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Abstract

We provide an analysis of the structure of renormalisation scheme invariants for
the case of ¢? theory, relevant in four dimensions. We give a complete discussion of
the invariants up to four loops and include some partial results at five loops, showing
that there are considerably more invariants than one might naively have expected.
We also show that one-vertex reducible contributions may consistently be omitted in
a well-defined class of schemes which of course includes MS.



1 Introduction

Beyond leading order it is well-known that the values of g-function coefficients are scheme-
dependent, i.e. depend on the renormalisation scheme. On the other hand one would expect
that statements with physical meaning should be expressible in a scheme-independent way.
A notable recent example is the issue of the existence of an a-function; i.e. a function
which generates the g-functions through a gradient-flow equation. For this to be feasible,
the S-function coefficients must satisfy a set of consistency conditions, which must clearly
be scheme-invariant; as has been verified for various field theories in three [1-3], four [4]
and six [5] dimensions. The number of scheme-independent combinations at each loop
order would naively be expected to be given by the difference of the number of S-function
coeflicients and the number of independent variations of coefficients; however the number
of independent invariants actually found is considerably larger. This may be understood in
a pragmatic way in terms of the structure of the expressions for the scheme changes of the
coefficients; however a possibly deeper insight is afforded by Hopf algebra considerations. A
general discussion of scheme dependence with a particular focus on one-particle reducible
(1PR) structures was recently given in Ref. [7], and here the study of scheme-invariant
combinations was initiated with reference to the N' = 1 scalar-fermion theory. The present
paper is to be seen as a companion to a forthcoming article [8] where the ideas of scheme
invariance and the relation to Hopf algebra will be explored in general and also exemplified
for the case of ¢ theory in six dimensions; our purpose here is to extend the discussion to ¢*
theory in four dimensions. We shall summarise results of Ref. [8] where necessary to render
the present discussions self-contained. An additional complication in ¢* theory is due to the
existence of one-vertex reducible (1VR) graphs. These are one-particle irreducible (1PI)
graphs which may be separated into two distinct portions by severing a vertex. They
have no simple poles when using minimal subtraction and dimensional regularisation, and
hence a vanishing S-function coefficient in this scheme. It would be convenient to be able
to omit these coefficients from our considerations. Indeed we shall show that although we
may if desired include such coefficients, we may also consistently confine our attention to
a well-defined subset of schemes in whch these coefficients are absent.

The structure of the paper is as follows: in Section 2 we introduce the ¢* theory and
give the results at one, two and three loops. Section 3 contains our main results, namely
the full set of four-loop scheme invariants and a partial five-loop calculation. In Section
4 we show that one may straightforwardly restrict attention to a set of renormalisation
schemes in which 1VR contributions are absent. In Section 5 we set our results for scheme
invariants within the Hopf algebra framework. Finally we summarise our results and give
pointers to future work in the Conclusion. Some general theory which is developed in
detail in Ref. [8] and which underpins our work is summarised in Appendix A. Appendix B
lists some Hopf algebraic cocommutative coproducts which arise in Section 5 but were too
complex for inclusion in the main text. Finally, in Appendix C we show how to express
scheme changes in terms of differential operators acting on the S-function coefficients.



2 One, two and three loop calculations

In this section we establish our notation and obtain the invariants up to three loop order
(the first non-trivial case for ¢* theory). We consider the action

S = /ddx (%(‘L(]ﬁia“qﬁi — %m%i(ﬁi — %gijkléb%jﬁbk(?l) : (2.1)

for the case d = 4 which corresponds to a renormalisable theory. The anomalous dimension
7i; may be expressed as a series of two-point 1PI diagrams with 4-point vertices connected
by internal lines representing the contractions of couplings. Up to three loops we have

27:d24@+d3@+..., (2.2)

where here and elsewhere we suppress indices as far as possible. We consistently neglect
contributions from “snail” diagrams in which a bubble is attached to a propagator. Such
contributions do not arise in minimal subtraction and will not be generated by redefinitions
if the redefinitions themselves do not include such diagrams. The S-function f;;i; may then
be decomposed into 1PI pieces together with one-particle reducible pieces determined by
the anomalous dimension, in the form:

B=5+ 54>—@ (2.3)

with § denoting the 1PI contributions and S, the sum over the four terms where 7 is
attached to each external line. Up to three loops the contributions to g are given by
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For later convenience we introduce the notation that g3, is the graph corresponding to cs,,
and g, is the graph corresponding to d, etc. We note that in Eq. (2.4) the graph g?ff is
primitive in that it has no divergent subgraph.




Changes of renormalisation scheme are well-known to be equivalent to redefinitions of
the coupling, which may be parametrised as [7]

g;jkl = (g + f(g))mnpqcmicnjcpkchl (25)
where )
Clg) = (1 —2¢c(g))" 2. (2.6)
After a scheme change the S-function and anomalous dimension are represented by a similar
diagrammatic series, but with modified coefficients given by

Cx—>CiXICX+5CX, dx—>d/XIdX—|-(5dx, (27)

where cx and dx represent coefficients of generic diagrams in series such as Eqs. (2.4), (2.2)
respectively. As explained in the Appendix (which in turn is a summary of the discussion in
Ref. [8]), it is useful to parametrise the scheme change by v defined implicitly by Eq. (A.4).
We assume that v is parametrised in a similar way to Eqs. (2.5), (2.6), with analogues of
f(g), c(g) given by similar diagrammatic series to those for the S-function and anomalous
dimension, but with ¢x — dx and dx — €x.

At one and two loops we have
501 = (Sdl = 502 = (502R = 5d2 =0. (28)
At three loops we find using Egs. (A.10), (A.11)

0Csq = 2X3) +2X{3p,  Oczp = 2X§j, dcze = 2X7% 4+ 2X0% 1,
(563d = 2X1)\3, 5636 = 0, (563f == 0,

Ocsar = Xiap,  Oczr = 2X735,  0ds = 6X73. (2.9)
Here
Xf\(?y = cxdy — dxcy, X;{{,\Y = dxdy — excy, (2.10)

with corresponding definitions for X;?Y, X3y when needed. We see from Eq. (A.10) that
the coefficients appearing in X2>"1\ etc should in principle be “hatted” quantities defined
according to Eq. QA.ll); but at this level there is no distinction between the two, i.e.
¢ = c1, Cp = g, dy = dp. Note that c3. and c3y are individually invariant-which in the
case of c3y follows immediately from the fact that it corresponds to a primitive graph. In
deriving invariant combinations of coefficients it is important to note that

A A
XS\(),\Y = _X1/>,/\X> XX?Y = _X;,X7 X;Y(A,YY = _X;/,Wx (2-11)

We now start the search for these invariant combinations of coefficients at lowest (three-
loop) order. A priori since at this order there are nine three-loop coefficients and five
variations 1, 07, 0y, €2, dag, one’s naive expectation would be 9—5 = 4 invariants. However,
the variations on the right-hand side of Eq. (2.9) are expressed in terms of only three
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independent quantities, Xf‘%, X;’} and X7 9r, and so in fact we should have 9 —3 = 6

independent invariant combinations of three- loop coefficients. Indeed, we easily find from
Egs. (2.9) that

11(3) = C3q + C3q — 2C34R, 12(3) = 2C34R — C3bR,

I = c30+ c5e, I = 3csy + ds, (2.12)

are four independent invariant combinations (making a total of six invariants with the
individually invariant cz. and csy).

3 The four and five loop calculations

In this section we examine the issue of scheme invariants comprehensively at four loops
and partially (due to increased calculational complexity) at five loops. The full list of four
loop diagrams was presented in Ref. [6]. The anomalous dimension is given at this order

by
-y el e Dyl

while the 1PI part of the S-function will be parametrised as
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In Eq. (3.2) the graph g, is the only primitive one.

