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Abstract In this paper, we shall study the almost sure pathwise exponential stability
property for a class of stochastic functional differential equations with delays, pos-
sibly, in the highest-order derivative terms driven by multiplicative noise. Instead of
establishing a moment exponential stability as the first step and then proceeding to
investigate the pathwise stability of the system under consideration, we shall develop
adirect approach for this problem. As a consequence, we can show that some systems,
which are not exponential momently stable, have the exponential stability not sensitive
to small delays in the almost sure sense.
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1 Introduction

We start with a simple one-dimensional linear differential equation

dy() = (@ + p)y®)dr, t =0,

(1.1)
y(0) =y €R,
where y(0) = yo € R, and «, B8 € R. Since y(t) = yoe® P for all t > 0, it is easy
to see that if o« 4+ 8 < 0, the null solution of (1.1) is exponentially stable.
Let r > 0 and consider a time delay version of (1.1) in the form

dy(t) = ay(t)dt + By(t — r)dt, t>0. (1.2)

Because of the time delay feature in (1.2), one need set up proper initial data different
from those in (1.1) to make (1.2) well-defined. For instance, let y(0) = ¢9 € R and
y() = ¢1(t) fort € [—r, 0] where ¢ € L?([—r, 0], R). It is well known (see, e.g.,
[2] or [14]) that under the condition @ + 8 < 0, there exists rop > 0 such that the
null solution of (1.2) is exponentially stable for all » € (0, r9), while for r > rg, the
null solution is exponentially unstable. In other words, exponential stability at this
moment is not sensitive to small delays, a result which actually remains true in any
finite dimensional context (see, e.g., Chap. 7 in [2]).
Now let us consider a linear one-dimensional 1t6 equation

dy(r) = (e + py®)dt + oy()dw(®), =0, (1.3)

where w(t), ¢t > 0, is a standard real Brownian motion, y(0) = yg € R, and «, 8 and
o are real constants. A direct computation shows that the solution process y(¢),t > 0,
of (1.3) is explicitly given by

y(t) = exp {ow(®) + (@ + p)t —ot/2}yo, 1 >0. (1.4)

Hence, by virtue of the well-known law of the iterated logarithm (cf. Revuz and Yor
[13]), it is easy to see that the asymptotically exponential growth rate of solution y is
given by

1 t 2
limsupM =a+p - 7 a.s. (1.5)

t—00 t 2

Therefore, the null solution of (1.3) has global exponential stability in the almost sure
sense if and only if & + 8 < 02/2.
On the other hand, consider a time delay version of (1.3) in the following form

dy(t) = ay(t)dt + By(t — r)dt + oy()dw(t), ¢ >0, (1.6)

where r > 0. For pathwise stability of Eq.(1.6), it turns out that, in addition to
the condition & + B < o2/2, the null solution of Eq. (1.6) could secure the same
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exponential stability in the almost sure sense as long as the delay parameter r > 0 is
sufficiently small. In fact, it is shown in Bierkens [3] that if » > 0 is so small that

11672 +a < 0?2,

then the null solution of (1.6) is exponentially stable almost surely. Thus, stability is
not sensitive in this case to small delays. It is also worth mentioning that as a corollary
of more general results for nonlinear stochastic systems, Appleby and Mao [1] showed
that if » > 0 is such a small number that

2677 (IB] + ) D (0 /F) < 02/2,

then the null solution of (1.6) has the same pathwise exponential stability. Here & is
the cumulative distribution function of a standard normal random variable.

In an infinite dimensional setting, the situation is quite different. In particular, it
was observed by Datko et al. [6] (see also [5]) that small delays may destroy stability
for a partial differential equation. More precisely, consider a deterministic differential
equation in a Hilbert space H,

dy(¢) = Ay(t)dt + By(t — r)dt, t >0,

y©0)=¢o € H, y(t) =¢1(t), 1 € [-r,0], ¢ € L*([—r, 0], H), 4
where A generates a Cop-semigroup and B is a linear operator in H. If the spectrum
o (A) of A is unbounded along an imaginary line, it was shown (see Theorem 7.4 in
[2]) that for any r9 > 0, one can always find an operator B € Z(H), the family
of all bounded linear operators on H, and r € (0, o) such that A + B generates an
exponentially stable semigroup and meanwhile the system (1.7) is not exponentially
stable. From this observation, we can see that the unboundedness of the spectrum set of
A along imaginary axes may cause trouble in the stability analysis of (1.7). Therefore,
one need make additional assumptions on the semigroup generated by A. Note that in
finite dimensional spaces, the spectrum set of A is always bounded. In fact, we have the
following result which clearly implies the fact that for finite dimensional equations,
the exponential stability cannot be destroyed by small delays.

Theorem 1.1 Assume that A generates a norm continuous Co-semigroup e’ A >0,
ie, e [0,00) = ZL(H) is continuous, and the semigroup generated by A + B is
exponentially stable in H. Then, there exists a constant ro > 0 such that the system
(1.7) is exponentially stable for all r € (0, rg).

