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Summary 
Nanoparticles (NP) can be released into the environment either purposefully e.g., for 

groundwater remediation of hazardous contaminants such as radionuclide or 

inadvertently from various sources such as consumer products. Crucially, models are 

required that can predict the fate and transport of NP in the environment. Continuum 

models have been pioneering in describing most mechanisms for NP transport in 

porous media. This study aims at addressing challenges that hinder the efficient 

application of such models. These can be broken down into six main areas, diversity 

in basis, assumptions made, ability to predict, transport mechanisms included, the 

efficiency of models, and finally not taking all natural environmental conditions into 

account. Among transport mechanisms, aggregation phenomenon is the most 

important one while it has less been considered within continuum models. In this study, 

extensive literature data analysis has been conducted using artificial neural network 

(ANN), Monte Carlo, and a sensitivity analysis technique to develop empirical 

correlations for predicting five unknown continuum model parameters based on 20 

experimental factors. Comprehensive experiments and modelling were performed on 

the aggregation of NP in quiescent aqueous environments to find the best modelling 

approaches describing NP aggregation and removal. The selected model set was 

combined with continuum models of NP transport in porous media to predict the 

transport and aggregation of NP at environmentally-relevant scales, i.e., aquifer. This, 

however, revealed a need for a more efficient aggregation model. Further work was 

committed to proposing an efficient mass-concentration-based aggregation model and 

to investigating the impacts of system dynamics on aggregation.  

The results suggest that ANN can be a useful way of developing empirical 

correlations for predicting continuum model parameters, and many insights were 

obtained from its sensitivity analyses. For instance, porous media heterogeneity, which 

was considered as a parameter for the first time, showed sensitivities higher than those 

of dispersivity. Investigations in aqueous media showed that considering both early 

and late stages of aggregation and sedimentation in the model yielded highest 

sedimentation rate at an intermediate ionic strength rather than the highest ionic 

strength. A mass concentration-based chain-reaction model, which was more efficient 

than the standard population balance model with a comparable or better accuracy in 

describing NP aggregation was proposed for future combinations with continuum 

models. System dynamics can enhance aggregation rate and lead to relatively compact 

aggregates over different stages of aggregation, sedimentation, and resuspension. 

Although several challenges for using continuum models were mitigated in this 

study, incorporating aggregation, which is the most important mechanism that triggers 

other transport mechanisms and controls the final fate of NP in the environment, 

remains an issue due to complications identified in this study. This issue is mainly 

brought about because of dynamics of porous media. Nevertheless, continuum models 

are currently pioneering among various modelling approaches for simulating the fate 

and transport of NP in subsurface environments.  
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Chapter 1 

1 Introduction and literature review 

1.1 Chapter overview 

Engineered nanoparticles (NP) are now widespread in the environment. Often these 

are released accidentally or in waste streams. Various controlled applications have also 

been proposed. For example, when cleaning radioactively contaminated sites, facilities 

etc., NP show promise for in situ remediation. Continuum modelling methods are ideal 

for designing remediation strategies as they are scalable from laboratory-based column 

experiments to aquifer sized transport studies. They can also successfully describe the 

simultaneous occurrence of various transport phenomena of NP within porous media. 

However, there are still multiple obstacles to successful robust application of such 

models for describing or predicting NP transport phenomena.   

In this chapter, the need for the remediation of radionuclides and the potential for 

using NP is outlined. The literature focusing on NP transport mechanisms and their 

respective continuum modelling approaches is then reviewed. Amongst common 

transport phenomena, aggregation (agglomeration) and deposition/detachment are 

fully discussed in this chapter whilst other transport mechanisms are described fully in 

Appendices A and B. Previously-developed models are utilized to explain the 

phenomena that can be simulated using continuum models (e.g., 

attachment/detachment using an equilibrium model as elaborated in Appendix C). 

Additionally, the concurrent occurrence of multiple phenomena is conceptualized with 

reference to the full discussion in Appendix D. The main challenges of continuum 

models are discussed further as they will be systematically addressed in the following 

chapters. The population balance models of aggregation in aqueous media are 

introduced and outlined. The challenges and necessities of combining population 

balance models and continuum models are also elaborated, and a new approach is 

proposed to address these challenges. Finally, the differences between the aggregation 

under quiescent condition and the dynamic condition are discussed too. These will be 

systematically investigated in the penultimate chapter of the thesis. A large part of this 

chapter together with Appendices A to D were published as the following critical 
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review paper on the transport mechanisms of NP along with their continuum modelling 

approaches, with the key points relevant to the work in this thesis: 

“Babakhani, P.; Bridge, J.; Doong, R.-a.; Phenrat, T., Continuum-based models 

and concepts for the transport of nanoparticles in saturated porous media: A state-of-

the-science review. Advances in Colloid and Interface Science 2017, 246, (Supplement 

C), 75-104.” 

1.2 Radionuclide contamination in the environment  

Radioactive contaminants have long been recognized as an environmental pollutant 

due to their radiotoxicity, chemical properties, and abundance. Depending on the type 

of radionuclide it can take thousands of years for radionuclide to become a non-

hazardous material [1]. Thus, it is vital to remove these hazardous pollutants safely 

from the environment.  

There are many medical, industrial and scientific applications of radionuclide such 

as the use of cesium-137 (137Cs) in food production industries and medical treatment 

and diagnosis or the use of strontium-90 (90Sr) in medical and agricultural studies [2]. 

Yet, the most important points of concern for emission of radioactive material into the 

environment were the Chernobyl catastrophe in April 1986 which resulted in extensive 

release of radioactive materials (totally 14 EBq1, including 1.8 EBq of 131I, 0.085 EBq 

of 137Cs, 0.01 EBq of 90Sr and 0.003 EBq of plutonium) [2, 3] and the Fukushima 

disaster in March 2011, resulting in release of a substantial amount of radionuclide 

into the environment, especially the marine environment [4]. At Fukushima a total of 

~1 EBq of radionuclide was released into the atmosphere, and 10 PBq2 was released 

into the sea. The majority of the released radioactive material (10 PBq) was isotopes 

of caesium (both 134Cs and 137Cs almost equally) as well as iodine, 131I; and strontium, 

90Sr [4].  

Radionuclides released into the atmosphere often deposit onto topsoil, which can 

infiltrate into groundwater [3-5]. The horizontal movement of surface water in the 

catchments near Chernobyl was found to play an important role in the transport of 

deposited radionuclides within the root-region soil [3]. The surface water movement 

                                                           
1 1 EBq =  1018Bq (Exabecquerel)  
2 1 PBq =  1015Bq (Petabecquerel)  
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eventually led to the transport of radionuclides into the oceans. Not only can the 

discharge flux of radionuclide-contaminated surface water contaminate the oceans, but 

they are also substantial sinks for radionuclides in the atmosphere via both dry and wet 

deposition [5]. For instance, it has been estimated that the entire quantity of 137Cs 

emitted to the atmosphere from the Fukushima Dai-ichi accident was 15 PBq while 

the released 137Cs to the ocean was from 3.5 to 16.2 PBq [5]. It is comparable with that 

of surface deposition of 137Cs following the Chernobyl accident onto the Black sea and 

Baltic sea as 2.8 PBq and 3.0 PBq, respectively [3].  

Radionuclides such as Pu and Am can often be found in solute forms. However, 

when their concentration in water exceeds their solubility limits, they form colloids, 

which are defined as microscopically dispersed insoluble particles suspended in 

another substance which is typically water in the context of environmental science [6]. 

These colloids are called “true colloids”, whereas when natural colloidal particles 

uptake radionuclide they may be called “pseudo-colloids” [7]. The transport of 

aqueous radionuclides in the environment, by themselves, is not significant due to their 

high affinity for adsorption onto the surface of the soil grains or rock surfaces. 

However, in the presence of other colloidal particles such as natural particles 

ubiquitous in the environment, e.g., clay minerals, or in the presence of engineered 

nanoparticles (NP), radionuclides will readily be adsorbed and can be transported over 

large distances. This is because finer particles have a higher surface area and therefore 

higher potential, and capacity, for uptake of radionuclides than that of the subsurface 

matrix. Accordingly, the mobility of radionuclides is controlled by the mobility of 

these particles, which are carrying the radionuclides [8-10]. For instance, Kersting et 

al. [10] observed a migration distance of 1.3 km at Nevada test site for Pu which they 

attributed to subsurface colloidal transport.  

The impact of colloidal particles in the migration of radionuclides can be so 

significant that part of the radionuclides, which have been attached onto the larger 

particles among the polydisperse population of particles, can be transported even faster 

than the average groundwater velocity. This phenomenon has been ascribed to the size 

exclusion effect, also known as hydrodynamic chromatography effect [6, 11-15]. This 

phenomenon is fully discussed in Appendices A and B along with other transport 

mechanisms of nanoparticles.  
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1.3 The use of nanoparticles for environmental 

remediation of radionuclide 

Nanoparticles are defined as materials with all three dimensions between 1 and 100 

nm; in contrast to traditional colloidal particles which range in size from 1 nm to ~1 

μm (ISO/TS 27687:2008)[16]. Nanoparticles have shown significant potentials for 

environmental remediation [17]. The main characteristic of NP that gives them an edge 

over their traditional counterparts, is their high specific surface area [18]. Nowadays, 

NP such as nanoscale zerovalent iron (NZVI) have been used for in situ groundwater 

remediation at the field-scale in a number of projects around the world [19-21]. This 

technology shows promise for removal of the radionuclide at laboratory scales, e.g., 

using graphene oxide (GO) nanomaterials [22, 23], hydroxyapatite (HAp) NP [24-26], 

and iron NPs [27-32]. However, effective in situ field-scale applications of these NP 

for remediation of radionuclide contaminated sites are hindered by the lack of adequate 

modelling tools that can simulate NP behaviour and transport under realistic 

environmental conditions. Considering the long-established potential for colloids to 

enhance mobility in groundwater environments [8, 10] or to facilitate redistribution in 

surface water bodies [33-35], this lack of modelling capability is a critical concern. 

Such modelling tools are needed to design the remediation strategy in a way that 

potential off-site migration of both NP and the adsorbed radionuclide on their surface 

is prevented when the technology is used in the field or pilot scale.   

The effectiveness of NP technology implementation relies upon the accurate 

design of the delivery system. The design of NP emplacement strategy is of crucial 

importance for performing a successful environmental remediation. The influential 

factors include the amount of required NP, injection flow rate, position of 

emplacement, the layout of injection/extraction wells etc. [21]. In addition, since one 

of the major expenses of remediation with NP is related to the well drilling and 

pumping [36, 37], pre-designing the NP emplacement technique optimises the 

remediation.  

The initial focus for the use of NP in remediating contaminated groundwater and 

soil was based on their ability to disperse in porous media, due to their small size. Yet 

this was hindered by aggregation and substantial retention NP [38]. This obstacle was 

overcome by developing a variety of surface modification and functionalizing 
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techniques to increase their stability, mobility, and targetability [39-53]. Nonetheless, 

even with a large number of studies on functionalization of NP to target various 

contaminants better, its delivery method is still challenging [54-56]. Migration 

distances of up to 6 m have been observed for NZVI in field-scale projects using 

different delivery technologies such as pressure-activated injection probes [47, 57] 

vertical and 45˚-oriented wells and applying a Sidewinder tool [58], pneumatic 

injection, direct injection [41], groundwater circulation from pumping well to injection 

well [59], and gravity injection well [43, 46, 60], suggesting that the general reliable 

migration distance of 1.5 m [54] has been met at field scale whereas assessing the risk 

of off-site migration needs serious attention.     

Primarily, there were two views regarding the conception of NP application in 

subsurface remediation. The first was to use NP to treat the plume of mobile, dissolved 

contaminants, based on the former idea of permeable reactive barriers (PRB) [61-63]. 

The second was to target the source zone of contaminants, e.g., dense, non-aqueous 

phase liquid (DNAPL) [64]. The latter application of the technology is more important 

because it enables remediation of  contamination zones where many other remediation 

technologies are inapplicable, e.g., when there is an aboveground structure that does 

not allow use of other technologies such as pump-and-treat or traditional PRBs [58, 

65]. Figure 1.1 outlines the potential or rather ideal strategies that can be useful for 

consideration in the subsurface remediation of radionuclides using NP based on the 

aforementioned concepts and considering the possibility of using horizontal wells [66, 

67] which may assist the emplacement and distribution of NP in the subsurface. 

Accordingly, NP can be either injected into subsurface at the downgradient of the 

source zone to act as a PRB as shown in Fig. 1.1a, or they can be injected at the source 

zone while extracting the plume from the downgradient as shown in Fig. 1.1b. 

Alternatively, NP can be injected at the upgradient while extracting the plume from 

the source or downgradient as shown in Fig. 1.1c.    



6 
 

Figure 1.1 Potential strategies for the emplacement of NP in remediation of the 

contaminated zone with radionuclide: (a) NP injection/deposition at the downgradient 

of the source zone (PRB concept); (b) NP injected at the source zone and extracting 

the plume from the downgradient; (c) NP injection at the upgradient and extracting the 

plume from the source or downgradient. 
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1.4 Nanoparticle transport phenomena in porous media 

and their continuum modelling approaches  

1.4.1 Subsurface transport mechanisms and the status of 

continuum modelling 

Nanoparticles (NP) possess unique properties in engineered and environmental 

systems when compared to their micron size counterparts [18, 68]. Such uniqueness 

leads to complications in predicting unintended exposure and risk of NP as well as 

their associated solute contaminants [69-73]. A wide range of physicochemical 

interactions impact NP transport in the subsurface. The relative significance of such 

processes for NP may differ from that of larger colloids. For instance, aggregation is 

potentially one of the most important phenomena that can occur for NP transported in 

porous media [73-75] while it may be less considerable for common colloids because 

of higher Brownian diffusion of NP in comparison to the larger-sized colloidal 

particles.   

Depending on the scale of the assessment and the required resolution/precision of 

the outcomes, modelling tools deployed for assessing the behaviour of NP in porous 

media may be categorized in three major model groups: 1) abstract; 2) mechanistic; 

and 3) continuum [69, 76-78]. Selection of the most appropriate model for a given 

problem is a trade-off between simplicity and accuracy [79, 80]. Abstract models 

including material flow analysis (MFA) or multi-media models (MMM), are based on 

the principle of mass balance and assess the release and fate of NP in the environment 

from the global level, i.e., worldwide, down to the local levels, e.g., estuaries [e.g., 70, 

78, 80, 81, 82-89]. Most of these models are based on simple algebraic equations and 

may not sufficiently capture the influential factors [90, 91], although attempts have 

been made to address this, e.g., by combining with Smoluchowski model for 

aggregation of NP or considering first-order rate constants for all processes including 

hetero-aggregation [90, 92-94]. These models typically take statistical and 

probabilistic approaches that incur unknown uncertainties in the total results or in the 

individual parameters which require rigorous uncertainty analysis [82, 83, 85]. MFA-

based models are simplistically top-down models [89] with a lack of suitable analytical 
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methods for quantification, detection and analysis of environmentally relevant data of 

NP distribution at the relevant length scales [80, 88].  

Mechanistic models focus on individual particles by considering the forces, 

torques, and energy of both the particle and interacting media [69, 77, 95-102]. Such 

forces are typically described using Derjaguin–Landau–Verwey–Overbeek (DLVO) 

theory for both interactions between particles and particles and interactions between 

particles and plate resembling porous media surface [95, 103]. The basic DLVO theory 

considers two forces of van der Waals attraction originated from electromagnetic 

interactions (range of influence 5-10 nm) and electrostatic repulsion arisen from 

adsorbed functional group or surface reaction (range of influence 1-20 nm) [104]. The 

extended DLVO (X-DLVO or E-DLVO) has been introduced when other non-DLVO 

forces are involved. These additional forces with their respective ranges of influence 

include: steric repulsion resulted from adsorbed polymers or surfactant on the surface 

of particles (1-5 nm), bridging attraction also resulted from adsorbed polymers or 

surfactant on the surface of particles (5-50 nm), Born repulsion arisen from 

interpenetrating electron cloud (0.3-2 nm), hydration repulsion emanated from 

surface/solvent interactions (1.5 nm), hydrophobic attraction from capillary pressure 

(20-60 nm), and magnetic attraction resulted from magnetic dipole (100 nm) [104]. 

Mechanistic models become increasingly complex to apply when several phenomena 

simultaneously occur during NP transport in porous media [12-15, 71, 73, 74, 96, 105-

110]. Moreover, the intrinsic complexities and heterogeneities prevalent in real 

environmental conditions, such as surface roughness [111-114], natural organic matter 

(NOM) [72, 95, 115], iron oxyhydroxide coating [116-118], silylation [119], 

extracellular polymeric substance, and biofilm [120-122] make it unfeasible to use 

models such as classical colloid filtration theory (CFT) [111-114], DLVO theory [95, 

103], and Maxwell model [123-125] which typically impose assumptions of 

uniformity in charge distribution, sphericity of interacting particles, dilute dispersion, 

additivity for only two forces, additivity of every molecule effect, point-charge ions, 

ideal distribution of ions, continuum medium, constant permittivity, uniform solvent, 

and larger thickness of diffuse layer than particle radius [126]. Detailed descriptions 

of the DLVO theory and the CFT with their governing equations are presented in 

Chapters 3 and 4 as well as Appendix F where these theories are used either for 
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qualitative assessment and interpretation of continuum model results or for 

quantitative combination with continuum or population balance models.  

Continuum-based models are defined as partial-differential equations based on the 

continuity principle, either the mass conservation law (mass balance) or particle 

number/volume balance, over the bulk spatial and temporal domains of the system 

which are either continuous or numerically-discretized continuous domains [69, 76, 

77, 127-129]. This definition contrasts with pore-scale models where the domain has 

a discrete configuration of solid and fluid [129]. In this chapter, I narrow down the 

scope of the continuum-based models to Eulerian techniques and thus exclude the 

particle tracking analysis (generally Lagrangian methods) [75, 107], since they 

consider particles separate from the fluid. It should be noted that commonly 

“continuum” terminology has been used to designate a range of larger spatial scales of 

the model domain (>>1 cm) in contrast to micro/pore-scale models (1-100 𝜇m) [129]. 

From this thesis’s viewpoint not only the spatial scalability of continuum models, but 

also their ability to provide information about the kinetics of phenomena, transient 

situations, and heterogeneities in the bulk spatial domain, are considered unique 

features of continuum-based models. The overarching goal of this thesis which is 

developing the models in realistic environmental scales, e.g., aquifers, necessitates the 

use of computationally affordable models such as continuum models. Thus, the use of 

Lagrangian approaches which are more computationally demanding than continuum 

models is not considered in this research.  

Continuum models have previously been used widely for simulating miscible 

contaminants and classical colloid transport problems, and more recently they have 

been gaining popularity for modelling NP transport [80, 128, 130-132]. These models 

can be applied across various length scales such as pore scale [133], column 

experiments [e.g., 74, 134-136], bench-scale experiments [74], mesocosm experiments 

[87, 137], and field scale operations [138, 139]. This allows continuum-based models 

to be applied not only for delineating the risk of NP release and the design of 

remediation strategies in the local scale, but also for validating global assessment 

models of NP transport in the environment by applying them in tandem [76, 89]. In 

contrast to mechanistic approaches which deal with forces or energy, continuum 

models deal with rates. These models can accommodate different data such as number 

concentration [e.g., 74, 134, 140-142] or mass concentration [e.g., 142, 143, 144]. 
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They can be modified to transform the data internally [74, 75], can therefore be 

calibrated and validated against a wide variety of available data types obtained from 

various laboratory experiments or realistic field measurements [74, 138, 139, 145]. 

More noteworthy, is their capability to describe several transport phenomena 

simultaneously [e.g., 74, 134, 144, 146-153].   

No single fate and transport modelling approach precludes application in parallel 

with any other, as each offers different insights. Figure 1.2 illustrates the concept of a 

comprehensive, multi-model analysis of engineered nanomaterials in the environment. 

For instance, continuum models for groundwater can be integrated with MFA to track 

the fate of NP in the subsurface where the required data for MFA is less available [89]. 

This class of model can be used to average the results from pore scale mechanistic 

simulations to obtain the one-dimensional concentration field and consequently 

estimate the values of the average deposition rate coefficients [133].  
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Figure 1.2  The paradigm of various modelling approaches for simulating fate and 

transport of engineered nanomaterials (ENM) in the environment, showing the status 

of continuum-based models and their potential links with the available data sources 

and other modelling approaches.  

 

To date, there have been several reviews on the transport behaviour of NP [e.g., 

70, 80, 87, 95, 96, 130, 154-156] and other colloids [e.g., 69, 77, 101, 114, 140, 142, 

157-163]. Nevertheless, most of these reviews commit to investigate mechanistic 

approaches such as CFT and/or DLVO theory. Thus far, from the continuum 

viewpoint, there is no comprehensive review on various phenomena taking place for 

NP in porous media, with an overview of the concurrent impacts of different transport 

mechanisms lacking. Therefore, in this research all possible transport mechanisms of 

NP in porous media are reviewed and their superposition within the context of 

continuum modelling is discussed. These mechanisms comprise advection, dispersion, 
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irreversible deposition, attachment, detachment, agglomeration, straining, blocking, 

ripening, and size exclusion. Since the focus of the thesis is on attachment and 

aggregation mechanisms, these mechanisms are described in detail in this chapter and 

the full discussions related to other transport phenomena including straining (physical 

trapping of particles in the pore throats narrower than the size of particles), site 

blocking (decreasing deposition due to filling of attachment sites), ripening 

(favourable attachment of arriving particles to previously deposited particles, opposite 

of the site blocking), and size exclusion (the exclusion of particles from pores and 

stagnant domains of the media that are smaller than the size of particles or are less 

accessible to them) are presented in Appendix A. I describe the basic conceptual model 

applied along with each mathematical model for these processes. The motives behind 

selecting the conceptual model and their limitations are also discussed. Further 

conceptual scenarios in which various transport mechanisms are acting together are 

proposed to resolve inconsistencies incurred in the interpretation of the experimental 

outcomes using one model only. The discussion related to this is available in Appendix 

D. Some issues of upscaling continuum models to multidimensional scales are briefly 

discussed as this will be addressed in following chapters.  

It should be noted that to date 16 types of continuum-based models have been used 

for simulation of NP transport (Table 1.1). Here I have collected information from 

almost 50 papers on NP transport column experiments and continuum modelling and 

summarized them in Table B1 (Appendix B), which highlights underlying mechanisms 

of transport together with the respective types of the applied continuum model. Since 

the final goal of the present research is to propose continuum models as a robust tool 

of modelling NP transport, in the experiments, meta-analysis, and literature review 

performed in this thesis, I have used a broad range of environmentally-relevant NP. In 

the rest of the thesis, however, the focus is only on two types of NP, i.e., HAp and 

shattered graphene oxide (SGO) NP because of their importance in the remediation of 

radionuclide and a lack of investigation on their environmental behaviours in 

comparison to other NP such as NZVI. Within the context of the present thesis 

quantitative use of DLVO (or E-DLVO) has been only used for HAp NP, whereas 

qualitative use of DLVO has been used for shattered GO NP as well. It should be noted 

that the qualitative use of DLVO for GO is already common in the literature [120, 164, 

165]. Quantitative application of DLVO or E-DLVO for HAp is believed not to 
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produce significant errors due to near spherical shape of HAp NP. Other limitations 

and potential uncertainties of the use of DLVO for HAp are described in Chapters 3 

and 4.   

In order to explain various deposition mechanisms, I used the MT3DMS [131] 

code to produce breakthrough curves for various combinations of attachment and 

detachment parameters. I also used this model following [74] in an assessment of the 

validity of assuming an equilibrium term to describe NP attachment/detachment and 

concurrent agglomeration/attachment in porous media, the discussion of which is 

available in Appendix C. This code, which is basically a solutal contaminant transport 

code, has already been used for simulating the transport of NP in porous media 

frequently [74, 166, 167]. Figure 1.3 shows the result of a preliminary survey of 

literature on the major processes considered in transport of various NP in porous 

media. Aggregation (or agglomeration) is the most frequently-reported process across 

all NP types followed by straining, blocking, ripening, size exclusion, reversible 

deposition, and irreversible deposition, respectively. Despite this, aggregation and size 

exclusion in porous media have been widely neglected in continuum modelling studies 

of NP transport [74, 75], at least in comparison with straining [117, 134, 152, 153, 165, 

168-182], blocking [117, 144, 165, 169, 170, 173, 174, 176, 180, 183], and ripening 

[147-149, 152, 153] effects. The core focus of this research is on aggregation and 

developing a continuum modelling platform to accurately and efficiently consider this 

phenomenon.  
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Figure 1.3 Literature survey of various phenomena operative in the transport of 

nanoparticles based on the number of studies found in the Web of Science database in 

December, 2015 [184]. 

 

1.4.2 Advection and dispersion  

Advection and dispersion mechanisms of colloids/NP are recognized to be broadly the 

same as those of solutes such as ionic species, organic compounds, radionuclides etc. 

[102, 157]. Advection is the mechanism of transport with the average velocity of 

flowing groundwater. Mechanical dispersion [131] spreads the solute or particle 

suspension both parallel with and normal to the direction of flow, due to the difference 

between the real velocity of the water inside the pores and the mean groundwater 

velocity, which arises from microscale velocity variation both within and between 

pores of different sizes [129, 131, 185-190]. Adding molecular diffusion to mechanical 

dispersion will result in hydrodynamic dispersion [131].  

In case of slow groundwater velocity, such as flow through compacted porous 

media, dispersion is of low significance but, can nevertheless result from the molecular 

diffusion due to concentration gradients [191, 192]. Accordingly, the transport of 

solute and colloids/NP through porous media in the most simplified form might be 
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described by the following basic partial differential ‘advection-dispersion’ equation 

(ADE) [128, 161, 191-195]:   

∂C 

∂t
 + 

𝜌𝑏

𝜀

∂𝑆

∂t
 = D

∂2C 

∂x2  – V
∂C 

∂x
              (1.1) 

where x is distance in the porous media [with the  dimension of L]; t is time elapsed 

[T]; C [N L−3; N represents the particle number] and 𝑆 [NM−1] are particle number 

concentrations of fluid-phase particles and deposited phase particles, respectively 

[e.g., 74, 134, 140-142], or alternatively C [ML−3] and S [MM−1] are particle mass 

concentrations of fluid-phase particles and deposited phase particles, respectively 

[e.g., 142, 143, 144]; V [L T−1] is the pore water velocity (also known as real water 

velocity, linear groundwater flow velocity, seepage water velocity, interstitial velocity, 

or advection velocity). This is different from the Darcy velocity (also known as the 

superficial velocity or approach velocity) which is equal to the porosity times the pore 

water velocity [LT−1]. D is the hydrodynamic dispersion or simply dispersion 

coefficient [L2T−1]; 휀 is the bed porosity [—]; and 𝜌𝑏 is the porous medium bulk 

density [ML−3].  

The dispersion in Eq. (1.1) is defined by analogy to Fick's law of diffusion and is 

linearly related to the pore water velocity. In a one-dimensional uniform flow field 

such as column experiments transverse dispersion is not considered and thus the 

dispersion coefficient has one longitudinal component related to pore water velocity 

[131, 196]: 

𝐷 = 𝛼𝐿𝑉 + 𝐷∗   (1.2) 

where 𝛼𝐿is longitudinal dispersivity [L] and 𝐷∗ is the effective molecular diffusion 

coefficient [L2T−1]. 𝛼𝐿 is typically an intrinsic property of the porous medium as well 

as a function of scale [136, 196-198]. Thus, the common practice for both particle and 

reactive solute transport is to determine this coefficient based on the breakthrough 

curve (BTC) for nonreactive solute transport through any given porous media [136, 

193, 196, 199]. However, in the case of particle transport, Chrysikopoulos and 

Katzourakis [136] in a meta-study of 48 different BTCs, found that dispersivity can 

exhibit a positive correlation with particle size and pore water velocity. They suggested 

that the dispersion coefficient should be obtained from the particle breakthrough data 

rather than nonreactive solute transport due to the potential for particulate-specific 
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dispersion mechanisms such as size exclusion and preferential flow (discussed in 

Appendix A) [134, 136, 187, 198]. Nonetheless, this approach can make the inverse 

modelling problematic when there are other parameters that must be estimated to 

represent other particle transport phenomena. Further research is needed to understand 

the uniqueness of estimated parameters based on fitting continuum model outputs to 

experimental data, particularly if dispersivity is considered along with other NP 

transport parameters in the inverse modelling process.  

Molecular diffusion is commonly neglected in particle and solute transport studies 

with pore water velocities in the ranges of natural groundwater velocities [131, 198, 

200]. However, it can become significant in very compact and fine porous media, 

fractured media with very low porewater velocities, or when there are other processes 

involved such as thermal or electrophoresis effects [131, 201-204]. The intrinsic 

diffusivity of colloidal particles decreases with increasing size according to the Stokes-

Einstein equation and is typically more than three orders of magnitude lower than the 

molecular diffusion for common solutes [136, 205-207]. For instance, the diffusivity 

of water is around 2.3 × 10−9 𝑚2𝑠−1 at 25 °C while for spherical particles with a 

diameter of 100 nm it is around 4.9 × 10−12 𝑚2𝑠−1 according to Stokes-Einstein. 

Nevertheless, NP differ from larger colloids since diffusion may remain a significant 

mechanism in their transport behaviours. Molnar et al. [69] recently identified the high 

diffusivity of NP as a barrier toward developing mechanistic modelling approaches for 

NP transport as well as a reason for the lack of distinction between solute and NP 

mobility properties. To date, NP diffusion has been rarely considered as a distinct 

parameter in the continuum models—only one study [204] has considered its effect 

via Stokes-Einstein equation in the numerical transport model. Yet, frequently 

mechanistic modelling approaches have recognized its potential influence on the 

deposition behaviour of NP [71, 72, 113].  

1.4.3 Attachment and detachment  

1.4.3.1 Irreversible deposition 

Solute mass transfer from liquid to solid phases is generally dominated by sorption 

which is usually modelled as a reversible kinetic process [208]. However, colloids and 

NP interact with solid surfaces of porous media through a number of mechanisms 
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which may yield attachment that is practically irreversible. In other words, solute 

retention which appears irreversible at short timescales can be considered reversible at 

larger time scales under the same conditions [208], whereas irreversibly attached 

particles may not be detached unless a significant physical or chemical perturbation 

occurs in the conditions of the system [112]. Irreversible deposition or 

physicochemical filtration was well described by CFT. This was performed initially 

by drawing analogy to the transport in flocculation process [111], later by trajectory 

analysis [209], and by using filtration mass balance equations in a sphere around a 

single collector [210]. Filtration theory needs estimation of two parameters, the single-

collector attachment efficiency, 𝛼, and single-collector collision or contact efficiency, 

휂0. The first of these describes the probability of any collision between a particle and 

a collector resulting in attachment; the second describes the probability of that collision 

occurring in the first place.  

Although there has been a marked advancement in predicting 휂0 through use of 

correlation equations with controllable parameters such as Péclet number, 

particle:grain size ratio, and so on [71, 72, 113, 211], the estimation of 𝛼 still requires 

either empirical derivations, which may not be generalizable, or laboratory-column 

experiments [71, 80, 113, 130, 155]. This limitation has caused researchers to go as far 

as eliminating 𝛼 — replaced by a parameter for fractioning reversibly and irreversibly 

deposited particles [212].  

In continuum-based models, the definition of the attachment term depends upon 

the conceptualization of deposition. The simplified form of the governing ADE 

equation for NP transport in porous media can be written with a first-order irreversible 

attachment term as model type (i), Table 1.1 [161, 195]. In this model, 𝐾𝑎𝑡𝑡  is 

attachment rate coefficient [T−1] which can be related to the parameters of CFT via the 

following equation [113, 114, 193, 213-215]:  

Katt =
3(1−ε)

2d50
𝛼휂0𝑉              (1.3) 

where d50 is the median porous media grain size [L] and ε is the porosity of porous 

media [—]. Although the parameter 𝐾𝑎𝑡𝑡 can be expressed via the theoretical 

relationship of Eq. (1.3), determination of α may still require experimental data. On 

this basis, throughout this chapter I will deal directly with the parameter 𝐾𝑎𝑡𝑡 instead 
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of α [133, 135].  From a continuum modelling viewpoint, type (i) models only describe 

irreversible deposition and do not consider subsequent detachment. In experimental 

conditions where attachment is the only operative mechanism, increases in the value 

of 𝐾𝑎𝑡𝑡 lead to a flat reduction of the BTC plateau as shown in Fig. 1.4. The curves in 

this figure are produced by numerical solution of type (i) model using the MT3DMS 

code [74].   

Table B1 shows that 20% of NP continuum modelling studies use type (i) models. 

It is evident that most of these studies use very simplified experimental conditions, 

highlighting that this model and thereby CFT are strictly limited in scope of application 

to steady flow through idealized, uniform media. There have already been several 

review papers [69, 96, 99-102, 106, 154, 157, 162] discussing the deposition 

mechanisms of NP and colloids in porous media. From the perspective of continuum 

modelling, however, it is apparent that deposition cannot be considered in isolation 

except in the most artificial circumstances.  
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Figure 1.4  Breakthrough curves generated by numerical solution of model Types (i) 

with MT3DMS model code following [74] for various 𝐾𝑎𝑡𝑡 values (S−1). Other 

parameters of flow and porous media conditions were selected according to [73, 74] 

(or refer Table B1).  

 

1.4.3.2 Detachment  

When the particle association with the solid surface is not strong enough to be 

permanently retained, particles can be subject to reversible deposition and thereby 

detachment. Particles can be maintained temporary when they are trapped at a shallow 

DLVO secondary minimum [71, 73], or as recently found even at a shallow primary 

minimum resulting from nanoscale surface heterogeneities [216, 217], or held at the 

surface by hydrodynamic forces. Depending on how fast the diffusion is, the process 

of attachment-detachment can be considered in form of either fast forward—backward 
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interactions of particles or discrete retention—re-entrainment of particles [144, 212, 

214, 218]. In other words, if particle detachment is so fast that the net result of particle 

interactions with the solid surface is dominated by attachment, it is only the attachment 

that can be perceptible. On the other hand, if the detachment rate is low, for example 

in slow-diffusion regimes experienced by larger (> 1 μm) aggregate sizes then particles 

may be first deposited and then be subject to detachment in time; this case is commonly 

termed ‘re-entrainment’ [212, 214]. 

Commonly among literature studies, three forms of detachments are inferred: (1) 

detachment shown by tailing in the BTC; (2) detachment through retarded or delayed 

BTC; and (3) detachment or release in the form of separated peaks following the BTC. 

The first type of detachment typically emerges where the feeding solution into the 

column inlet is switched from the injecting particle dispersion to the particle-free 

solution with the same ionic strength and pH (two-phase injection experiments). This 

is the most common reference to ‘detachment’ and has been observed for various NP 

such as NZVI [147, 181], carbon nanotubes [219], silica [144], nanoporous silicate 

[220], and Ag NP [221-223] (Table B1). This is also known as re-entrainment and has 

been observed as dramatically extended BTC tailing which has been observed for a 

wide variety of particles [212, 214, 218, 224]. The underlying mechanism for this kind 

of detachment is commonly sought in the hydrodynamic forces [73, 146, 225, 226]. 

The governing set of transport equations considering kinetic detachment of this type is 

given as type (ii) models (Table 1.1) [142, 188], as well as types (iii) and (iv) models 

accounting for dual-site attachment/detachment. Using the MT3DMS code [131], I 

numerically solved type (ii) set of equations. The outcomes, by holding 𝐾𝑎𝑡𝑡 constant 

while varying 𝐾𝑑𝑒𝑡, are presented in Fig. 1.5a. This figure shows that rising 𝐾𝑑𝑒𝑡 not 

only causes the emergence of tailing in BTC, but also this leads to an asymmetric rise 

in the plateau of BTC which is higher at the side of the descending limb. The plateau 

elevates until finally it becomes flat at the largest value of Kdet where BTC resembles 

the conservative transport behaviour.  

In the second type of detachment, retardation appears as a horizontal shift in the 

NP BTC compared to conservative transport BTC (Fig. 1.5b). This has been observed 

for iron NP [227], Ag NP [183, 221, 222], carboxyl-modified latex NP [228], HAP NP 

[170], and QDs [229-231] (Table B1). The most pronounced occurrence of the 

retardation has been observed for NP with small sizes (<10 nm) such as QDs, 
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particularly at elevated IS, decreased pH, [230-232], smaller sizes of porous media 

grains [230, 233] or increased temperature [229]. It should be noted that although I 

categorize here retardation as a kind of detachment, in several studies which have 

observed retardation, ‘detachment’ has been ruled out through not observing the tailing 

in the BTC [228, 230-237]. Nevertheless, based on the sum of evidence it is believed 

that retardation results from reversible interaction of particles with the porous media 

surfaces – attachment and detachment, therefore — the net result of which will control 

the final transport of particles [74]. In the case of QDs, the delay in the BTC may arise 

from the fast diffusive mass transfer rate  of QDs from bulk solution to the sand surface 

and slower mass transfer of QD from the solid phase to the bulk phase [230]. 

Retardation in its linear form is mathematically related to the most common parameter 

in the literature of reactive transport modelling in groundwater known as distribution 

coefficient or partition coefficient 𝐾𝑑. The use of  𝐾𝑑, however, requires applying an 

assumption of equilibrium between the dissolved and sorbed phases of solute 

contaminant (or attached and mobile phases of particles as discussed in Appendix C). 

The respective model of this parameter is given in Table 1.1, as type (v). The solution 

to this model using MT3DMS code is shown in Fig. 1.5b. This figure elucidates how 

retardation (and acceleration as described in Appendix A, under “Size exclusion”) of 

BTC can occur in combination with a significant amount of irreversible attachment 

(𝐾𝑎𝑡𝑡 = 1 ×10−3 S−1).  

The third type of detachment is related to the cases where after injection of the 

particle dispersion (first phase) and particle-free background solution (second phase), 

a solution with a lower IS or a different pH is flushed through the porous media 

container. The released mass can be seen in the BTC in form of separate peak(s) 

following the primary breakthrough [109, 110, 234, 236, 238-241]. The model for 

simulating the release is given as type (vi) model in Table 1.1 [110, 157, 234]. This 

equation assumes that remobilized particles do not reattach again, with the rationale 

that conditions following a perturbation that causes release are less favourable for 

reattachment than the original conditions [110].  

Overall, for very small NP that display high diffusivity, thereby more collisions, 

detachment typically emerges in form of retardation of the BTC [144, 230], whereas 

for larger particles, due to hydrodynamics of the system, detachment may emerge in 

the form of tailing of the BTC [73, 146, 225, 226]. I suggest that in future studies 
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selecting an appropriate detachment model should be based on the aforementioned 

categorization. It should be mentioned, however, that the models listed in this study 

for every transport mechanism are not strictly the only available approach, and there 

might be other alternatives, particularly in the field of particle transport literature. For 

instance, there have been other modelling approaches to the release of attached 

particles under perturbation (third type of detachment) [242, 243]. There is clearly a 

need for further work to understand the thresholds or transitions between different 

detachment phenomena and relate these, if possible, to changes in the rates of 

competing underlying processes acting on particles. 
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Figure 1.5  Breakthrough curves generated by numerical solution of (a) model Type 

(ii) from Table 1.1, for various 𝐾𝑑𝑒𝑡 values (S−1) and a fixed 𝐾𝑎𝑡𝑡 = 0.001 S−1 and (b) 

model Type (v) from Table 1.1, for various retardation factors and a fixed 𝐾𝑎𝑡𝑡 = 0.001 

S−1 with MT3DMS model code following [74]. Other parameters of flow and porous 

media conditions were selected according to [73, 74] (or refer Table B1).  
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Table 1.1  List of continuum-based modelling types applied for the transport of 

nanoparticles in porous media to date. * 

Model 

type 

No. 

NP transport model equations  Modelled 

mechanisms in 

addition to 

advection and 

dispersion 

Fitting 

parameters in 

addition to  

dispersion 

Ref. 

i b) 
ρb

ε

∂𝑆

∂t
 = KattC attachment  Katt [161, 

195, 

244] 

ii b) 
ρb

ε

∂𝑆

∂t
 = KattC −

ρb

ε
Kdet𝑆 attachment/ 

detachment  

Katt, Kdet [142, 

188] 

iii b) 
ρb

ε

∂𝑆

∂t
 = KattC −

ρb

ε
𝑓𝑟 Kdet S attachment and 

dual-site 

detachment 

Katt, Kdet, 𝑓𝑟 [245] 

iv b) 
∂𝑆

∂t
=

∂𝑆1

∂t
+

∂𝑆2

∂t
 

c) 
ρb

ε

∂𝑆1

∂t
 = Katt,1C −

ρb

ε
Kdet,1𝑆1 

d) 
ρb

ε

∂𝑆2

∂t
 = Katt,2C −

ρb

ε
Kdet,2𝑆2 

dual-site 

attachment/ 

detachment 

Katt,1, Kdet,1, 

Katt,2, Kdet,2 

[246] 

v a)   
∂C 

∂t
(1 +

ρb

ε
Kd) = D

∂2C 

∂x2  – 

V
∂C 

∂x
− KattC 

attachment, 

adsorption 

(retardation)  

Katt, Kd [193] 

[237] 

vi a) 
ρb

ε

∂𝑆

∂t
 = Krel

ρb

ε
(𝑆 − 𝑆𝑒𝑞)𝐻0(S −

𝑆𝑒𝑞) 

b) 𝑆𝑒𝑞 = 𝑓𝑛𝑟𝑆𝑖 

Release after 

perturbation  

𝐾𝑟𝑒𝑙, fnr [110, 

157, 

234] 

vii a) 
∂C 

∂t
 + 

ρb

ε

∂𝑆

∂t
 = D

∂2C 

∂x2  – V
∂C 

∂x
−

𝜆1C − 𝜆2
ρb

ε
𝑆 

b) 
ρb

ε

∂𝑆

∂t
 = KattC −

ρb

ε
Kdet𝑆 

c) C =
Ĉ

4

3
π r3ρp

 

d) 𝑆 =
Ŝ

4

3
π r3ρp

 

e)    r = r0 e
λ1t

3  

agglomeration, 

attachment/ 

detachment, and 

irreversible 

deposition  

Katt, Kdet, 𝜆1, 

𝜆2 

[74] 
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viii b) 
ρb

ε

∂𝑆

∂t
 = Kattψ𝑥C −

ρb

ε
Kdet𝑆 

c) ψ𝑥 = (
𝑑𝑐+𝑥

𝑑𝑐
)

−𝛽
 

depth-dependent 

(straining) 

attachment together 

with detachment  

Katt, Kdet, 𝛽 [134] 

ix b) 
ρb

ε

∂𝑆

∂t
 = Kattψ𝑏C −

ρb

ε
Kdet𝑆 

c) ψ𝑏 = (1 −
𝑆

S𝑚
) 

site-blocking 

attachment together 

with detachment  

Katt, Kdet, S𝑚 [144] 

x b)    
∂𝑆

∂t
=

∂𝑆1

∂t
+

∂𝑆2

∂t
 

c) 
ρb

ε

∂𝑆1

∂t
+

ρb

ε

∂𝑆2

∂t
 = Katt,1ψ𝑏,1C +

Katt,2ψ𝑏,2C  

d) ψ𝑏,1 = (1 −
𝑆1

S𝑚,1
)  

e) ψ𝑏,2 = (1 −
𝑆2

S𝑚,2
) 

dual-site with site-

blocking kinetic 

attachment for 

available and not 

available 

favourable sites  

Katt,1, Katt,2, 

S𝑚,1, S𝑚,2 

[228] 

xi b) 
∂𝑆

∂t
=

∂𝑆1

∂t
+

∂𝑆2

∂t
 

c) 
ρb

ε

∂𝑆1

∂t
 = Katt,1ψ𝑏C −

ρb

ε
Kdet,1𝑆1 

d) 
ρb

ε

∂𝑆2

∂t
 = Katt,2ψ𝑥C −

ρb

ε
Kdet,2𝑆2 

e) ψ𝑏 = (1 −
𝑆1

S𝑚
) 

f) ψ𝑥 = (
𝑑𝑐+𝑥

𝑑𝑐
)

−𝛽
 

dual-site with site-

blocking 

attachment and 

depth-dependent 

(straining), together 

with detachment 

Katt,1, Kdet,1, 

Katt,2, Kdet,2, 

S𝑚, 𝛽 

[170] 

xii b) 
ρb

ε

∂𝑆

∂t
 = Kattψ𝑏ψ𝑥C −

ρb

ε
Kdet𝑆 

c) ψ𝑏 = (1 −
𝑆

S𝑚
) 

d) ψ𝑥 = (
𝑑𝑐+𝑥

𝑑𝑐
)

−𝛽
 

site-blocking, 

depth-dependent 

(straining) 

attachment together 

with detachment 

Katt, Kdet, S𝑚, 

𝛽 

[152] 

xiii b) 
ρb

ε

∂𝑆

∂t
 = Kattψ𝑥C −

ρb

ε
Kdet𝑆 +

ρbKrip S C 

c) ψ𝑥 = (
𝑑𝑐+𝑥

𝑑𝑐
)

−𝛽
 

ripening, depth-

dependent 

(straining) 

attachment together 

with detachment  

Katt, Kdet, 

Krip, 𝛽 

[152, 

153] 

xiv a) 
∂𝐶1 

∂t
 + 

ρb

ε

∂𝑆1

∂t
 = D

∂2𝐶1 

∂x2  – V
∂𝐶1 

∂x
−

ρb

ε
K12𝐹𝑝 

dual-species for 

transport of 

aggregated and 

non-aggregated 

Katt,1, Kdet,1, 

Katt,2, Kdet,2, 

S𝑚, 𝛽, K12, 

𝑆𝑐𝑟𝑖𝑡1, 

[151] 
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b) 
∂𝐶2 

∂t
 + 

ρb

ε

∂𝑆2

∂t
 = D

∂2𝐶2 

∂x2  – V
∂𝐶2 

∂x
+

ρb

ε
K12𝐹𝑝 

c) 
ρb

ε

∂𝑆1

∂t
 = Katt,1ψ𝑏ψ𝑥𝐶1  −

ρb

ε
Kdet,1𝑆1 −

ρb

ε
K12𝐹𝑝 

d) 
ρb

ε

∂𝑆2

∂t
 = Katt,2𝐶2 −

ρb

ε
Kdet,2𝑆2 

e) ψ𝑏 = (1 −
𝑆1

S𝑚
) 

f) ψ𝑥 = (
𝑑𝑐+𝑥

𝑑𝑐
)

−𝛽
 

g) 𝐹𝑝 = max (𝑆1 − 𝑆𝑐𝑟𝑖𝑡1 , 0) 

species with site-

blocking 

attachment and 

depth-dependent 

(straining), 

detachment 

xv b) 
∂𝑆

∂t
=

∂𝑆1

∂t
+

∂𝑆2

∂t
   

c) 
ρb

ε

∂𝑆1

∂t
 = Katt,1ψ1C −

ρb

ε
Kdet,1𝑆1 

d) 
ρb

ε

∂𝑆2

∂t
 = Katt,2ψ2C −

ρb

ε
Kdet,2𝑆2 

e) ψ1 = (1 + 𝐴1𝑆1
𝛽1) 

f) ψ2 = (
𝑑𝑐+𝑥

𝑑𝑐
)

𝛽2
 

dual-site with site-

blocking/ripening 

attachment and 

depth-dependent 

(straining), 

detachment 

Katt,1, Kdet,1, 

Katt,2, Kdet,2, 

𝐴1, 𝛽1, 𝛽2  

[147, 

148] 

xvi b) 
∂𝑆

∂t
=

∂𝑆1

∂t
+

∂𝑆2

∂t
 

c) 
ρb

ε

∂𝑆1

∂t
 = Katt,1ψ𝑏C  

d) 
ρb

ε

∂𝑆2

∂t
 = Katt,2ψ𝑥C 

e) ψ𝑏 = (1 −
𝑆1

S𝑚
) 

f) ψ𝑥 = max(1, 𝑆2
𝑆𝑚΄) 

dual-site with site-

blocking 

attachment and 

straining at very 

high ionic strength  

Katt,1, Kdet,1, 

Katt,2, Kdet,2, 

S𝑚, 𝛽 

[178] 

* Wherever Eq. (a) is not presented, it must be considered the same as Eq. (1.1) 𝑓𝑟 is the 

fraction of reversibly retained particles [—]; 𝜓𝑏 is the Langmuirian blocking function related 

to the fraction of porous medium available for deposition [—]; 𝑆𝑚 is the maximum retained-

particle phase concentration, i.e., particle retention capacity [NM−1 or MM−1]; 𝜓𝑥 is the depth-

dependent retention function commonly used for hyper-exponential retention profile 

modelling [—]; 𝑑𝑐 is the granular media average diameter [L]; β is the empirical depth-

dependent retention parameter [—]; 𝐾𝑟𝑖𝑝 is the particle-particle interaction rate coefficient 

between fluid-phase particles and deposited phase particles [L3 T−1]; 𝐹𝑝 is the aggregated 

species production function [NM−1]; 𝑆𝑐𝑟𝑖𝑡1 is the critical concentration of 𝑆1 when production 

starts [NM−1]; 𝐾12 is the first-order production coefficient to account for the release rate of 

aggregated species [T−1]; 𝐴1 and 𝛽1 are the multiplier and exponent coefficients, respectively 

[—], which define the interaction dynamics, i.e., ripening for 𝐴1 > 0 and 𝛽1 > 0 or blocking 

for 𝛽1 = 1 and 𝐴1 = −1/S𝑚; 𝜓1 is the expression for the effect of ripening or blocking which 

is equal to 𝜓𝑏 when 𝛽1 = 1 and 𝐴1 = −1/S𝑚; 𝜓2 is the expression for the effect of straining, 

equal to 𝜓𝑥 if assuming 𝛽2 = −𝛽; �̂� is the mass concentration of fluid-phase particles [ML−3]; 
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�̂� is the mass concentration of deposited-phase particles [MM−1]; 𝑟 is the average radii of 

particles in the fluid phase and deposited phase [L]; 𝑟0 is the average radius of particles (or 

agglomerates) at 𝑡 = 0 [L]; 𝜌𝑝 is the average density of the particles or aggregates [ML−3]; 𝜆1 

is the pseudo-first-order reaction rate [T−1], which stands for the decay in population of 

particles due to agglomeration; 𝜆2 is the pseudo-first-order reaction rate [T−1], which stands 

for the decay in the population of deposited, detachable particles and represents irreversible 

deposition; Krel is the release rate constant, Seq [NM−1 or MM−1] is the equilibrium value of S 

in the new steady state following perturbation; Ho(S-Seq) is the Heaviside function (acting as a 

cancelling function) which is equal to one when S > Seq and zero when S ≤ Seq; Si [NM−1 or 

MM−1] is the value of S before the perturbation; fnr [–] is the fraction of deposited particles that 

are not released with the perturbation in the system conditions; and indexes 1 and 2 in dual-

sites models stand for sites 1 and 2 and in dual species model stand for species 1 and 2. The 

rest of parameters are presented in the Nomenclature.  

 

1.4.3.3 Coexistence of both irreversible deposition and reversible 

attachment/detachment  

In many practical cases both kinds of interaction can exist in the same system together, 

resulting in both reversible and irreversible depositions. This has been frequently 

observed in studies with dual deposition sites or polydisperse NP dispersions 

(containing fractions of small and large particles) [e.g., 71, 73, 74, 247, 248, 249]. In 

these cases, neither equilibrium sorption nor non-equilibrium kinetic 

attachment/detachment models alone can satisfactorily describe NP transport, as none 

of them take into account the absolute irreversible deposition by themselves. In the 

case of the equilibrium model, the irreversibility is not taken into account because a 

physical relationship between the mobile-phase concentration and the immobile-phase 

concentration (sorption isotherms) is imposed upon the governing equation for 

transport in porous media via the 𝜕𝑆 𝜕𝑡⁄  term [208]. Regarding the non-equilibrium 

model, absolute irreversibility cannot be reached, unless the detachment rate in type 

(ii) model, (Table 1.1) is considered equal to zero—in which case the model reduces 

to type (i), Table 1.1. It was clearly illustrated in Fig. 1.5a that any increase in Kdet 

value resulted in the emergence of tailing in BTC, as well as an asymmetric rise in the 

plateau of BTC, suggesting that absolute irreversibility cannot be achieved by model 

type (ii) alone. Therefore, both equilibrium and non-equilibrium 

attachment/detachment models are intrinsically reversible and cannot take into account 

the absolute irreversibility of particles in the transport problems.  

Accordingly, there is need for an additional term to describe irreversible 

deposition. Commonly, if the  𝐾𝑑 parameter can be used by invoking the equilibrium 
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assumption, then description of irreversible deposition is made by addition of a sink 

term to decay the concentration of the fluid phase—similar to the simple irreversible 

deposition model explained already (model type (i), Table 1.1). This combination 

results in model type (v), Table 1.1. The BTC produced by such a model is shown in 

Fig. 1.5b. However, should the equilibrium assumption not be invoked, then the kinetic 

model already has a term that decays the concentration of the fluid-phase, and no 

additional term can be added to decay the concentration of this phase. In this case a 

sink term that decays the concentration/population of the attached phase (−𝜆2
ρb

ε
𝑆) 

may be added to the model in order to take account of irreversible deposition—as given 

in model type (vii), suggested by Babakhani et al. [74], Table 1.1. Thus, in future 

modelling practices, I propose using either of the aforementioned approaches 

whenever both reversible and irreversible attachments are suspected to be operative 

simultaneously, e.g., due to heterogeneity in the population of particles. For such cases, 

these approaches are believed to be more rigorous representations of real condition 

rather than dual-site deposition models, e.g., model types (iii) and (iv). Further research 

is required to test this assertion across a range of scales and systems. 

1.4.4 Aggregation in porous media and its interaction with other 

phenomena  

1.4.4.1 Definitions and observations 

Homoaggregation or homoagglomeration of particles (herein simply called 

aggregation) during transport within porous media is one of the least understood 

phenomena relating to colloid or NP in the subsurface. It is of paramount importance 

as it causes change in the size and hence the transport characteristics as well as the 

size-dependent functionality of NP. Understanding aggregation within porous media 

is therefore crucial to a range of environmental applications of NP, as well as 

assessments of environmental hazard. The terms 'aggregation' and 'stability' have been 

used interchangeably but they are two distinct processes; aggregation only considers 

the attachment of particles to each other, while stability considers both their attachment 

and their subsequent sedimentation and removal from the aqueous media [250-255]. 

This difference is more pronounced in the context of porous media. In particular, the 

restricted length scales for sedimentation to take place in pores and that they are 
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advecting through the pores may distinguish the aggregation in porous media from that 

in bulk liquids.  

