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Abstract: A new system that harvests vibration energy through triboelectric and electrostatic effects from the vibro-impact of three parallel cantilevered beams is theoretically studied and experimentally validated. Two modelling methods of the mechanical vibration, which differ in the consideration of the eccentricity of the tip mass, are presented and compared with the experimental results for validation. An experimentally identified and numerically fitted relationship between the just-before-impact velocity and the coefficient of restitution is used to model the impact. The electrical model of the triboelectric energy harvester is then established. The ordinary differential equation (ODE) modelling the electrical output of the triboelectric energy harvester is found to be stiff. Two schemes, which are based on the TR (the trapezoidal rule) and TR-BDF2 (the composite of the trapezoidal rule and the second order backward differentiation formula) methods, are proposed to solve the non-smooth mechanical system and the stiff electrical system.
The experimental investigations of the effects of electrostatic force and air damping between cantilever tips suggest that their effects are negligible. This enables the mechanical and electrical systems to be modelled as uncoupled. Good agreement between numerical and experimental results is found, especially for vibration responses. The modelling method, not involving the eccentricity of the tip mass, offers better agreement with experiments. A new numerical scheme combining the TR and TR-BDF2 methods is found to be superior because it is the only method that can solve the electrical system and produce stable results around the impacts. Larger amplitude vibration associated with smaller tip mass ratios does not guarantee higher electricity generation while larger mass ratios perform better at higher frequencies and have a wider effective bandwidth over which their electricity generation performance is superior. Both the responses of vibration and electrical output increases linearly with the excitation level while the relationship between the tribo-charge surface density and the excitation amplitude is found to be quadratic.
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1. Introduction
[bookmark: OLE_LINK1][bookmark: OLE_LINK2]Vibration-based energy harvesters offer the promise of converting ambient mechanical energy to useful electric power, and for nearly two decades, vibration-based energy harvesters of various types, such as piezoelectric [1-4], electromagnetic [5-7], electrostatic and/or triboelectric [8-12]) have been studied extensively. Triboelectric nanogenerators (TENGs), which have been studied by Wang and his colleagues [12], stand out among the diverse energy harvesters due to their cost-effectiveness, high conversion efficiency, use of a wide variety of materials, simple fabrication, and wide applications [13]. The main materials used for tribo-electrification [12] are usually polymers (such as PTFE), which gain electrons and have negative tribo-polarity, and metals (such as aluminium), which lose electrons and have positive tribo-polarity. In contrast, the materials used for piezo-electrification and magneto-electrification are quite expensive, such as piezoelectric crystals and ceramics and neodymium magnets.
TENGs usually operate using the induction of triboelectric and electrostatic effects caused by relative motions, such as in-plane sliding or vertical contact-separation between materials that have opposite tribopolarities [12, 14]. Four working modes of the TENGs have been identified; namely, the vertical contact-separation mode [15], the in-plane sliding mode [16], the single-electrode mode [17], and the contact freestanding mode [18]. The equation for the electrical output of a TENG based on any one of the four modes can be derived using electrodynamics, and the equation usually contains three main parameters: the voltage , the transferred charge , and the separation distance  between the two electrodes, which together is called the -- relationship [12].
Relatively speaking, a large number of studies concerning TENGs are experimental and/or involve issues related to fabrication. These studies are aimed towards advancing promising self-powered sensors, such as mercury ion detectors [15], displacement vector sensing systems [17], acetylene gas sensors [19], and wireless temperature sensors [20]. A significant advantage of TENGs is that the surface topography of triboelectric layers, which determines the effective contact area and thus the performance of triboelectric mechanism, is highly customizable [21]. Various surface patterns have been fabricated, such as pyramid and cubic patterns [22], nanowire array [16], and nanopores [23]. It has been shown that patterned triboelectric layers are more efficient than unpatterned ones [13]. Moreover, it has been revealed that the deformation of the interfacial nanostructures directly affects the pressure-voltage relationship of the TENG, and the surface topography can be customized to provide a desired pressure sensitivity and sensing range [13, 24]. 
A literature survey reveals that structural vibration has rarely been studied in the context of triboelectric and electrostatic energy harvesters. A few such studies are briefly reviewed here. Peano et al. designed and optimized a micro-electromechanical system (MEMS) electret-based capacitive energy scavenger, and the analysis showed the importance of properly accounting for the nonlinearity in the optimization process [8]. Mahmoud et al. modelled and analysed an electrostatic micro-power generator (MPG) with particular emphasis on the electromechanical coupling and its effect on system dynamics, and two qualitatively different regimes were identified in the MPG response [9]. In a study of an out-of-plane electrostatic MPG [10], Mahmoud et al. also derived and experimentally validated a free-flight and an impact mode model of electrostatic MPGs. Ibrahim et al. [11] investigated an impact vibration harvester with triboelectric transduction both experimentally and theoretically, a piece-wise stiffness was introduced to the system to enlarge frequency bandwidth, and the relationship between the surface charge density and the vibration amplitude was revealed by experiments. The above-mentioned harvesters are all based on the vertical contact-separation mode and the corresponding dynamical models are represented by a one-degree-of-freedom mass-spring system. Fu et al. [25] studied a contact freestanding mode triboelectric energy harvester which was based on a three-degree-of-freedom vibro-impact oscillator; the effects of the distribution, ratio, and initial spacing of/between the masses both on the nonlinear dynamical response and the electrical output were investigated; chatter and sticking motion was found to be able to boost the output performance. However, an experimental validation of the contact freestanding mode triboelectric energy harvester has not been performed.
The present work addresses the following research gaps related to triboelectric energy harvesters (TEHs).
(1) This paper establishes an advanced model of the structural and electrical aspects of the contact freestanding mode. The model includes a velocity-dependent coefficient of restitution, which is required because the impact model can greatly affect the system dynamics (and thus the electrical output), especially when it comes to nonlinear dynamical behaviour. 
(2) This work considers whether it is necessary to model the effects of the electrostatic force in the freestanding TEH. Ibrahim et al. [11] considered the electrostatic force in their modelling work of a vertical contact-separation mode harvester without investigating its effect or demonstrating its necessity. 
(3) This present work is the first to investigate the potential for a frequency-shifting phenomenon (which appears in piezoelectric energy harvesters due to the resistive shunt damping effect [26]) in TEHs. 
(4) The TR-BDF2 (the composite of the trapezoidal rule and the second-order backward differentiation formula) numerical integration algorithm is applied to TEHs for the first time and it is shown that it successfully solves both the non-smooth dynamical system and the stiff ODE modelling the electrical output.
The proposed triboelectric energy harvester in this paper has a number of practical applications, such as powering wireless sensors installed on bridges, gas/oil pipelines, and wind turbines for structural health monitoring. It can scavenge structural vibrational energy to power sensors to avoid using conventional batteries which have a limited life expectancy, are often not environmentally friendly, and have to be monitored for replacement. Since it would be expensive and even infeasible to power the sensors on bridges, pipelines, and other remote and/or hazardous structures by conventional batteries, the proposed harvester thus has a big advantage.
The outline of the rest of this paper is as follows: Sect. 2 presents the mechanical modelling of the vibro-impact system. Two different modelling methods are presented first and then the modelling of the impact between the beam tips is shown. The electrical modelling of a contact freestanding metal-layer triboelectric energy harvester based on the vibro-impact system is then presented in Sect. 3. In Sect. 4, the methods to solve the non-smooth dynamical system and the stiff ODE modelling electrical output are described, and two candidate numerical solution schemes are proposed. Sect. 5 shows the measurement of the coefficient of restitution, and the relationship between the just-before-impact velocity and the coefficient of restitution is revealed experimentally. Sect. 6 experimentally investigates the effect of the electrostatic force and the air damping between cantilever tips to determine whether they are important to the theoretical model. Sect. 7 provides the experimental study of the potential for a frequency shifting phenomenon in the TEH. The numerical analysis and experimental validation of the system responses are given in Sect. 8. Sect. 9 presents the conclusions of this study. 
[bookmark: _Toc515528082]2. Mechanical modelling of the three cantilever beam vibro-impact system
[bookmark: _Toc515528083]2.1 Vibration of a cantilever beam with a tip mass at its free end
A clamped-free Euler-Bernoulli beam with a tip mass, , at its free end is shown on the left hand side of Fig. 1. The transverse displacement of the beam at any point  and time  can be represented by . In the absence of base excitation, the equation of motion of the undamped free vibration of the Euler-Bernoulli beam may be written as [27]
	
