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Charged lepton flavour change and Non-Standard neutrino Interactions
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Non-Standard neutrino Interactions (NSI) are vector contact interactions involving two neutrinos
and two first generation fermions, which can affect neutrino propagation in matter. SU(2) gauge
invariance suggests that NSI should be accompanied by more observable charged lepton contact
interactions. However, these can be avoided at tree level in various ways. We focus on lepton
flavour-changing NSI, suppose they are generated by New Physics heavier than mW that does not
induce (charged) Lepton Flavour Violation (LFV) at tree level, and show that LFV is generated
at one loop in most cases. The current constraints on charged Lepton Flavour Violation therefore
suggest that µ ↔ e flavour-changing NSI are unobservable and τ ↔ ℓ flavour-changing NSI are an
order of magnitude weaker than the weak interactions. This conclusion can be avoided if the heavy
New Physics conspires to cancel the one-loop LFV, or if NSI are generated by light New Physics to
which our analysis does not apply.

I. INTRODUCTION AND REVIEW

Non-Standard neutrino Interactions (NSI) are four-fermion interactions induced by physics from Beyond-the-
Standard Model, constructed from a vector current of two Standard Model (SM) neutrinos, and two first generation
fermions f ∈ {e, u, d}. Below the weak scale, such interactions can be included in the Lagrangian as

−2
√
2GF ε

ρσ
f (νργανσ)(fγ

αf) (I.1)

where the dimensionless coefficient ερσ parametrises the strength of these new interactions, f is chiral and we will be
referred to as the “external” fermion.

NSI were introduced [1] as “New Physics” that can be searched for in neutrino oscillations. Indeed, in matter, the
first generation fermion current can be replaced by the fermion number density in the medium: (fγαPXf)→ δα0nf/2.
NSI therefore contribute an effective mass to the oscillation Hamiltonian of neutrinos at finite density:

[∆m2]ρσ

E
∼
√
2GF ε

ρσ
f nf .

The phenomenology of NSI has been widely studied (for a review, see eg [2]), because they can contribute in neutral
current neutrino scattering [3–5], and via the matter effect to neutrino oscillations in Long Baseline experiments [6],
the sun and the atmosphere [7, 8], supernovae [10], neutron stars [11], and the early Universe [12, 13]. In particular,
the effects of NSI in terrestrial neutrino oscillation experiments have been carefully studied, in order to explore the
prospects of disentangling NSI from the minimal set of mixing angles, masses and phases [6, 14].

More recently, “Generalised Neutrino Interactions”(GNI) have been discussed [15–17], which involve two light neu-
trinos, and two first generation fermions. Since the neutrinos are only required to be light, but not members of an
SM doublet, GNI include scalar and tensor four-fermion operators involving sterile “right-handed” neutrinos:

(νRρνLσ)(fPXf) , (νRρσνLσ)(fσPLf) .

Such scalar (and tensor) interactions are interesting, because the COHERENT experiment [19] measured neutrino
scattering on nuclei at momentum transfer ∼ 30 − 70 MeV, where the cross-section is coherently enhanced ∝ A2

(where A = atomic number). Unlike the “matter effect”, which is a forward scattering amplitude so only a vector
current of SM neutrinos can contribute, the COHERENT cross-section is sensitive to the scalar interaction (which is
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coherently enhanced), as well as having reduced sensitivity to the tensor interaction1. In this manuscript, we focus
on NSI.

The bounds on NSI from neutrino scattering experiments [3, 4], are of order |ερσf | <∼ 0.1→ 1. A recent combined fit

[8] to current oscillation data and the results of the COHERENT experiment gives bounds |ερσf | <∼ 0.01, except on the

diagonal, where NSI large enough to flip the sign of the SM contribution are allowed2. The authors of this study assume
that the flavour structure of NSI on es, us or ds is the same (so ερσf = εfε

ρσ), and that NSI are a small perturbation
around the standard parameters that give best fit solutions in the absence of NSI. With these assumptions, they
set constraints on NSI, meaning that larger values are excluded. The results of the COHERENT experiment are an
important input to this analysis, because the COHERENT results constrain the neutral current scattering rate, as
opposed to neutrino oscillations, which are only sensitive to differences in propagation. The COHERENT constraints
alone, without assumptions about the flavour structure of ε, are discussed in [9].

In the Standard Model, neutrinos share an SU(2) doublet with charged leptons, so that SM gauge-invariant operators
that mediate NSI may also mediate stringently constrained, charged lepton flavour changing processes. For instance,
the contact interaction of eqn (I.1), for f = eL, could be generated by the dimension six operator

−2
√
2GF ε

ρσ
e (ℓργ

αℓσ)(ℓeγαℓe) (I.2)

where ℓ̄ is the SU(2) doublet (νL, eL). However, this operator also induces the four-charged-lepton interaction
(eργ

αPLeσ)(eγαPLe) whose coefficient would be strictly constrained by decays eσ → eρeē. These concerns can
be avoided by instead constructing NSI at dimension eight in the SMEFT, for instance as

−2
√
2GF ε

ρσ
f (νργανσ)(fγ

αf) ←−
Cρσ

f

Λ4
NP

(ℓ
p

ρǫpQH
Q∗)γα(H

RǫRsℓ
s
σ)(fγ

αf) (I.3)

where ǫpQ is the antisymmetric SU(2) contraction. When the Higgs H = (H+, H0) takes a vacuum expectation value
〈H0〉 = v, the dimension eight operator reproduces the contact interaction on the left, with

ερσf = Cρσ
f

v4

Λ4
NP

. (I.4)

It is clear that to obtain ε >∼ 10−3, the New Physics scale ΛNP cannot be far above the weak scale.
Models that generate such large effects in the neutrino sector, while avoiding the stringent bounds on charged

Lepton Flavour Violation [25], have been explored by various authors. The authors of [26] considered the case where
NSI were generated at tree level by the exchange of new particles of mass >∼ mW , and required that the heavy
mediators not induce tree-level charged Lepton Flavour Violating (LFV) interactions at dimension six or eight. They
allowed for cancellations among the mediators of operators of a given dimension, but not for cancellations between the
coefficients of operators of different dimension, and found various viable models. Similarly, reference [27] considered
models with heavy new particles that induced NSI at tree level, however these authors did not allow cancellations
among the contributions of different mediators to LFV interactions. They showed that their allowed models induced
additional, better constrained operators, so that ε >∼ 10−2 was excluded. In this manuscript, we review this question
from an EFT perspective allowing arbitrary cancellations, also between operators of dimension six and eight3, in order
to find linear combinations of operators that induce NSI but not LFV at tree level.

Models with light mediators have also been constructed [28, 29]. Such models are motivated, because a detectable
ε cannot be small, suggesting that any heavy mediator could be within the range of the LHC. The models of [28, 29]
involve a light (>∼ 10 MeV) feebly coupled Z ′, which can avoid tree-level LFV constraints by a suitable choice of
couplings.

Even if the New Physics responsible for NSI does not induce LFV at tree level, loop effects could mix NSI and
LFV operators. Reference [4] considered a particular dimension eight NSI operator, and erroneously argued that the
exchange of a W boson between the two neutrino legs would transform them into charged leptons, thereby inducing
a contact interaction that was severely constrained by experimental bounds on charged Lepton Flavour Violation
(LFV). However, it was pointed out in [30], that the log-enhanced, one-loop mixing of this NSI operator into LFV
operators vanished. The apparent conclusion was that at one loop, there is no model-independent constraint on NSI
from LFV.

1 The literature contains various statements about coherent components of the tensor. Reference [20], at zero-momentum-transfer, showed
that the tensor in a polarised target can flip the helicity of relativistic Dirac neutrinos, without the mν/E suppression factor arising
with the axial vector. This is not enhanced ∝ A2. However, in the non-relativistic expansion of the nucleon current [21], there is a
coherently enhanced piece, suppressed by momentum-transfer. It was discussed for µ→e conversion in [22].

2 Oscillations are sensitive to the sign of the matter contribution, but only for flavour differences
3 Cancellations between operators of different dimension occur already in the SM: the Higgs potential minimisation relates the dimension

two operator −M2H†H to λ(H†H)2/2.
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In this manuscript, we revisit the EFT description of NSI, and the LFV it induces via electroweak loops. We are
therefore neglecting models with light mediators, and our results apply when NSI are present as a contact interaction
above the weak scale, where the usual SMEFT can be applied. In section II, we introduce the two sets of operators that
we will use in the analysis: SU(2)-invariant operators for the EFT above the weak scale, and QED×QCD invariant
operators below mW . Also, the matching between the bases is given and the operator combinations that induce either
NSI, or LFV, at low energy are listed. Section III is about Renormalisation Group Equations (RGEs), which encode
the Higgs and W loops that mix NSI and LFV at scales above mW . In this manuscript, we limit ourselves to one-loop
RGEs4, which describe the logn-enhanced part of all n-loop diagrams. The one-loop RGEs are known for dimension
six operators [24], and those for our dimension eight operators are obtained in section III. Finally, in the results
section IV, which should be accessible without reading the more technical section III, we show that in most cases, the
operator combinations that at tree level match onto NSI without LFV, induce LFV at one loop via the RGEs. The
resulting sensitivities of LFV processes to NSI are given. We summarise in section V.

