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Abstract

This thesis considers one of the most active topics in actuarial mathematics literature,
deriving the probability of ruin for the enlarged risk models. In this thesis, the classi-
cal Cramér-Lundberg risk process will be extended by several dependent risk processes,
including the time dependent risk process, the claim dependent risk process and the
surplus dependent risk process. Under these dependent model settings, we investigated
the changes in the probabilities of ruin, which provides us with an approach of how to
adapt classical risk theory to the contemporary complex financial market. In particular,
for claim dependent model, we focused on the discrete binomial risk process and mixed
over the parameter of the probability of successful claims. In addition, the inhomoge-
neous type of Seal’s formulae are derived to obtain the finite time ruin probability under
the time dependent risk process, which is referred as the inhomogeneous Poisson process
model and a number of specific Cox processes. Furthermore, we analyzed the surplus
dependent reinsurance contracts and applied ruin probability as the risk measure, which

is evaluated by the idea of two barriers model.
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Chapter 1

Introduction

Ruin theory has been one of the most active research topics in actuarial science for more
than a hundred years. Considering the arrival time of the claims and their amounts over
the insurer’s income, we aim to measure the risk as the event/probability the surplus level
of an insurer for insurance portfolios falls below 0, which is known as ruin probability.
In order to mathematically formulate the behaviour of such a risk process, the classical
insurance risk model describes the surplus of an insurance company, assuming that the
insurer starts with a non-negative amount of initial capital, collects premiums and pays
claims. Therefore, initial surplus, premiums received and claims paid, determine the
classical risk model of an insurance surplus process. If the surplus level falls below zero,

we say that ruin has occurred.

Due to the complicated nature of the financial market, risk models have been adapted
to the real financial market with extreme challenges. Although they have developed and
extended since the beginning of the 20" century, they still need further improvements.
In this thesis, the main work focuses on modelling and investigating the surplus process
under time dependent, claim dependent and surplus dependent models and measuring
the risk by their ruin probabilities. The main contributions in this thesis are summerized

as below.

e The application of mixing distributions with the more convenient set up of the pa-
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1. INTRODUCTION

rameter of success probability over Gamma and Lévy (heavy-tailed) distributions
under the setting of discrete binomial risk process. The ultimate probabilities of
ruin are given in Corollaries 3.2.1 and 3.2.3 for Gamma and Lévy mixing distribu-

tions, respectively, by applying the method given in Proposition 3.2.1,

e The classical Seal’s formulae are extended to fit the setting of the inhomogeneous
Poisson process (Theorem 4.2.3) by applying the backward martingale (Theorem
4.2.2). In addition, using the fact in Theorem 4.2.5, the infinite time ruin proba-

bility for the inhomogeneous Poisson process is derived,

e Ultimate ruin probabilities for the Markov jump process and two states model
are derived by applying the backward recursions (4.3.2) on the integro-differential
equations and the total probability theorem,

e A number of surplus dependent partial injection models and reinsurance contracts
are used to envaluate the risk by measuring their ruin probabilities by applying

the idea of two barriers model (Chapter 5).

Literature reviews in the next two sections are organized by risk models and mathemat-

ical methods which are closely related to the main contributions in this thesis.

1.1 Literature review of risk models

The foundation of the risk process is the classical compound Poisson model with a
constant intensity parameter. It has been described by the summation of initial capital
and premium collected with the negative aggregate claim process. According to the
assumptions of independence of claim occurrence times and sizes, the inter-arrival time

is not related to the amount of the claim.



1.1. Literature review of risk models

Ut

Figure 1.1: Surplus process for classical Cramér-Lundberg risk process

A basic "net profit condition” has to be satisfied, saying that on average the incoming
premium rate is greater than the average paid claim rate. The most fundamental risk
model was initially introduced in 1903 by Filip Lundberg and his work was republished by
Cramér (1930) as the Cramér-Lundberg model, which considers the risk reserve process

U, with an initial capital Uy = u and a constant premium rate ¢, such that
Ut:’U/—f-Ct—St, (11)

where S, the aggregate claim process, represents the cumulative amount of claims up

to time . In particular, it is presented as

Ny
5 =YX, (1.2)
=1

where N, follows a Poisson point process with an intensity (defined as a constant inten-
sity A or a functional intensity A(¢) or a stochastic process \; under the homogeneous,
inhomogeneous or Cox Poisson process, respectively) and the X; for i = 1,2, ... rep-
resent the claims, which are independent and identically distributed random variables
independent of N;, with density function fx(x), cumulative distribution function Fx(x)

and mean p = E[X;] = [[° 2dFx(x).

At the beginning, the primary investigation of risk theory was on the specific claim size
distributions (Cramér, 1930). For instance, in the case of sub-exponentially distributed

claim sizes, the ruin is asymptotically determined by a single extreme claim (Embrechts
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1. INTRODUCTION

et al., 1993), it can be seen as the result of the heavy-tailed distributed claims (Asmussen
and Albrecher, 2010). Thorin and Wikstad (1977) analysed the ruin problem when
claims are log-normally distributed. Gerber et al. (1987) obtained the ruin probability
for mixture Erlang-distributed claim by studying the severity of ruin, as well as the
probability of ruin. In addition, Kliippelberg and Stadtmueller (1998) considered the
large claims case, where the claim size distribution has a regularly varying tail and their
results applied for instance to Pareto, log-gamma, certain Benktander and stable claim

size distributions.

Later, Andersen (1957) developed the classical risk model into a more general frame-
work. In the Sparre Andersen model, it is assumed that the inter-arrival times are
independent and identically distributed random variables, in other words, the model
permits non-exponential inter-arrival times but retains the Cramér-Lundberg assump-
tions on the claim sizes. For instance, it was shown that for any inter-arrival time
distribution, the probability of ruin still has an exponential type of bound (Andersen,
1957). In addition, for particular distributions of the inter-arrival time, the literature of
Dickson and Hipp (1998), Borovkov and Dickson (2008), Li and Garrido (2004) and Ger-
ber and Shiu (2005) analysed either the asymptotic behaviours of the probability of ruin
or moments of the time of ruin. Furthermore, the first investigation of the ruin problem
when the occurrence of claims is described by a Cox process was due to (Ammeter,
1948). Cox (1955) provided a more general stochastic process, which was a generaliza-
tion of a Poisson process where the intensity of claim frequency is a stochastic process.
In order to let the parameter of the intensity process represent the dependency with
respect to time, Jesper (2002) provided an application of the shot-noise Cox process,
which considers the intensity process as a stochastic process which varies with external

events and their occurring times,
Np(t)

A=Xo+ Y h(t—T,,Y,),
n=1

and is introduced in Section 4.3.1. Grandell (1991b) introduced the Cox process with

Markov intensity process, this model described the intensity process in different stages,
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1.1. Literature review of risk models

where the stage changes by independent identically distributed exponential times. Ac-
cording to the time dependent properties of the Cox process, finite time problems became
key questions to evaluate the probability of ruin under the setting of the Cox process.

In summary, the properties of different types of point processes are given in the next

table,
Homogeneous | Inhomogeneous Cox
Parameter | A: Constant A(t): Function A¢: Random process
P[N(t) = n] QL o= Mlﬂ(f JoM)ds | Depends on the case
E[N(t)] At ]E[fot A(s)ds] Depends on the case
Table 1.1: Features of the homogeneous, inhomogeneous and Cox Poisson process
Cox Process HTI GBM DJP MJP
Position Ex. 4.3.1 Ex. 4.3.2 Ex. 4.3.3 Ex 4.3.4
PIN(t) = n] unknown unknown known known
E[N(¢)] e Otert(My (e)—1) AoeHt Ao + e OertEN)=1) | 4 Zast—0

Table 1.2: Some Cox process properties

where HTI = Heavy tailed intensity, GBM = Geometric Brownian motion intensity, DJP =

Discounted jump process and MJP = Markov jump process can be found in Chapter 4.

Chapter 4 is based on previous results from Willmot (2015) and inspired by Takdacs
(1977). The inhomogeneous Poisson process and the Cox process are fully investigated.
Using a different setting of the surplus process in comparison to (1.1), the modified
surplus process considers the initial age. Theorem 4.2.2 provides a backward martingale
with respect to the surplus level and the intensity function, which is the key to evaluating
the probability of ruin and deriving the inhomogeneous type of Seal’s formulae. In
addition, a number of examples for the Cox process are given in Section 4.3. In particular,
under the setting of the Markov jump process, Theorem 4.3.2 shows integro-differential

equations which can be used to calculate the ultimate ruin probability by applying
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1. INTRODUCTION

backward recursions. Two states model is a special case of the Markov jump process

and its ruin probability is derived in Example 4.3.4.

Independence assumptions of claim size and a claim’s occurring time can be too re-
strictive in practical applications and it is natural to look for explicit formulae for the
ruin probability and related quantities in the presence of dependence among the risks.
Over recent decades a number of dependence structures have been identified that allow
for analytical formulae (see e.g. Biihlmann (1970), Asmussen and Albrecher (2010)).
Albrecher et al. (2011) provided an additional class of continuous dependent risk models
for which explicit expressions for ruin probability can be obtained. In this thesis, Chap-
ter 3 is from our article Constantinescu et al. (2018), which presents basic properties and
discusses potential insurance applications of a new class of probability distributions on
positive integers with power law tails under the discrete binomial risk process. In partic-
ular, the probability of ruin in the compound binomial risk model is obtained where the
claims are zero-inflated discrete Pareto and Weibull distributed with correlation induced
by mixing distributions. Equation (3.1) shows the relationship between the probability
mass function of claims by mixing over p and the Laplace transform of ©. In addition,
Proposition 3.2.1 provides the equation to derive the ruin probability. Under the claim’s
setting of a zero-modified Pareto and Weibull distribution, the explicit ruin probabilities

are derived in Corollary 3.2.1 and 3.2.3.

Apart from special claim and time dependent risk processes, Nie et al. (2011) and
Nie et al. (2015) calculated the ruin probability under the classical capital injection
environment with infinite and finite time horizon. They considered the question of
"whether the insurer can reduce the ultimate ruin probability by allocating part of
the initial funds to the purchase of a reinsurance contract” (Nie et al., 2011). This
reinsurance contract would restore the insurer’s surplus to a positive level k every time
the surplus level falls between 0 and k. The insurer’s objective is to decide if they should
raise more capital or purchase the reinsurance agreements to minimize the ultimate ruin

probability.
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1.1. Literature review of risk models

Figure 1.2: Surplus process with capital injection

More examples of the capital injection model can be found in Dickson and Qazvini
(2016). The model is represented in Figure 1.2. Dividend strategies for insurance risk
models were firstly proposed by De Finetti (1957) to more realistically reflect the surplus
cash flows in an insurance portfolio. Barrier strategies for the compound Poisson risk
model have been studied in a number of papers and books, such as Albrecher et al.

(2005), Gerber (1979), Lin et al. (2003) and Segerdahl (1970).

Chapter 5 provides a number of examples of partial injection models and reinsurance
contracts by extending the findings in Lin and Pavlova (2006), Nie et al. (2011) and
Dickson and Qazvini (2016). The ruin probability is derived by applying the idea of
two barriers model and the joint probability of ruin and deficit, which are introduced
in Sections 2.6 and 2.7, probabilities for the barrier model are given in (2.23). The
partial injection model is extended from the capital injection model in Chapter 5. Its
injection is related to the part of amount/deficit by which the surplus process falls below
a fixed compensation level 0 < k < u. More precisely, suppose that on the i** occasion
that the surplus falls between 0 and k, the insurer’s surplus falls to a level k — y; (such
that 0 < y; < k), the reinsurer makes an instant payment of the part of the deficit py;
(p € (0,1)) to the insurer. If any claim leads the insurer’s surplus to drop to a level
below 0 (or the lower level, e.g. Sections 5.1.2 and 5.1.3), the reinsurer does not make

a payment and ruin for the portfolio occurs at the time of this claim. In addition, the
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1. INTRODUCTION

relationship between the ruin and the injection is defined and investigated in Section
5.2, which leads ruin probabilities to behave in different ways under the different models’
settings. The optimal setting of initial investment is derived by considering the cost
of reinsurance contracts in Section 5.4. Furthemore, the premium calculation will be
derived in order to construct the capital injection and partial discrete capital injection

model as a reinsurance contract.

1.2 Literature review of the mathematical methods

The simplest case of a classical risk model assumes that claim size is exponentially dis-
tributed. Cramér (1930) applied a differential argument to derive an expression for the
non-ruin probability and solved it by assuming the claim size follows an exponential
distribution, resulting in an exponential solution. Since then, many actuarial mathe-
maticians have started to analyse the problem of ruin. One direction is to estimate
the ruin probability for some particular claims’ distributions by approximations (Beek-
man, 1969; Kingman, 1962; Bloomfield and Cox, 1972; De Vylder, 1978; Willmot and
Lin, 2001) and asymptotic analyses (Kliippelberg et al., 2004; Palmowski and Pistorius,
2009; Albrecher et al., 2012), especially for heavy-tailed claims (Ramsay, 2003). In ad-
dition, discrete heavy-tailed distributions are an important and active topic in non-life
insurance research and practice (see, e.g., Castanér et al. (2013), Cheng and Shiu (2000),
Li and Garrido (2009)).

Ever since the explicit solution of ruin probabilities for exponential claim sizes was
established (Cramér, 1930), investigation into the explicit ruin probability for the light-
tailed distributions has become an active direction of research, particular in the last 50
years. The literature for deriving explicit expressions for the ultimate ruin probability
of the classical Cramér-Lundberg risk model (1.1) with various light-tailed claim distri-
butions is abundant in both methods and results. Cramér (1955) and Feller (1968) both
derived the solution of the non-ruin probability by applying a differential argument (2.4),

under some conditions, the probability can be solved analytically when the claims are
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1.2. Literature review of the mathematical methods

exponentially distributed by either differentiating both sides of the integro-differential
equation (the method of solving an ordinary differential equation) or taking the Laplace
transform and its inversion. Pakes (1975) derived the relationship between ruin prob-
ability and the tail distribution of the claim severity by considering limiting waiting
distributions of GI/G/1 queue. The maximum of the waiting times is also obtained in

a limited theorem.

There exist a number of results for various special risk models and processes. Ger-
ber (1973) analysed the risk process with independent and stationary increments by
applying the martingale theorem. Thorin (1973) derived an integral expression for the
ruin probability for the classical risk model with special Gamma distributed claims (can
also be found in Constantinescu et al. (2017)). Furthermore, Ramsay (2003) applied
the inverse Laplace transform over the complex domain to derive a solution of the ruin
probability when the claim size follows a special Pareto distribution. For heavy-tailed
distributed claims, only asymptotic results were derived in the literature. Embrechts
et al. (2017) and Rolski et al. (1999) particularly studied subexponential claim cases. In
addition, asymptotic results on ruin probabilities for Lévy insurance risk processes can

be found in Kliippelberg et al. (2004).

There is very little literature for explicit finite time ruin probability. For the classical
risk model, Asmussen (1984) provided the result of explicit finite time ruin probability
with exponential claims. Dickson and Willmot (2005) derived an expression for the
density of the time to ruin in the classical risk model by inverting its Laplace transform.
Gani and Prabhu (1959) introduced another method which is based on the queueing
theory, applying the Laplace transform and its inversion with respect to the initial
capital u to derive the formulae for ruin probability. In queuing theory, the Pollaczeck-
Khinchine formula is one of the most fundamental tools, which was first introduced
by Pollaczek (1930). This formula was applied to risk theory to get the expression for
ruin probability (Asmussen and Albrecher, 2010). In addition, Willmot (2015) found a

solution for the finite time ruin probability with mixture Erlang claim distribution by
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1. INTRODUCTION

applying Seal’s type integro-differential equations (also see Klausiigman et al. (2013))
and Michna (2011) derived a new version of Seal’s formulae for the spectrally positive

Lévy process.

Furthermore, Takécs (1955) applied the double Laplace transformation on the integro-
differential equation for joint waiting time distribution with respect to initial capital and
time variable. Borovkov and Dickson (2008) extended the result for the classical case to
the Sparre Andersen model with exponential claims by using alternative approaches. In
order to generate the explicit probability, Dassios et al. (2015) provided an infinitesimal
generator Af(u, A, z,t) where f(u, A, z,t) denotes a function of the surplus level, value
of intensity parameter, time elapsed and time variable. This generator can be applied
to obtain the ruin probability by the theorem provided by Paulsen and Gjessing (1997).
By this theorem, one could simply let the function f(-) become the ruin probability.
However, under some Cox processes with a non-Markovian intensity process (e.g. the
shot-noise Cox process), the function f(-) has to combine a new random variable: time
elapsed, therefore the explicit ruin probability under this process becomes very difficult

to obtain.

The problem of risk processes with the upper barrier under the dividend or reinsurance
agreements has been investigated very well. The ruin probability of the two barriers can
be found in Dickson and Gray (1986). The optimal calculation for dividend strategy was
initially proposed by De Finetti (1957) for a general binomial model. In the classical
risk model, literature for dividend strategy problems and more general barrier strategies
can be found in Borch (1969), Bithlmann (1970), Segerdahl (1970) and Gerber (1973).
Furthermore, Dickson and Drekic (2006) studied the optimal dividend problem under a
ruin probability constraint. Albrecher et al. (2005) investigated a barrier strategy with

generalized Erlang(n) claim inter-arrival times, e.g. in the Sparre Andersen model.

Biihlmann (1972) started with simple models for which explicit solutions are available

and subsequently mixed over involved parameters. The changes made lead the marginal
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1.3. Summary of the thesis

distributions and risks to be measured dependently. ”One can then balance the marginal
distribution of the risks with their dependent structure in such a way that properties
like level crossing probabilities can be studied without direct treatment of the dynamics
of the process” (Albrecher et al., 2011). In other words, the mixing of the parameters
can be carried over to the mixing of the final quantities under study. This results in a
new set of dependent models for which explicit results can be obtained and may serve

as a new structure for a larger model class (see Asmussen and Albrecher (2010)).

The theory and applications of such zero-modified discrete distributions is an impor-
tant area in distribution theory, with applications in manufacturing (Lambert, 1992),
econometrics (Mullahy, 1997), economics (Aryal, 2011; Iwunor, 1995; Sharma, 1985),
and accident analysis (Miaou, 1994; Shankar et al., 1994), among others. Such modifica-
tions, also known as zero-adjusted, zero-altered, or zero-inflated discrete distributions,
have been developed for many standard discrete distributions to account for dispropor-
tionally large (or small) frequencies of zeroes observed in empirical data, compared with
the standard models (Johnson and Kemp, 1994). Popular models of this type include
those based upon the Poisson distribution (Goralski, 1977; Greene, 2000; Heilbron, 1994;
Min and Agresti, 2005), generalized Poisson distribution (Gupta et al., 1996)), bino-
mial distribution (Greene, 2000), geometric and negative binomial distributions (Greene,
2000; Iwunor, 1995; Min and Agresti, 2005; Sharma, 1985), and logarithmic distribution
(Khatri, 1961; Patil, 1964).

1.3 Summary of the thesis

The second chapter introduces preliminaries and models. Definitions, properties and
results in the literature are fully provided and the main methodologies for solving the
three dependent models are introduced. For the claim dependent model, we suggest the
mixing procedures as a general tool for dependent modelling in collective risk theory.

For the time dependent model, the point process is modelled by the inhomogeneous

11



1. INTRODUCTION

Poisson or the Cox process. In addition, for the surplus dependent model, the approach

for solving the two barriers model will be discussed.

Chapter three investigates the claim dependent model. By applying the simple mixing
approach, we manage to extend the class of the claim size distributions and aim to derive
the ultimate probability of ruin under the discrete binomial risk process. In particular,
we introduce the more convenient way of mixing the parameter of the probability of
success in the zero-modified claim distribution, resulting in the more tractable claim

distributions and explicit expressions for ruin probabilities.

The fourth chapter is dedicated to the time dependent model. A new type of Seal’s
formulae are derived and applied in order to compute the finite time ruin probability
under the inhomogeneous Poisson process risk model. Analyses under some specific Cox
process models with a number of statistical properties are introduced and the possibility

of deriving the explicit ruin probability under the Cox process is discussed.

Chapter five discusses the surplus dependent model. In fact, the idea of an upper
barrier model provides the main inspiration for this model, in which instead of intro-
ducing an upper barrier, we bring a compensation level into the original risk process
and investigate the behaviour of the surplus process. Furthermore, we provide some
reinsurance agreements and measure the risk by the ultimate ruin probability. We aim

to answer the following key risk management questions:
e Should a company buy reinsurance or raise more capital?
e What is the optimal initial capital setting?
e How can risk theory help decisions regarding reinsurance?

The last chapter concludes the current findings and proposes further research.

