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Abstract

Variety membership testing is a central task in algebraic geometry. “Given” a variety
V and a point x in the ambient space, we want to decide whether x € V. In this paper, we
are particularly interested in the case when V' is given as an orbit closure and the ambient
space is the set of all tensors of order three. The border tensor rank can be phrased as such
a problem. The first variety that we consider is the slice rank variety, which consists of all
3-tensors of slice rank at most r. The notion of slice rank was introduced by Tao and has
subsequently been used for several combinatorial problems like capsets, sunflower free sets,
tri-colored sum-free sets, and progression-free sets. We show that deciding if a given 3-tensor
has slice rank at most r is NP-hard, that is, the membership testing problem for the slice
rank variety is NP-hard. While the slice rank variety is a union of orbit closures, we define
another variety, the minrank variety, which can be expressed as a single orbit closure. The
minrank variety is closely related to the generalized matrix completion problem considered
in Bléser et al. (STOC, 2018). Our next result is the NP-hardness of membership testing
in the minrank variety, hence we establish the NP-hardness of the orbit closure containment
problem for tensors of order three.

Algebraic natural proofs were recently introduced by Forbes, Shpilka and Volk (STOC,
2017) and independently by Grochow, Kumar, Saks and Saraf (CoRR, abs/1701.01717,
2017) as an attempt to transfer Razborov and Rudich’s famous barrier result (J. Comput.
Syst. Sci., 1997) for Boolean circuit complexity to algebraic complexity theory. Bléser et
al. (STOC, 2018) also gave a version of an algebraic natural proof barrier for the matrix
completion problem which relies on the hypothesis that coNP ¢ 3BPP. The result implied
that constructing equations for the corresponding variety should be hard. We generalize
their approach to work with any family of varieties for which the membership problem is
NP-hard and for which we can efficiently generate a dense subset. Therefore, a similar
barrier holds for the slice rank variety and the minrank variety, too. This allows us to set up
the slice rank and minrank varieties as a test-bed for geometric complexity theory (GCT),
an approach initiated by Mulmuley and Sohoni (J. Comput., 2001) to attack the permanent
versus determinant problem. We determine the stabilizers of the tensors that generate the
orbit closures of the slice rank varieties and the minrank varieties and prove that these
tensors are almost characterized by their symmetries. We prove several nontrivial equations
for both the slice rank and the minrank varieties using different GCT methods. Many
equations also work in the regime where membership testing in the slice rank or minrank
varieties is NP-hard. In particular, we obtain equations by using succinctly represented large
determinants, Koszul-flattenings, and representation theoretic methods, more precisely, by
using highest weight vectors and bounding multiplicities. We view this as a promising sign
that the GCT approach might indeed be successful.
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1 Introduction

1.1 Testing membership in algebraic varieties

Testing whether a point lies in an algebraic variety is a fundamental problem in algebraic
geometry. “Given” a variety V and a point x in the ambient space, our task is to decide
whether € V' or not. The complexity of this task depends on how the variety V is given.
One natural way of representing a variety is a tuple of circuits C1,...,C,, computing a set of
defining polynomials f1,..., f;, for V, that is, V is the set of common zeros of fi,..., fin. In
this case, the problem turns out to be easy; it is deterministically polynomial-time equivalent
to the arithmetic circuit identity testing problem. For the one direction, note that x € V iff
fi(x)z1 + -+ + fi(x) 2y, is identically zero. Here, z1,...,2,, are new variables. For the other
direction, we use the fact that general arithmetic circuit identity testing can be reduced to the
case when the circuit computes a constant (that is, degree zero) polynomial [3]. In this proof,
the polynomial is transformed by a Kronecker substitution and then evaluated at a point of the
form (B,...,B). Therefore, arithmetic circuit identity testing even reduces to the case when V'
is a hypersurface.

This shows that when V' is given by circuits, the membership problem is easy. A complicated
variety will have a large circuit and therefore, we have more computation time for deciding
whether x € V. However, often we do not know a set of defining equations explicitly. While the
computation is possible in principle, for instance by Grobner bases, it is very costly. Therefore,
we can think of other ways to represent varieties. An obvious way is to encode the variety
explicitly in the problem. One prominent example is the border tensor rank problem. We are
given a tensor t € K™ and want to know whether its border rank is at most r. The tensors
in K™™™ of border rank < r form a variety.