II. OPERATORS

A. In the SU(3) × SU(2) × U(1) theory above mW

We suppose a New Physics model at a scale ΛNP > mW , that induces lepton-flavour-changing vector operators
of dimension six and eight, which at tree level generate NSI but no LFV. We want to know whether Higgs or W
loops could mix such operators into LFV operators, so we need a list of NSI/LFV vector operators of dimension
eight and six. These operators will be added to the SM Lagrangian (in agreement with the conventions of [23]) as
LSM → LSM + δL, with

δL =
∑

O,ζ

Cζ
O

Λ2n
NP

Oζ
O + h.c. (II.1)

where n = 1 or 2 for respectively dimension six or eight operators, {O} is the basis of operators with Lorentz structure
γα⊗γα, and ζ represents the flavour indices ρσff . To avoid cluttering the notation, the flavour indices are sometimes
reduced to ρσ or suppressed. Greek indices from the beginning of the alphabet (α, β...) are Lorentz indices, and those
from the end of the alphabet (σ, ρ...) are charged lepton flavour indices.

The Higgs doublet is written

H =

(
H+

H0

)
→

(
0
v

)
(II.2)

where after the arrow is the vacuum expectation value with 1/v2 = 2
√
2GF , and the Higgs is included in the Standard

Model Lagrangian (in the mass eigenstates of charged leptons) as

LSM = ℓiD/ ℓ + ...− {yρeℓρHeρR + h.c.}+ (DµH)†DµH −M2H†H +
λ

2
(H†H)2 . (II.3)

where the physical Higgs mass ≃ 125 GeV is m2
h = λv2, which corresponds to λ ≃ 1/2. At tree level, the minimum

of the Higgs potential is given by

M2 − λv2 = 0 , (II.4)

and the one-loop minimisation is discussed in Appendix C. Since we will write RGEs for operators of dimension six
and eight, which can mix due to Higgs mass insertions, we will frequently use a parameter

η ≡ M2

Λ2
NP

,
η

λ
=

v2

Λ2
NP

. (II.5)

Consider first to construct operators involving doublet leptons and SU(2) singlet external fermions f . The dimension
six vector operator of the “Warsaw” basis [23] is

Oρσ
M2,f ≡ (ℓργαℓσ)(fγ

αf) , (II.6)

4 We remind that the loop corrections obtained with one-loop RGEs occur in all heavy-mediator models, and are independent of the
renormalisation scheme used for the operators that are introduced to mimic the interactions induced by high-scale particles.
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referred to as “M2”, because the dimension eight operators will mix into it via insertions of the Higgs mass parameter
M2. At dimension eight, a convenient basis is

Oρσ
NSI,f ≡ (ℓρǫH

∗)γα(Hǫℓσ)(fγ
αf) , Oρσ

H2,f ≡ (ℓρHγαH
†ℓσ)(fγ

αf) . (II.7)

There could be additional operators with derivatives, but we neglect the Yukawa couplings, in which limit the derivative
operators vanish by the equations of motion.

For the case where the external fermions are SU(2) doublets, the Warsaw basis (of dimension six operators) contains
OM2,f for f ∈ {ℓ, q}, and also the triplet contraction (ℓρ~τγαℓσ)(q~τγ

αq). The analogous four-lepton triplet contraction
is not included, because it can be rewritten:

(ℓµ~τγαℓτ )(ℓe~τγ
αℓe) = 2(ℓµγαℓe)(ℓeγ

αℓτ )− (ℓµγαℓτ )(ℓeγ
αℓe) .

The singlet operators are more convenient for matching to low-energy four-fermion operators than the triplets, so we
make a similar transformation for the triplet operator involving quarks, and take at dimension six for external doublet
quarks:

Oρσ
M2,q ≡ (ℓργαℓσ)(qγ

αq) , Oρσ
LQM2,q ≡ (ℓργαq)(qγ

αℓσ) . (II.8)

At dimension eight, Rossi and Berezhiani [3] propose five operators

Oρσ
S = (ℓργαℓσ)(qγ

αq)(H†H) Oρσ
TLH = (ℓρτ

aγαℓσ)(qγ
αq)(H†τaH)

Oρσ
TQH = (ℓργαℓσ)(qγ

ατaq)(H†τaH) Oρσ
TLQ = (ℓρτ

aγαℓσ)(qτ
aγαq)(H†H)

(ℓρτ
aγαℓσ)(qτ

bγαq)(H†τcH)ǫabc ≡ Oρ,σ
TTT (II.9)

where to be concrete, the external fermion is taken to be a first generation quark doublet. The first two operators
would be present for singlet external currents.

In order to count the number of operators, notice that it corresponds to the number of independent SU(2) contrac-
tions for an operator constructed from the fields:

(ℓ
i

ργαℓ
j
σ)(q

kγαql)(H†MHN )

where {i, j, k, l,M,N} are SU(2) indices. The possible contractions involve three τs, one δ and two τs, one δ and two
ǫs, or three δs. But the τττ , δττ and δǫǫ contractions can be rewritten as three δs using the Fierz or SU(2) identities
given in eqn (A.1). Then there are six δδδ contractions, among which we find one relation, leaving five independent
operators (This is discussed in more detail in Appendix B).

It is convenient to use an alternative basis without triplet contractions, to simplify the matching onto the Higgsless
theory below mW . The dimension six operators in our basis, in the case where the external fermion is the first
generation quark doublet q, are

Oρσ
M2,q ≡ (ℓργαℓσ)(qγαq) , Oρσ

LQM2,q ≡ (ℓργαq)(qγαℓσ) (II.10)

where the SU(2) contractions are inside parentheses. At dimension eight, we take

Oρσ
NSI,q ≡ (ℓρǫH

∗)γα(Hǫℓσ)(qγ
αq) , Oρσ

H2,q ≡ (ℓρH)γα(H
†ℓσ)(qγ

αq)

Oρσ
CCLFV,q ≡ (ℓργαq)(qH)γα(H

†ℓσ) , [O†
CCLFV,q]

ρσ ≡ (ℓρH)γα(H
†q)(qγαℓσ) (II.11)

Oρσ
CCNSI+,q ≡ (Oρσ

CCNSI,q + [O†
CCNSI,q]

ρσ) ≡ (ℓργαq)(qǫH
∗)γα(Hǫℓσ) + (ℓρǫH

∗)γα(Hǫq)(qγαℓσ)

where the SU(2) contractions are inside the parentheses. The relation of this basis to the Berezhiani-Rossi basis is
discussed in appendix B.

The operators OH2 and ONSI are hermitian(as matrices in lepton flavour space), as is the combination OCCNSI +

O†
CCNSI (which corresponds to one of the δδδ contractions discussed above). The remaining two operators, OCCLFV

and O†
CCLFV , are not hermitian, but appear in the one-loop RGEs in the combination OCCLFV,+ ≡ OCCLFV +

O†
CCLFV . As a result, our basis of dimension eight operators for external doublets contains only four operators that

mix with each other. An additional operator, OCCLFV −O†
CCLFV , decouples from the operator mixing and is added

to our basis for completeness. The matching of these operators onto low energy operators is given in table I.
Finally, if the external doublets are leptons ℓe, the flavour indices of the operators can be {ρ, σ} ∈ {µ, τ}, or one

of ρ, σ can be e. In the case {ρ, σ} = {µ, τ}, there are no identical fermions, and the basis given above for doublet
quarks can be used.
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name operator below mW

O
ρσ
NSI,q x (ℓρǫH

∗)γα(Hǫℓσ)(qγ
αq) −v2(νργαPLνσ)(qγ

αq)

O
ρσ
H2,q x (ℓρH)γα(H

†ℓσ)(qγ
αq) v2(eργαPLeσ)(qγ

αq)

O
ρσ
M2,q x (ℓργαℓσ)(qγ

αq) (eργαPLeσ + νργανσ)(qγ
αq)

O
ρσ
LQM2,q (ℓργαq)(qγ

αℓσ) (νργ
αPLνσ)(uγαPLu) + (eργ

αPLeσ)(dγαPLd)

+(νργ
αPLeσ)(dγαPLu) + (eργ

αPLνσ)(uγαPLd)

O
ρσ
CCLFV,q (qH)γα(H

†ℓσ)(ℓργ
αq) 2v2(eργαPLeσ)(dγ

αPLd)

+ [O†
CCLFV,q ]

ρσ + (ℓρH)γα(H
†q)(qγαℓσ) +v2(eργαPLνσ)(uγ

αPLd) + v2(νργαPLeσ)(dγ
αPLu)

O
ρσ
CCNSI,q x (qǫH∗)γα(Hǫℓσ)(ℓργ

αq) −2v2(νργαPLνσ)(uγ
αPLu)

+ [O†
CCNSI,q ]

ρσ + (ℓρǫH
∗)γα(Hǫq)(qγαℓσ) −v2(eργαPLνσ)(uγ

αPLd)− v2(νργαPLeσ)(dγ
αPLu)

O
ρσ
CCLFV,q (qH)γα(H

†ℓσ)(ℓργ
αq) v2(νργαPLeσ)(dγ

αPLu)

− [O†
CCLFV,q ]

ρσ
− (ℓρH)γα(H

†q)(qγαℓσ) −v2(eργαPLνσ)(uγ
αPLd)

TABLE I: SMEFT operators used in the RGEs of this paper, and four-fermion operator below mW onto which they
match, for the case where the external fermion f is a quark doublet q. The first three operators are present for all

external fermions; those below the double line are only required for external doublets when they are quarks, or
leptons with (ρ, σ) ∈ {(τ, µ), (µ, τ)}. For external doublet leptons when ρ = e or σ = e, only the operators with a
cross in the second column are required, and notice that below mW , OCCNSI+,ℓe matches onto a 4ν operator, an

NSI operator and a CC operator.

