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Abstract

We consider a spherical swimmer that undergoes helical motion due to the

existence of a propulsive torque which is not parallel to a propulsive force that

pulls the cell through the �uid. In addition, the cell is bottom-heavy; the centre

of gravity is o�set from the centre of buoyancy which generates a gravitational

torque. In the presence of shear, �uid viscosity generates a further torque.

Because cells swim at low Reynolds number, these torques are balanced.

This thesis extends the model developed in Bearon (2013) in two distinct

directions. Firstly, we consider an extension to the case of a �ow where the

shear varies with position. We consider a downward �ow in a vertical channel.

We observe that depending on the parameters, cells may exhibit the classical

accumulation towards the centre of the channel or display a new focussing away

from the centre.

Secondly, we develop the model to describe randomness associated with changes

in cell orientation. This is done by developing a Fokker-Planck equation for

helical swimmers in terms of Euler angles. The classical Fokker-Planck equation

obtained by Pedley and Kessler (1992) is a special case of the equation derived in

this thesis. To implement this model numerically as an individual based model,

we derive the corresponding stochastic di�erential equations.

The Fokker-Planck equation and stochastic di�erential equation are extended

to examine the spatial-temporal distribution of helical swimmers. We explore

in detail how the horizontal distribution of cells in channel �ow evolves to an

equilibrium state, and how the evolution depends on the model parameters.
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For non-helical swimmers, we compare the result of the model to the recent

experiments of Croze et. al (2017).
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Chapter 1

Introduction

1.1 Introduction

Microorganisms are among the most essential creatures on the Earth in view

of their decent variety and biomass as well as their signi�cant importance

to ecosystems and industrial applications. Microorganisms have been used

widely in the industry. Bacteria are used to manufacture antibiotics [108].

In 1929, Alexander Fleming discovered penicillin where he used bacterium

Staphylococcus aureus [102]. Furthermore, microorganisms can be used in

fermentation processes, where cells are used for instance to produce amino acids

[111]. In the last decade, microorganisms have been used to develop potential

energy resources. Microalgae can accumulate extensive amount of lipids such

as triglycerides which can be turned into biofuel [25, 26]. Microalgae appear to

displace fossil diesel [25].

Marine phytoplankton are important for the ecosystem and biogeochemical cycles

such as carbon, nitrogen, phosphorus, iron and silicon cycles [19]. They consume

carbon dioxide and release oxygen. Some of this carbon can be carried into

the deep oceans and as a consequence oceans contain about 50 times more

soluble inorganic carbon than the atmosphere [89]. Phytoplankton undergo

photosynthesis due to chlorophyll presence in the cells so that they can turn
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1.1. INTRODUCTION

the light into energy. Some phytoplankton can also obtain additional energy

through the consumption of other organisms. Phytoplankton are too small to

be seen by a naked eye. Their size range from 1µm to a few millimeters [50].

They accumulate in large enough numbers to discolour water either green, red,

or brown. They are also the primary player in the foundation of the marine food

web [73]. Under favourable circumstances, phytoplankton can undergo rapid

growth and can easily be seen as blooms [91]. They are important in di�erent

natural phenomena. For example, they provide food for other organisms, from

microscopic zooplankton to large animals like whales [89]. Some phytoplankton

species can produce red tides such as dino�agellates and diatoms [98]. However,

about 90% of these diatoms species can produce harmful blooms (HABs) [96]

which may kill marine life [53,96].

The distribution of phytoplankton is very heterogeneous. Vertical movements

enable cells to relocate to the depth of ocean which permits them access to

abundant nutrients and decreases the predation risks [18]. Furthermore, the cells

stay within the well-lit area during the day [94] which allows the photosynthesis

process. Thin layers have thickness which varies from less than a meter to a few

meters in depth and can extend to few kilometres in the horizontal direction [33].

It comprises di�erent species of microorganism. Durham and Stocker [37] discuss

some characteristics of the thin layers such as the criteria of identifying a thin layer

and the frequency and persistence of thin layers. They state that a thin layer may

last from a few hours to weeks. Many thin layers contain motile cells [16,69,100].

However, non-motile cells such as diatoms do commonly exist [3, 99]. Despite

this, more investigation about the importance of motility within thin layers is

required [37].

Some of motile phytoplankton are eukaryotic, which means cells have a nucleus

and other organelles enclosed within a membrane, and are able to swim through

�uid by propagating bending waves along their supple �agella [50]. Some green

algae beat with two �agella in a breaststroke movement, or they may swim in

run and tumble mode in response to chemical gradient as found in the alga

Chlamydomonas reinhardtii [87]. However, many dino�agellates swim using
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CHAPTER 1. INTRODUCTION

di�erent �agella for propulsion and steering mechanisms [42].

At the small spatial scale of microorganisms, the environment is dominated by the

viscous forces. Microorganisms swim by waving and rotating their appendages,

which are called �agella or cilia, at low Reynolds number Re� 1. This number

is a dimensionless quantity which measures the ratio of the inertial forces relative

to viscous forces and is de�ned as Re = νLρ
µ

where ν is the swimming speed, L

is the length scale of the cell body, and ρ and µ are the density and viscosity of

the �uid. As an example of Reynolds number, for a typical bacterium such as E.

coli with ν ≈ 10µm s−1 and L ≈ 1− 10µm, Re ≈ 10−5 − 10−4.

At zero Reynolds number, the Navier-Stokes equation takes the dimensionless

form

−∇p +∇2u = 0, (1.1)

∇ · u = 0, (1.2)

where p is the pressure and u is the �uid �ow. This equation is linear and

independent of time. The no�slip boundary conditions is considered at a rigid

boundary. This means that at the the rigid boundary we have u = 0. Later,

we shall require an expression for the viscous torque exerted on a sphere. In

order to obtain this, it is necessary to solve the Stokes equations subject to the

no�slip boundary conditions. A consequence of time independence and linearity

in Equation (1.1) is Scallop theorem [88] which states that a swimmer must have

a swimming stroke that is not time reversible if it is to move [110].

Collisions between a cell and �uid molecules leads to a random displacement

of its centre of mass over time. This process is known as Brownian motion

[109]. Furthermore, the cells are advected by the �ow. These motions are passive

motion. However, the cells also transform energy into work in order to move

to a desirable environment, an active motion. For the cell to move, it has to

generate a force which is called a thrust [109]. For the thrust to be generated,

the appendages deform in time-periodic way [70]. The cell moves its �agella or

cilia forwards and backwards which creates a bending and twisting wave. For
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1.1. INTRODUCTION

example, Chlamydomonas and Dunaliella swim by moving two �agella at ≈ 50

Hz [50].

Microorganisms display di�erent swimming trajectories. For instance, on the

surface of Escherichia coli there are �agella which bundle behind the cell in a

way that it push the cell through �uid in a motion known as a run. The viscous

stress lead to a �agellum rotates in the other direction and consequently the cell

show tumbling and changing in swimming direction [11]. Some microorganisms

undergo taxis, a term that means a response in the swimming direction to the

direction of the stimulus source [24]. A response of the cell to the stimulus would

require either a large cell size to di�erentiate organelles' ability to sense a gradient

or a memory of progressive levels while in movement [24]. Examples of some taxes

are discussed below.

Most microorganisms respond to di�erent chemical substances found in their

environment by migrating towards favourable chemicals such as nutrients or

away from unfavourable chemicals [106]. Such a response to stimulus is called

chemotaxis [15]. Chemotaxis has been observed in many bacteria such as E.

coli, and green algae such as Chlamydomonas reinhardtii exhibit a response to

chemical stimuli [48].

Microorganisms also response to light stimuli in which they swim towards the

light which is needed for photosynthesis to produce energy. For instance,

Chlamydomonas algae, which have been used in many �agellar dynamics model

system [109], have two �agella each about 12µm in length which extend from one

end of the cell [47]. These two �agella are labeled as cis and trans because of

their position with respect to the eye spot which is a a light-detecting organelle.

The eye spot is used during phototaxis which means the cells swim towards the

light source when it is bene�cial for the cell or away from it when it is harmful.

Many motile phytoplankton swim vertically parallel to gravity. Such swimming

bias is called gravitaxis or geotaxis [64]. Di�erent hypotheses were proposed

to explain this mechanism. Lebert and Hader [71] states that the density

di�erence between the cell and the medium deforms di�erent parts of the cell

4



CHAPTER 1. INTRODUCTION

membrane which cause the gravitactic orientation bias. Kessler [64, 65] states

that the mass distribution of the cell is anisotropic which causes the cells to swim

upwards against the gravity. This hypothesis is termed as bottom-heavy and is

considered the most acceptable orientation mechanism in �agellated cells such as

Chlamydomonas [13,56,82,83]. When the cells swim in a �uid �ow, the viscosity

generates another torque, viscous torque, acting on the cell. The combination

of the gravitational and viscous torques a�ect the swimming behaviour of the

cell and such mechanism is termed gyrotaxis [64]. This mechanism will be

discussed in the following section and will be considered in this thesis. Another

mechanism that describes the cell orientation in a preferred direction aligned with

the �ow streamlines is called rheotaxis which depends on the shape of the cell [83].

Kaya and Koser [63] discussed rheotaxis trajectories in E. coli experimentally.

They found that at the channel surface, the cell orientation altered from facing

upstream (positive rheotaxis) to facing across the �ow as the shear strength is

increased. Kantsler et al. [62] discussed rheotaxis in mammalian spermatozoa

where the shear rate, wall steric interactions and the cell chirality were shown to

guide the steady spiralling trajectories.

1.2 Gyrotactic swimming trajectories

We consider a bottom-heavy cell of density ρ. The centre of gravity CG is

displaced backward relative to the centre of buoyancy CB. The gravitational

torque tends to maintain the centre of the gravity below the centre of buoyancy

and the distance between the two centres is denoted by h, (Figure 1.1). Kessler

[64] estimates that the magnitude of h varies from 1− 5% of the mean cell radius

for the case of Dunaliella tertiolecta. The gravitational force is assumed to act

on the cell vertically downward and the buoyant force, because of the pressure

gradient in the �uid, acts upward. We denote the swimming direction by a unit

vector p, and k is a unit vector in the vertical direction. If p and k are not

parallel, the cell experiences an external torque that acts in such a way as to

maintain the centre of gravity below the centre of buoyancy [64] and reduce the
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1.2. GYROTACTIC SWIMMING TRAJECTORIES

Figure 1.1: Orientation of cells. Gravitational force g is exerted on the cell
at point CG in the downwards direction and buoyancy force exerts an upward
force through the centre of buoyancy CB. The distance between the two centres
is denoted by h. The cell is reoriented by the gravitational torque of magnitude
L. Adapted from [65].

angle between p and k [83]. This torque is the gravitational torque which is given

by [83]

Lg = Lp ∧ k, (1.3)

where L = hmg m is the mass of the cell and g is the gravitational constant. The

cell swimming velocity is νp.

The viscous torque acting on the cell is given by [83]

Lv = Y ·
[1
2
ω −Ω + α0p ∧

(
E · p

)]
, (1.4)

where

Y = µν0

[
α‖pp + α⊥

(
I− pp

)]
, (1.5)

where ω = ∇ ∧V is the vorticity of �uid that has velocity V, Ω is the angular

velocity of the cell, α0 = a2−b2
a2+b2

is a dimensionless measure of the cell eccentricity
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CHAPTER 1. INTRODUCTION

where a and b are the major and minor axes of the cell, and E = 1
2

(
∇V+(∇V)T

)
is the rate of strain tensor of �uid. The cell volume and the �uid viscosity are ν0

and µ respectively. The dimensionless α‖ and α⊥ are the resistance coe�cients

for rotation about axes parallel and perpendicular to p respectively. Pedley and

Kessler [83] de�ned the angular velocity of the cell as

Ω = Ω‖p + p ∧ ṗ, (1.6)

where Ω‖ = Ω · p.

Since the microorganisms swim at small Reynolds number, all torques should be

balanced, i.e Lg +Lv = 0. Taking the cross product of Lg +Lv with p, we obtain

dp

dt
=

1

2B
[k− (k · p)p] +

1

2
ω ∧ p + α0p · E · (I− pp), (1.7)

where B = µα⊥
2gρh

is the gyrotactic reorientation time scale. The �rst term on the

right describes the cell's bias to remain along the vertical direction due to being

bottom-heavy, the second term describes the vorticity that tends to turn the cell

due to the viscosity torque acting on the cell, and the third term gives the rate

of strain of �uid that exerts a torque on the cell.

The swimming direction is de�ned in spherical coordinates as

p = (sin θ cosφ, sin θ sinφ, cos θ), (1.8)

where θ is the angle between p and the vertical direction and φ is the angle

between the projection of p onto the horizontal plane measured relative to the

x-axis.

Equation (1.7) is used deterministically (i.e in the absence of randomness) to

determine the swimming direction of a cell p as a function of time regardless of

any initial condition. The solution tends to a stable equilibrium pe in time of

order B [83]. If the �ow is homogeneous or the time scale of variation of ω is large

compared with B, then the cell trajectory can be calculated by setting p = pe for

7



1.2. GYROTACTIC SWIMMING TRAJECTORIES

all time; however, this is true whenever a stable equilibrium, pe, exists [83, 104].

Otherwise, p will follow an orbit in the unit sphere p-space [83].

Equation (1.7) also predicts that the equilibrium orientation is stable below a

critical value of shear strength S = |ω| where S has a dimensional unit s−1.

For instance, for spherical cells in a simple shear where the velocity gradient is

parallel to gravity, sin θ = BS for S < 1 in the equilibrium scheme whereas for

S > 1 the cell tumbles [50].

The cell position can be obtained by integrating the velocity resulting from the

�ow velocity V and the swimming velocity νp [36]

dx

dt
= V + νp. (1.9)

Microorganisms swim in random trajectories. The motion of gyrotactic cells in

still �uid can be described as a biased random walk [57].

Thermal Brownian motion can be used to obtain an estimate for translational

di�usion dt and rotational di�usion dr coe�cients. These coe�cients are

calculated using the thermal energy. As explained by Berg [14], the Brownian

translational and rotational di�usion coe�cients are

dt =
κT

f
, dr =

κT

fr
, (1.10)

where f is the frictional drag coe�cient, fr is the rotational frictional drag

coe�cient, Boltzmann's constant κ = 1.38 × 10−16 cm2 g s−2 K−1 [67] and T

is the absolute temperature given in Kelvin. The dimensional units for dt and dr

are cm2 s−2 and s−2, respectively.

For spherical cells, the total translational force acting on a cell of radius r through

an incompressible viscous �uid is f = 6πµr as Stokes' law states [2], and the

rotational force is fr = 8πµr3, where µ is the �uid viscosity constant. Substituting

these forces into Equation (1.10), we conclude that the translational di�usion for

8



CHAPTER 1. INTRODUCTION

spherical cells is [14]

dt =
κT

6πµr
, (1.11)

and rotational di�usion is

dr =
κT

8πµr3
, (1.12)

where dynamic viscosity of �uid µ = 9× 10−3 g cm−1s−1 [85].

The randomness may be a result of biological behaviour of the cell. For

Chlamydomonas nivalis which has diameter 10µm and swimming speed ν =

50µm s−1 [83], e�ective rotational di�usion which captures intrinsic randomness

in swimming behaviour is dr = 0.067s−1 whilst the Brownian rotational di�usion

is dr = 1.3× 10−3s−1.

To describe the motion of individual gyrotactic microorganisms, Pedley and

Kessler [82] derived a Fokker�Planck equation which express the motion as a

probability function in terms of the position and orientation at time t. This

equation is discussed below.

1.3 Fokker�Planck equation

Microorganisms swim in random directions. In the absence of any taxis, the

swimming direction p is therefore a random variable with isotropic probability

function f(p) = 1
4π
. Pedley and Kessler [82] proposed a Fokker�Planck equation

that describes the orientation of the gyrotactic cells in shear �ow. The equation

is given by

∂f

∂t
+∇p · (ṗf) = dr∇p

2f, (1.13)

where f = f(p, t) is the probability function of �nding a cell with orientation p

at time t, ṗ is the rate of change in the cell orientation given by Equation (1.7),

9



1.3. FOKKER�PLANCK EQUATION

and dr is the rotational di�usion that has dimensional unit s−1. Assuming the

magnitude of d−1
r is much smaller than the time scale for �uid �ow variation, f

is a stationary function; the �rst term was neglected in Equation (1.13). Using

Equation (1.7) one can obtain a solution f(p); however, it maybe be di�cult to

obtain a closed form solution in the general case. Pedley and Kessler [83] use

the Fokker�Planck equation to give an estimate for the mean swimming direction

and di�usivity tensor for the cell which are given respectively by

q =

∫
S

pf(p) dS, (1.14)

D(t) =

∫ ∞
0

< Vr(t)Vr(t− t
′
) > dt

′
, (1.15)

where S is the surface of the unit sphere, and Vr is the cell velocity relative to

its mean velocity Vc = Vsq where Vs is the mean cell swimming speed. Note that

computing the di�usivity tensor requires prior knowledge of the cell velocities. If

Vs is constant the cell takes τ time to settle to a favoured direction [13] then

D =

∫ ∞
0

< (Vc− < Vc >)(Vc− < Vc >) > dt
′

(1.16)

and consequently

D = V 2
s τ < (p− q)(p− q) > . (1.17)

In case of no shear �ow, Equation (1.13) in steady form becomes

1

sin θ

(
∂

∂θ
sin θ

∂f

∂θ

)
+

1

sin2 θ

∂2f

∂φ2
= −λ

(
sin θ

∂f

∂θ
+ 2 cos θf

)
, (1.18)

where λ = (2Bdr)
−1. Note this expression for λ is corrected in Pedley and

Kessler [83] by factor of 2. This equation is solved subject to f being positive

and �nite and satisfying the normalization condition

∫ 2π

φ=0

∫ π

θ=0

f(θ, φ) sin θ dθ dφ = 1. (1.19)

10



CHAPTER 1. INTRODUCTION

The solution, obtained by Brenner and Weissmann [21] and reported in Pedley

and Kessler [82], is given by the Fisher distribution

f =
λ

4π sinhλ
exp(λ cos θ). (1.20)

When λ is small this means the randomness in the cell orientation dominates the

gravity torque and vice versa when λ is large [83]. The mean swimming direction

is

q = (0, 0, cothλ− 1/λ), (1.21)

and the diagonal entries of D are

D11 = D22 = V 2
s τK1/λ, D33 = V 2

s τK2 (1.22)

where K1 = cothλ− 1/λ and K2 = 1− coth2 λ+ 1/λ2.

In case of shear �ow, Bees et al [13] obtained an analytical approximation to

the solution of the steady Fokker�Planck equation using a spherical harmonic

expansion. For a two dimensional �ow, the cell orientation probability density

function is symmetric about the plane and only even spherical harmonics in φ

are needed [13]. They expanded f in terms of spherical harmonics

f =
∞∑
n=0

n∑
m=0

Amn cosmφPm
n (cos θ), (1.23)

where Pm
n are Legendre polynomials [5]. They used properties of Legendre

polynomials to obtain a system of equations which was truncated and then solved

using computer algebra to obtain expressions for Amn .

Frankel and Brenner [43, 44] developed Taylor dispersion theory for dilute

suspensions. The probability density function, P (x,p, t), of �nding a cell at

position x with orientation p at time t satis�es

∂P

∂t
+∇x · J +∇p · j = 0, (1.24)

11



1.3. FOKKER�PLANCK EQUATION

where the probability current densities are given by

j = ṗP − dr∇pP orientation space �ux density (1.25)

J = ẋP − dt∇xP physical space �ux density. (1.26)

This equation will be described in more detail in Chapter 4.

The probability density function, P (p,x, t) is also assumed to satisfy

∫
x∞

∫
S2

Pdp d3x = 1 for all t > 0, (1.27)

where x∞ is the whole Euclidean space and S2 is the unit sphere. The initial

condition is taken to be

P (p,x, 0) = δ(x− x′)δ(p− p′), (1.28)

where δ(.) is the delta function. To ensure that P decays exponentially at in�nity,

the boundary condition are imposed

|x− x
′|m(P,J, j) = (0,0,0) as |x− x

′ | → ∞ (1.29)

for m = 0, 1, ... .

Ezhilan and Saintillan [40] analysed the transport properties of a dilute suspension

of self propelled particles in channel �ow. In their model, they considered a

Fokker�Planck equation (1.24) with Robin boundary condition at walls

Dt
∂P

∂t
= ν cos θP (1.30)

In their model the parameter A = DtDr

ν
which its inverse measures the propulsion

strength. In the case of zero shear �ow, accumulation close to the wall was

observed and the thickness of the accumulation layer scaled as Dt

ν
when A << 1

and with
√

Dt

Dr
when A >> 1. In the case of weak shear strength, they showed

that shear rotation of the cells within the accumulation layer cause upwards

swimming near the walls. For strong shear, they identify three regions within

12



CHAPTER 1. INTRODUCTION

the channel: near the walls where the accumulation layer thickness is δ ≈ APes

where Pes is the swimming Péclet number; near the centre of the channel where

the thickness of depletion is δ ≈
√

Pes

Pe
; and a shear trapping away from these two

regions where the accumulation can be approximated by a uniform distribution.

A key di�erence between the Fokker�Planck equation proposed by Pedley and

Kessler [82] and that developed by Frankel and Brenner [43,44] is that the latter

de�ned the probability density function P in terms of the cell position x and

orientation p at time t rather than only in terms of the orientation p.

Instead of seeking a solution in high dimension, for a choice of the initial

orientation, the averaged orientation probability density function for the

asymptotic long time description is

P (x, t|x′ ,p′) =

∫
S2

P (x,p, t|x′ ,p′) dp. (1.31)

By examining the long time behaviour, P was shown to satisfy the following

Fokker�Planck equation

∂P

∂t
+∇x · J = 0, (1.32)

where

J =
[
V(x′) + (x− x′) ·G + U

]
P̄ −D · ∇xP̄ , (1.33)

where G = (∇V)T is the velocity gradient, and U and D are the drift velocity and

e�ective di�usion respectively [56]. This equation can alternatively be understood

as the cells concentration, n(x, t).

Hill and Bees [56] used the results of [44] to obtain expressions for the drift

13



1.3. FOKKER�PLANCK EQUATION

velocity and e�ective di�usion

U =

∫
S

P∞0 (p)Vsp dS (1.34)

D = Vs

∫
S

P∞0 (p)
[
Bp
]sym

dS, (1.35)

where P∞0 = limt→∞
∫
x∞

P (x,p, t|x′ ,p′)d3x satis�es the steady Fokker�Planck

equation in orientation space, i.e. it is same as the f we introduced in Equation

(1.13), and [.]sym denotes the symmetric part of the tensor. The vector �eld B is

interpreted as the long time limit of the di�erence between the average position

of the particle given its orientation is p and its average position averaged over all

orientation [56] and satis�es

∇p ·
[
ṗP∞o B− dr∇p(P∞0 B)

]
− P∞0 B ·G = P∞0 (Vsp−U), (1.36)

subject to

∫
S

P∞o B dS = 0. (1.37)

De�ning Péclet number Pe = G
dr
, Equation (1.36) becomes [56]

∇p ·
[
Peˆ̇pb−∇pb

]
− Peb · Ĝ = P∞0 (p− q), (1.38)

where b = dr
Vs
P∞0 B, Ĝ = G

G
, and ˆ̇p = 1

G
ṗ where G = ||G||. Constraint (1.37)

thus becomes

∫
S

b dS = 0. (1.39)

The drift velocity and the e�ective di�usion are thus computed using [56]

U =

∫
S

fVsp dS = Vsq, (1.40)

D =
V 2
s

dr

∫
S

[
bp
]sym

dS. (1.41)
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CHAPTER 1. INTRODUCTION

These two quantities are important in modelling a suspension of microorganisms.

The concentration of the cells, n, satis�es the advection�di�usion equation

∂n

∂t
= −∇x ·

[(
V + Vsq

)
n− ν2

dr
D · ∇xn

]
. (1.42)

The �rst two terms on the right hand side represent the advection of the cells

by the �uid velocity and the cell motion due to the swimming, and the last

term represents the di�usivity of the cells. They can be evaluated either using

Fokker�Planck equation theory or Taylor dispersion theory.

In two dimensional vertical Poiseuille �ow, Bearon et al. [10] discussed the motion

of the cells across the streamlines of the �ow. For small constant shear, the

horizontal components of velocity drift and e�ective di�usion are [10]

qx =
Pr

2κ

(
1

I0(κ)2
− 1 + α0

I2(κ)

I0(κ)

)
(1.43)

Dxx =
1

κ2

(
1− 1

I0(κ)2

)
, (1.44)

where Pr = G
dr

is the non-dimensional shear strength, κ = 1
2Bdr

is the

non-dimensional gravitational time scale, I0 is the modi�ed Bessel function of

the �rst kind and zero order. For large shear value

qx = − κ

Pr(1 + α0)
, (1.45)

Dxx =
2− α0

Pr2(1− α0)(1 + α0)2
. (1.46)

To derive Equations (1.43-1.46), we consider a two�dimensional �ow and a

perturbation expansion for f and b. Detailed derivation is given in [10].

For Poiseuille �ow, locally the shear was assumed constant such that Equations

(1.45-1.46) were valid. We will re-visit Equation (1.42) in Chapter 4 when

studying the accumulation of non-helical swimmers in a vertical channel.

In a shallow suspension of cells, where the cells swim upwards against the gravity,

the up-swimming cells form a layer of cells. Cells are slightly denser than the �uid
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1.3. FOKKER�PLANCK EQUATION

they swim in [65]. The top layer therefore becomes denser than the lower which

results in gravitactic instability. Such pattern is called bioconvection [83]. The

name was introduced in 1961 [86]. It is analogous to Rayleigh�Benard convection

[58]. Hill and Pedley [58] considered equation (1.42) coupled with Navier�Stokes

equations to predict the pattern formation in bioconvection. They considered

uniform and shallow suspension of Chlamydomonas nivalis. They found that the

unstable horizontal length scale is about 9 mm. Recently, Hwang and Pedley [59]

studied the source of instability in a shallow suspension. They analysed the

impact of the �ow on stabilizing or destabilizing the suspension. They found

that in weak �ow the gyrotactic instability and di�usion-oriented mechanisms rule

the behaviour of high wave number stabilization while gravitational overturning

rules the low wave number destabilization as a consequence of the thickness of

unstable layer near the surface due to the shear. Also, they found that above a

critical shear rate, all wave numbers are stabilized and hence the bioconvection

is suppressed.

Many phytoplankton do not swim in a straight line, instead they swim in

helical paths [17, 29, 51]. Jennings [60] proposed that helical trajectories enable

microorganism to move along the direction of the stimulus. Microorganisms

can adjust their helical movement in response to two stimuli phototaxis and

chemotaxis. Such a biased motion is called helical klinotaxis [29]. This orientation

was developed theoretically and observed experimentally during chemotaxis in

Paramecium, and in the bacterium Thiovulum [48]. Pak and Lauga [81] proposed

a mechanistic model using a squirmer model which undergoes helical trajectories

if the net forces and net torques are not parallel. In the following section, we give

a brief review of the mechanistic model proposed by [6] to understand helical

trajectories in uniform shear �ow.
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1.4 Mechanistic model for helical gyrotaxis

A mechanistic model that describes the helical motion of gyrotactic cells was

developed by Bearon [6] using Heterosigma akashiwo algae. In this section we

give an overview of the model and the main results that are relevant to developing

the model in the subsequent chapters of the thesis.

Heterosigma is a fast swimmer with vertical biased swimming speed ν = 85 µm

s−1 [8]. It can swim in helical trajectories represented as the instantaneous axis of

the helix [30], straight paths, or even display transition between the two modes [8].

Heterosigma akashiwo is asymmetrical cell of dimension 12 − 23 µm in length

and 8 − 12 µm in width [105] (Figure 1.2). The cell does not have a rigid cell

wall which allows the cell to change its shape [90]. It has two �agella that arise

from separate pits in the �agellar groove [105] which are equal in length and both

have the same length as the cell [103]. The anterior-facing �agellum provides a

propulsive force which generates a swimming velocity νp where p is a unit vector

embedded in the cell. This force pulls the cell through the �uid [90]. The second

�agellum, which has unclear purpose [54], is proposed to generate a propulsive

torque in the direction of the unit vector n. Thus, the cell undergoes helical

motions [51]. This organism is bottom-heavy which generates gravity torque in

the direction −p ∧ k.

To compute Reynolds number for Heterosigma akashiwo, we note that the �uid

density and viscosity are ρ = 103 kg m−3 and µ = 10−3 Pa s respectively [70].

Therefore Re = 0.001− 0.002.

In Figure 1.3, we depict the cell and the torques acting on it. The cell swims

according to the following ordinary di�erential equations

dx

dt
= V + νp, (1.47)

dp

dt
= Ω ∧ p, (1.48)

dn

dt
= Ω ∧ n, (1.49)

17



1.4. MECHANISTIC MODEL FOR HELICAL GYROTAXIS

Figure 1.2: Heterosigma akashiwo. The cell has two �agella, one the pulls the
cell through the �uid (denoted by p) and another �agellum has unclear purpose
(denoted by n). Reprinted from [39] with permission of Phycologia .

Figure 1.3: Diagram of a model organism and its coordinate system.

The cell orientation is described by two unit vectors, p and n. The vector p is
represented in spherical polar coordinates by the angles (θp, φp). The angle γ is
the (constant) angle between the vectors p and n. The cell swims in the direction
p and is situated in vertical shear �ow with velocity V represented by the vertical
arrows. The cell is reoriented by the three torques indicated by the curved arrows:
gravity, of magnitude L0, due to being bottom heavy as indicated by the shaded
ellipse; viscosity, in that it is rotated due to the vorticity of the �ow ω and an
intrinsic torque of magnitude T in the direction of n. Taken from [4].
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where x is the cell position, V is the local �uid velocity, νp is the cell swimming

velocity, and the angular velocity Ω is de�ned as

Ω =
1

2B
p ∧ k +Rn +

1

2
ω, (1.50)

where 1
2B

(denoted by G in [6]) and R are reorientation time scales associated

with the gravitational and propulsive torques, respectively, k is a unit vector in

the direction of z-axis, and ω = ∇ ∧V is the vorticity of the �uid. Throughout

the thesis we consider ω = ωj because we consider a �ow in xz�plane. The

quantities 1
2B

and R in (1.50) are given as 1
2B

= Lo

8πµa3
, R = T

8πµa3
where µ is

the �uid viscosity, a is the radius of the cell, and Lo and T are the magnitude

of gravity and propulsive torques respectively. The angular velocity equation is

obtained by setting the total torque on the cell to be zero. To explain this more,

the torque on the cell from intrinsic motion and gravity is given by

L = L0p ∧ k + Tn. (1.51)

We add here the propulsive torque to the gravitational torque given by Equation

(1.3).

From Equation (1.4) if we restrict attention to spherical cells, α0 = 0, then

Y = µνα⊥I, where α⊥ = 6 [59] and ν = 4
3
πa3. Therefore, the viscous torque on

the sphere rotating with angular velocity Ω in the presence of the vorticity ω is

given by [66]

Lv = 8πµa3(
1

2
ω −Ω). (1.52)

Since microorganisms swim at low Reynolds number and the torques are balanced,

then setting L + Lv = 0 we obtain Equation (1.50).

Using spherical coordinates, we write the unit vector p as

p = (sin θp cosφp, sin θp sinφp, cos θp),
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1.4. MECHANISTIC MODEL FOR HELICAL GYROTAXIS

where θp is the angle that the vector p makes with vertical and φp is the angle

that the projection of p makes with x-axis. In the same way we can de�ne the

angles θn and φn to describe the vector n.

To convert vector Equations (1.48-1.49) into scalar ordinary di�erential equations

for the variables sin θp, cosφp, sin θn and cosφn, we consider a general unit vector

u with angular velocity Ω, then

du

dt
= Ω ∧ u

=
1

2B
[(u · p)k− (u · k)p] +Rn ∧ u +

1

2
ω ∧ u. (1.53)

De�ne the orthonormal spherical polar coordinate system

u = (sin θu cosφu, sin θu sinφu, cos θu), (1.54)

eθu = (cos θu cosφu, cos θu sinφu,− sin θu), (1.55)

eφu = (− sinφu, cosφu, 0). (1.56)

Since u = u(θ, φ), by chain rule we write

du

dt
= eθu

dθ

dt
+ sin θueφu

dφ

dt
(1.57)

To get expressions for dθ
dt
and dφ

dt
we take the dot product of Equation (1.53) with

eθu and then with eφu to get expression for dθu
dt

and then dφu
dt

respectively. We

�nally replace u by p and n to obtain the following set of ordinary di�erential

equations that describes the orientation of the cell

dθp
dt

= − 1

2B
sin θp +R sin θn sin(φn − φp) +

1

2
ω cosφp, (1.58)

sin θp
dφp
dt

= −R [sin θn cos θp cos(φn − φp)− cos θn sin θp]−
1

2
ω cos θp sinφp,

(1.59)

dθn
dt

= − 1

2B
sin θp cos(φp − φn) +

1

2
ω cosφn, (1.60)

sin θp
dφn
dt

= cos θn

[
1

2B
sin θp sin(φn − φp)−

1

2
ω sinφn

]
. (1.61)

20



CHAPTER 1. INTRODUCTION

We de�ne the angle γ between p and n by

p · n = sin θp sin θn cos(φp − φn) + cos θp cos θn = cos γ. (1.62)

This angle is constant because p and n are assumed to be embedded in the

cell and the cell is rotating with angular velocity of the cell. If γ = 0, then

p and n are identical; hence the swimming trajectories can be determined using

Equations(1.58-1.59). This means that the model recovers the case for non-helical

swimmers.

In case of uniform vertical shear �ow V = −ωxk. The equilibrium orientation is

given by

pe = (pex, p
e
y, p

e
z) (1.63)

where

pex = Bω − 2BR

√
1− 1

B2ω2
cos2 γ, (1.64)

pey = −2R

ω
cos γ, (1.65)

pez =
√

1− (pex)
2 − (pey)

2. (1.66)

This equilibrium is feasible when 1
Bω

cos γ ≤ 1 so that pex is real. Note that

this constraint is not su�cient for p to be a real value. We will impose another

constraint on pez in the next chapter.

In case of zero shear �ow, cells swim upwards in helical trajectories (Figure 4.17a).

In case of vertical downwards uniform �ow V = −ωxk; when the shear �ow

is weak, the cells swim downwards in the positive x direction and the helical

motions are suppressed. Increasing the shear further results in cells swimming in

the positive x direction towards downwards �ow.

The propulsive torque strength e�ect the swimming trajectories. For strong shear

the helical motion may be suppressed and cells can swim upwards as shown in

Figure 4.22c.
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1.5 Thesis Outline

In Chapter 1 we have presented an overview and background for microorganism

swimming trajectories.

Chapter 2 is an extension of the model presented in [6] to the case of non-uniform

shear �ow where the cell orientation is a function of variable vorticity. This work

has been published in Physics of Fluids journal [4]. For non-helical swimmers

the classical accumulation in the center of downward Poiseuille �ow in a vertical

channel is observed. For helical swimmers, depending on the propulsive torque

strength, cells may exhibit the classical focussing in the centre of the channel or

accumulate away from the centre. We conclude this chapter by converting the

orientation equations of helical cells θp, φp, θn, φn to Euler angles θ, φ, ψ. This

conversion enables us to derive Fokker�Planck equation for helical swimmers

because it reduces the number of degrees of freedom from four to three.

We start Chapter 3 by reviewing the random walk on a unit sphere. The

probability distribution function of this Brownian motion is the solution of

the di�usion equation in spherical coordinates (θ, φ). Using Gardiner [45], we

write the stochastic di�erential equation (SDE) that describes the randomness

generated by Brownian motion. This SDE has a drift term which is called spurious

drift. In a similar way, we derive the stochastic di�erential equation (SDE) for

non-helical gyrotactic swimmers. Such swimmers are biased by gravitational and

vorticity torques which form the drift term in the SDE in addition to the spurious

drift. We also use the numerical simulations of SDEs to compare the orientation

distribution with FPE solution in still �uid. We then derive the Fokker�Planck

equation (FPE) for the helical swimmers by �rst expressing FPE in terms of the

generators of in�nitesimal rotation about the body �xed axes and then using the

relationship between these generators and Euler angles. We lastly derive the SDE

that describes the orientation of the helical swimmers.

In Chapter 4 we consider the spatial distribution of cells. We �rst consider the

case of no bias swimmer in still �uid. Then we consider the non-helical swimmers
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and helical swimmers in uniform �ow. We will examine the e�ect of randomness

and bias coe�cients on swimming behaviour. Lastly, we consider the case where

the shear is a function of the cells' position and discuss the impact of randomness

and bias coe�cients on accumulation in the channel. We also compare results

from our stochastic di�erential equations simulations with recent experiments of

the non-helical swimmer alga Dunaliella salina.

In Chapter 5 we provide a summary of thesis and some potential future researches

which are extension of the model discussed in thesis.
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Chapter 2

Deterministic model for helical

gyrotactic swimmers focussing in

channels

2.1 Introduction

In this chapter, we extend the model developed by Bearon [6] to the case of

non-uniform �ow. We consider downward Poiseuille �ow in a vertical channel

between two parallel walls where the vorticity is no longer constant but will

vary across the channel. We analyse the orientation of the cells as a function of

vorticity. We investigate how the model parameters alter the focussing behaviour

and in particular show that accumulation away from the centre of the channel

can occur depending on the parameters values. This work has been published in

Physics of Fluids [4].

The cell's orientation is described by four angles, but rotation of a cell in space

with respect to a system of reference �xed in space requires three degrees of

freedom [76]. To write the orientation of the cell with three degrees of freedom,

we use Euler angles (θ, φ, ψ) in Section 2.4 where θ and φ have the same de�nitions

as θp and φp given in [6] respectively, and ψ is the angle that describes the rotation
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CHAPTER 2. DETERMINISTIC MODEL FOR HELICAL GYROTACTIC
SWIMMERS FOCUSSING IN CHANNELS

of the propulsive torque with respect to the swimming direction. Euler angles will

then be used to develop a Fokker�Planck equation for helical gyrotactic swimmers

in the next chapter.

