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Abstract—In this paper, we maximize the system throughput
of a point-to-point ultra-reliable low-latency communications
(URLLC) system by jointly optimizing its block length and
pilot length under the constraints of latency and block error
probability. A finite block length (FBL) is adopted to enable
low transmission latency. We prove that the throughput is
approximately concave with respect to pilot length, given a
block length, and that there exists a unique optimal block
length in terms of throughput, with a given pilot length. Closed-
form expressions are derived for the near-optimal pilot length
with a given block length, as well as the asymptotic block
error probability with respect to both block length and pilot
length. A low-complexity iterative algorithm is proposed for joint
optimization of block length and pilot length, which converges
within only 1-3 iterations. Simulation results show that the
proposed joint optimization scheme achieves a near-optimal
throughput performance of an FBL. URLLC system, with a much
lower complexity than exhaustive search. It also significantly
outperforms the previous approaches that considered either block
length optimization or pilot length optimization only.

Index Terms—Ultra-reliable low-latency communications, fi-
nite block length, pilot length, joint optimization

I. INTRODUCTION

One of the features of the fifth generation (5G) mobile
networks is the support for Ultra-reliable low-latency com-
munications (URLLC) [1], [2]. URLLC can be used for
mission critical services such as autonomous driving, factory
automation and remote piloting of drones [3]-[6], requiring
end-to-end latency of less than 1 ms and very high reliability
of 99.999%. How to achieve a high system throughput under
the requirements of URLLC is a particularly challenging task
and the focus of this paper.

Many techniques have been proposed to improve reliabil-
ity, but often have to sacrifice latency. On the other hand,
methods that reduce latency could cause decreasing reliability.
Adopting a short block structure is a straightforward way to
reduce the transmission latency. However, in the finite block
length (FBL) regime, the decoding error probability should
be taken into account and conventional metrics based on
Shannon’s theorem become inaccurate, i.e., channel capacity
and outage probability. In [7], the authors derived an accurate
approximation of the achievable rate with respect to block
length, error probability and signal-to-noise ratio (SNR) over
additive white Gaussian noise (AWGN) channel. Subsequently,
the results have been applied in relaying networks [8], non-
orthogonal multiple access (NOMA) systems [9], [10] and

quality of service (QoS)-constrained networks [11], [12].
Power and bandwidth optimization have been considered in
the above references to maximize the throughput or achievable
rate. However, most of the previous studies assumed fixed
block length, which may not be optimal. The work in [13]
discussed the trade-off between the block length and the
number of retransmissions. However, the specific block length
optimization for one shot transmission was not analyzed in
[13].

In addition, channel estimation accuracy has a great impact
on the latecny and reliability of URLLC [2], [3]. Furthermore,
in the FBL regime, the pilot overhead for channel estimation
is not negligible [14]. In the aforementioned work [10], [11],
[13], however, no pilot length design was considered and
perfect channel state information (CSI) was assumed. In [14],
only the pilot overhead optimization was addressed without
considering the block length. In addition, the pilot-based
channel estimation also introduces estimation errors, which
are not negligible. Therefore, it is essential to consider both
pilot length and block length when designing a short-block
structure for URLLC.

In this paper, a joint block length and pilot length opti-
mization scheme is proposed to maximize the throughput of a
point-to-point system under the constraints of high reliability
and low latency. The main contributions of this paper are
summerized as follows:

o To the best of our knowledge, this is the first work to
investigate joint optimization of block length and pilot
length of an FBL URLLC system. While the previous
work has considered either block length [13] or pilot
length [14] in block structure design. A closed-form
expression of the asymptotic block error probability with
respect to both block length and pilot length in the FBL
regime is derived, while in the previous work only the
block error probability with respect to block length was
investigated [11], [13].

o We consider the impact of both block length and pilot
length on system throughput of an FBL URLLC system.
It is proven that the throughput is approximately concave
with respect to pilot length, given a block length, and
that there exists a unique optimal block length in terms
of throughput, with a given pilot length. We also derive
a closed-form expression of the near-optimal pilot length
with a given block length. In addition, we show that the
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impact of pilot length on throughput is more significant
in low SNR region, while block length plays a dominant
role in medium to high SNR region. The proposed joint
optimization scheme achieves much higher throughput
than the approaches in [13] and [14], where only block
length [13] or pilot length [14] was optimized.

o A low-complexity joint block length and pilot length
optimization (JBLPLO) algorithm is proposed, which
operates in an iterative manner. Thanks to the closed-
form expression of the near-optimal pilot length derived,
only a search for the optimal block length is needed, and
the algorithm converges within 1-3 iterations. Numerical
results show that the proposed scheme achieves near-
optimal performance in terms of throughput, with a
tremendous complexity reduction over exhaustive search.

