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1 INTRODUCTION

Modal logics have long been used in Computer Science for describing and reasoning about complex
systems, including programming languages [52], knowledge representation and reasoning [26, 53],
verification of distributed systems [23, 24] and hardware [25]. The most basic normal multimodal
language, known as K,,, extends the classical language with new operators, [¢] and @ with
a€ A, ={1,...,n}, afixed finite set of indexes, where [al¢ (resp. <> ¢) reads as “¢ is necessary
(resp. possible) from the point of view of agent a”, for a formula ¢ and index a € A,,. This logic
has received a great deal of attention, as it is able to express non-trivial problems in Artificial
Intelligence and other areas. For instance, it is well-known that the description logic ALC [6], which
has been applied to terminological representation, is a syntactic variant of K,, [56]. Problems in
Quantified Boolean Logic, which is a very active area in the SAT community, can also be translated
into K, [26, 32] (and vice versa [49]).

The reasoning tasks for K,, are, however, far from trivial. The evaluation of modal formulae
depends on a set of interpretations, also known as possible worlds, and a set of accessibility relations
R, over the set of worlds, for each a € A, = {1,. .., n}. Worlds and the accessibility relations define
a structure known as a Kripke model (or Kripke structure). Given a Kripke model and a world w, a
formula of the form [el¢ is satisfied at w, if ¢ is satisfied at all worlds accessible from w through
the relation R,; and a formula of the form <) ¢ is satisfied at w, if ¢ is satisfied at some world
accessible from w via the relation R,. Given a formula ¢, the local satisfiability problem consists of
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showing that there is a world in a model that satisfies ¢. A formula ¢ is globally satisfiable if there
is a model such that all worlds in this model satisfy ¢. Given a set of formulae I" and a formula ¢,
the local satisfiability of ¢ under the global constraintsT' consists of showing that there is a model
that globally satisfies the formulae in I' and that there is a world in this model that satisfies ¢.
The local satisfiability problem for the multimodal propositional case is PSPACE-complete [26].
The global satisfiability and the local satisfiability under global constraint problems for K,, are
EXPTIME-complete [63]. Given the inherent intractability of the reasoning problems and also the
wide range of applications to which those logics can be applied, the development of automatic,
efficient tools for theorem proving is highly desirable.

Several proof methods and tools for reasoning in K, exist, either in the form of methods applied
directly to the modal language or obtained by translation into more expressive languages (First-
Order Logic, for instance). In this case, some information about the structure of the formula, which
is evident in the original logic, may be lost in the translated version of the problem. Translation-
based methods may benefit not only from the existence of available theorem provers, therefore not
requiring a lot of effort for implementation, but also from the fact that strategies available for the
object language can be almost immediately applied to the translated problem [28]. However, the
translation into a more expressive logic combined with a standard proof method for that logic may
incur some computational overhead that a direct method does not have and the combination may
not necessarily be a decision procedure for the set of translated modal formulae [28]. On the other
hand, the design of direct proof methods for modal logics requires the development of strategies to
deal with the underlying normal forms and inference rules.

Here we present a novel resolution-based proof method for the modal logic K,,. The approach
is clausal: formulae are firstly translated into a specific normal form before the set of inference
rules can be applied. The design of the calculus was primarily motivated by efficiency and practical
aspects of its implementation: the transformation into the normal form can be implemented in
linear time on the size of the input formula; clauses sets already into normal form do not need
reprocessing; the structure of the clauses help to build efficient structures of indexes for retrieving
candidates for the resolution rules and its refinements. The structure of the normal form restricts
resolution inferences whilst remaining complete. The resulting implementation of the calculus, KsP
[41, 43, 44], incorporates several resolution strategies and refinements and outperforms other modal
provers for formulae that have a high degree of nesting of modal formulae. This paper extends
the results in [40] providing full details of the calculus and proofs of soundness, completeness and
termination. Further, we investigate the completeness of two different refinements, negative and
ordered resolution, and also provide new experimental results concerning the performance of the
prover using the different refinements.

The present method builds on previous work in several aspects. Firstly, as in our previous work
[39], the calculus requires a translation into a more expressive modal language, but instead of using
the universal modality, here labels are used to express semantic properties of a formula. That is,
in [39], new propositional symbols are introduced to represent subformulae and the definition of
these symbols as the formulae they replace holds at every reachable world. Here, labels prefixing
a formula are used to make precise that the new propositional symbols and the definition of
these symbols hold only where they are needed: at the worlds whose distance from the root of
the model corresponds to the modal nesting in which they occur. We take advantage of the fact
that K,, not only enjoys the finite and tree model properties [14], but that the satisfiability of
subformulae of a formula only depends on the modal layer, that is the distance from the root
in the model, where they occur [2]. Moreover, the modal layer where a subformula is satisfied
corresponds to the modal level of that subformula, that is the number of modal operators in
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which scope the subformula occurs. Labels in the extended language given here correspond to
the modal level of a formula. Secondly, the calculus makes use of labelled resolution in order to
avoid unnecessary applications of the inference rules. For instance, in the unrestricted resolution
method for K, [39], the translation of > ¢p A [@-p into the normal form results in the set
{start = to,tg = Oty = Op,ty = [A-p}. Fromt; = ©pand ty = [@-p, the clause
true = -ty V —t; is derived. This inference step is not necessary, as € p and [@—-p occur at
different modal levels and are not, in fact, contradicting each other. The translation into the new
normal form results in the set {0 : #,0 : tp = ©t;,1:t = &p,0:ty = [@-p}. Resolution
cannot be applied to the clauses 1:t; = @pand 0 : t, = [@-p as their labels are not the same.

The translation into the labelled normal form leads to the direct implementation of the layered
modal heuristic given in [2]. However, in [2] the modal levels are hard-coded in the names of
the translated propositional symbols, making the application of both local and global reasoning
more difficult. Besides, using our approach, we can easily partition the clause set, restricting the
application of the inference rules to (possibly) smaller sets, which may improve the performance of
reasoners [60].

Labelling is widely used in proof methods for modal and other non-classical logics [11, 13, 17,
18, 67, 68]. Although it is not particularly common within resolution-based proof methods, this
technique has also been used in some of those proof systems. For instance, in [5], a labelled
non-clausal resolution-based proof method for K, and ALC is given. Formulae are labelled by
either constants a, which correspond to names of worlds in a model, or by pairs (a, b) representing
the relation between two worlds named by a and b, respectively. Our calculus is similar, but labels
correspond to modal levels instead of worlds. Having worlds as labels might require repeated
applications of global reasoning for worlds at the same modal level. Labelled resolution is also used
in e.g. [8, 9, 22], where (sets of) labels express the semantic constraints in multi-valued logics. For
the calculus presented here, we have chosen to keep the labels simple so unification only requires a
simple check.

The paper is organised as follows. Section 2 presents the language of K,,. The normal form
and the modal-layered calculus are presented in Section 3 and Section 4. Correctness is proved in
Section 5. In Section 6, we introduce two refinements for the presented calculus. In Section 6.1,
we show that the application of the calculus can be restricted to negative resolution. Ordering
refinements, discussed in Section 6.2, are not complete in general. We show, however, that there is
a particular ordering for which the calculus given here is complete. Section 7 briefly describes the
implementation of the calculus, and shows the results of the experimental evaluation of the prover
KgP using the different refinements and strategies. Section 8 considers related work and Section 9
provides conclusions and further work.

This paper extends [40], the implementation of the prover based on this calculus is presented in
[41, 43, 44] and the software is available at [42].

2 LANGUAGE
The set WFF . of well-formed formulae of the logic K, is constructed from a denumerable set of

propositional s}mbols, P={p,q,p’.q",p1,q1,- -, t, ', to, t1,. ..}, the constants true and false, the
negation symbol —, the conjunction symbol A, the disjunction symbol V, the implication symbol =,
and the unary connectives [4] and © for each index a in a finite, fixed set A, = {1,...,n},n € N.

Definition 2.1. The set of well-formed formulae, WFF . . is the least set such that p € P is in
WFF, ; the constants true and false are in WFF ; if ¢ and § are in WFF,. , then so are —¢,

(@A), (@ V), (¢ =), [y, and & ¢ for each a € A,.
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Instead of restricting ourselves to a minimal, expressively complete set of connectives, we have
chosen to consider all usual operators as primitive, as they are all used in the normal form presented
in Section 3. When n = 1, we often omit the index, that is, [J¢ stands for [fl¢. A literal is either
a propositional symbol or its negation; the set of literals is denoted by L. We denote by —I the
complement of the literal [ € L, that is, = denotes —p if  is the propositional symbol p, and —I
denotes p if [ is the literal -p. A modal literal is either [@l or €I, where [ € L and a € A,. The
modal depth of a formula is recursively defined as follows:

Definition 2.2. Let ¢, € WFF . be well-formed formulae. We define mdepth : WFF,, — N

as mdepth(p) = mdepth(true) = mdepth(false) = 0, for constants and proposmonal symbols
p € P; mdepth(—¢) = mdepth(¢); mdepth(¢ A V) = mdepth(p V ) = mdepth(p = ¢) =
max(mdepth(¢p), mdepth()); and mdepth([@¢) = mdepth( <€ @) = 1 + mdepth(¢p).

The modal level of a subformula is given relative to its position in the syntactic tree.

Definition 2.3. Let ¢, ¢’ be well-formed formulae. Let X be the alphabet {1, 2} and " the set of
all finite sequences over . Denote by ¢ the empty sequence over >. Let 7 : WFF X X" XN —

P(WFF x 3" xN) be the function inductively defined as follows (where 1 € 2 ml € N):

r(true, A,ml) = {(true, A, ml)};

r(false, A, ml) = {(false, A, ml)};

(p, A, ml) = {(p, A, ml)}, for p € P;

(=@, A, ml) = {(=p, A, ml)} U (@, 1.1, ml);

(e AN’ Aml) ={(p A @', A, mD)}Ut(p,A.1,ml) U t(¢’,A.2, ml);
eV e, Aml)={(pV ¢, Aml)}Ur(p,A.1,ml) U (¢, A.2,ml);
(o= ¢, Aml) ={(¢p = ¢, A,ml)} Ut(p,A.1,ml) U 7(¢’, 1.2, ml);
([, A, ml) = {([dp, A, m)} U t(p, A.1,ml + 1);

(@ e, A,ml) = {(®@,A,ml)}Ut(p,A.1,ml +1).

The function 7 applied to (¢, ¢, 0) returns the annotated syntactic tree for ¢, where each node is
uniquely identified by a subformula, its path order (or its position) in the tree, and its modal level.
For instance, p occurs twice in the formula [4][@](p A [p), at the position 111 and modal level 2,
and also at the position 1121 and modal level 3.

Definition 2.4. Let ¢ be a formula and let z(¢, ¢, 0) be its annotated syntactic tree. If (¢’, A, ml) €
(@, €,0), then mlevel(p, A) = ml

If mlevel(p, A) = ml we say that the subformula ¢’ at the position A of ¢ occurs at the modal level
ml. In the example above, we have that p occurs at the modal levels 2 and 3. We note that the modal
depth of a formula ¢ can be related to the maximal modal level ml for any subformula ¢’ of ¢, i.e.
mdepth(¢) = max{ml | (¢’, A, ml) € 7(p,€,0)}.

We present the semantics of K,,, as usual, in terms of Kripke structures.

Definition 2.5. A Kripke model M for n agents over P is given by a tuple (W, wy, Ry, ..., Ry, 7),
where W is a set of possible worlds with a distinguished world wy, each R;, a € A, = {1,...,n},is

a binary relation on W, and 7 : W — (P — {true, false}) is a function which associates to each
world w € W a truth-assignment to propositional symbols.

We write (M, w) |= ¢ (resp. (M, w) [ ¢) to say that ¢ is satisfied (resp. not satisfied) at the
world w in the Kripke model M.

Definition 2.6. Let ¢, be well-formed formulae. Satisfaction of a formula at a given world w of
a model M is inductively defined by:
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(M, w) |= true;

(M, w) |~ false;

(M,w) = pif, and only if, 7(w)(p) = true, where p € P;

(M, w) |= =g if, and only if, (M, w) £ ¢;

(M, w) = (¢ A¢)if, and only if, (M, w) |= ¢ and (M, w) |= ;

(M, w) = (¢ Vv ¢)if, and only if, (M, w) |= ¢ or (M, w) |= ¢;

(M, w) = (¢p = ¢) if, and only if, (M, w) |= —¢ or (M, w) |= ¢;

(M, w) = [dg if, and only if, for all w’, wR,w’ implies (M, w’) |= ¢;
(M, w) = € ¢ if, and only if, there is w’, wR,w’ and (M, w’) |= ¢.

Let M = (W, wq, Ry, ...,Rp,, ) be a model. For local satisfiability, formulae are interpreted with
respect to the root of M, that is, wy. A formula ¢ is locally satisfied in M, denoted by M = ¢, if
(M, wg) |= @. The formula ¢ is locally satisfiable if there is a model M such that (M, wy) |= ¢. A
formula ¢ is globally satisfied in M, if for all w € W, (M, w) |= ¢. A formula ¢ is said to be globally
satisfiable if there is a model M such that M globally satisfies ¢, denoted by M |=¢ ¢. Satisfiability
of sets of formulae is defined as usual. For a set of formulae I', a formula ¢ is satisfiable under the
global constraints T if there is a model M such that M |=g T and M =1, ¢.

A model M = (W, wq, Ry, ...,Rpy, ) is tree-like if | ]_; R, is a tree, i.e. a directed acyclic graph
(with root wg). When considering local satisfiability, the following holds (see, for instance, [26]):

THEOREM 2.7. Let ¢ € WFFI< be a formula and M = (W, wo, Ry, ..., Ry, ) be a model. M =1, ¢
if, and only if; there is a tree-like model M’ such that M’ |=1 ¢. Moreover, M’ is finite and its depth is
bounded by mdepth(p).

The proof of Theorem 2.7 shows that given a formula ¢ and a model M, such that M |= ¢, then a
tree-like model M’ for ¢ can be built by unravelling up to the modal depth of ¢ the original model
M. Given a tree-like model M = (W, wy, Ry, ..., Ry, ), we denote by depth(w) the length of a path
from wy to w through the union of the relations in M. A modal layer is the equivalence class of
worlds at the same distance from the root of a tree-like model. The next result also holds.

THEOREM 2.8. Let ¢ be a modal formula, and M be a tree (or tree-like) model with root w such that
(M, w) |= ¢. Let { be a subformula of ¢ which occurs in the modal level | and which has modal depth
k. To determine the truth value of y we only need to consider nodes at tree depth i, wherel < i < k +1.

Theorem 2.8 is adapted from [2, Proposition 3.2]. The proof is by induction on the structure of
a formula and shows that a subformula ¢’ of ¢, with (¢’, A, ml) € (g, ¢, 0), is satisfied at a node
with distance ml of the root of the tree-like model, i.e. that there is a correspondence between the
syntactic notion of the modal level of a subformula and the semantic notion of the modal layer at
which the subformula is satisfied. As determining the satisfiability of a formula depends only on its
subformulae, only the subtrees of height mdepth(¢’) starting at level ml need to be checked. The
bound on the height of the subtrees follows from Theorem 2.7.

