomes obvious with a bigger speed ratio. The maximum 

displacement response at bridge mid-span (DAF) obtained by the moving sprung 

mass model is bigger than that by the moving force model, which may be due to the 

increase of contact force in the mid-span area as shown in Figure 4.14. These 

findings are the same as those for the simply supported bridge. 
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(a) (b)  

Figure 4.13. Dynamic displacement ratio history at first mid-span with mass ratio of 
0.05 at speed ratio of: (a) 0.1, (b) 0.35 

(a) (b)  

Figure 4.14. Contact force ratio history for mass ratio of 0.05 at speed ratio of: (a) 
0.1, (b) 0.35 by moving sprung mass model 

The maximum displacement response ratio of bridge at contact point or moving 

coordinate is smaller than that at corresponding mid-span, as shown in Figure 4.15. It 

is noticed that the maximum displacement ratio (DAF) at second mid-span is 3.454 

which is larger than that obtained by the moving force model (3.213) in Figure 3.8. 

Figure 4.16 shows that first two frequencies of the continuous beam are excited to 

high amplitudes, which verifies the explanation for the DAF of the continuous beam 

at the second mid-span for Figure 3.8 in section 3.1.3. 
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(a) (b)  

Figure 4.15. Comparison of bridge displacement response ratio at first and second 
mid-span and at moving contact point for mass ratio of 0.05 and speed ratio of (a) 0.1, 
(b) 0.85 by the moving sprung mass model 

 

Figure 4.16. Acceleration spectrum of bridge at first mid-span for mass ratio of 0.05 
and speed ratio of 0.85 

4.3. Vehicle-Bridge Separation 

It is found in simulations that the contact force between vehicle wheels and a bridge 

could become negative when the vehicle speed is high enough and this phenomenon 

is more likely to happen for a higher mass ratio of the vehicle to the bridge (Lee, 

1998; Cheng et al., 1999; Stǎncioiu et al., 2008b). As the contact force is always non-

negative in reality, the negative contact force in simulations actually indicates that 
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the vehicle is separated from the rail or bridge and the contact force should be 

changed to zero from this moment of separation in this case in simulations. After 

separation, the vehicle wheel usually gets reattached with the rail or bridge again. 

Separation and reattachment are discussed in this section by using a moving sprung 

mass model. 

4.3.1. Vehicle-Bridge Vibration during Separation 

(a) Free vibration during separation 

When separation between the moving vehicle and the supported beam occurs, Eq. 

(4.7) is not valid any more. Obviously, the contact force between the two subsystems 

is zero and the moving vehicle and the beam undergo free vibrations during the 

separation period. The separation condition can be derived from Eq. (4.3) for contact 

force no bigger than zero and is expressed as follows: 

 �� : �3��, �6 ≥ sËÑ�Ë  (4.9) 

The equation of motion of a beam vibrating freely during separation can be 

expressed as 

 2/�X 5 '������ # 0 (4.10) 

Substituting the 
th beam mode shape into Eq. (4.9), multiplying the mode shape 

with it and integrating the resultant equation over the whole beam length, one can 

derive 

 �X�3�6 5 ��%��3�6 # 0 (4.11) 

The analytical solution of Eq. (4.11) is given as 

 �� # ��306 cos3���6 5 ×Ø4 3�6L[ sin	3���6 (4.12) 

where ��306 and �a4 306 are the initial conditions of beam. 

The deflection of the beam during separation is written as 

 �3�, �6 # ∑ !�3�63��306 cos3���6 5 ×Ø4 3�6L[ sin	3���66l�m$  (4.13) 

The free vibration of the vehicle during separation can be described as 
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�*×Ë�;* # :° (4.14) 

where ° is the gravity acceleration. 

Integrating Eq. (4.14) over any time period within the separation period, the vertical 

displacement of vehicle can be derived as 

 �� # ��306 5 ��4 306� : $%°�% (4.15) 

where ��306 and ��4 306 are the displacement and speed of the vehicle, respectively, 

at the instant of separation. 

(b) Reattachment 

When the vehicle wheel reattaches the bridge and the vehicle-bridge interaction takes 

place again, the contact force changes from non-positive to positive. The 

reattachment condition can be expressed as follows: 

 �� : �3��, �6 < sËÑ�Ë  (4.16) 

Eq. (4.7) is applied again to describe the vehicle-bridge interaction if Eq. (4.16) is 

satisfied. A small time step is needed to capture the reattachement time moment. 

(c) Determining the time instant for separation and reattachment 

The difference between the vertial displacement of the vehicle wheel and 

corresponding beam deflection is adopted as the indicator for separation and 

reattachment. The time instant when the displacement difference increases to 
sËÑ�Ë  is 

the moment when separation begines, as shown in Eq. (4.9). When the difference 

between the vertial displacement of the vehicle wheel and the corresponding beam 

deflection becomes less than 
sËÑ�Ë  after separation reattachment takes place, which is 

shown in Eq. (4.16). However, it is difficult to find the exact time instants for 

separation and reattachment in the numerical simulation. A small time step is used in 

the simulation to reduce the error of finding these time instants. In addition, the 

displacement difference between any two adjacent time instants is assumed to be 

linear when the interval between the two time instants is small. This linear 

assumption is used to find the moment when the displacement difference is equal to 
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sËÑ�Ë  for separation when the difference changes from less than 
sËÑ�Ë  at one time 

instant to larger than 
sËÑ�Ë  at the next time instant in the numerical simulation. 

4.3.2. Separation for a Simply Supported Bridge 

The same bridge properties as the example 2 in section 4.2.2 from (Nguyen et al., 

2009) are used here. The contact stiffness of �� # 1 × 10$$ N/m is utilized in this 

example. A small time step of Δ� # 1 × 10b£	s  is adopted in the numerical 

integration of the vehicle-bridge equation of motion. 

A numerical example of separation can be seen in Figure 4.17 and Figure 4.18 for 

displacement response and contact force, respectively. It is shown in the figures that 

the simulated results considering separation are quite different from those without 

considering separation. When no separation happens, the bridge displacement and 

the vehicle displacment are basically the same at the moving coordinate. However, 

the bridge displacement becomes obviously larger (in absolute value) than that of the 

vehicle when separation takes place, and the difference between the bridge 

displacement and the vehicle displacement considering separation is bigger than that 

without considering separation. It also can be seen from the figures that the 

displacement difference becomes more obvious after separation when the contact 

force goes up dramatically with the vehicle approaching the end of the bridge. 
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Figure 4.17. Displacement response ratio histories of bridge and vehicle at moving 
coordinate for mass ratio of 0.5 and speed ratio of 1.9 by using �� # 10$$	N/m 

 

 

Figure 4.18. Contact force ratio histories for mass ratio of 0.5 and speed ratio of 1.9 
by using �� # 10$$	N/m 
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(a) Influence of contact stiffness 

The influence of contact stiffness on the displacement response ratio histories of the 

bridge and the vehicle at moving coordinate and the contact force ratio history can be 

seen in Figure 4.19, Figure 4.17, Figure 4.18 and Figure 4.20. When the contact 

stiffness is 10$�	N/m, the bridge response and vehicle response are quite different 

even during the no-separation period as shown in Figure 4.19. When the contact 

stiffness is 10$$	N/m, the difference between the bridge displacement response at 

moving coordinate and the vehicle displacement response is small during the no-

separation period, but becomes big during separation and after separation as shown 

in Figure 4.17. This trend is more obvious for contact force ratio when the contact 

stiffness is 10$%	N/m as shown in Figure 4.20. The bridge response is almost the 

same as the vehicle response and the contact loss and reattachment happens more 

times. It is like an elastic body bouncing on another body. 

(a) (b)  

Figure 4.19. (a) Displacement displacement ratio histories of bridge and vehicle at 
moving coordinate, (b) contact force ratio history for mass ratio of 0.5 and speed 
ratio of 1.6 by using �� # 10$�	N/m 



4. Moving Mass Problem 

79 
 

(a) (b)  

Figure 4.20. (a) Displacement ratio histories of bridge and vehicle at moving 
coordinate, (b) contact force ratio history for mass ratio of 0.5 and speed ratio of 1.6 
by using �� # 10$%	N/m 

(b) Influence of mass ratio 

The contact stiffness of �� # 10$$	N/m is used in this section to study the influence 

of mass ratio on vehicle-bridge separation. It is found from simulations that 

separation begins to take place only when the vehicle speed is high enough and this 

vehicle speed changes for different mass ratios. Figure 4.21 gives the trend between 

the speed ratio from which separation begins to happen and the mass ratio between 

the vehicle and the bridge. It is shown in the figure that the speed ratio decreases 

dramatically with the mass ratio first and approaches about 1.3 when the mass ratio is 

bigger than 0.4. In reality, the speed ratio even for high-speed railways cannot reach 

such big value of 1.3. For example, the critical speed for this example of a real girder 

bridge is �¿¼ # 1L=\ # KNOM0 \*
1 # 868.38	km/h. Supposing the highest train speed can 

reach 600 km/h, the highest speed ratio in this case is 0.69. This indicates that 

separation is unlikely to happen for high-speed trains running on simply supported 

bridges. It should be mentioned that bridge irregularities are not included in this 

example, which may be an important factor for vehicle-bridge separation. It should 

be noticed that Figure 4.21 is valid for any simply supported beams, although it is 

obtained from a particular beam, as speed and mass ratios are the only factors 
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affecting the structural response ratio when the contact stiffness is large enough, 

which has been discussed in section 4.2.2 (b). 

 

Figure 4.21. The speed ratios from which separation begins to happen for different 
mass ratios for a simply supported beam 

 

4.3.3. Separation for a Two-Span Continuous Beam 

The same numerical example of section 4.2.3 from (Nguyen et al., 2009) is used here. 

The same contact stiffness of �� # 2 × 10$�	N/ is adopted in this example. A small 

time step of Δ� # 1 × 10b£	s is adopted in the numerical integration of the vehicle-

bridge equation of motion.  

An example of separation for the two-span continuous beam is depicted in Figure 

4.22 and Figure 4.23. It can be seen in the figure that the vehicle displacement ratio 

and the bridge displacement ratio at moving coordinate are almost identical during 

the no-separation period, but quite different during separation. A much bigger 

difference between the bridge displacement at the moving coordinate and the vehicle 

displacement can be observed in Figure 4.22 in the results including separation 

compared with that in the results without including separation. 
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Figure 4.22. Displacement response ratio histories of bridge and vehicle at moving 
coordinate for mass ratio of 0.4 and speed ratio of 0.3 by using �� # 2 × 10$�	N/m 

 

Figure 4.23. Contact force ratio histories for mass ratio of 0.4 and speed ratio of 0.3 
by using �� # 2 × 10$�	N/m 

Figure 4.24 gives the speed ratio from which separation begins to take place for 

different mass ratios for a two-span continuous beam. The speed ratio decreases with 

the speed ratio, and approaches about 0.25 when the mass ratio is bigger than 0.3. 
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This means separation is very likely to happen for a continuous bridge with big mass 

ratios in reality. 

 

Figure 4.24. The speed ratios from which separation begins to happen for different 
mass ratios for a two-span continuous beam 

4.4. Concluding Remarks 

A moving sprung mass model can simulate the interaction between a vehicle and a 

bridge effectively. Vehicle-bridge separation and reattachment can also be included 

into this model by just changing the vehicle and bridge motions to free vibrations 

during the separation period. Impact is not needed to be taken into consideration at 

the moment of reattachment. The vehicle-bridge coupled equation can be directly 

applied again to the motions of the vehicle and the bridge at the moment of 

reattachment. It is found in simulations that separation can have a significant effect 

on the vibration of the vehicle and the bridge. 

The moving force model is compared with the moving sprung mass model. It is 

found that the vehicle-bridge interaction is stronger at bigger mass ratios of the 

vehicle to the bridge and higher speed ratios of the vehicle speed to the critical speed. 

In this case, the bridge response excited by a moving sprung mass is larger than that 

by a moving force. When the vehicle-bridge interaction is weak, the moving sprung 

mass model can be replaced by the moving force model. It should be noticed that 

using smaller contact stiffness can yield a smaller bridge response. Large enough 
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contact stiffness should be used to model the rigid contact between a rail vehicle and 

a bridge. 

Vehicle-bridge separation is more likely to happen for a bigger mass ratio and at a 

higher speed ratio. For a bigger mass ratio, a lower speed ratio can lead to separation. 

The simply supported beam and the two-span continuous beam are compared. It is 

found from simulations that the vehicle-bridge separation is unlikely to happen for a 

simply supported bridge with span length of 30 m and zero initial conditions (no 

vibrations) under current high-speed train speeds if the bridge irregularities can be 

ignored. However, separation is likely to happen for a two-span continuous beam 

with a mass ratio bigger than 0.3. It should be mentioned that the contact stiffness 

has a big influence on separation. The above conclusion is made by using the contact 

stiffness of 1 × 10$$	N/m and 2 × 10$�	N/m for a simply supported beam and a 

two-span continuous beam, respectively. 
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5.   Vibration of a Four-Span Continuous Plate 

Structure Subjected to One Moving Car 

For the vibration of a girder bridge excited by a moving train in reality, it was found 

that a small number of bridge modes were excited (Xia et al., 2003a). This indicates 

that using the MS method with few modes would be good enough to obtain 

acceptably accurate results for a real girder bridge. In this case, the computation 

efficiency by using the MS method is much higher than that by using the direct 

integration method, as the number of bridge modes used is much smaller than the 

DOFs of the bridge FE model. 

