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[bookmark: OLE_LINK26][bookmark: OLE_LINK40][bookmark: OLE_LINK24][bookmark: OLE_LINK25][bookmark: OLE_LINK9][bookmark: OLE_LINK10][bookmark: OLE_LINK18][bookmark: OLE_LINK19]Abstract: An interesting rail corrugation phenomenon unreported in open literature is found in Beijing metros, in which the wavelength of rail corrugation in the Cologne egg sleeper section is obviously different from that in the fixed dual short sleeper section, although both sleeper sections are located on an identical sharp curved track. Based on the viewpoint that friction-induced oscillation is the main cause of rail corrugation in some cases, three multiple-wheelset-track models in the transitional section on an identical sharp curved track are built in this paper. The phenomenon is researched by adopting the complex eigenvalue method together with the transient dynamic method. The simulation results are consistent with the corrugation measured in real metros. It can be found that the unstable oscillations mainly occur on the low rail and the relevant frequencies are noticeably different in different sleeper support sections. The dominant unstable oscillation frequencies in the fixed dual short sleeper and Cologne egg sleeper sections are about 201 and 422 Hz, respectively. However, when a sharp curved track is supported only by fixed dual short sleepers or Cologne egg sleepers, the unstable oscillation frequencies are close to each other, which are both about 420 Hz. Therefore, the corresponding wavelengths of rail corrugation are different in different conditions. The local special phenomenon can be satisfactorily explained and the viewpoint of friction-induced oscillation can be further verified.
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1. Introduction
1.1. Literature review

[bookmark: OLE_LINK14][bookmark: OLE_LINK27][bookmark: OLE_LINK28][bookmark: OLE_LINK29][bookmark: OLE_LINK3][bookmark: OLE_LINK6]Rail corrugation is a critical issue in railway engineering and has been investigated by worldwide scholars for more than a century. Several formation mechanisms of corrugation have been proposed, which are very conducive to understand the generation mechanism of corrugation and to solve the problems occurring in actual conditions. According to literature reviews [1, 2], the generation mechanisms of rail corrugation are generally attributed to the wheel-rail transient dynamic interaction, pinned-pinned resonance, P2 resonance and second torsional resonance of driven axles. The opinion that the transient dynamic interaction of wheel-rail system owing to original roughness of rail surface causes corrugation is widely accepted, which assumes that the variation of friction work is caused by the transient dynamic interaction and then the corrugation appears. Numerous research works on rail corrugation were carried out based on this theory [3-11]. A linear mathematical model for descripting the wheel-rail transient dynamics was built by Muller [3], which assisted in understanding the formation of short pitch corrugation. Then, a time domain method for three-dimensional train-track interaction proposed by Andersson et al. [4] was used to study the mechanisms of rail corrugation related to the dynamics of a compound train-track system. Jin et al. [5, 6] proposed a comprehensive numerical model of train-track system to analyze the effect of corrugation on wheel-rail contact. Meanwhile, Xie et al. [7] investigated the relationship between the wear and dynamic force of a rail. And Vila et al. [8] analyzed the influence of the two coinciding resonances of the flexible rotating wheelset on corrugation growth. Meanwhile, the opinion of stick-slip oscillation causing corrugation was also widely studied to explore a potential mechanism of corrugation [12-17], which assumes that the stick-slip oscillation occurs under the full sliding conditions and then corrugation appears. Brockley [12] presented a classic equation to express the relations between the friction-induced oscillation and corrugated wear. Clark et al. [13] researched the corrugation caused by the friction-induced oscillation of flexible wheel-rail under high creepage conditions. Suda et al. [14] investigated the influence of steady creepage on the development of corrugation. Croft et al. [17] presented the creep-force relationships using a velocity-dependent friction model. 
At present, some corrugation phenomena can be explained based on these existing generation mechanisms. But there are still some cannot be explained satisfactorily, such as the interesting phenomenon of rail corrugation studied in the present paper. Meanwhile, there are some distinct disadvantages in the exiting theories. The model based on the transient dynamic mechanism may generate corrugation under the excitation of a white-noise irregularity of the rail working surface. And the predicted frequency range of corrugation using the model based on the stick-slip mechanism has a certain disparity with the actual corrugation frequency range. More importantly, it appears that there is still not an effective method to prevent rails from corrugation, and hence rail grinding is applied to remove severe rail corrugations. But the cost is expensive and the corrugation may reappear after a while. Therefore, to fundamentally suppress or eliminate the corrugation, it is important to understand the mechanism and build a suitable rail corrugation model.

