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Abstract

The a-function is a proposed quantity defined for quantum field theories which
has a monotonic behaviour along renormalisation group flows, being related to the
B-functions via a gradient flow equation involving a positive definite metric. We
construct the a-function at four-loop order for a general gauge theory with fermions
and scalars, using only one and two loop S-functions; we are then able to provide a
stringent consistency check on the general three-loop gauge S-function. In the case
of an N' = 1 supersymmetric gauge theory, we present a general condition on the
chiral field anomalous dimension which guarantees an exact all-orders expression for
the a-function; and we verify this up to fifth order (corresponding to the three-loop
anomalous dimension).
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1 Introduction

It is natural to regard quantum field theories as points on a manifold with the couplings
{g'} as co-ordinates, and with a natural flow determined by the S-functions 37(g). At
fixed points the quantum field theory is scale-invariant and is expected to become a con-
formal field theory. It was suggested by Cardy [1] that there might be a four-dimensional
generalisation of Zamolodchikov’s c-theorem [2] in two dimensions, such that there is a
function a(g) which has monotonic behaviour under renormalisation-group (RG) flow (the
strong a-theorem) or which is defined at fixed points such that ayy — ajg > 0 (the weak
a-theorem). It soon became clear that the coefficient (which we shall denote A) of the
Gauss-Bonnet term in the trace of the energy-momentum tensor is the only natural candi-
date for the a-function. A proof of the weak a-theorem has been presented by Komargodski
and Schwimmer [3] and further analysed and extended in Refs. [4,5].

In other work, a perturbative version of the strong a-theorem has been derived [6]
from Wess-Zumino consistency conditions for the response of the theory defined on curved
spacetime, and with x-dependent couplings ¢!(z), to a Weyl rescaling of the metric [7].
This approach has been extended to other dimensions in Refs. [8,9]. The essential result
is that we can define a function A by

A=A+wW,p", (1.1)

where A is defined above and W7 is well-defined as an RG quantity on the theory extended
as described above, such that A satisfies the crucial equation

A =T,8", (1.2)

for
Tr;=Gry+ 28[]WJ] +20- Q- (1.3)

Here G1; = G5, pr and @ ; may all be computed perturbatively within the theory extended
to curved spacetime and a-dependent ¢’; for weak couplings G; can be shown to be
positive definite in four dimensions (in six dimensions, G has recently been computed to
be negative definite at leading order [10]). Eq. (1.2) implies

d - 0 -

— A=p"Z—A=aGpp’ 1.4
W 5 dg7 BB (1.4)
thus verifying the strong a-theorem so long as Gy is positive. Crucially Eq. (1.2) also
imposes integrability conditions which constrain the form of the g-functions and are the
focus of this paper. These conditions relate contributions to S-functions at different loop
orders.

We should mention here that for theories with a global symmetry, 3 in these equations
should be replaced by a B! which is defined, for instance, in Ref. [6]; however it was shown
in Ref. [11,12] that the two quantities only begin to differ at three loops; and in Ref. [13]
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that there is no difference to all orders in supersymmetric theories (see Ref. [14] for related
results). Hence for our purposes in this article we may ignore the distinction.

The analysis of Ref. [6] was recently further extended in Ref. [15] (related results were
also presented in Ref. [16]). Expressions for the three-loop Yukawa [-functions and for the
three-loop contribution to the metric G;; were derived for a general fermion-scalar theory,
and Eq. (1.2) was checked up to this order; indeed it was shown that Eq. (1.2) places strong
constraints upon the form of the S-function at this order. The N = 1 supersymmetric
Wess-Zumino model was also considered as a special case. Moreover, here it was possible
to show that an exact formula for the a-function conjectured in Refs. [17-19] was valid
at this order; in previous work [20] this had been checked at the level of the two-loop (-
functions for a general, gauged N = 1 supersymmetric theory (in the rest of this paper we
shall describe this as a “two-loop check” although the corresponding a-function is actually a
four-loop quantity). A sufficient condition on the chiral field anomalous dimension for this
exact a-function to be viable was presented and shown (using the results of Ref. [21,22])
to be satisfied up to three loops for the Wess-Zumino model.

Our goal in this article is to extend the work of Ref. [15] to the gauge case. In the
non-supersymmetric case, we show that the two-loop Yukawa pg-function for the most
general renormalisable gauge theory coupled to fermions and scalars is compatible with
Eq. (1.2); indeed by imposing Eq. (1.2) we are able to obtain the terms in A containing
scalar or Yukawa couplings at this order up to only three free parameters, without any
further perturbative calculations—this approach has previously been applied in Ref. [23] to
the case of the standard model. (Of course a gradient flow for purely scalar quantum field
theories was postulated some time ago by Wallace and Zia [24].) As a bonus, we show
that this expression for A is also consistent with (and provides a stringent check upon)
the general three-loop gauge f-function derived by Gracey, Jones and Pickering [25]. As a
further check, we also compute A using the dimensional reduction version of the Yukawa
[S-function and show that in the supersymmetric case, this reduces to the version of A
presented in Ref. [20] (and is hence compatible with Ref. [17-19]). Finally, again in the
context of supersymmetry, we extend the condition on the chiral superfield anomalous
dimension presented in Ref. [15] to the gauge case and show that it is satisfied at three
loops. We also derive the (very non-trivial) constraints that this condition imposes upon
the form of the three-loop anomalous dimension.

2 The non-supersymmetric case

We consider a general renormalisable gauge theory with a simple gauge group G' and n,,
real scalars ¢,, ny, two-component Weyl fermions ;, where G C U(ny) N O(n,). For a
Yukawa interaction %MT C(Ya)ij¥j pa+h.c. and a quartic scalar interaction %Aabodgoagobgocgod
and with a gauge coupling g the basic couplings are then

9" =1{9.Ye Yo Mavea} s Yo" =Yoo Yo=Y 2.1)



The (hermitian) gauge generators for the scalar and fermion fields are denoted respectively
t% = —t5T and t*,, A=1...ny, where nyy = dim G, and obey

[ta,ts] = ifascto, (2.2)

and gauge invariance requires Y, tﬁ + tﬁT Y, = tha Yo, thaedebcdPapppepa = 0. In order to
simplify the form of our results, it is convenient to assemble the Yukawa couplings into a

matrix _
Y, O . Y, 0O
Yo = (0 Y)a Yo = (0 Y) = 01Ya01 , (23)
and
tﬁ 0 ; T
TA = b > TA = UlTA(Tl = —TA . (24)

This corresponds to using the Majorana spinor ¥ = (_ C?_bi &T)

We should mention here that in our present calculations we have ignored potential parity
violating counterterms (i.e. containing e-tensors). The analysis of Ref. [6] was recently
extended [28] to the case of theories with chiral anomalies, including the possibility of
parity violating anomalies. It would be interesting to carry out the detailed computations
necessary to exemplify the general conclusions of Ref. [28].

