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Abstract

We suppose that the observed neutrino masses can be parametrised by a lepton number violating dimension-

five operator, and calculate the mixing of double insertions of this operator into lepton flavour changing

dimension-six operators of the standard model effective theory. This allows to predict the log-enhanced,

but m
2

ν -suppressed lepton flavour violation that is generic to high-scale Majorana neutrino mass models.

We also consider the Two Higgs Doublet Model, where the second Higgs allows the construction of three

additional dimension-five operators, and evaluate the corresponding anomalous dimensions. The sensitivity

of current searches for lepton flavour violation to these additional Wilson coefficients is then examined.

1 Introduction

Neutrinos are elusive and enigmatic particles: uncoloured, uncharged, and very light. Nonetheless, their
observed masses and mixing angles [1] imply that Lepton Flavour Violation (LFV) must occur, where we
define LFV as flavour-changing contact interactions of charged leptons (for a review, see e.g. [2]). Since these
do not occur in the Standard Model (SM), LFV is considered to be “New Physics”, and searched for in a
wide variety of experiments [1, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12]. Neutrinos could also induce another kind of New
Physics: if their small masses are “Majorana”, they are Lepton Number Violating (LNV), and could for instance
mediate neutrinoless double-β-decay [13]. Below the weak scale, such masses appear as renormalisable terms
in the Lagrangian, but in the full SU(2) gauge invariant Standard Model, they arise as a non-renormalisable,
dimension-five operator.

In this paper, we will assume that neutrino masses are Majorana, and that the scale Λ of New Physics
in the lepton sector is large. We focus on the theory at scales above mW but below Λ, where it can be
described in the framework of the Standard Model Effective Field Theory1 (SMEFT). The neutrino masses can
be parametrised by operators of dimension five, and LFV is parametrised by operators of dimension-six. Our
aim is to obtain the log-enhanced loop contributions of two LNV operators to LFV processes. These can be
calculated via renormalisation group equations (RGEs), and in particular we aim to calculate the anomalous
dimensions that mix two dimension-five operators into a dimension-six operator. The renormalisation group
running of the dimension-five operators has been extensively studied in the literature [16, 17, 18], and the
mixing of the dimension-six operators among themselves have been evaluated at one-loop [19] in the “Warsaw”-
basis [20] of SMEFT operators. The mixing of two dimension-five operators into dimension-six operators was
calculated in [21], using the Buchmuller-Wyler [22] basis at dimension-six. We perform this calculation using
the “Warsaw”-basis, and our results appear to disagree with [21].

The mixing of neutrino masses into LFV amplitudes is O(mν/mW )2 ln(Λ/mW ), so negligibly small,
but completes the anomalous dimensions required to perform a one-loop renormalisation-group anlysis of
the SMEFT at dimension-six. In addition, we explore an extention of the SMEFT with two Higgs dou-
blets [23], where the second Higgs doublet lives at a scale m22 between mW and significantly below the lepton
number/flavour-changing scale Λ, and we impose that LFV at the weak scale is still described by the dimension-
six operators of the SMEFT. In this scenario, there are four LNV dimension-five operators above m22, but
only one combination of coefficients contributes to neutrino masses. We calculate the mixing of these LNV
operators into the LFV operators of the SMEFT, and estimate the sensitivity of current LFV experiments to
their coefficients.

The paper is organised as follows. In Section 2 we introduce the notation of our standard model and two-
Higgs doublet model calculation. The main results are presented in Section 3, where we discuss the general
structure of our calculation and give the relevant counterterms, anomalous dimensions and renormalisation
group equations. Section 4 discusses the phenomenological implications of both results before we conclude.

∗E-mail address: s.davidson@lupm.in2p3.fr
†E-mail address: martin.gorbahn@liverpool.ac.uk
‡E-mail address: matt.leak@hotmail.co.uk
1For an introduction to EFT, see e.g. [14, 15].
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We provide the relevant Feynman rules, further details of the calculation (including a careful treatment of
the flavour structures), and the renormalisation group in the Appendices A – C. The LFV operators of the
SMEFT are recalled in Appendix D, and Appendix E gives the current experimental constraints on some LFV
coefficients of the SMEFT at the weak scale. Appendix F provides a comparison with the previous calculation
of [21] and Appendix G presents the lepton conserving contributions to the anomalous dimensions.

2 Notation and Review

The SM Lagrangian for leptons can be written as

Llep = iℓα γ
µDµ ℓα + ieαγ

µDµ eα −
(
[Ye]αβ ℓ̄αHeβ + h.c.

)
(2.1)

where Greek letters represent lepton generation indices in the charged-lepton mass eigenstate basis, [Ye] is
the diagonal charged-lepton Yukawa matrix, ℓ is a doublet of left-handed leptons, and e is a right-handed
charged-lepton singlet. The explicit form of the lepton and Higgs doublets is

ℓ =

(
νL
eL

)
, H =

(
H+

H0

)
, (2.2)

which have hypercharge yℓ = −1/2 and yH = 1/2 respectively. The covariant derivative for a lepton doublet is

(Dµℓ)
i
α =

(
δij∂µ + i

g

2
τaijW

a
µ + iδijg

′yℓBµ

)
ℓjα, (2.3)

where τa are the Pauli matrices. This sign convention for the covariant derivative agrees with [19].
Heavy New Physics can be parameterised by adding non-renormalisable operators to the SM Lagrangian

that respect the SM gauge symmetries [22]. There is only a single operator at dimension-five in the SM,
which is the Lepton Number Violating “Weinberg” operator [24] which is responsible for Majorana masses of
left-handed neutrinos. The resulting effective Lagrangian at dimension-five is

δL5 =
Cαβ5

2Λ
(ℓαεH

∗)(ℓcβεH
∗) +

Cαβ∗5

2Λ
(ℓcβεH)(ℓαεH) , (2.4)

where ε is the totally antisymmetric rank-2 Levi-Civita symbol with ε12 = +1, all implicit SU(2) indices inside
brackets are contracted, and the charge conjugation acts on the SU(2) component ℓi of the lepton doublet as(
ℓi
)c

= Cℓi
T
. The charge conjugation matrix C fulfils the properties of the charge-conjugation matrix used in

[25]2. The coefficient Cαβ5 is symmetric under the interchange of the generation indices α, β, the New Physics
scale Λ is assumed ≫ mW , and the second term is the hermitian conjugate of the first.

In the broken theory, with H0 = v + (h/
√
2), v ≃ mt, this gives a Majorana neutrino mass matrix

δL = −1

2
[mν ]αβναν

c
β + h.c [mν ]αβ = −v

2

Λ
Cαβ5 (2.5)

In the charged lepton mass eigenstate basis, this mass matrix is diagonalised by the PMNS matrix [mν ]αβ =
UαimνiUβi.

At dimension-six, we will be interested in SM-gauge invariant operators that violate lepton flavour; a
complete list is given in Appendix D. Following the conventions of [20, 19], they are added to the Lagrangian
as:

δL6 =
∑

X,ζ

CζX
Λ2

Oζ
X + h.c. (2.6)

where X is an operator label and ζ represents all required generation indices which are summed over all
generations. Of particular interest are the operators that can be generated at one-loop with two insertions of
dimension-five operators, as illustrated in figure 1. With SM particle content, these operators involve two Higgs

2Note that this definition of the dimension-five operator is the hermitian conjugate of the one used in [20] where C = iγ2γ0 in
the Dirac representation, since in this representation C−1 = −C.
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doublets and two lepton doublets, four lepton doublets, or three Higgs doublets and leptons of both chiralities.
In the “Warsaw” basis [20], the possibilities at dimension-six are:

Oαβ
Hℓ(1) =

i

2
(H† ↔

DµH)(ℓαγ
µℓβ) Oαβ

Hℓ(3) =
i

2
(H†

↔
Da
µH)(ℓαγ

µτaℓβ)

Oαβ
eH =(H†H)ℓαHeβ Oαβγδ

ℓℓ =
1

2
(ℓ̄αγµℓβ)(ℓ̄γγ

µℓδ) (2.7)

where we normalise the “Hermitian” operators with a factor of 1/2 (see appendix D for a discussion) in order
to agree with [20, 19], and

i(H† ↔
Dµ H) ≡ i(H†DµH)− i(DµH)†H

= H†(i∂µH)− i(∂µH)†H − gH†τaW a
µH − 2yHg

′H†BµH ,

i(H†
↔
Da
µH) ≡ i(H†τaDµH)− i(DµH)†τaH . (2.8)

The choice of operator basis implies a choice of operators that vanish by the Equations of Motion (EOMs).
For example iD/ ℓα − [Ye]

ασHeσ = 0 implies that the following operators

Oαβ
v(1) = (H†H)i(ℓα

↔
D/ ℓβ)− (H†H)(ℓαHeσ[Y

T
e ]σβ + [Y ∗

e ]ασeσH
†ℓβ) ,

Oαβ
v(3) = i(H†τaH)(ℓα

↔
D/ aℓβ)− (H†H)(ℓαHeσ[Y

T
e ]σβ + [Y ∗

e ]ασeσH
†ℓβ) , (2.9)

are EOM-vanishing operators. The role of these operators becomes clear by noting that in intermediate steps
of our off-shell calculations, additional structures appear that can conveniently be matched onto combinations
of EOM-vanishing operators and operators of the Warsaw basis. For example the structures involving two
Higgs fields and a covariant derivative of a lepton doublet are expressed in terms of the above operators as:

SαβHDℓ(1) = (H†H)i(ℓα
↔
D/ ℓβ) = Oαβ

v(1) +Oασ
eH [Y Te ]σβ + [Y ∗

e ]ασO†σβ
eH ,

SαβHDℓ(3) = i(H†τaH)(ℓα
↔
D/ aℓβ) = Oαβ

v(3) +Oασ
eH [Y Te ]σβ + [Y ∗

e ]ασO†σβ
eH . (2.10)

In practice, if the coefficients CβαHDℓ(1) and CβαHDℓ(3) of these structures are present, they are equivalent to

CβσeH = CβαHDℓ(1)[Ye]
ασ + CβαHDℓ(3)[Ye]

ασ (and the hermitian conjugate relation).

2.1 In the case of the 2HDM

In this section, we consider the addition of a second Higgs doublet H2 to the SM, of the same hypercharge
as the SM Higgs (which we relabel H1). The LFV induced by double-insertions of dimension-five operators
could be more significant in this model, because there are several dimension-five operators, so neutrino masses
cannot constrain them all. However, a complete analysis of LFV in the 2HDM would require extending the
operator basis at dimension-six and calculating the additional terms in the RGEs, which is beyond the scope
of this work. So for simplicity, we make three restrictions:

1. First, we consider only the dimension-six LFV operators of the SMEFT. This is the appropriate set of
dimension-six operators just above mW , provided that H2 has no vev, and that the mass m22 of the
additional Higgses is sufficiently high: m2

W ≪ m2
22 ≪ Λ2. In our phenomenological analysis we extend

this range to the scenariom2
W . m2

22 ≪ Λ2, by considering a Higgs potential where the additional Higgses
are not directly observable at the LHC, and where the Yukawa couplings of H2 are vanishing. Such a
scenario would for example be realised in the inert two Higgs doublet model [26, 27, 28, 29] and setting the
scale m22 close to the electroweak scale will not require the consideration of additional renormalisation
group effects in the SMEFT.

2. Second, we suppose that at the high scale Λ no dimension-six LFV operators are generated. This is
unrealistic, but allows us to focus on the LFV generated by double-insertions of the dimension-five
operators.

3



3. Third, we suppose there is no LFV in the renormalisable couplings of the 2HDM (in particular, in the
lepton Yukawas), so that when matching the 2HDM + dimension-five operators onto the SMEFT at the
intermediate scale m22, no additional LFV operators are generated.

Consider first the renormalisable Lagrangian. The Yukawa couplings can be written [30]:

δL2HDM = −(ν, eL)[Y
(1)]

(
H+

1

H0
1

)
e− e[Y (1)]†H†

1ℓ− (ν, eL)[Y
(2)]

(
H+

2

H0
2

)
e− e[Y (2)]†H†

2ℓ , (2.11)

where the flavour indices are implicit, and the basis in (H1, H2) space is taken to be the “Higgs basis” where
〈H2〉 = 0. We suppose that [Y (1)] and [Y (2)] are simultaneously diagonalisable on their lepton flavour indices.