Beam theories and plate theories are commonly used to model simple bridges or rails 

(Marchesiello et al., 1999; Cheung et al., 1999), but they are not good enough to 

model complicated bridges with complex internal structures and boundary conditions. 

Generally, the analytical modes of complicated structures are not available. In this 

case, the FE method must be adopted to capture their numerical modes. A good way 

of using the MS method for complicated structures is that the real modes of 

complicated structures are approximated by their numerical counterparts in the MS 

method (Baeza and Ouyang, 2008; Xia and Zhang, 2005). The accuracy of this 

method depends on the accuracy of the structural FE models and model updating is 

normally needed to obtain more accurate structure models. 

The dynamic response of a single span beam subjected to moving vehicles has drawn 

much research attention, but a relatively smaller amount of research work has been 

done for the interaction between multi-span beams and moving vehicles 

(Marchesiello et al., 1999; Cheung et al., 1999; Henchi and Fafard, 1997; Martinez-

Castro et al., 2006; Pu and Liu, 2010; De Salvo et al., 2010; Wang et al., 2013) and 

the experimental study of the vibration of multi-span beams excited by moving 

vehicles is even less frequent (Stǎncioiu et al., 2011; Chan and Ashebo, 2006). 

The travelling speeds of the moving masses or the cars in the laboratory studies of 

moving load problems are often treated as constant in the literature, but in some tests 

the speed is variable due to the rolling friction at the masses/beam or the wheels/rails 
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and the car axle/bearing interfaces. The influence of car speed variations on the 

dynamic response of a four-span continuous plate with two rails on top is 

investigated experimentally and theoretically in this chapter. 

The work in this chapter is a further development of the work by Stǎncioiu et al. 

(2011). Based on the experiments reported by Stǎncioiu et al., a more complicated 

rig is developed. Two rails and four actuators are attached on top of the plate and on 

the bottom surface of the plate, respectively, and the moving masses are now 

replaced by a moving car. The presence of four actuators imposes four time-varying 

forces at four locations of the plate structure (one location at each span individually) 

based on an active control algorithm according to the feedback signals which are the 

displacements measured by four laser displacement transducers, for the purpose of 

controlling the vibration of the plate structure. It should be noted here that vibration 

control is not the work in this thesis, but is studied by a colleague in the student’s 

research group, and as the experimental rig is shared the actuators are kept. In the 

experiments of this thesis, the four actuators are not switched on and thus do not 

produce any active forces. However, their presence even without actuation presents a 

small amount of (passive) stiffness, masses and damping that should be accounted 

for in order to make an accurate model. The moving car is the only excitation source, 

but the properties of the whole structure are changed locally where actuators are 

attached, so the stiffness, point masses and damping of the actuators should be 

considered in the model of the whole structure. The model by Stǎncioiu et al. (2011) 

is two dimensional. It is necessary to develop a 3-dimensional model to capture 

accurate modes of the more complicated structure, including its torsional modes, and 

to examine the influence of four contact points between the moving car and the rails 

on the dynamic response of the car-plate system. 

This chapter first presents the details of the MS method and an iterative method 

based on the model of a sprung mass moving on a simply supported beam. 

Numerical modes of the beam are obtained by the FE method and applied in the MS 

method. This approach can be extended to be a general way of solving moving load 

problems, which is to use ABAQUS to obtain numerical modes of a structure and to 

implement the MS method using the structural numerical modes obtained from 

ABAQUS and an iterative method in MATLAB. This approach is verified firstly 
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against the results of an example in (Nguyen et al., 2009). Then the vibration of a 

four-span continuous plate with two rails and four actuators excited by a moving 

model car is studied by simulations and experiments. Experimental results and 

numerical ones are found to agree very well. Then an in-depth parametric analysis is 

done using the experimentally validated numerical model. 

5.1. MS Method by Numerical Modes and Iterative Method 

The iterative method applied in this thesis is referred to as the iteration scheme which 

is performed in every single time step. The Newmark integration method is 

combined with the iterative method in every time step. The moving sprung mass 

model is adopted to demonstrate the combined MS method and the iterative method 

in this section. 

5.1.1. Iterative Procedures for the Moving Sprung Mass Model 

For the moving sprung mass problem shown in Figure 5.1, the equation of motion for 

the beam and the mass can be written as 

 2/ Ú%�3�, �6Ú�% 5 '� ÚJ�3�, �6Ú�J # ��3�� : �3��, �66	 ⋅ �3� : ��6 (5.1) 

 :
�° : ����� : �3��, �6� # 
� d%��3�6d�%  (5.2) 

where 2 and ' are the density and Young’s modulus of the beam, respectively; / and �  are the area and second moment of area of the beam’s cross section; ��  is the 

stiffness of the spring between the mass and the beam; 
� is the mass of the moving 

mass; � and �� are the deflection of the beam and the displacement of the mass, 

respectively. Please note that the initial displacement of the sprung mass is :sËÑ�Ë  

here, which is different from that in section 4.1. The mass is assumed to travel at a 

constant speed of �, so the location of mass can be described as 

 �� # �� (5.3) 
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Figure 5.1. Moving sprung mass model 

Eq.(5.2) can be rewritten as 

 
���X 3�6 5 ����3�6 # :
�° 5 ���3��, �6 (5.4) 

Applying the MS method to Eq.(5.1), it can be changed to 

 �aX 5 ��%�� # �� Ü��3�6 :Ç!�3��6p
�m$ ⋅ ��3�6Ý ⋅ !�3��6 (5.5) 

where �� is the modal coordinate and n is the number of modes used. i is an integer 

between 1 and n. Combining n equations for different i together, Eq. (5.4) and 

Eq.(5.5) can be written in matrix form as 

 
� d%��3�6d�% 5 ����3�6 # :
�° 5 ��"vw (5.6) 

 ÌwX 5 Íw # ��3��3�6 : "Þw6" (5.7) 

where P�� # ��� , ß�� # ��%��� , w # 9�$, �%, … , �p<v , ��% # NOM0 (�\1 -J , and " #
9!$3��6, !%3��6, … , !p3��6<Þ. 

From time �� to time �� 5 ∆�, the iterative procedure is as follows 

Step 1. Calculate á� â # Ì3«$ w� 5 «H w4� 5 «J wX� 6  and ª� ` # 
�3«$ �� 5
«H �4� 5 «J �X� 6 ,where á� â  and ª� `  are the results at time �� , «$ # $ã∆;* , «H #
$ã∆; , «J # $%ã : 1	 and ä is a Newmark integration parameter; 

Step 2. Assume the initial w before any iterations at time �� 5 ∆� as w∆; 3�6 # w� ; 
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Step 3. Calculate w4∆; � # «%� w∆; � : w� � : «£ w4� : «¤ wX� , and wX∆; � #
«$� w∆; � : w� � : «H w4� : «J wX� , where «% # å%∆; , «£ # åã : 1, «¤ # ( å%ã : 1-∆� , ä 

and æ are Newmark integration parameters; 

Step 4. Calculate �∆; �� # :
�° 5 �� "∆; Þ w∆; �; 

Step 5. The equation of motion of the mass after doing Newmark integration can be 

obtained as 3�� 5 «$
�6 �∆; �� # �∆; �� 5 ª� �, so �∆; �� # ç∆è ËÃÄ �Ã Ë�ËÄé=sË ; 

Step 6. Calculate �4∆; �� # «%� �∆; �� : ��� � : «£ �4�� : «¤ �X��  and �X∆; �� #
«$� �∆; �� : ��� � : «H �4�� : «J �X�� ; 

Step 7. Calculate ê∆; â� # ��� �∆; �� : "∆; Þ w∆; �� "∆; ; 

Step 8. The equation of motion of the beam after doing Newmark integration can be 

obtained as 3Í 5 «$Ì6 w∆; � # ê∆; â� 5 á� â, so w∆; � # 3Í 5 «$Ì6b$ ⋅ 3 ê∆; â� 5 á� â6; 
Step 9. Check if the following convergent criteria is satisfied 

 ]%	norm� w∆; � : w∆; ��]%	norm3 w∆; � : w� 6 ≤ í (5.8) 

where � is the iterative number which is 0 here and í (tolerance) is suggested to be 

between 1.0 × 10b£	 and 1.0 × 10b¥ by Yang and Fonder (1996). 

If Eq. (5.8) is satisfied, the iterative scheme from time � to � 5 ∆� is ended and go 

back to step 1 for next time step, otherwise w∆; $  is updated by �∆; $ # �∆; � 5
î3 �∆; � : �∆; �6 , where î is a relaxation coefficient which is between 0 and 1. The 

iterative scheme ends when the mass exits the beam. Although the moving sprung 

mass model is used here to demonstrate the MS method and iterative method, they 

can be applied to other more complicated models. 
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5.1.2. Numerical Verification 

The parameters of a real simply supported bridge in (Nguyen et al., 2009) are taken 

as a numerical example here: beam length 	 # 30	m, Young’s modulus of the beam ' # 2.825 × 10$�	N/m% , cross-sectional area of the beam / # 7.73	m% , second 

moment of area of the beam � # 7.84	mJ , the density of the beam 2 # 5.4 ×10H	kg/mH , the stiffness of the contact spring �� # 1.06 × 10¤	N/m , and the 

moving mass 
� # 4.255 × 10J	kg. 

The critical speed (defined as the speed of a moving constant force at which the 

structure is excited into resonance in its first mode) of the bridge is calculated as 

�¿¼ # 1L=ï # 868.384	km/h. The dynamic responses of the moving sprung-bridge 

system given in Figure 5.2 are very close to the analytic results in Figure 9 in 

Nguyen et al. (2009), which indicates that the approach presented in this chapter 

works well. Please note that only the first mode is used in the computation for 

comparison in the figure, as such is the case for the ‘analytic’ results in (Nguyen et 

al., 2009). 

  (a) (b)  

(c) (d)  

Figure 5.2. Comparison of vertical displacements of bridge mid-span and 
accelerations of car body/sprung mass at speeds of 50 km/h (a, b) and 360 km/h (c, d) 
(‘Analytic’ refers to the ‘Analytic’ curve in Figure 9 in (Nguyen et al., 2009)) 
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5.2. Theoretical Study of a Moving Car-Bridge Rig 

The experimental rig is introduced first, and then the geometric and material 

properties of the rig are measured or identified. The theoretical models of the car and 

the infrastructure are described in the following sections. Three different tests are 

carried out finally. The experimental results are compared with the simulated results 

and the spectra of the experimental results are also discussed. 

5.2.1. Experimental Setup 

A four-span continuous plate with four grounded elastic springs (representing four 

actuators) and a moving car on top is shown in Figure 5.3. The whole length of the 

plate is 3.6 m with four equal spans. There are front and rear extra spans used to help 

decelerate and accelerate the movement of cars. The time history of the car speed is 

measured by using a laser vibrometer (Polytec PSV-500) shown in the figure. Figure 

5.4 shows the first two spans and the first span in more detail. The actuators are 

attached to the plate via thin rods functioning as elastic springs, point masses and 

damping. They are used in vibration control by another colleague. Their average 

stiffness is measured to be around 8548 N/m. The mass of each thin rod is 50 g. A 

4.335 kg model car can travel along the two rails glued on top of the plate. The width 

of the plate is 101.67 mm and the thickness of the plate is 3.16 mm. The two rails are 

the same and the width and height of each rail are 6.85 mm and 8.52 mm, 

respectively. An optoNCDT1401 laser-displacement transducer is mounted below 

each span of the plate structure individually to measure dynamic response of the 

plate (without contact) shown in Figure 5.5. The dSPACE acquisition system is used 

to obtain real-time data. It should be pointed that vibration experiments of a 4-span 

continuous structure of this degree of complexity subjected to a moving car have not 

been reported in the literature. 
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Figure 5.3. Lateral view of the whole experimental setup (unit: cm) 

  

Figure 5.4. Pictures of experimental setup: (a) first two spans, (b) first span 

 

 

Figure 5.5. Laser transducer used to measure displacement 

5.2.2. Parameter Identification for Structural Model 

(a) Identification of material and geometric properties of plate and rail 

To know the area and second moment of area of the rail section, a clear picture of the 

rail section was taken and its profile was then detected by using image processing 

and saved in a CAD drawing. Figure 5.6 shows the picture of the rail section and the 

CAD drawing of its profile. The two figures look similar but not the same, which 
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could be caused by the error of edge detection for the picture. The area and second 

moment of area of the rail section are calculated from its CAD drawing to be around /¼ # 28.0	mm% and �¼ # 207.0	mmJ respectively. The cross section of the plate is 

rectangular. The area and second moment of area of the plate are calculated to be 

/Â # ðñ # 321.3	mm%  and �Â # âòó$% # 267.3	mmJ  respectively, where b is the 

width of the plate and h is the height of the plate. The density of the rail and the plate 

are identified to be around 8356.5 kg/mH and 7699.8 kg/mH respectively. 