The one- and two-loop gauge [-functions are given by

1 .
—Bog® — Brg” — ¢° =——t1[C¥ uya) ,

ﬂg - 271{/
Bo = 2(11Cg — 2RY — iR?),
1 4
B = $Ce(34Ce — 10RY — R?) — —tr[(C¥)*] — —tx[(C¥)?], (2.5)
ny ny
where
tr[thth] = R¥0ap,  tr[t5t5] = R¥0as,
C? =15t%, OV =TuT,, C¥=cC"T, (2.6)

with T4 as defined in Eq. (2.4). We follow Ref. [15] in removing factors of 1/16w% which
arise at each loop order by redefining

Nabed = 16 Naped, Yo — 4nY,, g — 4mg. (2.7)
The one-loop Yukawa [-function is given by
51(,2 =2y Jayp + 3yl — 69°C" ]y, + Lya[Obys — 6°CY] + 3 tr[yadu) s , (2.8)
and the one-loop scalar S-function is given by

1 N N
%ﬁ)(\ (3de PaPoPcPd = (% )\abef)\cdef + 394(tﬁt§)ab(tflt§)cd - %tr[yaybycyd]
- % )\ab0692<0<p)6d + % Aabcetr[yegd])gpa()pb%pc@d . (29)



The leading terms in the metric G;; in Eq. (1.2) may be written as [6]
2 _ Iy.J _ i 2 2,1 A 1
ds* = G[Jdg dg = 2774/ 92 (1 + gg )(dg) + 6 tr[dyadya] + 144 d>\abcdd>\abcd7 (210)

where o is given (using dimensional regularisation, DREG) by [6, 20]
o =1(102C; — 20R" — TR?) . (2.11)
We emphasise here that y and y are not independent; and furthermore, the result of a

trace is unchanged by interchanging y and g.

The lowest-order contributions to A are given implicitly in Ref. [20] as

A(Q) = - nVﬁOgQa
AB) = %nv94(51 +0f5y) — %QQtf[yaﬂaéw]
+ 97 (60 [YaBat D] + 2 00 [yaisyade] + tr[yads] tr[yaihs)]) - (2.12)
They can easily be checked to satisfy Eq. (1.2) with Egs. (2.5), (2.8).

To proceed to the next order, we shall need the two-loop Yukawa (-function in addition

to the one-loop scalar S-function in Eq. (2.9). The two-loop f-function is given in general
by Refs. [26,27] in the form

7 19
63(1262 = Z ca(GY)a + Z cal(GR)a + (ég)a)
a=1 a=8

+ 209" (CYYa + YaC¥) + c219"C¥yC¥
+ 229" [(C?) Y0 + Ya(C?)?] + 239" (C¥)an(CPy + 1 C¥)
+ (trfean Yalbyede + 25 YaTethle + Ca6 °CV Y]
+ 27 91 (C%%)ap + 259 (C¥) ab + 29 Aacde Nvede ) s - (2.13)

The contributions G¥ are depicted in Table (1); GY is the transpose of GY. A solid or
open box represents g2C¥ or g2C% respectively. A box with a letter “A” represents the
gauge generator g74. Note that for each of GY, there is an alternation between “hatted”
and “unhatted” y matrices, as can be seen in Eq. (2.13) for GY, a = 20,...28. To give a
couple of examples, G represents

(GD)a = Nabed YoJeYd » (2.14)

and G4, corresponds to

(Glllg)a = ngb Cd} gayba (é?{g>a - g2ybga CA@/} Yy - (215)
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Table 1: The diagrams contributing to ?%)

We present here the results for the coefficients evaluated using standard dimensional
regularisation, DREG [26,27]:
c1=2, c=-1, c3=-2, c4=-2, c5=-—12,
cs =6, cr=0, 08:—%, cg=0,
L as=6, cg=
s =3, c9=05, cn=—5(194Cc—20R" —11R¥),
1 =0, coo= —%
C6 =2, cor=-2, 5= 75(147Cc — 12RY — 3R?), 9 = 5.
(2.16)

— _ _7 —_
c2=0, c3=—7, cu=-—

3 1
, C3=0, cog=—%, Co5=—3,

There are 33 coefficients altogether (counting cgp and ceg as three each). We do however
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have the freedom to redefine the couplings, corresponding to a change in renormalisation
scheme; at this order we may consider

0Ya = 111 YsUab + H2 (YoUbYa + Yalb¥s) + 13 T [Yalb]Ys
+ 114 G2 (CVY0 + 4aC¥) + 5 *Co
69 = (1 Cq+ 1o RY +v3 R%)g>. (2.17)

This results in a change in the 6—function
582 = ( g ot BY — ) by, — ( oy - 9y og ) g (2.18)
va Ay dg ya
Using Eqgs. (2.5), (2.8) this leads to

0cog = pi1 — 4ps, Ocg = —4us, Ocy = —ps, 0cg = —puy + 4z,
dcio = g — i3, 0Cy1 = pig —4pip, 0c13 = —6po — g,  Ociy = —6pp — fig,
dcie = —ps, Ocig = =6y — 4pta, Ocos = =29 + 23,  Ocas = —pu1 + 4pus,

0o = — 12013 — 214,
5620 = QOG (3V1 - 1—31/JJ4) + 2Rw (3V2 + %,Uq) + Rd) (61/3 + %/J4) s
cas = — 3 (220 — 4RV — R?) . (2.19)

We observe that the redefinitions corresponding to p;_4 are not all independent; for in-
stance we may remove p4 by redefining

[in = fn = 3fla,  fo = P2 — g4, H3 = i3 — §ha,
v — v+ %/M, Uy — Uy — %/M, V3 — U3 — 11—8/i4, (2.20)

This is a general consequence of the form of the redefinition given by Eq. (2.18), which
implies that a redefinition

Sya = B, 09 =B (2.21)

has no effect on Byza, however py yields an independent redeﬁnition due to the fact that
there happens to be no corresponding c? Up term in ﬂya It then follows that p;_5 and
v1_3 yield only 7 independent redefinitions; we therefore have 33 — 7 = 26 independent

coefficients in the two-loop S-function. Under the change Eq. (2.17)
9 jo : (2.22)
dg

which corresponds to taking do = 4 (V1 Co + 15 RY + vy R¢) in Eq. (2.10).