The global satisfiability problem for a (first-order definable) modal logic can be given in terms
of the local satisfiability problem of a logic obtained by adding the universal modality, [2], to the
original language [19, Proposition 2.1]. Let K}, be the logic obtained by adding [5] to K,,. Let
M = (W, wq, Ry, ...,Rn, ) be a tree-like model for K,. A model M* for K}, is the pair (M, R,),
where R, = W x W. A formula [*] ¢ is locally satisfied at the world w in the model M*, written
(M*,w) |=1 [ ¢, if, and only if, for all w’ € W, we have that (M*, w’) |= ¢. Given these definitions,
for ¢ in WFFK , it follows that M |=¢ ¢ if, and only if, M* |=1 [-] ¢. So, instead of deciding M |=¢ ¢,
we can decide M* =L Fo.
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We note that although the full language of K}, enjoys the finite model property (it is satisfied in
a model which is exponential in the size of the original formula [63]), it does not retain the finite
tree model property. More precisely, if a formula is satisfied in M, then the unravelling of this
model might yield an infinite tree-like model. For instance, [1(p = — Elp) A [E(=p = = [ -p)
cannot be satisfied in any finite tree-like structure [35].

3 LAYERED NORMAL FORM

A formula to be tested for local or global satisfiability is first translated into a normal form called
Separated Normal Form with Modal Levels, SNF , whose language extends that of K,, with labels
for modal levels. Informally, we write ml : ¢ to denote that a formula ¢ occurs at the modal level
ml € NU {x}. By = : ¢ we mean that ¢ occurs at all modal levels. Formally, let WFF’IE” be the set of

formulae ml : ¢ such that ml e NU {«} and ¢ € WFFK .Let M* = (W, wg,Ry,... ,ﬁn,R*, ) be a
model and ¢, ¢" € WFF, . Satisfaction of labelled formulae is defined as follows:

e M* |=ml : ¢ if, and only if, for all worlds w € W such that depth(w) = ml, we have that
(M, w) = ¢;

o M* |=x: ¢if, and only if, M* |= [*] ¢;

o M*|=(ml:@)A(ml’:¢’)if, and only if, M* = ml : g and M* |=ml’ : ¢’
The labels in a formula in WFFE” work as a kind of weak universal operator, allowing us to talk
about formulae that are satisfied at all worlds in a given modal layer. We note that (ml : ) A(ml : ¢”)
is semantically equivalent to (ml : ¢ A ¢”), a property which we will use later in our proofs.

A formula in SNF_ is a conjunction of clauses labelled by the modal level in which they occur.

Clauses in SNF_, are in one of the following forms:

e Literal clause ml:\p_ b
® Positive a-clause ml:l' = [4l
e Negative a-clause ml:l'= &I

where ml e NU {«}and [, I, [ € L,1 < b < r, r € N. Positive and negative a-clauses are together
known as modal a-clauses; the index a may be omitted if it is clear from the context. We require
that clauses are kept in simplified form, that is, the simplification rules given in Table 2, with the
obvious adaptations for labelled clauses, are applied. In particular, if ml € N U {*}, D is a (possibly
empty) disjunction of literals, and [ € L, then: ml : D v I v [ simplifies to ml : DV I; ml : D Vv false
simplifies to ml : D;and ml : D VIV =l and ml : D V true simplify to ml : true. We regard literal
clauses as set of literals, that is, two clauses are the same if they contain the same set of literals
modulo ordering. A clause in SNF_ is a tautology if it simplifies to ml : true. The clause ml : D,
where ml € {0, *} and D is the empty disjunction (i.e. when r = 0 in the definition of literal clauses),
is called an empty clause and denoted by ml : false. Finally, as formulae in SNF_, are required to
be in simplified form, note that for a conjunction of clauses C, the formula m! : true A C simplifies
toml : C.

Let ¢ be a formula in the language of K,,. In the following, we assume ¢ is in Negation Normal
Form (NNF), that is, a formula where the operators are restricted to A, V, [@, €> and —; also, only
propositional symbols are allowed in the scope of negations. The NNF of a formula can be obtained
by exhaustively applying the rewriting rules given in Table 1. The simplification rules given in
Table 2 are applied at any step of the transformation into NNF as well as during the transformation
into the normal form.
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p=>¢ — eV e — ¢

“(pA@) — —eVv-e S — Do

“(pVe) — —pA-g —~®e — [@-p
Table 1. Rewriting rules: NNF

OANp — ¢ pA-p —> false [dtrue — true
oV — ¢ eV -p — true &false — false
pAtrue — ¢ o A false — false -true — false
pVfalse — ¢ @V true — true —false — true

Table 2. Rewriting Rules for Simplification

The transformation of the NNF of a formula ¢ into SNF_, is achieved by recursively applying
rewriting and renaming [51]. Let ¢ be a formula and ¢ a propositional symbol not occurring in ¢.
For local satisfiability, the translation of ¢ is given by (0 : £) A p(0 : t = ¢). We refer to clauses
of the form 0 : D, for a disjunction of literals D, as initial clauses. For global satisfiability, the
translation of ¢ is given by (* : t) A p(* : t = ¢) where t is a new propositional symbol. For
the satisfiability of ¢ under the global constraints I' = {y;,...,ym}, the translation is given by
(x: ) Ap(x:t = AL vi) A p(0: t = @), where ¢t is a new propositional symbol. The translation
function p : WFF’£’ — WFF'IQI is defined as follows (with ¢, ¢" € WFFK,,’ t’ is a new propositional
symbol, and * + 1 Z *): "

pml:t = @) Ap(ml:t = ¢’)

pml:t = @A)

pml:t = [de) = (ml:t= [ag), if ¢ is a literal
= (ml:t=>[At')Ap(ml+1:t = ¢), otherwise
pml:t= dp) = (ml:t= o), if ¢ is a literal

(ml:t= &t')Ap(ml+1:t = ¢), otherwise
(ml:=tVoVve),

if ¢ and ¢’ are disjunctions of literals or constants
where ¢ is possibly empty.

= pml:t=>eVt)Apiml:t' = ¢’),

if ¢’ is not a disjunction of literals or constants

pml:t = @V )

The definition of p introduces a new propositional symbol for each formula being renamed. This
simplifies our presentation, but in order to reduce the number of variables and clauses introduced
by the transformation function, propositional symbols can be reused, instead of introducing new
ones, when the transformation is applied to formulae which have already been renamed. As the
conjunction operator is commutative, associative, and idempotent, in the following we often refer
to a formula in SNF  as a set of clauses. The next lemmas state that the transformation into SNF_,
is satisfiability preserving. The results are analogous to those for clause form transformation of
first-order formulae using renaming (see, for instance, [7, 45] and references therein).

LEMMA 3.1. Let ¢ € WFFK be a formula, and M = (W, wy, Ry, ..., Ry, w) and M" = (W, wy, Ry,

.., Ry, ") be models. If, for a?lpropositional symbols p occurring in ¢ and worlds w € W, r(w)(p) =
' (w)(p), then (M, w) |= ¢ if, and only if, (M', w) |= ¢.
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Proor. The proof is by induction on the structure of ¢. The base case, where ¢ is a propositional
symbol p € P, is immediate, as 7(w)(p) = x’(w)(p). For the induction hypothesis, assume that
for any proper subformula ¢’ of ¢, we have that (M, w) |= ¢’ if, and only if, (M’, w) |= ¢’, for all
w € W. The proof proceeds by case analysis (where ¢’, ¢’ € WFFKH; acAy):

e Assume ¢ is of the form —¢’. By the definition of satisfiability, (M, w) |= ¢ if, and only
if, (M,w) £ ¢’. By induction hypothesis, we have that (M, w) £ ¢’ if, and only if,
(M',w) £ ¢’. By the definition of satisfiability, (M’, w) |£ ¢’ if, and only if, (M’, w) |= —=¢’,
that is, (M’,w) |= ¢

e Assume ¢ is of the form ¢’ A ¢”. By the definition of satisfiability, (M, w) |= ¢ if, and only
if, (M,w) |= ¢’ and (M, w) |= ¢”. By induction hypothesis, we have that (M, w) |= ¢
if, and only if, (1) (M’,w) |= ¢’. Similarly, we obtain that (M, w) |= ¢” if, and only
if, (2) (M’,w) |= ¢”. From (1) and (2), by the semantics of conjunction, we have that
M w) | ¢ N g

e Assume ¢ is of the form [4]¢’. By the definition of satisfiability, (M, w) |= ¢ if, and only
if, for all worlds w’ such that (w,w’) € R, we have that (M, w’) |= ¢’. By induction
hypothesis, we have that (M’, w’) |= ¢’, for all worlds w’ such that (w, w’) € R,. By the
semantics of [2], we obtain that (M’, w) |= [al¢’.

The proof for the case where ¢ is of the form <) ¢’ is similar to the last case above. The proofs for
constants, disjunctions, and implications follow easily from the above and well-known semantic
equivalences, i.e. true = p vV —p and false = p A —p, for some p € P; (¢" V ¢”") = =(=¢" A —¢"),
and (¢" = ¢”') = (=¢’ V ¢”’). From the definition of satisfiability of a formula and from the cases
above, it follows that (M, w) |= ¢ if, and only if, (M’, w) |= ¢. O

COROLLARY 3.2. Let ¢ € WFF be a formula, and M = (W,wq,Ry,...,R,, ) and M’

(W, wo, Ry, ...,Ry, ") be models. Iffor all propositional symbols p occurring in ¢ and worlds w in
W, z(w)(p) = 7' (w)(p), then M =, ¢ if, and only if, M’ |51 ¢.

Proor. By Lemma 3.1, by taking w = wy. O

COROLLARY 3.3. Let ¢ € WFF be a formula, and M = (W,wq,Ry,...,R,, ) and M’

(W, wo, Ry, ...,Ry, ") be models. Iffor all propositional symbols p occurring in ¢ and worlds w in
W, t(w)(p) = ﬂ’(w)(p), then M |=g ¢ if, and only if, M’ |=¢ ¢.

Proor. By Lemma 3.1 applied to all worlds w in W. O

COROLLARY 3.4. LetT C WFF be a set of formulae, and M = (W, wo,Ry,...,R,, ) and

=(W,wo,Ry,..., Ry, fr') be models If; for all propositional symbols p occurring in ¢ and worlds
win W, z(w)(p) = ﬂ'(w)(p), then M |=¢ T if; and only if, M’ |=c T.

Proor. By Corollary 3.3 applied to all formulae in T'. O

CoroLLARY 3.5. Let ¢ € WFF, be a formula, T C WFF, be a set of formulae, and M =

(W,wo,Ry,...,Ry, m) and M’ = (W wo, R1, ..., Ry, ") be models If, for all propositional symbols p
occurring in ¢ and worlds w in W, w(w)(p) = n’(w)(p), ¢ is satisfied under the global constraintsT in
M if, and only if, ¢ is satisfied under the global constraints T in M’.

Proor. By Corollary 3.2 applied to ¢ and Corollary 3.4 applied to T". O

LEMMA 3.6. Let 9 € WFF, be a formula andt € P be a propositional symbol not occurring in ¢.
Then, ¢ is locally satisfiable zf and only if, (0 : t) A (0 : t = ¢) is satisfiable.
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Proor. If ¢ is locally satisfiable then there is a model M = (W, wy, Ry, ..., Ry, 7) for K, such
that (M, wy) |= ¢. Let M* be the model obtained from M by only adding the universal relation R, to
M, that is, M* = (W, wq, Ry, . . ., Rn, Ry, 7). As the evaluation of ¢ does not depend on the relation
R., it is easy to show that (M*, wy) |= ¢. We now build a model M"™* = (W, wy, Ry, ...,Ry, Ri, ")
where 7’(w)(p) = m(w)(p), for all worlds w € W and propositional symbols p # t, m(wy)(t) = true,
and 7(w)(t) = false for all worlds w # wy. By construction, (1) {M"*, wy) |= t. By Corollary 3.2,
we also have that (2) (M"*, wy) |= ¢. By the semantics of implication and conjunction, it follows
that (M"*, wp) |= ¢t A (t = ¢). From Theorem 2.8, a formula is satisfied at the modal layer it occurs.
Hence, as depth(wg) = 0, M* |= 0 : (t A (t = ¢)). By the semantics of conjunction, we obtain that
M E@QO:)A0: = @) O

LemmA 3.7. Let ¢ € WFF . be a formula and t be a propositional symbol not occurring in ¢. Then
¢ is globally satisfiable if, and only if, (x : t) A (x : t = @) is satisfiable.

Proor. If ¢ is globally satisfiable then there is a model M = (W, wq,Ry,...,R,, 1) for K,
such that for all w € W we have that (M,w) |= ¢. Let M* be the model obtained from M
by only adding the universal relation R, to M, that is, M* = (W, wq, Ry, ...,Ry, R., 7). By [19,
Proposition 2.1], (M*, wy) |= [*] ¢. We now build a model M™* = (W, wq, Ry, . ..,R,, R, 1) where,
for all worlds w € W, n'(w)(p) = n(w)(p), for all p # t, and n(w)(¢t) = true. By construction,
(1) (M, wy) = t. By Corollary 3.3, we also have that (2) (M"*, wy) |= [ ¢. By additivity,
from (1) and (2), we obtain that (M"*,wy) |= EI(t A ¢). By the semantics of conjunction and
implication, we have that (M"*, wy) = (¢t A (t = ¢)). By the semantics of labelled formulae,
it follows that (M’"*,wp) |= * : (t A (t = ¢)). By the semantics of conjunction, we have that
(M™,wp) E (i t) A(x:t = o). O

CoroLLARY 3.8. Let ¢ € WFF . bea formula, I ={y1,...,ym} C WFF, aset of formulae, and t

be a propositional symbol not occurrlng in ¢ norinT. Then ¢ is satisfiable under the global constraints
T if, and only if, (x : t) A (x : t = AL yi) A0 : t = @) is satisfiable.

Proor. From the definition of satisfiability of sets, if T is globally satisfiable, by Lemma 3.7,
we have that (x : t) A (x : t = AL, y:) is also globally satisfiable. If ¢ is locally satisfiable,
then, by Lemma 3.6, we have that (0 : £) A (0 : t+ = ¢) is also satisfiable. By the semantics of
conjunction, we obtain that (0 : £) A (x: t) A (x : t = A, yi) A (0 : t = ¢), which simplifies to
(k) A (et = AL vi) A0 : t = @), which is satisfiable. O

The next five lemmas show that every step of the transformation into the normal form is correct,
that is, the application of the transformation function to a formula produces an equisatisfiable
formula.

LEMMA 3.9 (pp). Let ¢,¢" € WFF, be formulae and t € P be a propositional symbol. Then
(ml:t = ¢ A @) is satisfiable if, and only if,(ml:t = @) A(ml:t = @) is satisfiable.