The Young’s modulus of an Euler-Bernoulli beam can be identified from measured 

natural frequencies of their theoretical formula below 

  �� # EÒ*%ï1*KNOM0 (5.9) 

where �� is the kth frequency of the beam and can be obtained by modal testing;  � is 

the product of the kth wavenumber of the beam and the span length of the beam 

which can be calculated by using beam theory according to its boundary conditions; 	 
is the length of one span of the beam. 	, 2, A and I can be found directly or indirectly, 

so E can be calculated inversely from this frequency formula. modal testing is carried 

out on a plate specimen and a rail specimen separately to obtain their natural 

frequencies. The Young’s moduli of the rails and the plate are calculated to be 

around 86.6 GPa and 183.4 GPa, respectively. It can be determined from the 

densities and Young’s moduli of the rails and plate that their materials could be 

copper alloy and cast iron, respectively (Brandes and Brook, 1998). 

 

       

Figure 5.6. The picture of rail section and its CAD drawing 
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(b) Identification of shaker’s properties 

Impact testing for the actuator with and without an additional mass was done as in 

Figure 5.7. The Frequency Response Function (FRF) for this test is the ratio of the 

acceleration response of the actuator to the impact force by the hammer in the 

frequency domain and given in Figure 5.8. It can be seen in the figure that there is 

only one dominant frequency for the vertical vibration of the actuator, which 

indicates that it is reasonable to treat the actuator as a SDOF system in vertical 

vibration. The FRF curve is wide for the actuator without an additional mass, which 

reflects the damping of the actuator is large. The damping of a SDOF system can be 

estimated from its free vibration response. 

If the vertical vibration of the shaker can be treated to be SDOF, identifying the mass 

and stiffness of the shaker in vertical vibration would not be hard. The idea is the 

assumption that the stiffness of the shaker remains the same after adding an 

additional mass on top of the shaker. Denoting �� the vertical stiffness of the shaker, 
� the mass of the vibrating part of the shaker, 
ô  the additional mass which is 

0.103 kg, the following equations regarding the frequencies of the two systems can 

be written as 

 K�õsõ # �p$			 (5.10) 

 K �õsõÄsö # �p% (5.11) 

where  �p$ # 2^�$ # 2 × ^ × 107.7	rad/s # 676.70	rad/s,  �p% # 2 × ^ × 40.8	 rad/s # 256.35	rad/s. After calculating, one can get �� to be 7903.1 N/m, and 
� 
to be 0.0173 kg. 
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(a)    (b)  

Figure 5.7. Impact testing schematic for (a) shaker without additional mass, (b) 
shaker with additional mass 

(a) (b)  

Figure 5.8. The FRF of (a) an actuator without additional mass, (b) the shaker with 

additional mass 

The damping ratio of the actuator can be identified by the logarithmic decrement as 

below (Inman, 2008) 

 ÷ # $
K$Ä(*cø -* (5.12) 

where δ # $p ln û3;6û3;ÄpÞ6 , y3�6 is the amplitude of a peak at time � and y3� 5 o�6 is the 

amplitude of the peak n periods away. 

Figure 5.9 is the acceleration signal of one shaker under impact loading. It can be 

seen from the figure that the acceleration drops down suddenly after impacting and 

goes up to a very high value, and then vibrates freely with amplitude decayed with 
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time. It is noticed that the amplitude takes a long time to finally recover to zero. As 

shown in the figure, y3�6 is chosen to be 21.82 m/s% and y3� 5 4�6 3.846 m/s%. In 

the calculation, y3�6  and y3� 5 4�6  subtract -0.7086 m/s%  which is taken as a 

temporary steady state to get their differences from the steady state. Substituting y3�6 
and y3� 5 4�6 into Eq. (5.12), one can calculate out ÷ as 6.35%, then the damping 

coefficient can be calculated to be 1.487	N s/m by following equation. 

 � # 2
��p$÷ (5.13) 

 
Figure 5.9. An acceleration signal of one shaker under impact loading 

 

5.2.3. A Four-Span Continuous Beam Model 

Assuming the rig could be modelled as a four-span Euler-Bernoulli beam, its kth 

natural frequency in Hz can be expressed as Eq. (5.9). The values of  � for a four-

span continuous beam can be found in (Blevins, 1979), and the first four values are  $ # 3.142,  % # 3.393,  H # 3.928,  J # 4.463. One way of obtaining those values 

is described as below. 

 



5. Vibration of a Four-span Continuous Plate Structure Subjected to One Moving Car 

97 
 

 

Figure 5.10. Four-span continuous beam model 

According to the Euler-Bernoulli beam theory, the analytical mode shapes for each 

span can be expressed as 

��3�6 # /�sin (E,1 - 5 ��cos (E,1 - 5 A�sinh (E,1 - 5 Å�cosh3E,1 6 (5.14) 

where 	 is the length of each span, 
 is the number of spans (
 # 1, 2, 3, 4) and � is 

the location of beam in local coordinates. For every span, ��306 # 0, so Eq. (5.14) 

can be reduced to 

��3�6 # /�sin (E,1 - 5 A�sinh (E,1 - 5 ��3cos (E,1 - : cosh	3E,1 66 (5.15) 

The first and second derivatives of Eq. (5.15) with respect to x can be derived as 

���3�6 # /� E1 cos (E,1 - 5 A� E1 cosh (E,1 - : �� E1 3sin (E,1 - 5 sinh (E,1 -6 (5.16) 

����3�6 # :/� E*1* 	sin (E,1 - : A� E*1* sinh (E,1 - : �� E*1* 3cos (E,1 - 5 cosh3E,1 66 (5.17) 

At support 1 in Figure 5.10, �$��306 # 0, so 

 �$ # 0 (5.18) 

At support 2, �$3	6 # 0, �$�3	6 # �%�306 and �$��3	6 # �%��306 leading to 

/$ sin3 6 5 A$ sinh3 6 5 �$3cos3 6 : cosh3 66 # 0 (5.19) 

/$ cos3 6 5 A$ cosh3 6 : �$3sin3 6 5 sinh3 66 : /% : A% # 0 (5.20) 

/$ sin3 6 5 A$ sinh3 6 5 �$3cos3 6 5 cosh3 66 : 2�% # 0 (5.21) 

At support 3, �%3	6 # 0,�%�3	6 # �H�306 and �%��3	6 # �H��306 leading to 

/% sin3 6 5 A% sinh3 6 5 �%3cos3 6 : cosh3 66 # 0 (5.22) 
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/% cos3 6 5 A% cosh3 6 : �%3sin3 6 5 sinh3 66 : /H : AH # 0 (5.23) 

/% sin3 6 5 A% sinh3 6 5 �%3cos3 6 5 cosh3 66 : 2�H # 0 (5.24) 

At support 4, �H3	6 # 0,�H�3	6 # �J�306 and �H��3	6 # �J��306 leading to 

/H sin3 6 5 AH sinh3 6 5 �H3cos3 6 : cosh3 66 # 0 (5.25) 

/H cos3 6 5 AH cosh3 6 : �H3sin3 6 5 sinh3 66 : /J : AJ # 0 (5.26) 

/H sin3 6 5 AH sinh3 6 5 �H3cos3 6 5 cosh3 66 : 2�J # 0 (5.27) 

At support 5, �J3	6 # 0 and �J��3	6 # 0 leading to 

/J sin3 6 5 AJ sinh3 6 5 �J3cos3 6 : cosh3 66 # 0 (5.28) 

:/J sin3 6 5 AJ sinh3 6 : �J3cos3 6 5 cosh3 66 # 0 (5.29) 

Eq. (5.18) to Eq. (5.29) form a matrix equation below 

 ýþ # � (5.30) 

where þ # 9/$;�$;A$;/%;�%;A%;/H;�H;AH;/J;�J;AJ<  and ý  is a matrix with 

unknown  . 

As the solution þ cannot be �, det3ý6 # 0 from which  �  can be solved by using 

Matlab as  $ # 3.1416,  % # 3.3932,  H # 3.9266,  J # 4.4633. After  � is solved, 

x can be solved from Eq. (5.30) by assuming one element of x to be a constant. Thus 

the mode shapes of each span are known from Eq. (5.15). Figure 5.11 shows the first 

four normalized mode shapes of the four-span continuous beam. 
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Figure 5.11. First four mode shapes of a four-span continuous beam 

Modal testing was done on the four-span plate with rails (actuators not attached) 

using accelerometers. The first four frequencies of the rig can be obtained by an 

LMS System and the ratio of 
NOM0 can be calculated inversely from Eq. (5.9). The 

length of each span is 	 # 0.9	m. It can be found from Table 5.1 that the ratio of '�/2/ varies much with the number of modes, which indicates that the four-span 

beam model may be not good. So an FE model of the plate structure is built below in 

section 5.2.5. 

Table 5.1. Modal testing results for the plate structure and calculated ratio of '�/2/ 

Mode k  � Fre. by exp. (Hz) '�/2/ 
1 3.1416 17.386 80.377 
2 3.3932 19.779 76.434 
3 3.9266 25.257 69.507 
4 4.4633 31.436 64.499 

 

5.2.4. Car Model 

The model car is treated as a rigid body which consists of two DOFs (pitch �$ and 

heave ��$) as shown in Figure 5.12. The centre of gravity of the car is assumed to be 
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at its geometric centre. The parameters of the car model are: 
�$ # 4.335	kg (total 

mass of car body and an additional mass), second moment of area around the y axis ��$ # 0.012	kg	m%, its wheelbase ª # 0.126 m and the car body length ]¿ # 0.208 

m. 

 

 

Figure 5.12. Idealization of the moving car: (a) elevation; (b) cross-sectional view at 
the front axle 

The car moves from the end of the infrastructure to the starting point of the 

infrastructure. There are three stages representing different car locations on the 

infrastructure: stage 1 - the whole car at the rear extra span and its front wheel at end 

point of the plate; stage 2 - the whole car on the plate and its rear wheel at end point 

of the plate; stage 3 - the whole car on the plate and its front wheel at starting point 

of the plate. The dynamic response of the system during the time period of the car 

moving from stage 1 to stage 3 is simulated and compared with experimental 

measurement. As the extra spans are quite short and they are not connected with the 

plate, they can be taken to be rigid and undergo no vibration. 

 

Figure 5.13. Different stages of the car moving process 
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The equations of motion of the moving car modelled as a rigid body in the vertical 

plane during stage 1 to stage 3 can be written as  


�$�X�$ # :
�$° : �$ §��$ 5 �$ ª2 : �3�$,�$, �6¨ : �% §��$ 5 �$ ª2 : �3�%,�%, �6¨ 
:�H §��$ : �$ �% : �3�H,�H, �6¨ : �J §��$ : �$ �%: �3�J, �J, �6¨ (5.31) 

��$�X$ # :�$ §��$ 5 �$ �%: �3�$,�$, �6¨ �% : �% §��$ 5 �$ �%: �3�%,�%, �6¨ �%5
�H §��$ : �$ �%: �3�H,�H, �6¨ �%5 �J §��$ : �$ �% : �3�J,�J, �6¨ �% (5.32) 

where �3��,�� , �6	3	
 # 1, 2, 3, 46 is the deflection of the rail at the contact point with 
th spring; ��  is the stiffness of the 
th spring and ��$  is the displacement of the 

gravity centre of the car body. 

It should be noticed that the deflection of the extra spans is zero due to their rigid 

body and no-vibration assumptions. The car is given a push at the start and allowed 

to travel along the rails freely. 

5.2.5. FE Model of the Plate Structure 

A 3D FE model of the plate with supports and rails is built in ABAQUS. 480 shell 

elements (S4R) are used for the plate and 160 beam elements (B31) for each rail 

which is tied to the plate. Four spring elements and four mass elements are tied to the 

plate too, modelling the elastic springs and the vibrating mass provided by actuators. 

For the boundary conditions of the plate, only the rotational DOFs are allowed at the 

five pin supports. Modal analysis is done in ABAQUS to predict the frequencies of 

the structure which are compared with the experimental frequencies obtained by 

modal testing. An offset ratio for the shell elements defined as the fraction between 

the distance from the shell mid-surface to the reference surface and the shell 

thickness (Dassault-Systèmes, 2014) is needed to represent the connection between 

the rails to the plate since the neutral axis of the rails and the neutral plane of the 

plate are a short distance apart. As the structural FE model is an approximation of the 

actual structure, this value of the offset may not be the physical distance between the 

rails’ neutral axis and the plate’s neutral plane and it should be determined through 
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model updating, which turns out to be 1.87 and brings the numerical frequencies of 

the structure close to their experimental counterparts. 

 

 

     

Figure 5.14. First six mode shapes of the structure from ABAQUS 

Table 5.2 shows the differences between the first eight experimental frequencies and 

the corresponding numerical frequencies. It can be seen from the table that the 

differences are less than 5.0%, which indicates that the FE model of the structure is 

good enough for dynamic analysis. The first eight mode shapes of the structure 

obtained from ABAQUS are very similar to the mode shapes of the four-span 

continuous beam. The first torsional mode of the structure occurs as its 9th mode. 