Proof See, e.g., the proofs of Theorem 7.5 in [2]. O

In this work, we want to consider the sensitivity problem of pathwise stability to
small delays for stochastic retarded evolution equations in Hilbert spaces. Based on
the above statements, especially Theorem 1.1, let us first consider a concrete example
of linear stochastic partial differential equations to motivate our theory,
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82
dy(t,§) = @}’(I,S)dt +aoy(t, §)dt +oy(r, §)dw(), >0, §&e€][0, 7],

y(t,0) = y(t,7) =0, >0,
y(0,) = ¢o(-) € H=L?*(0, ),

(1.8)
where «g, 0 € R and w is a standard real Brownian motion.
It is not difficult to get, e.g., by Example 2.1, that if
ap— 1 <a?/2, (1.9)

the null solution of (1.8) is exponentially stable almost surely. Further, let r > 0 and
consider a time delay version of (1.8) in the form

82
dy(,§) = 8—52)’075) +oaoy(t —r,§)dt + oy, §)dw(r), =0, §e€][0,rn],

y(t,0)=y(t,7) =0, >0,
¥(0,) = ¢o(-) € L2, ), yo(-,-) = ¢1(-,-) € L2([—r,0]; L?(0, 7)),
(1.10)

where (¢, ¢1) is some properly given initial datum. Here, the problem we want to
address is whether, under the condition ag — 1 < &'2/2, the null solution of Eq. (1.10)
secures the same pathwise exponential stability, at least for sufficiently small delay
parameter r > 0.

Note that this problem cannot be addressed by the usual method dealing with path-
wise exponential stability, i.e., first considering moment stability and then establishing
pathwise exponential stability. To illustrate this, let us consider a simple example of
one-dimensional stochastic differential equation,

dy(t) = By()dt + oy()dw(t), >0,
y(0) =y € R,

where 8, o € R. It is known that

log |y(t
Jim sup €Ol _ g (1.11)

t—00 t 2

Thus, the null solution is exponentially stable if and only if 8 < ¢2/2. On the other
hand, we know by a simple calculation that

log E|y(1)|?
Jim sup ogEly®I” _

t—00 t

26 + 0.
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Thus, the null solution is mean square exponentially stable if and only if 8 < —o2/2,
a condition which is much more restrictive than 8 < o2/2.

In this work, we shall employ a different method to address the pathwise sensitivity
problem to small delays. In particular, as a by-product of the general theory established
later on, we shall answer this question affirmatively for (1.10).

2 Pathwise Exponential Stability

Let H, K be two Hilbert spaces with their norms || - ||z, || - ||k and inner products
(-, )YH, {-, )k, respectively. We denote by .Z (K, H) the space of all bounded and
linear operators from K into H. If H = K, we simply denote .Z(H, H) by £ (H).
Let {2, .#, P} be a complete probability space equipped with some filtration {.%; };>0.
Let {Wq(t), t > 0} denote a K -valued {.#, };>0-Wiener process defined on {2, %, P}
with covariance operator Q satisfying that

E(Wo(),u)xk (Wo(s),v)k = (t As){Qu,v)g forall u, vek,

where Q is a positive, self-adjoint and trace class operator, Tr(Q) < oo, on K. In
particular, we shall call such Wg (¢),t > 0, a K-valued Q-Wiener process with respect
to {-#;}1>0. We introduce the subspace Ky = Ran 0172, the range of 072, of K and
let &5 = (K, H) denote the space of all Hilbert—Schmidt operators from K¢
into H.

Consider the following linear stochastic evolution equation

{dy(t) = Ay(t)dt + By(t)dW (), t >0, @1

y(0) =y € H,

where A : 2(A) C H — H generates a Cp-semigroup ¢4, t>0,Be XH, L),
and W(z),t > 0, is a K-valued Q-Wiener process.

Lemma 2.1 Assume that A generates an exponentially stable Co-semigroup €', t >
0, such that

e 4] < Me™,  1>0,

for M > 1, & > 0 with M?||B||> < 2 where | B|| := ||Bll.¢ . 2. Then, for any
self-adjoint, nonnegative operator L € £ (H), there exists a unique nonnegative,
self-adjoint operator P € £ (H) such that

(Ax, Px)g + (Px, Ax)g + (A(P)x,x)g = —(Lx,x)yg  forany x € P(A),
2.2)
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where A(P) € £ (H) is the unique operator defined by the relation

(x, A(P)y)y := Tr{PB(x)Q*(B(»)Q'H*}, x, yeH, PeZL(H).
(2.3)

In this case, the operator P satisfies
o0 *
P= / ¢V (A(P) + L)e'dr. (2.4)
0
Proof Define a series of operators { P(j)} >0 in H by
o0 *
P(0)=0, P(G+1= / V(AP + Lyetdr,  jeNg. (2.5)
0
It is immediate to see that this series is a contraction since

IPG+D =PI = | /Oooe“‘*A(P(j) — P(j = et

o0
< Mannzf0 e 2Mar|P(j) — P — DI

= —M2||B”2||P( ) — PG =D
= " J J

and M2||B||?/2x» < 1. Hence, there exists a unique fixed point P € Z(H) so that,
letting j — o0 in (2.5), we obtain the relation (2.4).