1.2. Interesting rail corrugation phenomena

[bookmark: OLE_LINK93][bookmark: OLE_LINK5][bookmark: OLE_LINK96][bookmark: OLE_LINK97][bookmark: _Ref420699403][bookmark: _Ref420699406]According to previous researches, it is known that many factors have great influences on the formation of rail corrugation. Thereinto, the track support structure is one of important factors. In the design of railway tracks, the track support system is used to control the rail oscillation. The influences of the track support system on rail corrugation have been studied extensively [18-22]. Ilias [18] investigated the effect of sleeper vertical stiffness from 60 MN/m to 500 MN/m on the wheel-rail interaction and corrugation growth. It was concluded that the stiffer sleepers led to the larger frictional power density and higher wear rates, which sped up the corrugation growth. Enage et al. [19] also found that the softer sleepers were conducive to reduce the development of corrugation according to the academic analysis and field measurement. Vadillo et al. [20] believed that the sleeper distance had an obvious effect on the growth of rail corrugation. Jin et al. [21] pointed out that the discrete sleeper is one of the main reasons of rail corrugation growth. And the optimized parameter values of the ladder track to minimize the growth of rail corrugation were investigated by Yan et al. [22]
[bookmark: OLE_LINK117][bookmark: OLE_LINK118]Because many researchers reported that a softer track support structure contributes to restraining or eliminating rail corrugation [18, 19], a specific track support structure characterized by a lower stiffness value, called “Cologne egg type sleeper”, is used in metro tracks for oscillation isolation [23]. However, rail corrugation is severer than before. This phenomenon is inconsistent with the previous conclusion. This phenomenon and corresponding improvement have been researched by authors in previous research [24]. Based on the field observation in Beijing metro tracks, the authors recently found an unreported new phenomenon that the corrugated wavelength in the Cologne egg sleeper section is obviously different from that in the fixed dual short sleeper section, although it appears on an identical sharp curved track of radius 350 m, as shown in Fig. 1. The dominant corrugated wavelength in the Cologne egg sleeper section is 40-50 mm and that in the fixed dual short sleeper section is 90-120 mm. The rail corrugation on the rails supported by Cologne egg sleepers characterized by a lower supporting stiffness value is more serious than that on the rails supported by fixed dual short sleepers characterized by a higher supporting stiffness value. It was also found that if only Cologne egg sleepers or fixed dual short sleepers was used to support rails in the track of similar radius, the wavelengths of rail corrugation are very close to each other, which are both about 40-50 mm. These rail corrugation phenomena are very puzzling. Researching on these phenomena is conducive to better understand the generation mechanism for rail corrugation and find a suitable way to suppress it.

[image: ]
Fig. 1. Rail corrugation in different rail support sections on an identical sharp curved track: (a) in the fixed dual short sleeper section; (b) in the Cologne egg sleeper section.

[bookmark: OLE_LINK98]In present paper, the interesting rail corrugation phenomenon is studied based on the opinion of friction-induced oscillation leading to corrugation proposed by Chen et al. [24-27] and Kurzeck [28]. Chen et al.’s and Kurzeck’s studies show that the saturated creep force may cause the friction-induced oscillation of wheelset-track system, which brings about the variation of contact forces between wheels and rails at the same frequency. Then, the friction work also varies in phase, and then corrugation occurs. Three simulation models of multiple-wheelset-track system in the transitional section from Cologne egg sleeper section to fixed dual short sleeper section on the identical sharp curved track are established. The special phenomenon of rail corrugation is investigated utilizing the complex eigenvalue analysis and transient dynamic analysis. The present work reproduces the above-mentioned interesting phenomenon of rail corrugation in theory and again proposes that the friction-induced oscillation of a wheelset-track system is a possible generation mechanism for rail corrugation.