We find (again using Eqgs. (A.10), (A.11)) variations of the four-loop cofficients given

by

0C4q —4X1A§a + 4X§\e)\1 + 4X2 2R’
dcgy = — dcay = 2X7% 3a T 2X3c 19
0Cye :6X 5 T+ 2X3 1
0C4q _2X1)\§a +2X73 3bR T 2X3d 19
0Cse _2X3b 1t 2X2 29
desg =3X73 3¢t 2X§\(L)\R | +2X5% 5,
OCap =0Cy; = 2X3d |+ 2X73 3¢9
0C4; _Xl)\éb + Xz 25
Sear =2X71%5 + X713 +2X30k 1,
ocy —2X1 e T 2X§?l + 2X2R 23
OCym =0Cqn = 0cys = 0,
deso =X73. + 2X7%, + Xop o,
Ocay = — 0cyq = Xi\gf,
dcar =2X73 + X1aes (3.3)

for the one-vertex irreducible coefficients,

dCaaR —2X1 ,3aR)
dcapr =4X73 3R
0CscR —2X1A3QR + X7 3bR>
5C4dR :2X1,3bR7

_o YA
dCaer —2X2 2R>

5C4fR —2X1 3ar T Xé\b)}%,l + 2X2)\,;R7

for the 1VR coefficients and

dcagr —2Xf\3bR + 2X2)\,)2\R

5d4a :07



Odyp —3X + 6X2)\%2,
&QCZQX?g+6x3;
Odsq =4X7% + 6X53 (3.5)

for the anomalous dimension coefficients. At this level, in contrast to the earlier three-
loop calculation, we do need to distinguish “hatted” from “unhatted” quantities. The XM
quantities are defined by

X¥y = exdy — dxcy, (3.6)
in other words as for X* in Eq. (2.10) but with the S-function quantities cyy replaced
by hatted quantities ch Similar definitions apply to X7, etc, but with dxy replaced
by hatted quantities de where relevant. Here again ¢, = ¢, ¢ = ¢o, d2 = ds, while the
quantities ¢3, etc are defined by

C3q = C3q + %563(1 (37)

with dc3, as defined as in Eq. (2.9), and similar expressions for ¢3, etc, and also dg. The
additional terms in the hatted quantities derive from the first Lie derivative term on the
right-hand side of Eq. (A.10).

Now again we look for invariants at this order. Note that cyp,, Can, C4s, dygq are indi-
vidually invariant—which again in the case of ¢4 follows immediately from the fact that
it corresponds to a primitive graph. There are thirty four-loop coefficients whose vari-
ations are given in Eqgs. (3.3), (3.4), (3.5); and eighteen variations up to the three-loop
level, namely (Sga_gf,gaR,gbR, €3, (5%, (51(52, 51523, 5162, 52, €9, 523, 5%, 51. We would therefore
naively expect 30 — 18 = 12 invariants. However, the variations on the right-hand sides of
Egs. (3.3), (3.4), (3.5) are expressed in terms of only twelve independent X /X combinations
and therefore the correct expectation is 30 — 12 = 18 invariants. Indeed, together with
the four individually invariant coefficients c4,, C4n, €45, dsq We find the following fourteen
linear invariant combinations:

I =cay, — cui,

[2(4)L =Cyqp + Caf,

I =c40 + 2c45 + 2c4,

LYL)L =cy + 2C40 — 2C4r — Capr + 2CayR,
I =c40 + 3c4e + dae,

4L
Is"" =caq + caf — Ca, + Car — Capr,

(4L _ 1
I;7" =cap — Caqg + Cag — Cao + Cacr + 5CagR,

4L
I =cyp — Cap + 2¢40 — Car — Capr + Cagr,

[9(4)L :3646 + 6C4j + 4d4c — 2d4d,

L
I 1(3) =Cy4p + Caq,



]ﬁ% =2dgp, + 3dse — 3daq + 6cacr,
I S)L =4c¢4qr — 4Cacr + CapR,
]1(§)L =C4pR — 2C4dR,

(4)L
[14 —C4¢R — C4bR + C4gR — C4fR. (38)

We call these 18 invariants “linear”. We also find three “quadratic” invariants

19 —¢,(2dye — dug) + 3cacsp + 3dacsa,

I =¢yaor — Cancsp — dacan,
f;§4)Q =¢1(Cadr — Cagr) + C2C3aRr — C2RC34d, (3.9)
which are a consequence of the relations
0 X173 — do X7 =1 X33,
CzRXI\,g - dQXl)\,)Z\R :chQ)‘g 25
2 X153k — C2rX1S =01 X35, (3.10)

respectively. Altogether we have found twenty-one invariants, considerably more than (in
fact almost double) the twelve which might naively have been expected.

We note that one may derive a fourth identity
c2X2R2 + da X355 R = CQRXQZ (3.11)
which leads to an invariant
If)Q = dy(Capr — 2¢agR) + 2¢2Cscr + 2Cap(2dae — dug); (3.12)

but in fact Eq. (3.11) may be derived from linear combinations of the identities in Eq. (3.10)

and correspondingly I 4(4)Q

(3.9).

is a linear combination of invariants already found in Eqs. (3.8),

We now proceed to a very partial five-loop calculation. The number of diagrams at
five loops is dauntingly high, so we have not undertaken a complete calculation of all the
invariants. A natural place to start is with the five-loop anomalous dimension which has
only eleven terms:

+ d5e@ + d5f@ + d@@ <d5h@



+ ds; + ds; + dsp, (3.13)

We find from Egs. (A.10), (A.11) that the variations of the coefficients in Eq. (3.13) are
given by

ddsa =2X37,,

dds, =12X57, + 4X75, + 4X357,

dds. =6X305 + 4X7 7, +4X37,

0dsq —6X1 da T 3X?7;>

ddse =6X375 + 2X 70, + 2X57 5,

5d5f 6X3aR 2 T 4X1)\,Zb + 3)25\1%,37

ddsy =2X7%, + X33,

ddsy, =6X57, + 3X50, + 2X7%, + 2X 7, + 2X57,

Ods; =3X3) 5 + 3X o + 2X10, + Xihe + 2X53,

dds; =3X305 + 3Xopp o + 2X10, + 2X710, + X% + 2X07 .,

Odsy —3X3b2 + 2X1 ot 2X23. (3.14)
The hatted X-type terms are defined in a similar manner to Eq. (3.6), i.e. by replacing
p-function quantities cxy and dx y, in Eq. (2.10) by hatted quantities ¢xy, and dxy. The
hatted coefficients are in turn defined in terms of the corresponding unhatted quantities
in a manner similar to Eq. (3.7). However, in the case of four-loop anomalous dimension

coefficients, we need to define )
dyy = dy + %(5’d4b, (3.15)

where §'dy, (and simlarly &), ,) are defined as in Eq. (3.5), but with hatted replaced by
unhatted quantities. This is simply a consequence of Eq. (A.11), where we see that the
first-order term is of the same form as the RHS of Eq. (A.10), but with the hat removed.
This feature has not been apparent in our calculations until now simply because there
was no difference between the hatted and unhatted quantities appearing in the three-loop
variations in Eq. (2.9).

However it proves impossible to construct an invariant combination purely of anomalous
dimension coefficients and in fact we need to include some 1VR four-point contributions,

depicted below:
>0 > Y 510
5aR 5bR 5eR



The variations of the corresponding coefficients are given by

Scsar =X deR T 2X73 3aR

desor =2XMor + 2X am:
where the hatted quantities are again defined in a similar way to Eq. (3.6). Note that (as
we see in Eq. (3.4)) the variation dcyer is expressed in terms of unhatted quantities, so there
is no need to invoke the modified ¢’ here. Naively, no linear invariant constructed purely
from the coefficients in Eqgs. (3.13), (3.17) would be expected—there are 16 independent
variations in Eq. (3.14) and only 14 coefficients. However, it turns out that there are three

unexpected relations among the invariance conditions, resulting in just one five-loop linear
invariant formed using only anomalous dimension and 1VR coefficients, namely

1Y = 4y, — 2ds, — 2ds, — 2d5f + 4ds; — 6¢sar + 6Cspr — Cser- (3.18)

In addition, we also find several quadratic invariants, namely

]1(5)Q :C1d5a —+ 2d2C4p + C3bC3f,

12(5)Q =2¢1(dsg — dsi) — dacac + dscap,
I§5)Q =¢1(2¢50r — Cspr) — 2d2(2¢4ar — Cacr) — C3(2C3ar — CabR),
[79 =¢,(dsq — 3dsy) — 3do — L2,
199 =c1(3cspm — Cser) + 5CorJ + 6da(Caar — Cacr) + dsCspr,
19 =ci(dse + 2ds. — 2dsp) — 6da(Cap — Caq — 2Caan + 2C1cR) + Cord
- 2d3(03c — C34),
[§5)Q =c1(dsp — 2ds.) + 3da(cay — 2¢40 + 2¢47)
+ (ca — car)J + 6cspese + 2¢3.ds,
f§5)Q =c1(dse + dsg — 2d5;) — 3da(cap — 3Caar + 2€4cr)
+ 1 (5car — 4cz)J + ds(csa — C3c — C3ar + C3bR), (3.19)

where J denotes the frequently occurring combination defined by
J = 2¢4c + 3cse — 64, (3.20)
These owe their existence to relations like
1 Xy + do X3, + G2 X371 =0 (3.21)
together with similar relations for 30-3f, 3aR, 3bR; together with

C1X23 + d3X1)\§ + C2X3 1 —O
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1 Xom, + dsXi3g + c2r X3 =0,
1 X33 + ds X7 + da X3 =0. (3.22)

The number of invariants is as expected, since the eleven relations of the form Egs. (3.21),
(3.22) reduce the effective number of independent variations from 16 to 5, yielding 14-5=9
invariants (both quadratic and linear).