For the case where one of ρ, σ is e, there are some redundancies. First, notice that in this case, the operator only
carries one flavour index, which can be taken to be σ ∈ {µ, τ}. Then inequivalent operators that annihilate ℓσ can be
constructed, and the +h.c. will look after the operators which create ℓσ . One finds the following equalities:

Oeσ
CCNSI,ℓ = Oeσ

NSI,ℓ , Oeσ
CCLFV,ℓ = Oeσ

H2,ℓ , Oeσ
LQM2,ℓ = Oeσ

M2,ℓ (II.12)

and the relation

Oeσ
CCNSI,ℓ − [O†

CCNSI,ℓ]
eσ = Oeσ

CCLFV,ℓ − [O†
CCLFV,ℓ]

eσ (II.13)

so that a sufficient basis in this case should be

Oeσ
M2,ℓ ≡ (ℓeγαℓσ)(ℓeγαℓe)

Oeσ
NSI,ℓ ≡ (ℓeǫH

∗)γα(Hǫℓσ)(ℓeγ
αℓe)

Oeσ
H2,ℓ ≡ (ℓeH)γα(H

†ℓσ)(ℓeγ
αℓe)

Oeσ
CCNSI+,ℓ ≡ (ℓeγαℓσ)(ℓeǫH

∗)γα(Hǫℓe) + (ℓeγαℓe)(ℓeǫH
∗)γα(Hǫℓσ) (II.14)

with σ ranging over {µ, τ}.

B. In the QCD ×QED theory below mW

At mW , the SU(3) × SU(2) × U(1)-invariant SMEFT is matched onto an effective theory that is QCD×QED
invariant, where NSI operators can no longer mix to LFV operators. The dimension six and eight SMEFT operators
all match onto four fermion operators of the low energy theory, which, for LFV (and Charged Current) operators, are
defined with Lorentz structure and chirality subscripts, and flavour superscripts:

Oτµff
V,XY = (τγµPXµ)(fγµPY f) , (II.15)

and are added to the Lagrangian as δL = 2
√
2GFC

ρσαβ
V,XYO

ρσαβ
V,XY . However, the low energy NSI coefficients are defined

with opposite sign to agree with the convention that NSI operators have the same sign as the Fermi interaction (see
eqn I.1).

The third column of table I gives the combination of low-energy operators onto which a given SMEFT operator is
matched at tree level. This table shows that for external fermions other than the quark doublet, there is at low energy
only one LFV operator, and one NSI operator (for an external quark doublet, there are two of both, involving uL and
dL) in the theory below mW . The coefficients of the low-energy operators will be a sum of SMEFT coefficients, so for
a given external fermion f ∈ {eL, eR, uL, uR, dL, dR} there is only one combination of SMEFT coefficients that needs
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to be non-zero, and another than should vanish, in order to have NSI without LFV at tree level. In the remainder of
this subsection, for each possible external fermion, we give these combinations of SMEFT coefficients.

Three comments about these directions in coefficient space: first, in the low energy theory, we allow tree-level
charged current operators, in the perspective that the bounds on flavour-changing charged current processes are not
more restrictive than the ε <∼ 0.01 bounds on NSI [8].

Secondly, arbitrary cancellations among operators of same and different dimension are allowed. This differs from
the studies of, eg, References [26, 27], who constructed New Physics models to generate the SMEFT operators,
then restricted to the cancellations that the authors considered natural. In the EFT perspective of this manuscript,
cancellations among operators of the same dimension are allowed because they just reflect the choice of operator basis.
Cancellations among four-fermion operators of dimension six and eight are also allowed because a similar cancellation
between operators of different dimension occurs in minimising the Higgs potential(see eqn II.4). Cancellations between
contributions of different power of log(ΛNP /mW ) are however not allowed (this is further discussed in section IVC).

Thirdly, the results listed here are well-known; the purpose of this discussion is to give the conditions in the operator
basis used here. For instance, low-energy LFV cancels between Cµτ

M2,ℓ and Cµτ
LQM2,ℓ if Cµτ

M2,ℓ = −C
µτ
LQM2,ℓ. This could

be written as

εµτ3,ℓℓ = −ε
µτ
ℓℓ

in a basis5 which included Oµτ
3,ℓℓ = (ℓµ~τγαℓτ )(ℓe~τγ

αℓe) and Oµτ
ℓℓ = (ℓµγαℓτ )(ℓeγ

αℓe). This cancellation reflects the

model-building possibility of putting an L = 2 scalar dilepton D, with vertices yµeℓcµǫℓeD and yτeℓcτ ǫℓeD, which gen-

erates the contact interaction (ℓ
i

µγαℓ
k
τ )(ℓ

j

eγαℓ
l
e)ǫijǫkl transformable to either of the cancelling combination of operators

by using the identities of eqn (A.1).
In the case of operators with singlet external fermions, ONSI,f induces only NSI, OH2,f only LFV, and and OM2,f

induces both. The tree-level LFV and NSI coefficients can be read from table I:

Cρσff
V,LR =

v2

Λ2

(
Cρσ

M2 + Cρσ
H2

η

λ

)
, ερσf =

v2

Λ2

(
−Cρσ

M2 + Cρσ
NSI

η

λ

)
(II.16)

where we used the tree-level Higgs minimisation condition v2/Λ2 = η/λ. So low energy LFV vanishes at tree level if

ηCH2 + λCM2 = 0 . (II.17)

A third interesting coefficient combination, independent of those that induce NSI and LFV, is ηCH2 = −ηCNSI =
−λCM2, which induces no low-energy interactions.

For external fermions that are doublet quarks, NSI are proportional to

ερσdL
=

v2

Λ2

(
−Cρσ

M2,q +
η

λ
Cρσ

NSI,q

)

ερσuL
= ερσdL

+
v2

Λ2

(
−Cρσ

LQM2,q + 2
η

λ
Cρσ

CCNSI+,q

)
. (II.18)

Low-energy LFV is induced on uL currents by OH2,q and and OM2,q, and on and dL currents by OCCLFV+,q + h.c.,
OH2,q, OM2,q and OLQM2,q, so the LFV coefficients are

Cρσuu
V,LL =

v2

Λ2

(η
λ
Cρσ

H2,q + Cρσ
M2,q

)

Cρσdd
V,LL = Cρσuu

V,LL +
v2

Λ2

(
2
η

λ
Cρσ

CCLFV+,q + Cρσ
LQM2,q

)
. (II.19)

It is straightforward to check from table I that there are two other independent combinations, that do not induce any
low-energy operators, due to cancellations.

Finally, when the external fermion is a doublet lepton and the flavour indices are ρ, σ ∈ {(τ, µ), (µ, τ)}, the low
energy NSI and LFV coefficients are

ερσeL =
v2

Λ2

(
−Cρσ

M2,ℓ +
η

λ
Cρσ

NSI,ℓ

)
(II.20)

Cρσee
V,LL =

v2

Λ2

(η
λ
(Cρσ

H2,ℓ + 2Cρσ
CCLFV+,ℓ) + Cρσ

LQM2,ℓ + Cρσ
M2,ℓ

)
. (II.21)

5 Although the “triplet” 4ℓ operator is absent from the Warsaw basis, it is not redundant in a basis where the first generation indices are
required to be in the second operator current.



7

In the case where one of ρ, σ is an electron, LFV vanishes when the condition (II.17) applies, and

εeσeL =
v2

Λ2

(
−Ceσ

M2,q +
η

λ
(Ceσ

NSI,q + Ceσ
CCNSI+,q)

)
. (II.22)

III. LOOP DIAGRAMS AND THE ANOMALOUS DIMENSION MATRICES

We consider the mixing among the operators listed in the first column of table I, due to the one-loop diagrams
induced by W or Higgs exchange that are illustrated in figures 1,2, 3, and 4. There are additional wavefunction
diagrams that are not illustrated. The loops involve the SU(2) gauge coupling g and Higgs self-interaction λ; Yukawa
couplings are neglected because they are small for leptons and first generation fermions. The hypercharge interac-
tions are less interesting, because they cannot change the SU(2) structure of the operators. They are included, for
illustration, for external singlet fermions. The calculation is performed in MS in Rξ gauge, with the Feynman rules
of unbroken SU(2), partially given in appendix A.