2. Simulation modelling of friction-induced oscillation of a multiple-wheelset-track system
2.1 Theoretical models of the wheelset-track system

[bookmark: OLE_LINK15][bookmark: OLE_LINK20][bookmark: OLE_LINK99]The creep forces on both wheels of the leading wheelsets can reach saturated when a train passes through a sharp curved track, which are equivalent to the normal contact forces times the coefficient of kinetic friction [29]. The different diagrams of leading and trailing wheelset-track systems in different sleeper sections are shown in Fig. 2. Four sub-figures clearly show the force distributions, contact conditions and rail support conditions. As for the force distributions of the wheelset-track systems, the vertical and lateral suspension forces of the left (outer) axle box are FSVL, FSLL separately. The vertical and lateral suspension forces of the right axle (inner) box are FSVR, FSLR separately. The normal contact forces between the wheels and rails are NL and NR separately. The creep forces between the wheels and rails are FL and FR separately. On the basis of the contact detail of leading wheelset shown in Figs. 2(a) and 2(c), it can be found that the contact point on high rail is situated between the wheel flange and profile of rail head, while that on low rail is situated between the wheel tread and rail head. And according to the contact detail of trailing wheelset shown in Figs. 2(b) and 2(d), it can be found that the contact points on the high and low rails are both situated at the wheel treads and top of rail heads. As for the track support systems, in the fixed dual short section shown in Figs. 2(a)and 2(b), the rails and sleepers are linked by a sequence of springs and dampers on contact interfaces, as well as the sleepers and ground in the fixed dual short sleeper section. KRV, KRL and CRV, CRL are the stiffness and damping values between each sleeper and a rail separately. KSV, KSL and CSV, CSL are the stiffness and damping values between each sleeper and the ground separately. In the Cologne egg sleeper section shown in Figs. 2(c) and 2(d), KRV, KRL and CRV, CRL are combined stiffness and damping values of Cologne egg sleeper separately. 

[image: ]
[bookmark: OLE_LINK84][bookmark: OLE_LINK85][bookmark: OLE_LINK51][bookmark: OLE_LINK52]Fig. 2. Wheelset-track system on a sharp curved track: (a) leading wheelset in the fixed dual short sleeper section; (b) trailing wheelset in the fixed dual short sleeper section; (c) leading wheelset in the Cologne egg sleeper section; (d) trailing wheelset in the Cologne egg sleeper section.

2.2 Simulation model of the wheelset-track system

[bookmark: OLE_LINK94][bookmark: OLE_LINK95]According to the theoretical models shown in Fig. 2, a simulation model of multiple-wheelset-track system in the transitional section from Cologne egg sleeper section to fixed dual short sleeper section on the identical sharp curved track of radius 350 m is built shown in Fig. 3, which consists of four wheelsets, two rails and a sequence of support structures. The position of four wheelsets in the transitional section of the sharp curved track is shown in Fig. 3(a). The first and third wheelsets are leading wheelsets, and the contact details are shown in Fig. 3(b). The second and fourth wheelsets are trailing wheelsets, and the contact details are shown in Fig. 3(c). The wheelsets of the leading bogie are situated in the track interval supported by fixed dual short sleepers. The wheelsets of the trailing bogie are situated in the track interval supported by Cologne egg sleepers. In the fixed dual short sleeper section, the sleeper is mainly made of concrete and the spacing between two sleepers is 625 mm. The rails and fixed dual short sleepers are linked by a sequence of point to point springs and dampers on the contact interfaces. And a sequence of grounded springs and dampers are arranged on the bottom of sleeper. Meanwhile, in the Cologne egg sleeper section, the Cologne egg sleeper is mainly made of rubber and the spacing is also 625 mm. Because the density of the rubber is less than that of the concrete and steel, the mass of a Cologne egg sleeper is much less than that of a fixed dual short sleeper. Hence in the simulation model, a Cologne egg sleeper is regarded as a group of massless spring and damper elements. The series of grounded springs and dampers are arranged at the sites where the Cologne egg sleepers are in contact with rails. The distribution details of springs and dampers between rails and sleepers, between sleepers and ground, and between rails and ground are shown in Fig. 4. Stiffness and damping values are evenly distributed to every node.

[image: ]
Fig. 3. Finite element model of multiple-wheelset-track system in the transitional section of a tight curved track: (a) wheelsets position; (b) contact details of leading wheelset in the fixed dual short section; (c) contact details of trailing wheelset in the fixed dual short section.

[image: ]
Fig. 4. Distribution details of springs and dampers: (a) in the fixed dual short sleeper section; (b) in the Cologne egg sleeper section.