To show the equality (2.2), let us consider the following backward linear operator
differential equation

j—t(P(t)x, x)g + (Ax, P()x)g + (P(t)x, Ax)g + {([L + A(P(t))]x,x)g =0,
xe€P(A), 0=<t<T,
P(T) =G,
(2.6)

where G € £ (H) is a nonnegative and self-adjoint operator in H and T > 0, and the
associated integral equation

T
P()x = GDATL + A(P(s)]e® D 4x d
(t)x /t e [ (P(s))]e xds 27

+e(T_’)A*Ge(T_[)Ax, Vx e H, 0<tr<T.
We shall show that Egs.,(2.6) and (2.7) are actually equivalent. Indeed, first suppose

that P(r), t > 0, satisfies (2.7). Then, by differentiating (P (¢)x, x) g, x € Z(A), we
obtain (2.6) immediately.
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Conversely, suppose P (t),t > 0, satisfies (2.6). Let x € Z(A) and 0 < s < t, and
then (P (1)e"=94x, =94 x)y is differentiable in r and
d
a<P(t)e<’—3>*‘x, 10 g = — (A" 9%, P(0)e" %) g — (P(1)e" ™9k,

A"y
+ (P %, Ae" %)y + (Ae 9k,
P(1)e" 9%y
—([L 4+ AP®)))e" %%, D45y
= — ([L+ AP(1))]e" ™%, "%y
(2.8)

By integrating (2.8) in ¢ from s to 7', we then obtain for any 0 < s < T that

T
(P(s)x, x)y = f ([L+ AP@)]e" ™ x, e“x)ydu  Vx e Z(A).
N

2.9
Since Z(A) is dense in H, the relation (2.7) follows easily from (2.9). Last, since the
semigroup ¢4, ¢ > 0, is exponentially stable and P is the unique solution of (2.4), one
can see that the family of nonnegative, self-adjoint operators P(t) = P € Z(H) is
the unique solution of (2.7) with t = 0, T = 400 and G = P. Therefore, P satisfies
(2.6) with G = P which is exactly the equality (2.2). Thus, the proof is complete. O
Lemma 2.2 Suppose that A generates a Co-semigroup ', t > 0, such that

le'd) < Me™,  t>0,

for M > 0, A > 0 with M?||B||> < 2x. Let A, be the Yosida approximation of A,
ie, Ay =nRn, A)A R(n,A) =l —A) L ne p(A), the resolvent set of A, and

L € Z(H) be a nonnegative, self-adjoint operator. For n € p(A), let P, > 0 denote
the unique solution to Lyapunov equation

AL Py + PyAp + A(Py) = —L. (2.10)
Then, as n — 00,
(x, PuyYy — (x, Py)y forany x, ye H,
where P € £ (H) is the unique nonnegative solution to

A*P + PA+ A(P) = —L. @2.11)
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Proof Recall that (see (A.13) in [4])

nit
le'd || < Me™n7, n>Ar  t>0.

Thus, the exponential stability of ¢’4 implies the same property of e/4" forn € p(A).
By virtue of Lemma 2.1, for any self-adjoint, nonnegative operator L € .Z(H), there
exists a unique solution P, € Z(H) to (2.10) for n € p(A).

For each n € N, we construct a sequence

o0
P,(0):=0 and P,(j+1) ::/ (A P(j)) 4+ LyeMdt,  jeN,
0
and in a similar way, let
00 *
P0):=0 and P(j+1):=f SV (AP()) + Lye'Adr,  jeN.
0

We show that for all x, y € H and j € N, there is the relation (x, (P,(j) —
P(j)y)y — 0 asn — oo. Indeed, we can see this by induction. For j = 0,
the claim holds trivially. Suppose now that the claim holds for j =k — 1,k > 1. Let
x, y € H, and then for j =k,

(. (Pak) = P(R)Y) ]

- /O e, (AP (k= D) + ey s
- /0 Tl (AP — 1) + L) y) s

< /Ooo (e Mrx, A(Pa(k — 1) — P(k — 1)) M y) | dr 2.12)
+ |l /0 TR AP K — 1) + L ydr

—/ e'A*(A(P(k—l)HL)efAydt) ‘
0 H

=:11(n) + L(n).
By induction hypothesis, we have

(x,(Patk — 1) — P(k — D))y)y — 0, V¥x, ye H, asn— oo.
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This fact further implies that /;(n) — 0 as n — oo by Dominated Convergence
Theorem. For I>(n), we may similarly have that

<x, / (e’A’n‘(A(P(k 1)+ L)y — e (AP — 1)) + L)efAy)dt> ‘
0 H
- ‘ f (e"x, (A(P(k — 1)) + L)€ — ") y)
0
+ (" — e"M)x, (A(P(k — 1)) + L)e' y) y dt
< /0 le A x|l g | APk — 1)) + LIl - [[(e"4 — ')y gt

o0
+/0 e — M xl gl APk — 1) + LIl - "] - |yl adt

— 0 as n— oo,

by virtue of Dominated Convergence Theorem. Hence, the claim is proved by induc-
tion.

