DISCRETE AND CONTINUOUS d0i:10.3934/dcdsb.2018117
DYNAMICAL SYSTEMS SERIES B
Volume 23, Number 9, November 2018 pp. 3915-3934

STATIONARY SOLUTIONS OF NEUTRAL STOCHASTIC
PARTIAL DIFFERENTIAL EQUATIONS WITH DELAYS IN THE
HIGHEST-ORDER DERIVATIVES

Katr Ly b

a) College of Mathematical Sciences
Tianjin Normal University, Tianjin 300387, China
b) Department of Mathematical Sciences, School of Physical Sciences
The University of Liverpool, Liverpool, L.69 7ZL, UK

(Communicated by Maria J. Garrido-Atienza)

ABSTRACT. In this work, we shall consider the existence and uniqueness of
stationary solutions to stochastic partial functional differential equations with
additive noise in which a neutral type of delay is explicitly presented. We are
especially concerned about those delays appearing in both spatial and temporal
derivative terms in which the coefficient operator under spatial variables may
take the same form as the infinitesimal generator of the equation. We establish
the stationary property of the neutral system under investigation by focusing
on distributed delays. In the end, an illustrative example is analyzed to explain
the theory in this work.

1. Introduction. First of all, let us consider some simple stochastic systems to
motivate our theory in this work. Let w(t), ¢ > 0, be a standard real Brownian mo-
tion defined on some probability space (2, %, P). Consider the following stochastic
partial differential equation

2
dy(t,€) = %yu,s)m bE)duw(t), t>0, €€ (0,7),
y(t,0) =y(t,m) =0, t >0, (1)

y(oa ) = yO(') € L2(077T)7

where b(-) € L?(0,m). It is well-known (see, e.g., Prévot and Rockner [12]) that
equation (1) has a unique stationary solution. That is, there exists a random
initial yo € L?(0,7) such that the corresponding (strong) solution y(t, o), t > 0, is
stationary, i.e., for any ¢t > 0, t;, > 0 and Borel set I'y, € #(H), the Borel o-field on
H k=1,...,n,

P{y(t+tk7y0) Erkv k= 1,...,7’l} :P{y(tkayo) erkv k= 17"'7”}'

Moreover, this stationary solution is unique in the sense that any two stationary
solutions of (1) with different initial data have the same finite dimensional distri-
bution.
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Next, let r > 0 and consider a time delay version of (1) in the form

2 2

0
Ay(t.€) = Sezv(t e+ [ B0) 5yt +0.€)dbt + b(E)du),

t=0, £e€(0,m), (2)
y(t,O) = y(tv ﬂ-) =0, t >0,
y(oag) = (7250(5)3 y(gaf) = ¢1(07€)’ ZAS [77’7 0]) 5 € (0371—)7

where § : [—r,0] — R is some measurable function. The novelty in equation (2)
is that a time delay appears in the highest-order, i.e., second order derivative term
which usually leads to an unbounded operator from an advanced analysis viewpoint.
On the other hand, due to the time delay in (2), it is essential to set up proper
initial data, e.g., ¢o € L?(0,7) and ¢ € L*([—r,0], H}(0, 7)) where H{(0,7) is the
classical Sobolev space, to secure a solution, and further a stationary solution, to
equation (2). As a matter of fact, it has been shown in Liu [10] that if

18It ((=r01R) < 1,
there would exist a unique stationary solution to (2).
In this work, we are interested in a neutral type of version of (2) in the form
0 32 0 82

d<y(t7£) —/ 7(9)y(t+9,€)d9) = gaz¥(LQdi+ | BO)5ezy(t+0,8)dodt

+b(&)dw(t), t=>0, £ (0,m),
y(t,0) =y(t,m) =0, £ >0,
y(O,f) = ¢0(£)7 y(@,f) = ¢1(07£)a NS [773 0]3 §€ (077(_)7

(3)

or equivalently, the form

-r —r

0 92 0
d{y(t,€) - (0)y(t +6,8)d0 ) = - (y(t,€) - (@)y(t +6,£)do )d
(yt /7 yt+0 ) ¢ (yt /'y y(t+ )t

+ [ oo+ 7(9))6%1/@ 1 6.6)dbdt + b(E)du(t), t> 0,
y(t’ O) = y(tvﬂ-) = 07 t> 07
y(07§) = ¢0(£)7 y(aag) = ¢1(0,§), 0 S [77"7 0}7 E € (077T)ﬂ

(4)
where 7 : [—r,0] — R is a measurable function. As a result of our theory, we may
show later that if

IVl (=ropr) + 18+l Lr((=ror) <1

there would exist a unique stationary solution to (3).

The organization of this work is as follows. In Section 2, we first develop a Cjp-
semigroup theory so as to lift up the original time delay system into a non time
delay one. To identify a stationary solution for our system, it is important to know
when the associated “lift-up” solution semigroup is exponentially stable. To this
end, we establish some stability results by means of a spectrum analysis method in
Section 3. In contrast with point delay situation, it turns out in Section 4 that we
can apply a norm continuity result of Cp-semigroups in [11] to our case to locate
a stationary solution for the system under consideration. Last, we shall apply the
results established in this work to a concrete example to illustrate our theory.
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2. Strongly continuous semigroup. For arbitrary Banach spaces X and Y with
their respective norms || - ||x and || - ||y, we always denote by Z(X,Y") the space of
all bounded, linear operators from X into Y. If X =Y, we simply write .Z(X) for
Z(X,X). Let V be a separable Hilbert space and a : V x V' — R a bilinear form
satisfying the so-called Garding’s inequalities

la(z,9)l < Blzllviylv, alz,z) < —allzlf},  VYa,yeV, (5)

for some constants 8 > 0, a > 0. In association with the form a(:,-), let A be a
linear operator defined by

a(x,y) = <x7Ay>V,V*7 T, Yy &< ‘/7

where V* is the dual space of V and (-, )y,v~ is the dual pairing between V' and
V*. Then A € Z(V,V*) and A generates an analytic semigroup e*4, ¢t > 0, on V*.
We also introduce the standard interpolation Hilbert space H = (V,V*); /3 5, which
is described by