A. Diagrams and divergences for gauge bosons

ℓiσ

ℓnσ
ℓjρ

HI

HM

HJ

ℓiσ
ℓjρ

HI HJ

ℓnσ

HM

ℓiσ
ℓjρ

HI HJ

NM

ℓiσ
ℓjρ

HI HJ

nm

ℓiσ
ℓjρ

HI HJ

M

n

ℓiσ
ℓjρ

HI HJ

m

N

FIG. 1: W loop corrections to operators represented by the grey circle; there is also a current of external fermions f
present in the operator, but these lines are not drawn because they do not participate in the loop. These diagrams

occur for all dimension eight operators; there are in addition wavefunction diagrams. Only the fourth diagram
(without the Higgs legs), and wavefunction diagrams are present for dimension six operators. Superscripts are SU(2)

indices, subscripts are flavour indices.

Consider first the diagrams of figure 1, which could contribute to the running and mixing of all dimension eight
operators. The fermion wavefunction diagrams are ∝ ξ (the parameter of R-ξ gauge), and the W corrections to a
scalar leg give a divergence

(−3 + ξ)
g2

4
[τaτa]IJ

i

16π2ǫ
p2 . (III.1)

We systematically check that the coefficients of ξ vanish in our calculation, so in the following, we drop all the diagrams
which are proportional to ξ. Indeed, all the vertex diagrams in figure 1 are ∝ ξ, so they do not contribute. Only the
divergence from the scalar wavefunction remains, which renormalises operators but does not mix them among each
other.

When the external fermions are SU(2) doublets, for instance the first generation quark doublet q1, additional
diagrams arise. Firstly, there will be wavefunction corrections on the external doublet lines, and all but the third
vertex diagram of figure 1 will occur, but with the W attached to the external doublet line — these diagrams all
vanish. In addition, there will be diagrams, illustrated in figure 2, where the W is exchanged between the external
fermion lines, and the flavour-changing lepton lines. These do not vanish, and correspond to the one-loop diagrams
that renormalise and mix vector four-fermion operators.
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ℓiσ ℓjρ

HN HM

qk1 ql1

ℓiσ ℓjρ

HN HM

qk1 ql1

ℓiσ ℓjρ

HN HM

qk1 ql1

ℓiσ ℓjρ

HN HM

qk1 ql1

FIG. 2: W loops that can arise when the external fermion is an SU(2) doublet. Superscripts are SU(2) indices,
subscripts are flavour indices.

The spinor contractions and momentum integral for the first two diagrams, at zero external momentum, give a
divergence

−g2

4

C

Λ4
NP

i

16π2ǫ
× (3 + ξ)(ulγ

αPLuk)(ujγαPLui) (III.2)

whereas the last two diagrams give the cancelling term ∝ ξ. It remains to perform the SU(2) contractions, that define
which operator mixes to which; these can be read off the anomalous dimension matrices given in section III D.

For the case where there are identical fermions (ℓe as external fermions), the operator basis is smaller (see eqn
II.14), so the divergences due to W exchange among fermions look different. It is straightforward to check that the
same divergences are generated by operators that become identical in the presence of identical fermions.

ℓiσ ℓjρ

f
mn

f ′, k f ′, l

ℓne ℓjρ

ℓe, iℓe,m

f ′, k f ′, l

FIG. 3: W penguin diagrams that occur when the external fermion is a doublet. The right penguin only occurs if
the operator involves identical fermions, such as two ℓe fields.

Finally, the W bosons can mediate penguin diagrams, as illustrated in figure 3. For operators without identical
fermions, only the left penguin can occur, and vanishes for ONSI , OH2 and OM2, due to a trace over the SU(2)
generator. For W penguins, there is only a sum over the colour of quarks in the loop, never a 2 for tracing over SU(2)
doublets, because the loop vanishes as the trace of a generator in this case. These diagrams can change the external
fermion, eg ℓe ↔ q1, thereby mixing operators with different external fermions; for simplicity, this mixing is neglected
in the RGEs of section III D. (It does not give additional constraints when the external fermion is a quark doublet;
it is interesting for external lepton doublets and is briefly rediscussed in section IVB.)

In the case of identical fermions (the external fermions are ℓe, and ρ or σ is e), there could be two penguin diagrams,
due to the identical fermions. However, since we consider vector operators, which can be rearranged according to
Fierz, the spinor contractions and momentum integrals for the two possible diagrams are the same; only the SU(2)
contractions can differ. In particular, the relative sign between the amplitudes is +, because the two diagrams are
Fierz transformations of each other.

The different SU(2) contractions for the two penguin diagrams should correspond to the penguin contributions
of two operators which become identical when there are identical fermions. For instance, for external q, OM2 has
no penguin diagram, but OLQM2 generates divergences ∝ 2OLQM2 − OM2 via the penguin. For the operators with
external ℓe and identical fermions, OM2 and OLQM2 are identical, so the “different” SU(2) contraction that allows
OM2 to have a penguin diagram is just the SU(2) contraction that allowed a penguin to OLQM2. We conclude that in
the reduced basis of operators with identical leptons, one must sum the penguin divergences of the different operators
that become identical.

B. The Higgs loops

Closing the Higgs legs and inserting λH4 can renormalise and mix the dimension eight operators. Inserting instead
M2 on the scalar line, as in the right diagram of figure 4, mixes the dimension eight operators into OM2 and OLQM2.
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ℓiσ ℓjρ

HI HJ

HM HN

f f

ℓiσ ℓjρ

X

M2

HM HN

f f

FIG. 4: H loops that mix and renormalise dimension eight operators, and mix them to dimension six via the Higgs
M2 insertion. The external fermion is f .

These loops are straightforward to calculate, have no subtleties in the presence of identical fermions, and give rise to
the anomalous dimensions given in the following sections.

C. Deriving RGEs

We wish to obtain the one-loop RGEs for our operator coefficients, which, for a choice of lepton flavour indices ρ, σ,
and external fermion f are assembled in a row vector

~C = (Cρ,σ
NSI,f , C

ρ,σ
H2,f , ..., C

ρ,σ
M2,f ) , (III.3)

where ... is the additional coefficients that could arise if f is an SU(2) doublet. It is convenient, for the length of the
derivation, to multiply OM2 and OLQM2 by M2, so that all the operators are of dimension 8. With this modification,
the Lagrangian in 4− 2ǫ dimensions can be expressed in terms of running fields and parameters as

L = ...+
1

Λ4

∑

f

{
~CA[Z]AB · (Zn/2

H Zℓµ
(2+n)ǫ ~OB)

}
(III.4)

where n ∈ {0, 2} is the number of Higgs legs of the operator OB . The bare coefficients ~Cbare = ~C[Z]µ(2+n)ǫ should

satisfy d
dµ

~Cbare = 0, which gives Renormalisation Group Equations for the CAs:

µ
∂

∂µ
CA = −4ǫCA + 2ǫ(~C · [Z])M2δA,M2 −

(
~C · µ∂gi

∂µ

∂[Z]

∂gi
[Z]−1

)

A

(III.5)

= ~C · [Γ] (III.6)

The operator OM2 has dimension 8 − 4ǫ, whereas OH2 and ONSI are 8 − 6ǫ-dimensional, which gives different
O(ǫ) terms in the RGEs. These terms give the anomalous dimensions mixing OH2 and ONSI to OM2, because the
counterterms in the M2 column of [Z] are independent of λ and g2, so the last term vanishes. As a result, the
off-diagonal anomalous dimensions, as usual at one loop, are twice the coefficient of 1/ǫ in the counterterms. For
the diagonal anomalous dimensions, wavefunction contributions should be subtracted in the usual way (because the

counterterms for an amputated operator are represented by ~C · [C] = ~C · [Z]Z
n/2
H Zℓ, but we only want [Z]):

[Γ]AA = 2[C(1)]AA − 2Z
(1)
ℓ − 2Z

(1)
H δ1,n/2 (III.7)

[Γ]AB = 2[C(1)]AB , A 6= B

where Z(1) is the coefficient of 1/ǫ in Z.
Neglecting the running of the couplings (g2,yt, λ), the solution is

~C(µf ) = ~C(µi) ·
(
[I] + [Γ] log

µf

µi
+

1

2
[ΓΓ] log2

µf

µi
+ ...

)
(III.8)

where, by analogy with running masses, the couplings in [γ] are to be evaluated at µf .
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D. The anomalous dimension matrix

For singlet external fermions, in the basis (CNSI , CH2, CM2), the anomalous dimension matrix is

[Γ] =
g2

4κ



−18 0 0
0 −18 0
0 0 0


+

1

κ



−4λ 2λ −2η
2λ −4λ 2η
0 0 0




+
g

′2

4κ



−6 + 24Yf + 16NcY

2
f /3 0 0

0 −6 + 24Yf + 16NcY
2
f /3 0

0 0 24Yf + 16NcY
2
f /3


 (III.9)

[ΓΓ] =
1

κ2



d2 + 4λ2 4λd 4λη − 2η(d+ d′)

4λd d2 + 4λ2 −4λη + 2η(d+ d′)

0 0 d
′2




where κ = 16π2, η = M2/Λ2, and d = −(9g2/2 + 4λ+ g
′2[1.5− 6Yf − 4Nc,fY

2
f /3]) ∼ −4 is the diagonal anomalous

dimension of ONSI and OH2, and d′ that of OM2.