Last, by the proofs of Lemma 2.1 we have that P(j) — P and P,(j) — Py,
uniformly in n, as j — oo in the norm topology of £ (H ). Therefore, we obtain that

(x,(P, —P)y)y >0 as n-—>oo forany x,yeH

by using the relation

[, (Pn = P)y)ul < [(x, (Pu = Pa(G)Y)ET + [(x, (Pa(j) = P(j)Y)HI
+[(x, (P(j) = P)y)ul.

The proof is thus complete. O

Now consider the following linear stochastic evolution equation on the Hilbert
space H,

d =A d Bi d i 5 _07
y(t) = Ay(t) z+; y()dw; (1), t> o)

y(©0) =y € H,

where B; € Z(H) and w;(t),t > 0,i = 1, ..., n, are a group of independent,
standard real-valued Brownian motions. To proceed further, we first recall two useful
lemmas which are important in their own right. The first lemma is a strong law of large
numbers for continuous local martingales (see, e.g., [9] or Theorem 1.3.4 in [12]), and
the proof of the second is referred to that of Proposition 2.1.4 in [10].
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Lemma 2.3 Let M(t), t > 0, be a real-valued, continuous local martingale with
M(0) = 0. If its quadratic variation [ M] satisfies that

i [M](r)
im sup <00 a.s.
t—00 t
then there is
Mt
lim L =0 a.s.
t—>o00 t

Lemma 2.4 Suppose that A generates a Co-semigroup €'4, t > 0, on the Hilbert
space H and A* is its adjoint operator. There exists a real number o € R such that

Re(x, Ax)g < ot||x||%1 forall x € 2(A), (2.14)
and
Re(x, A*x)y < oe||x||%1 forall x € 2(A%), (2.15)

if and only if A generates a pseudo-contraction Co-semigroup ', t > 0, in the sense
that

le'd) < e forall t>0. (2.16)
Proposition 2.1 Let B = (By, ..., By). Suppose that there exist 8 = (B1, ..., Bn)

e R", A > 0and M > 1 such that the Co-semigroup ¢! A*PB) generated by A+ - B
satisfies

e ATPB | < Me™ >0,

and
1 ¢ M? <
ZZﬂiz‘i‘TZHBillz <2, (2.17)
i=1 i=1
then the mild solution of (2.13) is almost sure exponentially stable with

, 1 I, M2 5
lim sup —log [y ()l = —(A—Zi;ﬂ,. —T;IIB,-H ) a.s.

t—00

Proof Choose arbitrarily
1 n M2 n
ye(0n-3 28 -5 D IBIP).
i=1 i=1
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2
Let us put |B)? := Y/ B?and A = A+ B-B + ”ﬁ%” + ¥, and then A is the
generator of a Cp-semigroup 7'(¢) which satisfies

1T < Me™C-IBF/A=nr > g,

2
Foreachm € N,letA,, := A,,+B-B+ @ +y where A, is the Yosida approximation
of A. Without loss of generality, it is assumed that for all m > 1, we have

1T ()| < Me™ OB /A=1) p > ,

Since semigroups 7 (-) and T, (-), m > 1, are exponentially stable, by virtue of (2.17)
and Lemma 2.1, one can find for m € N and A(J) € £ (H) a unique solution
Om € Z(H) to the following Lyapunov equations

AL Om + OmAm + A(Qw) = —AD). (2.18)

In other words, for eachm > 1, Py, = Q,, + 1 € Z(H) is the unique solution to the
Lyapunov equation

ANy(Pp— 1)+ (P — DAy + APy — 1) = —A(). (2.19)
In an analogous manner, let P € .2 (H) be the unique solution to
A*(P—=1+(P—-DA+ AP —1)=-A).
Then, by virtue of Lemmas 2.1 and 2.2, it is easy to show

P,>1, meN, P>1 and (Ppx, vy — (Px,y)H, as m — 0o,
(2.20)

for all x, y € H. By the definition of A,,, m > 1, and Lemma 2.4, it follows that
(A + Aj)x,x)p <0 forany x € H.
Hence, by a direct computation we find from relation (2.19) that