H= {:z: evr: / |AetAz||?.dt < oo}
0
with inner product
@)= ey + [ An A y-dt, a g eV,
0

We identity the dual H* of H with H, then it is easy to see that
VsH=H"V* (6)

where the imbedding < is dense and continuous with ||z||% < v||z|?,, = € V, for
some constant v > 0. Hence, (x, Ay)g = (z, Ay)y,y~ for all z € V and y € V with
Ay € H. Moreover, for any T > 0 it is well known (see [8]) that

L2([0,T],V) nWh2([0,T],V*) € C((0,T], H)

where W12([0,T],V*) is the Sobolev space consisting of all functions y : [0,7] —
V* such that y and its first order distributional derivative are in L*([0, 7], V*) and
C(]0,T), H) is the space of all continuous functions from [0, T] into H, respectively.
It can be also shown (see, e.g., [13]) that the semigroup et4, t > 0, is bounded and
analytic on both V* and H such that !4 : V* — V for each t > 0 and for some
constant M > 0,

at

forall ¢>0.

Let T >0 and f € L?([0,7],V*). Consider an abstract evolution equation in V*
as follows:

e vy < M, e o) < €™

z(0) = do. "

The proofs of the following results are referred to Theorems 2.3 and 2.4 in [3].

Theorem 2.1. (i) If function f € L*([0,T],V*), then

{dm(t) = Az(t)dt + f(t)dt,  te[0,T),

(4 % F)(1) = /0 =94 f(5)ds € L2([0,T], V) n WE2([0,T], V*),

and
lle? * fllz2orvy Ve * fllwrzqorvey < Cillfllzqo.ryve)
where C1 = C1(T) > 0 and a V b := max{a,b} for any a, b € R.
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(ii) If ¢o € H, then function t — e!Apy belongs to L*([0,T],V)NW12([0,T],V*)
and
e ol 2(o,m1v) < e dollwrzor,v) < Calldolln
where Cy = max{M,/T,1}.
(iii) If f € L?([0,T),V*) and ¢o € H, then equation (7) has a unique solution
given by
t
z(t) = ey +/ =94 f(s5)ds.
0
In addition, there exists a constant Cy > 0 such that x € C([0,T], H) and
Collz|leqo,ry,my < 1zl z2o,m,v) V 2 llwr2o,m1,v+) < Cillfllz2qo,m),v+) + Callgol a-

(iv) If f € WH2([0,T),V*), ¢o € V and Agy + f(0) € H, then the solution z of
(7) satisfies

z e WHA([0, 7], V) n W3([0,T],V*) € C([0,T], H),
o/l o110y V 2’ lwraqo.mvey < CullF lzaqorve) + Call Ado + FO)lla,
and

2’ (t) = e (Agy + £(0)) +/0 et f(s)ds, te[0,T].

(v) If f € L*([0,T),V), ¢o € V and Apog € H, then the solution x of (7) satisfies
Az € L*([0,T),V)nWt2([0,T],V*) c C([0,T), H),
Az (|20, 71,v) + 1Az ([wr2o,11,v+) < CrllAfllL2(o,7),v+) + C2llAdollm
and for any t > 0,
t
Ax(t) = et Agy +/ e =IAAf(s)ds.
0
Let r > 0and T > 0. For z € L?([-r,T],V), we always write z4(0) := z(t + 0)
for any ¢t > 0 and 0 € [—r,0] in this work. Now suppose that D; € Z(V), Dy €
L(LA([-r,00,V), V), Fy € Z(V,V*) and Fy € L(L*([-r,0],V), V*). We introduce
two linear mappings D and F on C([—r,T], V), respectively, by
Dzy = Dix(t — 1) + Doz, te€0,T7, V() e C([-r,T1,V),
and

Fxy = Fia(t —r) + Foxy, t €10,T], V() € C([-r,T),V).

Lemma 2.1. Both the mappings D and F have a bounded, linear extension to
L?([-r,T),V) such that for any x € L*([-r,T],V),

T T
/0 | Dae|[2dt < € / () 2t (8)
and
T T
/ | a3 dt < Cs / e (t) |2 dt (9)
0 —r
with

Cr = (ID1llgovy + D2l 22 (—ropvyv) - 72 > 0,
Co = (|| Fillzvvey + | Follerz(ro vy - 7% > 0.
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Proof. We only prove (8) since the relation (9) can be obtained in an analogous
manner. By using Holder’s inequality and Fubini’s theorem, we can obtain that for
any z(-) € C([-r,T],V),

([ ipediar)”

T ) ) 1/2 T r0 ) 1/2
< ([ 10uPlate = rlfae) 1020 ( [ [ ot + o) dsat)
0 0 -7

T 1/2 0 T 1/2
<1oul( [ tate=lde) 1Dl ([ [ leteparas)
0 —rJ—r
T 1/2
<UDl + 10al2)( [ o))

Since C([—r,T],V) is dense in L?([—r,T],V), D admits a bounded linear extension,

still denote it by D, from L?([—r,T], V) to L?([0,T], V). The proof is thus complete.

O

Let H = H x L*([-r,0],V) and consider the following deterministic functional
differential equation of neutral type in V*,

t

x(t) — Dxy = ey +/ ety ds, t>0,
0

To = ¢1a ¢ = (¢07¢1) eH.