2.3 Nominal parameters of the wheelset-track system

[bookmark: OLE_LINK56][bookmark: OLE_LINK57][bookmark: OLE_LINK38][bookmark: OLE_LINK39][bookmark: OLE_LINK41]The parameters of simulation model of the wheelset-track system are obtained by actual measurement and Simpack. According to the laboratory tests and field measurements, the sub-track and material parameters of the multiple-wheelset-track system are listed in Table 1 [30]. In Simpack, the suspension forces and creep forces can be calculated. A multi-body model of the vehicle-track system on a curved track is built in Fig.5. The basic setting is same as that of finite element model built in Section 2.2. The simulation is carried out on the 350 m radius curved track, whose transition length is 150 m and the straight length is 30 m. The nominal rail profile is CHN60. The rail gauge is 1435 mm and the rail cant is 1/40. It is assumed that the rail is in an ideal condition (dry, smooth and rust-free). The vehicle is equipped with a car-body, suspension elements, bogies and the wheelsets. The vehicle travels through the curved track at a constant speed of 70 km/h. The wheel has a LM profile. It is assumed that the contact condition is single contact. The coefficient of kinetic friction between the wheels and rails is set to 0.4. In order to model track flexibility, the fixed-dual short sleeper and Cologne egg sleeper are connected to the reference system through dampers and springs, respectively. The sub-track parameters are listed in Table 1. By means of simulations, suspension forces on the track supported by different sleepers can be obtained. The average values of suspension forces are selected in the analysis, as shown in Table 2. The vertical and lateral suspension forces are applied on every wheelset as shown in Fig. 3. And the creep forces also can be calculated. The creep forces on both wheels of the leading wheelset can reach saturated, whereas those of the training wheelset are not saturated in this case.

[bookmark: OLE_LINK21][bookmark: OLE_LINK23][bookmark: OLE_LINK30][bookmark: OLE_LINK31][bookmark: OLE_LINK32][bookmark: OLE_LINK33]Table 1. Sub-track and material parameters of the wheelset-track system
	Sub-track parameters in different section

	Section
	KRV
(MN/m)
	KRL
(MN/m)
	CRV
(Ns/m)
	CRL
(Ns/m)
	KSV
(MN/m)
	KSL
(MN/m)
	CSV
(Ns/m)
	CSL
(Ns/m)

	Fixed dual short sleeper
	40.73
	8.79
	9898.70
	1927.96
	89
	50
	8.98×104
	4.0×104

	Cologne egg sleeper
	12.07
	7.58
	1361.12
	974.27
	-
	-
	-
	-

	Material parameter values

	Part
	Density (kg/m3)
	Young’s modulus (Pa)
	Poisson’s ratio

	Wheelset
	7800
	2.1×1011
	0.3

	Rail
	7790
	2.059×1011
	0.3

	Fixed dual short sleeper
	2800
	1.9×1011
	0.3



[image: ]
Fig. 5. Multi-body model of the vehicle-track system.

Table 2. Suspension forces of each wheelset 
	
	FSVL (kN)
	FSLL (kN)
	FSVR (kN)
	FSLR (kN)

	Wheelset 1
	39.2
	6.4
	39.0
	6.7

	Wheelset 2
	38.7
	9.1
	39.6
	9.2

	Wheelset 3
	39.3
	6.4
	39.0
	6.7

	Wheelset 4
	38.5
	9.5
	39.7
	9.6



2.4 Finite element equations of wheelset-track system

[bookmark: _Ref419038461]In the simulation analysis of friction-induced oscillation of the multiple-wheelset-track system, two different analytical methods are applied in the present paper [31]. The stability of the multiple-wheelset-track system can be forecasted adopting the complex eigenvalue analysis. From another respect, the dynamic performance of the wheelset-track system can be extracted utilizing the transient dynamic analysis.
Firstly, the theoretical methodology of the complex eigenvalue analysis method is concisely described as follows [31]. The motion equation of the multiple-wheelset-track system under the condition of sliding friction can be written as below.

