An iterative method for solving the dynamic response of railway vehicle-track coupled systems based on prediction of wheel-rail forces
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Abstract
An iterative method based on prediction of wheel-rail forces is presented to determine the dynamic response of railway vehicle-track coupled systems. The key idea of the present method lies in the modification of the starting value of each step during the iteration by prediction. The conventional iterative method begins iteration of the current step at the previously converged value of the wheel-rail forces. However, in the present method, the predicted wheel-rail forces by the Weighted Least-Squares Error (WLSE) predictor are used as the starting value for the current step. The equations of motion of the vehicle and the track subsystems are established separately and solved iteratively. According to the response of the wheelsets and the rails, and considering the track irregularity, the predicted wheel-rail forces are corrected by the wheel-rail interaction model in which detailed wheel rail contact geometry relations and nonlinear wheel rail creep forces are taken into account. The relaxation technique is adopted to solve the problem of numerical diffusion in the iterative process.
A moving vehicle travelling on a two layer flexible track is considered in this study. The accuracy of the proposed method is verified by comparing the results obtained from the present method with the results from the commercial software NUCARS and the efficiency are verified by comparing with the conventional iterative method. Numerical results show that the present method not only gives results comparable to those using the NUCARS software in terms of accuracy, but also saves at least 25% computational cost compared with the conventional iterative method. With the nonlinear wheel-rail contact relation fully considered, the present method can get more detailed results of the vehicle-track coupled model. Meanwhile, the efficiency of the present method is enhanced by means of prediction of wheel-rail forces with the WLSE predictor. 
Keywords: Vehicle-track dynamic interaction; Iterative method; Weighted least-squares error predictor; Wheel-rail contact relation; Track irregularity

1 Introduction
The dynamic model of the vehicle-track coupled system and its solution method are essential to a series of advanced studies, such as evaluation of running safety and ride comfort performance of high speed trains, prediction of wheel wear and vibration noise and so on. The numerical results can be used as a theoretic guidance for finding out the cause of some practical engineering problems such as out of round wheels, rail corrugation, identifying the sources of vibration or noise, and developing solutions or treatments to those problems. Therefore, it is of significance to solve the dynamic response of the vehicle-track coupled system efficiently and accurately.
The dynamic response of the vehicle-track coupled system can be solved in either the frequency or the time domain [1]. The frequency method is applicable for efficient solution of infinite length or periodic track structures, especially for the solution of wheel-rail dynamic interaction at high frequencies, but the time domain solution appears to be necessary where there are significant nonlinearities such as wheel rail contact geometry relation and stick-slip. 
For solving the dynamic response of the vehicle and track system in time domain, there are mainly two methods available: the coupled method and the iterative method. The coupled method considers the vehicle and the track subsystems as a whole and solves the coupled system equations without any iteration by a step-by-step integration method. However, the system coefficient matrices vary according to the position of the vehicles on the track and must be updated and decomposed at every time step. This will reduce the computational efficiency. Another drawback is that the formulation of coefficient matrices depend on both the vehicle and track models, that is to say, all coefficients must be changed if a new type of vehicle or track is introduced. The iterative method can effectively avoid these shortcomings.
In the iterative method, the whole system is divided into two subsystems at the interface of vehicle and track. The two subsystems are coupled by enforcing equilibrium of forces and compatibility of displacements at the contact points between the wheels and the rails. The equations of motion of the two subsystems are solved separately with an iterative procedure. Green and Cebon [2,3] involved convolution of the vehicle loads with modal response of the bridge to predict its dynamic response under a given set of vehicle wheel loads and extended this method to include dynamic interaction between the vehicle and bridge by an iterative procedure. Yang and Fonder [4] presented an iterative method to solve the dynamic response of the Yangtze-River Bridge at Wuhan under a moving train with 2 locomotives and 4 freight vehicles. Xu et al. [5] performed dynamic analysis of coupled train and cable-stayed bridge systems in cross winds with an iterative procedure. Majka and Hartnett [6] developed a numerical model which incorporated a three dimensional multi-body train and a finite element bridge to investigate the effects of various parameters, such as the speed of the train, train-to-bridge frequency, mass and span ratios, bridge damping, on the dynamic response of railway bridges with a modified Newton-Raphson iterative procedure. Zhang et al. [7] proposed a coupled wind-vehicle-bridge dynamic model which considered the shielding effect of bridge tower with triangular wind barriers and solved the vehicle-bridge dynamic equations with time-varying external loads. Nguyen et al. [8] considered the vehicles and substructure as two separate systems interacting though a proposed wheel-rail contact model and proposed a new iterative scheme for solution of wheel-rail contact forces and checking contact loss. Hawk and Ghali [9] proposed an analytical procedure called the iterative dynamic sub-structuring method (IDSM) to solve the response of a beam-slab bridge system traversed by multi-axle trucks without consideration of roughness effects. Marchesiello et al. [10] dealt with the interaction of a multi-span continuous bridges modelled by isotropic plates with a vehicle modelled by seven degrees of freedom mass-spring-damper system moving at constant speed and computed the dynamic response of the vehicle and the bridge iteratively. Feriani et al. [11] studied the dynamic interaction between a travelling vehicle and a bridge and compared both the performance and the efficiency of the two iterative procedures which performed either on the whole time history (WTH) or in the single time step (STS). Vincenzi et al. [12] analysed the dynamic interaction between trains and a bridge and carried out a parametric investigation, including the influence of the travelling speed and the weight of the train on dynamic response. Lei et al. [13] presented a cross iteration algorithm to solve the dynamic response of the China’s high speed train CRH3 vehicle and slab track coupling system. Li et al. [14] developed a computer-aided numerical method for analyzing coupled railway vehicle-bridge systems of nonlinear features and investigated the convergence of iterative computation schemes with and without wheel jumps. In the iterative method, the decomposition of the coefficient matrices at every time step can be avoided and thus a more efficient solution method can be developed separately according to the structural characteristics of each subsystem. But it is worth noting that the iteration process may not be easy to converge or converge slowly, especially for large-scale structures. These disadvantages restrict the scope of application of the iterative method.
To overcome the drawbacks of the aforementioned solution methods, an iterative solution method based on prediction of wheel rail forces is proposed and verified in this paper. The wheel-rail forces are predicted by the WLSE predictor and then substituted into the equations of motion of the vehicle and track separately to solve the dynamic response of each subsystem. According to the response of the wheelsets and the rails, considering the track irregularity, the predicted contact forces are corrected by the wheel-rail interaction model. If the difference between the corrected and the predicted forces is greater than the specified tolerance, iteration continues until convergence is achieved. The relaxation technique is adopted to avoid the problem of numerical diffusion in the iterative process. Taking the CRH2 vehicle [15] running on a straight track as an example, the dynamic response of the vehicle to different types of track irregularities is solved in time domain by the present method, the conventional iterative method and NUCARS, respectively. The accuracy of the present method is demonstrated through a detailed comparison of numerical results with NUCARS and the efficiency is verified by comparing the computation cost with the conventional iterative method. 
2 Vehicle-track coupled dynamic model
The iterative method proposed in this paper is not limited to the types of vehicles and track. Due to the limitation of the modelling capabilities of the track structure in NUCARS, the track is modelled as two parallel Euler beams with a finite length laid on two-layer flexible point supports. The vehicle is modelled as a mass-spring-damper system with 35 DOFs. The predicted wheel-rail forces are corrected by the wheel-rail interaction model to consider the nonlinear effects related to wheel-rail contact.
2.1 Equations of motion of vehicle subsystem
The CRH2 is one of the high-speed trains running in China, with the operating speed of 200 per hour. Based on the structural characteristics of the CRH2 vehicle, a three dimensional dynamic model for one single vehicle is developed in this paper, composed by one car body resting on two frames and four wheelsets, as shown in Fig. 1. The car body, frames and wheelsets are all modelled as rigid bodies. Each rigid body is assigned with 5 DOFs, which are the lateral , vertical , roll , pitch  and yaw , while the longitudinal motion is supposed to be known and characterized by a constant speed . Thus the total number of DOFs of the vehicle model is 35. For convenience, the front and rear frames are numbered 1 and 2 respectively; the wheelset at the front of the vehicle along the running direction is numbered 1 and others are numbered 2, 3 and 4 consecutively. The left wheels or rail refer to the wheels or rail on the left when viewed from the front. Such a 35-DOF model is widely used, for example, in [16,17].
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(a)  Side view
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(b)  Front view
Fig.1  Three dimensional dynamic model of the railway vehicle system