12



Chapter 2

Preliminaries

This chapter provides the foundation of the concepts to be presented in this thesis. As
our goal is to investigate the claim dependent risk model, time dependent risk model
and surplus dependent risk model, the basic concepts and preliminaries of the upcom-
ing problems will be introduced. Firstly, Ni (2015) summarized some basic insurance

mathematics concepts, which can be seen throughout this thesis.

e An insurance premium is referred to as the premium rate in risk theory, denoted by
¢ (if there are no other declarations), which is an amount of money that insurance

company collects from policyholders per unit time.

e Claims are the amount of losses an insurer needs to pay for an insured product.
The value of a claim is referred to as the claim size and it is considered as a

non-negative random variable, denoted by X, with common distribution function

FX(iL')

e The number of claims that occur in a certain period is a non-negative integer-
valued random variable. The claim counting process is often denoted by {N;,t > 0}

where N, is the number of claims up to time t.

e An epoch of a claim, or sometimes called a claim arrival time is the time at which
a claim happens. We denote the epochs by ty, t9, ... and the inter-arrival times

or waiting times by T; = t; — t;_1, with common distribution function Fr.

13



2. PRELIMINARIES

o A risk surplus denoted here by U, is the amount of capital an insurance company
has at time ¢. It increases by collecting premiums and drops by the payment of

claims.
e The net profit condition for a risk model is
c-E(Ti) = (1 +n)E(X), (2.1)

where 1 > 0 is called the safety loading. It describes the situation where the insur-
ance company can avoid certain ruin. If the net profit condition is not satisfied,
ie., c-E(T;) < E(X;), then the ruin occurs almost surely irrespective of the large

value of the initial surplus.

2.1 Ruin probabilities

We start with the definition of the probability of ruin. Let (Q, F,P, {F;}:>0) be a com-
plete probability space containing insurance mathematics concepts previously discussed
for the model (1.1), where {F;}+>0 denotes a nature filtration. This model describes the
amount of surplus U; of an insurance portfolio at time ¢. Conditioning on the initial
capital u, the finite time ruin probability ¥ (u,T') is expressed by the probability of the

smallest surplus level being below 0 in the time interval (0,7),
Y(u,T) =P <051£TU} < 0‘ Up = u) =P(r,.<T), u=0T2>0, (2.2)
where 7, is the first hitting time or the time of ruin
T, =inf{t >0: U; <0}. (2.3)
Furthermore, we are able to obtain the ultimate ruin probability when taking 7" — oo,
lim (u,T) =(u), ©w=0

T—o0

and the non-ruin, or survival probability, is denoted by

14



2.1.  Ruin probabilities

Recall that the risk process Uy in (1.1) is referred to as the classical Cramér -Lundberg
risk process if the point process N; is a homogeneous Poisson process with constant
intensity parameter A\. Cramér (1930) used the properties of a Poisson process (can be
found in the third definition in 2.2.1) to derive an integro-differential equation for the
non-ruin probability by applying differential arguments. In addition, Grandell (1991a)
considered U, in a sufficiently small time interval (0, A] and separated the four possible

cases:
1. No claim occurs in (0, AJ;
2. One claim occurs in (0, A], but ruin does not happen;
3. One claim occurs in (0, A], and ruin happens;
4. More than one claim occurs in (0, A].

Then the non-ruin probability satisfies
u+cA
P(u) = (1 — AA)p(u + cA) + )\A/ d(u+ cA —z)dFx(x) + o(A), u>0.
0

Letting A — 0, one obtains the integro-differential equation with respect to the non-ruin

probability and the cumulative distribution function of the claim size

feot) = 26w =2 [ otu-)iFs(a). uzo (24)

The proof can be found in Gerber (1979), Grandell (1991a) and Panjer and Willmot

(1992). The idea to solve equation (2.4) is to use the Laplace transformation.

Definition 2.1.1. The Laplace transform of a function f(t), defined for any real number

t > 0, is the function f(s), defined by

f(s) = LAF()} = /0 T et ()t

Properties of the Laplace transform required in this thesis are given by the following

proposition.

15



2. PRELIMINARIES

Proposition 2.1.1. The Laplace transform of a differential function £ f(¢) is given by

LSO} = 57() — 1(0)

The Laplace transform of a convolution with f(¢) and ¢(¢),

<ﬂmwzlfmw~ﬂmzﬂﬂpﬂwwr
is given by
LA *9)(1) = F()(s).

The Laplace transform of a time shifting function f(¢t — a) is given by

LAf(t—a)} =e " f(s).
Then applying a Laplace transform on the integro-differential equation (2.4) leads to

R c¢(0)
) = cs — A+ Mfx(s)

When the claim sizes are exponentially distributed with parameter 3, the Laplace trans-

(2.5)

form of the claim size density equals

fx(s) = sfﬁ’ R(s) > —a.

By applying the fractional decomposition and inverse Laplace transformation, the non-

ruin probability can be obtained from equation(2.5)

d(u) =1 — %6(59“, u> 0. (2.6)

When the claim sizes are Erlang distributed with parameter o and scale n, the Laplace

transform of the claim size density equals

o= (15) 0w -a

s+«
the expression on the right hand side of (2.5) can be derived by the ratio of two poly-
nomial functions with respect to s. For the Erlang distributed claim case, one can then
use the partial fraction decomposition and invert (2.5) to obtain a linear combination

of exponential functions (Grandell, 1991a; He et al., 2003; Constantinescu et al., 2017).
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2.2. Inhomogeneous Poisson point process and Cox process

Notice that for a rational shape parameter r = m/n € Q where m and n are both

positive integers, with R(s) > «a, one could shift the argument s to obtain

. B c¢(0) B cp(0)s™/m
s —a) = c(s —a) = A+ X&)/ cfs — a)s™™ — X+ Aam/n’

which is a ratio of polynomials of orders m and (m + 1) in t = s/, In this case, an
explicit expression and model settings can be found in Zhu (2013) and Constantinescu

et al. (2017), using the two parameter (m,n) Mittag-Leffler function
m+n—1
1 1
o(u) = e ut Y By (st ), w0 (2.7)
k=0

with s, and my real constants, determined on a case-by-case basis.

As mentioned, the non-ruin probability can be derived by the inversion of the Laplace
transformation. For some particular cases, the inversion results on the Laplace transfor-
mation are explicit and ready to use. For other general scenarios, a numerical inversion
technique might be required. Some references can be found with respect to numerical

inversion of Laplace transforms, e.g. Ahn et al. (2000) and Abate and Whitt (1995).

2.2 Inhomogeneous Poisson point process and Cox
process

The point process has always been a core research direction in risk theory. For the
classical homogeneous Poisson process, the intensity of the claim frequency is defined as
a constant, since, it is independent of the time variable. When we consider the aggregate
claims size combined with an inhomogeneous Poisson process or Cox process, then the
intensity of the point process will be correlated with the time dependent model and is
referred to as a function A(t) or a stochastic process A, (Parzen, 1962; Cox and Isham,

1980) Then, an inhomogeneous Poisson process is defined in the following way.

Definition 2.2.1. A stochastic point process N, is called an inhomogeneous Poisson

process with intensity function A(¢) for all ¢ > 0 and the integrated process is called the
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2. PRELIMINARIES

mean value function
t
Af) = E[N] = [ As)ds,
0

which has the following key properties:

1. P[N, = n] = 20%~A®) for ¢ > 0,

E[S)] = pA(t), Var[S,] = 12A(2),

3. Timy, o e N0\ (1) iy, g

PNy h—Ne=1
BINeen —Ne=1] et l = A(t).
Then the probability mass function of an inhomogeneous Poisson process is given by

_ k
P[Nt+s Nt — k,] —[A(t+s)—A(t)] [A<t + S]){| A(t)] ,fOI' L Z 0’ t Z 0.

Now, if we consider the mean value function to be the time A(¢), an inhomogeneous

Poisson process with time ¢ can be constructed by a homogeneous Poisson process with

time A(t).

Proposition 2.2.1. (Time shifting) The inhomogeneous Poisson process N; with
intensity function A\(¢) at time ¢ can be considered as a homogeneous Poisson process N,

with constant intensity 1 at time A(¢), where

PN, =n] = [Afﬂbﬁe_m) = IP’[NA(t) = nl.

Proposition 2.2.2. Assume that N; follows the inhomogeneous Poisson process with

mean value function A(t fo s)ds and any 6 # 0 and t; > t; > 0 s.t.

]E[GNQ*NH] — ]E[e(efl)(/\(w)*/\(tl))]_
Proof. Start with the definition of the inhomogeneous Poisson process,
E[QNt2_Nt1] — E[E[@N’t?_Ntl |t2 > t > 0]]

_ e (A -Aw) )ng (tl)) ]

— Efe(At2-Awm) )Z A(t))]* ]

— E[e*(A(tz)*A(tl))e (A (tz)*/\(tl))] — E[e((’*l)(/\(b)*/\(tl))]-

- i
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2.3. The idea of mixing distribution

See, for example, Dassios and Jang (2005). ]

Definition 2.2.2. The stochastic point process N; is called a F;-Cox (doubly stochastic)
Poisson process with intensity \; if we assume N; to be adapted to a history F;, \; to

be F;-measurable, t > 0 and that
t
A = / Agds < 0.
0

For all 0 <t <,

to
s, (1 [ 1),

t1

and the distribution of the point process is defined by a conditional probability.
t n
(f() /\Sd8> e~ fot )\Sds.

PIN(1) = nlF) = =02

However, under the setting of Cox process, we cannot easily generate the distribution
of the point process because it has to be conditioned on the path of history. The reason
we investigate the inhomogeneous Poisson process is to construct a stochastic intensity
process: the Cox process (specifically for the shot-noise Cox process, see Albrecher and
Asmussen (2006)). By applying the total probability theorem, we aim to derive the
unconditional probabilities from the distribution of the point process, conditioning on
the history F;, which is also referred to as the conditional distribution of the intensity

process. Therefore, the key problem of deriving the distribution of the Cox process can

be replaced by generating the unconditional distribution for the intensity process.

2.3 The idea of mixing distribution

According to Bithlmann (1970), one can use ruin probability formulae of the Cramer-
Lundberg risk model (which are explicit for certain classes of claim size distributions,
see e.g. Asmussen and Albrecher (2010), Albrecher et al. (2011)) and mix over an
involved parameter ©, which can be considered as the Poisson parameter A or claim size

parameter B . The resulting ruin probability for the new dependent model is given by

blu) = / " Yo(u)dFo(0). (2.8)
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2. PRELIMINARIES

Note that this formula was initially given by Bithlmann (1972), where the mixing proce-
dure was used in the context of dynamic credibility-based premiums for the risk process
(Dubey, 1977; Bithlmann and Gerber, 1978; Gerber, 1979). If mixing over the Pois-
son parameter A (which is a random variable, representing the intensity of the claims
frequency) with the mixing cumulative distribution function Fj(x), the net profit con-
dition will be violated whenever the realisation of A is larger than the threshold value
Ae = ¢/E(X7). Hence, a refined version of (2.8) is
Ac -

(u) = i Ur(w)dEA(X) + Fa(Ae). (2.9)

Correspondingly,
lim (u) = Fr(A).

U—00

If one considers the model with exponentially distributed claim size and constant Poisson

parameter A, then clearly the conditional non-ruin probability is given by (2.6).

Example 2.3.1. Pareto Inter-arrival Times
If one considers A as a Gamma(a, ) distributed random variable, the resulting mixing

distribution for the marginal inter-occurrence time 7} is Pareto distributed with tail

Pr(t) = /OOO e FA (V)N = (1 + g) -

If one considers the case of (2.6) with A\, = ¢f, then the explicit formula for the ruin

probability is

()

_ P e—Bu (9 u)la (a B F(a + 1,0 — ﬁu)) " F(Oz, )\86) '

A ¢ I'(a) I'(a)

In particular, we have

! Cla+1,00)\ T(a,\0)
V() A£<a_ T(a) ) ()
and
Jim () = S
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2.3. The idea of mixing distribution

Example 2.3.2. Weibull Inter-arrival Times
If A is stable (1/2) distributed, the resulting mixing distribution for the marginal inter-

occurrence times 7T}, is Pareto distributed with tail

Fp(t) = /0 Y FAN)dA = e=VE,

Therefore, if inter-arrival times are Weibull distributed with shape parameter 1/2 then
the explicit formula for the ruin probability is given by

iet@ u/c—uf

V) = — = { HErf(Q\/_—Z\/_)
+ eV e (2\/— )]+Erf€ 2\/_)

where Erfc and Erf are the error functions, denoted by Erfc(z) = 1—Erf(x) f eV dy,.

In particular, we have

o? Brf a2
) lrc(2\/A_C)+ N

¥(0)=(1-
and

«
I — Erf.
Jim <p(u) = Er C(2\/A_c

Furthermore, let 3 be a positive random variable with distribution F 3(x) and consider

).

the classical compound Poisson risk model (1.1) with exponential claim sizes that fulfil,

given B =4,

n

P(Xl > 71, Xo >I2,...,Xn>$n|/é:5) :He_ﬁxi, (210)
i=1
for each n, where the X; for ¢ > 1 are conditionally independent and exponentially

distributed. However, in general, the resulting marginal distributions of the X; will no
longer be exponential and the claim sizes will be dependent. Let 13(u) denote the ruin
probability of the classical compound Poisson risk model with independent exponential
claim amounts, given by (2.6). Then for the dependent model (2.10), since the net profit
condition is violated (for 8 < . = 2) and consequently 15(u) = 1 for all u > 0, the
ruin probability can be obtained by applying the total probability theorem,

= [ vstars () = By + [ vstwirys) (211)
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2. PRELIMINARIES

with the limit
lim Q/J(U) = F,B(BC);

U—00

which is positive whenever the random variable B has probability mass at or below

Be = % Albrecher et al. (2011) provide the following proposition,

Proposition 2.3.1. The joint distribution of the dependent model characterized by

-----

respect to the random variable ﬁ .

Proof. For each n, the joint distribution of the tail of (X3, ..., X,,) can be denoted as

Fyx, x, (@1, zn) =PX) > 21,.., X, > 2, = / 6_5(“1+”‘+x")dFB(5) = fﬁ(xl e tay)
0

and for each of the marginal distribution of X;, we have

A~

Fx,(7;) = /OOO e 7TidFy(B) = f5(x:).

Now let us look at some particular examples.

Example 2.3.3. (Pareto claims)

If § is a Gamma(a, #) random variable with density function

fﬁ(x) = Pg(z)xa o=z 9 >0,

the resulting mixing distribution for the marginal claim size X; is

Fy(z) = /OOO e f4(B)df = (1 n %)70‘, 23>0

It shows X is Pareto(a, ) distributed (Klausiigman et al., 2013). From equations (2.6)
and (2.11), the ruin probability for this model satisfies
I'(«, 00,) u\— DT (a—1,(0 +u)b.)
7 9 c Pe (1 _> : )
Ty 0P (1t (o)
where I'(a, ) f y*~te Ydy is the incomplete Gamma function and 8, = % For the

extreme case, using the facts lim, ., = (‘if_)l =1 and €’ = 1, we have

. _ (Oé 9ﬁ0> F(O&, 960) F(a - 17 (0 + u)ﬁc)
A plu) =1 = =55 T () I () ‘

Y =1-

, ¥(0) = + 05,
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2.3. The idea of mixing distribution

Example 2.3.4. (Weibull claims)
If the random variable J3 is stable (1/2) distributed (also called Lévy distributed) with

density function

o _o?
e 4z

then the resulting mixing distribution tail of the claim size random variable X is

Fr(a) = / T e (B)dB = eV, w30,

so that the claim size follows a Weibull distribution with shape parameter 1/2. From
equation (2.11) we can obtain the expression for the ruin probability in terms of the

error function.

« Be —22 = 2a (ca=2v3u)? o a
o) = Brte( 50 + e8| - 2o 4 1 av Bt - )

(ca—2m)2

+e it (=1+ avu)Erfe(y/Beu + S

2B

For the extreme case, by using the facts of lim,_,,, Erfc(z) = 0 and € = 1, we have

Tim 3 (u) = Erfc(Q\j‘E), »(0) = Erfc(Z\(jE) - Z\/\/Ze_ﬁ + %Erf(z\j‘a

Furthermore, the mixing idea can be developed further in many directions (Albrecher

et al., 2011).

)

).

Example 2.3.5. (Independent parallel mixing). One can mix both inter-arrival times
and claim sizes independently at the same time. Then the ruin probability can be

calculated by
v = [ [ vty @aro),

where 5, (u) is the conditional probability of ruin given that B =B and A = A
Whenever there is an explicit expression for 14 y(u), this leads to an explicit expression
for ¢(u) in renewal models with both dependent inter-occurrence times and dependent

claim sizes.

Example 2.3.6. (Comonotonic mixing). One can also consider mixing dependence

between inter-occurrence times and claim sizes and at the same time dependence among
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2. PRELIMINARIES

claim sizes and among inter-occurrence times. One way to do this is comonotonic mixing,
where the realization A of A is a deterministic function of the realisation 5 of 8 in the

form

The ruin probability under this model is given by

(u) = / " ) (W)dF3(B)

where 15 5 (u) is the conditional probability of ruin given that B = £ and A = A

2.4 Discrete compound binomial risk model

As we know, discrete heavy-tailed distributions are an important and active area in
non-life insurance research and practice (Castanér et al., 2013; Cheng and Shiu, 2000; Li
and Garrido, 2009). It is well-known that Pareto and Weibull distributions are used in
insurance practice for modelling claim sizes. However, their theoretical implementation
in collective risk models is non-trivial. We consider the compound binomial risk model

t
U=u+t—>» X; teNg={0,1,...}, (2.12)

i=1

introduced in Gerber (1988). The ruin probability is defined by
(u) = P[Uy < 0 for some t > 0|Uy = ul.

Sundt and dos Reis (2007) claimed that the ruin probability ¢(u) admits an explicit
form when the claim amounts {X;} have zero-modified geometric (ZMG) distribution
ZMG(q, p). The latter is given by the probability mass function (PMF) P(X; = k) =
g(k), where

g(k) = qdo + (1 = dro)(1 = @)p(1 = p)* !, k €Ny (2.13)

and dy; is the Kronecker delta function, which satisfies

0, k3.
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2.4. Discrete compound binomial risk model

In this case we have

(1) = min {% (?)W | 1} , (2.14)

Dutang et al. (2013) extend the formula (2.14) by using a mixing approach (Albrecher
et al.,; 2011), assuming that given ©; = 6;, where O; is a mixing random variable on
R, , the claim amounts {X;} are independent and identically distributed zero-modified

geometric ZMG(q, p1) with the success probability
p=c" (2.15)

The mixing variable ©; is considered as a random variable, just as in Dutang et al.
(2013), however, with this choice of O, the resulting distribution of the claim amounts

will have a very different distribution as follows:

(i) For ©; having exponential distribution with parameter /3, given by the probability
density function (PDF)
f([E) = 56_/8:07 LS R-ﬁ-?

the claim amounts have a zero-modified Yule distribution with the PMF

k-1 ,
k—1\(=1)'8

P(X =k)=q0p+ (1 —09,)(1 —q ( , >—,,k€N,

x=m=ara-son-a X (V) ST rem

(ii) For ©1 having gamma distribution with shape parameter o« > 0 and scale parameter

B > 0, given by the probability density function

604 a—1_—pBx
f(z) = )" le™P7 1 € Ry, (2.16)
In this case the claim amounts have the PMF
k-1 ,
E—1\(—=1)\
P(X =k)=q0p+ (1 —09)(1 —¢q g ( ) )—,,kEN,

and the probability of ruin can be expressed in terms of incomplete gamma function.
(iii) For ©; having a Lévy stable distribution (stable subordinator with exponent 1/2
and «), given by the probability density function

o2
flz) = 2\/%6_41‘, x € Ry. (2.17)
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In this case the claim amounts have the PMF

k—1

P =0 =-9 3 (“ ) et ke,

.

and the ruin probability can be expressed in terms of complementary error special func-

tion.

In this thesis, we use a more convenient set up
p=1—¢" (2.18)

rather than (2.15) as in Dutang et al. (2013). Thus, while in the set-up above the
geometric probability of success is taken as e~%, we use this to express the probability
of failure. Let us note that a geometric distribution with the probability of success given
by (2.18) is a discrete version of an exponential one, since the geometric PMF can be

derived by the difference of two consecutive exponential tails with parameter
P(X = k) =e kD0 _o7h0 — (1 — ¢79) (e*")’H , keN={1,2,...}.