The second Yukawa coupling changes the Equations of Motion for the leptons, so the 2HDM version of
the equation-of-motion vanishing operators (given in eqn (2.9) for the single Higgs model) should be modified.
As a result, the operators OHDℓ(1) and OHDℓ(3) should not be replaced only by the SMEFT operator OeH , as
given in eqns (2.10), but also by an operator with an external H2 leg. However, since we neglect dimension-six
operators with external H2, we use the relations (2.9) and (2.10) also in the 2HDM case.

In this “Higgs” basis, the most general Higgs potential is

V = m2
11H

†
1H1 +m2

22H
†
2H2 − [m2

12H
†
1H2 + h.c.]

+
1

2
λ1(H

†
1H1)

2 +
1

2
λ2(H

†
2H2)

2 + λ3(H
†
1H1)(H

†
2H2) + λ4(H

†
1H2)(H

†
2H1)

+

{
1

2
λ5(H

†
1H2)

2 +
[
λ6 (H

†
1H1) + λ7(H

†
2H2)

]
H†

1H2 + h.c.

}
. (2.12)

In order to decouple the additional Higgses, we can, for instance, set m2
12 = 0 and assume m2

22 ≫ m2
W , or leave

m2
22 free, and impose m2

12 = λ6 = λ7 = [Y (2)] = 0.
At dimension-five in the 2HDM, there are four operators [16]:

δL = +
Cαβ5

2Λ
(ℓαεH

∗
1 )(ℓ

c
βεH

∗
1 ) +

Cαβ∗5

2Λ
(ℓcβεH1)(ℓαεH1)

+
Cαβ21

2Λ

(
(ℓαεH

∗
2 )(ℓ

c
βεH

∗
1 ) + (ℓβεH

∗
1 )(ℓ

c
αεH

∗
2 )
)
+
Cαβ∗21

2Λ

(
(ℓcβεH2)(ℓαεH1) + (ℓcαεH1)(ℓβεH2)

)

+
Cαβ22

2Λ
(ℓαεH

∗
2 )(ℓ

c
βεH

∗
2 ) +

Cαβ∗22

2Λ
(ℓcβεH2)(ℓαεH2)

−C
αβ
A

2Λ
(ℓαεℓ

c
β)(H

†
1εH

∗
2 )−

Cαβ∗A

2Λ
(ℓcβεℓα)(H2εH1) , (2.13)

where {C5, C22, C21} are symmetric on flavour indices (so can contribute to neutrino masses). In the O21

operator, (ℓαεH
∗
2 )(ℓ

c
βεH

∗
1 ) = (ℓβεH

∗
1 )(ℓ

c
αεH

∗
2 ), but both terms are retained here because they are convenient

in our Feynman rule conventions3.
Tree-level LFV is often avoided in the 2HDM by imposing a Z2 symmetry on the renormalisable La-

grangian: if under the Z2 transformation, H1 → H1 and H2 → −H2, then [Y2], λ6 and λ7 are forbidden. We
will later discuss this case, but do not impose the Z2 symmetry from the beginning, because it also forbids the
C21, C12 and CA coefficients at dimension-five.

3 The EFT Calculation

3.1 Diagrams and Divergences

Diagrams with two insertions of the dimension-five operators are illustrated in figures 1 and 2. We focus on
the lepton flavour violating diagrams of figure 1, and discuss the four-Higgs operators generated by figure 2 in
Appendix G, because four-Higgs interactions are flavour conserving and arise in the SM.

3The operator O21 can also be written as 2(ℓβǫH
∗
1
)(ℓcαǫH

∗
2
) +(ℓβǫℓ

c
α)(H

∗
1
ǫH∗

2
) using the identity (A.9), as done in the first

reference of [16].
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ℓnα(pi)

(ℓc)lρ

ℓiβ(pf )

HM (qi) HJ(qf )
HK

eα
ℓoα (ℓc)lρ

ℓnβ

HK

HI

HJ

HM

ℓjα

HM

(ℓc)lρ

(ℓc)iσ ℓkβ

HN

Figure 1: Diagrams involving two insertions of dimension-five operators, that can contribute to dimension-
six lepton-flavour-violating operators. SU(2) indices run from I, ..., O and i, ..., o, lepton flavour indices are
α, β, ρ, σ.

HJ

ℓiα

HL

HI HK

(ℓc)jβ

Figure 2: Two insertions of dimension-five operators can also contribute to dimension-six operators involving
four Higgses via this diagram.

The Feynman rules arising from the (tree-level) Lagrangian of equations (2.1, 2.4, 2.6) are given in Ap-
pendix A. We use them to evaluate, using dimensional regularisation in 4−2ǫ dimensions in MS, the coefficient
of the 1/ǫ divergence of each diagram of figure 1. These coefficients can be expressed as a sum of numerical
factors multiplying the Feynman rules for the dimension-six operators of equations (2.7) and (2.10) (these
Feynman rules are given in Appendix A), and then the EOMs are used to transform the operators of eqn (2.10)

to OeH and O†
eH . The required counterterm ∆CO for each of the dimension-six operators given in eqn (2.7)

can be identified as (−1)× the numerical factor that multiplies its Feynman rule. This counterterm is added
in the Lagrangian to the operator coefficient CO, resulting in a “bare” coefficient CO,bare = µ2ǫ(CO + ∆CO)
that should be independent of the MS renormalisation scale µ. Note that the factor µ2ǫ is chosen such that
bare Lagrangian remains d-dimensional.

A more complete and rigorous presentation will be required in the next section, in order to derive the
RGEs, so let us replace counterterms by Z factors in order to minimise notation and introduce the necessary
factors of µ2ǫ to obtain the correct dimensions. More details of the formalism and calculations are given in
Appendix C.

We allow for multiple operators at both dimension-six and -five, and align the dimension-six coefficients
in a row vector C̃, and the dimension-five coefficients in a row vector ~C. Then the bare coefficients can be
written

~Cbare = µ2ǫ ~C[Z] , C̃bare = µ2ǫ
[
C̃Ẑ + ~C[Z̃]~C† ] (3.1)

where matrices wearing a hat act on the space of dimension-six coefficients, and matrices in square brackets
act in the dimension-five space, so Ẑ represents the renormalisation of dimension-six coefficients amongst
themselves, and [Z] represents the renormalisation of dimension-five coefficients. The quantity [Z̃] renormalises
insertions of two dimension-five operators; [Z̃]ijk is a vector in the dimension-six space with index k, and a matrix
in the dimension-five space with indices i, j. In the single Higgs model, i, j correspond to the flavour indices of
the Weinberg operator, e.g. i = αβ, j = ρσ. The index k corresponds to the operator labels and flavour indices
of dimension-six operators. The counterterms that renormalise the diagrams of figure 1 are then components
of the vector ~C[Z̃]~C†. All terms in the above expressions assume an implicit sum over flavour indices; the
explicit flavour dependence is presented in Appendix B.

The first diagram of figure 1 has two Higgs and two doublet-lepton legs and so must be renormalised by
the operators OHℓ(3) and OHℓ(1), and the structures SHDℓ(1) and SHDℓ(3). Since these all involve a derivative,
the diagram is calculated for finite external momenta. The counterterms that we obtain from this diagram
differ from those given in [21]; as discussed in Appendix F, it appears that the authors of [21] dropped one of
the terms multiplying the 1/ǫ divergence. We check our result by attaching an external Bµ or W a

µ boson, in
all possible ways, to the first diagram of figure 1, and verify that our counterterms also cancel the divergences
of the 2-Higgs-2-lepton-gauge boson vertices generated by two insertations of the Weinberg operator (this is

5



outlined in Appendix B.3). This diagram can be renormalised using the following counterterms:

(~C[Z̃]~C†)βαHℓ(1) = −3

4

1

16π2ǫ
[C5C

∗
5 ]
βα , (3.2)

(~C[Z̃]~C†)βαHℓ(3) = +
2

4

1

16π2ǫ
[C5C

∗
5 ]
βα , (3.3)

(~C[Z̃]~C†)βαHDℓ(1) = −3

4

1

16π2ǫ
[C5C

∗
5 ]
βα , (3.4)

(~C[Z̃]~C†)βαHDℓ(3) = +
2

4

1

16π2ǫ
[C5C

∗
5 ]
βα , (3.5)

where the last two counterterms represent divergences proportional to the structures SHDℓ(1) and SHDℓ(3),
which contribute to the renormalisation of CeH through the linear combination given in eqn (2.10).

The middle diagram of figure 1 contributes to Oβα
eH , and the divergence it induces can be removed by

the counterterm (16π2ǫ)−1[C5C
∗
5Y ]βα (where the flavour index order is doublet-singlet). Including also the

counterterms for SβαHDℓ(1) and SβαHDℓ(3) (eqns (3.4,3.5)) gives

(~C[Z̃]~C†)βαeH = +
3

4

1

16π2ǫ
[C5C

∗
5Y ]βα (3.6)

Since the structures SHDℓ(3) and SHDℓ(1) are hermitian, they contribute to the renormalisation of both OeH

and O†
eH (see eqn(2.10)). Only the contribution to OeH is included in (3.6), because the hermitian conjugate in

(2.6) generates a counterterm proportional to O†
eH that absorbs the divergence of the the “conjugate” process

of figure 1.
The third diagram of figure 1 contributes to the four-lepton operator Oραβσ

ℓℓ , and the divergence it induces
can be removed by the counterterm

(~C[Z̃]~C†)ραβσℓℓ = −1

4

1

16π2ǫ
Cρβ5 C∗σα

5 . (3.7)

3.2 The 2HDM

In the 2HDM, we consider diagrams analogous to figure 1, but with insertions of any of the dimension-five
operators given in eqn (2.13). The external Higgs lines are required to be H1, but the internal Higgs lines
can be either doublet. The counterterms required to cancel double-insertions of the O5 operator, discussed in
the previous section, also arise in the 2HDM. In this section, we only list the additional contributions to the
counterterms.

We start again with the first diagram of figure 1, with O21 or OA at the vertices. Since by construction,
the Feynman rule for O21 is identical to the rule for O5, double-insertions of O21 require the same counterterms
as given in eqns (3.2) to (3.5), but with C5, C

∗
5 replaced by C21, C

∗
21. Double insertions of the antisymmtric

operator OA require the counterterms:

∆(~C[Z̃]~C†)βαHℓ(1) =
1

4

1

16π2ǫ
[CAC

∗
A]
βα , (3.8)

∆(~C[Z̃]~C†)βαHDℓ(1) =
1

4

1

16π2ǫ
[CAC

∗
A]
βα . (3.9)

Finally, OA at one vertex and O21 at the other require the contributions to the counterterms:

∆(~C[Z̃]~C†)βαHℓ(3) =
1

4

1

16π2ǫ
[CAC

∗
21 − C21C

∗
A]
βα , (3.10)

∆(~C[Z̃]~C†)βαHDℓ(3) =
1

4

1

16π2ǫ
[CAC

∗
21 − C21C

∗
A]
βα . (3.11)

It is straightforward to check, using respectively the antisymmetry and symmetry of CA and C21 on flavour
indices, that the combination [CAC

∗
21 − C21C

∗
A] is hermitian, as expected for the coefficients of OHℓ(3) and

OHDℓ(3).
Consider next the middle diagram of figure 1. Only the internal Higgs lines can be H2, so the additional

divergences in the 2HDM will arise from OA or O21 at the vertex farthest from the Yukawa coupling, which

6



can be cancelled by the counterterms (16π2ǫ)−1[C21C
∗
5Y2]

βα and −[CAC
∗
5Y2]

βα/(16π2ǫ). Including also the

additional counterterms for Oβα
HDℓ(1) and Oβα

HDℓ(3) in the 2HDM gives

∆(~C[Z̃]~C†)βαeH =
1

4

1

16π2ǫ

(
4[(C21 − CA)C

∗
5Y2]

βα + [(CAC
∗
A + CAC

∗
21 − C21C

∗
A − C21C

∗
21)Y1]

βα
)
. (3.12)

Finally, for the four-lepton operator, there are additional counterterms in the 2HDM to cancel the diver-
gences induced by double-insertions of O22, of O21, and of OA. (The possible diagrams with an insertion of
both O21 and OA vanish due to anti-symmetry.) We obtain:

∆(~C[Z̃]~C†)ρσβαℓℓ = −1

4

1

16π2ǫ
Cρβ22 C

∗ασ
22 − 1

2

1

16π2ǫ
Cρβ21 C

∗ασ
21 +

1

2

1

16π2ǫ
CρβA C∗ασ

A . (3.13)

3.3 The Renormalisation Group Equations

The contribution of dimension-five operators to the Renormalisation Group Equations of dimension-six op-
erators, due to double insertions, can be obtained following the discussion of Herrlich and Nierste [31]. The
derivation is presented in Appendix C. Here we schematically outline the result.