More general is the problem when the variety is given as an orbit closure. Here we have a
group G that acts on the ambient space S, that is we have a mapping - : G xS — S that satisfies
the axioms 1-s = s and (gh)-s=g-(h-s) for all s € S and g,h € G. Here gh is the group
operation. Let GL,, denote the group of all invertible n x n matrices. GL, acts on K™ by the
usual matrix-vector multiplication. G, = GL,, x GL,, x GL,, acts on rank-one tensors u ® v ® w
by (A,B,C) - u®v®w = Au® Bv® Cw and on arbitrary tensors by linear continuation. The
orbit of a tensor ¢ under G,, is the set Gyt := {g-t| g € G, } and its orbit closure is the closure
Gpt in the Zariski topology. It is well known that the variety of all tensors of border rank < r
can be written with the help of an orbit closure [12], namely G,e, where e, is the so-called unit

tensor in K™™*": A tensor t € K™™" has border rank < r iff t € G,e,, where t is an embedding
TXTXT

of ¢ into the larger ambient space K

Orbit closure problems have played a central role in algebraic complexity theory in the
recent years. Not only the border rank problem can be phrased as an orbit closure, but also
the famous permanent versus determinant problem. This is the starting point of the geometric
complexity program initiated by Mulmuley and Sohoni, see Section

We can think of a tensor ¢ € K™™™ as a set of m matrices Aq,..., A, of size n xn, stacked
up on top of each other (also called slices). The group I';, := SL,,xSL,, acts on ¢ by simultaneously
multiplying each of the matrices from the left and the right. Biirgin and Draisma [10] showed
that the noncommutative rank of the matrix space given by Ay, ..., A, is maximal iff 0 € T,,t.
(All such tensors ¢ are said to lie in the null cone.) Garg et al. [31] show how to decide the null-
cone problem in this setting in polynomial time, hence giving a deterministic noncommutative
identity testing algorithm. (Unfortunately, we do not know whether something similar can
be achieved in the commutative setting. More unfortunately, Makam and Wigderson proved
recently that the commutative case cannot be written as a null-cone problem [57].)

While the complexity of the border rank is still unknown to our best knowledge, the fact that
the tensor rank problem is NP-hard might be seen as an indication that the border rank problem
is hard, too. The noncommutative identity testing problem however is easy. Of course, we have



different group actions in these two problems. Furthermore, in the border rank problem, the
vector on the right hand side is essentially fixed, namely to e,., whereas in the latter problem,
the vector on the left hand side is fixed, namely it is zero. As our first contribution, we settle
the complexity of testing whether a tensor ¢ lies in the orbit closure of another tensor ¢’ under
the group action GLj x GL,, x GL,,. Note that when ¢ lies in the closure of ¢/, then the whole
orbit closure of ¢ is contained in the closure of t. Therefore, we refer to this problem as the
orbit closure containment problem. We prove that the orbit closure containment problem is NP-
hard for tensors under the GLj x GL,, x GL,, action by defining a quantity called minrank (see
Sections[Bland [@]). We prove that deciding whether the minrank is bounded by some given bound
b is an NP-hard question (see Section [R.2)) and furthermore, that this question can be phrased
as an orbit closure containment problem. We also study another quantity, the so-called slice
rank. The slice rank was introduced recently, in the proof of the capset conjecture. The tensors
of slice rank bounded by r form a variety, too. Its structure seems to be more complicated, we
prove that it is the union of polynomially many orbit closures. We show that the membership
problem for the slice rank variety is NP-hard, too.

If the orbit closure of ¢ is not contained in the orbit closure of ¢, then there is a polynomial f
that vanishes on the orbit closure of ¢’ but f(¢) # 0. Such an f is a proof that ¢ is not contained
in the orbit closure of ¢. Now let ¢’ be a tensor such that membership testing in the orbit
closure of t' is NP-hard, for instance, ¢ could come from a sequence of tensors that generate
the minrank varieties. We will prove that unless the polynomial time hierarchy collapses, not
all such f can have polynomial size algebraic circuits. This can be viewed as an instance of the
algebraic natural proofs framework, introduced by Forbes et al. as well as Grochow et al., see
Section [I.41

When such an f has superpolynomial circuit size, this is an indication that proving that t is
not contained in the orbit closure of ¢ might be hard. However, when we want to separate the
permanent from the determinant, we need to prove a statement like this. (Note however, that
we currently do not know whether it is hard to test whether a polynomial lies in the orbit closure
of the determinant, this is an algebraic variant of the so-called minimum circuit size problem.)
In the third part of this paper we investigate how methods from geometric complexity theory
might overcome this barrier by constructing equations for the slice rank variety which is a union
of orbit closures and the minrank variety which in fact is an orbit closure.

1.2 Slice rank problem

The notion of slice rank was first used implicitly by Croot, Lev, and Pach in their application
of the so-called polynomial method in their breakthrough work on progression-free sets, also
known as capsets [22]. Later Tao [73] gave a symmetrized formulation of this method and used
slice rank explicitly. In [8], Blasiak et al. used the term slice rank for the notion that Tao
introduced. They used this notion to extend the results on capsets and obtained some barrier
results on the group-theoretic approach to the matrix multiplication. Further Tao and Sawin
[74] explored slice rank of tensors systematically. The methods based on slice rank have been
very useful in advancement of several combinatorial problems like the sunflowers free sets, the
tri-colored and multi-colored sum-free sets, the capsets and the progression-free problem, and
multiplicative matching in nonabelian groups (see for instance [27, 63}, 55 [66]).