2.2 Non-dimensional orientation model

We consider a self-propelled cell which generates a propulsive force in the direction

of the unit vector p and a propulsive torque in the direction of the unit vector n,

as depicted in Figure 1.3. The angle between the vectors p and n is given by γ

which may be non-zero and is assumed constant. The propulsive force results in

the cell swimming in the direction of p, and the propulsive torque contributes to

determining how the vector p rotates.

The cell swims according to the following ordinary di�erential equations [6] where

time is non-dimensionalized on a gravitational time scale 2B

dx

dt
= V + vp, (2.1)

dp

dt
= Ω ∧ p, (2.2)

dn

dt
= Ω ∧ n, (2.3)

where x is the cell position, V is the local �uid velocity and vp is the swimming

velocity of the cell. The angular velocity Ω is de�ned as

Ω = p ∧ k + Θn + Ψω, (2.4)

where Θ = 2BR and Ψ = B|ω| are non-dimensional parameters representing the

strength of the propulsive torque and viscous torque relative to the gravitational

torque respectively. We assume that all parameters are positive and Ψ is assumed

constant but shall consider non-constant Ψ in Section 2.3. The non-dimensional

swimming speed of the cell is ν = 2Bν
L

which is taken to be ν = 0.1 in the

simulations. The gravitational time scale is denoted by B and the width of the

channel is 2L.
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For simplicity, we consider �uid �ow constrained to be in the xz�plane so that

the vorticity is given by ω = j where j is a unit vector in the y-direction.

As discussed in Section 1.4, it is possible to convert the vector equations dp
dt

and

dn
dt

into scalar equations for the variables θp, φp, θn and φn. These equations in

non-dimensional form are given as

dθp
dt

= − sin θp + Θ sin θn sin(φn − φp) + Ψ cosφp, (2.5)

sin θp
dφp
dt

= −Θ[sin θn cos θp cos(φn − φp)− cos θn sin θp]−Ψ cos θp sinφp, (2.6)

dθn
dt

= − sin θp cos(φp − φn) + Ψ cosφn, (2.7)

sin θn
dφn
dt

= sin θp cos θn sin(φn − φp)−Ψ cos θn sinφn. (2.8)

In order that the cell dynamics be understood, we must �rst examine the

equilibrium solutions p = pe and n = ne for constant vectors pe and ne.

Assuming that p and n are not parallel and the angle between them is de�ned

by

cos γ = p · n (2.9)

In order to obtain the equilibrium orientation solution we should have Ω∧p = 0

and Ω∧ n = 0 simultaneously. Because p and n are not parallel then we require

Ω = 0. We take the dot product of angular velocity Ω = 0 with the unit basis

vectors i, j, and k as following

Ω · i = pey + Θnex = 0, (2.10)

Ω · j = −pex + Θney + Ψ = 0, (2.11)

Ω · k = Θnez = 0. (2.12)

Multiplying Equation (2.10) by pex and Equation (2.11) by pey then adding them

up, we get

Θ
(
pexn

e
x + peyn

e
y

)
+ Ψpey = 0. (2.13)
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Note that Equation (2.12) reduces Equation (2.9) to

cos γ = pexn
e
x + peyn

e
y. (2.14)

Inserting Equation (2.14) into Equation (2.13), gives

pey = −Θ

Ψ
cos γ. (2.15)

Noting that n is a unit vector, we obtain expression for nex and n
e
y from Equations

(2.10-2.11). From Equation (2.12) we can substitute these expressions in ne
2

x +

ne
2

y = 1 to obtain

1

Ψ2
cos2 γ +

1

Θ2
(pex −Ψ)2 = 1. (2.16)

Taking the square root, we get expression for pex

pex = Ψ±Θ

√
1− 1

Ψ2
cos2 γ. (2.17)

In [6], the stable equilibrium solution is identi�ed as

pex = Ψ−Θ

√
1− 1

Ψ2
cos2 γ, (2.18)

pey = −Θ

Ψ
cos γ, (2.19)

pez =
√

1− (pex)
2 − (pey)

2. (2.20)

In order to determine the feasibility region for the equilibrium solution in (Θ,Ψ)

parameter space, we must ensure that the components of p are real. Particularly

for pex to be a real value we require

cos γ

Ψ
≤ 1, (2.21)

and when subsequently we substitute Equations (2.18-2.19) into the following
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condition

(pex)
2 + (pey)

2 ≤ 1,

which is obtained from Equation (2.20) to ensure pez is a real value, we hence

obtain the following quadratic inequality for Θ

Ψ2 − 2ΘΨ

√
1−

(cos γ

Ψ

)2

+ Θ2 ≤ 1. (2.22)

To determine the feasibility for the equilibrium solution in (Θ,Ψ) parameter

space, the above inequality is solved for Θ to obtain

Ψ

√
1−

(cos γ

Ψ

)2

− sin γ ≤ Θ ≤ Ψ

√
1−

(cos γ

Ψ

)2

+ sin γ, (2.23)

or in a similar way, this can be written as a constraint for Ψ

√
Θ2 − 2Θ sin γ + 1 ≤ Ψ ≤

√
Θ2 + 2Θ sin γ + 1. (2.24)

From Equation (2.9) we note that p ·n is a constant and thus the angle γ should

be understood as an initial constant not a constraint. To see this, remark that

(using Equations (2.2�2.3))

dp · n
dt

= p · dn
dt

+
dp

dt
· n

= p · (Ω ∧ n) + (Ω ∧ p) · n

= − (Ω ∧ p) · n + (Ω ∧ p) · n

= 0. (2.25)

In Figure (2.1), the outer boundary of the region in which equilibrium solutions

exist is demarcated through the inequalities given by (2.21 and 2.23). It is

important to notice that the singular behaviour for Θ = 0 as the lower bound

Ψ ≥ cos γ need not be ful�lled for the existence of an equilibrium solution for
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non-helical swimmers. This is due to the fact that it is possible to �nd an

equilibrium solution for small shear rates, (0 < Ψ < 1), where the propulsive

torque is not present, i.e Θ = 0 and the equilibrium solution is thus the line

segment 0 < Ψ < 1. When the propulsive torque exists, Θ 6= 0, at low shear rates,

however, the cells lose equilibrium orientation as they undergo helical trajectories.

In view of the behaviour of cells outside the feasibility region, for non-helical

swimmers, Θ = 0, a strong enough vorticity, Ψ > 1 where the equilibrium is

not feasible, cells tumble with period of oscillation given by τ = 2π√
Ψ2−1

. This

expression is corrected by a factor of 2 from that given by [52] (referenced in

Pedley and Kessler [83]). For non-helical swimmers, the average cell orientation

during an oscillation period which is constrained to the xz�plane where φp = 0

is given by

px =
1

T

∫ T

0

sin θ(t) dt =
1

T

∫ 2π

0

sin θ

Ψ− sin θ
dθ

= Ψ−
√

Ψ2 − 1. (2.26)

It is worth mentioning that px = 1 for Ψ = 1, is in concurrence with the

equilibrium solution which from Equation (2.18) with Θ = 0 is pex = Ψ.

Figure 2.3 shows numerical computations of px for di�erent values for propulsive

torque over a range of shear. In Figure 2.3(b)-(d), we note that when the shear

is weak, the average value of px shows no di�erence for helical or non-helical

swimmers. In other word, px = Ψ. Figure 2.3c, though, shows that as the shear

increases, it generates a new equilibrium solutions, the average value of px drops

and becomes negative.

2.3 Cell trajectories in channel �ow

In this section, the swimming trajectories of gyrotactic cells in Poiseuille �ow in

a vertical channel between two parallel walls that are separated by a distance of
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Figure 2.1: Equilibrium feasibility region: (a) γ = π
4
, (b) γ = π

3
, and (c)

γ = 7π
16
. The shaded regions indicate where the equilibrium orientation is feasible,

with lower and upper curved boundaries given by Equation (2.23) and left-hand
vertical boundary given by Equation (2.21). Dark gray regions indicate that
pex > 0 while light gray regions indicate pex < 0. The white region shows where
equilibrium is not feasible. Solid horizontal lines indicate feasibility for (a) Θ = 1,
(b) Θ = 1.05, and (c) Θ = 1. The equilibrium solution for non-helical swimmers,
Θ = 0, is the line segment 0 < Ψ < 1.

2L will be examined (Figure 2.2). Poiseuille �ow is given by

V =
U

L2
(x2 − L2)k, (2.27)

where U represents the �ow speed at the centre and k is a unit vector in the

vertical direction. The vorticity of the �ow is ω = −2U
L2 xj. We non-dimensionalize

length on L and time on 2B, so we obtain an expression for Ψ which represents

the non-dimensional measure of the viscous torque

Ψ = −Ψmaxx, (2.28)

where Ψmax = 2BU
L

. The governing equation for cell position, with regard to

non-dimensional variables, is given by

dx

dt
= Ψmax(x

2 − 1)k + νp. (2.29)

The vector p was initially chosen by randomly choose φp from the uniform
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Figure 2.2: Vertical channel �ow: The �ow is described by Poiseuille �ow
between two walls located at x = −1 and x = 1. The distance between the walls
is 2L. We consider absorbing boundary conditions upon the the channel walls as
to keep in place the cells that reach the walls.

distribution U(0, 2π) and θp is cos−1 z where z is a random number chosen from

U(0, π). The vector n was then initially chosen by de�ning a unit vector q

perpendicular to p and then de�ne n by rotating p around q using Rodrigues'

rotation formula

n = p cos γ + (q ∧ p) sin γ + q(q · p)(1− cos γ). (2.30)

Equations (2.5-2.8) and (2.29) were solved numerically using Runge-Kutta

method [20] which is implemented in Matlab (we use Matlab 2014a) using ode45

solver with the default relative error tolerance 10−3 and absolute error tolerance

10−6 [95]. We computed the solution values within the time period t = 0.1.

Equations (2.5-2.8) consist of four unknown variables with four equations. The

solution to this system can be checked to satisfy the constraint (2.9). The shear

parameter Ψ(x) is given by Equation (2.28) in order to simulate the trajectories of

cells swimming in Poiseuille �ow. For simplicity, we impose absorbing boundary
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conditions upon the channel boundaries so as to keep in place the cells that reach

the walls.

For non-helical swimmers, Θ = 0, cells accumulate in the centre of the channel

as found previously by Kessler [64] and shown in Figures 2.4a and 2.5a. Such

focusing of cells can be explained by considering px plotted in Figure 2.3 a if

we assume that the average cell orientation, when taken as a function of its

position, can be approximated by the average cell orientation for the shear rate

at that position. The horizontal component of equilibrium swimming direction is

pex = Ψ when |Ψ| ≤ 1 where Ψ is given by Equation (2.28). The mean horizontal

component of swimming direction for tumbling cells is given by Equation (2.26).

When |Ψ| < 1, which corresponds to the inner region of the channel |x| < 1
Ψmax

,

cells swim towards the centre of the channel. Outside the feasibility region of

equilibrium, |Ψ| > 1, cells are tumbling as shown in Figure 2.3a but the mean

of horizontal swimming direction, px, is positive for Ψ > 1 which indicates cells

maintain swimming towards the centre of the channel.

We simulated 100 cells over time T = 100 in Figure 2.3 where the default error

tolerances were assumed. The numerical and analytical average of px agree within

the equilibrium feasibility region. However, there is a discrepancy between the

numerical solution and analytical solution in Figure 2.3a when Ψ > 1. We test

this discrepancy for di�erent error tolerances. We compute the average of px

numerically at Ψ = 2 at end time (T = 100 and 200) as shown in Table 2.1. The

average of px ranges between px ≈ 0.3 and px ≈ 0.4 regardless of error tolerances

with accuracy of two signi�cant �gures while the value of the analytical solution

given by (2.26) at Ψ = 2 at the end time is px = 0.2534. The discrepancy between

the numerical and analytical solutions is still there regardless of error tolerances

values. Note that regardless of tumbling near the walls we did not include cells

that accumulate at the walls in the calculation of average of horizontal component

of orientation.

For helical swimmers, Θ 6= 0, three regions in the channel can be distinguished.

It is important to note here that, once again, the assumption has been made that
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t = 100
sim = 100

t = 100
sim = 100

t = 100
sim = 100

t = 200
sim =
1000

Absolute error
tolerance

10−6 10−4 10−8 10−6

relative error
tolerance

10−3 10−2 10−4 10−3

px 0.3349 0.3542 0.3560 0.3491

Table 2.1: Numerical values for px for non�helical swimmers for di�erent error
tolerances where we use ode45 to solve Equations (2.5�2.8). t denotes the
duration of the simulations sim. Error tolerances in the �rst and last columns
are the default error tolerances for ode45.

the cell orientation is determined by the local shear rate. Taking note of the fact

that Ψ is proportional to x, Figure 2.3 can be interpreted as plotting the average

value of px as a function of position x. In the central region, cells swim in helical

trajectories due to the insu�ciency of viscous torque to balance the propulsive

torque and generate a stable equilibrium swimming orientation. As shown in

Figure 2.1 and Equations (2.21) and (2.24) this happens when

|x| ≤ 1

Ψmax

max{cos γ,
√

Θ2 − 2Θ sin γ + 1}. (2.31)

Outside this region, within Θ−Ψ parameter space in which equilibrium solutions

are feasible, cells are able to attain equilibrium orientation as given by Equations

(2.18-2.20). The third region is near the walls. When the shear is too strong, the

vorticity torque causes cells to tumble. This occurs if

|x| ≥ 1

Ψmax

√
Θ2 + 2Θ sin γ + 1. (2.32)

To give such an example of this phenomena, for the parameters Ψmax = 2,

γ = π/4, Θ = 1, we solve Equation (2.24) for |x|. We conclude that cells may

attain equilibrium orientation if 0.382 ≤ |x| ≤ 0.923. This is visible from the

feasibility region in Figure 2.1a as, when nearer to the centre of the channel,

cells maintain helical swimming trajectories, while when closer to the walls, cells

begin to tumble. It should be mentioned, however, that in the case of these
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Figure 2.3: Average value of px: Stars indicate the average value for 100
simulations run for 100 time units. The vertical dashed lines are the boundaries
of equilibrium feasibility. (a) Θ = 0. (b) Θ = 1, γ = π

4
. (c) Θ = 1, γ = 7π

16
(d)

Θ = 1.05, γ = π
3
. In (a) the solid line is the analytical average for Θ = 0 given by

Equation (2.26) for Ψ > 1 and the equilibrium value for Ψ < 1, given by pex = Ψ.
In (b-d) the black solid lines are the equilibrium value given by Equation (2.18)
for values of Ψ where the equilibrium is feasible. The grey lines are the Θ = 0
equilibrium value, pex = Ψ. Taken from [4].

parameters, from Figure 2.3b, the average of horizontal component of swimming

direction calculated for a �xed shear rate is towards the centre of the channel

and we therefore see accumulation at the centreline of the channel as shown in

Figures 2.4b and 2.5b.

The strength of the propulsive torque has a potential impact on the nature of the

equilibrium solutions and we may �nd focussing away from the channel centre,

Figures 2.4c and 2.5c. This is because there is a location away from the centre

where px = 0 as shown in Figures 2.3 c and d. To quantify the impact of Θ on

cell position, we solve Equation (2.18) for pex = 0 to obtain ( using Equation 2.28)

|x| = 1

Ψmax

√
Θ2 ±Θ

√
Θ2 − 4 cos2 γ

2
. (2.33)
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Figure 2.4: Swimming trajectories in a vertical channel: Example
trajectories of duration 20 time units with parameters Ψmax = 2 and (a) Θ = 0,
(b) Θ = 1, γ = π

4
, (c) Θ = 1, γ = 7π

16
, and (d) Θ = 1.05, γ = π

3
. Taken from [4].

For instance, for the parameters Ψmax = 2, γ = 7π/16, equilibrium solutions

are feasible when 0.0980 < |x| < 0.9952 and pex = 0 when |x| = 0.099 and

|x| = 0.49. In the case of the same parameters though, when 0.099 < |x| < 0.49,

the equilibrium orientation is away from the centre and when 0.49 < |x| < 0.995,

the equilibrium orientation is towards the centreline and subsequently cells

accumulate at the interface |x| = 0.49 where the horizontal component of

orientation is zero.

As another example, we consider the parameters Ψmax = 1, γ = π/3, Θ = 1.05 for

which pex = 0 are clearly di�erentiated from the feasibility boundaries as shown

in Figures 2.1b and 2.3d. The equilibria are feasible when 0.53 ≤ |x| ≤ 1.98 and

pex = 0 when |x| = 0.61 or |x| = 0.84. Cells located within the region |x| < 0.61

swim towards the centre of the channel while cells located beyond this region

swim towards |x| = 0.84. Therefore, accumulation occurs at two locations, on

the centreline and away from the centreline, as shown in Figures 2.4d and 2.5d.

Figure 2.5d shows how cells that are originally located at |x| < 0.61 tends to

focus in the centre as opposed to cells that are originally located closer to the

walls accumulate around |x| = 0.84.
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Figure 2.5: Distribution of cells across the channel: Horizontal position after
100 time units of 1000 cells initially uniformly distributed across the channel with
parameters (a) Θ = 0,Ψmax = 2; (b) Θ = 1, γ = π

4
, Ψmax = 2; c) Θ = 1, γ = 7π

16
,

Ψmax = 2; (d) Θ = 1.05, γ = π
3
, Ψmax = 1. In (d) grey indicates cells which

had initial position |x| > 0.61 and black indicates cells which had initial position
|x| < 0.61. Taken from [4].

2.4 Cell orientation in terms of Euler angles

To describe the cell orientation in three�dimensional Euclidean space, three

independent parameters are required. Euler angles (θ, φ, ψ) can be viewed as

a prescription whereby the space �xed frame XY Z might be made to coincide

with the body �xed frame xyz by performing three successive �nite rotations.We

choose a body �xed frame xyz such that p is aligned with the z−axis and n lies

in xz�plane

p = e3, n = sin γe1 + cos γe3. (2.34)

where ei are orthonormal basis vectors for the body �xed axes. We next align

the body �xed axes with the space axes XY Z. We move the body to its �nal
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orientation using the rotational matrices

Z(φ) =


cosφ − sinφ 0

sinφ cosφ 0

0 0 1

 Y (θ) =


cos θ 0 sin θ

0 1 0

− sin θ 0 cos θ

 (2.35)

The course of rotation is successively done in the following order [38]:

1) RZ(φ): Rotate the body with angle φ around Z axis and call the new

position of body �xed axes (x1, y1, z1). The axis z1 coincides with Z, Figure

(2.6b). De�ne rotation vector

ûφ = k (2.36)

2) Ry1(θ): Rotate the body with angle θ around y1. Call the new position of

the body �xed axes (x2, y2, z2). Remark that y2 and y1 coincide (Figure

(2.6c)). De�ne the rotation vector ûθ as a vector in direction of y1 axis

ûθ = RZ(φ)j (2.37)

3) Rz2(ψ): Rotate with angle ψ around z2. Call the new position of the body

�xed axes (x3, y3, z3) where z3 is identical to z2 (Figure (2.6d)). De�ne the

rotation vector ûψ as a vector in direction of z2 axis

ûψ = Ry1(θ)k = e3 (2.38)

It is worth mentioning that the rotation course given in Figure (2.6) is de�ned

with respect to the frame of reference carried with the moving body. It is

convenient in many applications; however, to refer to rotations with respect to

the �xed frame X, Y, Z [38]. The composition of the three successive rotations

is de�ned as Rz2(ψ)Ry1(θ)RZ(φ) where the rotations are ordered from right

to left. The rotation Ry1(θ) about the line of nodes is equivalent to the

composition RZ(φ)RY (θ)RZ(−φ) of three successive rotations about axis Z, Y, Z.
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(a) Align the axes. (b) Rotation about Z with angle φ.

(c) Rotation about y1 with angle θ.

(d) Rotation about z2 with angle ψ.

(e) Final body axes position.

Figure 2.6: Rotation process
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This equivalence is because of we �rst rotate the line of nodes y1 about Y using

the rotation RZ(−φ), then rotating about Y -axis (which is the line of nodes axis

at this point) with RY (θ) and �nally rotating back to its original position with

RZ(φ). In a similar way, we have Rz2(ψ) = Ry1(θ)RZ(ψ)Ry1(−θ). In conclusion,

we can express the rotations course in Figure (2.6) in terms of the physical space

axes by carrying out the following steps

i) Rotation about Z by angle ψ.

ii) Rotation about Y by angle θ.

iii) Rotation about Z by angle φ.

To show that these two courses of rotation are equivalent, we remark �rst that

two rotations about the same axis commute, therefore

Rz2(ψ)Ry1(θ)RZ(φ) =
[
Ry1(θ)RZ(ψ)Ry1(−θ)

]
Ry1(θ)RZ(φ)

= Ry1(θ)RZ(ψ)RZ(φ)

=
[
RZ(φ)RY (θ)RZ(−φ)

]
RZ(ψ)RZ(φ)

= RZ(φ)RY (θ)RZ(ψ)RZ(−φ)RZ(φ)

= RZ(φ)RY (θ)RZ(ψ). (2.39)

Noting that RZ = Z and RY = Y as de�ned in (2.35), the body �xed basis
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vectors given with respect to physical space coordinates as following

e1 = Z(φ)Y (θ)Z(ψ)i =


cosφ cos θ cosψ − sinφ sinψ

sinφ cos θ cosψ + cosφ sinψ

− sin θ cosψ

 , (2.40)

e2 = Z(φ)Y (θ)Z(ψ)j =


− cosφ cos θ sinψ − sinφ cosψ

− sinφ cos θ sinψ + cosφ cosψ

sin θ sinψ

 , (2.41)

e3 = p = Z(φ)Y (θ)Z(ψ)k =


cosφ sin θ

sin θ sinφ

cos θ

 . (2.42)

where ei are orthonormal basis vectors for the body axes xyz and i, j,k are

orthonormal basis vectors for the space axes XY Z. This rotation choice indicates

that (θ, φ) corresponds to (θp, φp) de�ned previously in [6].

In Section 3.4.2, we will need to express ûφ and ûθ in terms of e1, e2, and e3. We

have that ûφ = k which can be obtained as

ûφ =


0

0

1

 = k = − sin θ cosψe1 + sin θ sinψe2 + cos θe3, (2.43)

and we have that

ûθ = RZ(φ)j =


− sinφ

cosφ

0

 = sinψe1 + cosψe2. (2.44)

For completeness, note that from (2.38) we have

ûψ = e3. (2.45)

The unit vectors that orient the cell, p and n, rotate at the angular velocity
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according to the following ordinary di�erential equations [6]

dp

dt
= Ω ∧ p, (2.46)

dn

dt
= Ω ∧ n, (2.47)

where the angular velocity of the cell is expressed in terms of the body �xed

vectors (see equation 2.4)

Ω = e3 ∧ k + Θ(sin γe1 + cos γe3) + Ψj. (2.48)

To obtain a set of ordinary di�erential equations that describe the orientation

of the cell in terms of Euler angles, we consider evolution equations for the

body-�xed orthonormal vectors e1, e2, e3

de3

dt
= Ω ∧ e3 =

dθ

dt

∂e3

∂θ
+
dφ

dt

∂e3

∂φ
+
dψ

dt

∂e3

∂ψ
(2.49)

and in similar way for de1
dt

and de2
dt
. Computing the partial derivatives with respect

to Euler angles in Equation (2.49) lead to

de3

dt
=
dθ

dt

(
cosψe1 − sinψe2

)
+
dφ

dt

(
sin θ sinψe1 + sin θ cosψe2

)
. (2.50)

This evolution equation represents the change in the unit vector e3 with respect

to the change in Euler angles θ and φ in direction of e1 and e2. Therefore, we

take the dot product for both sides of

de3

dt
= Ω ∧ e3 (2.51)

with the unit vectors e1 and e2. to obtain

de3

dt
· e1 =

(
Ω ∧ e3

)
· e1, (2.52)

de3

dt
· e2 =

(
Ω ∧ e3

)
· e2. (2.53)
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The right hand sides of Equation (2.52) and Equation (2.53) respectively are

(using Equation(2.48))

(
Ω ∧ e3

)
· e1 = Ω · e2 = − sin θ cosψ + Ψω · e2, (2.54)(

Ω ∧ e3

)
· e2 = −Ω · e1 = sin θ sinψ −Θ sin γ −Ψω · e1. (2.55)

Substitute back into equation (2.52) and equation (2.53) and note that the ω = j,

we have

dθ

dt
cosψ +

dφ

dt
sin θ sinψ = − sin θ cosψ + Ψ

(
cosφ cosψ − sinφ cos θ sinψ

)
(2.56)

−dθ
dt

sinψ +
dφ

dt
sin θ cosψ = sin θ sinψ −Θ sin γ −Ψ

(
sinφ cos θ cosψ + cosφ sinψ

)
.

(2.57)

Solving this system for dθ
dt

and dφ
dt

results in

sin θ
dφ

dt
= −Ψ sinφ cos θ −Θ sin γ cosψ, (2.58)

dθ

dt
= − sin θ + Ψ cosφ+ Θ sin γ sinψ. (2.59)

To obtain an equation for dψ
dt
, we solve

de1

dt
· e2 = (Ω ∧ e1) · e2 (2.60)

to get

dφ

dt
cos θ +

dψ

dt
= Θ cos γ + Ψ sin θ sinφ. (2.61)

Multiply (2.61) by sin θ and use (2.58), gives

dψ

dt
sin θ = Ψ sinφ+ Θ

(
cos γ sin θ + sin γ cosψ cos θ

)
. (2.62)

To summarize, the evolution equations lead to the following ordinary di�erential
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equations that describe the cell orientation in terms of Euler angles

dθ

dt
= − sin θ + Ψ cosφ+ Θ sin γ sinψ, (2.63)

sin θ
dφ

dt
= −Ψ sinφ cos θ −Θ sin γ cosψ, (2.64)

sin θ
dψ

dt
= Ψ sinφ+ Θ

(
cos γ sin θ + sin γ cosψ cos θ

)
. (2.65)

Note that when there is no propulsive torque, Θ = 0, these equations reduce to

dθ

dt
= − sin θ + Ψ cosφ, (2.66)

sin θ
dφ

dt
= −Ψ sinφ cos θ (2.67)

which describe the orientation of the non-helical swimmers as given for instance

in [56].

2.5 Conclusion

The full constraints on the feasibility of the equilibrium of the cell orientation

have been determined where the constraint on pz was necessary to ensure that p

is a real vector of unit length. We have also extended the model presented in [6]

to the case where the �uid vorticity is not constant but varies in space. We saw

that the helical swimmers exhibit an accumulation in the centre of the channel

as in the classical case of the non-helical swimmers and they also can accumulate

away from the centre of the channel depending on the strength of propulsive

torque and the angle between this torque and the propulsive force that pulls the

cell through the �ow.

Cells generally swim in a random way. To develop a Fokker�Planck equation for

helical swimmers, we use the Euler angles as they describe the three degrees of

freedom.

The next chapters are devoted to develop a Fokker�Planck equation that describes
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the evolution of the cell through the �uid �ow.
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Chapter 3

Orientation distribution of

gyrotactic helical swimmers

3.1 Introduction

Microorganisms do not generally swim in deterministic paths, instead they swim

in random trajectories. Pedley and Kessler [82] proposed a Fokker�Planck

equation to model this random behaviour in microorganism orientation. This

equation is also known as a Forward Kolomogrov equation which describes the

probability distribution of the random variable of interest at future time s > t

knowing the state of this variable at current time t.

While the Fokker�Planck equation gives information about the distribution,

the underlying stochastic di�erential equations are useful for providing sample

trajectories. The Fokker�Planck equation for probability density function P (x, t)

of an n�dimensional random variable x is given as [45]

∂P (x, t)

∂t
= −

n∑
i=1

∂i
(
Ai(x)P (x, t)

)
+

1

2

n∑
i=1

n∑
j=1

∂i∂j
(
Bij(x)P (x, t)

)
, (3.1)

where A(x, t) is the drift and B(x, t) is the di�usion coe�cient respectively. The
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3.2. RANDOM WALK ON A UNIT SPHERE

associated stochastic di�erential equation is

dx = A(x, t)dt+
√

B(x, t)dW(t), (3.2)

where dW(t) is an n variable Wiener process. Additional information on the

Wiener process, and the connection between Equation (3.1) and the stochastic

di�erential equation (3.2) is provided in appendix A.

We start by describing the random walk on a unit sphere using spherical

coordinates (θ, φ). The distribution of this Brownian motion is the solution of the

di�usion equation. This equation is then associated with a stochastic di�erential

equation [22, 93] and in the later sections will be used as a generator for the

di�usion term for non-helical gyrotactic swimmers.

To develop the Fokker�Planck equation for gyrotactic helical swimmers, we

�rst express the Forward Kolomogrov equation in terms of the generators

of in�nitesimal rotation about the body �xed axes [76] and then using the

relationship between these generators and Euler angles (θ, φ, ψ), we obtain the

required Fokker�Planck equation. By writing this equation in the standard

form [45], we lastly derive its associated stochastic di�erential equation.

3.2 Random walk on a unit sphere

The probability distribution function for a random walk (Brownian motion) on a

unit sphere is the solution of di�usion equation

∂f

∂t
− dr∇2f = 0, (3.3)

where ∇2f is given in spherical coordinates (θ, φ)

∇2f =
( 1

sin θ
(
∂

∂θ
sin θ

∂

∂θ
) +

1

sin2 θ

∂2

∂φ2

)
f, (3.4)
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and dr can be interpreted as the rotational di�usion constant. Equation (3.3) is

solved subject to the normalization condition

∫ 2π

φ=0

∫ π

θ=0

f sin θdθdφ = 1. (3.5)

Equation (3.3) is not in the standard form that can be associated with a stochastic

di�erential equation. To write it in a standard form, we de�ne the transformation

F = sin θf, (3.6)

which leads to the following standard di�usion equation [93]

∂F

∂t
= − ∂

∂θ

(
dr cot θF

)
+

∂2

∂θ2
drF +

∂2

∂φ2

dr
sin2 θ

F, (3.7)

with normalization

∫ 2π

0

∫ π

0

Fdθdφ = 1. (3.8)

So as to compare with Fokker�Planck equation of the form given in Equation

(3.1), we rewrite this equation as

∂F

∂t
= − ∂

∂θ

(
dr cot θF

)
+

1

2

[ ∂2

∂θ2
2drF +

∂2

∂φ2

2dr
sin2 θ

F
]
. (3.9)

We can then see that the di�usion matrix in the Fokker�Planck equation (3.1) is

given by

B =

2dr 0

0 2dr
sin2 θ

 , (3.10)

where x1 = θ and x2 = φ in Equation (3.1).

To associate Equation (3.9) with an Ito's stochastic di�erential equation, we need

to compute the square root of B. The square root of B is simply obtained by
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3.2. RANDOM WALK ON A UNIT SPHERE

taking the square root of the diagonal entries

B
1
2 =

√2dr 0

0
√

2dr
sin θ

 . (3.11)

We conclude that Equation (3.9) can be associated with the following stochastic

di�erential equations [22]

dθ
dφ

 =

dr cot θ

0

 dt+

√2dr 0

0
√

2dr
sin θ

dW1(t)

dW2(t)

 , (3.12)

where dW1(t) and dW2(t) are independent Wiener processes. The drift term is

called spurious-drift [93].

To solve these stochastic di�erential equations, we use the Euler-Maruyama

method which is described in Appendix A. This method is implemented in Matlab

by using the built-in solver simByEuler. Example realizations of the solutions

are shown in Figure 3.1. We run 5000 simulations of these stochastic di�erential

equations over 10 time units with time step dt = 0.01 and dr = 1. We sample

the initial values of θ and φ from the uniform distributions U(0, π) and U(0, 2π)

respectively. The ensemble average of these simulations are given by

< θ(t) >=
1

N

N∑
i=1

θi(t), (3.13)

< φ(t) >=
1

N

N∑
i=1

φi(t), (3.14)

where N is the number of cells.

In all simulations done in thesis we never have counter θ0 = 0 or θ0 = π. If at

any point θ = 0 or θ = π arise we subsequently reject the simulation, however, in

practice we never counter θ = 0 or θ = π.

The equilibrium solution to equations (3.7-3.8) is given by

F (θ, φ) =
1

4π
sin θ. (3.15)
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Figure 3.1: Example realizations of the stochastic di�erential equation

for Brownian motion. The left panel shows the ensemble average of θ in black
and ensemble average of φ in blue for 5000 realizations of Equation (3.12). The
right panel shows three examples of random walk on unit sphere.

This function gives the marginal distribution of θ and φ as follows

g(θ) =

∫ 2π

0

F (θ, φ)dφ =
1

2
sin θ, h(φ) =

∫ π

0

F (θ, φ)dθ =
1

2π
, (3.16)

as shown in Figure 3.2.

In Figure 3.3, we show three di�erent realizations of the horizontal component of

orientation

px = sin θ cosφ, (3.17)

and the ensemble average of 5000 realizations for the stochastic model where <

px(t) >=< sin θ cosφ >. Despite the unpredictable orientation of any single cell,

for cells that orient themselves uniformly, they have zero horizontal component

of orientation on average; < px(t) >= 0.
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Figure 3.2: Orientation distribution of Brownian motion on a sphere.

The histograms show 5000 realizations of the solutions of Equation (3.12) at the
end time point. The red curves are the marginal distribution given by Equation
(3.16).
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Figure 3.3: Horizontal component of orientation px. Three realizations
(red, green, blue) of px are shown and the ensemble average < px(t) > of 5000
simulations is shown as black line.
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3.3 Orientation distribution of non-helical

swimmers

In the previous section, we presented pure Brownian motion on a unit sphere. In

this section, we discuss the impact of gravitational and viscous torques on the

orientation of a cell. The deterministic orientation of the cell is given by Equation

(1.48)

dp

dt
= Ω ∧ p, (3.18)

where the angular velocity is given by

Ω = p ∧ k + Ψω, (3.19)

and Ψ is the non-dimensional parameter representing the relative strength of the

viscous torque compared to the gravitational torque.

As given by Equations (2.66-2.67) the orientation angles (θ, φ) are governed by

dθ

dt
= − sin θ + Ψ cosφ, (3.20)

sin θ
dφ

dt
= −Ψ cos θ sinφ. (3.21)

The stable equilibrium solution for the deterministic model is

sin θ = Ψ, φ = 0. (3.22)

To describe randomness associated with changes in cell orientation, we extend

the Fokker�Planck equation of the previous section. That is we consider a

Fokker�Planck equation given by [82,83]

∂f

∂t
+∇ · (jd + jf ) = 0, (3.23)

where jd = −Dr∇f and jf = ṗf are the probability �uxes due to di�usion and the
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�eld respectively, ṗ is given by Equation (3.18), and Dr is the non-dimensional

rotational di�usion. To write this equation in scalar form, we �rst compute the

contribution of the probability �ux of the �eld. We know that [92]

∇ · (ṗf) =
1

sin θ

∂

∂θ

[
sin θ(ṗ · eθ)f

]
+

1

sin θ

∂

∂φ

[
(ṗ · eφ)f

]
, (3.24)

where

ṗ = k− (k · p)p + ω ∧ p, (3.25)

eθ = (cos θ cosφ, cos θ sinφ,− sin θ), (3.26)

eφ = (− sinφ, cosφ, 0). (3.27)

Substituting Equations (3.25-3.27) into (3.24) and simplifying the result, we

obtain

∇ · (ṗf) = −
(

sin θ
∂f

∂θ
+ 2 cos θf

)
+ Ψ cosφ

∂f

∂θ
−Ψ

cos θ sinφ

sin θ

∂f

∂φ
, (3.28)

Remark that Equation (3.28) can be related to θ̇ and φ̇ via

∇ · (ṗf) =
1

sin θ

∂

∂θ

(
θ̇ sin θf

)
+

∂

∂φ

(
φ̇f
)
. (3.29)

Therefore, substituting Equation (3.4,3.28) into Equation (3.23) we obtain

∂f

∂t
−Dr

(
1

sin θ

∂

∂θ
(sin θ

∂f

∂θ
) +

1

sin2 θ

∂2f

∂2φ

)
+Ψ

(
cosφ

∂f

∂θ
− cos θ sinφ

sin θ

∂f

∂φ

)
−
(

sin θ
∂f

∂θ
+ 2 cos θf

)
= 0, (3.30)

where f(t, θ, φ) is the probability density function of �nding a cell with orientation

(θ, φ) at time t, which should be solved subject to

∫ 2π

0

∫ π

0

f sin θdθdφ = 1. (3.31)
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This equation is not in the standard form that can be directly associated with

a stochastic di�erential equation. Using the transformation given in Equation

(3.6), the standard Fokker�Planck equation is

∂F

∂t
= − ∂

∂θ

(
− sin θ + Ψ cosφ+Dr cot θ

)
F − ∂

∂φ

(
−Ψ cot θ sinφ

)
F

+
1

2

(
∂2

∂θ2
2Dr +

∂2

∂φ2

2Dr

sin2 θ

)
F, (3.32)

where F (t, θ, φ) is the probability density function normalized such that

∫ 2π

0

∫ π

0

Fdθdφ = 1. (3.33)

Using Gardiner [45], we can associate the standard Fokker�Planck equation with

the following stochastic di�erential equationdθ
dφ

 =

− sin θ + Ψ cosφ+Dr cot θ

−Ψ cos θ sinφ
sin θ

 dt+

√2Dr 0

0
√

2Dr

sin θ

dW1(t)

dW2(t)

 ,

(3.34)

where dW1(t) and dW2(t) are independent Brownian process. Note that we have

simply added the deterministic drift given in Equations (3.20-3.21) to the spurious

drift. The impact of gravitational and viscous torques are included in the drift

term.