6A®) = —5g

Applying Eq. (1.2), we require AW to satisfy
d, AW = dy TS - B+t gtr(dgayaC¥] B + ta g(CF)wtr[dgays) B
i tr[dyaﬁya] )
d)\A(AL) = 111 d)\abcd B)\ abed (223)
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Table 2: Contributions to dy - T, y(f,’) -d'y

where d, = dy-a%, ete, the lower-order metric contributions were read off from Eq. (2.10)
and we write

10
dy- T -dy=> T.GY, (2.24)
a=1

The contributions to dy - Ty(g)) - d'y at this order are depicted in Table (2). Here a

diamond represents d'y and a cross dy. As an example, GT represents
1
Gl = tr[dgayspdva] - (2.25)

Ty(g) is symmetric up to the order at which we are working. The [-functions Bél), ﬁ@(,l)
in Eq. (2.23) are given in Eqgs. (2.5), (2.8). There are no “off-diagonal” fermion-scalar
contributions to this order. We parameterise A as

28
AW =3 " A,GL +0(g%), (2.26)

a=1

where the different contributions G4 are depicted in Table (3), with a similar notation to
Table (2). We have included G4 as a reflection of the general freedom to redefine

A= A+gyp'p, (2.27)
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G{ G4 G4 Gy

A A A A
G G(J GT G8
A A A A
€ Glo Gl G
\ A A A
G Gl Gis Gig
A A
Gy Gis Gﬁ) G
B B
A A
Gl Gih Gl 3}
Dy
Dy
Goh Gt Gif Gy

Table 3: Contributions to A® in the non-supersymmetric case



together with a related redefinition of T7,; see Ref. [15] for further details. The purely g-
dependent contributions to A of course cannot be determined from Eq. (2.23). Eq. (2.23)
entails the system of equations

6As = 2c1, 241 +4Ags = LTs + gco = 2T + 215 + geos = 2T + 5717,
2410 + 8Ass = 2T + g =Ty, 4A5 = ges, 2417 = 2Th0 + 05 = £,
4As = %Tlo + %07, 4A6 +2A98 = %(TQ +T3) + %Cs =T,
249 + 8Ass = 2T + 2T3 + 509 = Ty + 5T5 + 311 = 2T + 575,
247 + 2405 = S(To + T3) + 2c10 = 311 + Ty = Ts + T + 3cau,
2A14 — 12455 = =3T3 + 5Ty + 5010 = — 3T — 3T + 514,
4413 — 24Ass = =3(Ty + T + T3) 4+ 5To + 5013, 4A1s = 5015, 2415 = 3¢16 = Tho + 3017,
2A16 — 48Ass = 2Ty — 3Ty + 315 = — 617 — 3T + Lc1g,  2As6 = Leao,
36Ags + 2423 = —3Ty + gca1, 36Ass + 240 = — 3Ty + 5022,  2As5 = —6T70 + 3093,
2A19 — 12A95 = —6T5 — 615 + gco6 = — 61y + 5T,
2404 = $Co7,  2A9r = geas, 243 = §eg,
6A5 +3Ass = 3(T1 + 1o+ T3), 6As+3As=1(Tu+Ts+T5) (2.28)

where the ¢, are given in Eq. (2.16). (The coefficients A;, A and Ay are determined
immediately by the second of Eqgs. (2.23), so we simply list their values later in Egs. (2.31).)
Solving Eqs. (2.28), we find the conditions

T+ Ts =21 — 3¢5, Ty = 3T — scs + o,
Ts+ T =T — §caa — 3505 + 310, Tr =211 — ey,
Tg = 4T1 - %Cg + %Cg, Tg = — 6T1 + 2024 + %0267 T10 = %(C@' - 65), (229)

together with conditions on the S-function coefficients

1 1
Co = —4C3 — Cg +4cig, 11 = 363+ 4eg — co,
_ _ 3 3 1
cs —cg = —4(ci6 — c17), Cc1a = §C3 — 5C9 T C12 — Z<018 — C19)
1 1 1 1
Coyq = gCg —|— 208 — 509 + 5025, Cog — _5(018 — Clg) — 3625. (230)

The conditions on T7_¢ in Eq. (2.29) were already derived in Ref. [15]. Reassuringly, the
conditions Eq. (2.30) are satisfied by the coefficients in Eq. (2.16), and also by the redefi-
nitions in Eq. (2.19). These six constraints in principle leave only 19 of the 25 independent
coefficients in the two-loop -function to be determined by perturbative computation.

It turns out that Eq. (2.23) is sufficient to determine the Yukawa or A-dependent part
of AW up to three free parameters; here are the results for the case of dimensional regu-
larisation:



1 1 _ 1 _ 1 1 _ _
Al — 124> A2 144 A3 - T 12 A4 — 187 A5 — 144> AG - All — 07
1 1 1 1 _ 1 _ 7
A7__ﬂ) AS__2887 Ag—ﬁ, Alo—g; AIQ__ﬂa A13__ﬂ7
1 _ 3 _ 2 1 1 _ 1
A14 - T & A15 - 1 Alﬁ - T3 Al? — 9 A18 - 9 A19 — 12
3 _ 1 _ 3 _ _ 7 _ 7
AQO — 16 A21 - 1 A22 - 1 AQS - 17 A24 - g A25 - T 9

Asg = —5(194C — 20RY — 11R?) — 13y,
Agr = 2 (147Cq — 12RY — 3R?) — 1,55,  (2.31)

144
where fy is given in Eq. (2.5). Since Ag only appears in Eq. (2.28) in the combination
4Ag+ 2 Ao, we have set Ag = 0 in line with Ref. [15]. We note that under the redefinitions
in Eq. (2.17),

SAW = — (5y . % + dg %) A® 1 0(g%). (2.32)
Moreover the effect of these redefinitions on the metric coefficients in Eq. (2.23) (as
parametrised in Eq. (2.24)) may easily be computed using Eq. (2.10) as

0Ty = 0T, =013 = —3#2,
0Ty = 6T5 =6Tg = —3 s,
0T :%5T8 = _%,ula
0Ty = —2p4, 0T19 = —3ps,
oty = —g,u4, Oty = —%m;. (2.33)
Using Eq. (2.19)), these results are easily seen to agree with Eq. (2.29).