Proor. (=)If(ml : t = @A@’)issatisfiable, then there isa model M* = (W, wy, Ry, ..., Ry, Ry, )
such that M* |= (ml : t = ¢ A ¢’). Let w € W be any world such that depth(w) = mli. By the
definition of satisfiability of labelled formulae, (M*, w) |= (t = ¢ A ¢’). There are two cases.

o If (M*, w) |~ t, then by the semantics of the implication we have that both (M*, w) =t = ¢
and (M*,w) |= t = ¢’. By the semantics of the conjunction, we obtain that (M*, w) =
=9 AE=9).

o If (1) (M*,w) |= t, then, by the semantics of the implication, we have that (M*, w) |= (pA¢@’).
By the semantics of the conjunction, we obtain that (2) (M*, w) |= ¢ and (3) (M*,w) |= ¢
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By the semantics of the implication, from (1) and (2), we have that (M*,w) |= t = ¢;
similarly, from (1) and (3), we obtain that (M*,w) |= t = ¢’. By the semantics of the
conjunction, from (4) and (5), (M*,w) |= (t = @) A (t = ¢’).

From the above, in both cases we have that (M*,w) |= (t = @) A (t = ¢’). As w is arbitrarily
chosen, we have that for all w, with depth(w) = ml, (M*,w) |= (t = ¢) A (t = ¢’). By the
semantics of labelled formulae, we then have that M* |= ml : (t = ¢) A (t = ¢’)). By the
semantics of conjunction, it follows that M* |= (ml : t = @) A (ml : t = ¢’).

(=) (ml:t = p)A(ml : t = ¢’) is satisfiable, then there is a model M* = (W, wq,R1,. . .,.R;,Rs,7T)
such that M* |= (ml : t = @) A (ml : t = ¢’). By the semantics of conjunction, we have that
M* |=ml: ((t = @) A(t = ¢')). Let w € W be any world such that depth(w) = ml. By the
definition of satisfiability of labelled formulae, then (M*,w) |= ((t = @) A (t = ¢’)). By the
semantics of conjunction and implication, we have that (M*, w) |= t = ¢ A ¢’. By the semantics of
labelled formulae, we then have that M* |=ml : t = ¢ A ¢'. O

LemmA 3.10 (pp). Let ¢ € WFF, be a formula and t € P be a propositional symbol. Then
(ml : t = [dg) is satisfiable if, and only if, (ml : t = [Et')A(ml+1:t' = @), wheret’ isa
propositional symbol not occurring in ¢, is satisfiable.

Proor. (=)If (ml : t = [a]¢) is satisfiable, then there is a model M* = (W, wg, Ry, ..., Ry, Ry, )
such that M* |= ml : t = [a]lgp. Let w € W be any world such that depth(w) = mil. By the
definition of satisfiability of labelled formulae, then (M*,w) | t = [@¢. Construct M’* =
(W, wo, Ry, ...,Ry, R, ") such that 7’ (w)(p) = m(w)(p) forall p # t’; and let 7’ (w)(t’) = trueif, and
only if, (M*, w) |= ¢. As M* |= (ml : t = [al¢p), by Lemma 3.1, we have that (M"*, w) |= (t = [g).
There are two cases:

o If (M*,w) |£ t, then (M"*, w) |~ t (by Lemma 3.1). From the semantics of implication, it
follows that (M"*, w) |= t = [4lt’.

o If (M*,w) = t, then, by the semantics of implication and the semantics of the modal
operator, for all w’ such that (w, w’) € R,, we have that (M’*, w’) |= ¢. By construction, as ¢’
holds at exactly the same worlds at which ¢ holds, for all w” such that (w, w’) € R,, we have
that (M"*,w’) |= t’, that is, (M"*, w) |= [@]t’. From the semantics of implication, we also
have that (M"*, w) |= t = [a]t’. As depth(w) = ml, we obtain (1) M"* |=1 (ml : t = [at’).
Also, by construction and by the semantics of implication, we have that (M"*, w’) |= ' = ¢,
for all such w’. As depth(w’) = ml + 1, by the semantics of labelled formulae, we have that
QM *=E(ml+1:t' = ¢).

From (1) and (2), by the semantics of conjunction, M"* |= (ml : t = [@t') A(ml+1:t = ¢).
(&)If(ml -t = [EA')A(ml+1:t = g)is satisfiable, then there is a model M* =
(W,wo,Ry,...,Ry,Ri,m) such that M* |= (ml : t = [@t') A(ml+1 : t' = ¢@). By the se-
mantics of conjunction, we have that M* |= (ml : t = [t') and M* = (ml + 1 : t' = ¢). Let
w € W be any world such that depth(w) = ml. By the definition of satisfiability of labelled for-
mulae, then (M*, w) |=t = [alt’. If (M*, w) |£ t, then it easily follows that (M*, w) |= t = [d¢.
Assume (M*,w) |= t. Then, by the semantics of implication, we have that (M*, w) |= [at’. By
the semantics of the modal operator, for all w’ such that (w,w’) € R,, then (1) (M*,w’) |= ¢t'.
As M* |= (ml +1 : t' = ¢), because depth(w’) = ml + 1, by the definition of satisfiability
of labelled formulae, we also have that (2) (M*,w’) |= t' = ¢. From (1) and (2), by chaining,
we obtain that (M*,w’) = ¢. Hence, (M*,w) |= [d¢. By the semantics of the implication,
(M*,w) |= t = [ag, for all w such that depth(w) = ml. By the semantics of labelled formulae, we
have that M* |= (ml : t = [d¢). O
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The proofs of the next lemmas are similar to that of Lemmas 3.9 and 3.10 and are omitted here.

LEmMA 3.11 (p g, ). Let ¢ € WFFKn be a formula and t € P be a propositional symbol. Then

(ml : t = o) is satisfiable if, and only if, (ml : t = @t')A(ml+1:t' = @), wheret’ isa
propositional symbol not occurring in ¢, is satisfiable.

LEMMA 3.12 (pyp). Letp, ¢’ € WFFK,, be formulae, where ¢ and ¢’ are disjunctions of literals or

constants and t € P be a propositional symbol. Then (ml : t = ¢ V ¢’) is satisfiable if, and only if,
(ml : =tV @V ¢’) is satisfiable.

LEmMA 3.13 (pv). Let ¢,¢" € WFF, . be formulae, where ¢’ is not a disjunction of literals or

constants, and t € P be a propositional symbol Then (ml : t = ¢ V ¢’) is satisfiable if, and only if,
(ml:t= @Vt )Ap(ml:t' = ¢’), wheret’ is a propositional symbol not occurring in ¢, is satisfiable.

The next theorems show that the transformation into the normal form is correct for each of the
reasoning tasks being considered here.

TueoreM 3.14. Let ¢ € WFF\ . be a formula and t € P a propositional symbol not occurring in ¢.
Then ¢ is locally satisfiable if, and only if, (0 : t) A p(0 : t = ¢) is satisfiable.

Proor. By Lemma 3.6 and by Lemmas 3.9 to 3.13, which show that every step in the transforma-
tion is satisfiability preserving. O

Tueorem 3.15. Let ¢ € WFF be a formula and t € P a propositional symbol not occurring in ¢.
Then ¢ is globally satisfiable if, and only if, (x : t) A p(x : t = @) is satisfiable.

Proor. By Lemma 3.7 and by Lemmas 3.9 to 3.13, which show that every step in the transforma-
tion is satisfiability preserving. O

THEOREM 3.16. Let ¢ € WFF, be a formula, T C WFF be a set of formulae, and t € P

a propositional symbol not occurrmg in @ norinT. Yhen @ is locally satisfiable under the global
constraints T if, and only if, (x : t) A p(x : t = Ayer ¥) A p(0 : t = ¢) is satisfiable.

Proor. By Corollary 3.8 and by Lemmas 3.9 to 3.13, which show that every step in the trans-
formation is satisfiability preserving. O

In order to show that the translation procedure is terminating, note that recursive calls of p to
formulae of the form ml : t = ¢ apply to formulae whose number of operators is strictly smaller
than those in ¢. Thus, the application of p eventually stops.

4 INFERENCE RULES

The layered resolution-based calculus for K,,, named RES, ,, comprises a set of inference rules
for dealing with propositional and modal reasoning. In the following, we denote by ¢ the result
of unifying the labels in the premises for each rule. Formally, unification is given by a function
0 : PNU {x}) — N U {x}, where a({ml, *}) = ml; and o({ml}) = ml; otherwise, o is undefined.
The inference rules given in Table 3 can only be applied if the unification of their labels is defined
(where * — 1 = ). Note that for GEN1 and GENS3, if the modal clauses in the premises occur at the
modal level mli, then the literal clause in the premises occurs at the next modal level, ml + 1. Also
note that in both GEN1 and GEN3, the set of positive a-clauses in the premises can be empty, that
is, m = 0. The conclusion of any of the inference rules is called a resolvent.
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[GENZ2]
[LRES] [MRES] mly : l{ = [dh
ml: D VvV I ml : I = [4q! mly : lé = [d-4
m’: D v -l ml': L = -l mh: I = Qb
c{ml,ml’}): D Vv D’ c({ml,ml’}): =l Vv =l o({mly, mly, ml3}) : —|l{ \% ﬁlé \% —|l§
[GENT] [GEN3]
m11 : l{ = |z|—|11 m11 : l{ = |z|—|ll
My : U, = [@-ly mhyp: 1, = @~y
Mmiper: U = -l Mlper: I = QI
Mmlimeo: L V...V VI Mmimo: LWL V...V,
ml : ﬂl{V...V—!l;nV—ll/ ml : —J{v...v—'l,’nv—'l’
where ml = o({mly, ..., mlps1, mlyi2 — 1}) where ml = o({mly, ..., mlps1, mlpio — 1})

Table 3. Inference rules

Definition 4.1. Let @ be a set of clauses in SNF . A derivation by RES | from ® is a sequence
of sets @y, @y, ... where &y = ® and, for each i > 0, ®;;; = ®; U {D}, where D is the resolvent
obtained from ®; by an application of either LRES, MRES, GEN1, GEN2, or GEN3 to premises in
®;. We also require that D is in simplified form, D ¢ ®;, and that D is not a tautology.

Note that all inference rules of RES | generate literal clauses. Thus, in the previous definition we
require that the resolvent does not simplify to ml : true, for any modal level ml. A refutation is a
finite derivation where the last derived clause represents a contradiction.

Definition 4.2. Let ® be a set of clauses in SNF . A local refutation by RES | from ® is a derivation
Oy, ..., D from @, k € N, where 0 : false € ®,. A global refutation by RES_, from @ is a derivation
Dy, ..., D¢ from &, k € N, where = : false € Oi. A local refutation under global constraints by RES
from @ is a derivation @, . .., ®x from ®, k € N, where 0 : false € Oy or * : false € y.

The definition of a derivation already establishes two criteria for redundancy elimination, namely
that the added resolvent is not repeated nor a tautology. Subsumption is another redundancy
criterion which is used together with deletion for eliminating clauses that are already implied
by another clause in the clause set. Although subsumption is not needed for termination, the
procedure is generally used in the implementation of resolution-based provers, as it can be efficiently
implemented and it often helps to reduce the number of clauses in the clause set.

Definition 4.3. Let C and D be disjunctions of literals. A clause (ml; : C) subsumes a clause
(mly : D), denoted by (mly : C) < (mly : D), if, and only if, c({mly, mly}) = ml, and D is of the
form C v D’, where D’ is a (possibly empty) disjunction of literals.

Definition 4.4. Let @ be a set of clauses in SNF . We say that ® is saturated if any further
application of the inference rules LRES, MRES, GEN1, GEN2, or GEN3 generates a clause already
in ® or subsumed by a clause in .

Definition 4.5. Let ® be a set of clauses in SNF, . A derivation @, @y, ... from ® terminates if
either there is k € N such that @, is saturated or &y, @, . . ., Py is a refutation from ®.

Before presenting correctness results, we show an example of a local refutation from global
assumptions.
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Example 4.6. We assume a theory about the descendant relation, where this relation is transitive.
The modality ¢ is used for representing the relation of having a child. The modality ¢ is used
for representing the relation of having descendants. We assume that having grandchildren (i.e.
children of children) hold so that having a descendant of a descendant also must hold. Globally,
having a child implies having descendants. This is expressed by the following formula:

@ true = @true

whose NNF is [c]false VV ) true. The application of the transformation function to this formula
introduces the new labelled clause = : t; together with the clauses resulting from p(x : tp =
[clfalse V @true). That is, we obtain the following set of clauses:

1. = to

2. % —tg Vi Vi
3. % h = tf
4, x: th = O
5. * ity

where the propositional symbols ¢ and t; are introduced as the definitions of false and true,
respectively. Note that the formula * : ty = false simplifies to x : —t, as given in Clause 5. Also,
the formula = : t; = true simplifies to * : true, which is a tautology. As formulae in SNF _ are in
simplified form, the tautology is not included in the clause set. In the following, we will reuse the
propositional symbols #; and ¢y whenever the definitions of true and false are needed. The initial
situation says that the grandchildren relation is not empty, that is, the local constraint is given by
p(0:ty = ¢ true). In the normal form, we have the following two clauses:

6. 0: tH= ©t3
7. 1: tgﬁ @tt

We want to prove that the descendant relation has at least two generations, that is, we want to
prove that the local constraint € € true holds. In order to obtain a contradiction, we apply the
transformation function to the negation of this formula. From p(0 : tc = [@][@]false), the following
two clauses are obtained:

8. 0: ty= [
9. 1: ty= [ty

Transitivity of a relation R, is characterised by the Axiom 4, that is, [dl¢ = [4][4]¢, for a formula ¢
and a modal operator [¢] [14]. In order to properly characterise the fact that the descendant relation
is transitive, we follow the approach in [39], adapted to the normal form given here: For each
positive modal clause of the form ml : I’ = [2]] where R, is a transitive relation, we add the global
clauses ml : -’ V necy , * : nec,; = [@l, * : ~necy; = @ -necy |, and * : nec,; = [@necy .
That is, we introduce the propositional symbol nec, ; as the definition of [4/. Hence, the clause
% : necg,; = [dnec,,; says that = : [l = [a][4]] holds. For this particular example, we add the
following clauses to the clause set:

10. 1: =ty Vnecay, [Axiom 4, 9]
11, *: necq. = [1tr [Axiom 4, 9]
12. =: -necqr = @—'necd,tf [Axiom 4, 9]
13, *: necgs = IZInecd,tf [Axiom 4, 9]
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We do not show the clauses which result from applying the same encoding to Clause 8, as they are
not needed in the refutation, which proceeds as follows. The justification, shown on the right of
each derived clause, says what rule was applied, the clauses in the premises, and the literals being
resolved.