By assuming motion about the static equilibrium position, the equations of motion of the vehicle can be written as

	
	
	(1)



where ,  and  are the vectors of displacement, velocity and acceleration of the vehicle subsystem, respectively. The displacement vector  can be written as

	
	
	(2)



Subscripts “”, “”, “”, “”, “”, “” and ”” denote the car body, front frame, rear frame and wheelsets 1-4 respectively.
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, ,  are the mass, stiffness and damping matrices of the vehicle system respectively and can be expressed as follows
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The external force vector acting on the vehicle from the track  is written as

	
	
	(7)



where

	
	
	(8)



are the sub-force vectors acting on the car body, the front and the rear frame, respectively.  is the sub-force vector acting on the th wheelset and can be expressed as

	
	
	(9)



where superscripts  and  indicate the left and right wheels; subscripts ,  and  indicate the longitudinal, lateral and vertical directions respectively; subscript  stands for the wheelset number.  and  are the forces acting on the left wheel  or the right wheel  of theth wheelset from rails in the positive  and  directions

	
	
	(10)



,  and  are the normal force components acting on the wheels in the ,  and  directions; ,  and  are the moments acting on the wheels about the ,  and  directions;  are the instant rolling radius of the wheels on the  wheelset;  is the pitch moment of inertia of the wheelset; ,  and  are the mass of the wheelset, frame and car body respectively;  is the gravity acceleration;  is half of the lateral distance between wheel-rail contact points.
2.2 Equations of motion of track subsystem
The two-layer flexible track model is composed of two parallel rails, mounted on sleepers by means of elastic fasteners, as shown in Fig.2. The first layer of the track consists of rails, represented by simply supported Euler beams with a finite length discretely supported on the fasteners. The vertical and lateral bending and torsional deformations of the rails are all taken into account. Each sleeper in the second layer of the track is regarded as a rigid body with three DOFs of lateral displacement, vertical displacement and roll. The connections between the rails and the sleepers (fasteners) and the connections between the sleepers and the subgrade are represented by a set of linear spring-damper elements in the lateral and vertical directions. The motion of the subgrade is neglected. The rail cant is 1/40.
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(a)  Side view
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Fig.2  Two-layer track system dynamic model

Detailed equations of motion of the rails and the sleepers can be found in Ref. [18]. With the motion about the static equilibrium position as the object of this study, combining the equations of the rails and the sleepers in generalised coordinates, the general equation of the track system can be expressed in matrix form

	
	
	(11)



where ,  and  are the vectors of displacement, velocity and acceleration of the track subsystem respectively. The displacement vector  can be written as
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in which

	
	