We describe the notion of slice rank and then the corresponding computational problem.
For this, we consider the space V; ® V5 ® V3. It can also be written as ®?:1 Vi, and is generated
by the decomposable (also called rank-one) tensors v1 ® vo ® v, where v; € V;. The usual tensor
rank is the minimum number of decomposable tensors that is needed to write a given tensor as a
sum of decomposable tensors. The slice rank is defined in a similar manner, however, the basic
building blocks are not decomposable tensors but tensors that can be decomposed into a matrix
and a single vector. More formally, consider the smaller tensor products ®1<;<3.+; Vi and the
J-th tensor products ®; : V; x ®1<i<3:i2; Vi —~ ®§:1 V; with its natural definition. Now the rank



one functions are the elements of the form v; ®; v; for some v; € V; and v; € ®1<i<izj Vi- The

slice rank (or stk for short) of a tensor 7' € ®2_, V; is the smallest nonnegative integer 7 such
that T can be expressed as a linear combination of 7 rank one functions. For its comparison
with other notions of rank of tensors, like subrank and multi-slice rank, see [20, Section 5. For
its relation to the analytic rank and the partition rank, see [56]. For its connection to the null
cone problem of group actions, see [13], [§].

The slice rank problem is the following.

Problem 1. We are given T € F" @ F" @ F" and a number r, and we want to know whether
stk(T) <.

Prior to this work, nothing about the complexity status of the problem was known to our
best knowledge.

1.3 Matrix completion and minrank problems

An instance of a matrix completion problem over some field K is an n x n-matrix A that is
filled with elements from K or with a special symbol *. One can think of the *’s as placeholders
that can be replaced by arbitrary elements from K. The goal is to replace the *’s in such a
way that the rank of the resulting matrix is either minimized or maximized, depending on the
application.

Matrix completion has many applications, for instance, in machine learning and network
coding, we here just refer to [64] [39] [38], which contain relevant hardness results. When we
consider minimization, the problem is NP-hard, even when the resulting matrix has rank 3 [64].
When we consider maximization, then the problem is NP-hard over finite fields [39]. Over large
enough fields, there is a simple randomized polynomial time algorithm that simply works by
plugging in random elements from a large enough set. The correctness of this algorithm follows
from the well-known Schwartz-Zippel lemma.

We can phrase the matrix completion problem as a problem on tensors or on tuples of
matrices. Let E; ; € K™ be the matrix that has a 1 in position (¢, j) and zeros elsewhere. Let
Ag be the matrix that is obtained from A by replacing every * by a 0. For every star, we create
a matrix F; ; where (i, j) is the position of the x. Let F1,..., Fy, be the resulting matrices. We
can view (Ao, Fi,...,F,,) as a tensor in Knx(m+l) - We call Ag, Fy,...,F, the slices of this
tensor. Then the matrix completion problem can be phrased as follows: Find the minimum r
such that there are A1,..., Ay, € K fulfilling

rk(Ag+ M Fy+--+ A ) <

Here rk denotes the usual matrix rank. Many variants of matrix completion have been studied
in the literature. For instance, instead of having simply *’s we can have variables and each
occurrence of a variable has to be replaced by the same value. This can naturally be modeled as
a tensor problem, too: Each of the F; will have a 1 at each position where a particular variable
occurs and 0’s elsewhere. The most general setting would be the following: Given a tensor ¢ as a
tuple of n x n-matrices (Ao, A1, ..., A ), what is the minimum 7 such that there are Ay,..., A\,
with

rk(Ag + M AL+ + A Am) <7 (1.1)

We call this problem a generalized matrix completion problem and we call the minimum value
r above the completion rank of t.

In [7], it is shown that given ¢ and a bound 7, deciding whether the completion rank of ¢
is bounded by 7 is NP-hard. Furthermore—and this is the interesting case here—even testing
whether ¢ is in the algebraic closure of the set of all tensors of completion rank < r is NP-hard.
The smallest r such that this is the case, is called the border completion rank. This makes the
class of all tensors of border completion rank bounded by some number r an interesting test
case for algebraic natural proofs and methods from geometric complexity theory.