As in the previous section, we take the initial values of θ and φ to be sampled

from the uniform distributions U(0, π) and U(0, 2π) respectively, and solve the

equation using the built-in solver simByEuler. We compare our results with

the deterministic model by considering the same set of initial conditions and

computing the mean (averaged over the initial conditions) of the deterministic

model.

We now study the cell orientation in the case of still �uid and then shear �ow.
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3.3.1 Gravitactic cells in still �uid

In the case of zero shear �ow, Ψ = 0, from Equation (3.30) the steady orientation

distribution satis�es

1

sin θ

(
∂

∂θ
sin θ

∂f

∂θ

)
+

1

sin2 θ

∂2f

∂φ2
= − 1

Dr

(
sin θ

∂f

∂θ
+ 2 cos θf

)
, (3.35)

Pedley and Kessler [83] solved this equation subject to the requirement that f is

positive and �nite, and tends to the isotropic solution f = 1
4π

as Dr →∞, subject

to normalization condition (3.31), so that the solution is the Fisher distribution

obtained by Brenner and Weissman [21]

f =
λ

4π sinh(λ)
exp(λ cos θ), (3.36)

where λ = D−1
r .

The function F = f sin θ is thus given by

F (θ, φ) =
λ sin θ

4π sinh(λ)
exp(λ cos θ). (3.37)

In this zero shear �ow case, the stochastic di�erential Equation (3.34) becomes

dθ
dφ

 =

− sin θ +Dr cot θ

0

 dt+

√2Dr 0

0
√

2Dr

sin θ

dW1(t)

dW2(t)

 . (3.38)

The deterministic model displays that the cells swim against the gravity in the

direction θ = 0. To test the e�ect of rotational di�usion, we simulate 1000 cells

over 10 time units with time step dt = 0.01, and take the rotational di�usion

Dr = 0.01. As in the previous section, the ensemble average is given by Equations

(3.13) and (3.14) and shown in Figure 3.4. The ensemble average of θ is less

than the ensemble average of θ for pure Brownian motion. This is due to the
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Figure 3.4: Example realizations of the stochastic di�erential equation

for gravitactic non-helical swimmers in still �uid. The left panel shows
three realizations (red, green, blue) of solutions of the �rst row of Equation (3.38)
and the right panel shows three realizations of solution of the second row. The
black line is the ensemble average of 1000 cells given by Equations (3.13) and
(3.14) respectively. We �x rotational di�usion Dr = 0.01. The dashed blue is the
mean of 1000 cells calculated using the deterministic Equations (3.20-3.21).

gravitational torque e�ect which causes cells to tend to swim upwards in the

direction θ = 0. The deterministic model shows that the mean of θ tends to

zero. However, the ensemble average of θ for the stochastic di�erential equation,

< θ >= 0.13, does not tends to zero because of the spurious drift presence.

In Figure 3.5, the orientation distribution of θ and φ are shown. The distribution

of θ is given by Fisher distribution (3.37), and the distribution of φ is given by

uniform distribution (3.16). The ensemble average of horizontal component of

orientation, < px(t) > is close to what the deterministic model calculates (Figure

3.6).

Increasing the magnitude of the rotational di�usion, Dr = 1 result in divergence

in the mean of θ. In Figure 3.7, it is noted that the ensemble average of θ of 5000

cells calculated using Equation (3.13) becomes closer to the ensemble average of θ

for pure Brownian motion (see Figure 3.1). However the orientation distribution

remains to be the Fisher distribution, Figure 3.8, and the ensemble average of

horizontal component of orientation is zero as shown in Figure 3.9.
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Figure 3.5: Orientation distribution of gravitactic non-helical swimmers

in still �uid. The histograms show the realization of the solutions at the end
time point. The left panel shows the realizations of the solution of the �rst row
of Equation (3.38) at the end time point and the red curve is the distribution
given by Equation (3.37). The right panel shows the realizations of the solution
the second row of Equation (3.38) at the end time point and the red curve is the
distribution given by Equation (3.16). We �x rotational di�usion Dr = 0.01.
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Figure 3.6: Horizontal component of orientation px. Three realizations
(red, green, blue) of px are shown and the ensemble average < px(t) > of
1000 simulations is shown as black line. The dashed blue line is the average
p̄x calculated using the deterministic model.
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Figure 3.7: Example realizations of the stochastic di�erential equation

for gravitactic non-helical swimmers in still �uid. As Figure 3.4 with
Dr = 1 and 5000 cells simulated using Equation (3.38).
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Figure 3.8: Orientation distribution of gravitactic non-helical swimmers

in still �uid. As Figure 3.5 with Dr = 1 and 5000 cells simulated using Equation
(3.38).
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Figure 3.9: Horizontal component of orientation px. Three realizations
(red, green, blue) of px are shown and the ensemble average < px(t) > of 5000
simulations is shown as black line.

3.3.2 Uniform shear �ow

When the shear strength is not zero, we have the stochastic di�erential equation

given in Equation (3.34).

Bees et al. [13] obtained a solution to the steady Fokker�Planck equation (3.30)

using a spherical harmonic expansion in two dimensional �ow as given in Equation

(1.23). However, we do not compare their solution to the numerical solution we

obtain here because of the complexity of their solution.

We here extend the case considered in Section 3.3.1 by adding the e�ect of shear

�ow to the drift term. We simulated 5000 cells in shear �ow with magnitude

Ψ = 0.5.

When the rotational di�usion is small, Dr = 0.01, the ensemble average of θ is

< θ >= 0.5310. The mean of θ for deterministic model is θ̄ = 0.5233. Both

are close to the equilibrium solution θe = 0.5236 as shown in Figure 3.10. The

distribution of orientation angles are shown in Figure 3.11. Note that some cells

have negative horizontal orientation component, thus we see a little peak at φ = π.

The ensemble average of the horizontal component of orientation, < px(t) >, is
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close to the mean expected from the deterministic model. This is shown in Figure

3.12.

To test the numerical method for stochastic di�erential equation (3.34)

quantitatively, we run the code for di�erent time step and di�erent time duration

and for di�erent number of cells and rotational di�usion as shown in Table

3.1. As time step is decreased (Columns 2�3) the ensemble average of θ(t) is

< θ(t) >= 0.53 to two decimal points di�erences but the ensemble average

of cosφ(t) is cos < φ(t) >= 0.9 to only one decimal point di�erence. As

time duration of simulations is increased (Columns 3�4) each of < θ(t) > and

cos < φ(t) > have the same ensemble average to two decimal points di�erences.

Furthermore, increasing number of the cells (Columns 4�5) does not change

the convergence of ensemble averages. However, as the rotational di�usion is

increased (Columns 5�6) the ensemble average of θ(t), attains a new equilibrium

< θ(t) > while cos < φ(t) > does not yet attain the equilibrium over time interval

of the simulation. In conclusion, once the equilibrium solution is attained for

Dr = 0.01 the true value of < θ(t) > and cos < φ(t) > are 0.53 and 0.97

respectively.

For the deterministic model given by Equations (3.20�3.21), as the time interval

of the simulation is increased from T = 10 to T = 20, the average values of θ and

cosφ attain the stable equilibrium solutions (θe and cosφe) given by (3.22) and

shown in Table 3.2 where we assumed the default relative error tolerance 10−3

and the default absolute error tolerance 10−6 for the solver ode45 [95].

For small time step dt = 0.01 and rotational di�usion Dr = 0.01, the absolute

error in < θ(t) > compared to the equilibrium solution θe is of order 10−2.

When the rotational di�usion is strong, Dr = 1, the ensemble average of θ diverges

from what the deterministic model expect and becomes close to the ensemble

average for pure Brownian motion (see Figure 3.1). The orientation distribution

for θ is indistinguishable from the case of still �uid, Figure 3.14. The ensemble

average of horizontal component, < px(t) > is also indistinguishable from the still

�uid value of zero, Figure 3.15.
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T = 10 T = 20
dt = 0.1 dt = 0.01 dt = 0.01 dt = 0.01 dt = 0.01

< θ > 0.5327 0.5310 0.5336 0.5345 0.6410
cos < φ > 0.9182 0.9760 0.9714 0.9733 0.2454

Dr = 0.01 Dr = 0.1
sim= 1000 sim= 1000 sim= 2000 sim= 1000

Table 3.1: Convergence and accuracy of simByEuler used to solve stochastic
model (Equation (3.34)). < θ > and cos < φ > are the ensemble averages.
Duration of time for simulations is denoted by T and time step is dt. Number
of simulated cells is denoted by sim and rotational di�usion is Dr. Figures are
given in Appendix C.

T = 10 T = 20

θ 0.5233 0.5236
θe 0.5236 0.5236

cosφ 0.9999 1.0000
cosφe 1.0000 1.0000

Table 3.2: Convergence and accuracy of ode45 solver used to solve deterministic
model (Equations (3.20�3.21)). The average of orientation angles are θ and φ.
θe and cosφe are the equilibrium solutions. Number of simulated cells is 1000.
Figures are given in Appendix C.

The di�erence between the ensemble averages and the mean of the deterministic

model as rotational di�usion becomes large is due to the fact that we are

dealing with nonlinear stochastic di�erential equations which their expectation

does not preserve the additive property. It only preserves the monotonicity

property and also preserves the expectation of constant property [27, 84]. More

information about the expectation of stochastic di�erential equation is provided

in the Appendix A. It is important to note that

< px(t) >=< sin θ(t) cosφ(t) >6= sin < θ(t) > cos < φ(t) > . (3.39)

This inequality is shown for instance in Figure 3.12.

3.4 Fokker�Planck Equation for helical swimmers

In the previous section, we studied the orientation of non-helical swimmers where

the propulsive torque and force are parallel and the orientation is determined by
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Figure 3.10: Example realizations of the stochastic di�erential equation

for non-helical swimmers in uniform shear �ow. The left panel shows the
ensemble average given by Equations (3.13) of solutions of Equation (3.34) and
the right panel shows cos < φ(t) >. The blue dashed curves are the average
calculated using the deterministic model, and the green line in the left panel is
the equilibrium solution for deterministic model. We simulated 1000 cells where
we �x Ψ = 0.5 and Dr = 0.01. Time step is dt = 0.01.
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Figure 3.11: Orientation distribution of non-helical swimmers in uniform

shear �ow. The histograms show the realization of the solutions at the end time
point. The left panel shows the realizations of the solution of the �rst row of
Equation 3.34 at the end time point. The right panel shows the realizations of
the solution of the second row of Equation 3.34 at the end time point. We �x
Ψ = 0.5 and Dr = 0.01.

61



3.4. FOKKER�PLANCK EQUATION FOR HELICAL SWIMMERS

0 2 4 6 8 10
−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Time

p̄
x

Figure 3.12: Horizontal component of orientation px. Three realizations of
px are shown and the ensemble average < px(t) > of 5000 simulations is shown
as black dashed line. The dashed blue line is the mean calculated using the
deterministic model. The green line is sin < θ(t) > cos < φ(t) >. We �x Ψ = 0.5
and Dr = 0.01.
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Figure 3.13: Example realizations of the stochastic di�erential equation

for non-helical swimmers in uniform shear �ow. The left panel shows
three realizations (red, green, blue) of solutions of Equation (3.34). The ensemble
average given by Equations (3.13). The right panel shows cos < φ(t) >. The blue
dashed curves are the average calculated using the deterministic model, and the
blue line in the left panel is the equilibrium solution for deterministic model. We
simulated 1000 cells where we �x Ψ = 0.5 and Dr = 1. Time step is dt = 0.01.
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Figure 3.14: Orientation distribution of non-helical swimmers in uniform

shear �ow. As Figure 3.11. The red curve in the left panel is Fisher distribution
(3.37) and the red line in the left panel is the uniform distribution. We �x Ψ = 0.5
and Dr = 1.
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Figure 3.15: Horizontal component of orientation px. As Figure 3.12 with
Ψ = 0.5 and Dr = 1.
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spherical angles (θ, φ). When the torque and force are not parallel, an additional

angle is needed to describe the cells orientation as we have seen in Section 2.4. The

orientation of the cell can be described using Euler angles (θ, φ, ψ), see Equations

(2.63-2.65).

To write Fokker�Planck equation in terms of the orientation angles (θ, φ, ψ), we

need to convert between in�nitesimal rotations associated with these angles and

those associated with rotations of angles ηi about the body �xed axes.

3.4.1 In�nitesimal rotation

To derive the relationship between Euler angles and the generators of in�nitesimal

rotations about the body �xed axes, we start by explaining the nature of

in�nitesimal rotation.

Consider an angle of rotation α about a unit vector u. For small α, the

in�nitesimal matrix is given by

R =


1 −u3α u2α

u3α 1 −u1α

−u2α u1α 1

 (3.40)

A vector x = (x, y, z)T will be rotated to x′ = R(x) = x + αu ∧ x. Consider a

di�erentiable function F (x) and use a Taylor expansion to obtain [61]

F (x′) = F (x) + αu ∧ x · ∇F. (3.41)

Therefore we can associate this rotation with the following in�nitesimal rotation

operator

∂

∂α
= u ∧ x · ∇. (3.42)
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We note that if the vector u is expressed in terms of the body-�xed basis vectors

u = c1e1 + c2e2 + c3e3, (3.43)

and ∂
∂η i

represents in�nitesimal rotation about the axis ei

∂

∂ηi
= ei ∧ x · ∇, (3.44)

then we have the relationship

∂

∂α
=
(
c1e1 + c2e2 + c3e3

)
∧ x · ∇

= c1
∂

∂η1

+ c2
∂

∂η2

+ c3
∂

∂η3

. (3.45)

3.4.2 In�nitesimal rotation generators

To �nd the relationship between the rotation vectors given by Equations

(2.40-2.42) for body �xed axes and the in�nitesimal rotations associated with

Euler angles, we have (Equations 2.43-2.45)

ûφ = − sin θ cosψe1 + sin θ sinψe2 + cos θe3, (3.46)

ûθ = sinψe1 + cosψe2, (3.47)

ûψ = e3. (3.48)

Remark that Euler angles are rotation angles that play the role of α in Equation

(3.45). So we have

∂

∂φ
= − sin θ cosψ

∂

∂η1

+ sin θ sinψ
∂

∂η2

+ cos θ
∂

∂η3

, (3.49)

∂

∂θ
= sinψ

∂

∂η1

+ cosψ
∂

∂η2

, (3.50)

∂

∂ψ
=

∂

∂η3

. (3.51)

Therefore, the required relationship between the generators of in�nitesimal
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rotations about the body �xed axes xyz and in�nitesimal rotations about ûφ,

ûθ, and ûψ respectively is given by


∂
∂φ

∂
∂θ

∂
∂ψ

 =


− cosψ sin θ sin θ sinψ cos θ

sinψ cosψ 0

0 0 1




∂
∂η1

∂
∂η2

∂
∂η3

 , (3.52)

and taking the inverse, we obtain [76]


∂
∂η1

∂
∂η2

∂
∂η3

 =


− cosψ

sin θ
sinψ cosψ cot θ

sinψ
sin θ

cosψ − sinψ cot θ

0 0 1




∂
∂φ

∂
∂θ

∂
∂ψ

 , (3.53)

which gives the relationship between the generators of in�nitesimal rotations and

Euler angles as stated in [76].

3.4.3 Fokker�Planck equation

Extending the de�nition of Equation (3.23) to account for the orientation due to

Euler angles, we have Fokker�Planck equation [76]

∂f

∂t
+∇ · (jd + jf ) = 0 (3.54)

where jd = −Dr∇f and jf = η̇if are the probability densities functions due to

di�usion and due to the �eld respectively where η̇i is expression for the rate of

the change of the angles of rotation θ, φ, and ψ about the body �xed axes for

i = 1, 2, 3.

To write η̇i in term of Euler angles, we compute the dot product of the angular
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velocity with the body �xed vectors

η̇1 = Ω · e1 = − sin θ sinψ + Θ sin γ + Ψ[sinφ cos θ cosψ + cosφ sinψ], (3.55)

η̇2 = Ω · e2 = − sin θ cosψ + Ψ[cosφ cosψ − sinφ cos θ sinψ], (3.56)

η̇3 = Ω · e3 = Θ cos γ + Ψ sinφ sin θ, (3.57)

where ei are orthogonal basis vectors for the body axes xyz given by Equations

(2.40�2.42) and Ω is the angular velocity given by Equation (2.48). Note that ∇

is now de�ned in three dimensional orientation space.

Choosing the body �xed axes to be the standard axes of the rotational di�usion

coe�cient tensor, the Fokker�Planck equation is then given by

∂f

∂t
=

3∑
i=1

Dri

∂2f

∂η2
i

− ∂

∂ηi
(η̇if) . (3.58)

The variables ηi are not convenient as they express the change in Euler angles

relative to the body �xed axes [76]; therefore, we need variables that describe the

orientation of the cell relative to the space �xed axes. These variables are Euler

angles. Since we are considering spherical cells, we are assuming the di�usion is

isotropic so that Dri = Dr for i = 1, 2, 3.

Using the matrix relationship given in (3.53), we obtain the di�usion in terms of

Euler angles

Dr

3∑
i=1

∂

∂ηi

(
∂f

∂ηi

)
= Dr

(
1

sin θ

(
∂

∂θ
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂φ2
+

1

sin2 θ

∂2

ψ2
− 2

cos θ

sin2 θ

∂2

∂φ∂ψ

)
f.

(3.59)
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Substituting Equations (3.55-3.57) and (3.59) into Equation (3.58) gives

∂f

∂t
−Dr

(
∂2

∂θ2
+ cot θ

∂

∂θ
+

1

sin2 θ

∂2

∂φ2
+

1

sin2 θ

∂2

ψ2
− 2

cos θ

sin2 θ

∂2

∂φ∂ψ

)
f

−Ψ

(
cosφ

∂f

∂θ
− cot θ sinφ

∂f

∂φ
+

sinφ

sin θ

∂f

∂ψ

)
+

(
sin θ

∂f

∂θ
+ 2 cos θf

)
−Θ

(
sinψ sin γ

∂f

∂θ
− cosψ

sin θ
sin γ

∂f

∂φ
+ (cos γ + cot θ sin γ cosψ)

∂f

∂ψ

)
= 0.

(3.60)

The second term in the �rst line is the di�usion term and the last three lines

are the drift term in the Fokker�Planck equation where the term multiplied by

Ψ represents the contribution of vorticity torque, the third line is due to the

gravitational torque and the last line is the contribution of propulsive torque.

Note that if there is no propulsive torque acting on the cell, Θ = 0, and we assume

f is independent of ψ, we have that

∂f

∂t
−Dr

(
∂2

∂θ2
+ cot θ

∂

∂θ
+

1

sin2 θ

∂2

∂φ2

)
−Ψ

(
cosφ

∂f

∂θ
− cot θ sinφ

∂f

∂φ

)
+

(
sin θ

∂f

∂θ
+ 2 cos θf

)
= 0. (3.61)

which is Fokker�Planck equation (3.30).

3.4.4 Derivation of stochastic di�erential equation for

gyrotactic helical swimmers

We follow the same approach to write Fokker�Planck equation (3.32) in the

standard form. Using the transformation (3.6), we can write Equation (3.60)
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as

∂F

∂t
=− ∂

∂θ
((− sin θ + Θ sin γ sinψ + Ψ cosφ+Dr cot θ)F )

− ∂

∂φ

((
−Θ

sin γ cosψ

sin θ
−Ψ

sinφ cos θ

sin θ

)
F

)
− ∂

∂ψ

((
Θ(cot θ cosψ sin γ + cos γ) + Ψ

sinφ

sin θ

)
F

)
+

1

2

[
∂2

∂θ2
(2DrF ) +

∂2

∂φ2

(
2Dr

sin2 θ
F

)
+

∂2

∂ψ2

(
2Dr

sin2 θ
F

)
+

∂2

∂φ∂ψ

(
−4Dr cos θ

sin2 θ
F

)]
.

(3.62)

Both forms of Fokker�Planck equation (3.60 and 3.62) are equivalent.

To associate the standard Fokker�Planck equation (3.62) with a stochastic

di�erential equation, we �rst need to compute the square root of the di�usion

matrix

B =


2Dr 0 0

0 2Dr

sin2 θ
−2Dr cos θ

sin2 θ

0 −2Dr cos θ
sin2 θ

2Dr

sin2 θ

 . (3.63)

We compute the eigenvalues and eigenvectors and then use the diagonalization

method to calculate the square root.

We start by solving the characteristic equation

0 = det |B− λI| =

∣∣∣∣∣∣∣∣∣
2Dr − λ 0 0

0 2Dr

sin2 θ
− λ −2Dr

cos θ
sin2 θ

0 −2Dr
cos θ
sin2 θ

2Dr

sin2 θ
− λ

∣∣∣∣∣∣∣∣∣ (3.64)

= (2Dr − λ)

[(
2Dr

sin2 θ
− λ
)2

− 4D2
r

cos2 θ

sin4 θ

]
. (3.65)

Solving for λ, we obtain the following eigenvalues

λ1 = 2Dr, λ2 =
2Dr(1 + cos θ)

sin2 θ
, λ3 =

2Dr(1− cos θ)

sin2 θ
. (3.66)
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The associated eigenvectors are

v1 = (1,−1, 0). v2 = (0, 0, 1), v3 = (1, 1, 0), (3.67)

which form a basis for the null space of matrix B. Since they are linearly

independent, B is diagonalizable. Therefore, the square root of B is given by

B
1
2 = VΛ

1
2 V−1, (3.68)

where V is a square matrix whose columns are the eigenvectors and Λ is a diagonal

matrix whose diagonal consists of the eigenvalues. So, we have

V =


1 0 1

−1 0 1

0 1 0

 , V−1 =


1
2
−1

2
0

0 0 1

1
2

1
2

0

 , Λ
1
2 =


√

2Dr 0 0

0

√
2Dr(1+cos θ)

sin θ
0

0 0

√
2Dr(1−cos θ)

sin θ

 .

(3.69)

Substitute in Equation (3.68) and simplify the result, we obtain

B
1
2 =


√

2Dr 0 0

0

√
2Dr(1+cos θ)+

√
2Dr(1−cos θ)

2 sin θ

√
2Dr(1−cos θ)−

√
2Dr(1+cos θ)

2 sin θ

0

√
2Dr(1−cos θ)−

√
2Dr(1+cos θ)

2 sin θ

√
2Dr(1+cos θ)+

√
2Dr(1−cos θ)

2 sin θ

 . (3.70)

The standard Fokker�Planck equation (3.62) thus can be associated with the

following stochastic di�erential equation
dθ

dφ

dψ

 =


− sin θ + Θ sin γ sinψ + Ψ cosφ+Dr cot θ

−Θ sin γ cosψ
sin θ

−Ψ sinφ cos θ
sin θ

Θ(cot θ cosψ sin γ + cos γ) + Ψ sinφ
sin θ

 dt

+


√

2Dr 0 0

0

√
2Dr(1+cos θ)+

√
2Dr(1−cos θ)

2 sin θ

√
2Dr(1−cos θ)−

√
2Dr(1+cos θ)

2 sin θ

0

√
2Dr(1−cos θ)−

√
2Dr(1+cos θ)

2 sin θ

√
2Dr(1+cos θ)+

√
2Dr(1−cos θ)

2 sin θ



dW1(t)

dW2(t)

dW3(t)

 .

(3.71)
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3.5 Numerical simulation of stochastic di�erential

equation for gyrotactic helical swimmers

In this section we undertake a numerical simulation for the stochastic di�erential

Equation (3.71). We �rst consider the case where this equation is reduced

numerically to that for the non-helical swimmers. We will then discuss simulations

of the full system (3.71) for helical swimmers, �rst in still �uid and then in uniform

�ow.

The ensemble average of the simulations given by

< θ(t) > =
1

N

N∑
i=1

θi(t), < φ(t) > =
1

N

N∑
i=1

φi(t), < ψ(t) > =
1

N

N∑
i=1

ψi(t),

(3.72)

where N is the number of cells.

When either Θ = 0 or γ = 0, or both are zero, the helical model should reduce

to the non-helical model. To test this case, we simulated 1000 cells in uniform

shear �ow with magnitude Ψ = 0.5 and rotational di�usion Dr = 0.01. For

example, when Θ = 0 and γ = π
4
, the ensemble average of θ agrees with the mean

computed for the non-helical model as shown in Figure 3.16. The equilibrium

solution for the non-helical is given in equation (3.22) and is attained in this

example. Furthermore, the orientation of Euler angles are shown in Figure

3.17 where the orientations of θ and φ are indistinguishable from the case of

the non-helical model (see Figure 3.11), and the orientation of ψ appears to be

uniform distribution as it depends only on the initial condition which is assumed

to be uniform U(0, 2π). The ensemble average of the horizontal component,

< px(t) >, is also indistinguishable from the mean calculated for the deterministic

model, Figure 3.18. Another example where the helical model should reduce to

the non-helical model is shown in Figures 3.19�3.21 for Θ = 1 and γ = 0 and the

same argument as in the previous example holds here too.
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Figure 3.16: Example realizations to the stochastic di�erential equation

for helical swimmers in uniform shear �ow. Three realization of solution of
Equation (3.71) are shown. The black dashed curves are the ensemble average of
Euler angles which is calculated by using Equations (3.72) respectively. The blue
dashed curve is the mean of orientation angles calculated using the deterministic
model. We �x Θ = 0, γ = π

4
, Dr = 0.01 and Ψ = 0.5.
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Figure 3.17: Orientation distribution of helical swimmers in uniform

shear �ow. The histograms show the realization of the solutions at the end
time point. The left panel shows the realizations of the solution of the �rst row
of Equation (3.71) at the end time point. The middle and right panels show
the realizations of the solution the second and third rows of Equation (3.71)
respectively at the end time point. The red line in the right panel is the uniform
distribution. We �x Θ = 0, γ = π

4
, Dr = 0.01 and Ψ = 0.5.
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Figure 3.18: Horizontal component of orientation px: Three realizations of
px are shown and the ensemble average < px > of 5000 simulations is shown as
black line. We �x Θ = 0, γ = π

4
, Ψ = 0.5 and Dr = 0.01.
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Figure 3.19: Example realizations to the stochastic di�erential equation

for helical swimmers in uniform shear �ow. As of Figure 3.16. We �x
Θ = 1, γ = 0, Dr = 0.01 and Ψ = 0.5.
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Figure 3.20: Orientation distribution of helical swimmers in uniform

shear �ow. As of Figure 3.17. We �x Θ = 1, γ = 0, Dr = 0.01 and Ψ = 0.5.
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Figure 3.21: Horizontal component of orientation px: As of Figure 3.18. We
�x Θ = 1, γ = 0, Ψ = 0.5 and Dr = 0.01.
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Figure 3.22: Example realizations to the stochastic di�erential equation

for helical swimmers in still �uid. Three realizations of solutions of Equation
(3.73) are shown in red, green and blue. The black dashed curves are the
ensemble average of Euler angles which is calculated by using Equations (3.72)
respectively. Blue dashed curve is the mean of orientation angles calculated using
the deterministic model. We �x Θ = 1, γ = π

4
and Dr = 0.01.

3.5.1 Gyrotactic bias of helical swimmers in still �uid

When the shear strength is zero, Ψ = 0, Equation (3.71) reduces to


dθ

dφ

dψ

 =


− sin θ + Θ sin γ sinψ +Dr cot θ

−Θ sin γ cosψ
sin θ

Θ(cot θ cosψ sin γ + cos γ)

 dt

+


√

2Dr 0 0

0

√
2Dr(1+cos θ)+

√
2Dr(1−cos θ)

2 sin θ

√
2Dr(1−cos θ)−

√
2Dr(1+cos θ)

2 sin θ

0

√
2Dr(1−cos θ)−

√
2Dr(1+cos θ)

2 sin θ

√
2Dr(1+cos θ)+

√
2Dr(1−cos θ)

2 sin θ



dW1(t)

dW2(t)

dW3(t)

 ,

(3.73)

To test the e�ect of small rotational di�usion, we simulate 1000 realisations of

the stochastic di�erential Equation (3.73) over 20 time units with time step dt =

0.01, taking the rotational di�usion Dr = 0.01. As in the previous section, the

ensemble average is given by Equations (3.72) and shown in Figure 3.22. The

ensemble average, < θ(t) > is indistinguishable of what is expected from the
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Figure 3.23: Orientation distribution of helical swimmers in still �uid.

The histograms show the realization of the solutions at the end time point of
Equation (3.73). The red line in the middle panel is the uniform distribution.
We �x Θ = 1, γ = π

4
and Dr = 0.01.
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Figure 3.24: Horizontal component of orientation px of helical swimmers

in still �uid. Three realizations of px are shown and the ensemble average
< px > of 1000 simulations is shown as black line. We �x Θ = 1, γ = π

4
and

Dr = 0.01.
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Figure 3.25: Example realizations to the stochastic di�erential equation

for helical swimmers in still �uid. As of Figure 3.22. We �x Θ = 1, γ = π
4

and Dr = 1.
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Figure 3.26: Orientation distribution of helical swimmers in still �uid.

As of Figure 3.23. We �x Θ = 1, γ = π
4
and Dr = 1.
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Figure 3.27: Horizontal component of orientation px of helical swimmers

in still �uid. As of Figure 3.24. We �x Θ = 1, γ = π
4
and Dr = 1.

deterministic model. In the case of zero shear �ow, the cells swim in helical

trajectories upwards as will be shown in the next chapter. The angle φ oscillate

between 0 and 2π with ensemble average π which is indistinguishable from the

mean expected from the deterministic model. The e�ect of the propulsive torque

is seen in the ensemble average of ψ angle where it is initially assumed to be

uniform U(0, 2π). We note that the ensemble average of ψ attain the equilibrium

(< ψ >= 2.32) which is close to the equilibrium that is calculated using the

deterministic model, ψ = 2.27. The orientation distribution of Euler angles is

shown in Figure 3.23. The ensemble average of horizontal component is shown

in Figure 3.24 where the example realization of px(t) oscillates around < px(t) >

which is indistinguishable from the mean expected from the deterministic model.

As we have seen in Section 3.3, the magnitude of the rotational di�usion has

an important impact on the nature of the orientation distribution, and the

ensemble average of the horizontal component of orientation. To test this e�ect,

we simulated 5000 realizations of the stochastic di�erential equation (3.73) over

10 time units with time step dt = 0.01. We �x Dr = 1. The ensemble average

of Euler angles given by Equations (3.72) is shown in Figure 3.25. The ensemble

average < θ(t) > diverges from the mean expected from the deterministic model

and becomes close to that of Brownian motion on unit sphere (see Figure 3.1).
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In Figure 3.26, the orientation distribution of Euler angles are shown. The

orientation distribution of θ is indistinguishable from Fisher distribution,

Equation (3.37). The distribution of φ and ψ appears to be uniform.

The ensemble average of the horizontal component of orientation, < px(t) >, is

zero as expected from the deterministic model.

3.5.2 Uniform �ow

In this section we add the shear strength to the stochastic di�erential equation

to see how it will impact the the swimming orientation distribution. In this case

we simulate Equation (3.71).

To compare with the non-helical model in uniform �ow (Figures 3.10�3.12), with

the aid of the equilibrium feasibility diagram (Figure 2.1) we consider Θ = 0.2

and γ = 7π
16

and shear strength ψ = 0.5. We simulate 1000 realizations of the

stochastic di�erential equation (3.71) over 100 time units. We �x the rotational

di�usion Dr = 0.01. The ensemble average of θ is slightly below the ensemble

average for θ in the non-helical case. This is due to the existence of the propulsive

torque. The ensemble averages for the Euler angles are shown in Figure 3.28. The

orientation distribution shown in Figure 3.29. In Figure 3.30 the ensemble average

of the horizontal component is distinguishable from the case of the non-helical

model. Speci�cally, in the non-helical model, px = 0.5 whilst for the helical

model, this is reduced to px = 0.316.

In Chapter 2, we discussed the impact of the propulsive torque strength, Θ, on

the nature of the equilibrium feasibility. We will consider a pair of Θ and γ

which have feasibility equilibrium for speci�c shear strength (see Figure 2.1). We

�rst consider Θ = 1, γ = π
4
and shear strength Ψ = 1. With these parameter

values, the equilibrium is feasible and cells swim downwards in uniform �ow.

We �x rotational di�usion Dr = 0.01. We simulate 1000 realizations of the

stochastic di�erential equation (3.71). The ensemble average of Euler angles

attain equilibrium and is indistinguishable from the mean calculated using the
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deterministic model as shown in Figure 3.31. The orientation distribution is

shown in Figure 3.32. The ensemble average of the horizontal component, <

px(t) > is indistinguishable from the mean expected from the deterministic model,

Figure 3.33.

As another example to show the e�ect of the propulsive torque on the equilibrium

feasibility we �x Θ = 1 and γ = 7π
16
. When shear strength, Ψ = 0.5, the

cells swim upwards with negative equilibrium horizontal component, pex < 0 as

expected from the deterministic model (see Figure 2.1c). We �x the rotational

di�usion Dr = 0.01. The ensemble average of Euler angles are shown in Figure

3.34. The ensemble average of θ, φ, and ψ are indistinguishable from the mean

expected from the deterministic model. The orientation distribution is shown

in Figure 3.35. The ensemble average of horizontal component, < px(t) >, is

negative and indistinguishable from the mean expected from the deterministic

model, Figure 3.36. When Ψ = 1.5, cells swim downwards in uniform �ow (see

Figure 2.1c). Again, the ensemble average of Euler angles are indistinguishable

from the mean expected from the deterministic model for each angle as shown in

Figure 3.37. Their orientation distribution is shown in Figure 3.38. The ensemble

average becomes positive and is indistinguishable from the mean expected from

the deterministic model Figure 3.39.

The above example shows also the e�ect of shear strength on orientation

distribution. To compare the orientation distribution of ψ, we note that the

peak of the histogram is on the far left when Ψ = 0.5, see Figure 3.35, and on

the far right when Ψ = 1.5, see Figure 3.38.

As we have seen in Section 3.5.1, the magnitude of rotational di�usion has

a potential impact on the nature of the swimming behaviour. We examine

the stochastic di�erential equation for large rotational di�usion, Dr = 1. For

example, when Θ = 1 and γ = π
4
, the ensemble average of Euler angles which

reach equilibrium is indistinguishable from the case when the shear �ow is zero,

Figure 3.40. Also, the orientation distribution shown in Figure 3.41 and the

ensemble average of horizontal component are indistinguishable from the case of
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Figure 3.28: Example realizations to the stochastic di�erential equation

for helical swimmers in shear �ow. Three realizations of solutions of
Equation (3.71) are shown in red, green and blue. The black dashed curves
are the ensemble average of Euler angles which is calculated by using Equations
(3.72) respectively. Blue dashed curve is the mean of orientation angles calculated
using the deterministic model. We �x Θ = 0.2, γ = 7π

16
, Dr = 0.01 and Ψ = 0.5.

still �uid, Figure 3.42. Another example is shown in Figures 3.43-3.45 for Θ = 1

and γ = 7π
16
. These two examples show the e�ect of strength of rotational di�usion

on cell orientation.

To test the case when the equilibrium expected from the deterministic model is

not feasible, we choose Θ = 1, γ = π
4
, Ψ = 0.5. We simulate 1000 realizations

of the stochastic di�erential equation (3.71) with rotational di�usion Dr = 0.01

over 20 time units. The ensemble average of θ and ψ are indistinguishable from

the expected mean of the deterministic model as shown in Figure 3.46. The

orientation distribution is shown in Figure 3.47. The ensemble average, < px(t) >,

oscillates over time, Figure 3.48.
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Figure 3.29: Orientation distribution of helical swimmers in shear �ow.

The histograms show the realization of the solutions at the end time point of
Equation (3.71). We �x Θ = 0.2, γ = 7π

16
, Dr = 0.01 and Ψ = 0.5.
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Figure 3.30: Horizontal component of orientation px in shear �ow for

helical swimmers. Three realizations of px are shown and the ensemble average
< px > is shown as dash-dot black curve. The dashed blue curve is the mean
computed from the deterministic model. We �x Θ = 0.2, γ = 7π

16
, Dr = 0.01 and

Ψ = 0.5.
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Figure 3.31: Example realizations to the stochastic di�erential equation

for helical swimmers in shear �ow. As of Figure 3.28. We �x Θ = 1 and
γ = π

4
Dr = 0.01 Ψ = 1.
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Figure 3.32: Orientation distribution of helical swimmers in shear �ow.

As of Figure 3.29. We �x Θ = 1 and γ = π
4
Dr = 0.01 Ψ = 1.
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Figure 3.33: Horizontal component of orientation px in shear �ow for

helical swimmers. As of Figure 3.30. We �x Θ = 1 and γ = π
4
Dr = 0.01

Ψ = 1.
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Figure 3.34: Example realizations to the stochastic di�erential equation

for helical swimmers in shear �ow. As of Figure 3.28. We �x Θ = 1, γ = 7π
16

Dr = 0.01 and Ψ = 0.5.
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Figure 3.35: Orientation distribution of helical swimmers in shear �ow.

As of Figure 3.29. We �x Θ = 1, γ = 7π
16
Dr = 0.01 and Ψ = 0.5.
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Figure 3.36: Horizontal component of orientation px in shear �ow for

helical swimmers. As of Figure 3.30. We �x Θ = 1, γ = 7π
16
Dr = 0.01 and

Ψ = 0.5.
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Figure 3.37: Example realizations to the stochastic di�erential equation

for helical swimmers in shear �ow. As of Figure 3.28. We �x Θ = 1, γ = 7π
16

Dr = 0.01 and Ψ = 1.5.
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Figure 3.38: Orientation distribution of helical swimmers in shear �ow.