The bare Lagrangian coefficients are defined at one loop as in eqn (3.1), where the counterterm for one
operator can depend on the coefficients of other operators. Recall that the bare coefficients are independent
of the dimensionful parameter µ, and that the renormalised Cs are dimensionless. Using ~C = µ−2ǫ ~Cbare[Z

−1]
allows one to obtain, in 4− 2ǫ dimensions:

(16π2)µ
d

dµ
~C = − ~C

{
2ǫ(16π2) + (16π2)

[
µ
d

dµ
Z

]
[Z−1]

}
≡ ~C[γ]− 2ǫ(16π2)~C (3.14)

where [γ] denotes the 4-dimensional anomalous dimension matrix, and we (unconventionally)4 factor the 16π2

out of the anomalous dimension matrices. While the −2ǫ term does not contribute in d = 4 dimensions to the
mixing of the dimension-five operators, it plays an essential role in the renormalisation group equations of the
dimension-six operators.

For the dimension-six coefficients, it is straightforward to obtain from eqn (3.1):

µ
d

dµ
C̃ =− C̃ ·

{
µ
d

dµ
Ẑ

}
Ẑ−1 + 2ǫ ~C · Z̃ · ~C†Ẑ−1

− ~C ·
[
µ
d

dµ
Z̃

]
· ~C†Ẑ−1 − ~C · [Z]

[
µ
d

dµ
Z−1

]
· [Z̃] · ~C†Ẑ−1 − ~C · [Z̃] ·

[
µ
d

dµ
Z−1

]†
[Z]† ~C†Ẑ−1 ,

(3.15)

where terms of O(ǫ) that vanish in 4 dimensions are neglected, and the summation over flavour and operator
indices is indicated with a dot. The second line can be dropped, because the first term vanishes at one loop,
and the remaining terms are of two-loop order because both [Z̃] and d[Z−1]/dµ arise at one-loop. So the
renormalisation group equations for the dimension-six coefficients can be written

(16π2)µ
d

dµ
C̃ = C̃γ̂ + ~C[γ̃]~C† , (3.16)

where γ̂ is the one-loop anomalous dimension matrix for dimension-six operators [19] and [γ̃] = 2(16π2)ǫ[Z̃] is
the anomalous dimension tensor.

We give below the anomalous dimensions describing the one-loop mixing of double-insertions of dimension-
five operators into LFV dimension-six operators, in the 2HDM. The single Higgs model can be easily retrieved
by setting C21 = CA = C22 = 0 in the equations below. The anomalous dimension tensor mixing a pair of
dimension-five operators into a dimension-six operator is neccessarily a three-index object; below we sum over
the two dimension-five indices, and give these summed components of the tensor as elements of a vector in the

4The usual definition [15] is µ d
dµ

C = Cγ, then γ is expanded in loops: γ = αs
4π

γ0 + .... However, here we only work at one

loop, have other subscripts on our γs and the one loop mixing of dimension-five-squared into dimension-six is not induced by a
renormalisable coupling. So we factor out the 16π2.
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dimension-six operator space. These anomalous dimensions parametrise the mixing of figure 1 in the 2HDM
(recall that a factor 1/16π2 is scaled out of our anomalous dimensions):

(~C[γ̃]~C†)βαHℓ(1) = −Cβρ5
3δρσ
2

C∗σα
5

−Cβρ21
3δρσ
2

C∗σα
21 + CβρA

δρσ
2
C∗σα
A (3.17)

(~C[γ̃]~C†)βαHℓ(3) = Cβρ5 δρσC
∗σα
5

+Cβρ21 δρσC
∗σα
21 + CβρA

δρσ
2
C∗σα

21 − Cβρ21
δρσ
2
C∗σα
A (3.18)

(~C[γ̃]~C†)βαeH = Cβρ5
3[Y1]ηαδρσ

2
C∗ση

5

+2[(C21 − CA)C
∗
5Y2]

βα +
1

2
[(CAC

∗
A + CAC

∗
21 − C21C

∗
A − C21C

∗
21)Y1]

βα (3.19)

(~C[γ̃]~C†)ρσβαℓℓ = −Cβρ5
1

2
C∗σα

5

−Cβρ22
1

2
C∗σα

22 − Cβρ21 C
∗σα
21 + CβρA C∗σα

A (3.20)

where the operator label and flavour indices on the left-hand-side refer to the dimension-six operator (the
dimension-five indices are summed).

In the next section, we will need the RGEs for dimension-five operators. Recall that in the single Higgs
model, [γ] is in principle a 9×9 matrix (or 6×6, if one uses the symmetry of Cαβ5 ), mixing the elements of
C5 among themselves. However, in the basis where the charged leptons are diagonal, [γ] is diagonal, and the

anomalous dimension for the coefficient Cαβ5 of the Weinberg operator is [16]:

16π2γ = −3

2
([Ye]

2
αα + [Ye]

2
ββ) + (λ− 3g2 + 2Tr(3[Yu]

†[Yu] + 3[Yd]
†[Yd] + [Ye]

†[Ye])) (3.21)

where the Higgs self-interaction in the SM Lagrangian is λ
4 (H

†H)2, and [Yf ] are the fermion Yukawa matrices.

4 Phenomenology

In order to solve the RGEs, it is convenient to define t = 1
16π2 ln

µ
mW

, in which case the one-loop RGEs for
dimension-five and -six operator coefficients can be written as

d

dt
C̃ = C̃ · γ̂ + ~C · [γ̃] · ~C†

d

dt
~C = ~C · [γ] . (4.1)

These are among the most familiar of differential equations, whose solutions have the form

~C(tf ) = ~C(0) exp{γtf} ≃ ~C(0)
[
1 + γ

1

16π2
ln

(
Λ

mW

)
+ ...

]
(4.2)

C̃(tf ) =
[ ∫ tf

0

dτ ~C(0)eγτ [γ̃][eγτ ]T ~C†(0)e−γ̂τ + C̃(0)
]
eγ̂tf (4.3)

where 16π2tf = ln
(

Λ
mW

)
. In these solutions, the anomalous dimension matrices were approximated as con-

stant; this is not a good approximation, because the anomalous dimensions depend on running coupling con-
stants, in particular the Yukawa couplings can evolve significantly above mW .

A simple solution to eqn (4.3) can be obtained by expanding the exponentials under the integral, as in
eqn (4.2):

C̃(mW ) = C̃(Λ)− C̃(Λ)γ̂
1

16π2
ln

Λ

mW
− ~C(Λ)[γ̃]~C†(Λ)

1

16π2
ln

Λ

mW
+ ... (4.4)
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4.1 The single Higgs model

In the SM case where there is only one Higgs doublet, there is only the Weinberg operator at dimension-five:
a symmetric 3 × 3 matrix, whose entries are determined by neutrino masses and mixing angles (in the mass
basis of charged leptons). We now want to estimate the contribution of double-insertions of this dimension-five
operator to lepton-flavour violating processes.

We neglect the “Majorana phases”, suppose that the lightest neutrino mass is negligible, and and neglect
the lepton Yukawas in the RGEs. Then the RG running of Cαβ5 between mW and Λ can be approximated as
a rescaling, with γ ≈ λ− 3g2 + 6y2t ≈ 3.5:

Cαβ5 (Λ) = Cαβ5 (mW )
[
1 + 3.5

1

16π2
ln

Λ

mW
+ ...

]
(4.5)

For Λ ≤ 1016 GeV, the log is ≤ 32.
We can now estimate the contribution of the neutrino mass operator to lepton flavour violating processes

from eqn (4.4). We neglect C̃(Λ) and find that the contribution is 1
16π2 ln

Λ
mW

× the coefficients of eqns (3.17)
to (3.20), that is, of order

C̃(mW ) ∼ C2
5

16π2
ln

Λ

mW
. (4.6)

As expected, this is negligibly small, because C2
5/Λ

2 ∼ m2
ν/v

4 .

4.2 The two Higgs doublet model

Experimental Neutrino data constrain the dimension-five operator in the one Higgs doublet model, so the
lepton flavour violating effects estimated in eqn (4.6) are suppressed by the smallness of the neutrino masses.
The situation changes in an extended Higgs sector, where more than one dimension-five operator is present.
The operator OA cannot contribute to neutrino masses as it is anti-symmetric in flavour space and is hence
unconstrained. In addition, the neutrino mass contribution of operators O21 and O22 is suppressed if the
vacuum expectation value of the second Higgs doublet is small. Renormalisation group effects [16, 17, 18] will
in general mix all operators, which could lift these suppression mechanisms at loop level. However the mixing
factorises in the limit where λ6, λ7 and Y (2) tend to zero: then the operators O21 and OA will not mix into O5

and O22 and are hence not constrained by the observed neutrino masses. Furthermore, the mixing of O22 into
O5 vanishes in the limit where in addition λ5 tends to zero (see [32] for a symmetry argument).

In the following we will study the sensitivity of lepton-flavour violating decays to these additional operators.
We assume that the Wilson coefficients of the dimension-five operators are generated at Λ = 10TeV, while
all other dimension-six Wilson coefficients are zero at this scale. To avoid constraints from the observed
neutrino masses we consider the scenario where the second Higgs doublet has a negligible vacuum expectation
value and a mass at the weak scale. The Higgs sector could be assumed to be close to that of an inert
two-Higgs doublet model [26, 27, 28, 29] and the dangerous couplings λ6, λ7 and Y (2) are not generated
radiatively. Renormalisation group running will then generate non-zero Wilson coefficients of several dimension-
six operators at µ ∼ v. Only those dimension-six operators that involve standard model particles are of interest
to us, since the vanishing vacuum expectation value of the second Higgs doublet will suppress the contribution
of the other operators after spontaneous symmetry breaking. Applying the constraints of Table 1 of the Wilson
coefficients evaluated using eqn (4.4) neglecting the small log ln(m22/mW ), we find the following: the µ→ 3e
decays provide the greatest sensitivity to the additional dimension-five Wilson coefficients. In particular the
left-handed contribution implies

∣∣∣∣C
ee
21C

eµ∗
21 + 0.5Cee22C

eµ∗
22 + 0.1

∑

σ

(CeσA − Ceσ21 )
(
Cσµ∗A + Cσµ∗21

) ∣∣∣∣ <
1

5.2 ln (Λ/m22)

(
Λ

10TeV

)2

, (4.7)

where we neglected the mixing of the dimension-five operators amongst themselves, as this would contribute
at two-loop order to the lepton flavour violating processes. For the right-handed contribution we find

∣∣∣∣
∑

σ

(CeσA − Ceσ21 )
(
Cσµ∗A + Cσµ∗21

) ∣∣∣∣ <
1.6

ln (Λ/m22)

(
Λ

10TeV

)2

, (4.8)
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which exhibits a weaker sensitivity. It is interesting to note that current experimental data is already sensitive
to this parameter space of Wilson coefficients. The contribution to the µ → eγ is further suppressed by the
smallness of the Yukawa couplings which puts these beyond current experimental sensitivity. We also checked
that the current experimental situation for τ decays does not lead to significant constraints.

5 Summary

Motivated by neutrino masses and the expected progress in searches for lepton flavour violation, we calculated
the leading one-loop contribution of a pair of lepton number violating dimension-five operators to the coefficients
of lepton flavour violating dimension-six operators. The diagrams are given in figure 1. The dimension-five
operators that we considered are the Weinberg operator, constructed out of SM fields and given in eqn (2.4),
and three additional dimension-five operators that can be constructed in the Two Higgs Doublet Model, given
in eqn (2.13). The dimension-six, lepton flavour violating operators of the SMEFT are listed in Appendix D,
in the “Warsaw” basis, and the subset of these operators relevant for our calculation is given in eqn (2.7). A
selection of constraints on their coefficients, evaluated at the weak scale, is given in Appendix E.

In section 3, we obtain the anomalous dimensions mixing two dimension-five operators into the lepton
flavour violating operators of eqn (2.7). The required counterterms are given in eqns (3.2-3.7) for the Standard
Model with a single Higgs, and in eqns (3.8-3.13) for the case of the Two Higgs doublet model. Then in
section 3.3, we outline the derivation of the renormalisation group equations (Appendices B and C present our
calculation and the flavour dependence of our result in more detail), and the resulting anomalous dimensions
are listed in eqns (3.17-3.20). The mixing of two dimension-five operators into the lepton flavour conserving
four-Higgs operator, via the diagram of figure 2 is given in Appendix G; however, we do not consider mixing into
dimension six operators constructed with the second Higgs of the 2 Higgs Doublet Model. This completes the
one loop renormalisation group equations of the standard model effective theory, up to operators of dimension
six. It is amusing that the insignificant effect we calculate does not involve Standard Model couplings, so, in
an expansion in terms of SM couplings, our result is the “leading” contribution to the one-loop RGEs of the
dimension-six SMEFT 5.