	(13)



where ,  and  are the  modal coordinates of the left rail () or the right rail () in lateral and vertical bending, and torsion directions, respectively; ,  is the number of modes considered for the rail beam; ,  and  are the lateral, vertical and roll angular displacements of the  sleeper, respectively.
, ,  are the mass, stiffness and damping matrices of the track system respectively and can be expressed as

	
	
	(14)
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The external force vector acting on the vehicle from the track  is written as

	
	
	(17)



where

	
	
	(18)



where  is the number of the wheelsets;  is the longitudinal coordinate of the  wheelset; ,  and  are the  mode shape functions of the lateral, vertical bending and torsion of the rail, respectively;  is the equivalent moment acting on the left rail () or the right rail () from the  wheelset;  is the vertical distance from the rail’s torsional center to the point of application of lateral wheel-rail force;  is the lateral distance from the rail’s torsional center to the point of application of vertical wheel rail force.
2.3 Wheel-rail interaction model
The wheel-rail interaction model is the key component of the vehicle-track coupled system. It mainly includes three sub-models: the contact geometry model, the normal force model and the tangential creep force model. The wheel-rail contact geometry model is used for describing the locations of the contact points on the wheel and rail interfaces and is the prerequisite for solving the wheel-rail forces. In traditional wheel-rail contact geometry computation method [19], the rails are assumed to be fixed without any movement and the wheel-rail contact geometry parameters are the nonlinear function of the lateral displacement and yaw angle of the wheelset. The wheelset rolling angle is adjusted iteratively until left and right minimum vertical distances between wheel and rail surfaces are equal. To consider the effect of the track vibration, especially the rail motions, the new wheel-rail contact geometry model [20] proposed by Chen and Zhai is used to solve the wheel-rail contact geometry relation. It considers the elastic deformation and instantaneous separation of the wheels and rails and avoids iterative solution of the wheelset rolling angle. To account for the instantaneous separation of the wheels from rails, the nonlinear Hertzian elastic contact theory is used to calculate the wheel-rail normal forces according to the elastic deformations of wheels and rails at contact points in the normal direction. In order to improve the accuracy of creep forces estimations, the tangential wheel-rail creep forces are calculated by FASTSIM algorithm [21] which was based on Kalker’s simplified theory. The FASTSIM algorithm has been widely used in multiple commercial software, such as NUCARS, SIMPACK, UM and so on. To better illustrate the wheel-rail interaction model, the definitions of the wheelset and rail coordinates are shown in Fig.3.
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Fig.3  Wheelset and rail coordinates

The detailed solution process of the wheel-rail contact geometry relation is described as follows: 
Step 1: By solving the equations of motion of the vehicle and track subsystems, the instantaneous responses of the wheelset and the two rails at each time step are calculated. Step 2: A line of points on the wheel profile where contact is possible, named contact locus, are obtained by the contact locus method [22]. Fig.4 shows the contact geometry relation of the right wheel and right rail.  denotes the contact point of the right wheel and right rail.
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Fig.4  The three-dimensional geometry relation between right wheel and right rail

For the known lateral displacement , the known angle of attack  which refers to the yaw angle and the known roll angle  of the wheelset, the contact locus on the tread of the right wheel can be determined by the following formulae

	
	
	(19)



where  denotes the wheel-rail contact angle;  denotes the instant rolling radius of the wheels;  is the distance between the mass center of the wheelset and the contact point; the parameter ; ,  and  denote the direction cosines of the center line of the wheelset
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When  changes, a series of possible contact points form a curve called the “contact locus”. The contact locus for the left wheel-rail contact can be derived in the same way.
Step 3: The discretized rail dynamic profiles are calculated by transforming the reference frame in which the rail profile is defined to the absolute coordinate system, considering the rails displacements and irregularity. 
Step 4: The wheel and rail profiles have been discretized and spline functions are then used to represent profiles so that the minimum vertical distance between the wheel and the rail for any position can be obtained by interpolation [23] 
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Fig.5  The calculation method of the minimum vertical distance

As shown in Fig.5, the rail profile firstly projects on the contact locus to give the interpolated distances between wheel and rail and the minimum wheel-rail interpolation distance  at the contact point is expressed in a discrete form 

	
	
	(21)



where  are the interpolated distance between the wheel and rail;  is the number of discrete points of the rail profile. 
Step 5: The coordinates of contact points on the wheel and rail surfaces on both sides are obtained. Based on the known locations of the contact points, corresponding parameters at the contact points are acquired, such as instantaneous rolling radius of the wheels, contact angles, curvature radius and so on.
The wheel-rail normal force depends on the relative normal displacements between wheel and rail. Therefore, based on Hertzian nonlinear contact theory, it can be calculated as

	
	
	(22)



where () is the wheel-rail contact constant [20],  is the wheel’s nominal radius;  is the normal displacements at the wheel rail contact points and  means that the wheel lifts off from the rail. The normal displacements can be expressed as

	
	
	(23)



where  is the vertical displacement of the  wheelset center of gravity at time ;  is the minimum vertical distance between the wheel and rail at time , calculated by the wheel rail contact geometry model;  is the minimum vertical distance at zero moment (due to symmetry relationship, ); ,  are the left and right wheel-rail contact angles, respectively. 
Once the normal contact forces are known, the tangential creep forces and spin creep moment may be determined. The wheel-rail creep forces and spin creep moment are calculated by FASTSIM algorithm based on Kalker’s simplified theory in this paper. The creep forces and the spin creep moment result from the tangential motion of the wheel relative to the rail in the contact region, therefore they depend on the creepages. Thus wheel-rail creepages should be calculated first. The longitudinal creepage , lateral creepage  and spin creepage  can be defined as follows
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where  is the real running speed of wheels; ,  are the relative velocity components of the contact point in  and  axis of the wheel-rail contact coordinates, respectively;  is the relative angular velocity component about the  axis of the wheel-rail contact coordinates. 
The relative velocity of the contact points on the wheel and rail interfaces in the wheel-rail contact coordinates are given below