To date, the most common model for simulating the aggregation of colloidal 

particles is the Smoluchowski model [75, 91, 114, 146, 256-258]. This model is based 

on the superposition of three mechanisms: perikinetic, orthokinetic, and differential 

sedimentation. The perikinetic mechanism of aggregation involves particle-particle 

collisions caused by the Brownian motion of particles. Orthokinetic aggregation 

involves collisions arising from any motion or flow in a fluid that can cause shear 

stress. Differential sedimentation occurs when the particle sizes are so different that 

larger particles settle faster than the smaller ones and collide with those in their paths 

[74, 114]. Detailed accounts of aggregation modelling, e.g., consideration of the fractal 

nature of aggregates or of gravitational sedimentation in aqueous media will be given 

later in this chapter. Aggregation of NP, in spite of being the focus of ongoing studies 

in aqueous media [91, 137, 257, 259-261] has been largely ignored by models of 

transport in porous media. Many modelling studies on NP transport reported to date 

have overlooked aggregation by assuming that in the selected experimental conditions 

aggregation might have not been operative. This rationale may be justified in several 

conditions: high experimental values of zeta potential or stability analysis based on 

critical coagulation concentration (CCC) or DLVO theory [229, 262, 263]; the lack of 

significant size change observed under equivalent conditions in batch experiments 

[116, 180, 228, 234, 239, 264-266]; or by observing no significant change in the 

concentration of suspended NP in such batch experiments, indicated the absence of 

sedimentation [e.g., 120]. Despite this, the formation of NP aggregates during transport 

in porous media has been experimentally demonstrated by a large number of studies 

for NP such as NZVI [59, 71, 73, 74, 96, 146, 155, 227, 267], HAP [153, 171, 172, 

175], Graphene/GO  [120, 164, 165, 176-178], Ag NP [262, 266, 268], CeO2 [269], 

TiO2 [179, 270-273], ZnO [121, 182, 245, 274, 275], and Al2O3 NP [264, 265] (Table 

B1). The results from batch experiments may not be a real indicator of the particle 

conditions in porous media, because aggregation in batch experiment in absence of 

flow can lack at least one of the driving mechanisms of aggregation; that is orthokinetic 

aggregation, and they also ignore other impacts of dynamic conditions encountered in 

porous media [74, 91, 164, 245, 250]. For instance, enhanced local polydispersity in 

particle size distribution in pores can be responsible for accelerated agglomeration. 
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This local polydispersity in the population of particles may arise from the complex 

multi-cascade processes of advective and diffusive transport [136, 187, 276, 277], 

tortuosity in porous media [197], detached agglomerates with different sizes arriving 

from the up-gradient pores [151, 214], and size selective deposition/preferential 

retention [153, 171, 180]. It is also worth mentioning that observations in effluent 

samples that show no change in the size over time or as a function of the column length, 

should not be used as evidence for no aggregation, since aggregation tends to lead to 

large, more easily-deposited entities, it is preferentially the smaller, unaggregated 

particles which remain mobile as far as the column outlet [74, 153, 171, 180, 253, 254, 

278].    

Aggregation can affect the deposition of particles during their transport within 

porous media in a number of ways. Increase in size due to aggregation can reduce 

diffusivity thereby decreasing the frequency of collisions with pore surfaces [279]. The 

formation of porous aggregates can also alter their sedimentation velocity as well as 

collision rates with solid surfaces compared to those of impermeable spheres with 

equivalent mass and size [280]. The porosity and thus settling velocity of fractal 

aggregates can change with their growing in size because of the change in the fractal 

dimension, which is an indication of their density [281-284]. For particles which 

collide with surfaces, increase in size of aggregates can increase the magnitude of the 

DLVO interaction energy secondary minimum, thereby increasing attachment rates 

[71-73, 249]. These interconnected and dynamic effects of change in particle size 

which occur differentially across a particle population render it complicated to develop 

a mechanistic approach for simulating the concurrent aggregation and transport of NP 

[74, 75, 107].  

1.4.4.2 Modelling considerations 

Very few studies have attempted to develop a model for NP aggregation during 

transport in porous media in continuum framework [74, 107, 146]. These models were 

mostly developed specifically for NZVI because of its importance in remediation of 

groundwater contaminants and the need for designing field remediation strategies [73-

75, 146, 249]. Phenrat et al. [71, 72] developed empirical attachment and contact 

efficiency relationships for predicting the sizes of aggregates and the subsequent 

deposition of formed aggregates based on a range of one-dimensional (1-D) column 
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transport data of polymer-modified NZVI particles. These empirical correlations can 

be used along with continuum model to simulate NP aggregation and transport in 

porous media. Raychoudhury et al. [146] combined the Smoluchowski model of 

aggregation with the CFT model within an advection-dispersion equation in order to 

simulate the aggregation and transport of polymer-modified NZVI. However, they did 

not explicitly obtain the particle-particle attachment efficiency within the porous 

media. Instead, they determined aggregation kinetic parameters from static batch 

experiments and used them for fitting the model against the breakthrough data. As 

noted above, there can be significant differences between static experiments with those 

conducted in a real dynamic environment of the porous media [130]. It was also not 

clear how the computational demand of using Smoluchowski model for NP was dealt 

with in that study, and whether particle size distribution dynamics were considered. 

Taghavy et al. [75] used the Smoluchowski equation and CFT, all within a 

Lagrangian approach based on random-walk particle tracking to simulate the 

concurrent aggregation and transport of NZVI. Although they tackled the problem of 

binary collision in their probabilistic modelling approach, the aggregation model in 

that study was limited to considering only the perikinetic aggregation [91, 250]. 

Furthermore, the use of a Lagrangian approach limits the possibility of running a 

model in inverse mode because oscillations around the expected mean outcomes of 

Lagrangian methods such as random-walk particle-tracking hinder the optimization 

process in the inverse problem [107]. Lagrangian approach also comes with 

consequent computational expenses when up-scaled [107, 130, 154]. Both 

aforementioned studies were also limited to one dimensional transport of NP.  

Babakhani et al. [74] modified a widely-used solute transport model, MT3DMS, 

in order to incorporate the influence of aggregation together with other transport 

phenomena including attachment, detachment, and subsequent irreversible deposition 

of aggregates. They used a simple pseudo first-order reaction model to represent 

homoaggregation (Model type (vii), Table 1.1). The basis of common aggregation 

models such as the Smoluchowski model is a second-order rate equation [114, 285-

287] although there is a limited number of studies which have used a first-order 

formulation for aggregation [288-292]. Babakhani et al. showed that the use of a 

pseudo-first order model could describe the aggregation behaviour of NP in porous 

media conditions of homogenous one-dimensional and heterogeneous two-
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dimensional domains successfully. Interestingly, in the experimental cases where the 

conditions were favourable for disaggregation of NZVI, the model was still applicable 

by showing negative rates for the aggregation parameter [74]. Nevertheless, in that 

study, the effect of particle size distribution in porous media was not taken into 

consideration.   

Another approach to modelling aggregation was developed by Bradford et al. [151] 

that addressed hyper-exponential and non-monotonic trends of RCP. This was a dual-

constituent model with the aim of capturing the transport and straining of pathogenic 

E. coli. The conceptual model assumed that E. coli could aggregate when a large 

number of mono-dispersed E. coli were deposited at straining sites. Then aggregates 

of E. coli which formed in the deposited phase could be released into the aqueous phase 

as a result of flow shear force after reaching a critical concentration. A two-constituent 

model (one constituent for the individual mono-disperse E. coli. and the other one for 

the released E. coli. aggregates) was developed. This model is presented as model type 

(xiv) in Table 1.1. The drawback of this model is the use of four extra parameters in 

comparison with a common model of straining and site-blocking, e.g., model type (xii), 

Table 1.1. Application of the Akaike information criterion (AIC) by Bradford et al. 

[151], described elsewhere in this chapter, showed the two-species straining model 

performed better than the well-known first-order attachment-detachment model (type 

(ii), Table 1.1). However, it was not investigated whether this model could have been 

better than the first-order attachment-detachment model with straining and blocking 

functions (model type (xii), Table 1.1). It should be noted that aggregation in the study 

of Bradford et al. was assumed to occur at the deposited-particle phase, opposed to 

common consideration of aggregation process which takes place in the fluid phase 

[114]. Although this model distinguished the aggregating from non-aggregating 

species, still it did not consider the particle size distribution within the pores.  

Hyper-exponential RCPs are commonly attributed to a manifestation of straining 

mechanism as described in Appendix A. However, a substantial number of studies 

have attributed hyper-exponential RCPs to the aggregation process [121, 153, 245, 

266, 274, 293-297]. Here, I suggest two arguments against this possibility. The first 

reason is that the aggregation process is a time-dependent mechanism [74, 291, 292] 

and thus increase in particle size should occur progressively over the course of 

migration through the porous media. Therefore, the average size of retained aggregates 
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should increase toward the outlet of the column; however, observations of hyper-

exponential RCP indicate typically a decrease in the size of the retained particles along 

the column length [171, 172, 245, 274]. The second reason, derived from experimental 

observations [173, 219, 298, 299], is that a decrease in the influent concentration 

causes greater hyper-exponential behaviour. This is assumed to be because at low 

concentrations of NP the capacity for straining will be exceeded only at the vicinity of 

the column inlet causing hyper-exponential shape while at high concentration, the 

capacity for straining will be uniformly met over the whole column length. On the 

other hand, aggregation is well known to be a concentration-dependent phenomenon 

[71, 73, 74, 146, 291, 300, 301] which typically increases with the population of 

particles by a second-order rate [114, 256, 287]. If aggregation is the reason for the 

hyper-exponential behaviour, then the increase on the injecting concentration of NP 

must enhance the hyper-exponential pattern because of the ascended aggregation 

tendency. The outcomes of the aforementioned experimental studies show the 

opposite. One may attribute the hyper-exponential behaviour to aggregation in the 

feeding reservoir of the NP upon injecting into the column experiment. Nonetheless, 

in the studies which carried out the ultra-sonication of the stock dispersion [165, 171, 

172, 297, 302], still a hyper-exponential distribution emerged as well as a decrease in 

the retained particle size along the column length [171, 172], suggesting that the 

aggregation in the stock dispersion container cannot be responsible for hyper-

exponential behaviour.  

Further carefully-designed experimental work is clearly required to better inform 

both conceptual and mathematical models of aggregation and its contribution to NP 

transport and fate in porous media. What is clear from the available evidence is that 

successful models must be validated against effluent breakthrough and perhaps 

retained mass profile data across a range of scales and physicochemical conditions 

[303]. Future studies must be also directed to develop both continuum models and 

experimental techniques that can capture the effects of particle size distribution 

dynamics resulting from aggregation processes within pores. This can obviously give 

valuable insights into the roles of concurrent transport mechanisms.  

1.5 Applicability of continuum models 

1.5.1 Experimental validation of model concepts 
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Here, recent developments in the experimental methods required to validate and test 

the models are briefly outlined. A crucial advance on standard column methods is 

represented by methods which ‘open the box’ on time-dependent changes within the 

porous medium. Recent advancement in real-time monitoring of transport in porous 

media include detecting solute transport by gamma imaging [304], colloid transport by 

fluorescence imaging [305-307], and NP transport by MRI [308]. X-ray computed 

tomography (XCT) has also been shown to have the potential for imaging the attached 

phase of NP, but its application at bulk scale is challenging due to interference at the 

grain/void interface and being limited to high electron density materials with high X-

ray contrast [69]. Real-time monitoring of the attached phase of particles has been 

achieved by Roth et al. [309] via static light scattering (SLS) yielding important 

parameters such as permeability, the radius of gyration (analogous to the 

hydrodynamic radius), and the fractal dimension of deposited aggregates. Static light 

scattering can obtain very small length scales (voxel resolution as low as 50 nm) at 

significantly lower cost than alternatives such as X-ray microtomography. 

Nevertheless, this technique requires a refractive index matched porous media which 

limits its ability to probe realistic environmental conditions in key parameters such as 

viscosity and surface properties [310]. The dynamics of the concurrent agglomeration 

and transport of NP in real porous media has not been monitored by any experimental 

technique within the literature reviewed here. Developing robust experimental 

evidence for validating models such as those proposed here, in particular where 

multiple processes are postulated, and BTC/RCP interpretations are equivocal, 

remains a critical research priority. 

1.5.2 Upscaling of continuum models for NP transport  

In spite of the large number of NP transport studies in 1-D column experiments, 

multidimensional transport reports are scarce [19, 41, 46, 57]. Likewise, 

multidimensional modelling tools are still undeveloped [74, 138, 139, 145, 166, 167, 

311, 312]. At larger scales, the nature of underlying phenomena can change compared 

to 1-D transport, due to the introduction of new impacts from nonuniform flow field, 

e.g. radial flow around injection wells [79, 313]. It is likely that the patterns of the 

BTC and RCP discussed throughout the present chapter change significantly. In 

particular when the domain is heterogeneous, e.g. layered media [55, 249], multiple 

peaks can appear in the plateau of the BTC which cannot be modelled even when 
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considering heterogeneous zones as conducted in [74]. Substantial differences may 

exist regarding the amount of pore space or solid surfaces available in 3-D porous 

media domain compared to that of simple ideal 1-D column domain. This can cause 

further deviations of column experiment outcomes compared to realistic 

environmental conditions.  

Well-known, 3-D groundwater modelling packages such as HYDRUS and 

MODLFOW have been modified to capture some of the transport mechanisms of NP. 

To date, HYDRUS [314] has been adapted to simulate most of the NP transport 

mechanisms discussed in this chapter, except aggregation [315]. A 2-D or 3-D 

application of HYDRUS for NP transport has not been reported thus far. In addition, 

capabilities of simulating variable density or variable viscosity characteristics of 

transport that can be influential in fate and transport of NP in porous media have not 

been reported for this package. On the other hand, the MODLOW family of models, 

such as MT3DMS [131], SEAWAT [316], and RT3D [317] have been already applied 

for multidimensional transport simulations of NP with considering specific NP 

transport mechanisms including aggregation [74], density driven transport pattern 

[312], site blocking [166, 167], straining [47], and even reaction with groundwater 

contaminants [56]. Neither size exclusion as a specific phenomenon nor particle size 

distribution driven by aggregation, has been considered in these models yet. 

A MATLAB-based software called MNM1D was developed for capturing NP 

transport mechanisms [147]. This model is mainly expressed as model type (xv) in 

Table 1.1. Recently, this was combined with RT3D to simulate micro and 

nanoparticles transport in 3-D porous media [311]. However, this model, too, has not 

considered aggregation and size exclusion mechanisms of NP aggregates within 

porous media. Therefore, there exists the need for development of new 3-D modelling 

tools or further adaptation of current groundwater modelling package to take more of 

the NP transport mechanisms into account.  

1.6 Thesis structure and objectives 

In this thesis based on the research priorities that were identified in this chapter, I try 

to address the challenges of the use of continuum models for the transport of NP in 

aqueous and porous media. In doing so, I first classify and clarify a variety of 

continuum models and concepts that have been used for the transport of NP in porous 
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media as performed in this chapter and in appendices A-C. I then describe and 

conceptualize different scenarios that can be applied for simulating multiple 

phenomena of NP transport in subsurface environment (the discussion of which is 

available in Appendix D). The main challenges are the predictivity of continuum 

models as well as the need for a more efficient consideration of agglomeration. A 

method is proposed for forward application of the continuum models using artificial 

neural network (ANN). This also allows analysing the sensitivity of various 

environmental factors on continuum model parameters which has all been covered in 

chapter 2. In the next stage, I narrow down the focus on modelling the aggregation in 

aqueous media based on fitting against data obtained from long-term batch 

experiments on Hydroxyapatite (HAp) NP, which have application for radionuclide-

contaminated site remediation [24-26]. This leads to finding the best current modelling 

set for being used with continuum models as elaborated in chapter 3. The best model 

set for aggregation is then combined with a 3-D continuum transport model code, 

MT3D-USGS with recently updated sophisticated capabilities presenting it as a tool 

for groundwater remediation design [318]. The model is validated against 1-D 

experimental data from literature and against the previous MATLAB code as presented 

in chapter 4. Performing aggregation and transport simulations at 3-D scale reveals the 

computational expenses as a barrier for efficient modelling. There are other factors 

such as system dynamics that have not been considered in the model. Thus, in the next 

stage a novel method is developed for modelling NP aggregation based on a classical 

parent-daughter chain reaction as covered in chapter 5. This is validated against 

experimental data of aggregation and sedimentation of shattered graphene oxide 

(SGO) NP which also have application for radionuclide adsorption [22, 23]. This 

approach is believed to be more compatible with continuum models due to being based 

on mass concentration. When compared with a standard population balance model, the 

new approach turned out to be more efficient. Finally, I investigate the possibility of 

additional impact that porous media, as a dynamic system, can have on the aggregation 

process compared to that of the quiescent condition of batch experiment. This, which 

is presented in chapter 6, is conducted through a solid-body rotational system to shed 

light on the trends of aggregate size and structure under dynamic condition.  

The overarching objective of the thesis is to propose continuum modelling 

approach as a robust modelling tool for simulating the aggregation and transport of NP 
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in porous media environments. To achieve this major goal, step-by-step objectives are 

set, as listed below: 

• Define and conceptualize continuum modelling approaches. 

• Address the challenge of predictivity. 

• Find a best modelling set based on current population-balance approach 

for aggregation based on experimental data in quiescent batch 

experiment.  

• Combine the best aggregation model set with continuum model. 

• Find a more efficient approach that can be used with continuum models.  

• Investigate the impacts that porous media as a dynamics system can 

potentially have on aggregation compared to quiescent batch 

experiments.  
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Chapter 2 

2 Parameterisation and Prediction of 

Nanoparticles Transport in Porous 

Media: a Reanalysis using Artificial 

Neural Network 

 

2.1 Chapter overview  

2.1.1 Scope 

In addressing one of the main challenges for effective use of continuum models, i.e., 

predictivity, this chapter establishes a way for predicting continuum model parameters, 

and also tries to identify important experimental factors through extensive sensitivity 

analysis. This chapter has been published as the following paper and is reproduced 

with permission from Wiley: 
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“Babakhani, P.; Bridge, J.; Doong, R.-a.; Phenrat, T., Parameterization and prediction 

of nanoparticle transport in porous media: A reanalysis using artificial neural network. 

Water Resour. Res. 2017, 53, 4564-4585.” 

2.1.2 Abstract 

The continuing rapid expansion of industrial and consumer processes based on 

nanoparticles (NP) necessitates a robust model for delineating their fate and transport 

in groundwater. An ability to reliably specify the full parameter set for prediction of 

NP transport using continuum models is crucial. In this chapter a reanalysis is 

performed on a dataset of 493 published column experiment outcomes together with 

their continuum modelling results. Experimental properties were parametrized into 20 

factors which are commonly available. They were then used to predict 5 key 

continuum model parameters as well as the effluent concentration via artificial neural 

network (ANN)-based correlations. The Partial Derivatives (PaD) technique and 

Monte Carlo method were used for the analysis of sensitivities and model-produced 

uncertainties, respectively. The outcomes shed light on several controversial 

relationships between the parameters, e.g., it was revealed that the trend of 𝐾𝑎𝑡𝑡 with 

average pore water velocity was positive. The resulting correlations, despite being 

developed based on a ‘black-box’ technique, (ANN), were able to explain the effects 

of theoretical parameters such as critical deposition concentration (CDC), even though 

these parameters were not explicitly considered in the model. Porous media 

heterogeneity was considered as a parameter for the first time, and showed sensitivities 

higher than those of dispersivity. The model performance was validated well against 

subsets of the experimental data and was compared with current models. The 

robustness of the correlation matrices was not completely satisfactory, since they failed 

to predict the experimental breakthrough curves (BTCs) at extreme values of ionic 

strengths. 

2.2 Introduction  

The rapid development of nanotechnology is identified as sufficiently remarkable as 

to be comparable with the industrial revolution [1]. A comprehensive evaluation of the 

fate and transport of engineered nanoparticles (NP) is pivotal to enable robust 

prediction and management of nanoparticulate materials in environmental matrices. 
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One of the endpoints of the NP life cycle is the subsurface soil and thereby 

groundwater [2]. Nanoparticles can be introduced into groundwater unintentionally 

from various sources during manufacturing/application/disposal stages; or they may 

be injected intentionally in applications such as in situ groundwater remediation or 

recovery enhancement of oil and gas reservoirs [3-5].   

Diversity of the subsurface conditions on the one hand and variations in the 

characteristics of NP on the other limits the success of many current models in 

predicting the transport of NP. The ongoing development of hybrid NP with various 

architectures and coatings makes it inefficient to develop a specific model for each 

individual type of NP, suggesting the need for developing a robust model that can 

capture the transport behaviour of as many types of NP as possible [6-9]. To date, the 

most widely-used theory to predict the transport of NP and colloids has been the clean-

bed (or classical) colloid filtration theory (CFT) [10-13]. However, models based on 

CFT still find it challenging to take into account the physical retention (straining) of 

colloid [14-16], heterogeneity in the colloid population [17, 18], and heterogeneity in 

the surface chemistry [19-21]. Its application when several transport phenomena occur 

simultaneously is under question.  

Continuum-based models can describe the transport of NP in porous media when 

various mechanisms are involved concurrently and across various scales, provided that 

conceptual models of various transport phenomena can be defined and validated 

properly in the mathematical framework [13, 22, 23]. These models are construed as 

partial-differential equations developed based on the mass or particle number balance 

[13, 23]. The drawback in using continuum models is that the model parameters cannot 

be simply estimated and necessitate the output data of continuum models to be fitted 

against a set of experimental or field data which may not be available [13, 24, 25]. 

Efforts to predict individual parameters of continuum model via regression analysis 

and/or mechanistic approaches, e.g., estimating attachment rate coefficient [26], site-

blocking or straining parameters, have been very limited [14, 27-31]. Furthermore, the 

effects of many experimental and environmental factors such as soil heterogeneity and 

dispersivity on the continuum model parameters are still unknown.  

Recently, Goldberg et al. [24] used a machine learning technique known as 

‘random forest ensemble’ to find the most important environmental parameters in 
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retention of NP transport. Although the outcomes of their paper provide very useful 

insights into the retention behaviour of NP in porous media, they are limited to 

regression analysis of retained fraction and retained mass profiles of NP in porous 

media. The artificial neural network (ANN) is a powerful algorithm which emulates 

the processing system of the human brain in terms of the structure and interactions of 

neurons with the information signals [32-36]. This concept, which was originally 

proposed in 1940s by McCulloch and Pitts [37], has been introduced as a versatile and 

universal tool for function approximation problems, especially in non-linear systems, 

where other mathematical/mechanistic techniques are difficult to implement [32, 38, 

39]. In spite of extensive applications in the fields of environmental, hydrology, and 

civil engineering over several decades [32, 34], ANN is still relatively untested in 

colloidal transport problems. Particularly, a direct application of ANN to simulate or 

analyse data related to the transport of NP in porous media has not been reported thus 

far, although it has been applied for the transport of other contaminants such as nitrate 

[40]. ANN is categorized as a ‘black-box’ model because it is difficult to draw any 

conceptual relationship between the mathematics of the model and the underlying 

physical phenomena. Nevertheless, various sensitivity analysis techniques have been 

developed in order to gain insight into the influence of input variables on the ANN 

outputs [34, 35, 41, 42]. For instance, Gevrey et al. [41] assessed seven methods for 

the sensitivity analysis of ANN in ecological systems and found that the ‘Partial 

Derivatives’ technique (PaD) is the most useful and stable method [34, 35, 41].  

The goal of the present study is two-fold. First, an ANN-based code is developed 

comprising PaD and Monte Carlo methods to analyse continuum-model parameter 

sensitivities and uncertainties in respect of 20 experimental or environmental factors 

that may influence the transport of NP in porous media in 493 separate experiments 

published in more than 50 peer-reviewed studies. Second, the ability of the ANN-based 

correlation matrices to independently predict the continuum-model parameters is 

investigated. If the final correlation matrices are successful in predicting model 

parameters, they can be easily used to estimate the major parameters of continuum 

models based on NP characteristics and transport conditions that are known or simply 

measurable. This would mitigate the need for parameter calibration of the continuum 

model in future column transport studies. To the best of the authors’ knowledge, this 

is the first time such a thorough modelling, sensitivity, and uncertainty analysis has 
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been conducted on the continuum-model parameters associated with a wide variety of 

environmental/experimental factors.  

2.3 Dataset and parametrization 

Data for NP extracted for comprising silver (AgNP), nanoscale zero valent iron 

(NZVI), Fe3O4, hydroxyapatite (HAp), graphene and graphene oxide (GO), cerium 

dioxide (CeO2), TiO2, zinc oxide (ZnO), quantum dots (QDs), latex, silica, aluminium 

oxide (Al2O3), and boehmite NP. All the parameters together with their statistics, and 

ranges are given in Table 2.1. The parameters for which the data were collected were 

in two groups: 1) modelling parameters that result from fitting the continuum model 

to experimental breakthrough and/or retention profile data; and 2) all the possible 

factors that could be feasibly measured from the experimental or real environmental 

properties without relying on current theories and without the need for performing any 

major experiment.  

The required data for the first group of parameters, i.e., modelling parameters, were 

gathered for the attachment rate constant, 𝐾𝑎𝑡𝑡, (1/h) was common among all of these 

models. Other most common parameters were the detachment rate constant, 𝐾𝑑𝑒𝑡, 

(1/h), the maximum retained-particle phase concentration or colloidal retention 

capacity, Sm, (mg/g), and the empirical depth-dependent retention parameter, β, [—]. 

Investigations were also extended to the second attachment rate constant, 𝐾𝑎𝑡𝑡2
 (1/h), 

representing the second site attachment rate. The second group of parameters - 

hereafter termed 'factors' - includes aqueous phase ionic strength (IS), pH, zeta-

potential of particle and porous media surfaces, NP coating and free-polymer 

concentrations, input NP concentration, dimensions of the porous medium (column 

length and diameter), average pore water velocity, grain diameter, porosity, 

dispersivity, heterogeneity, number of injected pore volumes (PV), particle diameter, 

particle density, aspect ratio of NP, the pH of isoelectric point (or point of zero charge 

pH), and saturation magnetization. Note that in order to consider both negative and 

positive values of zeta potential, in a consistent trend, zeta potential data were 

normalized by the minimum of their range, as explained in Table 2.1.  

The dataset mostly included saturated porous media — only in one paper the 

porous media was unsaturated [43] which involved undisturbed soil with ~90% 
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saturation degree. The temperature of experiments had to be close to 25 ℃. A criterion 

was applied that the fitting 𝑅2 for continuum modelling parameters had to be at least 

0.7 in order to incorporate the data of that modelling study. The isoelectric pH (IEP) 

or the pH of zero charge (PZC) were rarely reported in the given papers and therefore 

the same value was assumed for all data of each type of NP according to other literature 

sources given in Table E1. It is difficult to put the data of ionic strength (IS) from 

various studies together into the model as a single parameter because of the diversity 

in the ionic compositions. In this study, IS data were synchronized for various ionic 

species by drawing linear correlations between various ionic species. For this purpose, 

the dataset was first divided based on the different ionic compositions and tried to seek 

linear correlations between IS data of each ionic species with Katt as the most 

representative parameter of NP transport. In this way, linear correlations were achieved 

for the data of NaCl, CaCl2, NaHCO3, KNO3, and MgSO4, with correlation coefficients 

ranging from 0.42 to 0.93 (Table E2). Although these linear correlations were not very 

strong, they could be useful for pre-treatment of IS data since they were also 

statistically significant based on Fisher F test (Table E2) [44]. Eventually, based on 

these linear correlations, the IS values of CaCl2, NaHCO3, KNO3, and MgSO4 were 

scaled to the IS values of NaCl which was afterwards used as input to the ANN 

modelling and extended to other model parameters as well. Other ionic compositions 

which did not show a linear relationship with Katt were involved in the IS data without 

any specific treatment. These species were NaNO3, Ca(NO3)2, NaClO4, and KCl which 

comprised less than 13 % of the dataset.  

The outliers in the dataset were identified via statistical techniques such as box plot 

and the Grubbs test [45, 46]. However, in order to prevent the loss of important data 

only certain outliers were removed or replaced that could be evidently true anomalies, 

e.g., a case that had been measured with a completely different technique than others 

in that family [47, 48]. After this stage, the percentage of missing data compared to the 

whole dataset of input variables was 6.5 %. This missingness mostly involved the 

dispersivity parameter — 3.0 % of the whole dataset or 60 % of the expected data for 

this parameter (Table 2.1). Therefore, a separate ANN network was developed to 

predict the missing data of dispersivity and also for future modelling purposes via the 

available data. This was accomplished by assuming dispersivity to be dependent on 

six factors including (1) column length, (2) column diameter, (3) average pore water 
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velocity, (4) heterogeneity, (5) porosity, and (6) grain diameter [49-52]. In order to 

avoid losing the effective dataset, the rest of gaps in the data for experimental 

conditions parameters were imputed with the average of the available data for each 

parameter. This may not affect the overall result of ANN modelling significantly, 

because the total percentage of missing data was low (3.5 %). Among these data gaps, 

the maximum missing rate was 31 % associated with the grain zeta-potential, followed 

by 12 % for particle zeta-potential, and 10 % for adsorbed coating concentration (Table 

2.1). These missingness rates might not be significant because a missingness rate of 

73 % or more for each parameter has been common in the literature [53]. It should be 

noted that there were also missingness in the data of predicted parameters, including 

𝐾𝑑𝑒𝑡, 𝑆𝑚, β, and 𝐾𝑎𝑡𝑡2
. However, eliminating these gaps did not lead to significant loss 

in the dataset. Finally, the used dataset for 𝐾𝑎𝑡𝑡 and C/C0 was 493 cases while for 𝐾𝑑𝑒𝑡, 

𝑆𝑚, β, and 𝐾𝑎𝑡𝑡2
 it was reduced to 200, 286, 214, and 186 cases, respectively.  

The heterogeneity of the soil texture is an important factor in the transport of NP 

in porous media [54]. Nevertheless, there has not been any simple robust systematic 

definition of porous media heterogeneity in the context of particle transport so that it 

can be considered as a parameter in continuum models. Parameters such as 

permeability or tortuosity which have not been considered in this study, due to the lack 

of sufficient data in the literature, and parameters like porosity and grain size which 

have already been included as independent experimental factors altogether cannot take 

into account the impact of variations in the soil texture and surface properties on NP 

interactions with porous media. Thus, in the scope of this study it is necessary to 

develop a stand-alone parameter to represent media heterogeneity. Given the available 

information in the literature about the effective heterogeneities that affect the transport 

of NP at the continuum scale, and considering the practical purpose of current 

modelling study, a rough categorization of porous media types is assumed in order to 

define a unified heterogeneity parameter. This conceptualization of the unified 

heterogeneity parameter and the resultant formula  are merely simplifications based on 

a rationale that mainly considers the spatial variability of the porous media surface 

properties as opposed to the heterogeneity of the hydraulic conductivity (flow). This 

is based upon a series of intuitive assumptions imposed by the type of porous media, 

e.g., the nature of the soil sample (clean or treated laboratory porous media, disturbed, 

and undisturbed), grain coating, and grain size distribution. In doing so, porous media 
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containing only glass beads was assumed to have the minimum heterogeneity (0.0 %) 

compared to other possible types of porous media and the porous media consisting of 

undisturbed natural soil was assumed to have the highest heterogeneity (100 %). Then 

three categories were considered between 0.0 % and 100 % heterogeneity.   

The first category, clean sand, was considered in the range of 10 % to 20 % 

heterogeneity, attributing the heterogeneity for typically-washed sand as 15 %. The 

second class was assumed for coated sand in the range of 20 % to 60 % heterogeneity, 

depending on the concentration of porous media coating or the proportion of coated 

sand to uncoated sand, compared to the case of typical clean sand. The third class of 

heterogeneity, i.e., disturbed soil samples, was considered in the range of 60 % to 90 

% depending on clay, silt and sand contents of the soil. The degree of the heterogeneity 

in the latter category was considered based on the following assumptions. First, a 

uniform soil consisting of similar proportions of the sand, clay and silt contents was 

considered with a heterogeneity degree close to the middle of this category, i.e., 75 %. 

Second, increase in the amount of the clay was considered to enhance the degree of 

heterogeneity because of the high surface area and highly asymmetric clay platelet, 

and amphoteric behaviour of the edges, i.e., having both positive and negative charges 

for the same geochemical conditions, which leads to ambivalent interactions with 

nanoparticles at the same time [55-60]. Furthermore, the greater the differences in the 

boundaries of the size range, the higher the heterogeneity. As such, a soil consisting of 

50 % clay and 50 % sand should be considered more heterogeneous than a soil 

containing 50 % silt and 50 % sand. These equivocal impacts need to be expressed 

using a simple formulation to estimate the heterogeneity factor for the soil category so 

that it can be useable to estimate the heterogeneity consistently within large datasets 

such as that used in the present study. Considering aforementioned assumptions and 

using data for Katt, the following formula was developed to estimate the degree of 

heterogeneity in the disturbed soil category which is within the range of 60 % to 90 %:    

Θ =  60 + 6 (
1

2

𝑃𝐶𝑙

𝑃𝑆𝑡+𝑃𝐶𝑙
+

1

2

𝑃𝐶𝑙

𝑃𝐶𝑙+𝑃𝑆𝑡+𝑃𝑆𝑑
+

1

2

𝑃𝑆𝑡

𝑃𝑆𝑑+𝑃𝑆𝑡
+ 3

𝑃𝐶𝑙+𝑃𝑆𝑡

𝑃𝐶𝑙+𝑃𝑆𝑡+𝑃𝑆𝑑
+

𝑃𝐶𝑙×𝑃𝑆𝑑 

(𝑃𝐶𝑙+𝑃𝑆𝑡)×(𝑃𝑆𝑡+𝑃𝑆𝑑 )
)  

(2.1) 

where 𝛩 is the estimated heterogeneity in this range (%), 𝑃𝐶𝑙, 𝑃𝑆𝑡, and 𝑃𝑆𝑑 are the 

percentages of clay, silt, and sand in the soil, respectively. The ternary plot of the 

heterogeneity parameter in the soil subcategory is sketched in Fig. 2.1, and for practical 
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purposes and comparison, it is overlain by the "USDA Soil Texture Triangle", a 

classification which has been used for soil texture in other contexts [61-63]. Table E3 

shows the variations of 𝛩 or heterogeneity in the range of 60-90 % for different 

amounts of clay, silt and sand. According to this relationship, the maximum possible 

heterogeneity for disturbed soil (90 %) will be obtained for a soil with 99.9 % clay and 

0.1 % sand and the minimum heterogeneity of the soil category, 60.0 %, is obtained 

for a soil with 99.9 % sand and 0.1 % silt. This minimum value of heterogeneity 

increases to 64.5% when the proportions of clay and silt change to 0.05 % and 0.05 %, 

respectively, and further increases to 69.0 % when clay and silt contents are 0.1 % and 

0.0 %, respectively. The diagram of this categorization of heterogeneous porous media 

is given in Fig. E1 in the Appendix E. It should be noted that there are other types of 

heterogeneities such as micro- and nano-surface roughness heterogeneities [13, 64, 65] 

as well as other similar concepts such as immobile zone [13, 65] that might be counted 

as heterogeneity. These are not considered here due to the lack of sufficient 

information in the current literature. It is believed that a unifying approach for 

conceptualization of the heterogeneity parameter in sequential ranges is more efficient 

and flexible than considering different types of heterogeneities, each as an individual 

parameter, and it is also potentially more powerful when it comes to the comparison 

of sensitivities among 20 experimental factors.  
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Figure 2.1 Ternary plot of heterogeneity parameter for the category of disturbed soils 

(range of 60 to 90% heterogeneity) based on different amounts of clay, silt and sand. 

The plot is overlain by the ‘USDA Soil Texture Triangle’. The colour bar represents 

the heterogeneity values which are determined by Eq. 2.1. 

 

Table 2.1  List of the two groups of parameters, modelling parameters and 

experimental/environmental properties.* 

Abbr. Description and 

unit 

Min Max Mean Missing 

Rate 

(%) 

Note 

Free 

Pol. 

Conc. 

Free-polymer 

conc. (mg/L) if 

cotransport  

1×10-7 1×104 97 7.3 The concentration of various 

polymers (e.g., NOM, surfactant, 

protein) in the stock dispersion of 

nanoparticles  

Zeta_

NP 

Zeta potential of 

nanoparticles 

(mV) 

1×10-2 1.1×102 44 11.6 All values are offset (added) by 

the absolute min of data, -72 mV.  

dp Hydrodynamic 

diameter of 

nanoparticles 

(average) (nm) 

97 3.9×103 3.4×102 0.6 Mostly measured by Dynamic 

Light Scattering (DLS) or 

nanoparticle tracking analysis 

(NTA). 
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Abbr. Description and 

unit 

Min Max Mean Missing 

Rate 

(%) 

Note 

NP 

Dens. 

Density of 

nanoparticles 

(g/cm3) 

1.1 10 5.6 0.0 Density of the bulk material of 

NP. 

C0 Injected 

concentration of 

NP slurry (mg/L) 

1.6×10-3 2.0×104 3.4×102 0.0 
 

Col. 

Diam. 

Packed column 

diameter (cm) 

6.6×10-1 8.0  2.4  0.6 Inner diameter 

Col. 

Leng. 

Packed column 

length (cm) 

3.0  50 15 0.0 
 

Heter

ogen. 

Heterogeneity 

parameter (%) 

1  1×102 32 0.0 Categorization soil heterogeneity 

for this parameter is thoroughly 

described in the text. 

dg Size of porous 

media grains 

(average diameter) 

(mm) 

8.7×10-2 1.8  4.7×10-1 0.0 Average grain size of natural 

soils was obtained by considering 

the size of clay, 0.002 mm, silt 

0.002-0.064 mm and sand 0.064-

2 mm.  

Zeta_ 

Grain 

Zeta potential of 

porous media 

grains (mV) 

1×10-2 1.4×102 48 30.6 All values are offset (added) by 

the absolute min of data, -87 mV. 

Porosi

ty 

Porosity of packed 

porous media 

1.9×10-1 5.7×10-1 4.0×10-1 2.8 
 

Veloc. Pore water 

velocity (cm/min) 

2.2×10-3 18 1.4  0.0 
 

Disp. Dispersivity (cm) 1.2×10-3 1.6  2.8×10-1 59.6 
 

pH Acidity  3.0  11 6.8  3.9 
  

IS Ionic strength 

(mM) 

1×10-2 7.9×102 29 2.6 The treatment of data is described 

in the text.  

PV 

No. 

Number of 

injected pore 

volumes into 

porous media [—] 

1  1.2×102 11 0.0 In several studies it was 

estimated from the BTC. In cases 

where the injection was 

continuous the maximum number 

of PV used in the simulation 

(shown in the graph) was used.  

Aspect 

rati. 

Particle shape 

aspect ratio 

1  3.8×103 1.5×102 0.6 Mostly calculated as the ratio of 

the hydrodynamic size to the 
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Abbr. Description and 

unit 

Min Max Mean Missing 

Rate 

(%) 

Note 

smallest reported dimension of 

the particles. 

Coat. 

Conc. 

Total average 

adsorbed coating 

concentration in 

the dispersion 

(mg/L) 

1×10-7 1.9×102 7.3  10.3 Mostly various polymers or in 

few cases Cu (in three of papers: 

Hosseini and Tosco, 2013; Wang 

et al., 2011; 2012). If the amount 

of adsorbed polymer was not 

clear, then half the total initial 

polymer concentration was 

assumed as free-polymer 

concentration and half as coating 

concentration. 

Sat. 

Magn

et. 

Saturation 

magnetization 

(kA/m) 

1×10-7 5.7×102 73 0.0 It was assumed according to [66] 

as 570 kA/m for NZVI and 330 

kA/m for Fe3O4 and for other 

NPs as zero. 

IEP Isoelectric point 

pH or alternatively 

point of zero 

charge (PZC) 

1.9  9.4  6.0  0.0 Mostly obtained from other 

literatures as listed in Table E1. 

Katt Attachment rate 

constant parameter 

(1/h) 

1.3×10-5 2.1×103 76 NA Only in one study it was assumed 

zero [67] because the applied 

model involved using the 

partition coefficient parameter.  

Kdet Detachment rate 

constant parameter 

(1/h) 

1×10-9 3.7×104 1×102 NA  

Sm Maximum 

retained-particle 

phase 

concentration 

(mg/g) 

2.6×10-8 1×109 4.1×108 NA  

β Empirical depth-

dependent 

retention 

parameter [—].  

1×10-9 1.5  2.0×10-1 NA  

Katt2 Attachment rate 

constant parameter 

for the second 

attachment sites or 

the second 

1×10-9 3.8×103 76 NA  
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Abbr. Description and 

unit 

Min Max Mean Missing 

Rate 

(%) 

Note 

transporting 

species (1/h) 

C/C0  Eluted mass 

(concentration) 

per injected mass 

(concentration) 

(%) 

1×10-1 1×102 58 NA In general, the height of the BTC 

plateau at the middle of its width 

or the peak.  

* NA: not applicable 

 

2.4 Artificial neural network modelling procedure 

A three-layer configuration for the ANN model was adopted as it is commonly used 

in the literature [33, 35, 42]. These layers comprise an input layer, a hidden layer, and 

an output layer. Each of these layers is composed of a series of nodes (neurons) as 

illustrated in Fig. E2. Each node in the hidden layer receives signals (its input 

information) from all nodes of the input layer and each node in the output layer 

receives signals from all nodes of the hidden layer. These signals depend upon the 

strength of connections which are defined as weights and biases. These weight and 

biases are also known as the network structure and their values are initially unknown. 

They can be determined by fitting the network against any known dataset of interest 

which have both input and outputs sets. In this study, the inputs are defined as the 20 

common factors identified within the literature data and the outputs against which the 

model is tested are the 5 key continuum model parameters plus the normalised effluent 

concentration. The model therefore operates by optimising hidden layer node weight-

bias combinations against the input-output data of all the literature datasets consisting 

of up to 493 column experiment records. This procedure is called training of the 

network. Once these weights and biases are estimated, the network can be used for 

prediction of unknown outputs of a new dataset [33].  

The number of nodes in the input layer and in the output layer are the same as the 

number of input and output variables in the dataset, respectively. The number of 

hidden-layer nodes, however, should be selected by trial-and-error in which the best 

fit in the training process is achieved while the number of hidden-layer nodes is kept 
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minimum [33, 38]. The training is performed with the Levenberg–Marqurdt back-

propagation learning algorithm for optimization of the weights and biases. Levenberg–

Marqurdt is a well-known, generic and efficient algorithm that is widely used for non-

linear curve-fitting problems to minimize the errors between the given data and model-

generated data in order to ascertain the parameters of the model [33, 35, 68]. Back-

propagation is the way of calculating the propagation of errors from the output layer 

toward the input layer and forward the information from input layer toward the output 

layer [33, 38, 69]. This approach has been proved to be efficient and fast enough for 

most of the problems [32, 34, 35, 70, 71]. A thorough introduction to ANN was 

recently given by Yu et al. [33]. 

A potential defect in ANN analysis of sensitivity is the possibility of significant 

variation in the structure (weights and biases) of the trained network in different 

training times [34]. Furthermore, the optimum number of nodes in the hidden layer 

may change upon selecting various initial weights and biases. Although these 

variations may not affect the outputs of an established network, this hinders a 

deterministic analysis of sensitivity procedure [34]. Therefore, in this work the 

uncertainties imposed by the variation in the structure of the network on the outcomes 

of the sensitivity analysis are assessed through a Monte Carlo approach [72]. This was 

conducted using a MATLAB© (Mathworks, USA) code that (1) finds the optimum 

number of hidden layer neurons (in a range of 5 to 35 nodes) by iterating the training 

process in an inner loop, (2) conducts the analysis of sensitivity method of PaD on the 

optimized model as described in the Appendix E, (3) iterates all this procedure for 

1000 times in an outer loop so that the average result of the sensitivities can be 

ascertained together with the relevant uncertainty statistics, and (4) finds the network 

with the best generalization to be presented in a spreadsheet for future predictions. The 

result of this uncertainty analysis performed on the sensitivity analysis approach is 

presented by calculating the 95 % confidence interval (CI) according to the 2.5th and 

97.5th percentiles of the Student’s t-distribution [72-74]. The details of the PaD method 

used for ANN sensitivity analysis along with further description of the uncertainty 

analysis and the validation of the code against artificial data are available in the 

Appendix E (Figs. E3).  

2.5 Results and discussion 
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2.5.1 General fitting results 

Over 1000 iterations, the ANN was able to successfully find the relationships between 

the inputs and the outputs for each of five continuum model parameters with an 

average Nash-Sutcliffe goodness-of-fit R2
NS ranging from 0.884 to 0.967— mean 

overall R2
NS of 0.930 (Table 2.2). The standard deviations of these R2

NS values were 

relatively low (< 0.03, Table 2.2), suggesting the uncertainties that can result from 

poor fitting in certain iterations of the sensitivity analysis runs are minor. The goodness 

of fitting, however, was not as high when 𝐶/𝐶0 was considered as a direct predictable 

parameter from experimental factors (mean R2
NS = 0.778, Table 2.2). Overall, these 

goodness-of-fit ranges are comparable with Nourani and Sayyah-Fard [35] carrying 

out ANN sensitivity analysis on daily evaporation data, where R2
NS values were less 

than 0.9.    

The numbers of optimum nodes which give the best fitting via the inner loop of 

the code were averaged over 1000 outer iterations. These figures were between 16 and 

22 for different continuum parameters as well as 𝐶/𝐶0 (Table 2.2). Standard deviations 

for these values, however, were between 5 to 6 (Table 2.2), indicating the change in 

the structure of the network may be significant and might therefore diversify the results 

of the sensitivity analysis even though the model is able to gain a consistent goodness-

of-fit to the experimental data as mentioned above. Therefore, as noted in Section 3.1 

the Monte Carlo approach was used to assess the uncertainties related to variable 

trained model structure. The outcomes, shown as error bars in Figs. 2.2 and 2.3, 

indicate that the ranges of variations in the sensitivity outcomes with 95 % CI are 

relatively small and do not preclude ranking of parameter sensitivities from high to 

low.   

In the following sensitivity analysis results, since a series of 20 

experimental/environmental factors are involved in the analysis, one may expect that 

if all factors were equally significant (a null hypothesis for this work), then each would 

have a relative sensitivity (𝑅𝑆) of 5%. To generalise, if the number of input factors 

varies, then the baseline value and hence the ‘cut-off’ value for significance, would 

vary accordingly. For example, if 10 input factors were considered in an ANN model, 

then within this framework, the baseline significance is at 10%. Since the objective of 

this study is to identify the relative sensitivities, the omission of relatively low sensitive 
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factors in future modelling studies is not recommend. Yet, one may consider factors 

with 𝑅𝑆 below 2.5 % (50% of the baseline sensitivity) as insignificant. Further targeted 

work is required to establish the practical interpretation of such a threshold. 

 

Table 2.2  Fitting results and the number of optimum nodes obtained by ANN code for 

various continuum model parameters. 

 
Katt Kdet  Sm 𝜷 Katt2 C/C0 

Average R2
NS (1000 simulations) 0.884 0.886 0.967 0.954 0.958 0.778 

Standard deviations of R2
NS (1000 

simulations) 

0.03 0.03 0.01 0.02 0.03 0.03 

average optimum nodes (1000 simulations) 21 17 16 19 18 22 

standard deviation of optimum node (1000 

simulations) 

6 6 5 6 6 6 

best R2
NS among 1000 simulations 0.947 0.950 0.983 0.992 1.000 0.875 

corresponding node to the best R2
NS 21 17 19 11 12 11 

best Generalization Efficiency (GE) 0.93 0.96 0.98 1.01 1.02 0.89 

corresponding node to best GE 25 13 14 10 18 24 

corresponding R2
NS to the best GE 0.913 0.902 0.971 0.950 0.967 0.830 
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Figure 2.2  Relative sensitivity outcomes for (a) 𝐾𝑎𝑡𝑡, (b) 𝐾𝑑𝑒𝑡, (c) 𝑆𝑚, and (d) 𝛽, with 

respect to experimental factors. In the case of 𝑆𝑚, saturation magnetization is excluded 

due to having no variation in the available data. Green-colored bars indicate positive 

correlation between input and output while magenta-colored bars indicate negative 

correlation. Error bars represent 95% confidence intervals on each sensitivity value 

over 1000 independent ANN model runs. The abbreviations are provided in Table 2.1.  
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Figure 2.3  Relative sensitivity outcomes for (a) Katt2
 and (b) 𝐶/𝐶0 with respect to 20 

experimental factors. Green-colored bars indicate positive correlation between input 

and output while magenta-coloured bars indicate negative correlation. Error bars 

represent 95 % confidence intervals. The abbreviations are provided in Table 2.1. 

 

2.5.2 Model parameter sensitivity results  

2.5.2.1 Sensitivity results for Katt 

Figure 2.2a shows that 𝐾𝑎𝑡𝑡 is more sensitive to surface -related factors, such as the 

coating concentration (𝑅𝑆 = 25.7 %), grain zeta-potential (𝑅𝑆 = 8.3 %), aspect ratio 
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of NP (𝑅𝑆 = 7.9 %), and isoelectric point (IEP) of NP (𝑅𝑆 = 5.6 %), rather than pore-

scale factors, such as dispersivity (𝑅𝑆 = 1.7 %), heterogeneity (𝑅𝑆 = 2.4 %), and 

porosity (𝑅𝑆 = 3.0 %)  (Table 2.3). The very high sensitivity of 𝐾𝑎𝑡𝑡 to coating 

concentration, which is over three times higher than that of the next important factor, 

the grain zeta-potential, is in agreement with a large number of experimental studies 

emphasizing the crucial role of NP surface coating, which can be various polymers 

(e.g., NOM, surfactant, protein) or metal dopants such as Cu, in modifying the 

attachment of NP [75-80].  

 

Table 2.3  Sensitivity analysis outcomes, RS (%). 

 

 

 NA: not applicable.  

 
C/C0 Katt Kdet Sm 𝜷 Katt2 

Asp.Rati. 2.7 -7.9 -4.5 5.2 -3.8 5.4 

C0 3.3 4.6 3.6 7.2 12.0 -3.3 

Coat.Conc. 3.0 -25.7 3.8 -4.5 3.2 5.2 

Colum.Diam. 3.0 -3.1 -4.6 6.9 5.2 4.2 

Colum.Leng. -7.5 6.9 -4.0 9.3 3.4 5.9 

Dispersivity -3.6 1.7 5.1 3.9 -2.8 3.8 

Fre.Pol.Conc. -2.2 1.6 -3.6 2.5 2.2 2.1 

Grain-Diam. 5.5 2.6 4.2 -3.1 2.6 -12.5 

Heterogen. 3.0 2.4 6.2 3.8 4.9 3.7 

IEP -2.9 5.6 3.1 4.7 -8.6 5.8 

IS -3.5 2.9 -14.8 3.2 4.6 4.9 

Partic.Dens. -3.9 -4.9 -4.8 -4.2 -4.1 4.2 

Partic.Diam. -4.0 2.2 3.0 3.7 -8.7 4.6 

pH 3.7 -2.2 4.5 4.2 -2.4 3.5 

Porosity 4.9 3.0 8.8 4.9 -7.7 -3.2 

PV-No. 4.5 2.7 -3.4 5.6 3.9 3.5 

Satur.Magnet. 2.1 -3.6 -3.2 NA 3.9 -3.2 

Veloc. 3.2 4.4 3.8 -4.3 -5.6 3.3 

Zeta-Grain. -28.7 8.3 -6.2 11.6 -6.3 -4.6 

Zeta-Partic. 4.8 3.8 4.6 7.2 4.0 13.0 
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In contrast, the free-polymer concentration appeared to have the least contribution 

to the attachment rate of NP (𝑅𝑆 = 1.6 %, Table 2.3). Free polymer is known to affect 

the attachment rates in several potentially conflicting ways. Higher concentration of 

free polymer can elevate the viscosity of the fluid [81]; it can block the attachment 

surfaces in competition with NP [81, 82]; it can slow down the agglomeration process 

[75]; on the other hand, in the presence of divalent cations polymer bridging can bring 

about a substantial level of agglomeration and deposition [83-85]. The present result, 

which is obtained for a broad range of NP and polymer types, e.g., NOM, surfactant, 

and protein, with a mean concentration of ~100 mg/L (Table 2.1), suggests that these 

four effects counterbalance each other over a range of conditions. However, the 

bridging mechanism influence appears still to be the dominant process, because based 

on this investigation the trend between free-polymer concentration and the attachment 

rate is positive rather than negative (Fig. 2.2a).  

The aspect ratio of NP has a notable influence on the attachment rate (𝑅𝑆 = 7.9 

%) with a negative correlation. Thus far, only few studies have addressed the effect of 

aspect ratio on the transport behaviour of NP in porous media. It should be noted that 

here the aspect ratio is defined as the ratio of the major dimension length to the minor 

dimension length of the particle, or plate diameter to plate thickness [28] which is 

different from the use of this terminology in colloid filtration theory literature [e.g., 

86] where it is interpreted as the ratio of particle to collector sizes. The reported trends 

for 𝐾𝑎𝑡𝑡 with aspect ratio include a rising trend for latex microsphere (aspect ratio 

range of 1:1 to 3:1) [87], a decreasing trend for carboxylate-modified fluorescent 

polystyrene NP (aspect ratio range of 1:1 to 4:1) under the favourable attachment 

conditions, and an increasing trend under the unfavourable conditions [88]. Recently, 

[89] compared the retention of cylindrical NP (multiwalled carbon nanotubes) with 

spherical NP (C60) and observed that at low IS values (< 11 mM) the spherical NP 

displayed a greater mobility than the cylindrical NP whereas at a higher IS (60 mM) 

the mobility of cylindrical NP was considerably higher than the spherical NP. In the 

present study which encompasses a broad range of aspect ratios from 1:1 to 1:3800 

and also comprises the two-dimensional GO nanosheets, it appears that generally a 

higher aspect ratio results in a reduced attachment rate. This might be because of the 

reduced translational diffusion resulted from the higher aspect ratios of particles [90]. 

This can in turn decrease the mass transfer rate to the collector surface and thereby 
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reducing the attachment rate. Initial particle size, however, is far less sensitive (𝑅𝑆 =

2.2 %). This might be because of the fact that the real size of the NP aggregates that 

controls the attachment rate is different from the initial size because of the occurrence 

of agglomeration within porous media as discussed below.  

Column length affected the attachment rate with 𝑅𝑆 = 6.9 %, and with a positive 

correlation. It is complicated to draw any conclusion about this relationship since a 

variety of retention behaviours might occur along the length of the porous media which 

may not only involve the attachment process but also involve other phenomena, such 

as straining, site blocking, size exclusion and agglomeration [14, 43, 64, 82, 91-100]. 