Table 5.2. Comparison between structural experimental and numerical frequencies  

Mode 1 2 3 4 5 6 7 8 
Experimental 21.242 23.381 28.632 36.374 68.541 73.564 83.080 93.560 

Numerical 20.376 22.582 28.180 34.990 65.417 71.036 82.704 95.278 
Difference -4.1% -3.4% -1.6% -3.8% -4.6% -3.4% -0.5% 1.8% 

The equation of motion of the FE model of the structure can be expressed as 

 Ì�X 3�6 5 Í�3�6 # Î3�6 (5.33) 

where Ì  and Í  are mass matrix and stiffness matrix of the structure model 

respectively; Î3�6 is the force vector which changes with the movement of the car. 

The concentrated forces �� acting on the structure at the 
th wheel location can be 

expressed as 
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�� # �� (��$ : �3��,��6 5 ª2 �$- , 
 # 1, 2	 (5.34) 

 
�� # �� (��$ : �3��,��6 : ª2 �$- , 
 # 3, 4 (5.35) 

What should be noticed is that the contact force ��  at the 
 th wheel is :��  as 

compression force is defined as positive force in contact mechanics. 

�3�6 is the nodal displacement vector of the structure which can be expressed as 

 �3�6 # �w3�6 (5.36) 

where �  is the mass-normalised modal matrix (numerical modes) of the structure 

model and w3�6 is the vector of the modal coordinates. 

Substituting Eq. (5.36) into Eq. (5.33) and multiplying �v on both sides of Eq. (5.33) 

lead to 

 wX 3�6 5 diag3��%6w3�6 # :Ç"3��,��6��3�6J
�m$  (5.37) 

where �� is the ith natural frequency of the structure. It is found that using 8 or more 

modes does not make a big difference on dynamic response of the system. Therefore, 

8 modes are used. Modal analysis shows that the first torsional mode is the 9th mode 

of the plate structure, which does not produce much influence on the structural 

dynamics. "3��,��6 is the modal vector at the contact point 3��, ��6 which consists of 

8 modes. 

If the damping of four actuators which support the plate is considered, Eq. (5.33) and 

Eq. (5.37) become 

Ì�X 3�6 5 Í�3�6 # Î3�6 : ∑ ���4 ��� ,�� , ����� : ����3� : ��6J�m$  (5.38) 

wX 3�6 5 diag���%�w3�6 # :∑ "3�� ,��6���3�6J�m$ : ∑ ��"���,���"����,���w4 3�6J�m$  (5.39) 

where �� is the damping of the Sth actuator, 3�� ,��6 is the location of Sth actuator (j=1, 

2, 3, 4), and ��� is the contact force at the 
th contact point. 
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5.3. Experimental Verification of the Moving Car-Bridge Model 

Test 1: one moving car with one additional mass (No. 1) without considering car 

acceleration and damping of actuator at low speed 

An additional mass marked as No. 1 is put into the car body to enlarge the moving 

load. The total mass of the car body with the additional mass is 4.335 kg (mass ratio 

of 0.41). The structural model and the car model are combined and solved by the 

aforementioned iterative method in MATLAB. It is found from simulations that 

adopting 1 × 10£ N/m or bigger values for the stiffness of springs �$, �%, �H and �J 

does not make much difference, so the stiffness of springs �$, �%, �H and �J is taken 

to be 1 × 10£ N/m for modelling the rigid contact between the wheels and rails. The 

average velocity of the car is estimated to be around 1.05 m/s. The constant time step 

length is 0.0005 s. The dynamic responses of the plate at four measured points are 

predicted by the system model and compared with experimental measurements 

obtained by laser displacement transducers. 

Figure 5.15 gives the displacements measured by four laser transducers shown in 

Figure 5.3 and the deflections of the four points on the plate predicted by the system 

model, respectively. It can be seen from the figure that the downward plate 

deflections from simulation and experiment are almost the same in magnitude, but 

numerical results of the upward deflections are slightly bigger than the experimental 

ones. In addition, all the numerical responses lag slightly behind the experimental 

ones. The difference between the two sets of results could be caused by the inevitable 

errors in the identified parameters and the assumption of constant car velocity used in 

the system model. Note that the car’s travelling speed decreases slightly due to 

friction as it moves forward. Generally, the numerical results agree well with 

experimental ones. 
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Figure 5.15. Comparison between displacements measured by laser transducers and 
numerical displacements of the plate at measurement points without considering car 
acceleration 

 

Test 2: one moving car with one additional mass (No. 1) considering car 

acceleration and damping of actuator at low speed 

The second test involves one car carrying the same mass block (No. 1) as in the first 

test and moving on the plate structure. The speed of the car is measured by the Laser 

Vibrometer PSV-500. Figure 5.16 (a) gives the measured car speed while the car 

stays on the plate structure, where it can be seen that large oscillations occur in the 

measured results especially when the car enters and leaves the plate structure. These 

large oscillations are suspected to come from three sources: (1) the oscillations at the 

start are due to a velocity jump caused by a sudden push of the car, (2) the 

oscillations at the end are due to the car falling off the track after exiting from the 

track, and (3) the oscillations during the car’s travel on the plate structure are 

probably due to a larger change in rotation of the car when it approaches an 

intermediate support. Loss of the laser focus is thought to be another factor. Clearly 

those oscillations do not reflect true horizontal motion of the car and thus the 

associated data are not used. A number of data are selected from the raw data by 

hand, as the red points in Figure 5.16 (a) and plotted in Figure 5.16 (b) so as to 

remove the effect of the error data. It can be seen from Figure 5.16 (b) that the speed 

of the car varies at an almost constant deceleration (small local oscillation of the car 
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speed may be due to the deflection of the plate structure or measurement error), so it 

can be assumed that the car moves at a constant negative acceleration in the 

theoretical model. A straight line can be fitted to the picked speed data as � #:0.07137� 5 1.171, so the acceleration of the car is « # :0.07137	
/ª% and the 

initial speed of the car is ��=1.171 m/s. The travelled distance of the car after a time 

period of � can be described as �� # ��� 5 $% «�%. 

(a) (b)  

Figure 5.16. Measured car speed: (a) raw data and selected points, (b) selected data 
and linearly fitted line 

Using the estimated initial car speed and acceleration as inputs in simulations, 

simulated displacements of the plate structure can be obtained and compared with 

experimental results, as in Figure 5.17. Good agreement between the two sets of 

results can be seen and small oscillations are found in experimental results, which are 

suspected of coming from the car-structure interaction and the measuring noise of the 

displacement laser transducers. The numerical results by using the averaged velocity 

of the car (1.0454 m/s) are also simulated and are found lagging behind the 

experimental results obviously, as shown in Figure 5.17. This indicates that the speed 

variation of the moving car should be considered in the theoretical model of the car-

plate system. Please note that the damping of actuators is considered as well for both 

the blue curve and the black curve in Figure 5.17. A detailed discussion about 

damping of actuators can be seen in section 5.4.2. 
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Figure 5.17. Displacements of plate at measured points by simulation considering 
acceleration of car (blue curve) and results by simulation using average velocity of 
car (black curve) compared with experimental results (red curve) 

Transforming the measured car-excited response and the free response of the plate 

structure at the 1st measured point after the car leaves the structure from the time 

domain into the frequency domain, spectra for these two responses are obtained and 

shown in Figure 5.18 and Figure 5.19. The driving frequency can be calculated as 

�� # $%\ × \1̀ # %̀1 when the car moves at a constant speed � (Yau and Yang, 2006). 

The driving frequency can be estimated by using the averaged car speed to be around 

0.58 Hz, which is very close to the frequency at the first peak (0.56 Hz) in Figure 

5.18 (a). Clearly the 2nd bridge mode makes the greatest contribution in the free 

vibration response after the car exits the structure, shown in Figure 5.19. 

It can be seen from Figure 5.18 (b) that the amplitudes of the bridge displacement 

subjected to a moving car within 30 Hz are basically large. These frequencies are 

actually the frequencies of the car-bridge system which is a time-varying system. The 

peak amplitudes above 20 Hz are at frequencies of 22.26 Hz, 25.32 Hz and 49.81 Hz 

and so on. The spectrum of the bridge displacement after the car leaves the bridge is 

shown in Figure 5.19. Only the second and the third bridge natural frequencies are 

excited to relatively large amplitudes. It is noticed that the frequency 22.26 Hz in 

Figure 5.18 (b) is a little bit smaller than the 2nd bridge natural frequency of 23.89 Hz 
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in Figure 5.19, and the amplitude at the former frequency (about 3 × 10bH mm) is 

also smaller than the amplitude at the latter (about 4 × 10bH mm). 

(a) (b)  

Figure 5.18. Spectrum of measured car-excited displacement of the plate structure at 
1st measured point at initial car speed of 1.17 m/s: (a) whole amplitude view, (b) part 
amplitude view 

 

 

Figure 5.19. Spectrum of measured free vibration of the plate structure at 1st 
measured point at initial car speed of 1.17 m/s 

 

Test 3: one moving car with one additional mass (No. 1) at high speed 

Another test is done with the initial car speed increased to 2.44 m/s, as shown in 

Figure 5.20 and the displacement of the plate structure is shown in Figure 5.21, 

which basically does not increase compared with that for the lower car speed in 

Figure 5.17. However, the spectrum of the measured dynamic displacement of the 
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plate structure excited by the higher car speed shown in Figure 5.22 indicates some 

high frequencies with large amplitudes above the driving frequency 1.33 Hz, e.g. at 

13.96Hz and 22.61 Hz. Only the first 3 bridge frequencies are found with high 

amplitudes in Figure 5.23 for the spectrum of the free response of the plate structure. 

It is noticed that the frequency of 22.61 Hz in Figure 5.22 (b) is close to the 1st bridge 

natural frequency of 21.5 Hz and the 2nd bridge natural frequency of 23.5 Hz in 

Figure 5.23, and the frequency of 28.59 Hz at the former figure is close to the 3rd 

bridge natural frequency of 28.5 Hz in the latter figure. The amplitudes of the 

frequencies in the former figure are almost the same as those of the corresponding 

close frequencies in the latter figure. 

It is found that the amplitudes of the frequencies of the car-bridge system at a high 

car speed are basically larger than those at a low car speed by comparing Figure 5.22 

with Figure 5.18. This indicates that the car-bridge interaction becomes stronger at a 

higher car speed (it should be noted that this trend would change at a high enough 

speed). 

 

Figure 5.20. Measured speed of car 1 with linear fitting curve 
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Figure 5.21. Displacements of plate at measured points by simulation considering 
acceleration of car (blue curve) compared with experimental results (red curve) 

 

(a) (b)  

Figure 5.22. Spectrum of measured car-excited structural vibration at 1st measured 
point at initial car speed of 2.44 m/s: (a) whole amplitude view, (b) part amplitude 
view 

0 0.5 1 1.5 2 2.5 3
-1.5

-1

-0.5

0

0.5

1
1st point

0 0.5 1 1.5 2 2.5 3
-1.5

-1

-0.5

0

0.5

1
2nd point

0 0.5 1 1.5 2 2.5 3

Time (s)

-1.5

-1

-0.5

0

0.5

1

D
is

pl
ac

em
en

ts
 (

m
m

)

3rd point

0 0.5 1 1.5 2 2.5 3
-1.5

-1

-0.5

0

0.5

1
4th point



5. Vibration of a Four-span Continuous Plate Structure Subjected to One Moving Car 

111 
 

 

Figure 5.23. Spectrum of measured free vibration of the plate structure at 1st 
measured point at initial car speed of 2.44 m/s 

 

5.4. Numerical Analysis 

To begin with, the moving sprung mass model is compared with the moving car 

model (rigid-body). The effect of the damping of actuators is discussed next. Then, 

the influence of the speed ratio on the DAF of the plate structure is studied. The 

influence of the span ratio between wheelbase and plate span length and the effect of 

contact stiffness are analysed as well. 

5.4.1. Influence of Car Model 

To see the difference between the results by treating the car as a 2-DOF rigid body 

and the results by treating it as a moving sprung mass, a comparison is made below. 

The mass is the same as that of the car and the stiffness of the contact spring for the 

moving mass model is taken as the total stiffness between the car body and the plate: �� # 4 × 10£ N/m. The deflections of the plate at the four measured points from the 

two models are shown in Figure 5.24. It can be seen that there is little difference 

between the results from the two models: the time histories are almost the same, but 

the magnitude obtained by the moving mass model is slightly bigger. However, if a 

torsional mode of the plate is excited, a moving rigid-body model needs to be 

adopted to take account of the influence of this torsional mode. Please note that the 

above analysis is carried out for test 1 by using 5 structural modes. 
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Figure 5.24. Comparison between numerical displacements of the plate at 
measurement points by moving rigid-body model and those by moving sprung mass 
model 

The displacement of the centre of the car body and the displacement of the mass are 

shown in Figure 5.25. It can be found in the figure that the displacement of the car 

body is basically the same as, but slightly smaller than the displacement of the 

sprung mass.  