As of Figure 3.29. We �x Θ = 1, γ = 7π
16
Dr = 0.01 and Ψ = 1.5.
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Figure 3.39: Horizontal component of orientation px in shear �ow for

helical swimmers. As of Figure 3.30. We �x Θ = 1, γ = 7π
16
Dr = 0.01 and

Ψ = 1.5.

0 10 20
0

0.5

1

1.5

2

2.5

3

3.5

Time

θ

0 10 20
0

1

2

3

4

5

6

7

Time

φ

0 10 20
0

1

2

3

4

5

6

7

Time

ψ

Figure 3.40: Example realizations to the stochastic di�erential equation

for helical swimmers in shear �ow. As of Figure 3.28. We �x Θ = 1, γ = π
4
,

Ψ = 1 and Dr = 1. 1000 cells is simulated.
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Figure 3.41: Orientation distribution of helical swimmers in shear �ow.

As of Figure 3.29. The red curve in the left panel is Fisher distribution (3.37).
The red line is the uniform distribution. We �x Θ = 1, γ = π

4
and Dr = 1 Ψ = 1.
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Figure 3.42: Horizontal component of orientation px in shear �ow for

helical swimmers. As of Figure 3.30. We �x Θ = 1, γ = π
4
and Dr = 1 Ψ = 1.

1000 cells simulated.
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Figure 3.43: Example realizations to the stochastic di�erential equation

for helical swimmers in shear �ow. As of Figure 3.28. We �x Θ = 1, γ = 7π
16
,

Dr = 1 and Ψ = 0.5.
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Figure 3.44: Orientation distribution of helical swimmers in shear �ow.

As of Figure 3.29. The red line is the uniform distribution. We �x Θ = 1, γ = 7π
16
,

Dr = 1 and Ψ = 0.5.
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Figure 3.45: Horizontal component of orientation px in shear �ow for

helical swimmers. As of Figure 3.30. We �x Θ = 1, γ = 7π
16
, Dr = 1 and

Ψ = 0.5.

To test the stochastic di�erential equation for a rotational di�usion between Dr =

0.01 andDr = 1 we show two examples withDr = 0.1 andDr = 0.5 for non-helical

swimmers. For instance when Dr = 0.1, the ensemble average < θ > attains

equilibrium that is not the same as the equilibrium of the mean computed using

the deterministic model, see Figure 3.49. The e�ect of increasing randomness

becomes noticeable in the ensemble average of φ where < φ > decreases rapidly

to �uctuate around zero. The orientation distribution is shown in Figure 3.50

where we note that φ forms three peaks: two at the boundaries of the interval

and one in the middle as there are some cells swim with negative horizontal

component, px. The ensemble average of the horizontal component of the cell

orientation, however, decreases to attain zero over the time considered as shown

in Figure 3.51. When the rotational di�usion Dr = 0.5, the mean of θ attains the

equilibrium θe = 0.5 but the ensemble average < θ > attains equilibrium that

is double that obtained using the deterministic model, Figure 3.52. Furthermore

< θ > is not close to the ensemble average for purely Brownian motion ( see

Figure 3.1). Moreover, the orientation distribution is indistinguishable from the

Fisher distribution as shown in Figure 3.53. The ensemble average for px however

attains an equilibrium of zero, Figure 3.54.
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Figure 3.46: Example realizations to the stochastic di�erential equation

for helical swimmers in shear �ow. As of Figure 3.28. We �x Θ = 1, γ = π
4

Dr = 0.01 and Ψ = 0.5.
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Figure 3.47: Orientation distribution of helical swimmers in shear �ow.

As of Figure 3.29. We �x Θ = 1, γ = π
4
Dr = 0.01 and Ψ = 0.5.
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Figure 3.48: Horizontal component of orientation px in shear �ow for

helical swimmers. As of Figure 3.30. We �x Θ = 1, γ = π
4
Dr = 0.01 and

Ψ = 0.5.
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Figure 3.49: Example realizations of the stochastic di�erential equation

for non-helical swimmers in uniform shear �ow. As Figure 3.10 with
Ψ = 0.5 and Dr = 0.1. We do not plot realization for cosφ to aid visualization.
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Figure 3.50: Orientation distribution of non-helical swimmers in uniform

shear �ow. As Figure 3.11. The red curve in the left panel is Fisher distribution
(3.37) and the red line in the left panel is the uniform distribution. We �x Ψ = 0.5
and Dr = 0.1.
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Figure 3.51: Horizontal component of orientation px. As Figure 3.12 with
Ψ = 0.5 and Dr = 0.1.
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Figure 3.52: Example realizations of the stochastic di�erential equation

for non-helical swimmers in uniform shear �ow. As Figure 3.10 with
Ψ = 0.5 and Dr = 0.5.
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Figure 3.53: Orientation distribution of non-helical swimmers in uniform

shear �ow. As Figure 3.11. The red curve in the left panel is Fisher distribution
(3.37) and the red line in the left panel is the uniform distribution. We �x Ψ = 0.5
and Dr = 0.5.
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Figure 3.54: Horizontal component of orientation px. As Figure 3.12 with
Ψ = 0.5 and Dr = 0.5.

3.6 Conclusion

In this chapter, we developed the Fokker�Planck equation for helical swimmers

and discussed the randomness e�ect on the orientation of swimmers. We also

derived the stochastic di�erential equations for both non-helical and helical

swimmers.

When the rotational di�usion is small, in still �uid we note the e�ect of the

spurious drift term on the average ensemble for orientation angle θ for the

non-helical swimmers. This term leads to divergence between< θ > and the mean

of θ computed using the deterministic model. In uniform shear �ow, however,

< θ > is indistinguishable from the mean predicted from the deterministic model.

The helical model should reduce to the non-helical model for either Θ = 0, γ = 0

or Θ = γ = 0. When Θ = 0 and γ varies, the model can be used to describe

the orientation of a cell where its swimming direction makes angle γ with the eye

spot, for instance. On the other hand when γ = 0 and Θ varies the model can

be used to to describe the orientation of a cell where the propulsive torque and

force are parallel.

For the helical swimmers, when the rotational di�usion is small, Dr = 0.01,
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the ensemble averages of orientation angles are indistinguishable from the mean

obtained from the deterministic model.

For both non-helical swimmers and helical swimmers, when the rotational

di�usion is quite large the ensemble averages and the orientation distribution

in shear �ow is similar to the orientation distribution in still �uid.

Pedley and Kessler [83] gave an estimate for rotational di�usion dr = 0.067s−1

which if we non-dimensionalize on 2B give estimate Dr = 0.45 where B = 3.4s.

Recently, Croze et al [31] reported an experimental value dr = 0.23s−1 and

B = 10.5s. So, we hypothesise that a moderate rotational di�usion Dr < 1

is biologically realistic.

The next chapter is devoted to studying the spatial-temporal distribution. We

will study the impact of randomness with chosen Dr < 1.
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Chapter 4

Spatial distribution of stochastic

gyrotactic helical swimmers

4.1 Introduction

In this chapter, we consider the Fokker�Planck equation for the spatial-orientation

distribution which is an extension of the Fokker�Planck equation discussed in the

previous chapter. The probability density function, P (p,x, t), of �nding a cell

with orientation p at position x = (x, y, z) at time t satis�es

∂P

∂t
+∇x · J +∇p · j = 0, (4.1)

as described in Hill and Bees [56] and Manela and Frankel [75]. The probability

current densities are given by

j = ṗP −Dr∇pP, orientation space �ux density, (4.2)

J = ẋP −Dt∇xP, physical space �ux density, (4.3)

where ẋ is the deterministic change in cell position x due to advection by the

local �uid V, the cell swimming velocity νp is given by Equation (1.47), and ṗ is

the deterministic change in cell orientation p as given by Equation (1.48). The
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translational di�usion and rotational di�usion are Dt and Dr, respectively.

The probability density function, P (p,x, t) is also assumed to satisfy

∫
R∞

∫
S2

P d2p d3x = 1 for all t > 0 (4.4)

where R∞ is the whole Euclidean space and S2 is the unit sphere [56]. We impose

the initial condition

P (p,x, 0) = δ(x− x′)δ(p− p′), (4.5)

where δ(.) is the delta function. Therefore the initial position and initial

orientation are speci�ed as x′ and p′. However, for long time the stochastic

time series are independent of the initial orientation conditions.

We de�ne the cell concentration n(x, t) =
∫

Ω
Pdp where Ω is the space of all

possible orientations p [9]. By considering moments of the distribution function

P , for homogeneous shear �ow on long time compared to 1
Dr
, the cell density

satis�es the following advection�di�usion equation

∂n

∂t
+∇x ·

[
νqn−

(
DtI +

ν2

Dr

D

)
· ∇xn

]
= 0, (4.6)

where q, D, and I are the average swimming direction, di�usion tensor,

and identity tensor respectively. The mean swimming direction q and the

non-dimensional di�usion tensor are given respectively by [7, 10]

q =

∫
p

pf dp, (4.7)

D =

∫
p

[
bp +

Ψ

f(p)
bb · Ĝ

]sym
dp, (4.8)

where Ψ is the shear strength and b satis�es Equation (1.38). The equilibrium
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orientation f(p) and vector b(p) satisfy [7, 10]

L f = 0, (4.9)

L b−Ψb · Ĝ = f(p)(p− q), (4.10)

subject to

∫
p

f dp = 1,

∫
p

b dp = 0, (4.11)

where Ĝ = (∇V)T is the transpose of the non-dimensional �uid velocity gradient

and the linear operator L is de�ned in orientation space for gravitactic spherical

cells as

L f = ∇p · [(k− (k · p) p−Ψj ∧ p) f −∇pf ] . (4.12)

Equation (4.6) will be used to obtain the mean square displacement of unbiased

di�usion motion in still �uid and compared numerically with the results obtained

from the stochastic di�erential equation. It will also be used to quantify the

relationship of the variance in the horizontal position of non-helical swimmers

across the channel and e�ect of changing the shear strength and rotational

di�usion strength.

We �rst consider the case where there is no gravitactic or propulsive torques

acting on the spherical swimmers in still �uid. Then we consider the case of

spherical swimmers in uniform shear �ow and discuss the deterministic model [6]

compared with the stochastic model to see how the rotational di�usion modi�es

the swimming trajectories for di�erent shear strength and di�erent rotational

di�usion values. For the helical swimmers, we consider the stochastic di�erential

equation associated with Equation (4.1) where the cell orientation is given in

terms of Euler angles by Equation (3.62). We will examine the e�ect of propulsive

torque strength for di�erent rotational di�usion. Lastly, we consider the case

where the shear is a function of the cell's position. This section is an extension

of the deterministic model presented in Chapter 2. Moreover, we will discuss

99



4.2. UNBIASED DIFFUSION MOTION IN STILL FLUID

the e�ect of shear strength on the accumulation of the non-helical swimmers

across the channel and the e�ect of the propulsive torque strength and shear

strength on the accumulation of helical swimmers for di�erent value of rotational

di�usion. We then examine the stochastic model for the recent experiment for

the non-helical swimmer alga Dunaliella salina where the Fokker�Planck model

and generalized Taylor dispersion theory were examined in a pipe [31]. However,

due to time constraint we consider their data for a channel and examine the

stochastic di�erential equations associated with the Fokker�Planck equation for

an individual-based model.

4.2 Unbiased di�usion motion in still �uid

We consider an unbiased swimmer whose probability density function P of �nding

the swimmer at position x with orientation p at time t satis�es

∂P

∂t
+∇x · (νpP −Dt∇xP )−Dr∇2

pP = 0, (4.13)

subject to constraint given by (4.4) and initial condition (4.5) where νp is the

swimming velocity and Dt and Dr are translational and rotational di�usion

constants respectively. This equation is a special case of Equation (4.1) where the

particles swim in still �uid and there is no acting torques that a�ect the swimming

paths. Remark also that the linear operator de�ned in Equation (4.12) is reduced

here to L P = −∇2
pP .

The cell concentration n(x, t) satis�es Equation (4.6). Hill and Bees [56] called q

and D the drift velocity and e�ective di�usion respectively which are given from

Equations (4.7-4.8) as

q =

∫
p

pf dp, (4.14)

D =

∫
p

[bp]sym dp. (4.15)

The following are the governing equations for the equilibrium orientation f(p)
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and vector b(p)

−∇2
pf = 0, (4.16)

−∇2
pb = f(p)(p− q), (4.17)

subject to the normalization conditions

∫
p

f(p) dp = 1 and

∫
p

b dp = 0. (4.18)

Equations (4.16) and (4.17) are special cases of Equations (4.9) and (4.10)

respectively with Ψ = 0. The solution to Equation (4.16) subject to the

normalization condition (4.18a) is [7]

f(p) =
1

4π
. (4.19)

Setting

p = (sin θ cosφ, sin θ sinφ, cos θ),

we can compute

q =
1

4π

∫ 2π

0

∫ π

0


sin θ cosφ

sin θ sinφ

cos θ

 sin θdθdφ = 0, (4.20)

as expected for unbiased cells that swim randomly in still �uid. We next solve

Equation (4.17)

−∇2
pb =

1

4π
p, (4.21)

which has solution [7]

b =
1

8π
p. (4.22)
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To evaluate the e�ective di�usion given by (4.15), we need to compute

bp =
1

8π


sin θ cosφ

sin θ sinφ

cos θ




sin θ cosφ

sin θ sinφ

cos θ


T

=
1

8π


sin2 θ cos2 φ sin2 θ cosφ sinφ sin θ cosφ cos θ

sin2 sinφ cosφ sin2 θ sin2 φ sin θ sinφ cos θ

cos θ sin θ cosφ cos θ sin θ sinφ cos2 θ

 . (4.23)

Therefore,

D =
1

8π


4π
3

0 0

0 4π
3

0

0 0 4π
3

 =
1

6
I. (4.24)

On substituting for q and D in Equation (4.6), the cell concentration satis�es

∂n

∂t
=

(
Dt +

ν2

6Dr

)
∇2

xn. (4.25)

4.2.1 Stochastic di�erential equation

We expand the Fokker�Planck equation (4.13) to components in Cartesian

coordinates for cell position and to components in spherical coordinates for cell

orientation and noting that in still �uid the cell position is only advected by the

cell swimming velocity νp, we have

∂P

∂t
= −

[
∂

∂x
ν sin θ cosφ+

∂

∂y
ν sin θ sinφ+

∂

∂z
ν cos θ +

∂

∂θ
Dr cot θ

]
P

+
1

2

[
∂2

∂x2
2Dt +

∂2

∂y2
2Dt +

∂2

∂z2
2Dt +

∂2

∂θ2
2Dr +

∂2

∂φ2

2Dr

sin2 θ

]
P, (4.26)
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which can be associated with the following stochastic di�erential equation

dx

dy

dz

dθ

dφ


= Adt+

√
BdW(t), (4.27)

where the drift and di�usion terms are

A =



ν sin θ cosφ

ν sin θ sinφ

ν cos θ

Dr cot θ

0


,
√

B =



√
2Dt 0 0 0 0

0
√

2Dt 0 0 0

0 0
√

2Dt 0 0

0 0 0
√

2Dr 0

0 0 0 0
√

2Dr

sin θ


, (4.28)

respectively, and Brownian motion column vector dW(t). The derivation of this

equation is presented in Appendix B. We use Euler�Maruyama approximation

method to solve stochastic di�erential equation (4.27).

In Figure 4.1, we demonstrate trajectories in case of zero translational di�usion,

Dt = 0. When the swimming speed is �xed, Figure 4.1 (left to right panel), as the

rotational di�usion, Dr, is reduced the cells have larger net displacement. When

rotational di�usion is �xed and swimming speed is increased (top to bottom

panel) the net displacement of cell increases.

4.2.2 Linear relationship

To examine the e�ect of di�usivity of unbiased swimmers, we compute the mean

square displacement. To do this we consider Equation (4.25). That is

∂n

∂t
= D∇2

xn, (4.29)
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Figure 4.1: Example trajectories: We plot 20 trajectories corresponding to
second linearity relationship, i.e when Dt = 0. We �x time step dt = 0.1 on time
interval [0, 100] The simulation is run for di�erent values for the pair (Dr, ν).
(a) (2, 1) (b)(0.5, 1) (c) (2, 2) and (d) (0.5, 2). the e�ective di�usion D = ν2

Dr
in

Equation (4.29) is: (a)D = 0.5 (b) D = 2 (c)D = 2 (d) D = 8.
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where D = Dt + ν2

6Dr
. The fundamental solution of this equation, with initial

condition

n(x, 0) = δ(x), (4.30)

where we assume the concentration is conserved, i.e

∫
n(x, t)dx = 1, (4.31)

is given by

n(x, t) =
1

2
√
πDt

exp

(
− |x|

2

4Dt

)
. (4.32)

The mean square of displacement is then given by [14]

< |x(t)|2 >=

∫
|x|2n(x, t) dx = 6Dt. (4.33)

When the translational di�usion is not zero, Dt 6= 0, and the cell is not swimming

ν = 0, the mean square displacement therefore becomes

< |x(t)|2 >= 6Dtt. (4.34)

Furthermore, when the cell is swimming and Dt = 0 then

< |x(t)|2 >=
ν2

Dr

t. (4.35)

These linear relationships can be summarized as follows

< |x(t)|2 > ∼ 6Dtt, if ν = 0, Dt 6= 0, (4.36)

< |x(t)|2 > ∼
ν2

Dr

t, if ν 6= 0, Dt = 0. (4.37)
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Figure 4.2: Mean square displacement. The mean square of the displacement
of the solution of SDE (4.27) with time step dt = 0.01 (black), dt = 0.05 (blue),
and dt = 0.1 (red). The green line is the function g(t) = 6Dtt. We �x ν = 0, Dt =
1.

To test these relationships, We ran 100 simulations of stochastic di�erential

equation (4.27) for di�erent time step and time interval of simulation then we

computed the mean square of the displacement < |x(t)|2 >.

In Figures 4.2�4.3 and 4.6�4.7, we demonstrate these linearity relationships. The

mean square displacement is computed for di�erent time step dt. As the time

step is decreased the best �t we have. This is understandable since simByEuler

gives a discrete-time approximation to the underlying continuous-time process

and as dt → 0, the method approximates well the continuous time process [1].

The mean displacement, < x(t) > should be zero as t→∞. In Figures 4.8�4.9 we

demonstrate the mean displacement for di�erent time step dt for 500 realizations

of the solution of Equation (4.27) averaged over time t. Because of small number

of realizations the mean displacement diverges from zero with small error. Despite

that the Gaussian distribution given by (4.32) �ts the histograms well as shown

in Figures 4.4�4.5 and 4.10�4.11.

To compare the impact of translational and rotational di�usion parameters for

active swimmers such as Chlamydomonas nivalis which has diameter 10µm and

swimming speed ν = 50µms−1 [83], we consider dynamic viscosity of �uid µ =
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Figure 4.3: Mean square displacement. The mean square of the displacement
of the solution of SDE (4.27) with time step dt = 0.01 (black), dt = 0.05 (blue),
and dt = 0.1 (red). The green line is the function g(t) = 6Dtt. We �x ν = 0, Dt =
1.
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Figure 4.4: Histogram of horizontal component of position. We run 500
realizations of Equation (4.27) over t = 100 with time step (a) dt = 0.01, (b)
dt = 0.05, and (c) dt = 0.1. The red curve is the Gaussian distribution given by
Equation (4.32). We �x ν = 0, Dt = 1.
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Figure 4.5: Histogram of horizontal component of position. We run 500
realizations of Equation (4.27) over t = 200 with time step (a) dt = 0.01, (b)
dt = 0.05, and (c) dt = 0.1. The red curve is the Gaussian distribution given by
Equation (4.32). We �x ν = 0, Dt = 1.
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Figure 4.6: Mean square displacement. The mean square of the displacement
of the solution of SDE (4.27) with time step dt = 0.01 (black), dt = 0.05 (blue),
and dt = 0.1 (red). The green line is the function g(t) = ν2

Dr
t. We �x ν =

0.1, Dt = 0.
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Figure 4.7: Mean square displacement. The mean square of the displacement
of the solution of SDE (4.27) with time step dt = 0.01 (black), dt = 0.05 (blue),
and dt = 0.1 (red). The green line is the function g(t) = ν2

Dr
t. We �x ν =

0.1, Dt = 0.
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Figure 4.8: Mean displacement. We compute the mean displacement for 500
simulations for di�erent time step over time duration T = 100. The black is the
mean displacement with dt = 0.01, blue with dt = 0.05 and red with dt = 0.1.
We �x ν = 0.1, Dt = 0.
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Figure 4.9: Mean displacement. We compute the mean displacement for 500
simulations for di�erent time step over time duration T = 200. The black is the
mean displacement with dt = 0.01, blue with dt = 0.05 and red with dt = 0.1.
We �x ν = 0.1, Dt = 0.
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Figure 4.10: Histogram of horizontal component of position. We run 500
realizations of Equation (4.27) over t = 100 with time step (a) dt = 0.01, (b)
dt = 0.05, and (c) dt = 0.1. The red curve is the Gaussian distribution given by
Equation (4.32). We �x ν = 0.1, Dt = 0.
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Figure 4.11: Histogram of horizontal component of position. We run 500
realizations of Equation (4.27) over t = 200 with time step (a) dt = 0.01, (b)
dt = 0.05, and (c) dt = 0.1. The red curve is the Gaussian distribution given by
Equation (4.32). We �x ν = 0.1, Dt = 0.

9× 10−3 g cm−1 s−1 [85] at room temperature T = 298.15 K. The estimation of

the e�ective rotational di�usion which captures intrinsic randomness in swimming

behaviour is Dr = 0.067s−1 [83]. In contrast an estimate for Brownian rotational

di�usion is 1.3 × 10−3s−1 [83]. Thus cells swim with e�ective spatial di�usion

parameter ν2

6Dr
= 6.21×103µm2s−1. On the other hand, the translational di�usion

is estimated using Equation (1.11). It is given by Dt = 4.85×10−11µm2s−1. From

this comparison, we see that translational di�usion is too small compared to cell's

diameter and hence has no signi�cant impact on cells swimming [56]. Therefore,

we set Dt = 0 in the simulation of the remaining sections.

4.3 Uniform shear �ow

We discuss the swimming trajectories of swimmers in the case where the shear

strength Ψ is constant. This section is an extension of the deterministic model

presented in [6]. We consider the Fokker�Planck equation (4.1) where the cell is

advected at the �uid �ow velocity V in addition to the swimming velocity νp.
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In vertical uniform shear downwards �ow, the �ow velocity is [6]

V = −Ψxk, (4.38)

where Ψ is the non-dimensional shear strength and k is unit vector in the vertical

direction. The non-dimensional swimming speed is taken as ν = 0.1 in the

remaining simulations of this chapter.

4.3.1 Spatial-orientation model for non-helical gravitactic

swimmers

We can follow the derivation of the stochastic di�erential equation of the

previous section to derive the stochastic di�erential equation (4.27) for non-helical

gravitactic swimmers with the drift term given by

A =



ν sin θ cosφ

ν sin θ sinφ

−Ψx+ ν cos θ

− sin θ + Ψ cosφ+Dr cot θ

−Ψ cos θ sinφ
sin θ


. (4.39)

When the shear strength is zero, cells swim upwards as shown in Figure 4.12a. As

Dr is increased from zero, cells continue to swim upwards but in random paths as

shown in Figures 4.13a, 4.14a, 4.15a. For small rotational di�usion (Dr = 0.01),

the behaviour is only slightly altered from that in the deterministic model. As

Dr is increased further, the vertical displacement is reduced.

As we increase the shear strength, Ψ = 0.5, cells swim towards downwards �ow,

Figure 4.12 b. As rotational di�usion is increased from zero, cells maintain

downwards swimming in random trajectories, Figures 4.13-4.15b. For strong

rotational di�usion (Dr = 0.5) the vertical displacement is reduced. Increasing

shear strength further, Ψ = 1.5, cells maintain swimming downwards. Moreover,

as Dr is increased, the reduction in the vertical displacement becomes more
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obvious.

To understand how the rotational di�usion a�ects the vertical displacement, in

Figure 4.16 we computed the average vertical displacement as a function of

shear strength for di�erent rotational di�usion. We simulated 100 cells that

start at origin with random initial orientation over 100 time units. Within the

feasibility region of the equilibrium of the horizontal component of the orientation,

Ψ ≤ 1, the deterministic model predicts that the cells swim downwards. For

weak and intermediate rotational di�usion, Dr = 0.01 and Dr = 0.1 the cells

maintain swimming downwards and the ensemble average of vertical transport

is indistinguishable from the vertical mean expected from the deterministic

model. For large Dr = 0.5 and within Ψ ≤ 1 the cells maintain swimming

downwards, though the ensemble average of the vertical transport diverges from

the deterministic vertical mean. In Chapter 3, we see that for su�ciently large

Dr, the ensemble average of horizontal component of orientation becomes zero.

Therefore, we expect the ensemble average of vertical displacement becomes zero

too for su�ciently large Dr.

When the equilibrium of horizontal component of orientation is infeasible, i.e

when Ψ > 1 the cells maintain swimming downwards. Moreover, for strong shear

strength and for su�ciently smallDr and intermediateDr, the ensemble average is

indistinguishable from the vertical mean predicted from the deterministic model.

When Dr = 0.5, the ensemble average increase further. Therefore for su�ciently

large Dr we expect the vertical displacement average becomes zero.

4.3.2 Spatio-orientation model for helical gravitactic

swimmers

In this section we extend the deterministic model for helical swimmers given in [6]

where we consider the deterministic model in terms of Euler angles (θ, φ, ψ) that

we derived in Chapter 2 for cell orientation (see Equations (2.63-2.65)). The

physical �ux is added to the stochastic di�erential equation that describes the
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Figure 4.12: Deterministic trajectories: Example trajectories of duration 100
non-dimensionalized on 2B for di�erent values of �ow shear: (a) Ψ = 0, (b)
Ψ = 0.5, and (c) Ψ = 1.5.
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Figure 4.13: Stochastic trajectories: Example trajectories of duration 100
non-dimensionalized on 2B for di�erent values of �ow shear: (a) Ψ = 0, (b)
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Figure 4.14: Stochastic trajectories: As of Figure 4.13 with �xed Dr = 0.1.

−2 0 2−1

0

1
−1

0

1

2

3

4

5

6

x
y

z

−5 0 5−2

0

2
−60

−50

−40

−30

−20

−10

0

10

x
y −5 0 5−5

0

5
−300

−250

−200

−150

−100

−50

0

50

x
y

a    b    c    

Figure 4.15: Stochastic trajectories: As of Figure 4.13 with �xed Dr = 0.5.
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Figure 4.16: Mean vertical transport for non-helical swimmers: Average
vertical displacement of 100 cells of duration 100 time units as a function of shear,
Ψ. The black dashed is the average vertical transport using the deterministic
model. Blue, green, red are the average vertical transport for the stochastic
model for Dr = 0.01, 0.1, 0.5 respectively. The vertical dashed black line is Ψ = 1
where when Ψ ≤ 1 the equilibrium solution for the horizontal component of
orientation is feasible and when Ψ > 1 the equilibrium is infeasible.

cells orientation ( Equation (3.71)) so that we have the following equation that

describes the spatial-orientation distribution of a helical swimmer in uniform �ow

dx

dy

dz

dθ

dφ

dψ


= Adt+ BdW(t), (4.40)

where

A =



ν sin θ cosφ

ν sin θ sinφ

−Ψx+ ν cos θ

− sin θ + Θ sin γ sinψ + Ψ cosφ+Dr cot θ

−Θ sin γ cosψ
sin θ

−Ψ sinφ cos θ
sin θ

Θ(cot θ cosψ sin γ + cos γ) + Ψ sinφ
sin θ


, (4.41)

116



CHAPTER 4. SPATIAL DISTRIBUTION OF STOCHASTIC GYROTACTIC
HELICAL SWIMMERS

−0.5 0 0.5−0.2

0

0.2
−1

0

1

2

3

4

5

6

7

8

9

x
y

z

−5 0 5−10

0

10
−160

−140

−120

−100

−80

−60

−40

−20

0

20

x
y −10 0 10−5

0

5
−500

−400

−300

−200

−100

0

100

x
y

a    b    c    

Figure 4.17: Deterministic trajectories: Example trajectories of duration 100
non-dimensionalized on 2B for di�erent values of �ow shear: (a) Ψ = 0, (b)
Ψ = 1, and (c) Ψ = 1.5 and for �xed Θ = 1, and γ = π

4
.

B =



√
2Dt 0 0 0 0 0

0
√

2Dt 0 0 0 0

0 0
√

2Dt 0 0 0

0 0 0
√

2Dr 0 0

0 0 0 0

√
2Dr(1+cos θ)+

√
2Dr(1−cos θ)

2 sin θ

√
2Dr(1−cos θ)−

√
2Dr(1+cos θ)

2 sin θ

0 0 0 0

√
2Dr(1−cos θ)−

√
2Dr(1+cos θ)

2 sin θ

√
2Dr(1+cos θ)+

√
2Dr(1−cos θ)

2 sin θ


(4.42)

In the case of no �ow, cells swim upwards in helical path [6] as shown in Figure

4.17 a. For small rotational di�usion, Dr = 0.01 the swimming trajectories are

only slightly altered from that of the deterministic model as shown in Figure 4.18a.

Increasing Dr further (Dr = 0.1) cells hardly maintain swimming in helical paths

as shown in Figure 4.19a. Furthermore, the vertical displacement is reduced. For

large rotational di�usion, Dr = 0.5 cells swim randomly upwards and the vertical

displacement is decreased further, Figure 4.20a.

To study the e�ect of randomness on swimming trajectories in shear �ow, we will
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Figure 4.18: Stochastic trajectories: Example trajectories of duration 100
non-dimensionalized on 2B for di�erent values of �ow shear: (a) Ψ = 0, (b)
Ψ = 1, and (c) Ψ = 1.5 and for �xed Θ = 1, γ = π

4
, and Dr = 0.01.
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Figure 4.19: Stochastic trajectories: As of Figure 4.18 where we �x Dr = 0.1.
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Figure 4.20: Stochastic trajectories: As of Figure 4.18 where we �x Dr = 0.5.
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Figure 4.21: Mean vertical transport: As of Figure 4.16 but for helical
swimmers with parameters Θ = 1, and γ = π

4
. The equilirium of horizontal

component of orientation is feasible within the vertical black dashed lines.
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consider a selection of parameter sets which will illustrate the possible dynamics.

Speci�cally, we �rst consider Θ = 1 and γ = π
4
and then γ = 7π

16
for di�erent

values of Θ.

When Θ = 1, and γ = π
4
, the deterministic model predicts that the equilibrium

solution of the cells orientation is feasible when 0.76 ≤ Ψ ≤ 1.85 (see Figure

2.1). Within this shear range, cells swim towards downwards �ow as predicted

in the deterministic model [6] and shown in Figure 4.17 b,c, because the average

value of horizontal component of orientation is positive as shown in Figure 2.3.

When Ψ = 1, as Dr is increased the randomness in cells trajectories becomes

clear (Figures 4.18b�4.20b) compared with the deterministic model, Figure 4.17b.

However, the magnitude of the vertical displacement is the same. When Ψ = 1.5,

for small rotational di�usion, Dr = 0.01, the behaviour is indistinguishable from

that of the deterministic model as shown in Figure 4.18c. Increasing Dr further,

the randomness in the swimming trajectories is notable, Figure 4.20c and the

vertical displacement is reduced.

In Figure 4.21 we computed the average of vertical displacement. The

deterministic model (black dashed curve) predicts that the mean vertical

transport is negative. Within the equilibrium feasibility of the orientation, the

mean vertical displacement decreases as the shear strength increases. For small

rotational di�usion, Dr = 0.01, within equilibrium feasibility, the average of

vertical displacement is indistinguishable from that predicted of the deterministic

model (blue dashed curve). As the rotational di�usion increases, Dr = 0.5 the

mean vertical displacement diverges from that predicted from the deterministic

model. For su�ciently large Dr, we saw in the previous chapter that the average

ensemble of horizontal component of orientation becomes zero and thus we expect

the mean of vertical displacement is zero.

Helical swimmers may exhibit di�erent swimming trajectories pattern (upwards

or downwards) in uniform shear vertical �ow [6]. To examine such behaviour,

we consider γ = 7π
16

for di�erent propulsive strength, Θ, and di�erent rotational

di�usion, Dr.
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When Θ = 0.2 the deterministic model predicts that the equilibrium of horizontal

component of the orientation is feasible when 0.8 ≤ Ψ ≤ 1.19. Within this

range, cells swim downwards as shown in Figure 4.22a. As rotational di�usion is

increased, cells maintain swimming downwards as shown in Figure 4.23a�4.25a.

When Θ = 1, the deterministic model predicts that the equilibrium of horizontal

component of the orientation is feasible when 0.196 ≤ Ψ ≤ 1.98 and pex = 0

when Ψ = 0.19 or Ψ = 0.98. Within this shear range, cells display two distinct

swimming behaviours. Within 0.196 ≤ Ψ ≤ 0.98, cells swim upwards and

within 0.98 ≤ Ψ ≤ 1.98 cells swim downwards. We choose Ψ = 1 in the

simulation of Figures 4.22b�4.25b. In Figure 4.22b, cells will swim downwards

if the simulation runs for longer time. This is quanti�ed in Figure 4.27 where

the vertical displacement is negative. Note that the zero of pex = 0 is close to

Ψ = 1 where the cells transform swimming from upwards towards downwards.

For small rotational di�usion cells maintain swimming downwards, Figure 4.23b.

As rotational di�usion is increased, cells swim randomly downwards and the

vertical displacement is reduced, Figure 4.24b. Increasing the rotational di�usion

further, cells undergoes more complex trajectories, Figure 4.25b. This is because

of the non-linearity in the stochastic di�erential equation as we saw in Chapter

3.

When Θ = 1.5, the deterministic model predicts that the equilibrium of horizontal

component of the orientation is feasible when 0.55 ≤ Ψ ≤ 2.48 and pex = 0 when

Ψ = 1.48. The shear strength we choose in the simulation, Ψ = 1 is within the

range 0.55 ≤ Ψ ≤ 1.48 where the cells swim upwards Figures 4.22c-4.25c. For

small rotational di�usion cells maintain swimming upwards, Figure 4.23c. As

rotational di�usion is increased, cells swim upwards, Figure 4.24c. Increasing the

rotational di�usion further, cells undergo more complex trajectories but maintain

upwards swimming, Figure 4.25c and the vertical displacement is reduced.

For the non-helical swimmers, we saw that when Ψ ≤ 1, cells swim downwards.

However, the helical swimmers may display another phenomena as we have seen

in Figures 4.22c�4.25c. To show this more clearly we consider Θ = 1 and γ = 7π
16
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for shear strength Ψ = 0.5 and rotational di�usion as shown in Figure 4.26.

The deterministic model predicts that the cells swim upwards (Figure 4.26a).

Moreover, as the rotational di�usion is increased the cells maintain swimming

upwards and the average of vertical displacement decreases. For strongly enough

rotational di�usion, Dr = 0.5, cells can not maintain the upwards swimming

pattern and start downwards swimming as shown in Figure 4.26d.

To test this behaviour, we simulate 100 realizations over 100 time units and

evaluate the average of the vertical displacement as a function of the shear

strength as shown in Figure 4.27. Within the feasibility region of the horizontal

component, the equilibrium of the horizontal component of orientation is zero

when Ψ = 1.005. The cells swim upwards when 0.196 ≤ Ψ ≤ 1.005 then

change to swimming downwards within 1.005 ≤ Ψ ≤ 1.99. For Dr = 0.01 and

Dr = 0.1 the ensemble average of vertical transport is similar to the vertical mean

expected from the deterministic model. Increasing rotational di�usion, Dr = 0.5,

the ensemble average �uctuates around zero so that the cells are not able to

maintain swimming upwards within 0.196 ≤ Ψ ≤ 1.005 and becomes negative

within 1.005 ≤ Ψ ≤ 1.99. Furthermore it becomes more distinguishable from the

vertical mean expected from the deterministic model.

In Figure 4.28, we depict the mean vertical transport as a function of the

propulsive torque strength. We �x γ = 7π
16
, Ψ = 1 and simulate 100 cells

over 100 time unit. Within the feasibility region of the horizontal component of

orientation, the deterministic model predicts that the mean vertical displacement

increases as the propulsive torque strength increases. For small rotational

di�usion, Dr = 0.01, the ensemble average indistinguishable from the mean

vertical predicted from the deterministic model. As Dr is increased, the ensemble

average reduces. Outside the feasibility region, Θ ≥ 1.96, the mean vertical

transport decreases to reach zero. As the rotational di�usion increases, also the

ensemble average become zero.
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Figure 4.22: E�ect of propulsive torque strength on deterministic

trajectories: Example trajectories of duration 100 non-dimensionalized on 2B
for di�erent values of propulsive torque: (a) Θ = 0.2, (b) Θ = 1, and (c) Θ = 1.5
and for �xed Ψ = 1, γ = 7π
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Figure 4.23: E�ect of propulsive torque strength on stochastic

trajectories: Example trajectories of duration 100 non-dimensionalized on 2B
for di�erent values of propulsive torque: (a) Θ = 0.2, (b) Θ = 1, and (c) Θ = 1.5
and for �xed Ψ = 1, γ = 7π

16
, and Dr = 0.01.
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Figure 4.24: E�ect of propulsive torque strength on stochastic

trajectories: As of Figure 4.23 where we �xed Dr = 0.1.
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Figure 4.25: E�ect of propulsive torque strength on stochastic

trajectories: As of Figure 4.23 where we �x Dr = 0.5.
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Figure 4.26: Example trajectories: Example trajectories of duration 100
non-dimensionalized on 2B. (a) deterministic trajectories, and (b-d) stochastic
trajectories for rotational di�usion (b) Dr = 0.01, (c) Dr = 0.1, and (d) Dr = 0.5.
We �xed Θ = 1, γ = 7π

16
, and shear strength Ψ = 0.5.
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Figure 4.27: Mean vertical transport: As of Figure 4.16 but for helical
swimmers with parameters Θ = 1, and γ = 7π

16
. The vertical dotted line shows

the zero of the horizontal component of orientation, pex.
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Figure 4.28: Mean vertical transport: vertical displacement of 100 cells of
duration 100 time units as a function of propulsive torque strength, Θ for γ = 7π

16

and �xed shear strength Ψ = 1. Black dashed curve is the average of vertical
transport using the deterministic model. Blue, green, red curves are the average
of vertical transport using the stochastic model for Dr = 0.01, Dr = 0.1, and
Dr = 0.5 respectively. The equilibrium of horizontal component of orientation is
feasible to left of the vertical black dashed line.