In the absence of a complete calculation, one may estimate the total number of invari-
ants which will be found at five loops. The five-loop S-function was calculated in Ref. [9],
and contained contributions from 124 1PI 5-loop 4-point diagrams and 11 5-loop 2-point
anomalous dimension diagrams, making 135 coefficients in total'. There are 67 indepen-
dent variations at 5 loops, implying a naive expectation of 135-67=68 linear invariants.
On the other hand there are 57 5-loop X-type terms (some of which of course appear in
Eq. (3.14)), which following the argument explained at four loops implies an actual total
of 135-57=78 linear invariants. But furthermore there are altogether 27 identities of the
form Eqs. (3.21), (3.22), constructed from the one one-loop quantity, the three two-loop
quantities and the nine three-loop quantities. This implies an additional 27 quadratic
invariants making 105 invariants in total. As at four loops, there are considerably more in-
variants than might have been expected. One may also speculate on the possible existence
of higher-order invariants based on higher-order Jacobi-style identities.

4 One-vertex reducible graphs

In this section we briefly discuss the issue of [-function contributions from one-particle
reducible (1VR) graphs. It is well-known that no such contributions arise using minimal
subtraction within dimensional regularisation (MS), as may easily be established by con-
sideration of the diagram-by-diagram subtraction process. It would be convenient if when
considering scheme redefinitions one could restrict attention to schemes which have the
same feature. In fact, if we start from a scheme such as MS in which the S-function coeffi-
cients corresponding to 4-point 1VR graphs G are zero, i.e. cg, = 0, it is clear from Eqs.
(A.10), (A.11) that the simple conditions

Sg, =0 (4.1)

R
will ensure that the redefined coefficients will also satisfy ¢, = 0. This relies on the fact
that for L, L' loop graphs G, G’, with L + L’ > 3, if (in the notation of the appendix)
LaG' contains 1VR graphs, then at least one of G or G’ must itself be 1VR. We therefore
have a simple all-orders prescription given by Eq. (4.1) for defining schemes with no 1VR
contributions.

IThe six-loop B-function was recently computed in Ref. [10]
2There are no 1VR 2-point graphs and therefore there is no need to impose e, = 0.
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The redefined coupling as given by Egs. (2.5), (2.6) turns out to adopt a simple form
when ¢, = dg, = 0. We assume that f(g), ¢(g) in Egs. (2.5), (2.6) are given by similar
diagrammatic series to those for the S-function and anomalous dimension, but with cx —
0x and dx — €x. At one loop we simply find §; = §;. At two loops we find

0y =0y + 62,
dor =0ap + 07, (4.2)

so that the condition for 1VI graphs is
cor =0, SQR = 5%7 (4.3)
At three loops

030 =034 + 01(02 + dog) + 267,
O35 =03y + 016,
O3 =03c + 61(02 + dar) + %5%7
034 =034 + 6162 + 253,
O3 =030 + 2010 + 263,
03ar =034 + 351521% + 63,
O3pr =03pr + 01(02 + bop) + 0%,
€3 =€3 + 301€2. (4.4)
It is easy to confirm using Eq. (4.2) that dog = d3,r = I3pr = 0 corresponds to

Os0r = 07,  Ozpr = 0105 (4.5)

The emerging pattern is clear; the value for o » 1s the product of the os for its 1VI
subgraphs. At four loops we find

dsar =0sar + 30103ar + 2655 + 20700R + 07,

Our =O1or + 26103k + 02 + 26302, + 20105 + 01,

O1cr =01cr + 6103ar + 26103k + 0262 + 20702 + 67,

Osar =0uar + 6103 + 01050r + 055 + 0102 + 263055 + 201,

Oser =6103 + €2005 + Ot€a,

S4fR =04fRr + 01034 + 010341 + %51531)1% + 5%52 + 25%521—2 + %511,

dugr =0ugr + 6103¢ + 0103pr + 20105 + 267005 + 261, (4.6)

Using Egs. (4.4), (4.2) we find that dg, = 0 up to this level corresponds to taking
84(1R = 5%7 54bR = 5%7 S4CR = 5%527 54dR = 518307

11



S4eR = 8153% g4fR :SIS&L; S4gR = 515367 (47)

so that each four-loop 1VR 9 is the product of the ds for its 1VI subgraphs, as expected.
It seems highly likely that this simple pattern persists to all orders, but we have not been
able to construct a proof.

When considering the scheme invariants, we can therefore restrict ourselves to those
schemes with ¢, = 0. The counting of invariants is then slightly different. Upon setting
csar = Czpr = 0 in Eq. (2.12), there are then just three invariant combinations, namely
11(3/) = (34 + C34, I?E?’) and [ f’). We have lost two coefficients (c3,r and cspr) and one
independent variation (X735) and so we expect to lose 2 — 1 = 1 invariants.

The pattern is similar at four loops; if we impose Eq. (4.5), then we have dcygr—sgr = 0
and so we can can Con§istently set Caar—agr = 0 in Eg. (%8) We now have 23 coeflicients
and the 14 variations d3,_3;, €3, 05, 0102, 01€2, 09, €2, 07, 01, leading to a naive expectation
of 23-14=9 invariants. On the other hand, out of the original eighteen linear invariants
in Eq. (3.8) we are left with eleven invariant linear combinations, plus the four individual
invariants, making 15. Again this is as anticipated, since we have lost the seven coefficients
Ciar—4gr and the four independent variations X735, X3,z X335 and XQ)‘ 2o SO we lose
7 —4 = 3 invariant linear combinations. Furthermore it is clear that in the 1VI case only
one of the identities in Eq. (3.10) remains, and consequently only one of the quadratic
invariants in Eq. (3.9) survives. The total number of invariants is therefore 16; once again,
almost double the naively expected number.

Finally we can consistently set csap = cspr = ¢ser = 0 in Eq. (3.18), to obtain a
invariant constructed solely from anomalous dimension coefficients

I = dyy — 2ds, — 2ds — 2ds5 + 4ds,. (4.8)

5 Relation with Hopf algebra

Scheme invariants may be described graphically by adopting and extending rules described
by Panzer [11] using the Hopf algebra coproduct A : G — GG, where G is the vector space
spanned by the set of connected 1PI superficially divergent graphs and the disconnected
products of such graphs. The action of the coproduct A on a Feynman graph g € G is
defined by

Ag = Zgi ®g/g; ¥V subgraphs g¢; C g,9;,9 € G, gi# 1,9, otherwise Ag=10.