	
	
	(25)



where  is the transformation matrix from the absolute coordinate to the wheel-rail contact coordinates;  is the relative velocity of contact points in the absolute coordinate;  is the absolute velocity of wheel at a contact point;  is the translational velocity of the center of mass of the  wheelset in the absolute coordinate;  is the angular velocity of the  wheelset in the absolute coordinate;  is the vector from the contact point to the center of mass of the wheelset;  is the absolute velocity of rail at the wheel-rail contact point; ,  are the lateral and vertical vibration velocities of rails, respectively; ,  are respectively lateral and vertical change rates of rail irregularities
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Similarly, the relative angular velocity between the wheelset and the rail in the wheel-rail contact coordinate  can be expressed as follows

	
	
	(27)



where  are the relative angular velocity between a wheelset and rail in the absolute coordinates;  is the absolute angular velocities of the rails.
So far, the longitudinal creepage , lateral creepage  and spin creepage  of the  wheelset at time  have been solved, and the wheel-rail creep forces ,  and spin moment  can be obtained by use of FASTSIM algorithm, together with the calculated normal forces  according to Eq. (22). The normal force and creep forces are all defined with respect to the wheel-rail contact coordinates. By coordinate transformations, creep forces and creep moment are obtained in the absolute coordinate. Finally the force vectors of the equations of motion of the vehicle and the track can be formed from Eqs. (7) and (17).
3 Iterative procedure based on prediction
A fast and accurate method for getting the wheel-rail forces at each time step is the key to determine the dynamic response of vehicle-track coupled system. The WLSE predictor is introduced to predict wheel-rail lateral force  and vertical force  in the iteration process. Substituting the predicted forces into the equations of motion of the vehicle and the track respectively, dynamic response of each subsystem can be obtained. Then according to the response of wheelsets and rails and considering the track irregularity, the predicted forces are corrected by the wheel-rail interaction model. If the difference between the corrected and the predicted forces is greater than the specified tolerance, iteration continues until convergence is achieved. The relaxation technique is adopted to avoid the problem of numerical diffusion. The dynamic response of the vehicle-track coupled system can be determined efficiently by means of prediction of wheel-rail forces.
For convenience, taking  as an example, subscript  indicates the integration time ,  is the total number of time steps,  is the time step; superscript  indicates the iteration number at time  , and  means the starting step  of an iteration. The main solution procedure for the vehicle-track coupled dynamics consists of the following nine steps
Step 1: Inputting vehicle parameters and forming the mass matrix , stiffness matrix  and damping matrix  of the vehicle model according to Eqs. (4)-(6), respectively; Inputting track parameters and forming the mass matrix , stiffness matrix  and damping matrix  of the track model according to Eqs. (14)-(16), respectively;
Step 2: At time , setting the initial displacement, velocity and acceleration vectors of the vehicle and the track to zero: .
Step 3: At time , setting the starting value of iteration of wheel-rail vertical force: ; Setting the starting value of iteration of wheel-rail lateral force and other forces to zero: ; Forming the starting value of iteration of the force vectors  and  by Eqs. (7) and (17), respectively.
Step 4: For , , , , , , and  take the last converged value at time ; In conventional iterative method,  and  take the last converged value at time . But in the present method,  and  are predicted by the WLSE predictor (for the detailed algorithm see section 4). Forming the starting value of iteration of the force vectors  and  by Eqs. (7) and (17), respectively.
Step 5: Calculating the starting value of iteration of the displacement, velocity and acceleration vectors of the vehicle , ,  and the track ,,  by substituting  and  into Eqs. (1) and (11), employing the explicit numerical integration method developed by Zhai [24].
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in which,  and  are the integration parameters:  when  and  when . Based on the time-independent characteristics of vehicle and track system coefficient matrices, matrices , , , , , ,  and  only need to be calculated once and be called directly at each time step to reduce the computational cost.
Step 6: Calculating the corrected forces  and  with the wheel-rail interaction model based on the calculated displacements and velocities of wheelsets and rails from step 5, considering the track irregularity. Forming the force vectors  and  by Eqs (7) and (17), respectively. Calculating the relative error between the corrected forces ,  and the predicted forces ,  and then comparing the error with a specified tolerance as  and , in which  is the specified tolerance and its value is taken to be  in this study. If the convergence criterions are satisfied, return to Step 4 as the next time step; otherwise, go to Step 7 for the next iteration step.
Step 7: At time , assuming that the  iteration has been completed and the  iteration is now being considered. Calculating forces  and  with the wheel-rail interaction model based on the calculated displacements and velocities of wheelsets and rails at the  iteration, considering the track irregularity. Introducing the relaxation method to improve forces  and  by Eqs. (30) and (31) for the next iteration. Forming the force vectors  and  by Eqs. (7) and (17), respectively.
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where  is the relaxation coefficient which has to be in a certain range () to ensure convergence. When the relaxation coefficient is within , sufficient accuracy can be obtained with less computational time.
Step 8: Calculating the dynamic response of the vehicle and track at the  iteration by substituting  and  into Eqs. (1) and (11). Calculating forces  and  with the wheel-rail interaction model, considering the track irregularity. 
Step 9: Checking convergence of the solution. If  and  are not satisfied, go to Step 7 and enter the next iteration step. Otherwise, output the results and go back to Step 4 for the next time step.
The iterative solution procedure above show that the present method based on prediction of wheel-rail forces only needs two layers of iteration loops and is easy to implement. Especially when Step 6 is executed, the iteration can be avoided and the computational efficiency can be enhanced significantly if the error between the predicted and the corrected forces satisfies the convergence criterion.
4 Weighted least squares error prediction method
The WLSE predictor has been successfully applied in many fields, such as navigation, industrial process control, system identification and so on, due to its adaptive and fast convergence nature [25]. In this paper, the WLSE predictor is introduced to predict wheel-rail forces. 
The wheel-rail lateral force  is taken as an example to illustrate the prediction procedure. According to the given  past forces  before time , the predicted force at time  can be expressed as

