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Abstract 

Circuit breaker is key protection equipment in the conventional and smart grid to isolate 

a faulty part of the network and maintain system stability. The physical characteristics 

of arc plasma in the presence of contact erosion and nozzle ablation are studied in the 

present work with the aim to produce optimised design of circuit breakers with extended 

service time, minimised maintenance cost, and adequate intelligence for using in smart 

grid. It is achieved by using a differential arc model in two-dimensional axisymmetric 

coordinate system and the model is implemented in a commercial Computational Fluid 

Dynamics (CFD) software package, PHOENICS. 

 

The thermodynamic properties and transport coefficients of pure copper vapour under 

local thermodynamic equilibrium (LTE) and non-equilibrium conditions are calculated 

first in Chapter 2, which can be used in the near electrode layer to determine the energy 

flux towards the cathode bulk. The non-equilibrium thermophysical properties of pure 

copper vapour have not been calculated before. The composition and thermophysical 

properties are obtained according to fundamental theory from 300 K to 30,000 K at 4 

pressure levels of 0.1 MPa, 0.4 MPa, 0.8 MPa and 1.0 MPa. Non-equilibrium degree 

ranging from 1 to 4 is considered to cover potential plasma states. The LTE results from 

present work are compared with existing data. 

 

A near cathode non-LTE layer exists between LTE arc column and cathode surface. It 

is divided into a pre-sheath layer and a sheath layer. The energy flux for contact erosion 

depends on the physical processes inside the layers. Up to now, there has been no model 

that can correctly predict the erosion rate of the cathodic contact. A mathematical model 

that consists of the two-temperature (2T) pre-sheath and the collisionless space charge 

sheath is established in the present work in Chapter 3 to describe the physical processes 

inside the non-LTE layer. Copper vapour is the arcing gas because it has a much lower 

boiling temperature than tungsten when their mixture is used as the contact material in 

the real applications. A novel approach has been developed to bridge the solutions from 

the pre-sheath layer and the sheath layer, thus allowing a self-consistent determination 

of the near cathode layer potential drop for the non-refractory materials (copper). Our 

prediction of this overall potential drop (16.44 V) is reasonably in view of measurement 

results (15 V-17.5 V). Total mass evaporated from the cathode surface due to contact 
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erosion is predicted at three current levels (i.e. 22 kA, 27 kA and 32 kA). The predicted 

mass loss is only 30% of the measured mass loss because the latter includes the droplets 

of the cathode material that are spitted by melting and mechanical stress.  

 

A computational study of nozzle ablation and its influences on the flow environment in 

a 145 kV/40 kA auto-expansion circuit breaker is carried out in Chapter 4. When the 

increase in nozzle diameter due to nozzle ablation is considered in the simulation, less 

subsequent nozzle ablation is normally obtained. The decreased ablated mass reduces 

the enthalpy and mass fluxes flowed into the expansion volume which results in a lower 

pressure rise. Results show that ablation leads to an excessive enlargement of the nozzle 

flat throat at high current and long arc duration, presenting as a limited factor that affects 

the lifetime of auto-expansion circuit breakers. The predicted specific ablation falls well 

within the experimental results obtained by ABB. Results obtained in the present work 

strongly suggest that, to achieve more realistic arc modelling, the dimensional variation 

of the nozzle due to ablation must be considered. 

 

The influence of nozzle ablation on the interruption process of an auto-expansion circuit 

breaker is studied in Chapter 5. The turbulence model is first calibrated using results 

from two tests (similar cases but differing in arc duration). It is found that the turbulence 

parameter c=0.32 for Prandtl mixing length model is applicable to predict interruption 

performance of 145 kV/40 kA auto-expansion circuit breaker. The critical rate of rise 

of recovery voltage (RRRV), which represents the interruption capability of the circuit 

breaker, are predicted with results well matching the test results. The arc model is then 

used to study the deterioration of breaker’s interruption capability by computationally 

repeating the same test duty on the breaker with the consideration of nozzle enlargement. 

For a typical case (Test 98), it has been shown that the reduction of approximately 20% 

in the predicted RRRV of the breaker is mainly caused by the dimensional variation of 

the main and auxiliary nozzles, especially the change of nozzle diameter from 19 mm 

(auxiliary nozzle) and 21 mm (main nozzle) to 21.4 mm/24 mm (auxiliary nozzle) and 

23 mm/24.6 mm (main nozzle), giving an increase in the flow area of averagely 20% 

(auxiliary nozzle) and 14% (main nozzle). 
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Circuit Breakers and Their Intelligent Operations 

 

1.1 Introduction to Power Networks and Role of Circuit Breakers 

A power network consists of electricity generation, transmission, distribution and loads. 

Alternating current (AC) transmission technology has been dominating the electricity 

market over 100 years since the first commercial power station was commissioned back 

in 1890 at Niagara Falls [1]. The highest AC transmission voltage reached 1,150 kV in 

the former Soviet Union at the beginning of the 1990s [2], [3]. In China, the first 1,000 

kV AC transmission line was put in operation in 2009 over a distance of 640 km [4].  

 

With the solid state electronics components for the high power applications such as the 

thyristors, transistors, diodes and sensors becoming commercially available, the high 

voltage direct current (HVDC) power transmission voltage experienced a revolutionary 

jump in the 1970s (from 100 kV to 400 kV) and it is reached 800 kV recently. HVDC 

transmission becomes economically advantageous when transmission distance is longer 

than the so-called “threshold distance” (approximately 700 km) with present available 

technologies [5]–[7]. Increasing interest and commercial exploration of the renewable 

power generations (solar and wind mainly) also lead to the development of distributed 

power generation and novel ways of the grid connection and control with a mixture of 

AC and DC networks.    

 

Smart grid is regarded as the most promising solution to meet the future demand in the 

power generation, transmission and distribution at a global scale. It is an unprecedented 

opportunity to improve the electrical industry with higher efficiency, sustainability and 

availability by employing the innovative technologies on associated monitoring, control 

and communication. It is chiefly designed to achieve the bi-directional communications 

between the control system and the apparatuses, balance the electrical generation and 

consumption, advance the renewable energy integration and tighten the grid security. 

Whatever the topology of the smart grid is, the idea of being smart has to be realised by 

hardware components that are “intelligent” at the physical level and application level 
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as well. The important information on the state and functionality of various apparatuses 

in the smart grid needs to be made available to the grid by the use of monitoring devices 

such as power meter, sensor, operation monitor, fault detector and communication tools. 

In addition, an intelligent apparatus would be highly autonomous to act in response to 

the information it receives from the network. Given the sheer volume of the electricity 

demand and uninterruptable nature of power supply for modern society and industry, 

transition from present power grid to the smart grid will need to be gradual. Furthermore, 

the constituting equipment, e.g. HVDC converter station, circuit breaker, transformer 

and switching cabinet, should all possess sufficient level of intelligence to work in the 

smart grid.  

 

1.2 Intelligence in Circuit Breakers 

A network fault, if not cleared in time, will have lasting damaging effects on the power 

system. High voltage circuit breakers are typical fault clearance and system protection 

equipment. The clearing of a heavy current fault has three adverse effects on the breaker 

itself. Firstly, the nozzle, which is made of polytetrafluoroethylene (PTFE) to guide the 

high speed gas flow, is burnt by strong radiation from the arc, leading to a non-uniform 

ablation of the PTFE material and overall enlargement of the nozzle radius. This surface 

and size changes of the nozzle hole lead to a reduction in the interruption performance 

of circuit breaker. Secondly, strong heat flux from the arc will erode the arcing contacts, 

shorten the contact and deform its tip surface. It directly leads to the shortening of the 

electrical lifetime of the circuit breaker. Thirdly, the presence of high current arc results 

in the formation of powders and gas species, polluting the gaseous environment. Since 

the circuit breakers need to operate under various conditions such as normal load, no 

load and short circuit, they should be designed with ability to perform the bi-directional 

communications with the network system. They need to be able to check their “health” 

status and communicate to the network. They also need to receive information from the 

network on the network conditions, especially the operation status of the interconnected 

electrical apparatuses. Therefore, intelligent circuit breakers should be able to perform 

four fundamental operations: bi-directional communications, self-diagnosis, intelligent 

computing, and executing of different duties. The self-diagnosis ability is supported by 

changing the maintenance practice from service-time based to condition based, leading 

to reduced network disruption and cost savings. 
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Self-diagnosis is the ability of the intelligent circuit breakers to definitively characterise 

the functional fitness of all physical components that affect the operational performance 

of the breaker. The diagnostic process itself must not interfere with the switching duties 

of the breaker. This imposes restraints on the available time window that is required by 

the diagnosis process. The diagnostic methods also require the use of sensors to acquire 

data on the physical conditions of the operating components such as contact tip length 

and surface profile, gas composition and pressure, nozzle diameter and surface profile, 

environment temperature and driving mechanism travel profile. These basic data will 

be continuously updated, stored and processed by the computing unit based on artificial 

intelligence schemes to obtain the “health” status of whole circuit breaker. Application 

of online monitoring provides a continuous sampling of the data from the circuit breaker. 

Based on the standard C37.10.1 [8], some parameters need to be monitored during and 

after circuit breaker operation, as listed in Table 1.1. 

 

Table 1.1 Parameters need to be monitored during and after circuit breaker operation. 

Apparatus Monitored Parameters 

Circuit Breaker 

Environment 

(1) Temperature  

(2) Pressure 

(3) Particle contamination 

(4) Gas composition and density 

(5) Gas species concentration  

Insulation 

(1) Partial discharge 

(2) Arc voltage 

(3) Hardware component surface condition 

Dynamics 

(1) Arc duration 

(2) Reaction time of operating components (e.g. 

opening/closing times of the contacts) 

(3) Contact velocity 

(4) Contact movement 

Consumption 
(1) Contact tip length 

(2) Nozzle diameter 

Mechanics  
(1) Energy accumulated by spring 

(2) Pressure of hydraulic fluid 
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The essential role of the circuit breaker is to break the circuit by interrupting the current 

passing through it. In HVAC circuit breakers, the arc is extinguished at a natural current 

zero of the a.c. current. However, the artificial current zero principles are used in HVDC 

circuit breakers since the d.c. current flows unidirectionally with no natural current zero. 

Arc extinction is realised by separating the contacts which are controlled by a driving 

mechanism. Despite the motion characteristics of those moving components, the circuit 

breaker needs to have the ability to perform a given switching duty from the grid system 

with minimum energy and least physical damage of the key components, which lies at 

the centre of the “intelligence” domain. The present work is closely related to this part 

of the intelligent circuit breakers and will be explained in following chapters.  

   

At present, most of research on the intelligent operation of circuit breaker focuses on 

the development of microelectronic-based software and hardware systems that provide 

reliable in-service controlling and monitoring. Nevertheless, successful operation of the 

circuit breaker under complicated power system conditions remains difficult. The core 

question is that how to interrupt a current, especially a fault current, with optimised gas 

dynamics (e.g. flow, pressure and temperature field) and contact travel. It involves an 

in-depth understanding of the arcing process and its interaction with driving mechanism. 

A comprehensive relationship between the grid network system and circuit breaker is 

presented in Figure 1.1. To successfully complete an interruption duty, a circuit breaker 

needs to ensure two representative aspects. Firstly, the gas in the arcing space between 

the contacts changes from the conducting medium at high current to a poor conductor 

at the final current zero point of the AC current to quench the arc. Secondly, sufficient 

insulation needs to be restored at a shorter time scale (~100 μs) after current zero. The 

first process during the interruption requires the circuit breaker to be able to carry the 

fault current through the arc without causing physical damage to hardware components 

or altering the gas environment. Besides that, strong arc cooling is required to reduce 

the arc temperature and arc column size, leading to an increased arc resistance.  

 

The high current arc needs to be supported by the arcing contacts. The strong energy 

flux from the arc column to the contacts will cause erosion of the contacts. It removes 

the metal from the contact surface in vapour form and also causes a spitting of contact 

material in solid or liquid form. It not only shortens the contact length but also changes 

the surface conditions. In addition, strong radiation from the arc column causes ablation 
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of the nozzle (e.g. PTFE), leading to an enlargement of nozzle hole and changing nozzle 

surface conditions as well. Both contact erosion and nozzle ablation will influence the 

arc characteristics, and more importantly, the arc quenching capability of the designed 

arcing chamber. Therefore, a thorough understanding of these two areas is necessary to 

the design and implementation of the “intelligence” in circuit breakers. 
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Figure 1.1 Relationship between the grid networks and the high voltage circuit 

breakers. 
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1.3 Types of Circuit Breakers 

Based on the descriptions of voltage levels, the circuit breakers could be classified into 

low voltage (<1 kV), medium voltage (1~72.5 kV) and high voltage (>72.5 kV) which  

are being used in international standards: International Electrotechnical Commission 

(IEC) 62271-100 [9] and American National Standards Institute (ANSI) C37.06 [10]. 

In addition, the properties of the insulating medium are decisive important to ensure the 

effective interruptions of circuit breakers. From the insulating medium, circuit breakers 

could be categorised into the oil, air, SF6 and vacuum types as presented in Figure 1.2.  

 

For high voltage circuit breakers, SF6 has been extensively used because of its higher 

dielectric strength and non-flammable characteristics since 1950. However, due to the 

stronger greenhouse effect of SF6 which is evaluated by the Global Warming Potential 

(GWP), there is ongoing research to find environmentally friendly gases to replace SF6, 

e.g. CO2, air, CF3I and g3 gas. The related GWPs of different gases are shown in Table 

1.2 [11], [12]. The traditional gases such as air, CO2 and N2 have lower GWP, but the 

corresponded insulation strength is limited, approximately 40% or less in comparison 

with SF6. CF3I presents a better insulation strength with lower GWP. However, the high 

boiling temperature of CF3I makes it impossible to use in the pure form. Therefore, it 

is normally mixed with N2 or CO2 for the research [13]. g3 is a developed mixture of 

3MTM NovecTM 4710 fluid (Fluorinated nitrile) and CO2. It has high dielectric strength 

and stability, low boiling temperature, and approximately 98% reduction of GWP in 

comparison with SF6 [14]–[16]. Nevertheless, this replacement gas is relatively new in 

the high voltage applications and the development is still at the infancy stage so that 

more and more theoretical and experimental investigations are required especially for 

its insulation performance. 

 
Figure 1.2 Overview of the usage of different circuit breakers [17].  
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Table 1.2 Global warming potentials and lifetimes of different insulating gas species 

[11]–[16].  

Gas species Life time (years) GWP 

CO2 Variable 1 

SF6 3,200 23,900 

CF3I 0.005 1 

 

A brief review of the circuit breakers with different insulating medium is described as 

following.    

(1) Air circuit breaker 

A circuit breaker that operates in the compressed air is known as an air circuit breaker. 

In an air circuit breaker, there are two pairs of contacts, referred as the arcing contacts 

for carrying the arc current and the main contacts for passing the normal current. Each 

set of the contacts is designed as a fixed one and a moving one. They are usually made 

of good conducting materials such as copper or coated by silver. During the operation 

of circuit breaker, the main contacts will firstly separate while the arcing contacts are 

still connected and there is no arc produced during this period. The arc is only initiated 

when the arcing contacts are separated and the gaseous medium is then breakdown and 

ionised.  

 

As an easily obtained medium, air has good insulation property at normal temperatures 

but it is difficult to extinguish the arc since the air surrounding the arc would be heated 

up to high temperature. To improve the interruption performance of air circuit breaker, 

Slepian [18], [19] developed an approach by constructing a large number of airgaps in 

the chamber so that the arc could be blown into the gaps electromagnetically and the 

contacts could be kept cold by electromagnetic rotation of arc [20]. It is a fundamental 

breakthrough for improving the performance of high power air circuit breakers. From 

this innovation, a new approach was proposed by using the arc chutes which is normally 

made from refractory material [21], [22]. Arc chute is divided into small compartments 

using the splitters. Due to the convection of the gaseous medium, the arc is lengthened 

during the arc contacts motion. When the arc enters the arc chute, it would be split into 

the shorter arcs in series. There are two types of the air circuit breakers: plain air circuit 

breakers and air blast circuit breakers, as presented in Figure 1.3. The plain air circuit 

breaker (Figure 1.3 (a)) is preferable for low voltage applications. 
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The air blast circuit breaker is normally designed for comparative higher voltage ratings. 

The compressed air is chosen as the arc quenching medium and it is released to form 

high speed flow in the nozzle during the interruption. Depends on the gas flow direction 

in relation to the arc column, the air blast circuit breaker could be categorised into axial 

blast and cross blast, as presented in Figure 1.3 (b) and (c). In an axial blast air circuit 

breaker, the contacts are kept together by a spring. During the interruption, the air flow 

with high pressure is released into the arcing chamber and the spring is thus deformed 

to withdraw the moving contact from the fixed contact. In contrast, the cross blast air 

circuit breaker is designed with the fixed blast pipe in perpendicular to the movement 

direction of the moving contact. The air flows through the blast pipe and blows the arc 

column towards the splitters of the exhaust chamber for the final cooling [20]. The air 

circuit breaker is easy in construction, and maintanance by simply monitoring the air 

pressure.  

     

                          (a)                                                                  (b) 

 

(c) 

Figure 1.3 Schematic diagram of air circuit breakers, (a) Plain air circuit breaker; 

(b) Axial blast air circuit breaker and (c) Cross blast air circuit breaker [22]. 
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(2) Oil circuit breaker 

In an oil circuit breaker, the contacts are immerged into insulating oil such as the silicon 

oil and mineral oil with a better insulating property (dielectric strength of 10-15 MV/m) 

in comparison with air (3 MV/m). An arc is produced when the contacts separate and a 

large amount of heat is produced from the arc and exceeds the vaporization temperature 

of oil. The oil is then decomposed into mostly hydrogen gas to extinguish the arc. There 

are two types of the oil circuit breakers: bulk oil circuit breaker (BOCB) and minimum 

oil Circuit Breaker (MOCB), as illustrated in Figure 1.4 [23]. BOCB is named because 

of the larger quantity of oil that is used in the tank for arc extinction. Furthermore, the 

fixed and moving contacts are separated in the insulating oil. The arc formation results 

in a rapid production of hydrogen gas bubbles with high pressure. With the movement 

of moving contact, the arc is drawn and the arc resistance is increased correspondingly. 

The high pressure around the arc increases the gas de-ionisation which eventually leads 

to the arc quenching. Compared with bulk oil circuit breaker, the minimum oil circuit 

breaker requires less space for the installation with a reduced amount of oil. When the 

moving contact is drawn out from the fixed contact, they are submerged in the dielectric 

oil. The produced arc heats up the surrounding oil, leading to the oil decomposition and 

gas releasing, the produced high pressure gas is therefore driven into the arc extinguish 

device for cooling the arc. Nevertheless, oil is a kind of inflammable medium with risks 

of fire and the decomposed products are explosive. Moreover, the arcing products such 

as the carbonised particles contaminate the oil which leads to a decrease of the dielectric 

strength. In other words, MOCB is not suitable for frequent operations and it has to be 

cleaned after a certain number of interruptions. 

      
                                (a)                                                                  (b) 

Figure 1.4 Structure of the oil circuit breakers: (a) BOCB; (b) MOCB [23]. 
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(3) Vacuum circuit breaker 

A vacuum circuit breaker is designed where the arc generates in vacuum condition. This 

kind of medium has excellent dielectric strength (1012 MV/m) [24]. Main components 

in the vacuum chamber of vacuum circuit breaker are vapour condensing shield, a pair 

of contacts and metallic bellows as shown in Figure 1.5. During the interruption process, 

the driving mechanism separates the contacts and a small amount of metallic vapour is 

produced from the contact surface. A molten metal bridge is then appeared between the 

contacts and an arc is formed as a result of metallic vapour ionization. The arc attached 

on the cathodic contact surface contains a number of cathode spots which move rapidly 

and the current carried by each spot is affected by the contact material (approximately 

100 A for a copper cathode [25]). With the contact movement, the produced metallic 

vapour is condensed on the contact surface and when the current decreases towards its 

zero, the rate of vapour production becomes lower and the density of vapour is reduced 

as well. The condensation leads to a quick recovery of the dielectric strength to ensure 

the arc quenching. In the vacuum chamber, the vapour condensation shield is designed 

outside the contacts to protect the insulating enclosure from becoming conductive. The 

vacuum circuit breaker interruption capability highly depends on the contact material. 

The material should have high an electrical conductivity with low resistance for passing 

the current without overheating. Moreover, a high thermal conductivity is required as 

well to effectively dissipate the heat from the arc column.  

End Flange

Enclosure

Fixed Contact

Moving Contact

Metallic Bellows

Vapour 

Condensation 

Shield

Shield Support 

Flange

End Shield

Vacuum chamber
 

Figure 1.5 Schematic diagram of the vacuum circuit breaker [26]. 

 

(4) SF6 circuit breaker 

SF6 is a chemically stable, non-flammable, non-corrosive, colourless and odourless gas. 

The peak thermal conductivity of SF6, corresponding to the dissociation of the molecule, 
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is approximately around 2,000 K which is lower than air (6,000 K). It has an excellent 

insulating performance and high electron affinity [25]. SF6 has been widely used as an 

interrupting medium in high voltage apparatuses since the beginning of the 1950s and 

the first SF6 circuit breaker was commercially introduced in 1959. The better insulating, 

physical and chemical properties of SF6 make the SF6 circuit breakers performing much 

better than air and oil circuit breakers.  

 

Two representative types of SF6 circuit breaker have been extensively utilised, known 

as puffer type SF6 circuit breaker and self-blast circuit breaker (auto-expansion circuit 

breaker). As illustrated in Figure 1.6, the puffer type SF6 circuit breaker contains a fixed 

contact, a moving contact, a moving cylinder and a fixed piston. An arc is struck when 

the moving contact moves away from the fixed contact. Besides that, the volume of the 

puffer chamber becomes smaller with the movement of the moving cylinder while the 

fixed piston stays stationary, which results in a compression of the gas inside the puffer 

chamber. Before the fixed contact leaves the nozzle, the nozzle is clogged and effective 

cross section for the gas flow is smaller. With the movement of the moving contact, the 

arc is drawn and the compressed gas with higher pressure in the puffer chamber flows 

out through the nozzle. As a result of convection and turbulence cooling, the arc column 

becomes thinner and the arc is eventually extinguished at the current zero. It should be 

emphasised that the driving mechanism of puffer type SF6 circuit breaker should be 

designed with sufficient energy to move the cylinder and separate the contacts.  

Moving cylinder

Nozzle
Moving contact

Fixed piston

Fixed piston

Fixed 

contact

Moving cylinder

Puffer chamber

 
Figure 1.6 Simplified schematic diagram of an puffer SF6 puffer circuit breaker, (a) 

closing position; (b) opening position [27].  
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Self-blast circuit breaker is designed based on the innovative interrupting principles to 

reduce the operation energy required from the driving mechanism. It is advantageous 

over the puffer type SF6 circuit breaker. During the interruption process, energy from 

the arc need to be sufficiently utilised to develop an effective flow field environment in 

the arcing chamber for the arc quenching at the final current zero. There is an expansion 

volume (8) attached with a control valve (6) inside the arcing chamber as illustrated in 

Figure 1.7. When the moving arcing contact separates with the fixed contact, the arc is 

rapidly produced and lengthened. When interrupts a high current, sufficient arc energy 

produces a high pressure region between the arcing contacts and the high pressure gas 

is then driven into the expansion volume which results in a closure of the control valve. 

Because of the compression of the SF6 gas inside the expansion volume and the thermal 

energy brought by the injected hot gas from arcing space, the pressure in the expansion 

volume becomes high. When the current approaches zero, the pressure in the arc region 

becomes lower which is because the decreased current drops the temperature of the arc 

column and the high pressure gas in the expansion volume is thus largely flowed out so 

that the arc is strongly blown and eventually extinguished. For self-blast circuit breaker, 

the nozzle is very important for guiding the gas flow and producing hot vapour to ensure 

the pressurisation in the expansion volume. Compared with puffer type circuit breaker, 

the physical phenomena and arc characteristics are more complicated. The investigation 

of the arc behaviour especially in the arcing space is significant for analysing the circuit 

breakers interruption capability.   

 
Figure 1.7 Schematic diagram of a self-blast SF6 circuit breaker as an example. The 

labelled components are: 1. Fixed arcing contact; 2. Fixed main contact; 3. Nozzle; 4. 

Moving arcing contact; 5. Cylinder; 6. Control valve; 7. Compression chamber; 8. 

Expansion volume[28]. 
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1.4 Basics of Electric Arcs 

Arc is a key element associated with the operation performance of circuit breakers. The 

arc formed between the two arcing contacts is a phenomenon of electrical discharge. It 

is initiated as a result of breakdown of gas between the two arcing contacts. The electric 

arc in a gas-blast circuit breaker is normally a kind of thermal plasma which consists of 

neutral particles, electrons and ions. In an arc plasma, the ions and neutral particles are 

regarded as heavy particles since their masses are much heavier in comparison with the 

electrons. The arc is formed as a bright column because some of the heavy particles are 

in excited state and they could return to a less excited state or ground state by the photon 

emission [29]. For an arc plasma, quasi-neutrality is an important property that indicates 

the negative charges are balanced by the positive charges. During a current interruption, 

the circuit breaker could be treated as a good conductor (high electrical conductivity of 

the arc medium) when the arc plasma contains sufficient free charge carriers while the 

plasma medium should become a good insulator when the current approaches the final 

zero to withstand the applied voltage from power grid system. The physical properties 

of the arc plasma are correlated to the plasma chemical composition, arc temperature, 

pressure, etc. The arc could be simply classified into high pressure arc and vacuum arc 

[20]. High pressure arc defines the arc that exists at or above atmospheric pressure while 

vacuum arc is defined with pressures below 10-4 torr. For high pressure arcs, the arcing 

medium is composed of the filling gaseous medium (such as SF6). However, a vacuum 

arc is produced due to the presence of metallic vapour produced from contact surface.  

 

In reality, some important assumptions are required to analyse the complicated physical 

characteristics and dynamic behaviour of an arc plasma. Since a plasma contains a large 

number of particles (neutrals, ions and electrons), it is essential to know the distribution 

function of the existed particles so as to provide a macroscopic (large-scale) description 

of the plasma properties. Based on the plasma fluid theory, the plasma can be described 

by some macroscopic parameters such as density, temperature, and velocity which are 

functions of space and time only. In a thermal plasma, the collisions between particles 

are normally sufficiently rapid and frequent. At different temperatures, the interparticle 

collisions are dominated by different particles. At low temperatures, neutral particles 

which are largely presented in the arc plasma dominate the collisions. With temperature 

increases, neutral particles start to dissociate and ionise so that the numbers of charged 
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particles (positive and negative) become more and collisions between charged particles 

as a result of Coulomb interactions become dominant. Following the hydrodynamics of 

fluids and gases, it is reasonable to adopt the laws of equilibrium statistical mechanics 

to describe the plasma properties. Complete thermodynamic equilibrium (CTE) state is 

normally assumed to describe a uniform homogeneous plasma system which means all 

the related properties are functions of a temperature and the plasma satisfies the kinetic 

and chemical equilibrium. Nevertheless, the nonuniformity of the plasma results in the 

irreversible losses through conduction, convection and diffusion. Moreover, the Planck 

distribution is not suitable to describe the plasma radiation. With the consideration of 

this deviation from CTE conditions, it is more realistic to assume the plasma in the local 

thermal equilibrium (LTE) state where the particles have an identical temperature but 

the radiation is not required to be in equilibrium [31], [32]. Besides that, local chemical 

equilibrium (LCE) is assumed as well to simplify the calculation of the plasma chemical 

composition. Under LTE and LCE conditions, thermodynamic properties and transport 

coefficients of an arc plasma depend on the arc temperature and pressure only. 

 

1.4.1 Local thermal equilibrium (LTE) state of electric arcs 

The temperature of arc plasma is defined correlated to the thermal kinetic energy of per 

particle. In an LTE plasma, electrons collide with heavy particles and their temperatures 

are equilibrated rapidly as a result of frequent collision. This is the first requirement of 

an LTE plasma need to be satisfied: temperatures of electrons and heavy particles are 

identical. In addition, an LTE plasma also satisfies the following requirements [33] [34]:   

 

(1) The speed distribution of particles follows the Maxwell-Boltzmann distribution: 

Based on the theory of LTE plasma, the kinetic temperature of the plasma is determined 

using the particle average kinetic energy. The speed of a particle follows the Maxwell-

Boltzmann distribution: 
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where 𝑚𝑝 is the particle mass; 𝑘𝐵 is the Boltzmann constant; 𝑣𝑝 is the particle speed 

and T is the temperature. The distribution function is determined by:  
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and the number density of particles dnw with velocities between vw,p and vw,p+dv is: 

 𝑑𝑛𝑤 = 𝑛𝑤𝑓(𝑣𝑤,𝑝)𝑑𝑣𝑤,𝑝 = (
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−
𝑚𝑣𝑤,𝑝

2

2𝑘𝐵𝑇 𝑑𝑣𝑤,𝑝 (1.4.3) 

where 𝑛𝑤 is the number density of the specific species w. 

 

(2) Population density of excited states for all particles follows Boltzmann distribution: 

Boltzmann distribution describes the statistical distributions of particles over different 

states. Kinetic energy of particles is expressed in an exponential term in the Boltzmann 

distribution function: 

𝑒𝑥𝑝 (−
𝐸𝑤,𝑠

𝑘𝐵𝑇
) 

where 𝐸𝑤,𝑠 is the energy of species w at excited state s. The expected number density 

of species w at state s could be determined by: 

 𝑛𝑤,𝑠

𝑛𝑤
=

𝑔𝑤,𝑠𝑒𝑥𝑝(−
𝐸𝑤,𝑠

𝑘𝐵𝑇
)

𝑄𝑤
 (1.4.4) 

where 𝑛𝑤,𝑠 and 𝑔𝑤,𝑠 are number density and corresponding statistical weight of species 

w at state s; 𝑄𝑤 is the partition function of species w. 

 

(3) Number densities of the particles can be determined using Saha equation: 

Based on the thermophysical principles, the Boltzmann distribution could be applied to 

determine the number densities of particles existed in the plasma. For the gas with high 

temperatures, collisions between neutral particles become frequent. Electrons that orbit 

around the atomic nucleus will jump to higher energy levels after receiving energy. The 

neutral atoms will become ionised when the electrons are escaped. The Saha equation 

is used to determine the number densities of different particles in the LTE plasma: 
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where 𝑛𝑒 is the number density of electrons; 𝑛𝑖 and 𝑛𝑖+1 are the number densities of 

species i and i+1; Qi and Qi+1 are the partition functions; 𝑚𝑒 is the electron mass; h is 

the Planck constant; 𝐸𝑖+1 is the ionization energy and ∆𝐸 is the lowering of ionization 

energy. 

 

(4) The pressure of the particles in LTE plasma follows the Dalton’s law: 
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Total pressure of gas mixture is the summation of partial pressures of individual species: 

 𝑃 = ∑ 𝑘𝐵𝑇𝑛𝑤

𝑤𝑡𝑜𝑡𝑎𝑙

𝑤=1

 (1.4.6) 

where P is the total pressure in the system and 𝑤𝑡𝑜𝑡𝑎𝑙 is total number of species. 

 

(5) Electrical neutrality  

 𝑛𝑒 = ∑ 𝑍𝑤𝑛𝑤

𝑤𝑡𝑜𝑡𝑎𝑙−1

𝑤=1
𝑤≠𝑒

 (1.4.7) 

It describes the electrical neutrality of LTE plasma, where 𝑍𝑤 is the charge number of 

species w. 

 

1.4.2 Radiation from arc plasma  

The material properties of working medium in the arcing chamber are calculated based 

on the assumptions of LTE and LCE. Electrons and heavy particles have same kinetic 

temperature. Planck’s law explains the electromagnetic radiation from a black body in 

the complete thermal equilibrium (CTE) state at a definite temperature. Such radiation 

implies a balance between the processes of emission and absorption. However, it is not 

applicable to describe the radiation of the arc plasma using Planck’s law [35]. Therefore, 

radiation from the arc column should be calculated from basic theory. In thermal plasma, 

the radiation becomes more important as an energy transfer mechanism. Especially for 

the auto-expansion circuit breakers where the radiation becomes a dominant energy loss 

mechanism at the arc centre at high current. It is also the source of energy to ablate the 

nozzle material in particular in the auto-expansion circuit breakers to establish a high 

pressure zone in the expansion volume to develop the flow field conditions at the final 

current zero for arc quenching. Detailed descriptions are shown in following chapters.  

 

1.5 Contacts and Nozzle(s)  

Interactions between the arc column and solid materials lead to material consumption, 

and result in the change of circuit breakers interruption capability and gaseous medium 

insulation performance. Detailed knowledge on the dependence of the material change 

on the arcing process is essential for the realisation of “intelligence” in modern circuit 

breakers, which forms the main objective of the present work. 
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1.5.1 Contacts 

The contacts in the arcing chamber of a circuit breaker play a significant role in current 

interruption. They are closed for most of the time as conductors to carry the load current. 

During the breaking operation, the main contacts are opened before the arcing contacts. 

There should be no erosion or deformation on the main contacts because the arc always 

initiated between the separated arcing contacts. To provide good electrical connections,  

the contacts especially the arcing contact set should be in reasonable conditions.  

 

However, the arc between the arcing contacts has much higher temperature well above 

the vaporization point of the contact material, the stronger energy flux from the hot arc 

column to the contact surface leads to the vaporization or deformation of the contact 

tip. This is the so-called “contact erosion” which is a complicated process and affected 

by different factors such as contact material, arc current and arc duration. It is an 

avoidable result from current interruption. When the current is higher (>20 kA) and arc 

duration is longer (>10 ms), the erosion would be more and more serious, and 

eventually affects the operation performance of circuit breakers. Therefore, a thorough 

understanding of the contact erosion is required to analyse the physical process and its 

influences on arc behaviour. Real examples of the contact conditions after the current 

interruption from the experiments are presented in Figure 1.8. After the 16 interruptions 

of 63 kA current, it results in 4.6 mm (a) and 3.6 mm (b) length variations. The contact 

surface becomes unsmooth and even with serious cracks on the contact tip. The black 

residual is resulted from the material oxidation. 

    
  (a)                                                                (b)  

Figure 1.8 Diagram of circuit breaker arcing contacts erosion. Contact material is 

Cu/W. (a) 550 kV/63 kA circuit breaker; (b) 800 kV/63 kA circuit breaker [36].   
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Contact materials used in the circuit breakers are varied and they are normally classified 

into pure metals (e.g. Cu, Al and Ag), alloys (e.g. AgW and CuW), and the composite 

materials (e.g. Cu/C and Ag/C). The materials need to satisfy the common requirements 

such as low contact resistance, high mechanical strength and erosion-resistance. Copper 

is a kind of soft and malleable metal with excellent electrical conductivity and thermal 

conductivity. However, the melting and boiling temperatures of copper are lower (1,358 

K and 2,835 K) in comparison with the refractory materials such as tungsten (3,695 K 

and 5,933 K). Normally in the high voltage circuit breaker, Cu/W alloy is preferable as 

the contact material which contains 80% tungsten and 20% copper. In comparison with 

pure copper, the Cu/W alloy has a higher boiling temperature and the copper vaporises 

before the tungsten melts.  

 

Pure copper is a representative non-refractory material that evaporates more easily. To 

investigate the contact erosion phenomenon, pure copper is used as the contact material 

in the present study. In the experiments, it is observed that the arc roots move randomly 

and rapidly on pure copper contact, in the form of group of small size spots with large 

current density [37], [38]. Due to its lower melting temperature, the contact material is 

partly removed in the form of droplets. The arc would be able to cause severe damage 

and deformation on the contact surface and always leads to the formation of sharp micro 

protrusions where the local electric field would be enhanced. When the temperature 

around the contact is high enough, a significant portion of the material is eroded into 

vapour and injected into the arcing gas, changing its thermophysical properties as well 

as the arc behaviour. 

 

1.5.2 Nozzle(s) 

Nozzles are used in circuit breakers to perform two basic functions. Firstly, it is used to 

guide the arc and gas flow to ensure sufficient arc cooling. Secondly, in auto-expansion 

circuit breakers, it is used to generate hot vapour through ablation to create a “thermal 

puffer” that generates high speed gas flow when the current approaches zero to quench 

the arc. The nozzle has axisymmetric (apart from the holes in the auxiliary nozzle) and 

changing cross-sectional area to follow the converging-diverging structure. Similar to 

the arcing contacts, the inner geometry of the nozzle is an essential factor to affect the 

operation performance of SF6 auto-expansion circuit breaker. It significantly influences 
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the pressure and velocity distributions within the arcing space of the contact gap. The 

mass is injected into the working medium by the ablation, changes the thermodynamic 

properties and transport coefficients of the gas mixture and the properties of arc. Nozzle 

ablation helps quenching the arc, but leads to the sacrifice of its mass. The enlargement 

and surface modification of the nozzle hole leads to the deterioration of the interruption 

performance, directly limiting the lifetime of circuit breaker. Therefore, it is necessary 

to mathematically predict the amount of ablated mass from the nozzle surface and its 

influences on the flow field environment within the arcing space for the arc quenching. 

Real examples of the nozzle surface conditions after the current interruption from the 

experiments are presented in Figure 1.9 where (a) and (b) present PTFE nozzle ablation 

of a test device (ABB [39]), (c) shows PTFE nozzle ablation of a 252 kV circuit breaker 

after L90 test (Pinggao [36]) and (d) shows MoS2 nozzle ablation of a 550 kV circuit 

breaker after interrupt 63 kA current for 13 times.  

(a) (b) 

                               (c)                                                                    (d) 

Figure 1.9 Diagram of ablation on different nozzle materials and test devices. (a) and 

(b) for ABB test device [39]; (c) and (d) for Pinggao Group product [36]. 
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1.6 Brief Review of Arc Models  

Over the past decades, researchers have investigated a variety of approaches to establish 

mathematical models for understanding arc behaviour. First mathematical model was 

introduced by Cassie in 1939 [40]. In 1946, Elenbaas introduced a model with an energy 

balance conservation equation to describe the arc characteristics. It is the earliest study 

to analyse the temperature distribution of a high pressure discharge arc. The arc plasma 

energy balance equation (Elenbaas-Heller equation) is expressed as [41]: 

 
1

𝑟

𝑑

𝑑𝑟
(𝑟𝜆(𝑇)

𝜕𝑇

𝜕𝑟
) + 𝜎(𝑇)𝐸2 = 0 (1.6.1) 

The two associated energy terms are thermal conduction and ohmic heating. 𝜆(𝑇) is the 

thermal conductivity, 𝜎(𝑇) is the electrical conductivity and E is the electric field. 

 

Following this attempt, integral arc modelling was developed to simplify the calculation. 

In 1975, Lowke and Ludwig proposed an integral arc model based on a conceptual view 

by neglecting many phyiscal processes that have insignificant effects on arc behaviour, 

e.g. thermal conduction and turbulence cooling at the arc center [42]. In 1974, Chan et 

al developed an arc model and derived an energy balance integral equation for the arc 

core which is together with the external flow conservation equation [43]. In 1980, Fang 

proposed the scaling laws for the high current phase [44] and a current zero model [45] 

based on the method described by Chan.  

 

In 1980s, to simplify the calculation of the complicated mechanisms in the switching 

arcs, the differential method was developed and different arc models were created for 

various arc conditions [46]–[51]. Following the proposed differential methods, Fang et 

al contributed considerable effort on numerical arc modelling with the consideration of 

different mechanisms in the arc plasma. In 1987, an approximate radiation model was 

derived [52] to reasonably estimate the radiation emission and re-absorption conditions 

in the N2 arc. Since 1999, the research of arc characteristics in an auto-expansion circuit 

breaker with considering all the significant processes, e.g. radiation, turbulence cooling, 

and interaction between arc and contact/nozzle was performed by Yan and Zhang [53]–

[55]. These models according to the differential method are still adopted by the current 

research.  



Chapter 1 21 

 

 Wen Wang 

 

In addition, the application of Computational Fluid Dynamics (CFD) simulation on the 

physical processes in circuit breakers gained great advantages on the investigations of 

arc behaviour with advanced computing technologies. The commercial CFD packages 

such as PHOENICS (used in present work) and Fluent are widely used for this purpose.  

 

1.7 The Objective and Organization of Thesis 

Quantitative predictions of contact erosion and nozzle ablation especially the geometry 

change as a result of material mass loss provide baseline data for the development of 

intelligent circuit breakers. The present work is concerned with the “intelligence” at the 

physical layer. The main objectives of the present work are:  

(1) To develop a model that is able to predict the mass loss from the contact due to the 

vaporization. As already explained, the total mass loss from contacts is higher than 

that from vaporization because some of the contact material is lost in solid particles 

or liquid droplets. The percentage of the mass loss in vapour will be assessed. 

(2) To use an arc model to investigate the effects of nozzle ablation on the interruption 

performance of the auto-expansion circuit breaker. The work involves different test 

duties to gain a complete picture of the influences of nozzle ablation.    

 

The thesis is organised into 6 chapters. This chapter gives a brief review of background 

knowledge associated with the present work. Calculations of thermodynamic properties 

and transport coefficients of pure copper plasma under equilibrium and non-equilibrium 

conditions are described in Chapter 2. The chemical composition of pure copper plasma 

is firstly calculated using the Saha ionization equation coupled with Dalton’s law and 

the principle of electrical quasi-neutrality of the plasma. Chapman-Enskog method with 

higher order approximations is then applied to determine the thermophysical properties 

of pure copper plasma under LTE and non-LTE conditions. The computation results of 

LTE pure copper plasma are compared with available literature data. The influences of 

different pressures and non-equilibrium degrees on the plasma physical properties are 

discussed.  

 

In Chapter 3, a 1-D near cathode non-LTE layer model is built to analyse the physical 

processes of contact erosion. This model consists of two sub-models: pre-sheath model 

and sheath model. The solutions for these two sub-models are patched according to the 
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Bohm criterion and a total potential drop in this non-LTE layer is obtained. The current 

transfer process in the sheath layer and the energy exchange on the cathode surface are 

considered as well. From the determination of vaporization energy, the mass loss from 

the cathode surface and the variation of the cathode length as a result of cathode erosion 

are predicted. 

 

Chapter 4 presents a comparative study of the nozzle ablation and its influences on the 

flow field conditions in a 145 kV/40 kA auto-expansion circuit breaker when interrupts 

the type test duty L90 with the consideration of three different arc durations and three 

computations of each arc duration case are performed in sequence with considering the 

variation of the nozzle flat throat diameter resulted from each prior computation. In the 

calculation, the ablated mass loss from the nozzle surface and the changed diameter of 

the nozzle flat throat are predicted. The influenced flow conditions at different positions 

(e.g. expansion volume, hollow contact, arcing space, main nozzle downstream and exit) 

within the arcing chamber due to the nozzle ablation are analysed as well. Besides that, 

the pressure variation inside the expansion volume which is directly associated with the 

enlarged nozzle holes under different arc durations are also discussed.   

 

The work described in Chapter 5 focuses on another two type test duties (T30 and T60). 

Nozzle ablation as a consequence of different interrupted current levels is investigated. 

The predictions of the critical RRRV of a 145 kV/40 kA auto-expansion circuit breaker 

under different test duties (L90 and T60) are carried out. In the calculation, to accurately 

predict the turbulence cooling effect especially during current zero phase, a turbulence 

parameter c introduced in the Prandtl mixing length model is calibrated with test results. 

In addition, the interruption capability of the circuit breaker (variation of critical RRRV) 

affected by the enlarged nozzle holes due to nozzle ablation is discussed as well.  

 

Finally, Chapter 6 summarises the findings and draws reasonable conclusions from the 

work. The existed problems and suggestions for the future work are also discussed. 
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Thermodynamic Properties and Transport Coefficients of 

Pure Copper Plasma  

 

2.1 Introduction 

The development of smart grid especially for intelligent apparatuses is still at its earlier 

stage, attracting much concerns and interests from industrial applications and academic 

research. As an important apparatus in the grid system, the operation performance of 

high voltage circuit breakers becomes to a critical issue which would be influenced by 

different aspects such as driving mechanism, solid structure design and arc behaviour. 

With the development of “intelligent circuit breaker”, the knowledge on the interactions 

between the arc plasma and hardware components, e.g. contacts and nozzle(s), becomes 

essential in configuring the operational characteristics (e.g. relative travel of contacts 

and cylinder/piston, and valve operation) of high voltage circuit breakers in respond to 

the particular type of the network fault. 