Agglomeration of NP in porous media has been widely neglected in modelling studies. 

However, assuming that the agglomeration of NP is significant, the longer length of 

the column may allow particles to agglomerate in sufficient time during their migration 

along the column length. This can in turn intensify their consequent retention rates 

since the larger sizes of NP come with deeper energy minimum wells and therefore 

higher retention rates [75, 101, 102] as well as higher chance for straining as described 

in detail in Chapter 1.  

An increase in average pore water velocity causes a rise in 𝐾𝑎𝑡𝑡 (RS = 4.4%). This 

agrees well with CFT which suggests an increase in velocity promotes the mass 

transfer rate between the aqueous and attached phases whereby enhancing the 

attachment rate [10, 12, 64]. This trend, however, contradicts with the study of Seetha 

et al. [26]. In the broad experimental data of NP transport used in this study, it is hard 

to figure out a linear or log linear model fit between velocity and 𝐾𝑎𝑡𝑡 data. A log linear 

fit between the logarithm transformed data of pore water velocity and Log 𝐾𝑎𝑡𝑡 shows 

a poor correlation coefficient of 0.2 (Fig. E4). This line still demonstrates a positive 

slope (0.72) between the two variables. Therefore, here it is interesting to use the final 

ANN-based correlations, which will be discussed later, in order to compare the trend 

of predicted 𝐾𝑎𝑡𝑡 versus pore water velocity with correlations of other studies. The 

empirical correlations of Seetha et al. [26] were used for 𝐾𝑎𝑡𝑡 and collector efficiencies 

of [75] and [86] to calculate 𝐾𝑎𝑡𝑡 based on CFT. As shown in Fig. 2.4, in the empirical 

model of Seetha et al. [26], 𝐾𝑎𝑡𝑡 decreases with velocity by a slope of -272. However, 

according to the correlations of the present study, 𝐾𝑎𝑡𝑡 increases with the velocity with 

a slope of 106.7. This is in agreement with the trend based on the correlations of [86] 
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yielding a positive slope of 440.0 and is also consistent with that of [75] which yields 

a low positive slope of 0.76.  

 

 

Figure 2.4  Relationship between 𝐾𝑎𝑡𝑡 and the pore water velocity obtained from the 

final model of the present study, Seetha et al. [26], and CFT, the collector efficiencies 

of which were obtained based on the correlations of [75] or [86]. The input data for the 

pore water velocity were artificially generated in regular intervals and the rest of the 

input data were mostly selected similar to [102]. These data were mostly in the ranges 

of simulated values in Seetha et al. [26], except for Peclet number range which was 

extended to values above 50 when the velocity increased to more than 0.015 cm/min. 

The parameter values used here are: free-polymer concentration 0 mg/L, particle zeta 

potential -30 mV, and grain zeta potential -50 mV, particle diameter 150 nm, grain 

diameter 0.15 mm, NP density 6.7 g/cm3, input concentration 200 mg/L, column 

diameter (Inner) 2 cm, column length  25.5 cm, heterogeneity 15 % (clean sand), 

porosity 0.33, dispersivity 0.015 cm, pH 5, IS 10 mM, injection duration 1 PVs, aspect 

ratio 1, adsorbed coating concentration 1 mg/L, saturation magnetization 570 kA/m 

(assuming NZVI), IEP pH 6.3, and pore water velocity ranging from 0.003 to 0.039 

cm/min. Extra parameters assumed in the correlations of  Seetha et al. [26] include 

temperature 298 K, dynamic viscosity 0.89 mPa.S, and cylindrical pore constriction 

radius 6.2 × 10−5 m calculated based on grain size following [75]. Single collector 

attachment efficiency in the equation of [86] was assumed equal to one. The linear 

fittings are only for identifying whether the trends are increasing or decreasing.  
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Ionic strength and pH have been among the most well-studied parameters in the 

context of NP transport because of their significant impacts revealed under individual 

experimental outcomes [e.g., 64, 100, 103, 104]. However, the present analysis results 

shown in Figs. 2.2 and 2.3 indicate they are not among the most crucial factors 

controlling the attachment rate as the most important parameter of the continuum 

models. Figure 2.5 shows modelling trends of 𝐾𝑎𝑡𝑡 versus IS determined by the ANN-

based correlation of this study and by the correlations of Seetha et al. [26] and [86]. It 

is evident that the impacts of the critical deposition concentration (CDC) and probably 

the critical coagulation concentration (CCC) [105] are reflected in the modelled curves 

of this study and those of Seetha et al. [26]. The decrease in the slope of the curve is 

slightly less in the present correlation compared to that of Seetha et al. [26] and CDC 

might not be clearly distinguishable in the current study’s results. It is reasonable 

because the current study’s model considers multiple NP types which may display 

various CCC and/or CDC. This comparison further shows that considering IS versus 

𝐾𝑎𝑡𝑡, a satisfactory overall agreement between the performances of this study’s model 

with others is obtained in the ranges of parameters used in this figure (given in the 

caption of Fig. 2.5). 
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Figure 2.5  Relationship between 𝐾𝑎𝑡𝑡 and the IS obtained from the present study, and 

Seetha et al. [26], as well as CFT, the collector efficiencies of which were obtained 

based on the correlation of Tufenkji and Elimelech [86]. The data were selected in the 

ranges of simulated values in Seetha et al. [26], except for 𝑁𝐸1 and 𝑁𝐷𝐿 that were partly 

out of range. Most of experimental conditions used resembled those of [103]. The 

parameter values are: free-polymer concentration of zero mg/L, particle zeta potential 

of -40 mV, and grain zeta potential -50 mV, particle diameter 150 nm, grain diameter 

0.15 mm, NP density 3.2 g/cm3, input concentration 200 mg/L, column diameter 

(Inner) 2.6 cm, column length 20.2 cm, heterogeneity 15 % (clean sand), porosities 

0.33, 0.35, and 0.4, pore water velocity 0.015 cm/min, dispersivity 0.02 cm, pH at 5, 

injection duration for 5 PVs, aspect ratio 5, adsorbed coating concentration 1 mg/L, 

saturation magnetization zero (kA/m), IEP pH 6.7, and IS values in range of 0.01 to 

770 mM. Extra parameters assumed in the correlations of Seetha et al. [26] include 

temperature 298 K, dynamic viscosity 0.89 mPa.S, and cylindrical pore constriction 

radius 6.2 × 10−5 m calculated based on grain size following Phenrat et al. [75]. 

Single collector attachment efficiency in the equation of Tufenkji and Elimelech [86] 

was assumed equal to one. Lines in figure are plotted to guide eyes.  

 

It should be noted that the low sensitivity of IS appears at odds with intuition based 

on major current concepts in colloid science, such as DVLO theory. One interpretation 

of the low sensitivity of 𝐾𝑎𝑡𝑡 to IS is that the ranges of IS in the training dataset are 

dominated by values above the CCC and CDC values of major NP, after which 

attachment is less dependent or not dependent on the IS. Another possible 

interpretation is that the rate of attachment is more controlled by diffusion in the 

aqueous phase rather than the interaction energy minimum depth (controlled by IS), 
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because once NP arrive in the vicinity of the surface of the collector, they can be 

retained no matter how deep the secondary minimum depth is. On the other hand, the 

effects of detachment processes (𝐾𝑑𝑒𝑡) may mask the role of IS in attachment of NP, 

resulting in a less overall sensitivity for this factor in controlling 𝐾𝑎𝑡𝑡 as appeared in 

the result of the present study.  

In terms of pH, it appears that the point of zero charge (PZC) or IEP, which is also 

taken into consideration as a factor in the model, is ~2.5 times more sensitive than pH 

(Table 2.3). Furthermore, from the experimental viewpoint change in the pH may 

correspond to a simultaneous change in the zeta potential. Therefore, it is possible that 

the effective role of pH in attachment rate is manifested in the model sensitivity results 

through IEP and zeta-potential rather than the pH itself. The ANN-based correlation 

trends, shown in Fig. E5 reveal that present correlation predictions for 𝐾𝑎𝑡𝑡 is close to 

those of Phenrat et al. [75] when the saturation magnetization feature is considered 

non-zero, whereas they tend towards Tufenkji and Elimelech [86] predictions when 

the saturation magnetization is assumed zero. The correlations of Phenrat et al. [75] 

also consider the effect of particle magnetization while other current models do not. It 

might also suggest that when the particles are magnetic then the effect of solution 

chemistry on the attachment rate is less pronounced because magnetic forces 

overshadow the solution chemistry [75]. 

2.5.2.2 Sensitivity results for Kdet 

Figure 2.2b shows that the most important experimental factor in controlling the 

detachment rate is IS with 𝑅𝑆 = 14.8 % and with a negative correlation, which is in 

agreement with other studies (Table 2.3) [e.g., 106, 107]. Detachment of the attached 

particles should be mostly controlled by the strength of the forces between attached 

particle and the solid surface. This strength is related to depth of the DLVO minimum 

energy well which is in turn associated with IS [108, 109]. This is consistent with 

previous results that IS has a significant impact on detachment even though it was not 

highly sensitive for 𝐾𝑎𝑡𝑡, since the depth of the DLVO energy minimum, is less 

important in determining the probability of entering it than of leaving it.  

In contrast to the relatively low sensitivities obtained for factors representing the 

pore scale in the case of 𝐾𝑎𝑡𝑡, for 𝐾𝑑𝑒𝑡 these factors, i.e., porosity (𝑅𝑆 = 8.8 %), 

heterogeneity (𝑅𝑆 = 6.2 %), and dispersivity (𝑅𝑆 = 5.1 %), turned out to be among 
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the most sensitive parameters, all showing a positive correlation. For particles which 

are already immobilized on the surface of grains, these factors may be more important, 

because they represent variation in the number and accessibility of low shear, low flow 

and high-retention pore surface sites from which removal of particles by hydrodynamic 

forces may be difficult.  [75, 110].  

Grain zeta-potential is also one of most important factors (𝑅𝑆 = 6.2 %) 

contributing to detachment rate as was also the case for 𝐾𝑎𝑡𝑡. The sensitivities to other 

factors are rather similar, and are ranging from slightly below the baseline, i.e., 𝑅𝑆 =

4.6 % for particle zeta-potential down to 𝑅𝑆 = 3 % for particle diameter. 

2.5.2.3 Sensitivity results for Sm 

𝑆𝑚 represents the capacity of the porous media for retention of particles [98, 111]. 

Similar to the sensitivity results of 𝐾𝑎𝑡𝑡 and 𝐾𝑑𝑒𝑡, here the grain zeta-potential (𝑅𝑆 =

11.6 % ) is among the most sensitive factors along with the particle zeta-potential, 

(𝑅𝑆 = 7.2 %) (Fig. 2.2c and Table 2.3). According to this result when the zeta-

potential increases (less negative), the capacity of the porous media to retain particles 

increases. High sensitivities are determined for factors related to the load of particles 

in porous media such as input concentration (𝑅𝑆 = 7.2 %) and the number of injecting 

PVs (𝑅𝑆 = 5.6 %) with a positive correlation—in agreement with elsewhere [64, 112]. 

The factors representing the available surface area such as column length, column 

diameter, aspect ratio, and porosity are also highly sensitive (𝑅𝑆 ranging from 4.9 % 

to 9.3 %) and show a direct relationship, which is in accordance with the underlying 

concept of 𝑆𝑚 describing its capacity for retaining particles and also in agreement with 

Saiers et al. [98], mentioning a close correlation between the surface area and 𝑆𝑚.  

Similar to the sensitivity results of 𝐾𝑎𝑡𝑡, here IS and pH are not among the most 

sensitive factors for 𝑆𝑚 — 𝑅𝑆 is 3.2 % and 4.2 % for IS and pH, respectively. Elevated 

𝑆𝑚 with the IS has been attributed to microscopic or nanoscale surface heterogeneities 

since rising IS can screen the double layer and may therefore reduce the long range 

influence of these forces to below the influence range of microscopic heterogeneities 

[64, 65]. In the light of the present modelling results for 𝑆𝑚, which shows the highest 

sensitivities for the factors related to the mean surface electrostatic charge, i.e., grain 

and particle zeta-potentials, while demonstrating two- to four-folds lower sensitivity 
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for the IS, it is revealed that surface microscopic heterogeneities, even if important in 

triggering the IS-related influence on the 𝑆𝑚, are still far less relevant than the mean 

surface characteristics, such as zeta-potential, in controlling the capacity of the 

retention sites. This is also in line with the results of previous sections where 𝐾𝑎𝑡𝑡 was 

moderately sensitive to IS whereas 𝐾𝑑𝑒𝑡 was most sensitive to IS among all the 

experimental features, suggesting that this is the ionic strength and thereby the depth 

of the DLVO minimum that control the strength of the interfacial forces standing 

against the detachment of attached particles and not nano- and micro-scale surface 

heterogeneities. Furthermore, according to the present results, the sensitivity of 𝑆𝑚 to 

velocity is slightly below the expected basline sensitivity (𝑅𝑆 =4.3 %) and velocity 

has an inverse relationship with 𝑆𝑚 (Fig. 2.2c). This negative correlation is in complete 

agreement with the hypothesis that larger torques resulting from fluid shear can reduce 

the quantity of retention sites with interactions at the secondary minimum [26, 64, 102, 

110], also indicating against the domination of microscopic heterogeneity over the 

secondary minimum interactions [64]. 

2.5.2.4 Sensitivity results for β 

The exponent of the depth-dependent retention model, 𝛽, determines the shape of 

particle spatial distribution in the packed column [14]. The depth-dependent shape of 

the residual concentration profile (RCP) has been the focus of many investigations 

relating the hyper-exponential behaviour of RCP to straining [e.g., 113, 114] or a non-

monotonic behaviour of RCP to agglomeration [114]. For 𝛽 = 0 an exponential RCP 

is expected whereas for 𝛽 > 0 one expects either a hyper-exponential or uniform RCP 

shape.  

Sensitivity analysis results for 𝛽 (Fig. 2.2d and Table 2.3) show that the most 

sensitive factor affecting the retention behaviour of the NP is the influent concentration 

with 𝑅𝑆 =12.0 % and a direct relationship. This opposes the outcomes of 

Raychoudhury et al. [97] reporting a minor influence of influent CMC-NZVI 

concentration (ranging from 1.085 to 1.7 g/L) on the retention via straining, whereas 

this agrees with several other studies [64, 113, 115, 116] highlighting the effect of 

injected concentration on the depth-dependent behaviour. Particle diameter is the 

second most important factor (𝑅𝑆 =8.7 %) with a reverse association. This indicates 

the logic behind the use of particle-size to the grain-size ratio as a criterion for 
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identifying whether or not straining is an underlying phenomenon in transport of 

particles [16, 100, 117]. However, the trend of β with particle size does not match that 

developed for traditional colloids, the reason for which is not clear. Recently, the use 

of this criteria in NP transport studies was criticized due to the potential role of 

agglomeration in altering the particle size during the transport in porous media [118]. 

Porous media heterogeneity showed a direct relationship (𝑅𝑆 =4.9 %) whilst 

dispersivity revealed a negative correlation (RS=2.8 %). These trends perhaps suggest 

that higher heterogeneity, e.g., with more angular retention sites, can induce hyper-

exponential behaviour or straining whereas a flow regime with higher dispersivity 

gives more chance for detouring when the particles are going to be trapped in the 

contact angles in straining process.  

2.5.2.5 Sensitivity results for Katt2  

The results for the second site attachment rate are shown in Fig. 2.3a and Table 2.3. 

The sensitivity of Katt2
 to particle zeta potential and grain diameter was surprisingly 

high with 𝑅𝑆 =13.0 % (positive correlation) and 𝑅𝑆 =12.5 % (negative correlation), 

respectively. In contradiction to the results of previous modelling parameters, 

particularly those of Katt, where grain zeta-potential was mainly among the most 

important factors, here it is the particle zeta-potential that is the most sensitive one, the 

increase of which promotes attachment in second sites. In spite of the fact that the aim 

of incorporating Katt2
 in the continuum model is to capture the effect of secondary 

attachment sites, the conceptual model for using this parameter in the context of NP 

transport is not clear. Reinvestigating the relevant literature studies revealed that the 

common underlying phenomena reported by almost all of these papers [82, 83, 92, 

116, 119-125] is agglomeration, although ripening and clogging have been reported as 

well [126, 127]. The current result clearly shows a high sensitivity to particle zeta-

potential, the increase of which (less negative) causes higher degree of agglomeration 

[128, 129]. Interestingly, it matches the recently proposed model [101] in which the 

agglomeration model was linked with the continuum model through an additional first-

order sink term which is mathematically similar to Katt2
. Therefore, opposed to the 

proposed conceptual model for deploying Katt2
, that is capturing the effect of 

secondary deposition sites, here it evident that this factor had to be incorporated in 

models in order to represents the agglomeration effect on the transport of NP in porous 
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media. The underlying reason for the high influence of grain diameter in curbing Katt2
 

is not clear. Yet, if the aforementioned conceptual model of agglomeration coexistence 

holds true, it suggests that agglomeration is more crucial for smaller grain diameters 

and thereby for narrower pore spaces than larger pore spaces. Future experimental 

studies are needed to confirm this hypothesis.  

2.5.2.6 Sensitivity results for C/C0 

The sensitivity outcomes for normalized effluent concentration in respect of 

experimental factors are shown in Fig. 2.3b and Table 2.3. In this section the crucial 

role of grain zeta-potential in the fate and transport of NP become clearer since it 

displays the highest sensitivity (𝑅𝑆 =28.7 %) among all the experimental factors. This 

sensitivity is around four times higher than the next-most important factor which is the 

filtration (column) length (𝑅𝑆 =7.5 %). This is in line with the study of Goldberg et 

al. [24] which demonstrated by machine learning that there is a strong contribution of 

the zeta-potential in controlling the retained fraction of NP in porous media. Although 

for continuum model parameters the grain size was not among the most important 

factors, for 𝐶/𝐶0 it turned out to be the third most sensitive factor (𝑅𝑆 =5.5 %) with a 

positive correlation. The situation is similar for the porosity with 𝑅𝑆 =4.9 % and a 

direct relationship with 𝐶/𝐶0, suggesting that after the surface charge and the filtration 

length, the dominant factors in controlling the transport of NP is the size of the pore 

space geometry. This is also in agreement with the study of Goldberg et al.  [24] who 

found these factors moderately important. The load of particles, i.e., PV number and 

injecting concentration are also moderately important predictors of 𝐶/𝐶0 with 𝑅𝑆 =4.5 

% and 𝑅𝑆 =3.3 %, respectively, with positive correlations. Goldberg et al. [24] found 

these features even more important than the pore space geometry (porosity and grain 

dimeter). Particle diameter is moderately sensitive (𝑅𝑆 =4.0 %) and exhibits a 

negative correlation which is consistent with the current theories stating that larger 

deposition energy minima resulted from larger size cause less mobility. This is also in 

harmony with the concept of straining that larger particles have more chance of 

entrapment in grain-grain contact angles resulting in less mobility [14, 86, 101, 102].  

The rest of parameters have relatively similar contribution to 𝐶/𝐶0 with 𝑅𝑆 ranging 

from 3.9 % down to 2.7 %, except saturation magnetization with 𝑅𝑆 = 2.1 % and free-

polymer concentration with 𝑅𝑆 = 2.2 %. The low sensitivity of free-polymer 
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concentration, which was also the case in the results of continuum modelling 

parameters discussed previously, suggests that the net contribution of this factor might 

not be significant in the fate and transport of NP in the environment, since it causes 

equivocal influences on the transport phenomena as described previously. These 

results opposes those of Goldberg et al. [24] reporting the highest importance for the 

NOM concentration while the lowest importance for coating.  

2.5.3 Model validation  

In this section I try to systematically validate the model predictions by comparing the 

performance of 𝐾𝑎𝑡𝑡 predictions obtained via ANN with those resulted from [26] and 

CFT, the collector efficiencies of which was determined after [86] or [75]. In doing so, 

the data of polymer-modified NZVI transport in saturated column experiments were 

used from [101, 102] for which the parameters of all four empirical models, namely, 

the present study, [26],  [86], and [75], were available. For this purpose, instead of 

randomly dividing the dataset into three categories of training, validation, and testing 

sets in the ANN modelling procedure I designated the data from [101, 102] as the 

validation set and the rest of the dataset as the training set (472 cases).  

The results for this simulation are presented in Fig. 2.6, which shows that none of 

the current models are able to predict 𝐾𝑎𝑡𝑡 in the range of parameters used here. In 

sharp contrast, the ANN derived model parameterisation can very closely predict the 

𝐾𝑎𝑡𝑡 values obtained from calibration of the continuum model. It should be mentioned 

that the best network matrices chosen among 1000 iterations of the sensitivity analysis 

procedure were incorporated in a spreadsheet which can be easily used as empirical 

model for future predictions of a wide range of the continuum transport parameters or 

𝐶/𝐶0 at the scale of column experiment. The dimensions of the coefficient matrices in 

this model are comparable with those of Seetha et al. [26]. This spreadsheet is 

presented as electronic supplementary materials along with the version of this chapter 

which is published as a paper in Water Resources Research, and is freely available 

from the journal’s website.  
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Figure 2.6  Comparison between the predictions of Katt obtained based on ANN as the 

validation set with those resulted from [26] and CFT combined with empirical models 

of [86] or [75]. The reference dataset used is taken from the experimental report of 

[102] and continuum modelling of [101]. 

 

2.5.4 Model robustness  

In the previous section an agreement was achieved between the predicted parameters 

by the ANN-based model and those determined by continuum model calibration in the 

literature. As a slight change in the values of continuum model parameters can 

significantly change the shape and/or position of the BTC, here it is worth to practically 

compare experimental BTCs with those generated using a continuum model based on 

the parameters predicted by this study’s correlations. To the best of authors’ 

knowledge, only one study [130] has thus far performed this type of comparison, which 

was in a limited range of experimental parameters. For this section, I use MT3DMS 

code [101, 131] to generate the BTCs based on the prediction of the ANN-based model 

for either sets of 𝐾𝑎𝑡𝑡 and 𝐾𝑑𝑒𝑡, or 𝐾𝑎𝑡𝑡 alone. The experimental BTC data of 

hydroxyapatite NP transport in porous media were used from Wang et al. [103] which 

comprise transport in presence of humic acid together with either KCl or CaCl2 as 



87 
 

electrolyte or dissolved Cu as contaminant. Since the behaviour of Cu2+ is deemed to 

be similar to that of Ca2+, here I added the concentration of Cu2+ as IS of the solution 

similar to that of Ca2+.  

As shown in Fig. 2.7, the performance of the model with only one parameter, 𝐾𝑎𝑡𝑡, 

in reproducing BTCs at middle concentrations of KCl seems better (𝑅2 = 0.53 and 

𝑅2 = 0.43 for 10 mM and 50 mM KCl, respectively) than that at low concentration of 

1 mM (𝑅2 = 0.22) and high concentration of 100 mM KCl (𝑅2 < 0). Likewise, at 

high concentration of divalent electrolyte (1 mM CaCl2), 𝑅2 was less than zero, while 

at lower concentrations of 0.1 mM, 0.3 mM, and 0.5 mM CaCl2, 𝑅2 values were 0.88, 

0.30, and 0.74, respectively. Interestingly, the model was able to capture the BTC at 

low concentrations of Cu even though such a dataset, i.e., transport in presence of 

external contaminant, had not been incorporated in the training phase of the ANN 

model. In these cases, 𝑅2 values for 1 × 10−3 mM, 1 × 10−2 mM, and 1 × 10−1 mM 

Cu were 0.92, 0.92, and 0.89, respectively. Yet, similar to previous ionic species, at 

high concentration of Cu (5 × 10−1 mM), the model failed to predict experimental 

BTC (𝑅2 < 0). The use of parameter set of 𝐾𝑎𝑡𝑡 and 𝐾𝑑𝑒𝑡 did not change the result 

substantially—the differences of positive 𝑅2 values between the two-parameter set and 

one-parameter set varied in the range of -0.09 to 0.02. 

The correlations proposed in this study overall show better performance than 

previous correlations in reproducing experimental BTCs based on mere experimental 

characteristics. However, still there are several cases where the model fails to predict 

the experimental BTC such as very high or low IS values. Although I used ‘early 

stopping’ technique [69, 72, 132, 133] along with a generalization efficiency criteria that 

selected the network with the best prediction performance in the iteration loops, there 

are other techniques that can be tried for improving the generalization of the model in 

future studies, e.g., Bayesian regularization.   
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Figure 2.7  Testing the model predictions against experimental data of Wang et al. 

[103] (with permission from Elsevier) for various concentrations of KCl, CaCl2, and 

Cu as solution ionic strength. The BTCs have been produced with MT3DMS model 

using either set of Katt and Kdet or Katt alone, predicted from the ANN-based 

correlations. Dispersivity parameter was obtained via a separated ANN-based 

empirical model in all cases. Other modelled BTCs are determined by only Katt from 

[26, 75, 86]. For magnification or color interpretation of the figure, the reader is 

referred to the web version of paper published on this chapter.  
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2.6 Conclusions 

This study used an artificial neural network to reanalyse a large dataset of NP transport 

in porous media and develop nonlinear empirical correlations for predicting the 

continuum model parameters as well as 𝐶/𝐶0. The sensitivities of each continuum 

model parameter to experimental factors were analysed and the predominant and 

general trends between these parameters were determined. Many interesting insights 

are gained from sensitivity analysis which can guide the future development of 

mechanistic models for predicting the fate and transport of NP as well as selections of 

influential factors for future modelling and experimental studies. 

For instance, IS and pH were not as sensitive as coating concentration in 

determining 𝐾𝑎𝑡𝑡. In contrast to the current ambiguity regarding the trend of 

attachment rate with pore water velocity, ANN showed a clear positive correlation. 

𝐾𝑎𝑡𝑡 was more sensitive to the surface-related factors, than flow-regime-related factors 

whereas 𝐾𝑑𝑒𝑡 was more sensitive to the flow-regime-related factors. The most sensitive 

factor in determining 𝐾𝑑𝑒𝑡 was the IS of the solution. In the case of 𝑆𝑚, the factors 

relevant to the surface area, including column length, column diameter, aspect ratio, 

and porosity were moderately to highly sensitive (𝑅𝑆 ranging from 4.9 % to 9.3 %). 

The most important feature in curbing the depth-dependent behaviour of RCP was the 

influent concentration with a positive correlation. The pattern of sensitive factors 

around 𝐾𝑎𝑡𝑡2
 indicate towards the influence of agglomeration on the NP transport 

rather than its commonly proposed conceptual model as the attachment rate of 

secondary sites.  

The high sensitivity to grain zeta-potential was evident in almost all cases—

ranging from 4.6 % to 28.7 %. This might oppose the important role of microscopic 

surface heterogeneities in transport of NP in porous media. Particle zeta-potential was 

mostly sensitive for 𝑆𝑚 and 𝐾𝑎𝑡𝑡2
. One of the most well-studies factors in the literature, 

IS, showed a sensitivity in range of 2.9 % to 14.8 %. For the first time a simple unified 

parameter is considered for the porous media heterogeneity. i.e., heterogeneity 

imposed by the nature of the soil sample (clean or treated laboratory porous media, 

disturbed, and undisturbed), grain coating, and grain size distribution. Although the 

conceptualization approach of this parameter was based on a series of simplifying 

rationale, its sensitivity turned out to be in range of 2.4 % to 6.2 %, suggesting that 
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considering the porous media heterogeneity in continuum modelling is even more 

important than dispersivity (RS = 1.7 % to 5.1 %) which has long been recognized as 

one of the most influential parameters affecting the transport of materials in porous 

media. Yet, the development of the heterogeneity as a unified parameter from several 

relevant influences in this study is still in an infancy level and mainly aimed at 

satisfying the needs of the present study. Future studies are necessary to establish a 

more rigorous definition of heterogeneity as a unified parameter to be considered in 

continuum modelling of NP transport, as even a rough representation of this factor 

turned out to be significant. Here, the highest sensitivity to heterogeneity was revealed 

for the 𝐾𝑑𝑒𝑡.  

The developed ANN-based correlations in this study performed very well in 

predicting the continuum model parameters, such as 𝐾𝑎𝑡𝑡 and turned out to be superior 

to current empirical correlation methods available in the literature of colloid and NP 

transport. Finally, the experimental breakthrough curves were tried to be reproduced 

by continuum model based on the parameters fully predicted from empirical 

correlations. From 12 cases of investigated BTCs, in three cases the model totally 

failed to predict BTCs (𝑅2<0) which all involved very high IS values. Yet, the model 

was able to predict other nine experimental BTCs with a mean 𝑅2 of 0.65 ± 0.26. The 

empirical correlations obtained in this study are formulated in a spreadsheet file so that 

they can be easily tested against other datasets and used for future pre-estimation of 

continuum model parameters as well as 𝐶/𝐶0.  
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Chapter 3 

3 The significance of early and late stages of 

coupled aggregation and sedimentation in 

the fate of nanoparticles: measurement 

and modelling 

 

 

3.1 Chapter overview  

3.1.1 Scope 

This chapter is essential in the context of the thesis since the best modelling approaches 

found in this chapter are extensively used in the following chapters for describing the 

aggregation process in aquatic environments and in porous media. This chapter has 

been published as the following paper and has been reproduced with permission from 

American Chemical Society (ACS):  



100 
 

“Babakhani, P.; Doong, R.-a.; Bridge, J., The significance of early and late stages of 

coupled aggregation and sedimentation in the fate of nanoparticles: measurement and 

modelling. Environmental Science & Technology, 2018. DOI: 

10.1021/acs.est.7b05236” 

3.1.2 Abstract 

Despite aggregation’s crucial role in controlling the environmental fate of 

nanoparticles (NP), the extent to which current models can describe the progressive 

stages of NP aggregation/sedimentation is still unclear. In this study, 24 model 

combinations of two population-balance models (PBMs) and various collision 

frequency and settling velocity models are used to analyse spatiotemporal variations 

in the size and concentration of hydroxyapatite (HAp) NP. The impact of initial 

conditions and variability in attachment efficiency, α, with aggregate size are 

investigated. Although permeability models perform well in calculating collision 

frequencies, they are not appropriate for describing settling velocity because of their 

negative correlation or insensitivity in respect to fractal dimension.  Considering both 

early and late stages of aggregation, both experimental and model data indicate overall 

mass removal peaks at an intermediate ionic strength (5 mM CaCl2) even though the 

mean aggregate size continued to increase through higher ionic strengths (to 10 mM 

CaCl2). This trend was consistent when different approaches to the initial particle size 

distribution (PSD) were used and when a variable or constant α was used. These results 

point to the importance of accurately considering different stages of aggregation in 

modelling NP fate within various environmental conditions.   

3.2 Nomenclature 

𝑎0  primary particle radius or particle radius in the smallest size class [L] 

𝑎𝑘  aggregate radius in size class k [L] 

𝐷𝑓  fractal dimension [–] 

DH  hydrodynamic diameter  

G  shear rate [T-1] 

i,j subscripts used to indicate aggregates size class i and j 
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𝑘𝑏  Boltzmann constant 

𝑘𝑚𝑎𝑥  maximum number of classes considered in the numerical model (<100) 

𝑛𝑘   aggregate number concentration in size class 𝑘 [L-3] 

𝑞  geometric factor 

T  temperature [𝐾] 

𝑈𝑘 aggregate sedimentation velocity in size class k [LT-1] 

𝑈0  sedimentation velocity of primary particles [LT-1] 

𝑣𝑘   volume of solids of each aggregate in size class k [𝐿3] 

𝑣0  volume of primary particles [L3] 

𝑍𝑠  sedimentation depth [L] 

𝛼  attachment efficiency [–] 

𝛽𝑖,𝑗  aggregate collision frequency in size class i and j [L3T-1] 

𝛽𝐷𝑖𝑓𝑓  differential settling collision frequency [L3T-1] 

𝛽𝑂𝑟𝑡ℎ  orthokinetic collision frequency [L3T-1] 

𝛽𝑃𝑟𝑖𝑘  perikinetic collision frequency [L3T-1] 

𝛿𝑗,𝑖  Kronecker delta 

𝜇  dynamic viscosity of the suspending medium [M T-1 L-1] 

3.3 List of abbreviations.  

CCC  critical coagulation concentration 

DCR  derived count rate  

DI  deionized  

DLA  diffusion limited aggregation  

DLS  dynamic light scattering  

DLVO  Derjaguin, Landau, Verwey, and Overbeek 

FP  fixed pivot  
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HAp  hydroxyapatite  

IS  ionic strength 

MP  moving pivot  

NP  nanoparticles 

PB  population balance 

PSD  particle size distribution 

RLA  reaction limited aggregation 

 

3.4 Introduction 

Nanoparticles, often unintentionally released into the environment, have also shown 

promise in remediation of hazardous contaminants such as radionuclides [1-3]. 

Effective in situ field-scale management of NP is hindered by the lack of adequate 

models to simulate NP fate and transport in realistic environmental compartments [4, 

5]. Considering the long-established potential for colloids to enhance the mobility of 

contaminants in groundwater environments [6, 7] or facilitate their redistribution in 

surface water bodies [8-10], this lack of predictive capability is a critical concern. 

Aggregation of NP is important because progressive increase in particle size can 

substantially affect NP mobility, reactivity and hence potential contribution to 

mobilization of other solute contaminants [4, 11-13]. Aggregation has complex 

interactions with other NP transport mechanisms such as sedimentation [4, 5, 14, 15]. 

This leads to distinct changes in trends of particle concentration or size over time [14, 

16]. The early stage of aggregation, in which the slope of mean particle size versus 

time is typically linear, is the subject of many studies [15, 17, 18]. However, the late 

stage of aggregation, more common in environmentally-relevant conditions where 

phenomena such as aggregation and sedimentation occur over longer periods with no 

clear initial condition, has received relatively little attention to date [14, 16].  

In late-stage conditions, NP aggregate sizes increase sufficiently to induce 

sedimentation and removal from suspension. This may lead to decreasing 

concentration of NP dispersion and consequently reduction in aggregation rates. 
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Conversely, differentially-settling aggregates may collect smaller particles more easily 

during late-stage. Sedimentation-induced movement of aggregates may bring about 

aggregate restructuring [19]. This may affect the number of collisions among 

aggregates thereby changing their consequent aggregation rates and settling velocity 

[19, 20]. These complex interacting phenomena may drive localised nonlinearities in 

slope of mean particle size or concentration versus time. Many established theories 

and concepts, such as CCC, are invalidated during late-stage aggregation since they 

are based upon the linear slope of size or concentration versus time at the early stage 

[21, 22].  

The ability of PB models to account for both stages in tandem while retaining 

meaningful description of the system in terms of parameters such as attachment 

efficiency, α, and fractal dimension, Df, is still unclear but is important if PB 

approaches are to be used to provide description of aggregation processes within 

larger-scale models of NP fate and transport [20, 23]. In this study, the quiescent 

aggregation and sedimentation of HAp NP is measured and modeled across a range of 

solution chemistries and at different measurement depths over a period of at least five 

hours—sufficient in most of the cases for systems to develop late stage conditions. 

Two numerical approaches to aggregation combined with different settling velocity 

and collision frequency terms are systematically investigated to find the models which 

best describe observed mean particle size, averaged concentration, and PSD. Using the 

best-performing model set, it is then investigated how the trends of parameters change 

from early-stage to early-late-stage cases across a range of solution chemistries and at 

different positions within a short column. The initial PSD is a critical variable in 

aggregation modelling. Models with three approaches were applied: initial PSD 

observed in each experiment as the initial condition in each model (A); constant initial 

condition for all experiments/models (B); and the latter approach with variable-α 

across different size classes, accounting for aggregate size-driven variations in surface 

interaction energy profiles according to the DLVO theory (C) [24]. This 

comprehensive experimental and numerical study yields new insights into both the 

changing dynamics of aggregation as NP systems evolve over time, and the 

applicability of model concepts used to describe them. 

3.5 Modelling  
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Population balance models such as the Smoluchowski model [25, 26] are the most 

widely-used methods for predicting aggregation-driven PSD of colloidal suspensions 

[27-29]. However, the basic discretised form of these models applies only when each 

aggregate size class volume is considered the arithmetic sum of volumes of smaller 

classes. To span the size range that can result from early and late stages of aggregation, 

e.g., 40 nm to 10 μm, over 105 size classes are required, for each of which the PB 

equation should be solved. This is computationally impractical, particularly when 

other transport phenomena are modelled or for iterative calibration of parameters 

against experimental data. A geometric size discretization technique proposed [30, 31] 

to mitigate this issue was recently used by Dale et al. [32] to simulate aggregation and 

dissolution of environmentally-relevant NP. A geometric series of aggregate volumes 

is given as 𝑣𝑖+1/𝑣𝑖 = 21/𝑞, where 𝑞 is an integer greater than or equal to one. However, 

values of q derived from PSD obtained from experimental techniques such as DLS are 

typically non-integer, e.g., considering the size discretization approach used by 

Malvern Zetasizer instrument (Nano ZS, UK) on its output data and using the 

aforementioned formula for 𝑞 along with Eq. F24 (Appendix F) 𝑞 may vary by Df from 

𝑞 =1.574 for Df = 3 to 𝑞 =2.63 for Df = 1.8.  

More flexible approaches include FP and MP techniques [33, 34]. Fixed-pivot 

maintains a minimum number of size classes (bins) via selective refinement of a coarse 

discretization of the particle volume dimension. This approach can consider binary or 

multiple collisions. Ignoring terms for breakage and adding a sedimentation term, the 

FP model conserving two properties of mass and number can be expressed as [33]: 

𝑑𝑛𝑘

𝑑𝑡
= ∑ [1 −

1

2
 𝛿𝑗,𝑖] 휂𝑘𝛼𝑗,𝑖𝛽𝑗,𝑖  𝑛𝑗𝑛𝑖

𝑗≥𝑖

𝑗,𝑖
𝑣𝑘−1≤(𝑣𝑗+𝑣𝑖)≤𝑣𝑘+1

 

− 𝑛𝑘 ∑ 𝛼𝑘,𝑖 𝛽𝑘,𝑖 𝑛𝑖

𝑘𝑚𝑎𝑥

𝑖=1

−
𝑈𝑘

𝑍𝑠

𝑛𝑘 

(3.1) 

where 휂𝑘 is given as:  
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𝑣𝑘+1−(𝑣𝑗+𝑣𝑖)

𝑣𝑘+1−𝑣𝑘
 ,  𝑣𝑘 ≤ (𝑣𝑗 + 𝑣𝑖) ≤ 𝑣𝑘+1 

       휂𝑘 = 

 
(𝑣𝑗+𝑣𝑖)−𝑣𝑘−1

𝑣𝑘−𝑣𝑘−1
 ,  𝑣𝑘−1 ≤ (𝑣𝑗 + 𝑣𝑖) ≤ 𝑣𝑘 

    

(3.2) 

The MP model [34] assumes that when the particle number concentration in a size 

class changes from sharp-decreasing gradients toward near-uniformity, the 'pivot' (the 

representative point of each size class in the particle size distribution) moves from the 

lower end of that class toward the middle. Two differential equations need to be solved 

over time. Omitting the breakage-relevant terms and considering the sedimentation 

term, the governing equations for the MP model become:  

𝑑𝑛𝑘

𝑑𝑡
= ∑ [1 −

1

2
 𝛿𝑗,𝑖] 𝛼𝑗,𝑖𝛽𝑗,𝑖 𝑛𝑗𝑛𝑖

𝑗≥𝑖

𝑗,𝑖
𝑣𝑘≤(𝑣𝑗+𝑣𝑖)≤𝑣𝑘+1

 

− 𝑛𝑘 ∑ 𝛼𝑘,𝑖 𝛽𝑘,𝑖 𝑛𝑖

𝑘𝑚𝑎𝑥

𝑖=1

−
𝑈𝑘

𝑍𝑠
𝑛𝑘 

(3.3) 

𝑑𝑣𝑘

𝑑𝑡
=

1

𝑛𝑘
∑ [1 −

1

2
 𝛿𝑗,𝑖] [(𝑣𝑗 + 𝑣𝑖)

𝑗≥𝑖

𝑗,𝑖
𝑣𝑘≤(𝑣𝑗+𝑣𝑖)≤𝑣𝑘+1

− 𝑣𝑘] 𝛼𝑗,𝑖𝛽𝑗,𝑖 𝑛𝑗𝑛𝑖 

(3.4) 

Equations (3.1-3.4) can be solved for a given initial PSD, to yield PSDs resulting 

from aggregation and sedimentation at any time for a specified sedimentation depth 

Zs. From the PSD, other quantities such as mean DH and mass concentration can be 

determined as described in the Appendix F. Note that, following common practice in 

this area [35-37], sedimentation is not modelled as a mass transfer process but as a net 

mass loss rate for each size class which scales linearly with Zs. 

The collision frequency for environmental colloids is commonly given as the sum 

of three mechanisms: perikinetic collisions (Brownian), orthokinetic collisions (shear-

induced aggregation under fluid motion), and differential settling (collection of smaller 
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aggregates by the larger ones during sedimentation) [17]. Expressing collision 

frequencies based on the volume (or mass) of aggregates as a representative variable 

[32, 38], using fractal dimension relationships and considering permeability drag 

effects [39],  the following relationships yield: 

𝛽𝑃𝑟𝑖𝑘𝑖,𝑗
=

2𝑘𝑏𝑇

3𝜇
(𝑣𝑖

(
1

𝐷𝑓
)

+ 𝑣𝑗

(
1

𝐷𝑓
)
) (

1

𝛺𝑖
𝑣𝑖

−(
1

𝐷𝑓
)

+
1

𝛺𝑗
𝑣𝑗

−(
1

𝐷𝑓
)

) (3.5) 

𝛽𝑂𝑟𝑡ℎ𝑖,𝑗
=

𝐺

𝜋
𝑣0

(1−
3

𝐷𝑓
)

(휂𝑐𝑖
(

1

2
) 𝑣𝑖

(
1

𝐷𝑓
)

+ 휂𝑐𝑗
(

1

2
) 𝑣𝑗

(
1

𝐷𝑓
)

)

3

  (3.6) 

𝛽𝐷𝑖𝑓𝑓𝑖,𝑗
=

3

2
(
𝜋

6
)

1
3 𝑣0

(
2
3

−
2

𝐷𝑓
)

(휂𝑐𝑖
(

1
2

) 𝑣𝑖

(
1

𝐷𝑓
)

+ 휂𝑐𝑗
(

1
2

) 𝑣𝑗

(
1

𝐷𝑓
)
)

2

 |𝑈𝑖 − 𝑈𝑗| 

(3.7) 

The superposition of the three rates gives the total rate of collisions, 𝛽(𝑖, 𝑗): 

𝛽𝑖,𝑗 = 𝛽𝑃𝑟𝑖𝑘𝑖,𝑗
+ 𝛽𝑂𝑟𝑡ℎ𝑖,𝑗

+ 𝛽𝐷𝑖𝑓𝑓𝑖,𝑗
 (3.8) 

where Ω is the drag coefficient correction factor defined as the ratio of drag force 

exerted on a permeable aggregate to drag force exerted on an impervious aggregate 

with the same size [35, 40], and 휂𝑐 is the fluid collection efficiency of an aggregate, 

defined as the ratio of flow through an aggregate to total flow approaching the 

aggregate [35, 41]. To calculate collision frequencies, two permeability models are 

used: the Brinkman permeability model [35, 42] and the Davies permeability model 

[43]. Additionally, the use of collision frequencies calculated based only on fractal 

relationships without permeability consideration is investigated [44, 45]. Four types of 

settling velocity models were investigated for NP aggregates of fractal nature. These 

include an empirical power-law equation [46, 47], a permeability model based on the 

Davies correlation [43, 48], a permeability model based on the Brinkman model [35, 

40, 41], and a fractal model which considers the effect of the size distribution of 

primary particles forming each aggregate [49, 50]. Finally, in the variable α approach, 

α was calculated based on DLVO theory considering only van der Waals attraction and 

electrostatic repulsion interaction energies. The Hamaker constant for HAp-water-
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HAp system was calculated as 2.77 ×10-21 J [51]. All models and their related 

equations are thoroughly introduced in the Appendix F.  

3.6 Materials and Methods 

3.6.1 Numerical modelling 

Details of MATLAB (Mathworks, USA) codes for all models used in this study are 

available in the Appendix F. In brief, an explicit forward Euler scheme was used for 

the time derivative. The explicit approach was chosen due to potential inaccuracy and 

computational problems of using an iterative implicit approach [52]. A simple forward 

Euler approach was selected since higher-order schemes, such as fourth-order Runge-

Kutta, were previously found ineffective in solving PB models, which are examples of 

“stiff” problems [32, 53]. Potential numerical instability in certain ranges of 

parameters within the explicit model was mitigated by an adjustable time step and a 

novel optimization algorithm based on a heuristic approach which, by incrementing a 

parameter at a time within set ranges, enhanced the fit between observations and model 

outputs using a parallel processing approach. An automatic increase of initial time step 

of the ‘slave’ numerical model by the ‘master’ optimization algorithm helped prevent 

unstable runs affecting the optimization process. 

Parameter calibration was conducted on the Chadwick high performance cluster 

and the Condor high throughput computational systems at the University of Liverpool. 

Comparison of numerical model performance with analytical solutions of the 

Smoluchowski model for both monodisperse [17] and log-normal-distributed initial 

conditions [54] is demonstrated in the Appendix F. The Nash–Sutcliffe determination 

coefficient (a conservative R2) [55] was used to assess goodness of fit. In this study, 

the parameters are calibrated based on the hydrodynamic size as an objective function 

and investigate how well the fitted model describes concentration variation over time 

and PSD at certain times. 

3.6.2 Experiment procedure 

Hydroxyapatite (particle density = 3.16 g/cm3) was obtained from Alfa Aesar, UK. 

Evolution of aggregate mean size, PSD and concentration over time were measured by 
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DLS (Malvern Zetasizer Nano ZS, UK). The valid measurement size range reported 

by the manufacturer is from 1 nm to 104 nm. Measurements were carried out with an 

interval of ~3.37 min. For all measurements, the number of runs was 5 (duration 10 s), 

beam attenuator index was 11, position of measurement was 6.5 mm following pre-

tests to establish the least noise and highest reproducibility in the count rate as well as 

the Z-average data (hydrodynamic diameter, DH). Zeta potential was measured with 

the same instrument with an automatic adjustment. To prevent the growth of bacteria 

in samples during the course of the experiment, 10 mM sodium azide was added. This 

was also beneficial due to its buffering capability to ensure a stable pH, although 

corollary measurements indicated a potential variation of ±0.52 at pH 7-10 over 24 h. 

All experiments were conducted for at least 5 hours and in duplicate according to 

this procedure: (1) prepare particle dispersion in DI water with a final particle 

concentration 50 mg/L, and sodium azide concentration 10 mM; (2) adjust pH at 6, 7, 

10, or 11 ± 0.05 with NaOH/HCl (100 mM); (3) ultrasonicate 5 min, add electrolyte 

(CaCl2) to reach concentrations of 0, 1, 2.5, 3, 5, 7.5, 10 mM, immediately vortex 5 

sec, transfer to a disposable cuvette and immediately start the DLS measurement. The 

whole process duration, from ultrasonication until the start of the first measurement, 

was 70 ± 20 sec. Standard sample volume of 3 mL resulted in a measurement depth of 

~2.33 cm. The impact of the measurement depth was also investigated by varying the 

sample volume as 1 mL, 3 mL, and 4 mL, corresponding to approximate measurement 

depths of 0.33 cm, 2.33 cm, and 3.33 cm, respectively. The DCR, which is the 

measured DLS count rate divided by the attenuation factor was extracted from the DLS 

data and used as an indicator of mass concentration [56-58]. To assess the significance 

of the relationship between DCR and the mass concentration, DCR was measured at 

different concentrations (1, 5, 10, 50, 100, 250, and 500 mg/L) of HAp NP.  

3.7 Results and discussion 

3.7.1 Experimental results 

Figure 3.1 shows averaged DH and DCR for HAp at various solution chemistries over 

5 hours. Dynamic light scattering measurements of aggregate DH evolution showed 

low noise and good reproducibility as indicated by small standard deviations of 
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duplicate experiments (error bars, Fig. 3.1). However, stability of DCR measurements 

tended to decrease over time. At constant pH 6, below 3 mM CaCl2 the slope of DH 

versus time is near linear on a semi-log plot throughout the experiment; above 3 mM 

the slope asymptotes from a steep slope at < 40 min to a gentle slope at greater times, 

revealing both early and late stages of aggregation/sedimentation (Fig. 3.1a). This also 

suggests that the CCC lies between 3 and 5 mM CaCl2. Similar behaviour is observed 

for various pH when the ionic strength is held at 5 mM CaCl2 (Fig. 3.1b). Figures 

3.1c,d illustrate DCR data normalized to the initial DCR value of each experiment. 

This quantity drops below 0.5 by the end of the experiments in most cases under the 

DLA regime (>4 mM CaCl2). However, normalized DCR increases over time for RLA 

regime (CaCl2 concentrations < 4 mM). This increasing trend might be interpreted as 

settling, slow-aggregating particles arriving at the point of measurement from further 

up the water column, causing increase of mass concentration in this point to above the 

initial uniform concentration in the sample. Such an increased concentration in the 

lower positions of the water column has been already reported [59-61]. Although DCR 

data have been used as proxy for particle mass concentration in multiple studies [57, 

58, 62, 63], its application in NP studies is less common [56], and there have been 

indications that DCR can be affected by size [64] or the number of particles [61] in 

addition to the mass. The relationship between the DCR and HAp concentration was 

already presented in Appendix F (Fig. F1) with a linear correlation (r2 > 0.98 and P ≫ 

0.05) between these two factors. It should be noted that the use of DLS data like any 

experimental technique has inherent measurement uncertainties, e.g., mean 

hydrodynamic size might be affected by the larger fraction of PSD [65]. However, as 

shown in PSD results (Figs. F2 and F3) developing a monodisperse PSD toward later 

times suggests that this impact might not be significant here.  
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Figure 3.1  Evolution of averaged hydrodynamic diameter, DH, (a,b) and change in 

mean derived count rate (DCR) normalized to the initial derived count rate (DCR0) (c) 

for HAp NPs at the point of measurement at various IS with a fixed pH at 6 (a,c) and 

various pH with a fixed IS at 5 mM CaCl2 (b). The model used here was FP with power 

law formulation and Brinkman collision model. The modelling approach includes a 

fixed initial PSD with considering the pre-early stage of aggregation and a constant 

attachment efficacy (approach B).  
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3.7.2 Model screening 

A detailed discussion of the screening of the 24 model combinations is provided in 

Appendix F (Figs. F4-F6 and Tables F11-F44). Briefly, for both FP and MP models, 

calculation of collision frequencies using the simple fractal approach or Davies 

permeability correlation led to poorer matches between the experimental and modelled 

DH values (Fig. F4) than when permeability collision frequencies were based on the 

Brinkman model. In the two former collision models, R2
NS of DH data was below 0.5, 

whereas for the Brinkman permeability model R2
NS increased up to 0.71 (Tables F1 

and F2). Fits to DCR data were relatively insensitive to model type (Table F3). The 

simple fractal and Davies permeability correlation approaches led to DH curve shapes 

inconsistent with the experimental data. Therefore, these two collision frequency 

models were discarded. The best among the settling velocity models, using the FP 

numerical approach, was the power-law formulation in terms of fitting for DH data 

(R2
NS = 0.71). Using the MP scheme, the power law, Brinkman permeability, and size 

distribution models gave close fitting results with R2
NS equal to 0.68, 0.71, and 0.70, 

respectively, against DH data and 0.62, 0.58, and 0.87, respectively against DCR data 

(Table F2).  

The FP model performs much faster than the MP method in simulating both early 

and late stages of aggregation. In fact, once the initial stage of the aggregation is 

passed, a significant increase (e.g., 500 times) in the time step length can be adopted 

for the FP model without affecting model stability. The MP method, in spite of being 

originally faster than FP [53], is not as flexible as FP in reducing the number of time 

steps in the late stage, potentially because of sharp gradients at longer times caused by 

the additional volume-based equation in the MP model. The final selected model set 

(FP, Brinkman-permeability-based collision frequency, and power-law settling 

velocity) based on a case-specific initial PSD (approach A, Table 3.1) fit the 

experimental data with mean R2
NS of 0.795 (DH) and 0.670 (DCR) for all cases with 

various pH and IS except the cases under the RLA regime (Fig. 3.1, Table F3). The 

model matched to DH data could well describe normalized DCR trends under the DLA 

condition, suggesting that in this regime DCR is an appropriate representative of mass 

concentration.  
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Table 3.1  Model parameters estimated by fitting FP models to both early and late 

stages of aggregation under different electrolyte concentrations (at fixed pH 6) and 

different pH (at fixed electrolyte concentration, 5 mM CaCl2) over 5 h, based on three 

modelling approaches (A, B, C), and mass removal results estimated by the models for 

a sample volume of 3 mL (3 cm water depth) after 5 h. The power-law model and 

Brinkman-based permeability model are used to calculate the sedimentation velocity 

and collision frequencies, respectively.  

Param. Model. 

approac

h 

Electrolyte Concentration (mM) pH 

2.5 3 5 7.5 10 7 10 11 

 A 1.1×10-4 7.1×10-3 11.60 8.10 1.10 15.4 6.33 1.59 

B 2.0×10-6 1.0×10-5 1.13 1.13 1.23 1.65 1.37 0.21 

C NA NA  NA  NA NA  NA NA NA 

Df A 1.53 1.48 2.03 2.12 2.27 2.26 2.32 2.70 

B 1.71 1.38 2.53 2.53 2.45 2.69 2.63 2.66 

C 1.50 1.50 2.50 2.42 2.25 2.60 2.61 2.70 

Remov. 

% 

A 0.4 1.0 86.1 86.9 70.0 94.9 88.8 84.7 

B 0.1 0.1 77.5 75.8 71.8 86.3 81.6 50.9 

C 0.1 0.1 75.0 72.2 65.0 78.0 76.8 55.1 

A: initial PSD; B: identical PSD; C: identical PSD, DLVO; NA: not applicable 

 

3.7.3 Aggregate structure and sedimentation velocity 

The model fit results indicate that models assuming bulk density-controlled 

sedimentation tend to outperform models assuming permeability-controlled 

sedimentation. The impact of aggregate structure on settling velocity is a disputed 

subject [66]. Enhanced sedimentation velocities compared to Stokes’ law based on 

hydrodynamic size have been reported and interpreted as flow through the aggregates 
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reducing the aggregate drag [40, 42, 43, 67]. Other studies [47, 68, 69] point to the 

overestimation of Stokes’ law for floc sedimentation velocity. I compared trends in 

terminal settling velocity versus the size of aggregates resulted from each 

sedimentation model used in the present study.  