4.4 Non-uniform shear �ow

4.4.1 Spatio-orientation model for non-helical gyrotactic

swimmers

In this section, we extend the results of Section 2.3 to discuss the impact

of rotational di�usion on swimming trajectories. We therefore consider the

stochastic di�erential equation (4.27) in channel �ow given by

V = Ψmax(x
2 − 1)k, (4.43)
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where Ψmax is the shear strength and k is a unit vector in the vertical direction.

The drift term in Equation (4.27) is thus given by

A =



ν sin θ cosφ

ν sin θ sinφ

Ψmax(x
2 − 1) + ν cos θ

− sin θ −Ψmaxx cosφ+Dr cot θ

Ψmaxx
sinφ cos θ

sin θ


. (4.44)

The rate of change of orientation, p, is now a function of cell position.

The deterministic model predicts that the gyrotactic cells accumulate at the

centre of the channel [64] as we showed in Chapter 2. Here we examine the

e�ect of the Dr on the cell accumulation. That is, we are solving the stochastic

di�erential equation (4.27) with drift term given by (4.44). We consider 1000 cells

initially distributed uniformly across the channel with uniform orientation and

with swimming speed ν = 0.1 in downwards channel �ow. We impose absorbing

boundary conditions at the walls so that cells that initially start at walls or swim

towards the wall will stay there. The cells swim for 100 time units with time step

dt = 0.01.

In Figure 4.29, we see that cells accumulate and spread around the centre of

the channel. Moreover, as rotational di�usion increase, there is more variation

in the horizontal component of cell position. This variation in cell position as a

function time for di�erent values of rotational di�usion is shown in Figure 4.30.

We see that by t = 100, an equilibrium is attained. This means that the mean

swimming towards the centre of the channel is balanced by the di�usion away

from the centre. In addition, in Figure 4.31 we compute the variance at the end

time and we note that the variance in the cell position increases as the rotational

di�usion is increased.

The absorbing boundary condition imposed during the simulations plays an

important role in the value of the variation of the cells across the channel. In
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Figure 4.32 we compute the variation of cell position at the end time excluding

the cells that accumulate at the walls. Comparing with Figure 4.31, we see that

the value of the variance decreases but the variance in cell position still increases

as Dr is increased.

In order to understand the spatial distribution of cells, we recall that Equation

(4.6) describes the cell concentration. Following [75], we assume that cells satisfy

Equation (4.6), with Dt = 0, even though the channel has variable shear. The

horizontal component of cell concentration satis�es

∂n

∂t
= − ∂

∂x

[
νqxn− ν2

Dr

Dxx∂n

∂x

]
, (4.45)

where qx and Dxx are the x-component of mean swimming direction and e�ective

di�usion tensor, respectively. We seek an equilibrium (∂n
∂t

= 0) solution for this

equation. Integrating both sides with respect to x, we get

c = −νqxn− ν2

Dr

Dxx∂n

∂x
, (4.46)

where c is a constant to be determined. Imposing no �ux condition at the walls

x = ±1

νqxn− ν2

Dr

Dxx∂n

∂x
= 0, (4.47)

we have c = 0. This condition means that swimming towards the channel centre

is balanced by di�usion towards the walls [83]. Integrating once more, we obtain

the equilibrium solution

n = n0 exp

(∫ x

0

Dr

ν

qx

Dxx
dx

)
, (4.48)

where n(0) = n0 is the normalization constant. To obtain an estimate for qx

Dxx ,

we use results from Bearon et. al. [10] where they obtained the estimate for two

dimensional �ow as

qx

Dxx
= −1

2
Prκ (4.49)
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valid in the limit of both Pr→ 0 and Pr→∞. They de�ned the non-dimensional

shear as Pr = G
dr

where G = |Ĝ| is dimensional measure of the magnitude of �uid

velocity gradient, and dr is the dimensional rotational di�usion. The parameter

κ = 1
2Bdr

is the non-dimensional parameter representing the bias due to gravitaxis.

To interpret this estimate in terms of our parameters, we note that κ = 1
Dr

and

Pr = Ψκ. Therefore

qx

Dxx
= −1

2

Ψ

D2
r

. (4.50)

For non-uniform shear, we replace Ψ by Ψmaxx. Thus we have

n = n0 exp

(∫ x

0

− 1

2ν

Ψmaxx

Dr

dx

)
, (4.51)

which gives the equilibrium distribution

n = n0 exp

(
−Ψmax

4νDr

x2

)
. (4.52)

The variance in the cell concentration is inversely proportional to shear strength

and proportional to rotational di�usion. In Figure 4.33, we see that when

the variation, as a function of rotational di�usion, attains the equilibrium, the

variance in cell position across the channel decreases as the shear strength is

increased. This agrees with the results for two dimensional �ow [10] and for

a pipe �ow [7]. Furthermore, from Equation (4.52), the variance increases as

rotational di�usion is increased. This agrees with the results we found in Figure

4.31.

We further investigate the case of no shear, Ψmax = 0. The only torque that

acts on cells is the gravity torque. Therefore, cells swim upwards against gravity

and uniformly across the channel. So that, the variance will be one when the cell

variation as a function of Dr attains equilibrium.

Because of the absorbing boundary conditions, cells accumulate at walls as shown
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in Figure D.4.

−1 −0.5 0 0.5 1
0

50

100

150

−1 −0.5 0 0.5 1
0

20

40

60

−1 −0.5 0 0.5 1
0

20

40

60

−1 −0.5 0 0.5 1
0

10

20

30

40

50

Figure 4.29: Histogram of horizontal position across the channel for

stochastic non-helical swimmers: We run 1000 realizations of Equation (4.27)
with drift term given by (4.44) with initial random horizontal component between
the channel walls and with random orientation for di�erent value for rotational
di�usion: (a) Dr = 0.1, (b) Dr = 0.3 and (c) Dr = 0.5 and (d)Dr = 0.7. Shear
strength is Ψmax = 2. Histogram is at time t = 100. Accumulation at the walls
are due to the absorbing boundary conditions.
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Figure 4.30: Variation in horizontal component of position as function

of time: Simulations as Figure 4.29. Black curve corresponds to Dr = 0.1, blue
curve corresponds to Dr = 0.3, red curve corresponds to Dr = 0.5, and green
curve corresponds to Dr = 0.7. The shear strength is �xed Ψmax = 2.
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Figure 4.31: Variance in horizontal position as function of Dr at time

t = 100: Variance from Figures 4.29 and 4.30 at end point t = 100 plotted as a
function of Dr.
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Figure 4.32: Variance in horizontal position as function of Dr: As Figure
4.31, excluding cells that accumulate at walls.
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Figure 4.33: Variance in horizontal position as function of Ψmax:

Simulations as Figure 4.29 for range of Ψmax indicated by circles. Variance
computed at t = 100. Black line correspond to Dr = 0.1, blue line correspond to
Dr = 0.3, red line correspond to Dr = 0.5, and green line correspond to Dr = 0.7.

4.4.2 Spatio-orientation model for helical gyrotactic

swimmers

As in the previous section, we now extend the stochastic di�erential equation for

helical swimmers to describe non-uniform shear �ow, hence in Equation (4.40)

the drift becomes

A =



ν sin θ cosφ

ν sin θ sinφ

Ψmax(x
2 − 1) + ν cos θ

− sin θ + Θ sin γ sinψ −Ψmaxx cosφ+Dr cot θ

−Θ sin γ cosψ
sin θ

+ Ψmaxx
sinφ cos θ

sin θ

Θ(cot θ cosψ sin γ + cos γ)−Ψmaxx
sinφ
sin θ


. (4.53)

We simulate 1000 cells over 100 time units for Equation (4.40) with the drift given

above. We also impose the absorbing boundary condition as we did in the previous

section. The deterministic model in Chapter 2 concludes that the accumulation

of cells across the channel depends on the propulsive torque strength Θ and
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the angle between the propulsive force and torque. To investigate the impact of

randomness on swimming trajectories, we consider two distinct examples. Firstly,

we consider Θ = 1 and γ = π
4
and then Θ = 1 and γ = 7π

16
.

When Θ = 1, γ = π
4
, and the shear strength Ψmax = 2, the equilibrium horizontal

component of orientation pex is feasible when 0.382 ≤ |x| ≤ 0.923 which is

equivalent to 0.764 ≤ Ψ ≤ 1.846 in shear range. Within this feasibility region

pex > 0 thus cells swim towards the centre of the channel. Outside the feasibility

region, pex > 0 (see Figure 2.3 b) and thus cells maintain swimming towards the

centre.

As in the case of non-helical swimmers, we note that when there is randomness

in the orientation of cells, the spread of cells focusing at the centre of the channel

increases as the rotational di�usion, Dr, is increased as shown in Figure 4.34.

The variation in the horizontal component of cells attains equilibrium over the

time interval of the simulation as shown in Figure 4.35. At equilibrium there is

a balance between swimming inwards to the centre of the channel and di�usion

outwards. At the end time, we evaluate the variance as a function of rotational

di�usion. The variation increases as Dr increased, Figure 4.36. In Figure 4.37, we

exclude the cells that accumulate at the walls from the calculation of variation in

horizontal position across the channel. We note that, as in the case of non-helical

swimmers, on excluding cells that accumulate at the walls, the variance reduces

but the trend of increasing variance with increasing Dr is maintained.

As the shear strength is increased, the variation in horizontal component of cell

position decreases as shown in Figure 4.38. This behaviour is similar to the

case of non-helical swimmers. However, the magnitude of the variation in helical

swimmers is greater than the magnitude of the variation of non-helical swimmers

due to the propulsive torque existence. When Ψmax = 0.5, for small rotational

di�usion (Dr = 0.1, Dr = 0.3) within the timescale of the simulation, we see that

an equilibrium spatial distribution is attained as represented by an equilibrium

value of the variance, Figure D.5. This occurs when the di�usive �ux away

from the centre balances the directed swimming towards the centre. For strong
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rotational di�usion (Dr = 0.5 and Dr = 0.7), the variation in horizontal position

does not attain an equilibrium value within the timescale of the simulation. As

shear strength is increased further, Ψmax = 1, the horizontal component of the

cells position attains equilibrium. Furthermore, the equilibrium is maintained as

rotational di�usion is increased (Figures D.6�D.7 and Figure 4.35). When we

exclude the cells that accumulate at the walls from the calculation of the cells

spread across the channel, we see that the value of the variation decreases and the

variation in the horizontal component decreases as the shear strength is increased

as shown in Figure 4.39.

The variation in cell position across the channel can be expressed as a function

of the propulsive torque strength, Θ, as shown in Figure 4.40. The variation

is increasing as the propulsive torque strength is increased. When Θ = 2, cells

maintain swimming towards the centre of the channel as shown in Figure 4.41.

However, the equilibrium of cells spread across the channel is not attained over

the timescale of the simulation, Figure 4.42. For this value of Θ, the deterministic

model reveals that the equilibrium of the horizontal component of cells orientation

is feasible when 1.474 ≤ Ψ ≤ 2.798 (see right panel in Figure 4.42) which is

equivalent to 0.737 ≤ |x| ≤ 1.39 and the horizontal component of orientation

is zero, pex = 0, when Ψ = 1.848 as shown in Figure 4.42. Therefore when

1.474 ≤ Ψ ≤ 1.84 cells swim towards the walls and when 1.84 ≤ Ψ ≤ 2.798

cells swim towards the centre. The choice of the shear strength Ψmax = 2 is in

the interval (1.848, 2.798) where the cells swim towards the channel centreline.

Furthermore, it is close to the point where the horizontal component of orientation

is zero. The cells accumulate at the centre because they swim into the centre when

pex is not feasible (white region in the right panel of Figure 4.42) and also swim

towards the centre when pex is feasible over the shear range 1.84 ≤ Ψ ≤ 2.798.

For small randomness, Dr = 0.1, the variation in the horizontal component of

the cells position does not attain the equilibrium (black curve in Figure 4.42).

This is because the cells are swimming outwards towards a point close to the wall

then Dr spreads the distribution around this point causing accumulate at the

walls. As Dr is increased (Dr = 0.3 and Dr = 0.5) the variation in the horizontal

component of the cells position attains the equilibrium. For strong rotational
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di�usion, Dr = 0.7, the variation in the horizontal component of the cells position

does not attain the equilibrium but cells maintain swimming towards the centre.

Note that as Dr is increased the number of cells that accumulate at the walls

decreases ( see Figure 4.41).

The impact of the absorbing boundary conditions is remarkable in the case of

variation as a function of the propulsive torque strength as shown in Figure 4.43.

For Θ = 0.5 and Θ = 1, where the cells swim towards the centre of the channel, for

small rotational di�usion (Dr = 0.1 and Dr = 0.3) the variation in the horizontal

component of cell position decreases as the propulsive torque strength is increased

from Θ = 0.5 to Θ = 1 and increases for Dr = 0.5 and Dr = 0.7. When Θ = 2,

as we see above cells maintain to swim towards the centre of the channel but

these cells that accumulate at the walls have an impact in the value of the cells

variation across the channel. Comparing Figures 4.40 and 4.43 we note that when

we exclude the cells accumulate at the walls, the value of the variation of cells

across the channel decreases with increasing Dr for each �xed Θ.

As expected in Chapter 2, the helical swimmers may show accumulation away

from the centre of the channel. As an example, we consider Θ = 1, γ = 7π
16
,Ψmax =

2. The deterministic model reveals that the equilibrium of horizontal component

of the cells orientation is feasible when 0.196 ≤ Ψ ≤ 1.99 and the equilibrium

of horizontal component of orientation is zero when Ψ = 0.199 or Ψ = 0.98.

Cells swim towards the walls when 0.199 ≤ Ψ ≤ 0.98 and swim into the centre

of the channel when 0.98 ≤ Ψ ≤ 1.99, therefore accumulation of cells at the

interface where Ψ = 0.98. In Figure 4.44, we see that as the rotational di�usion

is increased, the spread of the cells around the interface, where the orientation

horizontal component, pex, is zero, increases. Some cells accumulate at walls. This

is because of the random behaviour of cells close to the wall and once they hit

the wall, they stay there because of the absorbing boundary condition imposed

on the �ow.

Because of the symmetric peaks of cells about the centre of the channel (Figure

2.5c), we calculate the variance using the absolute value. In other words, we
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evaluate the variation of cells spread around the interface where the orientation

horizontal component is zero. The variation attains its equilibrium as a function

of time as shown in Figure 4.45 for each rotational di�usion value. At the end

time, we compute the variance of horizontal component of cell position as a

function of rotational di�usion as shown in Figure 4.46. As in the previous

example, the variation increases as Dr increased. When we exclude the cells

that accumulate at the walls from the calculation of the cells variation across the

channel, we see that the value of the variance decreases as shown in Figure 4.47

compared with Figure 4.46.

Within shear strength range, cells display two distinct behaviours. For Θ = 1

and γ = 7π
16

when the shear strength Ψmax ≤ 1 cells swim towards the walls as

shown in Figures D.8-D.9. Although, the equilibrium has not been attained

over the timescale of the simulation except at Ψmax = 1 for Dr = 0.1 (see

Figures D.10�D.11), the variation decreases as the shear strength is increased

from Ψmax = 0.5 to Ψmax = 1. Furthermore, when the shear strength Ψmax > 1

cells swim towards the centre of the channel. The increasing in the variance

as shear strength is increased from Ψmax = 1 to Ψmax = 1.5, Figure 4.48, is

due to the fact that the variance in cell horizontal position does not attain the

equilibrium at Ψmax = 1 for all Dr except Dr = 0.1 but the variance does attain

the equilibrium at Ψmax = 1.5 for Dr = 0.1 and Dr = 0.3 only. When we exclude

the cells that accumulate at the walls, the value of the variance decreases with

increasing Dr for each �xed shear strength Ψmax, Figure 4.49.

The variation over the propulsive torque strength range, Θ, is shown in Figure

4.50. For weak rotational di�usion, Dr = 0.1 the variation decreases as Θ

increases from Θ = 0.5 to Θ = 1.5. For the other values of Dr, the variation

of the cells across the channel increases as Θ increases. This is because cells

swim towards the centre of the channel (see Figure 2.1c). When Θ = 2, the

deterministic model predicts that the equilibrium of the horizontal component of

cells orientation is feasible when 1.037 ≤ Ψ ≤ 2.987 and pex = 0 when Ψ = 1.99

as shown in Figure 4.51. The value of the shear strength Ψmax = 2 is too close to

the point where the cells re-orient themselves from swimming towards the walls
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to swimming into the centre. As the rotational di�usion is increased, the cells

swim towards the walls. Moreover, the variation in the cells position across the

channel does not attain the equilibrium over the time interval considered in the

simulation as shown in the left panel of Figure 4.51. When we exclude the cells

that accumulate at the walls, the value of the variance increases as the propulsive

torque strength increases, see Figure 4.52.
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Figure 4.34: Histogram of horizontal position across the channel for

stochastic helical swimmers: As of Figure 4.29 where we simulate Equation
(4.40) with drift term given by (4.53) with shear strength Ψmax = 2 and propulsive
torque strength Θ = 1 for γ = π

4
at t = 100.
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Figure 4.35: variation in horizontal position as function of time for helical

swimmers: As of Figure 4.30 where we simulate realization of Equation (4.40)
with drift given by (4.53). The shear strength is �xed Ψmax = 2 and propulsive
torque strength Θ = 1 for γ = π

4
.
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Figure 4.36: variation in horizontal position as function of Dr for helical

swimmers: As of Figure 4.31 where we simulate Equation (4.40) with drift term
given by (4.53) for helical swimmers with Θ = 1, γ = π

4
and Ψmax = 2.
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Figure 4.37: variation in horizontal position as function of Dr for helical

swimmers: As of Figure 4.31 where we simulate Equation (4.40) with drift term
given by (4.53) for helical swimmers with Θ = 1, γ = π

4
and Ψmax = 2. Excluding

cells accumulate at walls.
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Figure 4.38: variation in horizontal position as function of shear strength
Ψmax for helical swimmers: We simulate realizations of Equation (4.40) with
drift given by (4.53) for range of Ψmax indicated by circles. Variance computed at
t = 100. Black line corresponds to Dr = 0.1, blue line corresponds to Dr = 0.3,
red line corresponds to Dr = 0.5, and green line corresponds to Dr = 0.7. We �x
Θ = 1 and γ = π

4
. Including cells accumulate at walls.
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Figure 4.39: variation in horizontal position as function of Ψmax for helical

swimmers: As of Figure 4.38 where we simulate realizations of Equation (4.40)
with drift given by (4.53) for di�erent values of shear strength, Ψmax, indicated
by circles. We �x Θ = 1 and γ = π

4
. Excluding cells accumulate at walls.
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Figure 4.40: variation in horizontal position as function of Θ for helical

swimmers: We run 1000 realizations of of Equation (4.40) with drift given by
(4.53) for 100 time units for di�erent values of propulsive strength, Θ, indicated
by circles and computed at t = 100. We �x γ = π

4
and Ψmax = 2. Green line

corresponds to rotational di�usion Dr = 0.7, red line corresponds to rotational
di�usion Dr = 0.5, blue line corresponds to rotational di�usion Dr = 0.3, and
black line corresponds to rotational di�usion Dr = 0.1.
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Figure 4.41: Histogram of horizontal position across the channel for

stochastic helical swimmers: As of Figure 4.29 where we simulate Equation
(4.40) with drift term given by (4.53) with shear strength is Ψmax = 2 and
propulsive torque strength Θ = 2 for γ = π

4
. Accumulation at the walls are due

to the absorbing boundary conditions.
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Figure 4.42: variation in horizontal position as function of time and

equilibrium feasibility for helical swimmers: The left panel is the variance
in cells position across the channel as function of time. We simulate realizations
of Equation (4.40) with drift given by (4.53). The shear strength is �xed Ψmax =
2 and propulsive torque strength Θ = 2 for γ = π

4
. The right panel is the

equilibrium feasibility region for these values obtained from the deterministic
model.
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Figure 4.43: variation in horizontal position as function of Θ for helical

swimmers: As of Figure 4.40. Excluding cells that accumulate at the walls.
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Figure 4.44: Histogram of horizontal position across the channel for

stochastic helical swimmers: As of Figure 4.29 where we simulate Equation
(4.40) with drift term given by (4.53) with shear strength is Ψmax = 2 and
propulsive torque strength Θ = 1 for γ = 7π

16
at t = 100.
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Figure 4.45: variation in horizontal position as function of time for helical

swimmers: As of Figure 4.30 where we simulate realizations of Equation (4.40)
with drift given by (4.53). The shear strength is �xed Ψmax = 2 and propulsive
torque strength Θ = 1 for γ = 7π

16
. The variance reach equilibrium over time.
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Figure 4.46: variation in horizontal position as function of Dr for helical

swimmers: As of Figure 4.31 where we simulate Equation (4.40) with drift
term given by (4.53) for helical swimmers with Θ = 1, γ = 7π

16
. Shear strength

Ψmax = 2.
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Figure 4.47: variation in horizontal position as function of Dr for helical

swimmers: As of Figure 4.31 where we simulate Equation (4.40) with drift
term given by (4.53) for helical swimmers with Θ = 1, γ = 7π

16
. Shear strength

Ψmax = 2. Excluding cells at walls.
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Figure 4.48: variation in horizontal position as function of Ψmax for helical

swimmers: We simulate realizations of Equation (4.40) with drift given by (4.53)
for range of Ψmax indicated by circles. Variance computed at t = 100. Black line
corresponds to Dr = 0.1, blue line corresponds to Dr = 0.3, red line corresponds
to Dr = 0.5, and green line corresponds to Dr = 0.7. We �x Θ = 1 and γ = 7π

16
.

Including cells accumulate at walls.
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Figure 4.49: variation in horizontal position as function of Ψmax for helical

swimmers: We simulate realizations of Equation (4.40) with drift given by (4.53)
for range of Ψmax indicated by circles. Variance computed at t = 100. Black line
corresponds to Dr = 0.1, blue line corresponds to Dr = 0.3, red line corresponds
to Dr = 0.5, and green line corresponds to Dr = 0.7. We �x Θ = 1 and γ = 7π

16
.

Excluding cells accumulate at walls.
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Figure 4.50: variation in horizontal position as function of Θ for helical

swimmers: We simulate realizations of Equation (4.40) with drift given by (4.53)
for range of Θ indicated by circles. Variance computed at t = 100. Black line
corresponds to Dr = 0.1, blue line corresponds to Dr = 0.3, red line corresponds
toDr = 0.5, and green line corresponds toDr = 0.7. We �x γ = 7π

16
and Ψmax = 2.

Including cells that accumulate at the walls.
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Figure 4.51: variation in horizontal position as function of time and

equilibrium feasibility for helical swimmers: The left panel is the variance
in cells position across the channel as function of time. We simulate realizations
of Equation (4.40) with drift given by (4.53). The shear strength is �xed Ψmax =
2 and propulsive torque strength Θ = 2 for γ = 7π

16
. The right panel is the

equilibrium feasibility region for these values obtained from the deterministic
model. The vertical dashed line is Ψmax = 2. The axis scales in the left panel is
chosen to aid visualization.

146



CHAPTER 4. SPATIAL DISTRIBUTION OF STOCHASTIC GYROTACTIC
HELICAL SWIMMERS

0.5 1 1.5 2
Helical component strength 

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

va
ria

nc
e

Figure 4.52: variation in horizontal position as function of Θ for helical

swimmers: As of Figure 4.50. Excluding cells at walls.

4.4.3 Testing stochastic di�erential equation for non-helical

swimmers

Croze et al [31] provided experimental data for alga Dunaliella salina dispersing

in a pipe �ow. They used �uorescently stained slug of the alga and recorded

the downwards �ow. The cell has a radius r ≈ 10−4 cm. The estimation of the

thermal rotational di�usion at room temperature (T = 298.15K) using Equation

(1.12) is

dr =
1.38× 10−16 × 298.15

8π × 9× 10−3 × (10−4)3
= 0.18 s−1,

which is quite large compared to the thermal di�usion for Chlamydomonas nivalis

given in [83] by 1.3×10−3s−1. This is due to the fact that the radius of Dunaliella

Salina (r = 1µm) is smaller than the cell radius of Chlamydomonas nivalis (r =

5µm). The estimate of the rotational di�usion in the experiment is dr = 0.23

s−1 [31].

We used their data to examine the stochastic di�erential equations of non-helical
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swimmers in a channel. However, the experiment was conducted using a pipe.

Therefore, our results here is an approximation of the experiment.

We non-dimensionalize length on the half-width of the channel, L and time on L
U

where U is the �ow speed at the centre as given in Croze et. al. [32]. This choice

of non-dimensionalizing was made because non-dimensionalizing the parameters

based on �cell-based� rescaling is not appropriate for numerical simulations [32]

as it results in a large value of rotational di�usion. For instance if we use the

non-dimensionalzation method as we did earlier, the non-dimensional rotational

di�usion is Dr = 2Bdr = 4.8 where the estimate of gravitational time scale

B = 10.5 s [31].

The �ow speed, U , at the centre is double the average �ow speed, Uav, where

0.07cms−1 ≤ Uav ≤ 0.29cms−1 as given in [31].

We have de�ned time t = τ
2B

in Chapter 2. The new non-dimensional time

is de�ned as t∗ = U
L
τ . Therefore t = ξt∗ where ξ = L

2BU
is the ratio of

gravitational time scale to �ow time scale. The shear strength of Poiseuille �ow

given in Chapter 2 is thus Ψmax = 2. The swimming speed of cell and rotational

di�usion are non-dimensionalized as ν∗ = ν
U
and D∗r = drL

U
respectively where

the estimate for swimming speed is given by ν = 6.26 × 10−3cm s−1 and the

estimate for rotational di�usion is dr = 0.23 s−1 [31] where dr was estimated by

the dimensionless parameter λ = 1
2Bdr

which measures the relative strength of

random reorientation due to the rotational di�usion to the reorientation due to

the gravitactic torque at time rate 1
2B
. The estimate of gravitational time scale

B = 10.5 s [31].

For each �ow rate considered in Figure 3 in [31], we computed the non-dimensional

parameters in table 4.1. The ratio of rotational time scale to �ow scale is de�ned

as β = 1
D∗r
. The Péclet number that measures the rates of transport by �ow and

swimming di�usion can be de�ned by Pe = D∗r
ν∗2

= ULDr

ν2
.

As in the previous two sections, we simulate 1000 realizations of the stochastic
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di�erential equation (4.27) with the drift term

A =



ν∗ sin θ cosφ

ν∗ sin θ sinφ

2(x2 − 1) + ν∗ cos θ

−ξ sin θ − 2x cosφ+D∗r cot θ

2x sinφ cos θ
sin θ


. (4.54)

For each set of parameters in table 4.1, the time to attain equilibrium increases.

In other words, as Péclet number increases, i.e the �ow rate increase, the time

to attain equilibrium increases as shown in Figure 4.53. When Pe = 1183.64 the

equilibrium is not attained over the time interval considered in the simulation

In Figure 4.54, the accumulation of cells across the channel is shown. As Péclet

number increases, the accumulation in the centre becomes tight. The variation

in the horizontal component of cells decreases as a function of Péclet number is

shown in Figure 4.55.

To calculate the channel length needed to attain the equilibrium of the

accumulation, we �rst compute the dimensional time taken for the �rst three

�ows. Within these three �ows, the equilibrium of the variation of cells

accumulation is attained. Noting that t∗ is the time at which the equilibrium

of variation in cells accumulation is attained in the simulation, restore the

dimensional time, τ = L
U
t∗. The time taken to attain the equilibrium is 2000

s, 1958 s, and 2592 s for the �rst three �ows respectively. The channel length

is calculated by multiplying the dimensional time and the maximum �ow speed.

Therefore, the length of the channel would by 280 cm, 559 cm, and 1119 cm,

for the �rst �ow respectively. The experiment was conducted for di�erent cell

concentration ( see Figure 3 in [31]).
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Flow rate
(cm3h−1)

Flow speed
at the centre
(cms−1)

ν∗ D∗r ξ Pe

a 100 0.14 0.0448 0.575 0.119 286.69
b 200 0.286 0.0219 0.281 0.0583 585.6
c 300 0.432 0.0145 0.163 0.0386 884.66
d 400 0.578 0.0108 0.139 0.0288 1183.64

Table 4.1: Fluid �ow parameters from Croze et. al. [31] experiment for D. salina
algae and non-dimensional parameters for spatial-orientation problem. Flow rates
are chosen to test Figure (3) in [31].
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Figure 4.53: Variation in horizontal position as a function of time:

variance of horizontal component of cell position across the channel. We run 1000
simulations of cells with initial random horizontal component between the channel
walls with random orientation with time step dt = 0.1. The non-dimensional
parameters are (ν∗, D∗r , ξ). The black curve corresponds to �ow rate (a), blue
curve corresponds to �ow rate (b), red curve corresponds to �ow rate (c), and
green curve corresponds to �ow rate (d) in Table 4.1 over time interval 800 for
�ow (a), over 1600 for �ow (b), over 3200 for �ow (c), and over 4000 for �ow (d).
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Figure 4.54: Distribution across the channel for D. salina: We run 1000
simulations for di�erent �ow rates. Parameter values for each �ow rate are given
in table 4.1. Time step is dt = 0.1 and time duration T for (a) is T = 800,
for (b) is T = 1600, for (c) is T = 3200 and for (d) is T = 4000 time units
using the non-dimensional parameters given in table (4.1) where the cells are
initially distributed uniformly across the channel with uniform orientation. All
�ows attain their equilibrium over the time interval considered except �ow (d).

151



4.5. CONCLUSION

200 300 400 500 600 700 800 900 1000 1100 1200
Peclet number

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.11

0.12

0.13

0.14

va
ria

nc
e

Figure 4.55: Variance in horizontal component as function of Péclet

number: We run 1000 simulations for di�erent �ow rates as given in table 4.1.
Flow (a) T = 800, (b) T = 1600 (c) T = 3200, and (d) T = 4000. Dots indicate
the variance value for four di�erent Péclet numbers Pe at the end time point.

4.5 Conclusion

In this chapter, we have extended the spatial-temporal model that describes

cell swimming behaviour in uniform �ow and in the channel �ow by adding

randomness to the cell orientation. In uniform �ow where the shear strength

is zero, the non-helical swimmers maintain swimming upwards randomly. The

helical swimmers also maintain swimming upwards in helical trajectories for small

and intermediate rotational di�usion value, but for strong rotational di�usion

cells swim in more complicated trajectories. The vertical ensemble average for

small and intermediate rotational di�usion are indistinguishable from the mean

expected from the deterministic model for both non-helical and helical swimmers

within the equilibrium feasibility region. For strong rotational di�usion, the

ensemble average of vertical transport diverges from the mean expected from the

deterministic model but maintains the expected behaviour of swimming behaviour

(upwards or downwards) as expected from the deterministic model. To compare

the behaviour of helical swimmers and non-helical swimmers, we presented an

example where Ψ = 0.5. The helical swimmers (Θ = 1 and γ = 7π
16
) swim

upwards in contrast to the non-helical swimmers.
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In the case where the cell orientation is a function of cell position, the variation in

the accumulation of non-helical swimmers in the centre of the channel increases

as the randomness in the cells orientation increases. In contrast, as the shear

strength increases, the variation in the cells distribution across the channel

decreases.

For helical swimmers, we have presented two distinct examples of the cells

distribution across the channel. The cells may accumulate at the centre of the

channel (γ = π
4
and Θ = 1) and the variation of their distribution is similar to the

case of non-helical swimmers. They also may accumulate away from the centre.

This means they accumulate at the interface where the equilibrium of horizontal

component is zero. To show that we consider γ = 7π
16

and Θ = 1. In this case

the variation in their distribution is measured by considering the distance from

horizontal position where pex = 0. The variation increases as a function of the

randomness in cells orientation while it decreases as the shear strength increases.

The variation in the horizontal position as a function of the propulsive torque

strength (Θ = 0.5 − 1.5) decreases for weak rotational di�usion (Dr = 0.1) and

increases for the other values of Dr. In contrast, for γ = π
4
the variation is

increasing as the propulsive torque is increased for all values of the rotational

di�usion.

To test the stochastic di�erential equation for non-helical swimmers, we used the

data of Croze's experiment. We apply this data on a channel �ow while the

experiment was developed using a pipe �ow. Our results are an approximation to

their experiment. We note that when the distribution across the channel attain

equilibrium, the variation of the cells across the channel decreases as the Péclet

number is increased. This results agrees with their experiment. However the time

taken to attain the equilibrium is relatively high compared with the time that

the experiment took.
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Chapter 5

Conclusions

5.1 Summary of thesis

A deterministic model for gyrotactic helical swimmers where the propulsive force

and propulsive torque are not parallel was developed by Bearon [6] based on the

alga Heterosigma akashiwa where uniform shear �ow was assumed. In Chapter

2 we extended the deterministic model to the case where the cell orientation is a

function of variable vorticity. Speci�cally, we considered channel �ow where the

vorticity depends on cell position. For this, we analyzed the accumulation of the

helical swimmers across the channel. We concluded that the helical swimmers

may exhibit accumulation away from the center of the channel depending on the

strength of the propulsive torque in contrast to the non-helical swimmers that

accumulate in the center, as discussed for instance in [10,32,64,65,82,83].

However, cells generally swim in random paths. To describe the impact of

randomness, Pedley and Kessler [82] proposed a Fokker�Planck equation in

two dimensions θ and φ in orientation space. This equation describes the

orientation distribution for non-helical swimmers. We have extended this

equation in Chapter 3 to describe the orientation of helical swimmers in three

dimensions in orientation space using Euler angles θ, φ, ψ. We also developed

stochastic di�erential equations associated with the Fokker-Planck equations for
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both non-helical and helical swimmers. The stochastic di�erential equations

enable us to generate sample trajectories and to quantify the e�ect of rotational

di�usion on the orientation of the cell. For a small value of rotational di�usion,

orientation behaviour can be approximated using the deterministic model. For

strong rotational di�usion, though, the ensemble averages and the orientation

distribution in shear �ow is similar to the orientation distribution in still �uid.

We also presented two examples where the helical model should reduce to the

non-helical model for either Θ = 0, γ = 0 or Θ = γ = 0. When Θ = 0 and γ varies,

the model can be used to describe the orientation of a cell where its swimming

direction makes angle γ with the eye spot, for instance. On the other hand when

γ = 0 and Θ varies, the model can be used to to describe the orientation of a cell

where the propulsive torque and force are parallel.

In Chapter 4 we extended the stochastic di�erential equation to discuss the

spatial-temporal distribution in uniform �ow and non-uniform �ow. We also

presented an example where the translational di�usion, Dt, is too small to

a�ect swimming trajectories; therefore we focus on the randomness in the cell

orientation which is described by rotational di�usion, Dr.

In downward uniform shear �ow, Bearon [6] showed that helical swimmers may

swim either towards down �ow regions or up-�ow regions depending on the

choice of parameters. This is important for microorganisms seeking optimal light

conditions for photosynthesis. We extended the model in this case by adding

randomness to the cell orientation. For non-helical swimmers, the ensemble

average of vertical transport is negative as expected from the deterministic model

when the equilibrium of the horizontal component of orientation is feasible,

Ψ ≤ 1. When the shear strength Ψ > 1, the cells maintain swimming downwards

and for weak and intermediate rotational di�usion, the ensemble average is

indistinguishable from the vertical mean predicted from the deterministic model.

For strong rotational di�usion the ensemble average of vertical displacement

becomes zero. The mean vertical transport for helical swimmers depends on the

model parameters. For γ = π
4
and Θ = 1, within the equilibrium feasibility region

of the horizontal component of orientation the mean vertical transport is negative
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as predicted from the deterministic model. For weak and intermediate rotational

di�usion, the ensemble average of vertical transport is negative and for su�ciently

strong rotational di�usion the ensemble average is reduced and becomes zero as

in the case of non-helical swimmers. Outside the feasibility region, the ensemble

average is negative and thus cells maintain swimming downwards. For γ = 7π
16

and Θ = 1, on the other hand, within the equilibrium feasibility region of the

horizontal component of orientation, the mean vertical transport can be positive

as expected from the deterministic model. For weak and intermediate rotational

di�usion, the ensemble average of vertical transport is positive and for su�ciently

strong rotational di�usion the ensemble average is reduced and becomes zero.

Outside the feasibility region, however, the deterministic model predicts that

the mean vertical transport is negative and the stochastic model also predicts

the ensemble average is negative for weak and intermediate rotational di�usion.

For su�ciently strong rotational di�usion the ensemble average is reduced and

becomes zero.

When the vorticity is a function of the position of the cell, we extended the model

presented in Chapter 2 by adding randomness to the cell orientation where the

orientation is expressed in terms of Euler angles. For non-helical swimmers,

we noted that as rotational di�usion is increased, the variation in cell position

increases. Furthermore, as the shear strength is increased, the variation in cell

position decreases. These results are in agreement with the population model

given in Bearon et. al. [10] where we express their parameters in terms of our

model's parameters. For helical swimmers, as rotational di�usion is increased, the

variation in cell position across the channel increases. This is in agreement with

the non-helical swimmers. When the shear strength is increased, depending on the

accumulation centre relative to the channel centre, the variation in cell position

increases (accumulate at the centre of the channel) or decreases (accumulate

away from the channel's centre). When the propulsive strength is increased,

the variation in cell position increases. We have seen in chapter 2 that the

accumulation is entirely dependant on the value of the model's parameters.