  

Numerical modelling of the thermal arc plasma as a fundamental knowledge has gained 

a significant progress to systematically predict the high intensity arc characteristics and 

its influence on the high voltage circuit breakers interruptions. Accurate prediction of 

thermodynamic properties and transport coefficients of the working medium inside the 

arcing chamber is significant for the numerical modelling of the switching arc physical 

properties. Contact erosion and nozzle ablation have been the subjects of considerable 

interests for a long time when studies the arc behaviour in circuit breakers because the 

produced vapour injects into the arcing chamber and brings extra mass, momentum and 

energy into the arcing space. It changes the chemical composition and thermophysical 

properties of the gaseous medium. Unfortunately, the transport coefficients are difficult 

to calculate because of the large uncertainties of intermolecular potentials that are used 

to quantitively determine the collision cross sections between the existed particles. 

 

To simplify the calculation, the arc plasma is assumed in LCE and LTE states. However, 

the assumption of LTE is no longer valid when steep temperature gradient exists. When 



Chapter 2 29 

 

 Wen Wang 

 

the arc plasma interacts with cold contacts, or when the cold gas flow rushed into the 

arcing space at the moment of the AC current passing its final zero, the temperature of 

electrons may differ with heavy particles and it leads to a deviation of the equilibrium 

state of the plasma. For instance, when a hot arc column interacts with a cold cathode, 

a thin non-LTE layer is presented in front of the cathode. Such layer is characterized by 

the steep gradient, e.g. temperature, potential and number density of particles, which is 

resulted from insufficient collisions between electrons and heavy particles [1].  

 

In the present work, to approximate the erosion on copper contact when interrupts high 

currents, the non-LTE layer is assumed to be filled with pure copper vapour produced 

from the contact surface because of severe arcing. A mathematical model is built with 

the consideration of this non-LTE layer to systematically analyse the contact erosion. 

To set up the model accurately, the two-temperature model with the assumption of LCE 

is applied for the determination of thermodynamic properties and transport coefficients 

of the non-equilibrium arc plasma in front of the cold contact.  

 

2.2 Determination of the species composition of pure copper plasma  

2.2.1 Theory of chemical equilibrium 

Theoretically, particles number densities are crucial in determining the thermodynamic 

properties and transport coefficients of the arc plasma. Based on the statistical theory, 

the chemical equilibrium is mainly described by the minimization or maximization of 

a defined “thermodynamic potential”, e.g. internal energy U,  Helmholtz’s free energy 

F, Gibbs’ free energy G, and Enthalpy H [2]. In the present work, chemical composition 

is determined with independent variables pressure P and temperature T by applying the 

minimization of Gibbs’ free energy G. The Gibbs free energy of the system is given by:  

 𝐺 = ∑ 𝑛𝑤𝜇𝑤

𝑤𝑡𝑜𝑡𝑎𝑙

𝑤=1

 (2.2.1) 

where 𝑤𝑡𝑜𝑡𝑎𝑙 is the total number of considered species; nw and uw are number density 

and chemical potential of species “w”. The chemical potential can be determined by [3]: 

 𝜇𝑤 = 𝜇𝑤
0 + 𝑅𝑇𝑙𝑛 (

𝑃

𝑃0
) + 𝑅𝑇𝑙𝑛(

𝑛𝑤

∑ 𝑛𝑤
𝑤𝑚𝑎𝑥

𝑔

𝑤=1

) (2.2.2) 
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where 𝜇𝑤
0  is the chemical potential in standard state; 𝑃0 is the reference pressure; R is 

the gas constant (8.314𝐽/(𝑚𝑜𝑙 ∙ 𝐾)) and 𝑤𝑚𝑎𝑥
𝑔

 is the total number of gaseous plasma 

species. 

 

The thermodynamic properties and transport coefficients could be determined if the 

chemical compositions of the system are known. To determine the Gibbs free energy 

of the system, the chemical potentials associated with number densities are calculated 

by determining the partition function which is defined to describe statistical properties 

of thermodynamic equilibrium system. It is expressed as [4]: 

 𝑄 = 𝑄𝑖𝑛𝑡𝑄𝑡 = 𝑄𝑒𝑄𝑣𝑄𝑟𝑄𝑡 (2.2.3) 

where 𝑄𝑖𝑛𝑡, 𝑄𝑒, 𝑄𝑣, 𝑄𝑟 and 𝑄𝑡 represent the internal, electronic, vibrational, rotational 

and translational contributions to the partition function.  

 

(1) Translation partition function 

 𝑄𝑡 = (
2𝜋𝑚𝑘𝐵𝑇

ℎ2
)

3
2
 (2.2.4) 

where ℎ is the Planck constant (6.63 × 10−34𝐽 ∙ 𝑠). 

 

(2) Electronic partition function 

 𝑄𝑒 = ∑ 𝑔𝑒𝑒𝑥𝑝(−
휀𝑛

𝑘𝐵𝑇𝑒
)

𝑛<𝐸𝑖𝑒𝑓𝑓

𝑒

 (2.2.5) 

where 휀𝑛 is the electronic excitation energy of state n; 𝐸𝑖𝑒𝑓𝑓 is the effective ionization 

energy; 𝑔𝑒 is the statistical weight; 𝑇𝑒 is the temperature of electrons which equals to 

the heavy particles temperature 𝑇ℎ in LTE conditions. It should be mentioned that the 

excited levels of the monatomic particles are mostly populated by electrons collisions 

so that the species electronic partition function for the non-LTE cases is expressed as a 

function of 𝑇𝑒 only. In addition, the internal partition function of the monatomic species 

only considers the electronic contribution [5], [6]. However, a critical problem is posed 

about how many excitation energy levels need to be included in the calculation. From 

literature review, an infinite number of the bound states exist below the ionization limit 

for a hypothetical isolated atom [7]. Therefore, the excited energy levels considered in 

the calculation should be cutoff based on the reliable criterions. 
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In the calculation, the electronic partition function of monatomic species is determined 

by two summations. In the first summation, tabulated values of the electronic energies 

and corresponded statistical weights are taken from the NIST website [8]. In the second 

summation, the energy terms of configurations characterized by high values of principal 

quantum number follows the hydrogenic approximation and the statistical weights are 

determined from the corresponded isoelectronic sequences. In reality, the ground state 

is considered as the only contributor in low temperatures when calculates the electronic 

partition function because the smaller exponential terms could be neglected. Otherwise, 

all the energy levels up to the cutoff should be included by treating the quantum number 

of levels “missing” in higher electrons orbital as “hydrogenic” [9]–[11]. In 1964, Griem 

introduced a formula to predict the contributions of the “missing” levels on electronic 

partition function [9]: 

 

𝑄𝑍−1(𝑇𝑒) ≈ ∑ 𝑔𝑍−1(𝑝) 𝑒𝑥𝑝 [−
𝐸𝑍−1(𝑝)

𝑘𝐵𝑇𝑒
] + (2𝑆1 + 1)(2𝐿1 + 1)

𝑝′

𝑝=1

∙  ∑ 2𝑝2 𝑒𝑥𝑝 [−
𝐸𝑍−1(∞) − ∆𝐸𝑍−1(∞)

𝑘𝐵𝑇𝑒
]

𝑝𝑚𝑎𝑥

𝑃′+1

 

(2.2.6) 

where 𝑝, 𝑆1 and 𝐿1 represent the principle, spin angular momentum and orbital angular 

momentum quantum numbers; 𝑍 is the species charge and maximum principal quantum 

number for species with charge Z-1 is given by: 

 𝑝𝑚𝑎𝑥 ≤ (
𝑍2𝐸𝐻

∆𝐸𝑧(∞)
)

1
2

 (2.2.7) 

 

Rewrites Eq. (2.2.6), 

 

𝑄𝑍−1(𝑇𝑒) ≈ ∑ 𝑔𝑍−1(𝑝) 𝑒𝑥𝑝 [−
𝐸𝑍−1(𝑝)

𝑘𝐵𝑇𝑒
] +

2

3
(2𝑆1 + 1)(2𝐿1 + 1)

𝑝′

𝑝=1

∙ (
𝑍2𝐸𝐻

∆𝐸𝑍−1(∞)
)

3
2

𝑒𝑥𝑝 [−
𝐸𝑍−1(∞) − ∆𝐸𝑍−1(∞)

𝑘𝐵𝑇𝑒
] 

(2.2.8) 

where 𝐸𝐻 is the ionization energy of hydrogen (13.6 eV) and∆𝐸𝑍−1(∞) is the lowering 

of ionization energy.  

 

For diatomic species, vibrational and rotational contributions to the internal partition 

function are also included. K.S.Drellishak proposed the Morse Potential Minimization 
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Method to determine the internal partition functions for the diatomic species expressed 

as [12],  

 

𝑄𝑖𝑛𝑡 =
1

𝜎𝑐
∑𝑔𝑛 𝑒𝑥𝑝 (−

휀𝑒𝑙

𝑘𝐵𝑇𝑒
)

𝑛

∑ 𝑒𝑥𝑝 (−
휀𝑣𝑖𝑏(𝑛,𝑣)

𝑘𝐵𝑇ℎ
)

𝑣𝑚𝑎𝑥

𝑛

∑ (2𝐽

𝐽𝑚𝑎𝑥

𝐽

+ 1) 𝑒𝑥𝑝 (−
휀𝑟𝑜𝑡(𝑛,𝐽,𝑣)

𝑘𝐵𝑇ℎ
) 

(2.2.9) 

where 𝜎𝑐 is a symmetry number that equals 1 for heteronuclear and 2 for homonuclear 

molecules; 휀𝑒𝑙 , 휀𝑣𝑖𝑏 , 휀𝑟𝑜𝑡 are the energies corresponded to the electronic, vibrational and 

rotational states; 𝑔𝑛 is the statistical weight of 𝑛𝑡ℎ energy level; 𝑛, 𝑣, 𝐽 are respectively 

the quantum number of electronic, vibrational and rotational energy levels; 𝑣𝑚𝑎𝑥 and 

𝐽𝑚𝑎𝑥 are the maximum quantum numbers of the vibrational and rotational energy levels.  

Vibrational energy of 𝑣𝑡ℎ vibrational state and rotational energy of Jth rotational state 

are then determined  by [12]–[15]: 

 

휀𝑣𝑖𝑏(𝑛, 𝑣)

ℎ𝑐
= 𝜔𝑒 (𝑣 +

1

2
) − 𝜔𝑒𝑥𝑒 (𝑣 +

1

2
)
2

+ 𝜔𝑒𝑦𝑒 (𝑣 +
1

2
)
3

+ 𝜔𝑒𝑧𝑒 (𝑣 +
1

2
)
4

 

(2.2.10) 

 
휀𝑟𝑜𝑡(𝑛, 𝑣, 𝐽)

ℎ𝑐
= 𝐵𝑣𝐽(𝐽 + 1) − 𝐷𝑣[𝐽(𝐽 + 1)]2 + 𝐻𝑣[𝐽(𝐽 + 1)]3 (2.2.11) 

where 𝜔𝑒𝑥𝑒, 𝜔𝑒𝑦𝑒 and 𝜔𝑒𝑧𝑒 are the spectroscopically determined constants relating to 

each electronic state of the molecule, which are the first, second and third anharmonic 

corrections to the vibrational spacing; 𝜔𝑒 is the harmonic oscillator vibrational spacing; 

𝐵𝑣 is the rigid rotator rotational spacing; 𝐷𝑣 and 𝐻𝑣 are the first and second anharmonic 

corrections to the rotational spacing. These parameters could be determined by [12]: 

 𝐵𝑣 = 𝐵𝑒 − 𝛼𝑒 (𝑣 +
1

2
) (2.2.12) 

 𝐷𝑣 = 𝐷𝑒 − 𝛽𝑒(𝑣 +
1

2
) (2.2.13) 

 𝐵𝑒 =
ℎ2

8𝜋2𝜇𝑟𝑒2𝑐
 (2.2.14) 

 𝐷𝑒 =
4𝐵𝑒

3

𝜔𝑒
2

 (2.2.15) 

where 𝐵𝑒 is the rigid rotator rotational spacing; 𝛼𝑒 is the nonrigid rotator correction to 

𝐵𝑒; 𝐷𝑒 is the anharmonic correction to the rotational spacing; 𝛽𝑒 is the first anharmonic 
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correction; 𝜇 is the reduced molecular mass; 𝛾𝑒  is the second anharmonic correction 

and 𝑟𝑒 is the equilibrium internuclear distance (Bond length: pm).  

 

In comparison with the monatomic and diatomic molecules, the calculation of internal 

partition function of polyatomic species is more complicated. With the consideration of 

the harmonic oscillator approximation, determination of this internal partition function 

could be simplified with the form: 

 𝑄𝑖𝑛𝑡 = ∑𝑔𝑛𝑒𝑥𝑝(−
휀𝑒𝑙

𝑘𝑇𝑒
)∏[

𝑒𝑥𝑝 (−
𝜔𝑗

2𝑘𝑇ℎ
)

1 − 𝑒𝑥𝑝 (−
𝜔𝑗

𝑘𝑇ℎ
)
]𝑔𝑗(

𝑇ℎ

𝜃𝑟𝑜𝑡
)3/2

𝑗𝑛

 (2.2.16) 

where 𝑄𝑖𝑛𝑡 is the internal partition function; 𝜔𝑗 is the fundamental vibration frequency; 

𝑔𝑗 is the statistical weight of vibration and 𝜃𝑟𝑜𝑡 is the rotational constant. 

 (
𝑇ℎ

𝜃𝑟𝑜𝑡
)3/2 =

𝜋1/2

𝜎𝑐ℎ3
(𝐼𝐴𝐼𝐵𝐼𝐶)

1/2(8𝑘𝑇ℎ)
3/2 (2.2.17) 

where𝐼𝐴, 𝐼𝐵 and 𝐼𝐶 are the three principal moments of inertia. In the calculation, all the 

numerical values of associated variables are tabulated in the JANAF tables [16]. 

 

2.2.2 Calculation of chemical composition 

To determine the chemical composition of the pure copper plasma, it is assumed that 

only the gaseous species are considered: e, Cu, Cu+, Cu2+, Cu3+ and Cu4+. The ionization 

energy of the copper atom is listed in Table 2.1 [8]. For the pure copper plasma with 

the considered temperature and pressure range from 300K to 30,000K and 0.1MPa to 

1MPa, the following independent ionization reactions are considered: 

 

𝐶𝑢 ⇌ 𝐶𝑢+ + 𝑒− 

𝐶𝑢+ ⇌ 𝐶𝑢2+ + 𝑒− 

𝐶𝑢2+ ⇌ 𝐶𝑢3+ + 𝑒− 

𝐶𝑢3+ ⇌ 𝐶𝑢4+ + 𝑒− 

(2.2.18) 

 

Table 2.1 The ionization energy of copper. 

Copper 1st 2nd 3rd 4th 5th 6th 

Ionization 

Energy (eV) 
7.726 20.292 36.845 57.377 79.805 102.606 
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The chemical composition could be determined by solving a set of equations, i.e. Saha 

equation and a pressure equation following the Dalton’s law with assuming the plasma 

satisfies the electrical neutrality.  

 

For the equilibrium plasma, the Saha equations are written as: 

 
𝑛𝑒𝑛𝐶𝑢+

𝑛𝐶𝑢
= 2(

𝑄𝐶𝑢+(𝑇)

𝑄𝐶𝑢(𝑇)
) (

2𝜋𝑚𝑒𝑘𝐵𝑇

ℎ2
)

3
2
𝑒𝑥𝑝 (−

𝐸𝑖,𝐶𝑢 − ∆𝐸(0)

𝑘𝑇
) (2.2.19) 

 𝑛𝑒𝑛𝐶𝑢2+

𝑛𝐶𝑢+
= 2(

𝑄𝐶𝑢2+(𝑇)

𝑄𝐶𝑢+(𝑇)
) (

2𝜋𝑚𝑒𝑘𝐵𝑇

ℎ2
)

3
2
𝑒𝑥𝑝(−

𝐸𝑖,𝐶𝑢+ − ∆𝐸(1)

𝑘𝑇
) (2.2.20) 

 𝑛𝑒𝑛𝐶𝑢3+

𝑛𝐶𝑢2+
= 2(

𝑄𝐶𝑢3+(𝑇)

𝑄𝐶𝑢2+(𝑇)
) (

2𝜋𝑚𝑒𝑘𝐵𝑇

ℎ2
)

3
2
𝑒𝑥𝑝(−

𝐸𝑖,𝐶𝑢2+ − ∆𝐸(2)

𝑘𝑇
) (2.2.21) 

 𝑛𝑒𝑛𝐶𝑢4+

𝑛𝐶𝑢3+
= 2(

𝑄𝐶𝑢4+(𝑇)

𝑄𝐶𝑢3+(𝑇)
) (

2𝜋𝑚𝑒𝑘𝐵𝑇

ℎ2
)

3
2
𝑒𝑥𝑝(−

𝐸𝑖,𝐶𝑢3+ − ∆𝐸(3)

𝑘𝑇
) (2.2.22) 

where n and Q with subscripts e, Cu, Cu+, Cu2+, Cu3+ and Cu4+ are respectively number 

densities and internal partition functions of electrons, copper atoms, singly-charged, 

doubly-charged, triply-charged and quadruply-charged copper ions. 𝑚𝑒 is the electron 

mass (9.11 × 10−31𝑘𝑔); 𝐸𝑖 is the corresponded ionization energy of different particles 

and ∆𝐸 is the lowering of ionization energy which is obtained by Gleizes et al [17].  

 ∆𝐸(𝑍) = (𝑍 + 1)
1

4𝜋휀0

𝑒2

𝜆𝐷
 (2.2.23) 

where Z is the charge number and 휀0 is the electric permittivity in vacuum that equal to 

8.85 × 10−12𝐹/𝑚.  𝜆𝐷is the Debye length which is explained in following contents. 

 

Nevertheless, a two-temperature (2T) model need to be adopted for the non-equilibrium 

copper plasma since the electrons and heavy particles are regarded as two fluids with 

different temperatures (Te and Th) when the plasma is deviated from the LTE state. The 

form of 2T Saha equations that adopted in the present study is obtained following the 

method of Van de Sanden et al. [17]: 

 𝑛𝑒

𝑛𝐶𝑢+

𝑛𝐶𝑢
= 2(

𝑄𝐶𝑢+(𝑇𝑒)

𝑄𝐶𝑢(𝑇𝑒)
) (

2𝜋𝑚𝑒𝑘𝐵𝑇𝑒

ℎ2
)

3
2
𝑒𝑥𝑝 (−

𝐸𝑖,𝐶𝑢 − ∆𝐸(0)

𝑘𝑇𝑒𝑥
) (2.2.24) 

 𝑛𝑒

𝑛𝐶𝑢2+

𝑛𝐶𝑢+
= 2(

𝑄𝐶𝑢2+(𝑇𝑒)

𝑄𝐶𝑢+(𝑇𝑒)
) (

2𝜋𝑚𝑒𝑘𝐵𝑇𝑒

ℎ2
)

3
2
𝑒𝑥𝑝(−

𝐸𝑖,𝐶𝑢+ − ∆𝐸(1)

𝑘𝑇𝑒𝑥
) (2.2.25) 
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 𝑛𝑒

𝑛𝐶𝑢3+

𝑛𝐶𝑢2+
= 2(

𝑄𝐶𝑢3+(𝑇𝑒)

𝑄𝐶𝑢2+(𝑇𝑒)
) (

2𝜋𝑚𝑒𝑘𝐵𝑇𝑒

ℎ2
)

3
2
𝑒𝑥𝑝(−

𝐸𝑖,𝐶𝑢2+ − ∆𝐸(2)

𝑘𝑇𝑒𝑥
) (2.2.26) 

 𝑛𝑒

𝑛𝐶𝑢4+

𝑛𝐶𝑢3+
= 2(

𝑄𝐶𝑢4+(𝑇𝑒)

𝑄𝐶𝑢3+(𝑇𝑒)
) (

2𝜋𝑚𝑒𝑘𝐵𝑇𝑒

ℎ2
)

3
2
𝑒𝑥𝑝(−

𝐸𝑖,𝐶𝑢3+ − ∆𝐸(3)

𝑘𝑇𝑒𝑥
) (2.2.27) 

where 𝑇𝑒𝑥 is an effective excitation temperature depends on the elastic collisions. Based 

on the work of Van de Sanden et al, this excitation temperature Tex for atomic ionization 

reaction is assumed to be Te [17]. In the calculation, the temperature ratio between 𝑇𝑒 

and Th that describes the non-equilibrium degree is defined as𝜃𝑇.  

 

Dalton’s law is applied to describe the system total pressure which equals to the sum of 

partial pressure of each species and the total pressure of LTE and non-LTE plasmas are 

respectively determined by: 

 𝑃 = ∑ 𝑛𝑤𝑘𝐵𝑇

𝑤𝑡𝑜𝑡𝑎𝑙

𝑤=1

 (2.2.28) 

 𝑃 = 𝑘𝐵𝑇𝑒𝑛𝑒 + ∑ 𝑘𝐵𝑇ℎ𝑛𝑤

𝑤𝑡𝑜𝑡𝑎𝑙−1

𝑤=1
𝑤≠𝑒

 (2.2.29) 

where 𝑛𝑤 is the number density of species “w”; summation term in Eq.(2.2.29) is the 

total pressure of heavy particles. With considering the effects of electrostatic interaction 

between charged particles, the pressure correction term (Debye-Hückel correction) ∆𝑃 

should be considered as well [18], [19], with forms: 

 𝑃 + ∆𝑃 = 𝑃 +
𝑘𝐵𝑇

24𝜋𝜆𝐷
3 = ∑ 𝑛𝑤𝑘𝐵𝑇

𝑤𝑡𝑜𝑡𝑎𝑙

𝑤=1

 (2.2.30) 

 𝑃 + ∆𝑃 = 𝑃 +
∑ 𝑍𝑤

2 𝑛𝑤
𝑤𝑡𝑜𝑡𝑎𝑙−1
𝑤=1

24𝜋휀0𝜆𝐷
= ∑ 𝑘𝐵𝑇ℎ𝑛𝑤

𝑤𝑡𝑜𝑡𝑎𝑙−1

𝑤=1
𝑤≠𝑒

+ 𝑘𝐵𝑇𝑒𝑛𝑒 (2.2.31) 

where Zw is the charge number of species “w”. In addition, the plasma is assumed to be 

the quasi-neutrality and the number density of electron equals to the sum of ions number 

densities weighted by their corresponded charges. 

 𝑛𝑒 = ∑ 𝑍𝑤𝑛𝑤

𝑤𝑡𝑜𝑡𝑎𝑙−1

𝑤

 (2.2.32) 

 𝑛𝑒 = 1𝑛𝐶𝑢+ + 2𝑛𝐶𝑢2+ + 3𝑛𝐶𝑢3+ + 4𝑛𝐶𝑢4+  (2.2.33) 
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2.3 Determination of thermophysical properties 

2.3.1 Determination of thermodynamic properties 

The thermodynamic properties are computed if the chemical composition of the plasma 

is determined. Representative properties are introduced below. 

(1) Mass density 

 𝜌 = ∑ 𝑚𝑤𝑛𝑤

𝑤𝑡𝑜𝑡𝑎𝑙

𝑤=1

 (2.3.1) 

where 𝑚𝑤 and 𝑛𝑤 are the mass (kg) and number density (𝑚−3) of species “w”.  

 

(2) Specific enthalpy 

The enthalpy is calculated based on the law of statistical thermodynamics [20]–[22]: 

 𝐻 = 𝑘𝐵𝑇 ∑ 𝑁𝑤(
𝑑𝑙𝑛𝑄𝑤

𝑑𝑙𝑛𝑇
)𝑃,𝑁𝑤

+ ∑ 𝑁𝑤휀𝑤

𝑤𝑡𝑜𝑡𝑎𝑙

𝑤=1

𝑤𝑡𝑜𝑡𝑎𝑙

𝑤=1

 (2.3.2) 

where 𝑁𝑤 is the number density per kilogram of species w; 휀𝑤 is a reference energy of 

species “w” that defined in JANAF tables [23] and Qw is the partition function.  

 𝑁𝑤 =
𝑛𝑤

𝜌
 (2.3.3) 

 𝑄𝑤 = 𝑄𝑖𝑛𝑡,𝑤

𝑁𝑤𝑘𝐵𝑇

𝑃
(
2𝜋𝑚𝑤𝑘𝐵𝑇

ℎ2
)

3
2
 (2.3.4) 

where 𝑄𝑖𝑛𝑡,𝑤 is the internal partition function of species “w”; The specific enthalpy that 

commonly used in the calculation is expressed as hs=H/m (J/Kg) and m is the mass of 

the system. For non-LTE plasma, the reactional, translational and internal contributions 

to the specific enthalpy as a result of electrons excitation are considered [24]. Specific 

enthalpies of the electrons, monatomic and molecular species are given by [3]:  

ℎ𝑒 =
5

2

𝑘𝐵

𝜌
𝑛𝑒𝑇𝑒 (2.3.5) 

ℎ𝑤,𝑚𝑜𝑛𝑎𝑡𝑜𝑚𝑖𝑐 =
5

2

𝑘𝐵

𝜌
𝑛𝑤𝑇ℎ +

1

𝜌
𝑛𝑤𝐸𝑤 +

𝑘𝐵

𝜌
𝑛𝑤(𝑇𝑒

2
𝜕 𝑙𝑛 𝑄𝑤

𝑒𝑙

𝜕𝑇𝑒
) (2.3.6) 

ℎ𝑤,𝑚𝑜𝑙𝑒𝑐𝑢𝑙𝑎𝑟 =
5

2

𝑘𝐵

𝜌
𝑛𝑤𝑇ℎ +

1

𝜌
𝑛𝑤𝐸𝑤

+
𝑘𝐵

𝜌
𝑛𝑤 (𝑇𝑒

2
𝜕 𝑙𝑛𝑄𝑤

𝑒𝑙

𝜕𝑇𝑒
+ 𝑇ℎ

2
𝜕 𝑙𝑛(𝑄𝑤

𝑟𝑜𝑡𝑄𝑤
𝑣𝑖𝑏)

𝜕𝑇ℎ
) 

(2.3.7) 



Chapter 2 37 

 

 Wen Wang 

 

2.3.2 Determination of transport coefficients 

The transport coefficients are determined using the classical Chapman-Enskog method 

[25]. Relevant formulas are derived from the Boltzmann nonlinear integro-differential 

equation with assuming the velocity distribution of the particles following the Maxwell-

Boltzmann distribution in the thermodynamic equilibrium system. These equations are 

resolved using the perturbation techniques described by Chapman and Enskog [20] and 

they are expressed with the consideration of Sonine Polynomial approximations. Based 

on this method, the transport coefficients are derived as a function of particles number 

densities and collision cross-sections between interacted particles which are calculated 

by intermolecular potentials. The collision cross section, that describes the interactions 

between two colliding particles, could be indirectly calculated by the defined collision 

integral which is associated with appropriate values of l and s [26]: 

 Ω𝑖𝑗
(𝑙,𝑠)(𝑇) = √

𝑘𝐵𝑇

2𝜋𝑚𝑖𝑗
∗ ∫ 𝑒−𝛾2

𝛾2𝑠+3𝑄𝑖𝑗
𝑙 (휀𝑟)𝑑𝛾

∞

0

 (2.3.8) 

where 𝛾 is defined correlated to the relative velocity 𝑔𝑖𝑗; 𝑚𝑖𝑗
∗  is the reduced mass of 

two colliding species; 휀𝑟 is the kinetic energy. They are calculated by: 

 𝛾2 =
𝑚𝑖𝑗

∗ (𝑔𝑖𝑗
∗ )2

2𝑘𝑇𝑖𝑗
∗  (2.3.9) 

 𝑚𝑖𝑗
∗ =

𝑚𝑖𝑚𝑗

𝑚𝑖 + 𝑚𝑗
 (2.3.10) 

 휀𝑟 =
1

2
𝑚𝑖𝑗

∗ 𝑔𝑖𝑗
2  (2.3.11) 

and 𝑄𝑖𝑗
𝑙 (휀𝑟) is the transport cross section (Å𝟐), determined by: 

 

𝑄𝑙(휀𝑟) = 2𝜋 ∫ 𝜎
𝜋

0

(휀𝑟 , 𝜒)(1 − 𝑐𝑜𝑠𝑙𝜒)𝑠𝑖𝑛𝜒𝑑𝜒

= 2𝜋 ∫ (1 −
∞

0

𝑐𝑜𝑠𝑙𝜒)𝑏𝑑𝑏 

(2.3.12) 

where 𝑏 is the impact parameter and 𝜒 is the deflection angle of molecules in the centre 

of gravity coordinate system. 

 

𝜒 = 𝜋 − 2𝑏 ∫
𝑑𝑟

𝑟2√1 −
2𝜑(𝑟)

𝑚𝑖𝑗
∗ 𝑔𝑖𝑗

2 −
𝑏2

𝑟2

∞

0

 

(2.3.13) 
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The indices l and s are determined according to the approximation orders used in the 

calculation (l:1-2 and s:1-5 in the present work). The transport coefficients is calculated 

by considering the binary collisions between particles so that the corresponded collision 

cross sections (also recognised as the “average collision integrals”) could be determined 

using the following relationships with the known collision integrals [26]: 

 

�̅�𝑖𝑗
(𝑙,𝑠)(𝑇𝑖𝑗

∗ ) =
4(𝑙 + 1)

(𝑠 + 1)! [2𝑙 + 1 − (−1)𝑙]
∫ 𝑒−𝛾2

𝛾2𝑠+3𝑄𝑖𝑗
𝑙 (휀𝑟)𝑑𝛾

∞

0

=
4(𝑙 + 1)𝛺𝑖𝑗

(𝑙,𝑠)(𝑇𝑖𝑗
∗ )

(𝑠 + 1)! [2𝑙 + 1 − (−1)𝑙]√
𝑘𝐵𝑇𝑖𝑗

∗

2𝜋𝑚𝑖𝑗
∗

 (2.3.14) 

and for the 2T plasma in non-LTE state, the reduced temperature 𝑇𝑖𝑗
∗  is used to compute 

the associated collision integrals and cross sections, expressed as: 

 𝑇𝑖𝑗
∗ =

𝑚𝑖𝑇𝑗 + 𝑚𝑗𝑇𝑖

𝑚𝑖 + 𝑚𝑗
 (2.3.15) 

 

2.3.2.1 Diffusion coefficients 

In the calculation, the ordinary diffusion coefficient, thermal diffusion coefficient and 

binary diffusion coefficient involving particles i and j are determined by [20], [27]: 

 𝐷𝑖𝑗(𝜉) =
𝜌𝑛𝑖

2𝑛𝑚𝑗

√
2𝑘𝐵𝑇

𝑚𝑖
𝐶𝑖0

(𝑗,𝑖)
(𝜉) (2.3.16) 

 𝐷𝑖
𝑇(𝜉) =

𝑛𝑖𝑚𝑖

2
√

2𝑘𝐵𝑇

𝑚𝑖
𝑎𝑖0(𝜉) (2.3.17) 

 𝐷𝑖𝑗
𝑏 =

3

16𝑛
√

2𝜋𝑘𝐵𝑇

𝑚𝑖𝑗
∗

1

�̅�𝑖𝑗
(1,1)

 (2.3.18) 

where n is the total number density and 𝜉 is the number of terms in Sonine expansions. 

The values of 𝐶𝑖0
(𝑗,𝑖)

(𝜉) and 𝑎𝑖0(𝜉) are determined from [28]: 

 ∑∑ 𝑞𝑖𝑗
𝑚𝑝𝑎𝑗𝑝

𝑀

𝑝=0

𝑣

𝑗=1

= −
15𝜋

1
2𝑛𝑖

2
𝛿𝑚1 (2.3.19) 

 ∑∑ 𝑞𝑖𝑗
𝑚𝑝𝐶𝑗𝑝

ℎ𝑘 = 3𝜋
1
2(𝛿𝑖𝑘 − 𝛿𝑖ℎ)𝛿𝑚0

𝑀

𝑝=0

𝑣

𝑗=1

 (2.3.20) 
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where “i” ranges from 1 to w and m ranges from 1 to M; M is the number of terms used 

in the Sonine expansions; 𝑞𝑖𝑗
𝑚𝑝

 is the coefficients related to the set of collision integrals. 

 

To ensure a higher accuracy, ordinary and thermal diffusion coefficients are determined 

with the second approximation, expressed as [28]: 

 [𝐷𝑖𝑗]2 =
3𝜌𝑛𝑖

2𝑛𝑚𝑗

√
2𝜋𝑘𝐵𝑇

𝑚𝑖

1

|𝑞1|
 (2.3.21) 

 [𝐷𝑖
𝑇]2 =

15𝑛𝑖

4
√2𝜋𝑚𝑖𝑘𝐵𝑇

1

|𝑞2|
 (2.3.22) 

where 𝑞1 and 𝑞2 are two determinants expressed using a set of collision integrals from 

𝑞𝑖𝑗
𝑚𝑝

, 

  |𝑞1| = |

𝑞ℎ𝑘
00 𝑞ℎ𝑘

01 𝛿ℎ𝑗 − 𝛿ℎ𝑖

𝑞ℎ𝑘
10 𝑞ℎ𝑘

11 0

𝛿𝑘𝑖 0 0

| (2.3.23) 

 |𝑞2| = |

𝑞ℎ𝑘
00 𝑞ℎ𝑘

01 0

𝑞ℎ𝑘
10 𝑞ℎ𝑘

11 𝑛ℎ

𝛿𝑘𝑖 0 0

| (2.3.24) 

 

Nevertheless, calculation of the diffusion coefficients of the non-equilibrium plasma is 

complicated. For a two-temperature (2T) non-thermal plasma, the electrons and heavy 

particles are regarded as two separated fluids. The electrons with smaller mass move 

faster than the heavy particles. Due to the insufficient collisions between electrons and 

heavy particles, the corresponded temperature of electrons would be relatively higher 

than heavy particles. The binary diffusion coefficient of the 2T plasma is thus calculated 

using the expression derived by Ramshaw [29], [30]: 

 𝐷𝑖𝑗
𝑏 =

3𝑘𝐵
2𝑇𝑖𝑇𝑗

16𝑃𝑚𝑖𝑗
∗ 𝑇𝑖𝑗

∗Ω𝑖𝑗
(1,1)

 
(2.3.25) 

and the ordinary coefficient is obtained based on the work from Hirschfelder et al., [20]: 

 𝐷𝑖𝑗 =
𝐹𝑗𝑖 − 𝐹𝑖𝑖

𝑚𝑗|𝐹|
 (2.3.26) 

 𝐹𝑖𝑗 =
1

𝜌
(
𝑛𝑖

𝐷𝑖𝑗
𝑏 + ∑

𝑛𝑙𝑚𝑗

𝑚𝑖𝐷𝑖𝑙
𝑏)(1 − 𝛿𝑖𝑗

𝑙≠𝑖

) 
(2.3.27) 
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where 𝐹𝑗𝑖 is the cofactor of 𝐹𝑖𝑗 which is defined in terms of 𝐷𝑖𝑗
𝑏 , written as: 

 𝐹𝑖𝑗 =
1

𝜌
[
𝑛𝑖

𝐷𝑖𝑗
𝑏 + ∑

𝑛𝑙𝑚𝑗

𝑚𝑖𝐷𝑖𝑙
𝑏

𝑙≠𝑖

] (1 − 𝛿𝑖𝑗) (2.3.28) 

where 𝛿𝑖𝑗 is the Dirac delta function: 

 𝛿𝑖𝑗 = {
1𝑖 = 𝑗
0𝑖 ≠ 𝑗

 (2.3.29) 

 

The ambipolar diffusion is calculated by means of ordinary diffusion coefficient [31]: 

 𝐷𝑖𝑗
𝑎 = 𝐷𝑖𝑗 +

𝛼𝑖

𝛽
∑𝑍𝑠𝐷𝑠𝑗

𝑠

 
(2.3.30) 

 𝛼𝑖 = ∑
𝑚𝑗𝑛𝑗𝑍𝑗𝐷𝑖𝑗

𝑇𝑗
𝑗

 
(2.3.31) 

 𝛽 = −∑𝑍𝑖

𝑖

∑
𝑚𝑗𝑛𝑗𝑍𝑗𝐷𝑖𝑗

𝑇𝑗
𝑗

 
(2.3.32) 

where 𝑍𝑗 is the charge number of species “j”. 

 

The thermal diffusion coefficient of electrons is defined with the third approximation 

[20], [32]: 

 𝐷𝑒
𝑇 =

15𝑛𝑒
2√2𝜋𝑚𝑒𝑘𝐵𝑇𝑒

4
|
𝑞01 𝑞02

𝑞21 𝑞22| (|

𝑞00 𝑞01 𝑞02

𝑞10 𝑞11 𝑞12

𝑞20 𝑞21 𝑞22

|)

−1

 (2.3.33) 

where elements 𝑞𝑚𝑝 in the determinants are calculated from the collision cross sections 

�̅�𝑖𝑗
(𝑙,𝑠)

 of interactions between the particles [33]. In the present work, “1” represents the 

electrons (i=1) and “2, 3, 4, 5, 6” represent the heavy particles Cu, Cu+, Cu2+, Cu3+ and 

Cu4+ respectively (j=2, 3, 4, 5, 6). The maximum number of “𝑙” is 2 and “𝑠” is 5 for the 

third approximation.  

 𝑞00 = 8∑𝑛1𝑛𝑗

𝑗

�̅�1𝑗
(1,1)

 
(2.3.34) 

 𝑞10 = 𝑞01 = 8∑𝑛1𝑛𝑗[

𝑗

5

2
�̅�1𝑗

(1,1)
− 3�̅�1𝑗

(1,2)
] 

(2.3.35) 

 𝑞11 = 8√2𝑛1
2�̅�11

(2,2)
+ 8∑𝑛1𝑛𝑗

𝑗

[
25

4
�̅�1𝑗

(1,1)
− 15�̅�1𝑗

(1,2)
+ 12�̅�1𝑗

(1,3)
] 

(2.3.36) 
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 𝑞20 = 𝑞02 = 8∑𝑛1𝑛𝑗[

𝑗

35

8
�̅�1𝑗

(1,1)
−

21

2
�̅�1𝑗

(1,2)
+ 6�̅�1𝑗

(1,3)
] 

(2.3.37) 

 

𝑞21 = 𝑞12 = 8√2𝑛1
2 [

7

4
�̅�11

(2,2)
− 2�̅�11

(2,3)
] + 8∑𝑛1𝑛𝑗[

𝑗

175

16
�̅�1𝑗

(1,1)

−
315

8
�̅�1𝑗

(1,2)
+ 57�̅�1𝑗

(1,3)
− 30�̅�1𝑗

(1,4)
] 

(2.3.38) 

 

𝑞22 = 8√2𝑛1
2 [

77

16
�̅�11

(2,2)
− 7�̅�11

(2,3)
+ 5�̅�11

(2,4)
]

+ 8∑𝑛1𝑛𝑗[

𝑗

1225

64
�̅�1𝑗

(1,1)
−

735

8
�̅�1𝑗

(1,2)
+

399

2
�̅�1𝑗

(1,3)

− 210�̅�1𝑗
(1,4)

+ 90�̅�1𝑗
(1,5)

] 

(2.3.39) 

 

The thermal diffusion coefficient of the heavy particles is given by [28]: 

 𝐷𝑖
𝑇 =

15𝑛𝑖√2𝜋𝑚𝑖𝑘𝐵𝑇ℎ

4
(|

𝑞𝑖𝑗
00 𝑞𝑖𝑗

01

𝑞𝑖𝑗
10 𝑞𝑖𝑗

11|)

−1

|

𝑞𝑖𝑗
00 𝑞𝑖𝑗

01 0

𝑞𝑖𝑗
10 𝑞𝑖𝑗

11 𝑛𝑖

𝛿𝑖𝑗 0 0

| (2.3.40) 

where the elements 𝑞𝑖𝑗
𝑚𝑝

 in the determinants are calculated from collision cross sections 

�̅�𝑖𝑗
(𝑙,𝑠)

. 

𝑞𝑖𝑗
00 = 8∑

𝑛𝑙𝑚𝑖

1
2

(𝑚𝑖 + 𝑚𝑙)
1
2

𝑣

𝑙=1

�̅�𝑖𝑙
(1,1)

[𝑛𝑖 (
𝑚𝑙

𝑚𝑗
)

1
2

(𝛿𝑖𝑗 − 𝛿𝑗𝑙)

− 𝑛𝑗

(𝑚𝑙𝑚𝑗)
1
2

𝑚𝑖

(1 − 𝛿𝑖𝑙)] 

(2.3.41) 

𝑞𝑖𝑗
01 = 8𝑛𝑖 (

𝑚𝑖

𝑚𝑗
)

3
2

∑
𝑛𝑙𝑚𝑙

3
2

(𝑚𝑖 + 𝑚𝑙)
3
2

𝑣

𝑙=1

[
5

2
�̅�𝑖𝑙

(1,1)
− 3�̅�𝑖𝑙

(1,2)
](𝛿𝑖𝑗 − 𝛿𝑗𝑙) (2.3.42) 

𝑞𝑖𝑗
10 = (

𝑚𝑗

𝑚𝑖
) 𝑞𝑖𝑗

01 (2.3.43) 

𝑞𝑖𝑗
11 = 8𝑛𝑖 (

𝑚𝑖

𝑚𝑗
)

3
2

∑
𝑛𝑙𝑚𝑙

1
2

(𝑚𝑖 + 𝑚𝑙)
5
2

𝑣

𝑙=1

{(𝛿𝑖𝑗 − 𝛿𝑗𝑙) [
5

4
(6𝑚𝑗

2 + 5𝑚𝑙
2)�̅�𝑖𝑙

(1,1)

− 15𝑚𝑙
2�̅�𝑖𝑙

(1,2)
+ 12𝑚𝑙

2�̅�𝑖𝑙
(1,3)

] + (𝛿𝑖𝑗 + 𝛿𝑗𝑙)4𝑚𝑗𝑚𝑙�̅�𝑖𝑙
(2,2)

} 

(2.3.44) 
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2.3.2.2 Thermal conductivity 

The thermal conductivity is a summation of three components, i.e. translational (𝜆𝑡𝑟), 

internal (𝜆𝑖𝑛𝑡) and reactive (𝜆𝑟𝑒𝑎𝑐) thermal conductivities, expressed as: 

 𝜆 = 𝜆𝑡𝑟 + 𝜆𝑖𝑛𝑡 + 𝜆𝑟𝑒𝑎𝑐 (2.3.45) 

 

For the LTE plasma, it could be calculated using the expression giving below [20]: 

 𝜆 = 𝜆′ −
𝑘𝐵

2𝑛
∑

𝑛𝑖𝑛𝑗

𝐷𝑖𝑗(1)
[

𝐷𝑖
𝑇

𝑛𝑖𝑚𝑖
−

𝐷𝑗
𝑇

𝑛𝑗𝑚𝑗
]

2

𝑖,𝑗

 (2.3.46) 

and 

 𝜆′(𝜉) = −
5

4
∑𝑛𝑗√

2𝑘𝐵𝑇

𝑚𝑗
𝑎𝑗1(𝜉)

𝑗

 (2.3.47) 

where 𝑎𝑗1(𝜉) is calculated using Eq.(2.3.19). 

 

For the non-equilibrium plasma, contributions of electrons and heavy particles on the 

thermal conductivity should be both considered. 

