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Abstract 

Purpose: To present a novel design method for non-orthogonal lenses to reduce the problem of residual 

astigmatism in non-orthogonal, astigmatic eyes 

Methods: A method to create spectacle trial lenses with non-orthogonal power axes was developed based 

on a novel optimised light ray-tracing algorithm rather than conventional lens design methods which could 

not fully eliminate spherical aberration. Using this method, three sets of refraction trial lenses were made with 

the angles between power axes of each set controlled at 80°, 70° and 60°, respectively. Within each set, the 

cylindrical power varied from -1.00 D to -6.00 D in 1.00 D steps in addition to a -0.50 D lens. Computer-based 

numerical simulation of the lenses optical performance was carried out to apply orthogonal and non-

orthogonal lenses on simulated astigmatic eyes. Subsequently, three clinical trial cases were investigated. 

Results: Computer-simulated optical performance of non-orthogonal lenses showed the ability to achieve 

high performance in correcting non-orthogonal astigmatism. Subsequently, three patients with irregular 

astigmatism were refracted with the non-orthogonal lens sets, and clinically observed improvement at least 

two lines in the LogMAR chart was achieved in all three cases, compared with correction with orthogonal 

lenses, along with subjective improvement in image quality. 

Conclusions: Non-orthogonal astigmatism, which is commonly ignored by current eye prescription systems, 

is taken into account in this study in the design of spectacle and soft contact lenses. The new approach 

considers the possible non-orthogonal positions of the eye’s two optical power meridians and appears to be 

better able to correct the vision of irregular astigmatic eyes and significantly reduce residual astigmatism. 
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Introduction 

It has been more than two centuries since astigmatism was first described (1, 2) and categorised as either 

orthogonal or non-orthogonal (3). While in orthogonal astigmatism, the flat and steep meridians are located 

at 90˚ to each other, the angle between the principal power meridians in non-orthogonal astigmatism varies 

from 90˚. 

The existing system of prescribing a correction lens to a patient with an astigmatic eye consists of a 

combination of spherical and cylindrical lenses to form a single sphero-cylindrical lens (4). In this lens, the 

spherical component is responsible for correcting near or farsightedness and the cylindrical component is 

added to correct astigmatism. The current method of correcting the eye’s refractive error is based on the 

assumption that the lowest and highest power meridians in an astigmatic visual system are always at a right 

angle to each other (Figure 1). However, if the power axes of a patient are not orthogonal, there will be 

residual astigmatism even if the best possible orthogonal refractive lenses are used to correct the patient’s 

vision. Moreover, the software programs that control the operation of corneal topographers assume power 

axes are orthogonal in producing their power map outputs, making it impossible to assess the extent of non-

orthogonal astigmatism present in individual eyes. Considering that up to 25% of the normal population have 

non-orthogonal astigmatism (3), it is important to revise the existing system of correcting astigmatism. This 

study addresses this need and presents a novel lens design method conceived to address the problem of 

residual astigmatism in non-orthogonal astigmatic eyes.  

 

Materials and Methods 

The lens design method and the patient case studies were approved by the Ethics Committee of the Federal 

University of São Paulo (Brazil) and conducted in accordance with the standards set out in the Declaration 

of Helsinki. 

 

Lens design with non-orthogonal power axes 

Unlike traditional prescription systems, the non-orthogonal lens design method relies on the maximum and 

minimum refractive powers P1, P2 and their corresponding angles A1, A2 in the form [P1@A1 & P2@A2]. The 
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back-surface of the lens is first designed according to the type of lens; whether it is a spectacle lens or a 

contact lens. While the back-surface of a spectacle lens is optimised to achieve a thickness 𝑡 that would 

minimise the material needed to manufacture the lens and consequently, its weight, the back-surface of a 

contact lens is designed to enable comfortable fitting on the eye. The front-surface is then designed such 

that the combined power of the front and back surfaces of the lens, 𝑃𝑓 and 𝑃𝑏, at a certain meridian should 

equal the total power, 𝑃 , required at this meridian: 

𝑃 = 𝑃𝑓 + 𝑃𝑏 (1) 

This meant that the total surface power at this meridian 𝑃 could be a combination of many different values of 

𝑃𝑓 and 𝑃𝑏, Figure 3. Controlling the back-surface design was always possible, either for spectacles or contact 

lenses, with no effect on the overall lens power as the front-surface of the lens was designed to adjust the 

overall lens power and to compensate for any specific shape of the back-surface. As a lens optical power 

can be described by its ability to refract the light, the total lens’s refraction power is the result of the discrete 

refraction power of the front-surface and the back-surface of the lens. As a result, designing a lens that has 

a certain total optical power could be achieved through an infinite number of compensations between the 

geometry of the front-surface and the back-surface of the lens with the same material. This fact gives the 

designer the scope needed to put on some restrictions on one surface, then determine the other surface in 

a way that keeps the lens’s total power as desired. Figure 3 shows eight possible designs as an example of 

a lens with a power of 𝑃 = −10 dioptre where the front-surface and the back-surface powers 𝑃𝑓 and 𝑃𝑓𝑏 were 

varying. 

