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Abstract

In this thesis we study the maximum independent set problem in both 2 and higher di-
mensional line of sight networks. The maximum independent set problem seeks to find
a largest set of pairwise disjoint vertices and we will study both the decision version and
the optimisation version of the problem in this thesis. The line of sight network model
was introduced to provide a model of geometric graph that incorporates both range and
line of sight restrictions. A LoS network model is governed by three parameters: n-size
of the underlying integer grid, d-dimension of the underlying integer grid and ω the range
parameter that governs how large the communication range of each vertex is, which can
range from 1 to n.

We first analyse the computational complexity of the maximum independent set prob-
lem for varying classes of line of sight networks governed by the dimension and range
parameters d and ω. In particular, we are interested in the cases where d ≥ 2 and ω is
sublinear in the size of the integer grid and where d ≥ 3 and ω is equal to the size of
the integer grid, thus maximising the communication range. This naturally leads us to the
design of a number of approximation algorithms for various classes of line of sight networks
where the maximum independent set problem is NP-hard.

Finally we study the maximum independent set problem in a restricted 2-dimensional
line of sight network model. In this model, we show that the maximum independent set
problem has a connection to a scheduling application. We show how methods that we
develop for solving the maximum independent set problem, can also be used to solve the
scheduling problem in both an offline and semi-online setting.
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Chapter 1

Introduction

1.1 Background

Chapter Plan: The line of sight (LoS) network is a geometric graph model introduced by

Frieze et al. [18]. We start by examining the rationale behind the LoS network model and

briefly discuss some of the problems in random LoS networks which have been studied thus

far. We then focus on introducing the specific problem in this thesis that we are interested

in namely, the maximum independent set (MIS) problem in non random (deterministic)

LoS networks. More specifically, we focus on the computational complexity of the problem

and also the designing of both approximate and exact algorithms for various classes of LoS

networks.

1.1.1 Why is the LoS Network Model Important?

Geometric models: Geometric graphs are graphs whose construction of vertices or edges

are governed by an underlying geometric structure. Geometric graph models, both random

and deterministic, have become a popular tool for reasoning about wireless networks. In

the deterministic setting, wireless devices are typically positioned in some physical space

and can be represented by a collection of vertices. A graph is constructed, by represent-

ing communication between pairs of vertices by edges. One commonly used geometric

graph model used for wireless sensor networks is the disk intersection model [9]. Sensors

are modelled by vertices in some topological setting and their communication ranges are

represented by circles having some prescribed radius. Overlapping circles represent com-

munication between pairs of vertices making it possible to construct a graph. A random

1
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version of the disk intersection model is known as the random geometric graph model [35].

In this model n vertices are placed uniformly at random in the interval [0, 1]2 and any

two points which are at a distance less than a range parameter r(n) are connected by an

edge. Often the aim in random geometric graphs is to study the behaviour of certain graph

properties as n→∞ assuming r(n)→ 0.

Limitations: The problem with common geometric models used in the existing lit-

erature is that they do not model environments, which contain obstacles. In many real

world scenarios, the environment will contain a number of obstacles that may restrict the

visibility of sensors. As a result only sensors, which are both close in distance and share

a line of sight are connected by edges. Examples of such scenarios include, but are not

limited to, urban settings or large indoor environments. The LoS network model involves

both range and line of sight restrictions, solving the problem of not being able to model

environments containing obstacles faced by other geometric graph models.

Line of Sight Networks: The original LoS network model is a random one [18].

Vertices are placed randomly on a grid and each vertex can see a fixed distance along each

row or column it belongs to. The rows and columns can be thought of as streets and

avenues among regularly spaced obstructions. More formally, the LoS network consists of

an underlying set of points {(x, y) : x, y ∈ {1, . . . , n}} which we refer to as an integer grid.

Given a specified range parameter ω viewed implicitly as a function of n, two points are

mutually visible if they are in the same row or column and they are at distance strictly

less than ω from one another, where the distance measure is defined as:

d((x, y), (x′, y′)) = min(|x− x′|, n− |x− x′|) + min(|y − y′|, n− |y − y′|).

The distance measure used indicates that the integer grid is viewed as a torus and this

is to avoid complication from boundary effects. This is something we will not consider

in this thesis as we consider it unrealistic for real world applications. A random graph

is constructed by placing a vertex at each point in the integer grid independently with

probability p(n) and connecting pairs of vertices, that are mutually visible.

Previous work on LoS connectivity: Previous works [18, 16] in LoS networks

mainly concern themselves with the study of connectivity. A graph is connected, if there is

a path between any pair of vertices. It is shown in [18] that the threshold for k-connectivity

coincides with the threshold for the minimum degree, being at least k. Thus the smallest

value of p at which the graph becomes k-connected with high probability is asymptotically
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the same as the smallest value of p at which the minimum degree in G is k with high

probability. A graph is k-connected if we can remove any set of at most k − 1 vertices

and the resulting graph remains connected. The original model has been extended to

higher dimensions, focusing on the threshold for connectivity [16]. This extended model

introduces two extra parameters d ≥ 3 and k ∈ {1, . . . , d}, where d is the dimension of

the integer grid and k a parameter used to determine how many coordinate positions two

vertices must agree on to share a line of sight. In this thesis, the parameter d will be of

interest as we also consider higher dimensional models but we set k = d− 1 by default as

we think this gives the truest indication of two points sharing a line of sight.

In addition the LoS network model is of interest in the study of percolation [6]. It is

shown that if pc(ω) is the critical probability for site percolation that limω→∞ωpc(ω) =

log(3/2). Finally, the LoS network model is also of interest in communication problems

such as broadcasting and gossiping [12] achieved by extending the ad-hoc radio network

model [4].

1.1.2 Computational Complexity and the MIS Problem.

P vs NP: Computational complexity theory is concerned with classifying computational

problems according to how difficult they are to solve. P denotes the class of decision

problems that can be solved in polynomial time. Informally, the class NP consists of the

set of all decision problems for which a ‘YES’ instance can be verified in polynomial time.

The question of whether P=NP is one of the most fundamental unsolved questions in

computer science, although it is widely believed that P6=NP. Many discrete optimisation

problems are NP-hard and therefore unless P=NP are not solvable in polynomial time.

Our Plans: So far, previous work in the study of LoS networks have only been con-

cerned with connectivity in the random setting. We initiate a study on the computational

properties of both general and specific classes of LoS networks in a deterministic set-

ting. We will specifically be interested in the computational complexity of a specific graph

problem. While work concerning the computational complexity of various problems in

specific classes of LoS networks is in its infancy, there have recently been new results in

the complexity of the LoS network recognition problem [31] for networks where the range

parameter ω is maximised. This particular class of LoS networks, belongs to the class of

gridline graphs [36]. A gridline graph is any graph whose vertices are embedded in R2

and two vertices are adjacent, provided they share a horizontal or vertical line of sight. It
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has been shown that the recognition problem for this class of LoS networks is NP-hard [31].

The aim of this thesis is two fold, we want to:

1. Characterise the complexity of the MIS problem for specific classes of LoS networks,

e.g. those belonging to the class of gridline graphs.

2. Design both approximate and exact algorithms for the MIS problem in various classes

of LoS networks.

The classes of LoS networks that we study are governed by the range and dimension

parameters ω and d respectively.

Literature on MIS problem: Finding large independent sets in graphs has been a

subject of significant study in various branches of Mathematics. In geometric settings, they

provide a measure of network dispersion and have a strong connection with other important

graph measures such as vertex covers, cliques and colourings [14]. It is well known that

for general graphs the MIS problem is NP-hard [19], and even good approximate solutions

are hard to find [23]. The MIS problem has also been well studied in geometric graphs,

in this thesis we will draw parallels with one particular geometric graph model known as

the unit disk (UD) graph which is a disk intersection model where the diameter of each

disk is 1. While the MIS problem is NP-hard in UD graphs [10], we get much better

approximation results than we do with general graphs. There exists a polynomial time

approximation scheme (PTAS) [15] given that the underlying unit disk representation is

available. This result has been built upon with the existence of a PTAS that does not

require the underlying unit disk representation [33]. In LoS networks the MIS problem

has not been studied in great detail, however it has been studied for specific classes of

LoS networks. Peterson showed that for 2-dimensional gridline graphs, the MIS problem

is solvable in polynomial time [36]. Hence, the problem is solvable in polynomial time for

the class of LoS networks with d = 2 and ω = n (ω is maximised). At the other extreme

LoS networks where the range parameter ω = 2 (ω is minimised) are referred to as grid

graphs which belong to the class of unit disk graphs [10]. The MIS problem, is solvable in

polynomial time for the class of Grid graphs since they are bipartite graphs.
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1.2 Overview of the Thesis

In this section, we provide a brief overview of the thesis. In Chapter 2 “Preliminaries” we

present some of the graph theoretic definitions, combinatorial problems, algorithmic tech-

niques and approximation preserving reductions that will be used throughout the thesis.

We will give a short more formal introduction to the concept of an independent set, and

explain the link between independent sets and other important graph measures like cliques

and vertex covers. We then focus on optimisation problems, briefly outlining four problems

that will be used in this thesis, including the maximum independent set problem which is

central to the thesis. We then focus on approximation algorithms and introduce the idea of

approximation complexity classes. Finally, we give a short introduction to approximation

preserving reductions [3], including specific reductions that will be used in this thesis.

In Chapter 3 “Models and Computational Problems” we introduce the LoS network

model formally. We then introduce various classes of LoS networks that are widely studied

in the existing literature. LoS networks with ω = 2 belong to the class of grid graphs,

LoS networks with ω maximised belong to the class of gridline graphs and finally LoS

networks with d = 1 belong to the class of interval graphs. For each of these classes we

provide justification that they contain the specific class of LoS networks. Finally we prove

some useful results that will be used at the beginning of Chapter 4, when we discuss the

computational complexity of the MIS problem for these classes.

We then formally introduce the unit disk graph model and discuss approximation al-

gorithms for the MIS problem that inspire algorithms we focus on in Chapter 5, for the

MIS problem in LoS networks. Finally, we introduce a scheduling application of the MIS

problem in a generalised 2-dimensional LoS network model where one dimension is kept

fixed.

In Chapter 4 “Hardness for Sublinear and Maximum Ranges” we study the computa-

tional complexity of the MIS problems for various classes of LoS networks governed by the

parameters ω (range parameter) and d (dimension parameter). We start by showing that

for some simple boundary cases where (ω = 2, d ≥ 1), (ω ≥ 2, d = 1) and (ω = n, d = 2)

(the classes introduced in Chapter 3) the problem is solvable in polynomial time. Our main

contribution in this chapter, comes from the proof of three theorems. We show firstly that

if the range parameter is sublinear in the size of the grid ω = O(n1−ε) for any fixed ε > 0

the decision version of the MIS problem denoted IS is NP-hard. Finally, we consider the

hardness of the MIS problem for LoS networks where the range parameter is maximised
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or equivalently is equal to the size of the grid ω = n and the dimension parameter d ≥ 3.

We present two results, first using a reduction from Max-2-Sat-3 we show the the problem

is NP-hard. Then using a completely different reduction from Max 3SC-d, we are able to

show the problem is APX-hard. Since this class of LoS networks belong to the class of

gridline graphs our work builds on the work in [36] by answering the question of complexity

of the MIS problem in higher dimensional gridline graphs. Additionally, the reductions we

use require the design of a number of novel LoS network embedding algorithms which may

be of separate interest.

In Chapter 5 “Approximation Algorithms” we present three approximation algorithms

for the MIS problem for various classes of LoS networks. We say for a maximisation

problem that an algorithm has an approximation ratio of r ∈ [0, 1] if it is guaranteed

to provide a solution that is within a multiplicative factor of r of the optimal. The first

algorithm we present referred to as the corner greedy algorithm achieves a 1
d approximation

guarantee for any LoS network embedded in d-dimensions. The next two algorithms we

present improve on this approximation guarantee, but are designed for specific classes of

LoS networks. The first algorithm is designed for the case where the range parameter is

maximised, since this case was proved to be APX-hard in Chapter 4, we know the best we

are able to achieve is a constant factor approximation guarantee. We can improve on the

approximation guarantee of the corner greedy algorithm from to 1
d

2
d − ε for fixed ε > 0,

with a reduction in ε coming at the cost of increased running time. Finally, we consider

the case where the range parameter ω is constant and does not increase with the size of the

grid. Again from Chapter 4, we know that the MIS problem is NP-hard for the sublinear

range of which this is a special case. We provide an efficient polynomial approximation

scheme (EPTAS) [2] for this case.

In Chapter 6 “The MIS Problem in Restricted LoS Networks” we study the MIS problem

for a restricted 2-dimensional LoS network. In this restricted model the underlying point

set of the LoS network is now rectangular with one of the sides having a fixed size. The

motivation for studying this model was motivated by a scheduling application. Suppose a

company own a set of k rooms. Suppose over a calendar of n consecutive days that each

day some subset of the rooms are available to be hired making the company a profit. We

have the following restriction that once a room is hired it cannot be hired again for ω

consecutive days. The goal is to maximise profit provided that at most l rooms can be

hired per day. We show that in the case l = 1 the problem is equivalent to finding a MIS

in a LoS network. We present a dynamic programming solution, which solves both the
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MIS problem and the related scheduling problem for general l. Finally, we use the EPTAS

from Chapter 5 and develop a semi-online algorithm for the scheduling problem requiring

a constant look-ahead distance.



Chapter 2

Preliminaries

In this chapter we outline the introductory concepts that shall be used throughout this

thesis in areas of graph theory and optimisation problems. In the graph theory section we

will introduce some basic definitions that are commonly used in various concepts presented

in this thesis. In the optimisation problems section we focus on a number of topics. We first

formally define the notion of an NP optimisation problem and provide an example of three

problems central to this thesis. Next we formally introduce the concept of an approximation

algorithm and present two techniques that we will use to develop approximation algorithms.

Finally we look at approximation preserving reductions.

2.1 Graph Theory

A Few Graph Theory Definitions: For standard graph theoretic concepts and notations

we refer the reader to [14], We start by formally introducing a few concepts that we will use

throughout the thesis-namely the distance between two vertices, the notion of an r-partite

graph and the line graph of a graph.

Definition 2.1. Given a connected graph G = (V,E), the distance between two vertices

u, v denoted D(u, v) is the number of edges in the shortest path connecting them.

Definition 2.2. Given an integer r ≥ 2 a graph G = (V,E) is said to be r-partite if V

admits a partition into r classes, and no two vertices in the same class are adjacent.

In this thesis we reference bipartite (2-partite) and tripartite (3-partite) graphs

8
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Definition 2.3. Given a graph G = (V,E) the line graph of G denoted L(G) is the graph

with vertices in L(G) corresponding to edges in E. Two vertices ve1 , ve2 are adjacent in

L(G) if and only if the edges e1, e2 are incident in G.

In this thesis we will also work with both directed and vertex weighted graphs. A

graph G = (V,E) is a directed graph if E is a set of ordered pairs. We can think of this as

assigning a direction to each edge starting with the first vertex in the ordering and moving

to the second. Note, in a directed graph it is possible to have an edge moving from a vertex

u ∈ V to a vertex v ∈ V but also from the vertex v to u. A vertex weighted graph is a

graph G = (V,E) defined with a weight function W : V → R. We are then interested in

weighted graph properties.

2.1.1 Independent Sets and Related Graph Measures

The main graph property that we focus on in this thesis will be the independent set.

Definition 2.4. Given a graph G = (V,E), a set I ⊆ V is independent if each pair of

vertices in I are mutually non adjacent.

The strong link between independent sets and other graph properties like cliques and

vertex covers makes the study of them even more important. Given a graph G = (V,E)

a clique in G is a set of vertices K ⊆ V such that each pair of vertices are adjacent. A

vertex cover in G is a set U ⊆ V such that every edge in E is incident with a vertex in

U . We let α(G), ω(G) and β(G) denote the cardinality of the largest independent set in

G, the largest clique in G and the smallest vertex cover in G respectively.

Given a graph G and its compliment G an independent set in G corresponds to a clique

in G and vice-versa thus α(G) = ω(G). Consider an independent set I and its compliment

set V ′ = V \I, then V ′ is a vertex cover. This is because any edge in E must be incident to

a vertex in V ′ since I is an independent set. Hence α(G) = |V |−β(G). In a weighted graph

G = (V,E) with weight function W , given an independent set I ⊂ V we are interested in

the weight of the independent set W (I) =
∑

v∈IW (v).

The final property we talk about is vertex colouring. Given a graph G = (V,E), a k

colouring of the vertices is a mapping c : V → {1, . . . , k}, such that each pair of adjacent

vertices {u, v} ∈ E are assigned different colours. The smallest number of colours needed

to colour G is called its chromatic number denoted χ(G). We can partition the vertex set

V into sets S1, S2, . . . , Sχ(G) where Si represents the vertices coloured with colour i. Each
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set Si must be an independent set since no two adjacent vertices can be coloured the same.

Using the fact that |Si| ≤ α(G) and that

|V | =
χ(G)∑
i=1

|Si| ≤ χ(G)× α(G)

it follows that χ(G) ≥ |V |
α(G) .

2.2 Optimisation Problems

Throughout this thesis our sole focus will be on the study of one NP-optimisation (NPO)

problem, namely the maximum independent set (MIS) problem specifically on the class of

LoS networks. We will study both the complexity of the problem and the design of both

exact and approximation algorithms for the problem. In tackling these problems, we will

also encounter other better known NPO problems with far reaching uses from providing

inspiration in the design of algorithms to uses in approximation preserving reductions.

We start by formally introducing an NPO problem and then proceed to introduce

formally three problems that will be used at some point in this thesis. The first is the MIS

problem. Next, we introduce the bounded cover by 3-sets (Max 3SC-d) problem which

will be used to prove APX-hardness in Chapter 4. Finally, we look at the 3 dimensional

matching problem (3DM) which will be used in Chapter 5 to aid in the development of an

approximation algorithm.

Definition 2.5. An NP-Optimisation problem (denoted NPO) Π, is defined as a four-tuple

(I,Sol,m, goal) such that the following conditions hold:

• I is the set of instances of the problem Π, and it can be recognised in polynomial

time;

• given x ∈ I, Sol(x) denotes the set of feasible solutions of x; for any y ∈ Sol(x), |y|
(the size of y) is polynomial in |x| (the size of x); given any x and y polynomial in

|x| one can decide in polynomial time if y ∈ Sol(x);

• given x ∈ I and y ∈ Sol(x), m(x, y) denotes the value of y and can be computed in

polynomial time;

• goal ∈ {min,max} denotes the type of optimisation problem.
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Given an NPO problem Π = (I,Sol,m, goal) an optimal solution of an instance x of Π

is denoted by y∗(x) and it’s value m(x, y∗(x)) by opt(x).

• MIS problem: The main graph theoretic computational problem we focus on is the

MIS problem. Given a graph G = (V,E) the MIS problem seeks a largest independent

set. The problem is one of the most famous graph theoretic computational problems.

It is well known that the decision version of the independent set problem denoted IS

in general graphs is NP-hard [19]. In addition H̊astad proves unless P = NP then

no 1
n1−ε approximation for MIS exists for ε > 0 where n is the number of vertices in

a graph [23].

• Max 3SC-d problem: Given a set X and a collection of subsets of X each of

cardinality 3 denoted C = {c1, . . . , cr}, with each element of X appearing in at most

d sets in C, find the maximum number of disjoint subsets in C. The Max 3SC-d

problem is also NP-hard [29].

• 3DM problem: Given finite sets X,Y and Z let T ⊆ X×Y ×Z, a subset M ⊆ T is

called a matching if for any pair of distinct triplets x = (x1, y1, z1), y = (x2, y2, z2) ∈
M we have x1 6= x2, y1 6= y2, z1 6= z2 (if this condition is satisfied we say that x and y

are disjoint 3-tuples). The 3DM requires us to find a matching M in T of maximum

cardinality. The problem is NP-hard [19].

• Max 2-Sat-3: Given a CNF formula F with each clause containing at most 2-

variables, the Max 2-Sat problem is to determine an assignment of the variables that

satisfies the maximimum number of clauses. The Max 2-Sat-3 problem is a special

case of the Max 2-Sat problem where each variable belongs to at most 3 clauses.

2.2.1 Approximation Algorithms

Many discrete optimisation problems are NP-hard and thus no polynomial time algorithms

exist unless P=NP. In this case, the “next best solution” convention is often adopted and

seeks to find good efficient approximate solutions. In this subsection we will formally

introduce two approximation complexity classes that are central to this thesis. In addi-

tion, we introduce two algorithmic techniques commonly used for designing approximation

algorithms, that we use in this thesis.
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Definition 2.6. Given an NPO problem Π = (I,Sol,m, goal) an approximation algorithm

A is an algorithm that given an instance x of Π returns a feasible solution y ∈ Sol(x). If A

runs in polynomial time w.r.t. |x|, A is called a polynomial-time approximation algorithm

for Π.

We often want a measure to evaluate how good an approximation algorithm is, the

closer to the optimal solution an algorithm can get the better. The approximation ratio

ρA(x) for an algorithm A is equal to m(x,A(x))
opt(x) . For minimisation problems ρA(x) ∈ [1,∞)

and importantly for maximisation problems ρA(x) ∈ [0, 1]. All NPO problems we consider

in this thesis are maximisation problems and we will express the approximation ratio

as a
b with a, b positive natural numbers such that a < b. We now introduce the first

approximation APX complexity class.

Definition 2.7. An NPO problem Π belongs to the class APX if there exists a polynomial

time approximation algorithm A and a value r ∈ Q+ such that, given any instance x of

Π, ρA(x) ≥ r (resp. ρA(x) ≤ r) if Π is a maximisation problem (resp. a minimisation

problem). We refer to A as an r-approximation algorithm.

Next we introduce a complexity class of algorithms that are in a sense the next best

thing to an optimal solution in polynomial time. Polynomial time approximation scheme

(PTAS), is a family of algorithms Ar such that given any ratio r ∈ Q+, the algorithm Ar

is an r-approximation algorithm whose running time is bounded by a suitable polynomial

p as a function of |x|.

Definition 2.8. An NPO problem Π belongs to the class PTAS if there exists a polynomial

time approximation scheme Ar such that, given any r ∈ Q+, r 6= 1 and any instance x of

Π, ρAr(x) ≤ r (resp. ρAr(x) ≥ r) if Π is a minimisation problem (resp. a maximisation

problem).