(5.1)
Here g/g; denotes the graph obtained from g by contracting each connected 1PI graph in
the subgraph to a single vertex, or a single line if the connected 1PI graph has two external
lines. Further details and a general discussion will be presented in Ref. [8], but this brief
overview is sufficient for our present purposes. The invariants of Egs. (3.8), (3.9) and

12



(3.18) should correspond to combinations of graphs with a symmetric, or cocommutative,
coproduct, following the general results of Ref. [8]. In this section we verify this by explicit
calclulation. Firstly, we readily derive the following useful results: At three loops

A(g") =gx' @ g™ + 298 @ gi,
A(gx?) =97 @ g,

A(g¥) =29\ @ g2 + g @ gil,
A(g) =295 ® g + (62)* ® g5,

)
)
)
)
A(g) =gi ® g + g @ ga,
)
)
)
)

=g @ g+ gl @9 + gl @ g + (9))* @ g3, (5.2)

and at four loops we have for the 4-point graphs

A(ga) =ga' @ g + 29> @ g + g8 @ g2,

A(ga") =2gx" ® g2 + 295> @ ga! + 97" ® g*,

A(gx) =2¢)' @ 9> + g7 @ g,

A(ga'?) =g ® g + gx' @ g™ + g3 © gi + X @ g
+ (9\)* @ g2 + gi g @ gy,

A(gx) =97 ® gL + g @ g,

A(g) =g @ gi' + gi" ® g3 + 297 @ g,

9) =30y ® g2+ g @ ga + 2977 @ g2 + (93)? @ g%,

)

)

)

)

) =g\ @ 93" + 97 @ gx + g gy @ g,
) =gz @ g+ g ® g + g @ g\ + 9 @ g8 + (94')? @ g,
) =205 ® g, + g ® g + 9 @ g

A(ga™) =A(ga") = ga' @ g3 + 93 @ gil + g ® X,
)
)
)
)
)
)

:49/\1 ® g)\3aR + 29)\30,R ® g)\l 4 39)\2R ® g)\QR
+3(gx)? ® g2 + 2gx 92" @ g,
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A<g)\4bR) :29/\1 ® g)\BbR + 29/\2 ® g)\Q + (g)\1>2 ® g)\2R + 2g)\1g/\2 ® g)\l’
A(ga) =ga' @ g + 293 @ g + 93" @ gil + 94 @ g + g @ g
+2(9)? @ g + a9’ @ gi' + gl gt @ g,
A(ga ) =293 @ g + gil © g3 + 9 @ g + g @ g2
+2(92)? @ g2 + ga g @ g,
A(gaT) =g @ g2 + g8 @ 9 + 95" © ga + 9\’ g7’ @ g,
Aga ) =ga' @ g + g @ g + gal @ 947 + 93 © ' + 29 © g7
+(92)? © g7 + gi' g8’ @ g,
A(ga") =gi! © g + g3 @ g2 + g @ g + 9 @ g)
+ (92 )2 ® g + g4 gx @ gn', (5.3)

and for the 2-point graphs

Agy') =gy @ g5,

Agy") =3gx" ® g,> + 292" @ g7 + (9\')? ® g7,

A(g,) =g)' @ g7 + 292 ® g7,

A(gy'") =2g\ ® g7 + 292 ® g7 + (9)* ® g (5.4)

At five loops, the basic co-products are

Alg2") =g @ g2,

A(g2) =293 ® 63 + 63 ® g5 + 95 ® g,

A(g%) =263 @ 62 + 263 © ¢° + 291 @ g + (9})? @ ¢° + 29192 ® ¢,
A(g37) =3 ® g3 + 293 ® g3°,

A(g3) =29% ® 5+ 03" ® 95 + 204 ® g,

A(g) =203 @ 2 + 33" @ g2 + 49 ® 93" +3(90)” ® & + 29095 © 42,
A(g37) =63 ® g5 + 295 ® 65" + 29,05 @ g3,

A =N O EZ+ o RE+ RO E+ 9 D95 + 91 ® g

+(90)? ® g+ 9Ag5 ® o2,

A =3 0@+ 0@ +26 08+ 9,09y + 9 ® g5
+ ()’ ® ¢+ 97 © ¢,

Ag?) =¥ @+ " + B OE+ 93" g+ 9, 9 g3 + 295 @ g
+2(90)° ® &+ 99 © &3 + g @ g3,

A ) =¥ 0@+ R+ g\ @+ 9rg> ® g2,

AR =20 0 R+ RO R+ 0B+ @ B+ B0 gy

+ 909y @ gy + 20092 R gr + g9x g © g,
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AR = @R+ 20+ g @ g3 + 5 © gy
+ AN @ gr + AT R GX" + 9Ag- D ga,
A(GT) =20, @ 3 + 2 @ 3 + i ® g + 9y ® gi°

+2(90)* ® g3’ + 99 @ g)- (5.5)

At three loops, the coproducts for ¢5*¢ and ¢,/ are cocommutative and zero respectively,
corresponding to the individual invariance of cse, c3r. Corresponding to the invariants in
Eq. (2.12) we have the following combinations with cocommutative coproducts:

=2g)" ®s gx — 29" @5 g2,

20\ @, g — g @5 g1,

20\ @, g + gi @, g7,

20\ @5 g7 (5.6)

A(g)\Ba + g)\3d o g)\3aR
A(gy¥F — R
A(gxga + g3°
A2 + g7

~— ~— —vt “—r

where

G1 ®s G2 :G1®G2+G2®G1. (57)

The scheme-invariant combination of RG coefficients corresponding to a combination of
graphs >, gy + >, &;g7 with a cocommutative coproduct is [8] Y-, aiSic; + 3, &;57d;
where S; are the symmetry factors for the 4-point graphs, and S! those for the 2-point
graphs. The relevant symmetry factors at this loop order are given by

Ssp=1, Sse=2, S5=093,=0853=83.a=5r=4 Sp»=06 Swur=8 (58)
So for instance
92+ g — g3 — dezg + Acza — 8can (5.9)
which agrees with 153) in Eq. (2.12) up to an overall factor.

At four loops, the coproducts for g™, g, and g,** are cocommutative and that for gy
is zero, corresponding to the individual invariance of ¢y, C4n, css and dy,. Corresponding
to the invariants in Eq. (3.8) we have the following combinations with cocommutative
coproducts:

)
A(ga +29:)
Alga® + g + i)
A(ga + gilo — 2951 — gaF 4 2g19R — g)lgde) = CV,
A(ga + 295" + 9,)
A(g 4 g — gtk | gyir _ g Ry
A3 = 2931 + g9 — g3 + gl + g)19F)
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A(gfh o g)\4k 4 g)\4o o g/\4r — g 4bR 4 g 49R

—gx g = gl g + g g ) = 08(4
A(gile + g3 + 2g% — gt + Lg)lgl) = C§V",
A(gal? + gi?) = Cf
A(gy" + 39, = 39, + 29 gy 973) = Cfl
A(gyl® 4 gt gty = cY*,
A(g 4R o 4dR + gy g)\3c) _ C’f

A(2g3F — giielt 4 g 3R — 9g)0aR — g)lgde) = OfF (5.10)

Here, rather than give explicit expressions on the right-hand side, we use CZ-(Z)L €eg®: g
to denote [-loop cocommutative coproducts corresponding to linear invariants. Since their
exact form is not especially significant, we relegate the full expressions to Appendix B.
The noteworthy new feature here is the necessity sometimes to add quadratic terms, of
course with no counterpart in the original linear invariants of Eq. (3.8), on the left-hand
side in order to obtain co-commutative results. The need for this is explained in general

in Ref. [8].

Corresponding to the quadratic invariants in Eq. (3.9) we have

. 4
A(nglgf . g/\1gv4d + 9729/\3d + 29;9/\31) (gx )29 3b) C( )Q
A(gagateft — gi2gy3 — g 29,37 = 054)627
Alga (9 — 295'7) + 2929571 — g2 g% = C§V°. (5.11)

Here we see the need for additional cubic terms on the left-hand side, in addition to the
quadratic terms corresponding to those in the invariant. The relevant graph combination
corresponding to the additional invariant in Eq. (3.12) may be derived from those already

given and hence is not displayed here. Here we use C’i(l)Q € G ®, G to denote [-loop
cocommutative coproducts corresponding to quadratic invariants. The coefficients of the
linear invariants in Eq. (3.8) may be obtained from the linear terms on the left-hand side
of Eq. (5.10) by substitutions similar to those described at three loops after Eq. (5.6).
Likewise, the coefficients of the quadratic invariants in Eq. (3.9) may be obtained from
the quadratic terms on the left-hand side of Eq. (5.11) by similar substitutions. Here the
relevant symmetry factors are given by

Sis =1, 51 =S8y = Siq =S4m = San = Sap = S4q = 2,
Sor = Suwr =Sigr = Sac = Saa = Say = San = Su
= Sy = Sy = Sar =53, = Sy = 4,
Sy =S4 =6, Sir=2Ss=>5),=12,
Sicr = Siar = Safr = Sap =Ssg = S1o = S, =8,  Siur = 16, (5.12)
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together with those in Eq. (5.8). We also find corresponding to Eq. (3.18)