Figure 3.2 illustrates, for three values of Df (1.6, 2.0, and 2.3), that the highest 

sedimentation velocity is predicted by the Davies permeability model, followed by the 

Brinkman, size-distribution-based and power-law models, respectively. The Davies 

permeability model predicts an increase in sedimentation velocity with decrease of Df 

in agreement with other studies [40, 43, 67]. However, this model yields an estimate 

of settling velocity that is much higher than all the other models [70].  The Brinkman 

model exhibits a slight increase of velocity with Df which is only discernible for 

particles of less than 1 𝜇𝑚 in size—not considerable in the sedimentation process [17, 

71]. This low sensitivity of settling velocity to the aggregate structure contradicts 

experimental observations [40, 42, 43, 47, 67, 68]. However, both power-law and size-

distribution-based models predict increased velocity with Df due to the greater bulk 

density of aggregates (Fig. 3.2). This variation is more significant for the power-law 

model compared to the size-distribution-based model, suggesting that the power-law 

expression is more sensitive to Df. Overall, simulations incorporating these bulk 

density-controlled sedimentation terms yielded the best fits against experimental data. 
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Figure 3.2  Trends of settling velocity, U, normalized to the settling velocity of primary 

particle, U0, versus particle radius of each size class, a, normalized by the primary 

particle radius (smallest size class), a0, calculated by four different types of velocity 

models. Fractal dimension is set as 1.6, 2, and 2.3. The primary particle radius used in 

these models is 40 nm.   

 

Figure 3.2 shows that for particles of the same matter and with constant diameter, 

reducing Df (i.e. increasing porosity and decreasing mass) results in considerable 

reduction in the settling velocity according to power-law and size-distribution-based 

models. Recently, in an insightful study, Emadzadeh and Chiew [72] showed that for 

large synthetic particles (> 1 cm in size and density >> 1 g cm-3) with identical matter 

and diameter, increasing porosity corresponding to a decreased mass caused reduction 

of the terminal settling velocity. However, when particles of different matter were used 

to maintain the mass constant too, the particles with higher porosity exhibited higher 

settling velocity. This implies for homogeneous NP aggregates with density of primary 

particles >> 1 g cm-3, the impact of the bulk density of aggregates far outweighs 

permeability or drag effects, in agreement with the analysis based on best fits to early 

and late stage HAp aggregation data and in contrast to Johnson et al. [43]. 
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3.7.4 Attachment efficiency and fractal dimension 

Table 3.1 shows the parameters determined from the fitting (optimisation) procedure, 

demonstrating that with the increase of CaCl2 concentration above 5 mM the model 

parameter α increases above one. Classical theories of aggregation [18, 22] prescribe 

that attachment efficiency increases until the double layer repulsion is completely 

screened, where the CCC is met and α is equal to one. Calculation of DLVO profiles, 

shown in Fig. F7, confirms that at [CaCl2] ≥ 5 mM there is no energy barrier against 

aggregation. Values greater than one in this model parameter are interpreted as 

indicating a mechanism associated with the late-stage aggregation which enhances the 

effective attachment efficiency above its classical limit. Although there have been 

cases in the literature reporting α above unity [67, 73-76], to investigate this further, 

the model was fitted to DH data only at the early stage (first 20 min) of the processes. 

Since including Df as an estimating parameter was found not to be necessary for early-

stage fitting, this was fixed at 1.6 (close to the common DLA range) for all cases of 

pH and high IS. Results, presented in Table F5, reveal that for most of the cases α 

reduces to below one. The only remaining case with α > 1 also reduces to below one 

if Df is considered as a free parameter in the optimization process.  

To scrutinize this issue further, the initial PSD was fixed in all cases based on a 

single-peaked PSD extracted from the experimental case with no aggregation 

(approach B, Table 3.1). In this approach, the very first moments of the aggregation 

(~70 s), which are not captured in experiments, are considered by the model with shear 

coagulation operating, and the sedimentation process turned off as described in the 

Appendix F. This approach yields slightly poorer goodness-of-fit (mean R2
NS 0.736 for 

DH and 0.513 for DCR) than approach A (mean R2
NS 0.763 for DH and 0.64 for DCR) 

for cases of IS > 5 mM and various pH (Figs. 3.1, F8 and Table F3). In contrast to 

approach A, approach B yields α closer to one in all cases of high IS (maximum α 

is1.65 which occurs at pH 7, Table 3.1). Furthermore, the condition in which α varies 

from 0 to 1 with particle/aggregate size according to varying DLVO interaction 

energies, was investigated using a fixed-PSD initial condition (approach C, Table 3.1). 

The results (Fig. F8 and Table F3) show that for cases of IS higher than 5 mM and for 

various pH, mean model fit R2
NS is rather lower than that of previous approaches—

0.687 and 0.429 for DH and DCR, respectively. Although this approach could fit 
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experimental data cases at 5, 7.5, and 10 mM CaCl2, with only one adjustable 

parameter (Df), there was a need for adding another adjustable parameter in other cases, 

due probably to uncertainties in measurement of factors like zeta potential (with 

common accuracy on the order of ±10%) [77] as reported in Fig. F9 and Table F3. 

Even considering two adjustable parameters (Df and zeta potential), approach C was 

still unable to fit the case at 3 mM CaCl2. Other non-DLVO factors such as specific-

ion effects [78] which have not been considered in this study or  some basic 

assumptions of the DLVO such as perfect sphere [79] ignored for nonuniform-shaped 

porous aggregates might be reasons for the discrepancies.   

Conventionally, open aggregate structures (Df tends to 1.8) are formed in DLA 

regime where every contact results in attachment, while more compacted structures 

(Df tends to 2.1) are formed under the more selective RLA condition [17, 80]. As 

shown in Table 3.1, models fitted across both early and late stage data indicate that at 

CaCl2 concentrations ≤3 mM (RLA) Df is lower than 1.8 while at ≥5 mM (DLA) Df 

ranges is higher than 2.03 and further increases with pH (up to 2.7 at pH 11). Approach 

B yielded even larger Df on average by 11% compared to approach A. This difference 

was 8% for approach C. Strongly overlapping ranges of Df for RLA and DLA regimes 

have been frequently reported in the literature [47, 81-85], especially for particles 

subject to mechanisms other than Brownian diffusion, such as ‘ballistic’ aggregation 

[17], orthokinetic aggregation [81, 86], and differential sedimentation [19]. These can 

be the result of linear trajectories [17] or restructuring [19, 41]. It has also been 

indicated in the literature [87, 88] that rapid particle-cluster aggregation leads to a 

denser aggregate (Df =2.5) than cluster-cluster aggregation (Df =1.8). Allain et al. [19] 

reported a Df value of 2.2 for calcium carbonate colloids within the DLA regime under 

quiescent sedimentation, and others [86] reported Df in range of 2.3 to 2.8 for calcium 

phosphate in a system with settling and shear. Experimentally-measured Df reported 

in the literature are typically limited to the early stage of aggregation or lower 

aggregation rates than those investigated in the present study.  

Fitting the model to only the early stage of experiments showed ranges of Df 

consistent with conventional expectations (Table F5) under the DLA regime. The 

contrasting trends obtained when fitting to both stages together suggests the crucial 

role of late-stage aggregation process in modifying this parameter. The observation of 
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an increase in the DCR curves under the RLA regime versus decreasing DCR in the 

DLA regime indicates that sedimentation under the RLA regime is slower than that 

under the DLA regime (Fig. 3.1c). This implies that the bulk density and therefore Df 

of aggregates in the RLA regime should be lower than that under the DLA condition.  

It is deduced that in the late stage, evolved aggregates formed from mixed particle-

cluster populations under the RLA condition are less compact than early-stage 

aggregates, potentially as a result of irregular packing geometries and inaccessibility 

of internal pore spaces to incident particles in unfavourable interaction conditions [89]. 

Decreasing Df over the course of experiments has been observed already for fullerene 

NP under both DLA and RLA regimes [90].  However, due to uncertainties associated 

with the DCR data obtained under the RLA regime (discussed below), further 

experimental/modelling investigations are required to confirm this explanation. 

Conversely, aggregates formed in late-stage DLA conditions may have higher Df 

(compared to less-compact early stage aggregates) as a result of internal reorganisation 

of particles within each aggregate, aggregate-aggregate collisions, and trapping 

individual particles in voids of large, open clusters during their downward 

sedimentation [19, 89]. It should be mentioned that model-fit parameter values might 

bear both experimental and model uncertainties. Direct experimental measurement of 

Df under the late-stage conditions used in this research is a priority for future work to 

confirm the model predictions reported here.  

Although all three modelling approaches are reasonably successful in fitting the 

experimental data, none of final models does so while maintaining all parameter values 

simultaneously within the ranges expected from previous literature. The model 

formulation applied in the present study is not able to reproduce the experimentally 

observed rise in DCR data under the RLA regime, because the sedimentation term used 

in these models is a simple decay term (last term in Eqs. 3.1 and 3.3) which avoids the 

computational expense and potential numerical dispersion problems of solving a 

spatio-temporal partial-differential equation [91]. Although it was shown that DCR is 

an appropriate indicator of the mass concentration under DLA, it remains for future 

studies to validate this conclusion under the RLA regime. The modelled PSDs are 

shown in Figs. F2 and F3 and discussed in detail in the Appendix E. Overall, approach 
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B demonstrates the best overall match between observed PSD and modelled PSD 

through late-stage conditions. 

3.7.5 Mass removal rates and measurement depth  

Table 3.1 shows the predicted mean percentage mass removal after 5 h within a 3 cm 

modelled water column for different pH and IS, using parameter values estimated in 

both early and late stages. Under the RLA regime (2.5 and 3 mM CaCl2) a negligible 

(≤0.5%) decrease in mass concentration indicates that sedimentation is minimal, in 

agreement with experimental observations (Fig 3.1c). Under the DLA regime (5-10 

mM CaCl2) and at various pH, for the three approaches A, B and C predicted mass 

removal reaches 85.4%, 74.5%, and 71.0%, respectively. Figure 3.3 shows that 

predicted mass removal is greater in the upper part of the water column. Removal 

percentage is maximum at pH 7 (86.4%, average of the three modelling approaches, 

Table 3.1). With increasing pH above pH 7, mass removal decreases (down to 63.6% 

on average), consistent with the decrease of α and increase of Df (Table 3.1). 

Surprisingly, as illustrated in Fig. 3.3 under the DLA condition, the percentage mass 

removal consistently (under almost all modelling approaches) decreases with increase 

in the IS from on average 79.5% at 5 mM CaCl2 to 78.3% and 68.9% at 7.5 and 10 

mM CaCl2, respectively (Table 3.1, Fig. 3.3).  
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Figure 3.3  Modelled mass concentration, C, profiles normalized by the initial mass 

concentration, C0, versus the water column depth at (a) 5 mM CaCl2 and (b) 10 mM 

CaCl2 after 50, 150, and 300 min. The continuous lines represent approach A (case-

specific initial PSD) and dashed lines represent approach C (fixed initial PSD 

combined with variable α computed by DLVO). 

 

It was examined experimentally how the depth of measurement from the surface 

of the liquid affects the parameter values obtained using approach A. The results for 

depths of 0.33, 2.33, and 3.33 cm are presented in Table F6 and Fig. F10. For 

measurements at short distance below the water surface (0.33 cm), the aggregation is 
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significantly lower than when measured at greater depths (2.33 and 3.33 cm). This 

might indicate the significance of differential sedimentation in aggregation of HAp 

NP. This also indicates that the late stage of coupled aggregation-sedimentation 

processes is less noticeable in the regions just below the surface of water. The model 

fit results (Table F6) confirm that late-stage influences on both α and Df increase with 

the measurement depth. Crucially, α determined for the smallest depth (0.33 cm) 

assumes a value lower than one and Df is relatively closer to the common threshold of 

DLA regime which agrees with fit result of early stage alone (Table F5). This strongly 

associates parameter values α > 1 and Df outside expected ranges of DLA regime, with 

the complications of interacting late-stage processes during coupled aggregation and 

sedimentation.   

3.7.6 Implications for the fate of NP in groundwater and aquatic 

environments    

The combination of experiment and modelling approaches presented here has enabled 

the complex interactions between aggregation and sedimentation to be investigated in 

NP systems well inside the late-stage at which the particle-aggregate population has 

evolved significantly from its initial PSD. These conditions are likely to be the norm 

in most environmental systems in which NP have been resident for any length of time. 

It is demonstrated that population balance models can be applied to systems at both 

stages of aggregate evolution. Although the best-performing model suite included 

permeability-based models for describing collision frequencies, the empirical, density-

controlled descriptions for settling velocity were able to better describe the observed 

trends in experimental data over 5 h of coupled aggregation and sedimentation. 

Allowing the attachment efficiency to vary with aggregate size did not significantly 

alter model outcomes compared to assumption of a constant attachment efficiency, but 

fitted parameters were much more sensitive to the specification of the initial PSD. In 

terms of reduction in computational effort over the late-stage of the processes, the FP 

aggregation model was found to have a greater capability than the MP technique. 

These results have significance in developing practical, computationally-efficient 

models for the fate and transport of NP in the environment.   



121 
 

While models fitted to only early stage data showed trends in attachment efficiency 

and fractal dimension consistent with classical theory, these trends varied as the 

systems evolved. The results demonstrate that at lower IS (RLA), aggregation is slow, 

and sedimentation is negligible in the timescales considered here. At intermediate IS 

(5 mM CaCl2) near the CCC, a moderate-rate DLA develops a population of NP 

clusters which are optimally more efficient at collecting (by aggregation) and 

removing (by sedimentation) large numbers of smaller particles and aggregates than 

that at higher IS (7.5 and 10 mM CaCl2) where the system moves rapidly to fewer, 

larger, but less-compact aggregates, and overall mass removal rates are reduced due to 

slower sedimentation. These lower removal rates within high-IS solutions may bring 

about lifetimes and potential transport distances of NP aggregates in aqueous 

suspension in settings such as marine environments, coastal aquifers, or in soil pore 

microenvironments that are longer than expected based on conventional models or 

extrapolations from experimental data obtained only in early-stage conditions. 

Although the population balance techniques applied in the present study alleviate 

computational expenses of using an arithmetic particle size discretization well with a 

geometric discretization when applied to small-scale laboratory conditions, it remains 

a question whether such models are efficient when coupled to fate and transport models 

at larger environmental scales, e.g., aquifer and watershed. These issues are tried to be 

addressed in the following chapters.  
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Chapter 4 

4 Combining population balance and 

continuum models for aggregation and 

transport of nanoparticles at 3-D scale  

4.1 Chapter overview  

This chapter investigates whether the accurate population balance model, fixed pivot 

(FP), validated in previous chapter for nanoparticle (NP) aggregation modelling in 

aqueous media, can be combined with a three-dimensional (3-D) continuum modelling 

code, MT3D-USGS, in a forward prediction mode by incorporating other particle 

transport theories and/or previously-developed artificial neural network correlations 

(in chapter 2) to elucidate concurrent NP aggregation and transport at laboratory (1-D) 

and pilot (3-D) scales.   

Incorporating aggregation into the model improves substantially the prediction 

ability of current theoretical and empirical approaches for NP deposition in porous 

media. However, running the model at 3-D scale leads to long CPU runtimes indicating 

the need for developing more efficient aggregation models for future effective 

modelling of aggregation and transport at environmentally-relevant scales. Addressing 

the need for a more efficient modelling approach to aggregation will be addressed in 

chapter 5. Additionally, aggregation behaviours within porous media may be different 

from that in aquatic media studied to date due to dynamic nature of cascading pores as 

will be scrutinized in chapter 6.  

4.2 Introduction 

A large number of studies have shown that under environmental conditions NP can 

grow in size due to aggregation, especially within porous media [1-3]. This can reduce 

NP mobility in porous media through the mechanisms of attachment, straining, and 

ripening [4-7]. In this part of the thesis an accurate population balance model for 

nanoparticle aggregation, i.e., the fixed pivot (FP) technique [8], is combined with a 
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3-D continuum model for NP transport, MT3D-USGS [9], to investigate the impact of 

NP aggregation during transport in a 1-D laboratory-scale domain and within a 3-D 

pilot-scale domain. After model validation against previous aggregation codes [2] and 

against 1-D experimental data from literature [10], the model is used at 1-D and 3-D 

scales. In this part of the thesis Hydroxyapatite (HAp) NP is used as the model NP due 

to their promising application in remediation of groundwater contaminated with 

radionuclide [11-14], and their potentials for being used as agricultural fertilizer [15-

17].   

4.3 Combining a population balance model and a 

continuum model  

4.3.1 Model combination 

For combination with the continuum model, the FP modelling approach to aggregation 

was chosen due to its flexibility in selecting the particle volume/size discretization, 

potential computational efficiency, and conservation of mass and number of 

particles.[2, 8, 18]The Brinkman permeability model for collision frequencies, and a 

power-law expression for settling velocity inducing differential sedimentation 

collisions were also selected based on a recent model screening study [2].  

The recent release of the public-domain MT3DMS code (US Geological Survey), 

the MT3D-USGS [9, 19], was modified in the present study to incorporate the FP 

population balance technique. This code was recently upgraded extensively for 

incorporating water treatment scenarios by Bedekar et al. [9]. The subroutines of the 

MT3D-USGS were modified to integrate the FP model as illustrated in the flowcharts 

of the model algorithms in Fig. 4.1. In doing so, the FP model equations are solved 

based on number concentration in the most inner loop of the code following a 

conversion of mass concentration to number concentration for each size class (MT3D 

species) within each time step. The calculated increment in number concentration is 

then converted back to mass concentration which is exerted on the transport equation 

solution for each size class within each transport time step. A MATLAB code was 

developed for calculating the required inputs for the modified MT3D-USGS code, e.g., 

collision frequencies and transport parameters as shown in Fig. 4.1. The model 

equations are presented in Section 4.3.4. 
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Figure 4.1  The flowcharts of the integrated FP technique in the USGS-MT3D code 

which is controlled by a MATLAB code. The subroutine names shown in red boxes 

are those which are modified in the original MT3D-UGS code. Blue charts are related 

to the MTALAB code while green charts belong the Fortran code. 
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4.3.2 Model parameters 

In this section, it is assumed that the NP deposition is described only by an attachment 

rate term; ignoring other possible deposition mechanisms, i.e., straining, ripening, and 

site blocking. The attachment rate coefficient, Katt, for each size class was calculated 

according to colloid filtration theory (CFT) [20, 21] combined with Derjaguin, Landau, 

Verwey, and Overbeek (DLVO) theory [22-24] designated herein as CFT-DLVO as 

described later. The interaction energy forces included in the extended DLVO 

calculations of the present study were van der Waals attraction, electrostatic repulsion, 

and Born repulsion [24, 25]. Alternatively, recently developed, ANN-based empirical 

correlations [26] were used to calculate Katt. Using the latter approach, the detachment 

rate coefficient, Kdet, was also incorporated into the model. However, the use of ANN-

based empirical correlations is currently limited to the 1-D scale.  

Although a variable particle-particle attachment efficiency, αagg, with size, 

predicted using DLVO theory [2, 27], was also incorporated into the model, herein a 

constant αagg is used for the sake of simplicity and since current theories may not be 

able to fully describe aggregation mechanisms in porous media systems due to 

complex interacting influences of pore tortuosity and the arrival of aggregates from 

up-gradient pores causing heterogeneous mixing of aggregate populations [28]. 

Considering αagg as an unknown constant parameter allows for the circumvention of 

such complex impacts. Model parameters have been assumed spatially constant. 

Hence, the calculation of Katt was performed using a constant velocity averaged over 

the entire model domain (Tables 4.1 and 4.2).  
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Table 4.1  Parameters used in 1-D simulations following [10, 26].   

Parameter  50 mM KCl 

dataset 

0.5 mM CaCl2 

dataset  

Free polymer concentration 

(mg/L)  

10, Humic acid 10, Humic acid 

NP zeta potential (mV) -28.8 -31.4 

NP average diameter (nm) 100 100 

NP density (g/cm3) 3.16 3.2 

NP Concentration (mg/L) 200 200 

Column diameter (cm) 2.6 2.6 

Column length (cm) 20.2 20.2 

Heterogeneity (%) 15 15 

Grain size, d (mm) 0.6 0.6 

Grain Zeta potential (mV) -40.2 -34.4 

Porosity 0.39 0.39 

Pore water velocity (cm/min) 1.12 1.11 

Dispersivity (cm) 4.8×10-3 6.6×10-3 

pH 5.7 5.7 

Electrolyte concentration (mM) 50 0.5 

Number of PVs 3.75 3.75 

Particle aspect ratio 5 5 

Adsorbed coating concentration 

(mg/L) 

0 0 

Saturation magnetization (kA/m) 0 0 

IEP pH 6.7 6.7 

PSD size range (nm) 18.2 to 2.41×104 18.2 to 2.41×104 

Number of size classes 50 50 

Soil bulk density (kg/m3) 1590 1590 

Dispersivity (cm) 0.048 0.048 

Hamaker constant (𝑨𝑯𝟏𝟐𝟑) (J) 2.94×10-21 2.94×10-21 

Fractal dimension  2.0 2.0 
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Table 4.2  Parameters used in 2-D simulations.   

Parameter  Assumed Values  

NP zeta potential (mV) -28.8 

NP average diameter (nm) 100 

NP density (g/cm3) 3.16 

NP Concentration (mg/L) 900 and 4500 

Test dimensions (m) 3.6(L)×3(W)×2.4(H) 

Grain size, d (mm) 0.6 

Grain Zeta potential (mV) -40.2 

Porosity 0.35 

Pore water velocity (averaged) (cm/min) 2.4 

Dispersivity (cm) 1 

Ionic strength (mM) 50 

Injection duration (min) ~67 

PSD size range (nm) 18.2 to 2.67×103 

Number of size classes 35 

Soil bulk density (kg/m3) 1400 

Longitudinal dispersivity (cm) 1 

Horizontal to longitudinal dispersivity  1/10 

Vertical to longitudinal dispersivity 1/100 

Hamaker constant (𝑨𝑯𝟏𝟐𝟑) (J) 2.94×10-21 

Fractal dimension 2.0 

 

4.3.3 Simulation characteristics 

The modified MT3D-USGS code was validated against previous MATLAB code [2] 

for the case of pure aggregation. The predictive model performance was assessed 

against 1-D experimental data from Wang et al. [10]. Such data include hydroxyapatite 

(HAp) NP transport BTCs, the details of which have been summarized in Table 4.1.  

Three-dimensional simulations were conducted based on a pilot-scale experiment 

of Johnson et al. [5] on the transport of nanoscale zero valent iron (NZVI) in a confined 

aquifer. Only the experiment domain and flow regime characteristics were considered 

in present simulations. The injected particles were assumed to be HAp NP, with the 

same properties as those in 1-D simulations. The simulation characteristics are listed 
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in Table 4.2. The model domain is shown in Fig. 4.2 and space discretization is shown 

in Figs. 4.3a,b. In brief, the active part of the domain consists of a sand layer confined 

by silica flour layer at the top and a sandy/clay layer at the bottom which is underlain 

by a clay layer [5]. Three injection wells and six extraction wells are used to circulate 

the groundwater in the main confined layer. The NP dispersion is injected only through 

the middle injection well. The transport of NP is monitored using a row of observation 

wells at the centreline of the model domain plan (wells #1-6) following Johnson et al. 

, and as illustrated in Fig. 4.2. Fifty size classes were considered in the 1-D simulation 

and 35 classes were considered in the 3-D modelling.  

The initial PSD was assumed monodisperse [2] yielding an average initial 

hydrodynamic diameter, DH, of ~80 nm which is similar to HAp NP dimensions, 20 

nm in width and 100 nm in length, reported by Wang et al. [10]. The size varied 

geometrically [2] from 18.2 nm to 2.41×104 nm in the 1-D model and to 2.67×103 in 

the 3-D model.    

 

Figure 4.2  Three-dimensional model domain used for simulations. 
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Figure 4.3  Space discretization of the 3-D model domain simulation for finite 

difference solution of the coupled aggregation and transport problem. (a) plan view of 

the domain; (b) side view of the domain in a cross section along the row of observation 

wells.  
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4.3.4 Mathematical models 

The governing equation (continuum model) of nanoparticle transport in porous 

medium for size class k in a 3-D transient flow may be written as follows [1, 19]:  

휀
∂𝐶𝑘

∂t
+ 𝜌𝑏

∂𝑆𝑘

∂t
=

 𝜕

𝜕𝑥𝑖
(휀𝐷𝑖,𝑗

𝜕𝐶𝑘 

𝜕𝑥𝑗
) −

𝜕(휀𝑉𝑖𝐶𝑘) 

𝜕𝑥𝑖
 (4.1) 

𝜌𝑏

∂𝑆𝑘

∂t
= 휀𝐾𝑎𝑡𝑡𝑘

𝐶𝑘  − 𝜌𝑏𝐾𝑑𝑒𝑡𝑘
𝑆𝑘 (4.2) 

These equations can be solved using the MT3D code when a non-equilibrium 

sorption model is considered. In doing so, model parameters for each size class can be 

converted as: 𝐾𝑎𝑡𝑡𝑘
= βk/ 휀 and 𝐾𝑑𝑒𝑡𝑘

= βk ⁄(ρb 𝐾𝑑𝑘
). In MT3D documentation [19], βk 

is the first-order mass transfer rate between the mobile and retained phases for species 

k. It should be noted that detachment can be excluded from this model formulation of 

the MT3D code by assigning a large value to 𝐾𝑑𝑘
 [29, 30].   

The fixed pivot (FP) [8] population balance model equations accounting for the 

dynamics of the particle size distribution (PSD) resulted from aggregation based on 

conserving two properties of mass and number were described in previous sections.   

The volume of each size class 𝑣𝑘 can be calculated from Eq. (F24) and the mass of 

each bin can be calculated from Eq. (F25) [31]. The conversion between the mass 

concentration Ck, and the number concentration nk, is then performed via:  

𝐶𝑘 = 𝑚𝑘𝑛𝑘 (4.3) 

Equations for the collision frequencies were given in previous sections [2].  

Two approaches were used to calculate the attachment rate coefficient, 𝐾𝑎𝑡𝑡𝑘
: First 

using a combination of colloid filtration theory (CFT) [20, 21] and Derjaguin, Landau, 

Verwey, and Overbeek (DLVO) theory [24] (CFT-DLVO); Second based on ANN-

based empirical correlations recently developed[26]. Using the latter approach, the 

detachment rate coefficient, Kdet, is also incorporated in the model. However, ANN-

based empirical correlations are currently limited to predictions in 1-D scale and thus 

these are not used in 3-D simulations of the present study.   

Attachment rate coefficient using CFT-DLVO can be calculated as follows [21]:  
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𝐾𝑎𝑡𝑡𝑘
=

3(1−𝜀)

2𝑑50
𝛼𝑝𝑐𝑘

휂0𝑘
𝑉𝑎𝑣𝑒             (4.4) 

Collision efficiency, which is related the flux of particles approaching the surface 

of a porous media grain, can be calculated using the well-established correlation 

equation of Tufenkji and Elimelech [21]. Despite the existence of several empirical 

correlations developed for calculating 𝛼𝑝𝑐𝑘
 [32, 33], here a theoretical approach based 

on the extended DLVO theory is used following Bradford and Torkzaban [24]:    

𝛼𝑝𝑐 = 휀1𝛾1 + 휀2𝛾2 (4.5) 

where 𝛾1and 𝛾2 are parameters representing the role of applied hydrodynamic torque 

(TH) and adhesive torque (TA) in the above equation—equal one when TH ≤ TA and zero 

when TH > TA. Here since I assume only irreversible deposition in the CFT-DLVO 

approach, 𝛾1 and 𝛾2 are assumed to be one. Based on energy balance, 휀𝑗 (j = 1 or 2) 

can be calculated [24]: 

휀𝑗 = ∫
2√𝛷

𝜋

𝑙𝐵

𝑙𝐴
exp(−𝛷) 𝑑𝛷 = (erf(√𝑙𝐵) − √

4𝑙𝐵

𝜋
𝑒𝑥𝑝(−𝑙𝐵)) −

(𝑒𝑟𝑓(√𝑙𝐴) − √
4𝑙𝐴

𝜋
𝑒𝑥𝑝(−𝑙𝐴))  

(4.6) 

The total interaction energy [Kg m2 S-2], 𝛷𝑑, is calculated as a sum of three 

interaction energies, i.e., van der Waals attraction, 𝛷𝑣𝑑𝑊, electrostatic repulsion, 𝛷𝑒𝑙, 

and Born repulsion, 𝛷𝐵𝑜𝑟𝑛:  

𝛷𝑑(ℎ) =   𝛷𝑣𝑑𝑊(ℎ) + 𝛷𝑒𝑙(ℎ)  +  𝛷𝐵𝑜𝑟𝑛(ℎ)  (4.7) 

The sphere-plate van der Waals interaction energy can be calculated using the 

expression of Gregory [34]: 

𝛷𝑣𝑑𝑊(ℎ) = −
𝐴𝐻123𝑎𝑘

6ℎ
[1 +

14ℎ

𝜆𝑤
]

−1

 (4.8) 

The combined Hamaker constant, 𝐴𝐻123, for hydroxyapatite NP interacting with 

water-quartz interface is given as 2.94×10-21 J [35]. The electrostatic repulsion energy 

for a sphere-plate interaction is determined from [36]:  



138 
 

𝛷𝑒𝑙(ℎ) = 𝜋휀𝑚휀0𝑎𝑘 {2𝜑1𝜑2𝑙𝑛 [
1 + 𝑒𝑥𝑝(−𝜅𝐷𝑒𝑏ℎ)

1 − 𝑒𝑥𝑝(−𝜅𝐷𝑒𝑏ℎ)
] + (𝜑1

2

+ 𝜑2
2) 𝑙𝑛[1 − 𝑒𝑥𝑝(−2𝜅𝐷𝑒𝑏ℎ)]} 

(4.9) 

where 𝜑1 and 𝜑2  are usually assumed approximately equal to the zeta potential of the 

porous media grain and/or the interacting particle surfaces [27]. In a more accurate 

way they the can be determined from Eq. (F38) [37-39].  

Born repulsion can be calculated as follows [24]: 

𝛷𝐵𝑜𝑟𝑛(ℎ) = −
𝐴𝐻123𝜎𝑐

6

7560
[

8𝑎𝑘 + ℎ

(2𝑎𝑘 + 7)7
+

6𝑎𝑘 − ℎ

ℎ7
] (4.10) 

The collision diameter, 𝜎𝑐, is assumed as 0.26 nm in order to achieve a primary 

minimum depth at 0.157 nm following [24], a commonly accepted distance of closest 

approach. The values of lA and lB in Eq. (4.6) are determined following [24]. In brief, 

five types of the interaction energy profile are considered, ranging from favourable to 

unfavourable interaction condition evaluated using 𝛷1𝑚𝑖𝑛, 𝛷2𝑚𝑖𝑛, and 𝛷𝑚𝑎𝑥 standing 

for primary minimum, secondary minimum, and the energy barrier in the total 

interaction energy profile as shown in Fig. 4.4. Based on these classes and ignoring 

the detachment, the values of lA and lB can be determined from Table 4.3 [24].  
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Figure 4.4  Five classes of possible interaction energy profile that can happen for 

favorable and unfavorable interaction conditions evaluated using primary minimum, 

𝛷1𝑚𝑖𝑛, secondary minimum, 𝛷2𝑚𝑖𝑛, and the energy barrier, 𝛷𝑚𝑎𝑥. The profiles have 

been generated using a MATLAB code developed for plotting the interaction energy 

profiles of extended DLVO by arbitrarily varying zeta potentials, particle radius, and 

ionic strength to produce similar figures with those of Bradford and Torkzaban [24].  

 

 

Table 4.3  Lower (lA) and upper (lB) integration limits in calculation of the probabilities 

of particle interaction with the primary (휀1) and secondary (휀1) minima of DLVO 

profile based on five classes of interaction energy profile illustrated in Fig. 4.4.  

Class 

no. 

ɛ1 ɛ1  ɛ2 ɛ2 

 lA lB  lA lB 

1 0  |𝜱𝟏𝒎𝒊𝒏|   NA*  NA  

2 |𝜱𝟐𝒎𝒊𝒏 − 𝜱𝒎𝒂𝒙|  |𝜱𝟏𝒎𝒊𝒏 − 𝜱𝒎𝒂𝒙|   0 |𝜱𝟐𝒎𝒊𝒏 − 𝜱𝒎𝒂𝒙|  

3 |𝜱𝟐𝒎𝒊𝒏| + 𝜱𝒎𝒂𝒙  |𝜱𝟏𝒎𝒊𝒏| + 𝜱𝒎𝒂𝒙   0 |𝜱𝟐𝒎𝒊𝒏|  

4 |𝜱𝟐𝒎𝒊𝒏| + 𝜱𝒎𝒂𝒙  𝜱𝒎𝒂𝒙 − 𝜱𝟏𝒎𝒊𝒏   0 |𝜱𝟐𝒎𝒊𝒏|  

5 NA  NA   0 -0.119 

*NA: not applicable 

 

 

In the alternative approach, i.e., calculation of the attachment rate coefficient based 

on the ANN-based empirical correlations developed in [26], simply the neural network 
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empirical matrices in MATLAB format were used in the main MATLAB code 

developed in this study for performing the simulations. The main MATLAB code 

utilizes these networks to calculate both attachment and detachment rate coefficients 

for each size class using 20 experimental characteristics listed in Table 4.3. It should 

be note that these correlation networks are exerted in an MS Excel spreadsheet 

(available online as electronic supporting information of [26]).  

Although a variable particle-particle attachment efficiency, αagg, with size, 

predicted using DLVO theory [2, 27], was also incorporated in the modified MT3D 

model, herein I only use a constant αagg for the sake of simplicity. The parameters of 

the model have been assumed spatially constant. Thus, the calculation of the Katt was 

performed based on an average constant velocity in the whole model domain.    

4.4 Model validation 

The modified MT3D-USGS was validated for pure aggregation by comparing its 

results with those of the MATLAB code validated in the previous study [2]. Here the 

comparison of the two codes was carried out by turning off reaction terms in the 

governing equation of the modified MT3D-USGS code [40], allowing only the 

transport (advection/dispersion) and the aggregation mechanisms to be operative 

within a 1-D domain. For a synchronized duration, the aggregation results for the 

quiescent (static) condition, calculated by the MATLAB code, should be able to match 

the modified MT3D-USGS code outputs in the porous media domain at the beginning 

of the BTC plateau. The results, shown in Fig. 4.5, demonstrate that PSDs computed 

by the two codes agree well for various ranges of attachment efficiencies and fractal 

dimensions. Slight discrepancies between the two codes observed in peaks of PSDs 

may relate to the interference of the dispersion mechanism in the transport model 

results. The average hydrodynamic diameter, DH, trends over time at the outlet 

calculated by the modified MT3D-USGS are compared with results of MATLAB 

codes in Fig. 4.6. According to these results the two curves meet at the beginning of 

the BTC plateau in all cases. After this stage, DH curves for static condition keep 

growing while those of the transport model remain constant due to the same 

aggregation time (residence time) for all aggregates transported through the porous 

media system. The mass balance errors calculated by the modified MT3D-USGS was 
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less than 0.1% in all simulations. These results demonstrate the validity of the modified 

MT3D-USGS.   

 

Figure 4.5  Comparison of the PSDs produced by modified MT3D-USGS model and 

a previously develop MATLAB code for aggregation in no-flow condition for the case 

of pure aggregation with different values of attachment efficiency and fractal 

dimension. The inset illustrates the initial PSD.   

 

Figure 4.6  Comparison of the mean hydrodynamic diameter DH produced by modified 

MT3D-USGS model and a previously develop MATLAB code for aggregation in no-

flow condition for the case of pure aggregation with different values of attachment 

efficiency and fractal dimension.  
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4.5 Prediction performance of the model 

Column experiment data of [10] at two electrolyte concentrations of 50 mM KCl and 

0.5 mM CaCl2 were used to assess the predictivity of the model when combined with 

two approaches of CFT-DLVO [24] and ANN-based correlations [26]. The results, 

shown in Fig. 4.7, reveal that incorporating the aggregation into the model by 

increasing αagg from zero to 1×10-3 to 4×10-3 results in better predictions by approaches 

incorporating CFT-DLVO and ANN correlations. Babakhani et al. [26] using ANN 

overpredicted the same experimental BTC plateau height at 50 mM KCl (R2=0.432) 

and underpredicted that at 0.5 mM CaCl2 (R2=0.738) using a constant attachment 

coefficient with size and without considering the aggregation. Considering a variable 

attachment efficiency with size classes, the use of the ANN-based correlations in the 

present investigation, under-predicts the BTC plateau in both cases more noticeably 

(R2 <0) than the previous study (Fig. 4.7a,b). However, when the aggregation was 

included in the model, the experimental BTC plateau heights were reproduced well at 

both 50 mM KCl (R2=0.900) and 0.5 mM CaCl2 (R
2=0.985).  

In opposite to ANN correlations, CFT-DLVO without considering the aggregation 

in the model overpredicts the height of BTC plateau (R2 <0). This discrepancy may not 

be because of ignoring the electrosteric repulsion interaction energy emanated from 

the presence of humic acid (10 mg/L) within experimental HAp dispersions, since 

considering such a repulsive force in the model is expected to reduce NP attachment, 

and thus tends to elevate the BTC height [41]. When aggregation is incorporated, the 

model predicts the height of the BTC well at 50 mM KCl (R2=0.889), whereas at 0.5 

mM CaCl2 it does not show a discernible impact on the modelled BTC probably due 

to ignoring the role of bridging interactions in the presence of divalent cation (CaCl2) 

and polymer (humic acid) in the present extended DLVO calculation [26, 42-44]. 

Overall, these results suggest that including the aggregation in NP transport continuum 

models can substantially improve the predictivity of current approaches, such as the 

DLVO theory and ANN empirical correlations.  
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Figure 4.7  Comparison of the modified MT3D-USGS model outcomes with 

experimental data of Wang et al. [10] at two chemical conditions: (a) 50 mM KCl (b) 

0.5 mM CaCl2. The full experimental details are summarized in Table 4.1. The 

modelling approaches include the use of CFT-DLVO and ANN based correlations for 

predicting attachment (Katt) and detachment (Kdet) rate coefficients.  

 

4.6 Upscaling to 3-D domain 

The transport of HAp NP in a 3-D model domain generally shows a high mobility (Fig. 

4.8a,d). The extent of aggregation within the 3-D porous media domain even with 
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considering αagg=1 is far lower than that in 1-D simulations with αagg=4.2×10-3. In 1-

D modelling results (Fig. 4.6), the mean hydrodynamic diameter, DH, grows above 

1200 nm whereas within the 3-D model results, shown in Fig. 4.8b,e, DH increases to 

a maximum of 373 nm. This may be due to large volume of pore spaces collectively 

within the 3-D model domain leading to a radial dilution of the NP dispersion thereby 

reducing their aggregation even though the injected NP concentration in the 3-D 

dispersion is 22.5 times higher than that of the 1-D domain (Tables 4.1 and 4.2).  

When aggregation is included, the change in mean DH is not considerable at wells 

#1 and #2 whereas it becomes significant at well #3 to #6, where the trends exhibit a 

peak corresponding to the centre of the BTC but with a more gradual rise and fall 

compared to BTCs (Fig. 4.8b,e). It should be noted that calculating the mean 

hydrodynamic size based on size class concentrations in porous media system can be 

complex as such concentrations are affected by aggregation and other transport 

mechanisms simultaneously. In line with DH trends, time-dependent PSDs, shown in 

Fig. 4.8c,f for well #4, demonstrate considerable aggregation and evolution of PSD 

when aggregation is included. This is in spite of the fact that BTCs in Fig. 4.8,d which 

are resulted from the sum of concentrations in all size classes did not show a substantial 

change with including aggregation. This can be due to physicochemical conditions 

considered in this investigation which exhibits considerable aggregation but slight 

deposition.  
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Figure 4.8  Three-dimensional simulation results with aggregation not included 

(αagg=0, a,b,c) and included (αagg=1, d,e,f) for breakthrough curves (a,d), average 

hydrodynamic dimeter DH (b,e), and time resolved-PSD at well #4 (c,f)  In panels c,f 

size refers to particle diameter. 

 

The model runtime of 3-D simulations was 66.5 h on a 64-bit Operating System 

with 3.5 GHz Intel® Xeon® CPU and 32 GB RAM. Parallelizing the code using 

OpenMP capability in Fortran [45] and using the same number of nodes as the number 

of size classes did not help reducing the runtime due probably to communication time 

between the cluster nodes and the head node. Although running the modified model in 

this study was feasible for forward-modelling of a relatively simple 3-D domain, it can 

be inefficient to perform the simulation for larger domains and may not be practical 

when inverse modelling is required too. Therefore, further work is needed to develop 

more efficient modelling approaches for combination with continuum models.   
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Chapter 5  

5 Comparison of a new mass-

concentration, chain-reaction model with 

the population-balance model for early- 

and late-stage aggregation of shattered 

graphene oxide nanoparticles 
 

5.1 Chapter overview  

5.1.1 Scope 

This chapter addresses one of the research priorities indicated in the previous chapter, 

that was a need for a more efficient aggregation model. Thus, a new modelling 

framework is proposed for efficient and accurate description of aggregation 

phenomenon. This approach is based on mass-concentration which is more relevant to 

environmental problems and is compatible with other fate and transport models. This 

chapter has been submitted as the following manuscript: 

“Babakhani, P.; Bridge, J.; Fagerlund, F.; Doong, R.-a.; Whittle, K., Comparison 

of a new mass-concentration, chain-reaction model with the population-balance model 
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for early- and late-stage aggregation of shattered graphene oxide nanoparticles, In 

Review.” 

5.1.2 Abstract 

Integrated modelling of multiple, interacting transport mechanisms of nanoparticles 

(NP), including aggregation as an essential phenomenon, is imperative to mitigate and 

manage NP in the environment. Aggregation as an essential mechanism impacting NP 

functionality and fate and transport in the environment is currently modelled accurately 

using population balance equation (PBE) models which are computationally expensive 

when combined with other NP fate and transport models. A new mass-concentration-

based, chain-reaction modelling (CRM) framework is proposed to alleviate 

computational expenses of PBE and to facilitate combination with other fate and 

transport models, especially when they are based on mass concentration. Model 

performance is compared with analytical PBE solution and a standard numerical PBE 

technique (fixed pivot, FP) by fitting against experimental data (hydrodynamic 

diameter and derived count rate of dynamic light scattering used as representative of 

mass concentration) for early- and late-stage, aggregation of shattered graphene oxide 

(SGO) NP across a broad range of solution chemistries. The CRM demonstrates 

slightly better fit to the data (mean R2
NS 0.36 and 0.33) than the FP model (R2

NS 0.29). 

Similar trends or ranges are obtained for model parameters, namely aggregation rate 

constant and fractal dimension, between CRM and FP approaches. Computationally, 

the CRM is an order-of-magnitude faster than the FP technique, suggesting that it can 

be a promising modelling framework for efficient and accurate modelling of NP 

aggregation. 

5.2 Introduction 

Production of nanomaterials is now a mainstream commercial industry. For 

example, graphene oxide (GO) nanosheets with 12 morphologies are routinely 

manufactured across 40 countries, within 15 industries, and 585 applications [1, 2]. 

Commercial waste streams can lead to uncontrolled spread of nanomaterials in the 

environment [3, 4], however, there is also a range of opportunities for use of 

nanomaterials in environmental systems, e.g., environmental applications such as 

clean-up of radionuclide contaminated sites [5-7], agronomic applications such as the 



151 
 

use as nano-fertilizers and nano-pesticides [8, 9], and petroleum applications such as 

oil/gas reservoir recovery enhancement [10, 11]. Emissions of nanomaterials used in 

research and development activities have been already detected in river water and 

sediments [12]. Particularly, graphene-based nanomaterials are effectively insoluble 

in water [13], and therefore they may be subject to prolonged lifetimes within aquatic 

environments. Therefore, it is of paramount importance to predict and control the 

transport and fate of these materials, especially in form of nanoparticles (NP), within 

surface water and groundwater environments, a task which is already a key challenge 

for water and environmental engineers.  

Continuum models are considered as the most appropriate and efficient means of 

tackling this challenge for real-world or site-scale problems [14]. Such models are 

most simply known as the advection-dispersion equations describing bulk mass 

transport over continuous spatial domains [14]. One of the critical phenomena that 

controls NP fate and transport in the environment [14, 15] as well as their functionality 

in environmental and engineering systems [11, 16, 17] is aggregation. Efficient 

integration of aggregation models with other NP fate and transport models, particularly 

continuum models, is of paramount importance to enable the estimation of NP release 

into aquatic environments and designing NP application strategies.  

Current modelling approaches to NP aggregation can be categorized as: (i) explicit 

physical representation of the early stage of aggregation only [18-20] and (ii) 

population-balance-equation (PBE) numerical schemes [21-25]. The significance of 

the late stage of aggregation along with broad and diverse ranges of conditions 

encountered in the natural environment make current theories and concepts of early-

stage aggregation less applicable in environmentally-relevant conditions [24, 26]. 

Besides, efficient and accurate combination of PBE with Eulerian-based continuum 

models can be challenging due to computational expenses in numerical approaches or 

due to the incompatibly of the main variable of PBE (particle number concentration) 

with that typically used in continuum model equations (mass concentration) when the 

use of analytical solution is desirable.  

Despite considerable advancements in predicting continuum model parameters by 

incorporating current theories, such as colloid filtration theory (CFT) and Derjaguin, 

Landau, Verwey, and Overbeek (DLVO) theory [27-29], or by utilizing techniques 
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such as artificial neural network (ANN) and Monte Carlo [30], the broad spectrum of 

environmental conditions and varied characteristics of emerging single, hybrid, or 

coated NP [31, 32] eventually make the use of inverse modelling in estimating model 

parameters unavoidable. Particularly, further development of predictive models 

requires data obtained from inverse modelling [30]. The computational expense of 

inverse modelling makes the use of an integrated PBE-continuum model even more 

challenging, if possible at all using non-specialist computing resources.  

Recent investigation of the NP aggregation within dynamic environments revealed 

the need for further development of aggregation models to take realistic environmental 

conditions into account [33]. Such consideration, however, may require integration of 

aggregation model with other computation tools, such as computational fluid dynamics 

(CFD), or other fate models which might be still hindered by computational demands. 

Several simplifying approaches for considering aggregation in fate and transport 

models of NP have been already validated against experimental or field data [15, 34-

36]. However, these approaches rely on simplifying assumptions which either do not 

account for particle size distribution (PSD) [15] or may use five or fewer size classes 

[34, 35, 37] which have been criticized for not being accurate [25, 38]. Several accurate 

binning approaches to the solution of PBE  still require an ideal grid discretization for 

the particle size dimension [38, 39] which is typically not readily available from 

experimental measurement data [24]. Although this problem has been partially 

resolved in more flexible schemes such as fixed pivot (FP) and moving pivot (MP) 

[40, 41], complexity and conditionality (e.g., summations, if-commands, or coupled 

equations) in these model algorithms still reduce their efficiency when being 

implemented in larger modelling frameworks of the fate and transport of NP in the 

environment. There are other numerical approaches [42, 43] which mostly use 

different collision kernels, e.g., sum or product kernels, than those used for the 

aggregation of colloidal particles in environmental condition, i.e., a sum of Brownian, 

differential sedimentation, and orthokinetic collision frequencies [18]. Besides, the 

potential dependency of these models on their numerical schemes, e.g., finite volume, 

might make it complex to combine them with other NP fate models with a different 

numerical scheme, e.g., finite element [44]. Finally, although moment-based methods 

such as direct quadrature method of moments may be more efficient for modelling 

aggregation than aforementioned techniques, they use a limited number (< 6) of 
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quadrature points which might not give sufficient resolution to satisfy the needs for 

other fate and transport models being combined with them [25]. Furthermore, these 

methods were also found not to be appropriate for other NP fate phenomena like 

dissolution [25]. Although selection of the best model is a trade-off between simplicity 

and accuracy and may finally be controlled by the scale of the problem [14, 45, 46], 

developing more efficient and accurate modelling approaches to aggregation is 

necessary as there is no upper limit on the scalability of environmental problems. 

Since the seminal work of Marian Smoluchowski in 1917 [47], PBEs have been 

extensively modified and used for modelling aggregation phenomena while less 

attention has been paid to developing aggregation models based on mass balance. In 

this study, a simple mass-concentration-based approach is presented to model 

aggregation more efficiently than common PBE and with an improved or similar 

accuracy. A parent-daughter chain reaction model (CRM) which is based on the mass 

concentration, may be capable of accounting for dynamics of the aggregate 

populations by resembling each particle size class as a species of the reaction. 

Fundamentally, an aggregation model generally follows a second order expression if 

described in terms of particle number concentration [18, 48, 49]. For pure aggregation, 

this expression leads to a decay in the number concentration of primary particles and 

the total number concentration over time while the total mass concentration is 

preserved. Conversely, a mass concentration-based model should be able to describe 

mass transfer among classes of the aggregates while maintaining the total mass 

constant.  

The CRM is based on a series of first-order decay expressions maintaining the total 

mass in the system constant. Although not a physico-chemically exact description of 

aggregating particles, it is hypothesised that the dynamics of a cascading system of 

multiple, kinetically-interacting species such as described by the CRM concept may 

be an efficient model for an evolving system of aggregating NP. The use of first-order 

expressions in this approach may reduce the computational expenses of the second-

order terms used in population balance models since typically a first-order expression 

can be solved numerically with less computation efforts than a second-order 

expression [50]. Such a model may also offer a simpler way of considering NP reaction 

with other environmental contaminants within the aggregation model as currently 

considering simple adsorption of solute onto aggregates with varying size classes 
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requires complex formulations [51]. In this study, it is investigated whether this 

approach, after being validated against analytical solution of the PBE [52, 53], can 

describe the change in mean particle size, PSD, and concentration of shattered 

graphene oxide (SGO) NP under quiescent conditions of aggregation and 

sedimentation. The model performance is also compared with a typical PBE, i.e., the 

FP technique [40] which has been widely used as a standard approach for comparison 

with other models [42, 54, 55]. To the best of authors’ knowledge this is the first time 

that a mass-concentration-based CRM formulation is used for modelling the 

aggregation of colloidal particles. The previous use of the terminology ‘parallel parent 

and daughter’ in the literature of particle aggregation [56] was associated with the 

discretization of the PBE model. 

5.3 Model Development 

The basic CRM model which has long been used in the context of contaminant 

transport with groundwater is as follows [57-59]:  

𝑑𝐶𝑘

𝑑𝑡
= 𝐿(𝐶𝑘) − 𝜆𝑘𝐶𝑘 + 𝑌𝑘−1,𝑘𝜆𝑘−1𝐶𝑘−1 (5.1) 

If 𝑘 = 1: 

𝑑𝐶1

𝑑𝑡
= 𝐿(𝐶1) − 𝜆1𝐶1 (5.2) 

where 𝐶𝑘 is mass concentration [ML-3] of species k, 𝐿(𝐶𝑘) stands for the non-reaction 

terms including other transport mechanisms such as advection, dispersion, fluid 

sinks/sources, and/or sedimentation; 𝜆𝑘 is the first-order reaction coefficient [T-1] for 

species k, and 𝑌𝑘−1,𝑘 is the yield coefficient [–] between species k-1 and k, which for 

physical chain-reaction models can be calculated from the stoichiometric relationship 

between the two species [58]. 

Applying this concept to aggregation mechanisms and considering a sectional 

approach in which size class k can have multiple additional primary particles compared 

to size class k-1, means that when particles of size class k-1 aggregate with each other, 

the mass concentration of their class decays and the mass concentration of one size 

class larger, k, increases. Based on this concept and disregarding the term, 𝐿(𝐶𝑘) in 

Eq. (5.1), i.e., considering pure aggregation, one needs to assume 𝑌𝑘−1,𝑘 = 1, in order 

to maintain the total mass of all size classes constant. This model, however, may only 
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consider the aggregation of size class k-1 resulting in creation of mass in class k. In 

order to consider aggregations between a range of size classes resulting in 

redistribution of mass from class k-1among several larger classes, the basic form of 

the CRM model was modified to allow aggregation reactions of size class k with all 

other smaller size classes as follows:  

𝑑𝐶𝑘

𝑑𝑡
= 𝐿(𝐶𝑘) − 𝜆𝑘𝐶𝑘 + ∑ 𝑌𝑖,𝑘𝜆𝑖𝐶𝑖

𝑘−1

𝑖=1

 (5.3) 

where k is the aggregate class size for which Eq. (5.3) is being solved. Since in the 

aggregation process first smaller aggregates are formed and then larger ones after 

collisions of the formers, the probability for transformation into larger classes should 

decrease with the increase in size class. As a first study developing this modelling 

framework for aggregation, a rough assumption is taken that 𝑌𝑖.𝑘 can be expressed as 

a linear probability distribution in proportion to the volume of each size class and with 

a total sum equal to one: 

𝑌𝑖.𝑘 =
𝑣𝑘𝑚𝑎𝑥−𝑘+𝑖+1

∑ 𝑣𝑗
𝑘𝑚𝑎𝑥
𝑗=𝑖+1

 (5.4) 

where 𝑘𝑚𝑎𝑥 is the maximum number of classes considered in the model, and 𝑣 is the 

volume of each class. For instance, assuming 𝑘𝑚𝑎𝑥 = 5 and combining both Eqs. (5.3) 

and (5.4) yields:   

𝑑𝐶1

𝑑𝑡
= −𝜆1𝐶1 , k=1 

𝑑𝐶2

𝑑𝑡
= −𝜆2𝐶2 +

𝑣5

𝑣2 + 𝑣3 + 𝑣4 + 𝑣5
𝜆1𝐶1 , k=2 

𝑑𝐶3

𝑑𝑡
= −𝜆3𝐶3 +

𝑣4

𝑣2 + 𝑣3 + 𝑣4 + 𝑣5
𝜆1𝐶1 +

𝑣5

𝑣3 + 𝑣4 + 𝑣5
𝜆2𝐶2 , k=3 

𝑑𝐶4

𝑑𝑡
= −𝜆4𝐶4 +

𝑣3

𝑣2 + 𝑣3 + 𝑣4 + 𝑣5
𝜆1𝐶1 +

𝑣4

𝑣3 + 𝑣4 + 𝑣5
𝜆2𝐶2

+
𝑣5

𝑣4 + 𝑣5
𝜆3𝐶3 , 

k=4 

𝑑𝐶5

𝑑𝑡
=

𝑣2

𝑣2 + 𝑣3 + 𝑣4 + 𝑣5
𝜆1𝐶1 +

𝑣3

𝑣3 + 𝑣4 + 𝑣5
𝜆2𝐶2

+
𝑣4

𝑣4 + 𝑣5
𝜆3𝐶3 +

𝑣5

𝑣5
𝜆4𝐶4 , 

k=5 
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Since the present study only considers sedimentation along with aggregation, 

𝐿(𝐶𝑘) is considered as [24, 60]: 

𝐿(𝐶𝑘) = −
𝑈𝑘

𝑍𝑠
𝐶𝑘 (5.5) 

where 𝑈𝑘 is the sedimentation velocity of aggregates in class k [LT-1] and Zs is the 

sedimentation depth [L]. As 𝜆𝑘 may vary in each size class, an additional expression 

is needed to describe these variations. In the present study, two relationships with semi-

empirical nature are proposed that might best describe these changes. First, the size of 

each bin is directly considered as the main variable. This size-based semi-empirical 

equation, hereafter designated as S-CRM, is as follows:  

𝜆𝑘 =
𝛬𝑆

𝜏
(

|𝑎𝑘𝑚𝑎𝑥−𝑘+1 − 𝑎𝑎𝑣𝑒,𝑡|

𝑎𝑘
)

1
2⁄

, 2 ≤ 𝑘 ≤ 𝑘𝑚𝑎𝑥 (5.6) 

where ΛS is the aggregation constant of the S-CRM aave,t is the equivalent radius of the 

geometric mean size of PSD at time t, and τ is the characteristic time [T] of aggregation 

(coagulation time or aggregation half-life) given as follows [18]: 

𝜏 =
3𝜇

4𝑘𝑏𝑇𝑛0
 (5.7) 

where 𝑘𝑏 is the Boltzman constant, 𝜇 is the viscosity of the suspending medium [M T-

1 L-1], 𝑇 is temperature [K], n0 is the initial population of particles which can be 

determined from the initial PSD. Equation (5.6) is based on this concept that the rate 

of aggregation, 𝜆𝑘, may vary with the size of class in respect to the geometric-average 

size of the PSD [24]. When the geometric mean size of the aggregates grows during 

the aggregation process, the rates may also change for each class of particle over time. 