When we want to address this problem with methods from geometric complexity theory, it
is unsatisfactory that in (III), we have an affine matrix pencil, that it, the matrix Ay is always
contained in the linear combination. It would be much more natural to view this as a problem in
projective space, that is, we allow arbitrary nonzero linear combinations. We call this measure
the minrank, since it is the smallest rank of any nonzero matrix that is contained in the linear
span of the slices of the tensor. In the hardness proofs in [7], it is crucially used that Ag always
has unbounded rank whereas all other A; always have constant rank. Therefore, the hardness
proofs for completion rank do not transfer to minrank.

1.4 Algebraic natural proofs

Algebraic natural proofs were introduced by Forbes, Shpilka, and Volk [28] and indepen-
dently by Grochow, Kumar, Saks, and Saraf [36] (see also [I 2]) as an attempt to transfer
Razborov and Rudich’s famous barrier result [65] for Boolean circuit complexity to algebraic
complexity theory.

Let X be a set of indeterminates. We fix a set of monomials M ¢ K[X] and we consider the
linear span (M) of M in K[X]. Every polynomial in (M) is of the form ¥, r¢ ¢mm. Every
f e (M) is identified with its list of coefficients (¢p,)merm. We consider a class C < (M). Think
of C as the polynomials of “low” complexity in (M). An algebraic proof or distinguisher is a
nonzero polynomial D in |[M]| variables T,,, m € M, that vanishes on the coefficient vectors of
all polynomials in C. If for f e (M), D(f) # 0, then D proves that f is not in C, that is, f has
“high” complexity.

Definition 1.2 (Algebraic Natural Proofs [28] B36]). Let X be a set of variables and let M ¢
K[X] be a set of monomials. Let C ¢ (M) be a set of polynomials and let D ¢ K[T},, : m € M].
A polynomial D is an algebraic D-natural proof against C, if
1. DeD,
2. D is a nonzero polynomial, and
3. for all feC, D(f) =0, that is, D vanishes on the coefficient vectors of all polynomials in
C.

Furthermore, for fy € (M), we call D as above an algebraic D-natural proof for f; against
C, if we have D(fy) # 0. That is, D proves that fy is not in C.

A hitting set for some class of polynomials P in p variables is a set of vectors H ¢ K* such
that for all p € P, there is an h € H such that p(h) # 0. Forbes et al. as well as Grochow et
al. go on and define C-succinct hitting sets where C is some class of polynomials. Their main
barrier result is that there are either algebraic D-natural proofs against C or C-succinct hitting
sets for D.

Maybe the most interesting example is when C is the class of polynomials in n variables
that have degree poly(n) and circuit size poly(n), that is, we get the class VP when we run
over all n. If a polynomial vanishes on a particular set, it also vanishes on the Zariski closure
of this set. So an algebraic proof against some class C will vanish on polynomials f that are
not contained in C, but are contained in the closure C. Polynomials in the border C \ C may
have higher complexity than polynomials in C (otherwise, they would be in C), yet they cannot
be distinguished by an algebraic proof from polynomials in C, independently of any barrier.
Therefore, to study algebraic proofs properly, one needs to look at Zariski closed classes of
polynomials.

The setting above is not only limited to the class VP, we can for instance also consider
tensors of order three, that is, trilinear forms. In this case, instead of circuit complexity, we
study for instance the border rank of tensors. While the complexity of the border rank is still
open (note however, that testing the rank is a hard problem [40, 69, [67, [7, [72]), Bléser et al.
[7] defined a related measure, the so-called border completion rank. They proved that border
completion rank is NP-hard. From this it follows that from any set of equations defining the



variety of tensors of border completion rank bounded by a certain value at least one of the
equations has superpolynomial algebraic circuit complexity, unless coNP € 3BPP.

Even more general, we can consider this problem for any variety V. In our setting, V' would
be VP or the orbit closure of the determinant or the variety of all tensors with border rank
bounded by some r. An equation f of this variety can be considered as an algebraic proof: If
f(x) # 0, then f is a proof that z is not in V. Of course, if V is arbitrarily complex, then
the complexity of f can be of course arbitrarily high, therefore, we are interested when V' can
be easily described, for instance as the closure of objects (polynomials, tensors, ...) of low
complexity.

1.5 Geometric Complexity Theory

In [75] Valiant proved that every polynomial f can be written as the determinant of a matrix
whose entries are affine linear polynomials. The required matrix size to write f in this way is
called the determinantal complexity de(f). The flagship conjecture in algebraic complexity the-
ory is that the sequence dc(per,,,) is not polynomially bounded, where per,, := ¥ g, ITi%1 7 ()
is the permanent polynomial. In terms of algebraic complexity classes, this can be succinctly
phrased as VDET # VNP. Mulmuley and Sohoni [61], [62] proposed to reinterpret Valiant’s de-
terminant versus permanent conjecture in terms of questions about certain orbit closures and
the representations in their coordinate rings. They arrive at the potentially stronger conjecture
VDET # VNP and coined the name geometric complezity theory (GCT) for their approach. At
the center of their attention is the study of the orbit closure Det,, := GL,,2det,,, as it allows us
to define the border determinantal complezity dc(f) to be the smallest n such that the padded
polynomial z77™f is contained in GL,2det,. The conjecture VDET # VNP is equivalent to
dc(per,,,) growing superpolynomially. The definition of dc from dc is in complete analogy to
going from tensor rank to the border rank of tensors, see e.g. [5].