It is remarkable that no knowledge of the “metric” coefficients Ty, is required to deter-
mine the A, in this fashion; of course the t; in Eq. (2.31), which define the “off-diagonal”
fermion-gauge metric in Eq. (2.23), could be determined by a perturbative calculation
if required, as was accomplished for the fermion-scalar case in Ref. [15]. The results in
Eq. (2.31) will be used in Sect. 3 in a check of the three-loop f,.

In Ref. [15] the extension to three loops was accomplished by first inferring the three-
loop Yukawa p-function for a chiral fermion-scalar theory, using the three-loop results de-
rived in Ref. [30] for the standard model, combined with the results for the supersymmetric
Wess-Zumino model. Such an approach will not work in the gauged case, unfortunately:;
the results of Ref. [30] are only for the SU(3) colour gauge group, which of course is not
sufficient to determine how the three-loop Yukawa [-function depends on a general gauge
coupling.

3 The three-loop gauge S-function

The three-loop gauge [-function was computed in Ref. [25] for a general gauge theory
coupled to fermions and scalars. In this section we shall show that our result for A® is
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compatible with this result via Eq. (1.2). In fact, our result for A® determines the 16 terms
in 553) with Yukawa couplings up to 4 (see later) unknown parameters. It is rather striking
that the two-loop calculation of 5152) (and the one-loop result 5&1)) have thereby provided
so much information on a three-loop RG quantity. This is an example of the “3 — 2 — 17
phenomenon noted in Refs. [23,31]; namely that the gauge-gauge, fermion-fermion and
scalar-scalar contributions to the metric G, start at successive loop orders.

In our notation, 6;3) can be written

LB = e (3G + Gy + 3Gy + 4G5 + 12G1; — 8G, + 8GHg
+ TGy — Giy + 8G4, — 10G%, — 2G4y
— 28Gyy — 64G4s — 48CcGag + 18CGy: + O(g°)) | (3.1)

where the G4 are implicitly defined in Table (3). The purely g-dependent terms are not
determined in this analysis. It is then easy to show, using Eqs. (2.26), (2.31), that we can
write

8 A4 1 3 2 2 3
oA = TP + TS + T8

5 1 4 Tg(;) B (3.2)

in the form,

0 ~
ga—A(4) = 2ny 26 + Lgny (10206 — 20RY — TR?) B + T2 Y
g

— P ], B0 + 62 (C%)ap t1(a8%)] (3.3)

where ﬁg(,l), 6552) are given in Eq. (2.5). We notice that Tg(§> agrees with the result for o in
Eq. (2.11). T? takes the form

Tg(:;) =g (_13_0 + 4t1) tr[gayacdj] =+ g (_% + 4t2) (Cw)abtr[yayb] + 0(93) . (34)

Unfortunately we have no means of disentangling the separate purely g-dependent contri-
butions in A* and in ng Bg , without a three-loop calculation; but all the Yukawa or A
dependent contributions match exactly. If

t =3 ty=1, (3.5)

127

then we would have T;; symmetric at this order; but as demonstrated in Ref. [15], at three
loops Tt is not symmetric even for a pure fermion-scalar theory for a general renormali-
sation scheme.

Had we not known 6!53) then it would have been determined by Eq. (3.2) up to the four

parameters consisting of the two coefficients in Tg(s) and the two coefficients in 7, g(j,”) (the
values quoted for these quantities in Egs. (3.3), (3.4) of course deriving from our current

knowledge of 653) ).
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4 The supersymmetric case

Here the analysis is extended to a general N' = 1 supersymmetric gauge theory, which may
in principle be obtained from the general non-supersymmetric theory discussed in Sect. 2
by an appropriate choice of fields and couplings. Such a theory can of course be rewrit-
ten in terms of ne chiral and corresponding conjugate anti-chiral superfields, and indeed
perturbative computations are enormously simplified through the use of this formalism;
moreover, in the light of the non-renormalisation theorem and the NSVZ formula [32,33]
for the exact gauge [-function, the renormalisation of the theory is essentially entirely
determined by the chiral superfield anomalous dimension 7 (at least in a suitable renor-
malisation scheme). In this section we shall therefore start anew using results derived using
superfield methods. Nevertheless, in Sect 5 we show that (at least up two loops) the results
obtained using the two approaches match, as indeed they must.

The crucial new feature in the supersymmetric context is the existence of a proposed
exact formula for the a-function [17-19]. This exact form was verified up to two loops in
Ref. [20] for a general supersymmetric gauge theory, and up to three loops [15] in the case
of the Wess-Zumino model. Moreover in Ref. [15] a sufficient condition on 7y to guarantee
the validity of this exact result was found and shown to be satisfied up to three loops;
related considerations appear in Refs. [18,19], see later for a discussion. In this section we
shall generalise this condition to the gauged case and check that it is satisfied up to three
loops, using the results of Ref. [22].

The couplings g’ are now given by g/ = {g,Y"* Y} with YV, = (Y¥*)*. The
supersymmetric Yukawa [-functions are expressible in terms of the anomalous dimension
matrix ;7 in the form

Py =Y *x7, By =vxY, (4.1)
where for arbitrary w;/ we define
(Y # w)idk = Ykt 4 yilkyi 4 yidly k.
(w* Y)ie = wi Yiji + wit Yig +wi! Yigy . (4.2)
We also introduce a scalar product for Yukawa couplings®
YoV =YY = 1YY, (4.3)

and it is further useful to define

YY) =1VuY" = Yo(wxY)=(Y*w)Y =tr(YY)w). (4.4)

The gauge S-function is assumed to have the form

By=f(g) By,  By=Q—2ny tr[yCr], flg)=g"+0(d"), (4.5)

3The normalisation here is different from [15].
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where, with R4 the gauge group generators,