 

Figure 5.25. Comparison between displacement of rigid-body centre and that of 
moving mass  

5.4.2. Influence of Damping of Actuators 

Numerical simulations with different damping levels of shakers have been done to 

see the influence of shakers’ damping on the dynamic response of the system. The 
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damping of the four actuators is taken to be the same. Three different damping levels 

of 1.487 Ns/m, 100 Ns/m and 1000 Ns/m are used in simulations. Comparisons 

between dynamic responses of the car-structure without considering damping of 

actuators and those with considering damping of actuators can be seen from Figure 

5.26 to Figure 5.31. The influence of identified damping of actuators (1.487 Ns/m) 

on displacements of the plate structure is small. Still no obvious influence can be 

seen for the displacement of the plate structure when the damping of actuators 

increases to 100 Ns/m, which is shown in Figure 5.28, but the contact forces are 

clearly reduced and shown in Figure 5.29. When the damping of actuators increases 

to 1000 Ns/m, a clear lag for the displacements of the plate structure can be seen in 

Figure 5.30 and the contact forces decrease further in Figure 5.31. Overall, the point 

damping attached to the continuous plate structure does not make an obvious 

influence on the dynamic response of the structure unless the damping is very large. 

 

 

Figure 5.26. The numerical displacements of measured points without considering 
damping of actuators (blue curve) and with considering damping of actuators of 
1.487 Ns/m (red curve) 
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Figure 5.27. Contact force at first wheel without considering damping of actuators 
(blue curve) and with considering damping of actuators of 1.487 Ns/m (red curve) 

 

 

Figure 5.28. The numerical displacements of measured points without considering 
damping of actuators (blue curve) and with considering damping of actuators of 100 
Ns/m (red curve) 
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Figure 5.29. Contact force at first wheel without considering damping of actuators 
(blue curve) and with considering damping of actuators of 100 Ns/m (red curve) 

 

 

Figure 5.30. The numerical displacements of measured points without considering 
damping of actuators (blue curve) and with considering damping of actuators of 1000 
Ns/m (red curve) 
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Figure 5.31. Contact force at first wheel without considering damping of actuators 
(blue curve) and with considering damping of actuators of 1000 Ns/m (red curve) 

 

5.4.3. Influence of Car Speed 

Figure 5.32 shows the influence of car speed on the dynamic response of the four 

mid-span points (not the same as the four measured points) of the structure. The 

critical speed of the structure is �¿¼ # 38.236 m/s. The mass ratio between the car 

mass and the structure mass is 0.41 for test 1 to test 3. 

The reference static deflections are obtained in ABAQUS by using four concentrated 

forces at the mid-spans of the plate to model the four axle loadings of the car. DAF is 

defined as the ratio between the maximum dynamic response of the mid-span point 

of one span and its static deflection with the car on the mid-span of this span. It can 

be seen from the figure that the maximum dynamic responses of the mid-span points 

basically increase with the ratio of the car speed to the critical speed in the range of 

0.015 to 0.15. A small local peak occurs at the ratio of 0.075. The DAFs of the mid-

span points in spans 2-4 fluctuate very much when the speed ratio is greater than 

0.135. This is probably because that the influence of vibration of front spans on rear 

spans becomes strong under high car speeds. It is found that negative contact forces 

always occur when car speed ratio is greater than 0.2, which means that contact loss 

happens when the speed ratio is greater than 0.2. The dynamic responses with car 

speed ratio greater than 0.2 are not presented in this thesis. Fryba (Frýba, 1999) 

showed that the maximum dynamic response of a simply supported beam under a 
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moving constant force increases firstly and then decreases with the speed and the 

peak response happens at the speed ratio in the range of 0.5 to 0.7 for different 

damping of the beam. What should be paid attention to is that the car speed that leads 

to loss of contact changes with car mass as shown in Figure 5.33. For a heavier car, a 

lower car speed for loss of contact is found. 

 

Figure 5.32. DAF of mid-span points against car speed ratio for mass ratio of 0.41 

 

Figure 5.33. The speed ratio from which contact loss begins to happen 

 

Figure 5.34 shows the dynamic effect changing with mass ratio and speed ratio. It 

can be seen from the figure that when the speed ratio is small, DAF basically does 

not vary with mass ratio. The dynamic effect fluctuates with mass ratio when the 

speed ratio is big. Basically, the dynamic effect is strongest at maximum mass ratio 

of 0.35 and maximum speed ratio of 0.2 for the experimental rig in the simulated 

range of mass ratio and speed ratio. 
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Figure 5.34. DAFs versus mass ratio and speed ratio (DAF
 representing DAF at 
th 
mid-span, 
=1, 2, 3, 4) 

5.4.4. Influence of Car mass 

To study the influence of car mass on the dynamic response of the plate structure, 

simulations are carried out for different mass ratios and speed ratios by using a 

moving mass model to remove the effect of the complicated car model. It can be seen 

from Figure 5.35 that when the car speed is low, DAF does not vary much with the 

mass ratio. The dynamic effect fluctuates with the mass ratio when the speed of mass 

is high. Basically, the dynamic effect, represented by DAFs (s=1, 2, 3 ,4, which 

refers to the sth span), increases broadly with the speed ratio with fluctuations, which 

is in a similar trend to the results of a single-span beam excited by a moving 

oscillator by Frýba (1999). DAF1 has a simpler trend compared with those of the 

other DAFs. It is because the car moves on the first span firstly and there is no 

influence of other spans on this span. 
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(a) (b)  

(c) (d)  

Figure 5.35. DAF versus speed ratio for different mass ratios by moving-mass model 
(‘rm’ representing mass ratio): (a) DAF at 1st mid-span, (b) DAF at 2nd mid-span, (c) 
DAF at 3rd mid-span, (d) DAF at 4th mid-span. 

 

5.4.5. Influence of Span Ratio 

The relationship between the displacement response of the structure and the span 

ratio of wheelbase to plate span length for the mass ratio of 0.41 and the speed ratio 

of 0.027 is shown in Figure 5.36. The span ratio is changed by changing the 

wheelbase only and keeping the span length of the structure to be the same. 

Increasing wheelbase can make the dynamic response of the structure decrease in the 

range of span ratio between 0 and 0.8, and increase to a steady state afterwards. That 

is to say that a shorter car can cause a greater structural dynamic response, which is 

verified by the previous fact that the displacements of the structure obtained from the 

moving mass model are bigger than that from the moving rigid-body model. It is 

interesting to find that the dynamic response of the first span reaches a steady state 

with shorter wheelbase than those of other spans as shown in the figure. The 
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minimum deflection of the first mid-span occurs at the span ratio of 0.7, whereas the 

minimum deflections of the other mid-spans take place at the span ratio of 0.8. It was 

found that the vibration of a simply supported beam excited by a series of moving 

axle loads is minimum at the span ratio 0.67, to which the first span has the similar 

trend. This phenomenon is largely due to that the cancellation condition for the 

simply supported beam is met at this span ratio (Yang et al., 2004). 

 

Figure 5.36. Maximum deflection of mid-span points against span ratio at speed 
ratio of 0.027 and mass ratios of 0.41 
 

The dynamic responses for several wheelbases are shown in Figure 5.37. It can be 

seen that initially when the span ratio is 0.3 the dynamic response of one mid-span 

point only has one downward peak, but has two downward peaks for the span ratio of 

0.8 or higher and the time difference between the two peaks increases with 

wheelbase. The two sets of wheel loads are like two separate loads at a certain 

distance apart, which may cause two peaks in the dynamic response of the structure. 

When the wheelbase increases, it seems that the distance between two mass loads 

increases. In consequence, the time interval between the two peaks becomes bigger. 

It is noticed that the span ratio for test 1 to test 3 is 0.23. 
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Figure 5.37. Dynamic responses of mid-span points for span ratios of (a) 0.3, (b) 0.8, 

(c) 1.7, (d) 3.0 

5.4.6. Influence of Contact Spring Stiffness  

The influence of contact spring stiffness on the dynamic response of the structure can 

be seen in Figure 5.38 (mass ratio of 0.41 and span ratio of 0.23). As can be seen in 

the figure, the contact spring stiffness does not influence the dynamic response of the 

structure much under car speed of a 1.05 m/s (speed ratio 0.027), but the influence 

becomes stronger at higher car speeds. It is interesting to find that the magnitude of 

the contact force between the first car wheel and the plate structure does not differ 

much with contact spring stiffness at v=1.05 m/s as shown in Figure 5.39. This is 

because when the car speed is low, the inertial force in the contact force is small and 

the main contribution to the contact force is the dead-weight of the car which is 

constant. However, higher frequencies of the contact force occur when the contact 

spring stiffness increases at the car speed of v=1.05 m/s, as found in Figure 5.40. 

This is also true for the car speed of v=5.74 m/s (speed ratio 0.15) shown in Figure 

5.42. On the other hand, the magnitude of structural response differs significantly 

with changing contact spring stiffness at v=5.74 m/s as shown in Figure 5.38 and the 

magnitude of the contact force basically increases with contact spring stiffness at 

v=5.74 m/s as shown in Figure 5.41. Figure 5.43 and Figure 5.44 show that the 

dynamic response of the car body decreases much in magnitude with contact spring 
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stiffness for both car speeds (1.05 m/s and 5.74 m/s). It can be seen from Figure 5.45 

that the car basically oscillates slightly faster with larger contact spring stiffness 

when the car moves at 5.74 m/s. However, this is not true when v=1.05 m/s. It can be 

estimated from Figure 5.43 that the car almost oscillates at the same frequency with 

different contact spring stiffness. Please note that the above phenomenon found for 

the contact force between the first car wheel and the rail is also true for the contact 

forces between other car wheels and the rails, although they are not presented in this 

thesis. 

When the car speed is 1.05 m/s, the driving frequency of the moving car (different 

from the natural frequency of the car) is related to the car speed and equals �� # 1̀ #$.�£�.¢ # 1.167	Hz. This frequency and the natural frequency of the car in the vertical 

bouncing mode presented in Table 5.3 are the source of the frequencies of the contact 

force, which can be found in Figure 5.40. When the car speed is 5.74 m/s, the driving 

frequency of the moving car related to the car speed becomes �� # 1̀ # 6.373 Hz. 

This frequency and the natural frequency of the car shown in Table 5.3 are the source 

of the frequencies of the contact force and can be found in Figure 5.42. The higher 

frequencies of the contact force look like integer multiples of ��, which seem quite 

obvious in Figure 5.42 (c). 

Table 5.3. Natural frequencies (Hz) of the car in the vertical bouncing mode and 
rotation mode 

Spring stiffness (N/m) 10% 10H 10J 10£ 

Frequency in bouncing 1.529 4.835 15.288 48.345 

Frequency in rotation 2.648 8.374 26.479 83.734 
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Figure 5.38. The influence of contact stiffness of one spring on DAF at (a) 1st, (b) 

2nd, (c) 3rd, (d) 4th mid-span points under different car speeds 

 

 

 

Figure 5.39. Contact force at first wheel for contact stiffness of one spring (a) 1.0 × 10%, (b) 1.0 × 10H, (c) 1.0 × 10J, (d) 1.0 × 10£ N/m at car speed of 1.05 m/s 
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Figure 5.40. Single-sided amplitude spectrum of contact force at first wheel for 
contact stiffness of one spring (a) 1.0 × 10% , (b) 1.0 × 10H , (c) 1.0 × 10J , (d) 1.0 × 10£ N/m at car speed of 1.05 m/s 

 

 

 

Figure 5.41. Contact force at first wheel for contact stiffness of one spring (a) 1.0 × 10%, (b) 1.0 × 10H, (c) 1.0 × 10J, (d) 1.0 × 10£ N/m at car speed of 5.74 m/s 
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Figure 5.42. Single-sided amplitude spectrum of contact force at first wheel for 
contact stiffness of one spring (a) 1.0 × 10% , (b) 1.0 × 10H , (c) 1.0 × 10J , (d) 1.0 × 10£ N/m at car speed of 5.74 m/s 

 

 

 

Figure 5.43. Displacement of car body centre for contact stiffness of one spring (a) 1.0 × 10%, (b) 1.0 × 10H, (c) 1.0 × 10J, (d) 1.0 × 10£ N/m with car speed of 1.05 

m/s 
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Figure 5.44. Displacements of car body centre for contact stiffness of one spring (a) 1.0 × 10%, (b) 1.0 × 10H, (c) 1.0 × 10J, (d) 1.0 × 10£ N/m at car speed of 5.74 m/s 

 

 

 

Figure 5.45. Single-sided amplitude spectrum of displacements of car body centre 
for contact spring of one spring (a) 1.0 × 10% , (b) 1.0 × 10H , (c) 1.0 × 10J , (d) 1.0 × 10£ N/m at car speed of 5.74 m/s 
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5.5. Concluding Remarks 

Moving load problems are difficult to analyse and no commercial general-purpose 

structural analysis software packages can deal with them efficiently. A general and 

easy way to solve moving load problems is presented in this chapter by using 

ABAQUS and MATLAB. FE models of complicated structures are built in 

ABAQUS and their numerical modes are obtained and imported into MATLAB 

codes where the MS method and an iterative method are implemented. The moving 

sprung mass model is adopted to verify the proposed approach. The numerical results 

show that this approach works well with high efficiency. 