Throughout the ruin theory literature, the binomial risk model has developed in different
directions (Willmot, 1993; Dickson, 1994). These new, zero-modified discrete Pareto and
Weibull distributions may provide a useful addition to an actuary’s statistical toolbox,
going beyond modelling claim amounts of discrete type. In fact, the zero-modified
discrete Pareto model may also be a useful heavy-tailed model for the frequency of
claim, as it can be extended to a continuous-time, discrete-valued stochastic process in
the spirit of the classical Poisson process due to its fundamental property of infinite

divisibility.

2.5 Integrated and differential stochastic process

In this section, the method for integrating a stochastic process is discussed, the example

of compound Poisson process is displayed in Figure 2.1. Assume the compound Poisson
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2.5. Integrated and differential stochastic process

process to be S; = Zfi"o X;, with jumps X; and corresponding jump occurrence times

T;.

Xnpm)

Xnim-1

Anm

~[*:..L}Nv'

&

_1.________________________________

T1 T2 T3 T4 TN{T}-I TN[t)

Figure 2.1: Compound Poisson process

The integrated stochastic process is denoted by Y; = f(f S.dz, which can be calculated
as the area of the graphic. We denote A;, for i = 1...Np, as the areas and t; = T;,1 —

T;,i=1...Np, Ty = 0, as the inter-arrival times, then we have Y = ZZ]\LTO A;. Therefore,

Ay = Xito,
Ay = (X1 + Xo)ts,

Ny Ny
Ap, = ZXi(t - Z tm).
\ i=1 m=2+1

It is clear to see there are N; terms of X7, Ny — 1 terms of X,... and 1 term of Xy,.

Therefore, the summation of the area can be denoted by the following theorem.
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Theorem 2.5.1. The integrated compound Poisson process is given by
t Nt N
Yt:/ Sudz = A= Xi(t—T). (2.19)
0 i=0 i=0

N,
Respectively, if the model has exponential increments i.e. S; = HZN;O eXi = eXitoXi,

If we assume the model to be a compound Poisson process with discounted rate J, say

_ Ne —6t
Sy =2 it Xie™,

T, T, T T

Figure 2.2: Discounted compound Poisson process

then we have the following equations with the fact of an integral f(t) = f(f e %%ds =
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2.5. Integrated and differential stochastic process

%(1 - 6_&)7

( 1
Ay = f(t2) X1 = SXl (1—e%),

A2 = f(t3) (X16—§t2 4 Xg) — % (X1€—6t2 4 X2) (1 . e—6t3) 7

Az = f(ts) (Xlef(s(tﬁts) + Xoe ' + X;3) = % (Xleié(tﬁts) + Xpe % 4 X3) (1 - 67&4)

Ay,_1 = f(tNt—l) (X16—5(t2+t3+---+ter) + X26—6(t3+-..+tN(t)71) o+ XNt—l)
= (Xpe fUattototing) g Xpemolatettven) 4 Xy ) (1—e %),

ANt _ f(tN(t)) (Xle*‘s(tﬁtﬁ“'“”) +X2€—5(t3+...+tNt) + .. +XNt)

(X e 02 ttstHtn,) + Xoe™ S(tz+...+tn;) +---+XNt) (1 _ o0t TNt)).

\
In Ap,, we have ty +t3 + ... + ty, = Ty, — 11, the summation will remove the majority

of the terms . Therefore, we have the following theorem

Theorem 2.5.2. The integrated discounted compound Poisson process is given by

t Ny 1 Ny
—5(t—T;
Yt:/o Szdz:;AiZS;Xi(l—e (t=1) (2.20)

In order to generate the derivative of a compound Poisson process, the derivative of
a Poisson point process is required which is denoted by an instantaneous vector rate in

Cox and Isham (1980),

dNt = Z At — (2.21)

where A(x) is a Dirac delta function which can be loosely thought of as a function on

the real line which is zero everywhere except at the origin, at which it is infinite

400, =0,
A(z) =
0, x #0,

and which is also constrained to satisfy the identity

/foo Alz)dz = 1.

o0
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2. PRELIMINARIES

In the classical compound Poisson process model,

Ny
dN,
S, =dY»  X; = Xy,dN, = Xy, — —Ldt = ZXM T,)dt.

=0

Thus, the derivative of a compound Poisson process can be denoted by

dSt Z XNt

and for the discounted compound Poisson process, we have

dSt—de*‘”ZX —e ‘”ZX A(t dt—ée*‘”Zth

=0

Therefore, the derivative of a discounted compound Poisson process can be derived by

yt__t: —JtZXNt _&ZX

2.6 The deficit at ruin and joint probabilities

Here are some basic deficit concepts which will be seen throughout the thesis. In this
section, we will look at the amount of the insurer’s deficit at the time of ruin. The first
time the surplus process falls below zero is referred to as 7, in (2.3), then we denote Y, to
be the deficit at ruin from initial surplus u. Gerber et al. (1987) proposed a quantitative

measure
G(u,y,t) =P, <t,Y, <y,

defined as the joint probability of ruin by time ¢ with a deficit of at most y at ruin.

Letting ¢ — oo, this becomes
G(u,y) = lim G(u,y,1),

which is the joint probability of ultimate ruin and the deficit of at most y at ruin, with

the defective density g(u,y) = d%G(u, y) (Gerber, 1988). Note that

lim G(u,y) = P[r, < 00,Y, < o] =(u).

Y—00
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2.6. The deficit at ruin and joint probabilities

Bowers et al. (1997) provided an expression for ¢(0,y) under the classical risk model

given by (1.1),

A=
where F(y) is the tail distribution of the claim., s.t. F(y) = 1 — F(y). Using this
expression and conditioning on the amount of surplus immediately after the first time

the surplus falls below its initial level, we have the following results,

Theorem 2.6.1. (Defective renewal equation for g(u,y)) The defective density
function g(u,y) satisfies the defective renewal equation under the classical risk process
given by (1.1),

o) == [ o=z Pa)ds-+ S+ o)

see, for example, Gerber et al. (1987).

Applying the Laplace transform on g(u,y) with respect to u, we have the following

corollary.

Corollary 2.6.1. The Laplace transformation of the function g(u,y) with respect to u
is given by

2L —evE(s)]
T

1= 2[5 = F(s)]

cLs

9

9(s,y) =
see, for example, Gerber et al. (1987).

Hence, if the Laplace transformation of the function g(u, y) can be found, the remain-
ing work in order to obtain the explicit solution of G (u, y) is to invert the transformation.
The explicit solutions for G(u, y) have been found for individual claim amount distribu-
tions that follow a combination of exponential distributions or a combination of gamma

distributions (Gerber et al., 1987).
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2. PRELIMINARIES

2.7 The barrier model

Barrier problems originated from the classical risk process, where we seek variations of
the surplus process to reflect some real-life scenario of the insurance and reinsurance

portfolio. De Finetti (1957) defined the maximum surplus level prior to ruin as
M, =max(U;: 0 <t <)
and the ruin time for the two barriers model,
P=inf{t>0: U, =bUy=u},u<b
to be the first hitting time of a barrier b from initial surplus u. Let
é(u,b) = P[M, < b, 7, < o0] = P[r, < 1°,0 < u <b.

It is clear that &(u, b) is the probability that ruin occurs without the surplus level reaching
b and &(u,b) = 1 — &(u,b) denotes the probability of attaining the level b from initial
capital u, without ruin occurring. The following figure illustrates the two situations

described.

(a) Reaching barrier before ruin £(u, b) (b) Ruin before reaching barrier &(u, b)

Figure 2.3: The sample path of the barrier process

32



2.7. The barrier model

Dickson and Gray (1986) showed that ¢ and ¢ can be expressed in terms of the

ultimate ruin probability ¥ (u),

¥(u) = P(b)
1—9(b)

In fact, the results of the absorbing barrier problem are usually referred to as a dividend

§(u,b) = (2.23)

problem. Whenever the surplus attains the level b, the premium income is paid to share-
holders continuously as dividends until the next claim occurs, so that in this modified
surplus process, the surplus never attains a level greater than 0. In other words, it can

be considered as an absorbing barrier with dividend payments.

Asmussen and Taksar (1997) investigated the optimal dividend strategies under a
controlled diffusion model, where the dividend is paid at a unfixed rate, depending on the
surplus level. Paulsen and Gjessing (1997) extended the claim process with a Brownian
motion and defined a stochastic interest rate on reserves by an another independent
Brownian motion. In recent years, the dividend strategy problem has been considered
in a wide variety of risk models. Lin et al. (2003) investigated the Gerber-Shiu function
in the presence of the dividend barrier. In addition, Gerber and Shiu (2004) provided a
general recursive formula to obtain moments of the present value of shareholders’ income

when the surplus process is modelled by a Brownian motion with positive drift.
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Chapter 3
Claim Dependent Risk Process

The purpose of the mixing distribution is to provide an additional class of dependence
models for which explicit expressions for ruin probability can be obtained (Bithlmann,
1972; Albrecher et al., 2011). To that end, we start with some specific models for which
explicit expressions of the ruin probability are available and then mix over involved pa-
rameters of claim size. In this chapter, we will introduce the claim dependent model
under the discrete compound binomial risk process (2.12) by applying the mixing idea
over values of involved parameter. Recall that the claim amounts {X;} are identically,
independent distributed zero-modified geometric ZMG(q, p) with the new convenient
setting of the success probability p = 1 —e~®, where the mixing variable © is considered
as a random variable. Equation (3.1) investigates the relationship between the proba-
bility mass function of claims by mixing over p and the Laplace transform with respect
to ©. In addition, Proposition 3.2.1 provides the equation to derive the ruin probability.
Under the claim’s setting of a zero-modified Pareto and Weibull distribution, the explicit

ruin probabilities are given in Corollary 3.2.1 and 3.2.3.

3.1 Mixing claim distribution

Consider again the compound binomial risk model (2.12) were, given © = 6, the {X;}
have ZMG distribution given by the PMF (2.13) with the success probability as in (2.18).
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3.1. Mixing claim distribution

To see why the latter condition is more convenient than the one given by (2.15), we first
derive the probability mass function of the claim amount X under the new setting (2.18).
Let Fg be the cumulative distribution function of the mixing variable © and let fg be

the corresponding density function. Clearly, P(X = 0) = ¢, while for k£ > 1, we have

POY =) = [ B = KO = 0)dFu(8) = [ (1= a)(1 - e *)(e ) aFo(0)

—-of [T varee) - [Teara®)} = 0 - o) {Fotk 1) - ot}

0 0

where f@ is the Laplace transform of the variable ©. This leads to a convenient, general

formula for the PMF of X:

P(X = k) = qdro + (1 = o)1 — 0) { folk = 1) = fo(k)}, keN.  (31)

With this choice of O, the resulting distributions of the claim amounts can be calculated

by (3.1):

1. For © having gamma distribution with shape parameter o > 0 and scale parameter

£ > 0, with the density function (2.16), its Laplace transformation f@(k:) = %)a,
the PMF of the claim amount X turns into that of the zero-modified discrete Pareto

(ZMP) distribution:

P(X:k)=q5k0+(1—5k0)(1—q){<5+i_1)a—<ﬂik)a} EeN.  (3.2)

2. For © having a Lévy stable distribution (stable subordinator with exponent 1/2)
with the density function (2.17), its Laplace transformation is given as fo(k) =
e=%'"* and the PMF of the claim amount X turns into that of the zero-modified

discrete Weibull (ZMW) distribution:

1/2

P(X = k) = g0 + (1 — di0)(1 — q) {e*aUH) - e*ak”z} L keN. (3.3)

When comparing the ZMG, ZMP and ZMW models (see in Figures 3.1 and 3.2), we
notice that for the same expectation of claims and the same value of ¢ when the zero

claims occured, the PMF displays the heavier tail of the ZMW and ZMP distributions.
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3. CLAIM DEPENDENT RISK PROCESS

08
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0.0

Figure 3.1: The CDFs under ZMG, ZMP and ZMW models
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Figure 3.2: The PMFs under ZMG, ZMP and ZMW models

Similar calculations show that the CDF of the claim distribution in our set-up is

given by
P(X <a)=1-(1—-q)fe(lz]), z€Ry,
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3.2. The probability of ruin

while the survival probability becomes
P(X > 2) = (1—q)fo(lz)), =€R,,

where |x] denotes the integer part of x (the floor function). When O is either gamma
distributed with the PDF (2.16) or is positive stable with the PDF (2.17), then the tail
probabilities take on particularly simple forms, given by

P(X > :E) = (1 - Q> (ﬁ)a and P(X > x) = (1 — q)e_T(LxJ)a’

respectively. The above formulae should be contrasted with the rather inconvenient

integral that appears in the first paragraph of Section 4.2 in Dutang et al. (2013).

3.2 The probability of ruin

Let us now derive the probability of ruin under our set-up. First, let us note that the
probability of ruin in (2.14) becomes
1— q 1— p u+1
=12 (120)
p q
if and only if p > 1 — ¢ (the net profit condition). To see this, observe that the above

holds if and only if
1 q <1 _ p) u+1
— | — <1,
P q

which is equivalent to
(L=pp _ g

< . 3.4
P “1l-q (53:4)
Consider the function h(p) = (1 — p)“*/p, p € (0,1). Since
dh(p) (u+Lp+1—p
=—(1—p)* 0
ap (L—=p) e <0,

the function A is decreasing on the interval (0, 1), and so (3.4) is equivalent to p > 1 —¢
as desired. Now, if we set 1 — p = 7, the net profit condition becomes 6 > 6*, where
0* = —logq € (0,00). Then, analogously to (10) in Dutang et al. (2013), the probability
of ruin can be written as

(u) = Fo(0%) + J(u,0%), (3.5)
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3. CLAIM DEPENDENT RISK PROCESS

where

i 1 — q 00 679(1+u)
T 8) = / e dF(6). (3.6)

One can obtain a compact formula for the above probability, in terms of a geometric

random variable N' ~ Geo(p), given by the PMF
PN =k)=p(1-p)*', keN, (3.7)
the probability generating function (PGF)

E (sV) = %, se(0,1), (3.8)

and the excess random variable
o* Lo - 070 > 0. (3.9)

If © is absolutely continuous, then the PDF of the latter is

_ Je(0+07)

f@* (9) = Tm’ 0 € R+. (310)

The following result provides relevant details.

Proposition 3.2.1. Let © have an absolutely continuous distribution on R, with the
CDF and the PDF denoted by Fg and fg, respectively, and suppose that, given © = 6,
the variables {X;} of the discrete time risk model (2.12) are independent and identically
distributed modified geometric ZMG(q, p) with the PMF (2.13) and p = 1 — e~%. Then,
the probability of ruin is given by

P(u) = Fo(0) + [1 — Fo(0")|E {e )"} (3.11)

where 6* = —logq, ©* is the excess random variable given by the PDF (3.10), and N/

is a geometric random variable (3.7) with parameter p = 1 — ¢, independent of ©*.

Proof. Let us work with the quantity J(u,6*) given by (3.6). We have

T(w,0%) = [1 — Fo(6%)]> p a /9 OO 671 ufe_qeu g _f (;(j() 7 (3.12)
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3.2. The probability of ruin

Note that
qfu — efulogq — eQ*u

so that

. 00 o—u(0—0%) ,—0
J(u, 0%) = [1—Fe(9*>]1 . ! /9 l—e? 1 —f(;fj()e*)]de'

Upon the substitution of z = 6 — 6* into (3.12) we obtain

1—q)e™

J(u,6%) = [1 — Fo(6)] /0 "ol 0 o (@) (3.13)

We now recognize the term
(1—qe”
1—qe®

under the integral in (3.13) as the PGF of geometric variable N' with the PMF (3.7)
and p = 1 — ¢, evaluated at s = ™" (so this is actually the Laplace transform of ), so

that we can write the above integral as
E{eE (e ®V[©)} =E{E (e VN |©")} =E {9}
as desired. This completes the proof. O

Routine calculations lead to the following result, describing the special case with
gamma-distributed © and zero-modified discrete Pareto (3.2) correlated claim amounts.
Note that the probability of ruin given below involves the (upper) incomplete gamma

function,
F(s,a:):/ t5 e tdt

as it does in an analogous problem considered by Dutang et al. (2013)).

Corollary 3.2.1. Let © have a gamma distribution with the PDF (2.16) and suppose
that, given © = 0, the variables {X;} in (2.12) are independent and identically dis-
tributed modified geometric ZMG(q, p) with the PMF (2.13) and p = 1 — e, Then,
the probability of ruin ¢ (u) is given by

I'(a,—flogq) Bal—qz (o, —(k +u+ B)logq)

1/)(“) =1- F(a) u+1 k+u+ﬁ)
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3. CLAIM DEPENDENT RISK PROCESS

Below we present a special case with exponential mixing distribution, where the

probability of ruin may take on an explicit form.

Corollary 3.2.2. Let © have an exponential distribution with parameter 5 > 0 and
suppose that, given © = 6, the variables {X;} in (2.12) are independent and identically
distributed modified geometric ZMG(q, p) with the PMF (2.13) and p = 1 — e~?. Then,
if B € N, the probability of ruin is given by

B g
(u) = (1—q) {1 ~ o llog(l —q)+ ; g] } -

Remark 3.2.1. As can be seen from the ruin probability formula in the ZMP case,

the probability of ruin converges to a non-zero level as u — oo, which is due to the net
profit condition being violated. Therefore, in the ZMP model the ruin probability is more
stable for large u compared with its behaviours under the ZMG model. Furthermore,
the rate of convergence can vary with the parameters, as can be seen in the example
given in Table 3.2, by the parameters 1-4 provided in Table 3.1 below. When comparing
Set 1 with Set 2, and Set 2 with Set 3, one can notice that larger 5 and smaller o lead
to a larger probability of ruin and faster convergence (the difference in ruin probabilities
between u = n and u = n+ 1 is smaller than 107®). In other words, larger 3 and lower «
flatten the ruin probability. According to Set 4, one can see that as the probability g of
no claims increases, the ruin probability decreases. Moreover, starting with v = 53, the
probability is already convergent to the level where the net profit condition is violated.
We also notice that the decrease is of 9.719% (from ¢(0) = 54.1% to ¥(53) = 44.39%).
This decrease is larger than the one in the case of Set 1, which was only 0.028% (from
»(0) = 86.6% to 1(20) = 86.36%). Thus, the larger the ¢, the lower the ruin probability,

the steeper the decrease, and the slower the convergence.

Set | 1 2 3 4

105 )
02 02 02 05

~E Ry}
ot

Table 3.1: Parameters’ coefficients
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3.2. The probability of ruin

Set 1 2 3 4

¥(0) 0.86584 0.99264 0.49289 0.54108

Y (00) 0.86356 0.99263 0.46225 0.44389
convergent after u = 20 15 24 53

Table 3.2: Results for the speed of convergence

The result below provides the ruin probability for the special case where © is Lévy
stable with index 1/2 and PDF (2.17), in which case we have conditionally independent
zero-modified discrete Weibull (ZMW) claim amounts, with the PMF (3.3) and 1/2. As
in the analogous problem considered by Dutang et al. (2013), the probability of ruin can

be expressed in terms of the complementary error special function

Erfe(z) =1 — Erf(z \/_/ (3.14)

Corollary 3.2.3. Let © be a stable (1/2) distributed random variable (also called Lévy
distributed), the variables {X;} in (2.12) are independent and identically distributed
modified geometric ZMG(q, p) with the PMF (3.3) and p = 1—e~?. Then the probability

of ruin is given by

Q 1 —q u+k
Y(u) = Erfc( \/W v Z Erf log —)
[e’s) n 2n+1(u+ k)n+2 27’L— 1
= n,f G i LT k) log ),

n=0

where I'(+, -) and Erfc(+) are given by (3.2) and (3.14), respectively.

Proof. Let 8* = —log q as before. Then, by taking into account the PDF of © given by
(2.17) and Proposition 3.2.1, we obtain

Y(u) = Fo(0") + (1 = Fo(0"))E {e” M},

e o _ * - Oof@(6+9*)€—(u+k)9 N k-1
Ef(z\/e_*)+(1 Fo(6))) R (1—q)g*'do

k=10

o X[
= Frfc | —— —+ / f 0 + H* 6_(u+k)0 1— q qk—lde
(21 /6*) ; 0 @( ) ( )
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3. CLAIM DEPENDENT RISK PROCESS

) + Z u+k)9 f@(t)e—(u—i-k)tdt

0*

Mgi

= Frfc (

= Erfe < )
k=1 0

1— q 00 -
= Erfc ( > fo(t)e™wtPitar,
2/ gt o-

Where in the last equality we used

h e~ wtht g — /OO e (R0 R pfe(—S
™ ot [ o

— ¢~ Wt Ef a + (u+k / ~(utk)0 By f, e df
e TiC u e TIC .
(2\/ 9*) ( ) * (2\/5)

Finally, the substitution

)Zn—i—l )

a (o]
Erfe [ —2 ALY VR S
rc(g\/g) ZO 2n+1

leads to

e~ B (S ) 4 (w4 k) /OO o (utk)o Z (=)"(5 )2_n+19—n—% df
W O* o+ \/_ n!(2n + 1)

a X\ (—1)ma2rt (u + k)t 2n —1 .
2\/§>_n2% nly/m(2n + 1)4» F(_ 2 ,(u—l—k;)@),

and the result follows. O

= e~ (WO Bt (

0.8
0.7

0.6

0.5

ZMP — IMW

Figure 3.3: Ruin probabilities under the ZMP and ZMW models with a same level of lim,_, o ¥(u)
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3.2. The probability of ruin

Remark 3.2.2. Let L = Fg(6*) be the level at which the net profit condition is violated.
In Figure 3.3, one can set up the same level L of ¢(u) as u — oo for both, zero modified
Pareto and Weibull models (denoted, respectively, by ZMP and ZMW). From Figure
3.3, one can see that the ruin probability curve is steeper under the ZMP model and it

starts from a higher initial ruin probability ¢ (0).