	,
	(1)



where  stands for the nodal displacement vector.  stands for the mass matrix; stands for the damping matrix;  stands for the stiffness matrix including friction. In Eq. (1), the creep forces on the leading wheelsets of two bogies are saturated. Therefore, the system may become instable in this case. 
Then, the subspace projection method is performed to calculate the complex eigenvalues. And the subspace iteration method is performed to solve the symmetric eigenvalue problem. Finally, the QZ method is applied to solve the generalized asymmetrical eigenvalue problem. Then, the general solution can be obtained as follows.

	,
	(2)



[bookmark: OLE_LINK16][bookmark: OLE_LINK17]where is the approximation of the ith eigenvector of the original system.  is the ith eigenvalue. The real part  is the foundation to judge the stability of the system. The nodal displacement  will increase with time when  is larger than zero, which suggests that the oscillation of the system is growing to become instable. Meanwhile, the effective damping ratio  can also be used to judge the instability of the system and defined as.

	.
	(3)



The system generates the growing self-excited oscillation when  is negative. Generally speaking, the self-excited oscillation more easily occurs when the relevant effective damping ratio is smaller.
The complex eigenvalue analysis can be used to forecast the trend of instable oscillation of linearized frictional sliding system in frequency domain using Abaqus. The C3D8I element is adopted. There are four major analysis steps. Firstly, the vertical and lateral suspension forces are applied on each wheelset. Secondly, the sliding speed is imposed on the leading wheelsets. Then, the natural frequencies and oscillation modes of the system are extracted using the mode analysis. Finally, the complex eigenvectors and instable oscillation modes are obtained through the complex eigenvalue analysis.
Then, the dynamic behaviors of frictional sliding systems in time domain can be analyzed by the transient dynamic analysis. And the method is introduced briefly [26, 31]. Firstly, the motion equation of the system can be written as below.

	,
	(4)



where  stands for the acceleration vector,  stands for the diagonal lumped mass matrix,  stands for the external force vector,  stands for the internal force vector. And the subscript  stands for the time increment. Then, the motion equation is solved using the central difference method. The velocity at  and displacement at  of the system are calculated in the following equations.

	,
	(5)

	.
	(6)



The subscripts  and  represent to the mid-increment values. 
At present, the C3D8R element is used. The transient dynamic responses of the wheelset-track system are calculated using the explicit dynamic analysis.

2.5 Validation of the current model

The authors believe that the validation of a rail corrugation model should include two parts, which are the validations of a local corrugation phenomenon and the most common rail corrugation phenomena. Torstensson [11] and Vuong et al. [15] compared the predicted results of rail corrugation with the test results to validate their models. Their validation work can be considered to belong to the validation of a local corrugation phenomenon. 
[bookmark: OLE_LINK44][bookmark: OLE_LINK45]In metro tracks all over the world, the most common rail corrugation phenomena are presented as follows. If the curve radius of track is quite small (for example, equivalent to or less than 350 m in China), the probability of corrugation occurrence on low rail is quit high, but corrugation seldom appears on high rail. Furthermore, if the curve radius is larger than a certain value (for example, about 650-800 m in China), corrugation generates little on either rail of the tracks. However, attention was seldom paid to the validation of the most common rail corrugation phenomena in current literatures. Jin and Wen [5, 6] obtained one of the best validation results of the general rail corrugation phenomena. They established a comprehensive model to study rail corrugation on a tight curved track, which included two wheelsets and integrated most of the existing knowledge of rail corrugation. They predicted that the low rail suffers from corrugation and the high rail is rarely subjected to corrugation on the curved track of radius 350 m. However, they only predicted a dominant corrugation of wavelength 220-290 mm, which is different from the corrugated wavelength of 20-80 mm on real metros.
According to the authors’ proposed mechanism that the friction-induced oscillation of a wheelset-track system causes rail corrugation, the above-mentioned general rail corrugation phenomena can be easily validated [24-27]. Why does rail corrugation rarely occur on the rails of tangential or curved track of larger radius? The authors consider that the creep forces are not saturated in these tracks. Therefore, no friction-induced vibration occurs and no rail corrugation arises. And it is a validation of a local corrugation phenomenon in the present paper, which occurs in the transitional section of a tight curved track. The authors are planning to do more validating work similar to Torstensson’s work in the future.