We say that z is a (strict) solution of (10) in [0,T] if x € L2([0,T],V)nW12([0,T],
V*) and the equation (10) is satisfied almost everywhere in [0, T], T > 0.

(10)

Theorem 2.2. Given arbitrarily ¢ = (¢o, ¢1) € Hx L*([-r,0],V) and T > 0, there
exists a function x(t) € V, t € [—r, T, which is the unique solution of equation (10)
with xg = ¢1 such that

SL’() € Lz([—T7T]7V),
and
y(-) == x(-) — Dz. € L*([0,T], V) n W 2([0, T],V*) c C([0,T], H).

Moreover, we have the relations

lollzaqrryvy < M (llol + 61]lz2rolv) ) (11)
and
l9llzao.mv) + Ilwszqozvey < M(Igolln + o1l zqroyy) — (12)
for some positive number M = M(T) > 0.

Proof. We shall use a fixed point argument to the integral equation (10). Let
to € (0,7) and ¥ be a closed subspace of L?([—r,to],V) such that zg = ¢; for
x € 3. Define a mapping S on X as follows: for z € 3,

t
(Sx)(t) = Dxy + ety +/ =94z ds for te|0,t), (13)
0

(Sx)o = ¢1, (¢o, 1) € H.
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Note that we have

to ) 1/2
LR PSR LA A A Ty

to 0 5 1/2
=10al( [ [ late+ 0l avar)

to  rto 1/2
<10a( [ [ ete)dsar) = VR Dol
—r
(14

Thus, by virtue of Theorem 2.1 (i) and (ii), it is immediate that Sz(-) € L?([0, ], V)
and Sz(-) — Dx. € L?([0,t0], V) N W2([0, 0], V*) for each x € 3.

To obtain a unique solution of (10), it suffices to show that S is a contraction
from ¥ into itself for sufficiently small ¢5 > 0 and then implement a successive
interval argument to extend the solution onto the whole interval [0, T]. Indeed, for
any x, T € ¥ and t € [0, tg], we have

(Sz — Sz)(t) = Di(z(t —7) —Z(t — 7)) + Dao(zy — Ty)

n /0 e=A[F (z(s — 1) — F(s — 7)) + Fa(zs — 75)]ds (1)

t
= DQ(.’Et - .’Et) +/ e(tis)AFg(CES - :Es)ds.
0
which, in addition to (14) and (15), immediately yields that
152 — Szl 2 (0,001,v)
< IDate -5 | [ & pate, - aa
< 1Da( = 2 Moot + 0 2(7s — Te)ds L£2([0,t0],V)

< 1D2llVtollz(-) = 2( )l L2 (=rto),v) + Motoll Pl () — Z()llL2(—rt0],v)
= 0(to)[lz(-) = 2()ll 2 ((-r.to).v)

(16)

where §(to) = || Dal||v/to+Mo||Fs|[to — 0 as tog — 0. The map S is thus a contraction
in ¥ and the equation (10) has a unique solution = on [—r, o).
To show the relation (11), we notice that for ¢ € [0, o], to <,

¢
x(t) = Dxy + et oo + / et=A R ds.
0

Then, from Theorem 2.1 (i) and (ii) and (14), we obtain

/| 2 ((—r.t0].v)
< Vol Do ||| L2 ((=r.t0],v) + Ca(to) b0l #

to ) 1/2 to 9 1/2
s [ 1= nlar) ) [ 1Pawlde)
0 0

where C(tg), Ca(tg) > 0 are those numbers given in Theorem 2.1. On the other
hand, it is immediate that

([ iFonte—r)

(17)

1/2
Yedt) " < B a0, (18)
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and similarly to (16), we have

to 1/2 to 1/2
([ 1Pampar) < 1Balto( [ ateylar) (19)
0 0

Hence, by letting ¢¢ be sufficiently small, we have from (17), (18) and (19) that
]l 22 (—rt01,v) < M(to) (G0l + 61l L2(—r01,v)); (20)

where
M (to) := (1 = vto|| D2|| — Ci(to) | Fallto) =" (C (to) || Fy || + Ca(to)) > 0.

In a similar manner, we can show the relation (12).

Last, by repeating the above argument on [tg, 2to], [2to, 3to], ..., we can finally
show the existence and uniqueness of a solution x to (10) on [0,7] satisfying the
estimate (11) or (12) for each T' > 0. The proof is thus complete. O

The following results give conditions on the initial data in order to obtain a
solution which is more regular with respect to time or space variables.

Theorem 2.3. Suppose that (¢o,¢1) € V x WL2([—r,0],V) with
b0 =¢1(0)—Dp1 €V and A¢g+ F¢py € H,
then the solution x of (10) satisfies
z(-) € Wh3([-r, T, V), (21)
and
z(-) — Dz. € Wh2([-r, T), V)N W?>2([0,T],V*) c C'([0,T), H),  (22)
for each T > 0.
Proof. In correspondence with the time tqg € [0,r] in the proof of Theorem 2.2, let

us consider the following closed subspace Xg of W2([—r,to], V) such that x(0) =
oo+ D¢ and xg = ¢ for x € Xg. Define the same mapping S as in (13) on Xy by

t
Sxz(t) = Dxy + ety —|—/ et=AFy ds  for any t € [0,¢0].
0

Once again, it is immediate from Theorem 2.1 (iv) and (v) that Sz(-) € W12([0, ],
V) and Sz(-) — Dxz. € WH2([0, 0], V) N W22([0, 0], V*) for each z € 2.