	(1)


where  is the Young’s modulus and  the moment of inertia of the beam’s cross section;  is the beam’s mass density and  the area of cross section.
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Fig. 1 A clamped-free Euler-Bernoulli beam with a tip mass (left) and the three-cantilever-beam 
vibro-impact system (right)
When the structure is subject to base excitation, the absolute transverse motion of the cantilever beam at any point  and time  can be written as the following form according to Timoshenko et al. [28].
	
	(2)


where  is the beam’s transverse displacement relative to its clamped end, and   is the base excitation and is given by
	
	(3)


where   and  are the displacement influence functions for the transverse and rotational base motions, i.e.,  and , respectively, and for the cantilevered beam case,  and  [28, 29]. Substituting Eqs. (2) and (3) into Eq. (1) and considering the inertial force and moment applied to the cantilever tip by the tip mass  and tip moment of inertia  yield [30]
	

	(4)


where  is the Dirac delta function. Eq. (4) represents the forced vibration equation for the relative vibratory motion of the structure, which has the following boundary conditions.
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The solution of Eq. (4), i.e., the relative transverse displacement , may be written in the form
	
	(9)


where  are the temporal modal coordinates,  are the associated spatial functions or the mode-shape functions with the following form
	
	(10)


where coefficients  and eigenvalues  can be determined from the associated eigensystem, modal amplitude constants  can be obtained from the orthonormality conditions. (The corresponding formulas are not given here since they are similar to Eqs. (13), (14), and (16) in Ref. [30].)
The undamped natural frequency of the -th mode is given by
	
	(11)


Considering the first mode only, applying Galerkin projection, including dissipation, involving the transverse and harmonic base excitation only, and applying the orthonormality conditions, Eq. (4) is transformed into the second order ODE of a single-degree-of-freedom system as
	
	(12)


where  is the damping ratio which is determined by experiments and the over-dot denotes a derivative with respect to time ,  is the second derivative of the transverse base excitation, and 
	
	(13)


The above formulation is based on the assumption that the centre of tip mass coincides with its attachment point, i.e., a lumped mass is attached at the free end of a cantilever beam of length . Another method is modelling the attachment of the tip mass with an eccentricity , as shown in Fig. 1, which is theoretically closer to reality when the tip mass is relatively big. In this study, the length ratio of tip mass to cantilever beam () is  and the thickness ratio of tip mass to cantilever beam  is even bigger because the thickness of the beam (spring steel)  equals 0.3 mm and the thickness of tip mass (aluminium and/or copper) is not less than 2 mm. Therefore, the second method is also worth exploring.
Under the consideration of eccentricity and using Eqs. (1) to (3) and only involving the transverse base motion, one can get the equation of motion as follows
	