14. 0: —|t1 \Y% —|t0 [GEN3, 6, 3, 5, t3,tf]

15. *: necq, V ity [GEN3,4,11,5,tt,tf]

16. 0: necgs V —lo [GENT1, 12,8, 10, necd, s, tq]
17. 0: =ty V =iy [LRES, 15, 16, necd’tf]

18. 0: tl \% —|t() [LRES, 2, 17, tg]

19. 0: -t [LRES, 18, 14, t,]

20. 0: false [LRES, 19,1, 1]

5 CORRECTNESS RESULTS

In this section, we provide proofs for termination, soundness, and completeness of the layered
resolution-based calculus for K,,, RES_ .

THEOREM 5.1 (TERMINATION). Let @ be a set of clauses in SNF_ . Then, any derivation by RES_
from ® terminates.

Proor. Here we regard a clause as a set of literals or modal literals. Let Py be the set of
propositional symbols occurring in ®. We define Py = {-p | p € Py}, Lo = Py U Py, and
Lg" ={[ll, ©I|lcLpanda € A,}. As Py and A, are both finite, we have that P(Ly U Lg")
is finite. Let Cy be the largest set of clauses that can be constructed from Py and A,. From
Definition 4.1, for all derivations ®q, ®1, . .. from ®, we have that ®; C Cg and also that ®; C ®;,,
for all i > 0. Thus, every derivation must terminate. O

Next, we show that the inference rules are sound.

LEMMA 5.2 (0). Let (ml : C) and (ml’ : C’) be clauses in SNF _, and M be a model such that
M= (ml:C)A(ml’ :C"). If o({ml,ml’}) = ml"” is defined, then M |= (ml” : C) A (ml” : C’).

ProoF. By definition, the unification function is defined in only two cases:
e The function is applied to {ml,ml’} = {ml’’}, that is, the labels are identical, then the
lemma holds trivially.
o The function is applied to {ml, mi’}, where ml # % and ml’ = *. By definition, ml"”’ = ml
and, clearly, we have that (1) M |= (ml” : C). As M |= (ml’ : C’") and ml’ = %, then we have
that for all worlds w, (M, w) |= C’. In particular, for all worlds w’ with depth(w’) = ml"”,
we have that (M, w’) |= C’. Hence, by the definition of satisfiability of labelled clauses,
(2) M |= ml” : C’. From (1) and (2), by the semantics of conjunction, we have that
MEml"” :C)A(ml” : C).
It follows that if o({ml, ml’}) = ml"” is defined, then M |= (ml”’ : C) A (ml”" : C’). O

LEmMMA 5.3 (LRES). Let @ be a set of clauses in SNF_, with{ml : D Vv I,ml" : D" v =l} C &,
where D and D’ are disjunctions of literals. If ® is satisfiable and o({ml, ml’}) is defined, then
® U {c({ml,ml’}) : DV D'} is satisfiable.

Proor. Let M* = (W, wq,Ry,...,R,, R., m) be a model such that M* = ®. Asml : DV I,ml’ :
D'V=led then M* |=ml:DVIand M* |=ml’ : D’V —l. Let c({ml,ml’}) = ml”. By Lemma 5.2,
we have that M* |=ml” : DVviand M* |=ml” : D’V =l. AsM* |=ml” : D'V =l, forallw e W
with depth(w) = ml”, then (M*, w) |= D’ V =l. Similarly, from M* = ml” : DV I, forallw e W

ACM Transactions on Computational Logic, Vol. VV, No. NN, Article AAA. Publication date: YYYY.



Modal Resolution: Proofs, Layers and Refinements AAA:15

with depth(w) = ml”, we obtain that (M*, w) |= DV L. It follows that (M*, w) |= (D VI) A (D’ V =),
for all w € W with depth(w) = ml”. By soundness of resolution, we have that (M*,w) = DV D’.
As depth(w) = ml” = o({ml, ml'}), we conclude that M* |= c({ml,ml’}) : DV D’. O

LEmma 5.4 (MRES). Let ® be a set of clauses in SNF_ with {ml : I, = [dl,ml" : I, = ©-l} C .
If @ is satisfiable and o({ml, ml’}) is defined, then ® U {c({ml, ml’}) : =l; V =l,} is satisfiable.

Proor. The proofis similar to that of Lemma 5.3, as implications can be rewritten as disjunctions
and <) -l is semantically equivalent to —[d]l. O

LemMa 5.5 (GEN1). Let @ be a set of clauses in SNF_, with {ml; : I[ = [d=l,...,mly, :
U= B-lpy,mlpy U = @=lmlyyy c LV ... VI, VI C & If ® is satisfiable and
o({mly, ..., mly, mly1, mly o — 1}) is defined, then ® U {oc({mly, ..., mly, mly1, mlyo — 1}) -
=l v v =l v =l s satisfiable.

ProoF. Let M* = (W, wq,Ry,...,Ry, R,, 7) be a model such that M* |= ®. Let c({mly, ..., ml,,,
mly 1, mly42 — 1}) = ml, for a particular modal level ml. By Lemma 5.2, if ® is satisfiable, then
M =(ml:(] = E-)A. AU, = A=) AV = ©-Aml+1:(1V...VI,VI)andso
for all worlds w € W, with depth(w) = ml, we have that (1) (M*, w) |= (I; = [E=L)A... A}, =
[@=lp) A (I = @=D). I (M*, w) £ I, it follows easily that (M*, w) = =I] V...V =l}, vV =l and,
therefore, M* |= a({mly, ..., mly, mlpy 1, mlpeo—1}) : =7 V.. v =l v =l The same occurs if any
of the literals I/, 1 < i < m, is not satisfied at w. We show, by contradiction, that this must be the
case. Suppose (M*,w) |= I A... Al Al'. From this and from (1), by the semantics of implication,
the semantics of the modal operator @, and the semantics of the modal operator [4], we have that
there is a world w’, with depth(w’) = depth(w) + 1, where —I; A ... A =L, A =l holds. Now, as
mly, 12 —11s unifiable with {mly, . .., ml,,, ml,, 1}, for all worlds w”’ with depth(w’’) = depth(w)+1,
we obtain that (M*,w”) = [; V... V I, V I. In particular, because depth(w’) = depth(w”’), we
obtain that (M*, w’) |= (=i A ... A=l A=) AL V...V I, VI). By several applications of the
classical propositional resolution rule, we have that (M*, w’) |= false. This contradicts the fact
that ml : (I’ = <€ -l) is satisfiable. Thus, (M*, w) |= =i v val v =l As depth(w) = ml, we
conclude that M* |= o({ml, ..., mly, mlpyq, mlpp —1}) : =LV ooV =l v AL ]

LEmMMA 5.6 (GEN2). Let @ be a set of clauses in SNF with {mh : Il = [al,ml, : I = [al=l;, mls :
I} = &L} C ®. If @ is satisfiable and o({ml;, mly, mls}) is defined, then ® U {c({mly, mlp, ml3}) :
=l v =l v =LY s satisfiable.

Proor. From Lemma 5.5 by taking ® such that {ml : I} = [dl;,ml, : IJ = [a=l,ml; : [; =

Dly,+: 1 V-l Val} Cdasl V-l V-l is a tautology. O

LEmMMA 5.7 (GEN3). Let ® be a set of clauses in SNF_, with {ml; : I{ = [a=L,...,mly : I, =
@l My 2 = DlLmlyy LV ...V 1,} C . If @ is satisfiable and o({ml,, . . ., mly, mlp1,
Mlmyo — 1}) is defined, then @ U {oc({mly, ... ,mlp, mlpi,mlpeo = 1}) : =l V.oV =l vV =l'} s
satisfiable.

Proor. The formula ml,;,1; : I; V...V I, is semantically equivalent to (mlp,42 : 4 V... V
Im VD) A(mlpss : LV ...V Iy V =l). The proof follows from Lemma 5.5 by taking @ such that
{mh -l = [A-L,...,mly, : 1, = [d-ly,mlyyq U = QlLmlpy:LV...VIipval} O O

The next theorem shows that RES | is sound.

THEOREM 5.8 (SOUNDNESS). Let @ be a set of clauses in SNF_, and ®y,..., 0, k € N, be a
derivation by RES | from ®. If @ is satisfiable, then every ®;, 0 < i < k, is satisfiable.
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Proor. From Lemmas 5.3 to 5.7, by induction on the number of sets in a derivation. O

Completeness is proved by showing that if a set ® of clauses in SNF , is unsatisfiable, then
there is a refutation produced by the method presented here. The proof is by induction on the
number of nodes of a graph, known as behaviour graph, built from ®. Intuitively, nodes in the
graph correspond to worlds and the set of edges correspond to the agents’ accessibility relations
in a model. The graph construction is similar to the construction of a canonical model, followed
by filtrations based on the set of clauses, often used to prove completeness for proof methods in
modal logics [14]. The main difference from the usual construction is that we take advantage of the
fact that clauses are in a simple normal form. Thus, nodes contain sets of literals, instead of the
usual set of formulae. As we are dealing with both global and local satisfiability, we first construct
a graph G that satisfies the clauses labelled by * and then complete the construction by unfolding
Gg into a graph G which satisfies all clauses in ®. We prove that an unsatisfiable set of clauses has
an empty behaviour graph. We then show that deletions of either edges or nodes from the graph
correspond to applications of the inference rules of RES . It follows that if the behaviour graph is
empty, then there is a refutation by RES | for @ using the inference rules given in Section 4.

Formally, let Py and {0, ..., m} U {*} be the set of propositional symbols and the set of labels
occurring in @, respectively. We define Ly as the set of literals given by {p, —=p | forall p € Ps}. A
set of literals n is maximally consistent if for all | € Ly either [ or =/ is in 5 (but not both).

The behaviour graph G for n agents is a tuple G = (Ny, . .., Njt1, E1, - . ., Ey), built from the set
of SNF_, clauses @, where N; is a set of nodes for each modal level 0 < i < m + 1 occurring in ®
and each E, is a set of edges labelled by a € A,,. Every element of Nj; is a maximally consistent
set of literals occurring in ®. Note that we could have defined a node in N; as containing literals
occurring in any clauses labelled by =, literals occurring in literal clauses labelled by i, literals
occurring on the left-hand side of modal clauses labelled i, and literals occurring in the scope of
modal operators of modal clauses labelled by i — 1. Using all literals in ® simplifies the construction.

Let n be anode in G. Let ¢, ¢/, and ¢’ be Boolean combinations of literals and modal literals. We
say that 7 satisfies ¢ in G (written G, 57 |= ¢, or nj |= ¢ if G is clear from the context), if, and only if:

¢ is a propositional literal and ¢ € n;

¢ is of the form - and 7 does not satisfy ¢ (written £ );

pisoftheformy Ay’ andn |= ¢ and n = ¢’;

¢ is of the form [4]l, where | € Ly and a € A, and for every 7, if (y,n") € E, then n’
satisfies [;

e ¢is of the form €1, where [ € Ly and a € A, and there exists n’ such that (,7’) € E, and
n’ satisfies [.

The construction of the behaviour graph starts by partitioning a set of clauses ® into two
components corresponding to the set of global clauses and the set of local clauses. Let &g be
{x:¢|*:¢ecd}and &y = @\ ¢. First we construct a graph G = (N, E/, ..., E;), where N is
the set of all maximally consistent sets of literals occurring in ®. Delete from N any nodes that
do not satisfy D such that the literal clause * : D is in ®¢. This ensures that all literal clauses in
g are satisfied at all nodes. If the set of nodes is empty, then the graph is empty and the literal
clauses in @ are unsatisfiable. Otherwise, the construction proceeds as follows.

We now construct the sets of edges related to each agent and ensure that any global modal clause
in @ is also satisfied. We first set E/ as N X N, for all a € A,, and then remove elements of E/,
that do not satisfy the a-clauses. For all clauses = : I’ = [2]] occurring in ®¢, delete from E/, the
edges (17,n’) where n |= I’ but n” |~ 1. This ensures that all clauses of the form = : I’ = [4]] are
now satisfied in Gg. For all clauses * : I’ = I, repeatedly delete from G any nodes 7 such that
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n = I’ and there is no n’ such that (,n") € E, and n’ |= [. This ensures that all clauses of the form
ml : " = ¢ are now satisfied in Gg. If the set of clauses ®; is empty, the construction finishes
and the behaviour graph G is given by Gg. Else, if &1 and the G are both not empty, in order to
satisfy the local constraints, given by clauses in @1, we construct the graph G for ® as follows.

Let Go = (N,E1,...,E;) be the non-empty graph for ®s constructed as above. Recall that
{0, ..., m} is the set of modal levels occurring as labels in ®. The graph G =(Ny, ..., Npj+1, E1, .., En)
for @ is constructed by the unfolding of G as follows. Note that we need to construct the nodes at
the level m + 1 in order to satisfy the literals in the scope of modal operators at the level m. First, we
construct the set of nodes N,,,; for each modal level ml, 0 < ml < m + 1. Define Ny = N, N,,; = 0,
for0 <ml<m+1,andE, =0, for 0 < a < n. Foreachn,n’ € N, forall ml € {0,...,m + 1}, if
1 € Ny and (7,1') € E, for any a € Ay, then add a copy of ', named 1/ , . ., to Ny4; and make
Eq,=E,U{(n,n,, )} For the highest modal level, ml = m + 1, we also need to make sure that the
global constraints are still satisfied: if n € Ny,,41 then we also add copies of all nodes reachable from
1, by any relation E/, and add the corresponding relations to each E,. That is, for all € Ny,41, for
alla € Ay, if (n,n') € E;, thenletn | be a copy of n’ and make Ny41 = Ny U {n,,,,,} and
Eq=EU {(’7’ ’7;”1_,_1)}'

Once the construction has finished, we delete nodes and edges in the following order to ensure
that clauses in ® are satisfied. First, delete from N,,; any nodes that do not satisfy D for all literal
clauses of the form ml : D in ®;. Then, for all clauses ml : I’ = [4]l in ®;, delete from E, the
edges (Mm1,1,,,,,) where ny |= I” but " £ I, which ensures that the positive a-clauses at the
modal level ml are satisfied at . Next, consider any nodes that do not satisfy the negative a-clauses
in @7 or in ®g. For all clauses ml : I’ = &1 in &y (resp. for all clauses * : ["" = 1" in &g),
repeatedly delete from Ny, any nodes 7,,; that satisfy I’ (resp. I"”'), but there is no node 7 , | such
that (m1,1),,,,) € Eaand n/ ,  |= I (resp.n’ . [F1”). This ensures that the negative a-clauses
are satisfied at every node 7,,; in Ny,;.

Let G = (No, ..., Nm+1,Eq, - . ., Ep) be the behaviour graph for ®. A node n € N is called an
initial node. We define the reduced behaviour graph G’ for ® as the reachable component subgraphs
of G which contain an initial node. It follows that if Nj is empty, then the reduced behaviour graph
is empty. We show that a set of SNF , clauses is satisfiable if, and only if, the reduced behaviour
graph for this set of clauses is non-empty. In the only if part of the proof, we rely on the fact that if
a set of clauses is satisfiable, then it is satisfiable in a finite structure obtained by filtration. The
following definitions are needed.