 𝜆 = 𝜆𝑡𝑟𝑒 + 𝜆𝑡𝑟ℎ + 𝜆𝑖𝑛𝑡 + 𝜆𝑟𝑒𝑎𝑐 (2.3.48) 

 𝜆𝑟𝑒𝑎𝑐 = 𝜆𝑟𝑒𝑎𝑐,𝑒 + 𝜃𝑇𝜆𝑟𝑒𝑎𝑐,ℎ (2.3.49) 

where  𝜆𝑡𝑟𝑒 and 𝜆𝑟𝑒𝑎𝑐,𝑒 are the translational and reactive components of electrons; 𝜆𝑡𝑟ℎ 

and 𝜆𝑟𝑒𝑎𝑐,ℎ represent the corresponded components of heavy particles, and 𝜆𝑖𝑛𝑡 is the 

internal thermal conductivity of heavy particles;  

 

The translational thermal conductivities of electrons and heavy particles are calculated 

with third and second approximations respectively [26]: 

 𝜆𝑡𝑟𝑒 =
75𝑛𝑒

2𝑘𝐵

8
√

2𝜋𝑘𝐵𝑇𝑒

𝑚𝑒
(𝑞11 −

(𝑞12)2

𝑞22
)

−1

 (2.3.50) 

 𝜆𝑡𝑟ℎ = −
75𝑘𝐵

8

√2𝜋𝑘𝐵𝑇ℎ

|𝑞| |
|

𝑞𝑖𝑗
00 𝑞𝑖𝑗

01 0

𝑞𝑖𝑗
10 𝑞𝑖𝑗

11 𝑛𝑖

0
𝑛𝑗

√𝑚𝑗

0
|
| (2.3.51) 

 

According to the Hirschfelder-Eucken approximation, the internal thermal conductivity 

is resulted from the internal degrees of freedom of molecules, which means only heavy 
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particles contribute to the determination of the internal thermal conductivity [34], [35], 

which is calculated by: 

 𝜆𝑖𝑛𝑡 = ∑𝑥𝑖𝐷𝑖𝑖
𝑏𝑘𝐵(𝐶𝑝𝑖/𝑅

𝑣

𝑖≠𝑒

− 2.5)(∑
𝑥𝑗

𝑥𝑖

𝐷𝑖𝑖
𝑏

𝐷𝑖𝑗
𝑏

𝑣

𝑗≠𝑒

)−1 (2.3.52) 

where 𝑥𝑖 = 𝑛𝑖 ∑ 𝑛𝑖
𝑣
𝑖=1⁄ ; 𝐷𝑖𝑖

𝑏 and 𝐶𝑝𝑖 represent molar fraction, self-diffusion coefficient 

and specific heat at constant pressure of species “i”. 

 

The reactive thermal conductivity is related to the energy transport process as a result 

of particles diffusion [36], [37]. For the monatomic species, the energy transport (heat 

transfer) is determined by the ionization reactions. A total of 4 reactions with 6 particle 

species are involved in the present work. The changed enthalpy of lth ionization reaction 

is: 

 ∆ℎ𝑙
∗ = ∑𝑣𝑖𝑘ℎ𝑝𝑟𝑜𝑑𝑢𝑐𝑡𝑠 − ∑𝑣𝑖𝑘ℎ𝑟𝑒𝑎𝑐𝑡𝑎𝑛𝑡𝑠 (2.3.53) 

where 𝑣𝑖𝑘 is the stoichiometric coefficient and h is the enthalpy. The enthalpy variation 

for pure copper plasma could be expressed as: 

 ∆ℎ1
∗ = ℎ1

∗ + ℎ3
∗ − ℎ2

∗
 (2.3.54) 

 ∆ℎ2
∗ = ℎ1

∗ + ℎ4
∗ − ℎ3

∗
 (2.3.55) 

 ∆ℎ3
∗ = ℎ1

∗ + ℎ5
∗ − ℎ4

∗
 (2.3.56) 

 ∆ℎ4
∗ = ℎ1

∗ + ℎ6
∗ − ℎ5

∗
 (2.3.57) 

where ℎ𝑖
∗ denotes the enthalpy of species ith and the subscripts 1~6 have same meaning 

explained before.  

 ℎ1
∗ =

5

2

𝑘𝐵

𝜌
𝑘𝐵𝑇𝑒 (2.3.58) 

 ℎ𝑖=2,3,4,5,6
∗ =

5

2

𝑘𝐵

𝜌
𝑘𝐵𝑇ℎ +

1

𝜌
𝑛𝑖𝐸𝑖 +

𝑘𝐵

𝜌
𝑛𝑖𝑇𝑒

2
𝜕𝑙𝑛𝑄𝑎

𝑖𝑛𝑡

𝜕𝑇𝑒
 (2.3.59) 

 

Reactive thermal conductivities of electrons and heavy particles are determined using 

the method developed by Chen and Li [37] which is an extension of method proposed 

by Brokaw and Butlers [38], [39]: 

 𝜆𝑟𝑒 = ∑∆ℎ𝑟
∗ 𝑛

𝜌𝑘𝐵𝑇ℎ

𝑤

𝑟=1

(∑𝑚𝑗𝐷𝑟𝑗
𝑎

𝜕𝑝𝑗

𝜕𝑇𝑒
+

𝑣

𝑗=1

𝑇ℎ

𝑇𝑒
𝑚𝑒𝐷𝑟𝑒

𝑎
𝜕𝑝𝑒

𝜕𝑇𝑒
) (2.3.60) 
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 𝜆𝑟ℎ = ∑∆ℎ𝑟
∗ 𝑛

𝜌𝑘𝐵𝑇ℎ

𝑤

𝑟=1

(∑𝑚𝑗𝐷𝑟𝑗
𝑎

𝜕𝑝𝑗

𝜕𝑇ℎ
+

𝑣

𝑗=1

𝑇ℎ

𝑇𝑒
𝑚𝑒𝐷𝑟𝑒

𝑎
𝜕𝑝𝑒

𝜕𝑇ℎ
) (2.3.61) 

where w is the number of reactions.  

 

The terms  
𝜕𝑝𝑗

𝜕𝑇𝑒
,
𝜕𝑝𝑗

𝜕𝑇ℎ
,
𝜕𝑝𝑒

𝜕𝑇𝑒
,
𝜕𝑝𝑒

𝜕𝑇ℎ
 could be determined by the differential of partial pressure 

equations and Saha equations with respect to the independent variables 𝑇𝑒 and 𝑇ℎ. The 

partial derivatives of partial pressures is derived based on Dalton’s law Eq. (2.3.31): 

 ∑
𝜕𝑝𝑖

𝜕𝑇𝑒

𝑣

𝑖=2

+
𝜕𝑝𝑒

𝜕𝑇𝑒
= 0 (2.3.62) 

 ∑
𝜕𝑝𝑖

𝜕𝑇ℎ

𝑣

𝑖=2

+
𝜕𝑝𝑒

𝜕𝑇ℎ
= 0 (2.3.63) 

 

The Saha equations associated with partial pressures are rewritten as: 

 
𝑝𝑒𝑝3

𝑝2
= 𝑘𝐵𝑇𝑒 (2(

𝑄𝐶𝑢+(𝑇𝑒)

𝑄𝐶𝑢(𝑇𝑒)
) (

2𝜋𝑚𝑒𝑘𝐵𝑇𝑒

ℎ2
)

3
2
𝑒𝑥𝑝 (−

𝐸𝑖,𝐶𝑢 − ∆𝐸(0)

𝑘𝑇𝑒
)) (2.3.64) 

 
𝑝𝑒𝑝4

𝑝3
= 𝑘𝐵𝑇𝑒 (2(

𝑄𝐶𝑢2+(𝑇𝑒)

𝑄𝐶𝑢+(𝑇𝑒)
) (

2𝜋𝑚𝑒𝑘𝐵𝑇𝑒

ℎ3
)

3
2
𝑒𝑥𝑝 (−

𝐸𝑖,𝐶𝑢+ − ∆𝐸(1)

𝑘𝑇𝑒
)) (2.3.65) 

 
𝑝𝑒𝑝5

𝑝4
= 𝑘𝐵𝑇𝑒 (2(

𝑄𝐶𝑢3+(𝑇𝑒)

𝑄𝐶𝑢2+(𝑇𝑒)
) (

2𝜋𝑚𝑒𝑘𝐵𝑇𝑒

ℎ3
)

3
2
𝑒𝑥𝑝 (−

𝐸𝑖,𝐶𝑢2+ − ∆𝐸(2)

𝑘𝑇𝑒
)) (2.3.66) 

 
𝑝𝑒𝑝6

𝑝5
= 𝑘𝐵𝑇𝑒 (2(

𝑄𝐶𝑢4+(𝑇𝑒)

𝑄𝐶𝑢3+(𝑇𝑒)
) (

2𝜋𝑚𝑒𝑘𝐵𝑇𝑒

ℎ3
)

3
2
𝑒𝑥𝑝 (−

𝐸𝑖,𝐶𝑢3+ − ∆𝐸(3)

𝑘𝑇𝑒
)) (2.3.67) 

where 𝑝𝑒, 𝑝2, 𝑝3, 𝑝4, 𝑝5 and 𝑝6 represent the partial pressure of each species. By taking 

the logarithms of these formulas (derived in Appendix A.1), two sets of linear equations 

for electrons and heavy particles are obtained:  

 𝐴𝑋1 = 𝐵1

𝜕𝑝𝑒

𝜕𝑇𝑒
+ 𝐵2 (2.3.68) 

 𝐴𝑋2 = 𝐵1

𝜕𝑝𝑒

𝜕𝑇ℎ
 (2.3.69) 

where  
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 𝐴 =

[
 
 
 
 
 
 
 
 
 
1 1 1 1 1
1

𝑝2
−

1

𝑝3
0 0 0

0
1

𝑝3
−

1

𝑝4
0 0

0 0
1

𝑝4
−

1

𝑝5
0

0 0 0
1

𝑝5
−

1

𝑝6]
 
 
 
 
 
 
 
 
 

 (2.3.70) 

 𝑋1 = [
𝜕𝑝2

𝜕𝑇𝑒

𝜕𝑝3

𝜕𝑇𝑒

𝜕𝑝4

𝜕𝑇𝑒


𝜕𝑝5

𝜕𝑇𝑒

𝜕𝑝6

𝜕𝑇𝑒
]
𝑇

 (2.3.71) 

 𝑋2 = [
𝜕𝑝2

𝜕𝑇ℎ

𝜕𝑝3

𝜕𝑇ℎ

𝜕𝑝4

𝜕𝑇ℎ


𝜕𝑝5

𝜕𝑇ℎ

𝜕𝑝6

𝜕𝑇ℎ
]
𝑇

 (2.3.72) 

 𝐵1 = [−1
1

𝑝𝑒

1

𝑝𝑒


1

𝑝𝑒

1

𝑝𝑒
]
𝑇

 (2.3.73) 

 𝐵2 = [0 −𝐶1 −𝐶2−𝐶3 −𝐶4]
𝑇 (2.3.74) 

and 𝑋1 and 𝑋2 are solved according to Cramer’s rule.  

 

The terms 
𝜕𝑝𝑒

𝜕𝑇𝑒
 and 

𝜕𝑝𝑒

𝜕𝑇ℎ
 are obtained from the partial pressure of electrons (pe=nekBTe): 

 
𝜕𝑝𝑒

𝜕𝑇𝑒
= 𝑘𝐵𝑇𝑒

𝜕𝑛𝑒

𝜕𝑇𝑒
+ 𝑛𝑒𝑘𝐵  (2.3.75) 

 
𝜕𝑝𝑒

𝜕𝑇ℎ
= 𝑘𝐵𝑇𝑒

𝜕𝑛𝑒

𝜕𝑇ℎ
 (2.3.76) 

 𝑛 = 𝑛𝑒 + 𝑛𝐶𝑢 + 𝑛𝐶𝑢+ + 𝑛𝐶𝑢2+ + 𝑛𝐶𝑢3+ + 𝑛𝐶𝑢4+  (2.3.77) 

 

In Eq. (2.3.75) and (2.3.76), terms 
𝜕𝑛𝑒

𝜕𝑇𝑒
 and 

𝜕𝑛𝑒

𝜕𝑇ℎ
 are obtained by the partial differentiation  

equations of Eq.(2.2.33) and Eq.(2.3.77) with respect to 𝑇𝑒 and 𝑇ℎ, given by: 

 
𝜕𝑛𝑒

𝜕𝑇𝑒
−

𝜕𝑛𝐶𝑢+

𝜕𝑇𝑒
− 2

𝜕𝑛𝐶𝑢2+

𝜕𝑇𝑒
− 3

𝜕𝑛𝐶𝑢3+

𝜕𝑇𝑒
− 4

𝜕𝑛𝐶𝑢4+

𝜕𝑇𝑒
= 0 (2.3.78) 

 
𝜕𝑛𝑒

𝜕𝑇ℎ
−

𝜕𝑛𝐶𝑢+

𝜕𝑇ℎ
− 2

𝜕𝑛𝐶𝑢2+

𝜕𝑇ℎ
− 3

𝜕𝑛𝐶𝑢3+

𝜕𝑇ℎ
− 4

𝜕𝑛𝐶𝑢4+

𝜕𝑇ℎ
= 0 (2.3.79) 

 
𝜕𝑛𝑒

𝜕𝑇𝑒
+

𝜕𝑛𝐶𝑢+

𝜕𝑇𝑒
+

𝜕𝑛𝐶𝑢2+

𝜕𝑇𝑒
+

𝜕𝑛𝐶𝑢3+

𝜕𝑇𝑒
+

𝜕𝑛𝐶𝑢4+

𝜕𝑇𝑒
=

𝜕𝑛

𝜕𝑇𝑒
 (2.3.80) 

 
𝜕𝑛𝑒

𝜕𝑇ℎ
+

𝜕𝑛𝐶𝑢+

𝜕𝑇ℎ
+

𝜕𝑛𝐶𝑢2+

𝜕𝑇ℎ
+

𝜕𝑛𝐶𝑢3+

𝜕𝑇ℎ
+

𝜕𝑛𝐶𝑢4+

𝜕𝑇ℎ
=

𝜕𝑛

𝜕𝑇ℎ
 (2.3.81) 
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𝜕𝑛

𝜕𝑇𝑒
= −(𝜃𝑇 − 1)

𝜕𝑛𝑒

𝜕𝑇𝑒
−

𝑛𝑒

𝑇ℎ
 (2.3.82) 

 
𝜕𝑛

𝜕𝑇ℎ
= 𝑛(

𝑛𝑒

𝑛
− 1)

1

𝑇ℎ
− (𝜃𝑇 − 1)

𝜕𝑛𝑒

𝜕𝑇𝑒
 (2.3.83) 

and taking the logarithms of these formulas as described in Appendix A.2, two sets of 

linear equations for electrons and heavy particles are obtained: 

 𝐹𝑌1 = 𝐵3 (2.3.84) 

 𝐹𝑌2 = 𝐵4 (2.3.85) 

where 

 𝐹 =

[
 
 
 
 
 
 
 
 
 
 

1 1 1 1 1 𝜃𝑇

0 −1 −2 −3 −4 1

−
1

𝑛𝐶𝑢

1

𝑛𝐶𝑢+
0 0 0

1

𝑛𝑒

0 −
1

𝑛𝐶𝑢+

1

𝑛𝐶𝑢2+
0 0

1

𝑛𝑒

0 0 −
1

𝑛𝐶𝑢2+

1

𝑛𝐶𝑢3+
0

1

𝑛𝑒

0 0 0 −
1

𝑛𝐶𝑢3+

1

𝑛𝐶𝑢4+

1

𝑛𝑒]
 
 
 
 
 
 
 
 
 
 

 (2.3.86) 

 𝑌1 = [
𝜕𝑛𝐶𝑢

𝜕𝑇𝑒

𝜕𝑛𝐶𝑢+

𝜕𝑇𝑒

𝜕𝑛𝐶𝑢2+

𝜕𝑇𝑒

𝜕𝑛𝐶𝑢3+

𝜕𝑇𝑒

𝜕𝑛𝐶𝑢4+

𝜕𝑇𝑒

𝜕𝑛𝑒

𝜕𝑇𝑒
]𝑇 (2.3.87) 

 𝑌2 = [
𝜕𝑛𝐶𝑢

𝜕𝑇ℎ

𝜕𝑛𝐶𝑢+

𝜕𝑇ℎ

𝜕𝑛𝐶𝑢2+

𝜕𝑇ℎ

𝜕𝑛𝐶𝑢3+

𝜕𝑇ℎ

𝜕𝑛𝐶𝑢4+

𝜕𝑇ℎ

𝜕𝑛𝑒

𝜕𝑇ℎ
]𝑇 (2.3.88) 

 𝐵3 = [−
𝑛𝑒

𝑇ℎ
0 𝐷1 𝐷2 𝐷3 𝐷4]𝑇 (2.3.89) 

 𝐵4 = [
𝑛(

𝑛𝑒

𝑛 − 1)

𝑇ℎ
0 0 0 0 0]

𝑇 (2.3.90) 

 

All the associated terms to determine the reactive thermal conductivity for pure copper 

plasma in this work are derived. The expressions for C and D are presented in Appendix 

A.1 and 2. 

 

2.3.2.3  Electrical conductivity 

For the LTE plasma, the electrical conductivity that represents the plasma conducting 

strength is given by: 
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 𝜎 =
𝑒2𝑛

𝜌𝑘𝐵𝑇
∑ (𝑛𝑗𝑚𝑗𝑍𝑗𝐷1𝑗 − 𝑍𝑗 ∑𝑛𝑖𝑚𝑖𝑍𝑖𝐷𝑗𝑖)

𝑣

𝑖=1

𝑣

𝑗≠𝑒,𝑗=2

 (2.3.91) 

and when neglecting the influences of ions, it could be simplified as: 

 𝜎 ≈
𝑒2𝑛

𝜌𝑘𝐵𝑇
∑ 𝑛𝑗𝑚𝑗𝑍𝑗𝐷1𝑗

𝑣

𝑗≠𝑒,𝑗=2

 (2.3.92) 

 

For the non-equilibrium plasma, electrical conductivity only considers the contribution 

of electrons, which is computed using the third approximation and given by: 

 𝜎 =
3𝑒2𝑛𝑒

2

2𝑘𝐵𝑇𝑒

√
2𝜋𝑘𝐵𝑇𝑒

𝑚𝑒
|
𝑞11 𝑞12

𝑞21 𝑞22| (|

𝑞00 𝑞01 𝑞02

𝑞10 𝑞11 𝑞12

𝑞20 𝑞21 𝑞22

|)

−1

 (2.3.93) 

 

2.3.2.4  Viscosity 

For the equilibrium plasma, the viscosity is calculated using the second approximation 

[28]: 

 𝜂 =
1

2
𝑘𝐵𝑇 ∑𝑛𝑖𝑏𝑖0

𝑣

𝑖=1

 (2.3.94) 

where the coefficient 𝑏𝑖0 is determined from: 

 ∑∑ �̃�𝑖𝑗
𝑚𝑝

1

𝑝=0

𝑣

𝑗=1

𝑏𝑗𝑝 = 5𝑛𝑖√
2𝜋𝑚𝑖

𝑘𝐵𝑇
𝛿𝑚0 (2.3.95) 

while for the non-equilibrium plasma, the determination of the viscosity only considers 

the effects of heavy particles because of its heavier mass and it could be calculated by: 

 𝜂(𝜉) = 𝜂𝑒 + 𝜂ℎ ≅ 𝜂ℎ (2.3.96) 

 𝜂ℎ =
𝑘𝐵𝑇ℎ

2
∑ 𝑏𝑗0

′ (𝜉)

𝑗=2,𝑗≠𝑒

 
(2.3.97) 

where the coefficient 𝑏𝑗0
′  is given by: 

 ∑ ∑ �̃�𝑖𝑗
𝑚𝑚′

𝜉−1

𝑚′=0

𝑏𝑗𝑚′
′ (𝜉)

𝑗,𝑗≠𝑒

= −5𝑛𝑖𝛿𝑚0 (2.3.98) 

 𝜂 = −
5(2𝜋𝑘𝐵𝑇ℎ)

1
2

2|�̃�|
||
�̃�𝑖𝑗

00 �̃�𝑖𝑗
01 𝑛𝑖𝑚𝑖

1
2

�̃�𝑖𝑗
10 �̃�𝑖𝑗

11 0

𝑛𝑗 0 0

|| (2.3.99) 
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and elements of �̃�𝑖𝑗
𝑚𝑝

 in the determinants are determined from collision cross sections 

�̅�𝑖𝑗
(𝑙,𝑠)

 [28]: 

 

�̃�𝑖𝑗
00 = 8𝑛𝑖 (

𝑚𝑖

𝑚𝑗
)∑

𝑛𝑙𝑚𝑖

1
2

(𝑚𝑖 + 𝑚𝑙)
3
2𝑙

[
10

3
�̅�𝑖𝑙

(1,1)
(𝛿𝑖𝑗 − 𝛿𝑗𝑙)𝑚𝑗

+ 2𝑚𝑙�̅�𝑖𝑙
(2,2)

(𝛿𝑖𝑗 + 𝛿𝑗𝑙)] 

(2.3.100) 

 

�̃�𝑖𝑗
01 = 8𝑛𝑖 (

𝑚𝑖

𝑚𝑗
)

2

∑
𝑛𝑙𝑚𝑖

3
2

(𝑚𝑖 + 𝑚𝑙)
5
2𝑙

[(𝛿𝑖𝑗 − 𝛿𝑗𝑙)𝑚𝑗(
35

3
�̅�𝑖𝑙

(1,1)
− 14�̅�𝑖𝑙

(1,2)
)

+ 𝑚𝑙(𝛿𝑖𝑗 + 𝛿𝑗𝑙)(7�̅�𝑖𝑙
(2,2)

− 8�̅�𝑖𝑙
(2,3)

)] 

(2.3.101) 

 �̃�𝑖𝑗
10 = (

𝑚𝑗

𝑚𝑖
)�̃�𝑖𝑗

01 (2.3.102) 

 

�̃�𝑖𝑗
11 = 8𝑛𝑖 (

𝑚𝑖

𝑚𝑗
)

2

∑
𝑛𝑙𝑚𝑖

1
2

(𝑚𝑖 + 𝑚𝑙)
7
2𝑙

{(𝛿𝑖𝑗

− 𝛿𝑗𝑙)𝑚𝑗 [
1

6
(140𝑚𝑗

2 + 245𝑚𝑙
2)�̅�𝑖𝑙

(1,1)

− 𝑚𝑙
2(98�̅�𝑖𝑙

(1,2)
− 64�̅�𝑖𝑙

(1,3)
− 24�̅�𝑖𝑙

(3,3)
)]

+ (𝛿𝑖𝑗 + 𝛿𝑗𝑙)𝑚𝑙 [
1

6
(154𝑚𝑗

2 + 147𝑚𝑙
2)�̅�𝑖𝑙

(2,2)

− 𝑚𝑙
2(56�̅�𝑖𝑙

(2,3)
− 40�̅�𝑖𝑙

(2,4)
)]} 

(2.3.103) 

 

The computation could be simplified with using the first approximations with deleting 

the �̃�𝑖𝑗
𝑚𝑝

 elements with m or p=1. 

 𝜂 = −
5(2𝜋𝑘𝐵𝑇ℎ)

1
2

2
|�̃�𝑖𝑗

00 𝑛𝑖𝑚𝑖

1
2

𝑛𝑗 0
| (|�̃�𝑖𝑗

00|)−1 (2.3.104) 

 

2.3.3 Collision integral and cross section 

The collision integrals and collision cross sections between the particles are sensitively 

changed by the used potentials. The involved interactions in the present work contains 

electrons-atoms, atoms-atoms, atoms-charged particles and charged particles. 
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2.3.3.1 Electron-copper atom interaction 

In 1974, Williams and Trajmar [40], [41] firstly provided an empirical measurement on 

collision cross section between electrons and copper atoms. In 1992, Krenek performed 

an extrapolation of this experimental result to calculate the transport coefficients [42]. 

Sakuta and Takashima substituted this cross section using a constant value (10−18𝑚2) 

[43] in their work while 2 × 10−18𝑚2 estimated by Maecker was used by Shayler and 

Fang [44] [45]. In 1995, a comparative study of the collision cross section with different 

approximations was carried out by Chervy et al and the results indicate that the constant 

value of 10−18𝑚2 and 2 × 10−18𝑚2 give results of the electrical conductivity close 

to that obtained using the method introduced by Scheiner et al [46].  

 

2.3.3.2 Charged particles interaction 

Screened coulomb potential is recommended by Debye and Hückel [47] to determine 

the collision integrals and cross sections of the interactions between charged particles 

with the consideration of Debye shielding effect, expressed as [48]: 

 𝜑(𝑟) =
1

4𝜋휀0

𝑞

𝑟
𝑒𝑥𝑝(−

𝑟

𝜆𝐷
) (2.3.105) 

where 𝑞 is the charge (𝑞 = 𝑍𝑖𝑍𝑗𝑒
2) and 𝑟 is distance between two colliding particles.  

 

Based on the derivation by Liboff [49], the transport cross sections are given as: 

 𝑄(1) =
(𝛼𝑁𝜆𝐷)2

2
[𝑙𝑛 (

2

𝛼𝑁
) −

1

2
− �̅� + 𝑙𝑛2] (2.3.106) 

 𝑄(2) = (𝛼𝑁𝜆𝐷)2 [𝑙𝑛 (
2

𝛼𝑁
) − 1 − �̅� + 𝑙𝑛2] (2.3.107) 

where �̅� is the Euler constant (�̅� =0.5772); 

 

𝛼𝑁 is a non-dimensional parameter: 

 𝛼𝑁 =
∆

𝜆𝐷𝑣𝑑
2
 (2.3.108) 

where 𝑣𝑑 is the dimensionless velocity and ∆ is the particle diameter [50]:  

 ∆= 𝛽 (
1

4𝜋휀0
∙
𝑍𝑖𝑍𝑗𝑒

2

𝑘𝐵𝑇𝑖𝑗
∗ ) (2.3.109) 

where 𝛽 is set to an estimated value of 1.03.  
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The collision integrals computed using the screened coulomb potential are given by: 

 Ω𝑖𝑗
(1,𝑠) = (

2𝜋𝑘𝐵𝑇𝑖𝑗
∗

𝑚𝑖𝑗
∗ )

1
2

∙ (𝑠 − 1)! 𝑏0
2 ∙ 𝛽2 [𝑙𝑛Λ −

1

2
− 2�̅� + Ψ(𝑠)] (2.3.110) 

 Ω𝑖𝑗
(2,𝑠) = 2(

2𝜋𝑘𝐵𝑇𝑖𝑗
∗

𝑚𝑖𝑗
∗ )

1
2

∙ (𝑠 − 1)! 𝑏0
2 ∙ 𝛽2[𝑙𝑛Λ − 1 − 2�̅� + Ψ(𝑠)] (2.3.111) 

where  

 𝛹(𝑠)|𝑠≠1 = ∑
1

𝑛

𝑠−1
𝑛=1 ; 𝛹(1) = 0 (2.3.112) 

 𝛬 =
2𝜆𝐷

𝛽𝑏0
 (2.3.113) 

 𝑏0 =
𝑍𝑖𝑍𝑗𝑒

2

8𝜋휀0𝑘𝐵𝑇𝑖𝑗
∗  (2.3.114) 

 

2.3.3.3 Copper atoms interaction 

From the investigations, the Lennard-Jones potential has been widely used to determine 

the collision cross section of the interaction between neutral particles, expressed as [51]: 

 𝜑(𝑟) = 4휀 [(
𝜎𝑟

𝑟
)
12

− (
𝜎𝑟

𝑟
)
6

] (2.3.115) 

where 휀 and 𝜎𝑟 are the depth of the potential well and finite distance at which the inter-

particle potential is zero; 𝑟 is the interatomic distance between neutral particles. In the 

present work, the new interaction potential (phenomenological potential) proposed by 

Capitelli et al as an improvement of L-J potential [52]–[54] is adopted: 

 φ = 휀00 [
𝑚𝛽

𝑛(𝑥) − 𝑚𝛽
(
1

𝑥
)
𝑛(𝑥)

−
𝑛(𝑥)

𝑛(𝑥) − 𝑚𝛽
(
1

𝑥
)
𝑚𝛽

] (2.3.116) 

 𝑥 =
𝑟

𝑟𝑒
 (2.3.117) 

 𝑛(𝑥) = 𝛽 + 4𝜒2 (2.3.118) 

 𝛽 = 6 +
5

𝑠𝑖 + 𝑠𝑗
 (2.3.119) 

where 𝑟𝑒 is the equilibrium distance; 휀00 is the binding energy (eV); 𝑚𝛽 has the value 

of 6 for the interactions between neutral particles and 𝛽 is a parameter range from 6 to 

10; “i” and “j” are the colliding species; 𝑠𝑖 and 𝑠𝑗 are the cubic roots of the polarizability, 

as shown in Table 2.2. 
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Table 2.2 Polarizability values of copper atom and copper cation [55], [56]. 

Species Polarizability ( Å3) 

Cu 7.4 

Cu+ 0.204 

 

For the interactions between neutral particles, the phenomenological method introduces 

the parameters 휀00 (eV) and 𝑟𝑒 (Å) in terms of the polarizability α ( Å3) of the colliding 

particles, with forms [54]: 

 휀00 = 0.72
𝐶𝑑

𝑟𝑒
6 (2.3.120) 

 𝑟𝑒 = 1.767
𝛼

𝑖

1
3 + 𝛼

𝑗

1
3

(𝛼𝑖𝛼𝑗)
0.095 (2.3.121) 

where 𝐶𝑑 (eV Å
6
) is an effective long-range London coefficient: 

 𝐶𝑑 = 15.7
𝛼𝑖𝛼𝑗

(√𝛼𝑖 𝑁𝑖⁄ + √𝛼𝑗 𝑁𝑗⁄ )
 

(2.3.122) 

and N is the effective number of electrons that contribute to the polarization of neutral 

species. The corresponded reduced collision integrals of interactions between neutral 

particles are determined by: 

 𝛺(𝑙,𝑠) =
4(𝑙 + 1)

(𝑠 + 1)! [2𝑙 + 1 − (−1)𝑙]𝜋𝜎2
∫ 𝑒−𝛾2

𝛾2𝑠+3𝑄𝑙(𝛾)𝑑𝛾
∞

0

 (2.3.123) 

with a logarithmic form: 

 

𝑙𝑛 𝛺𝑖𝑗
(𝑙,𝑠) = [𝑎1(𝛽) +𝑎2(𝛽) 𝑙𝑛 𝑇]

𝑒
𝑙𝑛 𝑇−𝑎3(𝛽)

𝑎4(𝛽)

𝑒
𝑎3(𝛽)−𝑙𝑛𝑇

𝑎4(𝛽) + 𝑒
𝑙𝑛 𝑇−𝑎3(𝛽)

𝑎4(𝛽)

+ 𝑎5(𝛽)
𝑒

𝑙𝑛 𝑇−𝑎6(𝛽)
𝑎7(𝛽)

𝑒
𝑎6(𝛽)−𝑙𝑛𝑇

𝑎7(𝛽) + 𝑒
𝑙𝑛 𝑇−𝑎6(𝛽)

𝑎7(𝛽)

 

(2.3.124) 

where 

 𝑇 =
𝑘𝐵𝑇ℎ

휀00
 (2.3.125) 

and the parameters 𝑎𝑖 are polynomial functions of𝛽: 

 𝑎𝑖(𝛽) = ∑𝑐𝑗𝛽
𝑗

2

𝑗=0

 (2.3.126) 

https://en.wikipedia.org/wiki/Angstrom
https://en.wikipedia.org/wiki/Angstrom
https://en.wikipedia.org/wiki/Angstrom


Chapter 2 52 

 

 Wen Wang 

 

where parameters cj are tabulated in [53]. It should be mentioned that reduced collision 

integral is a dimensionless variable and therefore 𝜋𝜎0
2 is multiplied to determine the 

dimensional collision integral, which is calculated with:  

 𝜎0 = 𝑥0𝑟𝑒 (2.3.127) 

where 𝑥0 is determined as a function of 𝛽: 

 𝑥0 = 𝜉1𝛽
𝜉2 (2.3.128) 

and the parameters 𝜉 have the value ξ1 = 0.8002 and ξ2 = 0.049256. 

 

2.3.3.4 Copper atoms and copper cations interaction 

To describe the interactions between neutral atoms and ions, both the resonant charge-

exchange inelastic process and the pure elastic process should be considered. The total 

collision integral is determined based on an empirical mixing rule [57]: 

  𝛺𝑖𝑗
(𝑙,𝑠)

= √(𝛺𝑖𝑗,𝑖𝑛
(𝑙,𝑠))2 + (𝛺𝑖𝑗,𝑒𝑙

(𝑙,𝑠))2 (2.3.129) 

where the subscripts in and el denote the collision integral derived from inelastic and 

elastic processes respectively.  

 

(1) Cu-Cu+ interaction 

Phenomenological potential is also used to calculate the elastic collision cross sections 

of the interactions between neutral particles and ions [54] with introducing a parameter 

𝜌𝑖 which characterises a relative role of dispersion and induction attraction components 

in proximity to the equilibrium distance [58]: 

 𝑟𝑒 = 1.767
𝛼

𝑖

1
3 + 𝛼𝑛

1
3

(𝛼𝑖𝛼𝑛 [1 +
1
𝜌𝑖

])
0.095 (2.3.130) 

 휀00 = 5.2
𝑍2𝛼𝑛

𝑟𝑒4
(1 + 𝜌𝑖) (2.3.131) 

 
𝜌𝑖 =

𝛼𝑖

𝑍2[1 + (
2𝛼𝑖

𝛼𝑛
)

2
3
]√𝛼𝑛

 

(2.3.132) 

where 𝛼𝑛 and 𝛼𝑖 are the polarizabilities of the neutral and ionic particles with values 

given in Table 2.2. Parameter m sets to 4 and coefficients 𝑎𝑖 are determined using Eq. 

((2.3.126). Parameters 𝜉 for the interactions between the neutral particles and ions have 

the value ξ1 = 0.7564 and ξ2 = 0.064605;   
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To calculate the inelastic collision integral terms of interactions between neutral atoms 

and singly-charged ions, the transport cross section 𝑄𝑖𝑗
𝑙 (휀𝑟) can be estimated by: 

 𝑄𝑖𝑗
𝑙 (휀𝑟) = 2𝑄𝑒𝑥 (2.3.133) 

where 𝑄𝑒𝑥 is the charge-exchange cross section, calculated by: 

 𝑄𝑒𝑥 =
1

2
[𝐴 − 𝐵𝑙𝑛(𝑔)]2 (2.3.134) 

with the parameters A=2.278 nm and B=0.08797 nm [59]. 

 

(2) Cu-Cu2+/Cu3+/Cu4+ interactions  

Through the literature review, there is no available experimental or theoretical values 

for the polarizability of multiple-charged copper ions. Hence, a polarization potential 

model is recommended even though the potential is only an approximation. It has less 

influences on the calculation of transport coefficients due to the lower number density 

of considered multiple-charged particles. The corresponded reduced collision integrals 

are given by [52]: 

 𝜎2Ω𝑖𝑗
(𝑙,𝑠)

=
4(𝑙 + 1)

(𝑠 + 1)! [2𝑙 + 1 − (−1)𝑙]
𝐴(𝑙)(𝛿)√

𝑑 ∙ 𝛿

𝑘𝐵𝑇
Γ(𝑠 + 2 −

2

𝛿
) (2.3.135) 

and  

 𝑑 = −
𝑍2𝑒2𝛼𝑝𝑜𝑙

8𝜋휀0𝑟4
 (2.3.136) 

where 𝛤 is the Gamma function; 𝛼𝑝𝑜𝑙 is the polarizability of neutral atoms and 𝐴(𝑙)(𝛿) 

is the temperature-free coefficient correlated to the transport cross section [60]:  

 𝐴(1)(4) = 0.5523; 𝐴(2)(4) = 0.3846; 𝐴(3)(4) = 0.6377 (2.3.137) 

and it leads to several simple relations: 

 

𝜎2Ω𝑖𝑗
(1,1)

= 425.4𝑍 (
𝛼𝑛

𝑇𝑖𝑗
∗)

1

2
; 𝜎2Ω𝑖𝑗

(1,2)
= 0.8333𝜎2Ω𝑖𝑗

(1,1)
 

𝜎2Ω𝑖𝑗
(1,3)

= 0.7292𝜎2Ω𝑖𝑗
(1,1)

; 𝜎2Ω𝑖𝑗
(1,4)

= 0.656𝜎2Ω𝑖𝑗
(1,1)

 

𝜎2Ω𝑖𝑗
(1,5)

= 0.602𝜎2Ω𝑖𝑗
(1,1)

;𝜎2Ω𝑖𝑗
(2,2)

= 0.870𝜎2Ω𝑖𝑗
(1,1)

 

𝜎2Ω𝑖𝑗
(2,3)

= 0.761𝜎2Ω𝑖𝑗
(1,1)

; 𝜎2Ω𝑖𝑗
(2,4)

= 0.685𝜎2Ω𝑖𝑗
(1,1)

 

(2.3.138) 
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In addition, due to the similarities of interactions between copper atoms and multiple-

charged positive ions which was justified by Devoto [33] and Abdelhakim et al [61], 

the collision integrals are assumed equal to that of interactions between copper atoms. 

 

2.3.4 Debye length 

From previous introduction, the consideration of Debye shielding has significant effects 

when determines the transport coefficients especially for the computation of Coulomb 

collision integrals of the interactions between charged particles. But it is still debatable 

for whether the ions shielding effects should be considered or not. Without considering 

the ions effects, the Debye length is calculated by [27]: 

 
1

𝜆𝐷
2 =

4𝜋𝑒2𝑛𝑒

𝑘𝐵𝑇
 (2.3.139) 

 

With considering the shielding effects contributed by the electrons and ions in non-LTE 

plasma, the Debye length is determined by [48]: 

 
1

𝜆𝐷
2 =

𝑒2

휀0𝑘𝐵
[
𝑛𝑒

𝑇𝑒
+ ∑

𝑍𝑖
2𝑛𝑖

𝑇ℎ

𝑣

𝑖≠𝑒

] (2.3.140) 

 

Besides that, S. Ghorui and A. K. Das [50] proposed a modified definition of the Debye 

length to avoid the effect of computed negative collision cross sections which is adopted 

in the present work. It considers the incorporating contributions of electrons and ions 

but assuming they have identical temperatures to avoid the divergence of the associated 

collision integrals, expressed as: 

 
1

𝜆𝑞
2

=
𝑒2

휀0𝑘𝐵𝑇𝑒
[𝑛𝑒 + ∑𝑧𝑖

2𝑛𝑖

𝑣

𝑖=1
𝑖≠𝑒

] (2.3.141) 

 

2.4 Calculation results 

2.4.1 Internal partition function 

The internal partition functions of copper atoms and Cu+ are illustrated in Figure 2.1. 

The calculation results demonstrate a good agreement in comparison with the literature 

data for the temperature range from 2,000K to 10,000K at atmospheric pressure [62].  
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Figure 2.1 Internal partition function of Cu atoms and Cu+. Dotted lines: Reference. 

Solid lines: present work. 

 

2.4.2 Chemical composition of pure copper plasma 

Variation of chemical composition of pure copper plasma under equilibrium and non-

equilibrium conditions are demonstrated in Figure 2.2. At low temperatures, the plasma 

composition is dominated by the copper atoms. When the temperature increases, the 

copper atoms start to ionize and singly-charged positive ions (Cu+) are predominantly 

produced from 1,500 K due to the relatively lower ionization energy for copper (7.726 

eV). Further temperature increase results in an ionization of Cu+ with the formation of 

multiply-charged positive ions approximately from 6,300 K. In Figure 2.2 (a), it is 

observed that the number densities of e, Cu, Cu+ and Cu2+ become comparatively higher 

at a given electron temperature when the pressure increases (e.g. 𝑃=1.0 MPa), based on 

nkBT=P. Nevertheless, the ionization reaction is confined by the increased pressure and 

thus the ionizations of the multiply-charged positive ions (Cu3+ and Cu4+) are shifted to 

slightly higher electron temperatures. As a consequence of the continuous ionization of 

copper atoms, its number density illustrates a noticeable decreasing approximately from 

10,000 K while the number density variation of electrons becomes less with increased 

temperature. In addition, the increased non-equilibrium degrees have similar effects on 

the number density variation of the particles (Figure 2.2 (b)) in comparison with that 

affected by the changed pressure (Figure 2.2 (a)).  
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       (a) 

 

                  
          (b) 

Figure 2.2 Chemical compositions of pure copper plasma at (a) different pressure 

under LTE conditions (solid lines: P=0.1 MPa; dashed lines: P=1.0 MPa) and (b) 

different non-equilibrium degree at atmospheric pressure (solid lines: 𝜃=1; dashed 

lines: 𝜃=4). The solid and dashed lines with same color represent the same species.  

 

The electron number density at different pressures and non-equilibrium degrees are 

presented in Figure 2.3. It is found that the electron number density of LTE pure copper 

plasma at atmospheric pressure illustrates a substantial increase when the temperature 
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roughly below 11,000 K (Figure 2.3 (a)). The temperature where the number density 

reached its maximum has a shift with the increased pressure. Furthermore, the number 

density of electrons has a reducing trend beyond a certain temperature and the variation 

becomes noticeable at high pressures. It could be explained based on the Le Chatelier’s 

principle which describes that if a system at equilibrium states is subjected to a variation, 

e.g. pressure or temperature, it would readapt to counterbalance the variation [63]. For 

non-equilibrium pure copper plasma (Figure 2.3 (b)), the variation of electron number 

density presents similar profiles. It becomes higher with the increased non-equilibrium 

degree. For a mixture contains monatomic species only, the chemical composition that 

determined by the modified Saha equation highly depends on the electron temperature 

Te for the non-LTE plasma. The electron number density is grown when Te rises up to 

11,000 K and furtherly decreased as Te increases. 

 
         (a)                                                                       (b) 

Figure 2.3 Temperature dependence of electron number density at different (a) 

pressures under LTE condition and (b) non-equilibrium degrees at atmospheric 

pressure. 

 

The temperature dependence of the molar fractions of electrons and copper atoms at 

different pressures and non-equilibrium degrees are presented in Figure 2.4 and 2.5. As 

a result of continuous ionization of copper atoms, the molar fraction of electrons rapidly 

grows around 5,000 K. The variation becomes gradually roughly from 12,000 K which 

is affected by the decreased electron number density as shown in Figure 2.3. However, 

the electrons molar fraction is reduced when the pressure or non-equilibrium degree 

increases, corresponding to the growing of the copper atoms molar fraction as a result 

of ionization suppression.   
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         (a)                                                                      (b) 

Figure 2.4 Temperature dependence of electrons molar fraction at different (a) 

pressures under LTE conditions and (b) non-equilibrium degrees at atmospheric 

pressure. 

 

  
         (a)                                                                      (b) 

Figure 2.5 Temperature dependence of copper atoms molar fraction at different (a) 

pressures under LTE conditions and (b) non-equilibrium degrees at atmospheric 

pressure. 

 

2.4.3 Thermophysical properties of pure copper plasma        

(1) Density 

The variation of plasma mass density under equilibrium and non-equilibrium conditions 

are shown in Figure 2.6. The ionization reactions cause the mass density decrease with 

the temperature increases while the increasing pressure or non-equilibrium degree leads 

to a comparative rise of the mass density over the whole temperature range due to the 

ionization suppression. 
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         (a)                                                                      (b) 

Figure 2.6 Temperature dependence of density of copper plasma at different (a) 

pressures under LTE conditions and (b) non-equilibrium degrees at atmospheric 

pressure.  

 

(2) Electrical conductivity 

As shown in Figure 2.7, the electrical conductivity is continuously increased with the 

temperature. In reality, collisions between electrons and other particles has a dominant 

effect on the electrical conductivity behaviour. For the equilibrium copper plasma, the 

increasing pressure results in a decrease of electrical conductivity when the temperature 

roughly below 10,000 K, but contrarily it significantly increases when the temperature 

becomes high (>10,000 K), as presented in Figure 2.7 (a). It is affected by the collisions 

of particles with electrons. Collisions between electrons and copper atoms are largely 

occurred at low temperatures due to the high mobilities of electrons. With the increased 

pressure, the ionization reactions are restricted and results in a lowering of electrical 

conductivity. Nevertheless, the ionization of copper atoms becomes sufficient when the 

temperature is increased, and the positive ions provide a predominant contribution on 

the collisions with electrons, which has a negative effect on the electrical conductivity 

because of the corresponded larger Coulomb collision integrals. The further increasing 

of electrical conductivity with the pressure is resulted from the restraint of the ionization 

reactions that lowers the number density of the positive ions and the Coulomb collision 

integrals of the interactions between the charged particles become smaller. For the non-

equilibrium plasma, the variation of electrical conductivity presents a relatively weaker 

dependence on the non-equilibrium degree which is resulted from the small variation 

of electrons molar fraction as shown in Figure 2.7 (b).  
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         (a)                                                                      (b) 

Figure 2.7 Temperature dependence of electrical conductivity of pure copper plasma 

at different (a) pressures under LTE conditions and (b) non-equilibrium degrees at 

atmospheric pressure.  