	(14)


which has the same boundary conditions at the clamped end described by Eqs. (5) and (6) as well as the following boundary conditions at the free end
	
	(15)

	
	(16)


By applying the method of separation of variables, one can express the solutions of Eq. (14) in the same forms as Eqs. (9) and (10) with L being replaced by L’. The eigenvalue  is similar to Eq. (18) in Ref. [31] and thus will not be given here.  is determined by
	
	(17)


where  and  are defined as




The modal amplitude constants  can be evaluated from the orthonormality condition as follows
	

	(18)


where  represents an arbitrary mode-shape function,  is the Kronecker delta (equals 1 for  and 0 for ). After the application of the same process as the first method, one can get the same equation as Eqs. (12) and (13) except that  has been changed into
	
	(19)


The results of the two methods will be compared in the following study and the superior one will be employed.
[bookmark: _Toc515528084]2.2 Modelling of the impact between tip masses
For the three cantilever beam vibro-impact system, any two adjacent tip masses can impact. The separation distances between  and  and between  and  are represented by  and , respectively, and are given, in the first method, as
	

	(20)
(21)


It is noted that  and  are, respectively, the temporal coordinates and spatial functions of the first modes of cantilever beams 1 to 3;  and  are the initial separation distances between  and  and between  and , respectively.
In the second method, considering the rigid body displacement owing to the slope at the free end and using the small-angle approximation, i.e., , the separation distances can be expressed as
	

	(22)

(23)


When the system is away from any impact, i.e.,  and , its equations of motion are of the form
	
	(24)


where  and  are the damping ratio and first undamped natural frequencies of each single beam-mass system. If  and/or , there may exist impact(s). Furthermore, if the contact between any two masses occurs at non-zero relative velocity, i.e.,  and/or , one can get the just-after-impact velocities by using the conservation of momentum and Newton’s law of restitution
	
	(25)

	
	(26)


where  is the coefficient of restitution;  and  ( or ) are the velocities of two impacting masses, and the subscript ‘-’ represents the state just before impact while ‘+’ represents the state just after impact. Note that the second method will have the same expressions for velocities by replacing  with  and assuming that the mass centre of the tip mass has the same linear velocity as its attachment point. If impact takes place between  and , then , . If it occurs between  and , then , . If  and  are stuck together and go into impact with , then ,. Finally, if  impacts with   and  joined together, then , , where  represent the equivalent mass of each single beam-mass system and have the form of  (all three cantilever beams are of the same material and dimensions).
Sticking motion can happen between any two adjacent tip masses, during which contact force is necessary to maintain the dynamic equilibrium and prevent interpenetration. Let  be the contact force, which can be derived from the equilibrium of forces (the specific expressions will not be given here, please refer to the method used in Ref. [25] if necessary), then the sticking conditions between any two adjacent masses are ,  and .
[bookmark: _Toc515528085]3. Electrical modelling of the triboelectric energy harvester based on the above system
The electrical model of the present TEH is established to simulate and assess its output. The model is based on a freestanding mode triboelectric generator [12, 32]. The middle tip mass, , can be regarded as a freestanding metal layer, which works only as a charge inductor, and the left and the right tip masses,  and , work as the two electrodes. Two PTFE films (assumed massless) attached to the two side tip masses, respectively, act as the dielectrics. It is noted that all tip masses could be made of aluminium and copper blocks, but the contact is always between the aluminium block (which also works as electrodes) and the PTFE film.
The contact-separation mode triboelectric harvester works through a combination of contact electrification and electrostatic induction [12]. The charge transfer process of the presented triboelectric energy harvester is depicted in Fig. 2. Initially, when the three oscillators are at rest, no charge is induced and thus no electric potential difference exists between the two electrodes. As the freestanding metal layer (i.e., the middle tip mass ) moves leftwards, it may contact with the left dielectric which is attached to the left electrode (the electrode and the dielectric work together as tip mass , and the right side is similar). In the meantime, charge transfer takes place at the contact area as a result of the triboelectric effect [12]. According to the triboelectric series [12], aluminium tends to lose electrons while PTFE gains electrons. Hence, the charge transfer process results in net positive charges on the aluminium layer and equivalent net negative charges on the left dielectric (Fig. 2 (a)). When the middle metal layer separates from the left dielectric and moves rightwards, an electric potential difference is simultaneously formed between the two electrodes. The electrons in the right electrode are then driven to flow to the left electrode, which results in an instantaneous current that flows in the opposite direction of the electron flow (Fig. 2 (b)). When the middle metal layer contacts with the right dielectric, all previously induced charges are neutralized and rebalanced between the two contact surfaces (Fig. 2 (c)). Afterwards, they separate and form the new electric potential difference, and the electrons are driven to flow from the left electrode to the right electrode this time, which then results in a reversed current flow (Fig. 2 (d)). Finally, the middle metal layer comes into contact with the left dielectric again and the cycle begins anew.
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Fig. 2 The charge transfer process [12] of the contact freestanding metal-layer triboelectric energy harvester 
based on the three-cantilever-beam vibro-impact system
The equivalent capacitance and the open-circuit voltage of the presented triboelectric harvester are given as [32]
	