Q=Tr—3Cq, Tréap=tr(RaRp), Cgéap= facpfecp, (Cr)i = (RaRa),

(4.6)
and ny is the dimension of the gauge group. For gauge invariance we must have
Y*«Ry=0, RixY =0. (4.7)
Under a change g — ¢'(g) = g + O(g?) then in Eq. (4.5)
! / 8g/ / /
f(g)—>f(g)=a—g (9), 9 =) =09, (4.8)

assuming ¢’ is independent of Y, Y. For an infinitesimal change §f = f 9,69 — dg 9, f and
0y = —0g0yy. The NSVZ form for the S-function is obtained if
7
= — 4.9
10) = 4o (4.9

The resulting expression for §, originally appeared (for the special case of no chiral super-
fields) in Ref. [29], and was subsequently generalised, using instanton calculus, in Ref. [32].
(See also Ref. [33].) We note here that this result (called the NSVZ form of 3,) is only valid
in a specific renormalisation scheme, which we correspondingly term the NSVZ scheme.
The exact expression generalises one and two-loop results obtained in Refs. [34-36]. These
results were computed using the dimensional reduction (DRED) scheme; though in any
case, the DRED and NSVZ schemes only part company at three loops [39].

The one and two-loop results for v are given by [37,38]

7(1) =P,
Y = — 8 =24 CrP +2¢" QCk, (4.10)

where P and S; are defined by

P = (YY)ZJ - 292(CR)ij )

Si? = Y Y™ P,k (4.11)
We use here the notation and conventions of Ref. [22].

In the supersymmetric theory Eq. (1.2) is assumed to now take the form

dyA=1dYoTyyoBy +dY o Ty, 5y,
dg"Zl = dg(ng Bg + TgY ° 5)’ + TgY ° ﬁf/) > (4'12)

(with a similar equation for dyfl). We have written the RHS in terms of Bg, effectively
absorbing the factor f(g) in Eq. (4.5) into Ty, and T,,. We omit potential Sy terms in
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the first of Eqs (4.12) since are not necessary to the order we shall consider. For N' =1
supersymmetric theories there is, at critical points with vanishing S-functions, an exact
expression for a [17] in terms of the anomalous dimension matrix « or alternatively the
R-charge R = %(1 + 7). Introducing terms linear in S-functions there is a corresponding
expression which is valid away from critical points and this can then be shown to satisfy
many of the properties associated with the a-theorem [18], [19]. For the theory considered
here, with neo chiral scalar multiplets, these results take the form

A= %(nc +9ny) — %tr(f) + %tr(73) + Ao By +nv)\ﬁ~g + By o Ho By, (4.13)
where Bg is given by Eq. (4.5) and we require
Aefy =Py oA (4.14)

For the remainder of this section we omit for simplicity the term involving H in Eq. (4.13);
but return to it in Sect. 5. In Refs. [18] and [19] A, X are Lagrange multipliers enforcing
constraints on the R-charges. At lowest order the result for A and also the metric G
obtained in Ref. [18] are equivalent, up to matters of definition and normalisation, with
those obtained here. The general form for A given by Eq. (4.13) was verified up to two-
loop order (for the anomalous dimension) in Ref. [20]. A may be constrained by imposing
Eq. (4.12). Then

dy A = tr[dYW ((YA) —2XCr—7v+ 72)}
+ (dyA) o By +ny dy A B, . (4.15)
We also have

dgfl = tr[d97 ((YA) —2MACr—7+ 72)}
£ (dgA) - By + v dyA . (4.16)

Hence if A, A\ are required to obey
(YA) —2ACr=v >+ OBy +00,, (4.17)

where making the indices explicit ©.dY — ©7%mdY}y,, and § — 67, Eq. (4.13) then
satisfies Eq. (4.12) if we take

LAY o Tyy odY = tr[dyy ©cdY] +dyA-dY,
dY o« Ty, = tr[dyy 0] + ny dy A,
dg Tye = tr[dgy 0] + ny dgA,
dgTyy odY = tr[dyy©-dY] +dyA-dY . (4.18)

Here T,y = 0. However from Eq. (4.14)

dyA By — By o dgA = tr[dgy((AY) — (YA))], (4.19)
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which may be used to write Eq. (4.18) in equivalent forms with non-zero Ty .

A related result to Eq. (4.17), with effectively ©, 8 = 0, is contained in Ref. [18] and also
discussed in Ref. [19]. For supersymmetric theories, satisfying Eq. (4.17) is consequently
essentially equivalent to requiring Eq. (4.12), although terms involving © are necessary at
higher orders. However, the work of Refs. [18,19] implies that at least in the pure gauge
case, there may be renormalisation schemes in which 6 may be set to zero. It is striking
that only minor modifications to the condition proposed in Ref. [15] are required for the
extension to the gauged case.

The condition (4.17) does not fully determine A, 6 since we have the freedom
A~ A+, O~0—2uChr, (4.20)

for arbitrary u. There is also a similar freedom in A, ©.

At lowest order ©,6 do not contribute so that (4.17) becomes
(YAW) =2 X0 Cp =1 (4.21)

and we may simply take from Eqs. (4.10), (4.11)

AD =Yy, A = g2 (4.22)
from which
LAY o TyyM o dY = dY .dY T,V =2n (4.23)
2 o YY o o ; 99 Vg . .
At the next order we require
(YA(Z)) —2X(CR = 4@ — /W2 L oW, 50 4 g (4.24)

since Bg(l) = @), with @ as defined in Eq. (4.6). We may parameterise A®) and O by
A=Ay s«P, 0W.dy =6 (YY), (4.25)

since (YY *P) =S+ (YY)P and (By\VY) = (P+xYY) =S, + P (YY) with S as in Eq.
(4.11). We then find Eq. (4.24) requires, since (YY)Cr = Cr(YY),

A-6=-1, (4.26)
and
—2XCE — M Q =24"QCk. (4.27)
Hence . .
A2 =Xg'Q, Y =04'Cp, (4.28)
with o
2X+0=—-2. (4.29)



o} ¢} 3 ¢}

G GY

Table 4: Contributions to A® odY

The freedom of choosing A, 6 while satisfying Eq. (4.29) is a reflection of Eq. (4.20).
From Eq. (4.18) )
T, 2 = 4\ nyvg*Q. (4.30)

As a consequence of (4.20) X is arbitrary. The computation in Ref. [20] (specialising the
DRED version of Eq. (2.11) to the supersymmetric case; and adjusting for the differing
definition of the “gg” metric) for T,,? fixes