The rest of this paper is organized as follows. Section II
presents the system model and problem formulation. In Section
III, we derive the expression of the asymptotic block error
probability in terms of both block length and pilot length.
In Section IV, the impact of block length and pilot length on
system throughput is analyzed and the corresponding JBLPLO
algorithm is presented. Numerical results are given in Section
V. Section VI draws conclusion.

II. SYSTEM MODEL AND PROBLEM FORMULATION

A. System Model

We consider a point-to-point URLLC system with FBL.
A pragmatic block structure is illustrated in Fig. 1, where
a block of N symbols of M-ary modulation consists of
L/logy, M information symbols with L denoting the number
of information bits, n; pilot symbols for channel estimation,
and redundant symbols for error correction code (ECC). In
this paper, the specific ECC is not studied.

I N R
A i
. ECC .
Pilot R Information
I I I I
—»l I« >
! g ! ! L/logoM !

Fig. 1. Block Structure

A quasi-static Rayleigh fading channel is considered in
this system, where the channel gain remains constant for the
duration of one block. Denote x; as the i-th (i = 1,...,N)
transmitted symbol of average symbol energy FE, the i-th
received signal is given by

¥ = hx; + w;, (D

where w; is AWGN with zero-mean and variance Ng, and h is
the Rayleigh fading channel gain within a block. The received
instantaneous SNR is denoted by

h|?E,
v = | J|Vo . 2

B. Problem Formulation

In this subsection, we formulate an optimization problem
to maximize the system throughput with respect to the block
length and the pilot length under the constraints of both the
latency and the reliability. Based on [9] and [10], the effective
throughput is adopted as the system performance metric. The
throughput (bits per channel use or bpcu for short) is obtained
by

L
n=_(1-9, 3

where ¢ is the decoding block error probability, and 7 is the
total number of channel uses in the block transmission, which
is utilized to indicate latency.

In this paper, we focus on the transmission latency. As a
consequence, we have 7 = N. The reliability is characterized
by block error probability in terms of block length N and
pilot length n, which is derived in Section III. Then the block
length and pilot length are determined by solving the following
optimization problem

W ! o
s.t. N — Ny <0, (4b)
€—emr <0, (4c)

N —n, > L/log, M, (4d)

N,n; €N, (4e)

where (4b) and (4c) limit the maximum allowable latency
Ny and maximum error probability ey, respectively. Date
must be transmitted with the reliability 1 — ey, within the
latency constraint Ny,. (4d) shows the ranges of N and ny
that mainly depend on the amount of information that needs
to be transmitted.

III. BLOCK ERROR PROBABILITY ANALYSIS

A. Impact of Block Length on Block Error Probability

As disscussed in [7], for given block length IV, block error
probability € and instantaneous SNR ~ with perfect CSI, the
achievable rate of the Rayleigh fading channel can be tightly
approximated as

R=prco - R0,
where  C(%) = logy(l + ) and V(y) =

(1 - ﬁ) (logy €)? . In addition, Q~1(-) is the inverse of

the Q-function given by Q(z) = [° \/%e—tz/zdt,



TABLE I
COMPUTATIONAL COMPLEXITY (/N 4: SIZE OF BLOCK LENGTH SEARCH, Np: SIZE OF PILOT LENGTH SEARCH, I: NUMBER OF
ITERATIONS.)

Method

Analytical Computational Complexity

Proposed JBLPLO algorithm

O (Ilog Na)

Optimal block length + fixed pilot length [13]

O (logy Na)

Optimal pilot length + fixed block length [14]

O (log, Ng)

Exhaustive search

0 (%)

Subsequently, for a direct transmission with block length
N, achievable rate R and received SNR ~, the block error
probability is given by [11]

emcz< VJ(Vw(cm—fv)), ©

Since Q-function is monotonically decreasing, the block error
probability decreases as the block length increases in the FBL
regime.