3. Results and discussion
[bookmark: OLE_LINK107][bookmark: OLE_LINK108]3.1 Complex eigenvalue analysis of the motion stability of the multiple-wheelset-track system

In this section, the tendency of the friction-induced oscillation of the multiple-wheelset-track system is studied utilizing the complex eigenvalue analysis. The instable oscillation whose basic frequency is in the range from 5 Hz to 1200 Hz is considered to be the main reason to cause corrugation. When the effective damping ratio is negative, growing self-excited oscillation occurs. Therefore, only the negative effective damping ratios are listed in the following figures. The distribution of the negative effective damping ratios in the transitional section of the sharp curved track is shown in Fig. 6. If the effective damping ratio is smaller, the relevant self-excited oscillation more easily occurs. When the frequencies are 201.73 Hz and 422.43 Hz, respectively, the relevant effective damping ratios are smaller, whose values are -0.03145 and -0.04004, respectively. Therefore, the instable oscillations more easily occur at these two frequencies in this section. The mode shape of instable oscillation is shown in Fig. 7(a) when the frequency is 201.73 Hz. It can be found that the instable oscillation mainly occurs on the low rail. The deformation of the inner wheel of leading wheelset in the fixed dual short sleeper section is quite obvious. According to the field measurement, the vehicle passes through this section at an average speed of 70 km/h. In consequence, the corrugated wavelength is equivalent to 96.38 mm. And when the frequency is 422.43 Hz, the mode shape of instable oscillation is shown in Fig. 7(b). It can be found that the instable oscillation also occurs on the low rail. The deformation of inner wheel of the leading wheelset in the Cologne egg sleeper section is quite obvious too. The corresponding corrugated wavelength is equivalent to 46.03 mm. According to the simulation results, one can find that the wavelength of the corrugation occurring on the low rail supported by the Cologne egg sleeper is quite different from that on the low rail supported by the fixed dual short sleeper in an identical sharp curved track. The conclusion is in accordance to the corrugation measured in real metros.

[image: ]
Fig. 6. Distribution of negative effective damping ratios in the transitional section.

[image: ]
[bookmark: OLE_LINK7]Fig. 7. Mode shapes of instable oscillations of the multiple-wheelset-track system in the transitional section: (a) fR = 201.73 Hz, ξ = -0.03145; (b) fR = 422.43 Hz, ξ = -0.04004.

[bookmark: OLE_LINK22][bookmark: OLE_LINK119]To further understand that the wavelengths of rail corrugation are different in different sleeper support sections of the transitional section, the self-excited oscillations of the four wheelsets in the Cologne egg sleeper section and in the fixed dual short sleeper section of the same sharp curved track are studied, respectively. The distributions of the negative effective damping ratios in different types of sleeper sections of the transitional section are shown in Fig. 8. As shown in Fig. 8(a), the smallest effective damping ratio is -0.06099 and the corresponding instable oscillation frequency is 420.96 Hz when the four wheelsets are all located in the Cologne egg sleeper section. The corresponding mode shape of instable oscillation is shown in Fig. 9. The instable oscillations occur on the low rail and the corresponding inner wheels of the leading wheelsets of both bogies. Therefore, the dominant frequency of instable oscillation is 420.96 Hz in the Cologne egg sleeper section. As shown in Fig. 8(b), the two smaller effective damping ratios are -0.02970 and -0.03320 and the corresponding instable oscillation frequencies are 201.86 Hz and 425.81 Hz when the four wheelsets are all located in the fixed dual short sleeper section. The instable oscillations may occur at these two frequencies. The mode shape of instable oscillation at a frequency of 201.86 Hz is shown in Fig. 10(a). The instable oscillation primarily generates on the low rail and inner wheel of the leading wheelset of the leading bogie. The mode shape of instable oscillation at a frequency of 425.81 Hz is shown in Fig. 10(b). The instable oscillation primarily generates on the low rail and inner wheel of the leading wheelset of the trailing bogie. When a vehicle travels from the Cologne egg sleeper section to the fixed dual short sleeper section in the transitional section, the instable oscillation in the Cologne egg sleeper section is likely to have an impact on the instable oscillation in the fixed dual short sleeper section. From Fig. 7(a), the instable oscillation at a frequency of 201.73 Hz first occurs in the fixed dual short sleeper section. Therefore, this instable oscillation will exist when the vehicle travels in the fixed dual short sleeper section. Why the instable oscillation at a frequency of 425.81 Hz cannot be developed in the fixed dual short sleeper section? This is due to a special phenomenon of friction-induced oscillation. The friction-induced oscillation in the fixed dual short sleeper section may be affected by the previous instable oscillation in the Cologne egg sleeper section. Hence, the dominant instable oscillation frequency is 201.86 Hz in the fixed dual short sleeper section. In conclusion, the instable oscillation frequencies are different in different sleeper support sections of the transitional section when a vehicle travels from the Cologne egg sleeper section to the fixed dual short sleeper section. The instable oscillation frequency is about 422 Hz in the Cologne egg sleeper section, while that is about 201 Hz in the fixed dual short sleeper section.