In the effective field theory constructed with Standard Model fields, the coefficient of the Weinberg operator
is proportional to the neutrino mass matrix. So the lepton flavour changing amplitudes induced by double
insertions of the Weinberg operator are ∝ (mν/mW )2 ln Λ/mW , and far below current sensitivities. This is
outlined in section 4.1. However, the situation is different in the 2 Higgs doublet model, as discussed in section
4.2: there are four operators at dimension five, and the neutrino mass matrix only constrains one combination.
We evaluated the mixing of the four operators into lepton flavour violating operators of the standard model
effective theory, and for a lepton number violating scale of 10 TeV we found that the current experimental
value of µ→ 3e is sensitive to the Wilson coefficients of these additional operators.
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A Feynman rules and Identities

A.1 Feynman rules

We use Feynman rules of reference [25], in order that the fermion traces in loops multiply spinors in the
correct order. The Feynman rule for the Weinberg operator of eqn (2.4) can be obtained reliably by using LSZ
reduction or Wick’s theorem, which gives the signs for fermion interchange. The fermion fields are expanded

5Mixing among dimension six operators occurs via the exchange of a SM particle, so is ∝ [SM coupling]2).
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as [33]

ψ(x) =
∑

s

∫
d3k

(2π)3
1√
2E

(askus(k)e
−ik·x + bs †k vs(k)e

+ik·x)

so the amplitude Mfi is

〈ℓαjHI |i
Cσρ5
2Λ

(ℓσnεnNH
N∗)(ℓcρmεmMH

M∗)|ℓcβiH∗
J〉 =(−i)iC

αβ
5

2Λ
(uαjPRuβi + uβiPRuαj) (εiIεjJ + εiJεjI)

= (−i)iC
αβ
5 + Cβα5

2Λ
uαjPRuβi(εiIεjJ + εiJεjI) =(−i)iC

αβ
5

Λ
uαjPRuβi(εiIεjJ + εiJεjI) ,

(A.1)

where the SU(2) lepton indices are lower case, Higgs indices are upper case, ℓαj and ℓcαj represent a final state
lepton and an initial state anti-lepton respectively. The factor i is the usual factor for Feynman rules and the
factor (−i) is due to the calculation of Mfi. This expression agrees with Feynman rule of Reference [21].

A Feynman-rule to attach a W -boson to the ℓc line also will be needed. With the following identities [25]

ℓc = Cℓ
T

, C = iγ0γ2 , C−1 = C† , C†γµTC = −γµ (A.2)

ℓc = [CγT0 ℓ
∗]†γ0 = ℓTγ0C

†γ0 = ℓTC†Cγ0C
†γ0 = −ℓTC†γ0γ0 = −ℓTC−1 (A.3)

one obtains (where the (-1) is for interchanging fermions)

[
ℓiτijW/ PLℓj

]T
= (−1)

[
− ℓcjCτ

a∗
ji P

T
LW

a
µγ

T
µC

−1ℓc
]

(A.4)

= ℓcτa∗W a
µCγ

T
µC

−1PRℓ
c (A.5)

= −ℓcτa∗W a
µγµPRℓ

c (A.6)

and recall that τ = τ†, so τ∗ = τT .

W a
µ

ℓiα
ℓjα

−i g2 [τa]jiγµ

W a
µ

(ℓc)iα
(ℓc)jα

+i g2 [τ
a]ijγµPR

W a
µ

HI HJ

−i g2 [τa]JI(pinµ + poutµ )

HJ

eα
ℓiα

−iyαδiJ

HJ

ℓiα
eα

−iyαδJi

Figure 3: Feynman rules for dimension-four interactions
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ℓiα
(ℓc)jβ

HI
1 HJ

1

i
C∗βα

5

Λ (εiIεjJ + εjIεiJ)PL

(ℓc)jβ
ℓiα

HI
1 HJ

1

i
Cαβ

5

Λ (εiIεjJ + εjIεiJ)PR

ℓiα
(ℓc)jβ

HI
2 HJ

2

i
C∗βα

22

Λ (εiIεjJ + εjIεiJ )PL

(ℓc)jβ
ℓiα

HI
2 HJ

2

i
Cαβ

22

Λ (εiIεjJ + εjIεiJ )PR

ℓiα
(ℓc)jβ

HI
1 HJ

2

i
C∗βα

21

Λ (εiIεjJ + εjIεiJ)PL

(ℓc)jβ
ℓiα

HI
1 HJ

2

i
Cαβ

21

Λ (εiIεjJ + εjIεiJ )PR

ℓiα
(ℓc)jβ

HI
1 HJ

2

−iC
∗βα
A

Λ εjiεJIPL

(ℓc)jβ
ℓiα

HI
1 HJ

2

i
Cαβ

A

Λ εijεIJPR

Figure 4: Feynman rules for dimension-five interactions, in the single and two Higgs Doublet Models. H1 is
the SM Higgs. H2 is the second Higgs of the 2HDM, with the same hypercharge as the SM Higgs, opposite to
the lepton doublet.

Note that we have chosen a convention for our Feynman rules to eliminate any dependence on the mo-
mentum of the incoming lepton, pi, since all momenta are not independent.

A.2 Identities

The following identities are useful:

2εiIεjJ = δijδIJ − τaijτa,IJ Fierz (A.7)

1

4
τaijτa,kl =

1

2
δilδkj −

1

4
δijδkl SU(N) (A.8)

εabεcd + εbcεad + εacεbd = 0 (A.9)

εiJεkJ = δik (A.10)

εijS
a
jkεkl = Sali (A.11)

0 = δijS
a
kl − δjlS

a
ki + δklS

a
ji − δikS

a
jl (A.12)

εijεkl = δikδjl − δilδjk, (A.13)
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ℓnα(pi)
ℓiβ(pf )

HM
1 (qi) HJ

1 (qf )

i
C∗βα

Hℓ(1)

Λ2

(
/qi + /qf

)
PLδinδJM

ℓnα
ℓiβ

HM
1 HJ

1

Bµ

−2ig1yH
Cβα

Hℓ(1)

Λ2 γµPLδinδJM

ℓnα
ℓiβ

HI
1 HJ

1

W a
µ

−2ig2
C∗βα

Hℓ(1)

Λ2 γµPLδinS
a
JM

ℓnα(pi)
ℓiβ(pf )

HM
1 (qi) HJ

1 (qf )

4i
C∗βα

Hℓ(3)

Λ2

(
/qi + /qf

)
PLS

a
inS

a
JM

ℓnα
ℓiβ

HM
1 HJ

1

Bµ

−8ig1yH
Cβα

Hℓ(3)

Λ2 γµPLS
a
inS

a
JM

ℓnα
ℓiβ

HI
1 HJ

1

W a
µ

−4ig2
C∗βα

Hℓ(3)

Λ2 γµPL
(
SbJKS

a
KM

+SaJKS
b
KM

)
Sbin

HK
1

HJ
1

eα ℓnβ

HI
1

i
Cβα

eH

Λ2

(
δJKδIn + δIJδKn

)
PR

ℓjα
ℓlρ

ℓiσ ℓkβ

2i
C∗βσρα

ℓℓ

Λ2 (γµPL ⊗ γµPL)δikδjl

Figure 5: Feynman rules for dimension-six operators of the SMEFT using the “Warsaw”-basis [20]. H1 is the
SM Higgs.

where

ε =

[
0 1
−1 0

]
, ~τ =

([
0 1
1 0

]
,

[
0 −i
i 0

]
,

[
1 0
0 −1

])

and the SU(2) generators are Sa = τa/2.

B The Loop Calculation

B.1 Flavour dependence

We allow for multiple operators at both dimension-five and -six, and denote a particular Wilson coefficient by
CζX , where X and ζ are the operator and flavour labels respectively. Then the bare Wilson coefficients of the
dimension-six standard model effective theory Lagrangian can be written as

∑

ζ,X

CζX,bareQ
ζ
X,bare = µ2ǫ

∑

θ,Y


∑

ζ,X

CζXZ
ζθ
XY +

∑

ζ,η

Cζ5
[
Cη5
]†
Zζηθ
55̄,Y


QθY,bare , (B.1)

where ζ, η and θ represent generation indices of an operator, and the renormalisation constants ZζθXY encode the
mixing of dimension-six Wilson coefficients amongst themselves, which can be extracted from the anomalous
dimensions of reference [19]. In the standard model, the mixing of two dimension-five Wilson coefficients
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ℓnα(pi)
ℓiβ(pf )

HM
1 (qi) HJ

1 (qf )

i
C∗βα

v(1)

Λ2

(
2/pf + /qf − /qi

)
PLδinδJM

ℓnα
ℓiβ

HM
1 HJ

1

Bµ

−2ig1yℓ
Cβα

v(1)

Λ2 γµPLδinδJM

ℓiα
ℓiβ

HI
1 HJ

1

W a
µ

−2ig2
C∗βα

v(1)

Λ2 γµPLS
a
inδJM

HK
1

HJ
1

eα ℓnβ

HI
1

i
Cβα

v(1)

Λ2

(
δJKδIn + δIJδKn

)
PL

ℓnα(pi)
ℓiβ(pf )

HM
1 (qi) HJ

1 (qf )

4i
C∗βα

v(3)

Λ2

(
2/pf + /qf − /qi

)
PLS

a
inS

a
JM

ℓnα
ℓiβ

HM
1 HJ

1

Bµ

−8ig1yℓ
Cβα

v(3)

Λ2 γµPLS
a
inS

a
JM

ℓiα
ℓiβ

HI
1 HJ

1

W a
µ

−4ig2
C∗βα

v(3)

Λ2 γµPL
(
SbikS

a
kn

+SaikS
b
kn

)
SbJM

HK
1

HJ
1

eα ℓnβ

HI
1

i
Cβα

v(3)

Λ2

(
δJKδIn + δIJδKn

)
PL

Figure 6: Feynman rules for dimension-six operators that are vanishing by the equations of motion, in the
single Higgs Doublet Model (SMEFT). H1 is the SM Higgs.

into a dimension-six coefficient is given by Zζηθ
55̄,Y

. They are induced by the double-insertions of dimension-
five operators, as shown in figure 1. In the case of a 2HDM effective field theory we extend the summation
of the dimension-five flavour indices to a sum over all dimension-five operators and their respective flavour
components.

The renormalisation constants can be expanded in the number of loops and powers of epsilon. At one-loop
in the MS scheme the counterterms of the physical and EOM-vanishing operators are pure 1/ǫ poles, and the
renormalisation of evanescent operators does not play a role. Hence we can expand

Zζηθ
55̄,j

=
1

16π2

1

ǫ
δZζηθ

55̄,j
(B.2)

and write the generation summation in the case of an operator involving four fermions explicitly as:

Cζ5C
η†
5 δZζηθ

55̄,X
QθX = Cαβ5 Cδγ∗5 δZαβ γδ,ρστυ

55̄,X
QρστυX . (B.3)

The sum over generation indices reduces trivially for operators that involve less fermions. The corresponding
renormalisation equation ensures that the pole of the one-loop off-shell matrix element of an insertion of two
dimension-five operators is cancelled by its counterterm. Factoring out the common overall factor Cαβ5 Cδγ∗5 we
write:

〈f |Qαβ5 (Qγδ5 )†|i〉|(1)1/ǫ +
(
δZαβ γδ,ρστυ

55̄,X
〈f |QρστυX |i〉+ h.c.

)
= 0 , (B.4)

where |(1)1/ǫ denotes the 1/ǫ pole of a one-loop diagram and 〈f | and |i〉 are arbitrary off-shell final and initial
states.
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In calculations of the loop diagrams the following generation structures arose:

Tαβ γδ,ρσ1 =
1

2
(δδσδαρδβγ + δαδδβρδγσ) ,

Tαβ γδ,ρσ1A =
1

2
(δδσδαρδβγ − δαδδβρδγσ) ,

Tαβ γδ,ρσ2 =
1

2
(δαρδβγYδσ + δαδδβρYγσ) ,

Tαβ γδ,ρσ2A =
1

2

(
δαρδβγY

(2)
δσ − δαδδβρY

(2)
γσ

)
,

Tαβ γδ,ρστυ3 =
1

4
(δδσδγυ + δδυδγσ) (δατ δβρ + δαρδβτ ) ,

Tαβ γδ,ρστυ3A = −1

4
(δδσδγυ − δδυδγσ) (δατδβρ − δαρδβτ ) .