A four-span continuous plate with two rails on top and four extra actuator supports 

excited by a moving model car is studied numerically and experimentally. The car is 

treated as a rigid body with two DOFs in contact with the rails via four springs. An 

FE model of the plate with rails is built in ABAQUS to obtain its numerical modes 

and the parameters used in the FE model of the structure are identified based on 

measured frequencies. It is found that the torsional modes of the structure do not 

have much influence on the structural dynamic response within the speed range 

studied. The numerical prediction of structural displacements at four measured points 

of the structure agrees well with the experimental measurements. Further numerical 

studies reveal some interesting results: 

(1) It is found from measurements that the car speeds decrease with time at almost a 

constant deceleration of 0.04 ~ 0.08 m/s%. An obvious time delay is found between 

numerical results by using an average car velocity and experimental results and this 

car deceleration could produce non-negligible influence on the dynamic response of 

the plate structure at certain car speeds. These findings indicate that the deceleration 

of the car should be included in the theoretical model of the car-plate system. 

(2) Spectrum analysis of the experimental results shows that a higher speed car 

below 2.5 m/s can excite the plate structure into the vibration with larger amplitudes 

at a wide range of frequencies, which indicates that the car-bridge interaction 

becomes stronger at a higher car speed. The wide range frequencies of the car-bridge 

system are due to the movement of the car which makes the system time-varying. 
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(3) The structural response and car displacement from the moving rigid-body model 

are slightly smaller than those from the moving sprung mass model. 

(4) Damping of actuators does not make an obvious influence on the dynamic 

response of the plate structure and the contact force unless it is extremely high. 

(5) Increasing car speed can increase structural dynamic response in a certain speed 

range and wheel/rail contact loss occurs at a lower car speed for a heavier car. 

(6) The mass ratio has a significant influence on the structural response when the 

speed ratio is large. 

(6) A longer car decreases structural dynamic displacement when the span ratio of 

the wheelbase to the span length is less than 0.8, and increases the structural 

displacement slightly to a stable value when the span ratio is bigger. 

(7) When the car speed is low, the variation of contact spring stiffness does not make 

much difference on structural response, but at a high car speed, the influence 

becomes strong. Additionally, at high car speeds larger contact spring stiffness 

basically leads to bigger contact forces between the car wheels and the rails and 

slightly quicker oscillation of the car. Regardless of the car speed, the frequencies of 

the contact forces basically increase but the dynamic response of the moving car 

body decreases, with contact spring stiffness. 

Noisy and local oscillations are found in displacement measurements. The noise may 

come from the measurement by laser displacement transducers and ambient vibration 

of the plate structure. Some local oscillations are suspected of coming from the 

lateral vibration of moving cars, which will be investigated in the future. Although 

only the dynamic response of the plate is measured in this chapter, the vibration of 

the moving cars is another interesting topic worth to be studied experimentally in the 

future. 
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6.   Vibration of a Four-Span Continuous Plate 

Structure Subjected to Two Moving Cars 

The free vibration of a bridge with high amplitude is very helpful for identifying 

more accurate modal properties of the bridge (Qin et al., 2014). Such high amplitude 

may be caused by the passage of a moving train or a heavy truck. The theoretical and 

experimental studies of two cars moving on a four-span continuous plate structure 

are conducted in this chapter to examine the influence of excitation scenario on the 

identified bridge frequencies from the free vibration of the bridge. Two cars are set to 

move on the plate structure separately with different time gaps or move together 

through a connector at various speeds. Predicted results for the car-plate vibration are 

compared with the experimental results. The bridge frequencies under moving cars 

and without cars (free vibration) are obtained by transforming measured structural 

displacements from the time domain to the frequency domain. It should be 

mentioned that laboratory experiments for two cars moving on a continuous structure 

with such a complexity as that in this thesis have not been reported in the literature. 

The nearest work is an experiment of 3 connected model cars travelling on a single-

span simply-supported beam (Kim et al., 2016). 

6.1. Experimental Setup 

The plate structure remains basically the same as that in Figure 5.3 except that the 

location of actuators is slightly different. Figure 6.1 gives the schematic of the plate 

structure. Two cars are optionally connected by an aluminium stick which lets two 

cars travel at the same speed in time and allows the relative rotation between the two 

cars. The second span of the plate structure and two connected cars are shown in 

Figure 6.2. The travelling speeds of the moving cars in time are measured by using 

the Polytec Laser Vibrometer (PSV 500) based on the Doppler-effect as well. 
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Figure 6.1. Schematic of the whole experimental setup from lateral view (unit: cm) 

(a)  (b)  

Figure 6.2. Pictures of experimental setup: (a) the second span of the four-span plate 
structure; (b) two connected cars 

6.2. Theoretical Model of Two Cars-Bridge System 

Similarly to the theoretical model of the one car-bridge model in chapter 5, an FE 

model of the plate structure is built in ABAQUS to obtain the numerical frequencies 

and mode shapes of the structure. Shell elements (S4R) and 3D beam elements (B31) 

are used to model the plate and the rails, respectively. Point mass and spring 

elements are used to model the additional masses and stiffness provided by the 

actuators. The material properties of the plate and the rails are identified from 

measured natural frequencies by modal testing and the stiffness of an actuator is 

measured by tension and compression tests using an INSTRON machine (Yang et al., 

2017). The damping coefficients of actuators are assumed to be the same and 

identified from a free vibration test of one actuator to be around 1.487	Ns/m. The 

detailed identification of the damping of the actuator was given in section 5.2.2. The 

beam elements are tied to the shell elements. The offset between connected beam and 

shell elements is often taken as a model updating parameter to validate the model by 
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comparing theoretical frequencies with measured counterparts (Mottershead et al., 

2011). In this chapter, the offset ratio defined in section 5.2.5 is updated. It is found 

that when the offset ratio is 1.885, the theoretical frequencies of the plate structure 

are closest to the measured counterparts. Table 6.1 shows the differences between the 

two sets of frequencies for the first eight modes of the plate structure. 

Table 6.1 Comparison between theoretical frequencies and measured frequencies 

Mode 1 2 3 4 5 6 7 8 

Measured Fre. (Hz) 21.781 23.676 27.995 33.386 68.573 72.964 81.002 89.935 

Theoretical Fre. (Hz) 20.218 22.465 28.069 34.919 65.921 71.591 83.429 96.343 

Difference (%) -7.2  -5.1  0.3  4.6  -3.9  -1.9  3.0  7.1  

 

Applying the MS method to the equation of motion of the plate structure leads to 

(Baeza and Ouyang, 2008) 

wX 3�6 5 diag9��%<w3�6 # :∑ "���,������3�6¥�m$ : ∑ ��"3��,��6"v3��,��6w4 3�6J�m$  (6.1) 

where ��  (
 # 1, 2…o) is the 
 th natural frequency of the plate structure (which 

includes the mass and stiffness of all actuators), with n being the number of modes 

used; �� and �� the coordinates of the Sth wheel of the cars, �� and �� the coordinates 

of the �th actuator; "3�,�6	is the vector of the analytical modal functions of the 

plate structure, w the vector of the corresponding modal coordinates; ��� the contact 

force at the Sth wheel, �� the viscous damping coefficient of the �th actuator; a dot 

over �  denotes a derivative with respect to � . Please note that "3�,�6	  is 

approximated by the products of the element shape functions and the numerical 

modes of the plate structure which are obtained from the modal analysis of its FE 

model in ABAQUS. 

Each car is treated as a rigid-body with two DOFs and only heave �� and pitch � 

motions are considered, as shown in Figure 6.3. 
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Figure 6.3. Theoretical model of two cars: (a) elevation view of the first car, (b) 
cross-section view of the first car, (c) elevation view of the second car, (d) cross-
section view of the second car 

 

The contact force ���3�6  between the S th wheel of the cars and the rails can be 

expressed as 

 ���3�6 # ��9:��$3�6 5 ���� ,�� , �� : �% �$3�6<, S # 1, 2 (6.2) 

 ���3�6 # ��9:��$3�6 5 ���� ,�� , �� 5 �% �$3�6<, S # 3, 4 (6.3) 

 ���3�6 # ��9:��%3�6 5 ���� ,�� , �� : �% �%3�6<, S # 5, 6 (6.4) 

 ���3�6 # ��9:��%3�6 5 ���� ,�� , �� 5 �% �%3�6<, S # 7, 8 (6.5) 

where ��$ and ��% are the vertical displacements of the first car and the second car, 

respectively and �$  and �%  are the rotations of the first car and second car, 

respectively, as shown in Figure 6.3. �3�� ,�� , �6 is the displacement of the plate 

structure at the contact point between the 
th wheel and the rails (�� and �� are the 

coordinates of the Sth wheel). 

The equation of motion of the first car can be described as 


�$�X�$ # :
�$° : �$9��$ 5 �% �$ : �3�$,�$, �6< : �%9��$ 5 �% �$ : �3�%, �%, �6< :
�H9��$ : �% �$ : �3�H,�H, �6< : �J9��$ : �%�$ : �3�J,�J, �6< (6.6) 
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��$�X$ # :�$ §��$ 5 �%�$ : �3�$,�$, �6¨ �% : �% §��$ 5 �% �$ : �3�%,�%, �6¨ �%5
�H §��$ : �% �$ : �3�H,�H, �6¨ �%5 �J §��$ : �% �$ : �3�J,�J, �6¨ �%		 (6.7) 

The equation of motion of the second car is similar as Eq. (6.6) and Eq. (6.7), but ��$, �$, ��$ and �$ to �J are changed to ��%, �%, ��% and �£ to �¥, respectively. If the car 

connector is used to connect the two cars, the following relationships for the two cars 

can be obtained  

 �£ # �H 5 �ª,  �¤ # �J 5 �ª (6.8) 

where �H and �J are the coordinates of the rear wheels of the first car in � direction; �£ and �¤ are the coordinates of the front wheels of the second car and Δª is the 

distance between the the rear wheel of the first car and the front wheel of the second 

car in x axis as shown in Figure 6.4. As only the heave and pitch motions of the cars 

are considered, the two wheels of one wheel-set can be taken at the same � 

coordinate, namely �H # �J and �£ # �¤. 

 

Figure 6.4. Lateral view of relative location of contact forces (unit: cm) 

It should be noted that Eq. (6.1) to Eq. (6.7) are valid only when all the wheels of the 

two cars are on the plate structure. Actually, there are extra stretches of rails in front 

of and behind the plate structure, as shown in Figure 6.1. The stiffness of the extra 

rails or spans is taken to be infinitely large, which means �3��, ��, �6 # 0 when the 
th wheel of the cars is on the extra rails. Eq. (6.1) to Eq. (6.7) should be changed 

according to the locations of wheels of the cars. The equations of motion of the plate 

structure and the cars can be solved by the iterative method presented in section 5.1. 
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6.3. Experimental Results 

Two separate moving cars and two connected moving cars are used to excite the 

four-span plate structure in the tests. There are two different situations for two 

separate moving cars depending on the time gap between the time instants of two 

cars getting on the plate structure. If the time gap is long, the plate structure 

experiences a free vibration during the time period between the first car leaving the 

plate structure and the second car getting on the plate structure. However, this free 

vibration does not take place if the time gap is short. Two connected cars at a low 

speed and at a high speed are both tested. 

6.3.1. Two Separate Cars 

Supposing that the second car gets onto the plate structure at a time gap of Δ� after 

the first car does. The time instants of two cars have a relationship of 

 �% # �$ 5 �� (6.9) 

where �$ and �% are the time instants of the first car and the second car when they are 

arriving at the plate, respectively. If the time gap is short, eight wheels of the two 

cars can be acting on the plate structure at the same time for some time. However, 

when the time gap is long enough so that the second car arrives after the first car 

leaves the plate structure, the second car encounters a plate undergoing free vibration 

caused by the departure of the first car. Another special case is six wheels acting on 

the plate structure (rear wheel-set of the first car and two wheel-sets of the second 

car), which is not easy to achieve in experiments and not studied in this thesis. 

(a) Situation one: two separate cars with short time gap 

The first car carries a mass marked as No. 1 and they weigh 4.335 kg in total (mass 

ratio of 0.41), and the second car also carries a mass marked as No. 2 and they weigh 

4.207 kg in total (mass ratio of 0.40). As the Laser Vibrometer can only measure the 

speed of one car at a time, the speed of the first car is measured first for a while. 

When the second car reaches the plate structure, its speed is measured until it leaves 

the plate structure. The measured speeds of the two cars are given in Figure 6.5. The 

initial speed of the first car is estimated to be 1.21 m/s and its acceleration is -0.0647 m/s%  from the fitted straight line. After the first car travels for Δ� # 2.385	s 
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(estimated from Figure 6.6), the second car reaches the plate structure with an initial 

speed of 1.59 m/s and an acceleration of -0.0461 m/s%.  

(a) (b)  

Figure 6.5. Measured speeds of moving cars: (a) car 1, (b) car 2, with linear fitting 
curves 

The simulated dynamic response of the plate structure agrees well with the measured 

response, as shown in Figure 6.6. There are high frequency oscillations in the 

measured results, especially during the period when the second car is travelling on 

the plate structure, which is mainly due to the second car travelling on a vibrating 

plate structure at a higher speed which causes a stronger car-plate interaction. The 

frequency of the high oscillation is around 14.01 Hz, seen from Figure 6.7 (b). A 

sudden change of the dynamic response of the plate structure can be seen at the grey 

points in Figure 6.6 when the second car gets onto the plate structure. The response 

of the plate structure subjected to two cars can be seen as the sum of the responses of 

the plate structure caused by two cars individually, as the vibration of the plate 

structure behaves linearly in the tests. The spectrum of the measured results in Figure 

6.7 (a) shows two driving frequencies caused by two cars individually in the 

spectrum of the car-excited response of the plate structure and only the first two plate 

frequencies are excited largely in the free response of the plate structure shown in 

Figure 6.8. A new frequency of 1.25 Hz is found in the dynamic response of the plate 

structure, which is because the loading of the second car changes the original 

displacement trace of the plate structure. 