 

(3) Viscosity 

Based on the theory of fluid dynamics, the viscosity is a quantity to describe the fluid 

resistance that opposes the deformation from shear and tensile stresses. Following the 

Chapman-Enskog method, the determination of the viscosity using first approximation 

is greatly affected by the heavy particles. As shown in Figure 2.8 (a) for the equilibrium 

plasma, the viscosity is initially increased which is due to the dominant interactions 

between copper atoms. With the temperature increases, the charged particles are largely 

produced and start to dominate the collisions and results in the larger collision integrals 

(Coulomb interaction), leading to a substantial decrease of the viscosity. The maximum 

viscosity represents a change of the elastic collisions in the plasma. At low temperatures, 

the neutral particles dominate the collisions in plasma, However, at high temperatures, 

as a result of copper atoms continuous ionization, the number density of copper atoms 

become less and the charged particles are dominantly existed in the plasma. When the 

temperature is approximately higher than 6,500 K, the Coulomb interactions between 

charged particles become less important due to the increased pressure and the viscosity 

becomes larger. The rising pressure also leads to a shift of the corresponded temperature 

where the viscosity reaches its maximum. For the non-equilibrium plasma as presented 

in Figure 2.8 (b), the changed non-equilibrium degree has a significant effect on the 

viscosity when temperature below 15,000 K. The increasing 𝜃𝑇  results in a decreased 

peak of the viscosity and a slight shift of the corresponded electron temperature as a 
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result of heavy particles temperature reduction. When the temperature increases above 

20,000K, the variation of viscosity becomes insignificant. 

  
         (a)                                                                      (b) 

Figure 2.8 Temperature dependence of viscosity of pure copper plasma at different (a) 

pressures under LTE conditions and (b) non-equilibrium degrees at atmospheric 

pressure. 

 

(4) Thermal conductivity 

Figure 2.9 shows the temperature dependence of total thermal conductivity at different 

pressures and non-equilibrium degrees. The thermal conductivity is decisive significant 

to determine the heat transfer capacity of the plasma. At low temperatures between 300 

K to 7,500 K when the copper atoms are largely existed in plasma, thermal conductivity 

is predominantly determined by the translational component of heavy particles. When 

the temperature increases to about 10,900 K, the thermal conductivity grows to its first 

peak which is determined by the ionization of copper atoms and interactions between 

heavy particles as shown in Figure 2.9 (a). The further growth of thermal conductivity 

when the temperature rises above 14,000 K is dominated by the translational component 

of electrons as shown in Figure 2.10 (a). The overall calculation of thermal conductivity 

indicates that the heavy particles contribution becomes insignificant in comparison with 

the electrons effects. Moreover, the increased pressure causes a slight reduction of the 

total thermal conductivity at low temperatures and the copper atoms ionization shifts to 

a higher temperature as well. Furtherly when the temperature rises above a certain value, 

the stronger collisions between charged particles results in the larger computed collision 

integrals and the thermal conductivity is comparatively increased when pressure grows. 

Variation of thermal conductivity resulted from the increased non-equilibrium degree 
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presents similar profiles ( Figure 2.9 (b)) which indicates that the increasing 𝜃𝑇 has a 

positive effect on the determination of thermal conductivity. 

                         
         (a)                                                                      (b) 

Figure 2.9 Temperature dependence of total thermal conductivity at different (a) 

pressures under LTE conditions and (b) non-equilibrium degrees at atmospheric 

pressure. 

 

  
                                     (a)                                                                    (b) 

Figure 2.10 Temperature dependence of electrons translational thermal conductivity at 

different (a) pressures under LTE conditions and (b) non-equilibrium degrees at 

atmospheric pressure. 

 

(5) Comparison with available literature data 

Figure 2.11 demonstrates a comparison of the computed electron number density with 

literature data and a good agreement is observed especially for high temperatures. The 

discrepancy is probably attributed to the considered species in the present work which 

Cu2 and Cu- are neglected due to their inconsequential contribution to number density.   
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Figure 2.11 Calculated electron number density compared with the literature data 

[64].  

 

The computed transport coefficients of pure copper plasma under equilibrium condition 

at the atmospheric pressure are compared with the available literature data, as presented 

in Figure 2.12. From the comparison, a general agreement could be observed although 

some discrepancies are presented by different authors. A possible reason might be the 

species considered in the calculation which leads to a different chemical composition 

of the plasma. Besides that, the uncertainties in the determination of collision integrals 

and cross sections using different intermolecular potentials has a significant influence 

on the computation of transport coefficients. As shown in Figure 2.12 (a), the difference 

of electrical conductivity is possibly attributed by the collision cross section of the 

interactions between copper atoms and electrons which is the dominating collisions in 

pure copper plasma at comparatively lower temperatures (approximately below 10,000 

K). The calculated viscosity presents a better agreement with the result of Cressault et 

al at higher temperatures (roughly >9,000K) while a large deviation is found especially 

at low temperatures (Figure 2.12 (b)) which is probably due to different intermolecular 

potentials to compute the collision cross sections between neutral particles. Lennard-

Jones like phenomenological potential is adopted in present work while Cressault et al 

calculated the corresponded collision cross sections using a polynomial function given 

by Chervy et al [22] . For thermal conductivity as demonstrated in Figure 2.12 (c), the 

higher maximum value is resulted from the collision cross sections of the interactions 

between copper atoms and positive ions.  
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                                   (a)                                                               (b) 

 
(c) 

Figure 2.12 Comparison of the (a) electrical conductivity, (b) viscosity and (c) 

thermal conductivity with the available literature data from the works of Cressault et 

al [64], [65], Hermette et al [66] and Kovitya [18]. 

 

Despite these conceivable reasons, the different definitions of Debye length also result 

in the variations of computed transport coefficients as illustrated in Figure 2.13. It is 

observed that the consideration of both electrons and ions shielding effects leads to a 

relatively smaller Debye radius. It reduces the collision cross sections between charged 

particles (Coulomb interactions) and transport coefficients become larger especially at 

high temperatures. Furthermore, the changed Debye length also results in the variations 

of computed chemical composition which is due to the decreased term “∆𝐸(𝑙)”.  

 

Based on the definition of the Debye length proposed by S. Ghorui and A. K. Das [50], 

the calculated transport coefficients are lower than that obtained using (Eq.(2.3.140)), 
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which is due to the larger Debye radius when assumes the electrons and heavy particles 

have identical temperatures. In addition, the variation of Debye radius has small effects 

on the viscosity which is because the viscosity highly depends on the collisions between 

neutral atoms at low temperatures. 

 
(a) 

 

   
(b) 
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(c) 

Figure 2.13 Computed electrical conductivity (a), viscosity (b) and thermal 

conductivity (c) as a function of temperature of the equilibrium copper plasma at 

atmospheric pressure with different definitions of the Debye length. 

 

2.5 Conclusion 

This chapter presents a detailed calculation of thermodynamic properties and transport 

coefficients of pure copper plasma in LTE and non-LTE states with temperature range 

from 300 K to 30,000 K at different pressures (i.e. 0.1 MPa, 0.4 MPa, 0.8 MPa, 1.0 

MPa) and non-equilibrium degrees (𝜃=1 to 4) using MATLAB. The principal purpose 

of this work is to reasonably predict the physical properties of pure copper plasma under 

LTE and non-LTE conditions. In the calculation, the plasma chemical composition is 

obtained by solving Saha equations using Newton-Raphson iterative method.  

 

For pure copper plasma that only contains monatomic species, electronic contributions 

to the associated partition function are determined considering all the observed energy 

levels of the species from NIST website. The absent higher energy levels are included 

in the calculation by assuming the species has “hydrogenic” structures and a reasonable 

cutoff criterion is applied to determine the contributions of these “missing energy levels” 

on electronic partition function. The partition functions of species Cu and Cu+ obtained 
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from the present work show excellent agreements compared with the available literature 

data.  

 

The thermodynamic properties and transport coefficients of the pure copper plasma are 

determined using Chapman-Enskog method with the calculated chemical composition. 

Following this method, the transport coefficients (e.g. viscosity, electrical conductivity 

and thermal conductivity) are expressed in the forms of collision cross sections between 

different particles interactions (e.g. e-e, e-Cu, Cu-Cu, etc). The cross sections involved 

in different interactions are computed with intermolecular potentials. Additionally, the 

Debye shielding effect is considered during the calculation although it is remained as a 

debated issue of whether the contributions of ions shielding effect need to be considered 

or not. It is found that the consideration of ions shielding effects leads to larger transport 

coefficients. In the calculation, the results obtained for pure copper plasma where LTE 

holds (Te=Th) show general agreements with published data. 

 

The results in this study indicate that the thermophysical properties of plasma especially 

the transport coefficients are sensitively affected by the collision cross sections between 

different particles. The calculated results are vital for modelling the physical processes 

when the arc plasma interacts with cold contact, which will be described in following 

contents.  
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A Cathode Layer Model for Arc-Contact Interaction in High 

Voltage Circuit Breakers 

 

3.1 Description of the near cathode non-LTE layer 

Contacts play an essential role in the current interruption process of high voltage circuit 

breakers. Insufficient lifetime of contact resulting from severe damage and deformation 

during the interruption is one of the representative limiting factors. Recently, advanced 

sensing technologies enable real-time online monitoring on the conditions of contacts. 

Nevertheless, the sensors need to be physically present in the arcing chamber of a circuit 

breaker, which may impose insulation risks in addition to the potential deterioration of 

sensor performance in the hostile environment. Furthermore, there are many difficulties 

and limitations in carrying out relevant experiments especially under high voltage and 

current conditions. It means that the estimation of contact conditions through numerical 

modelling, supported and verified by test results, is expected to be an alternative method 

to thoroughly analyse the contact properties during the interruption process.   

 

Vaporization of contact material is an unavoidable result when the arc plasma interacts 

with contacts, since arc especially at high current generates strong energy flux towards 

the contact tip. There have been some investigations concerning the contact erosion by 

modelling and experiments [1]–[11]. Existing models are either for the low current with 

idealised contact surface condition or the energy flux flowed from the arc is determined 

by considering an LTE arc column.  

 

The objective of the work in this chapter is to build a model to consider the interaction 

between the arc column and the contact tip with the consideration of a non-LTE layer 

formed in front of the contact. It is aimed for a more accurate method to evaluate the 

erosion of contacts in the interruption process so that the lifetime of the contacts can be 

predicted with reasonable accuracy. As is recognised from previous study, the plasma 

is deviated from LTE states within the non-LTE layer due to insufficient collisions and 

energy transfer between electrons and heavy particles (neutral atoms and ions). It means 
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that the heavy particles inside this thin layer are treated differently from electrons. This 

thin non-LTE layer, where the physical characteristics is complicated, consists of two 

different sub-layers (pre-sheath and sheath). Approaching the cathodic contact (referred 

as “cathode”) from the arc column where LTE holds, gas temperature (heavy particles 

temperature) decreases continuously towards the cathode surface temperature because 

cathode is much colder than the arc column. Nevertheless, electrons are free to have a 

higher temperature than heavy particles. This gives rise to the so-called pre-sheath layer 

where the plasma is electrically quasi-neutral but the electrons are hotter than the heavy 

particles under the action of electric field within the sheath layer. The existed ions move 

towards the cathode surface while the electrons move towards the LTE arc column. The 

repelling and depletion of electrons that emitted from the cathode surface leads to the 

formation of this sheath layer immediately by the cathode surface where positive space 

charge appear and collisions between particles are negligible. The strong electric field 

induced by the space charge in sheath layer makes the electrons ejected from cathode 

surface easily by decreasing the potential barrier. The emitted electrons are accelerated 

in the sheath layer towards the pre-sheath layer where collision between the particles is 

the dominant mechanism to generate new electrons to maintain the plasma conductivity 

and sustain the discharge current. The energy flux from arc column to cathode surface 

is a key parameter in the study of the arc-contact interaction. To determine the energy 

transfer between the arc column and contact, the work is started with a comprehensive 

analysis of the physical processes occurred in the non-LTE layer. A schematic diagram 

of this near cathode non-LTE layer is shown in Figure 3.1 with x=0 being the cathode 

surface.  

- +

Cathode AnodeArc column

Anode LayerCathode Layer

VaArc voltage

Vc

0

V

x (m)

1
2

 
Figure 3.1 Schematic diagram of the non-LTE layer and the voltage distribution 

between the arcing contacts, where “1” is the sheath and “2” is the pre-sheath. 
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The space-charge sheath layer (collisionless layer) that adjacent to the cathode surface 

has a typical thickness of several Debye length while pre-sheath layer (ionization layer) 

is thicker. The physical properties of the two sub-layers are presented in Figure 3.2 and 

the physical conditions in different sub-layers (sheath, pre-sheath and LTE arc column) 

are explained in Table 3.1. Te and Th are temperatures of electrons and heavy particles.  
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Figure 3.2 Schematic diagram of the structure of near cathode non-LTE layer; “a, e, 

+” represent the neutral atoms, electrons and positive ions respectively. 

 

Table 3.1 Physical conditions in the sub-layers between cathode and arc column. 

 
Thermal 

equilibrium 

Ionization 

equilibrium 
Quasi neutrality 

Sheath - Collisionless 𝑛𝑒 ≠ 𝑛𝑖 

Pre-sheath 𝑇𝑒 > 𝑇ℎ �̇�𝑒 ≠ 0 𝑛𝑒 = 𝑛𝑖 

Arc column 𝑇𝑒 = 𝑇ℎ �̇�𝑒 = 0 𝑛𝑒 = 𝑛𝑖 

 

The contact material in the present work is pure copper which is a kind of non-refractory 

material that vaporization can be caused by arc heating easily due to its lower melting 

and vaporization temperatures. In addition, the present model assumes severe contact 

erosion at high current conditions and thus the near cathode non-LTE layer with a very 

small thickness contains only pure copper vapour. It should be emphasised that energy 

exchange between the arc column and anode is different from that between the arc and 

cathode. The electrons are attracted to the anode surface with a lower potential drop in 

comparison with the cathode. Anode erosion is much lower than that of the cathode. In 

the present work, the anode is not included in the mathematical model. 
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3.2 Ionization layer: pre-sheath 

The quasi-neutral pre-sheath adjacent to the sheath layer is a collision dominated layer 

where the electrons with sufficient kinetic energy collide with heavy particles to ionise 

the neutral particles. While the temperature of the heavy particles reduces to the cathode 

surface temperature (~2,860K for copper cathode) when they move from the arc column 

towards the cathode surface, sufficient electrons have to be present in pre-sheath layer 

to conduct the current. These electrons are either supplied from the cathode surface or 

generated by ionization through electron impact in the pre-sheath layer.  

 

3.2.1 Mathematical model with respect to the pre-sheath layer 

The particles within the pre-sheath layer includes electrons, ions and neutral atoms. The 

equations in the pre-sheath model that describe the physical conditions inside the pre-

sheath layer are derived with considering a 2T non-LTE arc plasma [12]. 

(1) Continuity equations for electrons and ions 

 𝛻 ∙ 𝛤𝑒 = 𝛻 ∙ (𝑛𝑒𝑢𝑒) = �̇�𝑒 (3.2.1) 

 ∇ ∙ Γ𝑖 = ∇ ∙ (𝑛𝑖𝑢𝑖) = �̇�𝑒 (3.2.2) 

where 𝛤 is the flux; u is the velocity for directed motion and n is the number density. 

Subscripts “i” and “e” designate ions and electrons. The number density of ions equals 

to the electrons (𝑛𝑒 = 𝑛𝑖) and the net ionization rate is given by: 

 𝑛�̇� = 𝛼𝑟𝑒𝑐𝑛𝑒
3 (

𝑛𝑎

𝑛𝑎,𝐿𝑇𝐸
− 1) (3.2.3) 

 𝑛𝑎 =
𝑃 − 𝑘𝐵𝑛𝑒(𝑇𝑒 + 𝑇ℎ)

𝑘𝐵𝑇ℎ
 (3.2.4) 

where 𝑛𝑎 is the number density of neutral species in the pre-sheath layer; 𝛼𝑟𝑒𝑐 (𝑚6/𝑠) 

is the three-body recombination coefficient; P is the total pressure in the system;  

 

Recombination is an energy releasing process in a plasma system. For the plasma with 

monatomic species only, recombination would occur though two mechanisms: radiative 

recombination and three-body collisional recombination [13]. Radiative combination is 

dominant when collisions are insufficient in the plasma, which occurs when the positive 

ions capture free electrons to its bound orbit with releasing photons. In a denser plasma, 

as a result of frequent collisions, the three-body recombination involving electrons and 

ions/atoms becomes dominant. The three-body recombination coefficient is determined 
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as the ratio between a forward rate coefficient Kf of a reversible chemical reaction and 

an equilibrium constant for the overall reaction path Keq. The forward rate coefficient 

is calculated by [14], 

 𝐾𝑓𝑒 = 𝑆1√
32

𝜋
(
𝑚𝑎 + 𝑚𝑒

𝑚𝑎𝑚𝑒
) (𝑘𝐵𝑇𝑒)

3
2 (

𝐸1

2𝑘𝐵𝑇𝑒
+ 1) 𝑒𝑥𝑝 (−

𝐸1

𝑘𝐵𝑇𝑒
) (3.2.5) 

where 𝐾𝑓𝑒 is the coefficient of electron-catalysed reaction; ma and me (9.11 × 10−31𝑘𝑔) 

are the masses of neutral atoms and electrons; 𝑆1 is the first excitation cross-section; 𝑘𝐵 

is the Boltzmann constant (1.38×10-23 J/K) and 𝐸1(𝑒𝑉) is the first electronic excitation 

energy of neutral atoms. The equilibrium constant is given by: 

 𝐾𝑒𝑞 =
2𝑄𝑖

𝑄𝑎
(
2𝜋𝑚𝑒𝑘𝐵𝑇𝑒

ℎ2
)3/2exp(−

𝐸𝑖

𝑘𝐵𝑇𝑒
) (3.2.6) 

where 𝐸1/𝑘𝐵 is defined as a characteristic temperature for the excitation to the first 

excited state and 𝐸𝑖/𝑘𝐵 is a characteristic temperature for the first ionization of neutral 

atoms. Thus, the three-body recombination coefficient 𝛼𝑟𝑒𝑐,𝑒𝑖 is calculated by: 

 𝛼𝑟𝑒𝑐,𝑒𝑖 =
𝐾𝑓𝑒

𝐾𝑒𝑞
 (3.2.7) 

 

The equilibrium density of the neutral species 𝑛𝑎,𝐿𝑇𝐸 in Eq. (3.2.3) is calculated using 

generalized Saha equation for arc plasma in LTE states: 

 𝑛𝑒 (
𝑛𝑖

𝑛𝑎,𝐿𝑇𝐸
) = 2(

𝑄𝑖(𝑇𝑒)

𝑄𝑎(𝑇𝑒)
) (

2𝜋𝑚𝑒𝑘𝐵𝑇𝑒

ℎ2
)

3
2
𝑒𝑥𝑝 (−

𝐸𝑎,𝐶𝑢 − ∆𝐸(0)

𝑘𝐵𝑇𝑒
) (3.2.8) 

 

The determination of particles number density has been detailedly explained in Chapter 

2. The work in this chapter only considers the singly-charged copper ions Cu
+ based on 

a numerical computation of the non-LTE layer with considering the effects of multiply-

charged ions by Almeida et al [15] who drew a conclusion that total ion current in non-

LTE layer is mostly contributed by the singly-charged ions. Therefore, in the pre-sheath 

layer, fluxes of electrons and ions are determined following modified Chapman-Enskog 

method [16]–[19], 

 

𝛤𝑒 = 𝑛𝑒𝑢𝑒 = −(
𝐷𝑒

𝑇

𝑚𝑒𝑇𝑒
+

𝑚𝑒𝑛𝑡𝑛𝑒𝐷𝑒𝑒

𝜌𝑇𝑒
)𝛻𝑇𝑒 −

𝑚𝑒𝑛𝑡

𝜌
𝐷𝑒𝑒𝛻𝑛𝑒

+
𝑚𝑒𝑛𝑡𝑛𝑒𝐷𝑒𝑒

𝜌𝑘𝐵𝑇𝑒
𝑒𝛻𝑉 

(3.2.9) 
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 𝛤𝑖 = 𝑛𝑖𝑢𝑖 = −
𝑛𝑎𝑚𝑎𝐷𝑖𝑎

𝜌
𝛻𝑛𝑒 +

𝑛𝑒𝑚𝑖𝐷𝑖𝑎

𝜌
𝛻𝑛𝑎 −

𝑛𝑡
2𝑛𝑒𝑚𝑖𝐷𝑖𝑎𝑒

𝑃𝜌
𝛻𝑉 (3.2.10) 

where 𝑉 is the potential;𝑃 = ∑ 𝑛𝜉𝑘𝐵𝑇𝜉𝜉=𝑒,𝑖,𝑎  is the total pressure of the system; 𝜌 =

∑ 𝑛𝜉𝑚𝜉𝜉=𝑒,𝑖,𝑎  is the overall mass density; 𝑛𝑡 = ∑ 𝑛𝜉𝜉=𝑒,𝑖,𝑎  is the total number density; 

𝐷𝑒
𝑇 is the thermal diffusion coefficient of electrons; 𝐷𝑖𝑎 is ordinary diffusion coefficient 

of ions-neutral atoms; 𝐷𝑒𝑒 is the electron self-diffusion coefficient, expressed as: 

 𝐷𝑒𝑒 =
𝜌𝑘𝐵𝑇𝑒

𝑚𝑒𝑛𝑡𝑛𝑒𝑒2
𝜎 (3.2.11) 

where 𝜎 is the electrical conductivity (S/m). 

 

(2) Energy conservation equation of electrons 

The electrons within the non-LTE layer acquire sufficient energy from the electric field 

in the space charge sheath layer when emitted from the cathode surface and move into 

the pre-sheath layer. During the collisions, the electrons pass part of their energy to the 

ions. Furthermore, the number density of neutral particles is expected to be lower in the 

majority of pre-sheath layer in comparison with charged particles due to the relatively 

lower ionization energy of copper atoms. In pre-sheath layer, the energy conservation 

equation of the electrons is expressed as: 

 𝑒𝛤𝑒 ∙ 𝛻𝑉 = −𝛻 ∙ (𝜆𝑡𝑟𝑒𝛻𝑇𝑒) +
5

2
𝑘𝐵𝛼𝛤𝑒 ∙ 𝛻𝑇𝑒 + (

5

2
𝑘𝐵𝑇𝑒𝛼 + 𝐸𝑖) 𝑛�̇� + 𝑊𝑒ℎ (3.2.12) 

 𝛼 = 1 +
2𝜌𝐷𝑒

𝑇

5𝑛𝑒𝑛𝑡𝑚𝑒𝑚𝑎𝐷𝑒𝑒
 (3.2.13) 

 𝑊𝑒ℎ = 𝑛𝑒

3

2
𝑘𝐵

2𝑚𝑒

𝑚𝑎

(𝑇𝑒 − 𝑇ℎ)(𝑛𝑎𝑄𝑒𝑎 + 𝑛𝑒𝑄𝑒𝑖)𝜈𝑒
𝑡ℎ (3.2.14) 

where 𝜆𝑡𝑟𝑒 is the electron translational thermal conductivity; 𝜈𝑒
𝑡ℎ is the electrons mean 

thermal velocity; 𝑄𝑒𝑎 and 𝑄𝑒𝑖 are collision cross-sections of electron-atom interactions 

and electron-ion interactions. The corresponding energy terms are thermal conduction, 

enthalpy flux transport by electron diffusion, energy loss by inelastic collisions and loss 

by elastic collisions with the heavy particles. Assuming that the velocity of the particles 

follows the Maxwell distribution [20] and the average kinetic energy of each particle is 

3kBT/2, the mean velocity is thus given by: 

 �̅� = (
8𝑘𝐵𝑇

𝜋𝑚
)
1
2 (3.2.15) 

 

(3) Energy conservation equation of heavy particles 
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The energy balance of heavy particles is expressed as: 

 −𝑒𝛤𝑖 ∙ 𝛻𝑉 + 𝑊𝑒ℎ = −𝛻 ∙ (𝜆𝑡𝑟ℎ𝛻𝑇ℎ) (3.2.16) 

where 𝜆𝑡𝑟ℎ is the translational thermal conductivity of heavy particles. 

 

3.2.2 Boundary conditions for pre-sheath model 

The solution of the pre-sheath model is determined by the boundary conditions imposed 

on the arc plasma side where the LTE conditions are valid. It means that the developed 

near cathode non-LTE layer model need to be coupled to the magneto-hydrodynamics 

(MHD) model for the arc column to obtain the boundary conditions of the pre-sheath 

that adjacent to the LTE arc. In the calculation, since the thickness of the non-LTE layer 

is much smaller compared with the radius of the cathode, a one-dimensional analysis is 

therefore applied. The related boundary conditions are specified in Table 3.2. 

 

Table 3.2 Description of the boundary conditions at the arc plasma/pre-sheath interface. 

Boundary Conditions 

Temperature at plasma side 𝑇𝑒 = 𝑇ℎ = 15000𝐾 

Number density of electrons 𝑛𝑒 = 𝑛𝑖 = 2.45 × 1023𝑚−3 

Electric potential (V) 𝑉 = 15𝑉 

Gradient of temperature 
𝑑𝑇𝑒

𝑑𝑥
=

𝑑𝑇ℎ

𝑑𝑥
= −5.8 × 107𝐾/𝑚 

Gradient of electron number density 
𝑑𝑛𝑒

𝑑𝑥
=

𝑑𝑛𝑖

𝑑𝑥
= −3.9 × 1024𝑚−4 

 

The potential of 15 V at the arc plasma side is arbitrarily given as a reference value and 

the electric field strength dV/dx at the arc plasma side need to be adjusted reasonably to 

make the temperature of heavy particles equal to the cathode surface temperature. The 

equations of the pre-sheath model are closed with the assumption of a constant thermal 

pressure (0.1 MPa in the present work) and these equations governed in the pre-sheath 

layer are numerically solved using the iteration algorithms from the boundary at the arc 

plasma side towards the so-called “sheath edge” which is the interface between the pre-

sheath layer and sheath layer. The applicable method to solve the high-order nonlinear 

differential equations with many unknown variables in the present work is the Runge-

Kutta-Gill integration method. The ordinary and second-order differential forms of the 

conservation equations of the pre-sheath model are derived in Appendix B. 
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3.3 Space charge region: sheath 

3.3.1 Mathematical model with respect to the sheath layer 

3.3.1.1 Potential distribution in the sheath region 

The very thin space charge sheath layer is located adjacent to the cathode surface with 

a considerable shorter length compared with the pre-sheath layer. It is usually assumed 

to be collisionless. The potential drop in sheath layer is decisive important to determine 

the distribution of particles. The potential distribution over the sheath layer is obtained 

by Poisson’s Equation: 

 −휀0

𝑑2𝑉

𝑑𝑥2
= 𝑒(𝑛𝑖(𝑥) − 𝑛𝑒1(𝑥) − 𝑛𝑒2(𝑥)) (3.3.1) 

where 𝑉 is the potential (V); 𝑒 is the elementary charge (1.60 × 10−19C) and 휀0 is the 

permittivity of free space (8.85 × 10−12𝐹/𝑚); 𝑛𝑖(𝑥) is the number density of ions 

move towards the cathode surface (1/𝑚3); 𝑛𝑒1(𝑥) is the number density of electrons 

emitted from the cathode surface (1/𝑚3); 𝑛𝑒2(𝑥) is the number density of fast electrons 

moving towards the cathode surface through back diffusion (1/𝑚3); 𝑥 is the direction 

normal to the cathode surface oriented from the surface towards the arc column. This 

equation requires the boundary conditions at cathode surface (𝑥 = 0) and sheath edge 

(𝑥 = 𝐿𝑠).  

 

3.3.1.2 Ions density distribution 

The ion flux is conserved over the whole sheath layer since there is no ionization and 

recombination happened. It means that the number density flux of the ions towards the 

cathode surface equals to the flux at sheath edge. The conserved number density flux 

of ions entering from the sheath edge is given by: 

 𝑗𝑖 = 𝑛𝑠𝑣𝑠 = 𝑛𝑖(𝑥)𝑣𝑖(𝑥) (3.3.2) 

where 𝑗𝑖 is the number density flux of ions; 𝑛𝑠 and 𝑣𝑠 are respectively the ions number 

density and velocity at the sheath edge while 𝑛𝑖(𝑥) and 𝑣𝑖(𝑥) represent number density 

and velocity distributions of the ions over the sheath layer. Once the ions move into the 

sheath layer, they are accelerated by the potential drop 𝑉𝑐 − 𝑉(𝑥) to a velocity: 

 𝑣𝑖(𝑥) = √𝑣𝑠
2 +

2𝑒[𝑉𝑐 − 𝑉(𝑥)]

𝑚𝑖
 (3.3.3) 
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where 𝑉𝑐 is the potential drop over the sheath layer and 𝑉(𝑥) is the potential distribution. 

The ions are accelerated towards the cathode surface by the sheath potential drop and 

the corresponded number density is decreased to maintain a constant ion flux. Based on 

the Bohm criterion, the ions velocity at the sheath edge 𝑣𝑠 is assumed to be the Bohm 

velocity [21], 

 𝑣𝑠 = √
𝑘𝐵(𝑇𝑒𝑠 + 𝑇𝑖𝑠)

𝑚𝑖
 (3.3.4) 

where 𝑇𝑒𝑠 and 𝑇𝑖𝑠 are the temperatures of the electrons and ions at the sheath edge (K). 

The ions density distribution over the sheath layer is thus determined following current 

conservation, 

 𝑛𝑖(𝑥) = 𝑛𝑒,𝑆𝐸√
𝑘𝐵(𝑇𝑒𝑠 + 𝑇𝑖𝑠)

2𝑒[𝑉𝑐 − 𝑉(𝑥)] + 𝑘𝐵(𝑇𝑒𝑠 + 𝑇𝑖𝑠)
 (3.3.5) 

where 𝑛𝑒,𝑆𝐸 is the number density of electrons at the sheath edge that equals to the ions 

number density (𝑛𝑖,𝑆𝐸) and it would be solved as a part of the solutions in the pre-sheath 

layer as well as the temperatures of the electrons and heavy particles Tes and Tis. They 

are taken as the boundary conditions for the sheath model. 

 

3.3.1.3 Density of electrons emitted from the cathode surface 

As the predominant mechanism to remove the thermal energy, electrons emission from 

the cathode surface is sensitively affected by the cathode material properties. Generally, 

the cathode that could withstand high pressure arcs is classified in terms of thermionic 

(hot) cathode and non-thermionic (cold) cathode, which depends on two representative 

parameters: cathode surface temperature and induced surface electric field. Thermionic 

cathode normally uses refractory material with boiling temperature higher than 3000K 

[22] (e.g. tungsten, carbon) in comparison with non-thermionic cathode (e.g. copper). 

The electrons emitted from thermionic cathode is principally determined by the cathode 

surface temperature while the induced electric field has a negligible impact. In contrast, 

the electrons that largely extracted from non-thermionic cathode surface is determined 

by the induced electric field while the cathode surface temperature is comparative lower. 

These two cathode types differ in their capability to sustain electrons emission from the 

surface without significant material melting and vaporization. A comparison between 

the thermionic and non-thermionic cathodes are listed in Table 3.3. 
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Table 3.3 Comparison between the thermionic and non-thermionic cathodes. 

Cathode types 

 

Parameters 

Thermionic Non-thermionic 

Surface temperature Generally, > 3000𝐾 
Generally, < 3000𝐾 if field 

emission dominates 

Estimated current density ≈ 107 − 108𝐴/𝑚2 
> 1010𝐴/𝑚2 or as high as 

1011𝐴/𝑚2 or 1012𝐴/𝑚2 

Arc attachment Fix or move slow Move rapidly and randomly 

 

(1) Thermionic emission  

The electrons are principally emitted from the cathode surface by thermionic emission 

when the cathode is heated to a sufficient high temperature. The corresponding current 

density is calculated by the Richardson-Dushman equation [23]: 

 𝐽𝑡𝑒 =
4𝜋𝑚𝑒𝑘𝐵

2𝑒

ℎ3
𝑇𝑐

2 ∙ 𝑒𝑥𝑝 (−
𝜙𝐹

𝑘𝐵𝑇𝑐
) (3.3.6) 

where 𝜙𝐹 is the material work function (4.4 eV for copper) and 𝑇𝑐 is the cathode surface 

temperature. The theoretical value of the Richardson constant is:   

      𝐴 =
4𝜋𝑚𝑒𝑘𝐵

2𝑒

ℎ3
  

normally, this constant should be multiplied with a correction factor which depends on 

the material and A is approximately 120Acm−2K−2 for pure copper [24]. 

 

The thermionic emission is used to define the process of free electrons emitted from the 

cathode surface by external thermal energy. The material work function represents the 

required minimum energy for electrons escaping from cathode surface by overcoming 

the attractive force. The thermionic emission current density illustrates an exponentially 

dependence on the cathode surface temperature only. As presented in Figure 3.3, only 

a smaller number of electrons are emitted from the cathode surface at low temperatures 

and it is increased substantially from 3,000 K for the tungsten cathode (2.63 eV for the 

tungsten) while it is still less for the copper cathode. 
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Figure 3.3 Current density of the electrons emitted through thermionic emission as a 

function of cathode surface temperature.  

 

As a result of electrons emission, the cathode surface is constantly biased negative. The 

emitted electrons are repelled from the cathode surface towards the pre-sheath layer and 

the ions in the pre-sheath layer are attracted and bombarded towards the cathode surface. 

An electric field is induced at the cathode surface due to this negatively charged cathode 

surface. With considering the effects of this induced electric field, the surface potential 

barrier for electrons escaping from the cathode surface is decreased which reduces the 

required energy for electrons escaping from the cathode surface and the current density 

of electrons emitted by this field-enhanced thermionic emission is given as [25], [26]: 

 𝐽𝑡𝑒 =
4𝜋𝑚𝑒𝑘𝐵

2𝑒

ℎ3
𝑇𝑐

2 ∙ 𝑒𝑥𝑝 (−
𝐴𝑒𝑓𝑓

𝑘𝐵𝑇𝑐
) (3.3.7) 

  𝐴𝑒𝑓𝑓 = 𝜙𝐹 − √
𝑒3𝐸𝑐

4𝜋휀0
 (3.3.8) 

where 𝐸𝑐 is the electric field strength at cathode surface and 𝐴𝑒𝑓𝑓 is the effective work 

function (eV) with the consideration of the Schottky correction term. 

 

(2) Field emission  

When the induced electric field becomes very high, the electrons could be emitted from 

the cathode surface by tunnelling. Based on the descriptions of the quantum-mechanical 
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effect of tunnelling [27], the current density of electrons emitted by field emission could 

be determined using the Fowler-Nordheim formula [28], [29]: 

   𝐽𝑓𝑒 =
𝑒2

2𝜋ℎ
∙

1

(𝜙𝐹 + 휀𝐹)
∙ √

휀𝐹

𝜙𝐹
∙ 𝑒𝑥𝑝 (−

8𝜋√2𝑚𝜙𝐹

3
2

3𝑒ℎ𝐸
) (3.3.9) 

where 휀𝐹 is the Fermi energy of the metal [30], [31] and E is the external electric field. 

This formula could be simplified as [32]: 

   𝐽𝑓𝑒 =
𝑒3

8𝜋ℎ𝑡2(𝑦)
∙
𝐸𝑐

2

𝜙𝐹
∙ 𝑒𝑥𝑝(−

8𝜋√2𝑚𝑒𝜙𝐹

3
2

3𝑒ℎ𝐸𝑐
𝑣(𝑦)) (3.3.10) 

where the Nordheim parameter y (dimensionless) is calculated by: 

   𝑦 =
√𝑒3𝐸𝑐 4𝜋휀0⁄

𝜙𝐹
≈ 3.794687 × 10−5

√𝐸𝑐

𝜙𝐹
𝑒𝑉 ∙ 𝑉−

1
2 ∙ 𝑚

1
2 (3.3.11) 

and the correction factors 𝑡(𝑦) and 𝑣(𝑦) are expressed as: 

   𝑣(𝑦) = √1 + 𝑦 ∙ [𝐸(𝑚) − 𝑦𝐾(𝑚)] (3.3.12) 

   𝑡(𝑦) = (1 + 𝑦)−
1
2{(1 + 𝑦)𝐸(𝑚) − 𝑦𝐾(𝑚)} (3.3.13) 

where K(m) and E(m) are complete elliptic integrals [33] and m is calculated with y: 

 𝑚 = 𝑘2 =
1 − 𝑦

1 + 𝑦
 (3.3.14) 

 

A simplified approximation for 𝑣(𝑦) is given as: 

 𝑣(𝑦) = 1 − 𝑦2 + 𝑞𝑦2𝑙𝑛𝑦2 (3.3.15) 

and t(y) is given in terms of 𝑣 and 
𝑑𝑣

𝑑𝑦
 by [34], [35]: 

 𝑡(𝑦) = 𝑣(𝑦) −
2

3
𝑦

𝑑𝑣

𝑑𝑦
 (3.3.16) 

where 𝑞 is an adjustable constant and according to the least squares minimization of the 

absolute and relative errors, Forbes and Deane [35] found q=1/6 is close to the optimum 

value. With the known 𝑣(𝑦), 𝑡(𝑦) could be simply calculated by:  

 𝑡(𝑦) ≈ 1 +
1

9
(𝑦2 − 𝑦2𝑙𝑛𝑦) (3.3.17) 

 

There are two defined Fowler-Nordheim constants 𝑎1 and 𝑏1 with forms: 

   𝑎1 ≡
𝑒3

8𝜋ℎ
≈ 1.541434 × 10−6𝐴 ∙ 𝑒𝑉 ∙ 𝑉−2 (3.3.18) 
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   𝑏1 ≡
8𝜋√2𝑚𝑒

3𝑒ℎ
≈ 6.83089 × 109𝑒𝑉−

3
2 ∙ 𝑉 ∙ 𝑚−1 (3.3.19) 

and the corresponded current density could be rewritten as a function of Ec. Figure 3.4 

shows the variation of field emission current density with respect to the induced surface 

electric field.   

 𝐽𝑓𝑒 =
𝑎

𝑡2(𝑦)
∙
𝐸𝑐

2

𝜙𝐹
∙ exp(−

𝑏𝜙𝐹

3
2

𝐸𝑐
𝑣(𝑦)) (3.3.20) 

 

 
Figure 3.4 Current density of electrons emitted through field emission as a function of 

the cathode surface electric field. 

 

(3) Thermo-field emission  

In practical conditions for the arc-cathode interaction when the surface temperature and 

the induced electric filed are both higher, the electrons would be emitted as a combined 

result of thermionic and field emissions. This is known as “Thermo-field emission” (T-

F emission). The current density of thermo-field emission is determined by Murphy and 

Good [36], [37], 

 𝐽𝑇−𝐹(𝑇𝑐, 𝐸𝑐, 𝜙𝐹) = 𝑒 ∫ 𝑁(𝑇𝑐,𝑊, 𝜙𝐹)𝐷(𝐸𝑐,𝑊)𝑑𝑊
+∞

−𝑊𝑎

 (3.3.21) 

where W describes the energy for the electrons motion normal to the cathode surface, 
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 𝑊 =
𝑝2(𝑥)

2𝑚
+ 𝑉𝐸(𝑥) (3.3.22) 

where 𝑥 is the coordinate normal to the surface; 𝑝(𝑥) is electron momentum normal to 

the surface and 𝑉𝐸(𝑥) is the effective electron potential energy, 

 𝑉𝐸(𝑥) = {
−𝑒2(4𝑥)−1 − 𝑒𝐸𝑐𝑥 𝑥 > 0𝑜𝑢𝑡𝑠𝑖𝑑𝑒𝑡ℎ𝑒𝑒𝑚𝑖𝑡𝑡𝑒𝑟

−𝑊𝑎 𝑥 < 0𝑖𝑛𝑠𝑖𝑑𝑒𝑡ℎ𝑒𝑒𝑚𝑖𝑡𝑡𝑒𝑟
 (3.3.23) 

 

The terms −𝑒2(4𝑥)−1 and −𝑒𝐸𝑐𝑥 represent the contributions from the image force and 

the electric field induced at cathode surface𝐸𝑐; −𝑊𝑎 is the effective constant potential 

energy in the cathode bulk and the actual value is not important in the calculation which 

can be set as −∞ since it is much lower than the Fermi energy (7.0 eV for copper) [38]; 

N is the Fermi-Dirac distribution for free electrons in the cathode, determined by: 

 𝑁(𝑇𝑐,𝑊, 𝜙𝐹) =
4𝜋𝑚𝑒𝑘𝐵𝑇𝑐

ℎ3
𝑙𝑛 [1 + 𝑒𝑥𝑝 (−

𝑊 + 𝜙𝐹

𝑘𝐵𝑇𝑐
)] (3.3.24) 

and 𝐷(𝐸𝑐,𝑊) is the tunnelling probability: 

 𝐷(𝐸𝑐,𝑊) =

{
 
 

 
 

1 𝑊 > 𝑊𝑙

1

1 + 𝑒𝑥𝑝 [
𝑎 ∙ 𝑣(𝑦)

𝑦
3
2

]

𝑊 < 𝑊𝑙 (3.3.25) 

with 

 𝑊𝑙 = −√
𝑒3𝐸𝑐

8𝜋휀0
 (3.3.26) 

 𝑎 =
4√2

3(4𝜋휀0)
3
4

[
(2𝜋)4𝑚𝑒

2𝑒5

ℎ4𝐸𝑐
]

1
4

 (3.3.27) 

 𝑦 =
√2𝑊𝑙

𝑊
 (3.3.28) 

 𝑣(𝑦) =

{
 
 

 
 √1 + 𝑦 [𝐸 ((

1 − 𝑦

1 + 𝑦
)
1
2) − 𝑦𝐾 ((

1 − 𝑦

1 + 𝑦
)
1
2)] 𝑦 < 1

√
𝑦

2
[2𝐸 ((

𝑦 − 1

2𝑦
)

1
2
) − (𝑦 + 1)𝐾 ((

𝑦 − 1

2𝑦
)

1
2
)] 𝑦 > 1

 (3.3.29) 

 

The complete elliptic integrals of the first kind K (k) and second kind E (k) as a function 

of elliptic modulus k are respectively calculated:  
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 𝐾(𝑘) = ∫
1

√1 − 𝑘2𝑠𝑖𝑛2𝜃

𝜋
2

0

𝑑𝜃 (3.3.30) 

 𝐸(𝑘) = ∫ √1 − 𝑘2𝑠𝑖𝑛2𝜃

𝜋
2

0

𝑑𝜃 (3.3.31) 

substituting them into Eq.(3.3.29),  

 

𝐽𝑇−𝐹(𝑇𝑐, 𝐸𝑐, 𝜙𝐹)

=
4𝜋𝑚𝑒𝑘𝐵𝑇𝑐𝑒

ℎ3

{
 
 

 
 

∫
𝑙𝑛 [1 + 𝑒𝑥𝑝 (−

𝑊 + 𝜙𝐹

𝑘𝐵𝑇𝑐
)]

1 + 𝑒𝑥𝑝
𝑎𝑣(𝑦)

𝑦
3
2

𝑊𝑙

−∞

𝑑𝑊

+ ∫ 𝑙𝑛 [1 + 𝑒𝑥𝑝 (−
𝑊 + 𝜙𝐹

𝑘𝐵𝑇𝑐
)] 𝑑𝑊

+∞

𝑊𝑙



}
 
 

 
 

 

(3.3.32) 

 

A simplified formula with a good approximation of the thermo-field emission current 

density could be used in the present work. It is reasonable for the induced electric field 

range from 1.1×108 V/m to 1.2 ×1010 V/m with the cathode surface temperature from 

300 K to 10,000 K. Hantzsche [39] derived this formula as a harmonic combination of 

thermionic and field emission formula using Padé approximant in the framework based 

on the Murphy-Good theory, with form: 

 𝐽𝑇−𝐹 = 𝐾 (𝐴1𝑇𝑐
2 + 𝐵1𝐸𝑐

9
8) 𝑒𝑥𝑝 [−(𝐶1𝑇𝑐

2 + 𝐷1𝐸𝑐
2)−

1
2] (3.3.33) 

where K is a correction factor that mainly depends on the cathode surface temperature 

and surface electric field strength, 

 𝐾 =
8.1 × 103𝑇𝑐

3 + 3.5 × 10−5𝐸𝑐
2

9.1 × 103𝑇𝑐
3 − 53 × 𝐸𝑐𝑇𝑐 + 7.5 × 10−5𝐸𝑐

2
 (3.3.34) 

and the constants A, B, C and D are listed below for copper with work function 4.4𝑒𝑉 

[40]: 

 

𝐴1 = 1.74 × 106𝐴𝑚−2𝐾−2 

𝐵1 = 1.14 × 104𝐴𝑉−9/8𝑚−7/8 

𝐶1 = 3.83 × 10−10𝐾−2 

𝐷1 = 2.52 × 10−22𝑉−2𝑚2 

(3.3.35) 
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The thermo-field emission current density as a function of surface temperature (Tc) and 

induced electric field strength (Ec) is presented in Figure 3.5.  