Definition 5.9. Let ® be a set of clauses. The set of labelled subformulae of ®, denoted by subf(®),
is the union of the set of subformulae for each clause C occurring in ®, where the set of subformulae
of a clause C is given as follows:

e if C is of the form ml : p, then subf(C) = {ml : p}, for p € P;

o if C is of the form ml : —p, then subf(C) = {ml : =p,ml : p}, for p € P;

e if Cisoftheformml: 1l V...V, thensubf(C)={ml: V...V L} Ule subf(ml : [;),
for literals [;,1 <i < k,k e N;

e if C is of the form ml : | = [a]l’, then subf(C) = {ml : | = [a]l'} U subf(ml: —=l) U
subf(ml + 1 : I’), for literals [, I’;

e if Cis of the form ml : | = @I, then subf(C) = {ml : | = I’} U subf(ml : =l) U
subf(ml + 1 : 1), for literals [, I'.

Definition 5.10. Let ® be a set of clauses and subf(®) be the set of all labelled subformulae of ®.
Let M = (W, wo, Ry, ..., Ry, R., 7) be a model. Then M® = (W2, wf)b,RjD, . ,le;, x®)is the filtration
of M with respect to ®, where for every w € W, w® = {ml : ¢ | ml : ¢ € subf(®), depth(w) =
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mlor ml = *, and (M, w) |= ml : o}, W® = {w® | w € W}, R® = {(w?, w'®) | (w,w’) € R,}, for
all w,w’ € W and a € A, U {*}; and 7®(w®)(p) = 7(w)(p), for all propositional symbols p such
that ml : p € subf(®) and worlds w € W.

It is easy to show that the following two properties hold for this construction of M®: (i) for all
propositional symbols p, 7%(w®)(p) = true if, and only if, ml : p € w®; and (ii) for all worlds w® in
W, for all ml : 1 € subf(®), where [ is a literal, if ml : €1 € w?, then there is a world w'® € W?
with (w®, w®) € R® such that ml + 1 : [ € w’®. It is also easy to show that no propositional
inconsistencies can arise from the construction of M®, that is, the following properties hold: (iii)
ml:pe w? if, and only if, ml : —p ¢ w® (i) (ml: Iy V... V1) e w® for literals [;,1<j<k
k € N, k > 0, if, and only if, there is ml : [; in w® with1 <j<k;(iv)(ml: 1’ = [@]) € w?® (resp.
(ml: "= &) € w?)if, and only if, ml : I’ ¢ w® or ml : [@l € w® (resp. ml : &1 € w®). A truth
lemma shows that for a formula ml : ¢ € subf(®) we have that (M, w) |= ml : ¢ if, and only if,
(M®, w®) |= ¢. The proof is by induction on the structure of ml : ¢ and it follows the standard
proofs on filtrations (see [34], for filtrations for modal logics under global constraints).

LEMMA 5.11. Let @ be a set of clauses. ® is satisfiable if, and only if, the reduced behaviour graph
G constructed from ® is non-empty.

PrROOF. (=) Assume @ is satisfiable and let M = (W, wg, Ry, ..., Ry, R, ) be the filtration of
a model that satisfies ®. Let G = (Np, ..., N1, E1s. .., Ep) be the reduced graph for . We
show that for every world w in W, there is a node 7 in G such that, for every subformula ¢ in
subf(®), if (M, w) |= ¢, then 5 |= ¢. Let N denote the union of N, ..., Nyy41 in G. We define a
function f : W — P(N) such that f(w) = {1 | n € Ngepth(w) and for all propositional symbols p
occurring in ®, p € nif, and only if, 7(w)(p) = true}. In other words, the function f associates
to every world in M occurring at a depth ml a set of nodes in the graph at the corresponding
modal level which agree on the satisfiability of the propositional symbols p occurring in ® . By
the maximal consistency property of nodes, it follows that if n € f(w) and z(w)(p) = false, then
—p € n. Assume that 5 € f(w), that is, 5 is a node in N,,,; such that n agrees on the satisfiability of
the propositional symbols occurring in w.

e For any literal clause ml : [y V... V I, if (M,w) |=ml : I} V...V I, then there exists a
literal [;, 1 < j < k, such that (M, w) |= ml : [;. If n € f(w), then, by definition of f, [; € n.
Thusnp =L V... V.

e For any positive a-clause ml : I’ = [@l, if (M, w) |= ml : I’ = [4l, then (i) (M, w) |= ml :
=l or (if) (M, w) |=ml : I’ A [all. Let y € f(w). For (i), by the definition of f, we have that
(iii) n |= =l’; thus, n |= I’ = [al. For (ii), if (M, w) |= ml : I’ A [d]l, then, by the definition
of f, we have that n |= I’. By construction of G, there is no node B’ € Np,;41 such that
(n,n’) € E; and n’ |= —l. Tt follows that (iv) # |= [@l. From (iii) and (iv), we have that
nkEl = [l

e For any negative a-clause ml : I’ = €I, the proof is similar: if (M, w) E ml : I’ = &I,
then (i) (M, w) |= ml : =I’ or (ii) (M, w) = ml : I’ A &1L Let n € f(w). For (i), by the
definition of f, we have that (iii) 5 | —l’; thus, n £ I’ = 1. For (ii), if (M, w) |= ml :
I” A @1, then, by the definition of f, we have that 5 |= [”. By construction of G, there is a
node 5’ € Ny141 such that (n,1’) € E, and 5’ |= —L. It follows that (iv) = > [. From (iii)
and (iv), we have that p |= I’ = © L.

From the above, for any world in a filtrated model M there is a node in the behaviour graph G
that satisfies the same set of clauses. As the set of nodes of G are, by construction, propositionally
consistent, f(w) in the non-reduced graph is not empty. The deletion process will not remove a
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node of the behaviour graph that is included in some f(w). Therefore, the reduced behaviour graph
is non-empty.

(&) Assume that the reduced graph G = (Np, ..., Nm+1,E1, ..., E,) constructed from & is
non-empty. To show that ® is satisfiable we construct a model M from G. Let ord : N; — N be
a total order on the nodes in Nj. Let Wy ord(y) be the world named by (ml, ord(n)) for n € Ny,
and let Wi,y = Uy en,,, {Wmiord(m}- The set of worlds W is given by Uﬁ*ol W;. Let wy be any of
the worlds in Wy. The pair (W1, ord(y)» Wmi,ord(y)) is in Rq if and only if (17, 7’) € E,. Also, take
R. = W x W. Finally, set 7(Wy1,0ra(y))(p) = true if and only if p € 5, for all p € P. This completes
the construction of the model M = (W, wq,Ry,...,Ry, R,, ). That M is indeed a model for ®
follows from the construction of the graph G: if ml : C is a clause in ® and Wy, ora(y) is @ world
in M, then (M, W1 oracy)) |= C, for otherwise 1 would have been removed during the reduction
phase in the construction of the graph. By an easy induction, it follows that M is a model for ®. O

The completeness proof uses the fact that binary propositional resolution is consequence complete
[33]. Given a set of clauses ®, a clause C is a prime consequence of ® if, and only if, C is implied by
® and there exists no other clause D implied by ® such that C is implied by D [62]. Given a set of
clauses @, a calculus is consequence complete if any prime consequence C of ® is derivable.

We now show that the calculus for global and local reasoning in K, is complete.

THEOREM 5.12. Let @ be an unsatisfiable set of clauses in SNF . Then there is a refutation by
RES_, for ®.

Proor. Given a set of clauses ®, construct the reduced behaviour graph as described above. First
assume that the set of literal clauses is unsatisfiable. Thus all initial nodes will be removed from the
reduced graph and the graph becomes empty. From the completeness of classical resolution there
is a series of resolution steps which can be applied to these clauses which lead to the derivation of
false. The same applies within any modal level. We can mimic these steps by applying the rule
LRES to literal clauses and derive ml : false, for some modal level mi.

If the non-reduced graph is not empty and we have that both (1) ml : I’ = [dl and (2) ml’ :
I"” = -l are in ®, then, by construction of the graph, if {ml, ml’} are unifiable, then any node
in Ng({mi1,mr}) containing both I’ and I"’ is removed from the graph. The resolution rule MRES
applied to (1) and (2) results in o({ml,ml’}) : =I’ v =", simulating the deletion of nodes at the
same modal level that satisfy both I’ and I”’.

Next, if the non-reduced graph is not empty, consider any nodes that do not satisfy the negative
a-clauses in ®. Recall that for each node 17,,; € N,,; and for each agent a € A, if ml : [ = & -l'is
in ®, np,; |= I and there is no a-edge between 5 and a node that satisfies —I’, then 7, is deleted.
We show next what inference rules or what inference steps correspond to the deletion of 7,,;.

Let CI™ in @ be the set of positive a-clauses corresponding to agent a, that is, the clauses of
the form ml : [; = IEll]f, where [; and l]f are literals, whose left-hand side are satisfied by 7.
Let R7™ be the set of literals in the scope of [2] on the right-hand side from the clauses in C}™,
thatis, if ml : [; = Elljf € CZ’"’, then l}f € RZ’"’. From the construction of the graph, for a clause
ml:l = @l', if 1 |= [ but there is no a-edge to a node containing /’, it means that [’, RZ'"I, and
the literal clauses at the level ml + 1 must be contradictory. As I’ alone is not contradictory and
because the case where the literal clauses are contradictory by themselves has been covered above
(by applications of LRES), there are five cases:

(1) Assume that R}™ itself is contradictory. This means there must be clauses of the form
ml:l = [@I" ml:1l, = [@-1" € C!l, where Mmi = 11 and npy; |= ;. Thus we can
apply GEN2 to these clauses and the negative modal clause ml : [ = I’ deriving

ACM Transactions on Computational Logic, Vol. VV, No. NN, Article AAA. Publication date: YYYY.



AAA:20 C. Nalon et al.

ml : =l V =l V =1, Hence the addition of this resolvent means that 1,,; will be deleted as
required.

(2) Assume that I’ and R!™ is contradictory. Then, C/™ in ® contains a clause as ml : I; =
[a-I’ where, from the definition of C}™, n,,; |= L. Thus, by an application of MRES to
this clause and ml : [ = ', we derive ml : =l; V —[ and 1,,,; is removed as required.

(3) Assume that I’ and the literal clauses at the modal level ml + 1 are contradictory. By
consequence completeness of binary resolution [33], applications of LRES to the set of
literal clauses generates ml + 1 : =I’, which can be used together with ml : | = &1’ to
apply GEN1 and generate ml : —[. This resolvent deletes 7,,; as required. Note that this is a
special case where the set of positive a-clauses in the premise of GEN1 is empty.

(4) Assume that R}™ and the literal clauses at the modal level ml + 1 all contribute to the
contradiction (but not [’), by the results in [33], applications of LRES will generate the
relevant clause to which we can apply GEN3 and delete 7,,; as required. Note that this is
also the case in the special case where the set of positive clauses in the premise of GEN3 is
empty. In this case, the literal clause in the premises is of the form ml : C where C is the
empty disjunction, which by consequence completeness will also be produced during a
derivation.

(5) Assume that I’, R!™ and the literal clauses all contribute to the contradiction. Thus,
similarly to the above, applying LRES generates the relevant literal clause to which GEN1
can be applied. This deletes 1,,; as required.

Summarising, LRES corresponds to deletions from the graph of nodes related to contradictions
in the set of literal clauses at a particular modal level. The rule MRES also simulates classical
resolution and corresponds to removing from the graph those nodes related to contradiction within
the set of modal literals occurring at the same modal level. The inference rule GEN1 corresponds
to deleting parts of the graph related to contradictions between the literal in the scope of <, the
set of literal clauses, and the literals in the scope of [¢]. The resolution rule GEN2 corresponds to
deleting parts of the graph related to contradictions between the literals in the scope of [4]. Finally,
GEN3 corresponds to deleting parts of the graph related to contradictions between the literals in
the scope of [4] and the set of literal clauses. These are all possible combinations of contradicting
sets within a clause set.

If the resulting graph is empty, the set of clauses @ is not satisfiable and there is a resolution
proof corresponding to the deletion procedure, as described above. If the graph is not empty,
by Lemma 5.11, a model for ® can be built. ]

Theorem 5.12 shows that if a set of clauses is unsatisfiable, then there is a refutation by RES_ .
The next lemma shows that the deletion of a subsumed clause preserves the inconsistency of a
clause set. Note that we only consider the case of subsumption of literal clauses (see Definition 4.3).

LEmMMA 5.13. Let @ be an unsatisfiable set of SNle clauses, and ml; : C and mly : D in ® be literal
clauses, such that mly : C subsumes mly : D. Then, ® \ {ml, : D} is unsatisfiable.

Proor. We prove the contrapositive, i.e. if ® \ {ml, : D} is satisfiable, then ® is satisfiable.
If ® \ {ml, : D} is satisfiable, then there is a model M* = (W, wq,Ry,..., Ry, Rs, m) such that
M* |= @\ {ml, : D}. By the definition of satisfiability of sets, (1) all clauses in ® \ {ml, : D} are
satisfied in M*. In particular, M* |= ml; : C. By the definition of satisfiability of labelled clauses, we
have that (2) (M*, w) |= C, for all w € W such that depth(w) = ml;. As ml; : C subsumes ml; : D,
by Definition 4.3, o({ml;, ml;}) = ml, and D is of the form C vV D’, for a disjunction of literals D’.
From this and from (2), by the semantics of disjunction, we obtain that (M*, w) |= C vV D’, for all
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w € W such that depth(w) = ml,. Hence, (3) M* |= ml, : C v D’. It follows, from the definition of
satisfiability of sets, from (1) and (3), that M* |= . o

In the following, we show that our calculus remains complete if in the construction of a refutation
we remove subsumed clauses, more precisely, for a derivation ®¢, @4, ..., we can require that a
resolvent D, obtained by the application of one of the inference rules to clauses in ®;_1, is in
simplified form, D is not a tautology, and D is not subsumed by any clause in ®;_;. We first consider
the inference rules LRES, GEN1, and GEN3 before stating the main result.

LEMMA 5.14. Let mly : Cy, mly : Cy, ml] : Cj, ml; : C; be literal clauses such that ml] : C] <
mly : Cy and mly : C; < mly : Cy. Let ml : C with ml = o({mly, ml}) be a resolvent of ml; : C; and
mly : Cy by LRES. Then ml] : C] <s ml : C orml; : C; <, ml : C or there is a resolvent ml’ : C" of
ml] : C{ and ml; : C;, by LRES such thatml’ : C" <, ml : C.