To prove that a point p does not lie in Det,, one searches for polynomials vanishing on
Det,,, that is, equations for the variety Det,. Those which do not vanish on p are sometimes
called separating polynomials in the GCT literature, as they prove p ¢ Det,. In the language
of the previous section, they would be called algebraic proofs or distinguishers. Sometimes
representation theory can be used to find equations for varieties: Since Det,, is closed under
the action of GL,2, the vanishing ideal I(Det,,) decomposes into a direct sum of irreducibles in
each degree. If A is an GL,2-isomorphism type and a) is the multiplicity in the coordinate ring
of the ambient space C[z1,1,...,Zpn]n, then the algebraic Peter-Weyl theorem implies that an
equation of type A exists if the multiplicity of A in the coordinate ring of the orbit GL,2det,, is
less than ay. This multiplicity if known as the rectangular symmetric Kronecker coefficient, see
[17]. This criterion is satisfied in numerous cases, see the appendix of [44].

The GCT approach is very general and can be applied to numerous algebraic measures of
complexity. As one example, the border rank of the matrix multiplication tensor was phrased
in this setup [14], 15] and explicit lower bounds for this border rank have been found using the
multiplicities in the coordinate ring of the GL,, x GL,, x GL,, orbit of the unit tensor. These were
the first lower bounds in algebraic complexity theory found using this approach. Since our space
of objects is a tensor space and the action a product of general linear groups, the multiplicities
in the coordinate ring of this ambient space are given by the infamousd!] Kronecker coefficients.

2 Our contributions

We give a detailed overview of our results and its meaning for geometric complexity the-
ory. We keep this exposition at a non-expert level, the complete results can be found in the
subsequent sections.

1«Although Kronecker coefficients are a classical subject, frustratingly little is known about them.” [1T]



2.1 The slice rank problem and orbit closures

Our first contribution is that we show that the slice rank problem is NP-hard under polyno-
mial time many-one reductions. (see Section [8]). For this, we use a connection of the slice rank
to the size of a minimum vertex cover of a hypergraph by Tao and Sawin [74]. They showed
that for every 3-uniform, 3-partite hypergraph H, one can associate a tensor Ty, and if the
edge set of the hypergraph forms an antichain, then the slice rank of the associated tensor T
equals the size of the minimum vertex cover of the hypergraph H. To our best knowledge, the
complexity of the decision version of the slice rank problem for order-three tensors has been
open so far. Prahladh Harsha, Aditya Potukuchi, and Srikanth Srinivasan kindly sent us an
unpublished manuscript, in which they prove that the order-four case is NP-hard. However, this
one more tensor leg gives an additional degree of freedom, which easily allows to establish the
antichain condition. Biirgisser et al. [9, page 27] report that Sawin has an unpublished proof
that computing the slice-rank of tensors of order three is NP-hard. However, they also state
that the decision version is open.

We show the NP-hardness of the slice rank problem for order-three tensors by showing
that the 3-uniform, 3-partite hypergraph minimum vertex cover problem where the edge set
forms an antichain is NP-hard. The corresponding hypergraph minimum vertex cover problem
without the antichain restriction is known to be NP-hard [34] by reduction from the usual 3-
SAT problem. However, their reduction does not work if one wants to adapt it to the antichain
restriction. We use a reduction from a restricted SAT-variant, the bounded-occurrence mixed
SAT (bom-SAT) problem, in which there are 3-clauses and 2-clauses, and every variable occurs
exactly thrice, once in a 3-clause and twice in 2-clauses. Because of the antichain restriction,
our labelling of the gadget becomes very delicate and needs to be handled very carefully in the
reduction (see Lemma [R3]).