\ = _g , (4.31)
in this scheme.
At third order we require now in order to satisfy Eq. (4.17)
(YA®) — 2Oy = 7B — A2~ 0) (D42 4 @), g1 4 929
+eW, 3@ 4 9(1)59(2)’ (4.32)

where we write

9
AP dy = ) " AGh
a=1

+ gz(AloQ + AHC’C;) (Y * P) ° d}_f -+ g4(A12Q + Alch) (Y * CR) o d}_/ y (433)
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Table 5: Contributions to ©® .dY

where P is defined in Eq. (4.11), and the other distinct terms contributing to A®) «dY are
shown diagrammatically in Table (4). Here a “blob” represents an insertion of the one-loop
anomalous dimension. The 3-point vertices alternate between Y and Y. As an example,
G represents a contribution

A® dY = @ YHP™(CR)"AYimn » (4.34)
and Eq. (4.4) then implies a contribution to (YA®) of the form
(YA®) = ¢ (Vi Y P (CR)™ + S (Cr)i + Soi* P (4.35)
Here P, S; are given in Eq. (4.11) and Ss is defined by
Soi? = Y Y™ (Cr)m” . (4.36)

Similarly we write

6
0P odY =) 0,65 + ¢*(07Q + 05 Cg) (dYY)

a=1
A = g\ tr[PCR] /ny + ¢° (5\2 tr[C2]/ny + A3 Q% + A QCq + Xs Cé)
0@ = g'0, Sy + "0 PCr + ¢° (03 QCr + 0, CcChr + 05 CE), (4.37)

where the GO are shown diagrammatically in Table (5). A term in S; is apparently pos-
sible in #® but is excluded since there is no contribution to 753) involving g*QS;. As a
consequence of (4.20) the resulting equations depend only on 2\3 + 03, 24 + 0.

We expand the three-loop anomalous dimension as

24
Y =376, (4.38)
a=1
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Table 6: Contributions to )

with

Gy = ¢*51Cr, G, = g'PC, GWQ = ¢'9Cr, Gy =g'CaSs,
Gly=¢'CaPCr, Gl5=g'QPCr, Gls=9'QS, Gi;=g"tr[PCgl/nv Cr,
Gls =9¢°Ch. Gly=¢"CaCh, G3=g¢°QCk, G3 = ¢"Q°Ch,
Gy = 0°QCcCr, G, =¢°C4CR, Gy, = ¢°tr[C3]/ny Ck, (4.39)
and with @), P, Si2 as defined in Eqgs. (4.6), (4.11), (4.36). The remainder of the distinct
tensor contributions are depicted in diagrammatic form in Table (6). The basis for 4 is

restricted by the absence of one particle reducible contributions such as P?, P?Cpg, S12P,
PSLQ.

Using Eqgs. (4. 10) (4.25) in Eq. (4.32) leads to a large number of consistency equations
which constrain 7). If g = 0 they reduce to

2N =1 + O3+ 204 = 20, 4 20,

2Ny = 27,4205 =1+20, — O,

N3 =3 +20, —O =1+420, + O,

3Ag =4, (4.40)

which requires
=272 =3 = —2. (4.41)
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These results were obtained in Ref. [15]. The other special case is for Y, Y = 0 when

YE = (yig — 2711) ¢°C + ((119 = 2714) Ci + (720 — 2715) Q) 9°C
+ (7121 @ + 722 QC + Y23 C& + (Y24 — 2717) tr[CR] /nv ) §°Chr . (4.42)

In this case applying Eq. (4.32) with A, © — 0 it is necessary to require the conditions

Y18 — 2711 = —16, M9 — 2714 =0, (4.43)
as well as
Yoo — 2715 = — 8 — 054+ 205, o1 = —2X g — O3, Yy = —2\s — 0y,
Y23 = — 25\5 s Yo4 — 2’}/17 = 4:\1 — 25\3 — 45 (444)

The relations in Eq. (4.41) were obtained in Refs. [18,19].
For the general case Eq. (4.32_) implies additional relations which further constrain ~,,.
From terms which start at O((Y'Y)?) and using Eq. (4.40)
N5 = 5 + O + 40, — 20 = 4 + 205 — 20,
Ne=7%+06=0, 2A;=177=06%g,
A +4Ag = 75 + 205 — 20,
Ao=07, A; =06g, (4.45)

which then entail, using Eq. (4.40) to eliminate Aj,

W+ —Y%=4+273, %+ =0. (4.46)

The remaining conditions arise from terms at O(Y'Y') which become, using Eq. (4.45) to
eliminate Ajs,

20 =9 =711 — 8,
Ag =0, 2Mg+4A7 =12,
Az =16 +20 + 0y,
Aig 4+ 2010 = 15 — 4+ 207 + 20 + 6,
A1z =m3, Ay +2A11 = 714 + 265,
—2X\; =717 — 26, (4.47)

which then give
2’}/7 + 2")/10 — Y12 = 0, Yo — VY11 = _87 Y13 = 714 - (448)

As a consequence of Eq. (4.20) the freedom 60 = —241 requires also 6\ = —2u. We may
combine Eq. (4.44) with Eq. (4.47) to give 724 = —2\,.
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Altogether Eqs. (4.41), (4.43), (4.46), (4.48) give eight conditions which are all satisfied
by the coefficients as calculated [21,22]:

n=-1 m=-5 WB=2 =ik B=-2k+4
Yo=—K, V=K, Ys=k-+4, Y= —0K, Yo=Kk,
Y1 =-9Kk+8, m2=4K, Yz =—K Yu=—K 5= "2,
e = —4, mr=-12, yig= —10K, Y9 = —2K, Y20 = =8,
Vo1 =2, a2 =4k +12) o3 =12k, Y94 = —4K, (4.49)

where k£ = 6((3). As mentioned earlier, the NSVZ form of the gauge S-function 3, is
valid only in a specific renormalisation scheme (which differs from DRED at three loops).
We are therefore obliged for consistency to use the result for the anomalous dimension
corresponding to this NSVZ scheme. The required transformation was presented in Ref. [39]
and its effect on 43 given in Ref. [40]. In fact it is only ;7 and v, which are affected.

Once the conditions on the v, in Egs. (4.41), (4.43), (4.46), (4.48) are satisfied, the
A., ©, etc maybe be assigned in accord with Eq. (4.47), with considerable arbitrariness;
there is little to be gained from stating the residual relations amongst them.