	
	
	(32)



where  is the prediction order;  is the prediction coefficient vector,  is the prediction coefficient; .
The prediction error is defined as the difference between the predicted value  and the actual value . In the WLSE algorithm, the weighted sum of the error is taken, and it will be minimized for a given set of weights. The coefficients should be changed adaptively to meet the minimum WLSE criterion as 

	
	
	(33)



where ;  is the given  past forces before time ;  is the prediction coefficient vector;  is the predicted force;  is the weight, here is set to be . Through weight , the older data points are increasingly less importance. Variable  is sometimes also referred to as the forgetting factor and usually  is used.
The WLSE predictor can be given as follows:
Step 1: Setting the predicted force at time : , where  is calculated by the conventional iterative method.
Step 2: For , calculating the force  at time 

	
	
	(34)



where ; , in which the forces with the subscript less than or equal to zero are set to zero.
Step 3: Updating the prediction coefficient vector as

	
	
	(35)



where  (identity matrix of order ).
Step 4: Renewing matrix  as

	
	
	(36)



Step 5: Returning to Step 2 for the next time step until the calculation is finished.
5 Numerical examples
A Chinese high speed train CRH2 vehicle model and a two-layer flexible track model are established in this study. The wheel-rail interaction model includes the effects of contact geometry and dynamic creep forces. Periodic cosine rail irregularity and measured rail irregularity are adopted in the simulation. Time step  is selected to be 0.01ms. The main parameters of the vehicle system [26] and the track system [27] employed for analysis are listed in Tables 1 and 2, respectively. To validate the present method, the numerical results are compared with the commercial software NUCARS. The vehicle-track coupled dynamic model established in NUCARS is shown in Fig.6. The efficiency is verified by comparison with the conventional iterative method. In addition, the predicted forces are compared with the last converged value at each time step to verify the accuracy of the WLSE predictor.
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Fig.6  Vehicle-track coupled dynamic model established in NUCARS

Table 1  Main parameters of railway vehicle used for the analysis
	Parameter
	Notation 
	Value
	Unit

	Car body mass
	
	
	

	Car body roll moment of inertia
	
	
	

	Car body pitch moment of inertia
	
	
	

	Car body yaw moment of inertia
	
	
	

	Frame mass
	
	
	

	Frame roll moment of inertia
	
	
	

	Frame pitch moment of inertia
	
	
	

	Frame yaw moment of inertia
	
	
	

	Wheelset mass
	
	
	

	Wheelset roll moment of inertia
	
	
	

	Wheelset pitch moment of inertia
	
	
	

	Wheelset yaw moment of inertia
	
	
	

	Longitudinal stiffness of primary suspension per axle side
	
	
	

	Longitudinal damping of primary suspension per axle side
	
	
	

	Lateral stiffness of primary suspension per axle side
	
	
	

	Lateral damping of primary suspension per axle side
	
	
	

	Vertical stiffness of primary suspension per axle side
	
	
	

	Vertical damping of secondary suspension per truck side
	
	
	

	Longitudinal stiffness of secondary suspension per bogie side
	
	
	

	Longitudinal damping of secondary suspension per bogie side
	
	
	

	Lateral stiffness of secondary suspension per bogie side
	
	
	

	Lateral damping of secondary suspension per bogie side
	
	
	

	Vertical stiffness of secondary suspension per bogie side
	
	
	

	Vertical damping of secondary suspension per bogie side
	
	
	

	Half of longitudinal distance between bogie centers
	
	
	

	Half of wheelbase
	
	
	

	Nominal wheel radius
	
	
	

	Half of the lateral distance between wheel-rail contact points
	
	
	

	Half of lateral distance between the primary suspensions of the two sides of the bogie
	
	
	

	Half of lateral distance between the secondary suspensions of the two sides of the bogie
	
	
	

	Vertical distance from frame center of gravity to wheelset center of gravity
	
	
	

	Vertical distance from frame center of gravity to secondary suspension
	
	
	

	Vertical distance from car body center of gravity to secondary suspension
	
	
	



Table 2  Main parameters of two layer flexible track used for the analysis
	Parameter
	Notation 
	Value
	Unit

	Rail mass per meter
	
	
	

	Sleeper mass
	
	
	

	Sleeper spacing
	
	
	

	Elastic modulus of rail material
	
	
	

	Rail moment of inertia about the horizontal axis 
	
	
	

	Rail moment of inertia about the vertical axis
	
	
	

	Polar moment of inertia of rail section
	
	
	

	Density of rail material
	
	
	

	Shear modulus of rail material
	
	
	

	Torsional moment of inertia of rail section
	
	
	

	Vertical distance from the center of twist to the point of application of lateral force
	
	
	

	Distance from the center of twist to the centroid of foot portion
	
	
	

	Half of lateral distance between two vertical forces from the fastening
	
	
	

	Half distance between the left and right rails
	
	
	

	Sleeper length
	
	
	

	Rail cant
	
	
	

	Gauge
	
	
	

	Poisson ratio of wheel and rail
	
	
	

	Wheel rail friction coefficient
	
	
	

	Lateral stiffness of rail fasteners
	
	
	