The frequency of 21.95 Hz in Figure 6.7 (b) is close to the 1st structural frequency of 

21.5 Hz in Figure 6.8, and the frequency of 23.0 Hz in the former figure is next to the 

2nd structural frequency of 23.5 Hz in the latter figure. The amplitudes of the above 

frequencies in the former figure are increased in the latter figure. 
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Figure 6.6. Displacements of the plate at measured points by simulation (blue curve) 
compared with experimental results (red curve) for two separate moving cars with 
short time gap 

(a) (b)  

Figure 6.7. Spectrum of measured car-excited displacement of the plate structure at 
1st measured point: (a) whole amplitude view, (b) part amplitude view at initial car 
speeds of 1.21 m/s and 1.59 m/s with short time gap 
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Figure 6.8. Spectrum of measured free vibration of the plate structure at 1st measured 
point at initial car speeds of 1.21 m/s and 1.59 m/s with short time gap 

 

(b) Situation two: two separate cars with long time gap 

The first car travels on the plate structure with an estimated initial speed of about 

1.11 m/s and an acceleration of around -0.0628 m/s%, as shown in Figure 6.9 (a). 

After a time gap of Δ� # 4.298	s, the second car starts to move on the plate structure 

with an estimated initial speed of about 1.79 m/s and an acceleration of around -

0.0644 m/s% as shown in Figure 6.9 (b). An obvious change occurs at the grey points 

when the second car arrives at the plate structure as seen in Figure 6.10. A time 

period of free vibration of the structure can be seen in the figure after the first car 

leaves the plate structure and before the second car arrives, but the free vibration is 

small and dies out quickly, which does not affect the vibration of the second car-plate 

system much. Larger high frequency oscillations can be seen in the car-excited 

response and free vibration response of the plate structure when the second car is 

travelling on the plate structure at a higher car speed, compared with those during the 

period before the arrival of the second car. The spectrum of the responses of the plate 

structure caused by two cars separately is similar to that by one car. 

The spectrum of free vibration of the plate structure after the second car leaves the 

structure is depicted in Figure 6.11. It can be seen in the figure that the first two 

structural frequencies are excited into relatively high amplitudes. 



6. Vibration of a Four-span Continuous Plate Structure Subjected to Two Moving Cars 

138 
 

(a) (b)  

Figure 6.9. Measured speed of two cars: (a) car 1, (b) car 2, with linear fittings 

 

 

Figure 6.10. Displacements of the plate at measured points by simulation (blue curve) 
compared with experimental results (red curve) for two separate moving cars with 
long time gap 
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Figure 6.11. Spectrum of free vibration of the plate structure at 1st measured point at 
initial car speeds of 1.11 m/s and 1.79 m/s with long time gap 

 

6.3.2. Two Connected Cars 

(a) Plate structure subjected to two connected cars at low speed 

The speed of two cars connected in series is measured and linearly fitted to a straight 

line for the selected data, as in Figure 6.12. The initial car speed is estimated to be 

about 1.03 m/s from the fitted line and the acceleration is around -0.0653 m/s%. The 

responses of the plate structure from the simulation and the experiment are in good 

agreement, as shown in Figure 6.13. By comparing Figure 6.13 with Figure 5.17 (for 

one moving car), it is found that the dynamic response of the plate structure increases 

considerably with the moving load changing from one car to two connected cars and 

the shapes of the responses in the two figures look similar, but large high frequency 

oscillation is observed in the dynamic response of the plate structure in Figure 6.13 

and the free vibration of the plate structure is larger in terms of amplitude in Figure 

6.14 (b), compared with that in Figure 5.18 (b). The reason for the difference is that 

the car-plate interaction is stronger for two connected cars than that for one car, as 

the mass ratio for the two connected cars is bigger. The spectrum of the measured 

results in Figure 6.14 shows the high frequency of the dynamic response of the plate 

structure subjected to two connected cars is mainly 11.07 Hz. 
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Figure 6.12. The speed of two connected cars measured by Laser Vibrometer and its 
linear fitting 

 

Figure 6.13. Displacements of the plate at measured points by simulation (blue curve) 
compared with experimental results (red curve) for two connected moving cars at 
initial car speed of 1.03 m/s 

Comparing Figure 6.15 with Figure 6.14 (b), it can be found that the amplitude 

around the first bridge frequency increases from less than 0.005 mm to about 0.2 mm, 

and the amplitude around the second bridge frequency increases from about 0.005 

mm to about 0.25 mm. 
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(a) (b)  

Figure 6.14. Spectrum of measured car-excited displacement of the plate structure at 
1st measured point: (a) whole amplitude view, (b) part amplitude view at initial car 
speed of 1.03 m/s 

 

Figure 6.15. Spectrum of measured free vibration of the plate structure at 1st 
measured point at car speed of 1.03 m/s 

(b) Plate structure subjected to two connected cars at high speed 

Another test is conducted at a higher initial car speed of about 2.51 m/s and an 

acceleration of -0.051 m/s% , shown in Figure 6.16. Large high frequency local 

oscillations are observed in measured plate responses, shown in Figure 6.17. The 

frequencies of the local oscillation are mainly around 12.61 Hz which is due to the 

car-plate interaction, shown as the highest peak after the driving frequency in Figure 

6.18 and the third bridge frequency is excited into a higher level in the free response 

as in Figure 6.19, compared with that in Figure 6.14. It is noticed that the frequency 

band in Figure 6.18 is narrower than that in Figure 5.22. 
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Figure 6.16. The speed of two connected cars measured by Laser Vibrometer and its 
linear fitting 

 

Figure 6.17. Displacements of measured points by simulation (blue curve) compared 
with experimental results (red curve) for two connected moving cars at initial car 
speed of 2.51 m/s 

Comparing Figure 6.19 with Figure 6.18 (b), it can be found that the first two 

frequencies of the bridge are excited into noticeable amplitudes and there are not big 

changes for the amplitudes of these frequencies when the cars are on or not on the 

plate structure. 
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(a) (b)  

Figure 6.18. Spectrum of measured car-excited displacement of the plate structure at 
1st measured point: (a) whole amplitude view, (b) part amplitude view at initial car 
speed of 2.51 m/s 

 

Figure 6.19. Spectrum of measured free vibration of the plate structure at 1st 
measured point at initial car speed of 2.51 m/s 

6.4. Numerical Study 

The simulation results agree well with the experimental results in section 6.3, which 

validates the theoretical model in this chapter. It is not easy to control the speed of 

the moving car accurately in experiments and high speeds of cars are hard to 

implement. Therefore, a numerical study based on the validated theoretical model is 

necessary to investigate the influence of different parameters of the moving car, like 

the number of cars, the loads of two-connected cars and the car acceleration on the 

dynamic response of the plate structure.  
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6.4.1. Influence of the Number of Cars on Separation 

Dynamic Amplification Factor (DAF), mass ratio and speed ratio are used in this 

section to study the dynamic effect. For the plate structure, the critical speed is 

calculated to be �¿¼ # 1L=\ # 39.206	m/s, where 	 and �$ are the length of one span 

and the first natural frequency of the plate structure respectively. 

Assuming that the car moves on the plate structure at a constant speed, it is found by 

simulations that contact loss happens when the car speed is high enough and lower 

car speed leads to contact loss for a heavier car (Yang et al., 2017). Figure 6.20 gives 

the speed ratios where contact loss begins to happen for different mass ratios by 

using the one-car model and the two-connected-car model. The total car mass is 

distributed equally to each car in the two-connected-car model. It can be found from 

the table that two cars lead to contact loss at lower car speeds compared with one car 

at the same mass ratio. To avoid contact loss, ranges of the mass ratio and the speed 

ratio are selected for simulation (0.1~0.35 for mass ratio and 0.0122~0.1463 for 

speed ratio). 

 

Figure 6.20. Speed ratios where contact loss begins for two car models 

6.4.2. Influence of the Loads of Two-Connected-Cars 

The relative location of four wheel-sets of two-connected-cars is illustrated in Figure 

6.4. It can be found from the figure that different adjacent wheel-sets are at almost 
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the same distance (� # 12.6 cm) away. If the two-connected-cars travel on the plate 

structure at a constant speed �¿ , the contact forces act like four sets of moving 

contact forces with a frequency of �� # `À·  (defined as travelling frequency in this 

thesis). The travelling frequency of the contact forces may become close to the first 

natural frequency of the plate structure when the car speed changes. Yau and Yang 

(Yau and Yang, 2006) found analytically that successive moving forces with the 

same adjacent distance � could excite a simply supported beam into resonance at its 

first mode when �� # `À· # �$ where �$ is the first natural frequency of the beam in 

Hz. Similarly, one may expect the resonance to occur for the car-plate system when 

the travelling frequency is close to the first natural frequency of the plate structure. 

Figure 6.21 shows the relationship between DAF at mid-span points and the speed 

ratio for different mass ratios. A new peak emerges at the speed ratio of 	� #0.0731(car speed of �¿¼	� # 2.87	m/s) in Figure 6.21 compared with Figure 5.35. 

The travelling frequency at this speed ratio is �� # `ÀÁ�õ· # 22.746	Hz which is close 

to the first natural frequency (21.781 Hz) of the plate structure, so the new peak 

could be due to the resonance of the plate structure excited by the two moving 

connected cars. It is also noted in Figure 6.21 that the DAF at the speed ratio of 

0.0731 varies depending on the mass ratio and the location of the DAF. 

(a) (b)  
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(c) (d)  

Figure 6.21. DAF versus speed ratio for different mass ratios by two-connected-car 
model (‘rm’ representing mass ratio): (a) DAF at 1st mid-span, (b) DAF at 2nd mid-
span, (c) DAF at 3rd mid-span, (d) DAF at 4th mid-span 

To verify the above explanation for the peak at the speed ratio of 0.0731, the 

spectrum of the dynamic response of the plate structure subjected to two connected 

cars with different masses is plotted as Figure 6.22. When the mass ratio is as small 

as 0.05, the interaction between the cars and the plate structure can be ignored. In 

this case, the moving two connected cars act as four sets of moving forces. Figure (a) 

shows only one peak at 20.79 Hz which is close to the first natural frequency of the 

plate structure (21.781 Hz) and well above the driving frequency 1.54 Hz. This 

explains the DAF peak at the speed ratio of 0.0731 for the mass ratio of 0.05 in 

Figure 6.21. However, more peaks appear above the driving frequency for larger 

mass ratios, due to the interaction between the cars and the plate structure, shown in 

figure (b) to figure (d). Those peaks expand towards both sides of 20.79 Hz along the 

x axis and the larger mass ratios, at smaller frequencies the peaks appear. It is noticed 

that among these peaks the second natural frequency of the plate structure (23.676 

Hz) is excited for different mass ratios. 
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(a) (b)  

(c) (d)  

Figure 6.22. Spectrum of numerical displacement of the plate structure at 1st 
measured point for mass ratios of: (a) 0.05, (b) 0.1, (c) 0.25 and (d) 0.35 by two-
connected-car model at speed ratio of 0.073 

To look at the effect of these four sets of wheel loadings further, the spectrum of the 

dynamic response of the plate structure travelled by two connected cars (shown in 

Figure 6.22) is compared with that excited by an equivalent moving mass (shown in 

Figure 6.23). Compared with Figure 6.23, fewer and higher peaks near the travelling 

frequency (22.746	Hz) occur above the driving frequency in Figure 6.22, which 

indicates that the two moving connected cars at the speed ratio of 0.073 excite the 

plate structure into frequencies near the travelling frequency. 
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(a) (b)  

(c) (d)  

Figure 6.23. Spectrum of numerical displacement of the plate structure at 1st 
measured point for mass ratios of: (a) 0.05, (b) 0.1, (c) 0.25 and (d) 0.35 by moving 
mass model at speed ratio of 0.073 

6.4.3. Influence of Car Acceleration 

The influence of the two-connected-car acceleration on the DAF of four mid-span 

points of the plate structure can be seen in Figure 6.24. The speed ratio in the figure 

refers to the ratio of the initial speed of the moving car to the critical speed of the 

plate structure. It can be seen from the figure that DAF1 basically does not change 

with the car acceleration at different speed ratios except the speed ratio of 0.1463 

where DAF1 is relatively large at car accelerations of -0.07 
/�� and -0.14 
/��. 

Basically the trend for DAF2 and DAF3 are the same as that for DAF1, but DAF2 

and DAF3 vary more with the car acceleration. While it is found that DAF2 increases 

obviously with the car deceleration at speed ratios of 0.0610 and 0.0975, DAF3 

basically decreases dramatically with the car deceleration at the speed ratios ranging 
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from 0.0488 to 0.1219. DAF4 changes significantly with the car accelerations at 

different speed ratios, but the trend is not clear, which is due to the influence of the 

vibration of other spans on the vibration of the fourth span. In the experiments, the 

car acceleration is measured between -0.04 ~ -0.08 
/�� which can produce non-

ignorable effect on the dynamic response of the plate structure at some speed ratios, 

as shown in Figure 6.24. 