We shall show that S is a contraction from ¥4 into itself for sufficiently small ¢, >
0. Indeed, first we note that Fa; € W12([0,T],V*) for x € ¥y and Apy+ Fo, € H.
Then for any z, Z € ¥y and ¢ € [0, o], we have

1Sz — SZ||w12(0,40),v)
- (—s)A -
<1t e | €530,
< | D2|Vtollz(-) = Z() w2 (=rto),v) + Motol| Falll|z(-) — Z() lwr2((=rto),v)

= 0(to)llz() = Z()llwr2 ((=rto V)

where §(tg) = || D2||v/to + Mo|| Fallto — 0 as to — 0. Hence, map S is a contraction
in ¥y and the equation (10) has a unique solution x such that

CU() € W1’2([_T7 tO]a V)a
and, similarly,
y() = 2(-) = Dx. € Wh2([=r, 0], V) N W2([0, 0], V*) € CL([0, to], H).
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Moreover, we can proceed as in the proof of Theorem 2.2 to get a solution x in [—r, T
and the relation (21) or (22) for all T' > 0. The proof is easily completed. O
Let z(t), t > —r (and y(¢), t > 0) denote the unique solution of system (10) with
xo = ¢1, ¢ = (Po, 1) € H. We define a family of operators S(t) : H — H, t > 0,

by
S(t)¢p = (x(t) — Day,xy) for any ¢ € H. (23)

Theorem 2.4. The family t — S(t) is a strongly continuous semigroup on H, i.e.,
(i) S(t) € Z(H) for each t > 0;
(ii) S(0) =1, S(s+1t) =S8(s)S(t) for any s, t > 0;

(iii) limy_,o+ S(t)p = ¢ for each ¢ € H.

Proof. Let y(t, ¢) = x(t,¢) — Dx4(¢) for each t > 0, ¢ € H and the solution z(t, ¢)
of (10). Then we have by virtue of Theorem 2.2 that for any ¢ € [0, T,

0
IS@) 5, = lla(t, @) — Dxe() |5 +/ (¢ + 6, 6)|17-d6

-Tr

T
< &1 () = DBy + o) = Doy ey + [
< Co(T)([loll7r + llo11172(—r0,v)

where C1, Co(T) > 0, which shows (i). To show (ii), it is easy to see from (10) that
for any t > s > 0,

ot @)l dt)

Yt — 5,8(5)0) = =D (S + / == Py (S(s))du
0

s t
:etAqSoJr/ e(tfu)Aqu(qﬁ)dqu/ eWARL, (S(s)¢)du.
0

S

On the other hand, for t > s,

s t
y(t, ¢) =e“‘¢o+/ e“‘“)AF:cu(sb)dqu/ AL, ($)du, (24)
0 s

which immediately implies that for any ¢ > s > 0,

x(t — 5,8(s)¢) — Dy (S(s)p) — / etWARL, (S(s)¢)du

. (25)
—a(t.) ~ Da(9) ~ [ AP, (@)du.
Thus, by the uniqueness of solutions to (25), it follows that
z(t —s,8(s)9) = x(t, 9), t=s, (26)

and further

y(t —5,8(5)¢9) = x(t — 5,8(5)¢) — Dx1—5(S(5)9) = x(t, ) — Dae(9) = y(t, ¢)
for any ¢ > s > 0. Hence, [S(t — 5)S(s)dlo = [S(t)d]o and similarly we can show
that [S(t — s)S(s)¢]1 = [S(t)]1 for any t > s > 0.

Finally, to show (iii) we notice that y(t) = z(t) — D¢, t € [0,T], and

0
IS(1)¢ — 6117, = Ily(t) — y(0)II% +/ lo(t +6) = (D)0 -0 as t—0,

-
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since y € C([0,T],H) and z € L*([—r,T], V) for each T' > 0. The proof is complete.

O

The following theorem whose finite dimensional version was established in Ito

and Tarn [6] gives a complete description of the generator A of semigroup etA
t>0.

Theorem 2.5. The generator A of the strongly continuous semigroup et*, t > 0,
is given by
Z(A)
= {(¢0a¢1) ceH: ¢1 S W1’2([_T,O],V), ¢)O = ¢1(O) - D¢1 S ‘/7 A¢0 +F¢1 S H}
and for each ¢ = (¢, $1) € D(A),
Ap = (Ago + Fo1,¢7) € H.

This theorem will result from the following several propositions according to
Theorem 1.9 in Davies [2].

Proposition 2.1. For each t > 0, we have S(t)Z(A) C 2(A).

Proof. If (¢o,¢1) € Z(A) and (z(-) — Dz.,z.) is the unique solution of equation
(10) with initial data (¢o, ¢1), then for each T' > 0, we get from Theorem 2.3 that
x € WH2([—r,T],V) and

z(-) — Dx. € WH2([0,T], V) n W22([0,T],V*) c C*([0,T], H).
Therefore, for each ¢t > 0, we have z; € W12([—r,0],V) and
A(x(t) — Day) + Fay = (2(t) — Dzy) € H  and  a, € L*([-r,0],V),

a fact which immediately implies that (z(t) — Dzy,z}) € D(A) for each t > 0. The
proof is thus complete. O

Proposition 2.2. The domain 2(A) is dense in H.

Proof. Since S(t) is strongly continuous, we have

€
lim 5_1/ S(t)pdt = ¢  for each ¢ € H.
e—0 0
Hence, it suffices to prove that for each £ > 0,
1> 1> g
/ S(t)pdt = (/ (z(t) — Dxt)dt,/ xt(~)dt> € 72(A),
0 0 0

where z is the unique solution of equation (10).

Since x € L?([—r,T],V) for each T > 0, we have that for any 6 € [—r, 0],

([ wads)o)= [ ot +oas= [ Y u)du - / ’ o),

which immediately implies

(/OE xtdt>(-) € Wh2([-r,0],V) and (/08 J:tdt> (0) = /OE x(t)dt.