In the Wess-Zumino case considered in Ref. [15] the existence of an a-function satisfying
Eq. (1.2) implied that 71 — 25 — 73 was an invariant (in a sense described in Ref. [15]) but
did not impose a specific value; thus showing that Eq. (4.17) is sufficient but not necessary.
We might expect similar remarks to apply to the other conditions in Eq. (1.2). It is all
the more striking that these conditions are in fact satisfied by the anomalous dimension as
computed.

We may count the independent parameters in the anomalous dimension as we did in
Section 2 for the Yukawa [S-function. The essential Eqs. (4.13) and (4.17) are invariant
under redefinitions of g as in Eq. (4.8) and taking 0Y = Y % h where

0By =Y x v, 8By =0y * Y, (4.50)
and also assuming 559 is given in terms of §v in accord Eq. (4.5), for
0y = — (690, + (Y * h) <Oy )y + By - Oyh. (4.51)
Taking

h=a&S+3¢"S+7¢*PCr+0g'C3+ (CQ+EC) g Cr,
89 =g (1 Q* + 17 QCq + pCE + G tr[Cq] /nv) (4.52)
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Table 7: Non planar Feynman diagrams used to define v'©)

results in

071 =2d, dyp=a, &y=28+—-7, 6y =074,
0y =—B, os=7—2a, Oy=—0, oy =—0,
012 = —257 oz = _gu 014 = _év 015 = —57
016 = —57 O = —257 019 = —257 020 = —257
021 = 41, 0y =4U, dy23 =4p, 0724 = 40, (4.53)

which leave Eqs. (4.41), (4.43), (4.46), (4.48) invariant. Allowing for such variations the
number of independent parameters is therefore 24 — 10 = 14 but the eight constraints
in Eqs. (4.41), (4.43), (4.46), (4.48) reduce the number of free parameters in 7 to be
reduced to six.

In the ¢ = 0 case, the only coefficient in ¥ with a s-dependence, ~4, corresponds
to a non-planar graph. In the general case there is no such obvious association between
non-planar Feynman graphs and coefficients in v with k-dependence (evaluated using

DRED). However, an intriguing observation is that a redefinition given by choosing

=™

=K, Y=—Kk, 5:—2/£,
p=—3K 0=k, (4.54)

U= —RK,
(and the remaining coefficients in Eq. (4.52) set to zero) gives a redefined ~)
7V =70 emo + 1G] + KGYT + 26GET (4.55)
where

GNP = G + Gy + g (—20RSy + PC% + CaSy — CaPCR) + 2°(C3 — CaC2),
GYY = Gy — Gy + g (PCE + CPCR) + 2¢°(Ch + CaCh) (4.56)
are the contributions corresponding to the Feynman diagrams shown in Table (7). The

implication is that there is a scheme in which the x-dependent terms in 7(®) are generated
solely by non-planar diagrams.
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5 Reduction of non-supersymmetric results to super-
symmetric case

In this section we shall check that the a-function obtained using the methods of Section 2
for a general theory is compatible, upon specialisation to the supersymmetric case, with
the a-function presented in Section 4 (at least up to two loops). The reduction of the
non-supersymmetric theory presented in Section 2 to the supersymmetric case (with n, =
ny + ne, n, = 2ne) may be accomplished by writing

Qo — (gbi) ) (5@: (¢2)*7 wl_> <¢Z) ) 1= 1”0, <51)
¢ A4
and with y,0, = y'¢; + 70",
Yik 0 0
oo o 0
y 0 0 0 V29(Rp);" |’
0 0 V2g(RY)% 0
0 V29(RE); 0 0
_ \/ig(RA)zk 0 0 0
i = 0 0 Yijg 0f’ 52
0 0 0 0

where ) is the gaugino field. y; and ' may be obtained from %; and 3° by interchanging
the upper left and lower right 2 x 2 blocks of the 4 x 4 matrices. We also have

th— (}EA _?{£> ot (}EA R%xd) . (R Be = —ifasc, (5.3)
and consequently, from Eq. (2.6),
R? — 2Ty, RY —=Tr+Cq. (5.4)
The scalar potential is now given by
V = 1YY" ¢ dry — g*5(0RA0) (0RAD) - (5.5)

In making the reduction from the general theory to the supersymmetric case, we must
start from two-loop [S-functions corresponding to DRED, since the RG functions used in
Section 3 were evaluated using this scheme; as we mentioned earlier, the DRED and NSVZ
schemes coincide up to the two-loop order we are considering in this Section. We use the
results given in Ref. [42], which may be obtained from the DREG results by a coupling
redefinition as in Eq. (2.17) given by

, (5.6)

[

pa=—35, Ms=1, 1=
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Table 8: Contributions to A® in the supersymmetric case

with all other coefficients set to zero.* We list here the values of the coefficients in Eq. (2.16)
which change under this redefinition (as may be easily checked using Egs. (2.19), (2.16)):

DR _ o DR _ _ 1 DR _ _5 DR _ 1 DR _ 7

Co cy ; Cl3 = — s Cla = o G5 = 3
o =17, oyt =—15 (138Ce — 12RY — 9R?)
gt =1, &=L (59Cq +4RY + R?¥), (5.7)

The DRED S-function leads to the following alterations in the coefficients in Eq. (2.26);
the others are the same as in Eq. (2.31).

A]1D3R = —%, A]134R = —1_127 A]135R = 1_727 A]IDGR = —%, A%R = %7
A?gR = %: AZDOR = 4_58: AZDQR = zlp A]233R = %7 A2DsR = —%,
ARt = —L[138C; — 12RY — 9R?] — 11,
APP = L[59Cq + 4RY + R?] — t2 3, (5.8)

These changes are a consequence of making the transformations Eq. (5.6) and also

3

9 . A
5g = — tr[yaaCL] 5.9
g s rYa8aCRl (5.9)

upon A®) and A® respectively in Eq. (2.12). Presumably the transformation in Eq. (5.9)
represents a part of the two-loop transformation from DREG to DRED (namely the Yukawa
dependent contribution to the transformation of ¢g). To the best of our knowledge this has

4In general the DRED f-functions obtained using (5.6) do not correspond to a diagrammatic calcu-
lational scheme. There is an alternative implementation of DRED based on a calculational scheme, but
involving the use of additional “evanescent” couplings. It is this scheme we referred to specifically as
DRED in Ref. [42]. The two versions of DRED agree in the case of supersymmetry, which is our focus of
interest here; but see Refs. [44,45] for further discussion of the general case.
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not been computed in full, though results have been given for the pure gauge case in
Ref. [43].