Proor. Let ml; : Cy, ml, : C; and ml : C be of the form ml; : D; Vp, mly : Dy V —p, and
o({ml;,mly}) : Dy V D,, respectively. As ml] : C| subsumes ml; : C it either has the form
ml] : D1V p or ml] : D], where in both cases o({ml;, ml;}) = ml; and D] only contains literals in D;.
Analogously, as ml] : C;, subsumes ml;, : C, it either has the form ml} : D} V p or ml; : D}, where in
both cases o({mly, ml;}) = ml; and D; only contains literals in D,. There are three possibilities to
consider:

e If ml] : C] has the form ml] : D] then it subsumes the resolvent ml : D; V D, as
(i) o({ml],ml}) = ml; and o({mly, mly}) = ml imply o({ml],ml}) = ml and (ii) all lit-
erals in D] occur in D.

e If ml; : C, has the form ml; : D, then it subsumes the resolvent ml : Dy V D, as
(i) o({ml;, ml}) = ml, and o({mly, ml}) = ml imply o({ml,, ml}) = ml and (ii) all lit-
erals in D} occur in Ds.

e If ml] : C{ has the form ml] : D] V p and ml; : C; has the form ml} : D} vV —p, then we
first of all observe that o({ml/, ml;}) = ml, c({ml,, ml,}) = ml,, and o({ml;, ml,}) = ml.
Therefore, o({ml], ml}}) is defined and there is a resolvent ml’ : D] V D, of the two clauses
by LRES, where ml’ = o({ml], ml;}). Furthermore, o({ml’, ml}) = ml and all literals in D]
occur in Dy and all literals in D} occur in D,. Thus, this resolvent subsumes ml : D; V Ds.

It follows that ml] : C] < ml : C or ml} : C; <; ml : C or there is a resolvent ml’ : C’ of ml] : C]
and ml; : C; by LRES such that ml’ : C" <g ml : C. O

LEMMA 5.15. Letmly : I = [a-ly, ..., mly, : I, = [d=ly, and mlyyq 2 1 = @ —lper be
modal a-clauses, and let ml : =l v --- v =l | witho({mly,...,mly1,mlp; — 1}) = ml be the
literal clause obtained as resolvent by GEN1 of a literal clause mly, 15 : [y V - - - V Iy with these modal
a-clauses. Let ml’ ., : C| be a literal clause that subsumes mly, 45 : I; V - -+ V Iy 11, Then we can derive
a clauseml’ : C’ that subsumesml : =l vV --- Vv =l .

Proor. As ml; ., : C; subsumes mlpyz : Iy V -+ V Ly, o({ml}, . mlp15}) = mlyy, and
all literals in mly,,, : C| are among {l;,...,ln+1}. We need to distinguish two cases, namely,
whether I,,,;; occurs in ml/ ., : C] or not. First, assume that l,,; occurs in ml; ., : C| and
without loss of generality assume that ml; ., : Cj has the form ml} ., : i vV --- V I for
1<k <m+ 1. Since c({ml, ., mlp2}) = mlyyo and o({mly, ..., mly 41, mlp 5 — 1}) is defined,
o({mly,...,mhys1,ml} . —1}) is also defined. Then there is a resolvent ml’ : =l vV --- Vv =l’ . by
GEN1with ml” = o({ml,...,mhy1,ml} ., —1})of ml) ., e VooV Lpyy withml 2 [ = [all,
vy 1= [l and mlyyq 2 1 = & 1. We have o({ml’, ml}) = ml and every literal in
ml’ : —|l]'C VooVl occursinml : —lf v - v =l Thus, ml” —|l,’C V.-Vl subsumes

. ’ PEEEEY ’
ml : _'ll \Y% \Y% —|lm+1.
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Second, assume that [,,,,; does not occur in ml’

J .+ + C1 and without loss of generality assume that
ml) ., :Clhasthe formml ,:LV---VIfor0 <k < m. Since c({ml/, ,,,mlpy2}) = mly, and
o({mly,...,mlg, mly — 1}) is defined, c({mly, ..., mlg,ml’ ., —1}) is also defined. Then there is

m+2
aresolvent ml’ : =l V---V —|ll’C Vol by GEN3 with ml’ = o({mly, ..., my, mlpq, ml; ., —1}) of

m+2
ml LV Vwithml ] = [&l, ..., ml : L= [allx and mlyyq 2 1), = @ i 1. We have
o({ml’,ml}) = ml and every literal inml’" : =lf v --- Vv =ll V=l occursinml : =lfv---v =l .
Thus, ml’ : =l V---V —|ll’< V=l . subsumesml: =l V.-Vl m]

LEMMA 5.16. Letmly : 1] = [@L, ..., mly, : I}, = [y, and mlyq 2 1) = @ lpsr be modal
a-clauses, and let mlyyp : =7V -V =l witho({mly, ..., mlpy, mlpeo — 1}) = ml be the literal
clause obtained as resolvent by GEN3 of a literal clause ml,,.5 : 1y V - - - V I,,, with these modal a-clauses.
Letml], ., : C] be a literal clause that subsumes mlp,3 : Iy V - -+ V I,,. Then we can derive a clause
ml’ : C’ that subsumesml : =]V --- Vv =l .

Proor. The proof proceeds in analogy to the second case in the proof of Lemma 5.15. As
ml ., : C] subsumes mlp o : L V- -- VI, wehave o({ml) ., mlp 5}) = mly, and all literals in C]
arein {l, ..., L, }. Without loss of generality assume that ml;  , : C{ hastheformml) ,:1LV---Vi;

for 0 < k < m. Since o({ml;, ,,, mlp12}) = Ml and o({mly, ..., ml, mly 5 — 1}) is defined,

o({mh,...,mlg, ml} ,—1})is also defined. Then there is aresolvent ml’ : =l{v---v=l V=l | by
GEN3 with ml" = o({mly, ..., mg,mlpy1,ml) , —1})of ml} ., : LV ---V L with ml : I} = [a]l;,
coml = [l and mlpiy 2 I, = & Ln+1. We have o({ml’,ml}) = ml and every literal in
ml’ : =l V~--V—-l,’C Vol yoceursinml i =lf v .- vall o Thus,ml’ :=lf V-V _|l;< VAl
subsumes ml : =] V --- Vv =l . o

THEOREM 5.17. Let ® be an unsatisfiable set of SNF _ clauses. Then there is a refutation of @ by
RES_, of the form ® = &y, ..., ®, where foreveryi,0 <i<n-—1,®0;4y = ®; U{ml; : C;}, ml; : C; is
not subsumed by a clause in ®;, and no premise ml] : C; used in the derivation of ml; : C; is subsumed
by a clause distinct toml] : C] in ®;.

Proor. Let @’ be obtained from ® by removing all subsumed clauses, that is, all clauses of the
form ml : D such that thereisml’ : C € ® and ml’ : C <; ml : D. By Lemma 5.13, ®’ is unsatisfiable.
By Theorem 5.12, there is a refutation of &’ = &, ..., <I>,'C of &’ by RES .

By induction over <I>(’), e, qD;C we construct a refutation ®g, @1, ...,P,,n < k, and a monotonically
increasing partial function A : N — N such that forall i, 0 < i < k, (1) A(i)) <i < n,(2)ifi >0
and ®,(;) = ;-1 U {ml : C} then ml : C is not subsumed by a clause in ®,;)_1, (3) for all clauses
ml] : C] € @] there exists a clause ml; : C; € ®y(;) such that ml; : C; subsumes ml] : Cy.

For the base case, we define ®, = & and A(0) = 0. Obviously, Property (1), A(0) < 0 < n, holds.
Property (3) holds as @, and @, are identical. Property (2) holds as i = 0.

Now assume that we have proceeded to ®; in g, .., <1>;< and have constructed a derivation
Dy, ..., 0,0 < i<k, and defined A(j), for all j, 0 < j < i, with the desired properties.

In the induction step we consider ®;_,. In the refutation &y, ®1,...,®;, @}, = ®;U {ml": D'}
where ml” : D’ is a literal clause derived by an application of one of the inference rules of RES_ to
premises in ®;. By Property (3), for each such premise ml” : D", ®;;) contains a clause subsuming
ml” : D”.

It is also possible that ®,(;) already contains a clause ml : D that subsumes ml’ : D’. We then
define A(i + 1) = A(i). Regarding Properties (1), as by induction hypothesis A(i) < i we have
A + 1) < i+ 1. Properties (2) and (3) hold for i + 1 as, by induction hypothesis, they hold for i.

Assume that ml” : D’ is not subsumed by a clause in ®;;). We distinguish the following cases
depending on which inference rule was used to derive ml : D:
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o If ml’ : D’ was derived by an application of one of the inference rules LRES, GEN1 and
GEN3, then by Lemmas 5.14, 5.15 and 5.16, respectively, either ®,(;) contains a clause
ml : D that subsumes ml’ : D’, or we can derive a clause ml : D from ®,;) that subsumes
ml’ : D’. We only need to consider the second case. Here we define A(i + 1) = A(i) + 1 and
D) i+1) = i) U {ml : D}. Properties (1) to (3) hold by construction.

o If ml’ : D’ was derived by an application of one of the inference rules MRES and GEN2
from premises in @}, then these premises were already present in ®; as our calculus does
not derive new modal clauses. By construction, these premises are then also in () = &
and in ®,(;). Thus, ml’ : D’ can be derived from ®,(;). We define A(i + 1) = A(i) + 1 and

CDA(HI) = <I>:1(l.) U {ml : D}. Properties (1) and (3) hold by construction. Regarding Property

(2) we have assumed that ml’ : D’ is not subsumed by a clause in ®,;, therefore Property

(2) holds for i + 1.

This completes the induction step of our proof. Once the construction has proceeded to @, we
have obtained a derivation @y, @1, ..., D,, with n = A(k), in which the clause ml : C does not occur.
By Property (3), since @) contains an empty clause ml”’ : false with ml”’ € {0, x}, ®, contains a
clause subsuming ml” : false. Thus, ®;, @1, ..., ®; is a refutation. m]

6 REFINEMENTS

In this section we propose two refinements for the calculus given in Section 4, namely negative
and ordered resolution. Both refinements restrict the clauses that can be selected for applying
the inference rules. Negative resolution [54] is a special case of semantic resolution [61], which
restricts clause selection by using an interpretation as a guide. For the classical case, given an
interpretation 7, the (binary) semantic resolution rule is given by:

[SRES] D v I
D v -l
D v D
where resolution can be applied only if one of the clauses in the premises is a nucleus, that is, a clause
which evaluates to true under . By taking n(p) = false, for all propositional symbols p, semantic
resolution corresponds to negative resolution. Semantic resolution is complete irrespective of the
interpretation chosen to guide the search for a proof [61]. Moreover, semantic resolution is also
consequence complete [62]. The following theorem, which follows directly from the consequence
completeness of semantic resolution, holds:

THEOREM 6.1 ([62, THEOREM 8]). If a clause C is a prime consequence of a finite set ® of clauses
and contains no negative (positive) literals, then there is a positive (negative) resolution derivation of C
from .

Theorem 6.1 ensures that all clauses containing only negated propositional symbols and which
are consequences of a set of clauses are generated by applications of negative resolution to the
clause set. We also note that the choice of literals to resolve during the application of the semantic
resolution rule can also be restricted to those which are maximal with respect to a given ordering
over the literals. However, for ordered semantic resolution, consequence completeness does not
hold for all orderings [38].

In the next sections, we show how restrictions can be applied to the modal case whilst retaining
completeness. As motivated by examples and discussed below, few adaptions to the normal form
are required. As the calculus operates on a set of clauses, we do not consider improvements that
could be applied to the transformation of a formula into the normal form, but the transformations
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that should be modularly applied to any given clause set in such a way that the calculus together
with either of the proposed refinements is complete.

6.1 Negative Resolution

Negative resolution was introduced in [54] as a refinement for the hyper-resolution method, which
restricts the clauses that are candidates to being resolved. The following definitions are needed.

Definition 6.2. A literal is said to be negative if it is the negation of a propositional symbol. A
clause is said to be negative if it contains only negative literals.

In the classical case, the negative binary resolution inference rule is exactly as S-RES, where
the resolution rule can only be applied if one of the clauses being resolved is negative. For the
refinement of the resolution calculus given here, we define a literal clause ml : D to be negative if,
and only if, D is a negative clause. Restricting the modal calculus to negative resolution means that
at least one of the literal clauses in the premises of inference rules is a negative literal clause, that
is, the restriction takes place in the application of the inference rules LRES, GEN1, and GEN3. As it
is, the calculus is not complete for negative resolution, as shown in Example 6.3.

Example 6.3. Consider the following set of clauses:

H )
cty = [
Tty = Q-p
. ot Vp Vg
5. 1:=t;VpVgq
Resolving Clauses (4) and (5), by an application of LRES, results in:

W N =
== 0 O O

6. 1:-t;Vp [LRES,4,5,q]
which can be resolved with Clauses (2) and (3), by an application of GEN1, generating:

7. 0: -t [GEN1,6,2,3, tl,p]
Applying LRES to Clauses (1) and (7) produces the empty clause. However, if the application of
LRES is restricted to negative resolution, Clause (6) would not have been generated and no proof
would have been found.

The calculus can, however, be restricted to negative resolution with a small change in the normal
form by allowing only positive literals in the scope of modal operators. Given a set of clauses in
SNle, we apply the following transformation to all modal clauses (where ml € NU {x}, t € L,
p € P,and t’ is a new propositional symbol):

pml:t=[l-p) = (ml:t=[t")Ap(mli+1:1t = —p)

pml:t= ®-p) = (ml:t= Gt')Ap(ml+1:t = —p)
It can be shown that the resulting set of clauses is satisfiable if, and only if, the original set of
clauses is satisfiable. We call the resulting normal form SNF? . As the resulting set of clauses is
still in SNFm it follows immediately that the original calculus RES, is terminating, sound, and
complete for SNF' . We denote by RESnme[g the resolution calculus resulting by restricting RES |
to negative resolution. Obviously, clause selection does not have any impact on soundness and
termination. It rests to prove that restricting the application of the resolution rules to the case
where at least one of the clauses is negative is complete.
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THEOREM 6.4. Let @ be a set of clauses in SNFY . If ® is unsatisfiable, then there is a refutation by
RES'® from ®.