(B.5)

These were matched onto the generation structures of the dimension-six operators (the matching is more subtle

for the four-lepton operator Oαβγδ
ℓℓ , where the matching is done via a Fierz-evanescent dimension-six operator

Oαβγδ
e ), and the generation structure therefore extracted from the renormalisation constants, which can then

be written as a generation structure multiplied by a numerical factor.
At one-loop we find the following non-vanishing mixing into the physical dimension-six operators

δZαβ γδ,ρσ
55,Hℓ(1)

= −3

4
Tαβ γδ,ρσ1 , δZαβ γδ,ρσ

2121,Hℓ(1)
= −3

4
Tαβ γδ,ρσ1 ,

δZαβ γδ,ρσ
AA,Hℓ(1)

= −1

4
Tαβ γδ,ρσ1 , δZαβ γδ,ρσ

55,Hℓ(3)
=

1

2
Tαβ γδ,ρσ1 ,

δZαβ γδ,ρσ
2121,Hℓ(3)

=
1

2
Tαβ γδ,ρσ1 , δZαβ γδ,ρσ

A21,Hℓ(3)
=

1

4
Tαβ γδ,ρσ1A ,

δZαβ γδ,ρσ
21A,Hℓ(3)

=
1

4
Tαβ γδ,ρσ1A , δZαβ γδ,ρσ

55,eH
=

3

4
Tαβ γδ,ρσ2 ,

δZαβ γδ,ρσ
215,eH

= Tαβ γδ,ρσ2 , δZαβ γδ,ρσ
A5,eH

= −Tαβ γδ,ρσ2A , (B.6)

δZαβ γδ,ρσ
AA,eH

= −1

4
Tαβ γδ,ρσ2 , δZαβ γδ,ρσ

A21,eH
=

1

4
Tαβ γδ,ρσ2A ,

δZαβ γδ,ρσ
21A,eH

=
1

4
Tαβ γδ,ρσ2A , δZαβ γδ,ρσ

2121,eH
= −1

4
Tαβ γδ,ρσ2 ,

δZαβ γδ,ρστυ
55,ℓℓ

= −1

4
Tαβ γδ,ρστυ3 , δZαβ γδ,ρστυ

2222,ℓℓ
= −1

4
Tαβ γδ,ρστυ3 ,

δZαβ γδ,ρστυ
2121,ℓℓ

= −1

2
Tαβ γδ,ρστυ3 , δZαβ γδ,ρστυ

AA,ℓℓ
=

1

2
Tαβ γδ,ρστυ3A .

B.2 Four-lepton Green’s function

In the following we will explicitly present the renormalisation of a Green’s function involving four lepton
doublets. When we consider double-insertions of dimension-five operators one additional operator that vanishes
in the limit d → 4, a so-called evanescent operator, appears in our calculation. The exact definition of the
evanescent operator in d dimensions is not important, but will induce a scheme dependence beyond one-loop.
We use

Oαβγδ
eva =

1

2
δijδkl(ℓiαℓ

c
kγ)(ℓ

c
lδℓjβ)−

1

2
Oαβγδ
ℓℓ , (B.7)

where the first term has a left-right chirality structure and i, j, k, l are SU(2) indices.
Denoting the flavour and SU(2) component of the final state 〈f | = 〈ℓk,φℓl,χ| and the initial state |i〉 =

|ℓi,ψℓj,ω〉 by φ, χ, ψ, ω, and i, j, k, l respectively, we find for the third diagram of figure 1

〈f |Qαβ5 (Qγδ5 )†|i〉|(1)1/ǫ =
(ūψiPLvωj)(v̄φkPRuχl)

64π2
(δψδδωγ + δωδδψγ) (δχαδφβ + δφαδχβ) (δilδjk + δikδjl) , (B.8)

which exactly matches the scalar contribution of the evanescent operator Oeva at tree level

〈f |
(
δZαβ γδ,ρστυ

55̄,e
Qρστυeva,scalar + h.c.

)
|i〉LR = δZαβ γδ,ρστυ

55̄,e
(ūψiPLvωj)(v̄φkPRuχl)×

[δilδjk (δψσδωυδχρδφτ + δωσδψυδφρδχτ ) + δikδjl (δωσδψυδχρδφτ + δψσδωυδφρδχτ )] ,
(B.9)
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where we have used the hermiticity condition of the renormalisation constants6. The one-loop contribution to
the L × R part is then renormalised by the renormalisation constant δZαβ γδ,ρστυ

55̄,eva
= − 1

2T
αβ γδ,ρστυ
3 . As there

is no (V − A) × (V − A) contribution to the Green’s function, the (V − A) × (V − A) parts have to cancel

between the counterterms of Oeva and Oℓℓ, i.e. δZαβ γδ,ρστυ
55̄,ℓℓ

= (1/2)δZαβ γδ,ρστυ
55̄,eva

= − 1
4T

αβ γδ,ρστυ
3 .

B.3 W emission

The values of renormalisation constants may be checked by renormalising other loop processes involving a
double-insertion of dimension-five operators, and matching them to the same operator basis Oβα

Hℓ(1),O
βα
Hℓ(3),O

βα
v(1)

and Oβα
v(3). The internal Higgs and lepton lines of the loop diagram may couple to Bµ or W a

µ bosons of the

U(1)Y and SU(2)L groups respectively. Since the group structure of U(1)Y is trivial, we concentrate here on the
calculation resulting from emission of a W a

µ boson. The results for emission of Bµ emission may be retrieved

from these results by replacing the SU(2)L generators everywhere by U(1)Y generators, 1
2τ

a
ij → yH,ℓδij at the

beginning of the calculation.
The renormalisation equation for the process HM ℓnα → HJℓiβW

a
µ in MS is

0 = 〈ℓiβHJW a
µ | Oγδ

5 (Oηκ
5 )† |ℓnαHM 〉

∣∣∣
(1)

1
ǫ

+ Zγδηκ,βα
55̄,Hℓ(1)

(−g2) [ūβiγµPLuαn] τaJMδin + Zγδηκ,βα
55̄,Hℓ(3)

(−g2) [ūβiγµPLuαn] (δJMτain)

+ Zγδηκ,βα
55̄,v(1)

(−g2) [ūβiγµPLuαn] δJMτain + Zγδηκ,βα
55̄,v(3)

(−g2) [ūβiγµPLuαn] (δinτaJM ) .

where the tree-level matrix elements are replaced by their respective amplitudes and the SU(2) algebra has
been simplified.

Two diagrams must be evaluated for the double insertion of dimension-five operators with associated
emission of a W a

µ boson, which can couple to either the internal Higgs or internal lepton. These diagrams are
denoted by D1 and D2, and are shown in figure 7.

ℓnα (ℓc)lρ
(ℓc)jρ ℓiβ

HM HJ
HK

W a
µ

D1

ℓnα
(ℓc)lρ

ℓiβ

HM HJHL HK

W a
µD2

Figure 7: Double insertions of dimension-five operators with associated emission ofW a
µ that mix into dimension-

six operators.

Calculating the diagrams and isolating the 1/ǫ poles gives

D1

∣∣
1
ǫ

=
1

ǫ

g2
64π2

[ūβiγ
µPLuαn] (δακδβγδδη) (2δJMτ

a
in − δJnτ

a
iM − δiMτ

a
Jn − δinτ

a
JM ) , (B.10)

D2

∣∣
1
ǫ

=
1

ǫ

g2
64π2

[ūβiγ
µPLuαn] (δακδβγδδη) (δiM τ

a
Jn + δJnτ

a
iM − 3δJMτ

a
in) , (B.11)

we find the total amplitude of the double-insertion of dimension-five operators:

〈ℓiβHJW a
µ | Oγδ

5 (Oηκ
5 )† |ℓnαHM 〉

∣∣∣
(1)

1
ǫ

= −1

ǫ

g2
64π2

[ūβiγ
µPLuαn] (δακδβγδδη) (δJMτ

a
in + δinτ

a
JM ) . (B.12)

6The four-lepton renormalisation constants fulfil the hermiticity condition Z
αβ γδ,ρστυ

55̄,ℓℓ
= (Zδγ βα,σρυτ

55̄,ℓℓ
)∗.
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In this form it is simple to set up simultaneous equations for the renormalisation condition by comparing the
loop and tree amplitudes,

Zγδηκ,βα
55̄,Hℓ(1)

(−g2) + Zγδηκ,βα
55̄,v(3)

(−g2)−
1

ǫ

g2
64π2

(δακδβγδδη) = 0, (B.13)

Zγδηκ,βα
55̄,v(1)

(−g2) + Zγδηκ,βα
55̄,Hℓ(3)

(−g2)−
1

ǫ

g2
64π2

(δακδβγδδη) = 0. (B.14)

This underconstrained set of equations may be constrained by substituting in solutions for Zγδηκ,βα
55̄,v(1)

and

Zγδηκ,βα
55̄,v(3)

from the momentum-dependent calculation, to verify the solutions

δZγδηκ,βα
55̄,Hℓ(1)

= −3

4
T κβγδ,αη1 , δZγδηκ,βα

55̄,Hℓ(3)
=

1

2
T κβγδ,αη1 . (B.15)

C Renormalisation Group Equations

The bare Wilson coefficients of dimension-five operators can be written as

~CηX,bare = µ2ǫ ~CθY (µ)Z
θη
Y X(µ), (C.1)

where ~CθY (µ) is the renormalised Wilson coefficient, ZθηY X(µ) is the renormalisation matrix, and µ is the renor-
malisation scale. The µ2ǫ introduces an additional term proportional to ǫ into the d-dimensional renormalisation
group equation

µ
d

dµ
~CηX = − ~CθY

(
µ
d

dµ
ZθζY Z

)[
Z−1

]ζη
ZX

− 2ǫ ~CηX . (C.2)

This reduces to the renormalisation group equation in d = 4 dimensions

(16π2)µ
d

dµ
~CηX

d=4
= ~CθY γ

θη
Y X , (C.3)

where the 4-dimensional anomalous dimension matrix

γθηY X = −(16π2)

(
µ
d

dµ
ZθζY Z

)[
Z−1

]ζη
ZX

(C.4)

is independent of the choice of the overall factor µ2ǫ. Therefore the µ2ǫ term can be neglected when only
considering mixing amongst operators of equal dimensions. In the case of mixing between operators of different
dimensions a more careful treatment is required.

At loop level, operators of different dimensions can mix via multiple operator insertions [31]. Consider
the specific case of loop diagrams involving two dimension-five operators mixing into diagrams with a sin-
gle dimension-six operator insertion. We denote dimension-six quantities with a tilde, quantities that mix
dimension-five and -six with a hat, and dimension-five quantities without a tilde or hat. The bare dimension-
six Wilson coefficient is

C̃ηX,bare = µ2ǫC̃θY (µ)Ẑ
θη
Y X(µ) + µ2ǫCζA(µ)Z̃

ζθ,η
AB,X(µ)

[
CθB
]†
(µ), (C.5)

where C̃bare is µ-independent. Therefore the renormalisation group equation is

(16π2)µ
d

dµ
C̃ηX = C̃θY γ̂

θη
Y X + CζAγ̃

ζθ,η
AB,X

[
CθB
]†
, (C.6)

where γ̂θηY X is defined analogously to equation (C.2), and

γ̃ζθ,ηAB,X =(16π2)

(
2ǫZ̃ζθ,υAB,Y − µ

d

dµ
Z̃ζθ,υAB,Y

)[
Ẑ−1

]υη
Y X

− (16π2)
([
γθωBD

]†
δζχAC + γζχACδ

θω
BD

)
Z̃χω,υCD,Y

[
Ẑ−1

]υη
Y X

(C.7)

17



where the explicit form in terms of generation indices is [γαβ γδAB ]† = [γβα δγAB ]∗ and δαβ γδAB = δABδαγδβδ. The terms
in the second line of the above equation only contribute beyond one-loop. Furthermore, the contribution to the
renormalisation tensor Zζθ,υAB,Y is µ independent at one-loop and only the term proportional to 2ǫ contributes

in our calculation. A comment regarding the sign of the 2ǫ contribution is in order. The factor in µ2ǫ in (C.5)
generates a term proportional to −2ǫ, while the derivative of the dimension-five Wilson coefficients generates
a contribution proportional to 2× 2ǫ from (C.2). Hence the one-loop anomalous dimension matrix reads

γ̃ζη,θAB,C = 2δZ̃ζη,θAB,C (C.8)

in terms of the one-loop renormalisation constants defined in eq. (B.2). Correspondingly we find [γ̃] =
2(16π2)ǫ[Z̃].