	Lateral damping of rail fasteners
	
	
	 

	Vertical stiffness of rail fasteners
	
	
	

	Vertical damping of rail fasteners
	
	
	 

	Lateral connection stiffness between sleepers and subgrade
	
	
	

	Lateral connection damping between sleepers and subgrade
	
	
	 

	Vertical connection stiffness between sleepers and subgrade
	
	
	

	Vertical connection damping between sleepers and subgrade
	
	
	 



5.1 Periodic track irregularity
Periodic irregularity such as wheel out of roundness, dipped rail-joint, rail corrugation, are typical excitation sources existing in vehicle-track system. In this section, the dynamic response of a vehicle traveling at a constant speed of km/h over the tangent track sections with periodic profile and alignment irregularities are calculated, respectively. The mathematical representations of the profile and alignment irregularities are the same and can be expressed as:  [20], where peak-peak value mm for the alignment irregularities and mm for the profile irregularities, wave length m,  is track longitudinal distance. Figs. 7-8 display the track alignment and profile irregularities, respectively.
In order to avoid the effect of the irregularities in the initial segment, all the calculation results are selected after 50 and the starting value of the longitudinal displacement is set to zero. Figs. 9-11 give time histories of the lateral displacements of the 1st wheelset, wheel-rail lateral forces of the 1R wheel which refers to the right wheel of the 1st wheelset, and lateral accelerations of the center of mass of the car body respectively, under the excitation of track alignment irregularity, calculated by NUCARS, the conventional iterative method and the present method. As shown in Figs. 9-11, the results calculated by these three methods are quite consistent. Figs. 12-14 give time histories of the vertical displacements of the 1st wheelset, wheel-rail vertical forces of the 1R wheel, and vertical accelerations of the center of mass of the car body, respectively, under the excitation of track profile irregularity, calculated by NUCARS, the conventional iterative method and the present method. It can be seen that the wheelset vertical displacement calculated by these three methods have little difference. The same is true for the car body vertical acceleration curves. The wheel-rail vertical forces calculated by the present method are larger than those obtained by NUCARS, but they have the same variation tendency and the maximum relative error is 0.18% only. Through the results discussed above, the present method is verified to be reliable.
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Fig.7  Track alignment irregularity

[image: F:\CODE_NEW\cos_track\垂向不平顺.emf]
Fig.8  Track profile irregularity

[image: F:\CODE_NEW\Paper1_result\SL\横向位移.emf]
Fig.9  Lateral displacement of the 1st wheelset

[image: F:\CODE_NEW\Paper1_result\SL\轮轨横向力.emf]
Fig.10  Wheel-rail lateral force of the 1R wheel

[image: F:\CODE_NEW\Paper1_result\SL\横向加速度.emf]
Fig.11  Lateral acceleration of the center of mass of the car body 

[image: F:\CODE_NEW\Paper1_result\SV\轮对垂向位移.emf]
Fig.12  Vertical displacement of the 1st wheelset 

[image: F:\CODE_NEW\Paper1_result\SV\轮轨垂向力.emf]
Fig.13  Wheel-rail vertical force of the 1R wheel 

[image: F:\CODE_NEW\Paper1_result\SV\垂向加速度.emf]
Fig.14  Vertical acceleration of the center of mass of the car body
Due to the adoption of the same iterative strategy, the results calculated by the present method and conventional iterative method are almost identical. But the computational CPU time required for NUCARS, conventional iterative method and the present method are 13.2min, 25.3min and 17.5min respectively, under the excitation of track alignment irregularity. The efficiency of the present method is raised by 30.8% compared with the conventional iterative method but reduced by 32.5% compared with NUCARS. In the case of track profile irregularity excitation, the computational CPU time required for NUCARS, conventional iterative method and the present method is 12.7min, 25.1min and 17.3min respectively. The efficiency of the present method is raised by 31.1% compared with the conventional iterative method but reduced by 36.2% compared with NUCARS. Tables 3 and 4 give the statistical values of the number of iterations under track alignment and profile irregularity, respectively. The computation speed of the NUCARS software is faster than the present method and we should try to optimize the numerical code to improve the calculation efficiency of the present method in the future.

Table 3  Statistical values of the number of iterations under alignment irregularity
	The number
of iterations
	Conventional method
	Present method

	
	Steps
	Steps/Total steps 
	Steps
	Steps/Total steps 

	2~4
	83,574
	3.07
	37,111
	1.97

	5~9
	50,362
	1.85
	14,693
	0.78

	10~19
	17,150
	0.63
	4,333
	0.23

	20
	1,361
	0.05
	245
	0.013



Table 4  Statistical values of the number of iterations under profile irregularity
	The number
of iterations
	Conventional method
	Present method

	
	Steps
	Steps/Total steps 
	Steps
	Steps/Total steps 

	2~4
	57,777
	2.13
	28,230
	1.35

	5~9
	36,076
	1.33
	12,335
	0.66

	10~19
	11,121
	0.41
	3,177
	0.17

	20
	813
	0.03
	150
	0.008



Fig. 15 compares the predicted wheel-rail lateral force with the last converged value at each time step under the excitation of track alignment irregularity. Similar agreement can be observed in Fig. 16 for wheel-rail vertical force under the excitation of track profile irregularity. As shown in Fig. 15 and 16, the predicted and the last converged values have little difference under the excitation of track periodic irregularity. This will improve the efficiency with no iteration or fewer iterations.