We impose the absorbing boundary conditions on cells across the channel for
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both deterministic and stochastic model where we assumed that the cells that

are initially starts at the walls remain there. These boundary conditions have

an impact in calculations of the variation in the cells accumulation across the

channel. We have noted that when we ignore the cells which accumulate at the

walls the magnitude of the variation decreases.

A summary of key results is provided in Table 5.1.

Table 5.1: Key results of thesis.

Chapter Key Results Reference

2 Determining the equilibrium feasibility constraints

for helical swimmers.

Equation

(2.23).

Helical swimmers may display the classical

accumulation in the centre of the channel or

display a new accumulation region away from the

centre.

Figures 2.4b-d.

Deriving ODEs that describe the orientation of

helical swimmers in terms of independent Euler

angles.

Section 2.4.

3 Deriving a Fokker�Planck equation for helical

swimmers and its associated SDE.

Section 3.4.

Numerical simulations of stochastic di�erential

equations for non-helical and helical swimmers.

Sections 3.3 and

3.5.

4 Extending SDEs to include spatial distribution for

non-helical and helical swimmers.

Sections

4.3�4.4.

Examining spatial distribution in uniform �ow

and non-uniform �ow and make comparison with

previous numerical solution and experiments.

Sections

4.3�4.4.
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5.2 Discussion

The results presented in thesis are relevant to the studies of bioconvection

patterns. Previous studies focussed on the patterns formed by non-helical

swimmers at higher volume fraction [58, 59, 83] could be extended to study the

pattern form of helical swimmers. The results are relevant to the studies of

employing microorganism swimming behaviour in biotechnological applications

[12]. For example, phytoplankton can provide di�erent renewable resources of

energy [25]. It also relevant to photobioreactors design. For instance, Croze et.

al. [32] study the accumulation of non-helical swimmers in air-lift �at bioreactor

(vertical channel) where rising bubbles generate �ow and provide mixing and

aeration.

Attraction of the cells to solid walls plays an important role in biological processes.

Li and Tang [74] observed a wall accumulation using kinematic model. Their

model was based on the bacterium C. crescentus. They found that the cells swim

parallel to the solid surface after hitting the surface and Brownian motion then

changes the direction of swimming. The combination of swimming parallel to

the surface and Brownian motion e�ect leads to an accumulation at the surface.

Kaya and Koser [63] observed that accumulation of E. coli near a solid surface

was due to the hydrodynamic interactions. They deduce that the local shear rates

close to the wall determines the motility mode. Their argument as following: at

low shear rates, cells swim in circular trajectories while at high shear rates, cells

swim upwards in response to the shear �ow. Such response is called rheotaxis [83].

Chlamydomonas interact with the surface through �agella contact and leave the

walls with an angle that can be determined based on the �agellar wave geometry

[46].

Bearon et al [10] used the re�ective boundary conditions for position and

orientation of the cells at solid boundaries. These boundary conditions are

expressed as when a cell is outside the solid boundaries, it is re�ected back to

be within the domain between the solid boundaries and the cell orientation, θ

is replaced by −θ on encountering a vertical solid boundaries and replaced by
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π − θ on encountering horizontal solid walls. In our simulations, the re�ective

boundary for orientation could be imposed instead of assuming the cells stay at

walls when they encounter the wall.

Brumley et. al [23] carried out an experiment using Nikon TE2000-U inverted

microscope to record videos and to study the synchronization of the �agella

of Volvox carteri. This microorganism forms spherical colonies which are

composed of many cells. They found that the magnitude and direction of the

�ow alters during the beating cycle. Furthermore, the force generated by a

�agellum varies continuously along the cycle. Wan and Goldstein [107] recently

studied the coordination of beating �agella and concluded that not only can

hydrodynamic interaction between �agella generate synchrony in unicellular cells

such as Chlamydomonas but it also depends on the physiology of intracellular

coupling of the �agella. It is of interest to study the role of synchronization of

�agella in cell locomotion and how this impacts the total propulsive force and

torque.

The beating of �agella generate a �ow �eld that can be described in terms of

the geometry of force distribution [23]. For one �agellum, the time averaged �ow

can be determined by the �ow at a force point applied at appropriate average

location on the �agellum [23]. Drescher et. al. [35] used three Stokeslet model to

study the �ow �eld around Chlamydomonas cells. In the model, they assign one

Stokeslet to each �agellum and one Stokeslet to the cell body. They found that

the �ow around the cell can be modelled as a puller stresslet at a distance that is

approximately seven times the radius of the cell, where the velocity of the �uid

is ≤ 1% of the swimming speed. Furthermore, close to the cell, the topology of

the �ow impacts the �agella and body forces. The time averaged �ow �eld for

Chlamydomonas is analogous to the three Stokeslet model [35]. This idea of a

Stokeslet model can be used to understand and analyse the force that the cell and

its �agella have on the �uid �ow as we will see in the next section. We assumed for

simplicity that the angle between the propulsive force and the propulsive torque is

a constant. However, as the cell swims within the �eld, the �agella�beat pattern

generates certain force and torque distribution. This hypothesis is of interest to
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investigate the e�ect of the change in the angle and how this would modify the

feasibility of the equilibrium and as a consequence change the spatial -temporal

distribution.

Throughout the thesis, we assumed the swimming speed is constant. However,

cells can change their instantaneous speed in response to an external �eld. For

instance, bacteria adjust their swimming speed when exposed to a chemical

concentration �eld [106]. Takatori et. al [101] analyzed the variation in swimming

speed as a response to an external �eld such as gravity. This could be extended

to investigate the e�ect of the change in swimming speed on the swimming

trajectories for gyrotactic swimmers by expressing the swimming speed as a

function of the cell orientation.

We presented a non-dimensional model for helical swimmers where we

non-dimensionalize time on gravitational time scale 2B and the length on the

channel width, L. Consequently the shear strength Ψmax = 2BU
L

and the

propulsive torque strength is Θ = 2BR where R = T
8πµa3

, T is the dimensional

magnitude of propulsive torque and a is the radius of the cell. In the examples

we provided, we considered Ψmax = 2 and Θ = 1. We can give approximation

of dimensional measure of the magnitude of �uid velocity gradient G = U
L

and propulsive torque magnitude T by assuming the gravitational time scale

B = 3.4 s [83]. Therefore G = 0.1471 s−1 and T = 0.0013 − 0.0037 s which

can be tested experimentally.

The interaction between cells was neglected in this thesis. Such interaction is

crucial for biological processes and the rheological properties of a suspension

of microorganisms. For instance, if we consider two cells then the interaction

between them a�ects the �ow �eld close to a cell [70]. This is because the velocity

gradient for the �rst cell interrupts the �ow near the second cell. It also impacts

the reorientation of the two cells as a result of the gradient velocity of each

cell [70]. Such interactions become noticeable when the volume fraction of cells

is � 1 [70]. The interaction between the cells is important in bio�lm studies.

Bio�lm generated by suspension of bacteria or algae is useful in bioreactor design
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[72] or producing biofuels [12].

The helical swimmers model leads to some results that can be tested

experimentally. For instance the helical swimmers show accumulation away from

the center of the channel and the variance in horizontal position across the channel

is more than for non-helical swimmers.

5.3 Potential future work

The work presented here can be extended and it opens new avenues for further

research. For instances:

1. In this work we assumed spherical cells. This can be developed to include

the non-spherical cell. This can be done by considering the swimming

direction given by

dp

dt
=

1

2B
(k− (k · k)p) +

1

2
ω ∧ p + α0p · E · (I− pp) (5.1)

where E = 1
2
[∇xV + (∇xV)T ] is the rate of strain and α0 = r2−1

r2+1
is the

measure of the eccentricity of the spheroid where r is the ratio of polar

and equatorial radii [82]. We can investigate the e�ect of the rate of the

strain on the feasibility of the orientation equilibrium and the e�ect on the

helical swimmers behaviour and their accumulation on the channel. It has

been shown [10] that for the non-helical swimmer when α0 6= 0 a more

�attend distribution in downward Poiseuille �ow is observed compared to

the distribution when α0 = 0. Furthermore, Bearon and Hazel [9] observed

reduced accumulation at the centre of the channel for slender bacteria.

2. An investigation of how the changing in the angle between the propulsive

force and torque could modify the feasibility of the orientation equilibrium

and hence the swimming behaviour in uniform �ow or the distribution of the
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cells across the channel. Farthing et. al. [41] recently demonstrate the use

of digital holographic microscopy (DHM) in imaging long �exible �agellum

of microorganism Leishmania mexicana. This can be done by taking many

images and then compare the angle between the propulsive force and torque

in each frame to obtain estimate for the angle between them.

3. Investigate the force and the torque that a cell exerts on the �uid. The

�uid �ow is governed by [77]

µ∇2u−∇p+ F = 0

∇ · u = 0, (5.2)

where µ is the viscosity of the �ow, u is the �ow velocity, p is the pressure,

and F is the body force acting on the �uid. The force that a cell exerts on

the �uid �ow is unknown but it can be approximated using the method

of regularized stokeslets which is given in [77] and brie�y described as

following: Consider a one dimensional �lment of length L and centreline

parametrization x̂(s, t). The force exerted by the �lament is given by [77]

F(x, t) = δ(x, x̂)f(s, t), (5.3)

where f(s, t) is the force per unit length, and δ(x, x̂) is Dirac delta

distribution function centered at x̂. The velocity solution corresponding

to this fundamental singularity is

ui(x) =
1

8πµ

(δij
r

+
rirj
r3

)
fj(x̂) = Sij(x, x̂)fj(x̂), (5.4)

where Sij is the Stokeslet tensor.

To get a regular solution that contains singularity distribution, Cortez

[28] developed a regularized Stokeslets method and used in [77] to

approximate the unknown stress distribution ψj(x̂, t) and force per unit

length distribution fj(s, t) for each time step including a beat cycle. A

regularized Stokeslets is assumed as it is an exact solution for equation

(5.2) where F is now de�ned as a smooth point-force F = fψε(x− x̂) where
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ψε is a truncation function with regularization parameter ε [77]. Then the

velocity in an in�nite domain is de�ned as

ui = Sεijfj, (5.5)

where [28]

Sεij =
(r2 + 2ε2)Sij + rirj

8πr3
ε

. (5.6)

Descritize the �agella to N points and using the no-slip condition at

each point and the surface mesh, and using a boundary element constant

force discretization, we can obtain an approximation for unknown stress

distribution ψj and the unknown force fj [77] by solving u = Sεf at the

collocation point where the Stokeslet is known. Once the force is known,

we can calculate the �ow at any point in the domain.

Montenegro et. al. [78] used the method to study the shear-thinning

rheology e�ect on squirmer and mono�agellate pushers. They found

that the e�ect on swimmer is extremely delicate to the swimming

stroke. Furthermore, the velocity of the squirmer is interrupted by the

shear-thinning.

O'Malley and Bees [80] employed the method of regularized Stokeslets

coupled with the cell force and torque balance and no�slip boundary

condition to obtain approximation of �uid �ow around C. reinhardtii

and their swimming speeds and rotation rates. They also examined

the reorientation of gravitactic swimmers resulting from either

bottom-heaviness, sedimentation torque or a combination of both

mechanisms and found that both torques act accordingly on the cell.

Also the beat pattern of �agella in no �ow case has the best rates of

reorientation.

Recently, Desai and Ardekani [34], proposed an equation for a puller
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swimmer based on a stresslet

Σs = Fl
(
pp− 1

3
I
)
, (5.7)

where F = |F|, l is the distance between the propulsive force and the drag

force which for simplicity can be assumed the diameter of the cell, p is the

swimming direction, and I is the identity tensor.

Once we know the swimming stress, we can evaluate the torque exerted by

the cell using

L =

∫
S

x ∧ (Σs · n)dS (5.8)

where x is the centre of the cell, n is the cell surface normal vector, and S

is the surface area of the cell. This equation can be used to evaluate the

propulsive torque n in equation (1.51).

4. Develop a population model for the helical swimmers. The population

model for non-helical swimmers was developed based on the model and

results of Frankel and Brenner [43,44]. For instance, Hill and Bees [56] and

Manela and Frankel [75] used the results of Frankel and Brenner to develop

Fokker-Planck equation in spatial- temporal space: for three dimensions to

describe the physical space, (x, y, z), and two dimensions to describe the

orientation space, (θ, φ). We note that the original model presented [43,44]

was in six dimensions: three dimensions (using Euler angles) to describe the

orientation space and three dimensions to describe the physical space. Hill

and Bees [56] and Manela and Frankel [75] computed the average swimming

velocity and e�ective di�usion for cells swim in a homogeneous shear.

These two quantities are important in the advection-di�usion equation

that describes the concentration of cells (see equation 4.1). To obtain

these two quantities for helical swimmers, one should use the results of

Frankel and Brenner for the full six dimensional problem. Once such

quantities are obtained, we can test the advection-di�usion equation against

the spatial�temporal results presented in Section 4.4.2 obtained through
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simulation of the stochastic di�erential equation for the spatial�temporal

distribution.
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Appendix A

Stochastic di�erential equations

In this appendix we explain the connection between the Fokker-Planck equation

and the stochastic di�erential equation. We also present the Euler-Maruyama

method which we use to solve the stochastic di�erential equation numerically. We

lastly give the de�nition of the expectation of a non-linear stochastic di�erential

equation.

The Fokker-Planck equation for the probability density function f(x, t) of random

variable Xt in one dimension is given as [45]

∂f(x, t)

∂t
= − ∂

∂x

[
A(x, t)f(x, t)

]
+

1

2

∂2

∂x2

[
B2(x, t)f(x, t)

]
, (A.1)

where A(x, t) is the drift and B2(x, t) is the di�usion coe�cient respectively. This

equation is valid for conditional probability by choosing f(x, t) = p(x, t|x0, t0) for

any initial x0, t0 and with the initial condition

p(x, t0|x0, t0) = δ(x− x0). (A.2)

The associated Ito stochastic di�erential equation of equation (A.1) is [45]

dx(t) = A(x, t)dt+B(x, t)dW (t), t (A.3)
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where W (t) is Wiener process which has the properties given in the following

de�nition:

De�nition 1. [45,49,68] Standard Wiener process (also called Brownian motion)

is a stochastic process W = {W (t), t ≥ 0} which has the following properties

1 W (0) = 0.

2 W (t) is continuous in t with probability 1.

3 Expectation: E[W (t)] = 0.

5 Independent increments: for 0 ≤ s ≤ t ≤ T , the random variable given

by the increment W (t)−W (s) is normally distributed with mean zero and

variance t− s. i.e W (t)−W (s) ∼
√
t− sN(0, 1).

6 Interpret dW (t) = W (t+ dt)−W (t).

A.1 Connection between Fokker-Planck equation

and stochastic di�erential equation

The Ito's formula, which provides a tool to prove the connection between

Fokker-Planck equation and stochastic di�erential equation, is stated as following

[45]:

Theorem 1. Consider a stochastic quantity x(t) which obeys an Ito stochastic

di�erential equation given by A.3. Then a function f(x(t)) obeys the stochastic

di�erential equation

df =

[
∂f

∂x
A(x, t) +

1

2

∂2f

∂x2
B2(x, t)

]
dt+

∂f

∂x
B(x, t)dW (t). (A.4)

The proof of this theorem can be found in [45, 79] for example. We now provide

the connection between the Fokker�Planck equation (A.1) and the stochastic

di�erential equation (A.3) which can be found in [45,97].
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Let φ(x) be an arbitrary twice di�erentiable function. Ito's formula gives

dφ =
∂φ

∂x
A(x, t) +

1

2

∂2φ

∂x2
B2(x, t)dt+

∂φ

∂x
B(x, t)dW (t). (A.5)

Take the expectation for both side with respect to x and divide by dt

dE[φ]

dt
= E

[
∂φ

∂x
A(x, t)

]
+

1

2
E

[
∂2φ

∂x2
B2(x, t)

]
. (A.6)

Remark that the expectation of the last term on the right is zero following from

the de�nition (1). The left hand side of (A.6) can be written as

dE[φ]

dt
=

d

dt

∫
φ(x)f(x, t)dx =

∫
φ(x)

∂f

∂t
dx. (A.7)

We use integration by parts to obtain

E

[
∂φ

dx
A(x, t)

]
=

∫
∂φ

∂x
A(x, t)f(x, t)dx = −

∫
φ
∂

∂x
(A(x, t)f(x, t))dx. (A.8)

The second term on the right hand side of (A.6), becomes

E

[
∂2φ

∂x2
B2(x, t)

]
=

∫
∂2φ

∂x2
B2(x, t)f(x, t)dx = −

∫
(
∂φ

∂x
)
∂

∂x
(B2(x, t)f(x, t))dx

=

∫
φ
∂2

∂x2
(B2(x, t)f(x, t))dx (A.9)

where we use integration by parts twice. Substitute (A.7-A.9) in (A.6) and

rearrange to obtain

∫
φ(x)

[
∂f

∂t
− ∂

∂x
(A(x, t)f(x, t)) +

1

2

∂2

∂x2
(B2(x, t)f(x, t))

]
dx = 0. (A.10)

Therefore

∂f

∂t
= − ∂

∂x
(A(x, t)f(x, t)) +

1

2

∂2

∂x2

(
B2(x, t)f(x, t)

)
(A.11)

which is Fokker-Planck equation given in A.1.
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A.2 Euler�Maruyama method

In analogy to the Euler method for ordinary di�erential equations, the

Euler�Maruyama (EM) method is used to solve stochastic di�erential equations

numerically. This method is explained in the literature, for example [55, 68, 97].

We give a brief overview of the method in this section.

Consider a stochastic di�erential equation for the random variable Xt

dXt = a(t,Xt)dt+ b(t,Xt)dWt, (A.12)

with initial value

Xt0 = x0, (A.13)

on the time interval [t0, T ]. To develop Euler approximation, we discretize the

interval [t0, T ]

t0 = τ0 < τ1 < ... < τn < ... < τN = T. (A.14)

Euler approximation Y = Y (t), t0 ≤ t ≤ T satis�es the iterative scheme [68]

Yn+1 = Yn + a(τn, Yn)∆n + b(τn, Yn)∆Wn, (A.15)

for n = 0, 1, ...N − 1 with initial value

Y0 = X0 = x0, (A.16)

and we denoted Y (τn) by Yn. The increments ∆n and ∆Wn are de�ned as

following

∆n = τn+1 − τn, (A.17)

∆Wn = Wτn+1 −Wτn , (A.18)
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for n = 0, 1, ...N − 1 of Weiner process W = W (t), t ≥ 0.

To model Brownian motion ∆Wi, we know that ∆Wn are independent Gaussian

random variables with mean

E[∆Wn] = 0, (A.19)

and variance

E[(∆Wn)2] = ∆n. (A.20)

We de�ne N(0, 1) to be the standard normal distribution and consider ωn be a

random variable such that ωn ∼ N(0, 1). Then each random number ∆Wn is

computed as

∆Wn =
√

∆nωn (A.21)

We can summarize Euler approximation in the following algorithm:

For a given time interval [t0, T ] and a positive integer number N

Let ∆t = T
N

• set Y0 = X0 = x0.

• For i = 0 to N − 1

� simulate ωi ∼ N(0, 1)

� set

∆Wi =
√

∆tωi (A.22)

Yi+1 = Yi + a(i, Yi)∆t+ b(i, Yi)∆Wi (A.23)

Remark that each set {Yn, n = 0, ...N − 1} of Euler method is an approximation

realization of the solution X(t) which depends on the random numbers ωi that

are chosen.
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Higham [55] provides Matlab codes in one dimension that one can use to generate

Brownian motion and more importantly solving stochastic di�erential equations

numerically. Euler-Maruyama method was introduced in Matlab in version

R2008a under the solver simByEuler.

A.3 Expectation of non-linear stochastic

di�erential equation

Peng [84] and Coquet et. al [27] gave the following de�nition for non-linear

expectation. Consider A be a given set and a vector lattice H be a linear space

of real functions such that if a random variable X ∈ H then |X| ∈ H. The

non-linear expectation E : H → R has the following properties

• If X ≥ Y then E[X] ≥ E[Y ] ( monotonicity property).

• E[c] = c (constant preserving),

where X, Y ∈ H.
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Appendix B

Derivation of stochastic di�erential

equation 4.27

To derive eq.(4.27), we start with the pure (rotational) di�usion equation

∂P

∂t
= Dr∇2

pP (B.1)

where ∇2
pP is Laplace operator given in spherical coordinates

Dr∇2
pP = Dr

( 1

sin θ
(
∂

∂θ
sin θ

∂

∂θ
) +

1

sin2 θ

∂2

∂φ2

)
P, (B.2)

where P is the probability density on the surface of unit sphere. De�ne the

probability density F of θ and φ coordinates we have [93]

F = P sin θ, (B.3)

subject to integral constraints

∫ 2π

0

∫ π

0

Fdθφ = 1, (B.4)
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we can write the di�usion equation (B.2) in the following standard form [93]

∂F

∂t
=

∂

∂θ

(
Dr cot θF

)
+

∂2

∂θ2
DrF +

∂2

∂φ2

Dr

sin2 θ
F (B.5)

Now we turn attention to the spatial part of equation (4.13), namely

∂P

∂t
+∇x · (νp)P = Dt∇2

xP. (B.6)

The drift term can be written in scalar form as

∇x · (νp)P =
( ∂
∂x
ν sin θ cosφ+

∂

∂y
ν sin θ sinφ+

∂

∂z
ν cos θ

)
P, (B.7)

and the translational di�usion becomes

Dt∇2
xP = Dt

( ∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
P (B.8)

=
( ∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
DtP. (B.9)

Remark that we do not need any transformation in this di�usion as it only

depends on a constant parameter, and the functions in the drift part are

independent of the variable we take the derivative with respect to. So that we

can interchange the functions (assume they are constants) with the derivatives.

Also, using transformation (B.3), we can write eq.B.7 and eq.B.9 for F

∇x · (νp)F =
( ∂
∂x
ν sin θ cosφ+

∂

∂y
ν sin θ sinφ+

∂

∂z
ν cos θ

)
F, (B.10)

and

Dt∇2
xF =

( ∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
DtF. (B.11)

The last two equations are obtained by multiplying through eq B.7 and eq.B.9

by sin θ and take in account the above remark.
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Substitute (B.5),(B.10), and (B.11) into (4.13), we obtain

∂F

∂t
= −

( ∂
∂x
ν sin θ cosφ+

∂

∂y
ν sin θ sinφ+

∂

∂z
ν cos θ

)
F

+
(∂2Dt

∂x2
+
∂2Dt

∂y2
+
∂2Dt

∂z2

)
F +

∂

∂θ

(
Dr cot θF

)
+

∂2

∂θ2
DrF +

∂2

∂φ2

Dr

sin2 θ
F

= −
( ∂
∂x
ν sin θ cosφ+

∂

∂y
ν sin θ sinφ+

∂

∂z
ν cos θ

)
F +

∂

∂θ

(
Dr cot θF

)
+
(∂2Dt

∂x2
+
∂2Dt

∂y2
+
∂2Dt

∂z2

)
F +

∂2

∂θ2
DrF +

∂2

∂φ2

Dr

sin2 θ
F. (B.12)

Comparing with Fokker-Planck equation as given in Gardiner [45], equation

(B.12) can be written in the standard Fokker-Planck equation

∂F

∂t
= −

( ∂
∂x
ν sin θ cosφ+

∂

∂y
ν sin θ sinφ+

∂

∂z
ν cos θ +

∂

∂θ
Dr cot θ

)
F

+
1

2

(∂22Dt

∂x2
+
∂22Dt

∂y2
+
∂22Dt

∂z2
+

∂2

∂θ2
2Dr +

∂2

∂φ2

2Dr

sin2 θ

)
F, (B.13)

which can be associated with the following Ito's stochastic di�erential equation

dx

dy

dz

dθ

dφ


=



ν sin θ cosφ

ν sin θ sinφ

ν cos θ

Dr cot θ

0


dt+



√
2Dt 0 0 0 0

0
√

2Dt 0 0 0

0 0
√

2Dt 0 0

0 0 0
√

2Dr 0

0 0 0 0
√

2Dr

sin θ





dW1(t)

dW2(t)

dW3(t)

dW4(t)

dW5(t)


.

(B.14)
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Appendix C

Additional �gures to Chapter 3
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Figure C.1: Example realizations of the stochastic di�erential equation

for non-helical swimmers in uniform shear �ow. The left panel shows the
ensemble average given by Equations (3.13) of solutions of Equation (3.34) and
the right panel shows cos < φ(t) >. The blue dashed curves are the average
calculated using the deterministic model, and the green line in the left panel is
the equilibrium solution for deterministic model. We simulated 1000 cells where
we �x Ψ = 0.5 and Dr = 0.01. Time step is dt = 0.1.
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Figure C.2: Example realizations of the stochastic di�erential equation

for non-helical swimmers in uniform shear �ow. The left panel shows the
ensemble average given by Equations (3.13) of solutions of Equation (3.34) and
the right panel shows cos < φ(t) >. The blue dashed curves are the average
calculated using the deterministic model, and the green line in the left panel is
the equilibrium solution for deterministic model. We simulated 1000 cells where
we �x Ψ = 0.5 and Dr = 0.01. Time step is dt = 0.01.

0 5 10 15 20
0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

Time

θ

0 5 10 15 20
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Time

co
sφ

Figure C.3: Example realizations of the stochastic di�erential equation

for non-helical swimmers in uniform shear �ow. The left panel shows the
ensemble average given by Equations (3.13) of solutions of Equation (3.34) and
the right panel shows cos < φ(t) >. The blue dashed curves are the average
calculated using the deterministic model, and the green line in the left panel is
the equilibrium solution for deterministic model. We simulated 1000 cells where
we �x Ψ = 0.5 and Dr = 0.01. Time step is dt = 0.01.
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Figure C.4: Example realizations of the stochastic di�erential equation

for non-helical swimmers in uniform shear �ow. The left panel shows the
ensemble average given by Equations (3.13) of solutions of Equation (3.34) and
the right panel shows cos < φ(t) >. The blue dashed curves are the average
calculated using the deterministic model. We simulated 2000 cells where we �x
Ψ = 0.5 and Dr = 0.01. Time step is dt = 0.01.

Figure C.5: Example realizations of the stochastic di�erential equation

for non-helical swimmers in uniform shear �ow. The left panel shows the
ensemble average given by Equations (3.13) of solutions of Equation (3.34) and
the right panel shows cos < φ(t) >. The blue dashed curves are the average
calculated using the deterministic model. We simulated 1000 cells where we �x
Ψ = 0.5 and Dr = 0.1. Time step is dt = 0.01.
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Additional �gures to Chapter 4

D.1 Non-helical swimmers
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Figure D.1: Variation in horizontal component of position as function of

time: We run 1000 realization of equation (4.27) with drift term given by (4.44)
with initial random horizontal component between the channel walls and with
random orientation. Black curve corresponds to Dr = 0.1, blue curve corresponds
to Dr = 0.3, red curve corresponds to Dr = 0.5, and green curve corresponds to
Dr = 0.7. The shear strength is �xed Ψmax = 0.5.

178



APPENDIX D. ADDITIONAL FIGURES TO CHAPTER 4

0 20 40 60 80 100 120
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

time

va
ria

nc
e

Figure D.2: Variation in horizontal component of position as function of

time: As of �gure D.1 where the shear strength is Ψmax = 1.
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Figure D.3: Variation in horizontal component of position as function of

time: As of �gure D.1 where the shear strength is Ψmax = 1.5.
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Figure D.4: Histogram of horizontal position across the channel for

stochastic non-helical swimmers: As of �gure 4.29 with shear strength is
Ψmax = 0.
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D.2 Helical swimmers
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Figure D.5: variation in horizontal component as function of Dr for

helical swimmers: variance of horizontal component of cell position across
the channel. We run 1000 simulations of cells with initial random horizontal
component between the channel walls with random orientation. Black line
corresponds to Dr = 0.1, blue line corresponds to Dr = 0.3, red line corresponds
to Dr = 0.5, and green line corresponds to Dr = 0.7. The shear strength is �xed
Ψmax = 0.5 and propulsive torque strength Θ = 1 for γ = π

4
. The variance reach

equilibrium over time.
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Figure D.6: variation in horizontal component as function of Dr for

helical swimmers: As of �gure D.5 with Ψmax = 1.
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Figure D.7: variation in horizontal component as function of Dr for

helical swimmers: As of �gure D.5 with Ψmax = 1.5.
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Figure D.8: Histogram of horizontal position across the channel for

stochastic helical swimmers: (a) Dr = 0.1, (b) Dr = 0.3 and (c) Dr = 0.5 and
(d)Dr = 0.7. Shear strength is Ψmax = 2 and propulsive torque strength Θ = 1 for
γ = 7π

16
at t = 100. Spread measure is shown in �gure 4.46. Accumulation at the

walls are due to the absorbing boundary conditions. Including cells accumulate
at walls. We �x Θ = 1, γ = 7π

16
and Ψmax = 0.5.
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Figure D.9: Histogram of horizontal position across the channel for

stochastic helical swimmers: As of �gure D.8. We �x Θ = 1, γ = 7π
16

and
Ψmax = 1.
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Figure D.10: variation in horizontal component as function of Dr for

helical swimmers: As of �gure 4.30 where we simulate realizations of equation
(4.40) with drift given by (4.53). We �x Ψ = 0.5, Θ = 1 and γ = 7π
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Figure D.11: variation in horizontal component as function of Dr for

helical swimmers: As of �gure 4.30 where we simulate realizations of equation
(4.40) with drift given by (4.53). We �x Ψ = 1, Θ = 1 and γ = 7π
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.
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Figure D.12: variation in horizontal component as function of Dr for

helical swimmers: As of �gure 4.30 where we simulate realizations of equation
(4.40) with drift given by (4.53). We �x Ψ = 1.5, Θ = 1 and γ = 7π
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Figure D.13: Stochastic distribution across the channel for helical

swimmers: (a) Dr = 0.1, (b) Dr = 0.3 and (c) Dr = 0.5 and (d)Dr = 0.7.
Shear strength is Ψmax = 2 and propulsive torque strength Θ = 2 and γ = 7π

16
.

Accumulation at the walls are due to the absorbing boundary conditions.
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Figure D.14: Variance over time for helical swimmers: We run 1000
simulations for 100 time units. We �x Ψ = 2, Θ = 2 and γ = 7π

16
. Green line

corresponds to rotational di�usion Dr = 0.7, red line corresponds to rotational
di�usion Dr = 0.5, blue line corresponds to rotational di�usion Dr = 0.3,
and black line corresponds to rotational di�usion Dr = 0.1. (Dr, var) =
(0.1, 0.0428), (0.3, 0.0372), (0.5, 0.0542), (0.7, 0.0785).
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Matlab codes

E.1 Matlab codes for Chapter 2

% ---------------------------------

%% Plot the equilibrium feasibility in Theta-Psi parameteric space

% ---------------------------------

%% ---Clear memory, close figure windows

clear all

close all

f1 = figure('PaperSize',[17.5 25],'PaperPosition',[1 1 16 8]);

%% Specify fixed parameters

params.Psi_max=2; %shear strength

gamma_range=[pi/4,pi/3,7*pi/16];

Theta_range=[1,1.05,1];

for nplot=1:3

sph(nplot)=subplot(1,3,nplot);

params.gamma=gamma_range(nplot);

params.Theta=Theta_range(nplot);

Psi=[cos(params.gamma):0.01:params.Psi_max];

Thmin=Psi.*sqrt(1-(cos(params.gamma)./Psi).^2)-sin(params.gamma);
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Thmax=Thmin+2*sin(params.gamma);

plot(Psi,Thmin,Psi,Thmax);

hold on

line([Psi(1), Psi(1)],[Thmin(1),Thmax(1)])

Thzero=Psi./sqrt(1-(cos(params.gamma)./Psi).^2);

%find intersection

index=find(abs(Thmax-Thzero)==min(abs(Thmax-Thzero)));

%plot patch where p_x feasible & less than zero

x=[Psi(1), Psi,fliplr(Psi)];

y = [Thmin(1), Thmax(1:index),Thzero(index+1:end),fliplr(Thmin) ];

patch(x,y,[.3 .3 .3])

%plot patch where p_x feasible & less than zero

x=[Psi(index), Psi(index:end),fliplr(Psi(index:end))];

y = [Thmax(index), Thmax(index:end),fliplr(Thzero(index:end)) ];

patch(x,y,[.8 .8 .8])

h=line([0,params.Psi_max],[params.Theta,params.Theta]);

set(h,'LineWidth',2,'Color','k')

axis([0,params.Psi_max,0,params.Psi_max])

xlabel('\Psi');

ylabel('\Theta');

end

% ----------------------

%% Plot average of p_x

% ----------------------

%% ---Clear memory, close figure windows

clear all

close all

%% -----------------------------------------------------------------------
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xaxismin=-0.1;

xaxismax=2.1;

f1 = figure('PaperSize',[17.5 25],'PaperPosition',[1 1 16 16]);

%% ------------------------------------------------------------------------

m=2; n=2;

load('Mean_px.mat')

h(1)=subplot(m,n,1);

plot(Psi_range,average_px(1,:),'k*');

xlabel('\Psi')

ylabel('$\bar p_x$','interpreter','latex');

hold on

hold all

%%calculat the px average when Theta=0

y=[1:0.01:xaxismax];

px_bar=y-sqrt(y.^2-1);

plot(y,px_bar,'Linewidth',1.5,'color','k');

y=[xaxismin:0.01:1];

px_bar=y;

plot(y,px_bar,'Linewidth',1.5,'color','k');

plot([0,0],[-0.5,1],'color','k','Linestyle','--')

plot([1,1],[-0.5,1],'color','k','Linestyle','--')

axis([xaxismin,xaxismax,-0.5,1])

%% ------------------------------------------------------------------------

for nplot=2:4

188



APPENDIX E. MATLAB CODES

params.Theta=Theta_range(nplot);

params.gamma=Gamma_range(nplot);

h(nplot)=subplot(m,n,nplot);

plot(Psi_range,average_px(nplot,:),'k*');

xlabel('\Psi')

ylabel('$\bar p_x$','interpreter','latex');

hold on

if params.Psi>cos(params.gamma)

Psimin=sqrt(params.Theta^2-2*params.Theta*sin(params.gamma)+1);

Psimax=sqrt(params.Theta^2+2*params.Theta*sin(params.gamma)+1);

xmin=Psimin/params.Psimax;

xmax=Psimax/params.Psimax;

plot([Psimin,Psimin],[-0.5,1],'color','k','Linestyle','--')

plot([Psimax,Psimax],[-0.5,1],'color','k','Linestyle','--')

z=[Psimin:0.01:Psimax];

pxe=z-params.Theta*sqrt(1-(cos(params.gamma)./z).^2);

plot(z,pxe,'Linewidth',1.5,'color','k');

end

y=[xaxismin:0.01:Psimin];

px_bar=y;

plot(y,px_bar,'Linewidth',1,'color',[0.5 0.5 0.5]);

axis([xaxismin,xaxismax,-0.5,1])

end

return

% ---------------------------------

% Simulation to loop over variable parameters

% and output mean values

% it generate mat file for average p_x

% ---------------------------------

%% ---Clear memory, close figure windows
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clear all

close all

%% Specify fixed parameters

params.Psimax = 2; %vorticity

params.v =0.1; %swimming speed; non-dimensionalise speed on this

params.t0 = 0; % start time of simulation

params.tend = 100; % end time

params.dt =0.1;

params.sim = 100; %number simulation

%% Specify parameter ranges for variable parameters

Psi_range = [0:0.1:2];

Theta_range=[0,1,1,1.05];

Gamma_range=[pi/4,pi/4,7*pi/16,pi/3];

average_px=zeros(4,length(Psi_range));

%% Loop over parameter sets

for nplot=1:4

params.Theta=Theta_range(nplot);

params.gamma=Gamma_range(nplot);

%% Loop over different Psi values

for i=1:length(Psi_range)

params.Psi=Psi_range(i);

mean_px=zeros(1,params.sim);

%loop over the 100 simulations

for nsim=1:params.sim

params.x0=0;

params.y0=0;

params.z0=0;

[params.theta_p0,params.phi_p0,params.theta_n0,params.phi_n0]= generate_initial_orientation(params);

mean_px(nsim)=calc_vert_transport(params);

end

average_px(nplot,i)=mean(mean_px);

end

subplot(2,2,nplot)

plot(Psi_range,average_px(nplot,:))

end

fname=['Mean_px.mat'];

save(fname)

function [th_p,ph_p,th_n,ph_n]=generate_initial_orientation(params)

% ---------------------------------

%% generate random initial condition such that p.n=cos(gamma)

%randomly choose p direction uniformly on sphere
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% ---------------------------------

ph_p=2*pi*rand(1);

z=2*rand(1)-1;

th_p=acos(z);

[p_vec(1),p_vec(2),p_vec(3)]=sph2cart(ph_p ,pi/2-th_p,1);

%construct random unit vector, q, perpendicular to p

vtemp=2*rand(1,3)-1;

q=cross(vtemp,p_vec);

q=q./norm(q);

%constuct n vector by rotating p by angle gamma around axis q using

%Rodrigues formula

n_vec=p_vec*cos(params.gamma)+cross(q,p_vec)*sin(params.gamma)...