D Operators

This Appendix lists dimension-six, SM-gauge invariant operators that change lepton flavour.The operators are
in the Buchmuller-Wyler basis, as pruned in Grzadkowski et.al. [20], commonly refered to as the “Warsaw”
basis. All operators are added to the Lagrangian +h.c., as given in eqn (2.6):

δL6 =
∑

X,ζ

CζX
Λ2

Oζ
X + h.c.

where the flavour indices are represented by ζ, and are all summed over all generations. In the conventions
of [20] and [19], the hermitian conjugate is not added for “self-conjugate” operators, for which

∑
ζ C

ζ
XOζ

X =

[
∑

ζ C
ζ
XOζ

X ]†. (For instance, Oαβρσ
ℓℓ of eqn (D.11) is hermitian, because [(eγµµ)(τγµτ)]

† = (µγµe)(τγµτ)). So
we define such operators with a factor 1/2 to avoid this double-counting.

The four-fermion operators involving β ↔ α flavour change and two quarks are:

O(1)αβnm
ℓq =

1

2
(ℓαγ

µℓβ)(qnγµqm) (D.1)

O(3)αβnm
ℓq =

1

2
(ℓαγ

µτaℓβ)(qnγµτ
aqm) (D.2)

Oαβnm
eq =

1

2
(eαγ

µeβ)(qnγµqm) (D.3)

Oαβnm
ℓu =

1

2
(ℓαγ

µℓβ)(unγµum) (D.4)

Oαβnm
ℓd =

1

2
(ℓαγ

µℓβ)(dnγµdm) (D.5)

Oαβnm
eu =

1

2
(eαγ

µeβ)(unγµum) (D.6)

Oαβnm
ed =

1

2
(eαγ

µeβ)(dnγµdm) (D.7)

Oαβnm
ℓequ = (ℓ

A

αeβ)εAB(q
B
n um) (D.8)

Oαβnm
ℓedq = (ℓαeβ)(dnqm) (D.9)

Oαβnm
T,ℓequ = (ℓ

A

ασ
βνeβ)εAB(q

B
n σβνum) (D.10)

where ℓ, q are doublets and e, u are singlets, n,m are possibly equal quark family indices, and A,B are SU(2)
indices. The operator names are as in [20] with ϕ→ H ; the flavour indices are in superscript.

In the case of four-lepton operators, the flavour change can be by one or two units. Notice that in the case
of Oee and Oℓℓ, which are symmetric under interchange of the two bilinears (eγµµ)(τγµτ) = (τγµτ)(eγµµ),
there will be two equal coefficients that contribute to the Feynman rule:

Oαβρσ
ℓℓ =

1

2
(ℓαγ

µℓβ)(ℓργµℓσ) (D.11)

Oαβρσ
ℓe =

1

2
(ℓαγ

µℓβ)(eργµeσ) (D.12)

Oαβρσ
ee =

1

2
(eαγ

µeβ)(eργµeσ) . (D.13)
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Then there are the operators allowing interactions with gauge bosons and Higgses. This includes the
dipoles, which are normalised with the muon Yukawa coupling so as to match onto the normalisation of Kuno-
Okada [2]:

Oαβ
eH = (H†H)(ℓαHeβ) (D.14)

Oαβ
eW = Yβ(ℓατ

aHσµνeβ)W
a
µν (D.15)

Oαβ
eB = Yβ(ℓαHσ

µνeβ)Bµν (D.16)

Oαβ
Hℓ(1) =

i

2
(H† ↔

Dµ H)(ℓαγ
µℓβ) (D.17)

Oαβ
Hℓ(3) =

i

2
(H†

↔
Da
µ H)(ℓαγ

µτaℓβ) (D.18)

Oαβ
He =

i

2
(H† ↔

Dµ H)(eαγ
µeβ) , (D.19)

where Yβ denotes the Yukawa coupling of a charged lepton eβ in the mass basis, the double derivatives are
defined in eqn (2.8), and we include factors of 1/2 for hermitian operators as discussed above eqn (D.1).

E Experimental bounds on coefficients

The aim of this appendix is to obtain experimental constraints on the coefficients of the LFV operators of eqn
(2.7), evaluated at the weak scale mW . We are interested in this subset of operators because they are generated
at one loop by double-insertions of dimension-five, lepton number changing (LNV) operators. Such constraints
will allow an estimation of the sensitivity of LFV processes to the coefficients of LNV operators.

Recall that constraints and sensitivities are different. A constraint is an exclusion, which tells the range
of values a coefficient cannot have. For instance, the dipole coefficient (evaluated at the muon mass scale)
CeµD,R(mµ), cannot be larger than 1.05×10−8 because the branching ratio searched for by the MEG experiment
[3] is

BR(µ→ eγ) = 384π2 v
2

Λ2
(|CeµD,L|2 + |CeµD,R|2) ,

and the current experimental search imposes this constraint. Sensitivity is often discussed when an observable
depends on many coefficients, and gives the range of values where a coefficient could have been seen. For
instance, among the many loop processes that contribute to µ → eγ, there are two-loop diagrams involving
flavour-changing Higgs coupling CeµeH(mW ). Calculating these diagrams and imposing that they saturate the
current experimental bound gives

∣∣∣∣
eαeyt
8π3yµ

CeµeH(mW )

∣∣∣∣ = 1.05× 10−8 .

Smaller values of CeµeH are allowed(the experiment could not have seen them), but larger values are not excluded
by MEG, because many other operator coefficients could contribute to the rate, with possibly cancellations.

The difference between an exclusion and a sensitivity is illustrated in figure 8, where the allowed region is
the diagonal ellipse. The horizontal variable x is excluded outside the projection of the ellipse onto the x-axis
(where the axis is thickened). But the experiment is only insensitive to x inside the intersection of the axis
with the ellipse (dashed red line). Values of x between these two regions are allowed, provided that y has the
appropriately correlated value.

Three ways to relate low-energy experimental bounds to the coefficients of operators at a higher scale are:

1. to calculate the sensitivity of an experimental process to a particular operator coefficient. This is usually
simple.

2. To express an experimental rate as a function of high-scale coefficients. This is slightly more difficult,
because more coefficients are involved: each coefficient that contributes at the experimental scale will
become a linear combination of high scale coefficients due the renormalisation group mixing.

3. To obtain constraints on coefficients at the high scale. This is more involved, because a sufficient number
of experimental constraints must be combined, in order to obtain a finite allowed region in coefficient
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Figure 8: An illustration of constraints vs sensitivities: the red ellipse represents an experimentally allowed
region of parameter space. Parameter x is excluded outside the projection of the ellipse onto the axis (thick
black line). The experiment is insensitive to x inside the ellipse.

space (no “flat directions”). Then the allowed region must be projected onto the various axes, in order to
obtain constraints.

The third option is the most useful, but beyond the scope of this work. Instead here, we partially follow the
second option, as a contribution to the third: we consider experimental bounds on the dimension-six operators
which are generated in RGE evolution by double-insertions of dimension-five operators that change lepton
number. We aim to quote these bounds at mW . The processes in question are LFV Higgs and Z decays (which
occur at the weak scale), and flavour-changing lepton decays at low energy (these bounds must be translated
to the weak scale via the RGEs of QED and QCD). So we will not succeed in our aim of setting constraints
on coefficients at mW , because the low-energy experimental bounds depend on many coefficients at the weak
scale, and we do not include enough experimental bounds.

In the following sections, we outline the calculations of the various rates, and summarise the experimental
constraints on coefficients at mW in table 1.
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E.1 Rates and calculations

process BR < v2

Λ2 |
∑
C| <

Z → e±µ∓ 7.5× 10−7[4] |CeµHℓ(1) + CeµHℓ(3)| < 1.2× 10−3

Z → τ±µ∓ 1.2× 10−5[5] |CµτHℓ(1) + CµτHℓ(3)| < 4.6× 10−3

Z → e±τ∓ 9.8× 10−6[6] |CeτHℓ(1) + CeτHℓ(3)| < 4.1× 10−3

h→ e±µ∓ 3.5× 10−4[7] |CµeeH |, |CeµeH | < 2.5× 10−4

h→ τ±µ∓ 1.5× 10−2[8] |CµτeH |, |CτµeH | < 1.6× 10−3

h→ e±τ∓ 6.9× 10−3[7] |CeτeH |, |CτeeH | < 1.1× 10−3

τ → eee 2.7× 10−8[9] |Ceτeeℓℓ + Ceeeτℓℓ + geL[C
eτ
Hℓ(1) + CeτHℓ(3)]− δCeτpenguin| < 2.8× 10−4

|Ceτeeℓe + geR[C
eτ
Hℓ(1) + CeτHℓ(3)]− δCeτpenguin| < 4.0× 10−4

τ → eµµ 2.7× 10−8[9] |Ceτµµℓℓ + Cµµeτℓℓ + Ceµµτℓℓ + Cµτeµℓℓ + geL[C
eτ
Hℓ(1) + CeτHℓ(3)]− δCeτpenguin| < 4.0× 10−4

|Ceτµµℓe + geR[C
µτ
Hℓ(1) + CeτHℓ(3)]− δCeτpenguin| < 4.0× 10−4

τ → µee 1.8× 10−8[9] |Cµτeeℓℓ + Ceeµτℓℓ Cµeeτℓℓ + Ceτµeℓℓ + geL[C
µτ
Hℓ(1) + CµτHℓ(3)]− δCµτpenguin | < 3.2× 10−4

|Cµτeeℓe + geR[C
µτ
Hℓ(1) + CµτHℓ(3)]− δCµτpenguin | < 3.2× 10−4

τ → µµµ 2.1× 10−8[9] |Cµτµµℓℓ + Cµµµτℓℓ + geL[C
µτ
Hℓ(1) + CµτHℓ(3)]− δCµτpenguin | < 2.5× 10−4

|Cµτµµℓe + geR[C
µτ
Hℓ(1) + CµτHℓ(3)]− δCµτpenguin | < 3.5× 10−4

τ → eeµ 1.5× 10−8[9] |Ceτeµℓℓ + Ceµeτℓℓ | < 3.2× 10−4

τ → µµe 1.7× 10−8[9] |Cµτµeℓℓ + Cµeµτℓℓ | < 3.2× 10−4

µ→ 3e 1× 10−12[10] |Ceµeeℓℓ + Ceeeµℓℓ + geL[C
eµ
Hℓ(1) + CeµHℓ(3)]− δCeµpenguin| < 7.1× 10−7

|Ceµeeℓe + geR[C
eµ
Hℓ(1) + CeµHℓ(3)]− δCeµpenguin | < 1.0× 10−6

τ → eγ 3.3× 10−8[11] |Cτe∗eγ + eαeyt
8π3yµ

Cτe∗eH +
egeL
16π2C

eτ
He| < 7.3× 10−6

|Ceτeγ + eαeyt
8π3yµ

CeτeH +
egeR
16π2 [C

eτ
Hℓ(1) + CeτHℓ(3)]| < 7.3× 10−6

τ → µγ 4.4× 10−8[11, 12] |Cτµ∗eγ + eαeyt
8π3yµ

Cτµ∗eH +
egeL
16π2C

µτ
He| < 8.1× 10−6

|Cµτeγ + eαeyt
8π3yµ

CµτeH +
egeR
16π2 [C

µτ
Hℓ(1) + CµτHℓ(3)]| < 8.1× 10−6

µ→ eγ 4.2× 10−13[3] |Cµe∗eγ + eαeyt
8π3yµ

Cµe∗eH +
egeL
16π2C

eµ
He| < 1.05× 10−8

|Ceµeγ + eαeyt
8π3yµ

CeµeH +
egeR
16π2 [C

eµ
Hℓ(1) + CeµHℓ(3)]| < 1.05× 10−8

Table 1: Bound on operator coefficients of the SMEFT, evaluated at mW , from the bounds listed in column
2 on the processes of column 1. The bounds on coefficients of hermitian operators (OHℓ(1), OHℓ(3), Oℓℓ,Oℓe)
also apply to the conjugate coefficient. All the bounds apply to running coefficients evaluated at mW , and are
for Λ = v ≃ mt. The combination of coefficients Cpenguin is defined in eqn(E.12) and before eqn (E.23), δ is
defined after eqn (E.23), and geR = 2s2W , geL = −1 + 2s2W .