A(4g'y5b_4g’y5c_29 g'yf_'_4g5] 295aR+4g5bR

— g2 4+ gl gt — 49295 + 29279 ¥) = OO, (5.13)

Corresponding to the quadratic invariants in Eq. (3.19), we find

Alga g™ + g2 gx" + 9: g3 ] = cP9,

Al (977 — 297%) — 293k + g.2g:%") = CP?

a 5

A[g,\ (g 5aR —g 5bR) +97( gf R +g>\4cR) 1 gy ( 9 3aR tyg 3bR)] C(

Algal (g2 — 9.29) — 292Gy — L(g)? +9A9fg3] 0(5

Y
A[g)\ (29 5b6R —q 5cR) + gx RGJ + g’y (g)\4aR 4cR)

e e 5
+97 9% 4+ (92 (g0 — g — ga) + gil g2 g’] = o

A[g)\l<g'y5c+g'y5e_2g ) _972(9)\4b_2g)\4d g4aR+2g 4CR)_'_g/\ RGJ
— 97 (9% = g% + (92 )2 (98" — ga' — ga'® — ga ) + 9 Lgfig) = P
Alg' (2977 = 97) 4 97 (92" — ga'* + 292"")
+(29:2 — g™ G g + 49: 9% + 9:%g;
Algx' (297° + 977 — 497") — 977 (295" — 3ga“T + 4gi")
+(592°" — 8g )Gy + 957 (2950 — 293 — g + 293°)
(g2 — 92 galg? — galglgl + (94)29,] = €9, (5.14)

where

Gy =g+ g — g\ (5.15)

corresponds to J defined in Eq. (3.20). The invariants of Egs. (3.18), (3.19) may be recov-
ered from Eqgs. (5.13), (5.14) as before. Here the relevant symmetry factors (in addition to
those in Eqgs. (5.8), (5.12)) are

E,'m:l; &l’)b:2a éc:SEgh:Zl? Sser = éd: ge:Sgﬁ:SgJ:8
Sser = Sz =12, S5y =16, Ssar = Sy = 24. (5.16)

6 «a-function considerations

A good deal of effort has been invested in recent years [12-15] in the search for an a-theorem,
a generalisation of Zamolodchikov’s two-dimensional c-theorem [16] to four dimensions (or
indeed to other dimensions higher than two [17,19-22]). From our point of view, as
mentioned in the introduction, the crucial development is the demonstration that the (-
functions in theories in four and six dimensions obey a gradient flow equation similar to
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one which plays a critical role in the derivation of the c-theorem [23-26]. These gradient
flow equations often place constraints relating the [-function coefficients, as has been
shown for four-dimensional gauge theories [4] and six-dimensional ¢® theories [5] (similar
gradient flows have been demonstrated in three dimensions [1-3] though here the theoretical
underpinning has not yet been provided). Our purpose in this section is to apply the same
considerations to our four-dimensional ¢* theory where we are able to confirm our results
using the explicit calculations available to a high loop order. We start by presenting the
basic theoretical background in general notation in the interests of clarity and brevity. For
a theory with couplings ¢’, the corresponding 3-functions are defined by
I d

Bl = M (6.1)
where 1 is a mass scale (in practice usually the standard dimensional regularisation mass
scale). The essential conclusion of Refs. [24], [25] is the existence of a function A such that

OrA =Ty ;57 (6.2)

where 07 = % and
Ty =Grg+0iW;—0,W; (6.3)

with G7; symmetric®. The function A is invariant up to
A= At gup's’, (6.4)
where g;; is an arbitrary symmetric matrix. At lowest order we have an a-function given

by

AW — 4D (6.5)

and Eq. (6.2) simply implies
31454) = 3C1 eSS AYL) =C (66)

(the factor of 3 on the right-hand side derives from the multiplicity factor of S for the
corresponding term in the S-function). At the next order we have

3In general for a theory with a symmetry, the B-function should be replaced by a “generalised” j3-
function [25]. It was shown by explicit calculation in Ref. [28] that the difference between the two becomes
non-trivial at three loops for a fermion-scalar theory in four dimensions. However, for a pure scalar theory
we do not expect any distinction until five loops which is beyond our interests in this section.
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and now Eq. (6.2) entails

4./455) :2d2,
1A =3cap + o TW,
4AY) =6cy + 26, TV, (6.8)

Here T™ represents the coefficient of the single fourth-order metric term. The figure below
displays this structure by showing its contraction with a dg (represented by a cross) and a
BM (represented by a diamond).

(6.9)

In Eq. (6.8) there are two equations and three unknowns resulting in one residual free
parameter. This corresponds to the invariance under

AP 5 AP 13932 AP 5 AD) 4 6gB)2, TW o TW 41240 (6.10)

reflecting the freedom described by Eq. (6.4) at lowest order (with g;; = ¢®d;,, ¢®
arbitrary). The six-loop a-function is given by

+ A (6.11)

and the seven associated five-loop metric contributions are depicted below, with the same
conventions as for T™ earlier.

DNOQOO

T(5) 2 3 T(5) T(5)
(6.12)
We now find from Eq. (6.2)

AP =3cs, + dyTW
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24 =2dy + 3¢, (T + T,
24" =3¢, T + dy T,
5AL =3¢y,
AP =6c3q + 20,137,
4AY =12¢4, + 20, T + 46, TV,
5AY =3csun + 1 (T + TP + conTW,
2Aé6) =6c3. + 01T§5) + 2eo5g TW,
2Aé6) =6eCpp + €1 (T2(5) + 2T4(5)) + eoTW,
AY =3cs, + 26, T + ¢, 7O, (6.13)

The values of the coefficients may be extracted from Ref. [6] and are given at one and two
loops by

ci=1, c=-1, cr=0, dy= % (6.14)
and at three loops by
C3a =3, C3p=—%, Cac=Cyq=—73, C3=2, cy =12,
ds = —%, C3ar =C3pr = 0. (6.15)
The solution of Eq. (6.13) is then
AP = L4 17@),
AP =3¢,
AP =51 o7 4 440
AP =2 @ 44
7 =2 4249,
T =3 7 4 240
7Y =12 o7 1 84,
T = -2 +349,
T =34 L7,
7O 4 7O = _2 4 170, (6.16)

Here we have nine equations for ten unknowns, again resulting in one free parameter. This
corresponds to the invariance under

A > AP 149D A 5 AP 4 g AT 5 AP 4 4g,
7Y - TP +3¢0, 7O 1P 1249, 7O - 1Y) 4 299,
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T8 — T 4 8¢gW, (6.17)
reflecting the freedom under

A = A+ g% B BijmnGkimn (6.18)

with ¢ arbitrary. Finally, the seven-loop a-function is parametrised as

A =A{ + A + A + AP

()
D

+ A + A + A

canll N

12

+ A7 + AL

7 7 7
+ A + AW + A

GO
QS

+ A . (6.19)

These seven-loop vacuum diagrams were given in Fig. 6 of Ref. [29] and we have retained
their ordering (similarly, the five and six loop vacuum diagrams were depicted in their Figs.
4 and 5 respectively). Since there are 24 6-loop metric contributions, we have introduced
a compact notation to avoid depicting them all individually. Eq. (6.20) shows the six-
loop vacuum diagrams; seen already in Eq. (6.11), but now with some vertices labelled.
We introduce the notation T,gg)y to denote a metric contribution where the vertices z, y
in diagram n correspond to the I, J indices respectively of a contribution to 77;. The

labellings shown are sufficient to cover all the independent possibilities.