Remark 3.2.3. Figure 3.4 and Table 3.3 below show that, when we increase the valure of
7 (the parameter in the ZMW model) from 1 to 1.1, the ruin probability curve decreases
by 3% at given level L. This can be observed by increasing the expectation of the claims.
Additionally, a smaller a corresponds to a larger ruin probability and faster convergence

to level L.

0.62
0.60

0.58

0.56

0.54

11 —1

Figure 3.4: Ruin probabilities under the ZMW model with different value of «

Set a=1 a=11

¥ (0) 0.60338 0.57028

(00) 0.57776  0.54037
convergent after u = 50 70

Table 3.3: Results for the speed of convergence under the ZMW model
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3. CLAIM DEPENDENT RISK PROCESS

3.3 Illustrative data example

As an illustration, here we fit the three zero-modified models, ZMG, ZMP and ZMW, to
a real reinsurance data from a large UK company. The data was skewed and scaled for
confidentiality reasons. Claims data span the time period of 11 years. The zero and the
non-zero frequencies are shown in Table 3.4 given below. Zero claims refer to accidents

that the company paid nothing for, due to deductibles on other contracts considerations.

Zero claims Non-zero claims Total claims
Number 97 348 445

Table 3.4: The structure of the analyzed reinsurance data set

The model frequency g of zero claims is estimated by the corresponding sample
frequency, ¢, resulting in ¢ = 0.218. Figure 3.5 illustrates the ruin probabilities under

the three models.

— M6 ™p — W

Figure 3.5: Ruin probabilities for the three considered models

Remark 3.3.1. Note that while fitting the data, we will keep the same net profit
condition, meaning the same #* in (3.11). In the Figure (3.5), the levels of convergence

F(6) are different due to different distributions F.
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3.3. Ilustrative data example

U P(u)zma P(u)zmp P(u) zmw
0 0.954 0.818 0.650

1 0.919 0.772 0.625

2 0.885 0.749 0.614

3 0.852 0.736 0.608

4 0.821 0.727 0.603

5 0.791 0.720 0.601

10 0.656 0.704 0.593

15 0.544 0.698 0.590

25 0.374 0.692 0.588

30 0.311 0.690 0.587

40 0.214 0.688 0.586

50 0.147 0.687 0.585
51-100 | 0.146-0.005 | 0.687-0.685 | 0.585-0.584

Table 3.5: Ruin probabilities for three considered models

To measure the goodness-of-fit, we use P-P plots and the sum of the squared errors

(SSE), shown in Figure 3.6 and Table 3.6, respectively.

0.9

08

0.7

0.6

05

04

03

ZMG ZMP ZMW
¢ |0218 0218 0218
p | 079 N/A N/A
dzup | NJA 1289 N/A
azuw | NJA N/A  0.958
B | NJA 098 N/A
SSE | 1.026 0.023 0.035

Table 3.6: Estimated parameters of the three considered models

0.2 03 04

Figure 3.6: PP-plots for the three considered models
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3. CLAIM DEPENDENT RISK PROCESS

It is aparent that the heavy-tailed ZMP model provides the best fit for the data
among three fitted models. Furthermore, our data analysis leads to the same conclusion
as that provided by our theoretical results. Namely, while the ZMG model has the
largest ruin probability when v = 0, it decays very quickest as the initial investment
increases. As far as the ZMP and ZMW models, the ruin probability under the ZMP
model is always larger than that under the ZMW model.
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Chapter 4
Time Dependent Risk Process

The main results in this chapter are based on Willmot (2015) and ideas given by Takéacs
(1977). We aim to derive the Seal’s formulae for the general inhomogeneous Poisson
process and explicit expressions of the finite time and infinite time ruin probability. In
particular, we derive the infinite time ruin probability by applying the idea of Usabel
(1998), who considered the ruin probability as the summation of the probability of
ruin before and after a certain time. Using a different setting of the surplus process
in comparison to (1.1), the initial age of the surplus process is considered as in (4.1).
Theorem 4.2.2 provides a backward martingale with respect to the surplus level and the
intensity function, which is the key to evaluating the probability of ruin and deriving
the inhomogeneous type of Seal’s formulae. In addition, a number of examples for the
Cox process are given in Section 4.3. In particular, under the setting of the Markov
jump process, Theorem 4.3.2 shows integro-differential equations which can be used to
calculate the ultimate ruin probability by applying backward recursions. Two states
model is a special case of the Markov jump process and its ruin probability is derived

in Example 4.3.4.
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4. TiME DEPENDENT RISK PROCESS

4.1 Model setting

In this chapter, we define a modified stochastic process from (1.1) with initial capital u

and duration from initial age a 4+ s to time a + ¢,

Reii(u) = u+Cols — Sifs, Re(0) =Ry, t>s (4.1)
with
Na.+t
SHt= Y X, t=>s,
n=~Ng+s

where F2f! = F(a+t) — F(a+ s) for any process F and N; follows the inhomogeneous
Poisson process with intensity function A(¢). For the net profit condition, a suitable

premium C'(t) should first exceed the average paid claims s.t. C(t) = (1 + 0)A(t)E[X].

In particular, we assume that

%:%andAa+t>0foranyt>v>s>O (4.2)
Cot sreten |
Furthermore, the distribution of the aggregate claims size process is given by

Natt
Keti(o) = PISit <a] =B S X, <4l

n=Ng+s

_ Z Ala+1t) — Ala + 3)]me—[A(a+t)—A(a+s)]F;(m<x>‘
m!
m=0
When a = s = 0, we denote K{(z) = K(z,t) and K2(z) = 1 and k(y,t) as the density
of the aggregate claims size proces, s.t. [ k(y,t)dy = K(z,t). Now compared to (2.3)
and (2.2), the time of ruin is denoted by

Tats(u) = Inf{0 < v < 0o; RET*H(u) < 0}
and the finite time ruin probability from initial age a + s to time a + t is defined as

P (u) =1 —¢oti(u) =Pla+ s < Tops(u) < a+t

= P[RS (u) < 0, for some v € (0,¢ — s)].
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4.1. Model setting

When a = s = 0, we denote
and when ¢ goes to infinity, we have the infinite time ruin probability
: a+t _ _
tlggo a+5<u) =Pla+ s < 7415(u) < 00] = Yays(u).

Seal (1974) provided the classical Seal’s formulae in order to derive the general solution

for the finite time non-ruin probability under the classical case (1.1).

Theorem 4.1.1. The finite time non-ruin probability for the homogeneous Poisson
process is given by

ct ct
6(0,1) l/ P[S, < 2]dz l/ K(z,t)dz,
0 ct Jo

ct

o(u,t) =P[S; < u+ct] — /t #(0,t — s)P[Ss € (u, u+ ds)]
= K(u+ct,t) — /t #(0,t — s)k(u + sc, s)ds,

Example 4.1.1. Now construct the model with constant intensity A\, premium rate
p and exponentially distributed claims X ~ Exp(/), thus the density function of the
aggregate claims size is given by

(At)re M 1

k(l‘:t) = ]P)*n(x) = X77/\,n+1<t)77ﬁ,n+1(95)a

n!

then

K(y,t) = /Oy k(z,t)dx

and the ruin probability can be simply expressed by

¢(u,t) = Z Z Z Cn,iNgm—i+1 (WMtpsntitt (1)

n=1 m=n =0

=Y Y Y anmbi izt (W rsppmsmriei (L),

n=0 m=n+1 i=1 j=1

where a,,m, b;; and ¢, ; are all constants.
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4. TiME DEPENDENT RISK PROCESS

4.2 Seal’s formulae for the inhomogeneous Poisson
process model

In this section, we are going to derive the Seal’s formulae for the inhomogeneous Poisson
process model. According to the lecture notes given by Schmidli (2017), firstly, we

construct a conditional expectation.

Theorem 4.2.1. Given by the setting of surplus process (4.1) and (4.2), we have for
any s < t,

AaJrs
Aa+t Y-

E[S:"1S: " = y] =
Proof. Denote the permutations of {1,2,...,n} by o, we have
E[Ss-l-s‘sg—&-t =Y, Na+t - Na =n, Na+s - Na = m]

= E[Z xilngrt =Y, Na+t — N, = nyNaJrs — Ny = m]

=0
1 s .
e EE[ZZxU(z)‘Sa—‘rt — y’ Na+t — Na e n’ Na+8 _ Na — m]
) o =0
—1)!
:m(n szsa"rt_y?Na—i—t Na:TL?Na—FS_Na:m]:@’
n n

=0
because of the independent increment property of the inhomogeneous Poisson process,
for 0 < s < t, we have
P[NaJrs — N, = m, Na+t — Ny = n]
]:P[Na+t — Na = n]
. P[Na+s — Na =m, Na+t — Na+s =N — m] . P[Na+s — Na = m]]P)[Na+t — Na+s =n-—-m

]:P[Na+s — Na = m|Na+t — Na = 'I’L] =

P[N,y: — N, = n] B P[N, s — N, = 1]
n Ag+8 m Agii n—m n AZ—"_S m AZJ’_S n—m
- (m)<Az+t> S (m)(A:“) vl

Then we have

a+s| qa+t __ _ _ - my(fn AZ+S m Ag—l—s n—m
E[Sa |Sa _yaNa—l-t_Na_n] _mZOW(m)(AZH) (1_ )

n— 1 A“+5 Ats Aots
- Z Aa—‘rt) (1- Aa—l—t) Y= Aa+t Y

20



4.2. Seal’s formulae for the inhomogeneous Poisson process model

which is independent of n, thus

Aa+s
Aa+t Y-

E[S3 185 =y] =

Now we consider backward martingales,

Theorem 4.2.2. Given by the setting of surplus process (4.1) and (4.2) and Theorem

4.2.1, for 0 < s < t, the processes

t y_Sngs
M(a) = G
_RZ+S

Ni(a) = TAT

are backward martingales with limits of
lim M!(a) = 0, lim N!(a) =
s—t s—t

Proof. According to Theorem 4.2.1, we obtain

AT o
E[RZ+S|RZ+t — y] — ]E[Céws Sa+S|Sa+t Ca+t ] — C;Hrs Aa+t (y C +t>

—_ at+s| qat+t _ ats Aa+8 a+t
BISTIST = 0] + O = 15 C

Due to the assumption given by (4.2), we then have

BRIy = ] = B[52*"|90 = ] = Sy
a a a a Aath ?
therefore,
E[y SaJrs |Sa+v Sa+t ] Y — Sngv . E[sg+s . Sg+U|Sg+v, S;Ht — y]
AT AGts
NG Aett
y— et e (y - Setv) fE(y — Se) y — Gatv
= a+v = atv = a = Mt(a)
Aait Aait Aait v
and
Yy — RZJrS a+v a Yy — Rngv
B[ —am— IR R = y] = —mi— = Nila).
a+s a+v
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4. TiME DEPENDENT RISK PROCESS

Thus M!(a) and Nf(a) are backward martingales. Furthermore, the second equivalence
a+1

can be proved by assuming lim,_,, % =c,
a+s

Ca+t _ Sa-‘,—t
lim M!(a) = 0, lim N!(a) = lim —2*5__—9**
s—t s—t

——— = C.
A

O

Now we aim to find the conditional finite non-ruin probability given the terminal

Rt or Rt (u) for some fixed ¢ with the following proposition,

Proposition 4.2.1. Let ¢ be fixed, v = 0 and 0 < y < c¢t. According to assumption
given by (4.2), we have

Y

a+s a+t __ o
]P)[Ra Z0,0<S<t|Ra —y]—cA—gH.

Proof. Now let T'(y) = inf{t > s > 0 : R%"® = y}, according to theorem 4.2.2, we have
lim B[N (a)Lir) <o |[Re™ = y] = P[T(y) = RS = yl.

Note that { Nz, \(a)} is a bounded martingale, according to Nr,)(a) = 0 on {T'(y) <

t}, we have
Y a
Ny(a) = Aatt cP[T(y) = t|RG" =y,
where B[T(y) = 0[RS = y] = P[RS > 0,0 < s < t|R2* = ] 0

Now we obtain the following theorem for Seal’s formulae under the general inhomo-

geneous Poisson process model.

Theorem 4.2.3. Given by the setting of surplus process (4.1) and (4.2) and Theorem
4.2.1, we have the inhomogeneous type of Seal’s formulae from initial age a + s to time

a + t. For initial capital u = 0,

1 a+s
G0y = — L / Ko+ (y)dy.
0
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4.2. Seal’s formulae for the inhomogeneous Poisson process model

For u > 0,
ot (u) = KoH(u+ Cott) — ¢ / G (0)d, K2 (u + C27)
and when ¢ — oo

¢
ta(u) = lim c/ Zii(O)dKZJrs(u + o).
0

t—o00

Proof. For u =0,

a-+t (O) E[Rath Vv 0 [Cath Sa+t> v O]

a+s a+s ] a+t a+s a+s a+t
Aa+s Aa+s
a+t a+t a+t
]' ot a+t a+t Ca+s Ca+s a+t
= Aa+t Ca+s B deaJrs Aa+t dydKa+s )
a-+s a-+s

Caii
— dKath d _ / Kath d )
CAgii / / a+s y CAZIZ 0 a+s (y) Y
For uw > 0,

0 (u) =PRI (u) > 0] —P[Es <v < t: RV (u) =0, R Z(u) > 0 for v < 2 < 1.

Now let 7,4(t) = inf{s < v <t : R:Y(u) = 0}, set 7,4(t) = oo if RITY(u) > 0 for all

€ [s,t], then we have

P[Ta7s(t) €la+s,a+v+ dv)}

— P Rifl(u) € (—Cofr™, 0], Rifz(u) > 0 for = € [v+ dv, t — 5]

= | Keti(u+ Cofrt™) = Kef(ut Cipt) | éitt 0, 0)

— o [ G ONa Rz )
Thus
b110) = Kett(u+ Cott) ¢ [ G0N o+ K2 o+ CEtD),
Besides, we have lim;_,o, K2 (u + C%™) = 1, thus
= lim c/ AL (0) N (a + 8)ds K2 (u 4+ C4T*).

t—o00
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4. TiME DEPENDENT RISK PROCESS

Remark 4.2.1. In fact, we could apply the idea of the time shifting property from
proposition 2.2.1 to obtain the inhomogeneous type of Seal’s formulae under this setting

4.1.

Proposition 4.2.2. For the classical homogeneous Poisson process with constant inten-
sity A, theorem 4.2.3 is able to fit the classical Seal’s formulae given by theorem 4.1.1.
For u = 0,

» 1 (14+0)uA(t—s) i
am(0) = K¢ d
¢a+s( ) (1 4 0)#/\(1? . S) /0 a+s(y) Yy

L[ man = o0 )

= — KT (y)dy = ¢(0,t — s),
p(t—s) Jo "

where p = (1 4 )uA. Then for the non-ruin probability with initial capital u,

G () = K2+ (1+ B)ut) — / B0, — $)d, K+ (1+ B)us])
= K(u+pt,t) — /gbOt—s)dK(u—l—ps s)
are all independent of the initial age a, due to the renewal property.

Proof. Under the homogeneous Poisson process condition, we have A(t) = At and A(+) =

A, then the distribution of the aggregate claims is defined by

Ko@) = Blog < o = 30 OV v = (e ),

which is independent of a. Then for u = 0,

» 1 A+OuA—s) ]
a 0) = K¢
a+s( ) (1+9),U)\<t—5) /0 a+s( ) Yy

1 p(t—s) "
= p(t — S) /O Kg+s< )dy = ¢(Oat - S)»

where p = (1 4 @)uA. For the non-ruin probability with initial capital u, according to

the renewal property, we have
¢4 (u) = P[RS (u) > 0] — IP’[HO <s<t:R(u)=0,R*"(u) >0for 0 <wv< s]

= K (u+ (14 0)uAt) — / »(0 8)dyd K (u+ (14 0)puXs])

= K(u+pt,t) — /qut—s)dK(u—i—ps s).
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4.2. Seal’s formulae for the inhomogeneous Poisson process model

]

Example 4.2.1. Assume the claim follows an exponential distribution X ~ exp(f).
Then the aggregate claims follow an Erlang distribution. The density function of an
Erlang random variable with parameter 5 and n is defined by

5n+lxn e

n!6

NB,n+1 (z) =

Then the distribution of the aggregate claims size is

KaJrs Z Z CL + S A(CL)} e~ [A(a-i—s)—A(a)} 775,m+1(l_).

n=0 m=n+1

The non-ruin probability with zero initial can be calculated by theorem (4.2.3),

. 1 catt .
@0 K% (y)d
aJrs( ) [A(a + t) o A(a _'_ 3)] a+s(y) y

L & At A+ )] hasn—ass .
— Z Z o ] . [Aa+t)—A(a+s)] Mprsr (COF1).

Now we derive the decomposition derivative,
ds [K35(u+ cASt?)]

N e k!(m — k)![A — Aa)]"
= ZO Z 1 kzo)\(a + 8)nﬂ,k+1(u)ds (m ) [ /B(;ITLT 8) ((Z)] 67 [A(a+s)fA( )] 7][8 _ k+1(C +3)?
n=0m=n+ =

then we define

El(m — k)! [A(a +s) — A(a)]n _ [A(a+5)_A(a)]

52n! € 18,m—k+1 (C:IH_S)

o(t,m,m, k) /qbgi’; Aa+ s)ds

and

X [Ala+t) = Aa)]”
Kt =3 3 SO el e

n=0 m=n+1
=2 % 3 hultnm Ry

Therefore, the non-ruin probability can be derived as

¢+ (u Z Z Z (t,n,m,k) — Hy(t,n,m, k)]nﬂ,k+1(u>~ (4.3)

n=0 m=n+1 k=0
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4. TiME DEPENDENT RISK PROCESS

We now consider the infinite time probability. Referring to Garrido et al. (1996), an
analogous Volterra integral equation in terms of ¢, (u) for the model (4.1) is given by

the following theorem,

Theorem 4.2.4. The infinite time probability of ruin beginning with initial reserve wu,

from initial age a to time a + ¢, satisfies the integral equation:

00 ) u+-cs
Yo(u) = / Aa + 3)6‘Ag+é / a(u+ cs — x)dFx(z)ds
0 0

+ / Aa + s)e ™ Fy (u + cs)ds.
0

According to the previous results, we aim to figure out the connection between the

infinite time and finite time ruin probability. We now introduce the following theorem,

Theorem 4.2.5. For any h > 0,

Yalw) = V5 (w) + 3 O ()

=0

and
i) +4 |Ga(u) = Kg™(u + Cg™).

Therefore, the ultimate ruin probability can be derived by the infinite sum

a+ti

00 utchq
wle) = v+ Y [ R e G - R )y, (4)
0

1=0

e (u) = Platt; < To(u) < attip] and

where t; = t+hi, 4, ZJF“H(U) = Plra(u) ¢

(a4t a+ti1)].
Proof. According to Usabel (1998), we have

%(U) = 1/4?“(“) +¢ |¢a(u)7
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4.2. Seal’s formulae for the inhomogeneous Poisson process model

by applying the total probability theorem,
t|ha(u) =Pla+t < 7,(u) < o0

u+Cg+t
= [T Blatt < B @) < ool R ) = ] PURE ) = yldy
0
utCott
_ / Pla+t < 7i(y) < oo P[R () = y]dy
0
utCgtt u+CoHt
= / Yot (y)PRIT (1) = yldy = / Vape(u+ CoH — )k (y)dy
0 0

u+C§+t
- / 1~ Gupalu+ AT — )R (y)dy
0
Z K (4 C) = ).

Therefore, the infinite time ruin probability can be denoted as

u+Cg+t
al) = () + / Bagau+ CH — )R () dy.