E.1.1 Z → lαl̄β decay

When the Higgs gets a vev, the “penguin” operators OHℓ(1) and OHℓ(3) generate a vertex involving the Z and

two charged leptons. If the flavour-changing Z-fermion vertex is written in a SM-like form : −lαZµ g
2cW

γµ(gV −
gAγ5)lβ , then

gV = gA = −(CHℓ(1) + CHℓ(3))
v2

Λ2
(E.1)

(for v ∼ mt).
The branching ratio can be written

BR(Z → lαlβ) =
MZ

2.5GeV

g2

48πc2W
(|gV |2 + |gA|2) (E.2)
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where 2.5 GeV is the Z width in the SM. Since OHℓ(1) and OHℓ(3) are hermitian, the conjugate process Z → lβlα
neccessarily occurs at the same rate, so the BR to the experimental final state is

BR(Z → l±α l
∓
β ) = BR(Z → lαlβ) +BR(Z → lβlα) =

MZ

2.5GeV

g2

12πc2W
|(CαβHℓ(1) + CαβHℓ(3)|2

v4

Λ4
(E.3)

and the bounds we obtain on the operator coefficients, evaluated at ∼ mW , are given in table 1.

E.1.2 h → ℓ+αe
−

β , e+α ℓ
−

β decays

The flavour-changing Higgs decays occur via the non-hermitian operator OeH . When the Higgs has a vev, it
induces the Feynman rules for a flavour-changing Higgs vertex with two fermions:

CαβeHOαβ
eH −→ i

3CαβeHv
2

√
2Λ2

PR , Cβα∗eH Oβα∗
eH −→ i

3Cβα∗eH v2√
2Λ2

PL . (E.4)

We calculate the flavour-changing branching ratio by comparing to BR(h → bb̄) = 0.575 ± 0.32 (from the
Appendix of the Higgs Working Group Report [35], for mh = 125.1 GeV), assuming the Feynman rule for hbb̄
is − i√

2
yb(mh)PL,R. We use a one-loop approximation [15] for the running b mass

yb(mh)v = mb(mb)

[
α(mh)

α(mb)

]γ(0)
m /2β(0)

≃ 3.0 GeV (E.5)

where α(mh) ≃ 0.12, α(mb) ≃ .23,γ
(0)
m = 8, β(0) = 23/3 and mb(mb) = 4.2 GeV.

The operator OeH is not hermitian, but is always included in the Lagrangian +h.c.. So CeµeHOeµ
eH + h.c.

will induce both h→ eLµR and h→ µReL at the same rate:

BR(h→ eLµR)

BR(h→ bb̄)
=

9|CeµeH |2v2
6y2bΛ

4
, (E.6)

where downstairs there is a 3 for quark colour sums, and a 2 from the chiral projectors in the lepton decay.
The experimental search sums the eLµR and µReL final states, so we obtain

3v2
|CαβeH |2
Λ2

, 3v2
|CβαeH |2
Λ2

≤ y2b (mh)
BR(h→ l±α l

∓
β )

BR(h→ bb̄)
(E.7)

and the resulting contraints are given in table 1.

E.1.3 Including the low energy decays

The flavour-changing τ and µ decays listed in table 1 occur at energies ∼ mµ,mτ , so the decay rates are usually
written in terms of the coefficients of dimension-six operators from the QCD×QED invariant basis appropriate
at low energies. These “low energy” coefficients, which we denote with a tilde C̃, can be expressed in terms
of SMEFT coefficients at mW by running them up to mW , then matching the QCD×QED-invariant operator
basis onto the SMEFT. This was performed in [34] for µ → eγ, so we use the results of [34] for the radiative
decays of section E.1.5. Reference [36] studied the Renormalisation Group evolution, below the weak scale, of
the coefficients who mediate µ→ eēe (as well those for as µ→ eγ and µ→e conversion); we use these results,
combined with the weak-scale matching conditions of [34], for the discussion in section E.1.4 of three body
leptonic decays of τs and µs. The minor differences between µ and τ decays are discussed in section E.1.4.

In the EFT below mW , we use the basis of lepton-flavour-changing four-fermion operators introduced in
[2, 34] for µ ↔ e flavour change 7. The operators and coefficients have as subscript their Lorentz structure
(V, S, T ) and the chiral projection operators of the two fermion bilinears, and the flavour indices of the four
fermions as superscript. They wear tildes to distinguish them from the coefficients of SMEFT operators.
We restrict to the dipole and vector operators, and neglect the scalars and tensors, which will turn out to be

7In this basis, the flavour indices are written explicitly, so the 2 discussed above eqn (D.11) is absent, and Fierz transformations
are used to put the flavour change in one bilinear in the case of ∆L = 1 four-fermion operators.
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irrelevant for our study of LFV operators generated by double-insertions of LNV operators. So the four-fermion
operator basis below mW is

δL4f =
∑

αβ

∑

f

[
C̃αβffV,LL (eαγ

ωPLeβ)(fγωPLf) + C̃αβffV,LR (eαγ
ωPLeβ)(fγωPRf)

]
+ h.c.

+
∑

αβσρ

[
C̃αβσρV,LL (eαγ

ωPLeβ)(eσγωPLeρ)
]
+ h.c. (E.8)

where αβ ∈ {eµ, µτ, eτ}, f ∈ {e, µ, τ, u, d, s, c, b}, and αβσρ ∈ {eτeµ, µτµe}. In addition, below mW we
consider the photon dipole operators

δLdipole =
mβ

Λ2

(
CαβD,Le

α
Rσ

ρσeβLFρσ + CαβD,Re
α
Lσ

ρσeβRFρσ

)
+ h.c. (E.9)

because the SMEFT operators OHl(1), OHl(3) and OeH match onto the dipole at mW . The current bounds on
µ→ eγ, τ → eγ and τ → µγ will give the best sensitivity to the coefficients CHℓ(1), CHℓ(3) and CeH .

E.1.4 τ → 3l and µ → 3e

The first step is to translate the experimental bounds into constraints on operator coefficients at the experi-
mental scale. For the three-body leptonic decays of the τ , it is convenient to define

B̃R(τ → 3l) ≡ BR(τ → 3l)

BR(τ → µν̄ν)
(E.10)

(where BR(τ → µν̄ν) = 0.174 [1]). Then B̃R(τ → 3l) can be directly compared to the branching ratio for
µ→ 3e [2]:

BR(µ→ eēe)
Λ2

v2
=

|C̃S,LL|2 + |C̃S,RR|2
8

+ 2|C̃V,RR + 4eC̃D,R|2 + 2|C̃V,LL + 4eC̃D,L|2 (E.11)

+(64 ln
mµ

me
− 88)(|eC̃D,R|2 + |eC̃D,L|2) + |C̃V,RL + 4eC̃D,R|2 + |C̃V,LR + 4eC̃D,L|2 ,

where 2
√
2GF = 1/v2 and the generalisation to τ decays is straightforward, after accounting for 2s as we now

discuss.
We calculate the decay rates in the approximation that all final state fermions are massless. Factors of 2

can arise when there are two identically-flavoured fermions in the final state: there will be 2 diagrams, and a
factor of 1/2 in the final-state phase space. Then there are two cases:
a) if the identical fermions have the same chirality, there is constructive interference between the two diagrams
(despite the fact that they have relative minus signs due to Fermi statistics), which doubles the rate. (This is
consistent with µ→ 3e rate of Kuno and Okada [2] given above.)
b) if the fermions have different chirality, the interference is suppressed by final state masses (which are
neglected), so the two for two diagrams cancels the 1/2 from phase space.

We set the dipole coefficients to zero, because they are better constrained by the radiative decays discussed
in the next subsection (see table 1). Then it is clear that each upper bounds on a three-body leptonic decay of
the τ or µ, implies six independent constraints on operator coefficients (evaluated at the experimental scale),
those of interest to us are given in table 2.

process B̃R < v2

Λ2 |C| <
τ → eee 1.6× 10−7 C̃eτeeV,LL < 2.8× 10−4, C̃eτeeV,LR < 4× 10−4

τ → eµµ 1.6× 10−7 C̃eτµµV,LR, C̃
eτµµ
V,LL < 4× 10−4

τ → µee 1.0× 10−7 C̃µτeeV,LR, C̃
µτee
V,LL < 3.2× 10−4

τ → µµµ 1.2× 10−7 C̃eτµµV,LL < 2.5× 10−4, C̃eτµµV,LR < 3.5× 10−4

τ → eeµ 8.6× 10−8 C̃eτeµV,LL < 3.2× 10−4,

τ → µµe 1.0× 10−7 C̃µτµeV,LL < 3.2× 10−4

µ→ eee 1.0× 10−12 C̃eµeeV,LL < 7.1× 10−7, C̃eµeeV,LR < 10−6
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Table 2: Bounds on some operator coefficients from three-body lepton decays, evaluated at the experimental
scale.

The operator coefficients C̃X(mτ ) given in table 2 can be expressed in terms of coefficients at mW using
the one-loop RGEs [34, 36]:

µ
d

dµ
C̃I =

αe
4π
C̃J [γe]JI ⇒ C̃I(mτ ) = C̃J (mW )[δJI −

αe
4π

ln
mW

mτ
[γe]JI + ...]

where [γe] is the one-loop anomalous dimension matrix of QED, ln mW

mτ
= 3.85, ln mW

mµ
= 6.64 and the approx-

imate solution neglects the running of αe. The one-loop QED corrections involve photon exchange between
two legs of the operator, which does not change the flavour or chiral indices, and also “penguin” diagrams,
where two legs of the operator are closed in a loop, and a photon is attached, which turns into two external leg
fermions. The “penguins” can change the chirality and flavour, and allow 2-lepton-2-quark operators to mix
with the four-lepton operators. We therefore need a recipe for dealing with the quark-sector threshholds mb,
mc and ΛQCD. We make the simplest approximation, which is to have a single low-energy threshhold at mτ ,
and run from mW → mτ with five flavours of quark, and we use this low-energy scale also for the decays of
the µ. In this approximation, it is convenient to define the combination of operator coefficients

C̃αβpenguin = −4Nc
3

∑

q

Qq(C̃
αβqq
V,LL + C̃αβqqV,LR) +

4

3

∑

l

([1 + δαl + δβl]C̃
αβll
V,LL + C̃αβllV,LR) (E.12)

where l ∈ {e, µ, τ}, q ∈ {u, d, s, c, b}, andQq is the electric charge of the quark. Then the coefficients constrained
in table 2 can be written

C̃eµeeV,LR(mτ ) = [1 + 12
αe
4π

ln
mW

mτ
]C̃eµeeV,LR(mW )− αe

4π
ln
mW

mτ
C̃eµpenguin(mW ) (E.13)

C̃eµeeV,LL(mτ ) = [1− 12
αe
4π

ln
mW

mτ
]C̃eµeeV,LL(mW )− αe

4π
ln
mW

mτ
C̃eµpenguin(mW ) (E.14)

C̃eτllV,LR(mτ ) = [1 + 12
αe
4π

ln
mW

mτ
]C̃eτllV,LR(mW )− αe

4π
ln
mW

mτ
C̃eτpenguin(mW ) (E.15)

C̃eτllV,LL(mτ ) = [1− 12
αe
4π

ln
mW

mτ
]C̃eτllV,LL(mW )− αe

4π
ln
mW

mτ
C̃eτpenguin(mW ) (E.16)

C̃µτllV,LR(mτ ) = [1 + 12
αe
4π

ln
mW

mτ
]C̃µτllV,LR(mW )− αe

4π
ln
mW

mτ
C̃µτpenguin(mW ) (E.17)

C̃µτllV,LL(mτ ) = [1− 12
αe
4π

ln
mW

mτ
]C̃µτllV,LL(mW )− αe

4π
ln
mW

mτ
C̃µτpenguin(mW ) (E.18)

C̃µτµeV,LL(mτ ) = [1− 12
αe
4π

ln
mW

mτ
]C̃µτµeV,LL(mW ) (E.19)

C̃eτeµV,LL(mτ ) = [1− 12
αe
4π

ln
mW

mτ
]C̃eτeµV,LL(mW ) . (E.20)

Finally, the combinations of coefficients that are constrained by data can be matched at mW onto coeffi-
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cients of SMEFT operators [34]8:

C̃eτeµV,LL(mW ) = Ceτeµℓℓ (mW ) + Ceµeτℓℓ (mW ) (E.21)