Therefore, the rates are updated in every time steps of the numerical solution. It should 

be noted that this model considers the Brownian motion through τ, and it may also 

consider the differential sedimentation mechanism of aggregation through dynamics 

of 𝑎𝑎𝑣𝑒,𝑡 over time.     

Alternatively, the concept of collision frequencies from the Smoluchowski model 

[47, 61] is utilized to account for variations in 𝜆𝑘 across size classes. However, instead 

of taking all possible collisions into account, it is assumed that two types of collisions 

are dominant among all possible collisions. These include collisions between particles 

of similar size [62, 63] and collisions between any given particles and a particle with 
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a representative mean size of PSD [62, 63]. By adding these two types of collision 

frequencies and nondimensionalizing each term by the maximum of their range, the 

following expression is resulted which is hereafter designated as C-CRM:  

𝜆𝑘 =
𝛬𝐶

𝜏
(

𝛽𝑘,𝑘

𝛽1,1
+

𝛽𝑘,𝑘𝑎𝑣𝑒

𝛽𝑘𝑚𝑎𝑥,𝑘𝑎𝑣𝑒

) (5.8) 

where ΛC is the aggregation constant of the C-CRM, 𝛽𝑘,𝑘 is the collision frequency 

between each class of aggregates and classes of the same size; 𝛽𝑘,𝑘𝑎𝑣𝑒
 is the collision 

frequency between each class of aggregates and the class that has an equivalent size 

with the geometric average size of the PSD in each time step; 𝛽1,1 and 𝛽𝑘𝑚𝑎𝑥,𝑘𝑎𝑣𝑒
 are 

the maximum of 𝛽𝑘,𝑘 and 𝛽𝑘,𝑘𝑎𝑣𝑒
 ranges, respectively, for all size classes. Calculations 

of these collision frequencies with considering all three aggregation mechanisms 

(Brownian, differential sedimentation, and orthokinetic aggregations) are presented 

previously [18, 24] and are also available in  Chapter 3 as Eqs. (3.5-3.7) .  

The performances of the models are compared with an accurate population balance 

model solution known as the FP scheme [40] given as:  

𝑑𝑛𝑘

𝑑𝑡
= ∑ [1 −

1

2
 𝛿𝑗,𝑖] 휂𝑘𝛼𝛽𝑗,𝑖 𝑛𝑗𝑛𝑖

𝑗≥𝑖

𝑗,𝑖
𝑣𝑘−1≤(𝑣𝑗+𝑣𝑖)≤𝑣𝑘+1

 

− 𝑛𝑘 ∑ 𝛼 𝛽𝑘,𝑖 𝑛𝑖

𝑘𝑚𝑎𝑥

𝑖=1

−
𝑈𝑘

𝑍𝑠

𝑛𝑘 

(5.9) 

where 휂𝑘 is:  

 
𝑣𝑘+1−(𝑣𝑗+𝑣𝑖)

𝑣𝑘+1−𝑣𝑘
 ,  𝑣𝑘 ≤ (𝑣𝑗 + 𝑣𝑖) ≤ 𝑣𝑘+1 

       휂𝑘 = 

  
(𝑣𝑗+𝑣𝑖)−𝑣𝑘−1

𝑣𝑘−𝑣𝑘−1
 ,  𝑣𝑘−1 ≤ (𝑣𝑗 + 𝑣𝑖) ≤ 𝑣𝑘 

    

(5.10) 

where 𝑛𝑘 is particle number concentration of aggregates consisting of 𝑘 primary 

particles [𝐿−3], 𝑣𝑖 is the volume of solids in each aggregate in size class i, 𝛿 is 

Kronecker delta, and α is the attachment efficiency which is typically estimated as an 

aggregation constant through model fitting to experimental data. A code written in 
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MATLAB© (Mathworks, USA) was used and modified for solving this study’s 

models, the details of which are summarised in the Appendix F and detailed in 

Babakhani et al. [24]. Briefly, an explicit forward Euler scheme was used for the time 

discretization of Eqs. (5.3) and (5.9) with an adjustable time-step. A power-law model 

[64-66] was used for settling velocity and the Brinkman permeability-based model 

[67-69] was used for collision frequencies. This model set was already found to best 

describe early and late stages of aggregation and sedimentation of HAp NP among 24 

model combinations [24]. The initially observed PSD was used as the initial condition 

in of the aggregation model. The optimization algorithm code developed in the former 

study [24] was also used here for calibration of parameters including aggregation 

constant (Λ in CRM or α in PBE) and fractal dimension (Df). This algorithm was aimed 

at using parallel processing of the MATLAB efficiently and avoid unstable runs of the 

aggregation model in certain ranges of parameters affecting the optimization process 

by automatic reduction of the time step length. All simulation characteristics were the 

same for different modelling approaches.   

The analytical solution used for comparison with the CRM was based on a log-

normal distribution initial PSD. This solution which yields the total number of 

suspended aggregates at time t, Nt, is founded on only a Brownian kernel [52, 53]: 

𝑁𝑡 =
𝑛0

1 + 𝐴𝛽0𝑛0𝑡
 (5.11) 

where  

𝐴 = 1 + exp (𝑍0) (5.12) 

𝑍0 = 𝑙𝑛2(𝜎0) (5.13) 

𝛽0 = 𝛼𝑆𝑚𝑜𝑙

2𝑘𝐵𝑇

3𝜇
 (5.14) 

where 𝜎0 is the geometric standard deviation of the initial PSD and 𝛼𝑆𝑚𝑜𝑙 is the 

attachment efficiency assumed within the analytical solution. The result of the 

analytical solution was compared with that of CRM for the same condition and with 

turning off the sedimentation mechanism by assuming identical density of particles 

with that of water over a broad range of input parameters such as initial concentration, 

primary particle size of PSD, and fractal dimension. The binning approach for solving 
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the analytical solution includes an arithmetic series of aggregate volumes while for the 

CRM and FP approaches the binning approach is a geometrical series (𝑣𝑖+1/𝑣𝑖 = 21/𝑞, 

where q is the geometric factor). The number of size bins in the analytical solution was 

selected as 200 and in the numerical solution was selected as 49. When fitting to 

experimental data, the number of size classes was variable between 64-76 bins 

depending on the initial PSD broadness.  

The Nash–Sutcliffe determination coefficient, 𝑅2
𝑁𝑆, is used as a goodness-of-fit 

criterion and as objective function in the fitting process, given as follows [70-73]: 

𝑅2
𝑁𝑆 = 1 −

∑ (𝑋𝑗
𝑜 − 𝑋𝑗

𝑚)2𝐽𝑜

𝑗=1

∑ (𝑋𝑗
𝑜 − 𝑋𝑜̅̅̅̅ )2𝐽𝑜

𝑗=1

 (5.15) 

where 𝑋𝑗
𝑜 is the jth record of the quantity being measured or observed, 𝐽𝑜is the total 

number of records, 𝑋𝑗
𝑚 is the jth record of the quantity being modeled or computed, 𝑋𝑜̅̅̅̅  

is average of the observation data. 𝑅2
𝑁𝑆 ranges between −∞ and 1 with values 

between 0 and 1 showing acceptable and excellent matches, respectively [72]. In order 

to compare the CPU runtimes for different models, the models were run on a 64-bit 

Operating System with 3.5 GHz Intel® Xeon® CPU and 32 GB RAM.   

5.4 Experimental 

Graphene oxide (particle density 1.8 g/cm3) was obtained from Siniocarbon, 

China, in powder form and dispersed in deionized (DI) water at 2 g/L. Shattered 

graphene oxide was then produced via intensive ultra-sonication of the GO dispersion 

to achieve initial uniform hydrodynamic diameter (90 nm). This was accomplished 

using a probe sonication at an amplitude of 30 and power of 40 W for 2 h with 30-

second stop following each 30 s sonication. The dispersion was then centrifuged for 

30 min at 19500 ± 500 rpm to remove the larger fraction of particles. Finally, the 

dispersion was passed through a 0.45 𝜇𝑚 syringe filter and the filtrate was kept in dark 

at 4 ℃ as the stock dispersion.  

The evolution of aggregate size over time along with particle size distribution and 

concentration change were measured by Dynamic Light Scattering (DLS) (Malvern 

Zetasizer Nano ZS, UK) assuming its capability for characterizing non-spherical 

particles/aggregates following previous studies [74-76]. The valid measurement size 



160 
 

range reported using the manufacturer is 1 nm to 104 nm. The same instrument was 

used for measuring the zeta potential. Dynamic light scattering measurements were 

carried out with an interval of ~3.4 min. The instrument settings for size measurement 

were adapted and fixed for all measurements following Babakhani et al. [24]. In this 

protocol the number of runs is set at 5, each with a duration of 10 s. The beam 

attenuator is set at a unit of 11. The position of measurement is placed at the farthest 

possible distance from the opposite wall of the cuvette to the beam source, i.e., 6.5 mm 

in order to gain a better sampling of all size ranges across the cuvette. All experiments 

were conducted in duplicate for a duration >5 h. The standard deviations of the 

duplicate tests are reported as error bars in the final plots. A sample volume of 3 mL 

was used inside the cuvette for all cases, corresponding to the measurement depth of 

~2.3 cm. The derived count rate (DCR) data from DLS measurements were used as an 

indicator of mass concentration [24, 77-79]. Derived count rate was measured at 

different concentrations (5, 50, 500, and 1000 mg/L) of SGO to examine the 

correlation between the two quantities.  

All experiments were conducted according to the following procedure: (1) prepare 

the particle dispersion in DI water for a final particle concentration of 50 mg/L; (2) 

adjust the pH at 6 ±  0.05 (or alternatively at 2.5, 4, 7.5, or 10) with NaOH/HCl (100 

mM); (3) ultrasonication for 5 min, add the electrolyte (either NaClO4, or CaCl2), 

immediately vortex for 5 s, transform to a disposable cuvette, and immediately start 

the measurement. The whole process after taking from ultrasonicator until the start of 

the first measurement was around 70 ± 20 s.  

5.5 Results and discussion  

5.5.1 Validation of the model against analytical solution  

Since the aggregation rate constants of S-CRM and C-CRM, ΛS and ΛC, are not 

expected to scale with the attachment efficiency, 𝛼𝑆𝑚𝑜𝑙, in the analytical solution of 

the Smoluchowski model, CRMs were tried to fit to the analytical solution by adjusting 

ΛS and ΛC as free parameters. Over 100 min aggregation, within a fairly broad range 

of conditions, i.e., varying q within 1-3, Df within 1.5-2.5, primary particle size, a0, 

between 200 and 300 nm, and initial concentration, C0, between 10 and 50 mg/L, 

which were totally 99 cases, the S-CRM was able to fit the total number of particles 



161 
 

over time produced by the analytical solution (assuming 𝛼𝑆𝑚𝑜𝑙 = 1) very well with a 

mean R2
NS of 0.990±0.01. In a similar condition, but with a0 range of 300 and 400 nm, 

and C0 range of 1 and 10 mg/L (99 cases), the C-CRM was able to fit the analytical 

solution (assuming 𝛼𝑆𝑚𝑜𝑙 = 1) with a lower mean R2
NS 0.804±0.230 compared to that 

of S-CRM. These results suggest that overall the CRM is able to describe the 

aggregation phenomena although the performance of the model varies with semi-

empirical approaches developed for estimating aggregation rate constants.  

5.5.2 Experimental results 

The results of hydrodynamic size evolution and DCR are presented in Fig. 5.1. The 

DLS measurement settings [24] was promising for SGO NP aggregation with low 

levels of noise in most datasets and fair reproducibility indicated by small standard 

deviations of duplicate experiments. The late stage of aggregation/sedimentation does 

not appear within 5 h for electrolyte concentrations ≤0.5 mM CaCl2 and ≤20 mM 

NaClO4 at pH 6 (reaction limited regime, RLA) whereas above these thresholds the 

late stage appears as a significant reduction in the slope of the DH curve versus time. 

Likewise, at pH <6 and 20 mM NaClO4, the late stage of aggregation appears in DH 

curves. These are in general agreement with aggregation trends of HAp observed in 

the previous study [24]. It appears that critical coagulation concentration (CCC) [19] 

above which the system is considered under the diffusion limited regime (DLA), is 

between 0.5-1 mM for CaCl2 and between 30-50 mM for NaClO4. Considering 

matched DH curves for SGO aggregation at 0.5 CaCl2 and 30 mM NaClO4, CCC ration 

of monovalent to divalent electrolyte is estimated to be 40 which is in accordance with 

the Schulze-Hardy rule [19] and in close agreement with ratios measured for GO 

elsewhere [80]. Likewise, around three times lower absolute zeta potential has been 

measured for SGO in CaCl2 solution (-7.1 mV) than that in NaClO4 solution (-22.3 

mV, Fig. G1).  
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Figure 5.1  Evolutions of Size (a,b) and change in normalized derived count rate 

(DCR/DCR0), (c,d) for SGO NPs at various IS (NaClO4 and CaCl2) with a fixed pH at 

6 (a,c) and various pH with a fixed IS at 20 mM NaClO4 (b,d). Continuous lines 

represent C-CRM; dash lines represent FP technique, and dot lines represent the S-

CRM model outcomes.  

 

At moderate concentration of CaCl2 (0.5 mM), DCR/DCR0 demonstrates 

significant increase over time whereas at 30 mM NaClO4, DCR/DCR0 tends to show 

a mild decreasing trend. The increase in DCR/DCR0 is similar to the previous 

observations of Babakhani et al., [24] for HAp NP in presence of 0.3 mM CaCl2 at pH 

6 (RLA regime). In the mentioned reference, this behaviour was attributed to faster 

sedimentation rate of HAp NP than their aggregation rate under the RLA regime giving 

rise to early arrival of aggregates from the upper part of water column to the 

measurement depth and increasing the local concentration at this point. Nevertheless, 

here this behaviour seems to be specific to the presence of CaCl2 since this is not 

noticeable at 30 mM NaClO4 although a slight rise in DCR/DCR0 is observed for lower 
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NaClO4 concentrations—5 and 10 mM (Fig. 5.1c). While the reason for such 

behaviour is not clear, previous model prediction of DCR/DCR0 [24] under DLA and 

a linear correlation obtained between SGO mass concentration and DCR data with 

correlation coefficient r2 =0.952 and P value ≫ 0.05 (Fig. G2) suggest that under the 

DLA regime the use of DCR/DCR0 as a representation of normalized mass 

concentration is valid in all cases. Furthermore, Babakhani et al. [33] verified the use 

DCR/DCR0 under the RLA regime at 0.5 and 0.75 mM CaCl2 solutions, as the rising 

trend for normalized mass concentration of synthesized SGO over time was 

consistently observed for normalized mass concentration measured by UV-Vis 

spectroscopy. Nonetheless, results under the RLA still remain unverified using a 

model. 

5.5.3 Model fit results 

Nash–Sutcliffe determination coefficients for different model fits to DH data are shown 

in Table 5.1 and simulated curves vs observations of DH and DCR are illustrated in 

Fig. 5.1. On average, FP, S-CRM, and C-CRM, show similar goodness-of-fit to DH 

curves with mean R2
NS, 0.29, 0.33, and 0.36, respectively. The performance of S-CRM 

method is slightly poorer than other methods in terms of reproducing the sudden 

change in DH gradient between early and late stages of aggregation under the DLA 

regime (1 mM CaCl2 and 50 mM NaClO4, Fig. 5.1a). It seems S-CRM and FP are less 

capable of mimicking the straight log linear curve of DH under the RLA regime (0.5 

mM CaCl2 and 30 mM NaClO4) than C-CRM method which also reproduces well the 

change of DH slope under the DLA regime. This is consistent with the maximum mean 

R2
NS obtained for the C-CRM.     
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Table 5.1  Nash-Sutcliff determination coefficient, 𝑅2
𝑁𝑆 for fittings to hydrodynamic 

diameter data with different models across various solution chemistries.  

pH  Electrolyte 

concentration 

FP C-CRM S-CRM 

6 0.1 mM CaCl2 -0.093 -0.092 -0.092 

 0.5 mM CaCl2 0.862 0.947 0.830 

 1 mM CaCl2 0.505 0.340 0.422 

 5 mM NaClO4 -1.141 -0.826 -0.843 

 10 mM NaClO4 0.683 0.694 0.842 

 20 mM NaClO4 0.827 0.978 0.971 

 30 mM NaClO4 0.923 0.940 0.912 

 50 mM NaClO4 0.447 0.587 0.178 

2.5 20 mM NaClO4 -0.245 0.067 -0.072 

4  0.492 0.488 0.537 

7.5  0.257 0.256 0.255 

10  0.000 -0.033 0.000 

 

It should be noted that R2
NS might not perform robustly as an objective function in 

cases where the mean distance of the data points with the horizontal axis is small, i.e., 

at low aggregation rates such as cases at low electrolyte concentrations of 0.1 mM 

CaCl2 and 5 mM NaClO4 or at high pH of 10, since even though visually a good match 

is obtained between the two graphs of the observation and modelled data, R2
NS is not 

reaching a value close to one as expected. This can cause difficulty for the optimization 

code to find the best set of parameters in such cases. Although reducing the criteria of 

R2
NS difference in two successive iterations (e.g., from 0.1 to 0.001 in the first loop) 

could to some extent help finding the best parameter values in such cases, still R2
NS 

value as a goodness-of-fit criterion remained low.  

Considering the DCR data (Fig. 5.1c,d), none of models reproduces the rising 

behaviour of DCR curves at intermediate IS because the simple explicit decay 

sedimentation term employed in this study is not expected to reproduce increase in the 

concentration. Within the DLA regime, however, all models can, to some extent, 
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reproduce the nonlinear reduction in normalized DCR. In describing DCR trends 

within this regime, FP technique appeared to perform best followed by S-CRM and C-

CRM (Fig. 5.1c,d). 

The model-produced PSDs based on DH and DCR-matched models are shown in 

Fig. G3. It appears that none of the models can reproduce the PSD in all cases. In most 

of the cases, both CRM approaches tend to preserve the initial position of the PSD 

over time, although the heights of the peaks are changing. This is more noticeable for 

the C-CRM than S-CRM. The fixed pivot approach exhibits considerable movement 

of the PSD position, appears to overestimate the experimental PSD, and cannot 

reproduce the stationary stage of the PSD, especially toward the late stage of 

aggregation. It is possible that in the case of CRM the mass gradually moves to larges 

size classes and becomes subject to sedimentation before it appears as movement of 

the PSD. Such a steady-state or equilibrium condition of the PSD has frequently been 

used as a basic assumption in model developments [15, 81-83]. Fixed pivot can 

reproduce the overall shape of the observed PSD generally better than other methods. 

On average, in terms of reproducing PSD, the size-based CRM performs relatively 

better than the other two methods because it produces PSDs with closer position to 

observed PSD, than that produced by FP and with a closer shape to observed PSD than 

that resulted by C-CRM (Fig. G3).   

5.5.4 Estimated parameter trends  

The trends of estimated parameters including aggregation rate constants (ΛS, ΛC, or α) 

and fractal dimension, Df, are shown in Fig. 5.2 for different solution chemistries. 

According to this figure the trends of aggregation rate constants, are consistent among 

all cases. Unlike HAp NPs in a previous study [24], which exhibited multimodal trends 

of 𝛼 estimated using the FP method with IS, here FP-estimated values of 𝛼 for SGO 

show a positive semi-log linear trend with IS with a correlation coefficient, r2>0.8 (Fig. 

5.2a,b) and a negative semi-log linear trend with pH with r2 = 0.98 (Fig. 5.2c). 

Interestingly, consistent with the trends of α, the CRM-estimated aggregation 

constants ΛS and ΛC display a positive semi-log linear trend with IS (r2>0.88) and a 

negative semi-log linear trend with pH (r2=0.73 for C-CRM and r2=0.86 for S-CRM). 

The gradients of the lines fitted to ΛS and ΛC versus IS and pH match very well with 

that of α (P=0.44 and 0.49 ≫ 0.05) (Fig. 5.2a-c).   
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Figure 5.2  Estimated parameter trends for different models: aggregation rate constants 

(𝛼, ΛS, and ΛC for FP, S-CRM, and C-CRM approaches), vs electrolyte concentration 

(a,b), and vs pH (c), and fractal dimension, Df, vs electrolyte concentration (d,e) and 

vs pH (f).  

 

Fractal dimension generally increases with IS (Fig. 5.2d,e) and decreases with pH 

(Fig. 5.2f), which is in agreement with Chowdhury et al. [84] measuring Df for TiO2 

NP using static light scattering (SLS). Yet, unlike aggregation constant patterns, Df 

trends are not effectively linear as indicated by low r2 values shown in Fig. 5.2d-f. This 

is mostly because of large Df  determined at lowest IS which emanates from the fact 

that in the lowest IS, the aggregation is not operative and therefore particles remain in 

their primary size which should have a geometry close to Euclidian thereby having a 

Df close to 3 [24]. Estimated Df in the present study yields close ranges for the three 
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models, namely, from 1.50 to 2.86 for the FP model, from 1.48 to 2.80 for C-CRM and 

from 1.70 to 2.70 for S-CRM. High values of Df (2.27-2.8) were commonly determined 

at high IS (DLA regime) while low Df values (1.48-1.99) were estimated at 

intermediate IS (RLA regime). Although similar ranges for Df under DLA have been 

frequently reported [66, 82, 85-90], this is opposite to common ranges of Df, reported 

for aggregates formed in controlled condition where they are not subject to 

restructuring, i.e., Df close to 2.2 within RLA regime and close to 1.7 within the DLA 

regime [18, 69, 84, 91]. The underlying reason for Df values of differing from common 

ranges is attributed to restructuring of aggregates at greater depths during the late stage 

of aggregation in quiescent condition [24] as the typical trends and ranges of Df were 

achieved when the FP model was fitted only to the early stage of aggregation, or when 

the measurement depth was reduced to just below the surface of the water column. 

Overall, the general consistency of parameter trends confirms the validation of 

modelling and parameter estimation processes.  

5.5.5 Comparison of model efficiency and accuracy  

The results of model run time and mass balance error for every case of simulation for 

experimental duration of 18000 s are reported in Table 5.2. Based on these results the 

computational times widely vary with experimental cases due to different aggregation 

rates, initial PSDs, etc. The mean runtime for the FP technique is 6.14±8.9 min which 

is comparable or less than computational runtimes in simulations of pure aggregation 

elsewhere [25, 54, 55]. Using the FP for pure aggregation Nopen et al. [54] showed 

that the computational time significantly increased, e.g., from 4 to 174 s, with the 

number of size classes, 25 to 46. Scaling these reported computational times from 

simulation durations of 103-109 s [54] to that of the present study (18000 s) yields a 

mean runtime of 9.06±16.3 min which is comparable with that of the present study 

with 64-76 size classes, suggesting that the FP has been implemented effectively in the 

present study. 
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Table 5.2  Comparison of the model run times and mass balance errors for different 

cases of model fittings.  

pH  Electrolyte 

concentration 

Model 

Run 

Time 

(min) 

Mass 

balance 

error 

(%) 

Model 

Run Time 

(min) 

Mass 

balance 

error 

(%) 

Model 

Run 

Time 

(min) 

Mass 

balance 

error 

(%) 

  FP 
 

C-CRM  S-CRM  

6 0.1 mM CaCl2 3.77 -7.1E-14 0.06 -2.8E-14 0.04 -2.8E-14 

 0.5 mM CaCl2 0.60 -2.1E-04 0.28 5.3E-10 0.04 9.4E-11 

 1 mM CaCl2 1.23 -4.1E-01 2.22 -9.5E-06 1.48 -9.1E-05 

 5 mM NaClO4 30.06 1.1E-08 0.13 -2.8E-14 0.09 1.4E-14 

 10 mM NaClO4 0.94 -2.9E-05 0.29 -1.0E-08 0.20 -1.5E-08 

 20 mM NaClO4 5.99 -3.8E-05 0.66 2.1E-11 0.47 8.4E-13 

 30 mM NaClO4 1.32 -2.4E-05 0.27 -4.7E-06 0.18 -5.0E-06 

 50 mM NaClO4 4.73 -5.1E-02 2.08 -3.6E-05 1.34 -3.8E-05 

2.5 20 mM NaClO4 2.59 4.4E-07 1.03 1.9E-08 0.70 2.5E-09 

4  18.17 -3.9E-07 3.67 1.1E-13 1.10 2.8E-14 

7.5  0.46 3.1E-12 0.07 -2.7E-08 0.05 -1.0E-08 

10  3.87 4.0E-12 0.22 3.0E-13 0.12 -1.4E-14 

 

Interestingly, the CRMs turn out to be on average about one order-of-magnitude 

faster than the FP method with mean runtimes 0.92±1.15 for C-CRM and 0.49±0.53 

min, for S-CRM. The FP technique is a widely-accepted population-balance model 

[54, 92], with an ability to preserve the two properties, population and mass. The 

MATLAB code for solving this model was already validated against analytical 

solutions of the population balance given for different initial conditions [24]. Here the 

FP method which is inherently a PBM yields a fairly low average absolute mass 

balance error (3.9×10-2 %). However, the proposed models of the present study which 

are inherently mass-balance models show even lower absolute mass balance errors; 

4.2×10-6 % and 1.1×10-5 %, for C-CRM and S-CRM models, respectively, suggesting 

that the use of mass balance in modelling aggregation not only leads to a more efficient 

simulation but also enhances the accuracy.  
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5.6 Conclusions 

In this study a new modelling framework is proposed based on a mass-balance parent-

daughter chain reaction formulation. This includes a series of first-order decay reaction 

expressions with mass concentration as the main variable. Two semi-empirical 

approaches based on size (S-CRM) or collision frequencies (C-CRM) were proposed 

for considering variations in the decay-reaction rates in terms of aggregate size classes. 

In fitting to analytical solutions of the aggregation model with a log normal initial PSD 

within a range of conditions S-CRM outperforms C-CRM in terms of goodness-of-fit 

criterion. When fitting to a range of experimental data for early and late aggregation 

and sedimentation of SGO, the performances of both approaches were generally 

similar to or better than that of the standard PBE model. The new models were found 

averagely one order-of-magnitude faster than the FP method while yielding a lower 

average mass balance error. However, in contrast to FP, CRM approaches tended to 

show a quasi-stationary state for the shape of the PSD at moderate or low aggregation 

rates. Similar trends for aggregation rate constants, estimated from model fitting to 

experimental data, are obtained for all models, and close ranges are obtained for fractal 

dimensions, suggesting that model parameters for the proposed CRM are meaningful 

and may follow conventional models. However, the PBE-estimated aggregation rate 

constants may not scale with those of the CRM as it is not expected to do necessarily. 

Based on the overall agreement between the CRM and analytical/numerical 

solutions of PBE as well as experimental data of SGO aggregation for hydrodynamic 

diameter and dimensionless DCR, it is concluded that a CRM formulation is able to 

describe NP aggregation phenomena under a broad range of conditions. This approach 

is promising approach for more-efficient modelling of particle aggregation phenomena 

in various environmental transport and fate problems, particularly in combination with 

Eulerian approaches with mass-concertation as state variable, where the use of PBE 

may come with high computational expenses [23, 93] or where higher accuracy than 

that achieved by current simplifying approaches is required [25, 36]. Further work may 

address the applicability of the CRM in the various specific conditions of 
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environmental and engineering systems, e.g., dynamic environments or and porous 

media, and to improve its description of the PSD by CRM. 
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Chapter 6 

6 Aggregation and sedimentation of 

shattered graphene oxide nanoparticles 

(SGO) in dynamic environments: a solid-

body rotational approach 

 

6.1 Chapter overview  

6.1.1 Scope 

This chapter aims at taking a realistic look at aggregation of NP in porous media and 

surface waters with focus on the role of environmental dynamics. The outcomes are 

important for future model development of aggregation in such environments. The 

result of this chapter has been published as the following paper which has been made 

open access with support from the University of Liverpool: 
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“Babakhani, P.; Bridge, J.; Phenrat, T.; Doong, R.-a.; Whittle, K., Aggregation and 

sedimentation of shattered graphene oxide nanoparticles in dynamic environments: a 

solid-body rotational approach. Environmental Science: Nano, 2018. 

DOI:10.1039/C8EN00443A”  

6.1.2 Abstract 

Nanoparticle (NP) aggregation is typically investigated in either quiescent or turbulent 

mixing conditions; neither is fully representative of dynamic natural environments. In 

groundwater, complex interacting influences of advective-diffusive transport, pore 

tortuosity, and the arrival of aggregates from up-gradient pores impacts the 

aggregation behaviour of NPs, whereas in surface waters, continuous mixing of fresh 

particle and aged aggregate populations amends aggregation rates. To mimic such 

conditions, a cylinder reactor containing shattered graphene oxide NP (<100 nm) 

suspension was set to rotate with a Reynolds Number (Re) in the range of natural 

systems and with zero shear. Two main aggregation phases were then observed. Up to 

250-350 min, NP remained near the rotational axis longer than in static conditions, 

giving rise to higher aggregation rates interpreted as an enhanced perikinetic 

aggregation and differential sedimentation due to mixing with resuspending 

aggregates. In this phase, a population-balance model estimated an attachment 

efficiency >5 times in the rotating system than in the static system. Later (5-13 h) 

aggregates collided with extensively each other, broke, and reformed on the rotating 

cylinder wall giving rise to larger, denser aggregates (>1 cm). These results thus shed 

new light on the differences in aggregation behaviour between porous media and other 

natural environmental systems compared to quiescent batch experiments.  

6.2 Introduction  

With the increasing global proliferation of commercial applications for 

nanomaterials, they are becoming increasingly released into the natural environment 

either accidentally in waste streams or deliberately within environmental clean-up, 

agronomy, and petroleum reservoir recovery applications [1]. Among various 

nanomaterials, the use of graphene nanomaterials is rapidly growing due to their broad 

constructional, industrial, environmental, and medical applications and arising from 

their use with other nanomaterials as nanohybrids [2-7]. Graphene nanosheets may end 
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up in the environment in various forms of particulate matter such as crumpled graphene 

[8-10], multilayer graphene [4, 5, 11], shattered nanosheets [12], and fractal 

aggregates/hetero-aggregates [13, 14]. Once they have entered aquatic environments, 

aggregation of such particles can significantly affect their functionality and transport 

behaviour, particularly in aqueous and porous media [4, 5, 15]. Despite the existence 

of many studies on homo- and hetero-aggregation of various nanoparticles (NP) [14, 

16-21], and abundant reports on the impacts of various factors on the aggregation 

behaviour of these NP [22-26], it still remains a problem of how system dynamics 

modify aggregation. It is particularly of paramount importance in groundwater (GW) 

transport to understand how such complex multi-cascade processes of advective and 

diffusive transport [27-30], tortuosity in porous media [31], and the arrival of 

aggregates from up-gradient pores [32, 33] impact the aggregation behaviour of NP. 

Additionally, it is critical to investigate how resuspension phenomenon occurring 

within surface water (SW) bodies, such as lakes, river, and sea at various scales, 

influences the aggregation of NP in these environments [34-37]. 

Typically, current experimental techniques investigating NP aggregation dynamics 

are limited to simple quiescent or turbulent mixing batch experiments which may not 

adequately capture aggregation conditions in real systems [38, 39]. Whilst research 

into incorporating aggregation models within porous media transport models continues 

[38, 40, 41], steps must be taken to validate the individual aspects of aggregation 

models in dynamic media. One of these impacts can be the heterogeneous or 

anisotropic mixing in the population of nanoaggregates induced by the environmental 

dynamics such as cascading/cycling conditions within GW and SW systems [27-30, 

32, 33, 36, 37, 42-44] that can modify the particle size distribution (PSD) evolution 

trends under aggregation/sedimentation conditions. To investigate such systems, a 

slow rotating cylinder is used in which these impacts are simulated by slow continuous 

revolutions of the cylinder. This simple apparatus allows monitoring the particle size 

dynamics during aggregation which is cumbersome or impossible in other 

experimental approaches used for studying the NP fate, such as packed column 

experiments [45] or mesocosm tests [46].  

Rolling cylinders have been used extensively in marine science to mimic the 

natural condition of marine snow aggregate formation [47]. This system consists of a 

cylinder which is saturated with water and is placed horizontally to rotate around its 
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axis slowly so that no significant shear is induced in the fluid inside. Since the initial 

condition is static, i.e., the cylinder is initially at rest at zero time, the initial rotations 

can cause shear in the fluid. Once this has passed, the system rotates as a solid body 

[48, 49]. This technique [50, 51], has been also utilized to study the interactions of 

bacteria [52], organic carbon accumulation in marine sediments [53], aggregation of 

diatom [54], and their interactions with resuspended sediments [55], larvae interactions 

with anisotropic fluid motions [56], and interactions of microplastic with 

phytoplankton aggregates [57]. However, to the best of authors’ knowledge there has 

not been any systematic application of rolling cylinders to determine the aggregation 

of engineered NP in aqueous environmental systems to date. To mimic the condition 

of porous media, the system was designed with a Reynolds number (Re) within the 

range encountered in natural systems, i.e., from less than one to 10 [58, 59].The main 

objective of using such a system was to investigate how NP aggregation behaviour 

changes over time when the local mass concentration is kept constant, a phenomenon 

that can occur in pores of subsurface porous media and in resuspending surface waters. 

Using such a rotating cylinder, the angle between NP displacement directions and the 

gravity or removal direction is continuously changing without significant mechanical 

shear, thus preventing particle removal via settling within the axial area of the cylinder. 

This allows aggregates to develop to very large dimensions until gravity forces 

impacting on large grown aggregates which are probably more compact than initial 

aggregates overcome rotational displacements, and the system enters an unstable 

situation where aggregates tend to settle. The primary aim therefore is to shed light on 

unexpected higher aggregation rates of NP in GW systems when compared with many 

standard experimental and modelling results, and on how NP aggregation can be 

influenced by resuspension and population mixing in SW systems [34, 38, 60, 61]. 

This may underpin development of new mathematical descriptions of aggregation 

mechanism for a more accurate consideration of these mechanism in models of NP 

fate and transport in the environment which take other complex concurrent 

transport/transformation mechanisms into account [38, 41, 62]. 

Since the largest use of graphene nanomaterials may result from their high strength 

and flexibility (~100 stronger than steel) [4], it is possible that they release into the 

environment as shattered graphene because they may undergo extreme physical or 

chemical stresses during the usage or upon entering waste streams. Therefore, in this 
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study shattered graphene oxide (SGO) particles with a primary hydrodynamic size 

(DH) of 90 nm is used. In the scope of this study, which lumps the impact of particle 

surface characteristics and interactions in one free parameter, i.e., attachment 

efficiency, within the fitting process, SGO may also act as a representative for other 

NP types due to their small hydrodynamic size (DH <100 nm) and since in terms of 

general aggregation behaviour, e.g., hydrodynamic size and mass concentration trends 

over time, they exhibit similar patterns to other NP, such as hydroxyapatite (HAp) NP 

[40]. It should be mentioned that the original GO sheets may not represent NP due to 

their large aspect ratio and being considered as a 2-D material.  

6.3 Materials and Methods  

6.3.1 Rotating cylinder setup 

Acrylic cylinders were manufactured with inner diameters of 5 cm and length of 19.1 

cm to rotate at 4.71 rotations per hour (rph) to yield a low Reynolds number, 5.7, 

mimicking environmental condition within GW system (Reynolds number ranging 

from below one to 10) as well as resuspending SW system (Reynolds number in range 

of 0.1 to 16) [58, 59]. Methylene blue was used to investigate both the dispersion of 

matter inside the cylinder and the flow regime as a solid-body rotation. In this case the 

dye was injected through a needle as an instant point source into the cylinder to see 

how its diffusion/dispersion is affected by the rotations. A belt-pulley was set to 

reduce, by >200 times, the rotational velocity of a laboratory stirrer (Eyela NZ, Japan) 

with an adjustable revolution rate as illustrated in Figs. 6.1, H1. The connection of 

cylinder to the rotational apparatus was filled with soft plastic, preventing any transfer 

of shaking from the apparatus to the cylinder. The prepared NP dispersions were 

poured into the cylinder in the beginning of each experiment to set up each case with 

an initially homogeneous dispersion. Sampling for particle size measurement was 

challenging due to the possibility of aggregate breakage resulting from any shear force. 

To alleviate this, all the channels through which the samples had to pass including 

syringe tips and a glass pipe inside the cylinder, were selected with an inner diameter 

larger than ~2 mm. Sampling was performed by syringe removal (without needle) with 

a minor flow rate to minimize the impact of shear force on aggregates. With great care 

they were then directly transferred to the Dynamic Light Scattering (DLS) cuvette for 

size measurement. Samples were taken using a straight glass pipe centred on one side 
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of the cylinder up to approximately one-third of the length (Fig. 6.1). In order to keep 

the reactor saturated at all times during the experiment and to prevent bubble 

formation, a syringe with a long needle was used to inject the stock dispersion into the 

cylinder simultaneous with sampling, with the needle leaned towards the wall of the 

cylinder and entered up to approximately two-third of the length of the cylinder, to be 

far enough from the sampling point in the middle (see Fig. 6.1). The volume of each 

sample was <1.5 mL and an average of 16 samples were taken in each experimental 

setup. Therefore, the total volume of reactor exchanged with the initially provided 

stock dispersion was around 24 mL which is less than 10% when compared with the 

total volume of the cylinder (~375 mL). After obtaining, the samples were immediately 

analysed for size and PSD using DLS (Malvern Zetasizer, Nano ZS model, UK) 

selecting the number of runs to 5 each with a duration of 10 s and adjusting the beam 

attenuator to 11 and the position of measurement at 6.5 mm. The refractive index of 

graphene oxide (GO) used in the calculation of volume-based PSD was assumed as 

1.333 and the absorption as 0.01. It should be noted that the sensitivity of volume-

based PSD to these factors was minor despite their being expected to be influential. 

Based on preliminary batch experiment, ionic strength (IS) was selected at 0.5 and 

0.75 mM CaCl2 with a pH of 6. These IS values are less than or close to the critical 

coagulation concentration (CCC) (based on experimental results from previous 

section).  

The derived count rate (DCR) of DLS output has been used as a measure of mass 

concentration [63-65]. However, since DCR significance under the reaction limited 

aggregation (RLA) remains unvalidated, the mass concentration in each sample was 

also determined using UV-Vis spectroscopy (Hitachi, U-4100 model, Japan) at a 

wavelength of 230 nm, with a calibrated absorption curve. With such a curve (intercept 

= 0) measured absorbance normalized by the initial absorbance in each experiment 

was used as representative of normalized mass concentrations.  

6.3.2 SGO synthesis 

Graphene oxide was synthesized by the chemical exfoliation of natural graphite flakes 

using a modified Hummers method following Sahu et al. [66]. This was conducted 

through the constant stirring of graphite (2.0 g) in a solution of 225 mL sulfuric acid 

and 50 mL phosphoric acid, followed by gradual addition of 5 g potassium 



183 
 

permanganate at a constant temperature of 35 °C and continuous stirring, which was 

maintained for 10 h. The mixture was then diluted with 225 mL of DI water and kept 

in an ice bath, subsequently, 3mL of H2O2 was added for permanganate residual 

removal, with the mixture centrifuged and washed with 1 M hydrochloric acid. This 

was followed by washing with phosphate buffer (pH 11). Finally, the synthesized GO 

was washed with DI water repeatedly to reach the neutral pH. Shattered GO was 

prepared via intensive ultra-sonication of a GO dispersion (2 g/L) to achieve initial 

uniform hydrodynamic size below 100 nm. This was conducted using a probe 

sonication at a power of 40 W for 2 h with 30-second stops following 30-second 

sonication intervals. This dispersion was then centrifuged for 30 min at 19500 ± 500 

rpm to remove the larger fraction of particles. Finally, the dispersion was passed 

through a 0.45-𝜇𝑚 syringe filter, and the filtrate kept in the dark at 4 ℃ as the stock 

dispersion. Sodium azide was added (10 mM) to each experimental dispersion to 

prevent the growth of bacteria during analysis and due to its buffering ability in 

maintaining a constant pH during the course of experiments [40].  

6.3.3 Experimental procedure 

The cylinder tests were performed as follows: (1) prepare particle dispersions in 

deionized (DI) water with a final SGO concentration 50 mg/L, and sodium azide 

concentration 10 mM; (2) adjust pH at 6±0.05 with NaOH/HCl (100 mM) while 

stirring with a magnet stirrer; (3) ultrasonicate for 5 min in sonication bath, add 

electrolyte, (CaCl2) to reach final concentrations 0.5 and 0.75 mM, stop stirring 5 s 

after adding the electrolyte, and take the first sample; (4) fill the cylinder with the 

prepared dispersion, emplace the syringe and the sampling pipe, seal, and leave at rest 

for static cases or on the rotating mode for dynamic cases (in total taking ~10-15 min 

from the time of stopping the stirrer until the complete setup of the cylinder); and (5) 

take samples (<1.5 mL) at certain times to be analysed immediately by DLS. After 

obtaining each sample the glass pipe was evacuated using a syringe to prevent 

interference of the solution inside the pipe with the next sampling. After analysis by 

DLS, the same samples were carefully preserved at 4 ℃ for analysis using UV-Vis, 

which were carried out following dilution by 7.5 times and sonication for 5 min to 

obtain a uniform dispersion. Selected experiments which could have been prone to 

uncertainties (e.g., due to higher IS) were carried out in duplicate. Control experiments 
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were undertaken in a similar condition to cylinder experiment but inside 3-mL DLS 

cuvettes with time resolved online measurement. In these experiments after 

ultrasonication of the suspension for 5 min, the electrolyte was added, and the sample 

was immediately vortexed for 5 s. Then it was transferred to a disposable cuvette, after 

which time-resolved DLS measurement was started immediately. The whole process 

duration, from ultrasonication until the start of the first measurement, was 70 ± 20 s. 

The sample volume of 3 mL corresponds to a measurement depth of ~23.3 mm which 

is close to the radius of the cylinder. In control experiments, time-resolved DCR data 

normalized to the initially observed DCR was used as an indicator of mass 

concentration [40, 63-65].   

6.4 Theory and modelling 

6.4.1 Flow regime 

A simplified form of Navier-Stokes equation in cylindrical coordinate can be 

expressed as [48]: 

𝑑𝑢𝜃

𝑑𝑡
= 𝜈 [

𝜕2𝑢𝜃

𝜕𝑟2
+

1

𝑟
 
𝜕𝑢𝜃

𝜕𝑟
−

𝑢𝜃

𝑟2
] (6.1) 

where 𝑢𝜃 is the angular component of the linear velocity, r is the radial distance from 

the centre of the cylinder, and 𝜈 is the kinematic viscosity [L2T-1]. For the initial 

condition, 𝑢𝜃 = 0, and boundary condition, 𝑢𝜃 = 𝜔𝑎𝑐𝑦𝑙 at r=𝑎𝑐𝑦𝑙, where 𝑎𝑐𝑦𝑙 is the 

radius of the cylinder and 𝜔 is the angular velocity of the cylinder. The analytical 

solution of Eq. (6.1) is [48, 67]:  

𝑢𝜃 = 𝜔𝑟 − ∑ 𝐴𝑖𝐽1(𝜆𝑖𝑟)𝑒−𝜆𝑖
2𝜈𝑡

∞

𝑖=1

 (6.2) 

where 𝐴𝑖 = 2𝜔(𝜆𝑖 𝐽2(𝜆𝑖𝑎𝑐𝑦𝑙))−1, 𝐽1 and 𝐽2 are Bessel functions of the first kind and 

orders 1 and 2, respectively, and 𝜆𝑖 ≈ 𝑖𝜋𝑎𝑐𝑦𝑙
−1. The horizontal and vertical rectangular 

components of velocity, 𝑢𝑥 and 𝑢𝑦 are:  

𝑢𝑥 = −𝑢𝜃 sin 휃 (6.3) 

𝑢𝑦 = 𝑢𝜃 cos 휃 − 𝑈𝑘 (6.4) 
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where 𝑈𝑘 is settling velocity of aggregates in size class 𝑘 [L T-1]. Among various 

approaches to settling velocity [68-71], a power-law model can best describe the 

settling velocity of NP aggregates as derived in the Appendix F [40, 68-71]: 

𝑈𝑘 =
 𝑔

18𝜇
(𝜌0 − 𝜌𝑤)(2𝑎0)3−𝐷𝑓(2𝑎𝑘)𝐷𝑓−1  (6.5) 

where 𝑎0 is the radius of the primary particles, 𝑎𝑘 is the radius of aggregates, 𝐷𝑓 is the 

fractal dimension of aggregates, 𝑔 is the gravitational acceleration, 𝜇 is the viscosity 

of fluid, 𝜌0 is the density of primary particles [ML-3], and 𝜌𝑤 is the density of water 

[ML-3].  

Once the system reaches the equilibrium conditions, i.e. solid-body rotation, 

particle trajectories can be calculated as [48]: 

𝑥 = −𝑟0 sin(𝜔𝑡 − 휃0) +
𝑈𝑘

𝜔
 (6.6) 

𝑦 = 𝑟0 𝑐𝑜𝑠(𝜔𝑡 − 휃0) (6.7) 

where 𝑟0 and 휃0 represent initial position of the particle in cylindrical coordinates and 

𝑥 and 𝑦 are positions of the particle in rectangular coordinates at time 𝑡. 

The shear rate, 𝛾, resulted from the gradient of velocity across the cylinder radius 

is given as [48]:  

𝛾 = ∑ 𝐴𝑖𝑒
−𝜆𝑖

2𝜈𝑡 (−
𝜆𝑖

2
𝐽0(𝜆𝑖𝑟) +

1

𝑟
𝐽1(𝜆𝑖𝑟) +

𝜆𝑖

2
𝐽2(𝜆𝑖𝑟) 

∞

𝑖=1

 (6.8) 

6.4.2 Particle aggregation 

A flexible population-balance model known as fixed pivot (FP) [72], capable of 

considering initial particle size distribution (PSD) and consequent evolution of PSD in 

early and late stages of aggregation is used to model the dynamic behaviour of 

hydrodynamic diameter, overall mass concentration, and PSD for SGO aggregation 

experiments. Conserving two properties of mass and number, the model equation for 

aggregation combined with sedimentation term is as follows [72]:  



186 
 

𝑑𝑛𝑘
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(6.9) 

where 𝑛𝑘 is the particle number concentration of aggregates in size class 𝑘 [𝐿−3], 𝛽 is 

the collision frequency, α is the attachment efficiency factor, v is the representative 

volume of each size class in the grid, 𝛿 is Kronecker’s delta, 𝑍𝑠 is sedimentation depth 

or measurement depth [L], and 휂𝑘 is:   

 
𝑣𝑘+1−(𝑣𝑗+𝑣𝑖)

𝑣𝑘+1−𝑣𝑘
 ,  𝑣𝑘 ≤ (𝑣𝑗 + 𝑣𝑖) ≤ 𝑣𝑘+1 

  휂𝑘 = 

 
(𝑣𝑗+𝑣𝑖)−𝑣𝑘−1

𝑣𝑘−𝑣𝑘−1
 ,  𝑣𝑘−1 ≤ (𝑣𝑗 + 𝑣𝑖) ≤ 𝑣𝑘 

    

(6.10) 

An explicit forward Euler scheme was used for the time discretization of Eq. (6.9) 

with an adjustable time-step, as this can be more efficient than higher-order schemes 

for solving “stiff” problems such as population balance models [73, 74]. Since the 

Brinkman permeability-based model [75-77] performs best for modelling collision 

frequencies, this approach was used in the present study. All collision kernels were 

expressed based on aggregate volume so that the impact of aggregate shapes which are 

unknown will interfere less in the model results.  The measured initial PSD was 

directly used as the initial condition. A new optimization algorithm code [40] was also 

used here to estimate the parameter values (α and Df) by matching the modelled with 

experimental data for mean hydrodynamic diameter (DH) and normalized 

concentration data (C/C0). n these fittings, the contribution weight of the DH was 

assumed to be twice C/C0. Aggregation modelling was performed only at a single 

spatial point, i.e., the centre of the cylinder cross-section, corresponding to the point 

of measurement and considering the sedimentation depth in Eq. (6.9), 𝑍𝑠, as the radius 

of the cylinder. Full model equations together with details of extensive model testing 

and the MATLAB codes and optimization algorithm are available in Appendix F and 

in Babakhani et al. [40]. A summary of the model parameters and experimental 

characteristics are provided in Table 6.1.  
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Table 6.1  Summary of modelling parameters and experimental characteristics.  

Parameter  Symbol Value 

Shear rate (s-1) G 0 

Dynamic viscosity of fluid (water) (Pa.s) μ 0.00089 

Temperature (K) T 298 

Density of primary particle (kg.m-3) 𝜌0 1800 

Density of the medium (water) (kg.m-3) 𝜌𝑤 1000 

Initial NP concentration (mg.L-1) C0 50 

Cylinder radius (cm) acyl 2.5 

Cylinder length (cm) Lcyl 19.1 

Sedimentation depth (cm) Zs 2.33, 2.5 

angular velocity (rph) ω 4.71 

Radius of the primary particles (nm), 

variable depending on the first non-zero 

bin of initial PSD 

a0  6.75-45 

Ionic strength (mM CaCl2) (mM)  0.5, 0.75  

pH  6.0 

Number of size classes, variable depending 

on broadness of the initial PSD 

 63-86 

Attachment efficiency α Fitting 

parameter 

Fractal dimension Df Fitting 

parameter 

 

 

6.5 Results and discussion 

6.5.1 Flow regime and particle trajectory analysis  

The experimental results of the cylinder with a drop of dye injected in the beginning 

of the experiment (Fig. H2) shows that generally within the first ~10-20 min a thin 

layer of dye forms at the rotating wall. After ~60 min, however, this thin layer is still 

noticeable, but begins to slowly diffuse into the bulk solution and after ~90-100 min it 

is barely visible. These results suggest that the rotational regime can be considered as 

solid-body and the diffusion of dye is the only mechanism of mixing in the cylinder 

after ~10-20 min. Consistent with these outcomes, the calculations of rotation velocity 

and shear rate for the cylinder, shown in Fig. H3, demonstrate that within 10 min 

rotational velocity reaches a steady-state (solid-body rotation) and the shear stress 

produced in cylinder fluid totally disappears (blue lines). This duration is negligible 

compared to the total course of experiment > 5 h and is not captured in the sampling 
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intervals when NP dispersions are used in the cylinder. Both experimental and 

modelling results confirm the validity of assuming steady-state and zero-shear 

conditions in the system.  

Figure 6.1 shows results of particle trajectory analysis modelled using Eqs. (6.1-

6.8) with varying fractal dimension and particle radius for two scenarios: (1) particle 

is initially placed in the middle of the cylinder radius and (2) particle initially placed 

near the wall of the cylinder. Based on this analysis, the movement of NP and their 

aggregates ranging in radius from 20 nm to 100 μm depends significantly on the fractal 

dimension. For aggregates up to a radius of ~1 μm and for fractal dimension up to 2.5, 

their trajectories follow the “fixed” solid-body rotation regime as illustrated by Tagawa 

et al. [78]. However, for aggregate radii in range of 10-100 μm with Df ≥ 2.5, 

trajectories start to deviate from this regime and show a tendency towards the so-called 

“cascading” or “suspending” regimes [78]. Sedimentation velocity is so rapid for 

aggregates of radius >100 μm and Df = 2.9 that they interact with the cylinder wall 

instead of rotating with the solid body. In agreement with these results, Fig H4 shows 

that velocity vectors exhibit a nonuniform distribution for aggregates with 10 μm 

radius and Df = 2.9, highlighting the importance of aggregate fractal dimensionality 

and size in controlling particle trajectories.   

 



189 
 

Figure 6.1  Particle trajectories resulted from Eqs. (6.1-6.8) with virtually varying Df 

and particle radii considering two scenarios: (1) for particle initially placed in the 

middle of the cylinder radius (left-hand side panels) and (2) particle initially placed 

near the wall of the cylinder (right-hand side panels). The rotational direction is counter 

clockwise.  

 

6.5.2 Aggregation experiment results 

Experiments were undertaken in the cylinder under both rotating and static (non-

rotating) conditions, and as a control within a cuvette under static conditions with 
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continuous monitoring using dynamic light scattering (DLS). Figure 6.2a shows that 

the averaged hydrodynamic diameter (DH) follows a log-linear trend with time at 0.5 

mM CaCl2 in all experiments. However, at 0.75 mM CaCl2 (Fig. 6.2c) the gradient 

decreases over time after a rapid initial rise, which is interpreted as a transition from 

early (fresh, monodisperse particle population) to late (aged, polydisperse particle 

population) stage conditions within a coupled aggregation/sedimentation system.  