Often the running time of an algorithm in PTAS will depend polynomially on both

the size of x and 1/(r − 1) (resp. 1/(1− r)) for minimisation problem resp. maximisation

problem. We call this complexity class FPTAS, and more accurracy (r → 1) incurs a cost

of increased running time (1/(r− 1)→∞). In this thesis we will focus on another specific

class within PTAS, known as EPTAS. An NPO problem in PTAS belongs to the class

EPTAS (efficient polynomial time approximation scheme) if there exists an algorithm Ar

such that the running time of the algorithm is O(|x|c) for some constant c independent of
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Algorithm 1 Greedy Algorithm

1: Order the vertices V from v1, . . . , v|V |
2: Initialise S = ∅
3: while V 6= ∅ do
4: Select the first available vertex u ∈ V
5: S = S ∪ {u}
6: V = V \ ({u} ∪N(u))
7: end while

r. Note the constant in the big-O can still depend on r. Through this thesis when working

with algorithms in PTAS we will use the convention r = 1
(1+ε) for some ε > 0. Under the

assumption that P 6= NP the classes form a strict hierarchy as follows:

EPTAS ⊂ PTAS ⊂ APX ⊂ NPO.

We next introduce two algorithmic techniques that we will use in this thesis to design

approximation algorithms, namely greedy algorithms and dynamic programming.

• Greedy algorithms: A greedy algorithm seeks to make the optimal choice at each

step and thus is considered to be locally optimal. In general, greedy algorithms do

not achieve optimal solutions but they tend to be very efficient in running time.

A greedy algorithm for the MIS problem is presented in algorithm 1. The greedy

algorithm selects a vertex at each step, adds it to our initially empty set S, then

removes it and its neighbours from V and repeats. This algorithm achieves a 1
∆(G)+1

approximation guarantee.

• Dynamic Programming: Dynamic programming solves a problem by combining

solutions to subproblems much like divide and conquer algorithms. The main differ-

ence is that with divide and conquer methods often the subproblems are disjoint and

get solved recursively. In contrast, dynamic programming is used when subproblems

share subproblems. Dynamic programming uses a technique known as ‘memoiza-

tion’, informally meaning it remembers solutions to subproblems. Thus solutions to

subproblems are stored. As a result, a lot of time is saved in avoiding recomputation.

Robustness of an algorithm: Finally, we introduce the notion of a robust algorithm.

In Chapter 5 the algorithms are designed for specific classes of geometric graphs denoted U ,

whose underlying geometry allows us to exploit certain structures possessed by these graphs
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to design efficient approximation algorithms. The algorithm could however in theory, take

as input any graph that does not belong to U and still return a solution provided it also

possessed a certain structure. To this end a robust algorithm is able to take in as input

any graph and return either a solution or a certificate to show that the input does not

belong to a particular class. We provide a more formal definition below:

Definition 2.9. Let A be an algorithm defined on G, f be a function on G, and U ⊂ G.

Then A computes f robustly (on U), if

1. for all instances i ∈ U , the algorithm A returns f(i), and

2. for all instances i ∈ G\U , the algorithm A returns either f(i), or a certificate showing

that i 6∈ U .

2.2.2 Approximation Preserving Reductions

Informally approximation preserving reductions allow us to classify problems according to

the quality of their approximation guarantee. In what follows, if Π is a computational

problem and I is a particular set of instances for it, then Π(I) will denote the restriction

of Π to instances belonging to I. If Π1 and Π2 are decision problems, then Π1 ≤p Π2 will

denote the fact that Π1 is polynomial-time reducible to Π2. We refer the reader to [19] for

all basics on polynomial time reductions.

For optimisation problems we often want a reduction between two problems that is

somewhat stronger than the simple polynomial time reducibility. Often we wish to know

what makes different problems behave similarly. To answer this problem we introduce

the idea of approximation preserving reductions. These reductions have become vital to

working out where various NPO problems lie in the approximation hierarchy described in

Subsection 2.2.1. We formally introduce a type of reducibility known as the R-reducibility

between problems in NPO and then a specific type of R-reducibility known as Linear

reducibility that will be central to our results in approximation preserving reductions and

proving APX-hardness in Chapter 5.

Definition 2.10. Let Π1 and Π2 be two NPO maximisation problems. Then we say that

Π1 ≤R Π2 if there exist two polynomial time computable functions f, g that satisfy the

following properties:

• f : IΠ1 → IΠ2 such that ∀x1 ∈ IΠ1 , f(x1) ∈ IΠ2 . In other words given an instance

x1 ∈ Π1, f allows us to build an instance x2 = f(x1) ∈ Π2



Chapter 2. Preliminaries 15

• g : IΠ1 × SolΠ2 → SolΠ1 such that ∀(x1, y2) ∈ (IΠ1 × SolΠ2(f(x1)), g(x1, y2) ∈
SolΠ1(x1). In other words given a solution y2 to the instance x2 we can build a

solution y1 = g(x1, y2) to the initial instance x1.

Linear Reducibility: We start by generalising the notion of the R-reduction men-

tioned in definition 2.10 and introduce a more general reduction known as a PTAS-

reduction denoted ≤PTAS .

Definition 2.11. A PTAS reduction is an approximability preserving reduction satisfying

the following additional constraint to the ones described in R-reduction: ∀ε > 0,∃δ =

δ(ε) > 0, such that if y′ is a 1
(1+δ(ε)) -approximation to Π′ then y is a 1

(1+ε) - approximation

to Π.

PTAS reductions are important, as we will show they can be used to show membership

in PTAS. We will then introduce the L-reduction, a specific type of PTAS reduction that

will be used to prove APX-hardness in Chapter 4.

Lemma 2.12. Given two problem Π and Π′, if Π ≤PTAS Π′ and Π′ ∈ PTAS, then Π ∈
PTAS.

Definition 2.13 (L-reduction). Let Π and Π′ be two problems in NPO. Then, we say that

Π ≤L Π′, if there exist two functions f and g (basic reduction) and two constants α1 > 0

and α2 > 0 such that ∀x ∈ IΠ and ∀y′ ∈ SolΠ′(f(x)):

1. optΠ′(f(x)) ≤ α1optΠ(x);

2. |mΠ(x, g(x, y′))− optΠ(x)| ≤ α2|mΠ′(f(x), y′)− optΠ′(f(x))|.

Based on [3] we can deliver the following.

Lemma 2.14. An L-reduction is a PTAS reduction where δ = ε
α1α2(1+ε) .

Proof. Since Π and Π′ are maximisation problems we know that

optΠ(x)−mΠ(x, g(x, y′)) ≤ α2(optΠ′(f(x))−mΠ′(f(x), y′)).

Since Π′ ∈ PTAS it means we have a 1
(1+δ) -approximation algorithm for the problem Π′

and thus mΠ′(f(x), y′) ≥ 1
(1+δ)optΠ′f(x). Substituting this in we obtain that

optΠ(x)−mΠ(x, g(x, y′)) ≤ α2

(
optΠ′(f(x))− 1

(1 + δ)
optΠ′f(x)

)
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and thus

optΠ(x)−mΠ(x, g(x, y′)) ≤ α2

(
δ

1 + δ
· optΠ′f(x)

)
Finally substituting in optΠ′(f(x)) ≤ α1optΠ(x) and using the fact that for ε > 0 ⇒ δ >
δ

1+δ we obtain

mΠ(x, g(x, y′)) ≥ (1− α1α2δ)optΠ(x)

and so our approximation ratio ρA(x) = mΠ(x,g(x,y′))
optΠ(x) ≥ (1 − α1α2δ). Substituting in

δ = ε
α1α2(1+ε) we obtain ρA(x) = mΠ(x,g(x,y′))

optΠ(x) ≥ 1
(1+ε) . Thus we have a 1

(1+ε) -approximation

for Π.

Definition 2.15. A problem Π in NPO is APX-hard if there exists a PTAS-reduction

from any problem in APX to Π. Furthermore a problem is APX-complete if it is both

APX-hard and in APX.

We will use the above definition to prove an APX-hardness result in Chapter 5 specif-

ically using an L-reduction. The problem we reduce from is the Max 3SC-d problem

introduced at the start of Section 2.2. Another important complexity class central to the

Max 3SC-d problem is Max-SNP [34]. We will not explore this class in detail in this thesis,

but it is important to note that originally it has been shown that the Max 3SC-d problem

belongs to the class Max SNP-complete in [29]. It is important to note for our work that a

Max SNP-completeness result can be interpreted as an APX-completeness result [3]. Thus

a PTAS reduction from Max 3SC-d to an NPO problem Π implies that Π is APX-complete.

This is the approach we take in proving APX-completeness in Chapter 4.



Chapter 3

Models of LoS and Computational

Problems

In this chapter, we start by formally introducing the LoS network model that we work

with throughout this thesis. We then highlight the connection between specific classes of

LoS networks that belong to other well known classes of geometric graphs, and highlight

some important properties of these classes that shall be used later in Chapter 4. Next,

we introduce the unit disk (UD) graph model and discuss some major results regarding

the MIS problem for this model. Finally, we present some simple bounds on the size of a

maximum independent set in a LoS network and in addition some applications of the MIS

problem to scheduling, in restricted LoS networks.

3.1 Integer Grids

Integer Grids: We start by introducing the objects used for embedding LoS networks,

these are higher dimensional integer grids. Let Z+ denote the set of all non-negative

integers and for any integer t ∈ Z+ let [t] = {0, . . . , t− 1}.
Given a d-tuple (n1, n2, . . . , nd) define the d-dimensional integer grid as:

Zdn1,n2,...,nd
= {(x1, x2, . . . , xd) : xi ∈ [ni],∀i ∈ [d]}.

We refer to the parameter ni ∈ (n1, . . . , nd) as the “size of dimension i”. In this thesis we

will focus on the following two types of integer grids; the first is the d-dimensional grid

17
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Figure 3.1: The integer grid Z3
4,3,3

Zdn1,n2,...,nd
where n1 = n2, . . . , nd = n, we abbreviate the notation to Zdn in this case for

brevity and we let the parameter n → ∞. The second case is a specific 2-dimensional

grid Z2
n,k where the paramter k ∈ Z+ is a fixed constant and n → ∞. We refer to this

second type of integer grid where the size of one of the dimensions is fixed as a “restricted”

grid and the elements of the integer grid Zdn are referred to interchangeably as points or

d-tuples. Figure 3.1 shows an example of the integer grid Z3
4,3,3.

3.2 LoS Networks

LoS Networks: Given two distint points x = (x1, . . . , xd) and y = (y1, . . . , yd) we say

that x and y share a line of sight if there exists a j ∈ {1, . . . , d} such that xi = yi for all

i ∈ {1, . . . , d}\{j} and we say j is the coordinate point where x and y differ. For two points

x and y which share a line of sight we let ⊕(x, y) denote the co-ordinate position where x

and y differ. One last ingredient needed to define a LoS network is a distance metric. The

Manhatten distance metric for points x and y is defined as d(x, y) =
∑d

i=1 |xi − yi|. We

refer to d(x, y) as the distance between x and y.

Definition 3.1. A graph G = (V,E) is said to be a LoS network with dimension parameter
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Figure 3.2: An embedding of the graph G on the left hand side embedded in Z2
9 with

ω = 4

d, size parameters n1, . . . , nd and range parameter ω, if there exists an embedding fG : V →
Zdn1,...,nd

, such that {u, v} ∈ E if and only if fG(u) and fG(v) share a line of sight and the

distance between them is strictly less than ω. In addition, fG(u) and fG(v) are distinct.

As previously outlined, in this thesis we will work with line of sight embeddings in the

integer grids Zdn and Z2
n,k where k is a constant. Figure 3.2 shows an example of a graph

G embedded in the 2-dimensional integer grid Z2
9, in this case the range parameter ω = 4.

For brevity we abuse notation and denote the set of embedded vertices of G = (V,E) by V

and given that all graphs will be embedded, we further abuse notation so that u will denote

both a vertex in the original graph and the corresponding embedded vertex fG(u) ∈ Zdn.

It will be clear from context which interpretation we are referring to.

3.2.1 Defining Classes of LoS Networks

The three parameters which define a LoS network are important. The parameter d refers

to the dimension of the integer grid the LoS network is embedded in, the parameter n

(resp. k, n) refers to the the size of each dimension of the integer grid. The parameter

ω, called the network range parameter is independent of the underlying integer grid. The

range parameter can be used to model the usual proximity constraint in a wireless net-

work, a mechanism that along with the line of sight restriction allows the modelling of an

environment with obstacles.

The parameter ω also governs how densely connected a LoS network is. To visualise

this, imagine a set of vertices located in Zdn and consider the n graphs formed by letting

the range parameter ω move from 1 to n. At one extreme where ω = 1 we have a graph
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Figure 3.3: An embedding of two graphs G and G′ respectively with vertices embedded at
the same locations in Z2

9 however G has range paramter ω = 3 and G′ has range parameter
ω = 5. The black edges are the edges of the integer grid and the blue edges are the edges
of the LoS network.

consisting of disjoint vertices, at the other extreme where ω = n, vertices are connected

provided they share a line of sight (with no distance restrictions). We can think of this

case as one where the distance restriction is removed. Figure 3.3 shows an example of

this, where we first consider ω = 3 and then ω = 5. For any monotonically non-decreasing

function g : N→ R we can consider the range parameter ω(n) = min{g(n), n} for all n ∈ N.

The variation in the parameters ω and d allows us to define subclasses of LoS networks.

Let Ldn,ω denote the set of all graphs G which are LoS networks with dimension, size and

range parameters equal to d, n and ω respectively. Furthermore let Ldω = ∪n∈NLdn,ω.

The classes (Ldω)d≥1 form a nested sequence. In particular for any 1 ≤ d′ ≤ d we

have Ld
′
ω ⊂ Ldω. This is because any graph embedded in d′-dimensions can be embedded

in d dimensions as follows. Suppose f : V → Zd′n is a LoS embedding of G. Then a

line of sight embedding of G namely F : V → Zdn can be obtained as follows: for each

v ∈ V if f(v) = (v1, v2, . . . , vd) then F (v) = (v1, v2, . . . , vd, 0, . . . , 0) where the last d − d′

co-ordinates of F (v) are all 0. Thus ∀G ∈ Ld′ω it follows G ∈ Ldω. To this end we want

some sort of characterisation of a LoS network that is embedded in d-dimensions but also

‘spans’ each dimension; this leads us to our next definition.

Definition 3.2. We say that a LoS networkG with parameters d, n and ω is d-dimensionally

spanning if for each j ∈ {1, 2, ..., d} there exists an edge {u, v} ∈ E such that ⊕(u, v) = j.

It is also important to note that for a given graph G = (V,E) there are potentially

many different LoS network embeddings. Recent work studied the complexity of the LoS

network recognition problem for the class of LoS networks where ω is maximised and found
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Figure 3.4: A UD and a line of sight representation with parameter ω = 2 on the same
grid. The edges of the LoS network are represented in blue.

the problem to be NP-hard [31]. That is to say given a graph G = (V,E) the problem of

deciding whether G belongs to the class Ldn is NP-hard.

3.2.2 LoS Networks and Connections to other Graph Classes

Grid Graphs: Clark et al. [10] defines a grid graph as a UD graph within which all

disks have centres with integer coordinates and radius 1/2. Clearly, a grid graph is a LoS

network embedded in Z2
n with ω = 2, since any two vertices placed at locations representing

the centres of two disks share an edge if and only if their distance is equal to 1, this is

illustrated in Figure 3.4. In the context of LoS networks L2
2 denotes the class of grid graphs.

Grid graphs are well studied w.r.t. well known computational graph problems [26, 22, 10].

Higher dimensional grid graphs are also well studied [20, 37]. One of the reasons many

computational problems are tractable in grid graphs is because they are bipartite. We

prove this below, but first we need to prove an important result regarding the lengths of

cycles in bipartite graphs.

Lemma 3.3. [14] A graph G = (V,E) is bipartite if and only if its cycles have even length.

Proof. Only if part: Suppose G is bipartite with vertex classes V1 and V2 and that w.l.o.g.

the first vertex in a cycle C = v1, . . . , vk belongs to the class V1. Then the remaining must

belong to alternating vertex classes V2, V1, V2 . . .. As a cycle must start and finish within

the same vertex class the length of the cycle must be even.

If part: Suppose w.l.o.g. that all cycles in the graph G have even length and that G is

connected otherwise, consider each component separately. Consider a breadth first search

(BFS) tree [11] rooted at the vertex v ∈ V and denote by d(v′) the length of the shortest

path from v to any vertex v′ ∈ V . We can then colour each vertex whose distance from
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Figure 3.5: Curved lines represent paths and straight lines represent edges between
partitions. The cycle v∗P ′v′v′′P ′′v∗ has even length.

v is even, red and colour each vertex whose distance is odd as yellow. This allows us to

partition the vertex set into sets N1(v), N2(v), . . . , N j(v) where N j(v) = {u : d(u, v) = j}.
If there is an edge between two vertices which are both coloured yellow or both coloured

red, then G contains an odd cycle which is a contradiction. To see why this is the case,

suppose that v′ and v′′ are both coloured the same colour and denote the path from v to

v′ and v′′ by P ′ and P ′′ respectively. Let v∗ be the furthest vertex from v common to

both paths that is closer to v than both v′ and v′′ (v may be the only vertex). Then the

distance from v∗ to v′ and v∗ to v′′ is the same modulo 2 due to the alternating nature of

the colours. Adding the edge from v′ to v′′ gives us an odd cycle which is a contradiction,

this is illustrated in Figure 3.5. Thus, we can partition the vertices of V into two sets

coloured yellow and red respectively, with all adjacent vertices having different colours.

Therefore, G is bipartite.

In order to show that grid graphs are bipartite, using the result from lemma 3.3,

it suffices to show that all cycles have even length. For two points x, y ∈ Zdn define the

distance measure d′(x, y) =
∑d

i=1(xi−yi). Consider a d-dimensional grid graph G = (V,E),

for any two vertices x, y ∈ V that are adjacent since the Euclidean distance between x and

y is 1, it follows that d′(x, y) = ±1.

Lemma 3.4. All cycles in grid graphs have even length.

Proof. Consider a cycle c = (v1, v2, v3, . . . , vm, v1), the sum of the m pairs of distances

d′(v1, v2) + d′(v2, v3) + . . . ,+d′(vm, v1) = 0.
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Since each d′(vj , vj+1) = ±1, let m′ ∈ N denote the number of pairs for which the distance

is 1. Thus 1 · m′ − 1 · (m − m′) = 0 and so we conclude that m = 2m′ and thus m is

even.

Gridline graphs: A 2-dimensional gridline graph G is a graph whose vertices are

located at distinct co-ordinates in R2 and two vertices located at (x, y) and (x′, y′) share

an edge if x = x′ or y = y′. In higher dimensions Peterson states that two vertices located

at (x1, . . . , xd), (x
′
1, . . . , x

′
d) ∈ Rd) share an edge whenever they differ in one entry [36].

Peterson provides some simple algorithms for classical problems in 2-dimensional gridline

graphs. He extends the model to higher dimensions and then provides characterisations on

higher dimensional gridline graphs. From this it is clear that LoS networks with range pa-

rameter ω = n are a class of gridline graphs with the restriction that vertices are embedded

in Zdn.

Lemma 3.5. Any 2-dimensional gridline graph is the linegraph of a bipartite graph.

Proof. Given a 2-dimensional gridline graph G = (V,E), construct a bipartite graph de-

noted BG(U1, U2, E
′), as follows: for each vertex u ∈ V located at points (u1, u2) ∈ R2 add

a vertex corresponding to u1 namely u′1 to U1 and a vertex corresponding to u2 namely u′2 to

U2 in BG and the edge {u′1, u′2} ∈ E. Now for any two vertices u = (u1, u2), v = (v1, v2) ∈ G
which are adjacent, we know by definition either u1 = v1 or u2 = v2 thus the edges

{u′1, u′2}, {v′1, v′2} ∈ E must share a vertex and thus are incident. Hence, G is a line graph

of BG.

Interval graphs: Interval graphs [17] have many uses in areas of combinatorial opti-

misation with scheduling being one such example. An interval graph is a graph formed by

the intersection of a family of intervals.

Definition 3.6. Given intervals Si on the real line for i = 0, 1, 2 . . . we create a graph

G = (V,E) as follows. For each interval Si, place a vertex vi ∈ V and for two distinct

vertices vi, vj ∈ V , {vi, vj} ∈ E if and if only Si ∩ Sj 6= ∅. We refer to G as the interval

graph of the set of intervals Si.

A 1-dimensional LoS network with range parameter ω can be seen to belong to the set

of interval graphs, in particular each interval will have equal size ω. Given a 1-dimensional

LoS network G = (V,E) with parameters n and ω, recall each vertex v ∈ V is located at
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some integer 1 ≤ v ≤ n. We can order the vertices of V from v1 to v|V | and for vertex vi

construct the interval Si = (vi − ω
2 , vi + ω

2 ).

Lemma 3.7. The 1-dimensional graph G is an LoS network for the set of intervals Si.

Proof. Given two vertices vi, vj w.l.o.g. assume that vj > vi in the ordering of the vertices

V . Then

vj − vi < ω ⇔ vj −
ω

2
< vi +

ω

2
.

Thus, the two vertices share an edge if and only if their intervals intersect.

3.3 The MIS Problem in Unit Disk Graphs

In this section we introduce some results regarding the MIS problem in the UD graph model

recall that a UD graph is a disk intersection model where disks have a unit radius. While

the MIS problem is NP-hard for UD graphs [10], better approximate solutions exist. We

present below a 1
3 -approximation algorithm for UD graphs [30]. We incorporate techniques

used in this algorithm in Chapter 5. The algorithm uses the result of the following lemma:

Lemma 3.8. Let G be a UD graph and let v be the vertex such that the unit disk corre-

sponding to v has the smallest X-coordinate. The size of the maximum independent set

satisfies α(G[N(v)]) ≤ 3.

Proof. Suppose that the result does not hold. Let C denote the unit disk corresponding

to v and let S be a set of unit disks such that |S| ≥ 4 and every unit disk in S intersects

C and no two unit disks in S intersect each other. Let c denote the centre of C and si

for 1 ≤ i ≤ 4 denote the centres of any 4 unit disks Si ∈ S. Consider the 4 rays ri = −→csi
and the angle Ai between the ray ri and the line parallel to X axis through c. Since the

X-coordinate for each unit disk in S is greater than the X coordinate of C this implies the

angle −90◦ ≤ Ai ≤ 90◦. Using the pigeonhole principle, at least one pair of rays rj and

rk must have an angle between them that is at most 60◦. Thus, the distance between the

centres si, sj is at most 2 and thus Si and Sj intersect, which is a contradiction.

Using the above lemma, Marathe et al. [30] design a greedy algorithm with an approx-

imation guarantee of 1
3 . Given a UD graph G = (V,E) with no geometric representation,

the first step is to locate the vertex v′ such that G[N(v′)] ≤ 3. Such a vertex can be located

in O(|V |4) by checking for each vertex v ∈ V whether there exists an independent set larger
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than 3 which can be done in O(|V |3) by complete enumeration. Denote by UDG (unit disk

greedy) the approximation algorithm that follows: given a unit disk graph G, the UDG

algorithm picks a vertex v satisfying G[N(v)] ≤ 3, removes v and its neighbourhood from

G and repeats the process until the graph is empty.