In addition, for any h > 0, {|1),(u) can be expressed as

t|a(u) =Pla+t < 7(u )<oo]:iP[a+t+hi<7‘a(u)<a+t+h(i+1)]

=0

) u+ca+t+}u |
— Z/ Pla+t+hi < Toreeni(y) < a+t+ h(i + 1)|PRIT (u) = yldy
0

=0

00 u+cg+t+hz
a h(z a 7 a 7
-/ UEETT D o+ O — )R () dy
i=0 70

=3 el ),
i=0

Now we let t; =t + hi, therefore

o0

t|'¢a Z

=0

().

Example 4.2.2. The model satisfies example 4.2.1, according to (4.3) and (4.4), we

have

Gare (W) =D > > [hara(hyn,m, k) = Hae,(hyn,m, k)] ms kg (w),

n=0 m=n+1 k=0
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then

u+cAa+t+hz
/ a1 (u+ AT — y) kg (y)dy
0
a+t;

e A e att,
Y e Ngk+1(u+ AL —y)ng i (y)dy
. 0

= 7
= . [Aa—i_ti]j a+t; 5k+j+1 (_ 1)}? a+t; u+CAa+t .
— a e Aa _ (,U/_i_CAa‘i’ti)k*pe Butchg ) yp+g—1dy
| (k=pplG -1 "
=0 p=0 J: p):p:\J . 0
k

M

Gat'(ky s g g (w4 cAGH),
0

<.
Il
=)

p

At . Angtijia-Hi 1)k (ki) .
where GHi(k, j,p) = %e Aa (k—;)!;!)(j(—f)j!()p - Therefore, we have the ultimate

ruin probability expression,

¢a( a+t + Z Z ZZZZ a+ti(h>n>m7 k) - Ha-l-ti(h?n?m? k)]

GZthi (k7 j? p)nﬂ,k+j+1 ('LL + CAngti)'

4.3 Cox process model

In this section, we are going to construct the Cox process by letting the intensity pa-
rameter be a stochastic process which is defined in particular as the shot-noise Cox
process or the other specific processes. The reason why we need the Cox process is
that the homogeneous and inhomogeneous Poisson processes do not adequately explain
the phenomena of catastrophes (Dassios and Jang, 2003). In addition, Cox process can
provide a more stochastic setting of the occurrence of claims (Ammeter, 1948). In order
to investigate the properties of the cox process and ruin probabilities, we start with
the investigation of the claim occurrence process and the distribution of the aggregate

claims size.
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4.3. Cox process model

4.3.1 Shot-noise Cox process

Recall that S; = Z X, denotes the aggregate claims process up to time ¢. In the
classical risk model, S; represents the compound Poisson process with constant intensity
A. In this section, N; becomes a Cox process with a Poisson shot-noise intensity which

can be found in Albrecher and Asmussen (2006),

= Ao+ Z Wt —T,,Y,), (4.5)

where {T), },en is the sequence of occurrences of a homogeneous Poisson process with
rate p and it represents the occurring times of external events. {Y}},en is a sequence
of positive independent and identically distributed random variables (with distribution
function Fy) which are independent of the Poisson process N,(t). In addition, the
function h(t,z) represents the non-negative response function (shot function) in the

shot-noise Cox process.

The shot-noise process has also been investigated in a more general form. If the
function (4.5) is simplified to a multiplicative shot function by splitting h(t — T;,Y;) =
Yig(t — T;), then we obtain

Np(?)

=X+ Y Yag(t—T,), (4.6)
where ¢(t) is a non-negative function with following properties:
1. g(t) > 0forall t > 0 and g(t) =0 for t <0,
=[5 g(s)ds, g(oo) = 0, H(Y,t) = [ h(Y, s)ds,

3. The mean value function is defined as an integrated stochastic process E[N(t)] =

E[A|F] = E[fy Asds|F,

4. There exists § < min{1, a} such that [;* g(¢)’dt < co.
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Generalisations of the shot-noise Cox process which allow the intensity of the claim
frequency to depend on time are given by Dassios and Jang (2003). Furthermore, from

Campbell’s formula, the expectation of the random process \; can be denoted as
t t
BV = o+ p [ Elglt — 9)Yilds = o+ p [ Blg(s)Yilds = o+ pGEIV]
0 0

Then lim; oo E(A\t) = Ao + pE[G(00)Y]] = w which is assumed to be finite. Also, we
need to assume the net profit condition ¢ > p and p = wpx (ux = E(X)). Assuming
that h(y,t) = ye~®, Cox and Isham (1980) have shown the Laplace transformation of
Zy = iji(lt) Y,g(t — T,) is given by

La(s) = e 1=Ev o)

Assume that all moments of X, exist, then

i (d'Ly,(s)
E[Z]] = (-)'— | o
therefore, we could have
ElY E Y2
E[Z] = pTH(l — 6_&), Var|Z] = P 2[5 ](1 _ e—26t)‘

Corollary 4.3.1. The stochastic integrated process A; = fot Asds can be written as

()
A=t + > Y,G(t—T,).

n=0

Proof. We have

t t t1
A = / Asds = Aot +/ / YN, (59(t1 — 5)dN,(s)dty,
0 0o Jo

after changing the order of the integral by applying Fubini’s theorem,

t t t
= Aot —i—/ / Yn,()9(t1 — s)dt1dN,(s) = Aot +/ Y, )G (t — 5)dN,(s)
0 s 0
Np(¢)

=Xt + Y_ Y, G(t—T,).

n=0
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4.3. Cox process model

From Albrecher and Asmussen (2006), by assuming g(t) = e~ and G(t) = fg g(s)ds =

% (1 — 6_5t), the stochastic integrated process can be rearranged as

t Np(t) 1 N,(t)
A= /0 Asds = Aot + ZZ; YiG(t —T;) = Aot + 5 ZZ; Vi (1 — e 0t=T)
by applying Taylor expansion,
1 Ne® N (t)
Ay = Mot + 5 ; Vi (1- 6*50&%)) = M\t + ; Yi[t—=T— @t —T)*+(t—T).].
Then we have
E[Ad] = Aot + %[Y] {t - %(1 - 6_‘”)}  Var[A] = ot + pE2[§2] t— 2—15(1 2

Dassios et al. (2015) introduced some doubts on the application of the shot-noise Cox
process: In the case of small p (the rate of shot event arrival), they use the shot-
noise process as an intensity function for catastrophic events. However, if the parameter
becomes large, it means that the shot events are no longer considered to be catastrophes.
Therefore, we can consider the shot-noise process to be an intensity function to generate
the number of claims due to common events of high frequency, such as car accidents or

accidents from a large collective insurance portfolio.

According to the following corollary, we are able to find the moment generating func-

tion of the intensity of the shot-noise Cox process.

Corollary 4.3.2. Let N,(t) be a Poisson process with parameter p > 0 and Z, =
ZnNi(lt) Y,g(t —T,). Then for any s > 0, the moment generating function of Z; is given
by

My, (s) = E[eszt] — epf(f[My(sg(t—v))—lldv. (4.7)
We then have the following theorem,

Theorem 4.3.1. Let \; be a shot-noise Cox process with exponential(w) events Y; and
decay function g(t) = e~°*, the moment generating function of )\, is given by

P
W — se_‘”} s

w—3S

M9 = |
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Let t — oo, it is clear to see

where limy_,o Z; ~ I'(£, 1) (Dassios et al., 2015).

Proof. Assuming Y; ~ Exp(w) (its moment generating function is =) and g(t) = e,

then we have

M/\t<s) — ersepfg[36767t7v> 71:|d’U = 6)\0865 w—s

w— se 08
= [ﬁ] = M, () Mz, (s).

Let t — oo we have lim;_ o, Mz, (s) = (1 — 5)7§ s.t. limy_o Z; ~ I'(§,w). Therefore,
P(Ao < Xo+a) = Fr(Aog+a) = %, where a € (0,+00) and we use Ay, to denote
o

limt_,oo >\t- ]

4.3.2 Other Cox processes

In this section, we aim to construct some special Cox processes and provide their sta-
tistical properties, in addition to providing the brief expression of the ruin probability
if it is possible. We are going to provide some examples of the Cox process in order to
cover the following fields: heavy-tailed intensity (compound Poisson process with Pareto
distributed jumps), correlation with stock price (geometric Brownian motion, applica-
tions can be found in Asmussen and Albrecher (2010)), discounted jump process and

the Markov jump process.

Example 4.3.1. (Heavy-tailed intensity)

In probability theory, heavy-tailed distributions are probability distributions whose tails
are not exponentially bounded (Albrecher and Boxma, 2004). The definition can be
given as the distribution of a random variable X with distribution function Fl is said

to have a heavy right tail if

lim e*P[X > 2] =00 forall A >0

T—00
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4.3. Cox process model

This is also written in terms of the tail distribution function

as

Fx(z) =P[X > z],

lim e Fyx(z) = oo for all A > 0.

T—00

This is equivalent to the statement that the moment generating function of Fx(z),

Mx(t), is infinite for all £ > 0.

Here, the heavy-tailed intensity process is given by

N(t)

At = Ao H e ne0 (4.8)
n=0

where Y,, ~ Fxp(w) and N(t) is a homogeneous process with parameter p.

R
—_—03

pE—

t

Figure 4.1: Intensity of \; with different levels of decay functions under heavy-tailed intensity

Its distribution can be derived by

P\ < 2] = i[@ [A0e2?=o aYi =8t < :1:] PIN(t) = 7]

n=0
=y P
n=0

_ g Fy. (log Aﬁo n (5t> P[N(t) = n],

n

Z aY; <log i + ot
i=0 Ao

P[N(t) = n]
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where Y"  aY; = Z, ~ Erlang(w/a,n) and P[N(t) = n| = (’;#e"t. Then its density

o Jrallon 5400 (o

function is given by fy,(z) = >~ pve ~—e?*. The statistical properties can

also be given by

E[\] = Ao~ ‘”ZE im0 VPN (t) = n)

= Xoe Y My (a)]"P[N (1) = n] = Age™ e My (@D,

n=0

Var[h] = doe™ )~ Var[eXi=o " |P[N(t) = n]

= Aoe Z {E[(QZZLO a¥i)2] _ EleXi=o aYi]Z} P[N(t) = n]
= e~ ‘”Z]P’ n] [My (2a)" — My (2)*"] .

If we assume the jump Y ~ N(0,1), it is possible to generate the log-normal intensity

process (two directions jump process).

&=
—_—02
—03

R—

Figure 4.2: Intensity of \; with different levels of decay functions under log-normal intensity

Example 4.3.2. Geometric Brownian motion
A geometric Brownian motion (GBM) (also known as exponential Brownian motion) is
a continuous-time stochastic process in which the logarithm of the randomly varying

quantity follows a Brownian motion (also called a Wiener process) with drift (Gerber
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4.3. Cox process model

and Shiu, 2004). The intensity process is defined by

)\t = )\O}/;h

2
o_ . .
where Y, = e~ 7)1 We and W, is a Wiener process.

Figure 4.3: Intensity of A\; under geometric Brownian motion

Its probability density function is given by

2
1 <ln%—(,u—5—%<72)t>
f)\t (CL’) = P exXp | — 202t

and the statistical properties can be computed as

E[\] = Age,
Var[\] = Mge* (e”Qt — 1) :

Example 4.3.3. Discounted jumps process

(4.9)

The intensity process is defined in a similar way to the shot-noise Cox process, it is given

by

N (1)
M=X+ Y Ve,
n=0

where Y,, ~ exp(w) and N(t) is a homogeneous process with the parameter p.

(4.10)
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—_—0.2
—_—0.3

—_—01

t

Figure 4.4: Intensity of \; with different levels of decay functions under discounted jumps process

Its distribution can be derived by

P\ <z] = ZIP’[)\O + ZY;G St < Z|P[N(t) = n]
:ZP[ZY; < (z— Xo)e”|P[N(t) = n]
— Z Fy, ((a: — )\o)eét)IP’[N(t) = n/,

where > " Y, = Z, ~ Erlang(w,n) and P[N(t) = n] = (0% o=rt - Then, its density

n!

function is given by fy, () = >07 €% fz. [(x — Ao)e’’] (D" o=t Also, the statistical

n!

properties can be given by

n

E[A] = Ao+ e > E[D YiP[N(t) = n]

n=0 =0
= Xo+ e S [E(Y)"PIN(2) = n] = Ao + e e EVITD),
n=0

n

Var[\] = Xo + e i Var[z Y|P[N(t) = n]

n=0 1=0

=ty %P[N(t) = n].
n=0

N(t)
i=0

of the point process is given by Ay = e %> Yy)d(t — T;) — de* Zﬂé) Y;, thus the

Furthermore, if we assume the integrated process A, = Aot + ;) Y;e ™ the intensity
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4.3. Cox process model

distribution of the point process is given by

PN(t) =n] = E[%e‘j\t] =

0 ..n o m,.m m—1
/ x_'ef:v Z ef(pfmé)t (pt) w (ZL’ — )‘Ot) e Ydr
0 n: 0

m! (m—1)!

m—1

—\ot)m—i1 $)m —(p—md)t—w 0o )
( 0 ) (wp ) € / 2" e 1y
0

; nlmlil(m —i —1)!

(=Xo)™ Hwp)™e ™ (2m — i — 1)!(n +14)!
nlmlil(m —i— 1)!(p — mo)™+!

Tp-ms 2m—i(t).
Example 4.3.4. Markov jump process

We arrange an intensity process as a Markov jump process,

A= Ao, t <1y —t € A,
M=X+VT<t<Ty,—>te A,

)\2:)\1+}/2,T2§t<T3—>t€A2,

)\n—l = /\n—2 + Yn—laTn—l <t< Tn — 1€ An—la

A= Aa + Y, T <t —tcA,.

\

which can be arranged as an infinite stages Markov process,

Stage 0 Stage 1l ... Stagen ... Stagen+k
Ao A1 - An o A
Ao Aq . A, o Anir

Table 4.1: Markov jump process

When t > T,,, it holds that A\, = \,, therefore the expectation of the intensity can

be expressed by
n—1

E[M] =Y E[M]t € AnlPlt € Ay + i E[\|t € APt € Ay

m=0 m=n
n—1 fe’e)
m, (pt)™ n. (pt)"™
_ A TN\ —p \ INWPY —p
n;(0+w) m! © +mz::n(0+w) m) €
n - n—m.,(pt)"
=X+—=> (Ao+ )@e,ﬂt.
w w m)!

m=0
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We have the stationary case when we take ¢t — oo,

lim E[\] = A = Ao + —. (4.11)
w

t—o0
According to the safety loading condition, we have

¢ 2 EBLX] = (b + 25

n < cwf — Agw.

Thus, we let the safety loading as § > 0 and let % — Aow be an integer, then the

maximum value of n can be denoted by

n = — AW, (4.12)

where c is the premium rate which assume the insurance company can accept a maximum
of n events from intensity jump process. Then, considering an infinitesimal time interval

[0, h), there are four possible situations:
1. No jump from claim process and intensity process;
2. One jump from claim process and no jump from intensity process;
3. No jump from claim process and one jump from intensity process;
4. More than one jump from claim process and intensity process.
Then, we could have
¢ (u, Ae) = d(u, Al Fa), (4.13)

where the filtration J,, contains the information of \; for i = 1,2, ...,n and k& denotes
the states. Therefore, we could have the integro-differential equation in the following

theorem

Theorem 4.3.2. Under the setting fo the intensity process \;, the non-ruin probability

satisfies the following integro-differential equations. For k =1,

C@gb*(u, o)

520 = (g 4 )0 (1, h0) — /0 6" (1 — 2, \o)dFy () — pé*(u, ).
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4.3. Cox process model

For k < n,
Ca(b*(a’u,; >\k> — ()\k —+ p)¢*<u7)\k) _ )\k/ ¢*(u o l‘,)\k)de(.Z‘) N p¢*(u’ )\k+1>-
u 0
For k > n,
c8¢*g:A n) bt () / &*(u — @, \)dFx (). (4.14)

Thus, (4.14) can be considered as a classical case,

¢*(u, \y) =1 — min {i\—g exp[—(8 — )\—Cn)u], 1} : (4.15)

We could then apply the recursive method to obtain ¢*(u, \,_1), which is denoted by
the integro-differential equation

98" (. A1)

90 = (An—1+0)0" (U, Ap—1) — A 1/ d(u—z, Ap_1)dFx (x) — po*(u, Ap). (4.16)

Applying the Laplace transform on both sides, we have
B

569" (5, An-1) = €6"(0, Aa1) = (At + p)0"(5, An1) = 195, An1) 5" po" (s, M),
5 (5. dy) = 20 nct) =20 (502) _ (5 B)IEO™(0 n) — 2" (5, M)

€S — A1 — P+ A 18+5 cs? — (B — A1 — p)s — pfB
L St (0 — )
= fn—l(S)[ch*(O, An-1) = p0" (5, M),
where f,_1(s) = (sf:t;—l:;[: s—sl,f,l + S;i’_l;;: 5_51;71). Thus we can substitute the expres-

sion of ¢*(s, \,—1) into the next recursion,

~

¢* (Sa )\n—2) = fn—Q(S)[C¢* (07 )‘n—2) - pé*(sa )‘n—l)]
= fn—Q(s)[c¢*(O7 )‘n—2) - pfn—1<s)[c¢*<0’ )‘n—l) - pqg*(& /\N)H
= cfaa(8)0" (0, M) = paa(8) faa ()6 (0, Ar) = p6" (5, An)].

Iterating from step 1 to step k, we have

(ZB*(S, )\nfk) = Cfnfk(5>¢*(0 )\nfk)

k—1 1

_CZan k+] :02 l(b O )\n k+z Hp fn k+] ( )

=1 j=0
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Eventually, letting £ = n gives

n—1 1 n—1
8 (5.20) = cfo()8"(0.0) — ¢ S [T ()0 670, 0) = [T 2" ()" (s, M),
i=1 j=0 j=0

then applying the inverse Laplace transform, we have

n—1 i n—1
¢*(S7 A0) = Cf()(U)Qb*(O, Ao) — CZ pi_lgb*(o’ )\Z) H f]*’b(u) o pn H f;n—l «
=1 =0 =0

where H;:& S H(u) is the n — 1 fold convolution of the terms f;(:) for j =0, ...,n —

(4.18)

1

and H;:& f;”_l x ¢* (1, A\p)(w) is the n fold convolution with respect to u. According to

the definition of ¢*, the probability condition on F,,, we could apply the total probability

theorem in order to obtain ¢(u, Ag). Before the calculation, we denote f,(u) = f(u, \,),

then
cB
d(u, o) = ]g ¢*(u, Xo) f(y1) f(w2) - f(yn)dyn . . . dyadip
cB n—1 i
- 74 o) (0, 00) — ¢ 3 (0, 00) [T 76 M) ()
i=1 j=0
n—1
=" T A7 CoA) % 07 G A () FO)F(N2) - FAn)dn - - ddad,
j=0
where §>\ C’B ;15 . /\Cf_l.