 
Figure 3.5 Thermo-field emission as a function of surface temperature and electric 

field strength of copper cathode. 

 

(4) Number density of electrons emitted from the cathode surface 

The velocity distribution of the emitted electrons is determined from the derivative of 

Maxwell-Boltzmann distribution [41]. The mean kinetic energy of emitted electrons is 

2𝑘𝐵𝑇𝑐. The electrons are accelerated by the cathode sheath potential drop towards the 

pre-sheath layer and the electrical potential energy of these electrons in the sheath layer 

is determined by 𝑒𝜑(𝑥). The energy balance equation of emitted electrons in the sheath 

layer is, 

 
1

2
𝑚𝑒𝑣𝑒

2(𝑥) + [−𝑒𝑉(𝑥)] = 2𝑘𝐵𝑇𝑐 (3.3.36) 

where 𝑣𝑒(𝑥) is the velocity of the electrons in the sheath layer: 

 𝑣𝑒(𝑥) = √
4𝑘𝐵𝑇𝑐 + 2𝑒𝑉(𝑥)

𝑚𝑒
 (3.3.37) 

and the number density of electrons emitted from the cathode surface is thus calculated 

by: 
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 𝑛𝑒1(𝑥) =
𝐽𝑒

𝑒 ∙ 𝑣𝑒(𝑥)
 (3.3.38) 

and the number density of emitted electrons arrives at the sheath edge becomes: 

 
𝑛𝑐,𝑆𝐸 =

𝐽𝑒

𝑒√
4𝑘𝐵𝑇𝑐 + 2𝑒𝑉𝑐

𝑚𝑒

 
(3.3.39) 

 

3.3.1.4 Density of the back-diffusion electrons  

From previous explanation that the cathode surface becomes negative as a consequence 

of electrons emission, the emitted electrons are accelerated towards the pre-sheath layer. 

However, a smaller portion of electrons in the pre-sheath overcome the sheath potential 

drop and eventually reach the cathode surface. The number density of these electrons 

that back diffused to the cathode surface from the plasma is determined by: 

 𝑛𝑒2(𝑥) = 𝑛𝑝,𝑆𝐸 𝑒𝑥𝑝 {
𝑒[𝑉(𝑥) − 𝑉𝑐]

𝑘𝐵𝑇𝑒𝑠
} (3.3.40) 

and the number density flux of back diffusion electrons is determined by: 

 𝑗𝑏𝑑 =
1

4
𝑛𝑝,𝑆𝐸𝑐�̅� 𝑒𝑥𝑝 [−

𝑒𝑉𝑐
𝑘𝐵𝑇𝑒𝑠

] (3.3.41) 

where 𝑛𝑝,𝑆𝐸 is the number density of back diffusion electrons at the sheath edge and 𝑐�̅� 

is the electron mean velocity. 

 𝑛𝑝,𝑆𝐸 = 𝑛𝑒,𝑆𝐸 − 𝑛𝑐,𝑆𝐸 (3.3.42) 

 𝑐�̅� = √
8𝑘𝐵𝑇𝑒

𝜋𝑚𝑒
 (3.3.43) 

 

Up to here, the net electric current density flowed in the space charge sheath layer could 

be treated as a summation of three terms: 

 

𝐽𝑡𝑜𝑡 = 𝐽𝑖 + 𝐽𝑒 − 𝐽𝑏𝑑 

𝐽𝑖 = 𝑒𝑗𝑖 

𝐽𝑏𝑑 = 𝑒𝑗𝑏𝑑 

𝐽𝑒 = 𝑒𝑗𝑒 

(3.3.44) 

where 𝐽𝑖, 𝐽𝑏𝑑 and 𝐽𝑒 represent the current densities of ions, back-diffusion electrons and 

emitted electrons while 𝑗𝑖,𝑗𝑏𝑑 and 𝑗𝑒 are the corresponded number density fluxes. 
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3.3.2 Numerical solution for the sheath region 

To solve the equations of the sheath model, reasonable boundary conditions should be 

specified. At the sheath edge, boundary conditions are taken from the overall solutions 

of the pre-sheath model and the potential at the sheath edge 𝜑𝑆𝐸 is assumed to be zero. 

Other prescribed parameters in the calculation are listed in Table 3.4: 

 

Table 3.4 Prescribed parameters of the sheath region calculation. 

Boundary Conditions 

Total current density (J) 1.5 × 108𝐴/𝑚2 

Temperature at cathode surface 𝑇𝑐 = 3000𝐾 

Cathode sheath initial voltage drop 

(Set to the experimentally determined value [42]) 
15𝑉 

 

The boundary condition at the sheath edge is one of the most important factors to obtain 

an overall solution of the established near cathode non-LTE layer model. In the present 

work, Bohm criterion is adopted to describe the sheath edge where continuum approach 

becomes invalid in the sheath layer.  

 

3.3.3 Energy transfer between the cathode and arc column 

To determine the mass loss from the cathode surface, the energy transfer at the interface 

between the cathode bulk and non-LTE arc column need to be specified. The predicted 

thermal conduction flowed inside the cathode bulk and radiation from the arc column, 

which only contribute small portions of total flux, are not considered in present study. 

The associated energy flux terms transferred at cathode surface are described as below. 

 

(1) Ions bombardment heating effect 

The ions inside the sheath layer is produced from the ionization in the pre-sheath. They 

are accelerated by the cathode sheath potential drop and the current carried by the ions 

over the sheath layer keeps constant. In addition, the ions not collide with other particles 

and it means that the ions temperature in the sheath layer equals to that at the sheath 

edge. With assuming positive ions are immediately neutralized at the cathode surface, 

the kinetic energy of ions brings to the cathode is: 
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   𝑞𝑘𝑖𝑛𝑒𝑡𝑖𝑐 = 𝑒𝑉𝑐 (3.3.45) 

and the energy released at the cathode surface by the neutralization is:    

   𝑞𝑛𝑒𝑢𝑡𝑟𝑎𝑙𝑖𝑧𝑒 = 𝐸𝑖 − 𝐴𝑒𝑓𝑓 (3.3.46) 

where 𝐸𝑖 is the ionization energy (eV) of the plasma gas.  

 

With the consideration of enthalpy effects, the total energy flux carried by ions to heat 

up the cathode surface is determined by: 

   𝑞𝑖𝑜𝑛 = 𝑗𝑖 [𝑒𝑉𝑐 + 𝐸𝑖 − 𝐴𝑒𝑓𝑓 +
5

2
𝑘𝐵𝑇ℎ,𝑆𝐸] (3.3.47) 

where 𝑇ℎ,𝑆𝐸 is the temperature of heavy particles at the sheath edge. 

 

(2) Thermal conduction by heavy particles 

The thermal conduction from the arc plasma to the cathode is simply calculated by [43]: 

   𝑞𝑐𝑜𝑛 = 𝜆𝑒𝑓𝑓𝛻𝑇 =
𝜆𝑒𝑓𝑓(𝑇𝑎𝑟𝑐 − 𝑇𝑐)

𝛿
 (3.3.48) 

where 𝜆𝑒𝑓𝑓 is the effective thermal conductivity at the arc-cathode interface that taken 

as the harmonic mean of thermal conductivities of the arc plasma and cathode material; 

𝛿 is the length of cathodic non-LTE layer and 𝑇𝑎𝑟𝑐 is the temperature of the arc column. 

 

(3) Heating effects by the back-diffusion electrons 

The energy liberated by back diffusion electrons when they reach the cathode surface 

is determined by the flux: 

   𝑞𝑏𝑑 = 𝑗𝑒(𝐴𝑒𝑓𝑓 +
5

2
𝑘𝐵𝑇𝑒𝑠) (3.3.49) 

 

(4) Cooling effects by electrons emitted from the cathode surface 

The electrons emission has important effect on the energy balance condition at cathode 

surface. As mentioned before, the electrons are confined in the cathode by the potential 

barrier. If electrons overcome this barrier and emit by thermionic emission, the energy 

flux taken away by these emitted electrons is determined by: 

   𝑞𝑡𝑒 = 𝑗𝑡𝑒(𝐴𝑒𝑓𝑓 +
5

2
𝑘𝐵𝑇𝑐) (3.3.50) 
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With the considerations of quantum tunnelling effect when the induced surface electric 

field becomes strong, the energy would be transferred as a consequence of “Nottingham 

effect”. It could not be simply treated as cooling or heating process [44] which is judged 

by a defined inversion temperature [45], [46], [47]. 

 

The average energy of an emitted electron is determined by the “Nottingham potential” 

[1], [38], [48]: 

   휀 =
𝑒

𝑗(𝑇𝑐, 𝐸𝑐, 𝜙)
∫ 𝑊𝑃𝑊(𝑊, 𝑇𝑐, 𝐸𝑐 , 𝜙)𝑑𝑊 + 𝜙

+∞

−∞

 (3.3.51) 

where 𝑃𝑊(𝑊, 𝑇𝑐, 𝐸𝑐 , 𝜙)𝑑𝑊 is the energy distribution for electrons. 

   𝑊 =
𝑝2(𝑥)

2𝑚𝑒
+ 𝑉(𝑥) (3.3.52) 

   𝑃𝑊(𝑊, 𝑇𝑐, 𝐸𝑐, 𝜙) = ∫ 𝑁𝑊(𝑊, 𝑇𝑐, 𝜙)𝐷𝑊(𝑊, 𝐸𝑐)𝑑𝑊
𝑊

−∞

 (3.3.53) 

where 𝑁𝑊 is the number of electrons on the cathode surface per time interval and area; 

𝐷𝑊 is the tunnelling probability [38]. The supply function 𝑁𝑊 could be determined by 

assuming the emitted electrons from the cathode follow Fermi-Dirac distribution. With 

the Fowler-Nordheim approximation, the average energy is calculated analytically by: 

    휀𝐹𝑁 = −𝜋𝑘𝐵𝑇𝑐𝑜𝑡(
𝜋

2

𝑇

𝑇∗
) (3.3.54) 

where 𝑇∗ is the so-called inversion temperature. The cathode is heated by the electrons 

if cathode surface temperature is below this value and it is cooled otherwise. The energy 

carried by electrons, as a result of Nottingham effect, is proportional to the flux𝑗휀, 

   𝑞𝑛𝑜𝑡 = 𝑗𝑇−𝐹휀𝐹𝑁 (3.3.55) 

and the inversion temperature could be calculated using a fitting formula in the range 

of 𝐸 ∈ [2 × 108, 1010]𝑉/𝑚 and𝜙 ∈ [2, 5]𝑒𝑉, 

   𝑇∗ = 𝜔1

𝐸𝜔2

𝜙𝜔3
{1 +

𝜔4

𝜙𝜔5
[1 + tanh (𝜔6

𝐸𝜔7

𝜙𝜔8
− 𝜔9)]} (3.3.56) 

where the optimized values of 𝜔𝑖 are: 

   

𝜔1 = 7.1130 × 10−7; 𝜔2 = 0.98604; 

𝜔3 = 0.47483; 𝜔4 = 1.0296; 

𝜔5 = 0.91905; 𝜔6 = 4.8022; 

𝜔7 = 8.8832 × 10−2; 𝜔8 = 0.15358; 

𝜔9 = 30.371; 

(3.3.57) 
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The average energy of an emitted electron can be obtained by a fitting formula as well: 

   ε𝑁 = {
−𝑎2𝑎𝑇∗

2

𝜋
𝑇𝑐𝑜𝑡(

𝜋

2

𝑇

𝑇∗
) 𝑇 ≤ 𝑇∗

𝑎2𝑎𝑇∗(𝑇 − 𝑇∗)(1 − 𝜗) + (𝑎∞𝑇 + 𝑏2)𝜗 𝑇 > 𝑇∗
 (3.3.58) 

with 

   𝑎𝑇∗ ≔
𝑑

𝑑𝑇
ε𝑁|𝑇=𝑇∗ =

𝜋2𝑘𝐵

2
 (3.3.59) 

   𝑎∞ ≔
𝑑

𝑑𝑇
ε𝑁|𝑇→∞ = 2𝑘𝐵 (3.3.60) 

   ϑ =
𝑝𝑠

1 + 𝑝𝑠
 (3.3.61) 

   𝑝 = 𝑐2(
𝑇

𝑇∗
− 1) (3.3.62) 

where the optimized values are specified as: 

   𝑎2 = 1 − 1.03104 × 10−2
𝐸0.193326

𝜙0.821433
 (3.3.63) 

   𝑏2 = ϕ − 1.99435 × 10−5𝐸0.533739 (3.3.64) 

   𝑐2 =
0.687365

𝜙0.0525966
 (3.3.65) 

   𝑠 = 3.48481 (3.3.66) 

 

(5) Radiation cooling from the cathode 

The radiative loss is calculated by means of the principle of black-body radiation. 

   𝑞𝑟𝑎𝑑,𝑐 = 휀𝜎𝑇𝑐
4 (3.3.67) 

where 휀 is the emissivity of cathode material (0.07 for copper [49]) and 𝜎 is the Stefan-

Boltzmann constant (5.67 × 10−8Wm−2K−4). 

 

(6) Cathode material vaporization  

When the cathode surface temperature continuously increased and exceeds the material 

melting and vaporization points, the extra energy would change the material from solid 

to liquid and finally to vapour. The vaporization flux is obtained by: 

   𝑞𝑣𝑎𝑝 = 𝑞𝑐𝑜𝑛 + 𝑞𝑖𝑜𝑛 + 𝑞𝑏𝑑 − 𝑞𝑛𝑜𝑡 − 𝑞𝑟𝑎𝑑,𝑐 (3.3.68) 

and the rate of the material vaporization is calculated by: 

   �̇� =
𝑞𝑣𝑎𝑝

ℎ𝑣
 (3.3.69) 

where ℎ𝑣 is the energy required for vaporization (5204 J/kg for copper).  
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3.3.4 Overall solution for the non-LTE layer model 

Numerical calculation of the near cathode non-LTE model is performed from the LTE 

arc plasma side towards the cathode surface by patching the solutions of pre-sheath and 

sheath models. The calculation procedure is presented in Figure 3.6.  

Start

Calculate the chemical composition of 

non-LTE pure copper plasma (e, Cu, Cu+)

Calculate the thermodynamic and transport 

properties

Solve closed system of Eq. 

(3.2.1), (3.2.2), (3.2.12), 

(3.2.19) 

End

Arc parameters (T, P, dT, dP, 

n, dn, V, dV) as the boundary 

conditions

Pre-sheath model

Obtained variables:

• Particles number density

Obtained variables

• Diffusion coefficient

• Electrical conductivity

• Thermal conductivity

Obtained variables:

• Particles fluxes

• Temperatures distribution 

• Number densities of particles

• Potential distribution

Bohm criterion

Sheath model

Obtained variables:

• Current density carried by different particles

• Cathode sheath potential drop

• Energy flux carried by different particles

• Potential and electric field distribution in the 

sheath region by solving Poisson's equation

Energy flux terms at the 

cathode surface

Patch

Patch

Obtained variables      

• Thermal conduction

• Radiation from cathode

• Cathode vaporization

• Energy flux by ions

• Energy flux by emitted electrons  

• Energy flux by back-diffusion electrons

Final variables:

• Material erosion rate

• Mass loss
 

Figure 3.6 Calculation procedure of the non-LTE model. 
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3.4 Determination of the mass loss from the cathode surface 

In the model, the total current density and pressure are prescribed with constant values. 

The established pre-sheath model in this chapter is compared with the works of Hsu et 

al [50] and Rethfeld et al [12] by calculating the case of argon plasma interacts with a 

tungsten cathode.  

 

3.4.1 Argon plasma with a tungsten cathode 

In the pre-sheath model, the second-order differential equations (3.2.1), (3.2.2), (3.2.12) 

and (3.2.16) are numerically solved with a set of conditions at the pre-sheath boundary 

of arc plasma side: Te=Th=21,000 K; 𝜕T/𝜕x=−4.0×107 K/m; ne=ni=1.727×1023 m-3; 

𝜕𝑛/𝜕x=1.692×1024 m-4; V=8.5 V; 𝜕V/𝜕x=−1.45×104 V/m. The total current density is 

set to Jtot=1.2×108 A/m2 at atmospheric pressure. From the models described by Hsu 

and Rethfeld, the Potapov method is used to determine the number densities of particles 

while the method of Van de Sanden et al is adopted in the present work which has been 

described in Chapter 2. The generalized Saha equation for the two-temperature plasma 

ionization following the method of Potapov is given by [51]: 

   𝑛𝑒 (
𝑛𝑖

𝑛𝑎
)

1
𝜃

= 2(
𝑍𝑖

∗

𝑍𝑎
∗
)

1
𝜃

(
2𝜋𝑚𝑒𝑘𝐵𝑇𝑒

ℎ2
)

3
2
𝑒𝑥𝑝 (−

𝐸𝑖,𝐶𝑢 − ∆𝐸(0)

𝑘𝐵𝑇𝑒𝑥
) (3.4.1) 

where 𝑍𝑖
∗ and 𝑍𝑎

∗  are the generalized internal partition function of monatomic species 

and determined by: 

   𝑍𝑤
∗ = [𝑍𝑤

𝑒 (𝑇𝑒)]
𝜃 = [𝑍𝑤

𝑖𝑛𝑡(𝑇𝑒)]
𝜃
 (3.4.2) 

where w is the species contained in the plasma.  

 

As shown in Figure 3.7, the results indicate that the thickness of pre-sheath is slightly 

larger in comparison with that of Hsu’s (0.09 mm) [50]. In the calculation, the electrons 

and heavy particles have the identical temperatures at the outer pre-sheath boundary of 

the plasma side. The thicker pre-sheath layer results in a higher potential drop (6.8 V).  

Despite the difference of computed thermophysical properties, the discrepancy of the 

calculation results is possibly due to the boundary condition at the sheath edge as well. 

Based on his description, the continuum approach used for the pre-sheath model is valid 

until the variation of electron number density over the one electron mean free path 

reaches the same order of magnitude as electron number itself. This criterion is of more 
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qualitative nature compared with Bohm criterion. Moreover, the method of Potapov to 

calculate the chemical composition of the gaseous medium always cause more intense 

change of species concentration and lead to a much more drastic change of the plasma 

thermophysical properties [52] while the method of Van de Sanden et al provides more 

realistic calculation which is preferred in the present work based on a comparison [51].  

  
                                    (a)                                                                (b) 

 
      (c) 

Figure 3.7 Spatial dependences of particles number densities (a), potential (b) and 

temperature (c) in the pre-sheath layer towards the sheath edge in comparison with the 

reference.  

 

3.4.2 SF6 plasma with a copper cathode 

3.4.2.1 Pre-sheath layer  

With assuming a severe contact erosion occurred, the non-LTE layer with much smaller 

thickness contains only pure copper vapour which contains three species: e, Cu and Cu+. 
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Figure 3.8 presents the spatial distributions of the particle number densities in the pre-

sheath layer from the boundary (x=0) at the arc plasma side towards the sheath edge. It 

is observed that the charged particles number density is decreased towards the sheath 

edge which is due to the collisions in the pre-sheath layer. However, the ionization rate 

is substantially increased towards the cathode surface because large amount of metallic 

vapour is produced from the cathode surface. It leads to a considerable increase of the 

neutral particles number density although it is expected to be lower in the majority of 

the pre-sheath due to the lower ionization energy of copper atoms. 

 
Figure 3.8 Spatial dependences of the number densities of particles in the pre-sheath 

layer towards the cathode surface. 

 

From the calculation, there is an approximately 3.6 V potential drop over the pre-sheath 

layer from the arc plasma side towards the sheath edge, as shown in Figure 3.9. Actually,  

the initial potential value of 15 V at the arc side boundary of the pre-sheath is arbitrarily 

given as a reference value and it could be adjusted to the real value from the magneto-

hydrodynamics model for the calculation of LTE arc plasma. In addition, the diffusion 

fluxes of electrons and ions and the corresponded terms described in Eq. (3.2.9) and 

(3.2.10) are demonstrated in Figure 3.10. The negative sign represents the flux diffusion 

direction which is opposite to the defined positive direction from the cathode surface to 

the arc plasma. The results indicate that the diffusion fluxes of electrons and ions are 

dominantly driven by the potential drop over the pre-sheath layer.  
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Figure 3.9 Spatial dependence of potential in the pre-sheath layer. 

 

    
                                    (a)                                                                  (b) 

Figure 3.10 Spatial dependence of the diffusion flux distributions of the electrons (a) 

and ions (b) while “Γ” represents the total diffusion flux and ΓTe, Γne, Γna, ΓV 

represent the diffusion flux components driven by the variation of temperature, 

number density and potential respectively.  

 

Figure 3.11 presents the spatial distribution of the charged particles temperatures. It is 

observed that the temperature of heavy particles is reduced significantly in comparison 

with the electrons. Over the pre-sheath layer, the electrons temperature differs from the 

heavy particles due to the non-equilibrium environment. Since the electrons are lighter 

than the heavy particles and they are emitted from the cathode surface with much higher 
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velocity, the temperature equilibration process during the collisions becomes faster and 

easier for electrons. Moreover, the heavy particles temperature continuously decreases 

to the cathode surface temperature (3,000 K in the present work) from the arc column.  

 
Figure 3.11 Spatial dependence of the temperature distributions for electrons and 

heavy particles from the arc side boundary of pre-sheath towards the sheath edge. 

 

3.4.2.2 Considerations of the pressure correction due to Coulomb interactions 

The Debye-Hückel effect caused by the Coulomb interaction between charged particles 

is also considered in the calculation. Computations with and without the consideration 

of Debye-Hückel effects are illustrated in Figure 3.12. 

 
                                   (a)                                                                 (b) 
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         (c)                                                                (d) 

Figure 3.12 Spatial dependence of the (a) number density, (b) potential, (c) electron 

temperature and (d) heavy particle temperature distributions in the pre-sheath layer 

with and without the consideration of Debye-Hückel effect. 

 

Following Debye-Hückel theory, when calculates the chemical composition of a non-

LTE plasma, an internally consistent system of corrections is normally applied for the 

determination of chemical potential, Saha equation, partition function and equations of 

states. From the calculation, it is found that Debye approximation dose not contribute 

much to the system kinetic pressure and the physical properties of the non-LTE plasma 

in the pre-sheath layer.  

 

3.4.2.3 Sheath layer 

Two representative factors need to be considered when analyses the physical conditions 

in the sheath layer: current transfer and cathode sheath potential drop. The total current 

density derived in the sheath model is expressed with potential distribution 𝑉, induced 

cathode surface electric field 𝐸𝑐 and sheath potential drop 𝑉𝑐. From the literature review, 

𝑉𝑐 is normally assumed (15 V) based on the experiments and empirical experiences [42]. 

In the present work, given that the numbers of plasma back diffusion electrons reaching 

the cathode surface is lower in comparison with other particles and the electrons located 

on the pre-sheath side of the sheath edge are moving towards the arc column at a rate 

of neue as appearing in Eq. (3.2.1), energy of electrons associated with this flux should 

be supplied by the electrons emitted from cathode surface and accelerated across the 

sheath layer. It governs a relationship between the overall potential drop in the cathode 

sheath and the related parameters at the sheath edge. On solving the equations described 
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for the sheath layer, a potential drop of 12.84V is obtained. The results indicate that the 

induced surface electric field strength is sensitive to the total current density, as shown 

in Figure 3.13 and the relationship between the total current density and cathode surface 

temperature at a given electric field strength is shown in Figure 3.14. 

  
Figure 3.13 Surface electric field strength as a function of the total current density 

flowed to the cathode surface. 

 

 
Figure 3.14 Total current density flowed to the cathode surface as a function of the 

surface temperature at a given electric field strength. 
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In the present study, the total current density flowed to cathode surface is prescribed as 

a given parameter (1.5×108 A/m2). In reality, actual total current density during the arc-

cathode interaction is uncertain due to the dynamic characteristics of the arc column. 

An approximate value is thus used by assuming the cathode surface is fully covered by 

the arc column. It is noted that total current density is significantly increased when the 

surface temperature becomes higher which is due to the increased number of emitted 

electrons by thermo-field emission.  

 

3.4.2.4 Energy transfer at the cathode surface 

Figure 3.15 and 3.16 present the associated energy flux terms (net heat flux of positive 

ions qion, back diffusion electrons qe, heavy particles thermal conduction qcond, electrons 

emission qnot and radiation from cathode surface qrad,c) transferred on cathode surface 

with prescribed total current density and cathode surface temperature. It is found that 

the electrons emission plays a dominant role for removing the thermal energy from the 

cathode surface when the induced electric field becomes very high. However, it results 

in a decrease of the energy flux carried by the material vaporization. Moreover, the 

cathode surface cooling is mostly balanced by the ions bombardment effect on cathode 

surface and the thermal conduction of heavy particles. In addition, because of the much 

smaller amount of the electrons reaches at the cathode surface, the heating flux carried 

by the back-diffusion electrons only takes a smaller proportion of the net energy flux 

on the cathode surface. 

 
                                     (a)                                                                  (b) 

Figure 3.15 The energy flux for the cathode material vaporization at a given surface 

temperature (3,000K) with a constant total current density of 1.5×108 A/m2. 
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Figure 3.16 The energy flux for the cathode material vaporization at a given surface 

temperature (3,000K) with a constant total current density of 1.5×108 A/m2. 

 

3.4.2.5 Comparative study of the localized parameters within the sheath layer 

(1) Arc attachment on the cathode surface 

In recent years, there has been considerable effort in developing the mathematic models 

to investigate the attachment modes of the high intensity discharge (HID) arc interacted 

with cathode bulk [53]–[55]. It highly depends on the mechanism of electrons emission 

from the cathode surface and the physical properties of the used cathode materials [56]. 

There are two attachment modes: spot mode and diffuse mode [57]–[59] and physical 

properties of these two attachment modes have been explained according to theoretical 

investigations and experiment observations [2], [55], [60], [61]. The arc attached on the 

cathode surface with a lower current density but larger attachment area is defined as the 

diffuse mode. However, the arc attached on the cathode surface with smaller area than 

the cathode diameter but higher current density is defined as the spot mode. In reality, 

the spot mode is normally occurred when the arc attached on a non-thermionic cathode 

both in vacuum and in gas [62]. A number of cathode spots with higher current densities 

are attached on the cathode surface and the plasma in front of the cathode is formed by 

the ionisation of metallic vapour produced from the cathode erosion. However, when 

the arc attached on a thermionic cathode, the arc is formed by ionization of surrounding 

gaseous medium. This difference influences the proportion of ions moved into the space 

charge sheath layer. For the thermionic cathode, the number of ions inside the sheath 

layer are determined by the ambient gas pressure of surrounding gaseous medium while 

the metallic vapour limits the pressure when the arc attached on non-thermionic cathode 

(metallic vapour pressure), which may be higher than the ambient gas pressure.  
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(2) Current density within the cathode spots 

Optical observation of the luminous phenomenon shows that cathode spot diameter is 

about 100 μm with current density smaller than 109 A/m2. Nevertheless, an even higher 

current density (>1012 A/m2) is estimated when observes the erosion traces left on the 

cathode surface after a current interruption process [15]–[19]. A wide range of current 

density estimation is presented in Table 3.5. 

 

Table 3.5 Current density within the cathode spot for various arc current levels. 

Contact Material Current Level (kA) Current density (109 A/m2) Ref 

Copper cathode 20 50 [63] 

16 8-800 

5 12-1200 

3 0.25 

0.05-2 0.2-0.7 

Copper anode 6-18 0.6-1.2 [64] 

0.01 >0.5 

 

(3) Metallic vapour pressure in front of the cathode  

For high pressure arc interacts with non-thermionic cathode, a self-sustaining operation 

regime would become possible if there is a sufficient electron flux emitted from cathode 

surface. Within the sheath layer, the electrons emission is significantly affected by the 

ions flux. Large amount of ions bombard on cathode surface would induce high surface 

electric field, resulting in the high current density of emitted electrons. However, the 

ions flux is sensitively affected by the localized vapour pressure in the non-LTE layer.     

 

The non-LTE layer in front of the cathode is treated as a two-scale problem of the quasi-

neutral pre-sheath and collisionless sheath, which is limited to the case of a small Debye 

length (𝜆𝐷 → 0) and a suitable condition at the sheath edge is proposed following the 

Bohm criterion. However, from the calculation, a discontinuity of the electric field is 

occurred at the sheath edge which is due to the patching of solutions of the pre-sheath 

and sheath models. From the work of Riemann [21], another transition layer is required 

between sheath and pre-sheath layers, which is known as “Knudsen layer”, also called 

the vaporization layer. It is defined to smoothly match the solutions of sheath and pre-

sheath models to avoid the singularity induced from patching method. With assuming 
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ions from the pre-sheath layer are bombarded and recombined on the cathode surface, 

which leads to a decrease of the ions number density, the velocity of ions at the sheath 

edge need to be larger, which is accelerated in the Knudsen layer. Based on the model 

proposed by Schmitz and Riemann [65], the Knudsen layer is assumed to be adjacent 

between the sheath and pre-sheath layers with a typical scale of ion mean free path 

which is much smaller than the pre-sheath length. It could be treated as a quasi-neutral 

layer without ionization and recombination occurred. The presence of Knudsen layer 

leads to an extension of pre-sheath and results in a slightly larger velocity of the ions at 

the sheath edge, 

 𝑢𝑖𝑠 = √
𝑘𝐵𝑇𝑒

𝑚𝑖
(0.9107 + 0.2363

𝑇ℎ

𝑇𝑒
) (3.4.3) 

where c1 and c2 are two coefficients [66], [67], and the current density ions in the sheath 

layer is thus calculated by: 

 𝐽𝑖 = 𝑒𝑛𝑖𝑠√
𝑘𝐵𝑇𝑒

𝑚𝑖
(0.9107 + 0.2363

𝑇ℎ

𝑇𝑒
) (3.4.4) 

 

In addition, with the consideration of the Knudsen layer, the vaporization flux could be 

simply determined as a function of cathode surface temperature only [68],  

where Γ𝑣𝑎𝑝 is the flux density of atoms vaporization (m-2s-1); 𝑝𝑣𝑎𝑝(𝑇𝑐) is the localized 

vapour pressure, 

 𝑙𝑜𝑔(𝑝𝑣𝑎𝑝) =
𝐴2

𝑇𝑐
+ 𝐵2 + 𝐶2𝑙𝑜𝑔(𝑇𝑐) + 𝐷2𝑇𝑐 (3.4.6) 

where A2, B2, C2 and D2 are constants obtained from the pressure curve. For the copper 

cathode, this pressure is calculated by [69], [70]: 

 𝑝𝑣𝑎𝑝 = 133.3𝑇𝑐
−1.27 ∙ 10

(13.39−
17656

𝑇𝑐
)
 (3.4.7) 

 

Based on Kogan and Makaschew [71], the maximum vapour density is given by [25]: 

and the vaporization flux is thus determined by [72]: 

 𝛤𝑣𝑎𝑝 =
𝑝𝑣𝑎𝑝(𝑇𝑐)

√2𝜋𝑚𝑎𝑘𝐵𝑇𝑐

 (3.4.5) 

 
𝛤𝑣𝑎𝑝,𝑚𝑎𝑥 =

𝑝(𝑇𝑐)

4√𝑚𝑎𝑘𝐵𝑇𝑐

3

 
(3.4.8) 
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where 𝜂 is the condensation energy of the cathode material atoms (3.43 eV) and 𝑚𝑎 is 

the mass of copper atoms. As presented in Figure 3.17, the vapour pressure increases 

with the cathode surface temperature exponentially. 

 
Figure 3.17 Total current density flowed to the cathode surface as a function of the 

surface temperature at a given electric field strength. 

 

3.4.2.6 Erosion rate and mass loss 

The estimated material mass loss due to the contact erosion is presented in Table 3.6 

and compared with experiment results. The associated experiments are performed with 

different interrupted current levels (Figure 3.18) on an air circuit breaker at atmospheric 

pressure. The tested arc duration is 10 ms and the arc column is not confined with a 

nozzle. The mass loss predicted in this work has the same order of magnitude of the 

mass vaporized from a negative contact in the test circuit breaker. The results indicate 

that the cathode material erosion rate increases with the total current, 0.036 g/s at 22 

kA, 0.045 g/s at 27 kA and 0.053 g/s at 32 kA with an estimated current density of 1.5 

× 108 A/m2. The predicted cathode mass loss considering the effects of Knudsen layer 

in comparison with the estimated results from present model is shown in Table 3.7. It 

is found that when an atmospheric pressure arc interacts the with cathode, the presence 

of Knudsen layer has an insignificant effect on the sheath formation which is due to the 

 𝑞𝑣𝑎𝑝 = Γ𝑣𝑎𝑝 ∙ 𝜂 (3.4.9) 
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smaller difference between the Bohm velocity and the new velocity of ions accelerated 

in the Knudsen layer.  

 

Table 3.6 Mass loss of copper cathode in experimental measurement and estimation. 

Material loss 

 

 

Current (kA) 

Measurement 

(g) 

Prediction 

Mass loss (g) 
Length variation due 

to erosion (mm) 

22 0.29 0.11 0.048 

27 0.42 0.13 0.057 

32 0.44 0.16 0.071 

 

 

Figure 3.18 Current curves captured from the model circuit breaker.   

 

Table 3.7 Predicted mass loss from the cathode material due to erosion.  

Mass loss (g) 

 

Current (kA) 

Prediction 

qvap=qin-qout qvap=Γ𝑣𝑎𝑝 ∙ 𝜂 qvap, max 

22 0.11 0.10 0.11 

27 0.13 0.12 0.13 

32 0.16 0.14 0.15 
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3.5 Conclusion 

This Chapter established a mathematical model correlated to the near cathode layer in 

front of cathode. The potential drop over the non-LTE layer could be calculated instead 

of the empirical assumptions used in previous models. A value of 16.44V potential drop 

across the near cathode non-LTE layer is obtained from present work although there is 

a discontinuity of the electric field at the sheath edge which is a direct consequence of 

the assumptions of electrical quasi-neutrality in the pre-sheath layer and collisionless 

in the sheath layer. Finally, the transferred energy flux terms at the cathode surface are 

obtained to determine the total mass loss of the cathode material.  

 

The present model poses some limitations: 

(1) The estimated total current density is a necessary parameter in the absence of actual 

size of arc column. However, it is difficult to accurately determine because of the 

dynamic characterises when the hot arc column interacts with the cathode surface.     

(2) The temperature distribution on the cathode surface is unknown which a reasonable 

value is assumed. 

 

In the further work, two limitations listed above could be solved by:  

(1) Simulate the whole arcing region coupled with the near cathode non-LTE layer 

model to calculate the total current density. 

(2) Obtain the temperature distribution from the overall solution of the arc column and 

non-LTE layer model by coupling with the conjugate heat transfer model.  

 

In this work, the final prediction of cathode material total mass loss is smaller than the 

measurements which is possible because: 

▪ The heat conduction into the cathode bulk is not considered in the present work and 

3,000K is taken as the cathode surface temperature. 

▪ The boundary conditions from the arc plasma side of the pre-sheath layer are not 

obtained by the coupled simulation. 

▪ The metallic particles detached from the cathode surface is also not included, which 

could significantly influence the total mass loss in reality. This is because they are 

spitted from the cathode at the temperature lower than its vaporization temperature, 

thus needs less energy in heating them up. This will increase the total mass loss. 
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Following the present work, it could be concluded that a reasonable estimation of the 

hardware conditions through the computer modelling, supported and verified by the test 

results, is expected to be an alternative solution for acquiring the knowledge of the arc-

contact interaction. Moreover, numerical modelling of the arc plasma and its interaction 

with the contacts is fundamental to the contacts optimum design. In the future, to make 

the model more practical, the reliable data from the real circuit breakers arcing tests 

under various conditions are required.  
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Nozzle Ablation and its Effects on the Interruption Process  

 

4.1 Introduction 

An auto-expansion circuit breaker utilises the ablated PTFE vapour from the nozzle(s) 

at high current to establish the required flow conditions at the final current zero for arc 

quenching. Nozzle ablation is affected by a number of factors, such as current level, arc 

duration and the travel characteristics of the moving contacts that controls the arc length.  

 

Nozzle ablation results in the deformation of the nozzle surface and the enlargement of 

the nozzle hole. Due to the uncontrollable deformation and damage, the nozzle surface 

becomes rough as a result of ablation by strong arc radiation as well. All of these make 

changes to the flow field and affect the interruption process. When nozzle ablation takes 

place, the produced PTFE vapour is inevitably injected into working medium, bringing 

mass, momentum and energy into the flow field, especially within the arcing space. The 

vapour then mixes with SF6 gas and changes the chemical composition, thermodynamic 

properties and transport coefficients of the arcing gaseous mixture. The arc column is 

assumed in LTE and LCE states which could be described by three variables: pressure, 

temperature and vapour concentration. Besides that, the thermodynamic properties and 

transport coefficients of SF6-PTFE mixture are determined using a modified model of 

that described in Chapter 2 and given in section 4.3.1.4 in this chapter. 

 

Despite that there has been a significant amount of work on gas blast circuit breakers, 

including both puffer and auto-expansion types, there has been little work on the effects 

of nozzle ablation on the flow field that is critical in interruption process. This chapter 

presents a comparative study of the nozzle ablation with different arc durations and its 

influences on the flow environment inside the arcing chamber. Nozzle ablation can be 

separately studied because it is caused by the arc radiation from the LTE column while 

contact erosion is only controlled by the energy into the contact tip which is influenced 

by the non-LTE contact layer. Nozzle ablation is hardly affected by this non-LTE layer 

since the thickness of the non-LTE layer is much smaller in comparison with the length 

between the separated contacts. 



Chapter 4 118 

 

 Wen Wang 

 

4.2 Simulation Geometry and Preconditions of the 145 kV/40 kA 

Auto-expansion Circuit Breaker 

The current interruption process of a 145 kV/40 kA auto-expansion circuit breaker is 

studied under different discharge conditions, e.g. interrupting current level, arc duration, 

and contact travel curve. Different from existing work on circuit breaker arc simulation, 

the diameter changes of nozzles (main nozzle and auxiliary nozzle) has been considered. 

Cases with short, medium and long arc durations are studied. PHOENICS 3.6.1 is used 

for its capability to handle the moving objects and flexibility in controlling the solution 

process. 

  

The schematic diagram of the 145 kV/40 kA auto-expansion circuit breaker is presented 

in Figure 4.1. The power frequency is 60 Hz and the filling gas is SF6 with an absolute 

pressure of 0.6 MPa at 300 K. Figure 4.1 also describes the computational domain. The 

pressure at the two ends is set to a fixed value of 0.6 MPa. The pressure at the exit is 

also set to 0.6 MPa. In the arcing chamber of this circuit breaker, the flat throat of main 

nozzle has a length of 22.4 mm and a radius of 10.5 mm. The auxiliary nozzle flat throat 

has a length same as the radius of 9.5 mm. 

 
Figure 4.1 Schematic diagram of the 145 kV/40 kA auto-expansion circuit breaker 

under investigation. Gases are free to enter or leave the computational domain. In 

case, the gas enters the domain is assumed to have a temperature of 300 K. 

 

Body fitted coordinate (BFC) system is used to define the structured grids of the model. 

Nevertheless, due to the limitation of this version of PHOENICS which could not model 

the movement of a round tipped contact accurately, curved tip is replaced by superposed 

rectangular blocks as shown in Figure 4.2. The number of blocks should ensure that the 

curved tip is adequately represented. In the model, the solid contact and the piston are 
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moving while the nozzle and hollow contact including the cylinder stays stationary. It 

is the opposite in reality. This is done to simplify the modelling process because objects 

with irregular shape are difficult to move in structured grid. It however does not affect 

the results since the puffer action to generate high pressure depends only on the relative 

motion of the piston and the cylinder. In addition, the gas speed in the arcing chamber 

is much higher than the speed of the moving contact or piston.  

 
Figure 4.2 Diagram showing approximation of the round moving contact tip by blocks 

of different thickness. The blocks move in the simulation. 

 

4.3 Mathematical Model for the Auto-expansion Circuit Breaker 

4.3.1 Governing equations of the switching arc in LTE 

Theories of hydrodynamics and electromagnetics are considered to analyse the dynamic 

behaviour of the arc. An arc is produced by the breakdown of the gas in the contact gap 

(SF6 in the present work) and the flow in the arcing chamber is assumed to be turbulent 

[1], [2]. The behaviour of the arc is described by the modified time-averaged Navier-

Stokes equations (conservation equations of mass, momentum and energy) and mass 

concentration of PTFE vapour in the presence of nozzle ablation. Since the arc pressure 

is well above atmospheric, the gaseous mixture of SF6 and PTFE vapour is assumed to 

be in LTE and LCE. Moreover, the arcing chamber is rotationally symmetric. A general 

form for these conservation equations can be written as: 

 
𝜕(𝜌𝜙)

𝜕𝑡
+ 𝛻 ∙ (𝜌𝜙�⃑� ) − 𝛻 ∙ (𝛤𝜙𝛻𝜙) = 𝑆𝜙 (4.3.1) 

and in a 2D cylindrical polar coordinate system as: 

 
𝜕(𝜌𝜙)

𝜕𝑡
+

1

𝑟

𝜕

𝜕𝑟
(𝑟𝜌𝑣𝜙 − 𝑟𝛤𝜙

𝜕𝜙

𝜕𝑟
) +

𝜕

𝜕𝑧
(𝜌𝑤𝜙 − 𝛤𝜙

𝜕𝜙

𝜕𝑧
) = 𝑆𝜙 (4.3.2) 

where 𝜙 is the dependent variable; 𝜌 is the gas density; �⃑�  is the velocity vector contains 

radial (v) and axial (w) velocity components; 𝛤𝜙 is the diffusion coefficient and 𝑆𝜙 is 

the source term for different conservation equations given in Table 4.1 [3].  
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Table 4.1 Source terms and diffusion coefficients for above governing equations. 

Equation 𝜙 𝛤𝜙 𝑆𝜙 

Mass 1 0 0 

Z-momentum 𝑤 𝜇𝑙 + 𝜇𝑡 −
𝜕𝑃

𝜕𝑧
+ 𝐽𝑟𝐵𝜃 + 𝑣𝑖𝑠𝑐𝑜𝑢𝑠𝑡𝑒𝑟𝑚𝑠 

R-momentum 𝑣 𝜇𝑙 + 𝜇𝑡 −
𝜕𝑃

𝜕𝑟
− 𝐽𝑧𝐵𝜃 + 𝑣𝑖𝑠𝑐𝑜𝑢𝑠𝑡𝑒𝑟𝑚𝑠 

Enthalpy ℎ 
𝜆𝑙 + 𝜆𝑡

𝑐𝑝
 𝜎𝐸2 − 𝑞 +

𝑑𝑃

𝑑𝑡
+ 𝑣𝑖𝑠𝑐𝑜𝑢𝑠𝑑𝑖𝑠𝑠𝑖𝑝𝑎𝑡𝑖𝑜𝑛 

Copper/PTFE mass 

concentration 
𝑐𝑚 𝜌(𝐷𝑙 + 𝐷𝑡) 0 

Current continuity 𝜑 𝜎 0 

where 𝜇 is the dynamic viscosity; P is the pressure; 𝐽𝑟 and 𝐽𝑧 are the radial and axial 

components of the current density; 𝜃 is the azimuthal direction of the cylindrical polar 

coordinates system; 𝜆 is the thermal conductivity;𝜎 is the electrical conductivity; 𝑐𝑝 is 

the specific heat at constant pressure; E is the electric field strength; the subscripts of l 

and t represent the laminar and turbulent parts of the diffusion coefficients respectively; 

the term 𝜎𝐸2 denotes the ohmic heating and q represents the net radiation loss per unit 

volume and time; D is the diffusivity and 𝑐𝑚 is the vapour mass concentration which is 

calculated by: 

 𝑐𝑚,𝐶𝑢 =
𝑥𝐶𝑢𝑀𝐶𝑢

𝑥𝐶𝑢𝑀𝐶𝑢 + 𝑥𝑆𝐹6
𝑀𝑆𝐹6

 (4.3.3) 

       𝑐𝑚,𝑃𝑇𝐹𝐸 =
𝑥𝑃𝑇𝐹𝐸𝑀𝑃𝑇𝐹𝐸

𝑥𝑃𝑇𝐹𝐸𝑀𝑃𝑇𝐹𝐸 + 𝑥𝑀𝑆𝐹6

 (4.3.4) 

where x is the molar fraction and M is the molar mass of the vapour.  