+q*(dot(q,p_vec))*(1-cos(params.gamma));

[TH,PHI,Psi] = cart2sph(n_vec(1),n_vec(2),n_vec(3));

ph_n=TH;

th_n=pi/2-PHI;

end

function mean_px = calc_vert_transport(params)

% ---------------------------------

% calculate mean p_x

% ---------------------------------

%%Specify initial conditions

% cell position

y0(1) = params.x0;

y0(2) = params.y0;

y0(3) = params.z0;

%swimming direction specified by theta_p, phi_p
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y0(4)=params.theta_p0;

y0(5)=params.phi_p0;

%intrinsic torque direction specified by theta_n, phi_n

y0(6)=params.theta_n0 ;

y0(7)=params.phi_n0;

%% ----- Run simulation ----- %

tspan = [params.t0:params.dt:params.tend];

%solve differential equations specified by function p_n_model

options = [];

[T,Y]=ode45(@p_n_model,tspan,y0,options,params);

px=sin(Y(:,4)).*cos(Y(:,5));

mean_px=mean(px);

end

function dydt=p_n_model(t,y,p)

% ---------------------------------

%function specifying differential equations

% ---------------------------------

xpos = y(1);

ypos = y(2);

zpos = y(3);

theta_p = y(4);

phi_p = y(5);

theta_n = y(6);

phi_n = y (7);

%parameters

Psi=p.Psi;

v=p.v;

%omega=p.omega;
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ux=0;

uy=0;

uz=-Psi*xpos;

%

dydt=[...

ux+v*cos(phi_p)*sin(theta_p)%dx/dt

uy+v*sin(phi_p)*sin(theta_p)%dy/dt

uz+v*cos(theta_p)%dz/dt

theta_dot(phi_p,theta_n,phi_n,theta_p,phi_p,p) % dtheta_p/dt

phi_dot(theta_p,phi_p,theta_n,phi_n,theta_p,phi_p,p); %dphi_p/dt

theta_dot(phi_n,theta_n,phi_n,theta_p,phi_p,p) % dtheta_n/dt

phi_dot(theta_n,phi_n,theta_n,phi_n,theta_p,phi_p,p); %dphi_n/dt

];

function soln=theta_dot(phi_u,theta_n,phi_n,theta_p,phi_p,p)

%parameters

Theta=p.Theta;

Psi=p.Psi;

soln=-sin(theta_p)*cos(phi_p-phi_u)...

+Theta*sin(theta_n)*sin(phi_n-phi_u)...

+Psi*cos(phi_u);

function soln=phi_dot(theta_u,phi_u,theta_n,phi_n,theta_p,phi_p,p)

%parameters

Theta=p.Theta;

Psi=p.Psi;

soln=(...

(cos(theta_u)*sin(theta_p)*sin(phi_u-phi_p))...

-Theta*(sin(theta_n)*cos(theta_u)*cos(phi_n-phi_u)-cos(theta_n)*sin(theta_u))...
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-Psi*cos(theta_u)*sin(phi_u)...

)./sin(theta_u);

% ---------------------------------

% Plot example trajectories in weak vertical shear

% for non-helical and helical swimmers (Figure 2.4)

% ---------------------------------

%% ---Clear memory, close figure windows

clear all

close all

f1 = figure('PaperSize',[17.5 25],'PaperPosition',[1 1 16 23]);

%% Specify fixed parameters

params.v = 0.1; %swimming speed

params.t0 = 0; % start time of simulation

params.tend = 20; % end time

params.dt =0.01;

params.sim = 5; %number of simulations

params.m=1; params.n=4; %subplot

%% Specify parameter ranges for variable parameters

Theta_range=[0,1,1,1.05];

Gamma_range=[pi/4,pi/4,7*pi/16,pi/3];

Psimax_range=[2,2,2,1];

for nplot=1:4

params.Theta=Theta_range(nplot);

params.gamma=Gamma_range(nplot);

params.Psi_max=Psimax_range(nplot);

%loop over the params.simsimulations

for nsim=1:params.sim

%take random initial orientation

[params.theta_p0,params.phi_p0,params.theta_n0,params.phi_n0]=generate_initial_orientation(params);

%%specify random initial positions

params.x0=rand(1);

params.y0=rand(1);

params.z0=rand(1);

[T,Y] =calc_trajectory(params);

index=find(Y(:,1)>1);
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for in=index

Y(in,1)=1;

end

index=find(Y(:,1)<-1);

for in=index

Y(in,1)=-1;

end

sph(nplot)=subplot(params.m,params.n,nplot);

plot(Y(:,1),Y(:,3))

xlabel('x')

ylabel('z')

grid on

hold on

hold all

end

end

function [T,Y] = calc_trajectory(params)

% ---------------------------------

% Calculate vertical transport

% ---------------------------------

%%Specify initial conditions

% cell initially away from the origin

y0(1) = params.x0;

y0(2)=params.y0;

y0(3)=params.z0;

%swimming direction specified by theta_p, phi_p

y0(4)=params.theta_p0;

y0(5)=params.phi_p0;

%intrinsic torque direction specified by theta_n, phi_n

y0(6)=params.theta_n0 ;

y0(7)=params.phi_n0;

%% ----- Run simulation ----- %

tspan = [params.t0:params.dt:params.tend];
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%solve differential equations specified by function p_n_model

options = [];

[T,Y]=ode45(@p_n_poiseuille_model,tspan,y0,options,params);

function dydt=p_n_poiseuille_model(t,y,p)

% ---------------------------------

% Function specifying differential equation

% ---------------------------------

xpos = y(1);

ypos = y(2);

zpos = y(3);

theta_p = y(4);

phi_p = y(5);

theta_n = y(6);

phi_n = y (7);

%parameters

v=p.v;

%Fix this with correct flow field

ux=0;

uy=0;

%ensure no vertical advection when outside pipe

if abs(xpos)<1

uz=p.Psi_max*(xpos^2-1); %Poiseuille flow

p.Psi=-p.Psi_max*xpos;

else

uz=0;

p.Psi=0;

end
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%____________________________________________________________

%

dydt=[...

ux+v*cos(phi_p)*sin(theta_p)%dx/dt

uy+v*sin(phi_p)*sin(theta_p)%dy/dt

uz+v*cos(theta_p)%dz/dt

theta_dot(phi_p,theta_n,phi_n,theta_p,phi_p,p) % dtheta_p/dt

phi_dot(theta_p,phi_p,theta_n,phi_n,theta_p,phi_p,p) %dphi_p/dt

theta_dot(phi_n,theta_n,phi_n,theta_p,phi_p,p) % dtheta_n/dt

phi_dot(theta_n,phi_n,theta_n,phi_n,theta_p,phi_p,p) %dphi_n/dt

];

function soln=theta_dot(phi_u,theta_n,phi_n,theta_p,phi_p,p)

%parameters

Theta=p.Theta;

Psi=p.Psi;

soln=-sin(theta_p)*cos(phi_p-phi_u)...

+Theta*sin(theta_n)*sin(phi_n-phi_u)...

+Psi*cos(phi_u);

function soln=phi_dot(theta_u,phi_u,theta_n,phi_n,theta_p,phi_p,p)

%parameters

Theta=p.Theta;

Psi=p.Psi;

soln=(...

(cos(theta_u)*sin(theta_p)*sin(phi_u-phi_p))...

-Theta*(sin(theta_n)*cos(theta_u)*cos(phi_n-phi_u)-cos(theta_n)*sin(theta_u))...

-Psi*cos(theta_u)*sin(phi_u)...

)./sin(theta_u);
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% ---------------------------------

% Plotting figure 5

% histograms of final position

% ---------------------------------

%% ---Clear memory, close figure windows

clear all

close all

fname=['final_horizontal_pos.mat'];

load(fname)

f1 = figure('PaperSize',[17.5 25],'PaperPosition',[1 1 16 16]);

%% Loop over parameter sets

bincentre=linspace(-1,1);

for nplot=1:4

sph(nplot)=subplot(2,2,nplot);

if nplot==4

for nsim=1:params.sim

x0(nsim)=2*(nsim/params.sim)-1;

end

index=find(abs(x0)<0.61);

H1=hist(horpos(nplot,index),bincentre);

index=find(abs(x0)>0.61);

H2=hist(horpos(nplot,index),bincentre);

bar(bincentre,[H1' H2'],1,'stacked');

mymap=[[0,0,0];[0.6,0.6,0.6]];

colormap(mymap)

else
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hist(horpos(nplot,:),bincentre);

end

set(gca,'xlim',[-1, 1])

end

% ---------------------------------

% Simulation to loop over variable parameters

% and genrate mat file to plot histogram

% ---------------------------------

%% ---Clear memory, close figure windows

clear all

close all

set(0,'defaultaxesfontname','Arial')

set(0,'defaulttextfontname','Arial')

set(0,'defaulttextfontsize',10)

set(0,'defaultlinelinewidth',1)

f1 = figure('PaperSize',[17.5 25],'PaperPosition',[1 1 16 23]);

%% Specify fixed parameters

params.v =0.1; %swimming speed; non-dimensionalise speed on this

params.t0 = 0; % start time of simulation

params.tend = 100; % end time

params.dt =0.1;

params.sim = 100000; %number of simulation

%% Specify parameter ranges for variable parameters

Theta_range=[0,1,1,1.05];

Gamma_range=[pi/4,pi/4,7*pi/16,pi/3];

Psimax_range=[2,2,2,1];

%% Loop over parameter sets

horpos=zeros(4, params.sim);

for nplot=1:4

params.Theta=Theta_range(nplot);

params.gamma=Gamma_range(nplot);

params.Psi_max=Psimax_range(nplot);

%loop over the params.simsimulations

for nsim=1:params.sim

params.x0=2*(nsim/params.sim)-1;

params.y0=0;

params.z0=0;

[params.theta_p0,params.phi_p0,params.theta_n0,params.phi_n0]=generate_initial_orientation(params);
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horpos(nplot,nsim)=calc_final_horizontal_pos(params);

end

sph(nplot)=subplot(2,2,nplot);

hist(horpos(nplot,:))

set(gca,'xlim',[-1, 1])

end

fname=['final_horizontal_pos.mat'];

save(fname)

function horpos= calc_final_horizontal_pos(params)

% ---------------------------------

% Calculate vertical transport

% ---------------------------------

%%Specify initial conditions

% cell position

y0(1) =params.x0;

y0(2) = params.y0;

y0(3) = params.z0;

%swimming direction specified by theta_p, phi_p

y0(4)=params.theta_p0;

y0(5)=params.phi_p0;

%intrinsic torque direction specified by theta_n, phi_n

y0(6)=params.theta_n0 ;

y0(7)=params.phi_n0;

%% ----- Run simulation ----- %

tspan = [params.t0:params.dt:params.tend];

%solve differential equations specified by function p_n_poiseuille_model

options = [];

[T,Y]=ode45(@p_n_poiseuille_model,tspan,y0,options,params);

horpos=Y(end,1);

end
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E.2 Matlab codes for Chapter 3

Simulations in this chapter are similar. The di�erence between them is the values

considered for the parameters, duration of simulation, or the time step. We present

Matlab code examples for each section in this chapter.

Matlab codes to simulate and plot random walks on sphere

% ---------------------------------

% Plot example trajectories and ensemble averages for

% random walk on sphere

% ---------------------------------

%% ---Clear memory, close figure windows

clear all

close all

%% ------------------------------------------------------------------------

%load mat file

fname=['Random_walk_RD1_dt0,01_nperiods10000_sim5000.mat'];

load(fname)

f1 = figure('PaperSize',[17.5 25],'PaperPosition',[1 1 16 16]);

%% ------------------------------------------------------------------------

% comput the mean over all time points

for tp = 1:length(T)

theta_stoch=pi-abs(pi-(mod(S(tp,1,:),2*pi)));

phi_stoch=2*pi-abs(2*pi-mod(S(tp,2,:),2*pi));

calc_mean_theta(tp)=mean(theta_stoch);

calc_mean_phi(tp)=mean(phi_stoch);

end
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%% ------------------------------------------------------------------------

figure(1)

subplot(1,2,1)

plot (T,calc_mean_theta,'k','linewidth',2);

hold on

plot (T,calc_mean_phi,'b','linewidth',2);

subplot(1,2,2)

% First random walk

Wx=sin(theta_ss(:,1)).*cos(phi_ss(:,1));%;

Wy=sin(theta_ss(:,1)).*sin(phi_ss(:,1));

Wz=cos(theta_ss(:,1));

W_vec=[Wx;Wy;Wz];

% Second random walk

Wx2=sin(theta_ss(:,2)).*cos(phi_ss(:,2));

Wy2=sin(theta_ss(:,2)).*sin(phi_ss(:,2));

Wz2=cos(theta_ss(:,2));

W2_vec=[Wx2;Wy2;Wz2];

% Third random walk

Wx3=sin(theta_ss(:,3)).*cos(phi_ss(:,3));

Wy3=sin(theta_ss(:,3)).*sin(phi_ss(:,3));

Wz3=cos(theta_ss(:,3));

W3_vec=[Wx3;Wy3;Wz3];

% plot

Npts=100;

sphere

hold on

plot3(Wx(1:Npts),Wy(1:Npts),Wz(1:Npts),'color','b')%

hold on

plot3(Wx(1),Wy(1),Wz(1),'b.','Markersize',10)%

plot3(Wx2(1:Npts),Wy2(1:Npts),Wz2(1:Npts),'color','r')%

hold on

plot3(Wx3(1:Npts),Wy3(1:Npts),Wz3(1:Npts),'color','g')%

hold on
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axis equal

grid on

%% ------------------------------------------------------------------------

% px

theta_S=theta_ss;

phi_S=phi_ss;

px_stcoh=sin(theta_S).*cos(phi_S);

% compute mean over sim

mean_px_stoch=mean(px_stcoh,2);

figure(2)

hold on

plot (T,px_stcoh(:,1:3),'linewidth',2);

hold on

plot (T,mean_px_stoch,'k','linewidth',2);

xlabel('Time')

ylabel('$p_x$','interpreter','latex');

hold off

%% -----------------------------------------------------------------------

% plot histogram

binCenters=linspace(0,pi);

theta_mod2p=pi-abs(pi-(mod(theta_s,2*pi)));

binCount= histc(theta_mod2p,binCenters);

probScale = sum(binCount)*pi/100;

hold on

hold all

x = binCenters;

% distribution function

y=(1./2).*sin(x);

%%-----------------------------------------------------------------------

binCenters_phi=linspace(0,2*pi);

phi_mod2p=2*pi-abs(2*pi-(mod(phi_s,2*pi)));

binCount_phi= histc(phi_mod2p,binCenters_phi);

probScale_phi= sum(binCount_phi)*2*pi/100;

hold on
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x_phi = binCenters_phi;

figure(3)

subplot(1,2,1)

histHandle = bar(binCenters,binCount/probScale,'hist');

hold on

plot(x,y,'r-','linewidth',2);

xlim([0 pi]);

xlabel('\theta');

subplot(1,2,2)

histHandle = bar(binCenters_phi,binCount_phi/probScale_phi,'hist');

pd1 = makedist('Uniform','lower',0,'upper',2*pi);

pdf1 = pdf(pd1,x_phi);

hold on

stairs(x_phi,pdf1,'r','LineWidth',2);

xlim([0 2*pi]);

xlabel('\phi');

% ---------------------------------

% Simulation to generate mat file for random walk on sphere

% SDE solved using simByEuler

% ---------------------------------

%% ---Clear memory, close figure windows

clear all

close all

%% Specify fixed parameters

params.t0= 0; % start time of simulation

params.dt =0.01; % time increment

params.RD=1; % rotational diffusion

nPeriods=1000; % number of simulated observations

params.tend = nPeriods*params.dt ; % end time
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params.nsim=5000; % number of simulations

%% prealocate of stochastic matrix S and its column vectors theta and phi

S = zeros(1001,2,params.nsim);%prealocate S

theta_s=zeros(1,params.nsim);

phi_s=zeros(1,params.nsim);

theta_stoch=zeros(nPeriods+1,1,params.nsim);

phi_stoch=zeros(nPeriods+1,1,params.nsim);

%% Simulation

for k = 1:params.nsim

params.theta0=pi*rand(1);

params.phi0=2*pi*rand(1);

% stochastic model ------------------------------------

RWS=Random_walk_sphere(params);

[S(:,:,k),T]=simByEuler(RWS, nPeriods,'DeltaTime',params.dt);

theta_stoch(:)=pi-abs(pi-(mod(S(:,1,:),2*pi)));

phi_stoch(:)=2*pi-abs(2*pi-mod(S(:,2,:),2*pi));

theta_s(:)=S(end,1,:);

phi_s(:)=S(end,2,:);

end

%% to be used in evaluating mean_px

theta_ss=squeeze(theta_stoch);

phi_ss=squeeze(phi_stoch);

%-----------------------------------------------------------------------

mean_theta_stoch = mean(squeeze(theta_stoch),2);

mean_phi_stoch = mean(squeeze(phi_stoch),2);

%% ------------------------------------------------------------------------

% save file

fname=['Random_walk_RD1_dt0,01_nperiods10000_sim5000.mat'];

save(fname)

% ---------------------------------

%% Random Walk on sphere
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% SDE in 2D solved using simByEuler

% ---------------------------------

function RWS=Random_walk_sphere(params)

%p(1)=theta;

%p(2)=phi;

% Drift term

F = @(t,p)[params.RD.*cot(p(1));...

0];

%Diffusion term

G=@(t,p)[sqrt(2.*params.RD) 0 ;...

0 sqrt(2.*params.RD)./sin(p(1)) ];

RWS = sde(F,G,'StartState', [params.theta0;params.phi0],'StartTime',params.t0);

end

Matlab codes to simulate and plot ensemble averages using SDE and mean of orientation

angles using the deterministic model for non�helical swimmers.

% --------------------------------

% Plotting ensembel averages and histogram for nonhelical swimmers

% --------------------------------

%% ---Clear memory, close figure windows

clear all

close all

%% -----------------------------------------------------------------------

% still fluid Psi=0, mat file is

fname=['Nonhelical_still_fluid_Dr0,01.mat'];

load(fname)

f1 = figure('PaperSize',[17.5 25],'PaperPosition',[1 1 16 16]);
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%% -----------------------------------------------------------------------

for tp = 1:length(T)

theta_stoch=pi-abs(pi-(mod(S(tp,4,:),2*pi)));

phi_stoch=2*pi-abs(2*pi-mod(S(tp,5,:),2*pi));

calc_mean_theta(tp)=mean(theta_stoch);

calc_mean_phi(tp)=mean(phi_stoch);

end

%% -----------------------------------------------------------------------

% Plot the average of simulation, deterministic \theta, drift term for

theta_DET=mean_theta_D_old;%from ODE no spurious term

phi_DET=mean_phi_D_old;%from ODE no spurious term

stoch_theta_av=mean(calc_mean_theta);% form SDE

stoch_phi_av=mean(calc_mean_phi); % form SDE

%plot theta and phi

theta_eq=asin(0.5);

phi_eq=0;

figure(1)

subplot(1,2,1)

plot(T,theta_ss(:,1:3),'linewidth',1)

hold on

plot (T,calc_mean_theta,'k','linewidth',2);

hold on

plot (T,theta_DET,'b--','linewidth',2);

xlabel('Time')

ylabel('\theta')

subplot(1,2,2)

plot(T,phi_ss(:,1:3),'linewidth',1)

hold on

plot (T,calc_mean_phi,'k','linewidth',1);

hold on

plot (T,phi_DET,'b--','linewidth',2);

xlabel('Time')

ylabel('\phi')

%% -----------------------------------------------------------------------
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% px

theta_S=theta_ss;% compute average wrt sim

phi_S=phi_ss; % compute average wrt sim

theta_D=theta_dd_old;%from ODE

phi_D=phi_dd_old;%from ODE

px_stcoh=sin(theta_S).*cos(phi_S);

px_det=sin(theta_D).*cos(phi_D);

% compute mean over sim

mean_px_stoch=mean(px_stcoh,2);

mean_px_det=mean(px_det,2);

px_av=mean(mean_px_stoch);

figure(2)

hold on

plot (T,px_stcoh(:,1:3),'linewidth',2);

hold on

plot (T,mean_px_stoch,'k-.','linewidth',2);

hold on

plot (T,mean_px_det,'b--','linewidth',2);

xlabel('Time')

ylabel('$\bar p_x$','interpreter','latex');

hold off

%% -----------------------------------------------------------------------

% histograms

binCenters=linspace(0,pi);

theta_mod2p=pi-abs(pi-(mod(theta_s,2*pi)));

binCount= histc(theta_mod2p,binCenters);

probScale= sum(binCount)*pi/100;

hold on;

hold all

x = binCenters;

% Fisher distribution in case of no flow with gravitational bias

lambda=1/params.RD;
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y=sin(x)*(lambda/(2.*sinh(lambda))).*exp(lambda.*cos(x));

%--------------------------------------------------------------------------

binCenters_phi=linspace(0,2*pi);

phi_mod2p=2*pi-abs(2*pi-(mod(phi_s,2*pi)));

binCount_phi= histc(phi_mod2p,binCenters_phi);

probScale_phi= sum(binCount_phi)*2*pi/100;

hold on

%uniform distribution function

pd1 = makedist('Uniform','lower',0,'upper',2*pi);

x_phi = binCenters_phi;

pdf1 = pdf(pd1,x_phi);

figure(3)

subplot(1,2,1)%theta

histHandle = bar(binCenters,binCount/probScale,'hist');

hold on

plot(x,y,'r-','linewidth',2);%do not plot in case of shear flow

xlim([0 pi]);

xlabel('\theta');

subplot(1,2,2)%phi

histHandle = bar(binCenters_phi,binCount_phi/probScale_phi,'hist');

pd1 = makedist('Uniform','lower',0,'upper',2*pi);

hold on

stairs(x_phi,pdf1,'r','LineWidth',2);

xlim([0 2*pi]);

xlabel('\phi');

% --------------------------------

% Simulation to generate mat file for orientation of

% non-helical swimmers in still fluid and shear flow

% the same simulation can be done in still fluid or shear flow

% by modifying the parameters values in each case
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% SDE solved using simByEuler

% ODE solved using ode45

% --------------------------------

%% ---Clear memory, close figure windows

clear all

close all

%% ------------------------------------------------------------------------

%% Specify fixed parameters

params.t0 = 0; % start time of simulation

params.B=1; % gravitational term

params.v=0; % swimming speed

params.dt=0.01; % time increment

params.RD=0.01; % rotational diffusion

params.TD=0; % translational diffusion

params.Psi=0; % shear strength

nPeriods=1000; % number of simulated observations

params.tend = nPeriods*params.dt ; % end time

params.nsim=1000; % number of simulation

%% ------------------------------------------------------------------------

% initial position

params.x0=0;

params.y0=0;

params.z0=0;

%% Preallocate stochastic matrix S and its column vectors theta and phi

S = zeros(nPeriods+1,5,params.nsim);

theta_stoch=zeros(nPeriods+1,1,params.nsim);

phi_stoch=zeros(nPeriods+1,1,params.nsim);

theta_s=zeros(1,params.nsim);

phi_s=zeros(1,params.nsim);

%% prealocate of expected mean matrix Y and its column vectors theta and phi

Y1=zeros(nPeriods+1,5,params.nsim);%prealocate Y,2

theta_Det_old=zeros(nPeriods+1,1,params.nsim);

phi_Det_old=zeros(nPeriods+1,1,params.nsim);
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% theta_det_sd=zeros(nPeriods+1,1);

% phi_det_sd=zeros(nPeriods+1,1);

for k = 1:params.nsim

% initial orientation --------------------------------

params.theta0=pi*rand(1);

params.phi0=2*pi*rand(1);

% stochastic model ----------------------------------

MDL=Nonhelical_traj(params);

[S(:,:,k),T]=simByEuler(MDL, nPeriods,'DeltaTime',params.dt);

theta_stoch(:)=pi-abs(pi-(mod(S(:,4,:),2*pi)));

phi_stoch(:)=2*pi-abs(2*pi-mod(S(:,5,:),2*pi));

theta_s(:)=S(end,4,:);

phi_s(:)=S(end,5,:);

% ODE ------------------------------------------------

[T,Y1(:,:,k)] =deterministic_ode_solver(params);

theta_Det_old=pi-abs(pi-(mod(Y1(:,4,:),2*pi)));

phi_Det_old=2*pi-abs(2*pi-mod(Y1(:,5,:),2*pi));

end

%% ------------------------------------------------------------------------

phi_ss=squeeze(phi_stoch);

% ODE model

theta_dd_old=squeeze(theta_Det_old);

phi_dd_old=squeeze(phi_Det_old);

%% -----------------------------------------------------------------------

mean_theta_stoch = mean(squeeze(theta_stoch),2);

mean_phi_stoch = mean(squeeze(phi_stoch),2);

mean_theta_D_old=mean(squeeze(theta_Det_old),2);

mean_phi_D_old=mean(squeeze(phi_Det_old),2);

%% ------------------------------------------------------------------------

% save file

fname=['Nonhelical_still_fluid_Dr0,01.mat'];

% --------------------------------
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%% Non-helical Swimmers Model

% SDE in 2D

% --------------------------------

function MDL=Nonhelical_traj(params)

%x=p(1)

%y=p(2)

%z=p(3)

%p(1)=theta;

%p(2)=phi;

F = @(t,p)[params.v.*sin(p(4)).*cos(p(5));...

params.v.*sin(p(4)).*sin(p(5));...

-params.Psi.*p(1)+params.v.*cos(p(4));...

-params.B.*sin(p(4))+params.Psi.*cos(p(5))+params.RD.*cot(p(4));...

-params.Psi.*cot(p(4)).*sin(p(5))];

G=@(t,p)[sqrt(2*params.TD) 0 0 0 0;...

0 sqrt(2*params.TD) 0 0 0;...

0 0 sqrt(2*params.TD) 0 0;...

0 0 0 sqrt(2*params.RD) 0 ;...

0 0 0 0 sqrt(2*params.RD)./sin(p(4)) ];

MDL=sde(F,G,'StartState',[params.x0;params.y0;params.z0;params.theta0;params.phi0],'StartTime',params.t0);

end

function [T,Y1] =deterministic_ode_solver(params)

% --------------------------------

%% Non-helical Swimmers ODE

% --------------------------------

%%Specify initial conditions

y0=zeros(1,3);

%swimming direction specified by theta, phi

y0(4)=params.theta0;

y0(5)=params.phi0;

%% ----- Run simulation ----- %
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tspan = [params.t0:params.dt:params.tend];

%solve differential equations specified by function p_n_model

options = [];

[T,Y1]=ode45(@deterministic_theta_phi_model,tspan,y0,options,params);

% --------------------------------

%% Non-helical Swimmers

%% Function containing ODEs

% --------------------------------

function dydt= deterministic_theta_phi_model(t,y,p)

%function specifying differential equation

%% random cell orientation

xpos=y(1);

ypos=y(2);

zpos=y(3);

theta = y(4);

phi= y(5);

%%

v=p.v;

Psi=p.Psi;

ux=0;

uz=-Psi*xpos;

%

dydt=[...

ux+v*cos(phi)*sin(theta)%dx/dt

v*sin(phi)*sin(theta) %dy/dt

uz+v*cos(theta)%dz/dt

theta_dot(theta,phi,p) % dtheta/dt

phi_dot(theta,phi,p) %dphi/dt

];
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function soln=theta_dot(theta,phi,p)

Psi=p.Psi;

soln=-sin(theta)+Psi*cos(phi);

function soln=phi_dot(theta,phi,p)

Psi=p.Psi;

soln=-Psi*sin(phi)*cos(theta)./sin(theta);

Matlab codes to simulate and plot ensemble averages using SDE and mean of orientation

angles using the deterministic model for helical swimmers.

% --------------------------------

% Plotting orientation distribution for helical swimmers

% ---------------------------------

%% ---Clear memory, close figure windows

clear all

close all

%% ------------------------------------------------------------------------

%% gamma=pi/4

%still fluid

fname=['Dist_Helical_Psi0_Theta1_gammpi4_Dr0,01_dt0,01_sim1000.mat'];

load(fname)

f1 = figure('PaperSize',[17.5 25],'PaperPosition',[1 1 16 16]);

%% ------------------------------------------------------------------------

psi_ss=squeeze(psi_stoch);

for tp = 1:length(T)

theta_stoch=pi-abs(pi-(mod(S(tp,4,:),2*pi)));

phi_stoch=2*pi-abs(2*pi-mod(S(tp,5,:),2*pi));
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psi_stoch=2*pi-abs(2*pi-mod(S(tp,6,:),2*pi));

calc_mean_theta(tp)=mean(theta_stoch);

calc_mean_phi(tp)=mean(phi_stoch);

calc_mean_psi(tp)=mean(psi_stoch);

end

%% ------------------------------------------------------------------------

theta_DET=mean_theta_D_old; %from ODE

phi_DET=mean_phi_D_old; %from ODE

psi_DET=mean_psi_D_old; %from ODE

stoch_theta_av=mean(calc_mean_theta); % from SDE

stoch_phi_av=mean(calc_mean_phi); % from SDE

stoch_psi_av=mean(calc_mean_psi);% from SDE

cos_phi=squeeze(theta_Det_old);%from ODE

mean_cos=mean(cos_phi,2);%<cos(phi)>

%% ------------------------------------------------------------------------

%plot theta phi psi

figure(1)

subplot(1,3,1)%plot theta

plot(T,theta_ss(:,1:3),'linewidth',1)

hold on

plot (T,calc_mean_theta,'k-.','linewidth',2);%<theta(t)>

hold on

plot (T,theta_DET,'b--','linewidth',2);

xlabel('Time')

ylabel('\theta')

%plot phi

subplot(1,3,2)

plot(T,phi_ss(:,1:3),'linewidth',1);

hold on

plot(T,calc_mean_phi,'k-.','linewidth',2);%<phi(t)>

hold on

plot(T,phi_DET,'b--','linewidth',2);

xlabel('Time')

ylabel('\phi')
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%plot psi

subplot(1,3,3)

plot(T,psi_ss(:,1:3),'linewidth',1)

hold on

plot (T,calc_mean_psi,'k-.','linewidth',2);

hold on

plot(T,psi_DET,'b--','linewidth',2);

xlabel('Time')

ylabel('\psi')

%% ------------------------------------------------------------------------

% px

theta_S=theta_ss;

phi_S=phi_ss;

theta_D=theta_dd_old;

phi_D=phi_dd_old;

px_stcoh=sin(theta_S).*cos(phi_S);

px_det=sin(theta_D).*cos(phi_D);

% compute mean over sim

%<px(t)>=<sin(theta)cos(phi)>

mean_px_stoch=mean(px_stcoh,2);

mean_px_det=mean(px_det,2);

px_av=mean(mean_px_stoch);

figure(2)

hold on

plot (T,px_stcoh(:,1:3),'linewidth',2);

hold on

plot (T,mean_px_stoch,'k-.','linewidth',2);

hold on

plot (T,mean_px_det,'b--','linewidth',2);

xlabel('Time')

ylabel('$p_x$','interpreter','latex');

hold off

%% ------------------------------------------------------------------------

216



APPENDIX E. MATLAB CODES

% Plot histogram

binCenters=linspace(0,pi);

theta_mod2p=pi-abs(pi-(mod(theta_s,2*pi)));

binCount= histc(theta_mod2p,binCenters);

probScale = sum(binCount)*pi/100;

x = binCenters;

%% ------------------------------------------------------------------------

binCenters_phi=linspace(0,2*pi);

phi_mod2p=2*pi-abs(2*pi-(mod(phi_s,2*pi)));

binCount_phi= histc(phi_mod2p,binCenters_phi);

probScale_phi= sum(binCount_phi)*2*pi/100;

%% ------------------------------------------------------------------------

binCenters_psi=linspace(0,2*pi);

psi_mod2p=2*pi-abs(2*pi-(mod(psi_s,2*pi)));

binCount_psi= histc(psi_mod2p,binCenters_psi);

probScale_psi= sum(binCount_psi)*2*pi/100;

%% ------------------------------------------------------------------------

subplot(1,3,1)%theta

histHandle = bar(binCenters,binCount/probScale,'hist');

hold on

xlim([0 pi]);

xlabel('\theta');

subplot(1,3,2)%phi

histHandle = bar(binCenters_phi,binCount_phi/probScale_phi,'hist');

pd1 = makedist('Uniform','lower',0,'upper',2*pi);

x_phi = binCenters_phi;

pdf1 = pdf(pd1,x_phi);

hold on

stairs(x_phi,pdf1,'r','LineWidth',2);

xlim([0 2*pi]);

xlabel('\phi');
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subplot(1,3,3)%psi

histHandle = bar(binCenters_psi,binCount_psi/probScale_psi,'hist');

% hold on

% pd2 = makedist('Uniform','lower',0,'upper',2*pi);

% x_psi = binCenters_psi;

% pdf_psi = pdf(pd2,x_psi);

% % Plot the pdfs

% stairs(x_psi,pdf_psi,'r','LineWidth',2);

xlim([0 2*pi]);

xlabel('\psi');

% --------------------------------

% Simulation to generate mat file and plot averages of

% orientation angles for helical swimmer

% SDE solved using simByEuler

% ODE is solved using ode45

% --------------------------------

%% ---Clear memory, close figure windows

clear all

close all

%% Specify fixed parameters

params.Theta=1; % proplusive torque strength

params.t0= 0; % start time of simulation

params.B=1; % gravitational time scale

params.v=0; % swimming speed

params.dt =0.01; % time increment

params.RD=0.01; % rotational diffusion

params.TD=0; % translational diffusion

params.Psi=0; % shear strength

params.gamma=pi/4; % angle between propulsive force and torque

nPeriods=2000; % number of simulated observations

params.tend = nPeriods*params.dt ; % end time
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params.nsim=1000; % number of simulation

%% ------------------------------------------------------------------------

% initial position

params.x0=0;

params.y0=0;

params.z0=0;

%% Preallocate stochastic matrix S and its column vectors theta phi psi

S = zeros(nPeriods+1,6,params.nsim);

theta_stoch=zeros(nPeriods+1,1,params.nsim);

phi_stoch=zeros(nPeriods+1,1,params.nsim);

psi_stoch=zeros(nPeriods+1,1,params.nsim);

theta_s=zeros(1,params.nsim);

phi_s=zeros(1,params.nsim);

psi_s=zeros(1,params.nsim);

%% prealocate of expected mean matrix Y and its column vectors theta and phi

Y1=zeros(nPeriods+1,6,params.nsim);

theta_Det_old=zeros(nPeriods+1,1,params.nsim);

phi_Det_old=zeros(nPeriods+1,1,params.nsim);

psi_Det_old=zeros(nPeriods+1,1,params.nsim);

%% Simulation

for k = 1:params.nsim

% initial orientation --------------------------------

params.theta0=pi*rand(1);

params.phi0=2*pi*rand(1);

params.psi0=2*pi*rand(1);

MDL=helical_traj(params);

[S(:,:,k),T,Z]=simByEuler(MDL, nPeriods,'DeltaTime',params.dt);

theta_stoch(:)=pi-abs(pi-(mod(S(:,4,:),2*pi)));

phi_stoch(:)=2*pi-abs(2*pi-mod(S(:,5,:),2*pi));

psi_stoch(:)=2*pi-abs(2*pi-mod(S(:,6,:),2*pi));

theta_s(:)=S(end,4,:);

phi_s(:)=S(end,5,:);

psi_s(:)=S(end,6,:);
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% ODE -----------------------

[T,Y1(:,:,k)] =deterministic_ode_solver(params);

theta_Det_old=pi-abs(pi-(mod(Y1(:,4,:),2*pi)));

phi_Det_old=2*pi-abs(2*pi-mod(Y1(:,5,:),2*pi));

psi_Det_old=2*pi-abs(2*pi-mod(Y1(:,6,:),2*pi));

end

%% ------------------------------------------------------------------------

theta_ss=squeeze(theta_stoch);

phi_ss=squeeze(phi_stoch);

theta_dd=squeeze(theta_Det);

phi_dd=squeeze(phi_Det);

theta_dd_old=squeeze(theta_Det_old);

phi_dd_old=squeeze(phi_Det_old);

%% -----------------------------------------------------------------------

mean_theta_stoch = mean(squeeze(theta_stoch),2);

mean_phi_stoch = mean(squeeze(phi_stoch),2);

mean_psi_stoch = mean(squeeze(psi_stoch),2);

mean_theta_D_old=mean(squeeze(theta_Det_old),2);

mean_phi_D_old=mean(squeeze(phi_Det_old),2);

mean_psi_D_old=mean(squeeze(psi_Det_old),2);

%% ------------------------------------------------------------------------

% save file

fname=['Dist_Helical_Psi0_Theta1_gammpi4_Dr0,01_dt0,01_sim1000.mat'];

save(fname)

% ---------------------------------

% Helical Swimmers Orientation

% ---------------------------------

function MDL=helical_traj(params)

%x=p(1)

%y=p(2)

%z=p(3)

%p(4)=theta;

%p(5)=phi;
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%p(6)=psi;

F = @(t,p)[ params.v.*sin(p(4)).*cos(p(5));...

params.v.*sin(p(4)).*sin(p(5));...

-params.Psi.*p(1)+params.v.*cos(p(4));...

-params.B.*sin(p(4))+params.Theta.*sin(params.gamma).*sin(p(6))+params.Psi.*cos(p(5))+params.RD.*cot(p(4));...

-params.Theta.*(sin(params.gamma).*cos(p(6))./sin(p(4)))-params.Psi.*cot(p(4)).*sin(p(5));...

params.Theta.*(cot(p(4)).*cos(p(6)).*sin(params.gamma)+cos(params.gamma))+params.Psi.*(sin(p(5))./sin(p(4)))];

G=@(t,p)[sqrt(2*params.TD) 0 0 0 0 0;...

0 sqrt(2*params.TD) 0 0 0 0;...

0 0 sqrt(2*params.TD) 0 0 0;...

0 0 0 sqrt(2*params.RD) 0 0;...

0 0 0 0 (sqrt(2*params.RD+2*params.RD.*cos(p(4)))./2.*sin(p(4)))+(sqrt(2*params.RD-2*params.RD.*cos(p(4)))./2.*sin(p(4))) (sqrt(2*params.RD-2*params.RD.*cos(p(4)))./2.*sin(p(4)))-(sqrt(2*params.RD+2*params.RD.*cos(p(4)))./2.*sin(p(4)));...