C̃µτµeV,LL(mW ) = Cµτµeℓℓ (mW ) + Cµeµτℓℓ (mW )

C̃µτeeV,LL(mW ) = Cµτeeℓℓ (mW ) + Ceeµτℓℓ (mW ) + Cµeeτℓℓ (mW ) + Ceτµeℓℓ (mW ) + geL[C
µτ
Hℓ(1)(mW ) + CµτHℓ(3)(mW )]

C̃µτµµV,LL (mW ) = Cµτµµℓℓ (mW ) + Cµµµτℓℓ (mW ) + geL[C
µτ
Hℓ(1)(mW ) + CµτHℓ(3)(mW )]

C̃µτllV,LR(mW ) = Cµτllℓe (mW ) + geR[C
µτ
Hℓ(1)(mW ) + CµτHℓ(3)(mW )]

C̃eτµµV,LL(mW ) = Ceτµµℓℓ (mW ) + Cµµeτℓℓ (mW ) + Ceµµτℓℓ (mW ) + Cµτeµℓℓ (mW ) + geL[C
eτ
Hℓ(1)(mW ) + CeτHℓ(3)(mW )]

C̃eτeeV,LL(mW ) = Ceτeeℓℓ (mW ) + Ceeeτℓℓ (mW ) + geL[C
eτ
Hℓ(1)(mW ) + CeτHℓ(3)(mW )]

C̃eτllV,LR(mW ) = Ceτllℓe (mW ) + geR[C
eτ
Hℓ(1)(mW ) + CeτHℓ(3)(mW )]

C̃eµeeV,LL(mW ) = Ceµeeℓℓ (mW ) + Ceeeµℓℓ (mW ) + geL[C
eµ
Hℓ(1)(mW ) + CeµHℓ(3)(mW )]

C̃eµeeV,LR(mW ) = Ceµeeℓe (mW ) + geR[C
eµ
Hℓ(1)(mW ) + CeµHℓ(3)(mW )]

where l ∈ {e, µ} in the above equations, and geR = 2 sin2 θW , geL = −1 + 2 sin2 θW . In order to match the
“penguin” coefficient of eqn (E.12) onto coefficients of the SMEFT, matching conditions for operators with a
quark bilinear are also required:

C̃αβuuV,LL (mW ) = Cαβuuℓq(1) (mW )− Cαβuuℓq(3) (mW ) + guL[C
αβ
Hℓ(1)(mW ) + CαβHℓ(3)(mW )]

C̃αβddV,LL(mW ) = Cαβddℓq(1) (mW ) + Cαβddℓq(3) (mW ) + gdL[C
αβ
Hℓ(1)(mW ) + CαβHℓ(3)(mW )]

C̃αβuuV,LR (mW ) = Cαβuuℓu (mW ) + guR[C
αβ
Hℓ(1)(mW ) + CαβHℓ(3)(mW )]

C̃αβddV,LR(mW ) = Cαβddℓd (mW ) + gdR[C
αβ
Hℓ(1)(mW ) + CαβHℓ(3)(mW )] (E.22)

where αβ ∈ {µτ, eτ, eµ}, guL = 1− 4
3 sin

2 θW , guR = − 4
3 sin

2 θW , gdL = −1+ 2
3 sin

2 θW and, gdR = 2
3 sin

2 θW . Com-
bining the definition (E.12) with the matching conditions of eqn (E.22) allows the definition of a combination

of SMEFT coefficients Cαβpenguin(mW ). Then the experimental constraint on, for instance C̃eτµµV,LL(mτ ), gives

∣∣∣
[
1− 12δ

][
Ceτµµℓℓ + Cµµeτℓℓ + Ceµµτℓℓ + Cµτeµℓℓ + geL[C

eτ
Hℓ(1) + CeτHℓ(3)]

]
− δCαβpenguin

∣∣∣ < 4× 10−4 (E.23)

where all the coefficients are evaluated at mW , and δ = αe

4π ln mW

mτ
∼ 1/400. This and other constraints from

3-body τ decays are given in table 1, where for compactness, [1± 12δ] is approximated as 1.

E.1.5 lβ → lαγ

The radiative decays lβ → lαγ provide some of the most restrictive bounds on lepton flavour violation. The
branching ratio at mβ can be written

B̃R(lβ → lαγ) ≡
BR(lβ → lαγ)

BR(lβ → lαν̄ν)
= 384π2 v

2

Λ2
(|CαβD,L|2 + |CαβD,R|2) ≤





4.2× 10−13 µ→ eγ
2.0× 10−7 τ → eγ
2.5× 10−7 τ → µγ

(E.24)

where the low energy dipole operators are added to the Lagrangian as in eqn (E.9).

8These equations differ from [34] due to different conventions for operator normalisation and signs, and also due to some errors
in [34]. The SMEFT basis used here is normalised according to [20], where there are “redundant” flavour-changing four-fermion
operators, which are absent from the basis used below mW in [34], compare e.g. the left and right hand sides of eqn. (E.21). Then,

the sign convention used here for the g
f
L,R

and the Z-vertex Feynman rule agrees with the PDG but is opposite to that of [34].

Finally, in [34], there is an incorrect factor of 2 mutiplying the penguin coefficients which generate s and t channel diagrams; this
2 should not appear, because the four-fermion operator generates the same s and t channel diagrams.
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The dipole coefficients evaluated at the experimental scale can be expressed in terms of SMEFT coefficients
at the weak scale as [34]

CαβD,L(mτ ) = Cβα∗eγ (mW ) +
eαeyt
8π3yµ

Cβα∗eH (mW ) +
egeL
16π2

CαβHe(mW ) + ... (E.25)

CαβD,R(mτ ) = Cαβeγ (mW ) +
eαeyt
8π3yµ

CαβeH(mW ) +
egeR
16π2

[CαβHℓ(1)(mW ) + CαβHℓ(3)(mW ) + ... (E.26)

where the contributions of scalar and tensor four-fermion operators were neglected, geR and geL are defined after
eqn(E.21), and

Cαβeγ = cWC
αβ
eB − sWC

αβ
eW . (E.27)

F Comparison with the Literature

The standard model calculation has been performed in Reference [21] in a different operator basis. We disagree
with their final results even after transforming our results to their basis. To do this we specify our basis

Õ =
(
OHℓ(1),OHℓ(3),OeH ,O†

eH ,Ov(1),O†
v(1),Ov(3),O†

v(3)

)T
, (F.1)

and the one used in Reference [21]

Q̃ =
(
Q

(−)
φℓ , Q

(+)
φℓ , Qeφ, Q

†
eφ,Ov(1),O†

v(1),Ov(3),O†
v(3)

)T
, (F.2)

where the additional operators are defined as

Q
(−)
φℓ =

i

2

[
(H†DµH)(ℓ̄γµℓ)− (H†Da

µH)(ℓ̄τaγµℓ)
]

(F.3)

Q
(+)
φℓ =

i

2

[
(H†DµH)(ℓ̄γµℓ) + (H†Da

µH)(ℓ̄τaγµℓ)
]

(F.4)

Qeφ = OeH . (F.5)

Here we drop the generation indices and note that the operators Q
(−)
φℓ and Q

(+)
φℓ are not hermitian. For

this reason we treat the operator OeH and the EOM-vanishing operators independent from their hermitian
conjugate in our basis transformation. Writing the resulting linear transformation as

Õ = R̂Q̃ ,

only the first two rows of R̂ have entries that are not proportional to an identity transformation. These two
rows are determined by the following linear transformation9:

(
OHℓ(1)

OHℓ(3)

)
=

(
2 2 Y −Y † 1 −1 0 0
−2 2 Y −Y † 0 0 1 −1

)
Õ . (F.6)

The Wilson coefficients and renormalisation constants will consequently fulfil our hermiticity conditions in our
basis, but not necessarily in the basis of Reference [21]. The counterterms of the Wilson coefficients transform
in the same way as the respective Wilson coefficients under our change of basis, i.e. as

δc̃ = R̂T δC̃ ,

where δC̃ = (16π2)ǫ ~CZ̃ ~C† represent the counterterms multiplied with (16π2)ǫ, while δc̃ correspond to the
analogous expression in the Q̃ basis.

Using the counterterms presented in Equations (3.2), (3.3) and (3.6), and the results of (F.8) we obtain

δc̃ =

(
−5

2

[
C5C

∗
5

]
,−1

2

[
C5C

∗
5

]
,
1

2

[
C5C

∗
5Y
]
,
[
Y †C∗

5C5

])T
, (F.7)

9To perform the change of basis we have to move covariant derivatives from one term to another. This can be done by noting
that the total derivatives Dµ

[(

H†H
)

(ℓ̄γµℓ)
]

and Dµ

[(

H†τaH
)

(ℓ̄τaγµℓ)
]

are vanishing.
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which fulfil the hermiticity condition of the overall Lagrangian, even though this is not immediately apparent
due to the choice of basis. These results are in disagreement with the final results quoted in Reference [21].
Yet using the results quoted in the individual diagrams in Appendix B of Reference [21] we find agreement
with the expression of eqn (F.7) apart from a global minus sign, which suggests that a different projection was
performed. We explicitly checked that the diagrams given in Appendices B.1, B.3 and B.4 of their calculation
have the opposite sign compared with our calculation, while we agree with their lepton conserving contribution
presented in Appendix B.2. Following the explanations of the calculation it appears that part (the δδ part)
of the diagram evaluated in Appendix B.1 of Reference [21] is projected onto an operator basis where the

operators Q
(±)
φℓ are replaced by Q

(±)′
φℓ = Q

(±)
φℓ + (Q

(±)
φℓ )†, while another part (the ǫǫ part) is projected onto the

basis presented in eqn (F.2).
Transforming now to the primed basis, where the hermitian conjugate is added to the first two operators

of eqn (F.2) we find that the non-trivial transformation matrix involves only the first two elements of our and
the primed basis. Writing explicitly

(
OHℓ(1)

OHℓ(3)

)
=

(
1 1
−1 1

)(
O(−)′
Hℓ

O(+)′
Hℓ

)
, (F.8)

we find

δc̃′ =

(
−5

4

[
C5C

∗
5

]
,−1

4

[
C5C

∗
5

]
,
3

4

[
C5C

∗
5Y
]
,
3

4

[
Y †C∗

5C5

])T
. (F.9)

Again, this result does not agree with Reference [21]. Finally, note that projecting the results quoted for the
individual diagrams in Appendix B of Reference [21], except the εε part, would give

δc̃′not εε =

(
+
1

4

[
C5C

∗
5

]
,+

1

4

[
C5C

∗
5

]
,−3

4

[
C5C

∗
5Y
]
,−3

4

[
Y †C∗

5C5

])T
, (F.10)

while projecting only the εε part on the non-hermitian basis yields δc̃εε =
(
+2
[
C5C

∗
5

]
, 0, 0, 0

)T
. Summing

these two terms would reproduce the results of Reference [21].

G Flavour Conserving Contribution

Even though the diagram in figure 2 cannot induce lepton flavour violation it contributes to the renormalisation
of OeH and the corresponding operators that involve quarks. We also explicitly checked that the diagrams that
involve six external Higgses vanish after summing over them. Denoting the trace over the product of the two
dimension-five Wilson coefficients by Tr[C5C

∗
5 ] we find

(~C[Z̃]~C†)βαeH = − 1

16π2ǫ
Tr[C5C

∗
5 ][Ye]βα ,

(~C[Z̃]~C†)βαuH = − 1

16π2ǫ
Tr[C5C

∗
5 ][Yu]βα ,

(~C[Z̃]~C†)βαdH = − 1

16π2ǫ
Tr[C5C

∗
5 ][Yd]βα ,

(G.1)

where Yu and Yd are defined as Γu and Γd of reference [20]. In addition we also generate the following mixing
into operators that only comprise Higgs and gauge fields and write

(~C[Z̃]~C†)H = −2
1

16π2ǫ
Tr[C5C

∗
5 ]λ ,

(~C[Z̃]~C†)HD = −2
1

16π2ǫ
Tr[C5C

∗
5 ] ,

(~C[Z̃]~C†)H� = − 1

16π2ǫ
Tr[C5C

∗
5 ] ,

(G.2)
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where the additional operators are defined as:

Oαβ
dH = (H†H)qαHdβ

Oαβ
uH = (H†H)qαǫH

∗uβ

OH =
1

2

(
H†H

)3

OHD =
1

2

(
H†DµH

)∗ (
H†DµH

)

OH� =
1

2

(
H†H

)
�
(
H†H

)
.

(G.3)
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