The design method is based on the fact that a surface with a certain power 𝑃 would refract parallel light rays 

to a focal length 𝑙 =
𝑛

𝑃
 where 𝑛 is the refractive index of the medium beyond the surface. This process was 

carried out over the lens meridians one after another by tracing light rays following Snell's law (5). Each 

meridian was constructed by a series of nodes that were equally spaced along the meridian length. At these 

nodes, the optical powers of the Back-surface were 𝑃𝑏1, 𝑃𝑏2, … , …  (Figure 4) and the corresponding focal 

lengths were 𝑙𝑏1, 𝑙𝑏2, … , … , respectively (Figure 5Aa). The design is then completed by moving the 

corresponding meridian nodes on the front-surface outwards until the focal lengths at all nodes were equal 

to the desired focal length 𝑙𝑓 =
𝑛𝑎𝑖𝑟

𝑃
 (Figure 5Ab). An optimisation process was then carried out to reposition 

the front meridian nodes in the anterior-posterior direction such that most of the refracted light rays fall on the 
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desired focal point. In case the designer needed to create the back-surface of the lens by setting its radius 

of curvature 𝑟, the equivalent optical power to 𝑟 was determined as Equation 2. 

𝑃𝑏 =
𝑛𝑎𝑖𝑟 − 𝑛𝑙𝑒𝑛𝑠

𝑟
 (2) 

 after which the optimisation process was carried out. After solving the back-surface optimisation process, 

the optical power of this surface was determined. 

 

1. Front-surface design 

In order to design the front-surface for the same lens, the front-surface power had to be calculated first as 

Equation 3 

to 

ensure that the required overall lens power would be achieved. At that point, all optical powers at the front-

surface nodes 𝑃𝑓1, 𝑃𝑓2, … , 𝑃𝑓6 had to be adjusted to be equal to 𝑃𝑓 by altering the position of meridian nodes 

to satisfy the equation, Figure 5B, 

where 𝑙𝑓1, 𝑙𝑓2, … , 𝑙𝑓6 are the focal lengths of the front-surface meridian nodes (Equation 4). 

The presented non-orthogonal lens design process was based on the light ray-tracing method as can be 

seen in the flow chart in Figure 2. Initially, clinical data were collected to identify the patient’s best non-

orthogonal prescription. 

 

Non-orthogonal simulated corneas 

The overall purpose of simulating the new lens designs was to numerically quantify the issues with the 

conventional orthogonal lens design and to assess the need for a new design. Therefore, two idealised 

corneal surface models, with a significant difference in astigmatism, were constructed to enable studying the 

optical performance of the human eye using an optical light ray-tracing technique. While the first cornea 

model had orthogonal astigmatism of -5.0 dioptre (D) at 90°, the second model had non-orthogonal 

𝑃𝑓 = 𝑃 − 𝑃𝑏 (3) 

𝑙𝑓1, 𝑙𝑓2, … , 𝑙𝑓6 = 𝑙𝑓 =
𝑛𝑙𝑒𝑛𝑠

𝑃𝑓
 (4) 
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astigmatism of -5.0 D at 45°. Both models needed no refractive correction along their nasal-temporal line at 

180°. The visual performance of two hypothetical astigmatic corneas was simulated with the central corneal 

thickness being set to the average normal range of 0.545 mm. Both corneas had 43.050 D curvature on the 

flattest meridian and 48.053 D on the steepest meridian. The power of the back-surface of both corneas was 

set to -5.882 D, however, the front-surface power was set to 48.935 D at the flattest meridian and 53.935 D 

at the steepest meridian. 