For doublet external fermions, in the basis (CNSI , CH2, (CCCLFV +C†
CCLFV )/2, (CCCNSI+C†

CCNSI)/2, (CCCLFV −
C†

CCLFV )/2, CLQM2, CM2), the anomalous dimension matrix is

[Γ] = −3g2

κ




5
2 0 0 −1 0 0 0
0 5

2 −1 0 0 0 0
2 −2 3

2 −1 0 0 0
−2 2 −1 3

2 0 0 0
0 0 0 0 5

2 0 0
0 0 0 0 0 1 −2
0 0 0 0 0 −2 1




+
g2Nc

3κ




0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 −2 2 0 0 0 0
−2 0 0 2 0 0 0
0 0 0 0 2 0 0
0 0 0 0 0 2 −1
0 0 0 0 0 0 0




+
1

κ




−4λ 2λ 0 0 0 0 −2η
2λ −4λ 0 0 0 0 2η
0 0 −4λ 2λ 0 4η 0
0 0 2λ −4λ 0 −4η 0
0 0 0 0 −2λ 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0




(III.10)

where κ = 16π2, η = M2/Λ2, and the first matrix is from W exchange, the second is the W penguins and the last is
the Higgs.

In the case with external lepton doublets and identical fermions, several operators are identical (see eqn II.12), so
the anomalous dimension mixing operator A into operator B is the

∑
B′ ΓAB′ over all the operators {B′} who are

identical to B. This rule applies to the second matrix of eqn(III.10). Then for the penguins, the rule is to sum also
over the identical operators in the column: ΓAB =

∑
A′,B′ ΓA′B′ . Then the anomalous dimension matrix, in the basis

(CNSI , CH2, CCCNSI+, CM2), is

[Γ] = −3g2

κ




5
2 0 −1 0
2 1

2 −1 0
0 0 1

2 0
0 0 0 −1


+

g2Nc

3κ




1 0 0 0
0 1 0 0
−5 1 4 0
0 0 0 1


+

1

κ



−4λ 2λ 0 −2η
2λ −4λ 0 2η
−4λ +4λ −2λ −4η
0 0 0 0


 (III.11)

IV. RESULTS

This section presents the LFV that is induced by electroweak loop corrections to NSI operators. Section IVA sum-
marises relevant experimental constraints on LFV, then section IVB applies these constraints to the LFV coefficients
induced by loop corrections to NSI. Possible cancellations allowing to avoid these constraints are discussed in section
IVC.
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A. Experimental sensitivity to LFV operators

Loop corrections to NSI can induce vector four-fermion operators (as given in eqn II.15), that involve two charged
leptons of different flavour, and two first generation fermions e, u, or d. This section lists the experimental sensitivity
to such coefficients. Since all the operators considered here are hermitian (on doublet lepton flavour indices ρσ), we
do not distinguish between bounds on Cρσff vs Cσρff , and quote bounds on only one.

If the lepton flavours ρ, σ are µ and e, then µ → eēe and µ→ e conversion are sensitive to the LFV induced by
loop corrections to NSI operators. Current bounds from SINDRUM [31, 32] are BR(µAu→ eAu) ≤ 7.0× 10−13, and
BR(µ→ eēe) ≤ 10−12, and give sensitivities (to the operator coefficients at mW )

Cµeee
V,LL ≤ 7.8× 10−7 (IV.1)

Cµeee
V,LR ≤ 9.3× 10−7 (IV.2)

Cµedd
V,LL ≤ 5.3× 10−8 (IV.3)

Cµedd
V,LR ≤ 5.4× 10−8 (IV.4)

Cµeuu
V,LL ≤ 6.0× 10−8 (IV.5)

Cµeuu
V,LR ≤ 6.3× 10−8 (IV.6)

Experiments under construction (COMET [33],Mu2e [34],Mu3e [35]) will improve these sensitivities by two orders of
magnitude in a few years.

For one of ρ, σ a τ , and the other µ or e, current bounds on τ → ℓe+e− give [36]

Cτeee
V,LL ≤ 2.8× 10−4 (IV.7)

Cτeee
V,LR ≤ 4.0× 10−4 (IV.8)

Cτµee
V,LL ≤ 3.2× 10−4 (IV.9)

Cτµee
V,LR ≤ 3.2× 10−4 . (IV.10)

These sensitivities again apply to the operator coefficients at mW .
The operators with u or d quarks as external fermions can be probed by the LFV τ decays BR(τ → {µ, e}π0) ≤
{1.1 × 10−7, 8 × 10−8} [37, 38], BR(τ → {µ, e}ρ) ≤ {1.2 × 10−8, 1.8 × 10−8} [39] and BR(τ → {µ, e}η) ≤ {6.5 ×
10−8, 9.2 × 10−8} [38]. As noted in [40], these three decays given complementary constraints, because the η is an
isospin singlet (∝ ūΓu+ d̄Γd) whereas the pion and ρ are isotriplets(∝ ūΓu− d̄Γd), and the decays to pions or ρs are
respectively sensitive to LFV operators involving the axial or vector quark current.

It is convenient to normalise the pion decays to the SM process τ → νπ− (with BR(τ → νπ−) = 0.108[41]), in
order to cancel the hadronic and phase space factors:

BR(τ → ℓπ0)

BR(τ → νπ−)
=
|Cτℓuu

V,LR − Cτℓuu
V,LL − Cτℓdd

V,LR + Cτℓdd
V,LL|2

2|Vud|2
(IV.11)

where the 2 is because
√
2〈0|uγαγ5u|π0〉 = 〈0|uγαγ5d|π−〉. This gives

|Cτeuu
V,LR − Cτeuu

V,LL − Cτedd
V,LR + Cτedd

V,LL| ≤ 1.2× 10−3

|Cτµuu
V,LR − Cτµuu

V,LL − Cτµdd
V,LR + Cτµdd

V,LL| ≤ 1.4× 10−3 . (IV.12)

These sensitivities apply to the coefficients at the experimental scale (not the weak scale as for eqns IV.10 and IV.6).
The trick of normalising by an SM decay is more subtle in the case of τ → ℓρ, because the ρ decays to two pions,

so the τ → ℓρ bounds are obtained by selecting a range of π+π− invariant-mass-squared appropriate for the ρ(770).
The corresponding SM decay is BR(τ → νπ0π−) = .255, studied by Belle [42] over a wide invariant-mass-squared.
The fit to the spectrum performed by Belle suggests that ∼ 80% of the events are due to the ρ(770), so for simplicity6

we suppose:

BR(τ → ℓρ)

BR(τ → νπ0π−)
=
|Cτℓuu

V,LR + Cτℓuu
V,LL − Cτℓdd

V,LR − Cτℓdd
V,LL|2

2
(IV.13)

6 A detailed fit and discussion of the form factors for τ → ℓπ+π− is given in [43].
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which gives

|Cτeuu
V,LR + Cτeuu

V,LL − Cτedd
V,LR − Cτedd

V,LL| ≤ 3.8× 10−4

|Cτµuu
V,LR + Cτµuu

V,LL − Cτµdd
V,LR − Cτµdd

V,LL| ≤ 3.1× 10−4 . (IV.14)

For the η, we approximate fη ≃ Fπ ≃ 92 MeV (see [45] for a detailed discussion), so that

Γ(τ → ℓη)

Γ(τ → νπ−)
=
|Cτℓuu

V,XR − Cτℓuu
V,XL + Cτℓdd

V,XR − Cτℓdd
V,XL|2

2
, (IV.15)

and the current bounds on Γ(τ → ℓη) imply

|Cτeuu
V,XR − Cτeuu

V,XL + Cτedd
V,XR − Cτedd

V,XL| ≤ 6.5× 10−4

|Cτµuu
V,XR − Cτµuu

V,XL + Cτµdd
V,XR − Cτµdd

V,XL| ≤ 5.4× 10−4 . (IV.16)

In coming years, BelleII could improve the sensitivity to LFV τ decays by one or two orders of magnitude [44].
For models that induce LFV on left-handed, or right-handed quarks, but not both, the bounds of eqns (IV.14) and

(IV.16) can be combined in a covariance matrix to obtain

|Cτeqq
V,LX | ≤ 7.1× 10−4

|Cτµqq
V,LX | ≤ 5.9× 10−4 (IV.17)

where q ∈ {u, d} and X = L or R.

B. LFV due to NSI

We consider combinations of operator coefficients which, at tree level, induce NSI but not LFV (these were given
section II), and use the RGEs obtained in section III to estimate the effect of loops. For example, the one-loop [or
two-loop] mixing of a given combination of tree-level coefficients, can be obtained from the second [or third] term of

eqn (III.8), with ~C(µi) the input (tree) coefficients at the New Physics scale µi = ΛNP , and ~C(µf ) the loop-induced

combination at the weak scale mW . By matching ~C(µf ) onto the low-energy theory, one obtains the LFV induced by
the one-loop RGEs.

The case of singlet external fermions is simple to discuss as an explicit example. Eqn (II.16) implies that NSI can
arise at tree-level from CNSI and/or CM2 (subdominant loop contributions to coefficients induced at tree level are
neglected in the following.) For only CNSI(ΛNP ) 6= 0, eqn (III.9) gives

∆Cρσ
H2,f (mW ) = Cρσ

NSI,f (ΛNP )×
(

2λ

(16π2)
log

ΛNP

mW
+

4λd

2(16π2)2
log2

ΛNP

mW
+ ...