Theorem 3.9. Let G be a unit disk graph, and let UDG(G) and Opt(G) denote respectively

the approximate independent set produced by UDG, and an optimal independent set of G.

Then |UDG(G)| ≥ |Opt(G)|
3

Proof. Define the r-neighbourhood of a vertex v in UDG(G) to be the set N(v)∪{v} where

N(v) is the neighbourhood of v at the point when v is added to UDG(G). By construction,

the set ∪v∈UDG(G)N(v) ∪ {v} partitions the vertex set V and so each vertex in the graph

belongs to exactly one r-neighbourhood. Consequently, each vertex in Opt(G) belongs

to exactly one r-neighbourhood. Using Lemma 3.8, we know the maximum independent

set in each r-neighbourhood is 3, and as a result the r-neighbourhood contains at most 3

vertices from Opt(G). Hence, Opt(G) ≤ 3|UDG(G)|.

The running time of the algorithm is O(n5 +m) (where n is the number of vertices and

m is the number of edges), since locating each vertex v to add to UDG(G) takes O(n4) time

and then we add v to UDG(G) and remove its neighbours. If the geometric representation

of the UD graph is available, it is possible to significantly speed up the running time of

the algorithm. We can store the centres of the unit disks ordered from least to greatest

in a list L. The algorithm can then add the first vertex in L to the independent set and

then remove the vertex and its neighbours from L. This gives an improved running time

of O(nlog(n) +m) [30].

While a 1
3 -approximation is good, it is possible to improve this approximation guaran-

tee. Given the geometric representation is available Hunt et al. provide a PTAS [24]. The

PTAS was later generalised to disks of arbitrary sizes by Erlebach et al. [15]. The algo-

rithm presented by Erlebach et al. uses a shifting strategy. The plane is partitioned into

squares by drawing k lines horizontally and vertically (numbered 1 to k), the maximum

independent set in each of these squares can then be considered independently. Given a

unit disk graph G = (V,E) for any k ≥ 3, the algorithm works as follows:

1. For 0 ≤ r, s < k get G(r, s) from G by deleting unit disks that hit a horizontal line

equal to r mod k or hit a vertical line equal to s mod k
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2. Compute by brute force enumeration the maximum independent set IS in each square

S of G(r, s)

3. The union of the sets IS gives a maximum independent set in G(r, s)

4. Output the largest independent set obtained in this way.

The running time of the algorithm is nO(k2) for n disks and the approximation guarantee

is 1
1+ε where ε = k

k−2 − 1.

More recently, Nieberg et al. provide a PTAS for the MIS problem in UD graphs which

does not require the geometric representation [33]. The idea is to start with an arbitrary

vertex v ∈ V and consider for r = 0, 1, 2, . . . , the rth neighbourhood N r(v) = {w ∈ V :

d(v, w) ≤ r}. Starting with N0(v) = {v}, we compute a maximum independent set by

complete enumeration Ir ⊂ N r for each r = 0, 1, 2, . . . , provided:

|Ir+1| > (1 + ε)|Ir| (3.1)

Let r∗ denote the least r for which 3.1 is violated. To achieve an independent set in a

UD graph G, the above algorithm is iteratively applied to G = G \N r∗+1. The algorithm

guarantees a 1
1+ε approximation for any ε > 0 and has running time O(nC

2
) where C =

O
(

1
ε2

log
(

1
ε

))
.

3.3.1 Properties of Independent Sets in LoS Networks

In this section, we will introduce an upper bound on the size a maximum independent

set in a LoS network with parameters d, n and ω that will prove useful in analysing the

computational complexity of the last algorithm that we will present in Chapter 5.

Lemma 3.10. Given a LoS network with parameters d, n and ω the the size of a maximum

independent set α(G) ≤ nd−1 ·
⌈
n
ω

⌉
Proof. Define a line in Zdn to be a set points:

l = {(1, x2, . . . , xd), (2, x2, . . . , xd), . . . , (n, x2, . . . , xd)}.

Each line consists of n consecutive points contained in 1-dimension as x2, . . . , xd remain

fixed. Let G[l] denote the induced subgraph of G with vertices restricted to the line l.
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Figure 3.6: The first set of yellow vertices in the graph represent a maximal independent
set, the second set of yellow vertices represent a maximum independent set.

Then α(G[l]) ≤
⌈
n
ω

⌉
as an independent set in G[l] can contain at most one vertex every

ω consecutive points. Let L denote the set of lines in Zdn, then |L| = nd−1 as there exists

one line for each combination of x2, . . . , xd ∈ {1, . . . , n}. Each vertex belongs to one line,

namely the one corresponding to the last d−1 coordinates of its d-tuple and so L partitions

the vertex set V . We conclude that

α(G) ≤
∑
l∈L

α(G[l]) ≤ nd−1
⌈n
ω

⌉
giving us the required result.

Corollary 3.11. Given a LoS network with parameters d, n and ω the size of a maximum

independent set α(G) ≤
∑

l∈L α(G[l]) where L is the set of all lines in Zdn.

Example 3.12. We can use Corollary 3.11 to verify that the second set of yellow vertices

in Figure 3.6 is indeed the maximum independent set. The maximum independent sets in

each horizontal line from top to the bottom are indeed of size 2, 2, 1, 2, 1, 1, 2 giving a total

of 11.

3.3.2 A Scheduling Application of the MIS Problem in Restricted LoS

Networks

In this final section, we briefly introduce a scheduling application which has links to the

MIS problem in a graph embedded in Z2
n,k. This will be the focus of Chapter 6. Consider
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Figure 3.7: The top image is a schedule with intervals representing the feasible solution in
blue. The bottom image represents the corresponding independent set in the LoS network
constructed from the original schedule.

the following scenario. A company has 4 rooms for hire each for a period of 5 days at a

time over a period of 18 days. They have a schedule consisting of possible start and finish

times with each period being represented by an interval [x, x + 4], where x is an integer

satisfying 1 ≤ x ≤ 14. The company need to provide simple safety training on the first

day a room is hired out and due to the lack of staff, it can only hire out one of the rooms

per day. If the company charge a fixed fee for room hire, how do they design an optimal

schedule to maximise revenue?

A solution to this problem is equivalent to finding the maximum independent set in a

LoS network. We use this application as a motivation for studying the MIS problem in

LoS networks embedded in Z2
n,k, where k is a fixed constant. To generalise the example

above, consider a schedule with k rooms and a calender of n days where each room can be

hired out for ω consecutive days where k < ω. Construct a LoS network in Z2
n,k as follows.

For each interval [x, x+ ω] representing the start date of a request for room hire of room

j ∈ {1, . . . , k}, place a vertex at location (x, j) ∈ Z2
n,k. We then construct an LoS network

as usual by connecting each pair of vertices in the same column and any two vertices along

a row that are at a distance strictly less than ω.

Any feasible solution is an independent set and this can be seen by analysing the two

constraints identified in the initial problem. The constraint that only one room can be

hired per day is equivalent to the statement that for any two intervals which start at the

same location x, we are only able to select one. This represents the LoS network constraint

in the column direction k < ω. The constraint that for the same room any two intervals
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corresponding to the hire of that room must be disjoint for it to be able to be selected,

is represented by the LoS network constraint that vertices in the same row must be at

a distance of at least ω. Any subset of vertices satisfying the property that it contains

at most one vertex per column, and that any pair of vertices in the same row are at a

distance at least ω, is by definition an independent set. Conversely, any independent set in

G corresponds to a feasible solution satisfying the original constraints. This is illustrated

in Figure 3.7. Here we highlight a feasible solution to the scheduling problem with intervals

selected in blue in the top schedule and the corresponding independent set represented by

blue vertices in the LoS network at the bottom.

In Chapter 6 we consider this problem formally along with variations which cannot

be represented by LoS networks but make for a more realistic application. These include

situations where the number of rooms which are able to be hired out each day are more

than one, where the price of each room differs and where the number of rooms is greater

than the number of days of hire.



Chapter 4

Hardness for Sublinear and

Maximum Ranges

4.1 Main Results

In this chapter we study the complexity of the MIS problem in LoS networks as the range

and dimension parameters ω and d respectively vary. In Chapter 3 we introduced specific

classes of LoS networks that belong to well known classes of geometric graph models widely

used in the existing literature. These specific classes of LoS networks were described by

their dimensional parameter d and range parameter ω. We briefly discuss the complexity

of the MIS problem for each of these classes of LoS network below.

We start by noting when ω = 1 the MIS problem is trivial as all vertices are indepen-

dent. When d ≥ 1 and ω = 2 the specific LoS network is also known as a grid graph. Grid

graphs are bipartite graphs and it is well known that the MIS problem can be solved in

polynomial time for bipartite graphs [8]. When ω is maximised (ω = n) and d = 2 we

showed that the LoS network is a gridline graph and that a gridline graph is a line graph

of a bipartite graph. A maximum independent set in such a graph is the same size as a

maximum matching in the bipartite graph of which it is a line graph and consequently we

can solve the maximum matching problem for bipartite graphs in polynomial time [36].

Finally, when d = 1 and ω ≥ 2 we showed that the LoS network is an interval graph. The

MIS problem for interval graphs can be solved in polynomial time [21].

For the boundary cases (ω = 2, d ≥ 1), (ω ≥ 2, d = 1) and (ω = n, d = 2) the MIS

problem is solvable in polynomial time. However in the context of LoS networks these

30
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cases are somewhat uninteresting as one of the parameters takes an extreme value. For

example the range parameter ω in particular can vary from 1 to n for any LoS network

embedded in Zdn. In this thesis for each d ≥ 2 we are interested in the complexity of the

MIS problem for ω = O(n1−ε) for any fixed 0 < ε < 1 referred to as the sublinear case and

for d ≥ 3 we are interested in the case where ω = n, referred to as the maximised case. Let

IS denote the decision version of the MIS problem, namely given a graph G = (V,E) and

an integer k, does there exist an independent set of size at least k? In what follows we let

MIS(Ldω) (resp. IS(Ldω)) denote the complexity of the MIS (resp. IS) problem for the class

of LoS networks Ldω. We prove the following result regarding sublinear ranges:

Theorem 4.1. Let d > 1, then IS(Ldω) is NP-hard, for ω satisfying ω = O(n1−ε) and

ω > 2 for any fixed 0 < ε < 1.

Finally we consider the MIS problem for the case where the range parameter is max-

imised and d ≥ 3. As discussed at the start of the section for d = 2 the problem is solvable

in polynomial time. We will prove two results regarding this problem, the second improving

on the first. We present both because the reductions that we use are different.

Theorem 4.2. MIS(Ldn) is NP-hard for each fixed d ≥ 3.

The above theorem uses a reduction from Max-2-Sat-3 which will be detailed later on.

Finally we can improve on the above result by using a reduction from Max 3SC-d which

will also be detailed later on to prove the following theorem:

Theorem 4.3. MIS(Ldn) is APX-hard for each fixed d ≥ 3.

4.1.1 Spanning LoS Networks

The keen reader will notice that in the sublinear case in order to prove that the IS problem

is NP-hard for the class Ldω where d ≥ 2 it suffices to prove hardness for the class L2
ω.

Additionally, for the case where the range parameter is maximised, in order to prove the

MIS problem is NP-hard for the class Ldn it suffices to prove hardness for the class L3
n.

This is because any 2-dimensional (resp. 3-dimensional) LoS network could in theory be

embedded in higher dimensions by appending a set of 0’s to the end of each co-ordinate

as highlighted in Chapter 3 Section 3.3.1. However proving hardness for these classes

does not necessarily provide a full representation of the complexity of the problem in each

dimension. This is where we use the definition of d-dimensionally spanning from Chapter 3
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Section 3.3.1. For the sake of argument, it could be the case that for a class of d-dimensional

LoS networks that are d-dimensionally spanning the MIS problem is solvable in polynomial

time. To this end we develop reductions that involve graphs that span the dimension they

are embedded in, giving us a much stronger result than simply proving NP-hardness in 2

and 3 dimensions for sublinear and maximum cases respectively.

4.1.2 Embedding Techniques

The reductions used to prove Theorems 4.1, 4.2 and Theorem 4.3 will involve two steps.

The first step reduces a known NP-hard problem to an instance of the MIS problem for a

specific graph G = (V,E). The second step involves providing a LoS network embedding

for the graph G proving membership for the particular class of LoS networks described in

the theorem. To this end we develop a general set of algorithms for LoS embeddings of

graphs with specific structural properties.

The embedding techniques used for embedding graphs in the sublinear case are different

to the embedding techniques used for the maximum case. This is largely due to the

difference in the known NP-hard problems we reduce from. For the embeddings in the

sublinear case we will use existing embedding techniques to embed bounded degree graphs

in the integer grid Zdn [39, 40]. The novelty of our work regarding this reduction is in the

padding of these graphs with extra vertices so that the resulting graph is a LoS network.

For the maximum case we develop novel algorithms, which allow us to embed paths and

cycles, which in turn allow us to embed the specific graphs used in the reduction.

Embedding techniques for sublinear ranges: Graph embedding has been an active

research area for quite some time (the interested reader is referred to reviews such as [13],

or the slightly more recent [32]). For the embedding required in the reduction of sublinear

ranges we are interested in orthogonal embeddings of bounded degree graphs in Zdn. Define

a path in Zdn to be a sequence of distinct points such that any two consecutive points

in the sequence have a Manhattan distance of 1. An Orthogonal embedding of a graph

G = (V,E) in Zdn denoted Γ(G) is an embedding where the vertices v ∈ V are mapped

to points in Zdn denoted Γ(v) and the edges {u, v} ∈ E to paths in Zdn with end points

Γ(u),Γ(v). Paths representing distinct edges can only intersect at their end-points. It is

important to note that an embedded path is not necessarily just a single horizontal or

single vertical line and can contain multiple bends, Figure 4.1 illustrates this. This will

need to be dealt with carefully when we pad these paths with extra vertices to obtain a
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Figure 4.1: An example of a 4-planar (a planar graph with maximum degree at most 4)
graph G = (V,E) on the left, and an orthogonal embedding of G on the right.

LoS network G′ = (V ′, E′) from a bounded degree graph G = (V,E), and is described in

Section 4.2. It is well known that an orthogonal embedding of a graph G = (V,E) in Zdn
requires d ≥ d∆(G)/2e and, for general graphs, the bound is tight except for ∆(G) ≤ 4

where we are restricted to planar graphs [40]. In this work we will use the following two

results dealing with the cases d = 2 and d ≥ 3 respectively. Moreover the embeddings

described in the following two theorems can be constructed in polynomial time.

Theorem 4.4. [39] Any planar graph G = (V,E) satisfying ∆(G) ≤ 4 and |E| = m,

admits an orthogonal embedding Γ(G) in Z2
3m.

Theorem 4.5. [40] Any graph G = (V,E) satisfying ∆(G) ≥ 5 admits an orthogonal

embedding Γ(G) in Zdk|V | where d = d∆(G)/2e and k is a positive integer constant.

The sublinear range embeddings are d-dimensionally spanning : At the start of this chap-

ter we discussed that we wanted the embedded graphs to be d-dimensionally spanning. In

[40] Wood explains that for a bounded degree graph G = (V,E) an orthogonal embedding

requires at least
⌈

∆(G)
2

⌉
dimensions. Since the LoS network G′ = F (G, r) obtained from

the orthogonal embedding of G is obtained by placing additional vertices along the edges

of the orthgonal embedding Γ(G), it means it is embedded in exactly the same number

of dimensions as Γ(G). This guarantees that G′ is a
⌈

∆(G)
2

⌉
-dimensionally spanning LoS

network. Thus for each d ≥ 2 we choose ∆(G) appropriately so that d =
⌈

∆(G)
2

⌉
.

Embeddings for maximum ranges: The embeddings used in the reductions for

Theorem 4.2 (resp. Theorem 4.3) require line of sight embeddings of paths and cycles

(resp. paths and cliques). Since paths are common to the graphs used in both reductions
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Algorithm 2 PRE(P,L, k, (x1, . . . , xd))

1: Initialise p0 = (x1, x2, . . . , xd)
2: for l = 1, . . . , length(P ) do
3: ⊕(pl, pl−1) = (l + k) mod d
4: a(l+k) mod d(pl) = L[(l + k) mod d]
5: L = update(L, (l + k) mod d)
6: end for

we first describe a set of algorithms for embedding paths in d-dimensions in accordance

with LoS network constraints where ω is maximised. This case is equivalent to one where

there is no distance restriction on two vertices, which share an edge. Hence two vertices

share an edge if and only if their d-tuples differ in exactly one coordinate position (they

share a line of sight). We will describe two algorithms for embedding paths referred to

as the path rotation embedding and the path connection embedding algorithms. We then

describe an algorithm, which combines these and allows us to embed longer paths and

cycles. Finally we describe an algorithm for embedding cliques.

The path rotation embedding algorithm: The path rotation embedding algorithm em-

beds a path P = p0, p1, . . . , pn in d-dimensions. An embedding of P is obtained by assigning

a d-tuple to each vertex pi sequentially. The path will be embedded w.r.t. a dynamic list

L of d elements. This list is used to assign values to specific coordinate positions of each

d-tuple that is assigned to a vertex. The algorithm uses the update method update(L, i)

which updates the ith element of the list by adding 1. Thus if Lnew is the list obtained

after the update method and Lold is the list before the method is applied Lnew[j] = Lold[j]

for j ∈ {1, . . . , d} \ {i} Lnew[i] = Lold[i] + 1.

Algorithm 2 formally describes the path rotation embedding. The first vertex p0 =

(x1, . . . , xd) is assigned a d-tuple either arbitrarily or according to some rule, this part will

be made more clear in Sections 4.3 and 4.4 but for now we consider it initialised. Two

Figure 4.2: Example of a path rotation embedding in 5-dimensions, with the first vertex
initialised as (1, 1, 1, 1, 1) and list L = [2, 2, 2, 2, 2].
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Algorithm 3 PCE(P, (x1, . . . , xd), (y1, . . . , yd), σ)

1: Initialise p0 = (x1, . . . , xd) and pd = (y1, . . . , yd).
2: for l = 1, . . . , d− 1 do
3: ⊕(pl, pl−1) = σ(l)
4: aσ(l)(pl) = yl
5: end for

pieces of information are required to assign the d-tuple to the vertex pi once the vertex pi−1

has been assigned its d-tuple. The first is ⊕(pl, pl−1) namely the coordinate position that

the d-tuples assigned to pl and pl−1 differ in. Since pl−1 and pl share an edge their d-tuples

must differ in a single coordinate value. The algorithm assigns ⊕(pl, pl−1) = (l+k) mod d.

The final piece of information is the value in the coordinate position (l + k) mod d of the

d-tuple assigned to pl and this is where we use the list L. The value a(l+k) mod d(pl) =

L[(l+ k) mod d] and the corresponding value in the list L is then updated, to ensure that

we avoid adding unwanted edges by using repeated values. Figure 4.2 shows an example

of the path rotation embedding with the first 5-tuple initialised as (1, 1, 1, 1, 1) and list

L = [2, 2, 2, 2, 2]. The changes to the list are also shown in each step.

The path connection method : The path connection embedding algorithm described in

algorithm 3 allows us to specifically embed a path P = p0, p1, . . . , pd of length d in d-

dimensions, where p0 = (x1, . . . , xd) and pd = (y1, . . . , yd) are initialised such that xi 6= yi

for all 1 ≤ i ≤ d. The details of this initialisation are described in Sections 4.3 and 4.4 but

for now we assume they have been initialised. The algorithm uses the values assigned to

the d-tuples p0 and pd from the initialisation to embed the remaining vertices p1, . . . , pd−1.

We provide as input a permutation σ ∈ Sd where Sd is the set of permutations of {1, . . . , d}.
The algorithm uses the same two pieces of information required to assign the d-tuple to

the vertex pl once the vertex pl−1 has been assigned its d-tuple that the path rotation

embedding algorithm uses. The permutation σ is used to choose the location that the

d-tuples differ in such that ⊕(pl, pl−1) = σ(l) and aσ(l)(pl) = yl. At this point we place no

restrictions on which σ ∈ Sd we choose, there will however be restrictions placed later on.

Figure 4.3 shows an example of the path connection embedding in 4-dimensions with end

vertices initialised as (1, 1, 1, 1) and (2, 2, 2, 2) and σ =

[
1 2 3 4

2 3 1 4

]
.

Correctness of the PRE and PCE algorithms: It is easy to verify that for each edge

{pi−1, pi} in a path P both algorithms preserve this edge in the embedding as in both
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algorithms the location ⊕(pl−1, pl) and value a⊕(pl−1,pl)(pl) are explicitly defined. In order

to verify that both algorithms are correct the next step is to check that no unwanted edges

are added after the embedding between vertices which are not adjacent in the path P . For

the path rotation embedding the cyclic rotation used in the selection of ⊕(pl−1, pl) and the

list update method ensures this is not the case. In particular if the path distance between

two vertices pi, pj on P is less than d then pi and pj differ in exactly |j − i| coordinate

positions and all d positions otherwise. Thus two non-adjacent vertices cannot share a line

of sight in the embedding. A similar argument follows for the path connection embedding.

The vertex pi for 1 ≤ i ≤ d−1 agrees in d− i coordinate positions with p0 and i coordinate

positions with pd. Hence two vertices pi and pj cannot share a line of sight unless they are

adjacent.

The maximum range embeddings are d-dimensionally spanning : The path rotation

embedding algorithm for the case when length(P ) > d is d-dimensionally spanning. Since

⊕(pl, pl−1) = (l + k) mod d, l = 1, . . . , length(P ) where k is a constant it guarantees for

each j ∈ {1, . . . , d} the existence of a pair of vertices pi−1, pi such that ⊕(pi−1, pi) = j.

We can use a similar argument to show that the path connection embedding is also d-

dimensionally spanning.