[image: ][image: ]
Fig. 8. Distributions of the negative effective damping ratios in different sleeper support sections of the transitional section: (a) in the Cologne egg sleeper section; (b) in the fixed dual short sleeper section.
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Fig. 9. Mode shape of instable oscillation of the multiple-wheelset-track system in the Cologne egg sleeper section of the transitional section: fR = 420.96 Hz, ξ = -0.06099.

[image: ]
Fig. 10. Mode shapes of instable oscillation of the multiple-wheelset-track system in the fixed dual sleeper section of the transitional section: (a) fR = 201.86 Hz, ξ = -0.02970; (b) fR = 425.81 Hz, ξ = -0.03320.

3.2 Transient dynamic analysis of the multiple-wheelset-track system in the transitional section

[bookmark: OLE_LINK115][bookmark: OLE_LINK116]In this section, the transient dynamic analysis is adopted to research the dynamic characteristics of wheelset-track system in the transitional section when a vehicle travels from the Cologne egg sleeper section to the fixed dual short sleeper section. The running speed of the wheelset is set to v = 70 km/h and the rotational velocity is set to w = 46.29 rad/s. In this analysis, it is assumed that the track is absolutely smooth. The four wheelsets are only applied the suspension forces. In this condition, the oscillation of the wheelset-track system is a friction-induced oscillation. By means of simulation, the fluctuations of oscillation accelerations on rail surfaces in normal direction (a) can be obtained, as shown in Fig.11. The amplitude of the oscillation acceleration on low rail is much larger than that on high rail. It further reveals that the rail corrugation usually takes place on low rail of a sharp curved track.

[image: ]
[bookmark: OLE_LINK109][bookmark: OLE_LINK110]Fig. 11. Variations of the oscillation accelerations of the high and low rails with time.

[bookmark: OLE_LINK104]Then, the PSD (power spectral density) analysis is conducted to investigate the self-excited oscillation frequencies of the wheelset-track system. As shown in Fig. 12(a), there are two dominant frequencies in the oscillation acceleration of the high rail, whose values are 210.94 Hz and 410.16 Hz, respectively. There are also two dominant frequencies in the oscillation acceleration of the low rail shown in Fig. 12(b), whose values are 205.08 Hz and 416.02 Hz, respectively. The instable oscillation frequencies of the high rail are consistent with those of the low rail. Meanwhile, the friction work fluctuates at these frequencies, and then the corrugation generates [25, 26]. The instable oscillation frequencies acquired by the transient dynamic simulation are approximate with those acquired by the complex eigenvalue simulation. It can be further demonstrated that the self-excited oscillation may lead to rail corrugation and two dominant instable oscillation frequencies exist in the transitional section of the sharp curved track. Clearly, the low rail undergoes a greater oscillation than the high rail does.
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[bookmark: OLE_LINK89][bookmark: OLE_LINK90]Fig. 12. PSD analysis results of oscillation accelerations in the transitional section: (a) PSD of the instable oscillation on high rail; (b) PSD of the instable oscillation on low rail.