SR E -
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The number of T-type contributions is the number of distinct ways of selecting an ordered
pair of vertices from the diagrams shown in (6.20), namely 24. At this order Eq. (6.2)
implies

4" =34y (T + TO)) + 2dy,
24" =34,
64y =1do (T3 + TP + )

2A =, T%) + ¢, T® + dy(T) + 2T )) + 6Csen
245 =c\(Ty + T{0) + 3ean(T3" + T ) + 2dy
2A) =, TS + &, T 4 3¢, T + dy T

6AZ(L7) :ClT?ESZl + 203,T™ + 6cy;

6A(7) =Cys

2A5) =26, T\0) + 1dy (2757 + TV + 12¢4

2A] zzclecg + 3¢, (T( ) + T(5)) + 2dl4q

247 =20, T + 302T + 1dyTy

2A =205, TW + dy T + 6cye

2A0 =20, T 3¢, (T( '+ TN 4 2dy,

247 =26, T + 3¢, T + dy TS

1A =3e,(T{5) + Tﬁi) +ds T

2A =3¢, 7% + dsT™ + 3¢y,
4A T 1+ 12¢4,

GA%) =1 (T + T) + op(TP + T + 35T + 3csan
4A§71) =c; (Téfg)l + Tél?c)) + 2023T4(5) T 5, TW + 6egn

214571) :Cng,(SZ + 202RT1(5) + 3. T + 3¢y

AAL =er (215 + Tio) + 15" + degynT™ + 124,

241 :261<T5(§2 + T5(21);) + T3 + 26347 + 6caq

6A13 —clT:,f 21 + 2c¢ dT + 6cyp,

4A14 ZQCngf J CQT( ) 4205, TW + 6Cay

2A14 —201T5(b3 + CQT + 3cwr

2AT) =y (TS) + TE) + ean Ty + 20308 T + 6cy

2AY) =c | (TS) + TS) + 2T0) + 2T + carTy” + carT™ + 6cacr
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b 2T4(a();) + 02(T4(5) + 2T1(5)) + 3T + ez TW + Gcarr

QA%) = T?Ea + T?Eaz) + QCzRTg(S) + des T + 12ey
QAg? =C1 2T5(£2 + T?Egc)) —|— 4CQT4(5) + 2638T(4) —|— 12649R

Ag? =C1 2TE§SC)l + Tég)) + QCQRTQ(S) + 12¢4,

AD =26, T 4+ 46,7 + 25, T + 34,
2A) =26, (T + T9) + 4¢, T + 24c4,

2A0 =20, T8 4 4¢3, TW + 12¢4,,,

247 =20, T9) 4 4es TSP + ey, TW + 124,
(6.21)

The counting of unknowns is now slightly more subtle; we shall explain in some detail
since the solution of Eqs. (6.21) leads to constraints on the [-function coefficients, and
we would like to be sure that we have obtained the correct number of these. There are
thirty-six four-loop structures (including 1PR structures which cannot contribute to the
p-function and hence must be set to zero) leading to the thirty-six equations in Eq. (6.21);
and there are 17 A coefﬁcients (as shown in Eq. (6.19)) and 24 T coefficients at this order .
However, Tl(cc)l and lec only appear in the combination Tl(fg + Tl(fc, furthermore, there are

two invariances, under shifts among 7. gfbc), T. 3(2[)1, T, 5(2, T 5(bc), and among Tiaz, Tgi, T5(21)>7 Tége).
Therefore there is a total of 17 4+ 24 — 3 = 38 unknowns at this order. The lower-order
metric coefficients T1(5)7T3(5) get determined in Eq. (6.16) up to one unknown, resulting in 39
unknowns in total. There are seven five-loop vacuum diagrams which can contribute to the
freedom in Eq. (6.4) (the diagrams appearing in (6.12) but with insertions of 5" replacing
the diamonds and crosses), but two of these give the same contribution. There is also one
four-loop vacuum diagram contributing to the freedom in Eq. (6.4) (the one appearing
in (6.9) but with insertions of 3, 3® replacing the diamond and cross respectively).
Therefore the number of unknowns which are solved for is only 39 — 6 — 1 = 32. This
implies that 36 — 32 = 4 of the 36 equations must remain as constraints. Indeed after

solving the equations we find the constraints

261d4a — dg[ig) :0,
2, (I — I8 — 31(3)) + 3dy (1Y — 1Y + 1036) +2(cy — CQR)IP —0,
261 ([1(111) I( )) + 4(62 - CQR) — 3d ( — Cge) :0,
orl — IV 4 1 4 1% + 1 L - 2[‘ ) — 50) =0 6.22
a(21, 30+ 17+ 1y + 5ean + 5¢0) + (2 — c2r) (21,7 — c30) =0. (6.22)
We note that as is to be expected, these constraints may be expressed in terms of the

invariants defined in Egs. (2.12), (3.8) and (3.9). At four loops (again extracted from
Ref. [6]) the coefficients are

_1 _ _ T _ 1 _ 121
a—§(6§3—11) cap =1 — (3, Cic = 135 Cad = 355 Cae = 115
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cip =1—2C, cag=cipo=7302¢G—1), cp=cy=¢(5—06G),

Cti =3, Cij=—s, Cip="Cuy =3, Ciy=4(—5, C4n=—b,
cap = 3(Ca — 2G3), cag = —3(2¢3 + (), a5 = —40Gs,
dig = =2, dyy=—55, die=1%2, duga=3, (6.23)
with ciqr = ... = cayr = 0, and we may easily check that the values in Eqgs. (6.14), (6.15)

and (6.23) satisfy the constraints in Eq. (6.22).

We refrain from giving the values of the a-coefficients in the general case. However
an interesting special case is that of a symmetric 77;. It turns out that we can impose
symmetry on Ty up to this order without needing to impose any further constraints on
the S-function coefficients. The a-function coefficients are then

Ag7) _ _ 3_2+ L (4)’

Am 864 + 432T(

A(7) 3T @ 4 5A4 ’

AP =L 3¢+ TW —6AL +4AF) — 247,
Amz—@@

A(7) 13T(4 + A

A(77) :;T?) 13T QA(G)

AS 19 5T (4) +A(6)

A == 9(26 + ),

A =18 24 37@ 1840 11241 — 547,
AR =T —4g +TW —6AY +4A() — 247,
A =230, 4 TW 240 4 AT
AD =8 _3¢,4T7® 740 464 — A7,
A = — 9 1 12¢, 4+ 5T® —8AY 1447,
A =- % +30C; + 1270 — 164 + 447,

(6.24)
and
T = m T 4 AP,
TfSZ 3T 42 A(b‘)
Tion z% - 3T(4 147,
Tl(cﬁti :% 5 T 1144 g

Tl(ge) :% - %T @ 4 §A4 ;
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TQ(ab — 724,

Ty = — 24 4 48(; + 3T + 2440 — 24A() + 16A{7,
T;z(Sl)J =— 16 +30G + 4T + 4A(7)’

70 _ _ 160 4 6¢y + 8T — 1649 + 447,

3ac
T30 = — 4 —18¢ + 7TW — 36 AL + 24A1) — 1247,
TAL(SI)) =— T+ 3G —3TW+ 3419 4+ %Aﬁ),
Tfe) = — Tio) + 6ALY,
T =~ 2 126, - T+ 14D - 1240 + 8,
T =39 12¢, + 37W — 1447 1 1240 — 441,
Tal =—3+3G+; ir® +2A11,

Sac
T =20 —9¢; + 37 — 164 4 1241 — 647,
T =8 — 3¢, + 17 — AP 4 AD,

(6.25)

We see that the effect of imposing symmetry has been to reduce the freedom in the a-
function coefficients from the original six parameters to two.

7 Conclusions

We have shown how scheme changes in ¢* theory may be analysed within a compact and
efficient framework. In particular we have derived the full set of scheme invariants up
to four loop order and shown that their number is consistent with general expectations,
though considerably higher than might be expected from a naive counting. In particular
we have identified the existence of quadratic invariants which would be missed in a naive
counting. Furthermore, we have shown that in the context of the Hopf algebra approach to
renormalisation, each invariant is associated with a cocommutative combination of graphs.
We have also considered the construction of the a-function generating the S-functions
up to four-loop order via a gradient flow equation. In particular we have analysed the
consistent conditions which guarantee this construction, again showing that their number
is as expected and furthermore that, as expected, they may be expressed in terms of linear
combinations of the scheme invariants. Finally we have considered one-vertex reducible
diagrams and shown that there is a natural family of schemes in which these do not
contribute to the S-function.