Embedding longer paths: In the reduction for Theorems 4.2 and 4.3 we will be required

to embed long paths with both ends initialised. Consider the path P = p0, p1, . . . , pt, pt+1

where t ≥ 3d − (d mod 2) (the reason for d mod 2 will be made clear later) and suppose

the two ends p0 = (x1, . . . , xd) and pt+1 = (y1, . . . , yd) are initialised such that xi 6= yi for

Figure 4.3: Example of a path connection embedding in 4-dimensions, with ends initialised
as (1, 1, 1, 1) and (2, 2, 2, 2) and permutation σ.
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Algorithm 4 LongPE(P3, L, (x1, . . . , xd), (y1, . . . , yd), k, k
′, σ)

1: Initialise p0 = (x1, . . . , xd) and pt+1 = (y1, . . . , yd).
2: PRE(P1, L, (x1, . . . , xd), k)
3: L′ = addOne(L)
4: PRE(P3, L

′, (y1, . . . , yd), k
′)

5: PCE(P2, pr, pt−d+1, σ)

all i ∈ {1, . . . , d}. Now since both ends have been assigned d-tuples in the initialisation we

cannot use just the path rotation embedding algorithm to embed P . Similarly the length

of the path P is larger than d and so we cannot use just the path connection embedding

algorithm to embed P . However using a combination of both algorithms we can embed P

in d-dimensions. The algorithm introduces a new list method addOne which takes as an

input a list and returns a list with each element increased by 1.

Algorithm 4 embeds P by splitting it into three subpaths P1 = p0, p1, . . . , pr P2 =

pr, . . . , pt−d+1 and P3 = pt+1, pt, . . . , pt−d+1, (note P3 has its vertices ordered decreasingly)

where the index r = t−2d+1, and embeds each subpath individually using the path rotation

or path connection embedding algorithms. We take as input a list L and two integers k

and k′ for the path rotation embedding part of the algorithm, and a permutation σ ∈ Sd
for the path connection embedding part. We use the path rotation embedding algorithm

to embed the path P1 w.r.t. the list L and an integer k. Next we embed P3 using the

path rotation embedding w.r.t. the list L′ = addOne(L) and the integer k′. Note L′

applies the addOne method to the updated list L once P1 has been embedded, since the

list L changes the point at which this method is applied is important. Finally with pr and

pt−d+1 having their d-tuples assigned in the previous two parts of the algorithm we embed

P2 using the path connection embedding algorithm using the permutation σ. An important

point to note when selecting σ is that it needs to be chosen so that σ(1) 6= ⊕(pr−1, pr) and

σ(d) 6= ⊕(pt−d+1, pt−d+2). This is to avoid adding the unwanted edges between the pairs

of vertices pr−1, pr+1 and pt−d, pt−d+2 respectively. Thus we can choose any permutation

in Sd satisfying these conditions.

Cycle embeddings: In the reduction for Theorem 4.1 we are required to embed cycles,

and similarly to the case with longer paths we can do so by using a combination of the

path rotation and path connection embeddings. Consider a cycle C = c0, c1, ..., ct, ct+1, c0

with t ≥ 3d − d mod 2 and suppose c0 = (x1, . . . , xd) is initialised. Algorithm 5 splits C

into two paths C ′ = c0, . . . , ct−d+2 and C ′′ = ct−d+2, ct−d+3, . . . , ct−1, c0. The algorithm
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Algorithm 5 CycleE(P,L, (x1, . . . , xd), σ)

1: Initialise c0 = (x1, . . . , xd).
2: PRE(C ′, L, (x1, . . . , xd), k)
3: PCE(C ′′, c0, ct−d+2, σ)

embeds C ′ using the path rotation method w.r.t. a list L. Finally with c0 and ct−d+2

assigned their d-tuples from the path rotation embedding algorithm, the algorithm uses

the path connection embedding to embed the path C ′′ completing the embedding of C.

As is the case with the longer path embeddings we need to be careful in selecting σ. It is

selected such that σ(1) 6= ⊕(c0, c1) and σ(d) 6= ⊕(t− d+ 1, t− d+ 2) avoiding the addition

of unwanted edges between the pairs of vertices (ct−1, c1) and (ct−d+1, ct−d+3).

Clique embeddings: Algorithm 6 embeds the clique Kt in d-dimensions. The vertex

v1 = (x1, . . . , xd) is initialised, the specifics are detailed in Section 4.4. Each vertex vj for

j ∈ {2, . . . , t} satisfies ⊕(vj , v1) = 1, thus for any pair of distinct vertices vj , vk ∈ Kt it is

also the case that ⊕(vj , vk) = 1 and thus vj and vk share a line of sight and consequently

an edge. As a result the algorithm correctly embeds the clique Kt. The value assigned to

the jth vertex vj for j ∈ {1, . . . , t} in coordinate location i satisfies a1(vj) = x1 + (j − 1)

for i = 1 and ai(vj) = xi for all i ∈ {2, . . . , d}.
Keeping Lists Well Separated : In the reductions for Theorems 4.2, 4.3 we will be

required to embed multiple long paths P1, P2, . . . , Pk with disjoint sets of dummy vertices.

We will want to embed each one using the LongPE algorithm and this will require us

to do so w.r.t. a set of lists L1, L2, . . . , Lk. We want to make sure the coordinate values

assigned to d-tuples within each path do not overlap, since the lists are dynamic we need

to take into account the values within a list at the start and at the end of a list. For two

lists L1, L2 let L1 < L2 if L1[i] < L2[i] for all i ∈ {1, . . . , d}. Furthermore let Lstart
j and

Lend
j denote the lists Lj at the start of the embedding of path Pj and the list Lj at the end.

Then we say that the lists L1, . . . , Lk satisfy the well separated property if Lend
j < Lstart

j+1

for j ∈ {1, . . . , k − 1}.

4.2 NP-Hardness for Sublinear Ranges

In this section we provide the details for the proof of Theorem 4.1, namely that the IS

problem is NP-hard for cases when the range parameter ω = O(n1−ε) and dimension

parameter d ≥ 2. The proof of Theorem 4.1 consists of two steps. We first show in the
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Algorithm 6 CliqueE(t, (x1, x2, . . . , xd))

1: Initialise v1 = (x1, . . . , xd)
2: for l = 2, . . . , t do
3: for m = 1, . . . , d do
4: if m = 1 then
5: am(vl) = am(vl−1) + 1
6: else
7: am(vl) = xm
8: end if
9: end for

10: end for

reduction and correctness section how to reduce the MIS problem in a graph G = (V,E) of

bounded degree into an instance of the MIS problem in a graph G′ which is a subdivision

of the graph G obtained by padding each edge of G with an even number of extra vertices

forming a path. We show that there exists a linear relationship between the size of an

independent set in G and the size of an independent set in the resulting LoS network; since

the IS problem is NP-hard for both 4-planar (a planar graph with maximum degree at

most 4) and bounded degree graphs the result follows. Finally we describe the embedding

showing how to transform an orthogonal embedding of the bounded degree graph G to an

LoS network G′ satisfying ω = O(n1−ε) by explicitly describing the padding along each

edge.

4.2.1 Reduction and Correctness

Given a graph G = (V,E), let r : E → Z+ be an arbitrary numerical function de-

fined over the edges of G. The graph G′ = F (G, r) is a subdivision of G formed by

replacing each edge e = {x, y} in E by a path x,w1, . . . , w2r(e), y containing 2r(e) new

vertices such that each new vertex wi has degree 2. Thus G′ = (VF , EF ) has vertex

set VF = V ∪ (∪e∈EVe) where Ve = {w1, . . . , w2r(e)} and edge set EF = ∪e∈EEe where

Ee = {{x,w1}, {w1, w2}, . . . , {w2r(e), y}} for each edge e = {x, y} of G. Exactly how many

vertices we add per edge is described in the next section. For correctness we prove the

following lemma.

Lemma 4.6. Let G = (V,E) be a graph, and r an arbitrary function mapping the edges

of G to positive integers. Then α(G) ≥ k if and only if α(G′) ≥ k+
∑

e={x,y}∈E r(e) where
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G′ = F (G, r).

Proof. Only if part: Suppose we have an independent set of size k in G and let Sk =

{vi1 , vi2 , . . . , vik} denote such a set. We can construct an independent set Sk′ of size |Sk′ | =
k+
∑

e={x,y}∈E r(e) as follows. For each edge subdivided edge e′ = x,w1, . . . , w2r(e), y in G′

if neither x nor y belong to Sk add all odd vertices w1, w3, . . . , w2r(e)−1 to Sk′ . On the other

hand if x belongs to Sk then add x and all even vertices w2, w4, . . . , w2r(e) to Sk′ . Finally

if y belongs to Sk then add y and all odd vertices w1, w3, . . . , w2k−1, y. Note since Sk is an

independent set in G both x and y cannot belong to it. Clearly Sk′ is an independent set

and furthermore we have added half of the additional vertices on each subdivided edge in

G′. Hence |Sk′ | = k +
∑

e={x,y}∈E r(e).

If part: An independent set I ′ in G′, is good if I ′ ∩ V is an independent set in G

and I ′ uses half of the additional vertices on each of the paths in G′. The argument is

split in two parts. If I ′ is good we are done: I ′ ∩ V is an independent set in G of size

|I ′| −
∑

e={x,y}∈E r(e). If I ′ is not good two further cases arise. If I ′ ∩V is an independent

set in G then by construction its size is |I ′| minus the number of path vertices in I ′ and

this number is clearly at least |I ′|−
∑

e={x,y}∈E r(e). Finally if I ′∩V is not an independent

set in G, some edge e = {x, y} in E has both x and y in I ′ ∩ V . But then rearranging the

elements in I ′ belonging to x,w1, . . . , w2r(e), y so that only one of x or y is in I ′ cannot

reduce the size of the resulting independent set, and after this is done for all edges {x, y}
in E that have both x and y in I ′ ∩ V we are left with a good independent set.

Note that the above result holds for any graph, it allows complete freedom in the

definition of the mapping r, and it preserves the maximum vertex degree ∆(G) of the

given graph.

4.2.2 Embedding

Embedding: Given an orthogonal embedding Γ(G) in Zdn of the graph G = (V,E) we de-

scribe how to obtain a second embedding Γ′(G) in Zdtn where t is a positive integer constant

from the first embedding. We refer to Γ′(G) as a stretched embedding. The embedding

Γ′(G) satisfies Γ′(u) = t · Γ(u) for each u ∈ V where t · Γ(u) denotes the d-tuple obtained

by multiplying each element of the d-tuple Γ(u) by the constant t. In addition each path

Puv with end points Γ(u),Γ(v) is mapped to the corresponding path denoted P ′uv in Zdtn
with end points Γ′(u),Γ′(v). Furthermore let lg(Puv) denote the length of the path Puv
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representing the edge {u, v} ∈ E.

Given a graph G = (V,E) which is 4-planar (resp. has bounded degree maximum

degree and minimum degree at least 5) we use the algorithm in [39] describing the result

in Theorem 4.4(resp. the algorithm in [40] describing the result in Theorem 4.5) to obtain

an orthogonal embedding of Γ(G) in Zdk|V | where k is a positive integer constant. The

stretched embedding Γ′(G) in Zdk4(ω−1)|V | is obtained by stretching Γ(G) by a factor of

4(ω − 1). The length of each path P ′uv satisfies

lg(P
′
uv) = 4(ω − 1)lg(Puv)

for {u, v} ∈ E. For any two points u′, v′ ∈ Zdk4(ω−1)|V | on a path Puv we refer to the length

of the sub path of Puv with end points u′ and v′ as the path distance from u′ to v′ on Puv.

In accordance with the padding introduced in the reduction described at the start of the

section we wish to add an even number of additional vertices along each path representing

an edge of the embedding of a graph Γ(G) such that the graph obtained G′ = F (G, r) is a

LoS network. To do this we want to place the additional vertices such that the following

conditions are satisfied:

1. Any two consecutive additional vertices added on a path are at a distance < ω apart,

satisfying the LoS network constraints.

2. For any three consecutive vertices u1, u2, u3 the distance d(u1, u3) ≥ ω to ensure we

do not add unwanted edges.

3. Any bends in the path must contain a vertex otherwise the path will not remain

connected under LoS network conditions.

We describe the placement of the additional vertices along each path P ′uv ∈ Γ′(G) so

that all three conditions are satisfied. Start by lexicographically ordering the d-tuples of

the vertices Γ′(u) ∈ Γ′(G). Consider a path P ′uv and suppose w.l.o.g. that Γ′(u) < Γ′(v)

in the ordering. Consider the 4lg(Puv) − 1 internal points on the path P ′uv whose path

distance to Γ(u) on P ′uv are

(ω − 1), 2(ω − 1), 3(ω − 1), . . . , (4lg(Puv)− 1)(ω − 1)
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Figure 4.4: On the left we have the orthogonally embedded path Puv and in the middle we
have the stretched path P ′uv obtained by stretching Puv by a stretching factor of 4(ω−1) =
12. Finally on the right we construct a LoS network path from P ′uv by placing an even
number of additional vertices on P ′uv in accordance with the methods described in the
embedding. Note we place two vertices either side of the coordinate position (36, 18) at
locations (36, 16) and (36, 19).

and number these internal points from 1 to 4lg(Puv)− 1 respectively.

Place 4lg(Puv)− 2 additional vertices on each path P ′uv ∈ Γ′(G) at the internal points

numbered 1, 2, . . . , 4lg(Puv)− 3 and 4lg(Puv)− 1 (all numbered internal points apart from

4lg(Puv) − 2). Finally place two additional vertices at points on P ′uv whose distance from

Γ′(u) are (4lg(Puv)− 3)(ω− 1) + 1 and (4lg(Puv)− 2)(ω− 1) + 1 respectively (either side of

the internal point numbered 4lg(Puv) − 2). This placement method ensures that we have

added 4lg(Puv) (an even number) of additional vertices to each path P ′uv Figure 4.4 shows

an example of the placement of additional vertices. Any two consecutive points on a single

path are at a distance exactly ω − 1 satisfying condition 1. For any 3 consecutive vertices

u1, u2, u3 added to the same path d(u1, u3) ≥ ω. In addition if u2 is a non additional vertex

and u1 and u3 are additional vertices which share a line of sight added either side of u2 on

separate paths, by construction d(u1, u3) = 2(ω − 1) and thus condition 2 is satisfied.

Finally, all bends on P ′uv are covered by additional vertices since the distance from

any bend to both end points Γ′(u),Γ′(v) in the stretched embedding must be a multiple of

4(ω−1). Hence the location of the bend must belong to the set of internal points numbered

1 to 4lg(Puv) − 1. In this set the only point which is not covered by an additional vertex

is the point numbered 4lg(Puv)− 2, and this has a distance of 2(ω − 1) from Γ′(v) and so
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Figure 4.5: A 2-dimensionally spanning LoS network G′ = F (G, r) with additional vertices
in black, constructed from an orthogonal embedding of the 4-planar graph G whose original
vertices are in white.

cannot contain a bend, hence condition 3 is satisfied. Since all three conditions are satisfied

we can conclude that G′ = F (G, r) is a LoS network. Figure 4.5 shows an example of what

a final LoS network may look like for after padding the orthogonal embedding illustrated

in Figure 4.1.

We can now complete the proof of theorem 4.1 by showing that after applying the

stretching factor 4(ω − 1) if we set a suitable upper bound namely (ω − 1) ≤ |V |
1
ε
−1 on

the range parameter ω we can prove it is sublinear in the size of the underlying point set.

Thus by letting ω range from 3 to |V |
1
ε
−1, we will show that ω is sublinear in the size of the

integer grid. More specifically we will prove that IS(Ldω) is NP-hard for ω ≤ (n/k′)1−ε + 1

and ω > 2 for any fixed 0 < ε < 1, where k′ is a constant.

Proof. (of Theorem 4.1)

As has previously been stated we use the algorithms in [39] and [40] to embed the

bounded degree graph in Zdk|V | where k is a positive constant. The algorithm described in

the previous section for constructing an LoS network G′ = F (G, r) is then embedded in Zdn
where the parameter n = 4(ω − 1)k|V |. Setting the upper bound (ω − 1) ≤ |V |

1
ε
−1 where

0 < ε < 1, we can prove that the size of the d-dimensional point set n-enclosing the LoS

network G′ is polynomial in the size of G (which, a fortiori, implies that the transformation

is a polynomial time reduction).
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Letting k′ = 4k it follows that:

n = k′(ω − 1)|V |

n ≤ k′|V |
1
ε
−1|V | = k′|V |

1
ε

with the second inequality following from our upper bound on (ω − 1) and so the size

of the d-dimensional point set enclosing the LoS network G is polynomial in the size of G.

Finally since |V | ≥ (ω − 1)
1

1
ε−1 then:

n ≥ k′(ω − 1)(ω − 1)
1

1
ε−1

n ≥ k′(ω − 1)
1+ 1

1
ε−1

n

k′
≥ (ω − 1)

1
ε

1
ε−1

and therefore ω ≤ (n/k′)1−ε + 1.

4.3 NP-Hardness for Maximum Ranges

In this section we provide the details for the proof of Theorem 4.2 namely that the MIS

problem is NP-hard in the case where the range parameter ω is maximised. Similar to

the case where we proved NP-hardness for the sublinear range, the proof will consist of

two steps. In the reduction and correctness step we reduce an instance of the Max-2-Sat-3

problem (detailed in Chapter 2) given by a formula F to an instance of the MIS problem

in a graph G. We prove we can satisfy r clauses in the instance of Max-2-Sat-3 if and only

if we can find a maximum independent set of size f(r) in G and we will explicitly describe

the function f . We then use the embedding algorithms described in Section 4.1.2 to show

that G belongs to the class of LoS networks with the range parameter maximised.

4.3.1 Reduction and Correctness

We show that the two NPO maximisation problems namely Max 2-Sat-3 and MIS(Ldn)

satisfy the R-reducibility mentioned in Chapter 2. Consider an instance of Max 2-Sat-3,
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namely a 2-CNF formula F with n variables and m clauses. We translate this into a graph

denoted Edn,m(F ) and provide details of a relationship between the number of satisfied

clauses in F and the size of an independent set in Edn,m(F ).

Let F = C1 ∨ C2 ∨ . . . ∨ Cm be an instance of Max 2-Sat-3 consisting of n variables

and m clauses and each clause formed by two literals. We construct a graph denoted

Edn,m(F ) where d ≥ 3 is an integer as follows: for each variable Xj ∈ F construct a

variable gadget Cj which is a cycle of even length 2m + 3d − (d mod 2) in Edn,m(F ). The

vertices of Cj are split into four sets: a set of 2m base vertices denoted {bj1,b
j
2, . . . ,b

j
2m}

and 3d − (d mod 2) additional vertices which are further split into three sets. These are

denoted by {ej1, e
j
2, . . . , e

j
d+1−d mod2}, {f

j
1, f

j
2, . . . , f

j
d} and {gj1,g

j
2, . . . ,g

j
d−1}. Thus

Cj = bj1 . . .b
j
2mfj1 . . . f

j
dg

j
d−1 . . .g

j
1e
j
d+1−d mod 2 . . . e

j
1b

j
1.

For each clause Ci in F we construct a clause gadget Ci containing two clause vertices

ci and c′i which are connected by a path of 3d−(d mod 2) dummy vertices. Thus the clause

gadget consists of the vertices Ci = cic
1
i c

2
i . . . c

3d−d mod 2
i c′i. If the clause Ci in F contains

the variable Xj (resp. Xj) we select the odd (resp. even) parity vertex bj2i−1 (resp. bj2i) on

the cycle Cj and we connect it via an edge to one of the clause vertices in Ci which one we

choose is not important. Note that because of the variable occurrence constraint, in each

variable gadget at most three base vertices are selected. Figure 4.6 shows an example of

the reduction for the formula F = (X1∨X2)∧ (X1∨X2)∧ (X1∨X2). To prove correctness

we prove the following lemma.

Lemma 4.7. For any instance F of Max 2-Sat-3 with m clauses on n variables, there is

an assignment that satisfies r clauses if and only if the graph Edn,m(F ) has an independent

set of size

r + b3d/2c ×m+ n× (m+ (3d− (d mod 2))/2).

Proof. Only if part: Suppose we find an assignment of F satisfying r clauses. Each of

the n variable gadgets Cj in Edn,m(F ) has an independent set of size m+(3d− (d mod 2))/2

and in fact there is always exactly two sets of this size, one using all odd indexed bjh, the

other using all the even indexed ones. The former of these corresponds to setting Xj to

TRUE, the other one to FALSE. Also, each clause gadget Ci is a path of even length,

the largest independent sets of these paths are of size b3d/2c + 1 and include one of ci

or c′i. If clause Ci is satisfied at least one of its literals is set to TRUE and that implies
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Figure 4.6: The construction of the graph E5
2,3(F ) corresponding to the formula F =

(X1 ∨X2) ∧ (X1 ∨X2) ∧ (X1 ∨X2).

that an independent set can be picked in the corresponding variable gadget that leaves

at least one of ci or c′i free to be added to an independent set. Conversely if Ci is not

satisfied, then neither ci nor c′i are free and the corresponding clause gadgets will only

contribute b3d/2c vertices to the independent set. Thus we can find an independent set of

size r + b3d/2c ×m+ n× (m+ (3d− (d mod 2))/2) in Edn,m(F ).

If part: For the opposite direction let I be an independent set in Edn,m(F ). Two cases

arise. If all the variable gadgets contain half of their vertices in I then the 2n possible

settings correspond to the possible ways to assign a truth value to the variables of F . In

each of these cases a clause gadget will contain b3d/2c + 1 vertices of I if and only if at

least one of the clause vertices is one of them. The number r of clause gadgets containing

b3d/2c+ 1 elements of I satisfies:

r = |I| − b3d/2c ×m− n× (m+ (3d− (d mod 2))/2).

Call an independent set of this type full. If I is not full then w.l.o.g. let Ck be a variable

gadget such that less than half the vertices of Ck belong to Ck ∩I. Let bk(x), bk(y), bk(z)

denote the three base variables from Ck that are adjacent to clause gadgets Cx, Cy and Cz

(note for A ∈ {x, y, z} we do not want to distinguish between whether bk(A) = bk2A−1 or

bk(A) = bk2A). We replace the set Ck ∩I with a maximum independent set of Ck containing

half its vertices according to the parity of bk(x), bk(y), and bk(z): if bk(x), bk(y), and

bk(z) all have the same, say, odd parity, we replace Ck ∩ I with the set of all even vertices

in Ck. If two of them are of the same parity we pick the opposite to the majority. This
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Figure 4.7: The independent set consisting of vertices in red corresponding to the assign-
ment X1 = True, X2 = True satisfying all three clauses of F = (X1 ∨X2) ∧ (X1 ∨X2) ∧
(X1 ∨X2).

process ensures at most one clause vertex must be removed from I. This occurs when

a base vertex not in the majority and not in the independent set Ck ∩ I is added to the

independent set, its clause vertex must then be removed, but because going against the

majority ensures at most one such vertex is added and so at most one clause vertex is

removed. However in replacing Ck ∩ I with an independent set in Ck consisting of half of

the vertices we add at least one extra vertex from Ck to our independent set, thus negating

the potential loss of a clause vertex. The process terminates in at most n steps with a full

independent set |I ′| ≥ |I|.

Figure 4.7 shows an example of the independent set obtained by selecting all odd

vertices on the variable gadget. This corresponds to setting X1 = True and X2 = True.