Proor. We examine all cases of Theorem 5.12 which show that the applications of the inference
rules correspond to deletions of nodes in the behaviour graph. For sets of literal clauses, negative
resolution is a complete refutation strategy [54]. Hence, if the set of literal clauses at the modal
level ml is contradictory, then ml : false is generated by applications of the negative version of
LRES. Under the new normal form, the inference rules MRES and GEN2 can never be applied. Thus,
Cases 1 and 2 of Theorem 5.12 hold trivially. For the case where the literals in the scope of modal
operators contradict with the set of literal clauses (Cases 3, 4, and 5 in the proof of Theorem 5.12),
the proof follows from the fact that negative resolution is also consequence complete [62]: as all
negative clauses which are consequences of the set of literal clauses are generated, the rules GEN1
and GEN3 can be applied as follows. For Case 3, if ml : [ = @l’ occurs in the clause set, and I’
and the literal clauses at the next modal level are contradictory, because negative resolution is
consequence complete and ml + 1 : =l’ is a negative clause, then the application of the negative
version of LRES to the set of literal clauses generates ml+1 : —l”, to which GEN1 can be applied. For
Case4,ifml: 1= @U',ml:1, = [@l,...,ml:L, = [@l, occur in the clause set and the literals
I],.. .1}, and the literal clauses at the modal level m + 1 are contradictory, then =[] V...V =l , which
is a negative clause, is a consequence of the set of literal clauses. By consequence completeness
of negative resolution, applications of the negative version of LRES to the set of literal clauses
generates ml + 1 : =l V...V =l , to which GEN3 can be applied. For Case 5, if ml : | = @,
ml: 1l = [, ..., ml: I, = [4l, occur in the clause set and the literals I],.. [} ,!’ and the
literal clauses at the modal level m + 1 are contradictory, then =[] vV ... Vv =l Vv =l’, which is
a negative clause, is a consequence of the set of literal clauses. By consequence completeness
of negative resolution, applications of the negative version of LRES to the set of literal clauses
generates ml +1: =l V...V =l v =l’, to which GEN1 can be applied. As in all cases the negative
version of LRES produces the needed clauses corresponding to deletions on the behaviour graph, if
the set of clauses ® is not satisfiable, then there is a negative resolution proof corresponding to the
deletion procedure described in Section 5. O

Example 6.5. We show a negative refutation for the set of clauses given in Example 6.3. Clauses
(3’) and (6°) are introduced in order to obtain a set of clauses in SNF' .

1. Oito

2 Olto:lzltl
37, Ott():}@tz
4. 1:=HVpV q
5. 1:=4VpVyqg
6’ 1:=tV—p

The refutation proceeds as follows, where the negative clauses are underlined in the justification
for each of the obtained resolvents:

77 1:-t; V-t Voq [LRES, 6,4, p]

8 1:-, V-t Vg [LRES, 6’,5,p]

9" 1:-t V-l [LRES,7’,8’,q]
10’ 0: —|t0 [GEN1,2,3/,9_,, tl,tz]
11’ 0: false [LRES, 10’, 1, to]
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6.2 Ordered Resolution

Ordered resolution is a refinement of resolution where inferences are restricted to maximal literals
in a clause, with respect to a well-founded ordering on literals. Formally, let ® be a set of clauses and
Py be the set of propositional symbols occurring in ®. Let > be a well-founded and total ordering
on Py. This ordering can be extended to literals Ly occurring in ® by setting —p > p and p > —q
whenever p > g, for all p, g € Pp. A literal [ is said to be maximal with respect to a clause C V [ if,
and only if, there is no I’ occurring in C such that I’ > [. In the case of classical binary resolution,
the ordering refinement restricts the application to clauses C V [ and D V [ where [ is maximal
with respect to C and —I is maximal with respect to D. Ordered resolution is refutation complete
[27] and it has been successfully applied as the core strategy for many automated theorem proving
tools for both classical and modal logics [4, 29, 58, 64, 66]. It has also been shown that classical
hyper-resolution is complete under ordering refinements for any ordering on the set of literals [10].
Restricting resolution by orderings has been proved complete for hybrid logics in [3].

We show that the restriction given by ordered resolution cannot be easily applied to the calculus
given in Section 4. From the results in [10], any ordering over literals can be used to find contradic-
tions at the propositional fragment of the language by restricting the application of LRES. However,
the application of the hyper-resolution rules (GEN1 and GEN3) requires that the relevant literal
clauses for applying those inference rules are generated. As ordered resolution lacks consequence
completeness [38], such clauses cannot be derived for all orderings, as we show in the next two
examples.

Example 6.6. Consider the following set of clauses:

0: &

0: t()ﬂl:ltl

1: S Vp

1 —|t1Vq

0: tr= Oty

1 -ty VapVoog

SRR

which is unsatisfiable: applying LRES to Clauses (3), (4), and (6), we obtain 1 : =t; V —t; this clause
can then be resolved, by an application of GEN1, with Clauses (2) and (5), generating 0 : —=t,, which
contradicts with Clause (1) at the modal level 0.

The ordering given by t, > t; > t; > p > q does not allow any inference rule to be applied if
LRES is restricted to ordered resolution. Reversing the ordering allows a refutation to be found for
this particular example. In the next example, we show a refutation for & (pA & q) A T(-pV E-q).

Example 6.7. Consider the following set of clauses, where literals are ordered within each clause,
that is, the rightmost literal is the maximal literal with respect to each clause (p > q > t, > t; >
Iy > t3).

to

th= on

to = [t

L Vp

I3Vt V-p

hh = @q

I3 = —|q

-t V -ty [MRES, 6,7, q]

NN
e e e e = = N )
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9. 1: =tV V-p [LRES,S,5,1;5]
10. 1: =ty Vb [LRES, 9,4, p]
11. 0: =it [GEN1, 10, 2,3, t1, t5]
12. 0: false [LRES, 11, 1, to]

The set of clauses given in Example 6.7 is unsatisfiable, as shown in the refutation above. However,
for the given ordering, the literal ¢3 in Clause (8) cannot be resolved with its complement in Clause
(5), as —t3 is not the maximal literal in this clause. Thus, by using the ordered version of LRES, a
refutation for this set and this particular ordering does not exist.

The examples show that finding an ordering for which the ordered version of the calculus is
complete is not trivial. The key idea for achieving completeness is to introduce new literals in the
scope of the modal operators and set their ordering to be “low enough” so that the relevant literal
clauses needed for the modal hyper-resolution rules are generated. Given a set of clauses ® in
SNF, , and a well-founded and total ordering > on Py, we apply the following transformation to
all modal clauses (where ml € N U {x}, t,] € L and t’ is a new propositional symbol):

pml:t=[) = m:t=>EA)Apml+1:t' =1)
pml:t= S = (ml:t= St)Ap(ml+1:t =1)
and extend the given ordering by setting p > t’, for all p occurring in ®. We call the resulting

normal form SNF'*. Note that we only need to apply the rewriting rule to the clauses in @, but not

to the generated clauses in SNF'*. Thus, the rewriting procedure is terminating. Again, it is easy
to show that ® is satisfiable if, and only if, the resulting set of clauses in SNF;:; is satisfiable. For
a set of clauses ® = {¢y, ..., ¢m}, we denote by p(®P) the set resulting of the application of p to
each formula in @, that is, p(®) = p(¢1) U . ..U p(¢m). We denote by RES‘;:Id the resolution calculus
resulting by restricting RES | to ordered resolution.

In order to show completeness, we have to show that given a set of SNF::; clauses, all the cases
of Theorem 5.12 hold. We first note that, for a modal level ml, the fact that there is a refutation for
an unsatisfiable set of literal clauses, for any ordering, follows from [10]. For the same reason, for a
contradictory set of clauses at the modal level ml, the clause ml : false will be derived and the rule
GEN3 in the special case where m = 0 can be applied if there is any negative modal clause at the
level ml — 1. Also, as there are only positive literals in the scope of modal operators, the rules GEN2
and MRES cannot be applied. Thus, Cases 1 and 2 of Theorem 5.12 hold trivially. It rests to show
that the inference rules GEN1 and GEN3 will be applied whenever a contradiction between literals
in the scope of modal operators in modal clauses and the set of literal clauses occur. We recall that
GENT1 should be applied whenever the set of literals occurring in the scope of modal literals and the
literal clauses are contradictory, which corresponds to Cases 3 and 5 of Theorem 5.12; GEN3 should
be applied whenever the set of literals occurring in the scope of modal operators in a-positive
clauses and the set of literal clauses is contradictory, which corresponds to Case 4 of Theorem 5.12.

The next lemma shows that the relevant literal clause for the application of GENT1 is generated.

LEMMA 6.8. Let ® be a set of clauses in SNF_, with y = {ml : I = [-L,....ml : [}, =
@y, ml: " = @~} C@. Let p(y) = X VX withy! ={ml:1{ = [El,.... ml:, =
@y, ml: "= Q1) and)(r’nlJr1 ={ml+1:=l'Vv=l,. .. oml+1:=l7 vV =ly,ml+1: 1" v =l}

Let @501 = {C | ml+1:C € ®andC is a disjunction of literals} be the set of literal clauses at the
modal levelml + 1 and ®/ | = {ml+1:C | C is a disjunction of literals} C ® be the set of labelled
modal clauses at this same modal level. If E = {=ly, ..., —ly, 2l} U ®,,y4q is unsatisfiable and every
strict subset of Z is satisfiable, then there is a derivation of ml + 1 : =" v ...V =l v =l” from
E =X Y., byapplications of ordered LRES.

mi+1
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Proor. If E is unsatisfiable then, by the results in [10], there is a refutation for E, for any ordering
over the literals occurring in =. Let ¥y, . . ., ¥k, with ¥, = = and false € ¥, be such a refutation.
We inductively construct a derivation ¥, .. ., \Pli such that for every i, 1 < i < k, the following
Property (1) holds: for every clause C € ¥; there exists a clause ml +1: C V D € ¥/, such that all
literals in D are in {—I’, ..., =, —I""} and every literal in D is smaller than any literal in C.

The construction starts with ¥) = " = y’ ,  U®’ . By definition of ¥, every clause in ¥ is of
the form ml+1 : CV D, where D is either the empty disjunction or is a literal in {-[{’, ..., =l;;, =l""},
every literal in D is smaller than any literal in C, and C is either a literal in {=l1, . . ., =, =} or is
a literal clause in ®@,,;,;. Note, in particular, that each literal in {=ly, ..., =l,,, =l} corresponds to
one of the clauses in Xrlnl+1 ={ml+1:=l'Vv=l,...,ml+1:=l7V =l ml+1:=1"Vv-l}. Thus,
C € E = ¥, and Property (1) holds for ¥y and '¥;.

Assume that ¥j, ..., ¥/ has been constructed and that Property (1) holds for ¥; and ¥;.

Let ¥;41 = ¥; U{C V C’}, where C Vv C’ is the resolvent of the application of ordered LRES to
{CV14,C"V =ly} €Y, for some literal I;. Clearly, l; and —l; are maximal with respect to C and
C’, respectively; otherwise, the clause C V C’ would have not been derived by ordered resolution
and added to ¥;;;. As Property (1) holds for ¥; and ¥/, there exist clauses ml +1: CV DV Iy
andml+1: C’ VD'V —l;in ¥/ all the literals in D and D’ are in {-l{’,..., I, =l"} and are
smaller than every literal in C and C’. Thus, ordered LRES can be appliedtoml+1: CV DV l; and
ml+1:C"VD'V=lgin ¥/ and we obtain ¥/, = ¥/ U {ml+1:CV C’Vv DV D'}. Property (1)
holds for ¥;;; and ¥/ ;.

Since false € ¥y there must then be a clause ml + 1 : D € ¥/ such that all literals in D are in

{=l’, ..., =}, —l}. Because every strict subset of Z is satisfiable, all the literals in {=ly, . . ., =, =}
will be premises in an inference step in ¥y, ..., ¥x. Therefore, all clausesin y, . = {ml+1:
Sl v =l ml+ 1=l Y Sl ml+ 102 =1 v =l also contribute to the derivation of ml+1: D.

Note that there are no positive occurrences of I’, 1 < i < m, and I”” in Z’, so once one of these
literal occurs negatively in a clause, it cannot be resolved away. Thus, ml + 1 : D is exactly the
clause ml +1: =l v...v =l v =l”. O

Lemma 6.8 shows that by applying further transformation to the set of clauses and ensuring
that the new literals are minimal with respect to the given ordering, the relevant literal clause is
generated by the restricted version of the propositional resolution inference rule. Thus, GEN1 can
be applied as given in the proof of Cases 3 and 5 of Theorem 5.12. The proof that GEN3 can also be
applied (Case 4 of Theorem 5.12) is very similar and omitted here. This shows the completeness of
RES®" on sets of clauses in SN Fre.

THEOREM 6.9. Let @ be a set of clauses in SNF'*. If @ is unsatisfiable, then there is a refutation by
d
RES from .
In Examples 6.10 and 6.11 below, we show how the clauses introduced in Examples 6.6 and 6.7
can be transformed into SNF " and then refuted using ordered resolution.

Example 6.10. Let ® be the set of clauses given in Example 6.6 where the maximal literal in each
literal clause is underlined, that is,

to

g=> O
—|t1Vp

-t Vg

= Oty
—|_t2V—|pV—|q

STk
=R N W R ]
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and to > t; > t, > p > q be the ordering of literals. From @, we obtain the following set of SNF'*
clauses, where Clause 2 (resp. Clause 5) from above has been replaced by Clauses 2’ and 7 (resp.
Clauses 5’ and 8), the ordering over the literals is extended such that g > t; > t,, and the maximal
literals in each literal clause are underlined:

1. 0: ¢

2. 0: to= Ots

3. 1: —f1Vp

4. 1: =t Vg

5. 0: tg= Ot

6. 1: —tyV-pV-g

7.1 ahVh [SNF* 2]

8. 1: -4 Vi [SNF¥, 5]
The refutation restricted by ordering follows:

9. 1: =t3Vp [LRES, 7,3, t]
10. 1: =tyV-pV-q [LRES,S,6,1]
11. 1: =tV —t3V-g [LRES, 10,9,p]
12. 1: -t3vq  [LRES,7.4,4]
13. 1: =t3V -ty [LRES, 12, 11, ]
14. 0: =ty [GEN1, 13,2, 5, t4, 13]
15. 1: false [LRES, 14, 1, o]

Example 6.11. We start with the following set of SNF_, clauses given in Example 6.7 where
literals are ordered within each clause, that is, the rightmost literal, which is underlined, is the
maximal literal with respect to each clause (p > q > ty > t; > t; > t3).

b

ty = O

to = tz

oL Vp

I3Vt V-op

h= &g

ts = g

The set of SNF'" clauses is given below, where Clause (2) (resp. Clause (3), Clause (6) and Clause (7))
from above has been replaced by Clauses (2°) and (8) (Clauses (3’) and (9); Clauses (6°) and (10); and
Clauses (7°) and (11)) and the ordering over the literals is extended such that t3 > t; > t5 > t5 > #7.

NS =
e =R =N e

1. 0: &

2. 0: tg= Oty
3. 0: ty= [Ots

4. 1: -1 Vp

5. 1: 3V -tV -p
6. 1: H = @té_
7. 1: 3= [y

8. 1: —fyVHh

9. 1: =t Vih
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10. 2: ﬂt6Vq
11. 2: =tV q

and the refutation proceeds as follows:

12. 2: =7V -t [LRES, 10, 11, q]

13. 1: =V -h [GEN1,12,6',7’, te, 7]
14. 1: 3V -t V-t [LRES,4,5,p]

15. 1: =t;Vi3V ot [LRES,14,8,4]

16. 1: =tsV—tyVts [LRES,15,9,5)]

17. 1: =tV —ts  [LRES,13,8,4]

18. 1: —tsV -l [LRES, 16, 17, t]

19. 0: =ty [GEN1,18,2’, 3/, ta, t5]
20. 0: false [LRES, 19,1, t,]

7 EXPERIMENTAL EVALUATION

KgP [41, 43, 44] is an implementation, written in C, of the calculus presented in Section 4. The
sources as well as instructions for installing and running the prover can be found in [42]. The
prover was designed to support experimentation with different combinations of refinements of its
basic calculus. Refinements and options for (pre)processing the input are coded as independently as
possible in order to allow for the easy addition and testing of new features. The main loop is based
on the given-clause algorithm implemented in Otter [37], a variation of the set of support strategy
[69], a refinement which restricts the set of choices of clauses participating in a derivation step.