Future work might explore the Hopf algebra connection further. Furthermore, at higher
orders than we have yet considered there might be the possibility of cubic and higher order
invariants. The extension of the analysis presented here to gauge theories might present
additional challenges.
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A General results

For a theory with couplings ¢/, the corresponding S-functions are defined by

Iy i[
ﬂ(g)—udﬂg

(A.1)

and the S-functions in a new renormalisation group scheme defined by ¢’/ (g) are given by

B(g") = B(g)e9",
where for any vector V' in coupling space,

0
—1/J

We choose to parametrise the redefined coupling as
g =e"g.
We then find using the easily proved result
f(e"h) = e” f(h)

that
B'(g) = e By(g)e™g.
Then using
[vg, Vol = (LoV)g, LV =10,V = Vo,

together with

e*Be ™ = B+[A, B] + 4[A,[A,B]] + ...

we find

o)=Y "L e 800

For our purposes it is useful to use this result in the form

3B(g) = B'(g) — B(g) = —L,B5,

where

B=B—LL,B+LL28+...
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B Symmetric Hopf co-product

In this Appendix we give the full results for the co-commutative expressions on the right-
hand sides of Egs. (5.10), (5.11), (5.13) and (5.14). For the combinations correponding to
four-loop linear invariants in Eq. (5.10), we have

et =0,

O3 =20 @, g% + 29" @, g% + 49 ® g2 + 92" ® 92",

C5 =gl @, % + g @, 95 + 203" @, 9% + g7 @, 9 + 207 ® g,

O =203 @, 9 + 202 @, g2 — 49 ® g7 — 203 @4 ga' 9 — (93')? @4 92",

Ci =20 @, g + gi' @ g + 202 @, 9.

Ce" =g @4 933 + g @4 g2 — g @4 g2 + g2 @ g,

O =203 @, 9 — 203 @5 g + ga! @ 9 + g @ 07 + g) @, g

+ 293 ®s g2 — 2937 @ g3 + g7 @ g2T,

O =g @ g2 — 492 © g7 — 20) @4 g\ 92 + 93! @ g 92",

CS" =292 @45 0.2+ 93 @, 0¥ + Lol @, 6% + 94 @, 9xl 9.2,

Cfg)L =) ®, g,

O =202 @, 9.2 + 293 @, 0 + g)! @5 g7 + 203 @, gil g,

Cf" =20 @, g2 — 29 @, " + 29 ® g + 392" @ g2 — 292 @, 92",

C13" =202 © g2 — 927 © g2 + 203 @, g9 + (94)? @, 92T,

O =492 ® g — 92 @5 027 — 20 @4 9% — gl @5 gl g2 — 290 )2 @ g2, (B.1)

For the combinations correponding to four-loop quadratic invariants in Eq. (5.11), we have

O =20\ @, 9, — gl @ 9, + 9.2 @5 g2 + 202 @5 9P + 203 @, 91292
+ 29)\2 ®s g)\lg’yQ + 29)\19)\2 ®s 972 - (g)\l)2 ®s g/\Sb - (gA1)3 ®s 9727

O =gl @, gilF — g2 @, 0¥ — 9.2 @, g% + (0a1)? @5 93 — ga @, g

— 0\ gy ®s 97 — 907 ®s g\ — 99y @5 g\ — g gy ®s (9))7,
0354)@ =g\ ®@s (9A4dR — 29, R) +29%° ®5 g2 — g2 @, 9A3d

+ (90)? @5 g + gx" D5 g2 93> — 2(g0')? @5 g3 — 29\ @5 A g2°

+ 92" @5 g g + 4927 @4 g g8 — 29X @5 gx" g2 + gyt @, g2 g

+ 293 @5 g 92" — 203 @5 ga g2 — 2(g)')? @5 gi'gx + 5(gx)% @5 gi g2 (B.2)

For the combination corresponding to the five-loop linear invariant in Eq. (5.13), we have
Cl(s)L _ 2972 R4 g)\3aR + 4g72 R, g)\3bR _ 2g,\1 R4 g/\4eR _ g)\2R R, 973
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+ 297 @4 g3 g2 — 4ga g @4 97+ (94)? @4 97 + 295 ®s gal g3 (B.3)

Finally, for the combinations corresponding to five-loop quadratic invariants in Eq. (5.14),
we have

CP9 =gl @ 9% + 9.2 ®, ga? + g% @, g9
+ 92 @5 gl ol + 0¥ @, gl g2 + g\l @4 g.298
C§5)Q :g/\l R, <g75g . 2g75k) . ng ®, g)\4c + 973 ®, g)\3b
— (95" +293") @, ga'9;” + 203197 © gx' 9,
C§5)Q =gy ®, <g)\5aR _ g;)bR) + 972 R, (_g/\4aR + g/\4cR)
+ 93 @5 (=g 4 g2) + (92)? @5 g1 + gi! @4 gl "
— 293 @, 992 — g g @5 g + 9 @5 gi (92T — 9x%)
+ 93 @ g9 = 203 977 @5 g2 = 3gx" @, 929y + 203 @4 937 gy
+ 9\ g7 ®s g = 3971 @, g9 + 98 @5 g8 gy + 92T s g9y
— g @5 i g7 — (931) ®s 9279y + a9 @4 9l gy
O =g @, (971 — 9777) — 20,2 ®. Gy — g @ g,°
— 9 @5 97297 — 2(9)" @5 9395 + 93" @5 gx'977) + 293" @5 g\ (977)°
+ 29\ 97 @ gx' g,
C«é5)Q =gy @, (29/\51;1% _ g)\5cR) 192k ®, G,
+ g7 @5 (927 = 29:0T) + 95" @5 9P 4 g\ @, g g — (93) @5 gi*
— (9)? @ 92 4 (94')? @5 ga — (92)? @5 ga " — 200" @, gil 9"
+29¢ @5 g 98 + 204 93 @5 0 + 293 @4 929> + g @4 gl g
+ 2957 @5 g g + 2907 @4 gx 977 + 29790 @5 gx" — 2977937 @5 gi
— 29" @, g gy + 200 9" @4 97 + g @5 9279, + 93 @4 gi' g
+ 93 Qs g9y — 29327 @ 997 — 298 @5 g9
+39,79:°" @, g% = 2(90')? @4 9 + 2(g2)? @5 92790 + 205" @ 3 (gn')?
+(92)° @5 9097 +2(90)? @5 9X°957 + (93')* @5 93779y +2(90)* @5 9n' 97,
C% =g @5 (97 + 97 — 207") — g2 @, (94 — 295 — gylolt + 2g,1F%)
+ g @, Gy — gy @ (925 — 92%)
— (93)? ®s 93 — (9\')” @5 92 + (') @5 27 — 295" @5 g ga* "
— (9\)? @5 g + 205" @5 929" + 977 @5 gi 9 + 29 @5 i g
_ 29)\1 ®s (g)\Sc _ g)\3d + g>\3bR)g,yQ + 29,\3aR ®s g>\1972 + 29)\1 ®s 9729)\3(1]{
— 20" @ gi gy + 97 R gA g + 293 ®4 g9y — 29X ®s 9X gy
—29¢ @, g9y + 290" @5 9329y — 290 g @5 a9y + (90)? ®s 97y
— (9\)? @5 (g5 + 29:7) +2(9\)® @5 g2 g7

28



C«§5)Q :g)\l R, (2%51) . 9756) + gvz R, (g)\4l . g/\4o + 29/\47‘)
+ (292 — g3°7) @5 Gy + 493" @5 93 + 93 ® g7
4 zg)\3b ®s g)\lg)? + 49)\2 ®s g)\lg)\3b + 69)\1 ®s g)\Qg)\3b o g)\3b ®s g)\lg)\QR
— 9\ @5 g — 93¢ ®s 9 gy + 9N @4 9794 + 497 @ gi gi
4 4g)\3e ®s gA1972 + 4g>\1 ®s g72g>\3e + 2g’y3 ®s g)\lg)\2 + 29/\1 ®s g)\ng\/B
+ 2g>\2 Qs g,\l%3 — gyg X g,\lg,\m + 29,\2 R g,\2972 + g,\lg,\m s gxlgf
+ 293 9% @s gx g7 + 49\ )? @5 94797
CéEJ)Q :g)\l R, (ngse + 975f _ 49751') N 972 s (29/\41; N 3gA4aR + 49)\401%)
+ (59" — 8gx) ®s G
+ 99 @ (2025 — 293 — 937 4+ 29,F) + 29! ®, gal ga*
+ 203 @ 93 93 — 203 @5 gAY + (93)? @ 95" 4 203 @5 gl g4
+ 89X @, gil gy + 695 @y 97790 — 89 @, gi gy — Agi @, 9,79
— 500" @5 93 g7 — 9N ®5 79" — g7 R ga 93" — 8gn' @ 9293
o 89)\317 ®s g/\lg)\Q + 5g>\l ®s g/\QRg)\3b + 5g)\3b ®s g/\lg)\QR o 49/\1 ®s gVQg)\:SC
— 9N ®s g9y — 197 @5 g g3 — gX ®s A gy + 497 @ ga g
— 49X @4 gi2gy" — 493 ®5 g gyt 4 Ta T @4 g gy + (94') @5 ga gy
+2(9))* @5 ga' 93" — 2(90)® @5 9X° 97" + 899X ®s 9N 9y
— 69\ g™ @4 g 97 + 20\ @5 g8 9297 — 39x @5 gx 9x" gy
—2(g\)* ®s (92') %9y (B.4)