 

4.3.1.1 Ohmic heating 

The ohmic heating is a process of converting electric energy into thermal energy of the 

arcing medium and the gas is heated up to a high temperature by the ohmic heating. To 

determine the ohmic heating 𝜎𝐸2, electrical conductivity 𝜎 is determined as a function 

of temperature and pressure, which has already been explained in Chapter 2. There are 
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two representative models in determining the electric field: slender arc model and non-

slender arc model. The former one is defined especially for the long arc with low current 

where the variation of radial electric field component is negligible and axial component 

of the electric field is then calculated by: 

 𝐸𝑧 =
𝐼

∫ 𝜎 ∙ 2𝜋𝑟𝑑𝑟
𝑅𝑐

0

 
(4.3.5) 

where 𝑅𝑐 is the radius of the conducting column which is normally taken as the radial 

distance from the axis to the point of T=3,000 K. It is derived following the Ohm’s law 

with the relationship between the current density J and electric field strength E: 

 𝐽 = 𝜎𝐸 =
𝐼

∫ 2𝜋𝑟𝑑𝑟
𝑅𝑐

0

 
(4.3.6) 

 

Moreover, the electrical conductivity of arcing medium is very small at low temperature 

(e.g. T<3,000 K). In the present work, 𝑅𝑐 is set to the radius of the nozzle flat throat [3]. 

 

The radial current density component could not be neglected at high current level since 

the radial dimension of the arc column changes significantly, espeically at the arc roots. 

Under this condition, the electric field and current density are determined using the non-

slender arc model by numerically solving the current continuity equation which is given 

by: 

     
𝜕𝜌

𝜕𝑡
+ 𝛻 ∙ (𝜎𝛻𝜑) = 0 (4.3.7) 

 

Following the international standards which describe the test duties on the high voltage 

circuit breakers, the operation power frequency is normally at 50 Hz or 60 Hz [4]. On 

the basis of low-frequency approximation, 
𝜕𝜌

𝜕𝑡
 is smaller and it could be omitted, and the 

electric field is thus obtained directly by: 

     𝛻 ∙ (𝜎𝛻𝜑) = 0 (4.3.8) 

 

The radial and axial components of the current density are calculated from the electrical 

potential distribution (𝐸 = −𝛻𝜑) [5]: 

     𝐽𝑟 = −𝜎
𝜕𝜑

𝜕𝑟
 (4.3.9) 
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     𝐽𝑧 = −𝜎
𝜕𝜑

𝜕𝑧
 (4.3.10) 

 

The boundary conditions to solve the current continuity equation is defined according 

to the long-range nature of the electric field. In other words, the computational domain 

for solving current continuity equation should be sufficiently large so the uncertainties 

in the boundary conditions do not affect the solution in the domain of interest. In the 

calculation, the boundary is extended until the potential distribution in the nozzle does 

not change anymore when the domain is further enlarged.   

 

4.3.1.2 Lorentz force 

In the 2D cylindrical coordinates system, the arc column is rotationally symmetric and 

the Lorentz force is calculated as a function of the axial and radial current densities and 

the magnetic field in azimuthal direction induced by current. The azimuthal magnetic 

field is calculated by [5]: 

 
1

𝑟

𝜕

𝜕𝑟
(𝑟𝐵𝜃) = 𝜇0𝐽𝑧 (4.3.11) 

and the magnetic flux density is determined by: 

 ∇ × �⃑� = 𝜇0𝐽  (4.3.12) 

where 𝜇0 is the permeability of arcing medium (𝜇0 = 4𝜋 × 107𝐻/𝑚) that is assumed 

to be homogenous. The magnetic field could be obtained following the Biot-Savart Law 

and Ampère’s circuital law: 

  𝐵𝜃 =
𝜇0𝐼

2𝜋𝑟
=

𝜇0 ∫ 𝐽𝑧2𝜋𝜉𝑑𝜉
𝑟

0

2𝜋𝑟
 (4.3.13) 

and the Lorentz force term as the volumetric force in the momentum equation is given 

by: 

 𝑓𝑟 = −𝐽𝑧𝐵𝜃 (4.3.14) 

 𝑓𝑧 = 𝐽𝑟𝐵𝜃 (4.3.15) 

 

4.3.1.3 Turbulence energy transport 

Wherther a flow is laminar or turbulent flow depends on the relative largeness of flow 

inertia and flow friction due to the viscosity. Some turbulence models have been studied 

[6]–[10] when applied to the arc modelling for high voltage circuit breakers [11]–[17]. 
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In 1973, Niemeyer and Ragaller [18], [19] pointed out that the transition from a hydro-

dynamically unstable shear layer at the arc boundary to a turbulent layer appears at the 

downstream of the nozzle throat. The presence of turbulence leads to an enhancement 

of the energy and momentum transfer [20]. It is a dominant mechanism to remove the 

arc themral energy in particular in the final current zero phase. After current zero, there 

is a residual plasma with a small current flow between the arcing contacts. During this 

period, the energy is effectively removed by the convection and turbulent cooling, and 

eventually results in a successful thermal recovery. In the theory of fluid dynamics, the 

turbulence is described by the Reynolds number which is defined as the ratio of inertial 

force over viscous force, with the form [21]: 

       𝑅𝑒 =
𝑉𝐿

𝜈
 (4.3.16) 

where 𝑉 is mean velocity of the gas; L is a characteristic length and 𝜈 is the kinematic 

viscosity. To obtain the Reynolds stresses in the momentum equations, the concept of 

turbulence eddy viscosity is introduced according to Boussinesq approximation [22]. It 

describes a proportional relationship between Reynolds stress tensor and mean rate of 

strain tensor [23]: 

       𝜏𝑖𝑗 = 2𝜇𝑡𝑆𝑖𝑗
∗ −

2

3
𝜇𝑡

𝜕(𝑈𝑣)𝑘

𝜕𝑥𝑘
𝛿𝑖𝑗 −

2

3
𝜌𝐾𝑡𝛿𝑖𝑗 (4.3.17) 

where 𝜏𝑖𝑗 is the Reynolds stress; 𝜇𝑡 is the turbulence eddy viscosity; 𝜌 is the density; 

𝐾𝑡 is the turbulence kinetic energy; 𝛿𝑖𝑗 is the Kronecker delta; Uv is the velocity and 𝑆𝑖𝑗
∗  

is the mean rate of the strain tensor, defined by: 

       𝑆𝑖𝑗
∗ =

1

2
(
𝜕𝑢𝑖

𝜕𝑥𝑗
+

𝜕𝑢𝑗

𝜕𝑥𝑖
) (4.3.18) 

and the turbulence viscosity is determined with a length scale and velocity scales due 

to the dimensional effect [24].  

       𝜇𝑡 = 𝐶𝜌𝐿𝑠𝑣𝑡𝑠 (4.3.19) 

where 𝐶 is a constant; 𝐿𝑠 and 𝑣𝑡𝑠 are the turbulence length scale and velocity scale.  

 

In SF6 switching arc modelling, Prandtl mixing length model is the simplest model and 

the turbulence viscosity is calculated by [5]: 

       𝜇𝑡 = 𝜌𝐿𝑠
2 [2 (

𝑣

𝑟
)
2

+ (
𝜕𝑤

𝜕𝑟
+

𝜕𝑣

𝜕𝑧
)
2

] (4.3.20) 
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and the length scale is assumed to be proportional to the local thermal radius of the arc 

column [17],  

       𝐿𝑠 = 𝑐𝑟𝛿 (4.3.21) 

where c is the turbulence parameter and 𝑟𝛿 is the thermal radius of the arc, defined as, 

       𝑟𝛿 = √
𝜃𝛿

𝜋
 (4.3.22) 

and 𝜃𝛿  is the thermal area of the arc that given by: 

       𝜃𝛿 = ∫ (1 −
𝑇∞

𝑇
) 2𝜋𝑟𝑑𝑟

∞

0

 (4.3.23) 

where 𝑇∞ is the temperature near the nozzle wall where the radial temperature gradient 

is negligible and the gas temperature is low. However, compared with the simple nozzle 

arcs, the complicated geometry of a circuit breaker and flow field conditions makes it 

less easily to determine the arc radius. Therefore, based on empirical experience, the 

arc radius is defined as the radial distance from the axis to the 5,000 K isotherm for the 

high current phase and to 3,000 K isotherm for the current zero and post arc phases [3]. 

In the calculation, the turbulence parameter 𝑐 should be calibrated in accordance with 

at least one set of experiment results. Because of the influences of the arc radius on the 

turbulence parameter, the value of c used for the high and low current conditions should 

be adjusted accordingly. It is higher at low current because of stronger turbulent cooling 

effect. A linear relationship of turbulence parameter c with current is expressed as [25]: 

        𝑇𝑝 = 𝑇𝑝𝐻𝐼
+

|𝐼| − 1.5 × 104

0 − 1.5 × 104
(𝑇𝑝𝐼0

− 𝑇𝑝𝐻𝐼
) (4.3.24) 

where 𝑇𝑝 is the name of the turbulence parameter used in the program; 𝑇𝑝𝐼0
 and 𝑇𝑝𝐻𝐼

 

(𝑇𝑝𝐻𝐼
=0.05 in the present work) are the turbulence parameters in the current zero phase 

and high current phase respectively; 𝐼 is the arcing current. The turbulence parameter 

used in the post arc phase is also equal to 𝑇𝑝𝐼0
. 

 

Additionally, the turbulence viscosity obtained from the more sophisticated turbulence 

model “K-Epsilon model” is determined by [17]: 

       𝜇𝑡 = 𝜌𝐶
𝑘2

휀
 (4.3.25) 

where k is the turbulent kinetic energy per unit mass and 휀 is the dissipation rate. There 

are five constants in the k-ε model as listed in Table 4.2. Based on a comparative study 
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[17], the Prandtl mixing length model has computational advantages compared with the 

two-parameter k-ε model. Moreover, only turbulence parameter c requires adjustment 

for the Prandtl mixing length model.  

 

Table 4.2 Values of the five parameters in the k-ε model. 

Constant parameters Values 

𝜎𝑘 1.0 

𝜎  1.3 

C 0.09 

𝐶1𝑒 1.44 

𝐶2𝑒 1.92 

 

Closure of Eq. (4.3.1) needs a knowledge of turbulence enhanced thermal conductivity 

which is related to the turbulence viscosity and the turbulence Prandtl number 𝑃𝑟𝑡. 𝑃𝑟𝑡 

is a dimensionless quantity that represents the ratio of the diffusion of momentum over 

energy, in the form of [26]: 

       𝑃𝑟𝑡 =
𝜇𝑡

𝜆𝑡 𝑐𝑝⁄
 

(4.3.26) 

where 𝜆𝑡 is the turbulence enhanced thermal conductivity and 𝑐𝑝 is the specific heat at 

constant pressure. The value of 𝑃𝑟𝑡 could be assumed to be unity for switching arcs. 

 

In addition, the turbulence and laminar diffusivities are determined with the turbulence 

and laminar viscosities, given by [27]: 

       𝐷𝑡 =
𝜇𝑡

𝜌𝑆𝐶𝑡

 
(4.3.27) 

       𝐷𝑙 =
𝜇𝑙

𝜌𝑆𝐶𝑙

 
(4.3.28) 

where 𝑆𝐶𝑡
 and 𝑆𝐶𝑙

 are Schmidt number around unity. 

 

4.3.1.4 Material properties of the gaseous mixture 

The thermodynamic properties and transport coefficients of gas mixture are tabulated 

using the data available from publications, as shown in Figure 4.3 and 4.4. Furthermore, 
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an interpolation method is used to calculate the thermodynamic properties and transport 

coefficients at arbitrary temperature based on the tabulated values during the iteration 

calculation.  

    

   
Figure 4.3 Thermodynamic properties and transport coefficients of the SF6-PTFE 

mixture at 1.0 MPa with different PTFE concentration [28]. 
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Figure 4.4 Thermodynamic properties and transport coefficients of the SF6 and copper 

mixture at 0.1 MPa and 1.0 MPa with different copper concentration: 1%, 10%, 30% 

and 50% [29], [30]. 

 

4.3.2 Radiation and re-absorption 

The radiation is the fastest mechanism of energy exchange since it travels at the speed 

of light. Radiation transport is a complicated process involving tens of thousands of the 

spectral lines whose absorption coefficient is the function of temperature and pressure. 

To accurately calculate the mass loss from nozzle due to ablation, a reasonable radiation 

model should be used. A number of the models are available, such as P1 model [31], 

method of partial characteristics [32] and a semi-empirical model introduced by Zhang 

et al. [33] based on the work in [34]. This semi-empirical model has been successfully 

used to SF6 arcs [35]. It defines an arc core region which starts from the axis and ends 

at the point of αTmax where α is suggested to be 0.83. It is the defined radiation emission 

region where the radiation energy is calculated by the net emission coefficient (NEC) 

which is expressed as a function of pressure, temperature and cylindrical column radius. 

The cylindrical column radius is defined as the radial distance from the axis to the 4,000 

K (puffer)/5,000 K (auto-expansion) isotherm. A significant proportion of the radiation 

core is re-absorbed in arc region from 0.83Tmax to the 4,000 K/5,000 K isotherm. The 

radial arc temperature profile in a nozzle is normally monoatomic. However, for auto-

expansion circuit breaker where the temperature near the nozzle surface can be higher 

than 4,000 K and the flow field makes the radial temperature profile non-monotonic. A 

definition to produce stable arc column radius is needed. For the high current phase that 

ends at 15 kA before the final current zero, the emission radius is defined as the distance 

from the axis to 0.83Tmax and for the current zero phase from 15 kA to final current zero, 
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the emission radius is defined as the average of emission radii ending at 0.83Tmax and 

5,000 K respectively [2], [3]. Two typical temperature profiles and their corresponding 

radiative fluxes are plotted in Figure 4.5. The distribution of the volumetric source in 

re-absorption region is given by: 

     𝑞𝑎(𝑟𝑎𝑟𝑐) = 𝑞0 [1.1 − (
𝑅𝑇𝑥

+ 𝑅0.83𝑇𝑚𝑎𝑥
− 2𝑟𝑎𝑟𝑐

𝑅𝑇𝑥
− 𝑅0.83𝑇𝑚𝑎𝑥

)

2

] (4.3.29) 

where 𝑟𝑎𝑟𝑐 is the arc radius; 𝑞𝑎 is the volumetric radiation source; 𝑞0 is the maximum 

volumetric energy source due to the radiation re-absorption, expressed as: 

      
𝑞0 =

𝛼𝑟𝑄𝑐𝑜𝑟𝑒

∫ [1.1 − (
𝑅𝑇𝑥

+ 𝑅0.83𝑇𝑚𝑎𝑥
− 2𝑟𝑎𝑟𝑐

𝑅𝑇𝑥
− 𝑅0.83𝑇𝑚𝑎𝑥

)
2

] 2𝜋𝑟𝑎𝑟𝑐𝑑𝑟𝑎𝑟𝑐
𝑅𝑇𝑥

𝑅0.83𝑇𝑚𝑎𝑥

 
(4.3.30) 

where 𝑄𝑐𝑜𝑟𝑒 is the total radiation flux from the arc core and 𝛼𝑟 is the percentage of the 

reabsorbed radiation flux.  

 

The expression defined by Eq. (4.3.29) is derived with the empirical experience. For a 

normal nozzle flow where the arc is surrounded by a layer of cold SF6, 80% of radiation 

is re-absorbed at the core edge which is higher than that in the auto-expansion circuit 

breaker (assumed to be 50% [36]).  
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Figure 4.5 Possible arc radial temperature profiles and the emission (0~R83) and 

re-absorption (R83~R5K) regions. Black lines: (Solid) Monotonic temperature 

profile; (Dashed) Non-monotonic temperature profile; Red lines: Net radiation loss 

per unit and time. 
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The amount of radiation used for nozzle ablation significantly influences the arc voltage. 

Based on the simulation results [37], the re-absorption factor 𝛼𝑟 is empirically related 

to instantaneous arcing current and nozzle cross section by:  

      𝛼𝑟 =
0.8(1 − 𝐶𝑁) + 6𝐶

1 + 6𝐶
 (4.3.31) 

where C is the percentage of ablated PTFE vapor injected into the arc column and N is 

adjusted with the experiment. 

 

In the radiation model, q in Eq. (4.3.1) represents the net radiation loss per unit volume 

and time. It is determined by the NEC which describes power radiated per unit volume, 

expressed as [38], 

       휀𝑁 = ∫ 𝐵𝑣𝐾𝑣
′𝐺𝑙(𝐾𝑣

′𝑅)𝑑𝑣
∞

0

 (4.3.32) 

where 𝐵𝑣 is the Planck constant; 𝐾𝑣
′  is the monochromatic absorption coefficient and 

𝐺𝑙 is a function for the cylindrical geometry.  

 

Therefore, the total radiation used for nozzle ablation is determined by: 

       𝑄𝑎𝑏𝑙𝑎𝑡𝑖𝑜𝑛 = (1 − 𝛼)∫ ∫ 𝑞 ∙ 𝜉 ∙ 2𝜋𝑟𝑎𝑟𝑐𝑑𝑟𝑎𝑟𝑐𝑑𝑧
𝑅0.83𝑇𝑚𝑎𝑥

0

𝑧2

𝑧1

 (4.3.33) 

where 𝜉 is the coefficient determined by ablation surface incline; 𝑧2 − 𝑧1represents the 

axial distance of the ablation surface. The total mass ablated from PTFE nozzle surface 

is thus calculated by: 

       𝑚𝑃𝑇𝐹𝐸 =
∫ 𝑄𝑎𝑏𝑙𝑎𝑡𝑖𝑜𝑛𝑑𝑡

𝑡𝑎𝑟𝑐

0

ℎ𝑣,𝑃𝑇𝐹𝐸
 (4.3.34) 

where ℎ𝑣,𝑃𝑇𝐹𝐸 is the total ablation energy of PTFE material for changing from solid to 

vapor at 3,400 K, which equals to 11.9 MJ/kg. 

 

The net emission coefficient of different mixtures has been calculated and the arc radii 

under different pressures, e.g. N2-SF6 mixture [38], air and SF6. The NECs of different 

gaseous medium such as pure SF6-Cu [39], SF6 [40], and SF6-PTFE [41] are illustrated 

in Figure 4.6, 4.7 and 4.8. In the present model, the NECs are tabulated from the related 

publications. 
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Figure 4.6 Net emission coefficient of SF6 and copper mixture. Left: NEC as a 

function of temperature with different arc radii at atmospheric pressure. Right: NEC 

as a function of temperature and copper vapor concentration at 8atm. 1: 1%; 2: 5%; 3: 

10%; 4: 50% [39]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.7 Net emission coefficient of SF6 plasma as a function of temperature with 

different arc radius and pressure [40]. 

Figure 4.8 Net emission coefficient of SF6 and PTFE mixture as a function of 

temperature [41].  
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In the radiation energy transport process, the total radiative energy flux per unit length 

𝑄𝑎𝑏 of the arc column is calculated using the radiation model described above. A quasi-

steady process is assumed for PTFE nozzle ablation where the amount of ablated mass 

is proportional to the radiation energy reaching the nozzle surface. To determine the 

radiation energy flux, coefficient 𝜉 need to be calculated by the axial surface inclination. 

In PHOENICS, ablative nozzle surface of each cell in an axis-symmetric computational 

domain of the model is regarded as a circular truncated cone and thus the lateral area of 

this circular truncated cone is the actual ablation surface area as presented in Figure 4.9, 

which is calculated by: 

       𝑆 = 𝜋(𝑟0 + 𝑟𝑖)√(𝑟0 − 𝑟𝑖)2 + (𝑧0 − 𝑧𝑖)2 (4.3.35) 

and the radiation flux on the cell surface could be determined: 

       𝑞𝑎𝑏𝑙𝑎𝑡𝑖𝑜𝑛 =
|𝑧0 − 𝑧𝑖|𝑄𝑎𝑏

𝑆
 (4.3.36) 

where the coefficient 𝜉 depends on the grid system and the cell coordinates, 

       𝜉 =
|𝑧0 − 𝑧𝑖|

𝑆
 (4.3.37) 

and the mass flux injected into the flow in the direction normal to the ablating surface 

is: 

       �̇� =
𝜉𝑄𝑎𝑏

ℎ𝑣
 (4.3.38) 

l

a

(𝑟0, 𝑧0) 

（0,0）

(𝑟𝑖 , 𝑧𝑖) 

S

 

Figure 4.9 nozzle surface area diagram. 

 

In the conservation equations, the momentum source carried by the vapour is calculated 

as �̇�/𝜌𝑐𝑒𝑙𝑙 where 𝜌𝑐𝑒𝑙𝑙 is the density of the mixture in the ablating cell and the energy 

source is determined by �̇�ℎ𝑣𝑎 where ℎ𝑣𝑎 is the enthalpy of the vapour at vaporization 

temperature.  
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4.4 Numerical Prediction of Nozzle Ablation  

4.4.1 Short line fault----L90 

The mathematic model that is used for the 145 kV/40 kA auto-expansion circuit breaker 

has been verified in the previous work including that reported in [3]. According to the 

international standard [42], [43], different test duties for different fault types (e.g. short 

line fault and terminal fault) have to be performed on the circuit breaker. Development 

tests show that the 145 kV/40 kA auto-expansion circuit breaker under the investigation 

passed the Short Line Fault L90 after a total of three test rounds. During the tests, the 

circuit breaker needs to be disassembled and overhauled with some new components 

such as PTFE nozzle(s) after a failed round.  

 

In the present work, a comparative study of nozzle ablation is performed for tests in the 

first test round. It includes three tests, namely Test 92, Test 93 and Test 98 with different 

arc durations (Table 4.3). The travel curves of the solid contact and current waveforms 

for different tests are shown in Figure 4.10. In the first test round, Test 92 and Test 93 

are short arc duration cases performed to confirm the shortest possible arc duration with 

which the circuit breaker can interrupt successfully. Test 98 is a long arc duration case. 

 
Figure 4.10 Travel curves of the solid contact and the current waveforms of Test 92, 

93 and 98 respectively. 
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Table 4.3 Arc durations of the three tests in the first test round of L90. 

Test 
Arc duration (ms) 

Prediction Actual 

92 13 13.6 

93 12 12.3 

98 20.5 20.1 

 

Figure 4.11 shows the simplified geometry of the 145 kV/40 kA auto-expansion circuit 

breaker with the specified ablation surfaces (red lines). It should be mentioned that the 

semi-empirical radiation model applied in the present work assumes that radiation only 

travels in the radial direction of the axis-symmetric arc column. In other words, the cell 

on the nozzle surface which is radially shadowed by a solid object receives no radiation 

from the arc column, as shown in Figure 4.12.  

Compression 

chamber

Piston with leak valve Pressure valve

Expansion 

volume

Hollow contact
Moving contact

PTFE main nozzle

Auxiliary 

PTFE nozzle
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6 7

Positive flow direction

8
2
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Figure 4.11 Simplified geometry of 145kV auto-expansion circuit breaker. The red 

lines represent for the specified ablation surfaces. 

 

 
Figure 4.12 Diagram of a simple nozzle with designed solid objects [44].  
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The cell in red receives no radiation from the arc since the solid block from (3) to (4) 

stops the radiation from reaching this red cell. According to this description, the nozzle 

surface which is visible to the arc column is thus defined as the ablation surface. 

 

Furthermore, the arc rooting in the hollow contact of the circuit breaker is a complicated 

phenomenon. Despite the effects of the thin non-LTE layer in front of contact surface, 

the position of the arc root is also affected by the magnetic field induced by arc current. 

At present, it is not possible to predict the location and size of the arc root. In the present 

model, a transparent contact that has a high electrical conductivity (105 S/m) is assumed 

to exist in the hollow contact to sustain the current flow, as shown in Figure 4.1. 

 

4.4.1.1 First short arc duration---Test 92 (13.6ms arcing time) 

During the current interruption process, the arc is initiated at 12.2 ms. The temperature 

distribution in the arcing chamber with different positions of the solid contact are shown 

in Figure 4.13. The initial temperature inside the arcing chamber is set to 300 K. At the 

initial stage before the two arcing contacts separate, the solid contact travels inside the 

hollow contact. The hollow contact is blocked until t=10.00 ms as shown in Figure 4.13 

(a). In the simulation, the arc is not initiated until the contacts separate with a distance 

of 5~8 mm. The arcing current is held at ±3 kA depends on the current polarity when 

the current falls below this value to change its polarity at the current zero. Besides that, 

if the instantaneous current at the arc initiation is high (> 10 kA), the current is set to 

increase from 3 kA linearly to the value of actual current in approximately 0.2 ms [44]. 

These assumptions are necessary in the simulation to avoid computational difficulties 

since it is difficult to start an arc from a thin hot column with high instantaneous current. 

It takes time for the initial column to adjust its temperature and size to match the initial 

current.  

 

As shown in Figure 4.13 (b), before the solid contact tip clears the auxiliary nozzle flat 

throat at 15.67 ms with a current of 32.7 kA, the produced PTFE vapour from auxiliary 

nozzle surface does not flow in large quantity towards the expansion volume since there 

is only a small gap (0.68mm) between the solid contact and auxiliary nozzle flat throat. 

The arc temperature in front of the solid contact reaches 29,000 K. With the movement 

of the solid contact, the current increases to its peak at 18.2 ms and the produced vapour 
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flows into the expansion volume due to the increased pressure in the contact gap. The 

temperature in the cross section between the expansion volume and main nozzle which 

is named “heating channel” is slightly increased as shown in Figure 4.13 (c) and (d). In 

addition, less amount of vapour flows out through the main nozzle flat throat towards 

the downstream because of the small gap (1.68mm) between the solid contact and main 

nozzle flat throat. The solid contact travels into the main nozzle flat throat at 18.96 ms. 

From Figure 4.13 (e), it is observed that at the end of the high current phase (>15 kA), 

the main nozzle is still blocked by the solid contact tip and there is a stagnation area in 

front of the solid contact where the thermal energy generated by ohmic heating could 

not be removed efficiently. 

(a) t=10.00ms

(b) t=15.13ms  

(d) t=18.00ms

(e) t=21.85ms

(c) t=17.00ms  
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(c) t=17.00ms

(d) t=18.00ms

(e) t=21.85ms  
Figure 4.13 Arc temperature distributions at several typical time instants during the 

arcing period (Test 92). 

 

The material of the nozzles in the 145 kV/40 kA auto-expansion circuit breaker consists 

of 98% PTFE and 2% MoS2. The auxiliary nozzle surface starts to be vaporized roughly 

at 13.14 ms and the PTFE concentration inside the hollow contact is lower at this initial 

stage. When the solid contact moves through the auxiliary nozzle flat throat, the arc is 

burning in an ablation dominated mode with higher PTFE concentration, as illustrated 

in Figure 4.14. Large amount of injected PTFE vapour generates a high pressure region 

at the auxiliary nozzle flat throat (Figure 4.15 (b)). It is observed that the pressure in 

the expansion volume is around 0.68 MPa before the arc formation and it is increased 

to approximately 0.77 MPa at 15.13 ms. With the movement of solid contact, the arc is 

drawn between the flat throats of the main nozzle and auxiliary nozzle, and the pressure 

in the expansion volume has a significant increase after the solid contact tip completely 

clears the auxiliary nozzle flat throat, as shown in Figure 4.15 (c) and (d). The pressure 

in the expansion volume continuously increases during the high current phase. Besides 

that, although the produced vapour does not yet reach the interior of expansion volume, 

the pressure has been substantially increased as a result of the SF6 gas being compressed 
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and heated up by the hot PTFE vapour. The pressure increases to a maximum of 2.9 

MPa at 21.85 ms. Such a high pressure is to generate a high speed flow to effectively 

extinguish the arc when the current passes its final zero.  

(a) t=15.13ms

(b) t=18.00ms

(c) t=20.49ms

(d) t=21.85ms  
Figure 4.14 Concentration distributions of the produced PTFE vapour at typical time 

instants during the arcing period (Test 92).  



Chapter 4 138 

 

 Wen Wang 

 

(b) t=15.13ms

(c) t=18.00ms

(d) t=21.85ms

(a) t=10.00ms

 
Figure 4.15 Pressure distribution at several typical time instants during the arcing 

period (Test 92).  
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Figure 4.16 presents the typical positions of the solid contact tip in the arcing chamber 

and also the corresponding current. It can be seen that the current starts to reduce from 

its peak when the solid contact travels from P3 to P4. The main nozzle flat throat starts 

to vaporize around 18.96 ms and only a moderate amount of vapour is produced from 

the main nozzle flat throat as a result of the reduced current (Figure 4.17). For Test 92, 

the vapour produced from the auxiliary nozzle surface takes a larger proportion (77%) 

in comparison with that from the main nozzle (23%). During the current zero phase (15 

kA~0 A) after the solid contact entirely leaves the main nozzle flat throat, the ablation 

rate of nozzle material becomes lower. The current waveform and predicted arc voltage 

are shown in Figure 4.18. No measured arc voltage is available for comparison. In the 

arcing chamber, the solid contact tip blocks gas flow immediately in front of the contact 

surface where the gas is stagnant. This helps to stabilize the arc root and contributes to 

a stable arc voltage. In addition, the produced vapour affects the electrical conductivity 

of the gas mixture especially at high temperatures and it changes the arc voltage.  

P1 P2 P3 P4

P1

P2

P3

P4

 
Figure 4.16 Positions of the solid contact tip in the arcing chamber corresponded to 

the current waveform of Test 92. 
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Figure 4.17 Predicted ablation energy and mass loss on the main and auxiliary nozzles 

of Test 92 with the original nozzle size. 

 

In the present work, the radiation energy is calculated by the NEC data of pure SF6 gas 

because of the similarity of NECs between the SF6 gas and PTFE vapour especially at 

high temperatures when arc radiation radius larger than 1mm and they both contain an 

considerable proportion of the fluorine element as well [45]. 

   
Figure 4.18 Current and the predicted arc voltage between two contacts of Test 92. 
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4.4.1.2 Second short arc duration---Test 93 (12.3 ms arcing time) 

Based on the results of first test round, the 145 kV/40 kA auto-expansion circuit breaker 

passed Test 92 with a suggested arc duration 13 ms. To determine the effective shortest 

arc duration, the suggested arc duration of Test 93 is reduced to 12 ms. Nevertheless, 

this circuit breaker fails to thermally recover under the stress of the transient recovery 

voltage imposed by the system after the final current zero (Figure 4.19), which means 

that the short arc duration of L90 for this circuit breaker is 13 ms.  

 

To analyse the circuit breakers interruption capacity, the post arc current after the final 

current zero is calculated. The arc resistance is determined by integrating the electrical 

conductivity over the arc column cross section and length. For the short line fault L90, 

the critical rate of rise of recovery voltage (RRRV: kV/us) is much higher especially at 

the initial stage in comparison with other test duties. Detailed descriptions are presented 

in Chapter 5. 

 
Figure 4.19 Imposed transient recovery voltages of Test 92, 93 and 98. 

 

The determined radiation energy and the ablated mass from the nozzles of Test 93 are 

shown in Figure 4.20 which have similar profiles in comparison with Test 92. With the 

consideration of nozzle ablation resulted from Test 92, the mass loss from the auxiliary 

nozzle occupies 82% of the total ablated mass while main nozzle only takes 18%.  
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Figure 4.20 Predicted ablation energy and mass loss on the main and auxiliary nozzles 

with the consideration of nozzle flat throat diameter variation resulted from Test 92.   

           

4.4.1.3 Long arc duration---Test 98 (20.1 ms arcing time) 

The long arc duration case (Test 98) is somewhat different in comparison with Test 92 

and Test 93. The arc is initiated at 13.8ms. From P1 to P2 where the current increases 

(Figure 4.21), a total of 0.2 g is ablated from auxiliary nozzle flat throat. When the solid 

contact moves towards the main nozzle downstream, the current reduces to its zero in 

the first half cycle and then rises to its positive maximum when the solid contact arrives 

at P6. From Figure 4.22, the PTFE concentration within the arcing space has a reduction 

which is due to the SF6 gas flowing out from the expansion volume into the contact gap 

and mixes with the produced vapour. It is found that the solid contact has completely 

cleared the main nozzle flat throat before the final current zero. It leads to a larger cross 

section of the main nozzle surface exposes to the hot arc column, and eventually brings 

more vapour ablated from the main nozzle surface (Figure 4.23). The total mass loss 

from main nozzle surface is substantially increased around 23 ms when the solid contact 

moves across the middle of main nozzle flat throat. The mass ablated from the auxiliary 

nozzle surface takes 35% of the total ablated mass while the main nozzle takes a larger 

proportion of 65%. From the comparison of different arc duration cases, the auxiliary 

nozzle has a larger contribution for the pressurisation in expansion volume for the short 

arc duration case while the main nozzle becomes dominant for long arc duration case. 
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Figure 4.21 Positions of the solid contact tip in the arcing chamber corresponded to 

the current of Test 98.  

 

t=30ms  
Figure 4.22 Temperature and PTFE concentration distributions approximately at the 

end of the high current phase of Test 98. 
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Figure 4.23 Predicted ablation energy and mass loss on the main and auxiliary nozzles 

with the consideration of nozzle flat throat diameter variation resulted from Test 93. 

 

4.4.2 Associated experimental results of the mass loss from PTFE nozzle(s)  

To study the characteristics of nozzle ablation in the high voltage auto-expansion circuit 

breaker, some investigations have been carried out experimentally by Seeger et al [46], 

[47] using a circuit breaker test device and a commercial circuit breaker to consider the 

PTFE ablation with different current levels, arc durations and nozzle geometries. The 

details of the experiment conditions are listed in Table 4.4. 

 

Table 4.4 Experiment conditions on the test device and commercial circuit breaker [46], 

[47]. 

Conditions Test device Commercial circuit breaker 

Test current (rms, kA) 3-45 6-63 

Arcing time (ms) 5, 10, 15 10-20 

Operating frequency (Hz) 29, 50 - 

Arcing contact Cu/W Cu/W 

Filling pressure (atm) 5 5 

 

Theoretically, the extent of the ablation is determined by the total electrical energy input. 

Therefore, a reasonable quantity defined as the “specific ablation” is used to describe a 

time-averaged ablation: 
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       𝛿 =
∆𝑚

∫ 𝑈𝑖(𝑡) ∙ 𝐼𝑖(𝑡)
𝑡𝑎𝑟𝑐

𝑡=0
𝑑𝑡

 
(4.4.1) 

where ∆𝑚 is the total PTFE mass loss both from the main and auxiliary nozzles; 𝑈𝑖 and 

𝐼𝑖 are the measured voltage and current. For the circuit breaker test device, the specific 

ablation with different current density ranges are: 

{
𝛿 = 8.50 ± 1𝑚𝑔/𝑘𝐽 𝑗𝑝𝑒𝑎𝑘 < 0.55 × 108𝐴/𝑚2

𝛿 = 26 ± 2.5𝑚𝑔/𝑘𝐽 𝑗𝑝𝑒𝑎𝑘 > 0.80 × 108𝐴/𝑚2 

where 0.55 × 108𝐴/𝑚2 is regarded as the transition current density to describe the arc 

burning mode (axial blown and ablation controlled).  

 

For the commercial circuit breaker, the specific ablation with different current density 

ranges are: 

{
𝛿 = 29 ± 3𝑚𝑔/𝑘𝐽 𝑗𝑝𝑒𝑎𝑘 > 1.20 × 108𝐴/𝑚2

𝛿 ≈ 20.0𝑚𝑔/𝑘𝐽 𝑗𝑝𝑒𝑎𝑘 < 1.00 × 108𝐴/𝑚2 

and the average peak current densities of the test device and commercial circuit breaker 

are respectively defined by: 

       𝑗𝑝𝑒𝑎𝑘 =
𝐼𝑝𝑒𝑎𝑘

𝐴𝑛
 (4.4.2) 

       𝑗𝑝𝑒𝑎𝑘 =
∑ 𝑄𝑖 ∙ 𝑗𝑝𝑒𝑎𝑘,𝑖

𝑛
𝑖=1

∑ 𝑄𝑖
𝑛
𝑖=1

 (4.4.3) 

where 𝐴𝑛 is the nozzle throat cross section; n is the total number of current applications 

of each test; 𝑄𝑖 is the total energy input and 𝐼𝑝𝑒𝑎𝑘 is the peak value of applied current. 

 

From the experiments, the amount of PTFE mass loss was measured using two different 

methods: weigh the mass loss and analyse the geometry change. The former method is 

performed with an uncertainty of less than 2%. When the mass ablated from the nozzle 

throat is determined, the latter method is adopted. The volume loss is simply determined 

from the average of radial burn-off for a circuit breaker test device while a comparison 

of the contours of ablated nozzle with a new one is carried out on a commercial circuit 

breaker. From the comparison, the method used for commercial circuit breaker is more 

precise with smaller error bar. Following the experiments, the specific ablation for the 

axial blown arc is (8.5±1 mg/kJ) much smaller than the ablation dominated arc (23-32 

mg/kJ). In addition, experimental research of the ablation dominated arc in a cylindrical 

PTFE tube demonstrates that the estimated specific ablation is roughly constant when 
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the current density exceeds 1.5×108 A/m2 [40]. From another experiment on a smaller 

scale test device, the estimated specific ablation at the arc confining wall (10-20 mg/kJ) 

is in accordance with small PTFE tube experiments [47]. In reality, an accurate method 

to quantitatively determine the mass loss especially from nozzle throat is more difficult 

because the ablation is not evenly distributed on nozzle surface which becomes rough 

after a number of operations. The experiment results of 145 kV/40 kA auto-expansion 

circuit breaker are obtained from the measurement of the nozzle surface deformation 

using Vernier scale (Table 4.5) which is for reference only.   

 

In the first test round, three tests (92, 93, 98) are performed in sequence. The predictions 

of the mass loss from the main and auxiliary nozzles with and without considering the 

variations of the nozzle flat throat diameter after the first test round are shown in Table 

4.6 and 4.7. Table 4.8 gives detailed results of the nozzle flat throat dimension changes 

after each test and Table 4.9 shows the calculated specific ablation which are reasonably 

close to the experiment results.   

 

Table 4.5 Experimental result of the 145 kV/40 kA auto-expansion circuit breaker 

nozzle flat throat mass loss and changed flat throat radius after the first test round. 

Nozzle 
Measurement from experiments 

Mass loss (g) Nozzle throat radius (mm) 

Main nozzle flat throat 1.84 11.05 

Auxiliary nozzle flat throat 1.52 10.65 

 

Table 4.6 Predicted mass loss and changed nozzle flat throat radius after the first test 

round (3 tests) with the consideration of radius variation resulted from each test. 

Nozzle 
Predicted value from computation 

Mass loss (g) Nozzle flat throat radius (mm) 

Main nozzle flat throat 3.79 11.60 

Auxiliary nozzle flat throat 4.26 12.40 

 

Table 4.7 Predicted mass loss and changed nozzle flat throat radius after the first test 

round without the consideration of radius variation resulted from each test. 

Nozzle 
Predicted value from computation 

Mass loss (g) Nozzle throat radius (mm) 

Main nozzle flat throat 3.34 11.50 

Auxiliary nozzle flat throat 1.65 10.70 
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Table 4.8 Predicted PTFE mass loss and nozzle throat diameter variation after each test 

in the first test round. 

Nozzle 

Predicted value from computation 

Mass loss (g) Nozzle flat throat radius (mm) 

Test 92 Test 93 Test 98 Test 92 Test 93 Test 98 

Main nozzle 

Flat throat 0.31 0.14 3.34 

10.6 10.6 11.6 

Total 0.83 0.48 5.51 

Auxiliary 

nozzle 

Flat throat 1.50 1.21 1.55 

10.6 11.4 12.4 

Total 2.78 2.20 3.02 

Total mass loss from nozzle 

surface 
3.61 2.68 8.53  

 

Table 4.9 Predicted specific ablation for the three tests in the first test round.  

Tests 𝑄𝑖 (kJ) 𝐼𝑝𝑒𝑎𝑘 (kA) 𝑗𝑝𝑒𝑎𝑘 (A/m2) 𝛿 (mg/kJ) 

Test 92 183 55.7 1.61×108 19.7 

Test 93 146 53.9 1.53×108 18.4 

Test 98 392 57.3 1.62×108 21.8 

 

4.4.3 Variation of the nozzle flat throat dimension as a result of ablation 

The objective of work in this section is to study the severity of nozzle ablation relating 

to electrical endurance. To obtain a thorough understanding of the nozzle ablation and 

its effects on arc behaviour, three computations correspond to the current interruption 

process of each test in the first test round with considering the variations of nozzle flat 

throat diameters resulted from the prior computation are performed in sequence. The 

changed diameters of main and auxiliary nozzle holes are obtained from the predicted 

mass loss with PTFE material density of 2.2 g/cm3. The results are presented in Table 

4.10, 4.11 and 4.12. 

 

The predicted total mass loss from the nozzle flat throat occupies approximately 50% 

of the total mass loss which has been proved from the experiment mentioned previously.  

From the calculation, the variations present similar manner after each computation for 

Test 92 and 93. The total mass loss is decreased with the enlarged nozzle holes and the 

proportion from the auxiliary nozzle is roughly 3~5 times higher than the main nozzle. 
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However, the ablated mass from auxiliary nozzle surface presents an increase when the 

radii of main and auxiliary nozzle flat throats are respectively enlarged to 11.5 mm and 

10.7 mm Test 98. The mass loss from the main nozzle is decreased under this condition. 

Overall, the total ablated mass from the nozzle flat throat shows a reduction due to the 

enlargement of the nozzle holes. Detailed explanations of Test 98 with test duty T60 

are described in Chapter 5.  

 

Table 4.10 Predicted PTFE mass loss due to the nozzle ablation after each computation 

of Test 92 with the consideration of nozzle diameter variation. 

Nozzle 

Predicted value from computation 

Mass loss (g) Nozzle throat radius (mm) 

Com. 1 Com. 2 Com. 3 Com. 1 Com. 2 Com. 3 

Main nozzle 

Throat 0.31 0.31 0.29 

10.6 10.7 10.8 

Total 0.83 0.81 0.78 

Auxiliary 

nozzle 

Throat 1.50 1.34 1.22 

10.6 11.5 12.3 

Total 2.78 2.49 2.25 

Total mass loss from nozzle 

surface 
3.61 3.30 3.02  

 

Table 4.11 Predicted PTFE mass loss due to the nozzle ablation after each computation 

of Test 93 with the consideration of nozzle diameter variation. 

Nozzle 

Predicted value from computation 

Mass loss (g) Nozzle throat radius (mm) 

Com. 1 Com. 2 Com. 3 Com. 1 Com. 2 Com. 3 

Main nozzle 

Throat 0.14 0.14 0.14 

10.5 10.5 10.5 

Total 0.52 0.49 0.48 

Auxiliary 

nozzle 

Throat 1.38 1.26 1.13 

10.5 11.4 12.1 

Total 2.53 2.31 2.06 

Total mass loss from nozzle 

surface 
3.08 2.80 2.54  



Chapter 4 149 

 

 Wen Wang 

 

Table 4.12 Predicted PTFE mass loss due to the nozzle ablation after each computation 

of Test 98 with the consideration of nozzle diameter variation. 