B. Impact of Pilot Length on Block Error Probability

In this section, we study the impact of pilot length on the
block error probability. First, the length of pilot affects the
number of data symbols and hence the block error probability

can be expressed as
L
COR N_nt)) S

e~ Q N —ny
V()

which shows that an increase in n, leads to an increase in the

block error probability.

Then we evaluate the impact of n, on channel estimation.
ne pilot symbols are employed to estimate channel gain that
is assumed to remain constant within a block in the quasi-
static channel. In this paper, minimum mean square error
(MMSE) estimator is used in block fading model and we can
obtain MMSE as §2 = —L— [14]. The effective SNR can be

14+nyy
formulated as
_ (1 - 52) _ nt’Y2 (8)
"1+ gy + 1

which shows that the effective SNR +,, approaches the SNR
~ as ny increases.

Hence, based on the above derivations, the asymptotic block
error probability in terms of both block length and pilot length

can be obtained as
L
COARE= n)) )

N —n
er~Q ( :
IV. BLOCK STRUCTURE OPTIMIZATION

V(vn,)

In this section, we propose a low-complexity JBLPLO algo-
rithm to solve Problem (4) based on decomposition methods

[15]. The key idea of our algorithm is to decompose the orig-
inal problem into two solvable subproblems and conduct an
iterative search. In the proposed algorithm, the optimal values
of the block length IV and the pilot length n, are determined
under the fixed latency constraint 7y, and reliability constraint
€thr-

A. Optimal Block Length With Given Pilot Length

Proposition 1. With a given pilot length n; and a block error
probability of € < 0.5, there exists a unique optimal N, that
maximizes the FBL system throughput 7 under the constraints
of (4b), (4c) and (4d).

Proof: See Appendix A.

According to Proposition 1, optimal block length Ny with
a given pilot length can be obtained by using bisection search.

B. Optimal Pilot Length With Given Block Length

Proposition 2. With a given block length N, the FBL
system throughput is approximately concave with respect to
pilot length n;.

Proof: See Appendix B.

Based on Proposition 2, the optimal pilot length n,, can be
derived by letting (20) be zero, which is equivalent to solving
the first derivative of block error probability (17) with respect
to ny. The closed-form expression of the near-optimal pilot

length is given by
- \/ In (2)B1 + Bg

Mort = o (2) L — 2)4 (19)

where

By = \/(ALN2 + ALN +1n(2) L2)12 + (SLN + 4L)~ + L.
By =(—2N —In(2) L)y —2In(2) L.
C. Joint Optimization of Block Length and Pilot Length

The overall algorithm for solving Problem (4) is provided
in Algorithm 1. In particular, we start with random initialized
value of n,° and calculate the feasible range [Npmin, Nin]
according to (4b), (4c) and (4d). Then the optimal solution
N1 can be obtained by using bisection search in [Ny, Nip)-
Therefore, the optimal solution n,* can be determined by (10)
based on N'. Then, we repeat these two steps till the solution
converges. Thanks to the closed-form expression of the near-
optimal pilot length given in (10), only a search for the optimal
block length is needed, which implies low complexity.



Algorithm 1: The Iterative JBLPLO Algorithm with
Block Length NV and Pilot Length n;

1 initialize: n, N, iterative index ¢ = 1, maximum
iterative times %y,,, error tolerance 0;

2 repeat

3 For a given n* "', solve (13) to obtain the optimal N
by using bisection search in feasible region
[NminaNmax]; ) )

4 With a fixed N*, the solution n;" is obtained by (10).

59=1+1;

6 until i > i ornd —nt <& N —N—1 <9

D. Complexity Analysis

Then we analyze the complexity of the proposed algorithm.
We denote No = Ny — Nin and Ng = N — L/log, M.
Generally, the complexity of exhaustive search is O (NTAZ .
The complexity of separately optimizing the block length and
the pilot length are O (log, N4 ) and O (log, Np), respectively.
The complexity of the proposed joint optimization algorithm
is O (Ilogy Na), where I is the number of iterations. The
complexity of the above methods are shown in Table 1. With
Np = 100, Ng = 50 and I = 3, The proposed algorithm is
found to be very computationally efficient, with complexity
reduction of around 200-fold than the exhaustive search. It
also achieves a complexity comparable to the approaches that
optimize either block length [13] or pilot length [14] only.