(a) (b)  

(c)  (d)  

Figure 6.24. DAF versus initial speed ratio with mass ratio of 0.35 for different 
accelerations by two-connected-car model: (a) DAF at 1st mid-span, (b) DAF at 2nd 
mid-span, (c) DAF at 3rd mid-span, (d) DAF at 4th mid-span. 

6.5. Concluding Remarks 

An experimental and theoretical study of the vibration of a four-span continuous 

plate structure excited by two moving cars is carried out in this chapter. Two moving 

cars with different masses and initial speeds are tested. A novel situation in this 

chapter is two-connected-cars moving on the plate structure, which has not been 

reported in the literature. Some interesting findings are as follows: 
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(1) The vibration of the plate structure excited by two separate moving cars can be 

seen as the superposition of the vibrations of the structure subjected to each car 

individually. The initial speed of the first car and the time gap between the arriving 

time-instants of the two cars have a significant influence on the vibration of the 

second car by changing the initial condition of the structure when the second car 

arrives on the structure. 

(2) Simulations show that separation between two-connected-cars and the plate 

structure is more likely to happen than for one car at the same speed and mass ratio. 

(3) Spectrum analysis of the experimental results shows that higher car speeds can 

excite the plate structure into higher-frequency local oscillations, which is due to the 

stronger interaction between the cars and the plate structure.  

(4) Two connected cars can also increase the car-plate interaction, compared with 

one car due to the larger mass ratio of two cars. 

(5) The higher-frequency band of the dynamic response of the plate structure caused 

by two connected cars is narrower than that by one car, because of the loading of the 

four sets of wheels with almost the same adjacent distance. 

(6) An interesting finding from numerical simulations for the two-connected-cars 

travelling on the plate structure is that the plate structure can be excited into narrow-

band higher frequencies by the four sets of wheels travelling at the speed of 2.87 m/s%, and these higher frequencies are close to the first two natural frequencies of 

the plate structure, thus amplifying the amplitude of the dynamic response of the 

plate structure, like a resonance phenomenon. In addition, smaller car masses lead to 

narrower frequency bands of responses. 
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7.   Conclusions and Future Work 

This chapter gives a brief summary of the conclusions drawn in this thesis and 

elaborates the original contributions of this thesis. Future work is then discussed. 

Finally the publications by the author are listed. 

7.1. Main Conclusions 

The experimental studies of vehicle-bridge interactions are relatively much fewer 

than the theoretical studies of this problem in the literature. It is essential to combine 

the theoretical studies and experimental studies of this problem. Laboratory testing is 

a good way to study real vehicle-bridge interactions. Main conclusions of this thesis 

are presented below. 

(a) Mid-supports of a continuous beam can be treated as elastic springs and the 

reaction forces at these supports can be taken as external forces acting on the beam 

during the vibration of the beam. Fourteen mode shapes of a simply supported beam 

are needed to approximate accurately the first eight mode shapes of a two-span 

continuous beam whose span length is half of the simple beam. 

(b) Vehicle-bridge interaction can delay the bridge displacement and enlarge the 

structural maximum displacement which is at mid-span for a simple beam and at the 

second mid-span for a two-span continuous beam (please see section 4.2 for more 

details about this conclusion). The maximum Dynamic Amplification Factor (DAF) 

for a simple beam is about 1.75 when the speed ratio of the speed of a moving force 

to the critical speed of the beam is 0.6, whereas the DAF for a two-span continuous 

beam can be as large as 3.21 at the speed ratio of 0.85. Vehicle-bridge interaction is 

stronger at a larger speed ratio or the mass ratio of the vehicle mass to the bridge 

mass. It is found in section 6.4.2 that this interaction excites some high-frequency 

components in the dynamic response of the bridge subjected to travelling cars. 

(c) Separation begins to happen at a vehicle speed higher than a threshold, and this 

threshold decreases with mass ratio. Vehicle-bridge separation is found unlikely to 

happen for a simply supported bridge with 30 m span length and zero initial 

conditions (no vibrations) under the current high-speed train speed if the track or 
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bridge irregularities can be ignored by using the moving sprung mass model. 

However, separation is likely to take place for a two-span continuous beam with a 

mass ratio bigger than 0.3. It is noted that contact stiffness has a significant influence 

on vehicle-bridge interaction and separation. The above conclusion for separation is 

drawn by using the contact stiffness of 1 × 10$$	N/m  and 2 × 10$�	N/m  for the 

simply supported beam and the two-span continuous beam, respectively. 

(d) Frequency spectra show that a wide range of frequency components with 

relatively large amplitudes at frequencies less than 30 Hz appear for the car-plate 

time-varying system. The largest amplitude takes place at the driving frequency. The 

car speed needs to be large enough to excite high natural frequencies of the plate 

structure into noticeable amplitudes. 

(e) The natural frequencies of the plate structure are more likely to be excited into 

large amplitudes by the two-connected-moving-cars which have the almost equal 

space between adjacent axle loads. The lowest speed of the two-connected-cars at 

which the plate structure is excited into resonance by the four sets of axle loads is 

about 2.75 m/s (speed ratio of 0.07). In addition, the frequency band of the plate 

structure excited by the two-connected-moving-cars is found to be narrower than that 

by one-moving-car. The four equidistant axle loads of the two cars produce a 

frequency which equals the ratio between the car velocity and the adjacent distance 

of the axle loads. This frequency is below 20 Hz under the current experimental car 

speed (maximum car speed about 2.5 m/s), which might narrow the frequency band 

of the car-plate system and amplify the amplitudes of the frequency components of 

the system around this frequency. 

(f) A structural FE model and a rigid-body car model are adopted and an MS-

iterative combined method is used for simulating the car-plate interaction. Simulated 

results agree well with experimental results for one or two cars at different speeds. 

Further numerical studies of the car-plate dynamic system reveal some interesting 

results: (1) the car deceleration (0.04 ~ 0.08 m/s%) can cause an obvious phase shift 

for the structural response and should be considered in the theoretical model of the 

system; (2) the sprung mass can be used to model the car simply, but brings slightly 

larger structural and vehicular displacements than those by the rigid-body model; (3) 

the point damping provided by four actuators at each span does not have any 
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influence on the structural response; (4) a longer car decreases the structural 

displacement when the span ratio of the car wheelbase to the plate span length is less 

than 0.8; (5) the structural displacement basically increases with the car speed under 

current maximum experimental car speed of about 2.5 m/s (speed ratio of 0.064); (6) 

the mass ratio has a significant influence on the response of the plate structure when 

the speed ratio is large; (7) car-rail separation happens for the plate structure 

subjected to one car travelling at a speed ratio bigger than 0.2 with a mass ratio of 

0.35 and this speed ratio is found to be smaller (0.15) for the structure traversed by 

two-connected-cars with the same mass ratio; (8) when the car speed is low, say, 1 

m/s, the structural displacement basically does not change with the wheel/rail contact 

stiffness, but the influence becomes strong when the car speed is high, say, higher 

than 3.5 m/s; (9) larger contact stiffness basically leads to bigger contact forces and 

slightly quicker car vibration when the car speed is high; (10) regardless of the car 

speed, the frequencies of the contact forces basically increase but the dynamic 

response of the car body decreases with the contact stiffness; (11) the frequency band 

of the car-plate system widens with the mass ratio of the car to the plate structure, 

which may be caused by the stronger car-plate interaction for a bigger mass ratio. 

Overall, the aim and objectives mentioned in section 1.3 are all met. 

7.2. Contributions to Knowledge 

The main contributions of this thesis to knowledge are briefly summarized here. A 

list of publications by the author is presented later in section 7.4. 

(1) The mode shapes of a two-span continuous beam are approximated by using 

a number of sinusoidal functions for the whole length of the beam, and the 

analytical solution of the continuous beam subjected to a moving force based 

on the approximated mode shapes is derived. The contributions of the natural 

frequencies of the continuous beam to the modal displacement or acceleration 

of the beam are clearly shown in the analytical solution. 

 

(2) A simple elastic contact algorithm is developed to take vehicle-bridge 

separation into account by using the moving sprung mass model. The effect 

of impact between the vehicle and the bridge at the moment of reattachment 
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is assumed to be realized by the wheel/rail contact spring. No impact 

algorithm is needed and the vehicle-bridge interaction is applied to the system 

directly at the moment of reattachment. 

 

(3) A general approach of simulating vehicle-bridge dynamics is presented and 

applied to an experimental rig in the lab (Yang et al., 2017). Firstly, the 

bridge FE model is built in an FE analysis software package to obtain its 

numerical modal properties. The bridge FE model is then updated with 

experimental frequencies of the bridge. The equation of motion of moving 

cars is established by treating them as rigid bodies, which are solved 

separately with that of the bridge by using an MS-iterative combined method 

and the numerical mode shapes of the bridge in MATLAB. 

 

(4) The experimental studies of a four-span continuous plate structure subjected 

to one or two moving cars in the lab cannot be found in the literature. Chapter 

5 and Chapter 6 are dedicated to the theoretical and experimental studies of 

this problem. A number of interesting results are found by experiments and 

simulations, which are shown in section 7.1. 

 

7.3. Future Work and Discussion 

Identifying the mode shapes of a bridge by using the responses of one or more 

vehicles moving on the bridge has attracted some recent research interest, as only a 

few sensors are needed to attach on the vehicles and the vehicular responses captured 

with the movement of the vehicles can reflect the mode shapes of the bridge along 

the trace of wheel movement. The identified mode shapes of a bridge can be used 

further to detect damages of the bridge (Zhang et al., 2012). However, to the 

student’s best knowledge, this work has only been done for simply supported bridges 

theoretically and experimentally (Zhang et al., 2012; Yang et al., 2014; 

Malekjafarian and OBrien, 2017; Kong et al., 2017). Extending this idea to a 

continuous bridge is worth studying. The adjacent frequencies of a continuous bridge 

may be next to each other, which is because the wavenumber of a mode of the bridge 

may be close to each other for different modes. Removing the influence of 

neighbouring modes on the identified mode is an interesting research topic. To study 
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this problem experimentally in the lab, wireless sensors are needed to be attached on 

passing vehicles and the vehicles need to be controlled to move at a constant speed. 

Moving loads can be used to excite bridges for identifying the bridge damages (Sun 

et al., 2016). Apart from using the mode shapes of a bridge to identify the bridge 

damages as mentioned above, model updating is another method widely utilized. 

Frequencies are often used to update structural models, but it is a global parameter of 

structures and not sensitive to local structural damages. It is an interesting research 

topic to identify bridge damages by using moving loads to excite the bridge. 

Vibration control of a vehicle-bridge dynamic system which is time-varying has been 

done extensively by passive control methods. Using active control methods to tackle 

this problem has drawn much attention recently because of the smartness of this type 

of methods (Giraldo and Dyke, 2007; Stǎncioiu and Ouyang, 2014; Nikkhoo, 2014). 

The Modal Superposition (MS) method is usually used for predicting the vibration of 

a bridge implemented with a control system subjected to moving vehicles due to the 

high computational efficiency of this method. However, the modal coordinates of a 

bridge cannot be directly measured in reality and they are usually estimated from the 

measured structural responses. The accuracy of the estimated modal coordinates 

depends largely on the number of sensors used in measurements. It is a problem to 

reduce the influence of the differences between the estimated modal coordinates and 

actual counterparts on the control effect by using reasonable amount of sensors. 

The bridges studied in this thesis are uniform beams which are different from many 

real bridges with non-uniform cross sections, like continuous bridges, suspension 

bridges and cable-stayed bridges. In addition, a real bridge for a high-speed railway 

is normally made of pre-stressed concrete with a sophisticated track system. Another 

idea for future work is to make or obtain a more realistic bridge specimen and study 

it theoretically and experimentally in a lab. Field tests on a real bridge can be done in 

the future when there is such an opportunity. 

 

 

 



7. Conclusions and Future Work 

156 
 

7.4. Publications by Author 

(a) Journal Papers 

• YANG, J., OUYANG, H. & STǍNCIOIU, D. 2017. Numerical studies of 

vibration of four-span continuous plate with rails excited by moving car with 

experimental validation. International Journal of Structural Stability and 

Dynamics, 17, 1750119. 

 

• YANG, J., OUYANG, H., STǍNCIOIU, D. & CAO S. C. 2017. Dynamic 

responses of a four-span continuous plate structure subjected to two moving 

cars with time-varying speeds. (under review) 

(b) Conference Papers 

• YANG, J., OUYANG, H. & STǍNCIOIU, D. Sep 2015. An approach of 

solving moving load problems by Abaqus and Matlab using numerical modes. 

The 7th International Conference on Vibration Engineering. Shanghai. 

 

• YANG, J., OUYANG, H. & STǍNCIOIU, D. July 2016. An approach of 

solving moving load problems with application to an experimental case. The 

23th International Congress on Sound & Vibration. Athens. 
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