	(27)

	
	(28)


where  is the vacuum permittivity,  is the area of contact,  is the separation distance between the left and the right electrodes and is assumed as ,  is the effective dielectric thickness and , where  and  are the thickness of the left and the right dielectrics, respectively, and  are the relative permittivity of the corresponding materials, and  is the tribo-charge surface density.
The electricity generation equation of the harvester can be of the form [12, 32]
	
	(29)


where  is the amount of charge transferred between electrodes,  is the voltage across the resistor  (as shown in Fig. 2) and can be calculated by Ohm’s law as . By substituting Eqs. (27) and (28) into Eq. (29), one can get the differential equation
	
	(30)


With the assumption that there is no charge transfer at the beginning, i.e., , one can solve the differential equation and calculate the transferred charge and voltage across the load from
	
	(31)

	
	(32)


[bookmark: _Toc515528086]For the non-smooth system under this study, it is very difficult or impossible to obtain analytical solutions, and thus Eq. (30) is numerically solved together with the non-smooth dynamical system. Furthermore, to avoid the error that might be caused from differentiating the unevenly spaced data (which is common for the solution of a non-smooth system), Eq. (29) is used to obtain the voltage output.
4. Methods to solve the non-smooth dynamical system and its response dependent stiff ODE of electrical output
The non-smooth mechanical system presented above can be solved by several explicit methods, such as the fourth-order Runge-Kutta method (RK4). However, the ordinary differential equation of electrical output, i.e., Eq. (30), is likely to be stiff because the order of magnitude of  is of -12 and load  can vary in a wide range. Implicit methods, such as the Backward Euler, Trapezoidal (TR), second-order Backward Differentiation Formula (BDF2) and the combination of the last two, i.e., the TR-BDF2 method, are often used to solve stiff ODEs. It is intended to use an implicit method to solve the non-smooth dynamical system as well as the response dependent stiff ODE of the electrical output.
[bookmark: _Toc515528087]4.1 The TR-BDF2 method
The TR-BDF2 method [33] is a single step method of second-order accuracy that it is popular in circuit and semiconductor simulations. It has been shown to be optimal in a class of practical one-step methods [34], and some variants [34, 35] based on it have been developed. However, the authors are not aware of any applications of the TR or TR-BDF2 method in solving a non-smooth dynamical system. Therefore, this study includes a brief description of its application to a non-smooth system.
The TR-BDF2 method consists of two sub steps, namely a trapezoidal step from  to  and a second-order backward difference step from  to , where ,  and , and  is the whole time step. Therefore, in any one step of the integration of , one can firstly advance the solution from  to  as
	
	(33)


Then, in the second sub step, one can advance the solution from  to  as 
	
	(34)


A special choice of  is  which can offer the least truncation error [33], the same Jacobian matrix for both sub-steps (when the Newton-Raphson method is applied to solve the implicit difference equations), and the largest linearized stability region [36]. 
The derivation of the corresponding difference equations is shown in Appendix A.
[bookmark: _Toc515528088]4.2 Two different schemes
[bookmark: _Toc515528089]4.2.1 Scheme 1: TR method
By applying the TR rule only (to the steps with or without impact events), the algorithm can be quite straightforward because the TR method is a one-step method. It should be noted that the state vector just after the impact, i.e.,  (see Appendix A), should be used to further advance the system, where the subscript ‘+’ of  represents the state just after an impact, and the subscript ‘-’ will be used to indicate the state just before an impact.
[bookmark: _Toc515528090]4.2.2 Scheme 2: Composite of TR and TR-BDF2 methods
For a step without impact, scheme 2 uses the TR-BDF2 method to split the step into two sub-steps and applies the TR rule to the first sub-step and the BDF2 rule to the second. For a step with an impact or multiple impacts, the scheme employs only the TR rule for the whole step, which is the same as Scheme 1. For a case of one impact event, scheme 2 is depicted in Fig. 3, where  and BDF2 rule (solid arrows) needs the state vectors of two sub steps since it is a two-step method. A conclusion might be that the BDF2 rule cannot be used just after an impact event, because the state vector is non-smooth in displacements and is discontinuous in velocities, and the TR rule seems to have to be used just after an impact event, which may be interesting for further mathematical study.
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Fig. 3 Depiction of scheme 2
[bookmark: _Toc515528091]5. The measurement of the impact-velocity-dependent coefficient of restitution
In most research of a vibro-impact system, Newton’s law of restitution is adopted to model the relationship between the just-before- and just-after- impact velocities as [37, 38]
	
	(35)