 

Clinical validation 

In order to validate clinically the non-orthogonal design method, three sets of spectacle trial lenses with non-

orthogonal power axes were manufactured and tested on subjects with irregular astigmatism. Commercial 

trial sets for eye examinations require over 200 individual pieces. As it was impracticable to manufacture this 

number of non-orthogonal lenses in the first instance, lens powers and non-orthogonal axes were targeted 

towards the prescriptions of the subjects. The power axes of each set were oriented such that the internal 

angles between the axes were 80°, 70° and 60°, respectively. In addition, a fourth set with orthogonal power 

axes was manufactured to act as a control set in the study. Each of the four sets included lenses with 

cylindrical powers of -1.00 DC to -6.00 DC in 1.00 DC steps (in addition to one -0.50 DC lens for fine 

adjustments). This range gave the potential prescription sensitivity of 0.50 DC steps, as subjects with 

aberrated corneas tend to be insensitive to 0.2 DC steps in spectacle refraction. However, 0.25 DS lenses 

were available from a conventional trial lens set to optimise spherical correction. These non-orthogonal 

cylinder sets were tested on three subjects with irregular astigmatism including two with mild keratoconus 

and one with longstanding, non-strabismus amblyopia. The refraction in each case was assessed using a 

standard LogMAR chart. The chart was changed randomly while testing lenses from the four sets. 

For each subject, the refraction starting point was taken from the orthogonal spectacle prescription and the 

visual acuity recorded, as well as a subjective assessment of the visual quality. There is currently no 

methodology in the literature aimed at non-orthogonal refraction and it is unknown how valid the visual tools 

available to assist in refraction of orthogonal astigmatism would be in refracting with non-orthogonal lenses. 

Thus, the refractive technique was kept as basic and as familiar to the subject as possible to avoid introducing 

unknown variables. In refracting subjects with irregular corneas, often the best way of establishing the optimal 

axis is to allow the subject to rotate the lens in the trial frame. Subjects will subjectively balance optimal 
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contrast with minimal “ghosting” and “shadowing”. This method was used to attain the original orthogonal 

prescription, together with the use of spheres and cylinders lenses.  

The subjects were then initially presented with a non-orthogonal cylinder of the same value as their 

orthogonal prescription from each set of lenses and were asked to locate the point of optimal acuity by rotating 

the lens to find the best axis position. This process was independently checked by the examiner by rotating 

the lens off-axis either way and asking the subject to indicate the optimal position. In order to ensure that the 

subject was not experiencing a placebo effect, the lenses were randomly “flipped” during the examination. 

Unlike conventional cylinder lenses, which present the same power meridians whichever way the lens is 

presented to the eye, non-orthogonal lenses present meridians at different axes when flipped which should 

cause an obvious difference in visual acuity. In all cases, the subjects were very clear that the “flipped” lens 

gave significantly worse visual acuity. 

 

Topography data collection 

Topography data for the subjects, relating to the geometrical characteristics of eyes, were exported from an 

Eye Surface Profiler ® (ESP, Eaglet Eye b.v., the Netherlands). Raw height data for the anterior surfaces 

were exported and analysed using a custom-built MATLAB® code (MathWorks, Natick, USA). Optical power 

maps based on corneal axial curvature were created using the collected height data and processed by 

MATLAB to detect the natural maximum and minimum corneal power meridians. Eye topography scans were 

carried out in a darkened room as light falling on the topographer during the scan may affect the 

measurement. As the topographer being used must be attached to a computer, the computer monitor was 

positioned to direct its light away of the participant’s face and set to a low brightness level. Participants were 

requested not to wear their soft contact lenses for at least two weeks before the topography measurement. 
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Results 

Non-orthogonal refraction simulation 

The geometry of the simulated corneal model was built by optimising the corneal front-surface through the 

light ray-tracing method with -5.00 D astigmatism at 90° for the first cornea which produced an orthogonal 

simulated corneal keratometry (Sim-K) of 43.05 D at 180° and 48.19 D at 90° (Figure 6a). However, the 

geometry of the second simulated corneal model was built with non-orthogonal astigmatism of -5.00 D at 45° 

(Figure 6b), which produced a Sim-K of 43.4 D at 158° and 47.85 D at 67.5° in the orthogonal meridians. The 

first cornea could be corrected by a toric spectacle lens with a power of -5.00 D at 90° (Figure 6b). However, 

to correct the equivalent orthogonal power of the second cornea, a different toric spectacle lens with a power 

of -0.35 D at 158° and -4.8 D at 67.5°, was required (Figure 6e). As can be seen from Figures 6c and f, 

orthogonal spectacle lens design was only able to correct the orthogonal astigmatic cornea (Figure 7c). 