Hence, we have

/Osx(t)dt—/os Daydt = (/0 xtdt)(o) _D/OE wydt.
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Further, since z € L?([0,¢], V) N W2([0,¢], V*) € C([0,¢], H), we obtain
A/ (z(t) — Dxy)dt + Fl/ xz(t —r)dt + Fg/ xedt
0 0 0

:/Ewdt:x(a)—D%—%eH-
0

dt
The proof is thus complete. 0
Proposition 2.3. If ¢ = (¢o, ¢1) € Z(A), then we have
. S(t)p —
lt%lw = A¢p = (Apo + Fo1, 4)).

Proof. Let ¢ = (¢o,$1) € 2(A). Then it is known by Theorem 2.3 that the
corresponding solution x of (10) with initial ¢ is in C*([0,T], H) for each T > 0.
Hence, by the equality (23) we have

t) — Dxy —
x(t) txt bo _g

— Dy —
(0)-Dap | =1im e T 2| )
(27)
On the other hand, as x € W12([—r,T],V) for each T > 0 according to Theorem
2.3, we can write for § € [—r,0] and ¢ > 0 that

ze(0) — () 1 [,
— 5 = ;/9 2'(s)ds. (28)

Since 2’ € L?([-r,T],V) for each T > 0, we have

0 1 O+t 2
. < / o _
1t1ir61 - /9 x'(s)ds — x (9)H 0.

t %4

Therefore, it is easy to get from (28) that

. Ty — P1 /

1 - =0. 29

io Il ¢ % L2([—1,0],V) (29)
The conclusion follows from (27) and (29) and the proof is thus complete. O

Proposition 2.4. The map A: P(A) C H — H is a closed operator.
Proof. Suppose that there exist a sequence {(¢o.n, #1,n) tn>1 € Z(A) such that
(Po,n, $1,n) = (o, ¢1) as m—oo in H (30)

and

A(pon, p1.n) = (Yo,91) as n—o0 in H. (31)

We need to show (¢o, ¢1) € Z(A) and A(po, ¢1) = (o, ¥1).
Indeed, since ¢y, € WH2([—r,0], V) for each n > 1, it follows from (30) and (31)
that

Jim Y6y = d1llL2-ropvy =0, lim 164, =]z (ropv) = 0.
Hence, ¢1 € WH2([—r,0],V) and ¢} = 1. This implies
¢1m— @1 in WHE([=r,0],V) as n— oo, (32)
and by Sobolev’s imbedding theorem,
$1,0(0) = ¢1(0)  and ¢y ,(—7) = $1(—r) In V as n— . (33)
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From (30), we thus have the following equalities
¢1(0) = lim ¢1,(0) = lim (¢o,n = D1d1,n(=7) = Dag1,n)
= ¢o — D1¢1(=r) — D2¢h1 (34)
—¢o— D¢y in H.
Further, by virtue of (32) and (33) we have
Ao + F191.0(=1) + Foprn — Ado + Fir(—7) + Fopy in V' as n — oco.

On the other hand, we have from (31) that
A¢O,n + Flgbl,n(—r) + F2¢1,n — wo in H as n— oo. (36)
Hence, from (35) and (36) we obtain
Yo = Ado + Fip1(—r) + Fadr € H
as desired. Hence, the proof is complete now. O
3. Semigroup and resolvent. For each A € C, we define a linear operator D(e") :
V =V by
D(eM)z = D(eMz) forany zeV.
Then it is easy to see that D(e*") € £ (V). Indeed, for any = € V,
D)z ]|y = | D(eta)v
< Doy + 102l [

-r

0 1/2
leXa|3.do)

< 1D [ [zl + | D2 | vre T ]y
In a similar way, one can show that F(e) € Z(V,V*). For each A € C, we define
a linear operator A(A, A, D, F) (or A(X)): V — V* by
AN A,D,F) = (M — A)(I — D(eV)) — F(e*) € Z(V,V*). (37)

The resolvent set p(A, D, F') is defined as the family of all values A in C for which the
operator A(\, A, D, F) has a bounded inverse A(\, A, D, F)~! on V*. The operator
A(N, A, D, F)~! is called the resolvent of (A, D, F).

The following proposition can be used to establish useful relations between the
resolvent A(\, A, D, F)~! and resolvent (Al — A)~! of A.

Proposition 3.1. Let A € C and ¥ = (Yo,¢1) € H. If ¢ = (do,$1) € 2(A)
satisfies

Ap— Ap =1, (38)
then
0
510) = 6,0 + [ X —r <o <0, (39)
0
and

0 0
AN1(0) = (A - A)D( / XDy (r)ar )+ F ( / Ay (r)dr ) +4%p. (40)
Conversely, if $1(0) € V satisfies the equation (40) and let ¢o = ¢1(0) — Dp1 where
0
61(6) = 1 (0) + / ATy ()dr,  —r<0<0, (41)
0

then we have that ¢1 € WH2([—r,0],V), ¢ = (¢o, ¢1) € Z(A) and ¢ satisfies (38).
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Proof. The equation (38) can be equivalently written as

A91(0) = AD¢1 — Ag1(0) + AD¢y — Fir = tho, (42)
and

Ap1(0) — dg1(0)/d0 = 1 (0)  for 0 € [-r,0]. (43)

It is easy to see that (43) is equivalent to (39). Hence, if (38) holds, we get ¢1(0) € V
and by virtue of (42) and (39), we have

A(A7 Aa Da F)le (0)
= Ap1(0) — Ap1(0) + AD(e)p1(0) — AD(e*)$1(0) — F(e*) 1 (0)
= AD¢y — AD¢1 + Fy + g + AD(e*)$1(0) — AD(e* )1 (0) — F(e*) 1 (0)

= AD(e*)1(0) + AD( / DYy (7)dr ) = AD(e¥ )61 (0)

0 0
_ AD(/ eA('*T)wl(T)dT> —+ F(e)‘)qsl(o) + F(/ e,\(-fr)wl(,]_)d’]_) T 1/}0
+ AD(¥)61(0) = AD(€¥)1(0) = F(e¥)61(0)

= (M — A)D(/O 6)‘('77)7#1(7')617') + F(/O eA('iT)wl(T)dT) + o

which is the equality (40).