Next, we phrase the slice rank problem in terms of orbit closures. More specifically, we
show that testing whether a tensor 7' € F™ ™" has srk(7') < r is equivalent to testing if the
tensor T is contained in a polynomially large union of orbit closures. Let (r1,72,73) be such
that 71 +ro+73 = r. We first embed T in a larger subspace U' @ V'@ W' 2 F¥1 @ F*2 @ F*3 (this is
called padding), where s; =71 +nrg +nrs, sg = nry +r9 +nrs and s3 = nry +nre + 13, and define

L N T2

n T3 N
_ 1 1 1 2 2 2 3 3 3
Sn7r17r277-3 = Z Z €; ® eij ® eij + Z Z eij ® €; ® eij + Z Z eij ® eij ® €.
i=17=1 i=17=1 i=1j=1

Intuitively, in the sum above, we have 7 rank-one elements of the form v1 ®; vy with v; e V;
and vy € ®1<i<3:21 Vi, 2 elements of the form vy ®3 v, and r3 elements of the form vz ®3v;. Now
stk(T") < r becomes equivalent to testing whether 7T is in the orbit closure of the Sy, ;o s for
some (71,r2,7r3) with 1 + 72 +r3 = 7. Thus we show that the slice rank variety SVpngrngpn » is
the union of orbit closure of Sy, y, ry.rs Over all (r1,72,73) With 71 + 72 + r3 = 7, intersected with
the ambient space F" @ F" ® F", see Section 3.l for details. Note that Tao showed that the set
of all T" with srk(7") < r is closed, so there is no need to define a notion of border slice rank (see
[74, Corollary 2]). This is different to the situation with determinantal complexity and border
determinantal complexity or tensor rank and border rank.

Next we go on to determine the stabilizer of Sy, r, 7y 74, 1-€., the subgroup of GL(U")xGL(V")x
GL(W') which fixes Sy 7, ro,rs (Theorem B9). We can also show that each Sy, ryry is almost
characterized by its stabilizer, i.e., it is a direct sum of three tensors that are each characterized
by their respective stabilizers (Theorem [BI0). This is an important property in the context of
geometric complexity theory. Both the permanent and the determinant are characterized by
their respective stabilizers as well.

Phrasing the problem geometrically allows us to find equations for the slice rank varieties.
This makes the slice rank problem an interesting “testing ground” for the methods of geometric
complexity theory. The situation is very similar to the permanent-determinant and border rank
settings that have been studied in geometric complexity theory; the symmetries of the tensors



determine the orbits. This allows us to analyze the problem using representation-theoretic
methods. What makes our “testing ground” very appealing from a complexity theoretic point
of view is the fact that we can prove that testing containment in the slice rank varieties is
NP-hard, something which we do not know for VP, the orbit closure of the determinant, or
tensors of a given border rank. This hardness allows us to reason about proof barriers.

2.2 The minrank problem and orbit closures

As a second test case, we study the minrank problem as a test case for the geometric
complexity methodology. In contrast to the slice rank problem, the corresponding variety can
be written as a single orbit closure. Since we also prove that containment in the minrank
variety is NP-hard, we obtain the result that the orbit closure containment problem is NP-hard
(Corollary B.I0]), which we cannot deduce from the hardness of slice rank.

For the minrank problem, we are given a tuple of matrices A1, ..., Ay of the same size mxn
and a number r, and the problem is to decide whether there exist a nonzero linear combination
r1Aq1 + -+ + 23 A, with rank at most r. The smallest r is called the minrank of Aq,...,As.
Instead of thinking of a tuple of matrices, we can also view Ai,..., A as a tensor in FF*7mxn
with A1,..., Ag being its slices. We will use both views in this paper.

In contrast to the completion rank, we allow any nontrivial linear combination of the slices
in the minrank case, whereas for completion rank, we always require 1 = 1. We can view the
minrank problem as the homogeneous version of the completion rank problem. As minrank is
a homogeneous problem, from an algebraic perspective, it is more natural than the completion
rank. Instead of affine varieties, we obtain a projective variety. The NP-hardness proofs in [7]
critically used the fact that x1 = 1, since A; was a matrix that had rank linear in the input size
whereas all other matrices had the same, constant rank. These hardness proofs do not work
in the homogeneous setting, since all instances created in the proofs trivially have the same
minrank. As one of our main results, we prove that testing containment in these projective
varieties is still NP-hard.

While the minrank problem certainly is an interesting problem on its own right, we consider
it here as a “test-bed” for the geometric complexity approach. To this aim, we again want
to show that we can write the minrank problem as an orbit closure problem. For a tensor
T € FF*mXn given as e; ® Ay +---+e; ® Ay, and a linear form x € (Fk)*, we define the contraction
Tz by Tx = x(e1)A; + -+ + x(e) A, that is, we form a linear combination of the slices. If we
take the set of all (7', x) with rk(7'z) < r and x # 0 and project on the first component, we get
all tensors of minrank at most r. Since the set of all such (T, z) is invariant under scaling of
T or x by nonzero factors, it also defines a projective variety, and the projection on the first
component is a projective variety, too, see Section 6] for more details. So we are in the nice
situation where the set of all tensors of minrank at most r is Zariski closed (Theorem [6.1]). This
means that we are in the same situation as slice rank; we do not need an additional border
complexity measure, i.e., minrank and border minrank coincide. We denote the corresponding
variety of all tensors 7'e U ® V ® W of minrank at most r by Myevew, or just M, when the
tensor space is clear from context.