V. NUMERICAL RESULTS

Simulations have been carried out to demonstrate the ef-
fectiveness of the proposed JBLPLO algorithm for URLLC
communication systems. The system parameters are specified
as follows: the constraints for the maximum latency and the
block error probability are Ny, = 150 and ep = le — 5,
respectively; the transmitted information bit length L is set
to 100; the modulation order is M = 4 and the number of
iterations of JBLPLO is set to I = 3, except for Fig. 5.

A. Throughput

In Fig. 2, we compare the proposed joint optimization
algorithm (labeled as ‘Proposed JBLPLO algorithm’) with the
following methods: 1) exhaustive search algorithm (labeled as
‘Exhaustive search’), 2) optimal block length with fixed pilot
length n; = 1 [13] (labeled as ‘Optimal block length + fixed
pilot length’), 3) fixed mean block length N = % that
satisfies the demand of URLLC with the optimal pilot length
[14] (labeled as ‘Fixed block length + optimal pilot length’).
The performace of different methods are shown in Fig. 2.

As shown in Fig. 2, the throughput of all methods increases
as SNR increases from 2 dB to 15 dB and then achieve
a convergence gradually. It is shown that the results of our
proposed JBLPLO algorithm are consistent with the exhaus-
tive search and significantly outperforms the other methods,
which demonstrates the effectiveness of joint optimization. At
SNR=12 dB, the throughput of the approaches that optimize

Throughput (bpcu)

—#— Proposed JBLPLO method
/ —DO- Exhaustive search
5 —O- Optimal block length + fixed pilot length [14] |
— P~ Fixed block length + optimal pilot length [15]
|

2 4 6 8 10 12 14 16 18 20
SNR (dB)

Fig. 2. Impact of SNR on throughput

only either block length or pilot length are enhanced approxi-
mately 0.6 npcu by the proposed iterative JBLPLO algorithm.
In addition, the method with optimizing the pilot length is
better than the method whithout optimization in the low SNR
region, and optimizing the block length is more effective in
the high SNR region.

B. Optimal Block Structure

Fig. 3 shows the impact of block length N and pilot length
ng on throughput at different SNRs. In general, the system
performance is remarkably affected by the block length, which
indicates that we can optimize block length N to maximize
the throughput. It is shown that the impact of pilot length
on throughput is significant in the low SNR region, which
indicates that optimizing the pilot length in low SNR is more
effective. As shown in Fig. 3(a) and 3(c), for the short block
length region, the throughput increases rapidly as the block
length increases. However, as the block size increases, the
throughput decreases for the long block length region. This
is due to the fact that with the increase of block length, the
channel use becomes the major limit of the throughput instead
of block error probability. Similarly, the throughput increases
with an increase of the pilot length first and then starts to
decrease slowly. Compared with Fig. 3(a), Fig. 3(c) shows that
the optimal block length decreases as the SNR increases. By
comparing Fig. 3(b) and Fig. 3(d), we observe that when the
length of transmitted bits is fixed, the optimal pilot length and
the optimal block length both decrease as the SNR increases

Fig. 4 shows the relationship between the optimal block
structure and SNR. It is shown that the optimal block length
(excluding pilot length) and the optimal pilot length generally
decreases as SNR increases.The optimal block struture remains
almost constant at high SNR. In addition, the optimal pilot
overhead that refers to the ratio of the optimal pilot length
to the optimal block length is low in the high SNR region.
Furthermore, it is shown that optimal pilot length and optimal
block length obtained by the proposed JBLPLO algorithm are
nearly the same to those by exhaustive search.
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C. Convergence Behavior

Fig. 5 demonstrates the system throughput against the
number of iterations of the proposed JBLPLO algorithm, from
SNR = 2 dB to SNR = 18 dB with a step size of 4 dB. It
is easily seen that the proposed iterative JBLPLO algorithm
converges fast within 3 iterations, regardless of SNR.