2
(A + B - B P+ Pu(Ap + B - B) + A(Py) + @Pm 42y Py <0

foreach m e N.
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In other words, for any m € N and x € H, we have
(PnAmx, x)g + (Apx, Ppx)g + (A(Pp)x, x)y + 2)/<PmX,X)H

< =Y BilPux, Bix)u — Y Bi(Bix, PuX)p

i=1 i=1
_IBI?
2

2.21)
(P, )1,
which further implies that for any m € Nand x € H,

(P, ¥) 1 [ (P, A} + (A%, Pu¥) i+ (APa)x, )1 + 27 (Pu¥, X} |

<= BilPux, x)u(Pux, Bix)y — Y Bi(Pux, x) 1 (Bix, Pux)p
i=1

i=1

(2.22)
181>
- ﬁT<me, X%
n
<2 (Pux. Bix)j.
i=1
On the other hand, let y,, denote the mild solution to the equation
n
dym (1) = Apym(D)dt + Y Biym(H)dw; (1), >0, 023)

i=1
ym(0) = yo,

where m € N. Then, there exists a sequence, still denote it by y,, € H (see [4]), such
that

sup |lym(®) —y@®)|lg — 0 as m— oo a.s. (2.24)
t€l0,T]

Ifyg = 0,thenP(y(¢, 0) = 0) = 1fort > 0, and the desired estimate holds trivially.
Now suppose that yg # 0, then by uniqueness of the solutions and strict positivity of
P, PUPuYm (@), ym())g = 0) = 0 for all # > 0O (or, the reader is referred to a proof

similar to that of Lemma 2.1 in [11]). Letting 6,,, () = (P Yym (), ym(t))g,t > 0, and
applying It6’s formula to log 6,,(¢), we obtain by (2.22) that for z > 0,

10g( P ym (1), ym (1)) H
! 1
= og(Puyo 00+ [ {7 (P ), Anyu

+ (AmYm ($)s Puym($))H + (A(Pm) Ym (s), ym(s)>H]

@ Springer



J Theor Probab (2018) 31:1625-1646 1637

n

2 ' 2
= g L P Biym()) |ds

t 2 n
—i—/o O (5) ;(Pmym(s), By ()dw; (s)) g

Py ym (s)
(Puym($), ym($))H

By (5)dwi (9)) .

(2.25)

t n
< log(Puyo. Yol — 2yt +2[ >
0

Letting m — oo and using (2.20) and (2.24), we have from (2.25) that

log(Py(t), y(t))u < log(Pyo, yo)u — 2yt

2 Z/ Frton st OO,

On the other hand, it is easy to see that the stochastic integral

! 2Py(s) o
/O (m,Bzy(s)dwz(s))H, >0, i=1,...,n,

is a real continuous local martingale, and since (Px, x)g > ||x||12q forany x € H, it
follows that

(Px, Bix)} _ LdREAREL

x£0,xeH (PX,X)3, T x20,xeH B3

Thus, one can employ Lemma 2.3 to get that for each i € {1, ..., n},

L[ 2Py(s)
_/<m’3’y“)dw"(”>;ﬁ0 as  t—>00  a.s.

which, in addition to (2.26), immediately implies that
. 1 2 . 1
limsup —log ||yl < limsup —log(Py(?), y())n < =2y  a.s.
11— 00 t 11— 00 t

. 2 . .
Last, letting y — A — }1 Y ,Bl.2 - MT > IB; |2, we obtain the desired result. O

Example 2.1 Consider the following linear stochastic differential equation in H,

(2.27)

dy(t) = Ay(t)dt + oy (t)dw(z), t >0,
y(0) =y € H,
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where w(-) is a standard real Brownian motion and A generates a Co-semigroup e'*,
t > 0, satisfying ||e’4| < ¢*! for some @ € R and o € R. We claim that if o« < ¢2/2,
the mild solution y to (2.27) is exponentially stable almost surely.

To see this, it suffices by Proposition 2.1 to find A > 0 and B8 € R such that

—A>a+Bo and o’+——21<0. (2.28)

/32
2
However, this is immediate since we can take 8 = —20 and A = 302 /2 + ¢ with

¢ > 0 small enough by using the condition « < ¢2/2 and the mild solution y is
pathwise exponentially stable with

2

|
limsup - log [y g <o — = a.s.
t—oo [ 2

3 Stochastic Delay Evolution Equations

Let H be a real Hilbert space and V be another Hilbert space such that V is dense in
H and the inclusion map V < H is continuous. The norms and inner products of
H,V are denoted by || - ||z, || - |lv and (-, -}, (-, -) v, respectively. By identifying the
dual of H with H, we may assume that