_ Inserting Eqgs. (5.2), (5.3), (5.5) into the expressions for the various contributions to
A@W _ depicted in Table (8), we find

G4 — 2(GY — 9GS5 4 6G + 6GE — 12G5 — 3(Cq — 2TR)GS + 4G5 ..

G — 6(G5 4 2G5 — 4G5 — 6GE + (Cq — 2TR)GE + ..

G4 — —5G5 +16GE — 16GS + 4CG2 4+ 2G3 + ...

G4 = 209G —6GE +3CG2 + G5 +..), G2 —=2(GY —6G5 +12G2 +..)
Ga — 2(GS — 4GS + 4GS — 8TRGS +..),

G2 — 28, — 4GS — 12G5 + 24GE + 116G — 8TRGS + .. .,

G — 2GY — 24G5 +96GE + ...

GY = 2(G5 4+ 2G5 — 2G5 — 4G5 + 2TRGE + ... G4 = 2(—G5 +4GS +..)
G — 4(2G5 —8GE +..)), Gi — 4(GF +2GE +..)

Gy = 2(G5 —4GS +..), G = 2(G) —2G5 +2C:G5 +..)

Gis — 2(GY — 2GS — 2G5 +...) Gy — 2(GE +2G5 — CoGS +...), G —8GE +...

Gy — 1G5 —4GY —20:G5 + ..., Giy— 2G] — 4G5 —8Gg +4C6GE + ...,

Gio — 2G5 —16G5 ..., G35 — 3GS — 2G5 +1CeGT + ..., Giy — 2G5 + ...

Goy — 2G5 + ..., Gy — 4GS +..., Gt — 4G5 + ...

Gos — 2G5 + ..., Gy — 2GS + ...,

Giy — 3GV +3G5 + 12G5 + 24GY + 24G§ + 48G§ + ..., (5.10)

where again we do not display the purely gauge-coupling dependent terms.

It is then straightforward to show, using the DRED values of the coeflicients from
Egs. (2.31), (5.8) that A® reduces as

A® = 5[]+ (= g5) By < By + [5 + 8(t +12)] BVgtr[PCr]. (5.11)

This expression can readily be shown, with the aid of Eqgs. (4.10), (4.5), to be equivalent
at this order to Eq. (4.13). The explicit form at this order was already given in Ref. [20];
with our notation and conventions, this corresponds to Al =Y as in Eq. (4.22) and with

By o He By = apfy- By, (5.12)

and -
< A
A=+ )g'Q + n—lg4tr[PC’R] +..., (5.13)

1%
where we have picked out the terms which can contribute to Qtr[PCg]. We find using

Eqgs. (4.5), (4.31), (4.47), (4.49), (5.11) that we require
29
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These coefficients correspond to a three-loop calculation (see Eq. (2.23)) and, in view of
Eq. (4.47), depend on the value of ~;7, which has a different value for the NSVZ scheme
than for DRED. It is beyond the scope of this article to consider how Eq. (5.14) would be
modified within DRED or indeed within DREG. Since our whole approach is predicated on
the NSVZ scheme, it would probably be naive to assume that the DRED form of Eq. (5.14)
would be obtained simply by using the DRED result for v;7.

Eq. (5.11) extends the result of Eq. (7.30) in Ref. [15] (with a = 3a — 15) to the gauge
case—once again, modulo pure gauge terms which are not captured by the methods used in
Section 2. We see again the ambiguity in the form of A expressed in general by Eq. (2.27).

Of course this check is guaranteed to work but nevertheless given the indirect manner
in which we have obtained A and the possibility of subtleties regarding scheme dependence,
it is satisfying to “close the loop” in this fashion.

Finally, we remark that although the form for A presented in Eq. (5.11) is appealingly
simple (arguably even more so than Eq. (4.13)), the obvious extension to higher loops does
not appear to be viable.

6 Conclusions

In this article we have extended the results of Ref. [15] to the case of general gauge theories.
In the non-supersymmetric case we have constructed the terms in the four-loop a-function
containing Yukawa or scalar contributions, using the two-loop Yukawa [-function and one-
loop scalar S-function. Our main result here is Eq. (2.26) with Eq. (2.31). This enabled
a comparison with similar terms in the three-loop gauge [S-function. In general, as a
consequence of the properties of the coupling-constant metric, one can obtain information
on the (n+ 1)-loop gauge f-function from the n- (and lower-) loop Yukawa S-function and
the (n — 1) (and lower) loop scalar S-function. This is reminiscent of the way in which the
(n+ 1)-loop gauge [-function is determined by the lower order anomalous dimensions in a
supersymmetric theory, via the NSVZ formula.

In the supersymmetric case we have given a general sufficient condition for the exact
a-function of Refs. [17-19], given in Eq. (4.13), to be valid, and shown that it is satisfied
by the three-loop anomalous dimension. This condition is displayed in Eq. (4.17) and is
our main result for the supersymmetric case.

One feature of interest is that Eq. (4.17) imposes extra conditions on the anomalous
dimension beyond the mere requirements of integrability from Eq. (1.2); but which are
nevertheless satisfied by the explicit results as computed. Indeed we remark here (without
giving further details since it is beyond our remit in this article on the gauged case) that we
have observed similar features in the Wess-Zumino model at four loops, using the results

of Ref. [41].
These properties certainly hint that there might be some underlying reason why Eq. (4.17)
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must be satisfied; it would be interesting to explore this further. If this were indeed the
case, one could imagine exploiting Eq. (4.17) to expedite higher-order calculations of the
anomalous dimension such as the full gauged case at four loops; possibly combined with ad-
ditional information such as the necessary vanishing of v in the N = 2 case. Unfortunately,
a preliminary check indicates that these constraints are far from sufficient to determine
completely, even at three loops; and therefore a considerable quantity of perturbative cal-
culation would still be unavoidable.

Finally, in Ref. [15] we explored in some detail the freedoms to redefine the various
quantities we have considered, and it would be interesting to extend these discussions to
the current gauged case. In particular it would be useful to extend Eq. (4.17), which in
its current form is predicated upon the NSVZ renormalisation scheme, to a form valid for
any scheme.
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