VI. CONCLUSION

In this paper, we have jointly optimized pilot length and
block length to maximize the throughput in a point-to-point
FBL system under the constraints of high reliability and
low latency, and derived the closed-form expression of the
near-optimal pilot length with a given block length. A low-
complexity iterative JBLPLO algorithm has been proposed,
which requires only 1-3 iterations for convergence. Numerical
results confirm that the proposed joint optimization algo-
rithm achieve the near-optimal performance with a 200-fold

2
1.8 F P
1.64 1

¢
e 1

3

g12f

=

3 1

Y

S 080—

=

=
06

—O— SNR=2dB
04l —6— SNR=6dB |
' SNR=10dB
02l —©6—SNR=14dB| |
: —6— SNR=18dB
0 ‘ ‘ ‘ ‘ ‘ [
1 2 3 4 5 6 7 8

lterative times

Fig. 5. Convergence performance of the proposed algorithm for various SNR

complexity reduction over exhaustive search. The throughput
of the approaches that optimize only either block length or
pilot length are enhanced approximately 0.6-0.8 npcu by the
proposed JBLPLO algorithm. In addition, the optimal pilot
overhead decreases with the increase of SNR and saturates at
only 2% at high SNR.

APPENDIX A
PROOF OF PROPOSITION 1

For ease of analysis, we denote 7 = —n, and thus the max-
imization problem in (4) is transformed into a minimization
problem. Then the objective fuction is given by

(1)

min 7
N,ng K

First, according to [13], block length N can be approximated
as a function of the block error probability e as follows:

L
Nem ——— + Wi (1+ W),

12
Clm) (12)

where

(@) Vim)
2(Cm))”

\/1 4 MO0
V() (Q1(9))

Since e is monotonically decreasing with respect to N, in
order to satisfy € < eg, the block length needs to meet
N > N.. Therefore, the feasible range of N is [Nmin, Nmax]
where Ny, = max{N,, L/logy M}, Nyax = N

Then we prove that there exists only one optimal Ny that
minimizes 7). To simplify the notation, we denote Wy, =
VN = 1) [V () * (C’('ynt) - ant). The first order of 7
with respect to N is given by

877_L<3Q(WN,m)

Wy =

Wa

ON ~ N2 an NV tl- Q(Ww,m)> . (13)



Let R = %N +1-Q(Wnyu)- 2L > 0 holds if

R > 0, vice versa. The first derivative of R is given by

% _ (W N) , (14)
where
where G = \/%6_% and
a?g]vvzé,m __ (N=m)C(yn) +3L 7 <0 (6

LN =n) Vim) (8525)
Note that 2£

v > 0 holds if Wy, > 0, and Wy, > 0
holds if € < 0.5. g—ﬁ > 0 suggests that R is monotonically
increasing with respect to N. As N increases, there are three
cases. 1) R < 0, the objective function 77 is monotonically
decreasing with respect to N in the feasible range [Npin, Nih]-
The optimal block length is Nopy = Npax. 2) R gradually
changes from R < 0 to R > 0. There exists a unique optimal
Nopt in (Nmin, V). Then we apply bisection search to obtain
the optimal Ny by solving (13). 3) R > 0, the objective
function 77 is monotonically increasing with respect to IV in
[Niins Vmax|. The optimal block length is Nop = Nipin.

APPENDIX B
PROOF OF PROPOSITION 2

Given N, minimizing 7) is equivalent to minimize e. The
first and second order of ¢ with respect to n, are given by

86 _ QWN,»,“
o G EI a7
9% Wnm \*  *Whn,
on? G(WNn‘< ony )  Ona2 ’ (18)
It is clear that 25 > 0 holds if 232%m < 0. In the
following, we mainly analyze adwif"‘ in detall First, V(7n,)
can be approximated as V(v,,) ~ 2 (log, e)® when the

received SNR is higher than 5 dB [12]. Since n; is much
smaller than N, we simplify Wy ,, as

L
Wsnp =1n2vV2N (C(’yn() TN ) .
—n

Slmllarly, the convexity of € can be proved by proving
6 WSN ,

19)

< 0. The first derivative of Wsy y, is given by

on2
OW SN n L
RN 1noyaN (A — —— ), 20
ony . ( ! (N—?’Ll)2> ( )
where 2 /1 (2
~y
2 1) ——+1
(mr +1) <”t’7‘|‘1 " )
The second order of Wy j,, is given by
2
O Wsnm _ In(2)V2N (A + Az + Aa), 22)

671[2

where

4
A3: 7 29
gl
21n (2 +1)' | ——+1
0@ (et ) (=2 1)
2L
Ay=——",
(N —ny)

Then we have ZZ 2A < 0. Therefore % < 0 and

€ is convex with respect to n;. It also demonstrate that the
throughput 7 is approximately concave with respect to n;.
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