Considering the case of two states (n = 2) under exponential claim distribution with

density function fx(x) = e #* and assuming Y] is a constant, we have

03@;) (o + p)do(w) — Ao / g0t — 2)dFx (z) — pon(u)

and
0
c %li ) M1 (u / ¢1(u — x)dFx (z).
We now apply the Laplace transform with respect to u on both upon functions,
- o (0) — poby (s
Qb()(s): gb()( ) pgbl( )

cs — o —,0+)\ofX(s)
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4.3. Cox process model

and

~ B C¢1 (O)
gbl(S) B CS — )\1 -+ )\1]?)((8) ‘

Therefore we have
c¢1(0)
C¢O(O) - pCS*>\1+>\1fX(S)
¢s = o — p+ dofx(s)
C¢0(O) cpPy (O)

s —Xo— p+ dofx(s) (cs — X —p+ )\OfX(s)> <cs — A+ )\1fx(8)>

olS) =

Y

which can be calculated by two part. Firstly, we have

0
cpo(0) i — 60(0)( “m_ e ).
cs — X —p+ Aofx(s) §—381 S§— 82
where
R A A
S12 = 9 <0
and coefficients a; o satisfy
_ S1— B
“= 51— 827
@ — B — 59
? S1 — 82'
The second part can be derived as
CP¢1<0)

(cs —X—p+ )\ofx(s)> (cs - A+ )xle(s)>
=200 (24 2k e ),

S S — 851 S — 59 S — 83
where

S3 = — — B <0
and coefficients by 1 2 3 satisfy that
(
bo + by + by + b3 =0,

(81 + S9 + Sg)bo + (82 + Sg)bl + (81 + Sg)bQ + (81 + Sg)bg = 0,

(5182 + S983 + 8183)1)0 + 825361 + 8183b2 -+ 8182b3 = 1,

L 518283b0 = —B
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Thus we have

(
bO = - B )
515253
ﬁ—i‘ S1 1
bl = 5
51(32 - 31) 53 — S1
B+ sz 1
b2 - )
82(81 - 82) 53 — 59
B+ s3
by = )
k 53(53 - 31)(53 - 82)

We could now obtain the ruin probability by applying the inverse Laplace transforma-

tion,
¢0(U) = ¢0(0) ((Ileslu + a2652“) — §¢1(0) (bo + bleslu + ngszu + b3€83u) . (419)

Now consider Y] be a random variable, the probability of ruin can be derived by the idea
of mixing distribution (Biithlmann, 1970; Albrecher et al., 2011; Constantinescu et al.,
2018), i.e. the ultimate ruin probability conditions on the value of first jump Y; from
the intensity process ,
Ao+ Yo Aoty
a(ul¥i =) = min { 2L oxpl (5 - 2 1

According to the net profit condition, Y7 < ¢ — A\g = y*, we could obtain the ruin

probability for the stage 1,

"
(1) = /0 OC; Y-

ufyl( )dy + FYI (y*)
Assume the Y; ~ Exp(w), thus

_ _ )\Ow o u Y
,¢ w) = e w(cB—No) + — 1—e (w=%)(cB—=X0)
1 cBlw— %) ( )

ii ) 1<Cﬂ 20)° o))
o .

k=0

Furthermore, (4.19) is also condidered as a conditional probability. We can derive the
unconditional probability by applying the total probability theorem. According to the

fact of integral

= - +C,

/ 1 e Ei(cx + %)e%
e
a+ bx b
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4.3. Cox process model

where Fy(z) = [° et;tdt is an exponential integral, we can separate the b3 into

Do h D2
b3 - + + )
/\71—5 71 p— —5—52
where
( s
Po= ——
8182
B+ 51
h=—FT—"—
81(32 —81)
B+ s9
Po=—"FT<.
\ 82(51 —52)

Eventually we could obtain the result,

_ /0 " ol y) for (9)dy + Py, (")

= [¢0(0) (a1e™" + ae™") — §¢1(0) (b1e™" + bye™") [ Fy, (y*) + Fyi (y7)

w(s182A0—cB) * w(s18220—cf)
() i (o )
5152
cB—No)(u—cw W\ . ok cB—Xo)(u—cw
E]_ (( B 0 > - E]_ <(w - E)y + %) (eB=2g)(u—cw) 5 Ag
L) (520,
Ao
c s A (u—cw w\ . % c $1)—Ao)(u—cw
El (( B+ 1) 0) ) .y ((w _ Z)y + (c(B+ 1))\00)( )) (e(Bts1) M) (u=ew) (5 Ny,
ce Ao c
Ao
c s2)—MXo)(u—cw W\ . % c s2)—MXo)(u—cw
o) (( (Fsa)-o) )) _ B <(w — )y 4 () o) )) st g 0,
+ 3 ce A0 e
0

In this section, we managed to construct Seal’s formulae for the general inhomo-
geneous Poisson process. We then applied the results to generate expressions for the
finite and infinite time ruin probability under the inhomogeneous Poisson process. In
addition, we investigated the properties of some special Cox processes and discussed the
possibility of computing their ruin probabilities. As long as we manage to obtain the
distributions of the intensity processes by applying the law of total probability, we can
then derive the ruin probabilities by applying Seal’s type integro-differential equation for
the inhomogeneous Poisson process. However, we are not able to find the distribution
of the integrated random process of intensity processes in examples 4.3.1 and 4.3.2. We
could apply a similar approach given by Albrecher and Asmussen (2006) in order to

obtain the asymptotic solutions under such intensity processes.
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Chapter 5

Surplus Dependent Risk Process

Based on the fundamental work of the classical risk process and its applications in
insurance and reinsurance portfolio modelling, we made a modification to the original
surplus process which contains a lower barrier (the compensation level) k& > 0. This
would provide some funds when the surplus level is below a certain compensation level,

the funds would be determined by the current surpus level.

In this chepter, this kind of reinsurance strategy being purchased is not a traditional
type of contract. It is neither a proportional type nor an excess of loss reinsurance
that have traditionally been discussed in most of the actuarial literature. In contrast, it
relates to both individual claim or/and the surplus level. More precisely, it relates to the
amount by which the surplus process falls below a fixed compensation level 0 < k < w.
Suppose that on the 7" occasion that the surplus falls between 0 and k, the insurer’s
surplus falls to a level & — y; (such that 0 < y; < k), the reinsurer makes an instant
payment of the deficit y; or the part of the deficit py; (p € (0,1)) to the insurer. If
any claim leads the insurer’s surplus to drop to a level below 0 (or the lower level,
e.g. Sections 5.1.2 and 5.1.3), the reinsurer does not make a payment and ruin for the
portfolio occurs at the time of this claim. Therefore, the modified surplus process U2 is

given by a combination of the original surplus process U; and the injection process .J;,
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which is defined as

UR =U, + J,.

Denote the injection function as J; which is considered under some specific conditions
(denoted by the indicators). Now define ¢ (u) = P[T, < oo| to be the ultimate ruin
probability for the modified surplus process with the compensation level at k& and let
T, denote the time to ruin of the modified process. In this chapter we will discuss the

following capital injection strategies:

e Classical capital injection with J, = >N (k — US {0 < Uté < k} with instant

payment Q(u, k),

e Partial discrete capital injection with J; = Zl]»v:top(k—Uti‘,)]I{O < Uf_ <k, Uﬁ >k}

with instant payment Q(u, k)|p,

where Q(u, k) and Q(u, k)|p denote the amount of the instant payment to reinsure of the
capital injection and partial discrete capital injection models, which will be introduced in
the premium calculation section. Furthermore, we construct the reinsurance strategies

as

e Partial discrete compensation with J, = vaztop(k - USI{0 < Uté < k, Uﬁ >k},

with reinsurance payment rate (1 — q)c,

e Partial discrete compensation with J, = p(k — U;)I{0 < U; < k}, with reinsurance

payment rate ¢(1 — p)I{0 < U, < k}.

We aim to derive the ruin probabilities for the above strategies respectively and apply
sensitive analysis with respect to all parameters. The premium calculation will be de-
rived in order to construct the capital injection and partial discrete capital injection
model as a reinsurance contract. In addition, we manage to find the optimal capital
allocation for both models to obtain the minimum ruin probabilities and introduce the
equivalent continuous reinsurance payment rate against the fixed instant payment. Fi-
nally, we will answer the key risk management questions and propose suggestions of how

to choose a reinsurance contract under specific situations.
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5.1 The main results

5.1.1 Classical capital injection model

Nie et al. (2011) modified the classical Cramér-Lundberg risk process (1.1) with capital
injection model which contains a compensation level k£, where 0 < k£ < u. The modi-
fication is that if the surplus drops below £ but not below 0, an injection of funds will
immediately restore the surplus back to &, so that the surplus instantly starts from level
k after the claim leads the surplus into (0, k). The company only gets ruined once the
claim makes the surplus fall below 0. Thus, the modified surplus process satisfies the

following figure.

Figure 5.1: Surplus process with capital injection

Obviously, the surplus with the capital injection model will never be in the interval
(0, k), due to the full instant compensation restoring the surplus level to k every time
a claim leads the surplus level into (0,%). According to Nie et al. (2011), we have the

following theorem.

Theorem 5.1.1. When the initial surplus u = k, we have

¥(0) — G(0, k)
1-G(0,k)

Vi(k) =
When the initial surplus v > k, we have

Ur(u) = P(u = k) = G(u =k, k)P (k).
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5.1. The main results

When the initial surplus 0 < u < k, we have

Yr(u) = Pr(k).

Proof. Two situations may occur when the surplus starts with u = k, either a claim

leads the surplus into (0, k) or below 0. Thus, we have

Ui (k) :/0 g(O,y)wk(/f)der/koog(07y)dy-

Then we consider the case u > k, thus conditioning on the amount of the first drop

below level k, for u > k, we have

Pu(u) = d(u— k) + G(u—k, k)i (k).
[l

Example 5.1.1. We assume the claims follow exponential distribution, s.t. Fx(x) =
1 — e=P* (Dickson, 2005), It is well known that

() = S ) = vl Gluy) = w1 - )

thus we have

$(0) — G(0, k) ek

k) = == G(0,k)  cB— A+ e Pk

and

Y(u) = Y(u— k) = Glu — k, k)bp(k) = d(u — k) [ (k) + ey (k).

5.1.2 Partial discrete capital injection and partial discrete

compensation reinsurance contract

According to the risk process given in the capital injection model, there are full injections
when the surplus is between 0 and k, always leading the capital back to k. In this section,

we aim to construct a partial discrete capital injection, which happens if the claims lead
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the surplus process to drop below the compensation level k, with partial injections
p(k — Utf), which depend on the deficit below the compensation level k. Furthermore,
the injection will not happen when the surplus level remains in the interval between 0

and k. Therefore, the injection J; can be denoted as

N(t)
Jo=" " plk — UM{0 < U2 < k, U2 > k}.
i=1

Figure 5.2: Surplus process for partial discrete capital injection model

Remark 5.1.1. One thing needs to be mentioned: due to the definition of the partial
injection model, the surplus level is able to remain in the interval (0, k) for a while.
Therefore, the additional situation compared to the capital injection model is the surplus

between 0 and k.

The probability of ruin in the partial injection model can be solved by applying the
idea of Dickson and Gray (1986). In addition, the ruin probability under the compen-

sation level k (for any 0 < u < k) satisfies the following integro-differential equation,
e () = Mb(u) — A / Wi — 2)dFx () — \F(w).
0
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Under the exponential claim the ruin probability has the explicit solution (2.6). Accord-
ing to the idea of the classical capital injection and the approach for investigating the

two barriers model, we could apply a similar idea to obtain the following theorem

Theorem 5.1.2. When the initial capital u = k, we have

el = / 90,9 [k — y+ py. k) + E(k — y + py, Ky ()] dy + / " 9(0,y)dy.

When the initial capital © > k, we have

k
() = ¥ — k) — du(k) / g(u— k,y)E(k — y + py, K)dy.

When the initial capital 0 < u < k, we have

Example 5.1.2. We assume the claims follow exponential distribution, s.t. Fy(x) =

1 — e P* we could obtain

_ o C/B — Ae_(ﬂ_%)u‘ )\(6_(6_%)“‘ — e—(ﬂ—%)b)

§(u, b)

=5 et D=y

According to theorem 5.1.2, we could have

¥(0) = 9(0) fp(k)

UelB) = 0007

where

cf

_ Bk B A/Be_(ﬁ_%)k(l — 6_(pﬁ+(1_p)%)k)
¢ — Ae=(B=2k

(PB+ (1= p)2)(cf — Ae~F=2)ky’

(k) (1—e”

Then we could have

Ye(u) = P(u —k)[1 — ¢p(k) fp (k)] for all u > k.

Inspired by the discrete capital injection model, the corresponding reinsurance con-
tract would provide an injection in the same way, but the payment of the contract
become the continuous payment with rate (1 — ¢)c, rather than an instant payment

Q(u, k)|p at the beginning. Therefore, the reinsurance compensation is given by J, =
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vaztop(k — UL {0 < UL <k, Ut?_ > k}, in addition to the original surplus process with
a modified drift,

Uy =u+qc— 5.

Ut
u
/
t
k| K/(1p) : /
; 7
0 ! ' : t
-pk/(1-p) -2 -

Figure 5.3: Surplus process for discrete compensation reinsurance contract

Remark 5.1.2. The red line represents the modified process under the discrete partial
compensation reinsurance contract. As shown by the sample paths for the partial in-
jection and reinsurance model in Figure 5.3, although the premium rate ¢c (0 < ¢ < 1)

is lower than the surplus process under the discrete capital injection model, the rein-

pk

surance contract allows the company to survive when the surplus is greater than — T

rather than 0, which means the company has the additional safe position (—lkap,O).

Therefore we can simply move the x-axis to _1kap and set this as 0. The initial capital

and compensation level will be v’ = u + -k and k' = —L_k respectively, we then have
P 1-p

the following theorem.

Theorem 5.1.3. For the discrete partial compensation reinsurance contract, when the

initial capital v’ = k', we have
oo

(k) = /0 9(0,9)[E(K —y +py, k') + EK — y+ py, K )L ()] dy + / 9(0, y)dy.

/
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5.1. The main results

When the initial capital ' > k', we have

y
d') = p(u' — k') — o () /O g(u' — K, y)E(K — y + py, k' )dy.

When the initial capital 0 < v’ < &/, we have
Ui (u) =1 — o, (K)E(u', k).

Example 5.1.3. We assume the claims follow exponential distribution, s.t. Fx(x) =

1 — e ?* we could have
A N N
= qcls — e Bgou /\(e—(ﬁ—g)u _ e—(ﬁ—;)b>
&(u,b) = PRV (u,b) =

qcp — Ae qc

qcB — Ae~ Bzl
then we could derive

e 9(0) — U (0) (K
e OV G

where

)\ﬁe—(ﬁ—ﬁ)k(l _ 6—(pﬂ+(1—p)ﬁ)k)

(B + (1= p)2)(qef — Ae™ ity

qc

1 — e Bk —
qcﬁ—Ae‘(B‘ch)’“( e ")

fi(k) =
Then we could have
Pi(u) = I(u — K1 — ¢% (k) fL(K)], for all v/ > K,

where ¥9(u) = ﬁe_(ﬂ_ﬁ)“.
5.1.3 Discrete partial compensation reinsurance contract with

payment when surplus under level &

According to the partial discrete compensation model, the insurer pays the premium to
the reinsurer at the beginning of business. We now aim to construct the situation that
the payment occurs only when the surplus level lies in the interval (0, k). The injection

process is given by
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U,

/

Figure 5.4: Surplus process for discrete partial compensation reinsurance contract with payment when
surplus is lower than k

Figure (5.4) illustrates the surplus process can be considered as the shifted process
when U, < k. The modified process U2 = pk + (1 — p)U; has a shifted premium rate
(1 —p)c and a shifted amount of aggregate claims size (1 —p)S;. Considering in an small

interval (0, h), there are four possible situations under this process:
1. no claim occurs in (0, h) with probability 1 — Ak + o(h) ,
2. one claim occurs in (0, h) with probability Ak + o(h),
3. more than one claim occurs in (0, h) with probability o(h).

Note that: currently, we denote the premium rate as ¢ in order to provide a more

convenient form. Therefore, the non-ruin probability satisfies
utch

o™ (u) = (1 — Ah)o™ (u + ch) + )\h/o o ™ (u+ ch — x + px) f(x)dz + o(h),

A(u+ ch) — ¢* =1 h
c¢ (ute I)z ¢~ (u) = \¢™(u + ch) —)\/ 1 gzﬁ%u—l—ch—x%—px)f(m)dm—i—%.
c 0
Let h — 0, we have the following integro-differential equation
d 12?
98 () = A (u) - A/ 62 (u — (1 — p)a)f(2)da. (5.1)
0
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Now apply the Laplace transform with respect to v on both sides,

csd™(s) — cp(0) =A™ (s) — AL{ /Ol_p ¢ (u— (1 —p)) f(a)dr}, (5-2)

where the Laplace transformation of the integral part is derived by

.c{/ o™ (u— (1 —p)z)f(x)dz} = / / o™ (u — (1 — p)z) f(2)drdu
= [iw [T et - pa)duar

0 (1-p)z
We get the last equation by changing the order of the integrals. Now changing the

variable using the substitution z = u — (1 — p)z, then the above becomes

/Ooof(x)/oooe s(e+(1-p)) g )dzd:r;—¢A / Fla)e0 L (s )f((l—p)s).

Substitute the equation into (5.2) and we have

csd(s) = cd(0) = A (s) = Ao®(s) f((1 = p)s).
Rearranging the above equation gives

1A (5) — c¢(0)
ls) cs — A+ Af((1=p)s)

Example 5.1.4. Assume the density of the claims is given by f(x) = Be~?*, its Laplace

transform with respect to x is Then we have

+5

p _ B/ =p)
(1—-p)s+6 s+58/1—p)

f((1=p)s) =

Thus the case above can be considered under the classical case with enlarged exponential

parameter = Accordlng to (2.6), the ruin probability can be expressed by

M (ﬁ—z)“

VAW = S

It is clear to see that when we let p — 0, the model becomes the classical risk model
and ¥ (u) = P(u), where 1(u) = Ze~ (=0,
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P(u)

0 u

Figure 5.5: The sample path for the new process with c=2,8=1,A=1,p=05and u=0—20

Clearly, the ruin probability under the compensation process is lower than the clas-
sical case’s and both of them converge to 0 as u — oo. Furthermore, for the case given
in this section, we replace the premium rate with (1 — p)e¢, then the ruin probability

becomes

)\ Ay _uw
A — _(B_E)lfp.
Vi) = S

Therefore, we have the following theorem.

Theorem 5.1.4. Under the model given in this section, we have

k B ]

vi(k) = / 9(0,9) [€2(k — y + py, k) + E2(k — y + py, k)i (k)] dy + / 9(0,y)dy.
0 k
When the initial capital u > k, we have
k —
wela) = 6(u =) = 0u(b) | glu— k. p)Ek — y -+ py. K)dy
0
When the initial capital 0 < u < k, we have
Yi(u) = 1 — ¢ (k)E2 (pk + (1 — p)u, k),

A ) —pA —
where £2(u, b) = Y5O €8 (u,b) = 1 — £2(u, b).
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Example 5.1.5. We assume the claims follow exponential distribution, s.t. Fx(x) =
1 — e 5% we could obtain

A b
cf — Ae~ -5 Xe B~
) gA(u’ b) = A u

cfB— Xe (b=t cf — e~ B35

We could derive

¥(0) — (0) £ (k)

Ul = TS0 AR
with
—-(B—= % —(pB+(1-p)2)
k B (1) A i lp),
fp( ) Cﬁ >\e ( Z)Tp( € ) (pﬁ—i-(l_ )A)(Cﬁ Ae‘(ﬁ‘*)f)

resulting in

Ur(u) = Y(u— k)1 — ok )f (k)] for all u > k.

5.1.4 Continuous capital injection

According to the classical capital injection model, the insurer receives instant compensa-
tion as long as any claim leads the surplus level into the interval between 0 and k. Under
the continuous capital injection model’s setting, we aim to construct the strategy which
provides a continuous compensation with rate ac to the insurer, when the surplus level
is under the compensation level k. Besides, Li et al. (2018) investigated this process as

a refracted risk process, where the surplus process consisted of two parts,

cdt — St, Ut 2 k,
dUt -
acdt — St,O < Ut < k.

This leads to the following probability of ruin setting, given by Lin and Pavlova (2006),

¢1(U),U 2 ka
Yo(u),0 < u < k.

(u) =

Then the joint Laplace transform 1) satisfies the following integro-differential equations:
u—>b

ey (u) = Mpy(u) — [ 1 (u— ) f(z)dx +/ Uo(u — ) f(z)dx] — AF(u),u > k,
acthy(u) = Mba(u / Po(u — ) f(x)dr — NF(u),0 < u < k.
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Figure 5.6: Surplus process with continuous injection

Remark 5.1.3. It is clear to see that when a — 0o, the model will be the same as the
classical capital injection model. When a — 1, it becomes the classical surplus process.
Therefore, we can obtain the following theorem, by applying the idea of the two barriers

model.

Theorem 5.1.5. When the initial capital u = k, we have

k B 0o
el = / 9(0,9) [E2(k — 1, k) + E2(k — y, k)bu(k)]dy + / 9(0,y)dy.

When the initial capital u > k, we have

be(w) = (u — k) — g (k) / g~k y)E(k — . k)dy.

When the initial capital 0 < u < k, we have

W(u) =1- ¢k<k)€A(uv k)?

A=A
where €2 (u, b) = %f(b)(b)'

Example 5.1.6. We assume the claims follow exponential distribution, s.t. Fy(x) =

1 — e ?* we could have

A

A(ef(ﬁfa)u — ef(ﬁfﬁ)b)
acB — Ae~(B=2ob

A
A _acf — e~ (B=ag)u A B
5 (U, b) - a,C/B o Ae—(ﬁ—%)b’ f (U, b) -
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Then we could have

where

acB(1 — e %) — acBe Bk (1 — e aek)
acB — e~ B=a)k '

f (k) =

Then the ruin probability can be calculated by

Up(u) =Y(u—k)[1 — qﬁk(k‘)pr(k)] for all u > k.

5.1.5 Partial discrete capital injection for all claims occurred
if the surplus process is below k&

Now we take the inspiration from Section 5.1.2 and 5.1.3. We aim to define that the

injection happens for all claims occurred, as long as the surplus level is below the com-

pensation level k (similar to the combination of the models in Section 5.1.2 and 5.1.3).