)

∆Cρσ
M2,f (mW ) = Cρσ

NSI,f (ΛNP )×
(
− 2η

(16π2)
log

ΛNP

mW
+

4λη − 2η(d+ d′)

2(16π2)2
log2

ΛNP

mW
+ ...

)

where d and d′ are defined after eqn (III.9). Matching onto the low-energy operators according to eqn (II.16) with table

I, gives, at first order in 1/(16π2), a vanishing LFV coefficient Cρσff
V,LR = 0, due to potential minimisation conditions.

However, at second order in the one-loop RGEs, ONSI induces LFV at low energy:

∆Cρσff
V,LR =

Cρσ
NSI,f (ΛNP )v

4

Λ4
NP

2λ(d− d′) + 4λ2

2(16π2)2
log2

ΛNP

mW
∼ 10−4εf , (IV.18)

where d − d′ = −(9g2/2 + 4λ) if hypercharge is neglected, and for the numerical estimates in this section, we
conservatively take ΛNP ∼ 250− 300 GeV in the logarithm.

For CM2(ΛNP ) 6= 0, the tree contribution to LFV must be cancelled by CH2(ΛNP ) = −(λ/η)CM2(ΛNP ) as given
in eqn (II.17). Then the RGEs generate corrections to CH2 and CM2:

∆Cρσ
H2,f (mW ) = Cρσ

H2,f (ΛNP )×
d

(16π2)
log

ΛNP

mW
+ ...

∆Cρσ
M2,f (mW ) = CM2(ΛNP )×

d′ − 2λ

(16π2)
log

ΛNP

mW
+ ...
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FIG. 5: The loop-induced LFV coefficient, normalised to the NSI coefficient εf , for SU(2) singlet external fermions
f , as a function of the ratio of the two independent operator coefficients that can induce NSI: CM2(ΛNP ) and
CNSI(ΛNP ). CH2(ΛNP ) is determined as a function of CM2(ΛNP ) by the cancellation of tree-LFV given in

eqn (II.17). We set ΛNP ∼ 250 GeV in the evaluation of the logarithms.

which match onto low-energy LFV at one loop:

∆Cρσff
V,LR =

CM2(ΛNP )v
2

(16π2)Λ2
NP

[−(d− d′)− 2λ] log
ΛNP

mW
∼ 2× 10−2εf . (IV.19)

So a heavy New Physics model that gives NSI on singlet fermions will induce LFV via loops, which is the sum of eqns
(IV.19) and (IV.18). In figure 5, the magnitude of this LFV coefficient is plotted against the ratio CM2,fΛ

2/CNSI,fv
2,

for εf = 1.0 and assuming tree-level LFV cancels according to eqn (II.17). We neglect the possibility of accidental
cancellation between the two contributions to the LFV coefficient (eqns IV.19 and IV.18), because it is “unnatural”
to cancel Lagrangian parameters against logarithms of mass scales. If this LFV coefficient is required to satisfy the
experimental constraints given in section IVA, then one obtains an upper bound on the NSI coefficient (that depends
on the ratio Λ2CM2/(v

2CNSI)): ερσf × the value given in the plot must be smaller than the experimental constraint.

For instance, for CM2(Λ) <∼ 10−2CNSI(Λ), ε
µe
f must be < 10−3 as given in the first column of table II. However,

τ ↔ e, µ NSI can be O(1) if they are generated by ONSI , with CM2(Λ) <∼ 10−2CNSI(Λ). The τ decay bounds are
given in the second two columns of table II.

εµeeR
<
∼ 9× 10−3 ετeeR

<
∼ 4 ετµeR

<
∼ 3

εµeuR
<
∼ 5× 10−4 ετeuR

<
∼ 7 ετµuR

<
∼ 6

ε
µe
dR

<
∼ 6× 10−4 ετedR

<
∼ 7 ε

τµ
dR

<
∼ 6

TABLE II: Bounds on flavour-changing NSI parameters from the non-observation of LFV processes among charged
leptons, obtained from eqn (IV.18) for SU(2) singlet external fermions. Comparable limits apply to to the {ερσfL} for

doublets, as discussed after eqn (IV.20). These bounds, which are almost unavoidable, arise from two-loop
contributions (O(α2 log2)) of the NSI operators to LFV processes.

Alternatively, if CM2 >∼ CNSIv
2/Λ2, then the LFV is O(10−2εf ), and the constraints on LFV are given in table III.

All these estimates are approximate because our EFT calculation only allows to obtain the logn-enhanced part of
n-loop diagrams, and since the logarithm cannot be large, our results should give the order of magnitude, but not
two significant figures.

If the external fermion is an SU(2) doublet, the situation is more involved. It is again the case that CNSI first
mixes into LFV at O(α2 log2), but for external doublet quarks, the other five coefficients all induce LFV at O(α log) .
In order to avoid tree-level LFV, those five coefficients must satisfy two constraints, obtained by setting eqns (II.19)
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εµeeR
<
∼ 5× 10−5 ετeeR

<
∼ 2× 10−2 ετµeR

<
∼ 2× 10−2

εµeuR
<
∼ 3× 10−6 ετeuR

<
∼ 4× 10−2 ετµuR

<
∼ 3× 10−2

ε
µe
dR

<
∼ 3× 10−6 ετedR

<
∼ 4× 10−2 ε

τµ
dR

<
∼ 3× 10−2

TABLE III: Bounds on flavour-changing NSI parameters from the non-observation of LFV processes among charged
leptons, obtained from eqn (IV.19) for NSI on SU(2) singlet external fermions. Comparable limits apply to to the
{ερσfL} for doublets, as discussed after eqn (IV.20). These bounds arise from one-loop contributions (O(α log)) of the
NSI operators to LFV processes, and can be avoided in models that generate particular patterns of coefficients as

discussed in the text.

to zero. Then they will induce LFV as given by the RGEs of eqn (III.10):

∆Cρσuu
V,LL =

v2

Λ2

log(Λ/mW )

16π2

(
[
9

2
g2 + 2λ]Cρσ

M2,q − 6g2
v2

Λ2
Cρσ

CCNSI+,q + g2Cρσ
LQM2,q

)

∆Cρσdd
V,LL =

v2

Λ2

log(Λ/mW )

16π2

(
Cρσ

M2,q + Cρσ
LQM2,q

)
[
9

2
g2 + 2λ] (IV.20)

If NSI are due to some subset of CCCNSI+,q, CM2,q and CLQM2,q, and the LFV coefficients of eqn (IV.20) do not
vanish, then the bounds of table III would generically apply. (We do not make plots in this case, because there are
four independent coefficients).

On the other hand, the above equations contain three coefficients, so it is possible for the New Physics model
to arrange them such that the O(α log) LFV on uL and dL currents vanishes: the coefficients CH2,q, CCCLFV+,q,
CCCNSI+,q, CM2,q and CLQM2,q must all be non-zero, and satisfy the four relations obtained by setting eqns (IV.20)
and (II.19) to vanish. If a model could be constructed to implement this cancellation, it is possible that there would
be not-log-enhanced one-loop contributions to LFV operators; however, to verify that in EFT would require going
beyond our leading-log analysis. It is however sure, from our one-loop RGEs, that LFV will be induced at O(α2 log2),
so that constraints of order those in table II would apply. As in the case of external SU(2)-singlet fermions, these
constraints also apply if the model matches only onto ONSI,q at the scale Λ, with all the other coefficients relatively

suppressed by ∼ 10−2. The exact formulae for these O(α2 log2) contributions are straightforward to obtain from the
third term in eqn (III.8); they are not quoted here because they are lengthy.

It is interesting to resurrect the “external-fermion-changing” W -penguin diagrams of figure 3, before giving results
for the case where the external fermion is a lepton doublet. These penguins can change the external fermion ℓe ↔ q,
so, for instance, an operator with external ℓe could generate one-loop LFV on uL and dL. Requiring that the model
choose its parameters to cancel this LFV gives an additional constraint on NSI for doublet leptons when ρσ ∈ {µ, τ}
that is given in eqn (IV.22).

For external ℓe, the NSI and LFV are different if one of ρ, σ is first generation. When yes, tree level NSI and LFV
are respectively generated by the coefficient combinations given in eqns (II.22) and (II.17). For ρ, σ ∈ {µ, τ}, the
combinations are given in eqns (II.21) and (II.20). In the following, we suppose that the tree-LFV combinations of
eqns (II.17) and (II.21) vanish.

The operator ONSI,ℓ, which contributes to tree-level NSI, first induces LFV at O(α2 log2). NSI can also arise due
to CM2,ℓ, in which case the one-loop LFV is different depending if one of ρ, σ is first generation. When yes, then the
one-loop LFV on electrons is:

∆Cρσee
V,LL =

v2

Λ2

log(Λ/mW )

16π2

(
[
15

2
g2 + 2λ]Cρσ

M2,ℓ +
g2

3
Cρσ

CCNSI+,ℓ

)
, (IV.21)

and the W -penguin-induced LFV on quarks vanishes when eqn (II.17) does. So if NSI are induced by CM2,ℓ, then
the model can tune coefficients to cancel tree and one-loop LFV, by ensuring that eqns (II.17) and (IV.21) vanish.