Ves H—V* and |x||% <vlx|}, xeV, (3.1
for some constant v > 1. Moreover, we have for any 7 > 0 that
L*([0, T]: V) N Wh2([0, T1; V¥) € C([0, T1: H)
where W12([0, T]; V*) is the classic Sobolev space consisting of all functions
y € L2([0, T1; V*) such that y and its first-order distributional derivatives are in
Lz([O, T1; V*) and C([0, T]; H) is the space of all continuous functions from [0, T']

into H, respectively. The duality pair between V and V* is denoted by {(-, -)) v v=. Let
a: V x V — R be abounded bilinear form satisfying Garding’s inequality

a(x,x) < —a|x|3 + rlx|4, VxeV, (3.2)
for some o > 0 and A € R. Let A be the operator associated with this form by
a(x,y) = {x, Ay)v. v, x, yeV.
Then, A € Z(V, V*), the family of all bounded and linear operators from V to V*.
The realization of A in H, which is the restriction of A to the domain Z(A) = {x €
V : Ax € H}, is also denoted by A. Hence, (x, Ay)y = {(x, Ay))v v« forallx e V

and y € V with Ay € H. Itis well known that A generates an analytic Cy-semigroup
e, t > 0,in V* such that !4 : V* — V for each ¢ > 0. In this work, we always
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suppose, for simplicity, that 2 = 0 in (3.2) and A generates an exponentially stable
Co-semigroup with [|e’4| < e~ forall > 0.

Letr >0,7T >0and H = H x Lz([—r, 0]; V). We first consider the following
deterministic retarded differential equation in space V*,

0
dy(t) = Ay(t)dt + Ay y(t — r)dt +f A2(0)y(t +6)dodt, ¢ €0, T],

y(o) = ¢07 }’(9) = ¢1(9)7 0 € [_rv O]s (¢05 ¢1) € Hv
3.3)

where A| € Z(V, V*) and Ay(-) € L*>([—r, 0]; Z(V, V*)). In particular, a function
y € L>([—r, T1; V)NAW'2([0, T1; V*) which satisfies (3.3) is called a strong solution
of (3.3) in [—r, T]. It has been shown (see [7] or [8]) that there exists a unique solution
y of (3.3) such that

y e L>([0, T1; V) n Wh2([0, T1; V*) c C([0, T1; H).

In association with this solution y, we may define a family of operators 7 (¢), t > 0,
on H by

T =@ e) (), =0, ¢eH. (34

Then, it has been shown (see [7]) that 7 (¢), t > 0, is actually a Cy-semigroup on .
Let A be the infinitesimal generator of 7 (¢) or e’ At >0, and then A is completely
described by the following theorem.

Theorem 3.1 The operator A is given by

A = {9 = @0, 91) : $1 € WH2(=r.01; V), 60 = $1(0),
0 (3.5)
Ado + Arr(—r) +f AxO)p10)d6 < H,

—r

and for any ¢ = (¢o, ¢1) € Z(A),

0 dey (0
Ap = (Ago+ Arn(—r) + / A2(0)1(0)db, "29( )

—r

). (3.6)

Note that Cy-semigroup e’ At > 0, allows us to transfer the exponential stability
problem of the time delay system (3.3) to that one of a non-time delay system. To see
this, we can rewrite (3.3) as a Cauchy problem,

{dY(t) =AY (ndr, t>0, (3.7)

Y0)=¢ cH,
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where Y (1) = (y(¢), y(¢t + -)) is the lift-up function of y(¢), t > 0. To show the expo-
nential stability of the null solution of (3.3) in H, it suffices to study the corresponding
exponential stability of system (3.7). Indeed, assume that the null solution of (3.7) is
exponentially stable, and then there exist constants M > 0 and p > 0 such that

0
ly(t, )13 < Iy, )l +/ ly(t + 6, ¢)II3 do

=Y, p),
< Me Mgl t=0.

Hence, it is natural to consider exponential stability of the non-time delay system
(3.7) rather than time delay one (3.3). To establish the exponential stability of the
Cp-semigroup e 1 > 0, one may want to develop a dissipative operator program
by using Lemma 2.4. However, the following example shows some difficulties in
association with this scheme.

Let o > 0, B € R and consider a real-valued differential equation

du(t) = —au(t)dt + Bu(t — 1)dt, t >0,

u@) =1, 0 e[—1,0]. 38

If B8 = 0, the solution u(t) = ¢~%', ¢t > 0, which is exponentially stable. Otherwise,
it is clear that H = R x L?([—1, 0]; R) equipped with the usual inner product. If we
take the above viewpoint to consider system (3.7), then it turns out in this case that
for any number a > 0 and ¢ € Z(A),

1
(Ag. ) +alldlld, = (a — a)pg + Bog1(—1) + §¢>%(0>

1 2 0 2
— 381 ta | i@,

—r

It is obvious that one can always find a nonzero element ¢ € Z(A) with gy = ¢1(0) =
¢1(—r) = 0 such that

(A, p)p +allpll3, > 0.