Conversely, if ¢1(0) € V, then by a simple calculation it is easy to see that ¢,
defined by (41), belongs to W12([—r,0], V). In addition, let ¢g = ¢1(0) — D¢y € V
and assume that (40) holds true. Then from (40) and (41), we get

Apo — Ago = Ap1(0) — Ap1(0) — AD¢y + AD¢y

= (AT - A)D(/O Ay (r)ar) + F( /0 ATy (r)dr ) + v

+ (M = A)D(e*)¢1(0) + F(e*)$1(0) — ADé1 + AD¢y
= (M — A)Déy + Fo1 + o — AD¢1 + AD¢,y
= Fo1+ vo.
(44)
Therefore, Apg+ F¢1 = Apg—10g € H, which is the first coordinate relation of (38).
The second coordinate equality of (38) is obvious. The proof is thus complete. [
Proposition 3.2. For each A € C, the mapping A(N) is injective if and only if
A — A is injective.
Proof. Let 1pg = 0, ¥1(-) = 0 in Proposition 3.1. If A(A)z = 0 with  # 0, then we
may take ¢ = (¢o, ¢1) where
po=x—Doy, ¢(0)=ez,  0e[-r0).
Hence, (ZS = (¢07 (251) 7& 0 and
(M —A)p=0.

Conversely, suppose that there exists a non-zero ¢ = (¢, ¢1) € P(A) satistying

(M — A)p = 0. Then it can’t happen that ¢1(6) = 0 for all § € [—r,0] since
¢o = $1(0) — Dy = 0 otherwise. Hence, there exists a value 6 € [—r, 0] such that

¢1 (O) = 6_)\9¢1(9) 7é 0.
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Let x = ¢1(0) # 0, then by virtue of (40) we have
ANz =0.
The proof is thus complete. O
Proposition 3.3. Suppose that A(N)V = V™ for some A € C, then
M —-A)PD(A) =H.

Proof. For A € C and ¢ = (vg, 1) € H, since A(A)V = V*, there exists an element
$1(0) € V such that

A1 (0) = (A~ A)D( / ’ Ay (r)ar ) + 5 ( / ’ Ty (r)dr ) iy € V.

Let ¢pg = $1(0) — D¢y € V where ¢4 is given by

0
$1(0) = eMp1(0) + /9 Ay (ydr, 0 e [—r,0].

Then by Proposition 3.1, we have that ¢; € WH2([—r,0],V), ¢ = (¢o, ¢1) € 2(A)
and ¢ satisfies A\ — A¢ = ¥ € H as desired. The proof is complete now. O

Proposition 3.4. Let A € C. If there exists C1 > 0 such that
lz|lv < Ci||AN)x||v+ for each x €V, (45)
then there exists a constant Cy > 0 such that

[0ll2 < Col|(AT = A)pll3  for each ¢ € D(A).

Proof. First note that for any ¢;(0) € V and ¢, € L?([-r,0],V), the function

0
61(0) = M1 (0) + / MO (DVdr, 0 € [-r, 0], (46)

0

satisfies the relations

0
1lzzronr) < 1€¥ S1Olaray + || [ Dva(rar
< aWle10)llv + 2Nl L2 ((=r00,v)

L2([-r0),v)  (47)

where c¢1(A), ca(A) > 0.
For A\ € C, we define a linear operator X : L?([-r,0],V) — V* by

Sap = ()J—A)D(/O e)‘('_T)go(T)dT) —I—F(/O eA('_T)Lp(T)dT>,VLp € L*([-r,0],V).
(48)



3928 KAI LIU

Then it is easy to see that ¥y € Z(L*([-r,0],V),V*). Indeed, for each ¢ €
L?([-r,0],V) we have

IExellv=
< a7 —ayp( / ’ Dgryar)|+ [F( / ’ A p(ryar )|

0
N = ALz 1Dl @ | [ etndr

0
/ ek(‘77><p(7-)d7-

c2(A) [”)\I = Allzv,v DIl L2 ((=r0),v),v) T+ HFHz(Lz([—r,o],V),v*)} el 2 ((=r0),v)

Vo

IN

L2([-7,0],V)

+ I Fll 22 ((=r01,v),v) L2 (=0l V)

IN

= 03()‘) HSOHLQ([—T‘,O],V)7
(49)

where c3(A\) > 0.

For ¢ = (¢o,d1) = (¢1(0) — Dop1,61) € D(A), we set p = Ap — A as in (38).
Then by virtue of (40), (41) and (49), the condition (45) implies that

[¢1(0)]lv < C1l[AN) @1 (0)]lv+
= C1[|Zxth1 + tollv- (50)
< Oy - es(M 1Yl 2 (—r0p,v) + Crllthol
and, in addition to (46) and (50), that
D61y
< ”D A 0 A(-—T)
<D 61 O)llv + || D( [ & wa(ryar) |
< (IDu e + 1Dl vV7e™ ) 61 O) v + 2Dl 22 ron v,y - Iz 0w,
< [CresM) (1D + I D2lIvre™™) + ea I z2—ro, v, 11 201, 1)
+ Cr (1Dl + | Dallv/re ") asoll -
= a1l oy v) + s oy

Vi,

(51)
Combining (50) and (51), we thus have

lPollv < 91 (0)llv + | D1 |lv
< (Cr-es3(N) + a2 (=01, v) + (C1 + es(N) 1Yol v+

Now from (47), (50), (52) and the fact that || - |z < v| - [|v, ¥ > 0, it follows for
¢ € Z(A) that