C Differential operators for scheme changes

Following the general considerations of Ref. [8] we may define differential operators

Y= Z(dhsy)\l’s + 6[’3Y7l/5)7 (Cl)
l',s
where
yMs _ Z ( CZTD,\ZT,,\NS + leler,Al's% y's — Z( CZTDAlml’s + dlﬂ)vlml’S)7 (0‘2)
Ir lr

which generate scheme changes according to

{Clr7 dlr} — exp(Y){cl,,, dlr}- (C?))

Here {r, s} label the 8 or v function coefficients at each loop order {l,1'}. The operators
DA ete satisfy

! ! ’ ’ ’ !/
ID)\lr,)\l s _ _D)\l s,)\lr7 rD)\lr,'yl s _ _D'yl s,)\lr’ :D'ylr,’yl s _ _rD'yl s,'ylr’ (C4)

29



Scheme invariants are then determined as polynomial functions F'({¢, d;.} such that
YNTR =Y'"E =0 (C.5)

for all A, r.

In the case of ¢* theory we find at lowest order

0 0 0
D)\l,)\Q — 2 2 2
803& + 8636 * 863(1’
0 0 0 0
D/\L/\ZR —9 —9 )
Ocsq dcse * Ocsar * aC3bR7
0 0
DM = _ 2~ 46— C.6
8031, + 8d3’ ( )
and at next-to-leading order
0 0 0 0
DA —y 2 2 -2
8C4a + 8c4b + 8C4d aC4f7
0 0 0
D)xl,)x3b —6 -9
8C4c 8043 + 604]'7
0 0 0 0 0

DAI,)\SC =_9 2 3 2
8041) + aC4f * 8049 * aC4k (‘90407

0 0 0 0 0
DM — — 93— — 92— —2 2 2
Ocag Ocap, Oca; * Ocuy * 3047”
0 0 0 0 0 0
DA — 4 2 2 2
Ocuq * Ocap, * Oca; * Ocay, * Ocy 8047«7
PALASS :i _ i
8C4p aC4q ’
0 0 0 0
D)\l,)\?)aR =_9 + 2 + 2 + 2 ;
3049 OCsar dcscr dcy fR
0 0 0 0 0 0 0
DMABR —9 — 2~ 14 + +2 +2 - :
Ocag Ocay, Ocwr  OcCacr Ocaqr 80491% dcy fR
0 0 0 0

DM — 9 3 2 4
Do Codn | “0dn | Oduy

0 0 0 0 0 0
DI2A2R —y —2 -2 — 2
8c4a 8c4g 8(34[ 8640 804gR + 864}03,
0 0 0 0
DV = -9 — — 6 6
Dcge Oy * Ody. * Odag’
0 0
D)\ZR,'yZ —_9 6——
Ocuer - 3d4b’
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Note that here we suppress the label r in the case of the one-loop [-function and the
two-loop y-function where there is only one coefficient.

The YA and Y defined according to Eq. (C.2) satisfy the commutation relations

[YAI, Y)\Q] - 2y)\3a + 2y)\3c + 2Y)\3€’
[Y)\l Y)\ZR] :2}/)\3(1 o 2y>\3c + Y/\SaR + 2y>\3bR

(YA Y7 = - 2v ™ 4 6Y3, (C.8)
and
[Y)‘l, Y)\3a] :4yA4a 4 2yA4b 4 2yA4d o 2Y/\4f,
[Y’\l, YA3b] —GYyMe _ gy Me 4 Y,\4j7
[Y)‘l, Y>‘3C] - 2y>\4b + 2y>\4f + 3y>\4g + 2y)\4k + YMO,
[Y’\l, Y)\Sd] — oy Md _ gy Mh _ gy Mi | gy Mo 2YA47~’
[YM, Y)\3e] - _ 4y)\4a 4 2Y/\4h 4 2y)\4i 4 Y)\4k + 2}/)\41 + YMT,
[}/,\17 Y)\Bf] _yMp Y)Aq)
[Y)\l’ Y)\SaR] — _9yMy + gy MaR + 9y MR + 2yA4fR7
[Y)‘l, YA3bR] :2y>\4d o 2y>\4k + 4yA4bR 4 Y)AcR 4 2yA4dR + 2yA4gR o Y)AfR,
(YA Y78) = — 4y Me 4 3y oy te 4y,
[YAQ’ YA2R] Ay Ma _ 9y Mg _ gy MLy Mo + oy MgR + 2y>\4fR’
[Y)\Q’ sz] _ _9oyMe _yMy + Gy vie + 6Y'V4d,
]

(C.9)

Note that the structure constants appearing in Eqs. (C.8), (C.9) are the same as those
in Egs. (C.6), (C.7), which is a consequence of the Jacobi identities following from the
associativity of the graph insertion process as described in Ref. [8]. At the following order
we have

0
PA3ay2 :38%%’
DA3b2 :3%’ a
DAe? =654 33 0
PIN2 _g % ’
prenz _1g 9 +6 0 +3 0

T 0ds, dds, ddsy,’
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0

D)\Sf,'yQ —9
adBa ’
D)\SaR Y2 —6 9 —9 9 7
Odsy  Ocsar

ponz 3 0 3 0 5 0 :
8d5z 8d5j aC5bR

0 0 0
DM =g 2 2
Odoy " "0ds, T “dsy

0 0 0
ID)\I v4b —4 ) )
ady;  “0ds; | “0dy,

0 0 0 0
DM =4 2 2
Oy " Ods, | “0dey  Odsy’

0 9 9
D>\1 vy4d —4 2 2
Odse "0y | “0ds,

0 0 0
D)\l MeR + 2) + 6 ’
 OCsur Ocspr Ocser

; 0 9 o 0
A28 —4 4 2 2
b Odys Oy “0dey | “0dy | Ody,’

0 0 0 0
DR —9 3 2 -2
Ods, " Odsy " dds;  Ocser’

0 0 0
203 — — 1
D 8d5g+28d5k 38d5d’ (C.10)

with, correspondingly, the commutation relations

[Y/\?)a?Y'yQ] 3}/75@
[Y,\:sb’sz] 3Y75k
[Y)\3d’Y72] 6Yw5e + Syfy5]
[YA3d7Yw2] 6Yv5h
[Y,\3e7ny2] 12yv5b+6yw5d+3yy5h
[YAZSf sz] 2}/75(1
[YA3aR Y] —6Y "5 _ gy BaR
[YA3bR Y'y?] —3Y5 4 3y 2yA5bR
[YM Y'y4a] _gy5d 4oy 4 9y 15k
(YA Y] =4y 4 2% 4 2y
[YM Y’y4c] Ay 5 + 9y 15e + 9y 15k + 2}/75@
[YM Y'y4d] —y5e 4 9y 15k + 2}/753
[YAI Y)AeR] :YA5aR 4 2yA5bR + 6y)\5cR
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D/)Q7 Y’y3] :4Y'y5b 4 4Y'y5c + 2Y"y5h + 2y'y5i 4 Y"y5j7
[YA2R Y75 =2y 7€ 4 3y 4 2y 0% — 2y A%
[Y’YQ, Y’yB] :Y75g + 2Y"y5k‘ o 3yy5d’
(C.11)

It is readily verified using Egs. (C.2), (C.6), (C.7), (C.10) that the linear and quadratic
invariants constructed in previous sections satisfy Eq. (C.5).
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