Notice that this assignment satisfies all three clauses of the formula F = (X1∨X2)∧ (X1∨
X2)∧ (X1∨X2) and consequently the independent set contains half the number of vertices

in each clause gadget.

4.3.2 Embedding

We embed the graph Edm in two parts. The first step embeds the n variable gadgets, and

the second step embeds each of the m clause gadgets. Each of the variable gadgets is a

cycle and thus we use the cycleE algorithm to embed them.
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We need to specify the first vertex of the cycle (so we can identify where to break the

cycle into its two subpaths); how the first vertex in the path rotation is initialised for each

cycle; the list the path embedding part of the algorithm uses and finally the σ the path

connection embedding part of the algorithm uses. For 1 ≤ j ≤ n break the cycle Cj into

the subpath:

C′j = ejd+1−d mod 2, . . . , e
j
1,b

j
1, . . . ,b

j
2m, f

j
1, . . . , f

j
d

and

C ′′j = ejd+1−d mod 2,g
j
d−1, . . . ,g

j
1, f

j
d.

Initialise the vertex ejd+1−d mod 2 = ((j−1)(dm,d+1), (j−1)(dm,d+1), . . . , (j−1)(dm,d+1))

where dm,d = d2m+2d−1
d e and let the jth list Lj = [(j − 1)(dm,d + 1) + 1, . . . , (j − 1)(dm,d +

1) + 1]. Select σ ∈ Sd provided σ(1) 6= ⊕(ejd+1−d mod 2, e
j
d−d mod 2) and σ(d) 6= ⊕(fjd, f

j
d−1).

Thus CycleE(Cj , Lj , ((j − 1)(dm,d + 1), (j − 1)(dm,d + 1), . . . , (j − 1)(dm,d + 1)), σ) allows

us to embed each of the cycles Cj .

Next we embed the clause gadgets Ci for 1 ≤ i ≤ m. Since each clause gadget is a

long path we use the algorithm LongPE to embed it. We will need to specify the list Li,

the initialised d-tuples for ci and c′i, both pairs of values k and k′ and the permutation σ.

We start by describing how we initialise the two base vertices ci and c′i. Select one of the

base vertices ci from Ci (this can be done arbitrarily) and suppose that the clause vertex

ci is adjacent to the base vertex bk on the variable gadget Ck (note we have not specified

whether bk = bk2i−1 or bk = bk2i because we do not wish to distinguish between the two

cases). Denote the vertex immediately to the right of bk on Ck by bk∗. Here is the following

procedure for assigning a d-tuple to the clause vertex ci, we first specify the coordinate

position that ci and bk differ in and then the value assigned in that location:

1. Select ⊕(ci,b
k) = (⊕(bk,bk∗) + 1) mod d

2. Let i∗ = ⊕(ci,b
k) and assign ai∗(ci) = n(dm,d + 1) + 2i− 2.

Next assign a d-tuple to the second base vertex c′i in a similar way. Suppose that c′i is

adjacent to the vertex bt on the variable gadget Ct. Denote the vertex immediately to the

right of bt on Ct by bt∗. The d-tuple assigned to c′i satisfies:

1. Select ⊕(c′i,b
t) = (⊕(bt,bt∗) + 1) mod d



Chapter 4. Hardness for Sublinear and Maximum Ranges 49

2. Let i∗ = ⊕(c′i,b
t), then assign ai∗(c

′
i) = n(dm,d + 1) + 2i− 1.

Now that we have explained how we initialise the base vertices in each clause gadget.

We identify the list Li that is used in the LongPE algorithm. For i = 1, . . . ,m we set the

ith list to

Li = [(n(dm,d + 1) + 2m+ 4(i− 1), . . . , n(dm,d + 1) + 2m+ 4(i− 1)].

The coordinate values assigned to the last base vertex are n(dm,d + 1) + 2m− 1 so all

elements in the lists Li consist of values larger than this. The value 4(i− 1) ensures that

when the list changes dynamically during each step of the LongPE algorithm the values

assigned to any d-tuple in Ci are strictly greater than the values assigned to any d-tuple

in Ci−1 thus obeying the well separated property from Subsection 4.1.2.

The values k and k′, these need to be chosen with some care. W.l.o.g. consider the

base vertex ci and its adjacent vertex bk we need to make sure that there is no edge

added between bk and the first dummy vertex c1
i . In otherwords we need to ensure that

⊕(ci, c
1
i ) 6= ⊕(ci,b

k). This can be done by ensuring that k mod d 6= ⊕(cj ,b
k). Similarly

considering c′i to ensure that there is no edge added between bt and c3d−d mod 2
i the integer

k′ is selected so that k′ mod d 6= ⊕(c′i,b
t). Finally we choose σ accordingly to avoid adding

unwanted edges in the path connection embedding part of the algorithm as we described

in Subsection 4.1.2. Thus we have described how to embed Edn,m(F ).

Figure 4.8 shows an example of the first two steps of the embedding (namely the

embeddings of the variable gadgets and each of the clause vertices) of E5
2,3(F ) where F =

(X1∨X2)∧(X1∨X2)∧(X1∨X2). Note how the d-tuple assigned to the first clause gadget is

(1, 8, 1, 1, 1) and it is adjacent to the base vertex with d-tuple (1, 1, 1, 1, 1). The base vertex

(1, 1, 1, 1, 1) is adjacent to vertices (1, 1, 1, 1, 0) and (2, 1, 1, 1, 1) on the variable gadget C1.

Note that⊕((1, 1, 1, 1, 1), (2, 1, 1, 1, 1)) = 1 and so consquently⊕((1, 8, 1, 1, 1), (1, 1, 1, 1, 1)) =

2 = (⊕((1, 1, 1, 1, 1), (2, 1, 1, 1, 1)) + 1) mod 5.

4.4 APX Hardness Reduction

In this section we improve on the result from the last section by proving Theorem 4.3,

namely that the MIS problem is APX-hard in the case where the range parameter is

maximised. The proof will consist of the same two steps as in the last two NP-hardness

results. In the reduction step, using the L-reduction we reduce an instance of the Max
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Figure 4.8: The first two steps of the LoS network embedding of E5
2,3(F ) in Z2

14 where

F = (X1 ∨X2) ∧ (X1 ∨X2) ∧ (X1 ∨X2).

3SC-d problem detailed in Chapter 2 to an instance of the MIS problem in a graph G. We

prove that the reduction does indeed satisfy the conditions of an L-reduction. We then

use the embedding algorithms detailed in Subsection 4.1.2 to prove that G belongs to the

class of LoS networks with the range parameter maximised.

4.4.1 Reduction and Correctness

Consider an instance I of Max 3SC-d consisting of the set C = {c1, . . . , cr} where each ci is

a 3-set with elements belonging to the set X and each element X ∈ X belonging to at most

d sets in C. For each X ∈ X let r(X ) denote the number of 3-sets in C that X belongs

to. The goal is to find the largest number of disjoint subsets in C denoted Opt(I). We

construct a graph denoted G(I, C, d) (which we will refer to as G for brevity) as follows:

start by arbitrarily ordering the elements of X from 1 to |X|, for each X ∈ X, G contains

a clique of r(X ) vertices denoted Kr(X )(X ), moreover we assign the clique Kr(X )(X ) the

number associated with the element X in the ordering of X obtaining an ordering of the

cliques in G. For each set ci = {X ,Y,Z} ∈ C suppose w.l.o.g. that X < Y < Z in the or-

dering of X, the graph G contains a path denoted Pci of odd length which contains vertices

x ∈ Kr(X )(X ), y ∈ Kr(Y)(Y) and z ∈ Kr(Z)(Z). Due to the ordering on X ,Y and Z the
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Figure 4.9: The graph G(I, C, 3) corresponding to the instance of Max 3SC-3 where
X = {V,W,X ,Y,Z} and C = {{V,W,X}, {V,W,Y}, {V,Y,Z}}.

path is considered to start at x, proceed to y via dummy vertices and finally proceed to z

via additional dummy vertices. More specifically the path Pci contains 3d+ (d mod 2)− 1

dummy vertices between x and y and 3d + (d mod 2) − 1 dummy vertices between y and

z thus having length 6d + 2(d mod 2) + 1. For each path Pci , number the vertices from

1 to 6d + 2(d mod 2) + 1 starting at x and finishing at z. We refer to x, y and z as the

base vertices of Pci . It is important to note that all paths Pci are internally disjoint as

firstly there is a unique set of dummy vertices for each path. Secondly since each clique

Kr(X )(X ) contains exactly r(X ) vertices-one for each Ci which contains X no base vertex

x ∈ Kr(X )(X ) belongs to more than one path. Figure 4.9 shows an example of the graph

G(I, C, d) for the case where d = 3. For the correctness we prove the following lemma.

Lemma 4.8. The reduction described above satisfies the conditions of an L-reduction.

Proof. Suppose we are given a set of disjoint 3-sets Y ⊆ C in I, we can construct an

independent set I(Y ) in G as follows. If the set ci = {X ,Y,Z} ∈ Y then add all odd

numbered vertices (which include the base vertices x ∈ Kr(X )(X ), y ∈ Kr(Y)(Y) and z ∈
Kr(Z)(Z)) of Pci to I(Y ). We can verify that the set I(Y ) is independent in two parts.

Firstly all odd vertices on the path Pci are independent, and any distinct paths Pci , Pcj are

internally disjoint, therefore all dummy vertices added to I(Y ) are independent. Secondly
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Figure 4.10: A largest independent set in G(I, C, 3) consisting of the vertices highlighted
in red.

we need to verify that there does not exist a set of distinct paths Pci and Pcj which have

adjacent base vertices. In other words it is not the case that x ∈ Kr(X )(X ) is a base

vertex of Pci and x′ ∈ Kr(X )(X ) is a base vertex of Pcj . This must be true otherwise it

implies that ci and cj both belong to Y and furthermore X ∈ ci ∩ cj contradicting that Y

is disjoint. Thus we are given an instance I of the Max 3SC-d problem, we can construct

an instance G of the MIS problem.

Next we show given an independent set I in G we can construct a disjoint set SG(I)

(which we abreviate to SG) in I. It is important to note that given a path Pci and an

independent I in G, the path can contribute at most 3d+ d mod 2 + 1 vertices to I. This

occurs exactly when all odd numbered vertices (which include base vertices x, y and z)

of Pci belong to I. Thus given an independent set I in G it’s possible to construct an

independent set I ′ at least as large in polynomial time as follows. For each path Pci with

base vertices x, y and z if the independent set I contains x, y and z add the 3d+dmod 2+1

odd vertices on the path Pci to I ′, otherwise add the 3d+dmod 2 even vertices of Pci to I ′.
Given I ′ we define a corresponding solution SG(I ′) to I such that the set Ci = {X ,Y,Z}
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is included if and only if the path Pci with base vertices x ∈ Kr(X )(X ), y ∈ Kr(Y)(Y) and

z ∈ Kr(Z)(Z) contributes 3d + dmod 2 + 1 vertices to I ′. Thus the maximum number of

paths Pci contributing 3d+ dmod 2 + 1 vertices to I ′ is Opt(I).

Since each element X ∈ X appears in at most d sets ci it follows that Opt(I) ≥ |C|
3d .

Let Opt(G) denote the size of the largest independent set in G. Then

Opt(G) = (3d+ 1 + dmod 2)Opt(I) + (3d+ dmod 2)(|C| −Opt(I)) (4.1)

= (3d+ dmod 2)|C|+ Opt(I) (4.2)

substituting |C| ≤ 3dOpt(I) into equation 4.2 we obtain Opt(G) ≤ α1Opt(I) where

α1 = 1 + 9d2 + 3d(dmod 2) this proves the first condition of the L-reduction.

Let |SG| = t1 and |I| = t2 and |I ′| = t′2. Then since Opt(G) = (3d + dmod 2)|C| +
Opt(I) , and t′2 = (3d + dmod 2)|C| + t1, it follows Opt(G) − Opt(I) = t′2 − t1. Finally

since t′2 ≥ t2, we conclude that Opt(I)− t1 ≤ Opt(G)− t2 proving the second condition of

the L-reduction. Thus (G,SG) is an L-reduction.

Figure 4.10 illustrates a maximum independent set in G(I, C, 3). Since the largest

independent set in I has size 1 it is only possible for a single path in G(I, C, 3) to contribute

11 vertices to a maximum independent set, all other paths can only contribute 10 vertices.

The path contributing 11 vertices corresponds to the independent set {V,W,X} in I.

4.4.2 Embedding

We partition the vertices of the graph G(I, C, d) into two sets. Let VE denote the set of

vertices which belong to a clique i.e. all non-dummy vertices and let VD denote the set of

dummy vertices, which belong to a path Pci . In order to embed G(I, C, d) in d-dimensions

according to LoS network rules we first embed VE and then VD using the embedding

algorithms outlined in Section 4.1.2. Recall the cliques in G are numbered from 1 to

|X| corresponding to the ordering of the elements of X. Let Kr(X )(X ) ∈ G denote the

jth clique in the ordering of G, embed this using the algorithm CliqueE(r(X ), ((j −
1)d + 1, . . . , (j − 1)d + 1)). Thus for 1 ≤ i ≤ r(X ) the ith vertex is assigned the d-tuple

((j − 1)d + i, (j − 1)d + 1, . . . , (j − 1)d + 1). Figure 4.11 illustrates the embedding of the

vertices VE of the graph G(I, C, 3).

In order to embed VD, embed each path Pci for i = 1, . . . r using the LongPE algorithm.

Suppose the path Pci has base vertices x, y and z, these vertices would have been assigned
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Figure 4.11: An embedding of the vertices of VE for the graph G(I, C, d).

their d-tuples in the embedding of VE and thus are considered to be pre-assigned in long

path embedding of Pci . We need to specify how to embed the path Pci for i = 1, . . . , r.

We order the paths from 1 to r according to a lexicographic ordering of the base vertices

belonging to them. Consider two paths Pci and Pcj with base vertices X1 < Y1 < Z1 and

X2 < Y2 < Z2. Then we consider Pci < Pcj if and only if (X1,Y1,Z1) < (X2,Y2,Y2) where

< refers to the lexicographic ordering. Once we have ordered the paths from 1 to r we

embed each path using the LongPE algorithm.

Consider the sequence of r paths Pc1 , . . . , Pcr and a sequence of 2r lists L1, L2, . . . , L2r−1, L2r

where

Pcj = x, p1
j , . . . , p

3d+d mod 2−1
j , y, q1

j , . . . , q
3d+d mod 2−1
j , z.

We will embed the jth path Pcj for 1 ≤ j ≤ r w.r.t. the lists L2j−1, L2j . This is

done as follows: let P ′cj denote the path x, p1
j , . . . , p

3d+d mod 2−1
j , y and P ′′cj denote the path

y, q1
j , . . . , q

3d+d mod 2−1
j , z
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1. We embed the path Pc′j using the algorithm

LongPE(P ′cj , L2j−1, (x1, . . . , xd), (y1, . . . , yd), 2, 2, σ).

2. We embed the path P ′′cj using the algorithm

LongPE(P ′′cj , L2j , (y1, . . . , yd), (z1, . . . , zd), 3, 3, σ
′).

We set the jth list

Lj = [|X|d+ 5j − 4, . . . , |X|d+ 5j − 4]

for 1 ≤ j ≤ 2r. This assignment satisfies the well separated property from Subsection 4.1.2.

When embedding the paths:

x, p1
i , . . . , p

3d+d mod 2
i , y

and

y, q1
i , . . . , q

3d+d mod 2
i , z

we need to be careful to avoid adding unwanted edges between:

1. dummy vertices on the path and any base vertices x′ ∈ Kr(X )(X ), y′ ∈ Kr(Y)(Y) and

z′ ∈ Kr(Z)(Z) which are adjacent to x, y and z respectively.

2. the pairs of vertices (x′, p1
j ), (y

′, p3d+d mod 2−1
j ), (y′, q1

j ) and (z′, q3d+d mod 2
j ).

For the first case we notice that the pairs of vertices {x, x′}, {y, y′} and {z, z′} differ

in the first coordinate position as the d-tuples are assigned using the CliqueE algorithm.

We set the rotational parameters k = k′ = 2 in the embedding of Pc′j ensuring that

the d-tuples assigned to the pairs of vertices (x, p1
j ), (y, p

3d+d mod 2−1
j ) differ in the second

coordinate position. Similarly we set the rotational parameters k = k′ = 3 in the em-

bedding of Pc′′j ensuring that the d-tuples assigned to the pairs of vertices differ (y′, q1
j )

and (z′, q3d+d mod 2
j ) differ in the third coordinate position. The reason we use different

values of rotational parameters in the embeddings of P ′cj and P ′′cj respectively is to avoid

adding an unwanted edge between the pair of vertices (p3d+d mod 2−1
j , q1

j ) either side of

y. We ensure that ⊕(p3d+d mod 2−1
j , y) 6= ⊕(y, q1

j ) by setting ⊕(p3d+d mod 2−1
j , y) = 2 and

⊕(y, q3d+d mod 2
j ) = 3.
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Figure 4.12: An embedding of the first path of the graph G(I, C, 3) with base vertices
(1, 1, 1), (5, 4, 4) and (7, 7, 7).

Figure 4.12 shows an example of a path embedding of the first path Pc1 (according to the

lexicographic ordering mentioned above) in G(I, C, 3) corresponding to the set {V,W,X}.
Since in the example |X|d = 15 we initialise the list L1 = [16, 16, 16] and L2 = [21, 21, 21].

The path is split into two subpaths with P ′c1 representing the path between (1, 1, 1) and

(5, 4, 4) and P ′c2 representing the path between (5, 4, 4) and (7, 7, 7). As has been mentioned

P ′c1 and P ′c2 are embedded using the LongPE algorithm w.r.t. lists L1 and L2 respectively.

Recall within the LongPE algorithm we embedd vertices using the path rotation embed-

ding first and then using the path connection embedding. The yellow and blue vertices in

each subpath represent the vertices that are embedded using the path rotation embedding

with yellow vertices embedded first followed by blue. The red vertices represent the vertices

that are embedded using the path connection embedding algorithm.



Chapter 5

Approximation Algorithms

In this section, we will present three approximation algorithms for the MIS problem in LoS

networks; the latter two of which are designed for specific classes of LoS networks. The

first of our algorithms, the corner greedy algorithm, provides a 1
d approximation guarantee

for any fixed d-dimensional LoS network, showing that the MIS problem for LoS networks

belongs to the complexity class APX. Next, we present an algorithm that gives an improved

approximation guarantee for the class Ldn, where the range parameter ω is maximised and

d ≥ 3 is fixed. This algorithm provides a 2
d − ε approximation guarantee, approximately

doubling the guarantee provided by the corner greedy algorithm. Finally, we present an

efficient polynomial time approximation scheme (EPTAS) for the class Ldω for any fixed d

where ω is constant. Interestingly, this shows that while the MIS problem is APX-hard for

the class of LoS networks belonging to Ldn, as proved in Chapter 4, the problem belongs

to the complexity class PTAS when ω is constant. Two of the three algorithms will satisfy

the definition of robustness presented in Chapter 2.

5.1 Corner Greedy Algorithm

We begin our introduction to the corner greedy algorithm by first analysing the perfor-

mance of Algorithm 1 (presented in Chapter 2 Subsection 2.2.1). We refer to this as the

standard greedy algorithm. For LoS networks the approximation guarantee provided by

Algorithm 1 can do better than the 1
∆(G)+1 guarantee mentioned in Chapter 2 Subsec-

tion 2.2.1 for general graphs. This is due to the underlying geometric structure of LoS

networks. We will analyse the following two variants of the MIS problem in LoS networks:

57
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1. In the first case we assume that we have access to the underlying geometric repre-

sentation of the LoS network

2. In the second case we assume that we have no geometric representation available.

Given a LoS network G = (V,E) embedded in d-dimensions, the standard greedy

algorithm provides an approximation guarantee of 1
2d . Before proving this, we first in-

troduce some useful notation and results that will be used to prove the approximation

guarantee. For a vertex u = (u1, u2, . . . , ud) and each dimension j = {1, . . . , d}, let

Nj(u) = {v|v ∈ N(u) and ⊕ (u, v) = j}. We can split Nj(u) into two further sets

namely N+
j (u) = {v = (u1, u2, . . . , vj , uj+1, . . . , ud)|v ∈ Nj(u) and vj > uj} and N−j (u) =

{v = (u1, u2, . . . , vj , uj+1, . . . , ud)|v ∈ Nj(u) and vj < uj}.

Lemma 5.1. Given a graph G = (V,E) and a vertex u ∈ V , for each dimension j ∈
{1, . . . , d} the induced subgraphs G[N+

j (u)] and G[N−j (u)] are cliques.

Proof. It suffices to prove that the theorem is true for N+
j (u) as the proof for N−j (u) is

similar. By definition, for any vertex v ∈ N+
j (u) the jth co-ordinate value of v which

we denote vj satisfies vj > uj . Furthermore, since u and v share an edge, the distance

d(u, v) = vj − uj < ω. Let v′ = argmaxv∈N+
j (u)d(v, u) and assume w.l.o.g. that for any

pair of distinct vertices v′′, v′′′ ∈ N+
j (u) that d(u, v′′′) < d(u, v′′). Then uj < v′′′j < v′′j ≤ v′j

and thus d(v′′, v′′′) < d(u, v′′) ≤ d(u, v′) < ω. Finally, since v′′ and v′′′ share a line of sight

and d(v′′, v′′′) < ω, they share an edge. We conclude that G[N+
j (u)] is a clique.

Theorem 5.2. For a d-dimensional LoS network G = (V,E) the standard greedy algorithm

provides an approximation guarantee of 1
2d .

Proof. Let S denote the set of vertices returned by the standard greedy algorithm. For

any vertex v ∈ V define the closed neighbourhood N [v] = {v}∪N(v), where N(v) denotes

the set of neighbours of v at the time v was added to S. In each iteration, the algorithm

picks a vertex, adds it to S and then removes the vertex and all of its remaining neighbours

from the graph. Thus, the set of closed neighbourhoods ∪v∈sN [v] partition the vertex set

V . Let Opt denote a maximum independent set in G, then each vertex in Opt belongs

to exactly one closed neighbourhood N [v]. Using Lemma 5.1, it follows that each closed

neighbourhood N [v], where v ∈ S can contribute at most 2d vertices to the set Opt, two

vertices for each j ∈ {1, . . . , d}. Hence, |Opt| ≤ 2d|S|.
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Algorithm 7 Corner Greedy Algorithm

1: Initialise S = ∅
2: while V 6= ∅ do
3: Select a corner u ∈ V
4: S = S ∪ {u}
5: V = V \ ({u} ∪N(u))
6: end while

In general, a 1
2d approximation guarantee vastly improves on the 1

∆(G)+1 bound for

general graphs as for a LoS network with parameters d and ω the maximum degree ∆(G) ≤
2d(ω−1). This is due to the fact that each neighbourhood can be partitioned in 2d cliques

using Lemma 5.1. Motivated by the algorithm described by Marathe et al. in [30] on UD

graphs, we can double the approximation guarantee by carefully selecting a vertex at each

step.