6l < V2(llgolla + 1]l 2((=r.01,))
< V2B8(C1 - c3(N) + ca(M)Y1ll L2 (=0, vy + V20 (Cy + es(\)) ||vollv-
+V2e1 (V)61 (0)lv + V2e2 (M) |91l L2 (=r0,v)
< (Va(Cr - es(N) + es(N) + V3es (V) + Ve () Cres(N) 1]l oy

(52)

V*

+ (V3 (NCEes(N) + VB + e5() o]
=: c6( M) [V1]l L2 ([—r,00,v) + c7(A)[|[ o]

Ve
(53)
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Since || - ||v= < v| - ||z for some v > 0, it further follows from (53) that

10113 < 25N 111172 (- 0,v) + 263 (Nv vl F
= 2(cg(N) + GO [Pl13 = 2(c5(N) + (V) IAd — Agl|%,

with ¢g(A\) > 0, ¢7(A) > 0. The proof is thus complete. O
Proposition 3.5. Let A € C. If (A — A)Z(A) is dense in H, then A(N)V is dense
m V™.

Proof. For any ¢y € H, let ¢ = (1¢,0) € H. Then by assumption for each ¢ > 0,
there exist e = (Yo, P1) € H and ¢de = (do.e, 1) € Z(A) such that

Ape — Ape = 1. and lbe — V|l < e. (54)
From (40), we have
A()\)¢1,6(0) = Z/\'le,fs + wO,Ea
where the operator 3 is given in (48). Therefore,
[0 = Zatp1,e — Yoellve < o — o,
and from (54) and the relation || - |
10 — Yo,ellve < vllvo — o,

and again from (54), it follows that

v+ ||Zat ¢

v+« <v| - ||g for some v > 0, we have

Vi,

g < ev,

1.6l 2 ((=r0,v) <€
Hence, we have the relations
IZxtrell S U2l el Lz =r0p,v) < 1]l

In other words, we just show that for any ¢y € H and € > 0, there exists Xt . +
o,e € A(N)V such that

||¢0 - (EA¢1,E + ¢O,E)|

Since H is dense in V*, the desired result is thus proved. O

ve e+ [IBa])-

4. Spectrum and stationary solution. First, let us consider the following de-
terministic functional differential equation of neutral type in V*,
0

A(u() (e =) = [ 1Ow(e+0)a0)

-Tr

= 4(u0) eyt =)~ [ O+ 0)d0)as

-

0
FasAy(t—r)dt+ | BO)Ay(t +0)dbdt, t >0,
y(O) = ¢07 Yo = ¢1a ¢ = (¢03¢1) € Ha

(55)
where a1, as € R and 8, v € L%([~r,0];R). By virtue of (23) and Theorem 2.5, the
equation (55) can be equivalently lifted up into a deterministic equation without
time delay

(56)

dY (t) = AY (t)dt, t >0,
Y(0)=¢€H,
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where A is the generator given in Theorem 2.5 and
0

Y(t)= (y(t) —ay(t =) —/ 7(9)y(t+9)d9,yt) forall ¢ >0.

On the other hand, the characteristic operator A(\) defined in (37) is given in this
case by

0
ANz = (1—ae ™ — / 7(9)6’\9039) (M — Az —age MAz — | B(0)eMdhAx

- -Tr

0

=:m(A)z —n(A\)Az foreach ANeC, z€V,

where
0

m(\) = /\(1 — e — / 7(9)6’\9(19), NeC, (57)
and
0

0
RV = 1— e — / V()0 + ase ™ + [ BO)Mds, AeC. (58

Definition 4.1. The point spectrum o,(A) is defined to be the set
op(A) ={A € C: A()) is not injective},
the continuous spectrum c.(A) is defined by
oc(A) ={X e C: A()) is injective Z(A(N)) # V* and R(AN) = V1,
where Z(A())) is the range of A()), and the residual spectrum or(A) is defined by
or(A) = {X € C: A()) is injective and R(AN) # V™ }.

Note that A € o,(A) if and only if there exists a nonzero z € V such that
A(X)xz = 0. The value A € 0,,(A) is often called a characteristic value of A.

Let 0,(A), 0.(A) and 0,(A) and o,(A), 0.(A) and o, (A) denote the point, con-
tinuous and residual spectrum sets of A and A, respectively. In connection with
(57) and (58), we further define

To= A€ C:n(\) # 0, m(An(N) ! € 0u(A)},
I, ={AeC:n(A) £ 0, m(An(A) ! € 0, (A)},
I,={AeC:n\) #0, mANnA)~! eo,(A)}, (59)
To={AeC: A#0, n(\) =0},
I ={AeC: n(\) £ 0, m(An(A) ! € o(A)}.

By using Propositions 3.1-3.5, one can obtain the following result whose proof is

similar to that one of Theorem 3.9 in [4].

Proposition 4.1. For the characteristic operator A(\) and the associated generator
A of the equation (55), we have

(i) To C 0c(A) C oc(A) =T UTy;

(i1) 0, (A) = 0,.(A) =T,

0
Fp ’Lf 170[1+O[2+\/ d6’3£0
op(A) = 0p(A) =
FpU{O} Zf l—oq+oz2—|-/ dGZO
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If ay =0, v(-) = 0 and B(-) = 0, then the equation (55) reduces to a simple form

dy(t) = Ay(t)dt + agAy(t — r)dt, t >0,

y(0) = do, Yo = ¢1, &= (¢o,¢1) € H.
Let us suppose at present that A is some linear operator, e.g., Laplace operator,
in conjunction with the form a(,-) in (5) to generate a compact semigroup. It
was shown, however, by Di Blasio, Kunisch and Sinestrari [4] that the associated
Co-semigroup e, t > 0, is generally not compact or even not eventually norm
continuous, as shown by Jeong [7]. A direct consequence of this fact is that we
cannot use the well-known spectral mapping theorem to establish stability, based
on the spectrum knowledge of A for system (60).