In other words, it is impossible, according to Lemma 2.4, to find a constant a > 0
such that ||| < e~ ¢ > 0 in spite of the fact that [|¢'A|| < e~*, > 0. To avoid
this difficulty, we can introduce an equivalent inner product (-, -)3; or norm | - | to
the canonical one (-, -)7 or || - || on H so as that the semigroup e’A, t > 0, becomes
exponentially stable under the norm || - ||.

Theorem 3.2 Suppose that (x, Ax))y y= < —(x||x||%,f0r all x € V and some o > 0.
If, further,
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0 200 172
e d|77|(9)> forsome 0 <A <a,

A<a— ((|n|(o> - Inl(—r))/

—r

(3.9)

where |n|(0) is the total variation on [—r, 0], 0 € [—r, 0], of the bounded variation
function 1 given by

0
0(®) = —1(oo (D) A1 — / A0)do, T e [-r 0],

then there exists a constant M > 0 such that
A
le" Al < Me™5"  forall t>0

where v is the constant given in (3.1).

Proof We show that there exists an equivalent inner product (-, -)y on H = H X
LZ([—r, 0]; V) to the canonical one (-, -)727 on H such that

(Ap, P)p < v Higllyy  forall ¢ € 2(A).

Here (-, -)34 is defined by

0

(@, ¥)# = (b0, Yo)u +/ y(6)(@1(0), ¥1(@)vdo, ¢, v eH, (3.10)

—r

where y : [—r, 0] — Ry is given by

O = Inl(=r) °

() = ¥ [oc —a e—z“d|n|(r)], 6 ¢ [—r,0].
o — A 2]

@3.11)

First, note that under the conditions of Theorem 3.2, bilinear form (3.10) does define
an inner product. Indeed, both (3.9) and (3.11) imply the lower boundedness of y (-),

~ m10) = n(=r)| 0
o —A _r
forany 6 € [—r,0].

y(©) z e o= a0

This implies that (-, )77 defines an inner product on H. On the other hand, it is easy
to see that for any ¢ € H,

2 0 2
(@.P)H = lldolly +/ Yy @ lle1(0) Iy do

—r

0
< [1+ e (@ = )] (ol +/ I61(©)113.d6)
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which implies that the inner product (-, -)7/ is also equivalent to the canonical inner
product (-, -)72¢y on H. On the other hand,

0

(@ A+ 200 = [0, Ado + 207 g0+ Mo (-0 + [ a0 0)6)

—r

0
+ / Y (0)(d1(0), $1(6) + A" p1(6))yd6.

—r
Since (x, y)g = {(x, y)v, v~ foranyx € V,y € H, and
((x, Ax)v,v« < —alx]lj  forany xeV,

it follows for any ¢ € Z2(A) that

(@, (A+ v )y
0

< (00 gy, + ([0, 1= + [ 420)810)00)

V,v*
0

0
+ [ v@uhonaonas + ol +1 [ yornoiie

—r _r
0

=< (k—a)||¢oll%/+||¢ollv/ l@1(@)llvdin|(©)

0 1d
+/ 70535 18101} +2e1 O} ).

By using integration by parts, one can further derive from (3.12) that for ¢ € Z(A),

0
(@, (A+ 2 p)r < —a)ligolly + ligollv | 1610)]IvdInl©®)

—r

! 2
+ 5@ = Vllgolly

2
1 0)—n|(=r) [°
—y(—r)ll@(—r)ll%—% 7"||¢1(9)||2vd|n|(9) (3.13)

1 0
S Wligolly + lIgolly [ lig1 @) llvdinl©)

~ nl© = Inl(=r) [°

2
2% - o1 @)l dInl(0).

If |l¢olly = 0 or |5](0) = 0, i.e., n is constant, it is immediate from (3.13) that
(@, A+ D)y <0 forall ¢ e 2(A).

@ Springer



J Theor Probab (2018) 31:1625-1646 1643

If |¢polly # 0 and |n](0) > O for ¢ € Z(A), we have from (3.13) that

0
A 2/ B @ -1 o
@, (A+ 207080 = ldolly 7,[ 20O — ) ol
1) — Inl(=r) 1 @113
— d 0
2@=1 ol Jami®)
ol 1@ —Inl(=r) [° /1@y a—X 2
— . — d [Z]
2 pps 4( léollv Inl(O)—InI(—r)) Inl(®)

<0.

Hence, it follows that (¢, (A + Av~1¢) < 0 for all ¢ € Z(A). Due to the equiva-
lence between (-, -)3¢ and (-, -)7¢, this further implies, in addition to Lemma 2.4, that
Co-semigroup ¢’**, ¢ > 0, is exponentially stable. The proof is complete now. O

4 Stability of Stochastic Delay Systems

Let r > 0 and we consider the following stochastic retarded evolution equation in the
real Hilbert space H,

0
dy(t):Ay(t)dt+A1y(t—r)dt+/ A2(0)y(t4+0)dodt +By()dW (1), t>0,

y(0) = ¢o, y(O)=¢1(0), 0 € [—r,_O], (¢0. $1) €eH=H x L*([—r,0]; V),
“.1)

where B € L (H, (Ko, H)), A1 € L(V,V*), A2(-) € L>([—r,0]; Z(V,V*))
and W (-) is a given Q-Wiener process.