[image: F:\CODE_NEW\Paper1_result\SL\轮轨力预测\Graph1.emf]
Fig.15  Comparison of predicted and last converged values of wheel-rail lateral force

[image: F:\CODE_NEW\Paper1_result\SV\轮轨力预测\Graph1.emf]
Fig.16  Comparison of predicted and last converged values of wheel-rail vertical force

5.2 Measured track irregularity
One sample of measured track irregularity on Beijing-Tianjin Dedicated Passenger Line is used here as the system excitation, which is representative of real track irregularity. The vehicle speed is km/h. Fig. 17 displays the vertical and lateral irregularities of the left and right rails representing the Beijing-Tianjin Dedicated Passenger Line condition. Figs. 18-21 give time histories of the lateral and vertical forces of the 1R wheel, lateral and vertical accelerations of the center of mass of the car body, respectively, calculated by NUCARS, the conventional iterative method and the present method. The maximum absolute values are compared in Table 5. As can be seen in Figs. 18-21 and from Table 3, the results calculated by the conventional iterative method and the present method are almost identical. The trends of lateral dynamic response calculated by the present method are basically in good accordance with NUCARS. Compared with NUCARS, the relative error of the maximum absolute values of the wheel-rail lateral forces and car body lateral accelerations are 4.9% and 5.5%, respectively. The trends of the vertical dynamic response are more consistent with NUCARS than the lateral dynamic response. The relative error of maximum absolute values of the wheel-rail vertical forces and car body vertical accelerations are 1.58% and 0.6%, respectively. Through the numerical results discussed above, the accuracy of the present method is further verified.

[image: F:\CODE_NEW\Paper1_result\实测.emf]
Fig.17  Measured track irregularity

[image: F:\CODE_NEW\Paper1_result\JJ\轮轨横向力.emf]
Fig.18  Wheel-rail lateral force of the 1R wheel

[image: F:\CODE_NEW\Paper1_result\JJ\轮轨垂向力改.emf]
Fig.19  Wheel-rail vertical force of the 1R wheel

[image: F:\CODE_NEW\Paper1_result\JJ\横向加速度.emf]
Fig.20  Lateral acceleration of the center of mass of the car body

[image: F:\CODE_NEW\Paper1_result\JJ\垂向加速度.emf]
Fig.21  Vertical acceleration of the center of mass of the car body

Table 5  Maximum absolute values of vehicle response
	Calculation method
	Maximum absolute values of wheel-rail forces 
	Maximum absolute values of car body acceleration ()

	
	Lateral
	Vertical
	Lateral
	Vertical

	NUCARS
	3.510
	66.533
	0.272
	0.327

	Conventional method
	3.682
	65.479
	0.257
	0.329

	Present method
	3.682
	65.479
	0.257
	0.329



Due to the adoption of the same iterative strategy, the results calculated by the present method and the conventional iterative method are almost identical. But the computational CPU time required for the NUCARS, conventional iterative method and the present method is 25.7min, 45.6min and 34.2min respectively, under the measured track irregularity excitation. The computational efficiency of the present method is raised by 25% compared with the conventional method but reduced by 33.1% compared with NUCARS. Table 6 gives the statistical values of the number of iterations under measured track irregularity. Figs. 22 and 23 compare the predicted wheel-rail lateral and vertical forces with the last converged value at each time step respectively. The efficiency of the present method is further verified.

Table 6  Statistical values of the number of iterations under measured irregularity
	The number
of iterations
	Conventional method
	Present method

	
	Steps
	Steps/ Total steps (%)
	Steps
	Steps/ Total steps (%)

	2~4
	365,058
	7.45
	191,071
	5.19

	5~9
	115,642
	2.36
	72,894
	1.98

	10~19
	79,381
	1.62
	41,969
	1.14

	20
	40,671
	0.83
	20,985
	0.57



[image: F:\CODE_NEW\Paper1_result\JJ\轮轨力预测\轮轨横向力.emf]
Fig.22  Comparison of predicted and last converged value of wheel-rail lateral force

[image: F:\CODE_NEW\Paper1_result\JJ\轮轨力预测\轮轨垂向力改.emf]
Fig.23  Comparison of predicted and last converged value of wheel-rail vertical force

The main reasons for the differences are that the wheel-rail interaction model used in the present method is different from the one used in NUCARS, embodied in the following aspects: 1) the wheel-rail contact geometry model: the new wheel-rail contact geometry model proposed by Chen and Zhai [20] is used in the present method, while the method used in NUCARS is not described in enough detail in its Help file. 2) the solution method for wheel-rail normal forces: in the present method, nonlinear Hertzian contact theory is used while penetration contact model is used in NUCARS. In addition, the processing methods of the wheel rail profiles and track irregularity may also have some degrees of differences.
6 Conclusions
In this paper, an iterative method based on prediction of wheel rail forces is proposed and applied to determine the dynamic response of a vehicle-track coupled system. The Weighted Least-Squares Error (WLSE) predictor is introduced into the iterative solution process. By efficient prediction of wheel-rail forces and adoption of relaxation technique, the problems of difficult in convergence or the excessive number of iterations in the conventional iterative process can be avoided. The present method not only enhances the efficiency but also ensures the solution accuracy. The dynamic response of the vehicle to the excitation of periodic and measured track irregularities is obtained by NUCARS, the conventional iterative method and the present method respectively in numerical examples. The accuracy of the present method and the vehicle-track coupled dynamic model especially the wheel-rail interaction model are validated by comparing the numerical results with NUCARS. The efficiency is verified by comparing the present method with the conventional iterative method. Numerical results show that the computational efficiency of the present method under excitation form the periodic and the measured track irregularities is raised by 30% and 25% respectively. The advantages of the present method will become more prominent as more effective predictors are introduced. In addition, practical wheel and rail profiles, detailed wheel-rail contact geometry relations and nonlinear wheel-rail creep forces are all considered in the wheel-rail interaction model. With the wheel-rail interaction model, the level of details of the vehicle-track coupled model is enhanced and the dynamic performance of a railway vehicle as related to safety and comfort can be evaluated more accurately.
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Appendix: notation