Bearing the above statement in mind, let us consider the following version of

equation (55) with distributed delay by taking oy = ag = 0,

d(y(t) - /0 O

_T7(9)y(t+9)d9) = a(ur) - / FO)ue + 6)d8 ) s

-r

(60)

| @yt + 08, t>0, O

y(o) = ¢07 Yo = d)la ¢ = (¢07¢1) cH.

It was shown by Liu [11] that when the weight functions (-), 8(-) satisfy
7() € Lz([frvo]a(:% B() € Lz([*hO],C)’ (62)
the associated solution semigroup e*4, t > 0, in (55) is eventually norm continuous
for t > r, ie, e : [0,00) = Z(H) is continuous on (r,00), which implies further
that the spectral mapping theorem is fulfilled,
sup{ReX: A € o(A)} = inf{u € R : |[e"}| < MeHt for some M > 0}.

Now let us consider the following stochastic functional differential equation of
neutral type with additive noise,
0

d(y(t) _ /0 ~(O)y(t + 6)d9> - A(y(t) 7/ ~(O)y(t + a)de)dt

-T —_r

+ [ BO)Ay(t+ 0)do + bdw(t), t >0,

y(0) = ¢o, Yo =1, ¢ = (o, 1) € H,
(63)
where b € H and w(+) is a standard real-valued Brownian motion. We can re-write
(63) as a stochastic differential equation without time delay in H,

dY (t) = AY (t)dt + Bdw(t), t >0,
Y(0)=¢ €™,

where A is the generator given in Theorem 2.5, B = (b,0) € H and
0

Y(t) = (y(t) - / y(@)y(t+ G)dﬁ,yt) forall ¢>0.

-

(64)

For equation (64), if we can find conditions by showing
sup{Re\: A€ o(A)} <0, (65)

to secure an exponentially stable semigroup e**, ¢ > 0, then we will obtain a unique
stationary solution to the equation (63) (cf, e.g., Prévot and Rockner [12]).
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Proposition 4.2. Suppose that the spectrum set o(A) C (—oo, —cg| for some cg > 0
and the functions ~y, B in (63) satisfy

vl 22 ((=r01R) + (Bl Lr ((=r01,R) < 1. (66)
Then there exists a unique stationary solution for the equation (64).

Proof. Note that from Proposition 4.1 we have o(A) C T'o UT;. We shall show
that under the assumptions in this proposition, there is a constant p > 0 such that
ReA < —p for all A € T UT'; and hence for all A € o(A).

First, for elements in T'g, if there exist a sequence {\,,} C C such that ReA,, > 0
or ReA, — 0 as n — oo, then by using (57), (58) and Dominated Convergence
Theorem, we have

1 < limsup| /_Or<w<9>+ﬁ< Mg < / (7(6)] + 1B(®))do < 1,

n— oo

which is clearly a contradiction. Thus the desired result is obtained.
Now we consider the elements of o(A) in I';. If there exists a A of o(A) in T’y
such that Re A > 0 (the case that Re A — 0 can be similarly proved) with

= — < —
n(/\) (5)\_ co <0,

then we get by taking the real part of the equation into account that Rem(A) > 0.
On the other hand, by assumption, we have

1=n()] = | / Orw(me”do ~ [ B as)

0 -7
< / (1(8)] + 18(8)])d6 < 1.

Hence, by putting m(\) = a(\) 4 ib()\), we have the following relations

a(A)

5, =1- o) -n(N)
_ ‘a(/\)(l —n(\) +ib(\) ‘
m(A)
\/|1—n )2a?(X) + b2 (A \/a2 )+ b2(\)
a?(N) +b*(\) YRR Py R

which, once again, yields a contradiction. Combining the above results, we thus
obtain that

ReA < —p forsome p>0 andall \e€o(A).

Therefore, the solution semigroup e**, ¢ > 0, is exponentially stable. This fact
further implies the existence of a unique stationary solution to (61). The proof is
complete. O

Example 4.1. Consider the following initial-boundary value problem of Dirichlet
type of the stochastic partial functional differential equation of neutral type,
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0 82 0
d(y(t,:z:) - / rePy(t + 0, z)d@) =52 (y(t,x) - / re!y(t + 0, :z:)d@) dt

-Tr —-Tr

0 2
+/ awwdt—i—b@)dw(ﬂ, t>0, z€0,

y(0,-) = ¢o(-) € L*(O;R),
y(t,) = ¢1(t,-) € HYH(O;R), ae. te[-r0).

(67)
Here O is a bounded open subset of R™ with regular boundary 00, «, k, i € R,
r >0 and b(-) € L%(O;R).
We can re-write (67) as a stochastic neutral initial boundary problem (61) in the
Hilbert space H = L?(O;R) by setting
82
T a2’
V = Hj(O;R),
v(0) = ke!?, B(O) =a, € [-r0].

Then for any random initial (¢, d1) € H, there exists a unique solution to (67)
defined in [0,00). Furthermore, by applying the results derived in this section to
(67), one can obtain a unique stationary solution. In fact, note that A = §%/9z? is
a self-adjoint and negative operator in H and its spectrum satisfies 0(A) = 0,(A) C
(—00, —¢g] for some ¢y > 0. Then by Proposition 4.2 and a direct computation, we
obtain that if

e (1 —|alr)/r if  p<0,

1
la] < = and || < .
r (1—|alr)/r it pu>0,

the associated solution semigroup of (67) is exponentially stable. Moreover, the
lift-up system (64) of equation (67) in this case has a unique stationary solution.
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