   

Figure 6.2  Experimental and modelling results of SGO aggregation/sedimentation 

under two electrolyte concentrations of 0.5 (a,b) and 0.75 mM CaCl2 (c,d) at a fixed 

pH of 6 within static and rotating cylinders, and the cuvette of the DLS instrument 

(control measurement). The position of sampling in the cylinder (acyl=2.5 cm) was at 

the centre of the cross-section and the control measurement position was at 2.4 cm 

below water surface. Panels show averaged hydrodynamic size (a,c), and normalized 

concentration (b,d). The normalized mass concentrations for control cases are obtained 

from DLS derived count rate data while for other cases these are determined using UV-

Vis. The average of the duplicate of control measurements are shown with standard 

deviation as error bars. The cases of 0.75 mM CaCl2 were conducted in duplicate and 

the experimental data of duplicate experiments are superimposed while each set fitted 

with the model separately. The model set used includes FP population-balance 

technique with the power-law model for settling velocity and the Brinkman 

permeability model for collision frequencies. 
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Under the solutions present and within the selected periods for size measurement 

(up to 300-350 min), the sedimentation is not generally significant (Fig. 6.2b,d). The 

trend of DH measurement at 0.5 mM CaCl2 within the static cylinder closely matches 

that in the control, demonstrating the validity of the design of sampling in the cylinder 

experiments. This was also the case at 0.75 mM CaCl2 but only in the early stages 

<120 min, as shown in Fig 6.2c after this time DH in the control continues to rise, 

whereas DH in the static cylinder tends towards an asymptote over time. The reason 

for this behaviour is not clear, it could be due to minor differences in the conditions 

between the two experiments, such as variation in temperature or dimensionality 

between the cylinder and the cuvette. One might attribute this behaviour to the 

breakage of aggregates larger than ~500 nm during sampling from the cylinder 

experiments. However, this is less likely to be a reason for the observed lower growth 

of aggregates in the static cylinder compared to the control system, because the control 

experiment shows a level of sedimentation which is not observed for the static case 

(Fig. 6.2d) whereas sedimentation measurement is not expected to be affected by the 

breakage. This suggests that in this case there might be a level of uncertainty for the 

control test rather than the occurrence of breakage in the cylinder samples as also 

indicated by the larger standard deviations in the control after ~230 min.  

Generally, the experimental observations using the rotating cylinder initially show 

higher aggregation rates than that of the static cylinder (Fig. 6.2a,c). In the case of 0.5 

mM CaCl2, normalized mass concentration curves show increases in concentration to 

above the initial uniform concentration at the point of measurement (Fig. 6.2b). 

Interestingly, these results are consistent for both measurement techniques, i.e., UV-

Vis used for the cylinder samples and DLS derived count rate used for the control data, 

and are also in agreement with previous measurements of DCR for HAp NP 

aggregation at IS below CCC [40]. Babakhani et al. [40] used the FP model already to 

validate the use of DCR data as representative of mass concentration during NP 

aggregation at IS above CCC leading to a decline in mass over time. The present 

study’s results tend to agree with the use of DCR data as representative of mass 

concentration at IS below CCC as well.   

The experimental photos of the rotating cylinder at 0.75 mM CaCl2 at different 

times are shown in Fig. H5 and the magnified images of aggregates formed at each 

time are shown in Fig. 6.3. It appears that visible aggregates form on the wall after 
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~290 min, corresponding to the start of removal in the sedimentation curve after 250-

300 min (Fig. 6.2d). Large networks of gel-like aggregates form at the bottom after 

~315 min which as a result of extensive sliding on the wall and consequent collisions, 

breakage, and reforming, become denser over time until finally they form larger (>1 

cm) granular dense aggregates as indicated by their darker colour compared to those 

formed at earlier times (s. 8.3, H5) [79, 80]. When finally, the sizes of aggregates grow 

larger and their structure become more compact to induce their higher settling velocity 

due to their higher bulk density, the settling velocity overcomes the resuspension due 

to the cylinder rotation. This results in millimetre-sized aggregates appear immediately 

on the cylinder wall sliding and colliding consequently producing compact centimetre-

sized SGO granules appear on the wall of the rotating cylinder in longer time (5-13 h), 

and the suspension becomes clear of the SGO NP.   
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Figure 6.3  Experimental photos of SGO aggregates formed over longer times for the 

case of rotating cylinder filled with SGO NP in 0.75 mM CaCl2 solution and pH 6. The 

full photographs of cylinder corresponding to each time is available in Fig. H5, 

Appendix H. The snapshots in this figure were obtained at the same scale from the 

bottom of the cylinder.  

 

6.5.3 Aggregation modelling results  

Data from the first 250-350 min of experiments (before the evolution of larger, settling 

macro-aggregates) were used to fit models of the aggregation in the suspended phase. 

The estimated parameter values are shown in Fig. 6.4 and are also available in Table 
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H1 along with  Nash-Sutcliff [15] 𝑅2
𝑁𝑆 values used as a goodness-of-fit criterion. The 

model set used in this study (FP population-balance technique with the power-law 

model for settling velocity and the Brinkman permeability model for collision 

frequencies) can fit both DH and normalized concentration (C/C0) well with an average 

𝑅2
𝑁𝑆 0.758±0.18 for DH data. Parameter values estimated for the model matched to 

the control data agree well with those of static cylinder measurements at electrolyte 

concentrations of 0.5 mM CaCl2 and 0.75 mM CaCl2 (<29% difference). The rolling 

cylinder experiment shows 5 and 7 times greater attachment efficiency (Fig. 6.4a) than 

that of the static system at 0.5 and 0.75 mM CaCl2, respectively. Likewise, Df estimated 

in the rolling cylinder experiment is on average 10% and 31% larger than that of the 

static cylinder at 0.5 and 0.75 mM CaCl2, respectively (Fig. 6.4b).    
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Figure 6.4  Estimated attachment efficiency (a) and fractal dimension (b) for SGO 

aggregation/sedimentation experiments under two electrolyte concentrations of 0.5 and 

0.75 mM CaCl2 at fixed pH 6 within control, static, and rotating cylinders. The position 

of sampling in the cylinder was at the centre of the cross-section (acyl=2.5 cm) and 

control measurement position was at 2.4 cm below water surface. In the control, the 

model was fitted to the average of the duplicated online measurements while in other 

cases the model was fitted to both duplicate experiment datasets (if available), and the 

mean and standard deviation of estimated values are reported.  

 

The results clearly indicate that conditions within the rotating cylinder enhance 

aggregation rate and leads to aggregates with more compact structures (via increasing 

Df). For higher IS than those of the present research’s experimental conditions and 

longer times than those of the aggregation simulations, the impact of system dynamics 

may well be higher (Fig. 6.3, H5). Although the process of the aggregation at longer 
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times (sliding on the wall) is different from that at early stages (aggregation of 

suspended particles/aggregates), occurrence of both phases is relevant to the natural 

environment. In GW system, large aggregates attached to porous medium solid 

surfaces can be translated, rolled over and collide with each other, thereby aggregating 

in the retained phase [32, 38]. They can also be detached and transported to a new pore 

where they can interact with new NP or aggregates [32, 38], whether in the suspended 

phase or in the retained phase. Likewise, in a SW system the aggregates which have 

already settled onto deeper depths, can be transported with sediments or be 

resuspended where they could encounter new particles. It should be noted that in both 

modes, aggregates become more compact, shown either by enhanced Df resulted from 

the model or by change in colour of aggregates to a darker colour observed in the 

cylinder [79, 80]. The current cylinder condition ignores many aspects of convoluted 

groundwater pores, such the constricted geometry of pores, shear effect, nonuniform 

flow regime, and dynamic interactions between suspended particles and solid surfaces 

[81-84]. Nevertheless, ignoring such aspects may allow a better understanding of the 

dynamic impacts on the individual aggregation/sedimentation mechanisms. For 

instance, including shear stress in the system [39, 84, 85] can overshadow the impact 

of system dynamics due to addition of other complexities such as break-up of 

aggregates [86]. This cylinder can be further modified in future studies, e.g., by 

modifying the wall surface roughness or adding short edges/partitions on the inner wall 

in order to consider more complexities of natural conditions.  

The system developed different stages in respect to the interplay between 

aggregation and sedimentation mechanisms within the rotating cylinder. Up to 250-

350 min, where the sliding of aggregates on the wall is still not significant, the 

maximum Df obtained in the present study is 2.34 (at 0.75 mM CaCl2 within the 

rotational cylinder) and the maximum aggregate DH is below 1 μm (Fig. 6.2a,c). 

According to the particle tracking analysis results (Figs. 6.1 and H4), for these values 

of Df and DH, the effect of gravity on aggregates may not be strong enough to deviate 

aggregate trajectories from a uniform solid-body regime. In agreement with this, the 

results from sedimentation over time (Fig. 6.2b) show minor or no removal of NP over 

the periods up to 250 or 350 min. Hence, within these periods the only difference 

between the static and rotating systems is seemingly that particle orientations with 

respect to the gravitational force vector are continuously changing for aggregates in 
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the rotational system while they remain constant within the static system. This might 

maintain the local particle concentration within the axial area high at initial stages and 

therefore enhance the number of collisions resulting from Brownian motion, thereby 

increasing the overall rate of aggregation. At 0.75 mM CaCl2, at times <150 min 

normalized mass concentration data shows a slight decrease in the suspended mass in 

both the control and static cylinder experiments which is not noticeable in the case of 

rotational cylinder (Fig. 6.2d). However, after 250-300 min mass removal in the 

rotating cylinder becomes increasingly significant as the aggregates become large and 

dense enough for the gravity force on them to overcome the rotational force leading to 

their settlement on the cylinder wall. Enhanced aggregation and removal within the 

rotating cylinder compared to the static cylinder emanates also from differential 

sedimentation mechanism [87] of aggregation.  

In fact, attachment efficiency is generally expected to be a function of NP surface 

characteristics [88]. However, the present study indicates that system dynamics 

increase the effective attachment efficiency, even though chemical conditions 

controlling surface properties were consistent between rotating, static and control 

experiments. To investigate this behaviour, the collision frequencies were calculated 

between particles with radii of 50, 500, and 5000 nm and particles with all other size 

classes up to a radius of 15 µm and for various Df (1.5-2.9) as illustrated in Fig. H6. 

Based on collision frequency formulations used in the present study, representing the 

state-of-art equations for environmentally-relevant NP [40, 74, 89], the impact of 

differential sedimentation mechanism of aggregation, which is notably affected by the 

structure of aggregates (Df), is around 3-5 orders-of-magnitude lower than that of 

perikinetic aggregation across the range of aggregate sizes, which is impacted less by 

the structure of aggregates (Df), for the range of aggregate sizes observed in this study 

in early stages of aggregation. Experimental photos (at 0.75 mM CaCl2, Fig. 6.3, H5) 

suggest that at 290 min aggregates are sufficiently large (>10 μm, based on Fig. 6.1) 

and/or compact enough (Df > 2.5, based on Fig. 6.1) for the trajectories to deviate from 

solid body rotation and to settle on the wall, suggesting that in this condition 

sedimentation and therefore differential settling mechanism of aggregation is 

significant. However, the current collision frequency formulation may not be able to 

take this effect into account because for a similar range of aggregate size/fractal 

dimension they predict negligible contribution for differential sedimentation. This 
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deviation may also arise from restructuring or change in the fractal dimension over the 

course of the experiment increases its significance in the later stages of aggregation 

[40, 70, 90]. Taking such a transient change in the fractal dimension, which causes a 

variation in the particle volume discretization, into account needs special 

computational consideration. Modelling the whole rotating cylinder domain for 

aggregation may shed light on the complex interactions of resuspending aggregates 

and the reasons for the observed differences in the attachment efficiency between the 

two systems of dynamic and static. Furthermore, additional experimental analysis on 

the structure of aggregates is needed to verify the estimated fractal dimension values, 

e.g., using static light scattering (SLS) [90] to monitor the dynamics of the aggregate 

structure online during the test. The impact of system dynamics can be even more 

crucial where the existence of natural colloids induces hetero-aggregation with NP 

[16]. In such systems, the initial diversities in density, size, and interactions of particles 

may affect both the initial availability of surfaces for Brownian-driven aggregation and 

differential settling aggregation. These are beyond the scope of current study and may 

be subject of future studies. 

6.6 Conclusions  

In the early stage of experiments reported here, whilst the majority of particles remain 

suspended, maintenance of mass concentration in the axial area of the rotating cylinder 

increased the number of collisions induced by Brownian motion and arising from 

differential sedimentation collisions with resuspending larger aggregates. This 

enhanced the aggregation rate which emerged relating to the attachment efficiency 

estimated based on model fit to experimental data. As the system evolves and 

aggregates grow sufficiently to show significant sedimentation, resuspension of 

settling aggregates in the rotating cylinder increased differential sedimentation, further 

enhancing the aggregation rate. This consequently leads to an immediate formation of 

aggregates on the cylinder wall that afterwards start rolling and sliding on the wall. 

These processes give rise to the formation of more compact aggregates, leading to an 

increase in fractal dimension in all stages as revealed by greater fractal dimension in 

the rotating system compared to that of static system and control and indicated by dark 

colour of aggregate formed on the cylinder wall at the end of experiments.  
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Numerous studies have reported higher aggregation rates in groundwater, surface-

water and other natural environmental systems when compared to quiescent batch 

experiments [34, 38, 60, 61]. The results from this study demonstrate that this effect 

can be understood in terms of systems where, even in the absence of hydrodynamic 

shear, particle suspensions are to some extent prevented from sedimentation. Such 

effects are simulated here by continuous rotation in a slow-moving cylinder, which 

models slow flow through tortuous pore networks in natural systems which are 

characteristic of changing flow directions and mixing of old and new particle 

populations. It should be noted that considering the importance of hetero-aggregation 

(aggregation of NP with natural colloids) in the fate of NP in natural waters [16, 91-

93], the present study serves as a first stage to investigate hetero-aggregation in more 

realistic conditions. The system used in this study has also important applications for 

water treatment, e.g., as a settling unit that can be optimized through adjustment of the 

fractal dimension and aggregation rate where the adsorption of contaminants to NP is 

maximised whilst the NP removal due to settling is minimised. Further studies are 

required to consider a variable fractal dimension in the model for taking reorganization 

of aggregates into account and to investigate the spatial variations of aggregate sizes 

in both phases of suspended and settled particles. It also remains for future studies to 

experimentally verify the model estimated fractal dimension values through direct, 

online measurements.   
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Chapter 7  

7 Conclusions 

7.1 Key conclusions 

Continuum models can successfully describe a variety of nanoparticles (NP) transport 

phenomena and their concomitant effects and are able to work at various scales ranging 

from column experiments to aquifer and watershed. Its importance among other 

modelling approaches therefore lies in part in its ability to link with other modelling 

techniques to bridge the gaps across temporal and spatial scales and to be used as 

means of validation for those models.  

This research has highlighted a number of challenges, hindering the efficient 

application of such models. These can be broken down into six main areas: (i) diversity 

in basis; (ii) assumptions made; (iii) ability to predict; (iv) transport mechanisms 

included; (v) the efficiency of models; and finally (vi) not considering other possible 

important factors imposed by natural environmental conditions such as system 

dynamics. In this thesis, these challenges are addressed to present continuum models 

as a platform to find insight into the fate and transport of nanoparticles in the 

environment. The key conclusions are as follows: 

• Through an extensive literature review it was concluded that hyper-exponential 

residual concentration profiles (RCP) is a sign of straining; ascending-plateau 

breakthrough curve (BTC) indicate blocking; descending-plateau BTC implies 

ripening, early-BTC is consistent with size exclusion, and non-monotonic RCP 

results from agglomeration of NP.  

• Depending on the scale of the problem, equilibrium sorption may be applicable for 

NP transport as it turned out to be more efficient than kinetic model in terms of the 

number of fit parameters and goodness-of-fit criteria when the scale of the model 

and the level of complicacy were augmented. 

• In addressing the main challenges of the use of continuum models, i.e., forward 

modelling, nonlinear empirical correlations resulted from artificial neural network 
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(ANN) can be useful for estimation of continuum model parameters as well as 

𝐶/𝐶0. 

• ANN combined with Monte Carlo and a sensitivity analysis technique provided 

many interesting insights into the NP transport. For instance, 𝐾𝑎𝑡𝑡 was more 

sensitive to the surface-related factors, than flow-regime-related factors whereas 

𝐾𝑑𝑒𝑡 was more sensitive to the flow-regime-related factors. A simplifying unified 

parameter considered for the heterogeneity in porous media turned out to be more 

sensitive than the dispersivity parameter.  

• In finding appropriate population-balance models for early and late stages of NP 

aggregation/sedimentation in aquatic environments, it was revealed that the 

empirical, density-controlled descriptions for settling velocity were able to better 

describe NP aggregation and sedimentation than permeability-based models. 

Allowing the attachment efficiency to vary with aggregate size did not significantly 

alter model outcomes compared to the assumption of constant attachment 

efficiency, but fitted parameters were much more sensitive to the specification of 

the initial particle size distribution (PSD). Fitting to only early-stage data showed 

trends in attachment efficiency and fractal dimension consistent with classical 

theory, whereas these trends varied as the systems evolved to late stage. Lower 

removal rates were observed within high-IS than intermediate IS solutions as NP 

clusters were optimally more efficient at collecting (by aggregation) and removing 

(by sedimentation) large numbers of smaller particles and aggregates at 

intermediate IS than that at higher IS.  

• The best model set for aggregation and sedimentation, i.e., FP with the power-law 

sedimentation velocity model and Brinkman-permeability collision frequency 

model, was combined with a 3-D continuum modelling code to accurately simulate 

concurrent aggregation and transport of NP within 3-D porous media. 

Incorporating the aggregation process into the model improved the predictivity of 

the current theoretical and empirical approaches for NP deposition. The model 

runtime for 3-D simulations was 66.5 h on 3.50-GHz CPU, hindering the 

simulation for larger domains and preventing inverse modelling  

• A new modelling framework based on a mass-balance parent-daughter chain 

reaction formulation was proposed for more efficient modelling of aggregation. In 

fitting to analytical solutions CRM turned out promising with R2
NS>0.804. Fitting 
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to early and late aggregation and sedimentation of SGO, the performances of CRM 

was generally similar to or better than that of the FP method, and the new model 

was averagely one order-of-magnitude faster than the FP.  

• • Finally, a solid-body rotational system used to investigate the impact of 

environmental system dynamics on aggregation mechanisms showed that in the 

early stage of experiments, whilst most particles remained suspended, maintenance 

of mass concentration in the axial area of the rotating cylinder increased the 

number of collisions induced by Brownian motion and arising from differential 

sedimentation collisions with resuspending larger aggregates. This enhanced the 

aggregation and sedimentation rates, with subsequent increase in differential-

sedimentation aggregation, further enhancing the aggregation rate. This led to an 

immediate formation of large and compact aggregates on the cylinder wall. Thus, 

higher aggregation rates observed in groundwater, surface-water and other natural 

environmental systems compared to quiescent batch experiments can be because 

of environmental dynamics which need to be considered in models 

• Overall, in this thesis although multiple challenges in using continuum models 

were addressed, incorporating aggregation, which is one of the most important 

mechanisms in determining the final fate of NP in the environment, remains an 

issue due to the dynamics of porous media. Even with this, continuum models are 

currently pioneering among various modelling approaches for simulating the fate 

and transport of NP in subsurface environments. 

7.2 Recommendations for future studies 

• Three-dimensional field-scale NP transport experiments should be conducted to 

obtain sufficient data to enable developing empirical correlations at 

environmentally-relevant scales for forward modelling of NP transport, such as 

those developed in this research at one-dimensional scale using ANN. This can 

also aid validating the conceptual ground of continuum models for NP transport in 

realistic conditions.   

• The generalization and robustness of ANN predictions may still need 

improvement. It should be noted that a better generalization might not necessarily 

be achieved using more complex machine learning approaches. 
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• Further work is required to establish the heterogeneity as a parameter to be 

considered in modelling environmentally-relevant problems. 

• Monitoring the dynamics of the aggregate structures at early and late stages 

processes using online techniques may lead to better understanding about the 

reality of restructuring during different stages of aggregation and sedimentation.  

• Further work is needed to improve the basic assumptions of chain-reaction model, 

to validate it against other environmental conditions, to improve its description of 

the PSD, and to combine this model with NP fate and transport models.   

• The use of solid-body rotator in the present research serves as a first step to 

investigate hetero-aggregation in future studies in realistic conditions.  

 

 

In conclusion, while steps must be taken to enhance continuum model accuracy in  

description and prediction of NP fate and transport, the upscaling ability of models 

should be assessed simultaneously in order for continuum models to serve as the most 

accurate and efficient modelling platform with potential interactions with other 

modelling approaches and compatibility with relevant field and experimental data, to 

produce reliably informative outputs useful for decision making, regulatory demands, 

NP fate management, remediation strategy design etc. The work presented here is a 

comprehensive exploration of parameter sensitivities, model formulations and 

efficient computational approaches for the development of continuum models of NP 

fate and transport in the environment. It, therefore, represents a major step towards that 

goal.  
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Appendix A  

8 Other NP transport phenomena 

8.1 Straining 

8.1.1  Mechanism 

In addition to the filtration mechanisms which are driven by the interfacial forces 

between particles and the porous media surfaces, retention of particles in porous media 

can be driven by physical straining [1, 2]. Since straining has been identified recently 

as a key process of retention in the transport of NP in porous media [e.g., 3, 4-18], in 

this section this phenomenon is reviewed from the very fundamental concepts. 

Straining is defined as the process of physical trapping of particles in the pore 

throats which are narrower than the size of particles. In the case of high concentration 

of particles, straining is deemed to occur as a result of concurrent arrival of many 

particles at a pore opening. This can result in “jamming” and “arching”, and eventually 

lead to “clogging” of the filtration surface [19, 20]. In engineered filtration systems 

such physical straining results in a continuous compressible cake [21, 22] or a mat with 

holes on it [22]. But although observed in experimental micromodel by the aid of pore 

visualization [23] this is not considered common in natural aquifers unless it is 

encountered at the upper area of porous media [24, 25] or in the case of injecting 

engineered NP into subsurface media, in the near vicinity of the injection well [e.g., 

26, 27-29]. Occasionally straining has been further subdivided into two mechanisms 

of wedging and bridging. Wedging is the trapping of particles at two bounding surfaces 

without interference of particles while bridging is the simultaneous arriving and 

accumulation of particles at the pore constriction [30-32].  

8.1.2  Criteria and manifestation  

In reality, even for ideal spherical and uniform grains and NP, the pores are not ideal 

flow channels for the transport of NP because of the existence of narrow spaces at the 

contact angle of the spheres. These angular spaces bring about a potential of straining 
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for different sizes of NP. Herzig et al. [33] illustrated different retention sites for 

straining as (Fig. A1): (1) surface sites; (2) crevice sites; (3) constriction sites; and (4) 

cavern sites. This initiated the development and the use of a criterion for straining 

model selection by the ratio of particle diameter to grain diameter (𝑑𝑝/𝑑𝑔) [2, 34, 35]. 

This critical ratio for straining as obtained from experimental results simultaneously 

under the influence of physicochemical filtration and straining retention was found to 

be 0.0017 [1, 36-39]. The idea of a critical straining threshold is important in 

developing the conceptual model of NP transport in regards to straining, since many 

papers have attributed [3-18, 40, 41] or rejected [42-45] the influence of straining 

based on this criteria.  

 

Figure A1  Possible retention sites for straining from [33]. 

 

Physical straining has been recognized to contribute: (1) to the removal of CeO2 

NP, (with 𝑑𝑝/𝑑𝑔 of 0.0002) ascribed to the angular shape of the porous media grains 

(industrial mineral silica) [3]; (2) to the removal of Ag NP following aggregation (with 

initial 𝑑𝑝/𝑑𝑔 = 3 × 10−5) [4], or heteroaggregation (with initial 𝑑𝑝/𝑑𝑔 ranging from 

0.0001 to 0.0004) [5], or due to the existence of a portion of pores smaller than the 

particle size (with overall 𝑑𝑝/𝑑𝑔 = 3 × 10−4) [6]; (3) to removal of GO at high IS 

due to concurrent agglomeration in porous media with initial 𝑑𝑝/𝑑𝑔 in range of 0.003-

0.009 [7, 8], or with initial 𝑑𝑝/𝑑𝑔 in range of 0.001-0.002 [40], or elevated 𝑑𝑝/𝑑𝑔 of 

0.005 [9], and/or ascribed to increased surface roughness because of the biofilm-coated 

sand with initial 𝑑𝑝/𝑑𝑔 of 0.0005-0.0007 [41]; (4) to removal of TiO2 NP because of 

straining caused by aggregation during flow in porous media (initial 𝑑𝑝/𝑑𝑔 ranging 

from 0.001 to 0.010) [10] or due to presence of initial aggregates since suspended 

aggregates are more prone to encountering smaller pore throat (initial dp/dg =
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0.0005) [11], or because of the smaller pores resulted from the clay content in the soil 

(initial 𝑑𝑝/𝑑𝑔 in range of 0.0003 to 0.001) [12]; (5) to removal of ZnO NP at the high 

IS (50 mM NaNO3) due to heteroaggregation with soil particles, due to the presence 

of surface charge heterogeneities (resulting in subsequent clogging of the pores) (initial 

𝑑𝑝/𝑑𝑔 in range of 0.001 to 0.009) [13], or due to the concurrent aggregation [14-16] 

with initial 𝑑𝑝/𝑑𝑔 in range of 0.0006 to 0.0012. Straining has also been recognized to 

contribute to the removal of HAP NP and goethite particles when co-transported and 

heteroaggregated, with maximum 𝑑𝑝/𝑑𝑔 of 0.0046 [17] or for HAP NP and hematite 

particles with maximum 𝑑𝑝/𝑑𝑔 of 0.0027 [18] being larger than the literature 

threshold value (0.002). These figures show that the criteria of 0.0017 cannot be valid 

for NP mainly due to the interference of other mechanisms.  

In addition to this criterion, another sign for identifying the straining is the shape 

of the retained particle mass profile as function of distance from inlet (RCP). As such, 

a number of authors [45-53] attributed the retention behaviour to straining whenever 

they observed a hyper-exponential profile for the RCP; that is a marked decreasing 

rate of deposition with distance from inlet according to an inverse power law. This is 

in spite of the fact that hyper-exponential behaviour of the RCP can also be attributed 

to other factors and mechanisms such as surface roughness [1, 39, 54, 55], concurrent 

aggregation [56-59], particle population heterogeneity [60, 61], variations in the pore-

scale velocity [62-64], and chemical heterogeneity [37, 65, 66]. Nevertheless, 

monotonic and/or non-monotonic RCPs can be observed when the straining is 

considered the dominant mechanism of retention [2, 48, 67, 68]. Non-monotonic RCP 

demonstrates a peak of concentration somewhere between the inlet and the outlet of 

the porous media domain [48]. Therefore, hyper-exponential behaviour of RCP may 

not be a deterministic sign of the straining phenomenon.  

Despite extensive allusions to the reflection of transport and deposition 

mechanisms in the RCP shape among literature studies [e.g., 45, 46, 47-52], there have 

been fewer attempts to evaluate the slope of the BTC plateau in regard to the 

underlying mechanisms of transport. In this study, the information about various BTC 

plateau shapes including flat, ascending, and descending in both forms of limited 

duration of particle injection and continuous injection (experiments without post-flush 

of particle-free dispersion) were collected in Table B1. Straining has been reported 

along with a flat shaped plateau of BTC for AgNP following aggregation [4], GO at 
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intermediate IS [40], and ZnO in presence of biofilm or NOM [14, 16] and with an 

ascending-shaped plateau of BTC for HAP NP [69], GO at high IS  [40], and ZnO [14, 

15]. More frequently, however, straining has evidently come with an ascending-BTC 

plateau, e.g., for AgNP [70, 71]. NZVI  [72], GO [7-9, 41], CeO2  [3], TiO2 [10], and 

ZnO  [13]. This suggests that potential sites for straining mostly have a limited 

capacity. Once this capacity is met, a decrease in the retention rate results, that appears 

as an ascending-BTC plateau. Hence, straining is a phenomenon that should commonly 

occur along with other transport mechanisms, such as blocking.  

8.1.3 Modelling approaches of straining  

Generally, straining has been described either with a depth-dependent decaying 

exponential function [39] or with a concentration-dependent decaying exponential 

function [2, 35, 68] in the continuum-based modelling framework. The former includes 

one empirical parameter, 𝛽, standing for the shape of the particle spatial distribution 

and one extra variable of 𝑥 standing for the distance from the inlet. This function, given 

below, is in fact able to predict the depth dependent RCP [39]:  

ψ𝑥 = (
𝑑𝑐+𝑥

𝑑𝑐
)

−𝛽

   (A1) 

where 𝑑𝑐 is size of grains (collector) representing the pore length which is oftentimes 

considered as 𝑑50, the median size of the porous media grains. The implementation of 

this function in the advection-dispersion model is its multiplication in the term for 

attachment (in 𝐾𝑎𝑡𝑡) as given in model types (viii), , (xi), (xii), (xiii), (xiv), and (xv) in 

Table 1.1. When 𝛽 is equal to zero (𝜓𝑥 = 1), the decrease of retained concentration 

with distance is exponential which is the case for clean bed filtration theory [46].     

On the other hand, the concentration-dependent decaying exponential expression 

includes two parameters, a rate coefficient parameter, 𝑘0, standing for straining kinetic 

rate coefficient [T−1] and the coefficient for the exponential decline in straining rates, 

𝜆, with the same unit as retained concentration variable, 𝑆, [NM−1 or MM−1] [2]: 

ρb

ε

∂𝑆

∂t
= 𝑘0 𝐶 𝑒

−𝑆
𝜆⁄   (A2) 

This equation is solved with the advection-dispersion equation. When 𝑆 ≈ 0, the 

equation becomes the same as that for clean bed colloid filtration theory.  
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The depth-dependent expression of Bradford et al. [39] has become more popular 

for simulation of colloid and NP straining to the extent that most of the recent literature 

studies on NP transport have utilized this expression to fit the BTC/ RCP of NP 

transport through column experiments, e.g., for hydroxyapatite NP [17, 18, 51, 69, 73-

75] and silver NP [64, 74]. This expression only uses one parameter (𝛽) which can be 

estimated based on the observed shape of the RCP. In some studies a fixed value of 

0.432 [7-10, 39, 40, 45, 46, 51, 64, 69, 73-76] or 1.532 [e.g., 77] has been used. In 

most studies, however, this parameter has been considered as a free parameter to be 

estimated in the inverse modelling and the values obtained are highly variable: 0.302 

and 1.234 for Ag NP [78], 0.609 for CMC-NZVI [72], in range of 0.02 to 0.33 for ZnO 

NP [13], ranges of 0.659–2.28 and 0.764–1.69 in co-transport of HAP NP and hematite 

particles, respectively [18], or ranges of 0.432–1.85 and 0.432–1.57 in co-transport of 

HAP NP and goethite particles, respectively [17].   

The depth-dependent model of Bradford et al. [39] considers a decaying 

attachment rate with distance which is favourable for capturing the hyper-exponential 

behaviour of RCP, frequently witnessed in the transport of colloid and NP subjected 

to concurrent physicochemical filtration and straining. On the other hand, in studies 

which have used the concentration-dependent model, the effect of physicochemical 

filtration had been turned off, by thoroughly cleaning of the sand and the use of 

deionized water (DI) as the dispersant solution, in order to maximize electrostatic 

repulsion between particles and sand surface thereby to expect the mere influence of 

straining unambiguously [2, 35, 67, 68, 79]. This brought about nearly a monotonic 

shaped RCP in those studies. It is still not clear whether this model can fit the BTCs 

and RCPs for the conditions where concurrent influences of physicochemical filtration 

and straining exist. It should be noted that the straining model of Bradford et al. has 

been criticized for not having enough power to describe the real straining phenomenon 

[80]. In other words, whenever the depth-dependent model has been fitted to the 

experimental data with hyper-exponential RCP, it is obscured, recalling the 

ambiguities of the relevancy of straining to the RCP behaviour, whether in reality the 

model describes the straining phenomena or it just captures the depth-dependent 

behaviour [80]. One key drawback of the depth-dependent model of Bradford et al. is 

that it is still unknown how the variable of depth or length should be treated when it 

comes to application of the model in two- and three-dimensional simulations [81]. 
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Although recently Köber et al. [27] employed this model for field-scale simulations, 

the treatment of the variable, 𝑥, was not clarified by these authors. In addition to this 

difficulty in upscaling the depth-dependent model of Bradford et al., it is also unclear 

whether this model can be valid in the real condition of flow in larger scales where the 

effect of preferential flow paths is considerable [23, 82-85]. To date, relatively very 

few studies have discussed the occurrence of straining, clogging or pore plugging in 

the porous medium during NP transport in multi-dimensional domains [27, 28, 86, 87], 

some of which even tried to rule out these phenomena. Therefore, there is a crucial 

need to develop more rigorous conceptual models that can consider the concurrent 

effect of various phenomena occurring with straining of NP during transport in porous 

media. This may help providing insight into the role of each underlying mechanism. 

The problem becomes even more convoluted when other phenomena such as 

blocking/ripening and size exclusion are also involved as addressed in the next 

sections.     

8.2 Site-blocking and ripening 

8.2.1 Site-blocking mechanism and related modelling approaches  

The surface of porous materials may have a limited capacity for the 

adsorption/attachment of solute/particles and once this capacity is filled, the 

adsorption/attachment of further solute/particles is hindered by the presence of 

previously sorbed/attached materials. The most well-known approach for modelling 

this quality, which is called site-blocking effect, is to use the Langmuir approach for 

solute/gas [88] and for particle [89] adsorption onto solid surfaces. This is used to 

model the site-blocking effect of  colloidal particle attachment during transport in 

porous media via the following relationship [90]:   

ψ𝑏 = (1 −
𝑆

S𝑚
) (A3) 

where 𝜓𝑏 is the Langmuirian blocking function related to the fraction of porous 

medium available for deposition [—] and 𝑆𝑚 is the maximum retained-particle phase 

concentration, i.e., particle retention capacity [NM−1 or MM−1]. When used in the 

advection-dispersion model, this expression will result in a second-order particle 

deposition kinetics limited by aqueous phase as well as the solid phase concentrations 
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[90, 91]. The BTC produced by this model does not maintain a plateau but instead 

gradually climbs toward the peak (ascending plateau). This gradual rising plateau is a 

sign of decline in the deposition rate with increasing the amount of attached phase 

particles, i.e., the blocking effect [90]. Accordingly, many papers by observing the 

gradual increasing plateau of the BTC, applied the Langmuirian approach into the 

continuum model (model types (ix), (x), (xi), (xii), (xiv), and (xv), Table 1.1) in order 

to simulate the transport of NP such as Ag NP [6, 78], GO [92-94], CeO2 NP [3], TiO2 

NP [42, 90], QD [79, 95-97], and CML [79]. Based on the satisfactory model fitting 

results, these studies proposed the blocking of the physicochemical attachment sites as 

an underlying phenomenon for transport of NP in porous media. However, the 

application of this model has not been only limited to the blocking due to 

physicochemical deposition but also has been widely applied for describing the 

depleting capacity of the straining sites over time via model types (xi) and (xii), Table 

1.1, e,g., for AG NP [64, 74, 76-78], GO [7, 8], and several other colloids [e.g., 46]. In 

addition, in a few studies [73, 75], the Langmuirian type site-blocking function was 

combined with the depth-dependent model of straining in form of dual-deposition sites 

(model type (xi), Table 1.1)—one for time-dependent retention and another for depth-

dependent deposition, without any mention of straining or blocking explicitly.  

It is very important to note that a rising plateau of the BTC should not be always 

taken as a sign of site-blocking phenomenon. Recalling the BTC generated by using 

the simple non-equilibrium attachment/detachment model (model type (ii), Table 1.1) 

in Fig. 1.5a, ascending BTC plateaus can also emerge with increasing 𝐾𝑑𝑒𝑡 values as 

described in Section 1.4.3. Nevertheless, these shapes of BTC, which result from 

simple attachment/detachment model, come with tailing which may not be the case 

when the underlying transport process is site blocking [e.g., 6, 9, 40, 42, 92, 93, 96-

98] unless they occur simultaneously. In the latter case, both 𝐾𝑑𝑒𝑡 and Langmuirian 

function should be included in the model at the same time [7, 41, 99] (Table B1).    

From a mechanistic standpoint, the Langmuir function can be criticized for being 

a linear function of the surface coverage [100]. Therefore, a dynamic blocking function 

based on the non-equilibrium model of random sequential adsorption (RSA) 

mechanics as a nonlinear power-law function of surface coverage was developed in 

order to account for the real surface exclusion effects introduced by larger particles 

[100, 101]. Being a sort of mechanistic approach, this model obviated the need for 
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parameter estimation. This model was even employed to simulate the transport of 

colloid in heterogeneous porous media [102]. Nevertheless, this type of modelling 

approach generally comes with the disadvantages of ignoring the specific interactions 

of attaching particles with interfaces and with previously deposited particles, as well 

as inefficiency of their application for non-spherical particles [103]. Furthermore, they 

have the limitation of being strictly valid for just the irreversible deposition [103]. 

Detailed discussion of this model can be found in [103]. Overall, the identification of 

blocking phenomena is clearer than other transport mechanisms, such as straining and 

agglomeration, e.g., a rising-plateau BTC without tailing appears to be a clear sign of 

blocking mechanism in the system. A Langmuir type model, in spite of emanating 

from solute transport literature, has generally been found effective for modelling the 

site-blocking aspect of NP transport in porous media across different scales [104, 105]. 

8.2.2 Ripening mechanism and related modelling approaches  

Ripening is the opposite of the blocking phenomenon, i.e. it is expected to occur when 

the particle-particle interactions/associations on the surface of porous media are 

stronger than the particle-surface interactions/associations. Also, in contrast to the 

blocking mechanism, in which the deposition rate decreases with time, ripening causes 

an increase in the deposition rate with time. This leads to a dropping plateau of the 

BTC in the case of ripening [18, 30, 34, 39, 59, 69, 106-115]. Ripening has been 

observed for NP such as NZVI [99, 110, 112, 113, 116, 117],  HAP NP [17, 18, 69, 

73], TiO2 [106, 118, 119], nano- C60 [120], CeO2 NP [121], and ZnO NP [14, 15] 

typically at IS in the range 10–20 mM NaCl or 1 mM CaCl2 [e.g., 15, 106, 119]. 

Increase in the inflow concentration of NP strongly affects the ripening and can result 

in clogging of porous media [99, 112].   

In the context of continuum-based modelling of NP, two modelling approaches 

have generally been applied for ripening. First, a more robust form of Eq. (A3), already 

capable of modelling the blocking effect, was introduced to model the ripening 

phenomenon alternatively, given as Eq. (e) in model type (xv), Table 1.1 [34, 99, 112]. 

This equation represents ripening when 𝛽1 > 0 and 𝐴1 > 0 or blocking when 𝛽1 = 1 

and 𝐴1 = −1/𝑆𝑚. Second, ripening has been modeled by adding a second-order term 

between aqueous phase and the attached phase to the mass balance equation of the 

attached phase as given in Eq. (b) in model type (xiii), Table 1.1 [46, 69].  
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The complexity of concurrent occurrence of various transport phenomena, namely, 

site-blocking and ripening along with aggregation, straining, and size exclusion, 

aggravated by the lack of proper experimental detection techniques, has not only 

caused problematic selection and application of various types of modelling approaches 

but also has been extended to the applied terminology in the literature of the subject 

[81, 122, 123]. Since ripening takes place in physicochemical conditions also 

favourable for aggregation, these terms sometimes have been used alternatively, or in 

other words, aggregation in porous media has been alluded to as ripening [34, 118, 

124]. Yet, it should be clarified that aggregation, by itself, can occur both in the 

aqueous phase and the attached or immobilized phase separately. In aqueous phase, 

aggregation results from three mechanisms: perikinetic aggregation, differential 

sedimentation, and orthokinetic aggregation [125, 126] whilst in the attached phase, 

aggregation can result from the movement and/or rolling of the particles weakly 

attached on the secondary minimum of the collector surface and translating along the 

surface due to hydrodynamic drag forces and eventually their accumulation near the 

rear of the collector or at grain-to-grain contact areas [48, 63, 92, 127]. On the other 

hand, ripening arises from the interactions of depositing particles, still in the aqueous 

phase, with previously deposited particles, in the retained phase, leading to multilayer 

accumulation of particles on the surface of the collector [18, 69, 106, 114-116]. This 

also gives physical meaning to the second type of ripening model outlined above in 

which ripening is described by a second-order term standing for the interactions 

between the fluid phase and the attached phase.  

Chen et al. [106] provided an alternative explanation for the increased NP retention 

during transport. They indicated that enhancement in deposition rate can be also due 

to the appearance of more favourable surfaces for further deposition resulting from the 

alteration of the media surface charge distribution. Those authors, furthermore, 

proposed that collision of NP aggregates with sand surface can reconstruct the 

aggregates, i.e., change the particle arrangement in the structure of aggregates. This 

amounts to a consequent reduction in the sand-NP aggregate repulsion forces thereby 

enhancing the deposition rate [106]. Nevertheless, this observation was based upon 

detecting a decrease in the particle size of the effluent samples, and no rigorous 

experimental evidence was provided. Countering this argument, similar behaviour 

would be expected via the concurrent agglomeration of NP similar to the conceptual 
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model proposed by [128] and numerically confirmed by [125]. In this interpretation, 

due to polydispersity of the injecting TiO2 dispersion in the study of Chen et al., 

concurrent agglomeration of the middle and larger fractions of the particles during 

transport, resulted from their deeper energy wells [82, 128, 129], could cause the 

removal of the middle and larger fractions of particles via agglomeration and 

subsequent ripening. In this way, the average size of particles which could reach the 

outlet of the porous media was reduced [69, 125, 130]. This process has more recently 

been described as size selective retention. Future experimental studies with 

measurement of particle size distribution inside the pore spaces and pore solid surfaces 

are required to find a better distinction among these phenomena and, therefore, verify 

the continuum model conceptual ground.  

It should be mentioned that blocking and ripening are two mutually exclusive 

phenomena, i.e., when physicochemical conditions are favourable for one, the other 

one should not take place. However, in practice they can still occur simultaneously 

within the continuum domain because of spatial heterogeneity in the porous media 

[114, 131]. In addition to concomitant blocking and ripening behaviours, transition 

from blocking phenomenon to ripening phenomenon has also been observed [17, 18, 

106, 118, 119, 132]. Such shifts in the conditions of experiment that brings about a 

switching of the transport behaviour from blocking to ripening is important because 

this can also alter most of the other underlying transport phenomena and thus provide 

insights into the role of each individual phenomena when several mechanisms of NP 

transport are operating concomitantly (see Fig. A2a,b).  
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Figure A2  Possible regimes of transport mechanisms: (a) when particle-surface 

attachment tendency is higher than particle-particle attachment tendency and (b) when 

particle-particle attachment tendency is higher than particle-surface attachment 

tendency. Mobile particle/aggregates are shown in green while retained 

particle/aggregates are shown in yellow. 

 

Overall, two transport regimes can be encountered in the transport of NP in porous 

media. In the first regime, i.e., higher particle-surface attachment affinity than particle-

particle attachment affinity, the major transport mechanisms are physicochemical 

filtration (describable by either kinetic or equilibrium attachment/detachment model), 

blocking (describable by Langmuir function), and perhaps together with physical 
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retention, i.e., straining (describable with depth-dependent function). This regime can 

produce ascending BTC plateaus (Fig. A2a). In practice, this condition may bring 

about a considerable mobility of NP which needs careful assessment of NP transport 

in order to prevent unwanted subsurface migration. The second regime is when the 

particle-particle attachment tendency becomes dominant. In this regime although 

physicochemical filtration as well as straining may still be operative, ripening is 

predominant together with agglomeration and further subsequent retention. This 

regime may create descending BTC plateaus (Fig. A2b). If the conditions of the 

experiment shift the transport behaviour from blocking to ripening, then hazardous 

aspects of unwanted NP migration might be relieved to some extend because of the 

substantial amount of the retention resulted from ripening. However, it may also be 

possible that in this regime even with significant agglomeration of NP in the mobile 

phase, ripening would not be the case. For instance, due to the lower input 

concentration ripening might not be significant. According to Table B1 ripening has 

been mostly the case when injection concentration ranged from 100 mg/L to 20000 

mg/L while the typical injection concentration of studies reviewed here was 27.5 ±

11.5 mg/L. If ripening does not occur in this regime, agglomeration might promote 

size exclusion, which will be described next, thereby results in great migration 

distances. Should it be the case, the hazardous aspect of NP transport within subsurface 

will be much more serious than what has been hitherto believed. 

8.3 Size exclusion 

8.3.1 Significance for NP 

The importance of size exclusion was elucidated in considering the reasons for 

unexpected large migration distances of solute contaminants, such as radionuclides, in 

the subsurface because of their association with groundwater colloids, [133-142]. Size 

exclusion, also known in the more general concept as hydrodynamic chromatography, 

has been recognized as an underlying phenomenon for faster migration of particles 

compared to non-reactive solute in porous or fractured media [83, 115, 137, 140, 141, 

143-152]. Due to this mechanism, up to 5.5 times enhancement in colloid velocity 

compared to mean pore water velocity has been observed in micro-models [83, 150].  
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Recently, the number of studies identifying size exclusion as an underlying 

transport phenomenon of various NP has increased. These NP thus far include AgNP 

[5, 78, 153, 154], TiO2 [118, 155], NZVI [156], and carbon nanotubes [157]. 

Particularly, size exclusion is noticeable in two areas of NP transport research, namely 

biofilm coated porous media [153, 158] and co-transport/hetero-aggregation of NP 

[118, 132] even though these research areas are still at a relatively early stage. For 

example, studies on the co-transport of Au NP with SWNT [132] or TiO2 with multi-

walled carbon nanotubes (MWCNT) [118] showed that heteroaggregation of these NP 

can facilitate their transport in porous media [159-161]. Intuitively, it is easy to dismiss 

size exclusion for NP relative to larger colloids for the simple reason of their small 

size. However, notwithstanding the scientific necessity of obtaining robust proof of 

any such assertion, the potential for NP aggregation into particles large enough to 

experience size exclusion (section 10.3) provides a strong rationale for consideration 

of size exclusion in the context of NP fate and transport modelling.  

8.3.2 Mechanism 

Detection of size exclusion based on BTC and RCP data is challenging when several 

transport mechanisms act together. In many modelling studies of colloid and NP 

transport in porous media this mechanism has been neglected because of not observing 

the early BTC [e.g., 7, 8, 162]. However, even though early BTC may not be observed, 

size exclusion can still be influential because its reflection in the BTC might be 

counterbalanced by other transport processes [34, 39, 147]. Size exclusion was 

suggested by Bradford et al. [39] to be influential in the depth-dependent behaviour of 

colloid retention. Agglomeration of NP can promote particle size growth which may 

in turn enhance the chance of size exclusion whilst it can also elevate physicochemical 

retention or retention via straining [39, 82, 128, 129, 163]. Although a satisfactory 

quantitative analysis of these effects acting simultaneously is still lacking [5, 125, 128, 

142, 164], in this section the potential conceptual models of NP and colloid transport 

are elucidated when several transport processes operate concomitantly.  

It should be clarified that herein size exclusion is considered as a mechanism of 

enhancing the transport of larger colloidal particles compared to smaller ones and 

nonreactive solute. This should be distinguished from some applications of the 

‘exclusion’ terminology with the meaning of excluding particles from all of pores 
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(clogging) [1] or as a capture mechanism of particle deposition [97, 165-167]. Size 

exclusion has been generally referenced in the context of colloid transport on two 

different scales [146, 147, 152]. Firstly on a larger scale, i.e., bulk scale, the size 

exclusion concept has been referred to as the exclusion of particles larger than a portion 

of the pores that can be passed through by solute but not by the particles [30, 39, 46, 

107, 108, 115, 146, 152, 168-174]. Secondly, at the pore scale size exclusion has been 

attributed to migration of particles on flow paths which are close to the centre of the 

pore channels where the velocity is theoretically 1.5 times larger than the mean pore 

water velocity—similar to the phenomena in solute transport context called “charge” 

or “anion exclusion”, but with different underlying forces [83, 145-147, 163, 175].  

On the larger scale, the concept of inaccessibility of pores to particle rather than 

solute, which has also been termed as “pore exclusion” [176], in order to be significant, 

requires the threshold ratio of the pore throat to particle diameter to be larger than 1.5, 

suggesting for many environmental porous media that the size of the particles must be 

larger than 1–2 𝜇𝑚 [83]. Grolimund et al. [177] showed that the inaccessibility of small 

pores in the soil texture to colloidal particles did not change with variations of the pore 

water velocity and therefore exclusion of particles from the margins of the pore throats 

was the main cause of the breakthrough acceleration. The observation of 4–5.5 times 

enhancement in the particle velocity in a micromodel by Sirivithayapakorn and Keller 

[83], which was attributed to the preferential paths resulted from the selectivity of the 

pores, i.e., inaccessibility of the small pore to larger particles, as well as observation 

of detours in a micromodel by Auset and Keller [146] suggest that this type of size 

exclusion might be still considerable.   

At the smaller scale, the velocity profile in an individual pore section, 

approximated as a cylinder, is expected to adopt a parabolic shape according to the 

Poiseuille flow profile, i.e., the velocity is zero at the wall and the maximum at the 

centre [144, 146, 149, 163, 178, 179]. Part of mass that resides at the centre of these 

pipes will arrive at the end of the pipes sooner than the mean velocity of the flow. This 

part of mass may contain the larger size fraction of the particles with lower Brownian 

diffusion compared to small particles or solute. Since materials with lower diffusion 

may be less distributed over the pore (or fracture) cross-section area and are less likely 

to reach areas near the pore (or fracture) walls, they are conceptually less prone to the 

movement with the sluggish velocities at the vicinity of the walls. This part of mass is 
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also less likely to move with retardation or attachment/detachment that occur in the 

area near pore channel walls. As a result, larger particles according to this conceptual 

model can migrate faster than average pore water velocity.  

The underlying reasons presented in the current literature regarding why the 

particles tend to keep far from pore channel walls are neither satisfactory nor generic. 

For instance, it has been mentioned that the large size of particles prevent their centres 

of mass from sampling the areas very close to the pore (or fracture) walls, and/or that 

the surface-charge-induced repulsion of particles prevents them from entering certain 

pore regions close to walls [39, 83, 108, 115, 137, 139-141, 143, 145-152, 158, 170, 

175, 177-182]. It has also been mentioned in co-transport of TiO2 with MWCNT, that 

the long arm of MWCNT impede the heteroaggregates to reach the vicinity of the 

porous media solid surfaces where they can be deposited [118]. These reasons, 

however, may not be sufficient to describe the significant acceleration of migration 

velocity observed for particles compared to conservative solute, e.g., 1.45 times 

velocity enhancement observed by Grolimund et al. [177], because such velocities 

necessitates the majority of particles travel at an area very close to the centreline of the 

pore channels while in addition to diffusion several other mechanisms/forces such as 

gravitational sedimentation, interception, inertia, and momentum may tend to bring the 

particles to the surface of the pore (or fracture) wall or at least redistribute them across 

the pore space [20, 128, 129, 183, 184]. In addition, the limited influential distance 

range of repulsive forces to the vicinity of the pore walls as well as the change in the 

charge sign due to heterogeneity of the geological medium can downgrade the mere 

role of repulsion forces in keeping the particles far from the pore walls [142]. This lack 

of recognition about the underlying mechanism of size exclusion might be a reason for 

the complexity in identifying the size exclusion when several other transport 

mechanisms are also engaged. This is also the case even in the mechanistic modelling 

framework in which very few papers thus far have attempted to capture the effect of 

size exclusion phenomenon [141, 143, 144, 178].  

In a study by Malkovsky and Pek [142], it was suggested that a substantial 

enhancement in the particle velocity relative to the average groundwater velocity can 

only result from drift forces created by the “Magnus effect” (the hydrodynamic force 

resulting on a rotating sphere in a heterogeneous flow field). This force causes the 

translation of particles toward the centreline [144, 163]. Essential conditions for the 
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Magnus effect to be functional are the rotation of colloidal particles and unequal 

velocities of particle and local groundwater streamlines [142]. However, it has been 

indicated that rotational component of particle is negligible for a range of ratios of 

particle diameter to pore throat (or aperture) width lower than 0.4 while typical ratios 

has been reported to be far lower —10−4 to 10−2 [144, 148, 185, 186]. Nevertheless, 

Malkovsky and Pek asserted that the Magnus effect was still considerable for relatively 

small particles due to significant oscillation resulting from Brownian motion. Other 

authors attributed the reason for cross-stream displacement of particles near a wall to 

the inertia in laminar flow [144, 187-190]. Based on this analysis, Segre and Silberberg 

[188, 190] found that particles close to the centreline tended to drift toward the wall of 

the tube and particles at the vicinity of the wall tended to drift toward the centre. This 

tendency led to an equilibrium position at a distance about 0.6 times of the tube radii 

from the centreline.  

8.3.3 Continuum modelling approaches of size exclusion 

To date, no specific parameter has been added to the advection-dispersion model to 

represent size exclusion. However, several different approaches have been applied in 

the continuum modelling framework to capture the impact of size exclusion by 

adapting the basic flow and transport parameters including partition coefficient (𝐾𝑑), 

pore water velocity, volumetric water content (or porosity), and dispersivity [39, 151, 

171, 179, 191-193]. In the simple linear adsorption model, anion exclusion was taken 

into account by allowing the partition coefficient to become negative in the parameter 

estimation process [192]. This is equivalent to letting the retardation factor in the 

parameter estimation process go lower than unity, that is then called "acceleration 

factor" [83] as was shown in Fig. 1.5b. For a non-equilibrium adsorption model, 

exclusion was incorporated by considering an equivalent exclusion distance from the 

pore wall where the concentration is effectively zero [191, 192]. Subsequently, an 

exclusion volume could be estimated by multiplying the exclusion distance in the 

specific surface area (L2 M-1). This exclusion volume times the soil bulk density 

yielded an equivalent porosity that could be subtracted from the porosity of the 

immobile domain used in the non-equilibrium dual domain model [191, 192]. 

Likewise, Bradford et al. [39] in order to model size/charge exclusion, altered both 
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porosity, based on the water content accessible to particles, and Darcy velocity, based 

on the relative water permeability accessible to particles.  

Some continuum approaches to size exclusion have been based on a known spatial 

distribution of pore/aperture width which was mainly obtained by a stochastic 

approach [171, 193]. The influence of size exclusion was then assimilated in the model 

by eliminating both advection and dispersion fluxes into the fracture elements of the 

numerical grid which had an aperture thickness smaller than 15 𝜇𝑚 [171] or 12 times 

the particle diameter [193]. In effect, this type of model considered the size exclusion 

at the larger scale, i.e., bulk scale size exclusion or pore rather than pore scale type. 

James and Chrysikopoulos [179] modified the Taylor dispersion coefficient, originally 

developed for dissolved matter, to account for the finite size of the colloidal particles. 