The injection process is given by

U,

Figure 5.7: Surplus process for PDCIA
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N(t)
Jo=>Y plk—UM{0 < UL < k}.

i=1

Consider an small interval (0, ), there are four possible situations under this process:

e 1o claim occurs in (0, h) with probability 1 — Ak + o(h) and the surplus level rises
by ch,

e one claim occurs in (0, k) with probability Ak + o(h) and the surplus level rises by
ch, drops by X, the claim amount, and a compensation p(k—u+ch— X) is received

if u+ch— X > 0 or the claim leads the surplus level below 0 s.t. u+ch — X <0,
e more than one claim occurs in (0, k) with probability o(h).

Therefore, the non-ruin probability satisfies

u+-ch
™ (u) = (1 — Ah)O™ (u + ch) + )\h/o ¢ (u+ch —x +plk —u+ ch — z)) f(x)dz + o(h),

C¢A(u + Cf}z — %) = Ao (u + ch) — )\/Ou+0h o™ (pk + (1 — p)(u + ch — x)) f(x)dz + @.

h
Let h — 0, then we have the following integro-differential equation

d

a0 =208 w) = [+ (1= = ) f )

Now one applies the Laplace transform with respect to v on both sides

es(s) = (0) = M4 0) = A{ [ 4kt (1 = p)u = o) Fla)ie).

The integral part can be seperatly treated

£l / "9k + (1 — p)(u— 2)) f(x)da} = / T / "5k + (1 — p)(u — 2)) f(x)dadu.

Changing the variable and using the substitution pk + (1 — p)(u — z) = z, thus we have

b= h—z =~ + u, therefore, the above equation becomes

pk+(1—p)u —
/ / f(plk + u)dzdu.

T =
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5.2. Special process inspired by model of PDRP

Now changing the order of the integrals, we could obtain

oo oo k _
/ ™ (2) / e_suf(pl ° u)dudz
pk 2Bk

-p

z

—pk
- °dz.

—f(s) / e

However, this is impossible to calculate the ruin probability by applying the Laplace

transform.

5.2 Special process inspired by model of PDRP

Recall the process given by PDRP in Section (5.1.3), the non-ruin probability condi-
tioning the lower barrier k satisfies (5.1). The ruin of PDRP will be predicated after
the injection, in other word, the company will get ruined only if the surplus is below
zero when consider the claim as (1 — p)X. Now, we aim to construct a new reinsurance

strategy, which leads the prior ruin predication rather than the injections.

Ui g Ui a

Injection before judging ruin Judging ruin before injection

Figure 5.8: Ruin or injection

Then its non-ruinprobability satisfies the following the integro-differential equation,

e/ (u) = Ab(u) — A / “olu— (1— py)F(dy).
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Integrating on both sides over [0, u] gives

(00) = 00) = A( [ oteraz [ [ ota = (1= p)Pidy) da)
:A/ 6(z)dz — A / dy/gb:v—l— y) do
3 [ o [Cran [T o0
=2 [ otz = /¢ dz/“"’Az F(dy)

= )\/ o(2)(1— — )) dz.
Thus
A u—z oz
o(u) = ¢(0) + —/ o(2) (1 — F( - A }—))) dz. (5.3)
Let H(u) = EO) on R which satisfies

u)=1+4— /H FU_Z )dz.
I=p p
Let hg = 1, define for n > 0

A [Y —u—2z z
hn+1(u)zz/0 hn(z)F<1 A};) dz

—D
pU _ (1-p)u _ z
— %/0 hn(z)F(];)dz+%/o hn(u—Z)F(l_p)dZ
X O“hn@z)m) gz M /O ol — p2)F(2) d=.

Therefore, the general solution ican be denoted by an infinite summation,

= ha(u). (5.4)

5.2.1 Exponential claims

Consider the case F(z) = e %% for z > 0. Now define an operator as the integral part in

(5.3), s.t
T{hn(u)} = hnia(u),
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then we could obtain some facts of calculation. For a constant k,

)\k: e _

For f(z) = e~ %% for any v > 0,

/fpz dz+ /fu— (1—p)2)F(2)dz

— D)
= e P1PEe=Bz g, 4 )‘(1 —p) / e~ 1B(u=(1-p)z) =Bz 1.
0

c Jo c
CAp 1 A1 —p) 1
cB1+py B 1—(1-p)y

Therefore, we can obtain the general form of operation for an exponential function,
A 1—p

A p
1—e Utppuy . 2 - 8
051+m( ) 81— (1—p)y

Furthermore, we let f(y,u) = 1 — e #7 and denote

=Y P =1 Y = L
m=0

(1 _ e*(lﬂw)BU) + (efvﬁu _ e*(lﬂw)BU)_

T{e P} =

(e—vﬁu _ 6—(1+pv)ﬁu).

I1—-p

The facts can be represented as

n

(I=p)m=>0=p) Y pr=1-p"",

m=0
n+1

L+ptn =14 " =Yas1-

m=1

Now we denote T™{f(yn,u)} = T,™, where T{f(yn,u)} = f(Vn,u), thus

o A et Al—p m-1 A 1
7:1 - 0576 + cfs pn+1 n Cﬁpnﬂ 7:l+1 )
In particular
A Al
Tn — _Tnfl = 71’
peB? pcBmn
A A A 1
AR, o SARANRL T A B 2 L m—2
pcp "’ (pCB) 0 (pCB) Y
Then we have
A e, A
T = ()70 — — — )T 5.6
= g T = ) T (56)
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Furthermore, we have

A Al A 1

_ -1 s m—1 _ 7% m—1
7;’77' - 0/87_00’”‘ + Cﬁ pn+1 n Cﬂpn—i_l n+1 »
Al—p -1 Aol=p s )‘1_ 2m—2 A ol —p -2
cf prtt " - (cﬁ) prtl 76 + (cﬁ prtl ) 771 ( n+1cﬁ) Yrt1 ml :
It results in
o A ]'_ n — /\ z 14m—i ¢ A z(l_p)lil m—i
T = (cﬁ pn+1 + Z cﬂ n+1 T Z(pn-&-lcﬁ) Yt n+1 -

i=1
We now have the following theorem.

Theorem 5.2.1. For each n > 0, h,(u) consists of f(vo,u), f(72,u), ... f(n-1,u) for n
terms. For the further operation, h,1(u) = T{h,(u)} would generate the extra term

f (4, u),which would lead the number of components of h,,1(u) be n+1. Then according

o (5.4), we can obtain the general form for the solution

= Z hp(u) =1+ Z nf (Vns ) (5.7)

under the boundary condition

1 [o.¢]
lim H(u) = —— =1+ _a,. (5.8)
U—00 gb —
Proof.
T )} = T{L= e = T{1} = T{e )
A p 1—-p
= ,u) — 1+ n,W) — 77—~ ]-+ n, W) — n, U
7 (f(v0,u) = § ernf( PYns ) = 77 = [f (14 pYn, w) = f (s w)])
o A 1_p f(fyneru)
T p (f00w) + ! F ) P g
Therefore, we could obtain the pattern of the operator. n
In addition, the solution holds the fact of
1+ T{H(u)} = H(u), (5.9)
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then we could have

T{H)}=1+T{1+ lim Y anf(ymw)} =1+ T{L} + lim > anT{f (9, u)}-

Recall that T{f (vm,w)} = 25 (f (70, ) + Z%f(fym, u) — Mm—*;:‘i), we then could obtain

B prtly
T{H Z am + (10 ’703 Z — Um-1 ! )f(’}/ma ) lim i n f(’Yn,u)
m=1 m+1 P Vm n—oo cf3 ™y
Now we have
- 1
ag = g(z Am + —(ao + 1)),
m=t P (5.10)
A 1—p 1
Ay, = Cﬁ( m—Jrl_am_lm—m)’ fOI'le.
From second equation of (5.10), we can obtain
pm+l A, = A (am Qm—1 P )7
L—p B (1= p)ym
A1 —p) —p™tiep Aoop
Qm = Um—-1—5
(1 —p) ¢B(1—=p)rm
. AP/ Vm

Then we have

H = A (5.11)

B

Now we aim to prove the convergence of the series by applying the Leibniz’s rule.

Theorem 5.2.2. A series of the form (5.7), which can be written by
=1+ Z )"y f (s ),

where

this alternating series converges.
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Proof. By conditioning on ¢ > %, we notice that A — ¢f7y,,, < 0 and 7, < Y41 for

any m > 1 and a,, > 0 for any even m, a,, < 0 for any odd m. Eventually

m \ : A
lim |a,,| = ag hm | mH}\ /7 |<@0 hm ‘(—pcﬁ)m‘ = 0.

m— 00

According to

| o P \m A
A fonf O ) = a0 i 1)l =)™ 322051

N
A —cB(1—p)

where |ap, f(Vm, u)| converges to 0 when m — co. We then have

< ap lim_ {5 0)|( "l =0,

bm:b ( P A/7m+1 —1)_b p)\—’merl(l—p)(fmerlcﬁ_)\)

m = Om <0
L —pYmgrcfB — A 7m+1(1 - p)(7m+1cﬁ - )‘)

f(Yma1,w) — f(ym, u) > 0.

Therefore,

bm+1f(7m+17 u) - bmf(’Yma u) < bm+1f('7m+lv U) - bmf(7m+17 u) < 0.

Then substitute (5.11) into first equation of (5.10), we obtain

1
L S () T 25
b m=1\1—p =1 A—~;cf

ag =

Then we could have

Z 0 — I+ Zm:l(lp;p) Hi:l /\7{;:0,8 o 1 +€
n 0 m v ’
: L p S () T 25y L e
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where

Therefore we have the coefficients of the solution (5.7),

1
L+pg (5.12)

am = (—=1)"by,, for m > 1.

ag =

Eventually, the general solution can be written as

H(u) =1+ aof(y0) + > _(=1) b f (Y, ),
m=1

where ag is given by (5.12). Then we could obtain the non-ruin probability

m=1
where
o —1 _ Buzl Opz
¢(0)_1+%a’ndf(7m7 >_1 €

5.2.2 Mixture exponential claims

Consider the case F,(z) = Y1 w;e™* for z > 0 as the tail distribution of the mixture

n exponential claims. Then we notice the operator becomes
T{1} = Z ERACHD
where
flz,u)=1—e"""

Furthermore, we have

n

- A - i\ /m+1;
TEY o)) = 25 3 (0 + ) = £
i=1

i=1 Ym+1
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For f(z) = e~ for any v > 0,
/fpz dz+ /fu— (1 —p)2)F(2)dz
:_/ e Pz Zw-e‘ﬂjz dz + >\( — ) / e—a(u—(l—p)z) iw.e_ﬂjz dz
c Jo = ! ¢ 0 !

J=0

)\p : w] —(ﬂ,--{- a)u )\(]‘ B p) . w] —au —(B-i— a)u
[ — 1 — j TP + — j TP
CZPOMLBJ( ‘ ) c ;51'—(1—29)04(6 ‘ )

_A bw; o (1 —plw; a.u o
= me (8 + b ) + g (S8 + pau) = )]

Ay w;B;
a Cz((ﬁyﬂﬂa)(ﬁ (1—pla)

135+ v = 220 o).
Therefore,

T (Biw)} = T{1 = e} = T{1} = T{em}

_A w; B , ) — (1 —p)w; u
- Z T8 = G0, — =gy B P — g g g e )

Then the solution is in terms of the summation of 1,2, ... until infinity sums of the
function f, thus let k£ be the number of sums, we denote the operator of sums

S’“_Zlgz 5 Z;’ . S =1landS; = Ofor any k < 1,

]

the solution consists of

00 j—1
Zskzazlkf 6@7 + ZSkZGszf ﬁzl +pﬁ27 -+ Z Skzai,j,kf(z pmﬂij—m_uu) .
k=0 m=0

i= i= k=j—1 i=1
where we denote ig = i. Therefore, we could obtain the solution of (5.4) under the

mixture n exponential claims distribution,

—1+ZZ Z Ska”kf Zp sz me1> U (5.14)

i=1 j=1 k=j—1

with boundary condition

n

U— 00

1 00 00
1 j=1 k=j—1

=
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Then we could apply the same method from (5.9),

Jj—1 n

A
ik T P Biy )} = aiji= Z (5 f(B:,u)
m=0 z

w83,
CES Y Lo B ) (B — (1= Dp)By)

B (1 —p)w: — s .
B = (1= 1) 2o "By (;,p Biensr )

j—1
f(ﬁz + me+1/8ij—m—1’ U)
m=0

Therefore we notice that

Q; 1,k éﬂ - Z Z Smaz,] m Slc i1k Z 5 ﬁ

J 1m—J

Qi 41,k = —— Sk Qg 5.k E

(

wZ/BZ
(B> 0By ) (B — (=) T 0B )

1—pw,
_ Skai,j+1,kz ~a —(p) 3 ) |, form > 1.
m=0 1j—m

(5.15)

According to the second equation of (5.15), we have

w: Pz
. Sk Zz 1 (B= +ngm gmeBz] m— 1)(62 (1- p)Zin 10p sz m— 1)
a17]+17k - ala]kc 1 + Sk (1 p)wz

¢ B () X0 B,
. wz Bz
o (—i)jﬁShzz T 1 Y Y G Cr)p o Y Y
= Qi1k c 1 +Sh— (1-p)w '
h=1 ¢ Ba—(1=p) Xm0 P Bip, )

Therefore, we could obtain the coefficients of (5.14)

( )\ Bz + Z] 1 Z mai,jm

a; 1,k = - S (1 plw.

12 kQi,1k Zz 1 3.—(1-p)B;
< Wz,Bz
s N (> T
@i j+1,k = zlk__ H , form 2 1.

5J ) IES) 1 +Sh_ (1 p)wz

\ h=1 ¢ B—(1- P)Z%:opmﬂihfm
(5.16)
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5.3 Numerical illustrations

Now we provide the numerical analysis which is arranged along with all of the param-
eters. In this section, there are 6 plots of ruin probability against initial capital wu,
premium rate ¢, claim size 3, claim frequency intensity A, the ratio of compensation p
and the reinsurance payment rate ¢, respectively. The notations in the plots are given

by

Classical surplus process: C

Classical capital injection: CI

Partial discrete capital injection: PDCI

Partial discrete reinsurance contract: PDR

Partial discrete reinsurance contract with specific payment periods: PDRP

Continuous capital injection: CCI

The first picture plots the relationship between the ruin probability and initial capital
u, considering the net profit conditions. Table 5.1 provides the parameters’ coefficients

for the ¥ (u), u plot.

Parameters | u c| Bl A|Ek|p q a
0-20 | 3|1 |1]2]0.5,04"|0.8]10

Table 5.1: Parameters’ coefficients for Figure 5.9

It is clear that

e According to the compensation strategies, the classical surplus process seems to
have the largest ruin probability for all ranges of initial surplus (discuss later).
When the insurer has a small amount of initial capital (which is far smaller than
the k), the CI model has the best protection for the insurer for a small interval of .
With the exception of this, the PDRP model provides the lowest ruin probability

(discuss later). Furthermore, the ruin probabilities under all models will converge
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to 0 eventually, when initial capital is large, although convergence speed differs

between the models.

(u)

DL
POR
PORP
cel
PORP*

0 k u

Figure 5.9: The movement of ruin probability with respect to u

e The curves of the ruin probabilities have flatter trends in the interval of initial
capital u € [0,k) in comparison to when u > k, for most of the compensation
strategies (except for PDCI and PDR, which have sharper trends according to an
instant injection at the very beginning for initial capital smaller than the compen-
sation level. Besides, the ruin probability of the classical surplus process has the
same curve trend for any u > 0 according to the independence of k). In particu-
lar, for the capital injection model, the ruin probability remains constant in the
interval of initial capital u € [0, k), ¥x(k), because the reinsurer provides a fund
which restores the surplus level to the compensation level k for any initial surplus

ue0,k).

e The lowest curve of ruin probability is given by the model of PDRP for p = 0.5
in the above plot. When we decrease the value of p from p = 0.5 to p* = 0.4, the
orange curve moves up to the grey line, this leads to a greater ruin probability,
due to the lower reinsurance payment rate (0,4 % ¢), claim amount covered rate

(0.4 % ) and less additional space (k* = 2k and u* = u — 1k). In other words,
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PDRP reinsurance contract sufficiently helps to reduce the risks. In general, the
ruin probability of the PDRP will converge to the classical case ones when it is
assumed that p = 0. In fact, for all of the compensation strategies, as long as we
reduce the benefits of the compensation, the ruin probability moves to the classical
case’s. Now if we zoom up the plot from the interval u > 5 and let ¢ be the only

variable by assuming the other parameters remain as in table 5.1, we have

u}
POCI
PDR
PDRP
<
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Figure 5.10: The movement of ruin probability with respect to ¢

CI PCI PDRP CCI C
q | 0.74-0.75 | 0.71-0.72 | 0.77-0.78 | 0.76-0.77 | 0.7-0.71

Table 5.2: The ruin probability intersections of ¢

Recall the first finding in Figure 5.9, ” the classical surplus process has the largest
ruin probability for all ranges of initial surplus”, this is not true. It is surprising
to see that the PDR has the largest ruin probability when initial capital is much
bigger than the compensation level k, although it has smaller ruin probability than
the capital injection models’ at the beginning of the left plot in Figure 5.10. Thus,
the ruin probability curve of PDR model intersects the ruin probabilities of all

models for the current parameter coefficients. Therefore, the PDR model would



5.3. Numerical illustrations

have the best performance for small business. Besides, the second observation is
correct, the ruin probability given by the model of PDRP remains the smallest.
Now, if we compare the CI, PDR and PDRP models, according to the sensitivity
tests so far, we would rank them as PDRP > PDR > CI for small business and
PDRP = CI > PDR for big business (">’ represents better).

e For the right plot in Figure 5.10, except for the PDR model, the ruin probabilities
of all other models remain constant due to their independence of ¢q. The ruin
probability under the PDR model remains at 1 for a while due to the net profit
condition. After we reduce the payment rate to the reinsurer (¢ goes bigger), the
ruin probability drops very fast. When ¢ is close to 1, the PDR model provides
the smallest ruin probability in comparison to other models. In addition, when
qg = 1, the PDR has the same compensation strategy as the PDCI, except for
the additional safe position %k. This is the reason why PDR has a lower ruin

probability than PDCI.

Besides, the parameter p determines the intensity of the compensation for PDCI, PDR
and PDRP and the additional safe position for PDR.

Parameters |u | c | B | A | k| p q a

51311 ]112]01]08]10

Table 5.3: Parameters’ coefficients for Figure 5.11

We notice that, the ruin probability of the PDCI model converges to the ruin prob-
ability of the capital injection model, and the ruin probability of the PDR and PDRP
moves to 0 when p — 1 (because when p — 1, the additional space %k for the ruin
tolerance becomes very large). The reason the PDCI model has the greatest ruin prob-

ability for small p is due to the reinsurance payment rate ¢q. As long as ¢ = 1, PDCI

will be equal to the classical case when p = 0.
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5. SURPLUS DEPENDENT RISK PROCESS

¥(p)

Figure 5.11: The movement of ruin probability with respect to p

Here we provide the ruin probability curves along with the compensation level k,
where the ruin probability of the classical surplus process remains constant according to

its independence of k. The other parameters’ coefficients are given by

Parameters | u | c | B | A | k P q a
51311 11]05]05(109]10

Table 5.4: Parameters’ coefficients for Figure 5.12

(k)

PR
FORP

Figure 5.12: The movement of ruin probability with respect to k

It is clear to see that
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5.3. Numerical illustrations

e The dashed line is the value of initial capital, where £ = u. For the two intervals
u > k and u < k, the curves have different trends. Eventually, the ruin prob-
abilities of all of the compensation strategies move to 0 (except for PDCI) with
increasing k. This can be considered to be due to an instant injection given for
the initial surplus. Furthermore, when k£ = 0, the ruin probabilities of most of
the models will be the same as the classical process’s (except for the PDR model,
because of the reinsurance payment rate ¢). For the model of PDCI, there is no
instant compensation when initial surplus is below k. In addition, increasing k
leads to the higher ruin probability of PDCI, because the compensation happens
only if there is a claim which leads the surplus level to drop below U;, < k from
Ut; > k, thus if k£ is very far from the initial capital u, it is very difficult for a

compensation event to happen.

e The PDRP and PDR models have the highest sensitivity with respect to & when
k < w, their ruin probabilities drop very fast at the beginning as k increases.
Besides, the ruin probabilities of the PDRP and PDR models will converge to a
small number when £ is quite larger than u and it will eventually be greater than

the CI’s ruin probability when k is extreme large.

e Now we know that the model of PDCI has the best performance when initial capital
equals the compensation level k£, however this is not reliable in practice. Therefore,
it is obvious to say that most of the reinsurance agreements perform better than
the classical case, in other words, those strategies work properly for reducing the
ultimate ruin probability. In the real reinsurance market, most of the compensation
level will be set lower than the initial surplus, thus under consideration of the

sensitivity test on k, we should choose PDRP or PDR.