Next, we want to write the minrank varieties Mygyew,  as orbit closures. Note that we
can always embed a tensor T'e U @ V ® W into a larger ambient space U ® L ® L, where V and
W are subspaces of L, by filling the new entries with zeros. (This process is called padding.)
We then show (Corollary [6.7)), that Myevew,, is the GL(U) x GL(L) x GL(L)-orbit closure of
the tensor

r k n
Tinr=€1® (Y e1j®e15) + >, e;® (D ey ®ejj),
j=1 i=2 j=1
intersected with the ambient space U ® V @ W (here k = dimU, n = dim L). This means that
we can reduce the question whether a tensor has minrank at most r to the question whether it
is contained in the orbit closure of T} ,, ;.



Then we go on and determine the so-called stabilizer of T}, ,, , (Theorem B.8]), a subgroup of
GL(U) x GL(L) x GL(L) which fixes T}, ,, ». This is the group of “symmetries” of T}, . It can
be shown that the orbit of T} , . is completely described by the stabilizer, that is, all tensors
having the same stabilizer lie in the orbit of T}, ,, , (Theorem [69]). This is an important property
in the context of geometric complexity theory, only slightly weaker than the property of being
characterized by the stabilizer up to scale shared by determinant and permanent.

2.3 [Equations of slice rank varieties

In Section Ml we describe many nonzero polynomials which vanish on slice rank varieties.
We use two different representation theoretic methods to find these equations, and interestingly
both yield the same set of polynomials. The first method in Section [£.1] uses multilinear algebra
and highest weight vectors, while the second method in Section uses the stabilizer of the
slice rank tensors and invariant theory. Interestingly, among these equations we find that the
unique SL,;2 x SL,;2 x SL,,2-invariant function of degree n® vanishes on tensors of slice rank < n?
in C"° ® C" ® C"”. This function is known as one of Cayley’s hyperdeterminants. If the
combinatorial property in [16, Cor. 5.25(3)] is true, then this coincides with the fundamental
inwvariant of the n x n matriz multiplication tensor.

Let k£, m and n denote the dimensions of U, V' and W respectively. Since the slice rank
variety SVyevew,r is invariant under the group action of GL(U) x GL(V') x GL(W), the ideal of
polynomials vanishing on it is also a representation of GL(U) x GL(V') x GL(W). The irreducible
polynomial representations of GL(U) are indexed by partitions with at most dim U many parts
(a partition is a finite list of nonincreasing natural numbers). The irreducible polynomial
representations of GL(U) x GL(V') x GL(W) are indexed by triples of partitions (A, u,v) where
A has at most k parts, p has at most m parts, and v has at most n parts. The multiplicity with
which (A, p,v) occurs in the coordinate ring C[U ® V ® W] is called the Kronecker coefficient.
It is nonzero only if |\| = || = |v|, in which case D = |)| is the degree of the polynomial.

Let ¢ = [\/max{k,m,n}]. In Section @l we find that all partition triples that satisfy A; > ¢
or py > £ or vy > £ vanish on SVygvew,p/e-

It is intriguing that both constructions in Section [£1] and Section give the same set of
equations. Both approaches are rather indirect, but the multilinear algebra approach in Sec-
tion [4.1] contains a construction principle for the functions, whereas the approach in Section
is purely based on invariant theory and the stabilizers of the slice rank tensors that we deter-
mine in Section Bl In Section do not write down the polynomials, but we obtain an upper
bound on the multiplicities of irreducible representations in the coordinate ring of slice rank
varieties. The upper bound is given by the multiplicities in the coordinate rings of the orbits
of the slice rank tensors. When these multiplicities are all less than the Kronecker coefficients,
then we get equations.

The polynomials described in Section 4.1 have polynomial degree, but the direct method of
evaluation of these polynomials involves exponential sums. We conjecture that it is NP-hard
to check vanishing of these polynomials on a given tensor. The polynomials obtained from
comparing multiplicities are given by a type of representation. It describes polynomials exactly
using small size labels, but does not give a direct method of evaluation of these polynomials,
which makes it potentially able to overcome the barrier saying that in some cases algebraic
proofs need to be hard. But it also means we do not have a concrete tensor on which these
polynomials do not vanish. Indeed, the nonvanishing of the hyperdeterminant on the matrix
multiplication tensor is an open question posed in [I6, Cor. 5.25(3)]. It would be nice to find
explicit nontrivial tensors for which we can prove a slice rank lower bounds using multiplicities.