This way, they demonstrated that size exclusion from the slowest moving portion of 

the velocity profile increased the effective particle velocity whereby decreasing the 

overall particle dispersion. Scheibe and Wood [151] argued that increasing the velocity 

as a parameter for simulating size exclusion can result in altering dispersion (assuming 

no change in dispersivity), which is not conceptually consistent with the fact that the 

overall variance of the pore-scale velocity in respect to the size exclusion phenomenon 

should be decreased due to a lower chance of particles accessing certain regions of low 

velocity. Therefore, they proposed truncating the lower velocities from the velocity 

distribution profile to take account of the very low velocities adjacent to the pore walls 

that were not experienced by the particles. The advantage of their method was that the 

velocity field for particles was statistically similar to that of the pore water velocity 

distribution but slightly modified as a result of the truncation [151].  

Overall, most of these modelling techniques are either based on a known (or a 

stochastically estimated) pore/aperture thickness distribution over the spatial domain 

[171, 193], or rely on modification of the other parameters and/or variables of the 

model such as velocity or dispersion [151, 179]. These issues can make the predictive 

power of the model less plausible when applied in larger scales. For instance, models 

which rely on the modification of the velocity field whereby estimating the parameters 

of model may not be applicable to real large-scale environmental problems in which 

the velocity field with its spatial and temporal variations in bulk scale is already 

unknown and might be affected by other factors as well when various phenomena such 

as straining and size exclusion coexist [34, 39]. This is also the case for the dispersivity 
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parameter, which should be estimated based on the tracer breakthrough data in order 

to be determined as a property of the porous media and independent from the 

phenomenological mechanisms of particle transport [146]. Once dispersivity is 

estimated from tracer BTC, the total number of parameters required to be determined 

in the procedure of particle transport model calibration are reduced. Yet, recent 

findings of Chrysikopoulos and Katzourakis [170] on showing the dependency of 

dispersivity on particle size shows that there is the need for reformulation of the 

continuum-based models in order to take account of the particle size distribution and 

its dynamics resulted from size exclusion, agglomeration and other transport 

phenomena. Such a modelling approach may be accomplished if a multi-species model 

formulation can be adapted for different particle size classes in terms of mass 

concentration [194]. The potential of heterogeneous particle populations to complicate 

transport models, even when the initial input population is uniform, has been well 

documented. However, the mechanisms which underpin such effects – homo- and 

hetero-aggregation simultaneous with particle transport and deposition – have been 

remarkably little studied in comparison to ‘static’ systems of flocculation and 

sedimentation. 
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Appendix B 

9 Summary of transport column experiments and their continuum 

modelling approaches 

 

Table B1 Summary of the NP transport studies experimental conditions and outcomes together with the major observed phenomena, the 

shapes of the breakthrough curve and residual concentration profile, and types of the applied continuum model.  

No. NP 

Type 

Coating and free 

polymer 

Ionic 

strength 

(IS) 

species 

pH IS 

(mM) 

C0 

(mg/L) 

dp/dg 
*
 C/C

0 

(%) 

BTC plateau 

shape** 

RP 

shape 

Major underlying 

phenomena  

Model 

Type(s) 

used 

Ref. 

1  AgNP citrate; 

polyvinylpyrrolido

ne; branched 

polyethyleneimine 

NaNO3 7 5 10 2.7E-05—

3.4E-05 

20

—

100 

flat NM physicochemical 

filtration; straining 

following aggregation 

ix without 

the term 

Kdet 

El 

Badawy 

et al. [1] 

2  AgNP proteinate capping 

with bovine serum 

albumin 

MgSo4 6.7 0—50 50 9.1E-05—

2.8E-04 

0—

75.7 

ascending NM straining  ix Ren and 

Smith [2] 
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No. NP 

Type 

Coating and free 

polymer 

Ionic 

strength 

(IS) 

species 

pH IS 

(mM) 

C0 

(mg/L) 

dp/dg 
*
 C/C

0 

(%) 

BTC plateau 

shape** 

RP 

shape 

Major underlying 

phenomena  

Model 

Type(s) 

used 

Ref. 

3  AgNP two nonionic 

surfactants: 

polyoxyethylene 

glycerol trioleate 

and 

polyoxyethylene 

(20) sorbitan 

mono-laurate 

KNO3 6.5 1—10 1—10 8.6E-05 3.4

—

64.3 

ascending hyper-

exponenti

al  

significant retardation  xii without 

the term 

Kdet 

Liang et 

al. [3] 

4  AgNP Polyoxyethylene 

Glycerol Trioleate 

and 

Polyoxyethylene 

(20) Sorbitan 

mono-Laurat 

(Tween 20) 

KNO3 6.5 1—5 1—10 7.4E-05—

1.9E-04 

4.5

—

45.6 

ascending uniform, 

hyper-

exponenti

al or non-

monotoni

c shapes 

irreversible 

interactions in a 

primary minimum due 

to microscopic 

heterogeneity 

xii without 

the term 

Kdet 

Liang et 

al. [4] 

5  AgNP surfactant, 

polyoxyethylene 

glycerol trioleate 

and 

polyoxyethylene 

(20) sorbitan 

mono-laurat 

(Tween 20) 

NaNO3; 

Ca(NO3)2

; H2O 

5.9—

6.5 

0—50 60 7E-05—

5.8E-04 

0—

100 

ascending non-

monotoni

c 

size selective 

filtration; reversible 

deposition of the 

AgNP due to 

secondary minimum 

interactions. 

ix; ix 

without 

Kdet; xii; i 

Braun et 

al. [5] 
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No. NP 

Type 

Coating and free 

polymer 

Ionic 

strength 

(IS) 

species 

pH IS 

(mM) 

C0 

(mg/L) 

dp/dg 
*
 C/C

0 

(%) 

BTC plateau 

shape** 

RP 

shape 

Major underlying 

phenomena  

Model 

Type(s) 

used 

Ref. 

6 AgNP coating: PVP; free 

polymer: HA 

KNO3; 

Ca(NO3)2 

5.8 0.5—

100 

10 5E-05—

4.3E-03 

0—

88.3 

ascending non-

monotoni

c 

Increased aggregation 

of PVP- AgNP in 

presence of Ca2+ 

xii without 

the term 

Kdet 

Wang et 

al. [6] 

7  AgNP PVP KNO3; 

Ca(NO3)2 

5.4—

6.1 

0.1—

10 

10 4.5E-05—

2.5E-04 

0.4

—

36.5 

ascending hyper-

exponenti

al or non-

monotoni

c 

significant 

retardation, 

aggregation, 

irreversible deposition  

xii without 

the term 

Kdet; xiv 

without the 

term Kdet1; 

xiv without 

the term 

Kdet1 and 

Kdet2 

Wang et 

al. [7] 

8 AgNP PVP  KNO3 4.5—

7.7 

0.9—

2.6 

1.7 1.3E-04—

3.6E-04 

0.16

—

8.84 

NC depth-

dependen

t 

straining following 

heteroaggregation, 

size-exclusion  

iv without 

Kdet2  

 Cornelis 

et al. [8] 

9 AgNP polyoxyethylene 

glycerol triolate 

and 

polyoxyethylene 

(20) sorbitan 

mono-laurat, 4% 

H2O; 

NaNO3; 

Ca(NO3)2 

7.3 0—10 474—

800 

2.3E-04—

2.8E-04 

43

—

100 

ascending and 

rather flat 

NM blocking; 

physicochemical 

retention; 

aggregation; and 

probably straining 

ix without 

Kdet; i; ii;  

Neukum 

et al. [9] 
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No. NP 

Type 

Coating and free 

polymer 

Ionic 

strength 

(IS) 

species 

pH IS 

(mM) 

C0 

(mg/L) 

dp/dg 
*
 C/C

0 

(%) 

BTC plateau 

shape** 

RP 

shape 

Major underlying 

phenomena  

Model 

Type(s) 

used 

Ref. 

w/w each and the 

unbounded 

surfactant of ~5%  

10 NZVI  PAA NaClO4 8.6 1 200 3.1E-04—

3.5E-04 

18

—

70 

continuous; 

flat 

NM aggregation; 

irreversible deposition 

i Laumann 

et al. [10] 

11 Iron 

oxide 

NP 

PAA NC NC NC 20—

500 

2.7E-05—

4.7E-05 

88

—

97 

continuous; 

flat 

NM irreversible deposition i Golzar et 

al., [11] 

12 NZVI CMC NC 8.5 30—

160 

100—

2500 

5.4E-05—

1.3E-04 

80 continuous; 

descending at 

low velocity 

NM aggregation and 

settling in the feeding 

stock dispersion 

i with 

modified 

boundary 

condition 

Kocur et 

al., [12] 

13 NZVI  Pure PAA-nZVI; 

NOM; Lignin 

sulfonate; CMC; 

HA 

NaHCO3 7.9—

8.3 

1 200 1.6E-03—

1.9E-03 

22

—

53 

continuous; 

flat 

NM irreversible deposition  i Laumann 

et al. [13] 

14 NZVI CMC KCl 8.1 15 200 1.6E-05—

5.8E-05 

69

—

99 

symmetric, flat NM filtration due to 

Brownian diffusion 

and gravitational 

sedimentation 

v He et al. 

[14] 
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No. NP 

Type 

Coating and free 

polymer 

Ionic 

strength 

(IS) 

species 

pH IS 

(mM) 

C0 

(mg/L) 

dp/dg 
*
 C/C

0 

(%) 

BTC plateau 

shape** 

RP 

shape 

Major underlying 

phenomena  

Model 

Type(s) 

used 

Ref. 

15 NZVI CMC NaHCO3 7.4 0.1 85—

1700 

2.2E-04—

1.2E-03 

55

—

97 

predominately 

ascending 

hyper-

exponenti

al 

Straining; detachment xi without 

ψb and 

Kdet2 

Raychou

dhury et 

al. [15] 

16 NZVI dispersed in 

xanthan solution 

NC NC 0—13 20000 1.0E-04 86

—

90 

flat hyper-

exponenti

al 

attachment, 

detachment (tailing), 

blocking, ripening, 

and clogging  

xv Tosco et 

al. [16] 

17 NZVI Cu Natural 

groundwa

ter 

7.2 40 8000 8.4E-05—

8.7E-05 

61

—

90 

ascending at 

low 

concentration 

(2 g/L), 

descending at 

middle 

concentration 

(5 g/L), and 

multiple peaks 

and tailing at 

very high 

concentrations 

(8 and 12 g/L)  

NC clogging after 

ripening  

xv Hosseini 

and 

Tosco 

[17] 
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No. NP 

Type 

Coating and free 

polymer 

Ionic 

strength 

(IS) 

species 

pH IS 

(mM) 

C0 

(mg/L) 

dp/dg 
*
 C/C

0 

(%) 

BTC plateau 

shape** 

RP 

shape 

Major underlying 

phenomena  

Model 

Type(s) 

used 

Ref. 

18 NZVI poly(styrene 

sulfonate) (PSS) 

5 mM 

NaCl 5 

— mM 

NaHCO3  

8 10 30—

6000 

1.6E-04—

2.1E-3 

61.5

—

97 

flat NM agglomeration and 

subsequent 

irreversible deposition 

of agglomerates; 

disaggregation 

identified by the 

model.  

ii; vii Babakha

ni et al. 

[18] and 

Phenrat 

et al. [19] 

19 NZVI CMC NaHCO3 7.4 0.1 70—

725 

5.1E-04 55

—

72 

continuous; 

ascending 

NM aggregation, 

detachment  

vii Babakha

ni et al. 

[18] and 

Raychou

dhury et 

al. [20] 

20 HAP Cu coated and 

humic acid as free 

polymer 

NaCl; 

CaCl2 

5.7—

5.9 

0—100 200 1.7E-04—

2.3E-04 

11

—

89 

rather flat and 

ascending at 

the highest IS 

hyper-

exponenti

al  

aggregation xi wihout 

considering 

ψb and 

Kdet2 

Wang et 

al. [21] 

21 HAP Cu NaCl 6.2—

9 

0.1 200 1.7E-04 32

—

90 

flat at various 

pH and water 

velocity but 

hyper-

exponenti

al  

retardation; blocking  xi without 

ψb; xi 

Wang et 

al. [22] 



246 
 

No. NP 

Type 

Coating and free 

polymer 

Ionic 

strength 

(IS) 

species 

pH IS 

(mM) 

C0 

(mg/L) 

dp/dg 
*
 C/C

0 

(%) 

BTC plateau 

shape** 

RP 

shape 

Major underlying 

phenomena  

Model 

Type(s) 

used 

Ref. 

ascending by 

increasing the 

amount of Fe 

coating on the 

sand. 

without 

Kdet 

22 HAP Alizarin red S 

(ARS)-labelled 

(coated) NP with 

humic acid as free 

polymer 

NaCl 6—

10.5 

0.1 100 5E-04— 

6E-04 

30.5

—

78.8 

flat at various 

concentrations 

of HA, but 

descending at 

zero 

concentration 

of HA 

hyper-

exponenti

al  

blocking  xi without 

ψb; xi 

without 

Kdet 

Wang et 

al. [23] 

23 HAP Alizarin red S 

(ARS)-labelled 

(coated) NP with 

humic acid as free 

polymer 

NaCl 7.2 0.1—

50 

100 4E-04—

1.1E-03 

7.8

—

78.8 

flat hyper-

exponenti

al  

aggregation xi without  

ψb and 

Kdet2 

Wang et 

al. [24] 

24 HAP Alizarin red S 

(ARS)-labelled 

(coated) NP: in 

presence of SDBS 

and CTAB 

NaCl 7 0.1 100 2.2E-04 0.8

—

78.6 

descending  hyper-

exponenti

al  

aggregation; ripening; 

straining; and size 

selective retention   

xiii Wang et 

al. [25] 
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No. NP 

Type 

Coating and free 

polymer 

Ionic 

strength 

(IS) 

species 

pH IS 

(mM) 

C0 

(mg/L) 

dp/dg 
*
 C/C

0 

(%) 

BTC plateau 

shape** 

RP 

shape 

Major underlying 

phenomena  

Model 

Type(s) 

used 

Ref. 

25 GO NA NaCl 5.1 20—28 5—25 6E-04—

3.9E-03 

0.2

—

56.9 

ascending exponenti

al to 

uniform 

aggregation; blocking  ix without 

Kdet 

Sun et al. 

[26] 

26 GO NA NaCl 6 1—100 5 1.3E-03 3.4

—

93.5 

ascending NM blocking  ix without 

Kdet  

Feriancik

ova and 

Xu [27] 

27 GO NA NaCl NC 1—100 12 5.5E-03 3—

99.4 

ascending NM aggregation; blocking i; ix 

without 

Kdet 

Liu et al. 

[28] 

28 graphe

ne 

SDBS and CTAB 

surfactants 

DI water NC 0.01 14—

16.5 

9.1E-04—

9.9E-04 

4.1

—

90.6 

flat NM attachment i Liu et al. 

[29] 

29 GO NA NaCl 7.1 50—

200 

20 3E-03—

8.2E-3 

22

—

75 

ascending NM straining due to 

concurrent 

agglomeration; 

blocking 

xii Fan et al. 

[30] 

30 graphe

ne 

Carboxyl-

functionalized 

NC 5.6—

8.3 

NC 12 1.1E-03 88.4

—

99.8 

flat to slightly 

ascending  

NM attachment i Liu et al. 

[31] 
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No. NP 

Type 

Coating and free 

polymer 

Ionic 

strength 

(IS) 

species 

pH IS 

(mM) 

C0 

(mg/L) 

dp/dg 
*
 C/C

0 

(%) 

BTC plateau 

shape** 

RP 

shape 

Major underlying 

phenomena  

Model 

Type(s) 

used 

Ref. 

31 GO NA various 

Ca2+
/N

a+
 ratios: 

0; 0.15; 

0.3; 0.6; 

1; ∞ 

7 1—10 20 2.6E-03—

8.7E-03 

1.8

—

80 

ascending NM straining following 

agglomeration; 

blocking 

xii Fan et al. 

[32] 

32 GO NA DI water; 

NaCl 

4.8—

9 

0—50 19.2—

21.7 

9E-04—

2.5E-03 

10.7

—

95.9 

flat at 

intermediate 

IS and 

descending at 

high IS 

Relativel

y flat low 

and 

moderate 

IS, 

elevated 

from 

inlet 

point at 

high IS 

(50 mM) 

clogging and straining 

following 

agglomeration; 

blocking 

xi without 

Kdet 

Qi et al. 

[33] 

33 GO NA NaCl 7.2 1—50 20 5.1E-04—

6.6E-04 

24

—

99.9 

ascending NC aggregation; 

straining; blocking 

xi with 

ψx=1, 

without 

Kdet2, and 

He et al. 

[34] 
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No. NP 

Type 

Coating and free 

polymer 

Ionic 

strength 

(IS) 

species 

pH IS 

(mM) 

C0 

(mg/L) 

dp/dg 
*
 C/C

0 

(%) 

BTC plateau 

shape** 

RP 

shape 

Major underlying 

phenomena  

Model 

Type(s) 

used 

Ref. 

by shifting 

the indexes 

1 and 2 

34 GO NA DI water; 

NaCl; 

CaCl2 

4—9 0—50 19.4—

21.4 

7.7E-04—

3.8E-03 

20.8

—

100 

flat (in sand) 

or ascending 

(in soil) at 

high NaCl 

concentration, 

descending at 

high CaCl2 

concentration 

in soil 

NM aggregation; 

straining; blocking 

xi without 

Kdet; xvi 

Qi et a. 

[35] 

35 CeO2 HA NaCl 7—

10 

1—100 200 6E-04—

1.4E-03 

9.9

—

74.8 

flat NM Ripening in absence 

of HA due to 

aggregation 

i Lv et al. 

[36] 

36 CeO2 NA NaCl 3—9 1—100 10—50 2.1E-04 1.3

—

96.9 

ascending NM aggregation; 

straining; blocking 

ix Li et al. 

[37] 

37 TiO2, 

rutile 

NA KCl and 

KOH 

10 5 50 1.7E-04 5—

87 

ascending NM blocking  ix without 

Kdet 

Toloni et 

al. [38] 
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No. NP 

Type 

Coating and free 

polymer 

Ionic 

strength 

(IS) 

species 

pH IS 

(mM) 

C0 

(mg/L) 

dp/dg 
*
 C/C

0 

(%) 

BTC plateau 

shape** 

RP 

shape 

Major underlying 

phenomena  

Model 

Type(s) 

used 

Ref. 

38 TiO2, 

anatase 

NA NaCl 2.6—

9.6 

0.1—

50 

35 1.2E-03—

9.8E-03 

0—

94.1 

continuous, 

flat at 

intermediate 

IS, ascending 

at high IS 

NM straining; 

aggregation; 

detachment 

xi with 

ψb=1 and 

without 

Kdet2 

Fang et 

al. [39] 

39 ZnO NA NaNO3 8.5 1—50 34—

430 

1.3E-03—

9E-03 

2.1

—

81.2 

continuous, 

ascending 

hyper-

exponenti

al  

clogging; straining; 

aggregation; 

detachment; blocking; 

irreversible 

attachment 

xi with ψx, 

ψb1= ψx; 

and 

without 

Kdet2 

Sun et al. 

[40] 

40, 

41 

ZnO NA NaCl; 

CaCl2 

8 0.1—

20 

5 6E-04—

1.2E-03 

14.6

—

82.7 

flat at low IS, 

descending at 

high IS; flat in 

presence of 

NOM, 

descending in 

absence of 

NOM at high 

IS 

hyper-

exponenti

al  

pore plugging; 

straining following 

the concurrent 

aggregation; 

detachment; blocking; 

irreversible 

attachment; and 

ripening  

ii Jiang et 

al. [41] 

and Jiang 

et al. [42] 
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No. NP 

Type 

Coating and free 

polymer 

Ionic 

strength 

(IS) 

species 

pH IS 

(mM) 

C0 

(mg/L) 

dp/dg 
*
 C/C

0 

(%) 

BTC plateau 

shape** 

RP 

shape 

Major underlying 

phenomena  

Model 

Type(s) 

used 

Ref. 

42 ZnO NA NaCl; 

CaCl2 

8 0.1—5 5 6E-04— 

9E-04 

11.3

—

79 

flat in all cases hyper-

exponenti

al  

straining following 

the concurrent 

aggregation 

ii Jiang et 

al. [43] 

43 QD-

CdSe/Z

nS 

COOHP; PAA-

octylamine (PAA-

OA); linoleic acid 

(LA) 

NaCl 5—

9.5 

0—30 1.6E-

03—

2.3E-

03 

5e-05— 

2E-04 

5.9

—

100 

flat or spike 

like with 

retardation 

NM retardation ix without 

Kdet 

Wang et 

al. [44] 

44 QD, 

CdSe/C

dZnS 

amphiphilic 

polymer, PAA-OA 

NaCl 7 3 0.0016 8.7E-05—

2.5E-04 

0.4

—

75.3 

flat to 

ascending and 

spike like 

non-

monotoni

c 

blocking by polymer ix without 

Kdet 

Wang et 

al. [45] 

45 CdSe 

QDs 

nonionic 

ethoxylated 

alcohol surfactant-

Neodol 

synthetic 

seawater 

8.5 550—

1000 

0.86 6.2E-05 91

—

96 

flat NM retardation at elevated 

temperatures 

v without 

Katt 

Kini et 

al. [46] 

46 CdTe 

QDs 

NA NaCl; 

CaCl2 

8 2—100 44.7 2E-04— 

3E-04 

5—

98 

flat in NaCl 

solution and 

ascending in 

CaCl2 solution 

NM blocking; release ix without 

Kdet 

Torkzaba

n et al. 

[47] 

47  CML NA NaCl; 

CaCl2 

7 0.5—

60 

3.13—

25.0 

2E-04— 

4E-04 

30

—

100 

ascending, 

delayed 

NM blocking; delay x Sasidhara

n et al. 

[48] 
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No. NP 

Type 

Coating and free 

polymer 

Ionic 

strength 

(IS) 

species 

pH IS 

(mM) 

C0 

(mg/L) 

dp/dg 
*
 C/C

0 

(%) 

BTC plateau 

shape** 

RP 

shape 

Major underlying 

phenomena  

Model 

Type(s) 

used 

Ref. 

48 Al2O3 NA NaCl 4.8 0—100 50—

400 

3E-04—

1.3E-03 

52.5

—

95.9 

flat NM aggregation; blocking x with 

ψb2=1 

Rahman 

et al. [49] 

and 

Rahman 

et al. [50] 

49 TiO2, 

anatase 

NA NaCl 4 1.1 100—

1000 

8E-05— 

7E-04 

96.1

—

98.7 

ascending  NM irreversible 

deposition; blocking 

ix without 

Kdet 

Saiers et 

al. [51] 

50 CdTe 

QDs 

and 

CML 

NA NaCl; 

CaCl2 

8 0.5—

100 

40.2—

250 

2E-04— 

7E-04 

1—

99 

ascending NM blocking ix without 

detachment  

Torkzaba

n et al. 

[52] 

*dp/dg is calculated based on the ratio of the average hydrodynamic diameter to the average grain size which might not be according to the what the authors 

reported, i.e., they might have calculated dp/dg based on other types of size measurement techniques than hydrodynamic diameter used here; **BTC plateau 

shape mostly considered at intermediate or favourable retention condition.. NM: not measured; NA: not applicable; NC: not clear; PVP: polyvinylpyrrolidone; 

CMC: carboxy-methyl-cellulose; PAA: Polyacrylic acid; SDBS: anionic sodium dodecyl benzene sulfonate; CTAB: cationic cetyltrimethylammonium bromide; 

COOHP: carboxyl derivatized polymer. 
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Appendix C   

10 Equilibrium vs kinetic terms in 

continuum models 

Incorporation of multiple transport mechanisms in continuum models and their 

application in complex, realistic domains and scales is not computationally efficient. 

The use of a partitioning (distribution) coefficient 𝐾𝑑 in NP transport modelling is 

desirable because it reduces the number of parameters in the attachment/detachment 

process from two (𝐾𝑎𝑡𝑡 and 𝐾𝑑𝑒𝑡) to one (𝐾𝑑), and more importantly facilitates the 

application of many analytical solutions and numerical tools for the governing 

equation [1-4]. However, the use of 𝐾𝑑 nominally requires the assumption of an 

equilibrium state between the suspended and attached phases which has been recently 

debated in the context of NP fate and transport [1, 5-7]. Conceptually the equilibrium 

assumption is invalid since 𝐾𝑑 is physically based on the Gibb’s energy and 

thermodynamic equilibrium assumption, while NP suspensions are 

thermodynamically unstable [5]. On the other hand, several authors have successfully 

utilized the concept of 𝐾𝑑 in modelling NP transport, mostly in form of type (v) models 

(Tables 1.1 and B1) [3, 8-13]. This is also in accordance with numerous experimental 

studies observing retarded BTCs [11, 14-20]. Retardation factor is related to 𝐾𝑑 as 𝑅 =

1 + 𝜌𝑏𝐾𝑑/휀. 

The equilibrium concept is increasingly popular in the context of NP adsorption to 

other surfaces in quiescent batch experiments [e.g., 21, 22-25]. Petersen et al. [23] 

obtained linear and nonlinear isotherms, respectively, for the sorption of regular and 

modified 14C-labeled multiwalled carbon nanotubes (MWCNTs) onto soil surfaces. 

Zhao et al. [13]  found a linear adsorption isotherm fitted the attachment of GO NP 

saturated with Na and Ca ions onto the surface of goethite particles. Julich and Gäth 

[21] compared the sorption of copper oxide (CuO) NP with copper ions (Cu2+) onto 

soil and found out that the sorptivity of both of them followed the Freundlich isotherm 

with much stronger sorption obtained for CuO NP compared to Cu2+. Abraham et al. 

[22] investigated the sorptivity of Ag NP onto model and environmental surfaces in 
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stable and unstable systems and found that the sorption in the stable system followed 

the nonlinear Langmuir isotherm; however in the unstable system Ag NP sorption did 

not follow any classical models, suggesting NP aggregation plays a key role in 

modifying sorption phenomena. Nickel et al. [26] tested whether the international 

standard guideline, OECD TG 106, for testing of nanomaterials adsorption/desorption, 

could be applicable for TiO2 NP or not. The authors found that the guideline was not 

applicable because concurrent occurrence of agglomeration and adsorption was not 

accounted for.  

While some, like Praetorius et al. [5] and subsequently Cornelis [7] have 

maintained criticism of the use of 𝐾𝑑 in NP transport studies others (e.g. Dale et al. [1, 

6]) suggest that although a theoretically-robust, mechanistic-based approach may 

perform better for controlled experimental conditions, when the complexity of the 

model domain and scale increases (i.e. in all environmentally-relevant conditions), 

more pragmatic approaches which ‘borrow’ entities such as 𝐾𝑑  often turn out to be 

the more practical, and sometimes the only feasible solution. A fundamental part of 

the issue regarding the applicability of the equilibrium assumption must be related to 

the interference caused by co-acting aggregation phenomena in NP attachment to other 

surfaces. In this section, the application of a type (vii) continuum model [27] is  

demonstrated to practically test the assumption of linear adsorption (equilibrium), by 

replacing the first-order, reversible, kinetic-reaction equation (non-equilibrium) 

attachment/detachment expression with linear adsorption partitioning. Can a one-

parameter adsorption model (𝐾𝑑) be a surrogate for the two-parameter 

attachment/detachment deposition model across a range of scales and system 

conditions? The type (vii) model separately accounts for: (1) the 

attachment/detachment process; (2) the agglomeration of particles in the suspended 

phase; and (3) the irreversible deposition of aggregates. This model is described in 

detail in [27]. 

An iteration procedure was developed to optimize the transport parameters related 

to deposition and agglomeration (𝐾𝑎𝑡𝑡, 𝐾𝑑𝑒𝑡, 𝜆1  and 𝜆2) against the observed 

concentration data presented in [27]. In summary, experimentally-observed BTCs 

which were available in mass concentration were fitted by using WinPEST model [28] 

in order to estimate model parameters. Internally, the mass concentration is converted 

to particle number concentration for agglomerating particles while the obtained 
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parameters, are updated in the iterative procedure. Therefore, Eq. (e) in model type 

(vii), Table 1.1, is used to calculate the size of aggregates and, subsequently, Eq. (c) is 

used to calculate the population of aggregates (transformation of the mass 

concentration to the number particle concentration). Then, these transformed 

observation data are employed to recalibrate 𝜆1 again. This procedure is iterated until 

the difference in 𝜆1 values between two successive iterations is negligible (< 1 %). 

Here, in order to test the hypothesis of the linear adsorption isotherm (equilibrium), 

Eqs. (a) and (b) in model type (vii) were substituted by the following single equation 

which is the standard equilibrium transport equation widely applied for the simulation 

of solute contaminants in the subsurface [8, 10, 29-32]:  

∂C 

∂t
(1 +

ρb

ε
Kd) = D

∂2C 

∂x2  – V
∂C 

∂x
− λ1C − λ2

ρb

ε
S (C1) 

where 𝐾𝑑 is the partitioning or distribution coefficient between the aqueous and solid 

phases [L3T-1] [4]. The MT3DMS code was used to solve the equations and one- and 

two-dimensional breakthrough data of polymer-modified NZVI [33, 34] were used for 

fittings as described previously [27]. Briefly, one dimensional transport data used here 

comprise a case of monodisperse suspension of polymer-modified NZVI (F3) at low 

concentration (30 mg/L) which was not an aggregating system as well as a 

polydisperse suspension (F1) at high concentration (6000 mg/L) which showed the 

highest aggregation according to the DLVO analysis reported in [34]. In addition, data 

of polymer-modified NZVI at high concentration (6000 mg/L) with removed excess 

polymer (washed-MRNIP2) and polymer-modified NZVI at low concentration (300 

mg/L) (unwashed) from two dimensional (2-D) experiments were used from [33]. The 

2-D experiments comprise a cell (30 × 18 × 2.5 cm) containing three active layers: fine 

sand (d50 = 99 μm), medium sand (d50 = 300 μm), and coarse sand (d50 = 880 μm). 

The NP dispersion was injected through the fine sand layer which was the middle one 

while a background groundwater flow had been set up through three side ports [33].  

The results for 1-D simulations (Table C1) showed that incorporating 𝐾𝑑 at low 

concentration (30 mg/L) in the case of F3 dispersion resulted in a just slightly poorer 

fit (R2 = 0.977, p = 0.59) than the two-parameter kinetic model (R2 = 0.987, p = 0.43). 

In the case of high concentration (6000 mg/L) for the F1 dispersion, however, the 

difference between the equilibrium and kinetic models was more pronounced. Final 

fitting statistics for the 𝐾𝑑 model were R2 = 0.971, p = 0.18, while those of the 2-
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parameter approach were R2 = 0.996, p = 0.87 (Table C1). The parameter values 

resulted from the equilibrium model simulation after 1% convergence of λ1 in the 

iteration procedure were 4.75 × 10−5 L/g, 1.5 × 10−3 s-1, and 2.69 × 10−3 s-1 for 𝐾𝑑, 

λ1, and λ2, respectively (Table C1). The obtained values for 𝐾𝑑 in this study are 

comparable to those of He et al., [8], which ranged from 1.9 × 10−5 to 7.1 × 10−5 

L/g. When the simulations were up-scaled to 2-D domains, the equilibrium model 

resulted in poorer performance, compared to the non-equilibrium model, at low 

concentration than at high concentration. R2 for the case at low concentration 

(unwashed) with non-equilibrium and equilibrium model fittings was 0.787 and 0.636, 

respectively, whereas for the case at high concentration (washed MRNIP2) R2 was 

0.951 and 0.948 (Table C2). Yet, p values at both low and high concentrations 

increased when the non-equilibrium model was substituted by the equilibrium model, 

from 0.61 to 0.79 and from 0.58 to 0.92 at low and high concentrations, respectively. 

In [27], the reason for poorer model performance at low concentration than that at high 

concentration transport in 2-D domain was attributed to the existence of excess 

polymer in the dispersion of NZVI at low concentration which was not taken into 

account directly by the applied non-equilibrium model. Here, this deviation is even 

more obvious when a simpler model, i.e., equilibrium, is used.  

In order to determine which model performs better, the Akaike information 

criterion (AIC) was calculated [35], which is commonly used as a model selection 

criteria in colloid and NP transport studies [36-40]. This criterion prefers the model 

with the best goodness-of-fit measure and at the same time with the least number of 

fitting parameters, corresponding to the lowest AIC value. This can be calculated as 

[38]: 

AIC = 𝑛𝑜𝑏𝑠 log(σ2) + 2𝑘𝑝𝑎𝑟 +
2𝑘𝑝𝑎𝑟(𝑘𝑝𝑎𝑟 + 1)

𝑛𝑜𝑏𝑠 − 𝑘𝑝𝑎𝑟 − 1
 (C2) 

where 𝑛𝑜𝑏𝑠 in the number of observation data, 𝜎2 is the sum of squared residuals 

divided by 𝑛𝑜𝑏𝑠, and 𝑘𝑝𝑎𝑟 is the number of parameters estimated in the inverse 

modelling process.  
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Table C1  Parameter values and fitting results for cases of F3 at 30 mg/L and F1 at 6 

g/L using non-equilibrium and equilibrium models.a 

 F3-0.03 g/L-  

Non-

equilibrium b 

F3-0.03 g/L- 

Equilibrium b 

F1-6 g/L-       

Non-

equilibrium c 

F1-6 g/L -

Equilibrium c 

𝑲𝒅 or 𝑲𝒂𝒕𝒕 7.21E-03 d 4.99E-05 e 1.05E-02 d 4.75e-5 e 

 𝑲𝒅𝒆𝒕   2.61E-02   NA   3.61E-02   NA 

𝝀𝟏  NA NA 8.89E-04 1.50e-3 

𝝀𝟐  NA NA 2.27E-03 2.69e-3 

𝒓𝟐  0.987 0.977 0.996 0.971 

P-Value 0.43 0.59 0.87 0.18 

AIC -97.8 -94.2 634 642 

aThe unit of 𝐾𝑑 is 𝑚3/𝐾𝑔 and the units of other parameters are 𝑠−1. bBased on simple finite 

difference (FD) method. cBased on the total variation diminishing (TVD) method. d𝐾𝑎𝑡𝑡. e𝐾𝑑. 

NA: not applicable.  

  



262 
 

 

Table C2  Parameter values and fitting results for cases low concentration of 0.3 g/L 

and high concentration (washed-MRNIP2) of 6 g/L using non-equilibrium and 

equilibrium models.a 

 0.3 g/L-        

Non-

equilibrium 

0.3 g/L- 

Equilibrium 

6 g/L-           

Non-

equilibrium 

6 g/L- 

Equilibrium 

𝑲𝒅 or 𝑲𝒂𝒕𝒕  fine  6.82E-03 b 1.15E-05 c 2.34E-02 b 7.04E-05 c 

𝑲𝒅 or 𝑲𝒂𝒕𝒕 medium 2.78E-03 b 2.02E-03 c 3.67E-03 b 4.27E-04 c 

𝑲𝒅 or 𝑲𝒂𝒕𝒕 coarse  3.90E-03 b 8.00E-04 c 1.49E-01 b 1.08E-03 c 

𝑲𝒅𝒆𝒕 fine  4.88E-03 NA 5.02E-02 NA 

𝑲𝒅𝒆𝒕 medium 1.69E-05 NA 1.75E-04 NA 

𝑲𝒅𝒆𝒕 coarse  1.23E-03 NA 2.83E-02 NA 

𝝀𝟏 fine  NA NA 1.46E-04 7.04E-06 

𝝀𝟏 medium NA NA 2.27E-03 1.32E-03 

𝝀𝟏 coarse  NA NA 9.87E-05 8.83E-05 

𝝀𝟐 fine  NA NA 2.48E-04 1.44E-04 

𝝀𝟐 medium NA NA 3.08E-04 1.52E-03 

𝝀𝟐coarse  NA NA 1.27E-04 1.55E-04 

𝑹𝟐  0.787 0.639 0.951 0.948 

P-Value 0.61 0.79 0.58 0.92 

AIC -37.4 -42.2 609 582 

aThe unit of Kd is 𝑚3/𝐾𝑔 and the units of other parameters are 𝑠−1. bKatt. 
cKd. NA: not 

applicable.   

 

 The results of these calculations for both of the investigated cases in one 

dimensional domain showed that the lower AIC value was obtained when the non-

equilibrium attachment/detachment model was applied—AIC values with non-

equilibrium and equilibrium models for F3 at 0.03 g/L (no aggregation) were –97.8 
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and –94.2, respectively, and for F1 at 6 g/L (with aggregation) were 634 and 642, 

respectively (Table C1). This suggests that in one-dimensional simulations the kinetic 

attachment/detachment model is preferred rather than the linear adsorption partitioning 

model. Surprisingly, in two-dimensional simulations the equilibrium model was 

preferred by AIC instead of the non-equilibrium model—AIC values for non-

equilibrium and equilibrium models at low concentration (0.3 g/L with free polymer) 

were –37.4 and –42.2, respectively, and at high concentration (6 g/L, without free 

polymer) were 609 and 582, respectively (Table C1). It should be noted that since AIC 

is a statistical model identification test, it is the final differences that matters not the 

magnitude. Both Praetorius et al. [5] and Cornelis [7] compare 𝐾𝑑 with α, 휂0, or 𝐾𝑎𝑡𝑡. 

However, 𝐾𝑑 which considers the exchange between the two phases of suspended and 

attached mass, neither can be compared with α, individually, which determines what 

portion of collisions leads to attachment, nor with η0, individually, which ascertains 

what flux of particles are colliding with the collector, nor with 𝐾𝑎𝑡𝑡, individually, 

which determines the rate of permanent removal without detachment. In practice, 𝐾𝑑 

might be only comparable with both 𝐾𝑎𝑡𝑡 and 𝐾𝑑𝑒𝑡 together, in a range that both 

equilibrium and kinetic model perform similarly [41]. If for a specific temporal and 

spatial scale the assumption of instantaneous reaction (local equilibrium) can be used 

[41], the concept of 𝐾𝑑 can be defended, regardless of whether the system contains 

particles or solute, provided that the interfering role of other phenomena such as 

aggregation and subsequent irreversible removal will be accounted for by other terms 

in the model.  

In other words, while strictly unjustifiable as a physical process for particle 

deposition in mechanistic models, nevertheless the equilibrium assumption may be an 

effective descriptor of reversible deposition behaviour by concurrent attachment and 

detachment processes within a continuum modelling framework. Overall, in the 

experimental conditions simulated here, fairly similar model performance was 

obtained between the two modelling approaches in 1-D simulations. When the model 

was up-scaled to a 2-D stratigraphic, heterogeneous, experimental domain, the higher 

efficiency in terms of the number of model fitting parameter suggested that the 

equilibrium model is preferable in comparison to the kinetic model. This confirms the 

potential for use of the equilibrium assumption as a justified simplification for 

modelling NP in more complex porous media.  
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Appendix D   

11 Overview of the concurrent occurrence of 

multiple transport phenomena 

11.1 Conceptual model of transport for stable 

monodisperse dispersions 

For stable monodisperse suspensions of larger sized NP, the conceptual model of 

Bradford et al. [1], may best describe the transport phenomena in porous media. In this 

model it was hypothesized that straining caused filling of the pores at contact areas of 

grains and caused those small pores to become dead-end at the near vicinity of the 

column inlet thereby constraining NP aggregates to sample only the continuous pore 

channels. After passing this region of the porous media in the experimental packed 

column, particles would be mounted on the fast-central streamlines of the pore 

channels with less interactions with the grain walls and narrow restrictions of pores at 

the grain-grain contacts due to the exclusion phenomena and thus the number of dead-

end pores experienced by particles reduces with distance from the inlet of the column. 

In this way, the concentration of the RCP reduces significantly along the column length 

[1]. This must be the most plausible explanation regarding the hyper-exponential 

behaviour of the RCP for stable monodisperse dispersions.  

11.2 Conceptual model of transport for stable poly-

disperse dispersions 

When the particle population is poly-disperse but stable, the case which is more 

pronounced for NP dispersions [2], the hyper-exponential RCP as depicted in Fig. 

(D1a) can still be developed as for monodisperse suspensions. At the entrance of the 

column all the particle size fractions have interactions with the surfaces of the porous 

media with higher chance of trapping larger particles due to the physical straining [1, 

3] and/or physicochemical deposition resulted from their relatively deeper surface 

interaction energy minima [2, 4, 5]. As a proportion of large particles is irreversibly 
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retained near the areas of the wall surfaces or grain-grain contacts at the entrance of 

the packed column, other survived large particles would less meet the close-to-wall 

regions during their travel through the rest of the column length thanks to the size 

exclusion. On the other hand, the particles from the smaller fraction of the size 

distribution spectrum can still have interaction with the wall. Yet, they exhibit shallow 

secondary minima [2, 4-7] and thus are less subject to permanent deposition and also 

owing to their smaller size, they are less prone to straining all over the column length 

[1, 3, 5, 8]. Accordingly, neither significant deposition of small particles nor large 

particles can take place at the down-gradient of the column, in contrast to the entrance 

area. This concept is also compatible with blocking and ripening behaviours if one of 

them also occur. They can coincide with hyper-exponential shaped RCPs, because the 

retention process at the vicinity of the column entrance can be either straining or 

physicochemical filtration, regardless of whether the condition is favourable for 

blocking or ripening.  

11.3 Conceptual model of transport for unstable poly-

disperse dispersions 

One of the most complicated transport behaviours, observed more commonly in 

studies of NP than those of larger colloids, is non-monotonic retention [9-11]. Previous 

reports have ascribed the reason for this non-monotonic shape of the RCPs to a variety 

of phenomena such as the release of the attached particles from the region close to the 

column inlet and their re-entrapment in the down-gradient regions of the column or 

their translation, flowing, or funnelling in the attached phase as a third phase [12-16], 

presence of polymer competing with the NP for the adsorption sites at the inlet vicinity 

[17-19], surface heterogeneity [20, 21], and other system conditions such as grain types 

and size [12, 22]. Furthermore, ripening [23] and blocking are pointed out to be 

influential in causing non-monotonic shaped RCPs [18, 24]. Blocking can promote 

non-monotonic behaviour via filling of Sm sites at higher loading concentrations, 

coarser sand grains, lower velocity, and higher IS [12, 18]. It has also been indicated 

that non-monotonic RCPs can also occur as a consequence of straining [12] and 

agglomeration [19, 25]. Dual-species [12], dual-permeability [13], dual-domain [15], 

and stochastic models [10] have been deployed successfully in reproducing the non-

monotonic shape of the RCP 
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Considering the widespread evidence for the significance of aggregation processes 

in NP suspensions and during transport [12, 13, 15], it is proposed that agglomeration 

plays a key role in producing the non-monotonic shaped RCP. In contrast to the 

translation of attached mass of particles or aggregates on the surface of the grains [12-

16], it is asserted agglomeration in the fluid phase likely has the main contribution to 

bring about non-monotonic retention behaviour in unstable suspensions, as illustrated 

in Fig. D1b (adapted from [2, 26, 27]). Essentially, at the immediate vicinity of the 

packed column entrance, the average size of particles is so small that they can neither 

be subject to irreversible deposition nor to size exclusion although there might be a 

delay in this area because of higher interaction of NP with walls due to their higher 

diffusion. Then all the particles, in this way, are transported toward the down-gradient 

of the column during which they are also agglomerating within the aqueous phase of 

the pores, as the condition is favourable for agglomeration. When the agglomerates are 

sufficiently grown in size their fate might be determined in two possible ways. First, 

those agglomerates closer to pore walls could be subject to straining and/or irreversible 

retention somewhere in the midst of the column length. This retention would 

potentially appear to be more pronounced as a result of ripening. Second, those 

agglomerates which are farther from pore walls by this time would be mounted on the 

faster central streamlines of the pores because of size exclusion. In this way they can 

potentially travel all the rest of the route to the column outlet and survive from 

retention although still their size may keep growing in this way and still be vulnerable 

to the first possibility for retention as well. In combination, this aggregation-driven 

suite of processes leads to the appearance of a peak or a hotspot in the middle area of 

RCP. Clearly, assuming other factors to be held constant, the rate of aggregation 

should be a significant factor in determining the position of the non-monotonic peak 

as a function of distance from source. 
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Figure D1  The proposed conceptual models (a) for coupled effects of straining and 

size exclusion causing hyper-exponential shaped retention profile in the case of 

injecting poly-disperse particle dispersion into the experimental packed column and (b) 

for concurrent effects of agglomeration, deposition/straining, and size exclusion 

forming non-monotonic retention profile. Mobile particle/aggregates are shown in 

green while retained particle/aggregates are shown in yellowish brown.  
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Appendix E 

12 Supporting information for Chapter 2 

12.1 Further details on ANN modelling procedure 

In order to be able to find the optimum hidden layer structure, all the random functions in the 

inner loop were tied to the status outside the inner loop so that the initial conditions (initial 

weights and biases) could be kept constant in the inner loop in finding the optimum hidden 

layer structure. Obviously, this status could change in various iterations of the outer loop in 

order to achieve the uncertainties produced by many model trainings with various initial 

number of optimum nodes, various weights and biases and various random selections of the 

dataset for training, test, and validation—as will be discussed later. Following the Monte Carlo 

analysis we assigned the status of the tied random function in each iteration of the outer loop 

based a normally distributed random matrix of 1000 elements containing natural numbers 

between 1 and 104. The flow chart of this algorithm is shown in Fig. E3.   

In order to improve the computational performance in the training process and as a 

standard pre-processing practice, ANN requires the raw input and output data to be normalized 

in a specific range, e.g., [-1, 1] or [0, 1] [1, 2]. Here we used a linear scaling function to 

distribute the data between the interval of [-1, 1] as described elsewhere [1, 2]. In addition, 

before this normalization all the data were log transformed following [3] so that the training 

procedure would be facilitated.  

To obtain a better generalization of the network predictions and avoid overfitting issue, 

we used the “early stopping” strategy in MATLAB© [4-7]. This method divides the datasets 

into three subsets for training, validation and test. The validation subset is used to check when 

the maximum generalization of the network is gained, i.e., at the point when the mean square 

error (MSE) of the validation subset is beginning to increase and diverge from that of training 

subset. The test subset is used to verify whether the data division is performed appropriately 

[4, 8]. Therefore, it is important to divide the dataset randomly as has been performed in this 

study [8]. Although it might be advisable to employ the early stopping strategy with a slow 

training algorithms [4], it has been proposed to be used with Levenberg–Marqurdt back-

propagation learning algorithm in hydrology engineering [6, 7]. Thus, here we use these 

techniques together in order to increase the converging time while maximize the 

generalization.   
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Furthermore, to select the model with the best fitting result in the inner loop and with 

highest generalization among 1000 iterations of the outer loop, the following criteria were 

incorporated. These criteria were rested on the Nash–Sutcliffe determination coefficient (a 

conservative 𝑅2) [1, 3, 9, 10]. In the inner loop, simply the iteration at which yielded the 

maximum 𝑅2 (close to one) was selected as the network with the best number of the hidden 

layer nodes. In the outer loop the outcomes of the iteration at which the following function 

was maximum was selected. This function was considered based upon the fact that the higher 

the goodness-of-fit ration for the validation and test set to the training set is, the better the 

generalization. This is because if a model which is trained based on the training dataset can 

predict new test and validation datasets with a goodness-of-fit close to that of the training set, 

then that model performs well in fitting to any new datasets. Besides, an overall high ration of 

goodness-of-fit to the maximum possible goodness-of-fit for the training set is appreciated for 

a model to be able to fit any data. Thus, an average of these three ratios may be considered as 

the generalization efficiency of the model:   

Generalization Efficiency =
1

3
(

R2
Val

R2
Train

+
R2

Test

R2
Train

+  R2
Train)    (E1) 

where, 𝑅2
𝑇𝑟𝑎𝑖𝑛, 𝑅2

𝑉𝑎𝑙, and 𝑅2
𝑇𝑒𝑠𝑡 are the Nash–Sutcliffe deterministic coefficient for the 

training, validation and test data subsets, respectively. Maximizing this function results in 

selecting a model which not only has a proper fit but also performs better with new data. 

Finally, the structure, weights and biases of the selected model are proposed in a spreadsheet 

format for future predictions of continuum-based model parameters (i.e., 𝐾𝑎𝑡𝑡, 𝐾𝑑𝑒𝑡, 𝑆𝑚) based 

on the experimental/environmental conditions (pore water velocity, IS, pH, etc.).  

In addition to “early stopping”, another strategy known as “Bayesian regularization” is 

available in Neural Network Toolbox of MATLAB which engages the determination of the 

optimum number of hidden layer nodes inside the training process algorithm, but requires 

longer run times. Herein, we used the “early stopping” method as it has been more frequently 

used in the fields of hydrology and environmental engineering and there are indications of the 

superiority of this technique over the Bayesian regularization in these fields [6, 11].  

It should be noted that each parameter of the continuum-based model as well as C/C0 were 

considered as a single output of the ANN model rather than putting all the parameters together 

as output, because it allows finding insights into the phenomenological influence of various 

experimental conditions on each continuum-model parameter separately [12].  

The uncertainties of the model was assessed through calculation of the 95 % confidence 

interval (CI) according to the 2.5th and 97.5th percentiles of the Student’s t-distribution as [7, 

13, 14]: 
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𝐶𝐼 =
1.9623×STDV

√𝑁𝑅
           (E2) 

where STDV is the standard deviation of the sensitivities and 𝑁𝑅 is the number of Monte Carlo 

realizations—or iterations of the outer loop.  

12.2 Description of PaD method for analysis of the 

sensitivities 

Using a simple three-layer configuration described in Chapter 2 (Section 2.4) and a hyperbolic 

tangent sigmoid function (tansig function of MATLAB) as the transfer (activation) function 

for the hidden layer and a linear transfer function (purelin function of MATALB) for the output 

layer, we can derive the following relationship to calculate the partial derivatives of the output 

variable, 𝑁𝑜, in relation to the input variable, 𝑋𝑝 [1]: 

𝜕𝑁𝑜

𝜕𝑋𝑝
= ∑ 𝑊𝑜ℎ(1 − 𝑁ℎ

2)𝑊ℎ𝑝
𝑛ℎ
ℎ=1         (E3) 

where subscripts ℎ and 𝑜 stand for hidden, and output layer, respectively, and subscript 𝑝 is 

the specific node at the input layer, the derivative of which is being calculated. 𝑛ℎ is the 

optimized number of hidden layer nodes (neurons). 𝑊ℎ𝑝 and 𝑊𝑜ℎ are the connection weight 

matrices between the hidden-to-input layers and output-to-hidden layers, respectively. 𝑁ℎ is 

the resulted signal obtained from exerting the transfer function on the processed signal from 

the hidden layer, 𝑆ℎ given as [1, 15]: 

𝑆ℎ = 𝑊ℎ𝑝𝑁𝑝 + ∑ 𝑊ℎ𝑖𝑖≠𝑝 𝑁𝑖        (E4) 

where subscript 𝑖 is the node index at the input layer. By applying the hyperbolic tangent 

sigmoid (tansig) transfer function deployed in this study, 𝑁ℎ can be obtained [1]: 

𝑁ℎ =
2

1+𝑒−2𝑆ℎ
− 1          (E5) 

Finally, the relative contribution of each output to each input variable (parameter) can be 

accounted for by the sum of square partial derivatives for all the samples as follows [1]: 

𝑆𝑆𝐷 = ∑ (
𝜕𝑁𝑜

𝜕𝑋𝑝
)

2
𝑛
𝑑=1          (E6) 

where 𝑆𝑆𝐷 is the sum of square partial derivatives for an input variable and 𝑛 is the number 

of samples or available data for each input variable. Herein, we used the relative square partial 

derivatives that is the ratio of 𝑆𝑆𝐷 for each input variable to the sum of 𝑆𝑆𝐷 for all input 

variables times 100. This is reported herein as the relative sensitivity (RS) which represents 
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the relative contribution of each input variable, e.g., experimental/environmental factors, to 

the output variable, e.g., continuum model parameters, in percentage. The code was validated 

against artificial data following Gevrey et al. [16] as depicted in the following section.  

12.3 Validation of the developed MATLAB Code  

In order to validate the data we generated 6 sets of random data (𝒙𝟏 to 𝒙𝟔) with “randperm” 

function of  MATLAB as the input for modelling. Then we used the flowing function to 

produce the output (y) similar to Gevrey et al. [16]:  

𝑦 = 𝑥1 + 𝑥2 − 10𝑥3 − 10𝑥4 + 20𝑥5 + 20𝑥6      (E7) 

Here each input variable is inserted in a pair to be able to check the performance of the 

code. We simulated this artificial dataset by the code with 100 iterations of the outer loop, i.e., 

Monte Carlo runs.  

The sensitivities obtained for 𝑥1 to 𝑥6 were 40.7, 38.9, 10.4, 9.9, 0.1, and 0.1, respectively 

(Fig. E4). The differences between 𝑥1, 𝑥3, and 𝑥5 set with 𝑥2, 𝑥4, and 𝑥6 set were not 

statistically significant (P value > 0.05) [10]. The result showed that the sensitivity increases 

with the coefficients of the variables in Eq. (E7). Negative correlations between 𝑥4 and 𝑥5 

parameters with 𝑦 in Eq. (E7) was well produced (results not shown). The resulted sensitivities 

from this technique are not exactly the same as the real sensitivities values—the slopes or 

coefficients in Eq. (E7). It might be because of the complex structure of the ANN which makes 

it capable of simulating non-linear problem [17-19]. Overall, these results show that the 

developed code can describe the strengths and the signs of parameter relationships in an 

arbitrary model.   

12.4 Evaluating the possible effect of mean imputation for 

the missingness in the data  

In order to verify that the outcomes of the sensitivity analysis have not been biased by the 

mean imputation for the missing data, we repeated the modelling of cases of 𝐶/𝐶0 by removing 

all the cases which contained missingness in the data of grain zeta-potential. This operation 

reduced the dataset from 493 cases to 342 cases. The result showed the sensitivity for the grain 

zeta-potential was still highest with 𝑅𝑆 =28.6 %— less than 1 % difference with previous 

results. Furthermore, the sensitivity to the rest of parameters matched very well (𝑅2 = 0.981 

and P value = 1.00), with those of the data with imputed mean for the missingnesses, 

suggesting that this study’s results are not affected by the mean imputation in the dataset.  
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12.5 Figures  

 

Figure E1  Diagram of porous media heterogeneity ranges used in developing the 

heterogeneity parameter.    