Nozzle 

Predicted value from computation 

Mass loss (g) Nozzle throat radius (mm) 

Com. 1 Com. 2 Com. 3 Com. 1 Com. 2 Com. 3 

Main nozzle 

Throat 3.34 2.86 2.63 

11.5 12.3 13.0 

Total 5.51 4.90 4.68 

Auxiliary 

nozzle 

Throat 1.65 2.01 1.75 

10.7 12.0 13.1 

Total 3.24 3.88 3.31 

Total mass loss from nozzle 

surface 
8.75 8.78 7.99  

 

4.5 Gas Flow Environment Considering Dimensional Change due to 

the Nozzle Ablation 

The flow field conditions inside the arcing chamber, e.g. in hollow contact, in upstream 

expansion volume, main nozzle and its downstream are analysed by assigning 8 cross 

sections in the model as presented in Figure 4.11. In the present work, the enthalpy and 

mass flow conditions are discussed. The corresponded enthalpy and mass flow rates are 

respectively determined by: 

     �̇�ℎ = ∫𝜌𝑤ℎ ∙ 2𝜋𝑟𝑑𝑟 (4.5.1) 

     �̇�ℎ,𝑃𝑇𝐹𝐸 = ∫𝜌𝑤ℎ𝑐 ∙ 2𝜋𝑟𝑑𝑟 (4.5.2) 

     �̇�ℎ,𝑆𝐹6
= ∫𝜌𝑤ℎ(1 − 𝑐) ∙ 2𝜋𝑟𝑑𝑟 (4.5.3) 

     �̇� = ∫𝜌𝑤 ∙ 2𝜋𝑟𝑑𝑟 (4.5.4) 

     �̇�𝑃𝑇𝐹𝐸 = ∫𝜌𝑤𝑐 ∙ 2𝜋𝑟𝑑𝑟 (4.5.5) 

     �̇�𝑆𝐹6
= ∫𝜌𝑤(1 − 𝑐) ∙ 2𝜋𝑟𝑑𝑟 (4.5.6) 

where 𝜌 is the gas mixture density; 𝑤 is the axial velocity component; ℎ is the mixture 

enthalpy; 𝑐 is the concentration of PTFE vapour and 𝑟 represents for the radial direction.  
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For Test 92, the auxiliary nozzle starts to vaporize after the arc initialisation (13.14 ms). 

The less amount of produced PTFE vapour at the initial stage carries negligible enthalpy 

and mass fluxes through cross sections 1 and 2 towards the hollow contact, as presented 

in Figure 4.24. When the solid contact completely clears the auxiliary nozzle flat throat 

at 13.86 ms, the interrupting current increases from 3.5 kA to its positive peak 55.2 kA 

at 18.20 ms before the solid contact enters the main nozzle flat throat. The PTFE vapour 

starts to be produced in large quantity from the auxiliary nozzle during this period. The 

total enthalpy and mass fluxes have considerable increase with high flow rates as well. 

Nevertheless, the increased enthalpy is due to the PTFE vapour while the SF6 gas is the 

main contributor for the mass flow. The total enthalpy passing through cross section 1 

is slightly less than that through cross section 2 which is a result of the decreased PTFE 

and SF6 fluxes. The total mass enters through cross section 1 is higher than that through 

cross section 2 which is determined by the increased SF6 mass flow. Besides that, total 

mass carried by PTFE vapour flows towards the hollow contact takes 32% of the total 

ablated mass (3.61 g) from the nozzles.  

 
                               (a)                                                                (b) 

Figure 4.24 Predicted enthalpy and mass flow through the cross sections 1 (a) and 2 

(b) in the hollow contact of Test 92 (Com.1). The six curves respectively represent 

(1): total enthalpy flow; (2): enthalpy flow carried PTFE vapor; (3): enthalpy flow 

carried by SF6 gas; (4): total mass flow; (5): mass flow carried by PTFE vapor; (6): 

mass flow carried by SF6 gas.  

 

Figure 4.25 (a) describes the flow field distribution inside the expansion volume during 

the whole arcing period. As discussed previously, before the solid contact totally clears 

the auxiliary nozzle flat throat, the gaseous mixture is largely blocked inside the hollow 

contact and less amount of vapour is flowed out through the smaller gap between solid 

contact and auxiliary nozzle flat throat. Roughly at 17 ms, the thermal energy is largely 
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brought into the expansion volume by the hot PTFE vapour as a consequence of strong 

ablation from the nozzles especially the auxiliary one with the increased current. A total 

of 32 kJ enthalpy, which PTFE vapour contributes 66%, enters through cross section 3 

during the whole arcing period. However, it is observed that only 1.54 g ablated mass 

is driven into the interior of the expansion volume, which contributes to 9.7% of the 

total mass flow. As explained before, although the produced PTFE vapour does not yet 

reach the interior of expansion volume, the pressure has been considerably increased as 

shown in Figure 4.15. This pressurisation is resulted from the thermal energy brought 

by the vapour which heats up the gaseous mixture in expansion volume while the effect 

of mass flow is smaller due to the less amount of PTFE vapour in the expansion volume. 

At 18.37 ms, the total enthalpy flow rate rises to maximum (-13.6 MJ/s). At 17.99 ms, 

the mass starts to flow out towards heating channel and reaches its maximum of 15.9 g 

at 22.62 ms which contains 17.4 g SF6 gas and 1.5 g PTFE vapour. 

 

Through the heating channel, the mass flux carried by SF6 gas presents an insignificant 

change from 17 ms to 22 ms while the total enthalpy towards the expansion volume has 

a substantial increase as shown in Figure 4.25 (b) and (c). During this period, the main 

nozzle is clogged by the solid contact which makes the produced vapour flow towards 

the expansion volume. When the solid contact entirely clears the main nozzle flat throat 

at 22.83 ms, the current has dropped to 3.6 kA and the produced vapour becomes much 

less, the total mass flows out through the heating channel with a comparative high rate 

for the final arc cooling. In addition, the flow conditions around main nozzle flat throat 

present similar manner (Figure 4.26) in comparison with that through hollow contact 

and the detailed description is shown in the following contents. 

  
                                (a)                                                                  (b)  
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(c) 

Figure 4.25 Predicted enthalpy and mass flow through the cross sections 3 (a), 4 (b) 

and 5 (c), each curve has the same meaning explained in Figure 4.24. 

 

 
(a)                                                                  (b) 

 
(c) 

Figure 4.26 Predicted enthalpy and mass flow through cross sections 6 (a), 7 (b) and 8 

(c) towards downstream, each curve has same meaning explained in Figure 4.24. 
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For Test 98, the arc is initialised at 13.8 ms and the solid contact starts to travel through 

the auxiliary nozzle at 14.85 ms. As shown in Figure 4.27, the flow field distribution in 

the hollow contact is similar to Test 92. A total of 102.3 kJ enthalpy flows through cross 

section 1 with a maximum flow rate of -9.41MJ/s and a total of 3.04 g mass. 

  
Figure 4.27 Predicted enthalpy and mass flow through cross sections 1 (a) and 2 (b) in 

hollow contact of Test 98 (Com.1), each curve has same meaning explained in Figure 

4.24. 

 

However, the flow field condition inside the expansion volume is somewhat different 

as shown in Figure 4.28 (a). From 17.72 ms to 20.22 ms when the solid contact travels 

through P2 to P4 (Figure 4.21), only 5.44 kJ enthalpy flows into the expansion volume 

through cross section 3 with a relatively slow rate. It is caused by a decreased electrical 

power supply from the arc column as a result of current decrease. Insufficient electrical 

energy stops the gaseous mixture flow towards the expansion volume until the current 

passes its zero in the first half cycle. When the solid contact just clears the main nozzle 

flat throat at 24.60 ms (P5), the arc is drawn into the main nozzle flat throat and larger 

cross section of the nozzle is exposed to the arc column, but only small amount of PTFE 

vapour (1.50 g in total) is produced from the nozzles with 0.47 g pumps into expansion 

volume. This is because the steeply increased current brings a strong thermal energy so 

that the produced vapour is largely discharged. From 25.0 ms to 26.15 ms when the 

current increases to its positive peak of 56.64 kA, a total of 4.6 g mass is ablated from 

the nozzles, and the flat throats of main and auxiliary nozzles respectively contribute 

51.1% and 25.7%. But the proportion of mass of PTFE vapour in the expansion volume 

remains low (14.6% of the total mass). Around 23.35ms when the solid contact moves 

around the middle of main nozzle flat throat, the total enthalpy has a substantial increase 
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and reaches its maximum 42.2 kJ at 27.85 ms. From the calculation, the results indicate 

that the produced vapour only results in a smaller pressurisation (1.33 MPa) inside the 

expansion volume due to compression of SF6 gas until the solid contact moves through 

the middle of main nozzle flat throat as demonstrated in Figure 4.29. After the clearance 

of main nozzle flat throat, the pressure increases to its maximum of 4.10 MPa.  

 

Outside the expansion volume, the total mass flows through heating channel towards 

the expansion volume shows a decrease from 20.48 ms which is also determined by the 

reduced electrical power supply. In addition, large amount of mass rushes out from the 

heating channel towards the arcing space with a steeply increased mass flow rate before 

the final current zero which is resulted from the significant pressure difference between 

the upstream expansion volume and the contact gap. 

   
(a)                                                                  (b) 

 
(c) 

Figure 4.28 Predicted enthalpy and mass flow through the cross sections 3 (a), 4 (b) and 

5 (c), each curve has the same meaning explained in Figure 4.24. 
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(a) t=24.60ms

(b) t=27.85ms

(c) t=29.35ms

(d) t=31.16ms  
Figure 4.29 Pressure distribution at several typical time instants (Test 98: Com.1). 

 

The temperature distribution with velocity vector that helps to explain the flow reversal 

in the arcing chamber are shown in Figure 4.30. When the solid contact moves through 
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main nozzle flat throat, the arc core temperature is slightly increased from 29,000 K to 

30,000 K. During this period, the gaseous mixture is driven into the expansion volume. 

After the current decreases, the temperature decreases from 30,000 K to 26,000 K and 

insufficient electrical power supply from the arc column fails to trigger the gas flow 

towards the expansion volume, and eventually the mixed gas flows out through heating 

channel into the arcing space with two directions (Figure 4.30 (c)).  

(a) t=19.35ms  

(b) t=27.0ms  
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(c) t=29.0ms  
Figure 4.30 Temperature distributions at typical time instants with velocity vector 

(Test 98: Com.1). The arrow represents for the direction of the flow field. 

 

The flow field distribution around the main nozzle of Test 98 which is similar to Test 

92 is presented in Figure 4.31. In front of the main nozzle flat throat, the flow is partially 

driven towards the downstream exit through the smaller gap as presented in Figure 4.30 

(a). When the arc burns in main nozzle flat throat, a stagnation region is formed inside 

the main nozzle and the gas within the main nozzle is split by the flow stagnation point 

towards the expansion volume and the downstream exit (Figure 4.30 (b)). The gaseous 

mixture in front of the main nozzle flat throat starts to flow reversely towards expansion 

volume through cross section 6 at 24.06 ms while the mixture around the main nozzle 

downstream continuously flows out towards the exit (Figure 4.31 (b) and (c)). 

  
(a)                                                                  (b) 
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(c) 

Figure 4.31 Predicted enthalpy and mass flow through cross sections 6 (a), 7 (b) and 8 

(c) towards the downstream, each curve has same meaning explained in Figure 4.24. 

 

From the calculation with the consideration of nozzle ablation, the results indicate that 

the flow field environment is sensitively influenced by the increased diameter of nozzle 

flat throat as presented in Figure 4.32 and 4.34. For the short arc duration case Test 92, 

less amount of PTFE vapour is produced due to the enlarged nozzle holes which leads 

to a decrease of the thermal energy brought into the expansion volume by the hot vapour, 

respectively from 32 kJ to 28.2 kJ to 25.2 kJ after each computation (Figure 4.32 (b)), 

corresponding to a drop of maximum pressure in the expansion volume from 2.9 MPa 

to 2.77 MPa to 2.57 MPa (Figure 4.33). In reality, the arc voltage between the contacts 

is decreased due to the enlarged nozzle hole and it decreases the electrical power supply 

from the hot arc column which makes the gaseous mixture driven into the expansion 

volume insufficiently.  

 

As presented in Figure 4.32 (c) and (d), the total enthalpy and mass flow through main 

nozzle towards the downstream are largely increased before the solid contact arrives in 

front of the main nozzle flat throat since the enlarged nozzle holes increase the effective 

flow area between the main nozzle flat throat and solid contact. Furtherly with the solid 

contact movement, the mass flow rate which is determined by the velocity and density 

of the gaseous mixture changes gradually before the final current zero. It is because the 

reduced amount of vapour decreases the pressure formed in the nozzle flat throat which 

lowers the mixture density. Besides that, the increased gas flow through the main nozzle 

towards the downstream results in a decrease of the gas flow towards the hollow contact 

(Figure 4.32 (a)). 
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                               (a)                                                                  (b) 

   
                               (c)                                                                  (d) 

Figure 4.32 Predicted enthalpy and mass flow into (a) hollow contact, (b) expansion 

volume, (c) in front of main nozzle flat throat and (d) at the downstream respectively 

through cross sections 2 (a), 3 (b), 6 (c) and 8 (d) with considering the variations of 

nozzle flat throat diameter of Test 92.  

 

 
Figure 4.33 Pressure distribution in the expansion volume at position A (in Figure 

4.11) with considering nozzles flat throats radii variation after each computation. 
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The variation of flow field distribution becomes considerable for the long arc duration 

case (Test 98) as presented in Figure 4.34. From Table 4.12, the total ablated mass has 

an increase when the radii of main and auxiliary nozzle flat throats enlarge to 11.5 mm 

and 10.7 mm. It differs from Test 92 which the total ablated mass from nozzle surface 

presents a decrease with the enlarged nozzle holes. The different flow field conditions 

of Test 98 are caused by the excessive enlargement of nozzle holes and changed ablated 

mass from the nozzle surface especially the auxiliary nozzle.  

  
                               (a)                                                                  (b) 

  
(c)                                                                  (d) 

Figure 4.34 Predicted enthalpy and mass flow through cross section 2 (a), 3 (b), 6 (c) 

and 8 (d) with considering nozzles flat throat diameter variation after each 

computation of Test 98. 

 

A total of 1.98 g ablated mass flows into the expansion volume when there is no any 

ablation occurred on the nozzle surface while it decreases to 1.92 g and 1.70 g with the 

enlarged nozzle holes. Nevertheless, the increased mass of PTFE vapour from auxiliary 

nozzle surface especially the flat throat as a result of that excessive enlargement results 
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in an increase of the total enthalpy flows into the expansion volume (42.4 kJ) which is 

0.2 kJ higher than the first computation and it also increases the total mass flowing into 

the hollow contact, but the discrepancy has negligible effect on the flow field conditions 

through the main nozzle flat throat. As shown in Figure 4.35, the enlargements of nozzle 

holes result in the decrease of the pressure inside the expansion volume for Test 98 even 

though the total mass loss from the nozzle surface is contrarily increased for the second 

computation due to an excessive enlargement of the nozzle hole in comparison with the 

prior case. It could be concluded that the thermal energy brought by PTFE vapour which 

produced from nozzle flat throat plays a dominant role in determining the pressurisation 

in the expansion volume.  

 
Figure 4.35 Pressure distribution in the expansion volume at position A (in Figure 

4.11) with considering nozzles flat throats radii variation after each computation. 

 

4.6 Conclusion 

The arc behaviour of the 145 kV/40 kA auto-expansion circuit breaker with considering 

the nozzle flat throat diameter change due to PTFE ablation is computationally studied. 

The ablated mass from the nozzle surface is predicted based on the generally accepted 

theory that nozzle ablation is caused by radiation from arc column. Several conclusions 

could be drawn from the calculation: 

 

(1) The auxiliary nozzle plays a significant role in the arcing process especially for the 

pressurisation process in the expansion volume for the short arc duration case, since 

the ablated mass from the auxiliary nozzle surface takes a considerable proportion 

of the total mass loss which carries more thermal energy into the expansion volume.  
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(2) The pressurisation in the expansion volume is dominantly determined by the surged 

enthalpy flux (thermal energy) carried by the hot PTFE vapour. The ablated mass is 

reduced with an increased nozzle flat throat for the short arc duration case which is 

due to the decreased radiation energy reaching at the nozzle wall. Furthermore, the 

reduced ablated mass decreases the total enthalpy flow pumped into the expansion 

volume and lowers the pressurisation. The mass flow has insignificant influence on 

the pressurisation. Due to the enlarged nozzle holes, the maximum pressure in the 

expansion volume drops from 2.9 MPa to 2.77 MPa to 2.57 MPa for Test 92 while 

it decreases from 4.1 MPa to 3.93 MPa to 3.45 MPa for Test 98. It can be concluded 

that the thermal energy brought by the PTFE vapour has dominant influence on the 

pressurisation in the expansion volume and the energy is mainly determined by the 

ablated mass from the nozzle surface. 

  

(3) For long arc duration case (Test 98), the main nozzle contributes a large proportion 

of the ablated mass than the auxiliary nozzle. After an excessive enlargement of the 

nozzle flat throat, the ablated mass from auxiliary nozzle surface especially the flat 

throat shows an increase which is somewhat different in comparison with the short 

arc duration case. 

 

(4) Flow reversal is a specifically designed physical mechanism in the auto-expansion 

circuit breaker to achieve the pressurisation in the expansion volume by the surged 

enthalpy flux. With the current increase, a high pressure region is formed within the 

arcing space and sufficient electrical energy from the arc column triggers the gas 

flows through the heating channel into the expansion volume. After the solid contact 

clears the main nozzle flat throat, the significant pressure difference between the 

expansion volume and contact gap drives the high pressure gas inside the expansion 

volume rush out towards the arcing space for the final arc quenching. The pressure 

build up process determined by nozzle ablation is essential to establish the effective 

flow field conditions for the arc cooling. 

 

The computation results of the nozzle ablation and its effects on the flow environment 

can be regarded as the important reference and indicators for the optimum design of the 

auto-expansion circuit breakers. The relative positions of the main nozzle and auxiliary 

nozzle, and their dimensions especially the flat throats should be considered carefully. 
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Prediction of the Critical Rate of Rise of Recovery Voltage 

Considering Nozzle Diameter Change due to PTFE Material 

Ablation 

 

5.1 Introduction 

Electrical power system is rapidly developing in structural complexity and intelligent 

operations. However, types of faults in electrical power systems especially under high 

voltage and current environment causes damage to the electrical apparatuses, results in 

serious economic consumption and jeopardizes system safety and reliability. Normally, 

the types of faults can be classified by their common characteristics, which two of them 

are considered in present work for analysing the interruption capability of high voltage 

circuit breakers, i.e. terminal fault and short line fault. Terminal fault takes place at the 

terminals of circuit breakers and short line fault always occurs at a short distance down 

a transmission line from the circuit breaker [1]. 

 

Transient recovery voltage (TRV), which appears across circuit breaker terminals after 

current interruption, is one of the crucial factors to evaluate circuit breaker interruption 

capability. It highly correlates with the fault types and grid system characteristics. TRV 

of a terminal fault is described by the single-frequency or double-frequency waveform 

while the short line fault has a more complicated TRV which is described by the multi-

frequency waveform that includes a saw-tooth waveform component [2]. The imposed 

TRV has a significant effect on the final recovery process of a circuit breaker after the 

arc extinction. There are two recovery processes after the current passes its final zero: 

thermal recovery and dielectric recovery. Thermal recovery occurs roughly in the first 

few microseconds after the final current zero and the TRV withstand capacity is defined 

as a function of energy balance in the residual arc. Dielectric recovery occurs after the 

successful thermal recovery describes the dielectric withstand capacity between arcing 

contacts [3]. Three important factors need to be considered to analyse TRV withstand 

capability: maximum withstand voltage, time to reach the maximum voltage and initial 
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Rate of Rise of Recovery Voltage (RRRV), as shown in Figure 5.1. The TRV obtained 

by these factors may lead to successful or failed (re-ignition/restrike) interruptions.  

 
Figure 5.1 Example of TRV waveform. 

 

Critical RRRV is a threshold value to describe the TRV withstand capability of a circuit 

breaker. A value higher than this critical RRRV will result in the unsuccessful thermal 

recovery. In this chapter, the consequence of nozzle ablation will be studied to build up 

correlation between interruption duties and lifetime of nozzle. A successful interruption 

is achieved if the post arc current drops to a negligible low value in a few microseconds. 

The variation of critical RRRV resulting from nozzle ablation is studied for different 

type test duties, including test peak current and arc duration. The results obtained in the 

chapter contribute to the development of intelligent circuit breakers. 

 

5.2 Synthetic Testing Methods of High Voltage Circuit Breaker tests 

To ensure the power system safety and reliability, different tests are required to confirm 

that the circuit breaker could reasonably operate with the expected protection purposes. 

Based on the international electrical standards such as IEEE® C37 and IEC 62271 (e.g. 

-100, -200), the tests are categorised into different duties examining the circuit breaker 

operation performance, e.g. mechanical, thermal, dielectric and short circuit test [4], [5].  

 

For the short-circuit current making and breaking tests, the test methods are classified 

into direct test and indirect (synthetic) test. Direct test is performed using a circuit with 

single power source to provide required voltage, current and transient recovery voltage. 

Synthetic test is an alternative method in which the required current and voltage are 
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provided from different power sources. The values of the components in the associated 

test circuit (e.g. resistance, capacitance, inductance). should be determined reasonably 

since the measurements of the prospective TRV during the tests are carried out with the 

artificial line connected to the circuit.  

 

To describe the rated characteristics of circuit breakers, rated operating sequence need 

to be determined. Following IEC62271-100 [4], there are two rated operating sequences: 

O-t-CO-t´-CO and CO-t´´-CO. The rated operating sequence of the 145 kV /40 kA auto-

expansion circuit breaker assigned according to the experiment is O-0.3s-CO-3min-CO. 

“O” and “CO” respectively represent the opening and closing-opening operations. This 

rated operating sequence includes three valid breaking operations with different arcing 

time: short, medium and long. The first valid breaking operation is performed with the 

arcing time as short as possible and the resultant arcing time is defined as the shortest 

arc duration (tarc, min). The second valid breaking operation should be carried out with 

the arcing time as long as possible (tarc, max) and the third valid breaking operation should 

be performed with the medium arcing time which is determined by: 

 𝑡𝑎𝑟𝑐,𝑚𝑒𝑑 =
(𝑡𝑎𝑟𝑐,𝑚𝑖𝑛 + 𝑡𝑎𝑟𝑐,𝑚𝑎𝑥)

2
 (5.2.1) 

 

The short-circuit making and breaking test consists of test duties such as T10, T30, T60, 

T100s, OP1, OP2, L90, L60 and L75. Numbers of 10, 30, 60, 75, 90 and 100 represent 

the percentage of the rated operating short-circuit breaking current. “T”, “L” and “OP” 

represent different fault types: terminal fault, short line fault and out-of-phase fault.  

 

After the breaking operation, the recovery voltage that applies across the terminals of a 

circuit breaker contains two successive segments, transient recovery voltage and power 

frequency voltage. Following IEEE Std C37.011, the TRV waveform could be obtained 

by two envelopes, i.e. two-parameter and four-parameter. The two-parameter envelope 

is used to define the oscillatory (underdamped) TRV for the circuit breakers with rated 

voltage less than 100 kV at all possible breaking currents or the voltage rated 100 kV 

and above with short circuit current up to 30% of the rated value. The two parameters 

are specified as reference voltage (TRV peak value) uc and time t3 for voltage increases 

to uc. The four-parameter envelope is adopted for the overdamped (exponential) TRV 

with circuit breakers voltage rated 100 kV and above if the short circuit current is higher 
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than 30% of the rated value. The first reference voltage u1, time t1 to reach u1, second 

reference voltage (TRV peak value) uc and time t2 to reach uc are specified as the four 

parameters. Examples of these two envelopes are shown in Figure 5.2 [6], [7].  

Figure 5.2 Examples of inherent test TRV with the two-parameter envelope (a) and 

four-parameter waveform (b) that satisfies the conditions to be met during the type 

test. td is a time delay in microseconds. [6]. 

 

Different from the terminal fault, the TRV of short line fault is defined using a triangular 

waveform which contains a saw-tooth component as shown in Figure 5.3. The related 

RRRV of the saw-tooth shaped TRV, which is determined by the line surge impendence 

and slope of the interrupted current before its final zero, is higher than the terminal fault. 

The rated value of line surge impendence is 450 Ω. The voltage of short line fault is the 

sum of voltage at the source side and that at the line side in which the line side voltage 

exhibits the triangular shape. The variation of the source side voltage is slower than the 

line side. 

(a) 

(b) 
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Figure 5.3 Examples of inherent test TRV for short line fault that satisfies the 

conditions to be met during type test [6]. 

 

The TRV ratings are designed to determine a withstand boundary of the circuit breakers 

relating to its interruption capability. To predict the interruption capability of the auto-

expansion circuit breaker comparatively, three different test duties (T30, T60 and L90) 

are considered in the present work. The corresponding experiments on the commercial 

145 kV/ 40 kA auto-expansion circuit breaker are carried out at KEMA high-power 

laboratory. The arc durations of tests T30 and T60 are described in Table 5.1 and typical 

parameters are listed in Table 5.2 [8].  

 

Table 5.1 Tested arc durations of different test duties for 145 kV/40 kA auto-expansion 

circuit breaker. 

Test Types 
Arc duration (ms) 

Short Medium Long 

T30 13.8 16.5 20.2 

T60 12.3 14.7 18.5 

 

Table 5.2 Typical parameters of T30 and T60 tests with different arc durations. 

                         Parameters 

 

Test 

duties 

di/dt at last current zero 

(A/μs) 

Peak current at last loop 

(kA) 

T30 

Short 6.65 17.6 

Medium 6.70 17.7 

Long 6.58 18.9 

T60 

Short 12.8 34.7 

Medium 12.6 34.8 

Long 12.8 39.1 
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5.3 Prediction of Nozzle Ablation with Different Test Duties 

5.3.1 Terminal fault T30 

As discussed in the previous chapter, nozzle ablation is a dominant mechanism to create 

a sufficient pressurisation especially in the expansion volume of auto-expansion circuit 

breaker. At different interrupting currents, the arc is burned in different modes: axial 

blown arc (SF6 dominates) and ablation controlled arc (ablated PTFE dominates), as 

shown in Figure 5.4. It is observed that the arc is burned in axial blown mode at low 

peak current densities (<0.55×108 A/m2) while at high peak current densities, the arc is 

burned in ablated PTFE controlled mode. 

 
Figure 5.4 Specific ablation in the circuit breaker test device versus peak current 

density. Applied peak currents amounted from 4 to 64 kA and the arcing times are 5, 

10 and 15 ms respectively [9].  

 

The current waveforms and contact travel curves of T30 cases are shown in Figure 5.5. 

The applied peak currents are less than 20 kA. In addition, the TRVs of T30 imposed 

by the network are drawn in Figure 5.6. Similar to the short line fault, the interruption 

of the short arc duration case is the most difficult in comparison with medium and long 

arc duration cases. The peak current densities of the three cases are lower than 0.55×108 

A/m2 and the arc is thus burned in axial blown mode. The arcs of different arc duration 

cases are respectively initiated at 12.84 ms (short), 13.40 ms (medium) and 13.76 ms 

(long).  
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Figure 5.5 Current waveforms and contact travel curves of T30 tests of 145 kV/40 kA 

auto-expansion circuit breaker. 

Figure 5.6 Transient recovery voltages of T30 tests with different arc durations. 

 

The predicted mass loss respectively from main and auxiliary nozzle surfaces especially 

from the nozzle flat throat with the consideration of dimensional variation of the nozzle 

holes after each valid breaking operation in the rated operation sequence are shown in 
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Table 5.3. From the calculation, it is found that such a low current causes small amount 

of mass ablated from the nozzle surface especially for the short arc duration case which 

the ablated mass from the main nozzle flat throat has a negligible influence on changing 

the throat diameter (Table 5.4) but the ablation becomes intensified with the increased 

arc duration. For the medium and long arc duration cases, the nozzle holes are enlarged 

uniformly when considers the effects of nozzle ablation resulted from the prior current 

interruptions (Table 5.5 and 5.6). The total ablated mass from nozzle surface presents 

a decrease as a result of the nozzle hole enlargement.  

  

Table 5.3 Predicted PTFE mass loss due to nozzle ablation after each valid breaking 

operation of rated operation sequence of T30 with considering the variation of nozzle 

flat throat diameter. 

Nozzle 

Prediction 

Mass loss (g) Nozzle throat radius (mm) 

Short Long Medium Short Long Medium 

Main nozzle 

Flat throat 0.10 0.51 0.34 
10.5 10.7 10.8 

Total 0.22 0.92 0.52 

Auxiliary 

nozzle 

Flat throat 0.20 0.36 0.24 
9.7 10.0 10.2 

Total 0.39 0.69 0.47 

Total mass loss from nozzle 

surface 
0.61 1.61 0.99  

 

Table 5.4 Predicted PTFE mass loss due to nozzle ablation after each computation of 

T30 short arc duration case with considering the variation of nozzle flat throat diameter. 

Nozzle 

Prediction 

Mass loss (g) Nozzle throat radius (mm) 

Com. 1 Com. 2 Com. 3 Com. 1 Com. 2 Com. 3 

Main nozzle 

Flat throat 0.10 0.10 0.10 

10.5 10.5 10.5 
Total 0.22 0.22 0.22 

Auxiliary 

nozzle 

Flat throat 0.20 0.19 0.19 
9.7 9.8 9.9 

Total 0.39 0.38 0.38 

Total mass loss from nozzle 

surface 
0.61 0.60 0.60  
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Table 5.5 Predicted PTFE mass loss due to nozzle ablation after each computation of 

T30 medium arc duration case with considering the variation of nozzle flat throat 

diameter. 

Nozzle 

Prediction 

Mass loss (g) Nozzle throat radius (mm) 

Com. 1 Com. 2 Com. 3 Com. 1 Com. 2 Com. 3 

Main nozzle 

Flat throat 0.34 0.34 0.34 

10.6 10.7 10.8 

Total 0.52 0.52 0.51 

Auxiliary 

nozzle 

Flat throat 0.25 0.24 0.24 

9.7 9.9 10.1 

Total 0.48 0.47 0.47 

Total mass loss from nozzle 

surface 
1.00 0.99 0.98  

 

Table 5.6 Predicted PTFE mass loss due to nozzle ablation after each computation of 

T30 long arc duration case with considering the variation of nozzle flat throat diameter. 

Nozzle 

Prediction 

Mass loss (g) Nozzle throat radius (mm) 

Com. 1 Com. 2 Com. 3 Com. 1 Com. 2 Com. 3 

Main nozzle 

Flat throat 0.52 0.51 0.51 
10.7 10.9 11.1 

Total 0.92 0.92 0.92 

Auxiliary 

nozzle 

Flat throat 0.37 0.36 0.34 
9.8 10.1 10.4 

Total 0.71 0.69 0.67 

Total mass loss from nozzle 

surface 
1.63 1.61 1.59  

 

For the short arc duration case, the mass loss from the main nozzle occupies 36% of the 

total ablated mass while that from auxiliary nozzle surface takes 64%. With arc duration 

increase, the proportion of ablated mass from main nozzle surface grows to 56.5% and 

52.5% respectively correspond to the long and medium arc duration tests in the rated 

operating sequence. The variations of enthalpy and mass flow inside the hollow contact, 

expansion volume and towards the main nozzle downstream resulted from the enlarged 

nozzle flat throat of the short arc duration case are presented in Figure 5.9. It is observed 

that the PTFE vapour starts to flow into the expansion volume roughly at 20.05 ms and 
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the occupied proportion is smaller, no more than 3.8% enthalpy and 2.1% mass of the 

total (Figure 5.7 (c) and (d)). Due to the less contribution of the ablated PTFE vapour, 

the pressure inside the expansion volume remains lower, with a maximum of 1.0 MPa 

(Com.1). Furthermore, the less amount of ablated mass from nozzle surface only results 

in an inconsequential variation of pressure after each computation. The pressurisation 

inside the expansion volume is determined by the coupled effect of arc formation, gas 

compression due to the piston movement, and produced hot vapour. The initial pressure 

in expansion volume is 0.6 MPa. The pressure increases to 0.71 MPa at the time instant 

of arc initialisation and before the produced vapour flows into the expansion volume, 

the pressure grows to 0.93 MPa and the vapour only contributes a 0.07 MPa increase. 

    
                                (a)                                                               (b)      

      
(c)                                                                 (d) 

Figure 5.7 Predicted total enthalpy and mass flow in the hollow contact (a), towards 

the main nozzle downstream (b) and inside the expansion volume (c), (d) through 

cross sections 2 (a), 3 (b) and 6 (c) (d) respectively (Figure 4.11) with considering the 

diameter variation of nozzle flat throat. “S” represents for the short arc duration and 

“1, 2, 3” represent for the three computations. 
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For medium and long arc duration cases, the maximum enthalpy flows outwards from 

the expansion volume respectively increases to 1.2 kJ and 1.4 kJ with increased ablated 

mass of Com.1 (Figure 5.8 (a) and (c)). The total mass flows outwards from expansion 

volume is less than 7 g and 9 g (Figure 5.8 (b) and (d)). The gas in the expansion volume 

constantly flows out because of the extremely less amount of ablated mass flows into 

the expansion volume. Such a lower current of T30 results in a smaller electrical power 

supply from arc column so that the insufficient gas mixture is driven into the expansion 

volume. It means the pressurisation in expansion volume is principally determined by 

the coupled effect of piston movement and thermal energy carried by the PTFE vapour 

for low interrupting current case while the produced vapour is the dominant contributor 

for the high interrupting current case, e.g. L90.    

  
                                    (a)                                                                (b) 

  
                                    (c)                                                                (d) 

Figure 5.8 Predicted total enthalpy and mass flow inside the expansion volume 

through cross section 3 (Figure 4.11) of medium (“M”) and long (“L”) arc duration 

cases with considering the diameter variation of nozzle flat throat.  
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5.3.2 Terminal fault T60 

Figure 5.9 draws the current waveforms and contact travel curves of T60 with different 

arc durations and the TRVs imposed from the system across circuit breaker terminals 

after the final current zero are shown in Figure 5.10. The peak current densities of T60 

tests are higher than 1.0×108 A/m2 and larger amount of vapour would be produced of  

this kind of ablation dominated mode arc in comparison with T30 (Table 5.7-5.10). 

 
Figure 5.9 Current waveforms and travel curves of T60 tests. 

 

Figure 5.10 Transient recovery voltages of T60 tests with different arc durations. 
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Table 5.7 Predicted PTFE mass loss due to nozzle ablation after each valid breaking 

operation of rated operation sequence of T60 with considering the variation of nozzle 

flat throat diameter. 

Nozzle 

Prediction 

Mass loss (g) Nozzle throat radius (mm) 

Short Long Medium Short Long Medium 

Main nozzle 
Flat throat 0.24 1.73 0.76 

10.6 11.1 11.3 
Total 0.54 2.90 1.27 

Auxiliary 

nozzle 

Flat throat 0.66 0.81 0.60 
10.0 10.6 11.0 

Total 1.25 1.73 1.22 

Total mass loss from nozzle 

surface 
1.80 4.63 2.49  

 

Table 5.8 Predicted PTFE mass loss due to nozzle ablation after each computation of 

T60 short arc duration case with considering the variation of nozzle flat throat diameter. 

Nozzle 

Prediction 

Mass loss (g) Nozzle throat radius (mm) 

Com. 1 Com. 2 Com. 3 Com. 1 Com. 2 Com. 3 

Main nozzle 
Flat throat 0.24 0.24 0.23 

10.6 10.7 10.8 
Total 0.54 0.54 0.54 

Auxiliary 

nozzle 

Flat throat 0.66 0.61 0.59 
10.0 10.5 10.9 

Total 1.25 1.17 1.13 

Total mass loss from nozzle 

surface 
1.80 1.71 1.67  

 

Table 5.9 Predicted PTFE mass loss due to nozzle ablation after each computation of 

T60 medium arc duration case with considering nozzle flat throat diameter variation. 

Nozzle 

Prediction 

Mass loss (g) Nozzle throat radius (mm) 

Com. 1 Com. 2 Com. 3 Com. 1 Com. 2 Com. 3 

Main nozzle 
Flat throat 0.83 0.78 0.75 

10.8 11.0 11.2 
Total 1.33 1.29 1.26 

Auxiliary 

nozzle 

Flat throat 0.64 0.62 0.61 
10.0 10.5 10.9 

Total 1.28 1.24 1.22 

Total mass loss from nozzle 

surface 
2.61 2.53 2.48  
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Table 5.10 Predicted PTFE mass loss due to the nozzle ablation after each computation 

considering the variation of nozzle flat throat diameter of T60 long arc duration case. 

Nozzle 

Prediction 

Mass loss (g) Nozzle throat radius (mm) 

Com. 1 Com. 2 Com. 3 Com. 1 Com. 2 Com. 3 

Main nozzle 
Flat throat 1.73 1.64 1.49 

11.0 11.5 11.9 
Total 2.90 2.77 2.66 

Auxiliary 

nozzle 

Flat throat 0.84 0.81 1.00 
10.2 10.8 11.5 

Total 1.67 1.64 1.95 

Total mass loss from nozzle 

surface 
4.58 4.40 4.60  

 

The ablation from nozzle surface becomes more serious with the increased interrupting 

current. After the rated operating sequence of T60, ablation causes 0.8 mm and 1.5 mm 

dimension changes on the main and auxiliary nozzle flat throats while a smaller increase 

(0.5 mm and 0.7 mm) is obtained if the effects of ablation are not considered during the 

breaking operation with short and long arc durations. Furthermore, the increased arcing 

time also makes the ablation intensified which is related to the electrical power supply 

from the arc column, as shown in Figure 5.11. 

 
Figure 5.11 Electrical energy input for different arc durations while “S, M, L” 

represent for the short, medium, long arc duration and “1,2,3” represent for the three 

computations with the consideration of nozzle flat throat diameter variation.  
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The present work addressed in this chapter attempts to investigate the effect of nozzle 

ablation on the pressure distribution in particular in the expansion volume. In the circuit 

breaker, the pressure inside the expansion volume (A), at the middle of main nozzle flat 

throat (B) and towards the downstream exit (C) are respectively recorded as labelled in 

Figure 5.12 and the pressure variation resulted from flat throat enlargement is presented 

in Figure 5.13.  

A

B C

P1 P2P3

P4

 
Figure 5.12 Three monitor positions for the pressures in expansion volume, middle of 

main nozzle flat throat and the downstream. 

 

  
   (a)                                                                (b)

  
     (c)                                                                 (d) 
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     (e)                                                                 (f) 

Figure 5.13 Pressure in the expansion volume (a), (c), (e) and at the middle of the 

main nozzle flat throat (b), (d), (f) with the consideration of nozzle flat throat diameter 

variation after each computation while “S, M, L” and “1, 2, 3” have the same meaning 

explained in Figure 5.11. 

 

The pressure inside the expansion volume shows a gradual rise until 19 ms (T60-S), 22 

ms (T60-M) and 25 ms (T60-L) due to the arc formation and piston movement. Thermal 

energy brought into expansion volume by hot vapour becomes the dominant contributor 

on the further steep increase of pressure. From the overall calculation, pressure decrease 

is normally expected with broadened nozzle holes. If the dimension alteration of nozzle 

flat throat is not considered during the rated operating sequence, the pressure inside the 

expansion volume reaches its maximum of 1.8 MPa, 2.15 MPa and 2.4 MPa while with 

the consideration of enlarged flat throat, the pressure is relatively low, 1.93 MPa (T60-

M) and 2.31 MPa (T60-L).  

 

It is worth to notice that the long arc duration case is somewhat different with respect 

to the ablated mass from the nozzle surface and its influence on the pressurisation inside 

the expansion volume. As shown in Table 5.10, the vaporised mass from the auxiliary 

nozzle surface especially the flat throat has an increase when the flat throats of the main 

and auxiliary nozzle enlarge to 11.5 mm and 10.8 mm. A similar situation can be found 

in Test 98 as mentioned in Chapter 4. By comparing the three computations of T60-L, 

the total ablated mass from the auxiliary nozzle flat throat in Com.3 shows a substantial 

increase when the solid contact fully clears the main nozzle flat throat at approximately 

25 ms, even higher than that in the prior computations. It is resulted from a much higher 

mass ablation rate with a maximum of 0.15 kg/s as shown in Figure 5.14. The increased 
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ablation rate is affected by the radiation energy reaching at the nozzle surface. After an 

excessive enlargement of the nozzle holes, the electrical power supply becomes higher 

with current increase and brings a stronger radiation (Figure 5.11) to vaporise the nozzle 

surface. 

 
Figure 5.14 Mass loss rate and total mass loss from auxiliary nozzle flat throat after 

each computation with considering nozzle flat throat diameter variation of T60 long 

arc duration case and “L” and “1, 2, 3” have same meaning explained in Figure 5.11. 

 

The axial temperature distribution at typical time instants are presented in Figure 5.15. 

In the geometric design of the auto-expansion circuit breaker model, the flat throats of 

the auxiliary and main nozzles respectively lie within 53.18~54.13 cm and 55.82~58.06 

cm. Around 21.68 ms, the solid contact tip arrives at P1 of the main nozzle flat throat 

as shown in Figure 5.12. A stagnation region is formed between the two flat throats and 

the gaseous mixture flows out from expansion volume splits into two directions: hollow 

contact and main nozzle downstream, as illustrated in Figure 5.16 (a). When the solid 

contact travels to P2 at 23.88 ms, the gas flow in front of the solid contact changes its 

direction, into the expansion volume and through hollow contact as well (Figure 5.16 

(b)). During this period, the enlarged nozzle flat throat only results in an insignificant 

change of axial temperature. In the vicinity of the solid contact, there is also a stagnation 

area where the thermal energy produced from ohmic heating could not be sufficiently 

removed by the slower gas flow so that the temperature becomes very high. However, 

the temperature shows a significant change especially around the auxiliary nozzle flat 
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throat when solid contact arrives at P3. The local axial temperature (Com.3) becomes 

higher and such a higher temperature causes much more mass ablated from the auxiliary 

nozzle surface. 

  
         (a)                                                                 (b) 

  
        (c)                                                                 (d) 

Figure 5.15 Temperature distribution in the arcing space when the solid contact 

arrives at four positions (Figure 5.12): (a) t=21.68ms; (b) t=23.88ms; (c) t=26.08ms; 

(d) t=27.05ms; The three curves respectively represent for the three computations of 

T60 long arc duration case: black-Com.1; red-Com.2; blue-Com.3. 
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(a) t=21.68ms  

(b) t=23.88ms

 

(b) t=23.88ms  
Figure 5.16 Temperature distribution with the velocity vector at (a) t=21.68ms; (b) 

t=23.88ms of T60 long arc duration case (Com.1). 

 

Figure 5.17 shows the temperature distributions within the arcing space. In reality, arc 

temperature is determined by the energy transfer process during the current interruption. 

Such a higher temperature around the auxiliary nozzle flat throat is due to the stronger 

ohmic heating and radiation, which are the dominant mechanism for the energy transfer 

during the high current phase as shown in Figure 5.18 (a) and (b). Furthermore, the arc 

radius as the radiation emission boundary that from the axis to the temperature isotherm 

of 0.83Tmax is comparatively smaller as a result of vapour compression (Figure 5.18 (c)).  

Besides that, the compressed arc column also leads to a larger effective flow area when 

the arc is drawn towards the downstream.  
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(3) Com.3

(1) Com.1

(2) Com.2

 
Figure 5.17 Temperature distribution within the arcing space at t=26.08 ms after the 

solid contact clears the main nozzle.   

 

  
                                    (a)                                                                 (b) 



Chapter 5 187 

 

 Wen Wang 

 

 
        (c) 

Figure 5.18 Radiation energy (a), ohmic heating (b) and the temperature distribution 

(c) in the radial direction at the middle of auxiliary nozzle flat throat at t=26.08 ms 

(T60-L-3); Each curve has same meaning explained in Figure 5.15. 