where  and  are the relative approaching and separating velocities between two objects just before impact and just after impact, respectively;  is the coefficient of restitution, which is often assumed as a constant in numerical simulations, and it is rare to find work involving the measurement of coefficient of restitution in the study of vibro-impact systems. However, the relationship between the just-before- and just-after- impact velocities is often much more complicated than a linear model could possibly represent [39, 40]. The differences or errors due to a misrepresentation might be magnified when it comes to nonlinear systems. To get a more accurate relationship, an experiment is performed.  
[bookmark: _Toc515528092]5.1 The experimental setup of the measurement of coefficient of restitution
The experimental setup is shown in Fig. 4, in which two square aluminium blocks ( at the top and  at the bottom) are glued onto both sides of the tip of each cantilever (made from spring steel), and a PTFE film is attached onto the outside (relative to the aluminium-cantilever interface) of each aluminium block. The other end of the beam is clamped in the fixture. Another aluminium block () is stuck onto the fixture right under the tip block. Therefore, the contact or impact will occur between the tip block’s PTFE film and the fixed aluminium block, which is consistent with the contact situation in the presented triboelectric energy harvester. A Laser Doppler Vibrometer (LDV, Polytec PSV-500) was used to measure the velocity response of the central point of the upper tip block, and the sampling rate used in experiments was . The cantilever tip was lifted and released repeatedly by hand to generate different impact velocities. It should be noted that there was initially a very small gap between the tip block and the fixed block, so the results are assumed to be applicable to cases where the gaps between the blocks are small. 
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(b) The configuration of the experimental setup
Fig. 4 The experimental setup of the measurement of coefficient of restitution
[bookmark: _Toc515528093]5.2 Velocity responses of the tip
The cantilever tip was lifted and released at various initial deflections to produce different impact velocities, and a sufficient number of tests were carried out to get a more accurate value of the coefficient of restitution. An example of the time history of the tip’s velocity, i.e., , is shown in Fig. 5. Note that there is some noise appearing away from the impact pulses and is thus is not a concern. 
[image: ]
Fig. 5 An example of the time history of the cantilever tip’s velocity
Three local views of low-, medium-, and high-velocity impacts are shown in Fig. 6 to reveal the impact characteristics and also to illustrate the picking of the points of just-before- and just-after-impacts. It can be seen that the impact duration, i.e., , decreases with the increase of impact velocity.
[image: ]
(a) Low-velocity impact
[image: ]
(b) Medium-velocity impact
[image: ]
(c) High-velocity impact
Fig. 6 Velocity responses of the tip in (a) low-, (b) medium-, and (c) high-velocity impacts
[bookmark: _Toc515528094]5.3 Experimental data and curve fitting
The obtained just-before- and just-after-impact velocities and the derived coefficient of restitution are shown in black dots in Fig. 7 in both 3D and 2D figures. It is obvious that there exists a relationship among ,  and . The piecewise quadratic fitting [41] is applied (see Appendix B for details), and the relationship between  and  is of our main concern. 
The fitted curve of the relationship between the just-before-impact velocity  and the coefficient of restitution  is shown as the blue curves in Fig. 7. The surface in Fig. 7 (a) is  , and both the data points  and the fitted curve are on the surface. Fig. 7 (a) also shows the true spread of data points and the fitting result. The data are well fit, and the - relationship is quite clear. It can be seen that the coefficient of restitution follows a roughly sigmoidal curve with increasing values of . The fitted relationship between the just-before-impact velocity and the coefficient of restitution will be used in numerical simulations to identify the velocity just after an impact. It is noted that, for impact velocities above or below the tested range, the maximal or the minimal value of the coefficient of restitution of the fitting result in Fig. 7 (b) will be adopted in numerical simulations.

[image: ][image: ]
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Fig. 7 Experimental data and curve fitting in (a) 3D space of -- and (b) 2D plane of -
[bookmark: _Toc515528095]6. Experimental investigation of electrostatic force and air damping between tips
Since the two side dielectrics and the middle freestanding layer are oppositely charged, there exist the electrostatic forces between  and  and between  and . These forces may be given by the following expressions
	
	(36)

	
	(37)