Definition 5.3. Given a d-dimensional LoS network G = (V,E), we say that u ∈ V is a

corner if for each dimension j ∈ {1, 2, ..., d}, it follows that either Nj(u) equals N−j (u) or

Nj(u)+.

The natural question to ask is given a LoS network does a corner always exist? The

answer is yes, and the following lemma not only proves it exists, but allows us to locate a

corner given the geometric representation of a graph is available.

Lemma 5.4. If we lexicographically order all vertices in a LoS network w.r.t. their d-

tuples, the first vertex in such an ordering is a corner.

Proof. Let v1, v2, . . . , v|V | denote the lexicographic ordering of the vertices in V and con-

sider v1 = (a1, a2 . . . , ad). For each dimension 1 ≤ j ≤ d and each u = (u1, u2, . . . , ud) ∈
Nj(v1), it must be the case that aj <j uj . Else uj < aj implying that u appears before v1

in the lexicographic ordering of V , which is a contradiction. Thus, Nj(v1) = N+
j (v1) for

all j ∈ {1, . . . , d}.

Lemma 5.5. Given a graph G = (V,E) and a corner v ∈ V the neighbourhood N(v) can

be partitioned into d-cliques.

Proof. The result follows from the fact that Nj(v) = N+
j (v) or Nj(v) = N−j (v) for all

v ∈ V and Lemma 5.1.
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Figure 5.1: An example of an independent set consisting of black vertices obtained by the
corner greedy algorithm and vertices in yellow removed as neighbours. Vertices are added
in the order ((1, 7), (2, 6), (7, 7), (5, 6), (5, 2), (6, 3)).

Next, we show that for d-dimensional LoS networks the corner greedy algorithm de-

scribed in Algorithm 7 gives a d-approximation to the MIS problem. Figure 5.1 illustrates

an example of the corner greedy algorithm. The vertices at the locations

((1, 7), (2, 6), (7, 7), (5, 6), (5, 2), (6, 3))

are added to the independent set in that order, and the following sets of neighbours removed

at each corresponding step of the algorithm

{(1, 6), (2, 7), (3, 7)}, ∅, {(5, 7)}, {(5, 5)}, {(5, 3)}, ∅.

Theorem 5.6. For a d-dimensional LoS network the corner greedy algorithm gives an

approximation guarantee of 1
d .

Proof. The proof is similar to that of the standard greedy algorithm. Lemma 5.5 indicates

that for any maximum independent set Opt, each neighbourhood N [v] for v ∈ S can

contribute at most d vertices to Opt, hence Opt ≤ |S|d.

5.1.1 Running Time

We analyse the running time of the corner greedy algorithm in the two cases highlighted

at the beginning of the section. In the first case where the geometric representation is
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Algorithm 8 Variational Greedy Algorithm

1: Initialise S = ∅
2: while V 6= ∅ do
3: Select a vertex u ∈ V such that α(G[N(u)]) ≤ d
4: S = S ∪ {u}
5: V = V \ ({u} ∪N(u))
6: end while

available, we will make use of Lemma 5.4 to ensure a corner is selected at each step. In

addition, this will allow us to analyse the running time by considering lexicographic sorting.

Theorem 5.7. For a LoS network G = (V,E), the running time of the corner greedy algo-

rithm in the case where the geometric representation is available is O(|V |2 + |V |log(|V |)).

Proof. The vertices in G = (V,E) can be sorted lexicographically and stored in a list L

in O(|V |log(|V |)) time. With a lexicographically sorted list of vertices L = [v1, v2, . . . , vn],

Lemma 5.4 states that the first vertex is a corner. At each step the algorithm picks the

first vertex in L, removes its neighbours from L and repeats the process ensuring that a

corner is chosen w.r.t. the current graph. This can be done in O(|V |2) time.

Next, we analyse the running time of the algorithm in the case where a geometric

representation is not available. In this case, we develop a variant of the corner greedy algo-

rithm which we call the “variational greedy algorithm” described in Algorithm 8. Without

the geometric representation, we are not able to distinguish whether a vertex satisfying

α(G[N(v)]) ≤ d is actually a corner, or just a vertex satisfying this particular property of

a corner. The proof of correctness of the variational greedy algorithm is identical to that

of the corner greedy algorithm since in both cases the algorithms find a vertex satisfying

α(G[N(v)]) ≤ d add it to the independent set, remove its neighbours and repeats. The

difference comes in the running time which we detail below.

Theorem 5.8. The running time of the variational greedy algorithm is O(|V |∆(G)d+1(1+

∆(G)2)).

Proof. For each vertex v ∈ V checking if α(G[N(v)]) ≤ d or equivalently α(G[N(v)]) ≥
d + 1 can be done in O(∆(G)d+1) time by complete enumeration and in turn checking

the property for all vertices, takes O(|V |∆(G)d+1) time. When a vertex v ∈ V satisfying

α(G[N(v)]) ≤ d is added to S and its neighbourhood removed from V , all vertices u
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satisfying d(v, u) = 2 are potentially affected. Thus, we would like to check whether

α(G[u]) ≤ d for all u satisfying d(v, u) = 2, this takes O(∆(G)2 ·∆(G)d+1) time. Therefore,

the total running time of the variational greedy algorithm is O(|V |∆(G)d+1 + |V |∆(G)d+3).

Robustness: Finally, we show that the variational greedy algorithm is robust. Con-

sider any graph G = (V,E) and let U denote the class of LoS networks that can be

embedded in d-dimensions. If at each step of the algorithm no vertex u can be found

that satisfies α(G[N(u)]) ≤ d, then G does not belong to the class of LoS networks with

dimension parameter at most d. As a result the variational greedy algorithm returns either

a d-approximate independent set or a certificate to show that the graph G does not belong

to the class of LoS networks with dimension parameter at most d; satisfying the definition

of robustness provided in Chapter 2.

5.2 An Improved Approximation Guarantee for the Maxi-

mum Range Case

Recall in Chapter 3 we introduced the notion of a gridline graph introduced by Peterson

[36]. We showed LoS networks with a range parameter that is maximised, belong to the

class of gridline graphs where vertices are embedded in the integer grid. Furthermore, we

discussed at the start of Chapter 4 that a 2-dimensional gridline graph is the line graph of

a bipartite graph and concluded that MIS problem could therefore be solved in polynomial

time; by solving the maximum matching problem in the corresponding bipartite graph. For

the case where d ≥ 3 in Chapter 4, we showed that when the range parameter is maximised

the problem is APX-hard. With the introduction of the corner greedy algorithm, we already

know the MIS problem for the class Ldn is now APX-complete for d ≥ 3. However, using

additional structure present in this particular class of LoS networks, we can almost double

the approximation guarantee from 1
d to 2

d− ε. The algorithm uses the following well known

result of Hurkens and Schrijver on set systems [25].

Theorem 5.9. [25] Let E1, . . . , Em be subsets of a set T of n elements. Suppose that:

1. Each element of T is contained in at most k ≥ 3 of the E1, . . . , Em sets;

2. For any p ≤ t, any p sets among E1, . . . , Em cover at least p elements of T .
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Then:

m

n
≤ k(k − 1)r − k

2(k − 1)r − k
if t = 2r − 1,

m

n
≤ k(k − 1)r − 2

2(k − 1)r − 2
if t = 2r.

In Chapter 2 we introduced the 3 dimensional matching (3DM) problem. The 3DM

problem is NP-hard [19]. As a result of Theorem 5.9, Hurkens and Schrijver were able to

provide a 2
3 − ε approximation for the problem [25]. We will show that for d = 3 the MIS

problem in a 3-dimensional LoS network with maximum range parameter reduces to an

instance of the 3DM problem. Finally, we will show that we can generalise this reduction

for d > 3 and use Theorem 5.9 to provide a 2
d − ε approximation guarantee to the MIS

problem for the class of d-dimensional LoS networks with the range parameter maximised.

5.2.1 Reduction from the MIS problem to 3DM Problem for d = 3

Given a 3-dimensional LoS network G = (V,E) with maximum range parameter embedded

in Z3
n, construct a tripartite graph denoted T (G) = (X,Y, Z,E) where X = Y = Z = [n]

as follows: for each vertex u = (u1, u2, u3) ∈ V construct the triangle denoted T (u) ∈ T (G)

formed by the edges {u1, u2}, {u2, u3} and {u3, u1} where u1 ∈ X,u2 ∈ Y and u3 ∈ Z.

Clearly, T (G) can be constructed in polynomial time.

Lemma 5.10. Any two distinct vertices u, v ∈ V share a line of sight if and only if

triangles T (u) and T (v) share an edge.

Proof. Only if part: Suppose u and v share a line of sight in G, then u and v agree in

two coordinate positions. Hence, T (u) and T (v) must share an edge.

If part: Suppose that two triangles in T (u), T (v) ∈ T (G) share an edge. Then by con-

struction, the vertices u, v ∈ V corresponding to T (u), T (v) respectively must agree in two

coordinates positions and thus share a line of sight.

Corollary 5.11. There is a one to one mapping between independent sets in G and sets

of edge disjoint triangles in T (G).

Using Lemma 5.10 and Corollary 5.11, we conclude that the MIS problem in G is

equivalent to the problem of finding the largest set of edge disjoint triangles in T (G).

Finally, we reduce the problem of finding the largest set of edge disjoint triangles in T (G)

to an instance of the 3-dimensional matching problem in polynomial time.
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Given T (G) = (X,Y, Z,E) construct an instance of 3DM as follows: let the sets XY =

{(x, y)|x ∈ X and y ∈ Y and {x, y} ∈ E}, Y Z = {(y, z)|y ∈ Y and z ∈ Z and {y, z} ∈ E}
and ZX = {(z, x)|z ∈ Z and x ∈ X and {z, x} ∈ E}. Construct a set of ordered 3-tuples

denoted T ′ with ((x, y), (y, z), (z, x)) ∈ T ′ if and only if u = (x, y, z) is a triangle in T (G).

Now a set K of edge disjoint triangles in T corresponds to a set of disjoint 3-tuples (a

matching) denoted K ′ in T ′. By solving the 3DM problem in T ′, we find the largest set

of disjoint triangles in T and consequently the maximum independent set in G. Since the

3DM problem is NP-hard, we can use the algorithm presented by Hurkens and Schrijver [25]

to achieve a 2
3 − ε approximation guarantee. The reduction to the d-dimensional matching

problem does not hold for d > 3. This is due to the fact that the intersection between two

tuples in a matching problem is determined by whether or not the tuples share at least

one common element. However in the corresponding line of sight problem two tuples are

considered to intersect if they differ in exactly one. If we follow the same steps as we did

for the case d = 3 in d > 3-dimensions, we seek the largest set of disjoint tuples where two

tuples are considered disjoint if they differ in at least 3 locations. Hence, when d = 3 this

corresponds to the 3DM problem, but the generalisation does not hold for d > 3. Next,

we show that using Theorem 5.9 we can still obtain an improved approximation guarantee

over the corner greedy algorithm for the case where ω is maximised.

5.2.2 Improving the Approximation Guarantee

We describe an approximation algorithm for the MIS problem for an LoS network G =

(V,E) embedded in d ≥ 3 dimensions with maximum range parameter. Before introducing

the algorithm and its proof, we introduce the following lemma which we will use in the

proof of our main theorem.

Lemma 5.12. Given a d-dimensional LoS network G = (V,E) with the range parameter ω

maximised for any u ∈ V , the induced subgraph G[N(u)] can be partitioned into d (possibly

empty) cliques.

Proof. It suffices to show that for a vertex u ∈ V and any each dimension j ∈ {1, . . . , d},
the induced subgraph G[Nj(u)] forms a clique. This is because ⊕(v, v′) = j for any pair of

distinct vertices v, v′ ∈ Nj(u) and since the range parameter ω is maximised, there must

be an edge between v and v′.

The algorithm Ht: Start with any collection of independent vertices S = {s1, s2, . . . , sr}
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Figure 5.2: The set S on the left is the current independent set at some step in the
algorithm and the set V \ S is the compliment where we search for an improving set.

in V and fix a t ≥ 1. Perform the following iterative local search algorithm Ht which takes

any set of p ≤ t vertices from S and replaces them with a collection of p + 1 vertices

from V \ S so that the new collection remains pairwise independent, Figure 5.2 shows an

example. Note the algorithm increases the size of S by at least 1 in each iteration and so

it must eventually terminate. Furthermore, it will terminate with a set of disjoint vertices

S′ = {s′1, s′2, . . . , s′n} such that, for each set of p+ 1 ≤ t+ 1 independent vertices L among

V \S′ the neighbourhood of L restricted to vertices in S′ denoted NS′(L) contains at least

p+ 1 vertices among s′1 . . . , s
′
n; otherwise we could run the algorithm for another step. Let

U = {u1, ..., uα(G)} denote a maximum independent set in G. Then we claim that α(G)
|S′|

satisfies the conditions in Theorem 5.13.

Theorem 5.13. Let G = (V,E) a d-dimensional LoS network embedded in Zdn with range

parameter ω = n, t be a positive integer and let S′ be the independent set returned by the

algorithm Ht. Then
α(G)

|S′|
≤ d− c/(d− 1)bt/2c

2− c/(d− 1)bt/2c

where c = d− (d− 2)(1− (t mod 2)).

Proof. In our application the set T = S′ = {s′1, s′2, . . . , s′n}. Given a maximum independent

set U = {u1, . . . , uα(G)} in G, let the set Ei = {v ∈ S′ : {v, ui} ∈ E(G)} for each

i ∈ {1, . . . , α(G)}. Since U is an independent set it follows from Lemma 5.12 that any

vertex s′j ∈ S′ belongs to at most d sets Ei. Thus, k = d in our application. Note
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that condition 2. in Theorem 5.9 is satisfied by construction when the algorithm Ht

terminates.

The corollary below follows immediately from Theorem 5.13. In addition it is clear

that ε→ 0 as t→∞.

Corollary 5.14. α(G)
|S′| ≥

d
2 − ε where ε = d

2 −
d−c/(d−1)bt/2c

2−c/(d−1)bt/2c
.

5.2.3 Running Time

Each iteration of the algorithm involves the following computation. We consider all sets

of sizes of 1, . . . , t+ 1 in |V | \ S′ and we consider their neighbourhood restricted to S′. An

improvement set can be found if for some set of size 1 ≤ p + 1 ≤ t + 1 its neighbourhood

restricted to S′ is of size p and this can be verified in O(p|V |) time with p constant.

Checking this for all t+1 possible set sizes can thus be done in O(|V |t+2) time by complete

enumeration per iteration. Since the size of the independent set increases by at most 1

vertex per iteration the algorithm terminates in at most |V | iterations, giving us a total

running time that is O(|V |t+3).

5.3 EPTAS

In this section, we develop an efficient polynomial time approximation algorithm scheme

for the MIS problem in the class of LoS networks where the range paramter ω is con-

stant. Thus we achieve a 1
(1+ε) approximation guarantee for ε > 0, showing that while the

problem is NP-hard for constant ranges as proved in Theorem 4.1, it belongs to the class

PTAS. The process mimics an approximation scheme proposed by Nieberg [33] presented

in Chapter 3 for the MIS problem in UD graphs. The main advantage that the approach

has in LoS networks with constant range parameter over UD graphs is the running time.

The underlying structure of a LoS network allows for each iteration to run in constant

time, a PTAS of this type is referred to as an efficient polynomial time approximation

scheme [7]. As a consequence, the running time of the algorithm is linear in the number of

vertices of the input graph (although the constant hidden in the big-Oh notation depends

exponentially on ε−1).

Definition 5.15. The bounding box Br(u) centered at u = (u1, u2, . . . , ud) ∈ Zdn is the



Chapter 5. Approximation Algorithms 67

Algorithm 9 Expansion algorithm

1: Initialise I0 = {v}
2: r = 0
3: indexVal = True
4: while indexVal = True do
5: r = r + 1
6: Compute Ir+1

7: if |Ir+1| < (1 + ε)|Ir| then
8: indexVal = False
9: end if

10: end while

region consisting of the set of points:

{y = (y1, y2, . . . , yd) ∈ Zdn | max
i=1,...,d

|yi − ui| ≤ r(ω − 1)}.

Definition 5.16. Given a graph G = (V,E), let the rth neighbourhood of a vertex u ∈ V
denoted by N r(u) = {w : D(u,w) ≤ r}.

Lemma 5.17. Given a LoS network G = (V,E) with constant range parameter, for every

v ∈ V and r = 0, 1, 2, . . . the neighbourhood N r(u) ⊆ Br(u).

Proof. We prove the claim by induction. The case for r = 0 is clear as N0(u) = {u} and

B0(u) = {u}. Suppose the claim is true for some r > 1, we prove that it must be true for

r+1. Consider a vertex v = (v1, . . . , vd) ∈ N r+1(u)\N r(u), then by definition there exists

a vertex w ∈ N r(u) such that {w, v} ∈ E. Let u = (u1, . . . , ud) and w = (w1, . . . , wd) by

the induction assumption w ∈ Br(u) and thus maxi=1,...,d |ui−wi| < r(ω−1). Furthermore,

since d(w, v) < ω it follows that maxi=1,...,d |ui − vi| ≤ r(ω − 1) + (ω − 1) ≤ (r + 1)(ω − 1)

and as a result v ∈ Br+1(u).

Lemma 5.18. Given a graph G = (V,E) and a vertex u ∈ V , the maximum independent

set α(G[N r(u)]) ≤ (1 + 2r(ω − 1))d−1
⌈

(1+2r(ω−1))
ω

⌉
.

Proof. We know from Lemma 5.17 that α(G[N r(u)]) ≤ α(G[Br(u)]. Furthermore con-

sidering Br(u) as being equivalent to Zd(1+2r(ω−1)), the result then follows directly from

Lemma 3.10.

Given a graph G = (V,E) ∈ Ldω with constant range parameter ω, we describe an

algorithm that returns a 1
1+ε approximate independent set. Start with a vertex v ∈ V
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and consider the rth neighbourhood N r(v). We compute the maximum independent set

denoted Ir in N r(v) for r = 0, 1, . . . provided

|Ir+1| ≥ (1 + ε)|Ir| (5.1)

this process is detailed in Algorithm 9. Denote by r∗ the smallest r for which the condition

in 5.1 above is not satisfied. We will show that r∗ is bounded above by a constant depending

on ε, ω and d.

Lemma 5.19. r∗ ≤
(

d
2ln(1+ε) +

√
c

ln(1+ε) + d2

4(ln(1+ε))2

)2
where c = d · ln(4ω).

Proof. Firstly we observe that for each r ≤ r∗ the condition

(1 + ε)r < |Ir| ≤ (1 + 2r(ω − 1))d−1

⌈
(1 + 2r(ω − 1))

ω

⌉
(5.2)

must hold. The upperbound follows directly from Lemma 5.18 and the lower bound from

the fact that by construction

|Ir| > (1 + ε)|Ir−1| > (1 + ε)2|Ir−2| ≥ . . . ≥ (1 + ε)r|I0| = (1 + ε)r

for all r ≤ r∗.

Let the constant t(ε, ω, d) = d
2ln(1+ε) +

√
c

ln(1+ε) + d2

4(ln(1+ε))2 . Since condition 5.2 must

be satisfied for each r ≤ r∗, we will show that if r1/2 > t the condition is not satisfied.

Therefore, implying that r∗ ≤ t2 and hence is bounded above by a constant.

r1/2 > t

⇒
(
r1/2 − d

2ln(1+ε)

)2
>

c

ln(1 + ε)
+

d2

4(ln(1 + ε))2

⇒
(
r1/2 − d

2ln(1+ε)

)2
− d2

4(ln(1+ε))2 − c
ln(1+ε) > 0

⇒ rln(1 + ε)− d · r1/2 − c > 0

⇒ rln(1 + ε) > c+ d · r1/2.



Chapter 5. Approximation Algorithms 69

Now we note that r1/2 > ln(r) for all r > 0 and substitute c = d · ln(4ω) to obtain

rln(1 + ε) > c+ d · r1/2

⇒ rln(1 + ε) > c+ d · ln(r)

⇒ rln(1 + ε) > d · ln(4ω) + d · ln(r)

⇒ (1 + ε)r > (4ωr)d.

Finally given r ≥ 1 and ω ≥ 3

(1 + ε)r > (2 · 2ωr)d

⇒ (1 + ε)r > 2d(1 + 2(ω − 1)r)d

⇒ (1 + ε)r > (1 + 2r(ω − 1))d−1

⌈
(1 + 2r(ω − 1))

ω

⌉
hence equation 5.2 is not satisfied.

Now that we have provided an upper bound on r∗, we prove that the algorithm indeed

does return a 1
(1+ε) approximate independent set. The correctness of the algorithm is

entailed by the following result:

Theorem 5.20. Suppose inductively that we can compute a 1
(1+ε) -approximate independent

set I ′ ⊂ V \N r∗+1(v) for G′. Then I ≡ Ir∗ ∪ I ′ is a 1
(1+ε) -approximate independent set for

G.

Proof. Since each u ∈ V \ N r∗+1(v) has no neighbour in N r∗(v), it follows that I is an

independent set. Furthermore, by definition of r∗ it follows that at the end of each iteration

of the basic process:

|Ir∗+1| ≤ (1 + ε) · |Ir∗ |.

In other words:

α(G[N r∗+1(v)]) ≤ (1 + ε) · |Ir∗ |.

Also, by the (inductive) assumption I ′ is a (1 + ε)-approximation for a maximum indepen-

dent set of G[V \N r̂+1(v)] and so

α(G[V \N r∗+1(v)]) ≤ (1 + ε) · |I ′|.
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The result follows by the sub-additivity of α(G):

α(G) ≤ α(G[N r∗+1(v)]) + α(G[V \N r∗+1(v)]) ≤ (1 + ε) · |Ir∗ |+ (1 + ε) · |I ′| = (1 + ε) · |I|

giving us the required result.

5.3.1 Running Time

We will show that the running time for each iteration of the algorithm is constant if d and

ω are constant. This is due to the restriction on the size of the maximum independent set

in each bounding box Br(u). We let f(r, ω, d) = (1 + 2r(ω − 1))d−1
⌈

(1+2r(ω−1))
ω

⌉
and let

T (ε, d, ω) =


3d
2ε +

√
3c
ε + 9d2

4ε2
if ε ≤ 0.1

d
2ln(1.1) +

√
c

ln(1.1) + d2

4(ln(1.1))2 if ε > 0.1

where c = d · ln(4ω) we abbreviate these as f and T respectively.