For ρ and σ ∈ {µ, τ}, the one-loop LFV is induced on uL and dL by the W penguins

∆Cρσuu
V,LL =

g2

3

v2

Λ2

log(Λ/mW )

16π2

(η
λ
Cρσ

H2,ℓ + Cρσ
M2,ℓ

)

∆Cρσdd
V,LL =

g2

3

v2

Λ2

log(Λ/mW )

16π2

(
2
η

λ
Cρσ

CCLFV+,ℓ + Cρσ
LQM2,ℓ

)
(IV.22)

and on leptons:

∆Cρσee
V,LL =

v2

Λ2

log(Λ/mW )

16π2

(
[
9

2
g2 + 2λ](Cρσ

M2,ℓ + Cρσ
LQM2,ℓ) +

g2

3
Cρσ

LQM2,ℓ +
2

3
g2

v2

Λ2
Cρσ

CCLFV+,ℓ

)
(IV.23)
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So if NSI arise due to an operator other than ONSI , then at least two coefficients must be cancel against each other to
avoid tree LFV(as shown in eqn II.21), and LFV will arise at one loop unless the model arranges eqns (IV.23,IV.22)
to vanish.

In summary, for external lepton doublets, the LFV constraints are similar the case of an external quark doublet:
generically, the bounds of table III would apply; in the case where the model matches only onto ONSI , or where it
arranges its coefficients to cancel the LFV at O(α log), then the bounds of II would apply.

C. Cancellations

The results given in tables III and II are not in reality “bounds” on NSI from LFV processes, but rather “sensitivities”:
NSI coefficients larger than the given value could mediate LFV rates above the experimental limit, but not necessarily,
in the case where their contribution to LFV is cancelled by other coefficients. This section lists some possible
cancellations that could allow NSI to evade the LFV constraints.

1. As already discussed, for external fermions that are SU(2) doublets, there are enough operators such that, not
only the combination of coefficients which contributes at tree level to LFV can be chosen to vanish, but also
the coefficient combination that contributes at α log. But the two-loop O(α2 log2) bounds of table II would still
apply.

2. We neglected possible cancellations between flavours or chiralities of quarks7 in the experimental sensitivities of
section IVA.

In the case of NSI involving τ ↔ ℓ flavour change, the τ decay bounds quoted do not constrain the isosinglet
vector combination Cτℓuu

V,XL + Cτℓuu
V,XR + Cτℓdd

V,XL + Cτℓdd
V,XR. The authors are unaware of restrictive bounds on this

combination; if indeed they are absent, then tree LFV bounds for τ ↔ ℓ NSI would not apply to an NSI model
where the low-energy LFV coefficients are equal for external fermions f = qL, uR, dR. This equality could
substitute for imposing the tree cancellations of eqn (II.19). However, the coefficients of operators with external
fermions q,uR and dR all run differently (the last two due to different hypercharge), so LFV would still arise at
one loop, and the one-loop bounds would apply, unless further cancellations are arranged.

In the case of µ↔ e NSI, the µ→ e conversion bounds apply to a weighted sum of the u and d vector currents,
where the weighting factor depends on the target nucleus. It is not possible to avoid the bound by cancelling
u vs d coefficients, because there are restrictive bounds on µ → e conversion on Gold (Z=79, used to obtain
eqn IV.6) and Titanium (Z=22, BR(µT i → eT i) ≤ 4.2 × 10−12), which have different n/p ratios, so together
constrain the u− d combination a factor of 2 less well than u+ d. However, the sensitivity of µ→ e conversion
to the axial vector LFV operator (eγαPLµ)(qγαγ5q), is ∼ three orders of magnitude weaker (below mW , the
axial vector mixes via the RGEs of QED to the vector operator). So if loop corrections to NSI generated LFV
on the axial quark current, the LFV bound on NSI would be weakened by 103.

This requires NSI on doublet and singlet quarks (involving operators other than ONSI), whose coefficients
satisfy the zero-tree-LFV conditions, and where the external doublet coefficients are of comparable magnitude
and opposite sign to the singlet coefficients. Then U(1) and SU(2) penguin diagrams, that could mix these
operators to those with external electrons, vanish due to the zero-tree-LFV condition, and the bounds in the
second and third row of the first column of table II could be relaxed by three orders of magnitude.

3. We neglected the possibility that the model induces “other” LFV not included in our subset of operators (for
instance, tensor or scalar four-fermion operators), that could mix into it and cause cancellations at low energy.

4. We do not allow cancellations between Wilson coefficients at Λ (expressed in terms of parameters of the high-
scale theory), against other Wilson coefficients multiplied by log(v/Λ), because this would be “unnatural” in
EFT (In principle, the model predicts the couplings, but the observer chooses the scale at which experiments are
done, and therefore the ratio in the log.). However, such “accidental” cancellations can occur and be numerically
important; an example would be a model whose coefficients sit in the valley of figure 5.

7 The experimental bounds on leptonic decays constrain individually the coefficients of different chirality.
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V. DISCUSSION/SUMMARY

We consider New Physics models whose mass scale Λ is above mW , that induce lepton flavour-changing Non
Standard neutrino Interactions (see eqn I.1), referred to as NSI. In Effective Field Theory (EFT), we study the
Lepton Flavour Violating (LFV) interactions that such models can induce both at tree level, and due to electroweak
loop corrections.

Section II discusses the operator bases for the two EFTs used in this manuscript. Above the weak scale is the
SU(3) × SU(2) × U(1)-invariant SMEFT with dynamical Higgs and W -bosons, and below mW is a QED×QCD-
invariant theory where NSI cannot mix to LFV. The dimension six and eight operators that we use above mW are
given in eqns (II.10) and (II.11), and their matching onto low-energy NSI, LFV and Charged Current operators is
given in table I. We refer to the not-ν fermions of the interaction as “external” fermions; if these are SU(2) singlets,
the operator basis above mW contains only three operators. The additional operators required for external doublet
quarks or leptons are discussed in section II A and appendix B.

We require that at tree level, the model induces only NSI or Charged Current interactions, so the coefficients
of LFV operators are required to vanish. The coefficients of low-energy LFV operators, induced at tree level by
the operators form above mW , are given in section II B, for the various possible external fermions. They vanish
if the model only matches onto the operators ONSI or OCCNSI+ at Λ, or if there are cancellations among the
coefficients of other operators, as given in section II B. We allow arbitrary cancellations among coefficients of four-
fermion operators of dimension six and eight, because such cancellations are natural in the Standard Model, where
the potential minimisation condition −M + λv2 = 0 relates operators of different dimension and different number of
Higgs legs.

Section III calculates one-loop Renormalisation Group Equations (RGEs) for the operators above mW . These one-
loop RGEs encode the W and Higgs-induced mixing between NSI and LFV operators. The SU(2) gauge interactions
(∝ g2 ∼ 2/3) and Higgs self-interactions (∝ λ ∼ 1/2) are included; Yukawa couplings are neglected because they are
small for the external fermions which are first generation, and hypercharge is neglected because it does not change
the SU(2) structure of the operators.

The EFT performed here is an expansion in αn logn−m, where the one-loop RGEs give the m = 0 terms for all n,
the two-loop RGEs would give the m = 1 terms for all n, and so on. This differs from model calculations, which are
usually expansions in the number of loops or in αm. The EFT expansion gives a numerically reliable result when the
logarithm is large, being the numerically dominant term at each order in α. In the case of NSI models studied here,
the log is not large, so may not be the only numerically relevant loop contribution to LFV in a particular model.
(Appendix C discusses additional log-enhanced contributions to the mixing of NSI to LFV that arise from using
one-loop minimisation conditions for the Higgs potential.)

However, in this study, we are interested in the (α log)n terms for three reasons: firstly, they are “model-independent”,
meaning we can calculate them in EFT and they arise in all heavy New Physics models. Second, they are independent
of the renormalisation scheme introduced for the operators in the EFT. This is important, because there are no
operators in a renormalisable high-scale model, so results that depend on the operator renormalisation scheme can
not be a prediction of the model. Thirdly, the log Λ/mW terms are interesting because it is not obvious to cancel a
log against non-logarithmic contributions. So we anticipate that the logs give a reliable model-independent estimate
of the size, or loop order, of the LFV induced in models that give NSI.

Section III calculates the one-loop anomalous dimensions for the three relevant cases: external fermions which are
SU(2) singlets (eR, uR and dR), SU(2) doublets that are not identical to the lepton doublets participating in the NSI
(so doublet quarks q, and ℓe when the NSI involve ℓτ and ℓµ), and finally external fermions which are lepton doublets
ℓe when the NSI current involves ℓe. The anomalous dimension matrices are respectively given in eqns (III.9),(III.10)
and (III.11).

An estimate for low-energy LFV can be obtained by matching the New Physics model onto a vector of operator

coefficients at Λ, which is input as ~C(µi) into the solution of the RGEs given in eqn (III.8), with the appropriate

anomalous dimension matrices from section III. The output vector of this equation, ~C(mW ), gives the coefficients
that can then be matching onto the LFV operators below mW according to table I. This is performed in section
IVB. The example of SU(2)-singlet external fermions is discussed in some detail because this case has the fewest free
parameters; a reader with a different selection of operator coefficients can easily calculate the one-loop LFV from the
results in section IVB, and the two-loop LFV from eqn (III.8). The predicted LFV can then be compared to current
constraints on LFV that are listed in section IVA.