 

As explained previously, before the solid contact leaves the auxiliary nozzle flat throat, 

a high pressure region is formed in the auxiliary nozzle stagnation area by the produced 

PTFE vapour (Figure 5.19) and the maximum pressure is slightly decreased (1.61 MPa, 

1.51 MPa and 1.47 MPa) due to the enlarged flat throats. However, although the gap 

between solid contact and flat throat becomes larger, the enlargement of the nozzle hole 

lowers the pressure in the heating channel since the ablated mass is reduced. When the 

solid contact travels into the divergent section of main nozzle, the maximum pressure 

in the arcing space grows 0.1 MPa higher than Com.2, by virtue of the increased total 

ablated mass from the nozzle surface although the proportion from the main nozzle flat 

throat drops (Figure 5.20). At this instant, the gas mixture still flows reversely towards 

the expansion volume and through the hollow contact since current grows to its positive 

peak until 26.34 ms. Additionally, a slightly higher pressurisation inside the expansion 

volume is obtained as well (Figure 5.13 (e)). 

(2) Com.2

(3) Com.3

(1) Com.1  
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(1) Com.1

(2) Com.2

(3) Com.3  
Figure 5.19 Pressure distributions when the solid contact just clears the auxiliary 

nozzle flat throat of T60 long arc duration cases with considering the diameter 

variation of nozzle flat throat after each computation. 

 

(1) Com.1  

(2) Com.2

(3) Com.3
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(2) Com.2

(3) Com.3  
Figure 5.20 Pressure distribution within the arcing space after the solid contact leaves 

the main nozzle flat throat at t=26.08 ms.  

 

The positions of solid contact tip at typical time instants corresponds to the interrupting 

current is given in Figure 5.21. Solid contact moves through the flat throats of auxiliary 

and main nozzles respectively between 15.50~17.15 ms (P1~P2) and 20.0~24.85 ms 

(P3~P4). The corresponded current decreases towards the first zero when solid contact 

moves through the auxiliary nozzle flat throat while it grows towards the positive peak 

with the solid contact movement from P3 to P4, and it reaches peak at 26.34 ms. 
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Figure 5.21 Positions of the solid contact in the arcing chamber corresponded to the 

current waveform for T60 long arc duration case.  
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Figure 5.22 describes the flow field conditions inside the expansion volume of T60 long 

arc duration cases (T60-L-1/2/3). The current decreases from -5.2 kA at 21.08 ms to its 

zero at 21.49 ms and rises again to 18.99 kA at 23.18 ms. The arc is mainly burned in 

the auxiliary nozzle and a considerable length of the main nozzle flat throat. However, 

for T60-L-1, only 0.72 g mass is ablated from the nozzle surface with ablation energy 

of 8.58 kJ until 23.18 ms. Due to the insufficient produced vapour and electrical power 

supply, the total enthalpy flows into the expansion volume shows a decrease (Figure 

5.22 (1)). It stops flow into the expansion volume at 23.18 ms and furtherly flows out 

with a smaller value (<10 J) until 23.33 ms. In comparison with T60-L-1, the proportion 

of total enthalpy flows into the expansion volume is smaller for T60-L-2 while for T60-

L-3, the total enthalpy is continuously flowing out from the beginning until 25.14 ms. 

The corresponded times for the enthalpy re-flows into the expansion volume are 24.91 

ms (T60-L-2) and 25.13 ms (T60-L-3).  

 

After the solid contact leaves the main nozzle flat throat, the effective cross section of 

main nozzle surface exposed to the arc column becomes larger, the current increases to 

its positive peak (38.43 kA) and the enthalpy flows into expansion volume substantially 

increases with a higher flow rate. The maximum enthalpy of the three computations is 

respectively 18.14 kJ, 16.29 kJ and 16.39 kJ. In T60-L-3, the 0.1 kJ enthalpy increase 

is responsible for the corresponded higher pressure. After the enthalpy re-flows into the 

expansion volume, the enthalpy carried by PTFE vapour becomes larger. At 26.56 ms, 

due to the increased amount of ablated mass from auxiliary nozzle surface by the higher 

radiation energy in T60-L-3, it continuously increases and even exceeds that of T60-L-

2. The maximum enthalpy carried by the PTFE vapour is 11.07 kJ, 9.49 kJ and 10.24 

kJ for the three computations.  

 

Furthermore, the total mass rushes out towards the downstream through cross section 7 

(Figure 4.11) shows a steeply increased flow rate when the current drops to 11.5 kA 

after 30.0 ms (Figure 5.23). The decreased current lowers the pressure around the main 

nozzle and the generated high pressure difference between the expansion volume and 

downstream exit drives the gaseous mixture out from the expansion volume.  Excessive 

enlargement of the nozzle holes leads to a higher mass flow rate before the final current 

zero with a maximum of 2.3 kg/s (T60-L-3) which is higher than the prior computations. 

However, it only shows a negligible effect on the mass flow towards the hollow contact. 
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Figure 5.22 Predicted enthalpy flowed into the expansion volume through cross 

section 3 as shown in Figure 4.11 with considering the diameter variation of the 

nozzle flat throat after each computation (T60-L-1/2/3).  

 

 
Figure 5.23 Predicted mass flow rate outwards the main nozzle downstream and into 

the hollow contact respectively with considering the diameter variation of the nozzle 

flat throat after each computation (T60-L-1/2/3). 

 

Figure 5.24 illustrates the mass ablation rate of the three computations of Test 98. The 

variation also occurs after the solid contact clears the main nozzle flat throat, resulting 
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in a higher local temperature around the auxiliary nozzle flat throat although the ablated 

mass from the auxiliary nozzle surface is comparatively decreased again when the main 

and auxiliary flat throats enlarge to 12.3 mm and 12.0 mm respectively.  

 
Figure 5.24 Mass ablated rate and the total mass loss from auxiliary nozzle flat throat 

with considering the diameter variation of nozzles flat throats of Test 98. 

 

To comparatively investigate whether the dimension change of main nozzle or auxiliary 

nozzle flat throat is the primary cause of the flow field environment variation, another 

two groups of a total of five computations are performed. Since the variation is occurred 

when the main and auxiliary nozzle flat throats enlarge to 11.5 mm and 10.8 mm, these 

new computations are specified the radii of flat throats to be ±0.5 mm of the respective 

flat throats enlargement. The first group is designed with setting the radius of the main 

nozzle flat throat to 11.0 mm and changing the radius of auxiliary nozzle flat throat to 

10.3 mm (T60_1) and 11.3 mm (T60_2). The second group keeps the auxiliary nozzle 

flat throat to 10.8 mm while enlarges the main nozzle to 11.1 mm (T60_3), 11.2 mm 

(T60_4) and 11.3 mm (T60_5) respectively. 

 

The detailed calculation results are shown in Table 5.11. It is observed that the variation 

of the auxiliary nozzle flat throat only has an insignificant effect on the nozzle material 

mass loss rate of main nozzle. In addition, the maximum mass loss rate is reduced after 

solid contact clears the main nozzle flat throat by the uniformly enlarged main nozzle 
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flat throat. Although the total ablated mass is increased, the decrease of the proportion 

occupied by the main nozzle flat throat is expected with the broadened flat throat. 

 

However, there is a considerable change on the mass ablation rate when the main nozzle 

flat throat increases larger than 11.2 mm as presented in Figure 5.26. The calculation 

results indicate that the flow field conditions of long arc duration case especially around 

the auxiliary nozzle flat throat are sensitively influenced by the dimension change of 

nozzle flat throat and the variation of main nozzle flat throat is the dominant contributor.  

 

Table 5.11 Predicted PTFE mass loss due to the nozzle ablation with different nozzles 

dimensions of T60 long arc duration case. 

Nozzle 

Prediction 

Mass loss (g) Nozzle throat radius (mm) 

T60_1 T60_2 T60_1 T60_2 

Main nozzle 

Flat throat 1.64 1.65 

11.5 11.5 

Total 2.79 2.81 

Auxiliary 

nozzle 

Flat throat 0.82 0.79 

10.9 11.8 

Total 1.64 1.58 

Total mass loss from nozzle 

surface 
4.43 4.39  

Nozzle 

Prediction 

Mass loss (g) Nozzle throat radius (mm) 

T60_3 T60_4 T60_5 T60_3 T60_4 T60_5 

Main nozzle 

Flat throat 1.61 1.55 1.53 

11.6 11.6 11.7 

Total 2.75 2.70 2.70 

Auxiliary 

nozzle 

Flat throat 0.84 0.98 0.99 

11.4 11.5 11.5 

Total 1.67 1.94 1.95 

Total mass loss from nozzle 

surface 
4.42 4.64 4.65  
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Figure 5.25 Mass ablated rate and the total mass loss from main nozzle flat throat with 

considering the nozzles flat throats diameter variation for T60_1/2/3/4/5. The solid 

lines represent for the mass loss rate while the dashed lines represent for the total 

mass loss. 

 

 
Figure 5.26 Mass ablated rate and the total mass loss from auxiliary nozzle flat throat 

with considering the nozzles flat throats diameter variation for T60_1/2/3/4/5. The 

solid lines represent for the mass loss rate while the dashed lines represent for the 

total mass loss. 
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5.4 Critical RRRV Affected by Nozzle Ablation 

5.4.1 Calibration of turbulence parameter in Prandtl mixing length model 

When the interrupted current approaches its final zero, turbulence cooling becomes a 

dominant mechanism to remove thermal energy generated in the residual arc between 

the arcing contacts. The post arc current flowing between the arcing contacts is obtained 

to predict the successful or failed thermal recovery process after the current interruption 

process. In the present work, the Prandtl mixing length model described in Chapter 4 is 

adopted to predict the turbulence cooling effect [10], where a calibration of turbulence 

parameter c is required during the calculation .  

 

A range of turbulence parameters used for the current zero phase calculation (𝑇𝑝𝐼0
) is 

chosen. From the calculation, a reasonable value of the turbulence parameter c is 0.32 

for the 145 kV/40 kA auto-expansion circuit breaker, producing agreement with tests. 

As shown in Figure 5.27 and 5.28, the circuit breaker can sustain the transient recovery 

voltage imposed from the network when c sets to 0.32 and above (Test 92) while the 

circuit breaker could successfully interrupt T60 short arc duration case for all values of 

c. For the successful case, the predicted post arc current eventually decreases to a much 

smaller value. 

 
Figure 5.27 Post arc current calculated using different turbulence parameter c of Test 

92 (Com.1). 
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Figure 5.28 Post arc current calculated using different turbulence parameter c for T60 

short arc duration test (Com.1). 

 

Test 93, which is performed to determine the shortest arc duration, is a typical thermal 

failure case. For different test duties, the first effective interruption is designed with the 

arc duration as short as possible. For short line fault L90, the new arc duration is reduced 

1 ms in comparison with the predicted arc duration of Test 92 and the actual arcing 

period of Test 93 is 12.3 ms. From the calculation, it is observed the main nozzle flat 

throat is still blocked by the solid contact tip when the current drops to the final zero 

(Figure 5.29). The final position of the solid contact is affected by the arc duration and 

contact travel curve, it differs the effective flow area around main nozzle downstream. 

As a result of nozzle clogging, the hot gas could not be flowed out through the main 

nozzle flat throat towards the downstream sufficiently. Furthermore, the ablated mass 

from the nozzle surface is less than the case of Test 92, which leads to a relatively lower 

pressurisation in the expansion volume and wider arc column. Due to a smaller pressure 

difference between upstream expansion volume and main nozzle downstream, the 

thermal energy removed by the gas flow becomes insufficient. In addition, there is also 

a stagnation region between the two flat throats where the hot gas cannot be effectively 

cool down. As presented in Figure 5.30, Test 93 shows a failed thermal recovery when 

c=0.35. Therefore, it can be concluded that 0.32 is a reasonable value of the turbulence 

parameter to provide satisfactory prediction of the thermal recovery process of 145 kV/ 

40 kA circuit breaker.    
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(b) Test 92

(a) Test 93

 
Figure 5.29 Temperature distribution at the final current zero for Test 93 (a) with the 

consideration of nozzle flat throats diameter variation resulted from Test 92 (b). 

 

   
                                   (a)                                                              (b) 

Figure 5.30 Predicted post arc current with different c for Test 93 without (a) and with 

(b) the consideration of the nozzle flat throat diameter variation resulted from Test 92. 
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5.4.2 Critical rate of rise of recovery voltage 

The critical RRRV is used to predict the interruption capability of circuit breakers. The 

rated RRRVs of different test duties are given in Table 5.12 [11].  

 

Table 5.12 Applicable RRRV values for different test duties introduced in the standards. 

Test duty RRRV (kV/us) Operation frequency 

T10 7 50/60 

T30 5 50/60 

T60 3 50/60 

T100s 2 50/60 

L90 40kA 8.64 60 

L90 50kA 9 50 

L90 50kA 10.8 60 

 

For the 145 kV/40 kA auto-expansion circuit breaker, the corresponded TRV waveform 

of SLF L90 is determined based on the standards using the four-parameter method and 

the corresponded symbols are determined by [5]–[7]: 

 𝑢1 = 0.75 × 𝑘𝑝𝑝 × √2/3 × 𝑈𝑟 (5.4.1) 

 𝑢𝑐 = 𝑘𝑝𝑝 × 𝑘𝑎𝑓 × √2/3 × 𝑈𝑟 (5.4.2) 

 𝑢1/𝑡1 = 2 (5.4.3) 

where 𝑈𝑟 is the rated maximum voltage and 𝑘𝑝𝑝 is the first pole to clear factor where 

1.0 is used for short line fault. The ratio between 𝑢1 and 𝑡1 is defined to 2 while 𝑘𝑎𝑓 is 

the amplitude factor with value of 1.40. 

 

The short line fault TRV ratings with rated 145 kV is determined as followed [6]: 

 𝑢𝑇 = 𝑢𝐿 + 𝑢𝑆 (5.4.4) 

 𝑢𝐿 = 𝑑(1 − 𝑀)√2/3𝑈𝑟 (5.4.5) 

 𝑢𝑆 = 2𝑀(𝑡𝐿 − 𝑡𝑑) (5.4.6) 

 
𝑑𝑢𝐿

𝑑𝑡
= √2𝜔𝑀𝐼𝑍𝑒𝑓𝑓 × 10−6 = 𝑠𝐼𝐿 (5.4.7) 

 
𝑡𝐿 =

𝑢𝐿

𝑑𝑢𝐿

𝑑𝑡

 
(5.4.8) 

 𝜔 = 2𝜋𝑓 (5.4.9) 
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where 𝑢𝑇 is the first peak value of TRV; 𝑢𝐿 is the line-side contribution to TRV; 𝑢𝑆 is 

the source-side contribution to TRV; 
𝑑𝑢𝐿

𝑑𝑡
 is the RRRV and 𝑡𝐿 is the time to peak; d and 

𝑍𝑒𝑓𝑓 are the transmission line parameters (1.6 and 450 Ω); 𝑀 is the ratio of fault current 

to the rated short-circuit current (IL/I); the time delay 𝑡𝑑 is defined to 2us; 𝑓 is the power 

frequency and s is 0.24 for 60 Hz system and 0.20 for 50 Hz system.  

 

Based on the calculation, the corresponding value of RRRV for the rated 145 kV circuit 

breakers short line fault is 8.64 kV/us with the time to peak of 2.19 us. For different test 

duties, the reference parameters used to determine the TRV envelope are given in Table 

5.13. The parameters uL and tL are additional to the four-(two-) parameters to describe 

the TRV envelope. 

 

Table 5.13 Parameters used to define the TRV envelope for different test duties. 

Test duty Parameters 

T30 
uc 237 kV 

t3 47 us 

T60 

u1 133 kV 

t1 44 us 

uc 266 kV 

t2 132 us 

L90 

u1 89 kV 

t1 44 us 

uc 166 kV 

t2 178 us 

 

To comparatively study the circuit breakers interruption capability, a range of RRRV 

values are chosen to calculate the post arc current with the consideration of the enlarged 

nozzle holes. A threshold value is determined through the calculation which represents 

the largest RRRV a circuit breaker could withstand. The computational uncertainty of 

this threshold value is less than 0.5 kV/us. 

  

From the calculation, the critical RRRV is largely affected by the flow field conditions 

established before the final current zero. For the short arc duration case Test 92 without 
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considering the effects of ablation, the predicted critical value of RRRV (9.0 kV/us) is 

higher than that described in the standard, as shown in Figure 5.31. As the most difficult 

test duty to interrupt, the result indicates that the 145 kV/40 kA auto-expansion circuit 

breaker is designed with sufficient interruption capability. 

 
Figure 5.31 Predicted post arc current with different RRRV of the short arc duration 

case Test 92 (Com.1). 

 

To determine the effects of nozzle flat throat diameter variation on the circuit breakers 

interruption capability, the critical RRRVs for the test duties with different arc durations 

are predicted after each computation with considering the nozzle flat throat increasing. 

As is recognised from previous study, the turbulence cooling has the strongest influence 

for the long arc duration case and thus the predicted critical RRRV is the highest. From 

the calculation, the decreased critical RRRV is expected with the enlarged nozzle flat 

throat. However, for the long arc duration case, the critical RRRV of T60-L-3 is slightly 

higher than T60-L-2, which is due to the increased pressurisation inside the expansion 

volume. It should be emphasised that the critical RRRV of Test 98 illustrates a decrease 

although the nozzle flat throats are enlarged excessively which leads to the variation of 

local flow field conditions. It is because significantly larger mass is ablated from nozzle 

surface especially from the main nozzle flat throat in comparison with other cases. The 

increased ablated mass from the auxiliary nozzle flat throat is not enough to compensate 

the reduced amount from the main nozzle flat throat. Due to the overall reduced mass 

ablated from the flat throats, the pressurisation inside the expansion volume becomes 
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lower so that the corresponding critical RRRV is decreased. The predicted total ablated 

mass from the two nozzle surfaces is given in Table 5.16. 

 

Table 5.14 Predicted critical RRRV values of Test 92 and 98 with the consideration of 

nozzle flat throat diameters variation. 

Critical RRRV (kV/us) 

 

Case 

Com.1 Com.2 Com.3 

Test 92 9.0 7.6 5.9 

Test 98 14.2 11.1 9.2 

 

Table 5.15 Predicted critical RRRV values for the T60 test under different arc durations 

with the consideration of nozzle flat throat diameters variation. 

Critical RRRV (kV/us) 

 

Case 

Com.1 Com.2 Com.3 

Short arc duration 3 2.6 2.2 

Medium arc duration 9.6 9.5 9.4 

Long arc duration 11 9.5 9.6 

 

Table 5.16 Predicted total mass loss from the flat throats of main and auxiliary nozzles 

for different test duties with different arc durations. 

Total mass loss 

 

Test duty 

Com.1 Com.2 Com.3 

Test 92 1.81 1.65 1.53 

Test 93 1.52 1.40 1.27 

Test 98 4.99 4.87 4.38 

T30-S 0.30 0.29 0.29 

T30-M 0.59 0.58 0.58 

T30-L 0.89 0.87 0.85 

T60-S 0.90 0.85 0.82 

T60-M 1.47 1.40 1.36 

T60-L 2.57 2.46 2.49 
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5.4.3 Comparative study of nozzle ablation and its effects 

From the calculation, it can be concluded that the critical RRRV is affected by coupled 

factors, e.g. interrupting current, arc duration, pressure, temperature and the dimension 

of nozzle. Despite the difference of the arc durations, the pressures inside the expansion 

volume and at the main nozzle flat throat are significantly increased with higher current, 

as shown in Figure 5.32. 

  
   (a)                                                                   (b) 

Figure 5.32 Pressure variation (a) in expansion volume and (b at the middle of main 

nozzle flat throat of the short arc duration cases;  

 

The fluctuation of the pressure curve is due to the propagated pressure waves from the 

arcing space towards expansion volume. Theoretically, the pressure waves could not be 

propagated instantaneously from one position to another and the waves propagation is 

affected by the factors such as frequency and transmission medium. The compressible 

characteristics of the fluid inside the arcing chamber results in the disturbances during 

the pressure wave propagation and reflection. 

 

Additionally, despite the difference of the interrupted current level, the arc duration also 

affects the nozzle ablation and pressure distribution. The arc duration correlated to the 

contact travel curve determines the final position of the solid contact within the main 

nozzle and the effective flow area around the main nozzle downstream. As illustrated 

in Figure 5.33, the longer arc duration results in a higher pressure inside the expansion 

volume and at the main nozzle flat throat. It also leads to more ablation from the nozzle 

surface which makes the arc column thinner in comparison with the short and medium 

arc duration cases.   
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(a) (b) 

 
                                  (c)                                                                  (d) 

Figure 5.33 Pressure variation inside the expansion volume (a) (c) and at the middle 

of main nozzle flat throat (b) (d) for T30 and T60 cases with different arc durations. 

 

During the final current zero phase, the arc temperature within the arcing space between 

the contacts in particular in the stagnation area is considerably affected by the enlarged 

nozzle holes as well. The pressure within the arcing space between the arcing contacts 

drops lower since the electrical power supply is insufficient when the current decreases 

below 15 kA, and eventually the gaseous mixture inside the expansion volume rushes 

out into the arcing space with a higher mass flow rate compared with the high current 

phase to cool down the arc column and surrounding gas. Furthermore, as the dominant 

mechanism for the arc cooling during the current zero phase, turbulence is affected by 

the mass flow rate and corresponded flow velocity around the main nozzle downstream 

exit. As a result of turbulence cooling, the arc column size is compressed by the cold 

gas flow and the temperature is thus decreased by interacting with surrounding cold gas 
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(energy exchange). As two typical examples, the temperature distributions at the final 

current zero of Test 92 and 98 are demonstrated in Figure 5.34 and 5.35. In Test 92, the 

effective flow area of main nozzle divergent section is smaller and the gas temperature 

around the arc column is higher than Test 98. Because of the smaller pressure difference 

between the expansion volume and the main nozzle downstream, the gas flows out from 

the expansion volume towards hollow contact and downstream exit with a smaller flow 

rate, as shown in Figure 5.36. Besides that, the mass flow rate of the short arc duration 

case in current zero phase is the smallest and it increases with the arc duration. 

(1) Test 92-Com.1

(2) Test 92-Com.2

(3) Test 92-Com.3  
Figure 5.34 Temperature distribution at the final current zero for Test 92 with the 

consideration of nozzle flat throats diameters variation.   
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(1) Test 98-Com.1  

(2) Test 98-Com.2

(3) Test 98-Com.3  
Figure 5.35 Temperature distribution at the final current zero for Test 98 with the 

consideration of nozzle flat throats diameters variation.   

 

  
                                   (a)                                                                  (b) 
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                                   (c)                                                                  (d) 

Figure 5.36 Mass flow rate towards the main nozzle downstream (a) (c) and into the 

hollow contact (b) (e) before the final current zero through cross sections 7 and 2 

respectively with different arc durations without the consideration of nozzles flat 

throats diameters variation. 

 

5.5 Conclusion 

The present study shows that improvement of the circuit breaker interruption capability 

by design demands a comprehensive knowledge of the interaction between the hot arc 

column and the nozzle surface since the dimensional change of nozzle flat throat alters 

the flow environment, especially within the contact gap. To optimize the circuit breaker 

design, nozzle ablation is quantitively determined and its effects on the circuit breaker’s 

interruption capability is discussed as well. In the work of this chapter, the interruption 

capability is predicted through the determination of the critical RRRV. Some important 

findings are shown below: 

 

(1) For the short arc duration case T30 with a considerable lower current level, nozzle 

ablation has a smaller effect on the pressure build up process inside the expansion 

volume due to less amount of vapour produced from the nozzle surface. It is not a 

limiting factor for the lifetime of the nozzle. 

 

(2) With increased current level, the arc is burned in an PTFE ablation dominated mode 

with high PTFE concentration and nozzle ablation becomes a dominant mechanism 

to establish the effective flow field condition at the final current zero. However, the 

enlarged nozzle flat throat lowers the pressurisation in the expansion volume in the 

subsequent operation since the amount of produced vapour from the nozzle surface 
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is reduced. At a long arc duration, with an excessive enlargement of the nozzle flat 

throat, local flow condition at the auxiliary nozzle flat throat is adversely affected, 

leading to an increase of the ablated mass from the auxiliary nozzle flat throat. Since 

the main nozzle ablation contributes a significant proportion of pressurisation inside 

the expansion volume at high interrupted current level, this excessive enlargement 

of the nozzle holes leads to a rapid reduction in the interruption capability of circuit 

breakers.  

 

(3) The turbulence parameter c of Prandtl mixing length model is calibrated to predict 

the turbulence cooling effect especially during the current zero phase. It is observed 

that 0.32 is a reasonable value which produces results agreeing with the test results. 

This value reconfirms the value of turbulence parameter of 0.3 for the puffer type 

circuit breakers.  

 

(4) Interruption capability of the auto-expansion circuit breaker presents a deterioration 

with the consideration of the nozzle enlargement. As a more serious fault type, the 

deterioration of the interruption capacity of breaker can be explained by a reduction 

of approximately 19% in the predicted RRRV. It is mainly caused by dimensional 

variation of the main and auxiliary nozzles. For the long arc duration case (Test 98), 

the 2.4 mm/2.6mm (auxiliary nozzle) and 2 mm/1.6 mm (main nozzle) enlargement 

of the nozzle flat throat leads to the reduction of approximately 20% in the predicted 

RRRV.  
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Chapter 6  

Conclusions and Future Work 

 

6.1 Contributions and Achievements in the Present Work 

The work in this thesis is primarily concerned with the “intelligence” of circuit breakers 

at the physical layer, especially the arc dynamics when it interacts with the contacts and 

nozzle(s). Realistic predictions of the contact erosion and nozzle ablation are critically 

important for developing truly intelligent circuit breakers. The operation performance 

of circuit breakers, especially the interruption capability and lifetime, are significantly 

affected by these two phenomena. Present work is aimed at a systematic understanding 

of interaction between the arc and the metallic contacts and the PTFE nozzle. 

 

The thermodynamic properties and transport coefficients of pure copper plasma under 

LTE and non-LTE conditions are firstly calculated. The chemical composition of pure 

copper plasma is computed by solving the generalised Saha equations, equation of state 

and the equation describing the electrical neutrality of the plasma. The thermodynamic 

properties and transport coefficients are then calculated as function of temperature and 

pressure. The transport coefficients are calculated using the classical Chapman-Enskog 

method and the corresponding formulas are derived from Boltzmann nonlinear integro-

differential equations assuming a Maxwell-Boltzmann distribution for particle velocity. 

A mathematical model describing the non-LTE layer in front of the cathode surface is 

then developed to predict the contact erosion resulted from energy transfer between the 

non-LTE plasma and the cathode bulk. The predicted mass loss due to the evaporation 

is smaller than the measured mass loss, which includes solid particles ejected from the 

contact surface. 

 

Nozzle ablation is a major factor controlling the interruption capability and lifetime of 

the circuit breaker. The present study shows that nozzle ablation at high current, such 

as in the L90 type test, leads to significant increase in the size of the main and auxiliary 

nozzles. The variation in the nozzle size has two consequences. The first is the reduction 

of the pressure rise in the expansion volume, which is responsible for the generation of 
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high speed gas flow at current zero. The second consequence is the change in flow field, 

especially around the nozzle flat throat. The combined effect leads to the reduction in 

the interruption capability of circuit breakers. The predicted specific ablation falls well 

within the range of results obtained by ABB. 

 

The last contribution is a study of the influences of nozzle ablation on the interruption 

capability of the auto-expansion circuit breaker. It is shown that the arc model with a 

turbulence parameter of 0.32 produce predictions of the critical RRRV that match well 

with the test results. This value is also very close to the value of 0.30 for puffer circuit 

breakers, further validating the arc model. Results also show that the critical RRRV of 

the auto-expansion circuit breaker drops rapidly resulted from the nozzle enlargement 

by nozzle ablation. Therefore, for realistic modelling of the interruption performance 

of a circuit breaker, the nozzle ablation at high current must be considered.    

 

6.2 Future Work 

In the future, the development of smart grid would be a better answer to satisfy the ever-

growing need for the electricity and increased complexity of system management with 

applying the “intelligent” computerised control and automation to improve the system 

availability, reliability, and efficacy. It is achieved by improving the real-time dynamic 

monitoring and controlling as well as bi-directional communication between the control 

system and the apparatuses. As an important apparatus for protecting power grid system, 

the idea of intelligent circuit breaker has to be realised by hardware components which 

could complete intelligent operations not only in the practical application level but also 

the physical level. Since the contact erosion and nozzle ablation as two decisive factors 

are difficult to determine from the tests, a satisfactory mathematical model is important 

to provide the reasonable computation results for the optimum design. Nevertheless, it 

is difficult to establish an accurate model without the trustable evidence from the tests. 

Therefore, more trustable data with respect to the tests on the circuit breaker is essential 

to improve the accuracy of arc modelling.  

 

6.2.1 Modified near cathode non-LTE layer model        

For contact erosion, the near cathode non-LTE layer model need to be considered 

together with the present arc column model to furtherly analyse its effects on the overall 
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flow field conditions. The assumptions of the total current density and cathode surface 

temperature could be eliminated through the coupled calculation between the non-LTE 

layer model and arc model. Furthermore, metallic particles detached from the cathode 

surface need to be considered in the future work because of it is significant for the total 

mass loss during the current interruptions. In addition, as is recognised from previous 

investigations, the non-LTE layer is only presented in a much shorter distance in front 

of the contacts in comparison with the arc length so that the contact erosion is currently 

assumed to be neglected during the arc modelling of circuit breakers. Since the injected 

metallic vapour changes the arc temperature and arc column size especially the arc root 

attachment on the contact surface, the presence of metallic vapour should be considered 

in the future works. 

 

6.2.2 Radiation model correlates to the nozzle ablation 

Semi-empirical radiation model is adopted in present work with assuming a reasonable 

proportion of the radiation energy to be absorbed. Therefore, the radiation model also 

need to be modified using the more accurate method in the future to predict the nozzle 

ablation with more accuracy. 

 

6.2.3 Thermodynamic properties and transport coefficients of the mixture 

inside the arcing chamber 

Current investigation of thermodynamic properties and transport coefficients of the gas 

mixture inside the arcing chamber is limited to a pressure of 1~2 MPa. However, with 

the development of smart grid especially for the apparatuses operate in higher voltage 

and interrupting current environment, the pressure in the arcing chamber would become 

higher. This kind of high pressure, as a result of the strong magnetic pinch effect and 

nozzle ablation, may occur in the arcing chamber when interrupting high current in the 

order of 100 kA, where experimentally study of circuit breaker operation performance 

under such conditions is difficult and expensive. The thermodynamic properties and 

transport coefficients of the gaseous medium in such a higher pressure environment are 

prerequisite for arc modelling, hence need to be determined accurately. Moreover, the 

arc characteristics would be more complicated if considering the metallic vapour from 
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contacts injects into the SF6-PTFE mixture. To improve the model, the thermodynamic 

properties and transport coefficients of the ternary mixture also need to be determined.
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2. Partial Differentiation form of Saha equation associated with the partial number 

density 
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𝜕𝑇ℎ
−

1

𝑛𝐶𝑢2+

𝜕𝑛𝐶𝑢2+

𝜕𝑇ℎ
= 0 (A.15) 

1

𝑛𝑒

𝜕𝑛𝑒

𝜕𝑇ℎ
+

1

𝑛𝐶𝑢4+

𝜕𝑛𝐶𝑢4+

𝜕𝑇ℎ
−

1

𝑛𝐶𝑢3+

𝜕𝑛𝐶𝑢3+

𝜕𝑇ℎ
= 0 (A.16) 



 215 

 

 Wen Wang 

 

Appendix B 

1. Ordinary differential forms of the conservation equations of pre-sheath model 

 

𝛻 ∙ 𝛤𝑒 = −(
𝐷𝑒

𝑇

𝑚𝑒𝑇𝑒
+

𝑚𝑒𝑛𝑛𝑒𝐷𝑒𝑒

𝜌𝑇𝑒
)
𝑑2𝑇𝑒

𝑑𝑥2
−

𝑑

𝑑𝑥
(

𝐷𝑒
𝑇

𝑚𝑒𝑇𝑒
+

𝑚𝑒𝑛𝑛𝑒𝐷𝑒𝑒

𝜌𝑇𝑒
)
𝑑𝑇𝑒

𝑑𝑥

− (
𝑚𝑒𝑛𝐷𝑒𝑒

𝜌
)
𝑑2𝑛𝑒

𝑑𝑥2
−

𝑑

𝑑𝑥
(
𝑚𝑒𝑛𝐷𝑒𝑒

𝜌
)
𝑑𝑛𝑒

𝑑𝑥
+ (

𝑚𝑒𝑛𝑛𝑒𝑒𝐷𝑒𝑒

𝜌𝑘𝐵𝑇𝑒
)
𝑑2𝑉

𝑑𝑥2

+
𝑑

𝑑𝑥
(
𝑚𝑒𝑛𝑛𝑒𝑒𝐷𝑒𝑒

𝜌𝑘𝐵𝑇𝑒
)
𝑑𝑉

𝑑𝑥
= 𝛼𝑟𝑒𝑐𝑛𝑒

3 (
𝑛𝑎

𝑛𝑎,𝐿𝑇𝐸
− 1) 

(B.1) 

 

𝛻 ∙ 𝛤𝑖 = −(
𝑛𝑎𝑚𝑎𝐷𝑖𝑎

𝜌
)
𝑑2𝑛𝑒

𝑑𝑥2
−

𝑑

𝑑𝑥
(
𝑛𝑎𝑚𝑎𝐷𝑖𝑎

𝜌
)
𝑑𝑛𝑒

𝑑𝑥
+ (

𝑛𝑒𝑚𝑖𝐷𝑖𝑎

𝜌
)
𝑑2𝑛𝑎

𝑑𝑥2

+
𝑑

𝑑𝑥
(
𝑛𝑒𝑚𝑖𝐷𝑖𝑎

𝜌
)
𝑑𝑛𝑎

𝑑𝑥
− (

𝑛2𝑛𝑒𝑚𝑖𝐷𝑖𝑎𝑒

𝑃𝜌
)
𝑑2𝑉

𝑑𝑥2

−
𝑑

𝑑𝑥
(
𝑛2𝑛𝑒𝑚𝑖𝐷𝑖𝑎𝑒

𝑃𝜌
)
𝑑𝑉

𝑑𝑥
= 𝛼𝑟𝑒𝑐𝑛𝑒

3 (
𝑛𝑎

𝑛𝑎,𝐿𝑇𝐸
− 1) 

(B.2) 

 

−𝑒(
𝐷𝑒

𝑇

𝑚𝑒𝑇𝑒
+

𝑚𝑒𝑛𝑛𝑒𝐷𝑒𝑒

𝜌𝑇𝑒
)
𝑑𝑇𝑒

𝑑𝑥

𝑑𝑉

𝑑𝑥
− 𝑒 (

𝑚𝑒𝑛𝐷𝑒𝑒

𝜌
)
𝑑𝑛𝑒

𝑑𝑥

𝑑𝑉

𝑑𝑥
+ 𝑒 (

𝑚𝑒𝑛𝑛𝑒𝑒𝐷𝑒𝑒

𝜌𝑘𝐵𝑇𝑒
) (

𝑑𝑉

𝑑𝑥
)
2

= −
𝑑𝑘𝑒

𝑑𝑥

𝑑𝑇𝑒

𝑑𝑥
− 𝑘𝑒

𝑑2𝑇𝑒

𝑑𝑥2
−

5

2
𝑘𝐵𝛼 (

𝐷𝑒
𝑇

𝑚𝑒𝑇𝑒
+

𝑚𝑒𝑛𝑛𝑒𝐷𝑒𝑒

𝜌𝑇𝑒
)(

𝑑𝑇𝑒

𝑑𝑥
)
2

−
5

2
𝑘𝐵𝛼 (

𝑚𝑒𝑛𝐷𝑒𝑒

𝜌
)
𝑑𝑛𝑒

𝑑𝑥

𝑑𝑇𝑒

𝑑𝑥
+

5

2
𝑘𝐵𝛼 (

𝑚𝑒𝑛𝑛𝑒𝑒𝐷𝑒𝑒

𝜌𝑘𝐵𝑇𝑒
)
𝑑𝑉

𝑑𝑥

𝑑𝑇𝑒

𝑑𝑥

+ (
5

2
𝑘𝐵𝛼𝑇𝑒 + 𝐸𝑖𝑜𝑛) �̇�𝑒 + 𝑊𝑒ℎ 

(B.3) 

 

(
𝑛𝑎𝑚𝑎𝑒𝐷𝑖𝑎

𝜌
)
𝑑𝑛𝑒

𝑑𝑥

𝑑𝑉

𝑑𝑥
− (

𝑛𝑒𝑚𝑖𝑒𝐷𝑖𝑎

𝜌
)
𝑑𝑛𝑎

𝑑𝑥

𝑑𝑉

𝑑𝑥
+ (

𝑛2𝑛𝑒𝑚𝑖𝑒
2𝐷𝑖𝑎

𝑃𝜌
)(

𝑑𝑉

𝑑𝑥
)
2

+ 𝑊𝑒ℎ

= −
𝑑𝑘ℎ

𝑑𝑥

𝑑𝑇ℎ

𝑑𝑥
− 𝑘ℎ

𝑑2𝑇ℎ

𝑑𝑥2
 

(B.4) 

2. Second-order differential forms of the conservation equations of pre-sheath model 

 

𝑑2𝑛𝑒

𝑑𝑥2
= −(

𝑒2𝐷𝑒
𝑇

𝑘𝐵𝜎𝑚𝑒
∙
𝑛𝑒

𝑇𝑒
2
+

𝑛𝑒

𝑇𝑒
)

𝑑2𝑇𝑒

𝑑𝑥2
−

1

𝑚𝑒𝑇𝑒
∙

𝑒2𝑛𝑒

𝑘𝐵𝑇𝑒𝜎
∙
𝑑

𝑑𝑥
(𝐷𝑒

𝑇) ∙ 
𝑑𝑇𝑒

𝑑𝑥

+
𝐷𝑒

𝑇

𝑚𝑒𝑇𝑒
2
∙

𝑒2𝑛𝑒

𝑘𝐵𝑇𝑒𝜎
∙ (

𝑑𝑇𝑒

𝑑𝑥
)
2

−
𝑛𝑒

𝑇𝑒𝜎
∙
𝑑𝑇𝑒

𝑑𝑥
∙
𝑑𝜎

𝑑𝑥
−

1

𝜎
∙
𝑑𝑛𝑒

𝑑𝑥

∙
𝑑𝜎

𝑑𝑥
−

1

𝑇𝑒
∙
𝑑𝑇𝑒

𝑑𝑥
∙
𝑑𝑛𝑒

𝑑𝑥
+

1

𝑛𝑒
∙ (

𝑑𝑛𝑒

𝑑𝑥
)
2

+
𝑛𝑒𝑒

𝑘𝐵𝑇𝑒
∙
𝑑2𝑉

𝑑𝑥2

+
𝑒𝑛𝑒

𝑘𝐵𝑇𝑒𝜎
∙
𝑑𝜎

𝑑𝑥
∙
𝑑𝑉

𝑑𝑥
−

𝑒2𝑛𝑒

𝑘𝐵𝑇𝑒𝜎
∙ 𝛼𝑟𝑒𝑐 (

𝑛𝑎

𝑛𝑎,𝐿𝑇𝐸
− 1) ∙ 𝑛𝑒

3 

(B.5) 
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𝑑2𝑉

𝑑𝑥2
= −(

𝑃𝑛𝑎𝑚𝑎

𝑛2𝑛𝑒𝑚𝑖𝑒
∙
𝑑2𝑛𝑒

𝑑𝑥2
) −

𝑃𝑛𝑎𝑚𝑎

𝑛2𝑛𝑒𝐷𝑖𝑎𝑚𝑖𝑒
∙
𝑑

𝑑𝑥
(𝐷𝑖𝑎) ∙

𝑑𝑛𝑒

𝑑𝑥

−
𝑃𝑚𝑎

𝑛2𝑛𝑒𝑚𝑖𝑒
∙
𝑑𝑛𝑎

𝑑𝑥
∙
𝑑𝑛𝑒

𝑑𝑥
+

𝑃𝑛𝑎𝑚𝑎

𝜌𝑛2𝑛𝑒𝑚𝑖𝑒
∙
𝑑𝜌

𝑑𝑥
∙
𝑑𝑛𝑒

𝑑𝑥
+

𝑃

𝑛2𝑒

∙
𝑑2𝑛𝑎

𝑑𝑥2
+

𝑃

𝑛2𝑛𝑒𝑒
∙
𝑑𝑛𝑒

𝑑𝑥
∙
𝑑𝑛𝑎

𝑑𝑥
+

𝑃

𝑛2𝐷𝑖𝑎𝑒
∙
𝑑

𝑑𝑥
(𝐷𝑖𝑎) ∙

𝑑𝑛𝑎

𝑑𝑥

−
𝑃

𝑛2𝜌𝑒
∙
𝑑𝜌

𝑑𝑥
∙
𝑑𝑛𝑎

𝑑𝑥
−

2

𝑛
∙
𝑑𝑛

𝑑𝑥
∙
𝑑𝑉

𝑑𝑥
−

1

𝑛𝑒
∙
𝑑𝑛𝑒

𝑑𝑥
∙
𝑑𝑉

𝑑𝑥
−

1

𝐷𝑖𝑎

∙
𝑑

𝑑𝑥
(𝐷𝑖𝑎) ∙

𝑑𝑉

𝑑𝑥
+

1

𝜌
∙
𝑑𝜌

𝑑𝑥
∙
𝑑𝑉

𝑑𝑥
−

𝑃𝜌

𝑛2𝑚𝑖𝐷𝑖𝑎
∙ 𝛼𝑟𝑒𝑐 ∙ 𝑛𝑒

2

∙ (
𝑛𝑎

𝑛𝑎,𝐿𝑇𝐸
− 1) 

(B.6) 

 

𝑑2𝑇𝑒

𝑑𝑥2
=

1

𝑘𝑒
[(

𝑒𝐷𝑒
𝑇

𝑚𝑒𝑇𝑒
+

𝑘𝐵𝜎

𝑒
) ∙

𝑑𝑇𝑒

𝑑𝑥
∙
𝑑𝑉

𝑑𝑥
+ (

𝑘𝐵𝜎

𝑒
∙
𝑇𝑒

𝑛𝑒
∙
𝑑𝑛𝑒

𝑑𝑥
∙
𝑑𝑉

𝑑𝑥
)

− 𝜎 (
𝑑𝑉

𝑑𝑥
)
2

− (
𝑑𝑘𝑒

𝑑𝑥
∙
𝑑𝑇𝑒

𝑑𝑥
)

−
5

2
𝑘𝐵𝛼 (

𝐷𝑒
𝑇

𝑚𝑒𝑇𝑒
+

𝑘𝐵𝜎

𝑒2
) (

𝑑𝑇𝑒

𝑑𝑥
)
2

−
5

2
𝑘𝐵𝛼 (

𝑘𝐵𝜎

𝑒2
∙
𝑇𝑒

𝑛𝑒
)

∙
𝑑𝑛𝑒

𝑑𝑥
∙
𝑑𝑇𝑒

𝑑𝑥
+ (

5

2
𝑘𝐵𝛼 ∙

𝜎

𝑒
∙
𝑑𝑉

𝑑𝑥
∙
𝑑𝑇𝑒

𝑑𝑥
)

+ (
5

2
𝑘𝐵𝛼𝑇𝑒 + 𝐸𝑖𝑜𝑛) ∙ �̇�𝑒 + 𝑊𝑒ℎ] 

(B.7) 

 

𝑑2𝑇ℎ

𝑑𝑥2
=

1

𝑘ℎ
[− (

𝑑𝑘ℎ

𝑑𝑥
∙
𝑑𝑇ℎ

𝑑𝑥
) − (

𝑛𝑎𝑚𝑎𝑒𝐷𝑖𝑎

𝜌
∙
𝑑𝑛𝑒

𝑑𝑥
∙
𝑑𝑉

𝑑𝑥
)

+ (
𝑛𝑒𝑚𝑖𝑒𝐷𝑖𝑎

𝜌
∙
𝑑𝑛𝑎

𝑑𝑥
∙
𝑑𝑉

𝑑𝑥
) − (

𝑛2𝑛𝑒𝑚𝑖𝑒
2𝐷𝑖𝑎

𝑃𝜌
) ∙ (

𝑑𝑉

𝑑𝑥
)
2

− 𝑊𝑒ℎ] 

(B.8) 
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