	, 
	Lateral and vertical displacements in inertial coordinate system ()

	, , 
	Roll, pitch and yaw angular displacements in inertial coordinate system ()

	
	Speed ()

	
	Time ()

	, 
	Left and right side of the vehicle or track

	
	 or 

	, 
	Forces acting on the left and right wheel of theth wheelset from the track in the positive  direction ()

	, 
	Forces acting on the left and right wheel of theth wheelset from the  track in the positive  direction ()

	, , 
	Normal force components acting on the th wheelset in the ,  and  directions ()

	, , 
	Moments acting on the th wheelset about the ,  and  directions ()

	
	Instant rolling radius of the wheels of the  wheelset ()

	
	Pitch moment of inertia of the wheelset ()

	
	Wheelset mass ()

	
	Frame mass ()

	
	Car body mass ()

	
	Gravity acceleration ()

	
	Half of the lateral distance between wheel-rail contact points ()

	, 
	 modal coordinates of the left and right rail in the  direction

	, 
	 modal coordinates of the left and right rail in the  direction

	, 
	 modal coordinates of the left and right rail in the torsion direction

	
	Number of modes considered for the rail beam

	, 
	Lateral and vertical displacements of the  sleeper ()

	
	Roll angular displacements of the  sleeper ()

	
	Number of wheelsets

	
	Longitudinal coordinate of the  wheelset ()

	, , 
	 mode shape functions of the lateral, vertical bending and torsion of the rail

	
	Equivalent moment acting on rails from the  wheelset ()

	
	Vertical distance from the rail torsional center to the point of application of lateral wheel-rail force ()

	
	Lateral distance from the rail torsional center to the point of application of vertical wheel rail force ()

	
	Contact point of the right wheel and right rail

	
	Wheelset lateral displacement ()

	
	Wheelset yaw angle ()

	
	Wheelset roll angle ()

	
	Wheel-rail contact angle ()

	
	Distance between the wheelset centroid and the contact point ()

	, , 
	Wheel rail contact point coordinates

	, , 
	Direction cosines of the center line of the wheelset

	
	Minimum wheel-rail interpolation distance

	
	Interpolated distance between the wheel and rail

	
	Number of discrete points of the rail profile

	
	Wheel-rail normal force

	
	Wheel-rail contact constant ()

	
	Nominal radius of the wheel ()

	
	Normal displacements at the wheel-rail contact points ()

	
	Vertical displacement of the  wheelset centroid ()

	
	Minimum vertical distance between the wheel and rail profiles ()

	, 
	Left and right wheel-rail contact angles ()

	
	Longitudinal creepage

	
	Lateral creepage

	
	Spin creepage ()

	
	Real running speed of wheels ()

	, , 
	Wheel-rail contact coordinates ()

	, 
	Relative velocity components of the contact points in the  and  axis of the wheel-rail contact coordinates ()

	, , 
	Relative velocity of contact points in the absolute coordinate ()

	
	Relative angular velocity component about the  axis of the wheel-rail contact coordinates ()

	, , 
	Relative angular velocity of the contact points in the absolute coordinate ()

	,
	Lateral and vertical vibration velocities of rails ()

	, 
	Lateral and vertical change rates of rail irregularities  ()

	
	Absolute angular velocities of the rails ()

	
	Normal forces ()

	, 
	wheel-rail creep forces ()

	
	Spin moment ()

	
	Simulation time ()

	
	Time step number

	
	Total number of time steps

	
	Time step ()

	, 
	Integration parameters

	
	Specified tolerance

	
	Relaxation coefficient

	
	Prediction order

	
	Prediction coefficient

	
	Weight

	
	Forgetting factor

	
	Peak-peak value ()

	
	Wave length ()

	
	Track longitudinal distance ()

	, , 
	Displacement, velocity and acceleration vectors of the vehicle 

	, , 
	Mass, stiffness and damping matrix of the vehicle

	
	Force vector acting on the vehicle from the track

	, , 
	Displacement, velocity and acceleration vectors of the track 

	, , 
	Mass, stiffness and damping matrix of the track

	
	Force vector acting on the track from the vehicle

	, , 
	Initial displacement, velocity and acceleration vectors of the vehicle 

	, , 
	Initial displacement, velocity and acceleration vectors of the track

	, , 
	Starting value of iteration of the displacement, velocity and acceleration vectors of the vehicle at time 

	, , 
	Starting value of iteration of the displacement, velocity and acceleration vectors of the track at time 

	, 
	Starting value of iteration of the force vectors

	, 
	 iteration value of iteration of the force vectors

	
	Relative velocity vector at the contact points on the wheel and rail interfaces in the wheel-rail contact coordinates

	
	Transformation matrix from the absolute coordinate to the wheel-rail contact coordinates

	
	Relative velocity vector of contact points in the absolute coordinate

	
	Displacement vector from the contact point to the wheelset centroid

	
	Translational velocity vector of the center of mass of the  wheelset in the absolute coordinate

	
	Angular velocity vector of the  wheelset in the absolute coordinate

	
	Absolute velocity vector of the rail at the wheel-rail contact point

	
	Relative angular velocity vector between the  wheelset and the rail in the wheel-rail contact coordinate

	
	Relative angular velocity vector between the  wheelset and rail in the absolute coordinates

	
	Absolute angular velocities vector of the rails

	
	Past forces vector

	
	Prediction coefficient vector

	
	Identity matrix

	
	Renewing matrix
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