Correcting the refractive error of a non-orthogonal cornea by a conventional orthogonal toric spectacle lens 

leaves residual astigmatism (Figure 6f). When the corneal non-orthogonality was taken into account by 

designing a non-orthogonal spectacle lens (Figure 6g), a stable refractive correction was possible as shown 

in Figure 6h. 

 

Clinical validation 

As the refraction simulation process demonstrated the expected benefits of the new designed non-orthogonal 

spectacle lenses, the study was developed to investigate the benefits of these spectacle lenses clinically. 

The clinical validation process was carried out in three case studies: 

 

Case A: A 52-year-old male with mild keratoconus in the left eye, Figure 7A. His best spectacle lens 

prescription was -0.75 DS -2.25 DC @ 90°, with which his visual acuity was 6/9 but accompanied by 

significant ghosting, shadowing and visual disturbance. Slit lamp and retinal evaluation were unremarkable. 

Intraocular pressure (IOP) was 18 mmHg. 

It was found that after refracting with non-orthogonal trial spectacle lenses, a non-orthogonal prescription of 

-1.75 D @ 80° / -2.50 D @ 140° (i.e. power meridians were 60° apart rather than being orthogonal) gave 
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visual acuity of 6/4. The ghosting and visual disturbances were significantly decreased. In fact, the subject 

reported that the visual experience was more aligned with his non-keratoconic eye.  

 

Case B: A 47-year-old male with mild to moderate keratoconus in the left eye, Figure 7B. In this case, the 

distortion arising from keratoconus was inferior, not directly on the line of sight. His best-corrected spectacle 

prescription was OS Plano/-2.50 D @ 95 VA 6/5 but this was marred by extensive ghosting and visual 

distortion (most people suffering from keratoconus tend to be good at interpreting blurred images). IOP was 

17 mmHg. 

The subject was refracted with a non-orthogonal lens of prescription Plano @ 85° / -2.50 D @ 15°, with the 

two power meridians at 70° from each other rather than 90° (orthogonal).  The subject found that with this 

non-orthogonal lens he could easily attain the 6/4 line on the LogMar chart and noted significant improvement 

in visual quality with almost total elimination of subjective ghosting effects.  

Case C:  A 49-year-old female with a long-term history of reduced visual acuity in the right eye, assumed to 

be refractive amblyopia, Figure 7C. Her clinical ophthalmic exam, including slit lamp, retinal and IOP 

measurements, were unremarkable. The best spectacle refraction was OD +3.75 DS -2.75 DC x 90° with VA 

6/24 and OS +1.75 DS -0.75 DC @ 80° with VA 6/6, respectively. IOP was 19 mmHg. 

Although amblyopic, analysis of her cornea showed she also suffered from irregular astigmatism which had 

never been corrected properly with regular toric spectacle lenses. Refraction using non-orthogonal lens trial 

lenses gave a non-orthogonal prescription of OD +4.00 D @ 10/-3.25 D @ 130, with which she attained 

6/7.5.  Assessment of her depth perception using the TNO test showed she could attain 60 seconds arc 

stereopsis. With normal spectacle correction, she could not attain any stereopsis using the TNO test.  

 

Discussion 

The prevalence of clinically significant astigmatism with more than 0.75 DC exceeds 30% of the world’s 

population (6-10). Uncorrected astigmatism has several implications on the patient’s life. It reduces 

significantly the safety in driving and affects reading fluency (16, 17). It is more prevalent among patients who 

suffer from migraine headaches and is positively correlated with the duration of a migraine attack (18, 19). 
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The assumption of orthogonality between steep and flat meridians in corneal power maps is a common 

feature in both the analysis of astigmatism and clinical practice to determine the eye’s visual acuity, even 

though the possibility of meridional power non-orthogonality has been identified previously and is present in 

around 30% of astigmatic eyes (3, 11-15). 

The difficulty of treating non-orthogonal optical power with refractive lenses is acknowledged in the literature 

and can be a contributing factor to higher order aberrations, which could not be corrected by toric refractive 

lenses (12, 20). These sphero-cylindrical lenses can leave uncorrected residual astigmatism in cases where 

the power axes are not orthogonally oriented.  