3.3 Analysis of the multiple-wheelset-track system on a sharp curved track supported by a single type of sleepers

[bookmark: OLE_LINK13]In authors’ field investigation into Beijing metro tracks, we found that there was an obvious difference between the wavelength of rail corrugation in the Cologne egg sleeper section and that in the fixed dual short sleeper section of an identical sharp curved track. Moreover, we also found that there is a small difference between the wavelengths of rail corrugation on the rails supported by a single type of sleepers such as single fixed dual short sleepers or single Cologne egg sleepers on a sharp curved track. We observed that dominant wavelengths of rail corrugation under these two rail support types are both about 40-50 mm. In this section, two simulation models of the multiple-wheelset-track systems supported only by fixed dual short sleepers and supported only by Cologne egg sleepers on a sharp curved track are established, respectively, as shown in Fig. 13. The parameter values used in these simulations are same as those presented in the above sections. The rail corrugations are researched by the complex eigenvalue analysis in this section. The distribution of the negative effective damping ratios under the condition of a sharp curved track supported only by fixed dual short sleepers is shown in Fig. 14(a). The smallest effective damping ratio is -0.05521 and the corresponding instable oscillation frequency is 417.07 Hz. From Fig. 15(a), the instable oscillation mainly takes place on the low rail. And the relevant corrugated wavelength is equivalent to 46.62 mm when the forward average velocity is 70 km/h. Meanwhile, the distribution of the effective damping ratios under the condition of a sharp curved track supported only by Cologne egg sleepers is shown in Fig. 14(b). The smallest effective damping ratio is -0.02745 and the corresponding instable oscillation frequency is 419.11 Hz. From Fig. 15(b), the instable oscillation also mainly takes place on the low rail. The relevant corrugated wavelength is equivalent to 46.39 mm. The present results of simulation are in accordance with real corrugations measured in Beijing metros. Therefore, the performances of corrugation occurring on the tracks individually supported by fixed dual short sleepers or Cologne egg sleepers are different from those occurring on the transitional section including the fixed dual short sleepers and Cologne egg sleepers. The arrangement of the sleepers has significant effect on rail corrugation. 

[image: ]
Fig. 13. Simulation model of the multiple-wheelset-track system on a sharp curved track: (a) the track is only supported by Cologne egg sleepers; (b) the track is only supported by fixed dual short sleepers.
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Fig. 14. Distributions of the negative effective damping ratios on a sharp curved track: (a) the track is only supported by Cologne egg sleepers; (b) the track is only supported by fixed dual short sleepers.
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Fig. 15. Mode shapes of instable oscillation of the multiple-wheelset-track system on a sharp curved track: (a) the track is supported by Cologne egg sleepers, fR = 417.07 Hz, ξ = -0.05521; (b) the track is supported by fixed dual short sleepers, fR = 419.11 Hz, ξ = -0.02745.

Conclusions

The present paper proposes a simulation research on the special phenomena of corrugation on the sharp curved tracks based on the opinion that friction-induced oscillation is the main cause of rail corrugation. Authors find that the present simulation results can satisfactorily explain the special phenomena of rail corrugation occurring in Beijing metro tracks and be helpful to suppress corrugation through suitable layout of track support structure in the future. Although the option needs to be further developed, it is a promising explanation of generation mechanisms of corrugation because it can satisfactorily explain some rail corrugation phenomena. In this paper, three multiple-wheelset-track simulation models are established using Abaqus, which include (1) one wheelset-track system in which two wheelsets are located on the track supported by the fixed dual short sleepers and two wheelsets are located on the track supported by the Cologne egg sleepers, (2) one wheelset-track system in which all four wheelsets are located on the track supported only by fixed dual short sleepers and (3) one wheelset-track system in which all wheelsets are located on the track supported only by Cologne egg sleepers. Two different analytical approaches are applied to investigate the rail corrugation. The conclusions are summarized up as follows.
(1) When wheelsets pass through the transitional section (on a section of track in a sharp curve where the sleeper type is changed from Cologne egg sleeper to the fixed dual short sleeper), instable oscillation occurs on the low rail of the Cologne egg sleeper section at a frequency of about 422 Hz, but occurs on the low rail of the fixed dual short sleeper section at a frequency of about 201 Hz. It means that the dominant wavelengths of corrugation on the low rail in the Cologne egg sleeper section is 40-50 mm and that in the fixed dual short sleeper section is 90-120 mm.
[bookmark: OLE_LINK79][bookmark: OLE_LINK80](2) When the sharp curved track is supported only by fixed dual short sleepers or only by Cologne egg sleepers, the dominant instable oscillation frequencies are both about 420 Hz. The corrugated wavelengths are both 40-50 mm.
(3) The present simulation results confirm the theory of friction-induced oscillation causing rail corrugation. This conclusion is consistent with the actual phenomena taking place in metros. Preventing creep forces from being saturated is an essential aspect of eliminating rail corrugation. 
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