Let A be the generator of the delay semigroup eAt > 0,onH = H x
L2([—r, 0], V) with

0 de (0
A¢p = (A¢0+A1¢1(—r)+f A2(0)¢1(0)d0, qjdle( )

) forany ¢ € 2(A).

Further, define a linear operator B € .Z(H, -£»2(K o, H)) by
B¢ = (Bgo, 0) forany ¢ € H. 4.2)

Then, equation (4.1) can be lifted up into an equivalent stochastic evolution equation
without delays,

{dm) = AY(t)dt + BY 1)dW (1), t >0, 3

Y(0)=¢, ¢cH,
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where Y (¢t) = (y(t), y;), t > 0. Note that we have the relation ||B|| = | B]||. Indeed,
for any ¢ € 'H, it is easy to see that

1Bo17, = (Beo. 013, = I1Beollz; < IBI”lgollz; < IBI*lll3
thus, ||B]| < || B||. On the other hand, let ¢ = (¢g, 0), ¢9 € H, then it follows that
IBgollz; = 1813, < I1BIPIll7, = IBI*lgollF
which immediately implies that ||B|| < ||B]|. Hence, we finally obtain the equality
IBIl = [IBII.

Now let K = R, W(t) = w(¢), a standard real Brownian motion, A;(-) = 0,
B € £ (H), then we have for any 8 € R that

do1(6) )

(A+ BB = ((A+BB)go + Argh(=1), =

Hence, by virtue of Proposition 2.1 and Theorem 3.2, we have that if there exists a
number 8 € R such that A 4 BB generates an exponentially stable Co-semigroup and

2
A < et 812 < 20, 14112 < @~ forsome o > 2> 0,

4.4)

then the mild solution Y of (4.3) (thus, y of (4.1)) is exponentially stable in the almost
sure sense. In this case, if A; # 0, the delay parameter r > 0 satisfies

1 — A
< _1n(“ ) (4.5)
A VAL

Last, let us study an example in which the delay appears in the highest-order deriva-
tive term of the stochastic system to close this work. The example (1.10) in Section 1
can be also treated in a similar manner.

Example 4.1 First consider the following linear stochastic partial differential equa-
tion,

2
dy(t, &) = (1 + ao>%y(r, £)dt +oy(t,&)dw(), >0, £el0,nx],
_ o 4.6)
Y(I,O)—}’(t’”)—oa IEO,
¥(0,) = ¢o(-) € L*(0, ),

where g € R and w is a standard real Brownian motion. By virtue of Example 2.1,
it is known that if

—1—ag <a?/2,
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the null solution of (4.6) is exponentially stable in the almost sure sense.
Now let r > 0 and consider the following linear stochastic delay partial differential
equation,

92 92
dy(t,é)z@y(t, 5)dt+ao@y(t—r,€)dt+oy(t, )dw(r), t>0, &€[0, 71],47
y(,0) =y, 7)=0, t>0, 4.7
y(0,) =o(-) € L*(0, ), yo(,-) = ¢1(-,-) € L2([—r,0]; L*(0, ).

We show that under the condition —1 — g < o2/2, the pathwise exponential stability
of the null solution of (4.7) is not sensitive to small delays r > 0.

Indeed, let V = H(} 0, 7) N H%(0, 7), H = L%*(0, ) and A be the generator of
the associated delay semigroup e’A, t>0,inH=H x L2([—r, 0], V) with

A = (Ao + a0 A¢i(—r), dp1(0)/d0)  for ¢ = (o, ¢1) € Z(A),

where A = 92/9&2 is the standard Laplace operator. Once again, let B € Z(H) be
given by B¢ = (o ¢, 0) for ¢ = (¢o, ¢1) € H. Then,

(A+BB)p = (Ao + 2 Ad1(—r) + oo, dp1(6)/d0), ¢ € D(A).

By virtue of (4.4), we have that if there exists some number 8 € R such that for some
A >0,

2
A <1— o, % +o02<2x, @ < (1—Bo — 1), (4.8)

then the null solution of (4.7) is exponentially stable in the almost sure sense. It may
be verified that § = —20 and A = %02 + & with ¢ > 0 sufficiently small satisfy
condition (4.8). In this case, the third inequality in (4.8) is actually reduced to

lao| exp(302r/2) — 1 < 02)2.

If ag # 0, o # 0, this condition is equivalent to

2 307 +1

In other words, in addition to the condition —1 — «g < o2 /2 which ensures the
pathwise exponential stability of Eq. (4.6), if we further assume that the relation (4.9)
is true, then the null solution of (4.7) is exponentially stable in almost sure sense. Thus,
the stability is not sensitive to small delays.
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