Theorem 5.21. The running time required to compute Ir is O(f(T 2, ω, d) · (1 + 2T 2(ω −
1))d·f(T 2,ω,d))

Proof. Lemmas 5.17, 5.18 show that |Ir| ≤ α(G[Br(u)]) ≤ f(r, ω, d) and so we can bound

from above the time taken to compute |Ir| by the time taken to compute α(G[Br(u)]).

Given that G[Br(u)] contains at most (1 + 2r(ω − 1))d vertices, because the size of the

maximum independent set is bounded by f(r, ω, d), a maximum independent set can be

found in

O

f(r,ω,d)∑
i=1

(
(1 + 2r(ω − 1))d

f(r, ω, d)

)
time by complete enumeration. Furthermore,

f(r,ω,d)∑
i=1

(
(1 + 2r(ω − 1))d

f(r, ω, d)

)
≤ f(r, ω, d) ·

(
(1 + 2r(ω − 1))d

f(r, ω, d)

)
(5.3)

= O(f(r, ω, d) · (1 + 2r(ω − 1))d·f(r,ω,d)) (5.4)

with the equality following from the fact that ω ≥ 3 and
(
n
k−1

)
≤
(
n
k

)
if k ≤ dn/2e.
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Recall that each iteration will terminate with r∗ ≤ t2 steps where

t2 =

(
d

2ln(1 + ε)
+

√
c

ln(1 + ε)
+

d2

4(ln(1 + ε))2

)2

where c = d · ln(4ω). Using Lemma 5.19 and the result in the previous step, it follows that

the worst case running time of a single iteration is O(f(t2, ω, d) · (1 + 2t2(ω− 1))d·f(t2,ω,d))

Since the function f(r, ω, d) is a monotonically increasing function of r it suffices to show

that if t ≤ T then f(t2, ω, d) · (1 + 2t2(ω − 1))d·f(t2,ω,d)) ≤ f(T 2, ω, d) · (1 + 2T 2(ω −
1))d·f(T 2,ω,d)). We do this in two parts:

1. Firstly, note that for any constant c the function ε
ln(1+ε) ≤

c
ln(1+c) for 0 < ε ≤ c since

ε
ln(1+ε) is a monotonically increasing function of ε. Thus letting c = 0.1 and noticing

that 0.1
ln(1.1) ≤ 3 it follows that ε

3 ≤ ln(1 + ε) for 0 < ε ≤ 0.1

2. Additionally, since ln(1 + ε) is a monotonically increasing function of ε, log(1.1) ≤
ln(1 + ε) for 0.1 < ε.

Using these two results, it follows that t ≤ T for all ε > 0 and consequently the result

follows.

Corollary 5.22. Given a LoS network G = (V,E) with dimension paramter d and range

parameter ω the worst case running time of the EPTAS for the MIS problem is

O(T 2 · f(T 2, ω, d) · (1 + 2T 2(ω − 1))d·f(T 2,ω,d)|V |)

with f and T defined as above.

Proof. For any given vertex v ∈ V the algorithm runs at most r∗ ≤ t2 ≤ T 2 iterations.

Therefore the algorithm has a worst case running time of O(T 2 · f(T 2, ω, d) · (1 + 2T 2(ω−
1))d·f(T 2,ω,d)), using the worst case time each of iteration described in Theorem 5.21. Hence,

we’ve shown that the worst case running time of the EPTAS is O(c
(

1
ε

)
|V |).

Robustness: Finally, we prove that the algorithm is robust by showing it satisfies

the definition provided in Chapter 2. Given a graph G = (V,E) and parameters d and

ω, the running time being polynomial is dependent on the condition that the maximum

independent set Ir in the rth neighbourhood satisfies |Ir| ≤ (1+2r(ω−1))d−1
⌈

(1+2r(ω−1)
ω

⌉
.
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If an independent set |Ir| can be found for which |Ir| > (1+2r(ω−1))d−1
⌈

(1+2r(ω−1)
ω

⌉
then

this shows that G does not belong to the class of LoS networks with dimension parameter

at most d and range parameter at most ω. Thus, the algorithm will provide either a
1

(1+ε) -approximate independent set or a certificate to show that G 6∈ Ld′ω′ for d′ ≤ d and

ω′ ≤ ω.



Chapter 6

The MIS Problem in Restricted

LoS Networks

In this chapter we study the MIS problem in restricted LoS networks. Recall restricted

LoS networks are embedded in Zn,k = {(x, y)|1 ≤ x ≤ n, 1 ≤ y ≤ k}, where k ∈ N is a

constant. The range parameter is allowed to vary, but will be bounded either above or

below by k. Regarding the range paramter, we make the assumption that k < ω and ω

is allowed to vary from k + 1 to n. We present a dynamic programming (DP) algorithm

which solves the problem in polynomial time.

We then generalise the DP algorithm allowing us to solve a wider range problems.

These include:

• The case where ω ≤ k, in this case the range parameter is allowed to vary from 1 to

k.

• The maximum weighted independent set (MWIS) problem.

• A scheduling problem inspired by the MIS problem in restricted LoS networks.

Finally, using the EPTAS (presented in Chapter 5) combined with our DP algorithm, we

are able to develop a semi-online scheduling algorithm that achieves a 1
(1+ε) approximation

guarantee.

In this chapter, we will use arrays as the representation of the restricted LoS network

rather than graphs. This has been chosen for the following two reasons:

73
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1. The DP algorithm is better explained in the language of arrays rather than graphs

because many of the operations used can naturally be defined with arrays.

2. The DP algorithm will be generalised in Section 6.3 to structures which are not

LoS networks but can still be represented by arrays. The purpose of the generalised

algorithm is to solve additional problems.

6.1 Problem Definitions and Preliminaries

As mentioned above the DP algorithm will take as input arrays. These will consist of 0, 1

elements. We start by introducing some important notation that will be used throughout

the chapter:

• An array of size x× y consists of x rows and y columns. Thus rows are numbered 1

to x and columns are numbered 1 to y.

• Any two arrays A,B of size x × y are said to be equivalent denoted A ≡ B if

A[i, j] = B[i, j] for all 1 ≤ i ≤ x and 1 ≤ y ≤ j.

• For any array A of size x × y, a subarray denoted A[i..j] is the array restricted to

columns i, i + 1, . . . , j and all values in these columns for each row 1 to x. Thus

A[i..j] has size x× (j − i+ 1). The notation A[i] denotes the x× 1 array consisting

of just ith column of A.

• For any two arrays A1, A2 of size x × y, we say that A1 agrees with A2, denoted by

A1 ≤a A2, if A1[i, j] ≤ A2[i, j] for all 1 ≤ i ≤ x and 1 ≤ j ≤ y.

• For any array A, we denote by h(A) the subarray of A consisting of all rows and all

but the last column of A, this subarray is referred to as the head of A; and t(A) the

subarrary of A containing all rows and all but the first column of A, referred to as

the tail of A.

• A1 is said to be tail-head aligned with A2 if t(A1) is the same as h(A2), i.e. t(A1) ≡
h(A2). Equivalently, we can say A2 is head-tail aligned with A1.

• Let ~0 denote an array with ω columns and all entries equal to 0. Additionally for

j > ω, let ~0j denote an array with j columns and each entry equal to 0.
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There are some subtle points concerning the equivalence of two arrays, regarding index-

ing that we seek to clarify for future reference. We will commonly refer to some subarray

of an array A, i.e. A′ = A[i..j], being equivalent to another array W denoted A′ ≡W . The

confusion we wish to clear up is how the columns of A′ are indexed; are they indexed from

i to j corresponding to the portion of A or from 1 to j − i+ 1, just like the columns of W

may be? Essentially, it does not matter and we say that A′ ≡ W as long as all elements

are the same when the two arrays are matched up.

Constructing an array given a LoS network: Given a LoS network, we want to

construct an array which we denote array(G) and that satisfies array(G)[i, j] = 1 if and

only if location (j, i) ∈ Zn,k in the line of sight embedding of G contains a vertex, otherwise

array(G)[i, j] = 0. A point that needs some clarification is the use of the row major ordering

used in arrays, but an x − y ordering of the points in Zdn,k. We use row major ordering

to keep consistent with common literature; thus, the location [i, j] of an array corresponds

to the point (j, i) ∈ Zdn,k. Figure 6.1 provides an example. Given array(G) of size k × n
where ω ≤ n, an independent array I of array(G) is any array of size k × n satisfying:

1. I ≤a array(G)

2. I contains at most one 1 in each column and for any row i and distinct columns

j1, j2, if I[i, j1] = 1 and I[i, j2] = 1 it must be the case that |j1 − j2| ≥ ω.

The second condition corresponds to the fact that if vertices u, v are adjacent in G,

then in the embedding d(u, v) < ω. We refer to an independent array W specifically of

size k×ω as a “feasible array”. Since any feasible array has exactly ω columns it contains

at most one 1 per column but also at most one 1 per row. We denote by F , the set of all

feasible of arrays of size k × ω. Given an array G, let the set FG,j ⊆ F denote the set of

feasible arrays W satisfying W ≤a array(G)[j − ω + 1..j].

There is a clear connection between an independent array I of array(G) and an inde-

pendent set I of the LoS network G. More precisely, given a set I ⊆ V of a LoS network

G = (V,E) embedded in Zn,k, consider the array I satisfying I[i, j] = 1 if and only if

location (j, i) ∈ Zn,k contains a vertex in I. We observe the following:

1. I is an independent set of G if and only if I is an independent array of the array G.

2. |I| =
∑k

i=1

∑n
j=1 I[i, j].
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Figure 6.1: (i) is a graph G and (ii) is its line of sight embedding in Z8,4 with ω = 4,
(iii) represents the array layout of G and (iv) is an independent array of largest array sum,
corresponding to the largest independent set in the graph G.

We refer to the quantity
∑k

i=1

∑n
j=1 I[i, j] as the array sum of I which we denote by

||I||. Using the two observations above, it follows that finding the maximum independent

set in a LoS network G embedded in Zn,k is equivalent to finding the independent array of

array(G) with the largest array sum. We refer to such an array as a largest independent

array. In Section 6.2, we introduce a DP algorithm that finds the largest independent array

of array(G) by scanning the feasible arrays of array(G). The main algorithm described in

the next section will take two arrays with the same number of rows and append one array

onto another, we describe this formally below.

Definition 6.1. Given two arrays G1 and G2 of sizes k × x1 and k × x2 respectively,

the array G′ = G1 ⊕ G2 is the array of size k × (x1 + x2) satisfying G′[1..x1] ≡ G1 and

G′[(x1 + 1)..(x1 + x2)] ≡ G2.

6.2 Introducing the DP Algorithm

6.2.1 Algorithm

In this section, we present a DP algorithm for finding a largest independent array. For

simplicity we refer to array(G) as G. It will be clear from the context when we are

referring to the LoS network G instead of the array G. Given the array G of size k × n,

for the purposes of the DP algorithm we prepend G with ω columns consisting entirely

of 0’s. These columns are indexed from −(ω − 1), . . . , 0. Thus, the input array G is of

size k × (ω + n). The size of the largest independent array will remain unchanged. Define

the sets N−(W ) = {W ′ : W ′ ∈ FG,j−1 and t(W ′) ≡ h(W )} and N+(W ) = {W ′ : W ′ ∈
FG,j+1 and t(W ) ≡ h(W ′)}, we will prove these sets are well defined in Section 6.2.2. For
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Algorithm 10 Computing an independent array in G

1: Initialise: FG,0 = ~0 and I(0,~0) = ~0.
2: for j = 1, . . . , n do
3: for W ∈ F do
4: if W ∈ FG,j then
5: I(j,W ) = argmaxW ′∈N−(W )||I(j − 1,W ′)|| ⊕W [ω]
6: else
7: I(j,W ) = ~0j
8: end if
9: end for

10: I(j) = argmaxW∈FG,j ||I(j,W )||
11: end for

1 ≤ j ≤ n, we let I(j,W ) denote an independent array of G[−(ω − 1)..j] that satisfies

I(j,W )[j − ω + 1..j] ≡W .

In the next section, we will prove I(j) computed by Algorithm 10 computes a largest

independent array for G[−(ω − 1)..j]. The algorithm describes how to compute an in-

dependent array I(j) of G[−(ω − 1)..j] from information about independent arrays on

G[−(ω − 1)..(j − 1)]. More specifically, if W ∈ FG,j we try to extend the independent

arrays in G[−(ω − 1)..(j − 1)] to independent arrays in G[−(ω − 1)..j]. The independent

array I(j,W ) is obtained by considering all independent arrays I(j − 1,W ′) satisfying

W ′ ∈ N−(W ). To obtain I(j,W ) we take the array I(j − 1,W ′) with largest array sum

and append the ωth column of W . There are two cases for the array W [ω]:

1. W [ω] is an array of 0’s meaning that ||I(j,W )|| = ||I ′(j − 1,W ′)||, hence the array

sum of the independent array does not increase;

2. W [ω] contains a single 1, thus ||I(j,W )|| = ||I ′(j − 1,W ′)||+ 1 meaning that we can

increase the array sum of our independent array by 1; note that since W is feasible,

||W [ω]|| is at most 1.

Figure 6.2 shows an example.

6.2.2 Correctness

Given any feasible array W ∈ FG,n, let Opt(n,W ) denote the size of a maximum indepen-

dent array I satisfying I[n−ω+1..n] ≡W ; furthermore let Opt(n) = maxW∈FG,nOpt(n,W ).



Chapter 6. The MIS Problem in Restricted LoS Networks Pavan Sangha

Figure 6.2: (i) Shows the first 8 columns of an array G and the independent array I ′ of
G[1..8] has the largest array sum satisfying I ′[6..8] ≡ W ′. In (ii) the independent array I
is the independent array of G[1..9] which has the largest array sum satisfying I[7..9] ≡W .
Note t(W ′) ≡ h(W ) and that I can be obtained from I ′ by appending the last column of
W to I ′.

In this section we prove that for each W ∈ FG,n the independent array I(j,W ) returned

by algorithm 10 satisfies ||I(j,W )|| = Opt(j,W ). We first prove Lemmas 6.2 and 6.3 i.e.

that it is sufficient to consider FG,j and then the main result in Theorem 6.4.

Lemma 6.2. Given W ∈ FG,j for j = 1, . . . , n the set

N−(W ) = {W ′ : W ′ ∈ FG,j−1 and t(W ′) ≡ h(W )} 6= ∅.

Proof. For a given W ∈ FG,j consider the feasible array W ′ satisfying (i) t(W ′) ≡ h(W )

and (ii) the first column of W ′ consists entirely of 0’s. Then W ′ ≤a G[j − ω..j − 1] and

thus W ∈ FG,j−1.

Lemma 6.3. Given W ∈ FG,j for j = 1, . . . , n the set

N+(W ) = {W ′ : W ′ ∈ FG,j+1 and t(W ) ≡ h(W ′)} 6= ∅.

Proof. The proof is similar to that of Lemma 6.2, instead for given W ∈ FG,j we consider

W ′′ ∈ FG,j+1 satisfying t(W ) ≡ h(W ′′) and the last column of W ′′ consists entirely of

0’s.

Theorem 6.4. Given an array G of dimensions k × n, the independent array I(n,W )

returned by algorithm 10 satisfies ||I(n,W )|| = Opt(n,W ).

We will proceed by induction on j = 0, . . . n. We firstly show that the statement is true

for the base case j = 0, and then if it holds true for some j it must also be true for j + 1.
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Proof. Base case: For the base case j = 0, the array G[−(ω−1)..0] = ~0, thus FG,0 = {~0}.
In this case algorithm 10 is initialised so that ||I(0,~0)|| = 0 and clearly Opt(0,~0) = 0

showing the statement is true for j = 0.

Inductive hypothesis: Suppose that for any W ∈ FG,j−1, Opt(j − 1,W ) = ||I(j −
1,W )||. Suppose the statement is not true for index j and that there exists an independent

array A of G[−(ω − 1)..j] and consequently some feasible array W ∗1 ∈ FG,j satisfying

A[j − ω + 1..j] ≡W ∗1 and ||A|| > ||I(j,W ∗1 )||.
Furthermore let the independent array A′ ≡ A[−(ω − 1)..j − 1] be the independent

array formed by the first j − 1 rows of A and let A′[j − ω..j − 1] ≡ W ∗2 . Since A′ is

an independent array of G[−(ω − 1)..j − 1] it must be the case that W ∗2 ∈ N−(W ∗1 ).

Additionally ||A′|| = ||A|| − ||A[j]||. It follows that:

||A|| > ||I(j,W ∗1 )|| (6.1)

||A|| − ||A[j]|| > ||I(j,W ∗1 )|| − ||A[j]||. (6.2)

Using the fact that ||A[j]|| = ||W ∗1 [ω]|| (since the jth row of A is equivalent to the ωth

column of W ∗1 ) and that ||A′|| = ||A|| − ||A[j]||

||A|| − ||W ∗1 [ω]|| > ||I(j,W ∗1 )|| − ||W ∗1 [ω]|| (6.3)

||A′|| > ||I(j,W ∗1 )|| − ||W ∗1 [ω]|| (6.4)

By algorithm 10 the right hand side 6.4

||I(j,W ∗1 )|| − ||W ∗1 [ω]|| = max
W ′∈N−(W )

MIS(j − 1,W ′) (6.5)

By definition maxW ′∈N−(W ∗1 ) ||I(j − 1,W ′)|| ≥ ||I(j − 1,W ∗2 )|| since W ∗2 ∈ N−(W ∗1 ). We

conclude that

||A′|| > ||I(j − 1,W ∗2 )||. (6.6)

Finally since, A′ is an independent array of G[−(ω−1)..j−1] satisfying A′[j−ω..j−1] ≡
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W ∗2 , this contradicts the inductive hypothesis.

Corollary 6.5. Given an array G of dimensions k × n, the maximum independent array

of G Opt(n) = ||I(n)||.

Proof. The proof follows directly from the fact that I(n) = argmaxW∈FG,n ||I(n,W )|| in

algorithm 10 and Theorem 6.4.

6.2.3 Time Complexity

In this section, we provide an upper bound on the worst case complexity of the DP algo-

rithm. The use of n separate directed bipartite graphs allow us to model the computation

of I(j) for 1 ≤ j ≤ n. Each directed bipartite graph Bj = (FG,j−1,FG,j , E) consists

of two sets of feasible arrays, namely those which agree with G[−(ω − 1)..(j − 1)] and

G[−(ω − 1)..j], respectively. While directed edges are not strictly necessary, we use them

to them in accordance with the set N−(W ), which can naturally be thought of as the set

of in-neighbours of the vertex W ∈ FG,j . Thus, edges between vertex classes represent

pairs of arrays which are tail-head aligned i.e. a pair of feasible arrays W ∈ FG,j−1 and

W ′ ∈ FG,j satisfy (W,W ′) ∈ E if and only if t(W ) ≡ h(W ′). The bipartite graph Bj is

used to compute I(j,W ) by considering N−(W ) for each W ∈ FG,j and selecting the array

W ′ ∈ N−(W ) for which ||I(j − 1,W ′)|| is maximised in accordance with algorithm 10.

In order to calculate the worst case complexity, we require an upper bound on |FG,j |
for all 1 ≤ j ≤ n. We do this by obtaining an upper bound on |F|. We show that

|F| = Θ(ωk) through the following two observations. Firstly, |F| ≤ (ω + 1)k, since each

feasible array contains at most one 1 per row. Secondly, (ω)!
(ω−k)! ≤ |F|, since there are

precisely ω(ω − 1)(ω − 2) · · · (ω − (k − 1)) feasible arrays with exactly one 1 in each row.

Thus |FG,j | = O(ωk). Given a bipartite graph Bj , let ∆−(Bj) denote the maximum in-

degree of any array W ∈ FG,j . We make use of the following lemma in the calculation of

the worst case running time of the algorithm.

Lemma 6.6. For each Bj, the maximum in-degree ∆−(Bj) ≤ k + 1.

Proof. For each array in W ∈ FG,j , there are at most k arrays W ′ ∈ FG,j−1 with a single

1 in the first column satisfying t(W ′) ≡ h(W ) (one in each of the k possible locations).

Combining this with the array consisting of entirely 0’s in its first column gives us k + 1

possible feasible arrays.
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Theorem 6.7. The worst case running time of the DP algorithm is O(nkωk).

Proof. For each W ∈ FG,j using algorithm 10, we obtain I(j,W ) by comparing I(j−1,W ′)

for each W ′ ∈ N−(W ). Using Lemma 6.6 and the fact that |FG,j | = O(ωk) there at most

O(kωk) computations per bipartite graph Bj required to I(j). Finally given that there

are n bipartite graphs Bj , we obtain a worst case running time of O(nkωk) to calculate

I(n).

6.3 The Generalised DP Algorithm

In this chapter, we present a generalised version of the DP algorithm introduced in the last

section, which can be used to solve a wider set of problems. The main difference is that

the generalised algorithm need not require the property that a feasible set must contain at

most one 1 in each row and column. Let W denote the set of all k × ω arrays with 0 − 1

entries. The generalised DP algorithm is defined on a set F ⊆ W, which satisfies a specific

set of properties; we refer to such a set as a basis set. In the previous section, the basis set

would have just been the set of all arrays with at most one 1 in each row and column.

We start by introducing the concept of a basis set and then present the generalised

DP algorithm. We then discuss its correctness and since the proofs for the generalised

algorithm are very similar to those of the original algorithm, we will not formally prove

correctness to avoid duplication. In Section 6.4, we present some applications of the gen-

eralised DP algorithm. In Subsection 6.4.1, we show how carefully selecting the basis set

allows us to solve the MWIS problem in polynomial time using the generalised DP in the

cases where k < ω and k > ω with k being a constant in both cases. Next, in Section 6.4.2

we show how another careful selection of a basis set allows us to solve the a generalisation

of the scheduling problem, mentioned in Chapter 3. Finally, in Section 6.5 we show how by

combining the generalised DP algorithm with ideas from the EPTAS presented in Chap-

ter 5, we obtain an algorithm that is semi-online. Then, in Subsection 6.5.1, we show the

practical benefit of this approach with a semi-online solution for the scheduling problem.

In the generalised setting, our input array for a LoS network G = (V,E) will no longer

necessarily just consist of 0, 1 elements. Given a LoS network G = (V,E), let W denote

the weight function that assigns a real valued weight W (v) to each vertex v ∈ V . Then,

each location of array(G) will either contain a real valued number corresponding to the

weight of the vertex, or a zero if the location contains no vertex. More formally, given a
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weighted LoS network G = (V,E) embedded into Zn,k the array array(G) satisfies

1. array(G)[i, j] = W (v) if and only if location (j, i) contains a vertex v.