where  is the relative permittivity of PTFE,  the area of contact,  and   are the voltage differences between  and  and between  and , respectively. The electrostatic forces might affect the stiffness and damping of the system. Additionally, there exists viscous air damping between any two contacting or separating tips. 
To find out whether the electrostatic force and the air damping can influence the dynamic behaviour, a simple contact-mode triboelectric energy harvester is set up as shown in Fig. 8. A cantilever beam (identical to the one used in the measurement of coefficient of restitution) with a tip mass (, aluminium) attached with PTFE dielectric film is placed under base excitation. A much thicker metal beam (assumed to be rigid compared with the spring steel beam) works as a fixed frame, and the two sides of its tip are attached with an aluminium block () and an acrylic block (). No impact between the two tips occurred in the test. This is necessary to ensure that the impacts do not obscure the measurements of the electrostatic force effects. The tip displacement of the flexible cantilever beam was measured by a laser displacement sensor (LK-G402, sensitivity of ). An accelerometer (PCB 354C03, sensitivity of ) was used to monitor the vibration of the shaker table (APS 113). The shaker was supplied a harmonic base motion of amplitude  and frequency .
Three cases were studied experimentally. To assess the effects of air damping between the tips, case 1 (a single flexible cantilever) is compared with case 2 (single flexible cantilever vibrating near an electrically inert fixed beam, i.e., the flexible tip faces the acrylic fixed block). Case 3 involves a single flexible cantilever vibrating near an electrically active fixed beam, i.e., the flexible tip faces the aluminium fixed block). To evaluate the effects of electrostatic force, case 2 is compared with case 3. Note that only case 3 can generate electricity and thus electrostatic force between tips. The initial separation gaps in cases 2 and 3 were carefully set to be close or equal.
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(a) Overall setup
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(b) Zoomed-in view of tips
Fig. 8 The simple contact-mode triboelectric energy harvester model for exploring the effects 
of electrostatic force and air damping between cantilever tips
The time histories of the displacement of the flexible tip under different excitation frequencies are shown in Fig. 9, in which the results of cases 1 to 3 are shown in blue dash-dot, black dot, and red lines, respectively. By comparing cases 2 and 3 with case 1 in terms of the amplitude of vibration, it can be concluded that the effect of viscous air damping between tips appears only when the flexible tip gets close to the fixed tip, and the amplitude reduction is not obvious. While the comparison between cases 2 and 3 suggests that the effect of electrical damping caused by the electrostatic force between tips seems to be negligible as well. 
[image: ]
Fig. 9 Time histories of the displacement of the flexible tip under different excitation frequencies and setups: 
case 1 (in blue dash-dot),  case 2 (in black dot), and case 3 (in red); other parameters are excitation amplitude 
, initial separation distances between tips in cases 2 and 3, i.e., , 
and the load resistance 
The power spectral densities (PSD) of the three cases under the excitation frequency of 16 Hz are shown in Fig. 10, from which it can be seen that the dominant frequency components are the same for these three cases. Therefore, the electrostatic force and air damping between cantilever tips are not necessary to be considered in the modelling work. Without the electrostatic force, the mechanical system and electrical system are uncoupled, but the latter is still dependent on the solutions of the former. Note that the dominant frequency components appear a little bit away from 16 Hz and its multiples, which is assumed being caused by less perfect control of the excitation output of the shaker table.
 [image: ] 
Fig. 10 PSD response of beam tip for the three cases with an excitation frequency of 16 Hz
[bookmark: _Toc515528096]7. Experimental exploration of load resistance effect on the potential shifting 
In piezoelectric energy harvesting, the resistive shunt damping effect can result in both an upward frequency shift and vibration attenuation [26]. Here, the existence of the load resistance effect in the experimental TEH is studied. 
[bookmark: _GoBack]The effect is studied using the experimental setup shown in Fig. 11. Three identical cantilever beams are vertically clamped onto the shaker table (APS 113). Aluminium and copper blocks are attached at the tips of the three cantilever beams (). In addition, PTFE films () are glued onto the two outside tip masses. Impact or contact occurs between the middle aluminium block and the PTFE films on the side blocks. The two side cantilever beams also function as electrodes. The BK Precision 4052 function generator and the APS 125 power amplifier were used to power the shaker table to apply excitation. One accelerometer (PCB 354C03, sensitivity of ) was fixed onto the shaker table to monitor the excitation applied. Two laser displacement sensors, KEYENCE LK-G500 on the left and LK-G402 on the right (both sensitivities are ), were used to measure the displacements of the left and middle tip masses ( and ), respectively. The analogue outputs of the sensors and the electrical output of the harvester were processed by the NI-9234 data acquisition module (DAQ) and LabVIEW 2013. It is noted that the NI-9234 module is meant for vibration tests and has a relatively low input impedance (305  in differential mode), and thus it cannot be directly used in electric tests when the unit under test is of higher output impedance. However, triboelectric energy harvesters often have high output impedances. One way to get around this problem is shown in Fig. 12, in which a voltage follower or a buffer is used to isolate the high output impedance of the harvester and keep the voltage across the load resistance  the same as that across  or the output voltage .
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(a) Overall experimental setup
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(b) Front and side views of the harvester
Fig. 11 Experimental setup of the vibro-impact TEH using three cantilevered beams







Source/harvester
Voltmeter/DAQ

Fig. 12 The voltage follower in the circuit between the harvester and the DAQ
By varying the load resistance , the corresponding frequency responses of  and  and the voltage outputs, i.e., the mean peak-to-peak voltage  and the root mean square voltage  , are obtained and shown in Fig. 13 (a possible shift trend of the frequency response in a piezoelectric energy harvesting is denoted by the black dotted arrows in Fig. 13 (a) for reference). It can be seen that the load resistance variation does not result in either a frequency shift or vibration attenuation in the current TEH. This is assumed to be a result of the weak electrostatic effect between the beam tips. In piezoelectric energy harvesters, on the other hand, the piezoelectric effect under the change of the voltage across the piezo patch can result in the stiffness change of the piezo patch, which then induces the stiffness variation of the structure. The electrostatic effect, which is theoretically capable of doing the similar thing as well, seems to be too weak to cause any obvious change of the stiffness or damping of the current system. Since the load resistance will be different in various applications, the fact that the resonance peak does not shift with resistance may be advantageous. Note the voltage output increases with the increase of load resistance, which is a common phenomenon. For a clear depiction of frequency shifting in piezoelectric energy harvesters, interested readers are referred to Figs. 3.16 and 3.18 (b) in Ref. [26]. 
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	(a)
	(b)
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	(c)
	(d)


Fig. 13 Frequency responses of (a) , (b) , (c) the mean peak-to-peak voltage output , and 
(d) the root mean square voltage output ; Other parameters are , , , 
 and  (The subfigures in (a) and (b) are the local views of the peaks)
[bookmark: _Toc515528097]8. Numerical and experimental comparisons and validations of the system responses 
[bookmark: _Toc515528098]8.1 Comparisons and validations of the two modelling methods of the mechanical vibration
Two different methods are used to model the vibration of the system in Section 1, and the difference is that the eccentricity of the tip mass is considered in model 2. The frequency responses of  and  computed (using the RK4 method) from the two modelling methods are shown in Fig. 14 and compared with the experimental results. The experimental setup is the same as shown in Fig. 11, and the parameters used are given in Table. 1 if not otherwise specified. The two modelling methods produce very similar results, both of which are in a good correlation with the experimental results considering the complexity of the vibro-impact system being studied. Model 1 seems to perform slightly better at/around the resonance peak. Therefore, model 1 will be adopted in the following study.
Table.1 Parameters used in simulation and experiment
	Parameter
	Value