In this manuscript, we allow arbitrary cancellations among coefficients at each order in the ln /(16π2) expansion,
but neglect possible cancellations between orders. This is discussed in section IVC. So we require low-energy LFV
to cancel at tree level, then enquire if it is induced at one or two loop, and examine whether the coefficients can
be chosen to cancel the loop-induced LFV. We find that almost all the operator combinations which at tree level
match onto NSI without generating LFV, will generate LFV at one loop, suppressed with respect to NSI by a
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factor O(log /(16π2)) ∼ 10−2. So generically, NSI should satisfy the bounds given in table III: εµef <∼ 10−4 → 10−5,

ετℓf <∼ 10−1. However, there is one dimension eight operator, ONSI , for which the log-enhanced one-loop LFV vanishes.
Also, for external doublet fermions, there are enough operators that it could be possible to arrange the coefficients to
cancel the log-enhanced part of the one-loop contribution to LFV. In both these cases8, LFV is generated at two-loop,
so suppressed by a factor O(α2 log2) ∼ 10−4, and NSI should satisfy the bounds of table II: εµef <∼ 10−2, ετℓf <∼ few.
Some other cancellations that could allow NSI to be compatible with the LFV bounds are briefly discussed in section
IVC.
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Appendix A: Identities and SM Feynman rules

HL
HK

HI HJ

iλ(δIJδLK + δIKδLJ )

W a
µ

ℓiα
ℓjα

−i g
2
[τa]jiγµPL

W a
µ

HI
HJ

−i g
2
[τa]JI(p

in
µ + poutµ )

i
p2−m2

i p/

p2

−iPαβ

p2

X

HJ
HK

−iM2δJK

FIG. 6: Feynman rules for dimension-four interactions. For the gauge boson propagator Pαβ = gαβ +(ξ− 1)kαkβ/k
2.

The Pauli matrices and antisymmetric ǫ are

ǫ =

[
0 1
−1 0

]
, ~τ =

([
0 1
1 0

]
,

[
0 −i
i 0

]
,

[
1 0
0 −1

])
.

The following identities are useful:

2ǫiIǫjJ = δijδIJ − τaijτa,IJ Fierz (A.1)

1

4
τaijτa,kl =

1

2
δilδkj −

1

4
δijδkl SU(N)

ǫiJ ǫkJ = δik

where the first two imply

ǫijǫkl = δikδjl − δilδjk. (A.2)

8 In the opinion of the authors of this manuscript, it could be interesting to build a model that induces only ONSI , or implements
the appropriate cancellations among operator coefficients. One could then check whether the complete one-loop contribution to LFV
vanishes, or only the log-enhanced part.
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Appendix B: Dimension eight four-fermion operators

1. constructing all possible SU(2) contractions

The aim is to build all possible SU(2) contractions for an operator constructed from the fields:

(ℓ
i

ργαℓ
j
σ)(q

kγαql)(H†MHN ) (B.1)

where {i, j, k, l,M,N} are SU(2) indices. For R in the doublet representation of SU(2), invariants can be constructed
as follows:

R†R , RǫR , R∗ǫR∗ , R†τaRR†τaR , εabcR
†τaRR†τbRR†τcR .

Consider first the τττ contraction. Multiplying the product of two Pauli matrices by
∑

a,b τ
aτb gives:

∑

a,b

τaijτ
b
kl

(
τaMRτ

b
RN

)
=

∑

a,b

τaijτ
b
kl

(
δabδMN +

∑

c

iεabcτcMN

)
(B.2)

and using the identities of eqn (A.1), allows to write:

iεabcτaijτ
b
klτ

c
mn = 2δilδMjδkN − δijδMlδkN − δiN δklδMj − δilδkjδMN + δijδklδMN (B.3)

so this operator can be exchanged for δδδ contractions. The ττ , and ǫǫ contractions can be rewritten as δδs using the
Fierz and SU(2) identities of eqn (A.1), so a complete set of operators is the inequivalent δδδ contractions.

There are six possible δδδ contractions (the permutations of three objects) for the fields of eqn (B.1):

δijδklδMN → OS

= δkl(−ǫiMǫNj + δkN δMl)→ OH2 −ONSI

δilδkjδMN =
1

2
(δijδkl + τaijτ

a
kl)δMN →

1

2
OS +

1

2
OTLQ

=
1

2

{
δil(δkN δMj − ǫkM ǫNj) + δkj(δiN δMl − ǫiM ǫNl)

}
→ 1

2
(OCCLFV +O†

CCLFV −OCCNSI −O†
CCNSI)

δiNδklδMj → OH2

=
1

2
(δijδMN + τaijτ

a
MN )δkl →

1

2
OS +

1

2
OTLH

δijδkN δMl =
1

2
(δklδMN + τaklτ

a
MN )δij →

1

2
OS +

1

2
OTQH

δilδkNδMj → OCCLFV

δiNδkjδMl → O†
CCLFV (B.4)

where after the arrows, the contractions are related to the bases of [3] and of this manuscript. We find one relationship
among these contractions:

δijδklδMN − δilδkjδMN − δiN δklδMj − δijδkN δMl + δilδkNδMj + δiN δkjδMl = 0 , (B.5)

which will be used to remove the fourth contraction of eqn (B.4).

2. Alternate bases for SU(2) doublet external fermions

In this manuscript, we use a different basis of dimension eight operators from Berezhiani and Rossi, constructed
such that the operators match at tree level onto either NSI, or LFV.

These operators are constructed with doublet first generation quarks q as external fermions; they will also be
appropriate (for the lepton flavour indices {ρ, σ} ∈ {µ, τ}) when the external fermion is a doublet first generation
lepton. The dimension six operators in our basis are given in eqn (II.10), and the dimension eight operators are in
eqn (II.11).

Comments on this basis:

1. ONSI is the same operator as for singlet external fermions, and can be exchanged for the first contraction of
eqn (B.4). It matches at mW onto low-energy NSI.
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2. The second contraction of eqn (B.4) is hermitian, so we exchange this δδδ contraction for (OCCNSI +O†
CCNSI),

which will match at mW to NSI and CC operators.

3. Similarly, OH2 is like for external singlets, matches at mW only onto LFV four-fermion operators, and corre-
sponds to the third contraction of eqn (B.4).

4. the fourth contraction of eqn (B.4) would match onto both NSI and LFV, so we use the identity (B.5) to remove
it. It can be written as

(ℓργαℓσ)(qH)γα(H
†q) = −ONSI +

1

2
(OCCLFV +O†

CCLFV ) +
1

2
(OCCNSI +O†

CCNSI) (B.6)

5. The last two contractions of eqn (B.4) are OCCLFV and O†
CCLFV , who match onto Charged Current and LFV

operators below mW .

The one-loop RGEs turn out to only involve the combination CCCLFV,q + C†
CCLFV,q. So in the body of the

manuscript, these operators are combined into OCCLFV+ = (OCCLFV +O†
CCLFV ) . The RGEs are calculated

separately for Cρσ
CCLFV,q, [C

†
CCLFV,q]

ρσ, Cρσ
CCNSI,q, [C

†
CCNSI,q]

ρσ , then the coefficient C+ of Oρσ
+ can be obtained

by setting

C+(O +O†) + C−(O −O†) = CO + C†O† ,

which gives C+ = (C + C†)/2.

Appendix C: Matching at mW

In this study, we should in principle use the one-loop minimisation condition. This is because the coupling constants
of renormalisable interactions run, which should be taken into account in solving the RGEs for the operator coefficients.
If one does so, g, λ and η in the anomalous dimension matrices of eqn(III.8) are scale-dependent and, in the solutions
at µf , should be evaluated at µf . The minimisation conditions therefore should be expressed in terms of running
parameters at mW . Then, it is well known (see eg [47]), that it is the sum of the tree potential,expressed in terms of
running parameters, + the one-loop effective potential, that is independent of the renormalisation scale µ.

However in practise, we often use the tree minimisation conditions, when the RGEs give loop contributions to LFV
at the same order as the one-loop matching conditions, because we are only interested in the loop order at which LFV
is induced, and not in the precise value of the LFV operator coefficients.

It is convenient to write the one-loop minimisation condition as

0 = v

{
−M2(µ)

(
1 +

1

κ
LM2

)
+ v2

(
λ(µ) +

1

κ
LH2

)}
≡ v(M̃2 − λ̃v2) . (C.1)

Minimising the one-loop effective potential given in [47] (with v2here = v2/2|FJJ , and λhere = λFJJ/3), and evaluating
at µ2 = m2

W , gives

LH2 =
9λ2

2

(
ln

m2
H

m2
W

− 2

3

)
− 6y4t

(
ln

m2
t

m2
W

− 1

2

)
+

g4

8
+

3(g2 + g
′2)2

8

(
ln

m2
Z

m2
W

+
1

6

)
(C.2)

LM2 =
3λ

2

(
ln

m2
H

m2
W

− 1

)
. (C.3)
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