2. array(G)[i, j] = 0 otherwise.

As in section 6.2 for the remainder of the chapter, we will drop the array(G) notation

and just use G for brevity, unless we need to explicitly refer to both the LoS network G

and the array, array(G), at the same time.

6.3.1 Introducing the Generalised Framework and Problem.

As previously outlined, W denotes the set of all k× ω arrays with 0, 1 entries, thus |W| =
2k×ω. We introduce a basis set F generalising the set of all feasible arrays presented in

Section 6.1. We still refer to elements of a basis set F as feasible arrays.

Definition 6.8. A basis set F ⊆ W satisfies the following:

1. ~0 ∈ F

2. For each feasible array W ∈ F , then ∃W ′ ∈ F where t(W ) ≡ h(W ′) and the last

column of W ′ is all 0’s

3. If W ∈ F then ∃W ′′ ∈ F , where t(W ′′) ≡ h(W ) and the first column of W ′′ is all 0’s.

We extend some of the notations of Section 6.1 to account for the fact that arrays now

contain real values. An important assumption that we make for convenience is that the

smallest non-zero weight in an array G is equal to 1. In practical applications, this just

corresponds to normalising the weights and this can be done by multiplying each weight

in the array by some appropriate multiplicative factor m, typically the smallest known

non zero weight. Given a weighted independent set output by the algorithm, the original

weighted sum can easily be obtained by multiplying the sum of weights by 1
m . We start

by modifying the definition of ≤a. Given arrays G and I of the same size, I ≤a G if:

1. G[i, j] = 0⇒ I[i, j] = 0

2. Either I[i, j] = 0 or I[i, j] = G[i, j] for all G[i, j] 6= 0.
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In the generalised setting, I is still referred to as an independent array to keep things

consistent. It is important to note however, that while in case of the MWIS problem I still

corresponds to an independent set, it is not the case for the scheduling application. Given

an independent array I, we denote the array sum of I by ||I|| =
∑k

i=1

∑n
j=1 I[i, j]. Next,

we generalise the notion of equivalence ‘≡’ that was defined in Section 6.1 between arrays

W ∈ F and k × ω sub arrays of an independent array I. The difference in the generalised

case is that the feasible arrays W still contain 0, 1 elements, while the independent arrays

I can now contain real values greater than or equal to 1. We are interested in elements of

I equal to 0. We define a new notion of equivalence denoted ≡a, such that an independent

array I and a simple feasible array W both of size k×ω satisfy I ≡a W ; provided I[i, j] = 0

if and only if W [i, j] = 0. Given a basis set F and a k × n array G let FG,j denote the

set of feasible arrays W ∈ F satisfying W ≤a G[j − ω + 1..j] for each 1 ≤ j ≤ n. When

comparing two arrays W,W ′ ∈ F that are tail-head aligned, we will use our standard

notion of equivalence because both arrays are feasible.

With the new framework in place, the problem that we aim to solve is identical to the

original one; given a k×n array G we wish to find an independent array I of maximum array

sum satisfying I ≤a G and I[j−ω+ 1..j] ≡a W , for some W ∈ FG,j for all 1 ≤ j ≤ n. It is

important to note that ~0 ∈ FG,j for all 1 ≤ j ≤ n and so the array of size k × n consisting

entirely of 0’s satisfies the required conditions proving at least one array satisfying the

required conditions exists.

6.3.2 The Algorithm

Now that we have generalised the problem. According to our new framework, we define the

neighbourhoods N−(W ) = {W ′ : W ′ ∈ FG,j−1 and t(W ′) ≡ h(W )} and N+(W ) = {W ′ :

W ′ ∈ FG,j+1 and t(W ) ≡ h(W ′)} in the same way as before. Just as in Subsection 6.2.1,

we prepend the k × n array G to an array of size k × ω consisting entirely of 0’s. The

columns of the extended array G are indexed from −(ω− 1), . . . , n. Algorithm 11 finds an

independent array similar to algorithm 10. The main difference from algorithm 10, is the

use of the dot product W [ω]T · G[j] between the ωth column of W and the jth column

of G. This is to ensure the weights in the jth row of G corresponding to the locations

of the feasible array W . Let Opt(n,W ) denote the size of the largest independent array

I satisfying I[n − ω + 1..n] ≡a W and Opt(n) = maxW∈FG,nOpt(n,W ). Then, using the

same inductive line of argument as the proof of Theorem 6.4, we can prove the following
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Algorithm 11 Computing an independent array in G (general case)

1: Initialise: FG,0 = ~0 and I(0,~0) = ~0.
2: for j = 1, . . . , n do
3: for W ∈ F do
4: if W ∈ FG,j then
5: I(j,W ) = argmaxW ′∈N−(W )||I(j − 1,W ′)|| ⊕W [ω]T ·G[j]
6: else
7: I(j,W ) = ~0j
8: end if
9: end for

10: I(j) = argmaxW∈FG,j ||I(j,W )||
11: end for

theorem.

Theorem 6.9. Given an array G of dimensions k × n the independent array I(n,W )

returned by algorithm 11 satisfies ||I(n,W )|| = Opt(n,W ).

The following corollary then naturally follows.

Corollary 6.10. Opt(n) = ||I(n)||

6.3.3 Running Time

In this section, we analyse the worst case running time of the algorithm 11 in a similar

way to the analysis of algorithm 10. Given a k × n array G, let Bj = (FG,j−1,FG,j+1, E)

for 1 ≤ j ≤ n. In addition, let ∆−(Bj) denote the largest in-degree of an array in Bj for

1 ≤ j ≤ n and let ∆−(F) = maxj(∆
−(Bj)). We then prove the following lemma regarding

the running time.

Lemma 6.11. The worst case running time of the generalised DP is O(n∆−(F)|F|).

Proof. For each W ∈ FG,j , using algorithm 10 we obtain I(j,W ) by comparing I(j−1,W ′)

for each W ′ ∈ N−(W ). Using the fact that |FG,j | ≤ |F|, there are at most O(∆−(F)|F|)
computations per bipartite graph Bj required to compute I(j). Given that there are

n bipartite graphs Bj , we obtain a worst case running time required to find I(n) is

O(n∆−(F)|F|).



Chapter 6. The MIS Problem in Restricted LoS Networks 85

6.4 Applications of the Generalised DP Algorithm

In this section, we present two applications of the generalised DP algorithm. The first

is a solution to MWIS problem for the cases where k ≥ ω and k < ω. The second is a

generalisation of scheduling application presented in Chapter 3. In both cases we identify

the appropriate basis set required for the generalised DP algorithms.

6.4.1 MWIS Problem

We now show how the generalised DP algorithm can be used to solve the MWIS problem

for the cases where k < ω and k > ω, with k constant in both instances. This expands

on the work we did in Section 6.1, where we only consider the case k < ω. In both cases

we define the appropriate basis sets. As mentioned in Subsection 6.3.1, we normalise the

weights of the array so that the least non zero weight is equal to 1.

MWIS for the case k < ω: Since this is just the weighted version our initial problem

we keep the same basis set F which was used in the original DP algorithm, i.e. the set

which consists of all arrays with at most one 1 in each column and row.

MWIS for the case k ≥ ω: In this case, an independent array I can have more than

one 1 in a column due to LoS network constraints. In particular, an independent array I

satisfies the following:

1. For distinct columns j1, j2 if I[i, j1] = 1 and I[i, j2] = 1, then |j1 − j2| ≥ ω.

2. For distinct rows i1, i2 if I[i1, j] = 1 and I[i2, j] = 1, then |i1 − i2| ≥ ω.

Thus, the basis set F in this case represents the set of k×ω arrays, having at most one

1 per row and for each column the distance between any pair of 1’s needs to be at least ω.

Running Time of Both Cases: Since the size of the basis set in the case k < ω

is exactly the same as in the previous chapter, the running time of the algorithm for the

weighted version of the problem is the same.

For constant k and ω, the basis set F for the case where k > ω is larger than the case

where k < ω. This is because a feasible array in this case can have more than one 1 in a

column. However, using the fact that a feasible array still has at most one 1 in each row

to upper bound |F| ≤ (ω+ 1)k. Using the pigeonhole principle, since the distance between

any pair of 1’s in a column must be at least ω, a column cannot contain more than
⌈
k
ω

⌉
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1’s. This results in the following upperbound ∆−(F) ≤
∑d kωe

i=0

(
k
i

)
. Hence, the running

time of the DP algorithm in the second case is O(nωkkdk/ωe) using Lemma 6.11, which is

polynomial in n if ω and k are constant.

6.4.2 Scheduling Problem

We now build on the scheduling example that we identified in Chapter 3 Subsection 3.3.2.

The abstract problem we study also finds application [5] in the following scheduling prob-

lems, which is formalisation of the example below. We provide a new example to the one

presented in Chapter 3, which expands on it and introduces a weighted version of the

problem. We then show how carefully selecting the correct basis set allows us to solve the

problem.

Suppose, a company manages advertisements for k clients over a long period of discrete

time which, we denote by n (these can be n-days or hours). The number of clients k, can

be considered a constant. At any given unit of time, some subset of clients bid to have

their advertisement aired and the company selects a certain number, 1 ≤ l < k, of them

to air due to resource limitation. In addition, an “advertisement diversity” policy requires

that advertisements from the same client cannot be aired more than once in a given pe-

riod of ω consecutive time units; we make no restrictions on ω being constant although

in practice it is likely to be the case. The goal of the company, is to schedule the airing

of these advertisements satisfying the constraints that have been outlined and maximise

the number of advertisements aired. This problem has one slight difference from the MIS

problem in restricted LoS networks in the sense that the restriction with ω only applies in

the one dimension (the time dimension), but not the other (the client dimension) unless

l = 1. Nevertheless, the generalised DP framework we introduced can be used to solve the

problem.

We model the problem as follows: let k be the number of clients and n a set of consec-

utive discrete time units. Denote the set of clients by S = {1, . . . , k} and the time units

by the set {1, 2, . . . , n}. We construct a k × n array G with location G[i, j] = 1, if the

advert of client i is available to air at time unit j. The selection parameter l denote the

maximum number of available clients that can be selected per time unit. The restriction

is the one-dimensional constraint that clients’ advertisements cannot be aired more than

once within a period of ω consecutive time units. For the case l = 1, this is precisely the
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MIS problem in restricted LoS networks, however for l > 1 this is no longer the case. We

can still structure the problem using array and use the generalised DP algorithm to solve

the problem.

Setting G[i, j] = 1 if the ith client bids at time unit j treats each client as being

“equal”. This could be the case if each client has to pay the same amount if a bid is

accepted. In a more realistic scenario, client i may want to bid an amount wij at time step

j. In this setting, the company will want to maximise their total profit subject to the same

constraints. This can be solved by setting G[i, j] = wij . Next, we discuss how selecting

the appropriate basis set allows us to solve the problem.

For the scheduling problem, the basis set F like the case for the weighted MIS problem

contains at most one 1 per each row, and at most ‘l’ 1’s per column with no distance

restrictions.

Running Time: The size of the basis set in this case can be upper bound by |F| ≤
(ω+1)k since there are at most one 1 per row. In addition, ∆−(F) ≤

∑l
i=0

(
k
i

)
since we can

choose at most ‘l’ 1’s per column. Hence, the running time of the algorithm is O(nωkkl)

using Lemma 6.11, which is polynomial in n if k is constant.

6.5 Semi-Online Algorithm for DP

The DP algorithms in the previous sections give optimal solutions to an offline version of

the MWIS and scheduling problems where the entire history of the n discrete time steps is

known in advance. This is unrealistic, for example, the duration in the scheduling problem

could possibly be large, spanning a year or more. Then, it is likely the input evolves

over time. It is desirable to take a more online approach with a good approximation

performance. Provided ω is constant, we can use the EPTAS in Chapter 5 providing a

solution which is semi-online; in particular, we assume we are allowed to observe the input

up to a certain “look-ahead” distance. We show how the look-ahead distance influences

the approximation ratio achieved.

Given an array G, let Gj = G[1..jω] for 1 ≤ j ≤
⌊
n
ω

⌋
and let Gj = G[jω + 1..n] denote

the subarray of G, thus G = Gj ⊕Gj . Let Ir denote a maximum independent array of Gr.

We assume that ||I1|| ≥ 1 by removing initial subarrays of G if they consist entirely of 0’s.

We determine a value r∗, which is the “stopping point” of the overhead distance necessary

to achieve (1 + ε)-approximation. Precisely, we let r∗ be the smallest integer such that
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||Ir∗+1|| < (1 + ε)||Ir∗ ||. This means that for any 1 < r ≤ r∗,

||Ir|| ≥ (1 + ε)||Ir−1||.

We make the assumption that there exists a global parameter ∆max which is constant

such that G[i, j] ≤ ∆max. In the scheduling application, this can be thought of as setting

a roof price on the amount a company can charge for a given advertisement. Note for any

W ∈ F , since W is of size k × ω and entries are 0 − 1, the array sum ||W || ≤ kω. Thus,

the array sum of any maximum independent array Ir satisfies ||Ir|| ≤ ∆maxrkω.

Now, for any r ≤ r∗ we have

||Ir|| ≥ (1 + ε)||Ir−1|| ≥ . . . ≥ (1 + ε)r||I1||

and thus,

(1 + ε)r||I1|| ≤ ||Ir|| ≤ ∆maxrkω.

We prove, similar to the proof of Lemma 5.19 that r∗ is bounded from above by a

constant.

Lemma 6.12. r∗ ≤
(

1
2ln(1+ε) +

√
ln(∆maxkω)

ln(1+ε) + 1
4ln2(1+ε)

)2
.

Proof. Let t = 1
2ln(1+ε) +

√
ln(∆maxkω)

ln(1+ε) + 1
4ln2(1+ε)

then:

r > t2

⇒ r1/2 > t

⇒
(
r1/2 − 1

2ln(1+ε)

)2
>

ln(∆maxkω)

ln(1 + ε)
+

1

4(ln(1 + ε))2

⇒
(
r1/2 − 1

2ln(1+ε)

)2
− ln(∆maxkω)

ln(1+ε) − 1
4(ln(1+ε))2 > 0

⇒ ln(1 + ε)r − r1/2 − ln(∆maxkω) > 0

⇒ rln(1 + ε) > ln(∆maxkω) + ln(r)

⇒ rln(1 + ε) > ln(∆maxkωr)

⇒ (1 + ε)r > ∆maxkωr

⇒ (1 + ε)r||I1|| > ∆maxkωr
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and thus the result follows.

Let Ir∗ be a feasible array in Gr∗+1 obtained as follows: take a maximum independent

array in Gr∗ of size |Ir∗ | and append an array of size k × ω consisting entirely of 0’s, then

remove the array Ir∗ and repeat the process. We show that the algorithm indeed achieves

a 1
(1+ε) -approximate feasible array.

Lemma 6.13. Suppose inductively that we can compute a 1
(1+ε) -approximate independent

array I ′ for Gr∗+1. Then Ir∗ ⊕ I ′ is a 1
(1+ε) -approximate independent array for G.

Proof. Let I ′′ be a maximum independent array in Gr∗+1. We first verify that Ir∗ ⊕ I ′

is indeed an independent array. Since Ir∗ and I ′ are each independent arrays and since

the last ω columns of Ir∗ consist of entirely 0’s, the distance between any pair of ones

in the same row is at least ω; hence Ir∗ ⊕ I ′ is an independent array and in addition

||Ir∗ ⊕ I ′|| = ||Ir∗ ||+ ||I ′||. Let Imax be a maximum independent array in G then ||Imax|| ≤
||Ir∗+1 ⊕ I ′′|| = ||Ir∗+1||+ ||I ′′|| ≤ (1 + ε)||Ir∗ ||+ (1 + ε)||I ′|| = (1 + ε)||Ir∗ ⊕ I ′||.

6.5.1 Application To Scheduling and Running Time

We now turn our attention to a semi-online algorithm for the scheduling problem. Suppose

the advertisement company does not have a full schedule, as would likely be the case in

most real world applications. In situations like this, it maybe necessary to begin processing

regardless of the fact that a full schedule is not available. In this case, we wish to produce

a schedule that gets as close to the optimal solution as possible.

Theorem 6.14. The EPTAS allows a look-ahead distance of c1ω, where

c1 =

(
1

2ln(1 + ε)
+

√
ln(∆maxkω)

ln(1 + ε)
+

1

4ln2(1 + ε)

)2

is sufficient.

Proof. Once we have a portion of the schedule of length c1ω we can run the EPTAS and

guarantee it will terminate with an r∗ satisfying ||Ir∗+1|| ≤ (1+ ε)||Ir∗ ||. Thus provided we

have a look-ahead distance of c1ω at all times the EPTAS will provide a 1
(1+ε) approximate

independent set.
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Running time: The running time of the EPTAS algorithm is the same as the same

as the case for the generalised DP. We can process a length of the schedule Suppose we

define one iteration of the algorithm as the process of reaching the first stopping point and

second iteration as the next process of reaching the second stopping point and so on. Then

once we are given a schedule of size c1ω we can begin processing. Repeating this process,

we see that we can compute Ir in time O(rklωk) using Lemma 6.11.



Chapter 7

Summary

In this thesis, we firstly explored the complexity of the maximum independent set (MIS)

problem in both two and higher dimensional line of sight (LoS) networks, as the dimension

and range parameters d ≥ 1 and ω ≥ 2 respectively vary. It has already been established

in the existing literature [36, 10], that for the boundary cases (ω = 2, d ≥ 1), (ω ≥ 2, d = 1)

and (ω = n, d = 2) (where ω = n corresponds to the case where ω is maximised) that

the MIS problem is solvable in polynomial time. Our aim was to attempt to characterise

the computational complexity of the MIS problem in the case where ω ≥ 2 and d ≥ 2, for

which no results were previously known.

We proved that if d ≥ 2 and the range parameter ω is sublinear in the size of the

underlying network ω = O(n1−ε) then the MIS problem is NP-hard. We also proved, that

in the case where the range parameter ω = n and d ≥ 3 the MIS problem is APX-hard.

Having established that the complexity of the MIS problem is NP-hard and APX-hard

in the cases where ω is sublinear and maximised respectively, we sought the design of

efficient approximation algorithms. We first designed a greedy algorithm that achieves a 1
d

approximation guarantee (it is optimal for d = 1) for the MIS problem in d-dimensional LoS

networks. This result showed that the MIS problem in LoS networks belongs to the class

APX. We then improved on this approximation guarantee with two algorithms designed for

specific classes of LoS networks. In the case where ω is maximised, we managed to improve

the approximation guarantee from 1
d to 2

d − ε through the use of a well known result of

Hurkens and Schrijver [25]. We then designed an efficient polynomial time approximation

scheme for the MIS problem in the case where d ≥ 2 and ω is any constant (i.e. does not

grow with the size of the underlying LoS network).
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Table 7.1: Summary of results

d \ ω ω = 1 ω = 2 fixed ω ≥ 3 ω = O(n1−ε) ω = n

1 Trivial P, Greedy P, Greedy P, Greedy P, Greedy

2 Trivial P NPH/EPTAS NPH/c.a P

≥ 3 Trivial P NPH/EPTAS NPH/c.a APXH/c.a

These results are concisely summarised in Table 7.1 (note that for the case ω = 1 all

vertices are independent). In each entry, the first part denotes the complexity class of the

problem and the second part the algorithmic techniques which solve the problem exactly

or the approximation guarantee of the algorithm (constant approximation is denoted by

c.a.).

We then turn our attention to the MIS problem for restricted LoS networks. We showed

in this case that the MIS problem is solvable in polynomial time using a novel Dynamic

Programming (DP) approach. We also highlighted how the problem relates to a specific

case of a scheduling application. Additionally, we introduced a generalised version of the

MIS problem that incorporated both the maximum weighted independent set problem in

LoS networks and the full scheduling problem. By modifying the DP algorithm, we were

able to show that this generalised problem was also solvable in polynomial time. Finally,

using the previous EPTAS algorithm combined with the DP algorithm we were able to

provide a semi-online solution to the generalised problem that has useful applications in

scheduling.

7.1 Future Work

We see many possibilities for future work. Firstly regarding our current work, with a

bit of care regarding the size of the grid one could aim to characterise the computational

complexity of the MIS problem between the sublinear and maximum ranges. By calculating

the smallest distance between any two vertices in the reductions of the maximum ranges,

we obtain hardness of the MIS problem for ω smaller than n. Scaling the underlying grid

accordingly would then allow us to calculate hardness for a larger range of ω values.

A second avenue for future work could inspect the plethora of computational graph

theoretic problems in LoS networks. In this thesis, we focused solely on the MIS problem,
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but there are many other problems such as the minimum vertex cover, largest dominating

set and colouring problems to name but a few. This work could use our approach in

first analysing the complexity of each problem and then focus on designing either exact or

approximation algorithms.

We hope that by helping to put the LoS network model on the map, researchers will

seek to find many other areas of interest in both theoretical and practical applications

of LoS networks. One such example being the solution to the LoS network recognition

problem [31] for the case where ω is maximised which cites our work on the computational

complexity of the MIS problem for the same case.

Another area of research that we hope to encourage activity in which has more practi-

cal application is the area of wireless networks. One such application is in the modelling

of wireless sensor networks. From a modelling perspective models such as the signal to

interference plus noise (SINR) model have become popular because they try to capture

elements of real life sensor networks such as inteference within the model, something that

the classical radio network model does not incorporate [38]. These models could be ex-

tended to a network that has an underlying LoS topology. From an algorithmic perspective

wirless sensor networks often require the sensor nodes themselves execute the algorithm.

Hence algorithms are distributed rather than global. The role of distributed algorithms

for various graph problems are well studied in classical radio networks [28] and have also

been studied in the SINR model [27]. With this in mind we believe one avenue for future

work from an algorithmic perspective is to study distributed algorithms for a wide variety

of problems in LoS networks.

Finally another technology where LoS networks could be used is that of vehicular

adhoc networks (Vanets) [1]. Vanets are a model of mobile adhoc networks where vertices

represent vehicles and links represent interactions between vehicles. The LoS network

topology lends itself well to this model because the grid structure is fairly representative of

certain urban areas such as Manhattan. Since Vanets are dynamic networks there is scope

to solve algorithmic problems in dynamic LoS networks.
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[6] Béla Bollobás, Svante Janson, and Oliver Riordan. Line-of-sight percolation. Combi-

natorics, Probability and Computing, 18(1-2):83–106, 2009.

[7] Marco Cesati and Luca Trevisan. On the efficiency of polynomial time approximation

schemes. Information Processing Letters, 64(4):165–171, 1997.

[8] John C. Cherniavsky and James A. Storer. An Introduction to Data Structures and Al-

gorithms. Progress in Computer Science and Applied Logic Series. Birkhäuser Boston,
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