 

 

 

 

Figure E2  Schematic of the three-layer perceptron ANN structure used in this study. 
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Figure E3  The flow chart of code algorithm developed in MATLAB© for ANN 

modelling, analysis of sensitivity and uncertainties, as well as finding the best model 

for prediction. Equation S2 in the chart refers to Eq. (E1). 
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Figure E124  Log linear regressions between the attachment rate and the pore water 

velocity for the raw experimental data.  
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Figure E125  Relationship between 𝐾𝑎𝑡𝑡 and the pH obtained from the present study, 

and Seetha  et al. [20], as well as CFT, the collector efficiencies of which were obtained 

based on the correlations of Phenrat et al. [21] and Tufenkji and Elimelech [22]. The 

data were selected in the ranges of simulated values in Seetha  et al. [20]. Most of 

experimental conditions used resembled those of [23]. The parameter values used in 

the model are: a free-polymer concentration of zero mg/L, a particle zeta potential of -

30 mV, and a grain zeta potential of -30 mV, a particle diameter of 150 nm, a grain 

diameter of 0.15 mm, a NP density of 6.7 g/cm3, an input concentration of 200 mg/L, 

a column diameter (Inner) of 2.6 cm, a column length of  25.5 cm, a heterogeneity of 

15 % (clean sand), porosities of 0.33 and 0.4, a dispersivity of 0.015 cm, a pore water 

velocity of  0.015 cm/min, an IS of 10 mM, an injection duration of 1 PVs, an aspect 

ratio of 1, an adsorbed coating concentration of 1 mg/L, saturation magnetizations of 

zero and 570 kA/m, an IEP pH at 6.3, and pH ranging from 3 to 10. Extra parameters 

assumed in the correlations of  Seetha  et al. [20] include a temperature of 298 °K, a 

dynamic viscosity of 0.89 mPa.S, and a cylindrical pore constriction radius of 

6.2 × 10−5 m calculated based on grain size following Phenrat et al. [21]. Single 

collector attachment efficiency in the equation of Tufenkji and Elimelech [22] was 

assumed equal to one.  
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12.6 Tables 

 

Table E1  The values of isoelectric point (IEP) or the point of zero charge (PZC) 

assumed for each NP type in the dataset. 

NP type Selected Ave IEP for 

the uncoated NP 

PZC/IEP Ref 

AgNP 7 IEP [24]  

NZVI 6.3 IEP [25] 

Iron Oxide (Fe3O4) 6.4 IEP 
 

HAP 6.7 IEP [26] 

GO 4 PZC  [27, 28] 

Graphene 5.7 PZC [29, 30] 

CeO2 3 PZC [31] 

TiO2 6 IEP [32] 

ZnO 9.3 PZC [33] 

QD, CdSe/CdZnS 2.5 IEP [34] 

CdTe QDs 1.7 IEP [35] 

Carboxylate-modified 

latex (CML) 

2 IEP [26, 36] 

Aluminum oxide 9.38 PZC [37] 

Boehmite 9.1 IEP [38] 

Silica 1.9 IEP [26] 

MWNT 2.4 PZC [39] 

 

Table E2  Linear correlations between Katt and ionic strength for the separated data of 

different ionic compositions. 

  a 

(First 

Const.) 

b 

(Second 

Const.) 

Number 

of data 

Correlation 

Coefficient 

r2 Fisher F 

statistics 

F-

critical* 

F>F-

critical 

Significant 

NaCl 0.34 11.35 71 0.42 0.18 14.8 4.0 Passed 

MgSo4 0.23 7.63 7 0.93 0.86 30.1 6.6 Passed  

KNO3 16.39 -12.58 23 0.78 0.61 32.8 4.3 Passed  

CaCl2 9.46 -7.35 66 0.89 0.79 234.4 4.0 Passed  

NaHCO3 4.42 7.84 39 0.75 0.57 48.2 4.1 Passed  

*Values for 95 % confidence interval 
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Table E3  Ranges of heterogeneity parameter (Θ) variation for different amounts of 

Clay, Silt, and Sand. 

Clay (%) Silt (%)  Sand (%) 𝚯 (%) 

33.3 33.3 33.3 77.5 

99.9 0 0.1 90.0 

99.9 0.05 0.05 88.5 

99.9 0.1 0 87.0 

0 0.1 99.9 60.0 

0.05 0.05 99.9 64.5 

0.1 0 99.9 69.0 

0 99.9 0.1 81.0 

0.05 99.9 0.05 81.0 

0.1 99.9 0 81.0 

50 50 0 84.0 

50 0 50 79.5 

0 50 50 70.5 

5 5 90 66.5 

5 90 5 80.3 

90 5 5 87.0 

10 0 90 71.1 

5 5 90 66.5 

0 10 90 62.1 

90 0 10 87.9 

90 5 5 87.0 

90 10 0 86.4 

0 90 10 78.9 

5 90 5 80.3 

10 90 0 81.6 
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Table E4  Sensitivity analysis outcomes, RS (%). 

 
C/C0 Katt Kdet Sm 𝜷 Katt2 

Asp.Rati. 2.7 -7.9 -4.5 5.2 -3.8 5.4 

C0 3.3 4.6 3.6 7.2 12.0 -3.3 

Coat.Conc. 3.0 -25.7 3.8 -4.5 3.2 5.2 

Colum.Diam. 3.0 -3.1 -4.6 6.9 5.2 4.2 

Colum.Leng. -7.5 6.9 -4.0 9.3 3.4 5.9 

Dispersivity -3.6 1.7 5.1 3.9 -2.8 3.8 

Fre.Pol.Conc. -2.2 1.6 -3.6 2.5 2.2 2.1 

Grain-Diam. 5.5 2.6 4.2 -3.1 2.6 -12.5 

Heterogen. 3.0 2.4 6.2 3.8 4.9 3.7 

IEP -2.9 5.6 3.1 4.7 -8.6 5.8 

IS -3.5 2.9 -14.8 3.2 4.6 4.9 

Partic.Dens. -3.9 -4.9 -4.8 -4.2 -4.1 4.2 

Partic.Diam. -4.0 2.2 3.0 3.7 -8.7 4.6 

pH 3.7 -2.2 4.5 4.2 -2.4 3.5 

Porosity 4.9 3.0 8.8 4.9 -7.7 -3.2 

PV-No. 4.5 2.7 -3.4 5.6 3.9 3.5 

Satur.Magnet. 2.1 -3.6 -3.2 N.A. 3.9 -3.2 

Veloc. 3.2 4.4 3.8 -4.3 -5.6 3.3 

Zeta-Grain. -28.7 8.3 -6.2 11.6 -6.3 -4.6 

Zeta-Partic. 4.8 3.8 4.6 7.2 4.0 13.0 

N.A.: not applicable.  
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Appendix F  

13 Supporting information for Chapter 3 

13.1 Drag coefficient correction factor and fluid collection 

efficiency  

The drag coefficient correction factor [1-4] is given as: 

𝛺𝑖 =
2𝜉2 (1 −

tanh(𝜉)
𝜉

)

2𝜉2 + 3 (1 −
tanh(𝜉)

𝜉
)
 (F1) 

where 𝜉 is the non-dimensional permeability of the porous aggregate for aggregates in 

size class i given as: 

𝜉 =
𝑎𝑖

𝜅1/2
 (F2) 

where 𝜅 is permeability [L2] and 𝑎𝑖 is the radius of aggregates in size class i.  

The fluid collection efficiency, 휂𝑐, of each aggregate can be determined from the 

Brinkman equation [2, 5]: 

휂𝑐 = 1 −
𝑑𝑐

𝜉
−

𝑐𝑐

𝜉3
 (F3) 

where 

𝑑𝑐 =
3

𝐽
𝜉3 (1 −

tanh(𝜉)

𝜉
) (F4) 

𝑐𝑐 = −
1

𝐽
(𝜉5 + 6𝜉3 −

tanh(𝜉)

𝜉
(3𝜉5 + 6𝜉3)) (F5) 

𝐽 = 2𝜉2 + 3 − 3
tanh(𝜉)

𝜉
 (F6) 

It should be noted that the collision frequencies calculated based only on fractal 

relationships and without permeability consideration [3, 6], was accomplished by 

assuming 휂𝑐 and 𝛺𝑖in Eqs. (F4-F6) equal to one. In Eqs. (F2-F4) and their subsequent 

equations, the subscript i has not been placed for parameters for the sake simplicity. 
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The calculation of permeability for collision frequencies is the same as that of settling 

velocities that are descried next.  

13.2 Various sedimentation velocity models  

The settling velocity models used in the present study are as follows:  

1. An empirical power law equation that is based on fractal dimension [7-

9]: 

𝑈𝑘

𝑈0
= (

𝑎𝑘

𝑎0
)

𝐷𝑠𝑒𝑑

 (F7) 

where 𝑎0 is the radius of the primary particles, 𝑎𝑘 is the radius of aggregates in size 

class k, and 𝐷𝑠𝑒𝑑 is the sedimentation exponent which can be expressed in terms of 

fractal dimension of aggregates via various empirical relationships [8]. The most 

frequently-used expression is [9, 10]: 

𝐷𝑠𝑒𝑑 = 𝐷𝑓 − 1 (F8) 

𝑈0 is the settling velocity for primary particles [L T-1], and can be determined from the 

Stokes’ equation [11]:  

𝑈0 =  
2𝑔

9𝜇
(𝜌0 − 𝜌𝑤)𝑎0

2  (F9) 

where 𝑔 is the gravitational acceleration, 𝜌0  is density of primary particles, 

[ML-3], and 𝜌𝑤 is density of water [ML-3]. Combination of these equations yields [12]:  

𝑈𝑘 =
𝑔

18𝜇
(𝜌0 − 𝜌𝑤)(𝑑0)3−𝐷𝑓(𝑑𝑘)𝐷𝑓−1  (F10) 

where 𝑑0 is diameter of the primary particles and 𝑑𝑘 is diameter of aggregate in size 

class k. 

2. Permeability model [13]: 

𝑈𝑘 =
4𝑔

18𝜇
(𝜌0 − 𝜌𝑤)𝑎𝑘

2  
𝜉

𝜉 − tanh(𝜉)
+

3

2𝜉2
 (F11) 

As mentioned before 𝜉 is variable with size classes and the subscript has not been 

shown for brevity. Permeability of each aggrege, 𝜅𝑘, can be calculated from the Davies 

correlation [14] as: 
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1

𝜅𝑘
=

16

𝑎𝑘
2

(1 − 𝜑𝑘)1.5[1 + 56 × (1 − 𝜑𝑘)3] (F12) 

where porosity of aggregate class k, 𝜑𝑘, is determined from [5, 12, 15]: 

𝜑𝑘 = 1 − (
𝑎𝑘

𝑎0
)𝐷𝑓−3 (F13) 

3. In the same approach, permeability can be calculated from the 

Brinkman’s model [5]: 

𝜅𝑘 =
(𝑎0)2

18
(3 +

3

(1 − 𝜑𝑘)
− (

8

(1 − 𝜑𝑘)
− 3)

1
3

) (F14) 

It should be noted that considering Ω𝑘 from Eq. (F1), another form of Eq. (F11) is 

given as [1, 2]: 

𝑈𝑘 =
4𝑔

18𝜇
(𝜌0 − 𝜌𝑤)𝑎𝑘

2  
𝜑𝑘

Ω𝑘
 (F15) 

4. Settling velocity considering particle size distribution (PSD) in each 

aggregate can be calculated as follows [16, 17]:  

𝑈𝑘 =
𝑔

18𝜇
휃(𝜌0 − 𝜌𝑤)(𝑑50)3−𝐷𝑓

(𝑑𝑘)𝐷𝑓−1

1 + 0.15𝑅𝑒𝑘
0.687 𝜑𝑑𝑖𝑠𝑡 (F16) 

where 휃 is a dimensionless particle-shape factor which is assumed to be one for 

spherical particles of this study. 𝜑𝑑𝑖𝑠𝑡 represents the impact of size distribution in each 

aggregate via: 

𝜑𝑑𝑖𝑠𝑡 =
𝑚3

𝑚𝐹
3 𝐷𝑓⁄

 (F17) 

where 

𝑚3 = (∑ 𝑑𝑖
3

𝑘

𝑖=1

) /𝑘 

(F18) 

𝑚𝐹 = (∑ 𝑑𝑖
𝐷𝑓

𝑘

𝑖=1

) /𝑘 (F19) 

where 𝑘 is the aggregate size class index. The median size of the component particles 

within each aggregate, 𝑑50, is assumed here to be determined as follows: 
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𝑑50 = 2 × 𝑎
(
𝑘
2

)
 (F20) 

𝑅𝑒 is the Reynolds number for aggregate size class, k, given as: 

𝑅𝑒𝑘 =
𝜌𝑤𝑈𝑘𝑑𝑘

𝜇
 (F21) 

Since 𝑅𝑒𝑘 is dependent on the sedimentation velocity, we solved this equation 

along with Eq. (F16) iteratively to determine the sedimentation velocity.  

13.3 Details of the MATLAB code for simulating the 

aggregation and sedimentation of nanoparticles  

Consideration of the initial conditions might be challenging in the model. In this 

study, we considered two approaches to deal with this: first using the initial PSD 

observed in the beginning of every experimental case and second using an idealistic 

PSD taken from the PSD observed for HAp when there is no aggregation.  

In first approach the PSD observed in the first measurement of each experimental 

case is used as the initial condition of the model. In doing so, one challenge is the 

consideration of primary particle size and volume of aggregates in the model. The 

primary particle size is used as the first bin size in the aggregation modelling process. 

Additionally, this primary particle radius, 𝑎0, is used in the calculation of 

sedimentation velocity and collision rates. In this study, we assume this size as the 

minimum of the following two sizes: 

a. The minimum initial hydrodynamic diameter observed among different 

experimental cases. This size is 80 nm for HAp used in the present study.  

b. The minimum size of the PSD bins which has a non-zero concentration in the 

initial-measured PSD, i.e., PSD at time zero. This size varies among different 

cases with different initial PSD.  

The primary particle sizes (𝑎0) used in various modelling cases of this study are 

6.8, 7.9, 35.5, 35.5, and 35.6 nm at 2.5, 3, 5, 7.5, and 10 mM CaCl2 (pH 6), 

respectively, and 35.6, 25.4, and 12.2 nm at pH values 7, 10, 11, (pH 6) respectively. 

The initial hydrodynamic radius, 𝑅𝐻, observed in the experimental data may be 

converted to the radius of gyration, 𝑅𝑔, following [18]: 
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𝑅𝐻

𝑅𝑔
=

1

𝛤(2 − 𝐷𝑓
−1)

 (F22) 

where 𝛤 is the gamma function. This conversion is preformed, because the radius of 

gyration is believed to be more suitable for being considered as the size of primary 

particle size bin forming aggregates rather than the hydrodynamic radius, which is the 

size with which particles are moving. After determining the primary particle size, their 

volume is calculated based on the spherical assumption. 

Another challenge is to calculate the average size of aggregates from the model 

outputs and to convert it to hydrodynamic size, so that they can be compared with 

experimental data of hydrodynamic size evolution. In this study, after examining a 

variety of averaging methods proposed for particle size measurements [19] we found 

a mass- or solid volume-weighted geometrical mean approach calculates the average 

diameter of PSD produced by the model best at any time. This geometric mean 

diameter, 𝐷𝑔𝑒𝑜𝑚, is as follows [19]:  

𝐷𝑔𝑒𝑜𝑚 = 𝑒𝑥𝑝 (
∑ 𝐶𝑖𝑑𝑖

3 ln 𝑑𝑖
𝑘𝑚𝑎𝑥
𝑖=1

∑ 𝐶𝑖𝑑𝑖
3𝑘𝑚𝑎𝑥

𝑖=1

) (F23) 

where 𝐶𝑖is the mass concentration in bin i and 𝑑𝑖 is aggregate diameter in size class i. 

To convert this average size to the hydrodynamic size, we determined the ratio of the 

initial experimental hydrodynamic size to the model-calculated geometric mean size 

(RH/Rg). Then this ratio is utilized to convert all the geometric mean sizes over the 

duration of simulation to the hydrodynamic size that can be used as model output for 

comparing with observed hydrodynamic size data. The conversion ratio used in this 

study was in the range of 0.008 to 0.96. It should be noted that in this process it is 

assumed that the ratio of RH/Rg is constant over the duration of the simulation. 

Although no exact relation can be derived for this ratio, an available formula [20] 

suggested that the ratio of RH/Rg drops rapidly from ~1 for monomer with increasing 

the cluster mass. However, this trend asymptotes toward a constant value up to 1000 

particles per cluster. Therefore, the assumption of constant RH/Rg in the present study 

which deals with a bin size distribution in the range of 1– 4×1012 should not cause 

considerable errors.         

In the second approach, we used the first peak observed in the case of the HAp 

measurement under no added electrolyte and shifted in the way that the initial 
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hydrodynamic diameter (~80 nm) in the cases of low electrolyte concentration can be 

produced via 𝐷𝑔𝑒𝑜𝑚 calculated by the model without the need for any conversion. Then 

this initial PSD, which is shown in Fig. F11, was used for all other experimental cases. 

In this approach a pre-early stage is considered for aggregation before measurements 

start. In this stage, which averagely takes ~ 70 s in our experiments, the sample is being 

shaken by vortex and pipette while being transferred into the DLS cuvette. Thus, we 

considered the shear rate in this short period estimated roughly at 26.7 1/s, and we also 

turned off the settling mechanism during this period since all the mass of the sample 

is transferred to the cuvette.  

The solid volume of each bin is obtained from the size of each bin following [12]: 

𝑣𝑘 =
𝜋

6
(𝑑0)3−𝐷𝑓(𝑑𝑘)𝐷𝑓 (F24) 

where 𝑣𝑘 is the volume of solid fraction in each aggregate of size class k, and 𝑑0 is the 

diameter of primary particles forming the PSD. This should be equal to 2𝑎0. However, 

since 𝑎0 can be considerably smaller than 𝑎1, which is the smallest bin with non-zero 

concentration, this assumption can cause a high mass balance error when the smallest 

bin contains a significant concentration, e.g., when this bin is used for monodispersed 

initial PSD like the case used for comparison with the analytical solution. Therefore, 

for such cases we consider 𝑑0 equal to 2𝑎1. It should be noted that the assumption of 

𝑑0 = 2𝑎0 in simulation cases of this study with realistic initial PSD of the experimental 

data does not lead to any noticeable mass balance error (absolute error <1.0E-05 %).   

The mass of aggregates in each size class, 𝑚𝑘, is determined from [12]: 

𝑚𝑘 = 𝜌0 𝑣𝑘 (F25) 

The expanded form of fixed pivot (FP) governing equation (Eq. 3.1, Chapter 3) 

[21] may be shown as follows: 

𝑑𝑛𝑘

𝑑𝑡
= ∑ ∑ [1 −

1

2
 𝛿𝑗,𝑖] 휂

𝑘
 𝛼𝑗,𝑖𝛽𝑗,𝑖 𝑛𝑗𝑛𝑖

𝑖

𝑗=1

𝐾𝑚𝑎𝑥

𝑖=1

 

− 𝑛𝑘 ∑ 𝛼𝑘,𝑖 𝛽𝑘,𝑖 𝑛𝑖

𝐾𝑚𝑎𝑥

𝑖=1

−
𝑈𝑘

𝑍𝑠
𝑛𝑘 

(F26) 
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Such an equation can be derived for the moving pivot (MP) equations in a similar 

way which is not shown here. One can refer to the source code available as electronic 

supporting information of the version of Chapter 3 published as a paper in 

Environmental Science and Technology. An explicit forward Euler scheme was used 

to solve this partial differential equations as follows [22]:  

𝑛𝑘,𝑡 = 𝑛𝑘,𝑡−∆𝑡 + ∆𝑡
𝑑𝑛𝑘,𝑡−∆𝑡

𝑑𝑡
 (F27) 

where 𝑛𝑘,𝑡 is the population of aggregates in size class k at time t. In this study in order 

to improve the stability of the model while using an efficient adjustable time step, we 

derived an approximate stability criterion that may be used for population balance 

models: 

Considering the two summations in Eq. (F26) as: 

𝑆𝑆1 = ∑ ∑ [1 −
1

2
 𝛿𝑗,𝑖] 휂

𝑘
 𝛼𝑗,𝑖𝛽𝑗,𝑖 𝑛𝑗𝑛𝑖

𝑖

𝑗=1

𝐾𝑚𝑎𝑥

𝑖=1

  (F28) 

and 

𝑆𝑆2 = ∑ 𝛼𝑘,𝑖 𝛽𝑘,𝑖 𝑛𝑖

𝐾𝑚𝑎𝑥

𝑖=1

 

(F29) 

and substituting them in Eqs. (F26) and (F27) yields: 

𝑛𝑘,𝑡 = 𝑛𝑘,𝑡−∆𝑡 + ∆𝑡 [𝑆𝑆1 − 𝑆𝑆2𝑛𝑘,𝑡−∆𝑡 −
𝑈𝑘

𝑍𝑠
𝑛𝑘,𝑡−∆𝑡] (F30) 

This can be further rearranged as: 

𝑛𝑘,𝑡 = 𝑛𝑘,𝑡−∆𝑡 [1 − ∆𝑡(𝑆𝑆2 +
𝑈𝑘

𝑍𝑠
)] + ∆𝑡 𝑆𝑆1 (F31) 

In order to ensure the stability of the problem the slope of this equation, which 

represents a linear curve, should be less than one, i.e.: 

|1 − ∆𝑡(𝑆𝑆2 +
𝑈𝑘

𝑍𝑠
)| ≤ 1 (F32) 

Following rearrangement and substituting the max of velocities among various size 

classes, the following stability criteria is yielded: 
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∆𝑡 ≤
2

𝑆𝑆2 +
𝑈𝑚𝑎𝑥

𝑍𝑠

 
(F33) 

where 𝑢𝑚𝑎𝑥 is the maximum settling velocity among all classes of the aggregates. It 

should be noted that in this stability criteria the summations, 𝑆𝑆1 and 𝑆𝑆2, are assumed 

to be constant in respect to the size classes, i.e., the maximum of 𝑆𝑆2 across all size 

classes is selected in each time step to calculate ∆𝑡 in for the next time step using Eq. 

F33. Thus, this stability criterion is only an approximation to improve the stability of 

the population balance models when being solved with the explicit forward Euler 

scheme. It should also be mentioned that still this criterion does not guarantee the 

stability of the explicit population balance model for all ranges of parameters. Yet, it 

was observed that using this criterion a better stability, especially in the case of MP 

approach, was achieved without the need for reducing initial time step. An increasing 

factor of time step, e.g., 1000 was used to increase the time step by the user when the 

above criteria led to long run times. This was especially useful for the FP method. 

Overall, the initial selected time step is controlled by the observation data intervals and 

can be still modified by the user using a multiplier. The model then reduces this time 

step based on the criteria described above. This can be enhanced by the user if the run 

time is long. Additionally, once the early stage of the process is passed the time steps 

can be increased from 50-2000 times to twice the initially selected time step since the 

numerical issue related to the start of simulation is passed in most of the models, 

especially when using FP method. The fraction of the simulation time after which the 

time step can be relaxed is selected by the user (commonly between 1/40 and 1/3 of 

simulation duration).   

We also tried a positivity criteria following [23]. However, for the models of the 

present study this led to very small time steps and impractical run times. Thus, this 

positivity criterion was not used anymore.  

The model by default considers the bin size distribution that is also used by the 

DLS instruments, Malvern ZetaSizer, Nano ZS model, UK. The code is designed so 

that this default particle size discretization can be refined linearly for further resolution 

of the discretization or for further accuracy of the modelling when a finer interval is 

required. This code is also capable of reading the data from MS Excel spreadsheets, 
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modelling batch experiment data, simulating the data in different depths, and 

producing various plots of results.   

13.4 Variable attachment efficiency model with DLVO   

The interaction energies between particles with radii of 𝑎1 and 𝑎2 can be calculated as 

follows [24]: 

𝑈𝑤𝑑𝑊(ℎ) = −
𝐴𝐻

6
[

8𝑅𝑅
2

ℎ(8𝑅𝑅 + ℎ)
+

8𝑅𝑅
2

(4𝑅𝑅 + ℎ)2

+ ln (
ℎ(8𝑅𝑅 + ℎ)

(4𝑅𝑅 + ℎ)2
)] 

(F34) 

𝑈𝐸𝐿(ℎ) = 4𝜋휀휀0𝑅𝑅 [𝜑1𝜑2 exp(−𝜅𝐷𝑒𝑏ℎ) −
1

4
(𝜑1

2

+ 𝜑2
2) exp(−2𝜅𝐷𝑒𝑏ℎ)] 

(F35) 

𝑈𝐷𝐿𝑉𝑂 = 𝑈𝑤𝑑𝑊 + 𝑈𝐸𝐿 (F36) 

where 𝑈𝑤𝑑𝑊(ℎ), 𝑈𝐸𝐿(ℎ), and 𝑈𝐷𝐿𝑉𝑂 are the van der Waals, the electrostatic, and the 

total DLVO interaction energies as a function of interaction distance, h. 𝐴𝐻 is the 

Hamaker constant in water. 𝑅𝑅 is related to radii of two interacting particles:  

𝑅𝑅 =
𝑎1𝑎2

𝑎1+𝑎2
  (F37) 

휀0 is the dielectric permittivity of a vacuum (8.854× 10−12 C/(V ·m)), 휀 is the dielectric 

constant of water (78.5). 𝜑1 and 𝜑2 are the surface potentials (mV) for the two 

interacting particle surfaces, and can be determined from the following equation [25-

27]:  

𝜑 = 휁 (1 +
ℎ𝑠

𝑎
) exp (𝜅𝐷𝑒𝑏ℎ𝑠)   (F38) 

where 𝑍 is the valence of electrolyte, 휁 is the zeta potential (V), ℎ𝑠 is the distance 

between the surface of the charged particles and the slipping plane— usually taken as 

5 �̇�. Despite using this equation in this study, 𝜑 is commonly assumed approximately 

equal to the surface zeta potential [24]. 𝜅𝐷𝑒𝑏 is the inverse of the Debye length (nm) 

given as:   

𝜅𝐷𝑒𝑏
−1 = √

𝜀𝜀0𝑘𝑏𝑇

2𝑁𝐴𝐼𝑒2  (F39) 
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where 𝑘𝑏 is the Boltzmann constant (1.381 × 10−23), 𝑇 is the temperature (𝐾), 𝑁𝐴 is 

Avogadro’s number (6.02 × 1023 mol−1),  e is unit charge, 1.602 × 10−19 C, and I is the 

ionic strength (M), (𝐼 = 0.5 ∑ 𝑐𝑖𝑍𝑖
2, where 𝑐𝑖 is the molar concentration of each ionic 

species (i) in the solution, and 𝑍𝑖 is the valency of the that ion).  

DLVO forces can be related to the attachment efficiency and thereby the 

population balance model via the reciprocal of the Fuchs stability ratio, W, that can be 

calculated as [24, 27, 28]: 

𝛼 =  
1

𝑊
= [∫ 𝜆(𝑢)

∞

0

exp (
𝑈𝑤𝑑𝑊(ℎ)

𝑘𝐵𝑇
)

(2 + 𝑢)2
𝑑𝑢] . [∫ 𝜆(𝑢)

∞

0

𝑒𝑥𝑝 (
𝑈𝐷𝐿𝑉𝑂(ℎ)

𝑘𝐵𝑇
)

(2 + 𝑢)2
𝑑𝑢]

−1

 (F40) 

where 𝑢 = ℎ/𝑎0 and 𝜆(𝑢) is the correction factor for hydrodynamic interactions 

between particles and is related to the separation distance via [28, 29]:  

𝜆(𝑢) =
6𝑢2 + 13𝑢 + 2

6𝑢2 + 4𝑢
 (F41) 

To incorporate this approach in the model, before the time loop starts, 𝛼 is 

calculated and saved for all size classes interacting with each other within a 2-D matrix.  

13.5 Development of parameter estimation algorithm  

To calibrate the parameters of the model, which comprise of attachment efficiency and 

fractal dimension, a heuristic optimization algorithm was developed in this study for 

two purposes. First, this was aimed to deal with potential stability problems of the 

numerical code, and second, to utilize parallel computational capabilities more 

efficiently in the calibration process. In brief, this algorithm consists of two major 

loops. In the first loop the Nash-Sutcliff 𝑅2 [30] as an objective function, is elevated 

iteratively until the difference between 𝑅2 in two successive iterations is below 0.1. In 

the second loop, the similar procedure is pursued with more refined parameter 

increments until the difference between 𝑅2 in two successive iterations reaches below 

0.01. In each loop, the parameter values are multiplied by a series of 5 factors, and the 

model is run for each value. The multiplication which results in the best 𝑅2 is exerted 

in the next iteration. It is important to note that in each iteration only one multiplication 

which results in the best 𝑅2 among all multiplications in the two parameters is selected 

for the next iteration. In other words, only one parameter can be changed in each 
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iteration. The stability issue of the explicit numerical code was mostly arisen when a 

combination range of the two parameters led to very high rate of aggregation and low 

rate of sedimentation which cannot occur in realistic experimental conditions, but 

could be encountered in the automatic parameter calibration process. For these cases 

the optimization algorithm, acting as a ‘master’ model, was designed to decrease the 

time step of the numerical code, acting as a ‘slave’ model, if this goes unstable. 

Additionally, the scheme considers if after three increments in the time step size the 

model was still unstable, the optimization algorithm skipped that multiplication of the 

parameter value.  

Unlike the other automatic calibration schemes in which noise or instability issues 

can hinder the calculation of parameter gradients [31, 32], in the present approach, 

skipping the unstable runs could not prevent finding the final optimum parameter 

values. Similar to other optimization techniques [33], feeding the model with 

appropriate initial values of parameters was important, especially, the model should be 

stable in the initial values of parameters fed to the optimization model. This stable 

initial condition causes the optimization model goes ahead without being hindered by 

unstable runs. This is because a factor of one is among the five parameter value 

multiplications, and thus from the beginning to the end of the parameter calibration 

process always there is at least one set of parameter values for which the model 

produces correct outputs. If the increments in the first major loop meet the requirement 

of the loop or fail to find any stable solution, then the optimization procedure proceeds 

to the second loop. In this loop, more refined multiplications enhance the fit and a 

greater chance of finding a stable solution is offered since the parameters adopt closer 

values to the stable ranges. The ability of the parallel runs of the model for incremented 

parameter values is believed to enhance the total run time significantly. Parameter 

calibration was mostly conducted on the Chadwick high performance computational 

(HPC) system at the University of Liverpool, consisting of single, quad- and dual-core 

nodes (1.6-2.33 GHz), as well as the Condor high throughput computing (HTC) system 

consisting of ~300 dual-core nodes (2.33 GHz).  

It should be noted that Nash-Sutcliff 𝑅2 might not perform very well as an 

objective function. Especially, we noticed that when the distance of the data points 

with the horizontal axis is small, even though visually a good match is achieved 

between the two graphs of the observation and modelled data, in opposite to 
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expectation Nash-Sutcliff 𝑅2 is not showing a value close one. This can cause 

difficulty for the optimization code to find the best set of parameters in such cases. In 

future uses this objective function can be simply replaced with sum of squared errors 

(SSR).   

13.6 Comparison between numerical and analytical 

solutions  

Analytical solution of the Smoluchowski model of aggregation for simplified 

condition, i.e., pure aggregation and the initial condition in which the initial population 

of the particles, 𝑛0, is located in the first bin, is given as follows [29]:  

𝑛𝑘,𝑡 =
𝑛0(

𝑡
𝜏)𝑘−1

(1 +
𝑡
𝜏)𝑘+1

 (F42) 

where 𝜏 is the characteristic aggregation time: 

𝜏 =
3𝜇

4𝑘𝐵𝑇𝑛0
 (F43) 

where 𝜇 is the dynamic viscosity of the suspending fluid (Kg m-1 S-1) .  

Considering a log-normal distribution for the initial condition, the analytical solution 

for the total number of suspended aggregates at time t, Nt, based on a Brownian 

collision frequency is given as [34, 35]: 

𝑁𝑡 =
𝑛0

1 + 𝐴𝛽0𝑛0𝑡
 (F44) 

where  

𝐴 = 1 + exp (𝑍0) (F45) 

𝑍0 = 𝑙𝑛2(𝜎0) (F46) 

𝛽0 =
2𝑘𝐵𝑇

3𝜇
 (F47) 

where 𝜎0 is the geometric standard deviation of the initial PSD. The result of the 

analytical solution was compared with that of numerical model for the same condition 

and with turning off the sedimentation mechanism by assuming identical density of 
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particles with that of water. The binning approach for solving the analytical solution 

with monodisperse initial condition includes an arithmetic series of aggregate volumes 

while for the numerical solution the binning approach remains a geometrical series 

(𝑣𝑖+1/𝑣𝑖 = 21/𝑞). Df was assumed equal to 3 and q was varied between 1.1 to 3. It 

should be noted that when Df is 3, q=1.5 yields a volume-based discretization close to 

that of DLS which is used in experimental data of this study.  

The comparisons for monodisperse analytical solution, shown in Figs. F12 and 

F13, demonstrates that an excellent match between numerical and analytical results of 

averaged hydrodynamic size is achieved when using the FP method. Regarding the 

MP technique, producing the results compatible with the condition of the analytical 

solution faced with difficulty, because placing the initial population of particles in the 

first bin hindered the solution due to some unknown reason. Yet, the result could be 

normally achieved when the second bin was used for this purpose, although it 

necessitated matching the second bin size with the analytical solution condition and 

therefore a difference between the primary particle size and the bin containing the 

initial mass in the MP model. After this partial mitigation of the issue, the final results 

for the comparison (Fig. F13) showed a poorer match between the analytical solution 

results (MP outcomes) compared to that of the FP technique results. Moving pivot 

results start to underestimate averaged analytical hydrodynamic size with an increase 

in the discretization interval corresponding to a decrease in q. Overall, these results 

demonstrate comparisons of numerical models with analytical solution of the 

aggregation model is totally promising in an initial condition which keeps all the 

particles in the smallest bin that can cause sharp gradient of the solution and 

consequent numerical difficulties. In the experimental PSD used in this study, the 

smallest bins of PSDs were less involved (see Fig. F2, F3). Thus, minor deviation of 

the average size predicted by MP in certain q when using this specific initial condition 

could not occur in modelling the experimental data of this study which mostly exhibits 

a distributed initial PSD. This is confirmed by negligible mass balance errors occurred 

in simulation cases. 

The results of comparison of FP and MP model output with the analytical solution 

based on log-normal initial PSD is given in Figs. F14 and F15, respectively. These 

results show that total number concentration of NP predicted by FP over various DF 

and q values agrees well with that predicted by the analytical solution. For MP method, 
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still a good match is achieved when q is one and with different DF values. However, 

with the increase of q some minor deviations are observed between the two curves. 

After all, very accurate reproduction of PSD might not be expected from FP and MP 

methods since these methods only conserve two properties, mass and number [21, 36], 

whereas such accurate reproducing of PSD might need conserving other moments as 

well [37]. 

13.7 Further investigations of sedimentation models 

combined with the MP approach  

In finding the best settling velocity model when using the MP approach, we selected 

three cases of experimental data, namely, pH at 7, 10, and 11 and IS at 5 mM CaCl2. 

The three settling velocity models included here are power law correlation, Brinkman 

permeability, and size distribution and the results are shown in Table F4 and Figs. F5, 

F6. According to these results, the Brinkman permeability model is the best one in 

terms of fitting, with averaged R2 values 0.69 and 0.79 for DH and DCR data, 

respectively, whereas these figures for size distribution-based model are 0.61 and 0.74, 

respectively, and for Power law model are 0.61 and 0.52, respectively (Table F4). 

Nevertheless, looking at the parameter values estimated in the calibration process, it is 

revealed that attachment efficiency, α, resulted from the Brinkman permeability are up 

to three orders-of-magnitude higher than one—the maximum theoretical value 

expected for this parameter. Similarly, the calibrated parameter values obtained for the 

Df (2.67-2.98) are close to the limit of Euclidian particles (Df =3), rather than fractal 

aggregates with Df commonly in range of 1.8 to 2.2. These results are improved when 

power law sedimentation model is used with α in the range of 2.2 to 35 and Df in the 

range of 2.4 to 2.8. The use of the particle size distribution-based model yields even 

better results in terms of the rational of the parameters estimated in the calibration 

process with α ranging from 0.6 to 1.35 and Df ranging from 1.8 to 2.5 (Table F4). 

Thus, using the MP approach, the best sedimentation models appears to be the size 

distribution-based model for settling velocity. Here it should be also mentioned that 

the rationale of the parameter values might not be still a reliable criteria for selecting 

the best models since they depend widely on the model applied [38] and already 

scaling the parameters resulted from such models are common [5].  
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13.8 Assessing the impact of number of depth 

discretization intervals 

It should be noted that in Eqs. 3.1 and 3.3 which have been used for producing 

sedimentation graphs (Fig. 3.3) and other aggregation modelling results (as the FP 

technique), the only derivative is in respect to time. Therefore, the model outcomes 

must be fully independent of the number of spatial discretization intervals (∆𝑧) [39, 

40]. To provide evidence for this, we compared the model results for various number 

of ∆𝑧 ranging from 3, which can be crucial if the numerical dispersion is an issue, to 

100, which may alleviate the issue of numerical dispersion if it exists. The results for 

the case of 5 mM CaCl2 after 300 min aggregation, which is shown in Fig F16, 

demonstrate that all curves resulted from selection of different numbers for depth 

intervals match very well. Numerical dispersion is not an issue in the modelling of this 

study. In respect to the number of bins for the particle size dimension (size classes), 

we should note that this too cannot cause inaccuracy as the fixed pivot approach used 

in this study is already claimed to be independent of the number of size classes by 

Kumar and Ramkrishna [21].  

13.9 Experimental versus modelling PSDs  

Reproduced PSDs by the model matched to DH evolution data, are shown in Fig. F2 

for various IS and Fig. F3 for various pH.  The models based on the case-specific initial 

PSD (without considering pre-early stage of the aggregation), significantly 

overestimate the PSD positions, though they might describe the width of PSDs (Fig. 

F2a,d,g, F3a,d,g). Their heights are also reproduced in cases were aggregation rate is 

moderate or low. It should be noted that experimental measurements of the 

hydrodynamic size might be biased by the larger size fraction in the dispersion [41]. 

Accordingly, matching the model to hydrodynamic size data and then using the model 

to predict PSD might overshoot the observation.  

When the pre-early stage of the aggregation is taken into account by considering a 

fixed initial PSD in all cases, a much better estimation of the PSD peak positions are 

obtained (Fig. F2b,e,h, F3b,e,h). When this approach is combined with a variable 

attachment efficiency predicted using DLVO, PSD comparison show similar results 
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with the former approach though a slightly better match is obtained in some cases, e.g., 

at pH 11, while the model fails to predict the PSD at low IS, e.g., 2.5 and 3 mM CaCl2. 

It should be noted that considering PSD as the model objective function in fitting 

is a better practice since calculation of geometric mean size for the PSD of the 

observation data over time shows large oscillations (results not shown), indicating 

higher reliability of DH data for being used in the model than averaged PSD data. 

Studies which have attempted to match experimental and modelling PSDs in similar 

condition with that in the present study are not abundant. One recent report [35] 

attributed the reason for the discrepancy between modelled and experimental PSDs to 

the widening of experimental PSD and its shift toward smaller bins which must not be 

the case when there is no breakage in the system. Overall, although the modelling 

approach with fixed initial PSD fairly matches the experimental PSD in later times, 

the reason for the observed discrepancies might be related to the experimental 

deficiency in measuring PSD rather than the model inaccuracy. 
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13.10 Figures 

 

Figure F1  The linear correlation between the derived count rate (kilo count per 

second) and the mass concentration (mg/L) of HAp NP for three different rages of 

concentration: up to 500 mg/L (left panel), up to 250 mg/L (middle panel), and up to 

100 mg/L (right panel). Standard deviations of duplicate experiments are shown as 

error bars which are barely visible. 
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Figure F2  Mass concentration-based particle size distribution in the beginning (a-c), 

middle (after 150 min, d-f), and the end of each aggregation experiment (300 min, g-i) 

at various IS and a fixed pH at 6. The model used here was FP approach with using 

power law velocity formulation and Brinkman collision model. The approaches are: 

case-specific initial PSD (a,d,g), fixed initial PSD in all cases (b,e,h), fixed initial PSD 

along with a variable attachment efficiency predicted b DLVO (c,f,i). It should be noted 

that size in the horizontal axis refers to diameters specified for bins.  
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Figure F3  Mass concentration-based particle size distribution in the beginning (a-c), 

middle (after 150 min, d-f), and the end of each aggregation experiment (300 min, g-i) 

at various pH and a fixed IS at 5 mM CaCl2. The model used here was FP approach 

with using power law velocity formulation and Brinkman collision model. The 

approaches are: case-specific initial PSD (a,d,g), fixed initial PSD in all cases (b,e,h), 

fixed initial PSD along with a variable attachment efficiency predicted b DLVO (c,f,i). 

It should be noted that size in the horizontal axis refers to diameters specified for bins. 
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Figure F4    Different modelling approaches to sedimentation velocity and collision 

frequency calculation using the FP (a,b) and MP (c,d) aggregation model. Hallow large 

red circles are the experimental data obtained at pH 10 and 5 mM CaCl2.  
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Figure F5  Evolutions of DH and DCR data modeled with MP models along with 

Brinkman permeability-based collision rates and different velocity models including: 

power Law (left), Brinkman permeability (middle), and size-distribution-based (right) 

models. The experimental data include three cased conducted under pH values of 7, 

10, and 11, at 5 mM CaCl2. 

 

Figure F6  Size distribution modeled with MP model along with Brinkman 

permeability-based collision rates and different velocity models including: power Law 

(left), Brinkman permeability (middle), and size-distribution-based (right) models. The 

experimental data include three cased conducted under pH values of 7, 10, and 11, at 

5 mM CaCl2. 
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Figure F7  DLVO profiles for various concentrations of CaCl2 and different particle 

radii. 

 

 

Figure F8  Evolution of Size (a-d) and change in normalized derived count rate (e-h) 

for HAp NPs at the point of measurement at various IS with a fixed pH at 6 (a,c,e,g) 

and various pH with a fixed IS at 5 mM CaCl2 (b,d,f,h). The model set used here 

includes the FP approach with power law velocity formulation and Brinkman collision 

model. The modelling approaches include using case-specific observed initial PSDs 

(approach A) (a,b,e,f) and using a fixed initial PSD with considering the pre-early stage 

of aggregation combined with a variable attachment efficiency predicted by DLVO 

(approach C) (c,d,g,h).  
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Figure F9  Zeta potential versus pH at 0 and 5 mM CaCl2 (a) and versus various 

electrolyte concentration at pH 6 (b). 
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Figure F10  Evolution of Size (a) and change in normalized derived count rate (shown 

as C/C0) (b) and PSDs at the start (c), the middle (d), and the end (e) of experiments 

for HAp NPs with different sample volumes, 1, 3, and 4 mL corresponding to different 

depths of measurements, 0.33, 2.33, and 3.33 cm, respectively. Experiments were 

conducted at pH=6 and an IS of 5 mM CaCl2. The models used here comprise of FP 

approach, power law settling velocity formulation, and Brinkman collision rate model 
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Figure F11  Set initial particle size distribution used in the fixed-initial-condition 

approach. 

 

Figure F12  The outputs of FP numerical model compared with the analytical solution 

for pure aggregation. All the initial population of particles is placed in the first bin. 

Similar to the condition of the case at pH 6 and IS of 10 mM CaCl2, the primary particle 

size was assumed 800 nm. Attachment efficiency was assumed one and Df was assumed 

3. The geometric discretization spacing factor, q, varied between 1.1 and 3.  
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Figure F13  The outputs of MP numerical model compared with the analytical solution 

for pure aggregation. All the initial population of particles is placed in one bin. The rest 

of the condition were selected similar to the case at pH 6 and IS of 10 mM CaCl2. 

Attachment efficiency was assumed one and Df was assumed 3. The geometric 

discretization spacing factor, q, varied between 1.1 and 3.  
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Figure F14  The outputs of FP numerical model compared with the analytical solution 

for pure aggregation with log-normal initial PSD. The rest of the condition were 

selected similar to the case at pH 6 and IS of 10 mM CaCl2. Attachment efficiency was 

assumed to be one and Df is 3 (a,b) or 1.8 (c,d). The geometric discretization spacing 

factor, q, is 1 (a,c) or 3 (b,d).  

 

 

 

 

 

 

 

 

 

 



314 
 

 

Figure F15  The outputs of MP numerical model compared with the analytical solution 

for pure aggregation with log-normal initial PSD. The rest of the condition were 

selected similar to the case at pH 6 and IS of 10 mM CaCl2. Attachment efficiency was 

assumed to be one and Df is 3 (a,b) or 1.8 (c,d). The geometric discretization spacing 

factor, q is 1 (a,c) or 2 (b,d).  
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Figure F16  Predicted mass concentration profiles with sedimentation depth, Z, 

confirming that selection of the number of depth intervals chosen is not significant in 

the prediction of mass loss rates using the models described in this work. 

  



316 
 

13.11 Tables  

 

Table F1  Fixed pivot fitting results with various sedimentation velocity and collision 

rate models.  

Collision 

model  

Settling velocity 

model  

α Df R2 -Size R2 -
DCR 

Mass 

balance 

error 

(%) 
Permeability 

with  

Brinkman 

model 

Power Law 6.33 2.317 0.714 0.835 9.5E-07 

Permeability, 

Davies 
5.00 3.000 -8.581 0.759 1.6E-06 

Permeability, 

Brinkman  
95.0 2.999 0.406 -2.103 -1.1E+01 

Size distribution  0.05 1.505 -0.017 0.924 6.0E-06 

Permeability 

with Davies 

correlation  

Power Law 0.80 2.473 0.356 0.922 6.1E-13 

Permeability, 

Davies 
2.00 2.985 -9.336 0.902 5.4E-07 

Permeability, 

Brinkman  
130 2.992 0.432 0.709 -1.7E+01 

Size distribution  0.002 1.830 -0.177 0.933 5.8E-13 

Simple 

fractal 

model 

Power Law 2.5 2.550 -16.412 0.870 1.9E-07 

Permeability, 

Davies 
2.0 2.985 -8.432 0.866 1.6E-05 

Permeability, 

Brinkman  
28.0 2.988 -5.323 0.941 -1.8E+00 

Size distribution  0.20 2.200 -2.285 0.926 3.6E-04 
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Table F2  Moving pivot fitting results with various sedimentation velocity and 

collision rate models. 

Collision 

model  

Settling 

velocity model  

α Df R2 -Size R2 -

DCR 

Mass 

balance 

error (%) 
Permeability 

with  

Brinkman 

model 

Power Law 15.6 2.468 0.679 0.620 1.6E-01 

Permeability, 

Davies 
15.0 2.990 -6.011 0.878 -1.2E+00 

Permeability, 

Brinkman  
230 2.980 0.705 0.584 -8.2E+00 

Size distribution  1.35 2.020 0.695 0.872 4.2E-01 

Permeability 

with Davies 

correlation  

Power Law 280 2.765 0.506 0.874 -4.2E-02 

Permeability, 

Davies 
40.0 3.000 -4.264 0.797 -5.0E+00 

Permeability, 

Brinkman  
125 2.920 0.529 0.944 -1.3E+01 

Size distribution  3.60 2.542 0.482 0.875 2.8E-01 

Simple 

fractal 

model 

Power Law 39.0 2.893 0.484 0.871 5.6E-01 

Permeability, 

Davies 
26.0 2.950 -0.672 0.828 6.3E-01 

Permeability, 

Brinkman  
3.50 2.500 0.338 0.887 6.8E-02 

Size distribution  3.60 2.500 -0.010 0.773 8.9E-02 
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Table F3  Goodness-of-fit results for FP model fittings to various experimental cases 

under different pH, IS, over 5 h with three approaches, to consider the initial condition: 

(1) PSD obtained at the initial measurement of each case; (2) an identical PSD for all 

cases; (3) an identical PSD for all cases and considering variable α based on DLVO. 

The power-law model and Brinkman-based permeability model are used to calculate 

the sedimentation velocity and collision frequencies, respectively. Measured zeta 

potential are also compared with the adjusted zeta potential in fittings when approach 

3 is used.  

pH  [CaCl2] 

(mM) 
Case specific 

initial PSD 

Identical PSD Identical PSD, variable α with DLVO 

  R2 Size 

data 

R2-

DCR 

data  

R2 Size 

data 

R2-

DCR 

data  

Measure

d Zeta 

potential 

(mV) 

Adjusted 

Zeta 

potential 

(mV) 

R2 Size 

data 

R2-

DCR 

data  

6 5 0.829 0.201 0.852 0.578 -2.3 -2.3 0.852 0.607 

7 5 0.633 0.879 0.624 0.474 -2.4 -4.5 0.484 0.013 

10 5 0.714 0.835 0.692 0.581 -12.3 -5.0 0.608 0.378 

11 5 0.740 0.922 0.606 0.091 -15.1 -7.3 0.640 0.262 

6 0 0.433 -0.973 NC NC NC NC NC NC 

6 1 -0.058 -0.651 NC NC NC NC NC NC 

6 2.5 0.821 -5.238 0.742 -5.22 -2.5 -27.0 0.701 -5.22 

6 3 0.973 -24.31 0.984 -24.24 -3.4 -23.5 -1.834 -24.2 

6 7.5 0.825 0.507 0.851 0.566 2.5 2.5 0.765 0.760 

6 10 0.839 0.499 0.793 0.790 2.8 2.8 0.774 0.555 

 

 

Table F4  The results of MP model in combination with three different sedimentation 

velocity models fit against experimental data of different pH. The Brinkman 

permeability model is used to calculate collision rates.   

Settling velocity 

model  

pH α Df R2 -Size R2 -
Concent

ration  

Mass 

balance 

error (%) 
Power law 7 35.0 2.410 0.562 0.800 1.3E-01 

 10 15.6 2.468 0.679 0.620 1.6E-01 

 11 2.20 2.800 0.596 0.139 -9.9E+00 

Permeability, 

Brinkman  
7 1000 2.98 0.678 0.909 -1.0E+01 

 10 230 2.98 0.705 0.584 -8.2E+00 

 11 1.99 2.67 0.695 0.877 -1.5E+01 

Size distribution 7 1.20 1.79 0.476 0.759 7.6E-04 

 10 1.35 2.02 0.695 0.872 4.2E-01 

 11 0.99 2.59 0.673 0.582 -8.3E+00 
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Table F5  Fixed pivot with the case-specific initial PSD approach fittings to early stage 

(the first 20 min) of various experimental cases under different cases of high pH, and 

IS. The power-law model and Brinkman-based permeability model are used to 

calculate the sedimentation velocity and collision frequencies, respectively.  

Approach 

to Df  

pH   CaCl2 

Concentration 

(mM) 

α Df R2 

Size 

data 

R2 -

concentrat

ion 

data  

Free in the 

estimation 

process 

7 5 0.525 1.55 0.939 -2.180 

10 5 0.361 1.75 0.979 -4.543 

11 5 0.008 1.65 0.920 -5.651 

6 5 0.926 1.52 0.931 -0.639 

6 7.5 0.851 1.65 0.914 -0.412 

6 10 0.059 1.58 0.913 -0.130 

Fixed in the 

estimation 

process 

7 5 0.772 1.60 0.955 -2.255 

10 5 0.175 1.60 0.978 -4.440 

11 5 0.007 1.60 0.909 -5.647 

6 5 1.550 1.60 0.947 -0.786 

6 7.5 0.620 1.60 0.918 -0.383 

6 10 0.059 1.60 0.900 -0.129 
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Table F6  Fixed pivot with the case-specific initial PSD approach fittings to early and 

late stages at pH 6 and 5 mM CaCl2 at different measurement depths. The power-law 

model and Brinkman-based permeability model are used to calculate the sedimentation 

velocity and collision frequencies, respectively.   

Measureme

nt depth 

(cm) 

α Df R2 Size 

data 

R2 -

concentrati

on 

data  

Mass 

balance 

error 

(%) 

0.3 0.53 1.98 0.050 0.876 1.8E-08 

2.3 11.6 2.03 0.829 0.201 -2.8E-05 

3.3 35.00 2.33 0.531 0.738 -1.0E-05 
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Appendix G   

14 Supporting information for Chapter 5 

14.1 Figures  

Figure G1 Zeta potential of SGO nanoparticles at different electrolyte concentrations 

(mM) of NaClO
4
 and CaCl

2
 at pH 6 (a) and for different pH values at an electrolyte 

concentration of 20 mM NaClO
4
 (b).     
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Figure G2  The correlation between different concentrations and their equivalent 

derived count rate (DCR).  
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Figure G3  Comparisons of PSD for SGO NPs at various CaCl2 (panels a-c) and 

NaClO4 (d-f) concentrations with a fixed pH at 6 and various pH (g-i) with a fixed IS 

at 20 mM NaClO4 at the beginning (t=0, a,d,g), middle (t=150 min, b,e,h), and the end 

of experiments (t=300 min, c,f,i). Continuous lines represent C-CRM; dot lines 

represent FP technique, and hash lines represent the S-CRM model outcomes. 
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Appendix H   

15 Supporting information for chapter 6 

15.1 Figures  

 

Figure H1  The experimental setup used in this work (a) and an enlarged photograph 

of the cylinder (b). The diameter of the cylinder shown in panel (a) is 8.2 cm which 

was manufactured for initial trials while the diameter of the cylinder shown in panel 

(b) is 5 cm which was used for the main experiments.  
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Figure H2  Experimental photos of the cylinder (acyl=2.5 cm) rotating at 4.71 rph 

corresponding to Re=0.91 after Methylene Blue injection. 
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Figure H3  (a) The rotational component of velocity and (b) shear rate vs distance from 

the centre of the cylinder for the cylinder at different times. 
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Figure H4  Velocity vectors for various Df and particle radii.  
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Figure H5  Experimental photos of SGO aggregation over longer times for the case of 

rotating cylinder filled with SGO NP in 0.75 mM CaCl2 solution and pH 6. 

 

Figure H6  Variation of nondimensionalized collision frequency calculated for 

collision between particles/aggregates with radii 50 (a), 500 (b), or 2000 (c) nm with 

all other particle size classes for different fractal dimensions. Other input parameters 

of the aggregation model assumed as: attachment efficiency α=1, particle density 1800 

Kg/m3, and shear rate G=0. 𝜏 is the characteristic time of aggregation [1] and n0 is the 

initial population of particles.  
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15.2 Tables 

Table H1  Parameter values estimated in the fitting process together with Nash-Sutcliff 

goodness-of-fit criterion, R2
NS.  

Ionic strength  Condition  α Df R2
NS 

0.5 control 7.0E-06 1.36 0.709 
 

static 1.0E-05 1.38 0.433 
 

dynamic 4.9E-05 1.53 0.814 

0.75 control 6.5E-04 1.34 0.870 
 

static  1.1E-03 1.82 0.776 
 

static  1.2E-04 1.40 0.960 
 

dynamic 1.4E-03 2.06 0.578 
 

dynamic 6.8E-03 2.63 0.921 
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