According to the net profit condition, the ruin probabilities will be 1 if the premium

rate ¢ is too small.

103



5. SURPLUS DEPENDENT RISK PROCESS

Parameters | u | ¢ BIA|k|p q
510551 ]11]2]05[09]10

S

Table 5.5: Parameters’ coefficients for Figure 5.13

[

Figure 5.13: The movement of ruin probability with respect to ¢

When the premium c is very large, it is very hard for the company to become ruined,

unless the first large claim occurs at the beginning of the business. According to the

_k
1-p

additional space in the PDR model, its ruin probability would be even lower than
the other models’ (same situation as PDRP model, for the large premium rate). Fur-
thermore, the sensitivity of ¢ for the model PDRP is delayed, because of the strict net
profit condition. In fact, the discussion of the sensitivity of ¢, § and A should occur at
the same time, because the net profit conditions are determined by these three variables
(sometimes must also be considered p, ¢ and a for the models of PDR, PDRP and CCI).

Then we have:

Parameters | u | ¢ | £ Ak |p q a
04-21112105]09]10

ot
w

Table 5.6: Parameters’ coefficients for Figure 5.14
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P (8)

0 '/5

Figure 5.14: The movement of ruin probability with respect to

e According to the exponential claim distribution, the expectation value of a claim
is = %, which has the negative correlation with 8. In Figure 5.14, we notice that
the PDR model is more sensitive than the other models with respect to 3. It has
the lowest ruin probability when the mean of claims is very small, however, this

becomes the largest when the expected claim amount is quite large.

The ruin probability of the PDRP model has the second highest convergence speed
and drops very fast when the claim amount becomes smaller. On the other hand,

CI has the best performance when the expectation of the claims is quite large.

The company should only apply the PDR and PDRP strategies when it normally
faces small claim amount. If the insurer is expected to have large claims, the
capital injection model has the best performance among all of the compensation

strategies.

For the claims frequency test, we have

Parameters | u | ¢ | f | A kE|p q a
51211 (12121050910

Table 5.7: Parameters’ coefficients for Figure 5.15
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A

Figure 5.15: The movement of ruin probability with respect to A

e According to the net profit condition, when a company has extreme high claims
frequency, the ruin probability of all models remains constant, equals to 1. In
particular, the ruin probabilities of PDRP and PDR have been already remained
at 1 for some period before the other models’. In other words, in comparison to

the other models, the PDRP and PDR models have stricter net profit condition.

e For the claims frequency plot, the PDR model has a similar conclusion to that
for the claim size plot. It has the greatest sensitivity with respect to the claim
frequency, therefore tolerance of high frequency for the PDR and PDRP models
is very low. PDR has the smallest ruin probability for low claim frequency and
the largest ruin probability for high claim frequency, respectively. In addition, the

capital injection model has the best performance for high claims frequency.

5.4 The premium calculation for the reinsurer

In this section, we aim to formulate the premium payments collected by the reinsurer for
the different strategies. Suppose that the insurer applies a reinsurance agreement under
which the reinsurer provides the funds needed to restore the surplus level to a known

level every time the surplus falls between 0 (can also be —%p in the case of PDR) and
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5.4. The premium calculation for the reinsurer

the compensation level k. We denote the premium required by the reinsurer as Q(u, k)
for the model of capital injection and Q(u, k)|p for PDCI, which is a function of the

insurers initial capital u and the compensation level k.

Uy

:
v Y, | Yy
' 1

Figure 5.16: The payment of the reinsurer under the capital injection model

For the capital injection model, our aim is to investigate whether the insurer can
reduce this ultimate ruin probability by splitting initial capital U into two parts. The
first of these, u < U, will be the initial surplus held for the portfolio. The second part
is a reinsurance premium which we denote by Q(u, k) or Q(u, k)|p. Let the aggregate
amount needed to restore the modified surplus process to some levels up to time ¢,
given initial surplus u, be Si,x|p. The simplest case is the capital injection model, the
reinsurer provides the funds to recovery the surplus level to constant compensation level
k every time when surplus drops into (0, k). Then for the capital injection model, the
aggregate amount needed to restore the modified surplus process is denoted as Sy, 5. In
this paper, we let Q(u, k) = 1.5E(S; 1), called the expected value principle reinsurance
premium (more applications can be found in Nie et al. (2011) and Nie (2012)).
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5. SURPLUS DEPENDENT RISK PROCESS

Let T, denote the time of ruin under the modified process with initial surplus u
and compensation level k£ and denote S, x|p = St , uk|p, i-6. the expected total claim
amount for the reinsurer up to the time of ruin. First, we consider the capital injection
model. Using the idea of Pafumi (1998), when the surplus is below & for the first time,
the reinsurer has to make an immediate payment of Y; and reserve the amount Sy, for

the future payments Y;>o, then we have the following theorem.

Theorem 5.4.1. The expected total claim amount for the reinsurer up to the time of

ruin under the capital injection model is given by when u = k,
k
B(Skx) = | 5+ E(Sia))ol0.9)dy
0

k
:/0 y9(0,y)dy + E(Skr)G(0, k)
_ Jowe0.9)dy
 1-G(0,k)

when u > k,

k
(y +E(Skk))g(u—k,y)dy

k
yg(u —k,y)dy + E(Spr)G(u —k, k).

9=,
-

Clearly, for any u < k,

Iy yg(0, y)dy

E(ka) =k—u+ 1—G(0,k})

and the second order moment can be derived by the same idea, s.t.

k k
E(S2,) = / y29(0, y)dy + E(S2,)G(0, k) + 2E(Ses) / 490, y)dy

L Y2900, 9)dy + 2E(Skk) fy yg(0,y)dy
- 1—G(u—k, k) ’

hence,

k k
B(S2) = [ 4P9(u— b.o)dy + B(SEOG(u — b k) + 2B(Sus) [ vl ki)
0 0
see, for example, Nie et al. (2011).
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5.4. The premium calculation for the reinsurer

Example 5.4.1. We assume the claims follow exponential distribution, s.t. Fx(x) =

1 — e 5% we could obtain

C yeyydy (2, 8k)
E(Ske) = 52 G(0,k)  B—2(1—e b
and
E(Su,k) = . yg(u — k,y)dy + E(Sk,k)G(u — k, k)
A
=ﬂMu—kMVQJ%)+ o512 PF) (1— e 5.

p B—2(l—e k)

For the second order moment,

v(3, Bk)
232

v(2, Bk)

E(Sik) = (u—k)| + E(‘Slgk)(l — e %) + 2E(Skx)

]

with

a5t P(0)[2S2E) 1 DR (S), ) 22E]
kks 1—G(0,k)

For PCI, the situation is more complex. According to the partial discrete compen-
sations, the funds given by the reinsurer restore the surplus level back to the random
level m, which is in relation to the deficit below k, rather than to the compensation
level k. Furthermore, according to the definition of the compensation strategies, the
reinsurer will not provide the funds for the claims when the surplus level is lower than

the compensation level k.
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1
Yz

Yy Y3

Figure 5.17: The payment of the reinsurer under the partial discrete compensation strategy

Similar to the process under the capital injection model, the payments of the reinsurer
are given by the parts of the deficit below the compensation level k, which are pY;>o.

Then there are two situations after the first deficit Y; has occurred:

1. The surplus process gets ruined before it recovers to the compensation level k with

probability £(k — (1 — p)Yi, k),

2. The surplus process restores to the compensation level k before it gets ruined with

probability £(k — (1 — p)Y1, k),

hence,

Theorem 5.4.2. The expected total claim amount for the reinsurer up to the time of

ruin under the partial discrete compensation model is given by for any v > 0, when
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5.4. The premium calculation for the reinsurer

u==k,

E(Skklp) = /0 E(k — (1= p)y, k)py + E(k — (1 — p)y, k) (py + E(Sklp))g(0,y)dy
k
(py + &k — (1 — p)y, k)E(Skxlp))g(0, y)dy

pyg(0,y)dy + E(Skk[p)1(0) fp (k) = p%’

J
J

when u > k,

k
E(Suslr) = / (py + €k — (1 — Py, K)E(Siulp))g(u — b, y)dy.
For any u < k,

I yg(0,y)dy

E(Suklp) =k —u ‘HUW-

For the second order moment,
k —
B(S2ulr) = | poPg(0.5)dy + €0k — (1= p)y. DE(SE )1
0

+ /0 2py&(k — (1 — p)y, K)E(Skx|p)g(0,y)dy

_Jo 92900, y)dy + [ 29E(k — (1 — p)y, K)E(Sralp)g (0, y)dy
g = () /(%)

and for u > k,

k
E(S:.lp) = /0 (py” + E(k — (1 = p)y, K)E(SE 1|p) + 20E(k — (1 = p)y, k)yE(Skklp))g(u — k., y)dy.

Example 5.4.2. We assume the claims follow exponential distribution, s.t. Fx(x) =

1 — e 5% we could have

Jo y9(0.y)dy (2, BE)
1—0(0)f,(k)  "B=2f,(k)

where the expression of f,(k) is given in the example 5.1.2. Then for u > k,

v(2, Bk)
B

E(Sk,k|P) =p

E(Suklp) = ¥(u—k)[p + E(Skklp) fp(k)].

111



5. SURPLUS DEPENDENT RISK PROCESS

For the second order moment,

k
B(SEule) = vl = 0™ 5 4 B2 fp(0) + 20050 | 0l = (1= ply. D0, )]
with
E(S2,|p) = Y(0)[p2 L2 + 2B (Sks) fy wE(k — (1= p)y. k)g(0,)dy]
S 1—4(0) [, (k) ’
where

k
Ayawwrwwmmmw@

— —A)k
c 5 Bk — \Be~ (=2
e 128 (DB + (1 = p)2)2(cB — Ae™P=0)k)

a cf — e P2
Now we can understand the difference between the CI, PDCI and PDR model. Recall

v(2,p8 + (1 —p)%)-

that the cost of the reinsurance contract for the CI and PDCI model is an instant
payment at the beginning, denoted by Q(u, k) and Q(u, k)|p, thus their initial capital is
equal to the sum of surplus for the portfolio and the capital for the contract cost, denoted
by U =u+ Q(u, k) or U =u+ Q(u, k)| p, respectively. Now we set up the parameters’
coefficients as ¢ = 3, § = 0.4, A = 1, the following table provides the optimal initial
surplus, the setting of compensation level and the optimal ruin probability under some

levels of initial capital.

p=0.1 p=0.5 p=20.9
U | C CI PDCI %/C %/CI PDCI %/C %/CI PDCI %/C %/CI
10 | 42.78% | 40.79% | 42.43% | 0.82% | -4.02% | 41.38% | 3.27% | -0.15% 40.86% | 4.49% | -0.17%
15 | 30.66% | 25.10% | 30.02% | 2.09% | -19.60% | 27.49% | 10.34% | -9.52% 25.40% | 17.16% | -1.20%
20 | 21.97% | 12.69% | 21.22% | 3.41% | -67.20% | 17.81% | 18.94% | -40.35% | 13.69% | 37.69% | -7.88%

Table 5.8: Optimal ruin probabilities

__ Y(@)|ppcr __ Y(@)|ppcr :
Note that, %/C means 1 o+ and %/CI means 1 oo 1t s clear to
see that the CI model has the best performance for all range of initial capital and its
advantage becomes more obvious as the total amount of initial capital increases. Besides,

the strategy for the PDCI model has ruin probability between the ruin probabilities

for C and CI, it converges to the CI's when p — 1, where it represents the intensity
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of the compensation. The next table provides the details of the optimal capital and

compensation level setting.

CI PDCI, p=0.1 | PDCI, p=0.5 | PDCI, p =0.9
U | v k* u* k* u* k* u* k*

10 | 6.865 | 4.128 | 9.513 | 7.003 | 7.883 | 5.484 | 6.994 4.345
15 | 8.863 | 6.128 | 14.410 | 9.767 | 11.730 | 8.246 | 9.288 6.515
20 | 11.050 | 8.316 | 19.426 | 12.089 | 16.440 | 10.840 | 12.0834 | 8.923

Table 5.9: Optimal capital and compensation level setting

The intensity of the compensation determines the capital setting for the initial surplus
and reinsurance cost. We can consider the PDCI model as the CI model when p = 1,
then a greater p leads to a decrease in the level of initial surplus, since the high intensity
of the compensation requires more capital allocation for the reinsurance contract to

obtain the minimum ruin probability.

However, in the model of PDR, the instant payment is replaced by the continuous
payment with rate (1 — ¢)c, we now set up the equivalent reinsurance payment rate ¢ in

order to match the ruin probabilities under the PDCI model.

U=20 U=15 U=10

P |q l—q|p |¢ l—q|p |¢q 1—gq
0.1 {0.984 | 0.016 | 0.1 ] 0.982 | 0.018 | 0.1 | 0.981 | 0.019
0.5 10917 ] 0.083 | 0.5 | 0.911 | 0.089 | 0.5 | 0.908 | 0.092
0.9]0.844 [ 0.156 | 0.9 | 0.839 | 0.161 | 0.9 | 0.839 | 0.161

Table 5.10: Equivalent reinsurance payment rate ¢

The model with higher intensity compensation requires more payment for the rein-
surance contract. Furthermore, the process with higher initial capital shows the lower
request for the reinsurance payment rate, because the injections rarely happen when the

initial surplus is fairly large in comparison to the compensation level.
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Chapter 6

Concluding Remarks and Future
Work

In this thesis, we have constructed several dependent risk models, including the time
dependent model (inhomogeneous Poisson process and Cox process), claim dependent
model (mixing over the parameter of the claim intensity process in the classical Cramér-
Lundberg risk process and discrete binomial risk process) and surplus dependent model
(capital injection and other surplus dependent reinsurance model). Under these depen-
dent models’ settings, we have investigated changes in the ruin probabilities (finite and
ultimate), which provides us with an approach of how to adapt classical risk theory to

the contemporary complex financial market.

In Chapter 3, we applied the idea of mixing distributions over values of involved
parameters to extend the class of classical risk processes, focusing on the claim intensity
parameter. In fact, in the classical risk process, Albrecher et al. (2011) showed the
resulting dependent structure was an Archimedean copula. For the discrete binomial risk
process, we introduced a more convenient way of structuring the probability of success
p=1—e"9 in comparison to the results given by Dutang et al. (2013), we obtained
much more tractable expressions of both for the claims distributions and the ultimate

ruin probabilities. In addition, equation (3.5) shows an interesting fact, lim, . ¥(u) =
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Fo(67), it means the refined ruin probability converges to a non-zero level as u — oo,
which is due to the not profit condition being violated. Besides, apart from dependent
modelling, the mixing can also account for parameter uncertainty, which may have a

better fit to the real financial market.

In Chapter 4, we managed to combine the classical compound Poisson process with
the inhomogeneous Poisson process, which leads the original process to be a non-renewal
and non-stationary process. Thus, the approach of computing the ruin probability is
not the same as in the classical case. The Volterra integral equations for both the finite
and infinite time ruin probability are given by Garrido et al. (1996), however this math-
ematical interpretation cannot be explicitly expressed for most of continuous processes.
Therefore, we derived a new type of the Seal’s formulae for the inhomogeneous Poisson
process in order to generate the expression for the finite time ruin probability. Further-
more, applying the idea of Usabel (1998), we constructed the ultimate ruin probability
using the infinite summation of the finite time ruin probabilities for the infinite intervals
of time slots. The ruin probability of the Cox process is very difficult to obtain. Even for
the distribution of the point process, it has to be expressed by a conditional probability
by conditioning on F;. Fortunately, we are able to compute the model under the last two
examples in Chapter 4 using this approach, due to the existence of the unconditional

distribution of the point processes.

In Chapter 5, we set up 5 type of reinsurance contracts, including the capital injection
model (CI), partial discrete capital injection model (PDCI), partial discrete reinsurance
contract (PDR), partial discrete reinsurance with special settlement (PDRP) and con-
tinuous capital injection model (CCI). We then derive the expressions for the ultimate
ruin probability for all models respectively, by applying the idea of two-barrier models.

We now answer 3 key risk management questions.
1. Should a company buy reinsurance or raise more capital?

2. What is the optimal initial capital setting?
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3. How can risk theory help decisions regarding reinsurance?

For the capital injection model, the following table provides the data set for the optimal
ruin probabilities under different levels of initial capital, with parameters ¢ = 3, § = 0.4,
A = 1. In the table, u*, k* and ;- (u*) represent the optimal pure investment in the
business, compensation level and ruin probability, where U = u* + Q(u*, k*) and we set

Q(u, k) = 1.2E(S, ) (it is defined in Section 5.4).

U (o0 o [k |on@) ]| %

5 | 59.71% | 4.459 | 1.722 | 59.59% | 2%

10 | 42.78% | 6.865 | 4.128 | 40.79% | 4.7%
15 | 30.66% | 8.863 | 6.128 | 25.10% | 18%
20 | 21.97% | 11.05 | 8.316 | 12.69% | 42.23%

Table 6.1: Optimal ruin probability under capital injection model

It is clear that for each level of total initial capital, the capital injection model pro-
vides a lower ruin probability with lower initial «* than the classical process with higher
initial investment u* 4 Q(u*, k*). Besides, when the amount of the initial investment gets
larger, the benefit from the capital injection will become more significant. For the other
reinsurance models, as long as we increase the value of p or a, the ruin probability will
definitely be smaller. We then suggest the company should buy a reinsurance contract
rather than raise more capital. The method of choosing the optimal capital setting is
given in Section 5.4 for the model of CI and PDCI. It depends only on the level of © and
k since U = u + Q(u, k). The distance between u and k determines the risk and their

relationships can be found in Figures 5.9 and 5.12.

It is obvious that, risk theory plays a significant role in measuring risk and pro-
vides mathematical instruments for determining the reinsurance setting. We notice
from Figures 5.13 and 5.15 that although the ruin probabilities are reduced by reinsur-
ance contracts, the net profit conditions change with the different strategies. In other
words, a company must adjust their management policies when choosing a reinsurance

agreements.
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Future work will focus on Section 4 and 5. For the time dependent model, where we
have the premium rate assumption as shown in equation (4.2), our goal is to eliminate
this assumption in order to allow the premium rate to be any from, i.e. a constant
premium rate c. However, it cannot be fitted to Theorem 4.2.2, where we construct a
conditional martingale with respect to R, under the assumption that the premium
rate is a constant c¢. Therefore, E[R?5| Rt = y] = E[S*+5|S2* = y] does not hold

when the premium rate can take any other form.

In Section 5.1.5, the ruin probability of the new risk process cannot be derived in the
classical way. Up to now, it can only be computed numerically. Furthermore, this process
can be considered as a shifted process when the surplus level is below the compensation
level k (for instance, for any 0 < U, < k, we have U2 = U, + p(k — U;) = pk + (1 — p)U,.
Therefore, the injection from the reinsurance company is given by Y/ = pX,; for ¢ >
1. According to the two barriers model, there are then two possible situations to be
discussed.

e When a claim Y, occurs and leads the surplus level into (0, k), ruin happens

before the surplus recovers to the compensation level k& with probability &(pk +

e When a claim Y, occurs and leads the surplus level into (0, k), the company will

recover to the compensation level £ and ruin dose not happen with probability

E(pk + (1 —p)u, k).

Then, one considers the total amount of claims when 0 < U2 < k during a period T,

where T' < t. We denote

e M, (y) as an expectation of the sum of claims, when 0 < U2 < k and the surplus
process restores to the compensation level k before the company is ruined, except

for the first claim.
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e My(y) as an expectation of the sum of claims, when 0 < U2 < k and the surplus
process is ruined before it recovers to the compensation level k, except for the first

claim and the last claim, which leads the company ruin.
o Let M(y) = Mi(y) + Mo(y)

Then the expected total claim amount for the reinsurer up to the time of ruin under the

PDRP model is given by when u = k,
k
BSEP™) = [ (bt M) + (6 — (1= ply KE(SEP™)) 900, 1)y
0

= /0 (py + M(y))g(0,y)dy + E(Sk.r)

3 (py + M(y))g(0,y)dy
- fa !

when u > k,

k
E(Skx) = / (py + M(y) + &k — (1 — p)y, KYE(SEPRP)) glu — b, y)dy.

Clearly, for any u < k,

Jo oy + M(y))g(0, y)dy

E(ka) = p(/{: — U) -+ 1 fA

Thus M (y) is the key needs to be investigated.
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