We have evaluated the different refinements implemented in KgP over two collections of modal
formulae:

(1) The complete set of TANCS-2000 modalised random QBF (MQBF) formulae [36] comple-
mented by the additional MQBF formulae provided by Kaminski and Tebbi [30]. This
collection consists of 1016 formulae in total, of which 617 are known to be satisfiable and
399 are known to be unsatisfiable. The minimum modal depth of formulae in this collection
is 19, the maximum 225, average 69.2 with a standard deviation of 47.5.

(2) Selected instances from the 18 classes of parameterised LWB basic modal logic benchmark
formulae [12]. The parameter values refer to different characteristics of the formulae being
generated (e.g. for the k_branch_n family, the parameter n € N generates formulae of 2n + 3
variables and modal depth n+ 1; for the k_d4_p family, the parameter refers to the maximum
nesting of modal operators; please, refer to [12] for details about the use of parameter
values in the construction of formulae for all the families). For each class we have chosen
56 parameter values and corresponding formulae so that only the best current provers,
if any at all, can solve every formula in a class within a time limit of 1000 CPU seconds.
In total, the collection consists of 1008 formulae of which half are satisfiable and half are
unsatisfiable by construction. The minimum modal depth of formulae in this collection is 1,
the maximum 30,004, average 1,065.7 with a standard deviation of 2,670.1.

These benchmark formulae have previously been used in [41, 43, 44]. We have excluded a third
collection of benchmark formulae that was used in [41, 43, 44], the randomly generated 3CNFg
formulae, as they are of low modal depth and therefore the layered normal form and layered
resolution calculus offer little benefit for them.
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Fig. 1. Influence of Refinements on Performance of Resolution

Benchmarking was performed on PCs with an Intel i7-2600 CPU @3.40GHz and 16GB main
memory. For each formula and option of the prover we have determined the median run time over
five runs with a time limit of 60 CPU seconds for each run.

Figure 1 compares the impact of different refinements of resolution on the performance of KgP on
the MQBF and LWB collections. It is important to remember that the refinements require different
normal forms. For unrefined resolution, that is, the calculus given by the rules in Table 3, we use
SNFm ] clauses. For negative resolution and ordered resolution we use SNF:'nl and SN F::; clauses,
respectively.

Irrespective of the refinement, the shortest clause is selected to perform inferences; both forward
and backward subsumption are used, i.e. newly generated or old clauses which are subsumed are
deleted; prenex, that is, moving the modal operators outward the formula as far as possible, is set;
and no simplification steps are applied.

For the MQBF collection, negative resolution performs better than both ordered and unrefined
resolution. Somehow surprisingly, unrefined resolution performs almost as well as ordered resolu-
tion for this collection of clauses: whilst ordered resolution produces an output for 906 formulae,
the unrefined resolution produces an output for 901 formulae within the same timeout. A possible
reason for the good performance of the unrefined resolution is that for the problems in the MQBF
benchmark there are few propositional symbols within each modal level, thus the restrictions on
the propositional part of the calculus do not have a huge impact on the overall performance of the
prover. Also, the normal forms required for applying negative and ordered resolution introduce

Unrefined Resolution || Negative Resolution || Ordered Resolution

#Solved | Parameter || #Solved | Parameter || #Solved | Parameter
k_branch_n 2 2 4 4 12 12
k_poly_n 10 20 11 40 18 180
k_poly_p 11 40 11 40 19 200
k,t4pJ’1 31 2200 31 2200 19 1000
k_t4p_p 50 9000 50 9000 39 3000

Table 4. Performance of Refinements on Selected LWB Benchmark Classes
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Fig. 2. Influence of Normal Form on Performance of Unrefined Resolution

new propositional symbols, which contribute to the extra time spent on the propositional portion
of the problems.

For the LWB collection, there is no discernible difference between unrefined, negative and
ordered resolution as far as the total number of solved instances is concerned. However, on the
level of individual classes within the collection there are significant differences. Table 4 shows the
results for 5 of the 18 classes of the collection, k_poly_p and k_t4p_p contain only provable formulae,
k_branch n, k_poly n and k_t4p_n only non-provable formulae. For each refinement, the first
column in Table 4 shows the number of instances solved and the second column shows the highest
value of the parameter solved within the given timeout. On k_t4p_n and k_t4p_p, unrefined and
negative resolution perform considerably better than ordered resolution while for the remaining
three classes the opposite is true. The poor performance of ordered resolution on k_t4p_n and
k_tdp_p is linked to the extra clauses in SNF'* compared to SNF? .

Figure 2 shows the influence of different normal forms on unrefined resolution for the MQBF
and LWB collections. There is very little to no difference between the performance on SNF , and
on SNFY  while performance on SNF " is significantly worse. The good performance of unrefined
resolution together with SNF' = on the MQBF collection is not surprising: because of the structure
of the problems in this collection, there are not many negated propositional symbols to be renamed
in the scope of the modal operators. Considering the 1016 formulae in the MQBF collection, the
average number of propositional symbols is 22. After translation into SNF . the average number
of propositional symbols per problem is 4605. With SNF” , this number increases slightly to 4661
propositional symbols. The increase in the average number of clauses is similarly small, from 6410
clauses per problem to 6426 clauses. So, there is no significant difference between the two normal
forms on MQBF formulae and therefore no significant difference in the performance of unrefined
resolution. However, with SNF'" the number of propositional symbols almost doubles, there are
9016 propositional symbols on average per problem, the number of clauses almost doubles to 10781
clauses per problem, which explains the bad performance of ordered resolution.

A similar pattern can also be observed for the LWB benchmark formulae. On the 398 formulae
that KgP can solve within the time limit, the average number of propositional symbols per problem
in SNF_, SNF:rnl and SNF:HJ; is 7496, 8189, and 13377, respectively; only a 9% increase from SNF ,
to SNF'  but a 78% increase from SNF  to SNF'". The average number of clauses per problem in
SNF_ ., SNF:rnl and SNF:;:; is 10633, 11309, and 16498; a 6% increase from SNF_, to SNF:'nl and a
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Fig. 3. Influence of Subsumption on Performance of Negative Resolution

55% increase from SNF_ to SNF'*. This results in a small difference in performance of unrefined
resolution on SNF_ clause sets versus SNF'  clause sets but significant difference between these
two normal forms and SNF'*.

KgP implements both forward subsumption and backward subsumption. With forward subsump-
tion enabled no newly derived literal clause that is subsumed by an existing literal clause will be
added to the clause set. With backward subsumption enabled, any newly derived literal clause will
be used to remove existing literal clauses subsumed by it. In both cases, subsumption is applied
in lazy mode: a clause is tested for subsumption only when it is chosen as a candidate for the
resolution and only against clauses in the usable, that is, the set of processed clauses. As pointed
out in [59], lazy subsumption avoids expensive checks for clauses that might never be selected
during the search of a proof.

Figure 3 shows the impact of forward and backward subsumption on negative resolution. It
shows that forward subsumption improves performance significantly. On the MQBF collection,
enabling backward subsumption in addition to forward subsumption only has a marginal positive
effect: Only a further 20 formulae (2.2%) can be solved within the time limit. On the LWB collection,
backward subsumption has a more beneficial effect. Here, an additional 86 formulae (30.0%) can be
solved within the time limit.

8 RELATED WORK & DISCUSSION

In [2], a translation-based method for K, is given. Formulae are translated into the Guarded
Fragment of First-Order logic [1] taking into consideration the modal level where propositional
symbols and modal operators occur. The main difference from the usual translation is that relational
symbols and propositional symbols are indexed by their modal level at the target language. For
instance, < (p = [J-p) is firstly translated into <> ,(p; = [J,—p,) and, via standard translation,
the formula Jy((Rixy A P;) = Vz(Ryyz = —P,)) is obtained. Thus, the application of resolution to
p and —p at the original formula can be avoided in the target language as their translation is not
unifiable. The presented translation is suitable for local reasoning. However, for global reasoning,
some mechanism for identifying different symbols that are used to translate the same propositional
symbol in the original formula would be needed.

The proof method for K; given in [5] is also based on translation, but into Hybrid logics (see
[15], for a survey on Hybrid logics). Formulae are labelled by either constants a, which correspond
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to names of worlds in a model, or by pairs (a, b) representing the relation between two worlds
named by a and b, respectively. The formula {(p = <> —p) can then be translated into the set
of clauses {R(a, b),b : =p V R(b,c),c : =p}, where a, b, ¢ are constants and R is a new relational
symbol. Although this translation does not take into consideration the modal levels where the
formulae occur, it avoids applying the resolution rules to occurrences of p at different modal levels
as their labels cannot be unified. The presented calculus is also only suitable for local reasoning.
Refinements based on selection functions and ordering for the labelled resolution calculus for
Hybrid logics are given in [3].

The method most closely related to ours is a combination of the optimised functional translation
of K,, to basic path logic [28, 57], which improves and extends previous approaches for translating
modal problems into first-order ones [16, 46—-48]. Basic path logic is a fragment of sorted first-order
logic with a sort Sy for the set of worlds W, a sort S, for each index a € A, binary functions [ _],,
a € Ay, of sort Sy X S; — Sw, special unary predicates def ,, a € A,, of sort Sy representing
subsets of W, and unary predicate symbols P, of sort Sy for each propositional variable p € P. The
formula < (p A @-p) is translated to def | (x : Sw) A (Pp([x : Sw,y : S1]) AVz : Si(def([x : Sw,y:
S11) = =Py([[x : Sw,y : S1],z : 51]))) from which the set of clauses {def (a : Sw), Py([a : Sw, b :
S11), —def (([a : Sw,b : Si) V =Py([[a : Sw,b : S1],z : Si])} can be obtained. No inferences by
resolution are possible from this set of clauses as, for instance, P, ([x : Sw,y : S1]) and Pp([[x : Sw, y :
S1],z : S1]) do not unify. If one only considers the local satisfiability problem, then it is possible to
further improve this translation. In the polyadic optimised functional translation the combination
of unary predicate symbols and nested function applications of depth is replaced by n-ary predicate
symbols and sorts are encoded into the predicate symbols. The formula < (p A [[-p) is then
translated to def’| 1,/ (x) A(Pp,w,1(x, y) AVz(def | v 1(x,y) = =Pp w,1.1(x,y, 2))) with corresponding
set of clauses {def y,(a), Ppw,1(a,b), ~def |y, 1(a,b) V =Pp w.1.1(a, b,2)}. Again, no resolution
inferences are possible from this set of clauses.

The work presented here extends the calculus given in [39], which could only deal with local
reasoning. Moreover, two of the inference rules given in [39], namely IRES1 and IRES2, are
not required for completeness. Both calculi have been implemented as part of the proof search
procedures of KgP [41, 43]. For local reasoning, the experimental results given in [41] show that
the labelling of clauses is effective in avoiding unnecessary applications of inference rules, thus
improving performance. From a theoretical point of view, the improvement in efficiency can be
explained by the following facts. The resolution procedure for classical logic runs in deterministic
exponential time in the size of the number of literals occurring in the clause set [55]. The modal
inference rules for the calculus given here do not change the overall complexity, as they can be
seen as variations of the classical inference resolution rule. Thus, if m is the number of literals
occurring in the clause set, the implementation of the saturation procedure is bound to run in time
T(m) = O(2™). However, if we consider that the modal problem has modal depth ml > 1 and that
the propositional symbols are uniformly distributed over the modal levels, then the expectation of
the number of propositions by modal level is given by m/mli. Thus, the recurrence equation for
the running time of the saturation procedure is given by T(m) = ml x T(2™/™!), whose solution is
in O( "V2™). 1t is then clear that the saturation procedure based on levels is asymptotically better
than the previous saturation procedure.

In [41] we have also compared the performance of KgP with state-of-the art provers, namely
BDDTab [20], FaCT++ 1.6.3 [65], InKreSAT 1.0 [30], Spartacus 1.0 [21], and a combination of
the optimised functional translation [28] with Vampire 3.0 [31]. Besides the MQBF [30, 36] and
the LWB collections presented above, one more collection of modal formulae was used in the
comparison: the randomly generated 3CNFy formulae [50] over 3 to 10 propositional symbols with
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modal depth 1 or 2. When considering the three different benchmarks, KgP performs best on the
modalised random QBF formulae. In contrast, KsP performs worse on the randomly generated
3CNFy formulae as the labelling offers very little advantage for modal formula with a maximal
modal depth of 2. Finally, for the LWB benchmark classes, performance very much depends on the
characteristics of the individual class, without a clear picture emerging. Overall, the experimental
results given in [41] suggest that KgP performs best if propositional variables are evenly spread
across a wide range of modal levels. It is worth noting that for the LWB benchmark, ordered
resolution outperforms the other implemented refinements. The implementation of the different
strategies allows for the user to choose the refinement which is more suitable for the structure of
the problem in hand.

9 CONCLUSION

We have presented a novel resolution calculus for K,, that restricts resolution inferences to formulae
at the same modal level. The experimental evaluation shows that negative resolution performs better
than both ordered resolution and resolution with no restrictions, for the benchmark considered
here. The paper provides full proofs that the calculus and its refinements are sound, complete and
terminating. Moreover, we show that the calculus remains complete if subsumption is applied. The
evaluation shows that applying forward subsumption has a positive impact on the performance
of the prover. The evaluation also shows that the gains from the use of ordered resolution are
counteracted by the requirement to use a clausal normal form that often contains considerably
more clauses than the normal forms we can use with unrefined or negative resolution. In future
work we will investigate how this relative increase in size can be minimised.

In the calculus presented here, we have restricted the labelling to modal levels, which makes the
unification procedure required for the application of the inference rules very simple. We conjecture
that having more structured labels might help achieving more efficient proof search procedures in
some cases. For instance, for formulae with a large number of occurrences of the € operator by
modal level, a € A, that is, formulae with high modal branching, it might help to use the labels to
refer to worlds as well. This kind of labelling would mimic labelled tableaux procedures, as that
of [18], and possibly minimise the number of inference rules to be applied during the saturation
of satisfiable sets of propositional clauses. On the other hand, if both local and global reasoning
are applied to such formulae, the labelling of worlds might lead to repeated application of rules to
the same set of clauses, as it occurs with propagation of formulae in the scope of [¢] operators in
tableaux-based procedures. Another possibility is to label formulae with their modal path, as in
the optimised functional translation [28, 57], which makes the unification procedure slightly more
complicated, but could help to achieve more efficiency in the case of formulae with high modal
depth, but low modal branching. Those and the investigation in the application to other strategies
are subject of future work.
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