	Length of the cantilever in model 1, 
	

	Length of the cantilever in model 2, 
	

	Thickness of the cantilever, 
	

	Width of the cantilever, 
	

	Eccentricity of the tip mass in model 2, 
	

	Density of the cantilever, 
	

	Young’s modulus of the cantilever, 
	193 

	Damping ratio of the cantilever, 
	0.0026

	Area of contact, 
	

	Thickness of the dielectric, , 
	

	Relative permittivity of the dielectric, , 
	2.0
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	(a)
	(b)


Fig. 14 Frequency responses of (a)  and (b)  from the numerical simulation and the experiment;
, , , , ,
 , and 
[bookmark: _Toc515528099]8.2 Comparisons and validations of different numerical methods
The ODEs of the non-smooth dynamical system are not stiff and thus can be solved using any explicit methods, such as RK4 which is of higher order accuracy than the TR and TR-BDF2 methods. However, RK4 cannot solve the stiff ODE of electrical output, i.e., Eq. (31), correctly (the solution may be divergent) or efficiently (a very small time step is required). The two schemes proposed in Section 4.2 are compared with one another, with the RK4 and with the experimental results to determine the best algorithm for solving the whole system (the non-smooth structural system and the electrical system).
The frequency responses of  and  computed from the RK4 method, scheme 1, and scheme 2 are shown in Fig. 15 in comparison with the experimental results. It is clear that the solutions are very close to each other. Both of the schemes solve the non-smooth dynamical system as well as the RK4 method does, and they are all in a good agreement with the experimental results.
 [image: ]  [image: ]
	(a)
	(b)


Fig. 15 Comparisons of the frequency responses of (a)  and (b)  computed from the RK4 method, scheme 1, and scheme 2, respectively; , , , 
, , , 
To compare between the two schemes in solving the stiff ODE of electrical output, the frequency responses of the root mean square voltage, i.e., , of the two schemes and the experiment are shown in Fig. 16, from which good agreement can be observed. It is noted that the root mean square voltage  from the simulation is computed by using evenly spaced data points from its time history even though the time history itself is calculated using different size time steps due to the non-smooth characteristics. Any potential errors arising from the use of evenly spaced time steps in the RMS calculation can be reduced by using smaller time steps and more samples. To show more details, the steady state time histories of the voltage output obtained from both the experiment and the simulation at  (around the peak vibration) are given in Fig. 17 for comparison. It can be seen that the overall agreement between the experiment and simulation is good.  The results of the two schemes mainly differ around the impact events. The local view shown on the right of Fig. 17 (b) illustrates the oscillations of the solutions just after an impact event. Apparently, scheme 2 is more stable or less oscillatory than scheme 1. Therefore, scheme 2 is to be employed in solving a non-smooth system-based triboelectric energy harvesting system. 
[image: ]
Fig. 16 Comparisons of the frequency responses of  between the two schemes and the experiment; the 
parameters are the same as Fig. 15, and an estimated tribo-charge surface density of   
and a load resistance of  are used)
[image: ][image: ]
(a)
[image: ][image: ]
(b)
Fig. 17 Comparisons of the steady state time histories of the voltage output (left) obtained from (a) the experiment (in blue) and (b) the simulation (scheme 1 in red and scheme 2 in black) at  and their local views (right)
[bookmark: _Toc515528100]8.3 The effect of tip mass ratio
The tip mass ratio is defined as the ratio of the middle tip mass to the side tip mass, i.e., . The experimental and numerical frequency responses of  and  of four different tip mass ratios are given in Fig. 18. Good agreement between experimental and numerical results is found, especially for vibration responses. It can be seen that the small tip mass ratio  has much stronger peak vibration which, however, does not induce obvious electrical output difference compared with . Bigger tip mass ratios have better electricity generation performance at relatively high frequencies and have a wider bandwidth over which its performance is superior to smaller tip mass ratios. Besides, the much smaller peak vibration amplitude of the harvester at relatively larger mass ratios can be an advantage in real applications.
[image: ] [image: ]
(a)
[image: ] [image: ]
(b)
Fig. 18 Experimental (left) and numerical (right) frequency responses of (a)  and (b)  at different tip 
mass ratios; , , , , , and ; 
mass moments of inertia and estimated tribo-charge surface densities are  and  at ,  and  at ,  and  at , and  and  at 
[bookmark: _Toc515528101]8.4 The effect of excitation amplitude
The experimental and numerical frequency responses of  and  under different excitation levels are shown in Fig. 19. Obviously, both the vibration amplitude and the electrical output increase along with the rise of the excitation level, and the increase seems to be linear. The graph of the estimated tribo-charge surface density  against the excitation amplitude  is given in Fig. 20, and a quadratic polynomial can give a good fitting for the discrete data points, which then indicates a quadratic relationship between the tribo-charge surface density and the excitation amplitude in the excitation range being studied.
[image: ] [image: ]
(a)
[image: ] [image: ]
(b)
Fig. 19 Experimental (left) and numerical (right) frequency responses of (a)  and (b)  at different excitation levels; , , , , , , and ; estimated tribo-charge surface densities are  at ,  at ,  at , and  at 
 [image: ] 
Fig. 20 Relationship between the tribo-charge surface density  and the excitation amplitude ; the quadratic 
polynomial used in fitting is 
To demonstrate the harvester’s charging performance at high excitation levels, a capacitor charging experiment is carried out. The diagram of the circuit used in this experiment is shown in Fig. 21 (a), in which a full-bridge diode rectifier is employed to convert the alternating current (AC) to the direct current (DC) and a voltmeter is used to monitor the charging process. A 10- and 50-V capacitor is used with an excitation of   and . The charging result is shown in Fig. 21 (b). It can be seen that the capacitor is charged up to 160 mV in about 1 min. Considering the small size of the harvester and the low level of excitation, its performance is satisfying. Since a main purpose of this study is to develop the methods to study the non-smooth triboelectric energy harvesters from the perspective of structural dynamics, the triboelectric materials used in experiments are not micro- or nano- textured on contact surfaces (such as nano-etched triboelectric materials). Because nano-etched triboelectric materials are more efficient than those without nano-etching [13], the performance of the proposed harvester would be much higher had nanomaterials been used. 
TEH
V
Rectifier
Capacitor
Voltmeter
Harvester