0 0 0 0 (sqrt(2*params.RD-2*params.RD.*cos(p(4)))./2.*sin(p(4)))-(sqrt(2*params.RD+2*params.RD.*cos(p(4)))./2.*sin(p(4))) (sqrt(2*params.RD+2*params.RD.*cos(p(4)))./2.*sin(p(4)))+(sqrt(2*params.RD-2*params.RD.*cos(p(4)))./2.*sin(p(4)))];

MDL = sde(F,G,'StartState', [params.x0;params.y0;params.z0;params.theta0;params.phi0;params.psi0],'StartTime',params.t0);

end

function [T,Y1] =deterministic_ode_solver(params)

%calc_trajectory(params)

%simulate trajectory and calculate vertical transport

%%Specify initial conditions

y0=zeros(1,3);

%swimming direction specified by theta, phi, psi

y0(4)=params.theta0;

y0(5)=params.phi0;

y0(6)=params.psi0 ;

%% ----- Run simulation ----- %
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tspan = [params.t0:params.dt:params.tend];

%solve differential equations specified by function p_n_model

options = [];

[T,Y1]=ode45(@deterministic_theta_phi_psi_model,tspan,y0,options,params);

%% Function containing ODEs %

function dydt= deterministic_theta_phi_psi_model(t,y,p)

%function specifying differential equation

%% random cell orientation

xpos=y(1);

ypos=y(2);

zpos=y(3);

theta = y(4);

phi= y(5);

psi= y(6);

%% uniform flow

v=p.v;

Psi=p.Psi;

ux=0;

uz=-Psi*xpos;

%

dydt=[...

ux+v*cos(phi)*sin(theta)%dx/dt

v*sin(phi)*sin(theta) %dy/dt

uz+v*cos(theta)%dz/dt

theta_dot(theta,phi,psi,p) % dtheta/dt

phi_dot(theta,phi,psi,p) %dphi/dt
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psi_dot(theta,phi,psi,p) %dpsi/dt

];

function soln=theta_dot(theta,phi,psi,p)

%parameters

Theta=p.Theta;

Psi=p.Psi;

gamma=p.gamma;

soln=-sin(theta)+Psi*cos(phi)...

+Theta*sin(gamma)*sin(psi);

function soln=phi_dot(theta,phi,psi,p)

%parameters

Theta=p.Theta;

Psi=p.Psi;

gamma=p.gamma;

soln=(...

-Psi*sin(phi)*cos(theta)-Theta*sin(gamma)*cos(psi)...

)./sin(theta);

function soln=psi_dot(theta,phi,psi,p)

%parameters

Theta=p.Theta;

Psi=p.Psi;

gamma=p.gamma;

soln=(...

Psi*sin(phi)+Theta*(cos(gamma)*sin(theta)+sin(gamma)*cos(psi)*cos(theta))...

)./sin(theta);
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E.3 Matlab Codes for Chapter 4

Simulations in this chapter are also similar. The di�erence between them is the values

of considered parameters, duration of simulation or the time step. Presented codes are

examples for each section.

% ---------------------------------

%% No bias diffusion motion in still fluid

%% SDE model is solved using simByEuler

% ---------------------------------

%% ---Clear memory, close figure windows

clear all

close all

%% Specify fixed parameters

params.t0= 0; % start time of simulation

params.v=0.1; %swimming speed

params.dt =0.01; %time increment

params.RD=1; % rotational diffusion

params.TD=0; % translational diffusion

nPeriods=10000; % number of simulated observations

params.tend = nPeriods*params.dt ; % end time

params.nsim=5000; % number of simulations

%% -----------------

%%initial position

params.x0=0;

params.y0=0;

params.z0=0;

S = zeros(nPeriods+1,5,params.nsim);

x_t=zeros(params.nsim,nPeriods+1);
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average_x=zeros(2,nPeriods+1);

S1 = zeros(nPeriods+1,5,params.nsim);

for nsim=1:params.nsim

params.theta0=pi*rand(1);

params.phi0=2*pi*rand(1);

MDL=Nonhelical_traj_compare_RD_TD(params);

[S1(:,:,nsim),T]=simByEuler(MDL, nPeriods,'DeltaTime',params.dt);

xs=S1(:,1,:);

ys=S1(:,2,:);

zs=S1(:,3,:);

xmsd=xs.^2+ys.^2+zs.^2;

end

xmsd_mean=mean(squeeze(xmsd),2);

hold on

plot(T,xmsd_mean,'k','linewidth',2)

hold on

w=(params.v.^2./params.RD).*T;

plot(T,w,'g','linewidth',2)

xlim([0 params.tend])

xlabel('Time')

ylabel('mean square displacement <x^2(t)>')

%-------------------------------------------------

%% displacement

x1_dis=squeeze(xs);

y1_dis=squeeze(ys);

z1_dis=squeeze(zs);

mean_x=mean(x1_dis,2);

mean_y=mean(y1_dis,2);

mean_z=mean(z1_dis,2);

dis=sqrt(mean_x.^2+mean_y.^2+mean_z.^2);
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figure(2)

plot(T,dis,'linewidth',2)

hold on

% %------------------------------------------------------------------------

fname=['MSD_Dis_Dt0__T100_dt0_01_sim10000.mat'];

save(fname)

% ---------------------------------

%% No bias diffusion in still fluid Model

% SDE in 2D

% ---------------------------------

function MDL=Nonhelical_traj_compare_RD_TD(params)

%x=p(1)

%y=p(2)

%z=p(3)

%p(1)=theta;

%p(2)=phi;

F = @(t,p)[params.v.*sin(p(4)).*cos(p(5));...

params.v.*sin(p(4)).*sin(p(5));...

params.v.*cos(p(4));...

params.RD.*cot(p(4));...

0];

G=@(t,p)[sqrt(2*params.TD) 0 0 0 0;...

0 sqrt(2*params.TD) 0 0 0;...

0 0 sqrt(2*params.TD) 0 0;...

0 0 0 sqrt(2*params.RD) 0 ;...

0 0 0 0 sqrt(2*params.RD)./sin(p(4)) ];

MDL=sde(F,G,'StartState',[params.x0;params.y0;params.z0;params.theta0;params.phi0],'StartTime',params.t0);

end

clear all

close all
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% generate all mat file first %

% plot MSD

%% -------------------------------

fname=['MSD_Dis_Dt0__T100_dt0_01.mat'];%T=100 dt=0.01 sim=500,Dt=0

load(fname)

MSD_x1=xmsd_mean;

T1=T;

dis1=dis;

fname=['MSD_Dis_Dt0__T100_dt0_05.mat'];%T=100 dt=0.05 sim=500,Dt=0

load(fname)

MSD_x2=xmsd_mean;

T2=T;

dis2=dis;

fname=['MSD_Dis_Dt0__T100_dt0_1.mat'];%T=100 dt=0.1 sim=500,Dt=0

load(fname)

MSD_x3=xmsd_mean;

T3=T;

dis3=dis;

figure(12)

plot(T1,MSD_x1,'k','linewidth',2)

hold on

plot(T,w,'g','linewidth',2)

xlim([0 params.tend])

hold on

plot(T2,MSD_x2,'b','linewidth',2)

hold on

plot(T3,MSD_x3,'r','linewidth',2)

xlabel('Time')

ylabel('mean square displacement <x^2(t)>')

%% -----------------------------------------------------------------------

fname=['MSD_Dis_Dt0__T200_dt0_01.mat'];%T=200 dt=0.01 sim=500,Dt=0
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load(fname)

MSD_x4=xmsd_mean;

T4=T;

dis4=dis;

fname=['MSD_Dis_Dt0__T200_dt0_05.mat'];%T=200 dt=0.05 sim=500,Dt=0

load(fname)

MSD_x5=xmsd_mean;

T5=T;

dis5=dis;

fname=['MSD_Dis_Dt0__T200_dt0_1.mat'];%T=200 dt=0.1 sim=500,Dt=0

load(fname)

MSD_x6=xmsd_mean;

T6=T;

dis6=dis;

figure(13)

plot(T4,MSD_x4,'k','linewidth',2)

hold on

plot(T,w,'g','linewidth',2)

xlim([0 params.tend])

hold on

plot(T5,MSD_x5,'b','linewidth',2)

hold on

plot(T6,MSD_x6,'r','linewidth',2)

xlabel('Time')

ylabel('mean square displacement <x^2(t)>')

fname=['MSD_Dis_Dt0__T100_dt0_01.mat'];%T=100 dt=0.01 sim=500,Dt=0

load(fname)

MSD_x1=xmsd_mean;

T1=T;
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dis1=dis;

fname=['MSD_Dis_Dt0__T100_dt0_05.mat'];%T=100 dt=0.05 sim=500,Dt=0

load(fname)

MSD_x2=xmsd_mean;

T2=T;

dis2=dis;

fname=['MSD_Dis_Dt0__T100_dt0_1.mat'];%T=100 dt=0.1 sim=500,Dt=0

load(fname)

MSD_x3=xmsd_mean;

T3=T;

dis3=dis;

% Plot displacement

figure(12)

hold on

plot(T1,dis1,'k','linewidth',2)

hold on

hold all

plot(T2,dis2,'b','linewidth',2)

hold on

plot(T3,dis3,'r','linewidth',2)

xlabel('Time')

ylabel('mean displacement')

hold off

%% ------------------------------------------------------------------------

fname=['MSD_Dis_Dt0__T200_dt0_01.mat'];%T=200 dt=0.01 sim=500,Dt=0

load(fname)

MSD_x4=xmsd_mean;

T4=T;

dis4=dis;

fname=['MSD_Dis_Dt0__T200_dt0_05.mat'];%T=200 dt=0.05 sim=500,Dt=0
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load(fname)

MSD_x5=xmsd_mean;

T5=T;

dis5=dis;

fname=['MSD_Dis_Dt0__T200_dt0_1.mat'];%T=200 dt=0.1 sim=500,Dt=0

load(fname)

MSD_x6=xmsd_mean;

T6=T;

dis6=dis;

% Plot displacement

figure(13)

hold on

plot(T4,dis4,'k','linewidth',2)

hold on

hold all

plot(T5,dis5,'b','linewidth',2)

hold on

plot(T6,dis6,'r','linewidth',2)

xlabel('Time')

ylabel('mean displacement')

fname=['MSD_Dis_Dt0__T100_dt0_01.mat'];%T=100 dt=0.01 sim=500,Dt=0

load(fname)

MSD_x1=xmsd_mean;

T1=T;

dis1=dis;

x_dis_end1=x1_dis(end,:);

fname=['MSD_Dis_Dt0__T100_dt0_05.mat'];%T=100 dt=0.05 sim=500,Dt=0

load(fname)

MSD_x2=xmsd_mean;
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T2=T;

dis2=dis;

x_dis_end2=x1_dis(end,:);

fname=['MSD_Dis_Dt0__T100_dt0_1.mat'];%T=100 dt=0.1 sim=500,Dt=0

load(fname)

MSD_x3=xmsd_mean;

T3=T;

dis3=dis;

x_dis_end3=x1_dis(end,:);

%% histogram

figure(13)

h(1)=subplot(2,2,1)

x_dis_end1=x1_dis(end,:);

D=params.TD+params.v.^2/(6*params.RD);

binCenters1=linspace(-3,3);

binCount= histc(x_dis_end1,binCenters1);

bw=binCenters1(2)-binCenters1(1);

probScale =sum(binCount)*bw;

histHandle = bar(binCenters1,binCount/probScale,'hist');

hold on

hold all

x_bin1=binCenters1;

n=exp(-x_bin1.^2./(4*D*params.tend))./sqrt(4*pi*D*params.tend);

plot(x_bin1,n,'r-','linewidth',2);

h(2)=subplot(2,2,2)

x_dis_end2=x1_dis(end,:);

D=params.TD+params.v.^2/(6*params.RD);

binCenters2=linspace(-3,3);

binCount2= histc(x_dis_end2,binCenters2);

bw=binCenters2(2)-binCenters2(1);

probScale =sum(binCount2)*bw;

histHandle = bar(binCenters2,binCount2/probScale,'hist');

hold on
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hold all

x_bin2=binCenters2;

n=exp(-x_bin2.^2./(4*D*params.tend))./sqrt(4*pi*D*params.tend);

plot(x_bin2,n,'r-','linewidth',2);

h(3)=subplot(2,2,[3 4])

x_dis_end3=x1_dis(end,:);

D=params.TD+params.v.^2/(6*params.RD);

binCenters3=linspace(-3,3);

binCount3= histc(x_dis_end3,binCenters3);

bw=binCenters3(2)-binCenters3(1);

probScale =sum(binCount3)*bw;

histHandle = bar(binCenters3,binCount3/probScale,'hist');

hold on

hold all

x_bin3=binCenters3;

n=exp(-x_bin3.^2./(4*D*params.tend))./sqrt(4*pi*D*params.tend);

plot(x_bin3,n,'r-','linewidth',2);

%% ------------------------------------------------------------------------

fname=['MSD_Dis_Dt0__T200_dt0_01.mat'];%T=200 dt=0.01 sim=500,Dt=0

load(fname)

MSD_x4=xmsd_mean;

T4=T;

dis4=dis;

x_dis_end4=x1_dis(end,:);

fname=['MSD_Dis_Dt0__T200_dt0_05.mat'];%T=200 dt=0.05 sim=500,Dt=0

load(fname)

MSD_x5=xmsd_mean;

T5=T;

dis5=dis;

x_dis_end5=x1_dis(end,:);

fname=['MSD_Dis_Dt0__T200_dt0_1.mat'];%T=200 dt=0.1 sim=500,Dt=0

load(fname)
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MSD_x6=xmsd_mean;

T6=T;

dis6=dis;

x_dis_end6=x1_dis(end,:);

figure(14)

h(1)=subplot(2,2,1)

D=params.TD+params.v.^2/(6*params.RD);

binCenters4=linspace(-3,3);

binCount= histc(x_dis_end4,binCenters4);

bw=binCenters4(2)-binCenters4(1);

probScale =sum(binCount)*bw;

histHandle = bar(binCenters4,binCount/probScale,'hist');

hold on;

hold all

x_bin4=binCenters4;

n=exp(-x_bin4.^2./(4*D*params.tend))./sqrt(4*pi*D*params.tend);

plot(x_bin4,n,'r-','linewidth',2);

h(2)=subplot(2,2,2)

D=params.TD+params.v.^2/(6*params.RD);

binCenters5=linspace(-3,3);

binCount5= histc(x_dis_end5,binCenters5);

bw=binCenters5(2)-binCenters5(1);

probScale =sum(binCount5)*bw;

histHandle = bar(binCenters5,binCount5/probScale,'hist');

hold on;

hold all

x_bin5=binCenters5;

n=exp(-x_bin5.^2./(4*D*params.tend))./sqrt(4*pi*D*params.tend);%size=100*1

plot(x_bin5,n,'r-','linewidth',2);

h(3)=subplot(2,2,[3 4])

D=params.TD+params.v.^2/(6*params.RD);

binCenters6=linspace(-3,3);

binCount6= histc(x_dis_end6,binCenters6);

233



E.3. MATLAB CODES FOR CHAPTER 4

bw=binCenters6(2)-binCenters6(1);

probScale =sum(binCount6)*bw;

histHandle = bar(binCenters6,binCount6/probScale,'hist');

hold on;

hold all

x_bin6=binCenters6;

n=exp(-x_bin6.^2./(4*D*params.tend))./sqrt(4*pi*D*params.tend);%size=100*1

plot(x_bin6,n,'r-','linewidth',2);

% ---------------------------------

%% Non-helical trajectories in uniform flow

% ---------------------------------

%% ---Clear memory, close figure windows

clear all

close all

%% Specify fixed parameters

params.B=1; % gravitational time scale

params.t0 = 0; % start time of simulation

params.v=0.1; % swimming speed

params.dt =0.01; %time increment

params.TD=0; % translational diffusion

nPeriods=10000; % number of simulated observations

params.tend = nPeriods*params.dt ; % end time

params.nn=3;%#of rows

params.n=3;%# of columns

%% -----------------

%%initial position

params.x0=0;

params.y0=0;

params.z0=0;

%% plot deterministic model

Psi_range=[0,0.5,1.5];
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figure(4)

for j=1:3

params.Psi=Psi_range(j);

params.p=j;

for i=1:5

params.theta0=pi*rand(1);

params.phi0=2*pi*rand(1);

[T,Y] =deterministic_ode_solver(params);

h(j)=subplot(params.nn,params.n,[params.p,params.p+6]);

plot3(Y(:,1),Y(:,2),Y(:,3))

xlabel('x')

ylabel('y')

if j==1

zlabel('z')

end

grid on

hold on

hold all

plot3(0,0,0,'k.','Markersize',20)

view(-13,9)

theta_DET=Y(:,4);

phi_DET=Y(:,5);

px_DET=sin(theta_DET).*cos(phi_DET);

end

end

%% plot stochastic trajectories

Dr_range=[0.01,0.1,0.5];

for k=1:3

params.RD=Dr_range(k);
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figure(k)

for j=1:3

params.Psi=Psi_range(j);

params.p=j;

for i=1:5

params.theta0=pi*rand(1);

params.phi0=2*pi*rand(1);

MDL=Nonhelical_traj(params);

[S,T]=simByEuler(MDL, nPeriods,'DeltaTime',params.dt);

x_stoch=S(:,1);

y_stoch=S(:,2);

z_stoch=S(:,3);

theta_stoch=S(:,4);

phi_stoch=S(:,5);

h(j)=subplot(params.nn,params.n,[params.p,params.p+6]);

plot3(x_stoch,y_stoch,z_stoch)

xlabel('x')

ylabel('y')

if j==1

zlabel('z')

end

grid on

hold on

hold all

plot3(0,0,0,'k.','Markersize',30)

view(-13,9)

end

end
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end

function [T,Y1] =deterministic_ode_solver(params)

% ---------------------------------

%% Non-helical Swimmers

% ---------------------------------

%%Specify initial conditions

y0=zeros(1,3);

y0(4)=params.theta0;

y0(5)=params.phi0;

%% ----- Run simulation ----- %

tspan = [params.t0:params.dt:params.tend];

options = [];

[T,Y1]=ode45(@deterministic_theta_phi_model,tspan,y0,options,params);

%% Non-helical Swimmers

%% Function containing ODEs %

function dydt= deterministic_theta_phi_model(t,y,p)

%% random cell orientation

xpos=y(1);

ypos=y(2);

zpos=y(3);

theta = y(4);

phi= y(5);

%% uniform flow

v=p.v;

Psi=p.Psi;

ux=0;

237



E.3. MATLAB CODES FOR CHAPTER 4

uz=-Psi*xpos;

%

dydt=[...

ux+v*cos(phi)*sin(theta)%dx/dt

v*sin(phi)*sin(theta) %dy/dt

uz+v*cos(theta)%dz/dt

theta_dot(theta,phi,p) % dtheta/dt

phi_dot(theta,phi,p) %dphi/dt

];

function soln=theta_dot(theta,phi,p)

Psi=p.Psi;

soln=-sin(theta)+Psi*cos(phi);

function soln=phi_dot(theta,phi,p)

Psi=p.Psi;

soln=-Psi*sin(phi)*cos(theta)./sin(theta);

% ---------------------------------

%% Non-helical Swimmers Model

% SDE in 2D

% ---------------------------------

function MDL=Nonhelical_traj(params)

%x=p(1)

%y=p(2)

%z=p(3)

%p(1)=theta;

%p(2)=phi;

F = @(t,p)[params.v.*sin(p(4)).*cos(p(5));...

params.v.*sin(p(4)).*sin(p(5));...

-params.Psi.*p(1)+params.v.*cos(p(4));...

-params.B.*sin(p(4))+params.Psi.*cos(p(5))+params.RD.*cot(p(4));...

-params.Psi.*cot(p(4)).*sin(p(5))];

G=@(t,p)[sqrt(2*params.TD) 0 0 0 0;...
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0 sqrt(2*params.TD) 0 0 0;...

0 0 sqrt(2*params.TD) 0 0;...

0 0 0 sqrt(2*params.RD) 0 ;...

0 0 0 0 sqrt(2*params.RD)./sin(p(4)) ];

MDL=sde(F,G,'StartState',[params.x0;params.y0;params.z0;params.theta0;params.phi0],'StartTime',params.t0);

end

% ---------------------------------

% Simulation to generate mat file to plot Mean vertical

% transport for non-helical swimmers

% ---------------------------------

%% ---Clear memory, close figure windows

clear all

close all

%% Specify fixed parameters

params.B=1; % gravitational time

params.t0 = 0; % start time of simulation

params.v=0.1; % swimming speed

params.dt =0.01; %time increment

params.TD=0; %translational diffusion

params.sim =100; %number of simulations

nPeriods=10000; % number of simulated observations

params.tend =nPeriods*params.dt ; % end time

params.nn=3;%#of rows

params.n=3;%# of columns

%% Specify parameter ranges for variable parameters

Psi_range = [0:0.1:2];

Dr_range= [0.01,0.1,0.5];

%% Loop over variable parameters

%%initial position
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params.x0=0;

params.y0=0;

params.z0=0;

Mean_vert_transport_D=zeros(1,length(Psi_range));

Mean_vert_transport_S=zeros(length(Dr_range),length(Psi_range));

vert_transport=zeros(1,params.sim);

for i=1:length(Dr_range)

params.RD=Dr_range(i);

for j=1:length(Psi_range)

params.Psi=Psi_range(j);

for nsim=1:params.sim

params.theta0=pi*rand(1);

params.phi0=2*pi*rand(1);

[T,Y] =deterministic_ode_solver(params);

vert_transport_D=(Y(end,3)-Y(1,3))/(T(end)-T(1));

vert_transport_D_sim(nsim)=vert_transport_D;

MDL=Nonhelical_traj(params);

[S,T]=simByEuler(MDL,nPeriods,'DeltaTime',params.dt);

vert_transport_S=(S(end,3)-S(1,3))/(T(end)-T(1));

vert_transport_S_sim(nsim)=vert_transport_S;

end

Mean_vert_transport_D(i,j)=mean(vert_transport_D_sim);

Mean_vert_transport_S(i,j)=mean(vert_transport_S_sim);

end

end

figure(1)
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plot(Psi_range,Mean_vert_transport_D(i,:),'-*')

hold on

for i=1:length(Dr_range)

plot(Psi_range,Mean_vert_transport_S(i,:),'-*')

xlabel('Psi')

ylabel('mean vertical transport')

hold on

hold all

end

legend(num2str(Dr_range(1)),num2str(Dr_range(2)),num2str(Dr_range(3)))

title('vertical transport for variable values of gamma')

fname=['Nonhelical_mean_vert_trans_Psi.mat'];

save(fname)

% ---------------------------------

%% Plot mean vertical transport for non-helical swimmers

% ---------------------------------

%% ---Clear memory, close figure windows

clear all

close all

%% Specify fixed parameters

fname=['Nonhelical_mean_vert_trans_Psi.mat'];

load(fname)

LineStyleOrder=[': ';'-.';'- '];

Colororder=['b';'g';'r'];

figure (1)

plot(Psi_range,Mean_vert_transport_D(i,:),'k--')

hold on

for i=1:length(Dr_range)

plot(Psi_range,Mean_vert_transport_S(i,:),'Color',Colororder(i,:),'linewidth',2,'LineStyle',LineStyleOrder(i,:))

xlabel('\Psi')

ylabel('$\overline{Z}$','interpreter','latex')

hold on

hold all

end
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hold on

hold all

plot([0,0],[-5,1],'color','b','Linestyle','--')

plot([1,1],[-5,1],'color','k','Linestyle','--')

% ---------------------------------

% Simulation to generate mat file for

% mean vertical transport for helical swimmers as

% a function of propulsive torque strength

% ---------------------------------

%% ---Clear memory, close figure windows

clear all

close all

%% Specify fixed parameters

params.B=1; % gravitational time scale

params.t0=0; % start time of simulation

params.v=0.1; % swimming speed

params.dt =0.01; %time increment

params.gamma=7*pi/16; % angle between propulsive force and torque

params.Psi=1; % shear strength

params.TD=0; % translational diffusion

params.sim =100;% number of simulations

nPeriods=10000; % number of simulated observations

params.tend =nPeriods*params.dt; % end time

params.nn=3;%#of rows

params.n=3;%# of columns

%% Specify parameter ranges for variable parameters

Dr_range= [0.01,0.1,0.5];

Theta_range=[0:0.1:3];

%% Loop over variable parameters

%%initial position

params.x0=0;
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params.y0=0;

params.z0=0;

Mean_vert_transport_D=zeros(1,length(Theta_range));

Mean_vert_transport_S=zeros(length(Dr_range),length(Theta_range));

vert_transport=zeros(1,params.sim);

for i=1:length(Dr_range)

params.RD=Dr_range(i);

for j=1:length(Theta_range)

params.Theta=Theta_range(j);

for nsim=1:params.sim

params.theta0=pi*rand(1);

params.phi0=2*pi*rand(1);

params.psi0=2*pi*rand(1);

[T,Y] =deterministic_ode_solver(params);

vert_transport_D=(Y(end,3)-Y(1,3))/(T(end)-T(1));

vert_transport_D_sim(nsim)=vert_transport_D;

MDL=helical_traj(params);

[S,T]=simByEuler(MDL,nPeriods,'DeltaTime',params.dt);

vert_transport_S=(S(end,3)-S(1,3))/(T(end)-T(1));

vert_transport_S_sim(nsim)=vert_transport_S;

end

Mean_vert_transport_D(i,j)=mean(vert_transport_D_sim);

Mean_vert_transport_S(i,j)=mean(vert_transport_S_sim);

end

end

figure(1)

plot(Theta_range,Mean_vert_transport_D(i,:),'-*')

hold on
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for i=1:length(Dr_range)

plot(Theta_range,Mean_vert_transport_S(i,:),'-*')

xlabel('\Theta')

ylabel('mean vertical transport')

hold on

hold all

end

legend(num2str(Dr_range(1)),num2str(Dr_range(2)),num2str(Dr_range(3)))

title('vertical transport for variable values of gamma')

fname=['Mean_vert_trans_gam7pi16_vary_Th.mat'];

save(fname)

function [T,Y1] =deterministic_ode_solver(params)

y0=zeros(1,3);

y0(4)=params.theta0;

y0(5)=params.phi0;

y0(6)=params.psi0;

%% ----- Run simulation ----- %

tspan = [params.t0:params.dt:params.tend];

%solve differential equations specified by function p_n_model

options = [];

[T,Y1]=ode45(@deterministic_theta_phi_psi_model,tspan,y0,options,params);

%% Function containing ODEs %

function dydt= deterministic_theta_phi_psi_model(t,y,p)

%% random cell orientation
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xpos=y(1);

ypos=y(2);

zpos=y(3);

theta = y(4);

phi= y(5);

psi= y(6);

%% uniform flow

v=p.v;

Psi=p.Psi;

ux=0;

uz=-Psi*xpos;

%

dydt=[...

ux+v*cos(phi)*sin(theta)%dx/dt

v*sin(phi)*sin(theta) %dy/dt

uz+v*cos(theta)%dz/dt

theta_dot(theta,phi,psi,p) % dtheta/dt

phi_dot(theta,phi,psi,p) %dphi/dt

psi_dot(theta,phi,psi,p) %dpsi/dt

];

function soln=theta_dot(theta,phi,psi,p)

%parameters

Theta=p.Theta;

Psi=p.Psi;

gamma=p.gamma;

soln=-sin(theta)+Psi*cos(phi)...

+Theta*sin(gamma)*sin(psi);

function soln=phi_dot(theta,phi,psi,p)

%parameters

Theta=p.Theta;

Psi=p.Psi;

gamma=p.gamma;
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soln=(...

-Psi*sin(phi)*cos(theta)-Theta*sin(gamma)*cos(psi)...

)./sin(theta);

function soln=psi_dot(theta,phi,psi,p)

%parameters

Theta=p.Theta;

Psi=p.Psi;

gamma=p.gamma;

soln=(...

Psi*sin(phi)+Theta*(cos(gamma)*sin(theta)+sin(gamma)*cos(psi)*cos(theta))...

)./sin(theta);

% SDE in

% Helical swimmers model

function MDL=helical_traj(params)

%x=p(1)

%y=p(2)

%z=p(3)

%p(4)=theta;

%p(5)=phi;

%p(6)=psi;

F = @(t,p)[ params.v.*sin(p(4)).*cos(p(5));...

params.v.*sin(p(4)).*sin(p(5));...

-params.Psi.*p(1)+params.v.*cos(p(4));...

-params.B.*sin(p(4))+params.Theta.*sin(params.gamma).*sin(p(6))+params.Psi.*cos(p(5))+params.RD.*cot(p(4));...

-params.Theta.*(sin(params.gamma).*cos(p(6))./sin(p(4)))-params.Psi.*cot(p(4)).*sin(p(5));...

params.Theta.*(cot(p(4)).*cos(p(6)).*sin(params.gamma)+cos(params.gamma))+params.Psi.*(sin(p(5))./sin(p(4)))];

G=@(t,p)[sqrt(2*params.TD) 0 0 0 0 0;...

0 sqrt(2*params.TD) 0 0 0 0;...

0 0 sqrt(2*params.TD) 0 0 0;...

0 0 0 sqrt(2*params.RD) 0 0;...

0 0 0 0 (sqrt(2*params.RD+2*params.RD.*cos(p(4)))./2.*sin(p(4)))+(sqrt(2*params.RD-2*params.RD.*cos(p(4)))./2.*sin(p(4))) (sqrt(2*params.RD-2*params.RD.*cos(p(4)))./2.*sin(p(4)))-(sqrt(2*params.RD+2*params.RD.*cos(p(4)))./2.*sin(p(4)));...

0 0 0 0 (sqrt(2*params.RD-2*params.RD.*cos(p(4)))./2.*sin(p(4)))-(sqrt(2*params.RD+2*params.RD.*cos(p(4)))./2.*sin(p(4))) (sqrt(2*params.RD+2*params.RD.*cos(p(4)))./2.*sin(p(4)))+(sqrt(2*params.RD-2*params.RD.*cos(p(4)))./2.*sin(p(4)))];

MDL=sde(F,G,'StartState',[params.x0;params.y0;params.z0;params.theta0;params.phi0;params.psi0],'StartTime',params.t0);

end
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% ---------------------------------

%% Non-helical trajectories in channel flow

%% SDE model is solved using simByEuler

% ---------------------------------

%% ---Clear memory, close figure windows

clear all

close all

%% Specify fixed parameters

params.t0= 0; % start time of simulation

params.v=0.1; % swimming speed

params.dt =0.01; %time increment

params.RD=0.1; % rotational diffusion

params.TD=0; % translational diffusion

params.Psi_max=2; % shear strngth

nPeriods=20000; % number of simulated observations

params.tend = nPeriods*params.dt ; % end time

params.sim = 1000; % number of simulations

params.nn=3;%#of rows

params.n=3;%# of columns

%% plot stochastic trajectories

figure(1)

for nsim=1:params.sim

params.theta0=pi*rand(1);

params.phi0=2*pi*rand(1);

params.x0=2*rand(1)-1;

params.y0=0;

params.z0=0;

% solve SDE model

MDL=Channel_Nonhelical_traj_Stoch(params);

[S,T]=simByEuler(MDL, nPeriods,'DeltaTime',params.dt);

%****************************************************************

%we impose the following boundary conditions on x and z such that cell that
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%starts at wall stay at wall

index=find(S(:,1)>1);

if(isempty(index))~=1

S(index(1):end,1)=1;

S(index(1):end,3)=S(index(1),3);

end

index=find(S(:,1)<-1);

if(isempty(index))~=1

S(index(1):end,1)=-1;

S(index(1):end,3)=S(index(1),3);

end

plot(S(:,1),S(:,3))

xlabel('x')

ylabel('z')

grid on

hold on

hold all

[N,M]=size(S);

for i=1:N

for j=1:M

Matrix(nsim,i,j)=S(i,j);

end

end

end

mean_x=mean(Matrix(:,:,1),1);

var_x=var(Matrix(:,:,1),1,1);

figure(3)

plot(T,var_x,'r','linewidth',2)

hold on

plot(T,mean_x,'k','linewidth',2)

fname=['variance_nonhelical_1000sim_Dr,1.mat'];

save(fname)
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% ---------------------------------

%% Non-helical Swimmers Model

% SDE in 2D

% ---------------------------------

function MDL=Channel_Nonhelical_traj_Stoch(params)

%x=p(1)

%y=p(2)

%z=p(3)

%p(1)=theta;

%p(2)=phi;

F = @(t,p)[params.v.*sin(p(4)).*cos(p(5));...

params.v.*sin(p(4)).*sin(p(5));...

params.Psi_max*(p(1)^2-1)+params.v.*cos(p(4));...

-sin(p(4))-params.Psi_max*p(1).*cos(p(5))+params.RD.*cot(p(4));...

params.Psi_max*p(1).*cot(p(4)).*sin(p(5))];

G=@(t,p)[sqrt(2.*params.TD) 0 0 0 0;...

0 sqrt(2.*params.TD) 0 0 0;...

0 0 sqrt(2.*params.TD) 0 0;...

0 0 0 sqrt(2.*params.RD) 0 ;...

0 0 0 0 sqrt(2.*params.RD)./sin(p(4)) ];

MDL=sde(F,G,'StartState',[params.x0;params.y0;params.z0;params.theta0;params.phi0],'StartTime',params.t0);

end

% ---------------------------------

% plot histogram

% generate all mat file first%

% ---------------------------------

clear all

close all

%% ------------------------------------------------------------------------

fname=['variance_nonhelical_1000sim_Dr,1.mat'];%Psi_max=2
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load(fname)

[N,M]=size(S);

for k=1:N

for l=1:M

Matrix(nsim,k,l)=S(k,l);

end

end

horpos_stoch1=Matrix(:,end,1);

%% ------------------------------------------------------------------------

hold on

hold all

fname=['variance_nonhelical_1000sim_Dr,3.mat'];%Psi_max=2

load(fname)

[N,M]=size(S);

for k=1:N

for l=1:M

Matrix(nsim,k,l)=S(k,l);

end

end

horpos_stoch2=Matrix(:,end,1);

hold on

hold all

%% ------------------------------------------------------------------------

fname=['variance_nonhelical_1000sim_Dr,5.mat'];%Psi_max=2

load(fname)

[N,M]=size(S);

for k=1:N

for l=1:M

Matrix(nsim,k,l)=S(k,l);

end

end

horpos_stoch3=Matrix(:,end,1);

hold on

hold all
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%% ------------------------------------------------------------------------

fname=['variance_nonhelical_1000sim_Dr,7.mat'];%Psi_max=2

load(fname)

[N,M]=size(S);

for k=1:N

for l=1:M

Matrix(nsim,k,l)=S(k,l);

end

end

horpos_stoch4=Matrix(:,end,1);

hold on

hold all

%% ------------------------------------------------------------------------

horpos_stoch=[horpos_stoch1,horpos_stoch2,horpos_stoch3,horpos_stoch4];

bincentre=linspace(-1,1);

for nplot=1:4

sph(nplot)=subplot(2,2,nplot);

hist(horpos_stoch(:,nplot),bincentre);

hold on

mymap2=[[0,0,0];[0.6,0.6,0.6]];

colormap(mymap2)

set(gca,'xlim',[-1, 1])

end

% plot variance as a function of time

% generate all mat files first

%% ---Clear memory, close figure windows

clear all

close all

%% -----------------------------------------------------------------------

fname=['variance_nonhelical_1000sim_Dr,1.mat'];%Psi_max=2

load(fname)
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var_x=var(Matrix(:,:,1),1,1);

hold on

hold all

plot(T,var_x(:),'k','linewidth',2)

hold on

%% -----------------------------------------------------------------------

fname=['variance_nonhelical_1000sim_Dr,3.mat'];%Psi_max=2

load(fname)

var_x=var(Matrix(:,:,1),1,1);

hold on

hold all

plot(T,var_x(:),'b','linewidth',2)

%% -------------------------------------------------------------------------

fname=['variance_nonhelical_1000sim_Dr,5.mat'];%Psi_max=2

load(fname)

var_x=var(Matrix(:,:,1),1,1);

hold on

hold all

plot(T,var_x(:),'r','linewidth',2)

%% -------------------------------------------------------------------------

fname=['variance_nonhelical_1000sim_Dr,7.mat'];%Psi_max=2

load(fname)

var_x=var(Matrix(:,:,1),1,1);

hold on

hold all

plot(T,var_x(:),'g','linewidth',2)

xlabel('time');

ylabel('variance');

% ---------------------------------

% plot variance as a function of rotaional diffusion

% generate all mat file first
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% ---------------------------------

%% ---Clear memory, close figure windows

clear all

close all

%% ------------------------------------------------------------------------

Dr_range=linspace(0.1,0.7,4);

fname=['variance_nonhelical_1000sim_Dr,1.mat'];%Psimax=2;

load(fname)

var_x=var(Matrix(:,end,1),1,1);

var_x1=var_x;

hold on

hold all

hold on

%% -----------------------------------------------------------------------

fname=['variance_nonhelical_1000sim_Dr,3.mat'];%Psimax=2;

load(fname)

var_x=var(Matrix(:,end,1),1,1);

var_x2=var_x;

hold on

hold all

%% -------------------------------------------------------------------------

fname=['variance_nonhelical_1000sim_Dr,5.mat'];%Psimax=2;

load(fname)

var_x=var(Matrix(:,end,1),1,1);

var_x3=var_x;

hold on

hold all

%% -------------------------------------------------------------------------

fname=['variance_nonhelical_1000sim_Dr,7.mat'];%Psimax=2;

load(fname)

var_x=var(Matrix(:,end,1),1,1);

var_x4=var_x;

hold on

hold all
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%% ------------------------------------------------------------------------

VarX=[var_x1,var_x2,var_x3,var_x4]

plot(Dr_range,VarX,'k-','linewidth',2)

xlabel('rotational diffusion D_r');

ylabel('variance');
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