Correcting higher order aberrations is complex, although it can be achieved with the use of rigid contact 

lenses or refractive surgery (21, 22). However, rigid contact lenses can only correct anterior corneal 

astigmatism, which is usually compensated by opposite internal astigmatism (23). Therefore, in cases where 

the corneal and the internal astigmatism axes are in opposite directions, wearing a rigid contact lens may 

produce a reduction in overall visual acuity. In many cases, where non-orthogonal astigmatism is present, 

the use of a non-orthogonal spectacle correction or non-orthogonal toric soft contact lens, can provide good 

visual acuity. In this context, an enquiry like ‘where does non-orthogonal astigmatic optics end and high order 

aberrations begin?’ is an interesting query to discuss. The Zernike polynomials are sets of polynomials 

function of two variables, radius (r) and angular position (θ) that are orthogonal inside the unit circle (24,25). 

Therefore, Zernike polynomials mask non-orthogonal astigmatism due to their reliance on orthogonal 

functions. As a result, non-orthogonal astigmatism cannot be quantified distinctly by Zernike polynomials as 

it is usually included among high order aberration terms. Consequently, there is no hard border between non-

orthogonal astigmatism and Zernike’s high order aberrations as the human eye geometry has a degree of 

non-orthogonality (3) even if its surface could be approximated to the summation of terms of orthogonal 

functions like Zernike polynomials. 

As the presented method was developed for designing a lens for optimal optic performance, the design 

process considered only the 4 mm diameter central optical zone of the lens, and for this reason, the design 

of the peripheral zone should be considered separately. It was thus not possible to assess the peripheral 

effects of correcting with non-orthogonal spectacle lenses in a full spectacle frame and thus requires further 

study. 
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The original intent of this study was to show that visual acuity could be improved by the application of a non-

orthogonal correction and this was clearly shown in the three cases presented. In normal clinical practice, 

the improvement of visual acuity in irregular cornea subjects is attained by regularising non-orthogonal 

astigmatism, usually by contact lens correction. Subsequent refraction optimisation can then be carried out 

in the normal way. With non-orthogonal refraction, a new methodology will be required. However, the further 

development of a refractive routine and the associated visual tools for correcting non-orthogonal astigmatism 

are beyond the scope of this study. 

In conclusion, this study presented a new lens design method that offers an effective, non-invasive and cost-

effective approach for correcting non-orthogonal astigmatism. Production of non-orthogonal lenses may not 

cause significant cost increases as the computer numerically controlled (CNC) machines commonly used in 

making lenses can be adjusted easily to introduce non-orthogonality. However, the new design method 

makes it necessary to use a significantly larger lens trial set, which both add to the cost of the set and the 

fitting time, but this may be necessary to enable the effective correction of non-orthogonal astigmatism. 
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Figure 1: Forming a lens consists of spherical and cylindrical refractive bodies 

 

 

 

 

 

 



16 
Current Eye Research, 2019 

 



17 
Current Eye Research, 2019 

Figure 2: Lens design flowchart 

a  b  

𝑃 = −10, 𝑃𝑓 = −10, 𝑃𝑏 = 0 

 

𝑃 = −10, 𝑃𝑓 = 0, 𝑃𝑏 = −10 

c  d  

𝑃 = −10, 𝑃𝑓 = 10, 𝑃𝑏 = −20 

 

𝑃 = −10, 𝑃𝑓 = 20, 𝑃𝑏 = −30 
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e  f  

𝑃 = −10, 𝑃𝑓 = 30, 𝑃𝑏 = −40 

 

𝑃 = −10, 𝑃𝑓 = 40, 𝑃𝑏 = −50 

g  h  

𝑃 = −10, 𝑃𝑓 = 50, 𝑃𝑏 = −60 𝑃 = −10, 𝑃𝑓 = 60, 𝑃𝑏 = −70 

 

Figure 3: Eight different designs for a lens with a power of -10 dioptre. The refractive index of the lens 

material was 1.44 and its central thickness was 0.25mm 
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Figure 4: Designed meridian constructed from nodes 

 

 

 

 

(A) 
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(B) 

Figure 5: Lens surface design (A) Back surface design process, (B) Front surface design process 
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(a) Orthogonal astigmatic cornea  (b) Orthogonal toric lens  (c) Orthogonal correction 
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+ 
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 (e) Orthogonal toric lens  (f) Orthogonal correction 

    

+ 

 

= 

 

(d) Non-orthogonal astigmatic cornea  (g) Non-orthogonal lens  (h) Non-orthogonal correction 

Figure 6: Theoretical justification of using a non-orthogonal lens design 
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(A) Axial power map showing non-orthogonal axes at 75° (178°- 103°) 
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(B) Axial power map showing non-orthogonal axes at 97° (122°- 95°) 
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(C) Light Ray Tracing map showing non-orthogonal axes at 53° (115° - 62°) 

Figure 7: Refractive power maps for participants 

 

 

 