(a)
[image: ]
(b)
Fig. 21 Charging capacitor; (a) the circuit diagram of the experiment and (b) the charging time history; 
a 10- and 50-V capacitor was used in the experiment
[bookmark: _Toc515528102]9. Conclusions
This paper presents theoretical modelling, numerical simulation and experimental validation of a new form of triboelectric energy harvester in the form of a three-cantilever-beam vibro-impact system. Two modelling methods of the mechanical vibration of the three-cantilever-beam vibro-impact system are presented, and an experimentally identified relationship between the just-before-impact velocity and the velocity-dependent coefficient of restitution is used in the modelling of the impact. The electrical modelling of the contact freestanding mode triboelectric energy harvester is then presented. This ordinary differential equation (ODE) modelling the electrical output of the triboelectric energy harvester is found to be stiff. The TR-BDF2 (the combination of the trapezoidal rule and the second-order backward differentiation formula) as an implicit numerical integration method is introduced and two schemes are shown to successfully solve the non-smooth dynamical system and the response-dependent stiff ODE of the electrical output. This is the first application of a TR-BDF2 scheme to a non-smooth system. Experimental investigations of the electrostatic force and air damping between cantilever tips, the load resistance effect on the potential frequency shifting phenomenon, and the mass ratio and excitation amplitude effects on electricity generation performance are then conducted. Good agreement between experimental and numerical results is found, especially for vibration responses, and the first mechanical model, which does not involve the eccentricity of the tip mass, performs better than the second one in comparison with the experimental results. The main conclusions are drawn as follows.
(1) Both the electrostatic force and air damping between cantilever tips can be neglected, which further results in a theoretical simplification due to the uncoupling between the mechanical and electrical systems. 
(2) The triboelectric energy harvester under this study does not have the frequency shifting phenomenon commonly seen in piezoelectric energy harvesting, and the reason seems to be the weak electrostatic effect between the tip masses. The non-shifting resonance peak of the harvester can be an advantage relative to piezoelectric energy harvesters.
(3) Two numerical schemes are implemented to solve the stiff electrical system. The second of these schemes solves for the electrical output more accurately around non-smooth events. This indicates that the second scheme may be useful in the modelling of other triboelectric energy harvesting systems, such as the in-plane sliding mode triboelectric energy harvesters where friction-induced vibration is involved. The non-smooth mechanical system outputs from both numerical schemes match those obtained with a fourth-order Runge-Kutta method.
(4) A smaller tip mass ratio does not generate much higher electricity despite inducing much stronger vibration. A larger ratio performs better at relatively high frequencies and has a wider bandwidth over which its electricity generation performance is superior.
(5) Both the vibration amplitude and the electrical output linearly increase with increasing excitation level, and the relationship between the tribo-charge surface density and the excitation amplitude is found to be quadratic after curve fitting. 
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Appendix A
To employ the TR-BDF2 method to integrate the system of equations which includes the non-smooth dynamical equations of vibration and the stiff ODE of electrical output, the second order ODEs of equations of motion, i.e., Eq. (24), need to be transferred into first order ODEs. 
Let , , , , , , , the system of first order ODEs are then
	







	(A.1)



By applying the TR rule to the first sub step, one can get the implicit difference equations as follows
	
	(A.2)

	

	

	
	

	

	

	
	

	

	

	
	


where  is as follows and  can be obtained by replacing the subscript  of the state variables in the last equation of Eq. (A.2) by .
	

	(A.3)


To use the Newton-Raphson method to solve these implicit difference equations for new state variables, i.e., , the Jacobian matrix is first obtained as 
	
	(A.4)


where the component matrices are
, 
, ,
 , 

After the TR step, the BDF2 rule is applied to the second sub step, one can then get the following implicit difference equations
	
	(A.5)

	

	

	
	

	

	

	
	

	

	

	

	


The Jacobian matrix of Eq. (A.5) is the same as Eq. (A.4) if the special value of , i.e., , is chosen [35]. Otherwise, their Jacobian matrix can be obtained by replacing the  of each matrix element of Eq. (A.4) by .
Appendix B
To use the piecewise quadratic fitting, the experimental data points are first broken into seven sets with eight breakpoints. Then, each data set or segment is fitted using the quadratic polynomial. The breakpoints are
	

	(B.1)


And the piecewise polynomial coefficients are calculated and shown as follows
	
	
(B.2)


in which  () are the corresponding row vectors in Eq. (B.2).
Therefore, one can have the piecewise quadratic polynomial
	
	(B.3)


where , and 
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