2.4 Equations of the minrank varieties

Throughout this subsection, k, m and n denote the dimensions of U, V' and W respectively.
In Section [lwe describe several polynomials which vanish on minrank varieties. Section [Tl gives
a very basic example which follows directly from the definition: existence of a slice T'x of rank



at most r means that the (r+1) x (r+1) minors of Tx as polynomials in = have a common zero.
Instead of this, a weaker condition can be checked. The degree r + 1 homogeneous polynomial
map sending z to the collection of all minors gives rise to a linear map sending 21 to the
same minors. The existence of the common zero in this case can be checked simply by checking
the rank of this linear map. Interestingly, in one special case this construction coincides with
the construction of the hyperdeterminant [32].

Another construction is an application of Koszul flattenings which are also used in the
study of border rank of tensors. The best currently known lower bounds for the border rank of
the matrix multiplication tensor are based on Koszul flattenings [54 [53] (but it is also known
that these bounds cannot be significantly improved [26]). A simplest example of this family of
equations is the case k=3, m=n. Let T =e; ® A1 + e2 ® Ay + e3 ® A3. We can form a matrix

“Ay A, 0
Ay 0 A
0 -A; A,

which is GL(U) x GL(V') x GL(W)-covariant in the sense that if one tensor is obtained from
another by an action of this group, then the correponding matrices are also equivalent. If
rk(A;) < r, then the rank of this matrix is at most 2m + 2r, which is less than the maximal
possible 3m for r < . It is known [7I] that for a generic tensor the rank of the above matrix
is maximal, which means that the equations for M, given by the (2m +2r+1) x (2m+2r +1)
minors of this matrix are nontrivial. This construction can be generalized. In Section we
describe a generalization that gives equations when m = %n and r < % where p is a parameter
(Theorem [T.2).

More interesting examples are given by representation-theoretic methods. Since the minrank
variety M, is invariant under the group action, the ideal of polynomials vanishing on it is also
a representation of GL(U) x GL(V') x GL(W). In Section [[.3] we describe a family of polynomials
which potentially give equations for minrank varieties in cases m,n > kr. They are constructed
as specific highest weight vectors of certain GL(U) x GL(V') x GL(W)-representations. The
nontriviality of these equations is connected to interesting combinatorial questions about Latin
rectangles. These problems arise from the evaluation of the constructed polynomial, which
involve exponential sums. We now give an example of such a degree 6 equation in the case
k=2 n=m=3,r=2. Let sgn(w) € {-1,1} denote the sign of a permutation w of a set of
numbers that start at 1, e.g., sgn(1,3,2) = -1 and sgn(1,2) = 1. We define sgn(w) = 0 for any
other list of numbers w, e.g., sgn(2,3) = 0 and sgn(1,2,2) = 0. Denote the components of the
tensor 7' € C¥*¥3 by T, 5. Let R:= {(i,5) | 1 <i<2,1<j <3} bea 2x3 rectangle and
I={(o,0,7) |1 < <2,1< 3,7 <3} the set of possible indices. Define

f(T) = Zcp:R—»I U(‘:O) quR Tap(q)a (2'1)

where o(p) = Sgn(go(l,l)l,gp(Q,l)l)-Sgn(gp(1,2)1,go(2,2)1)-sgn(gp(l,3)1,gp(2,3)1)
-sgn (()0(17 1)27 @(17 2)27 @(173)2) - Sgn (@(27 1)27()0(27 2)27‘10(27 3)2)
-sgn (¢(1,1)3,0(2,1)3) -sgn (0(1,2)3,0(2,2)3) - sgn (¢(1,3)3,90(2,3)3).

Clearly, f is a homogeneous degree 6 polynomial on U ® V @ W. It will follow from the general
results in Section [.3that f is nonzero and that f vanishes on tensors of minrank < 2. Moreover,
this f is a highest weight vector of weight (3,3),(2,2,2),(3,3).

More indirectly, the existence of equations can be proven by showing that the ideal of M,
contains an irreducible representations of a given weight. We study this approach in Section [(.4]
There we show that nontrivial equations can be obtained purely from the description of minrank
varieties in terms of orbit closures, without presenting the polynomial explicitly and computing
its value on tensors from minrank varieties. This is achieved by obtaining an upper bound



on the multiplicities of irreducible representations in the coordinate ring of minrank varieties.
The upper bound is given by the multiplicities in the coordinate ring of the orbit of the tensor
describing min-rank. When this multiplicity is less than the multiplicity in the space of all
polynomials (which is given by Kronecker coefficients), then we get an equation. We determine
the exact formula for the upper bound and verify that it indeed yields numerous equations, for
example one can calculate that one of the equations we find in this way is the one in (21]).

Computational properties of the described polynomials vary. Basic polynomials described
in Section [Z.1] are compositions of determinants where inner determinants are of size r + 1 and
outer determinants are of size (l:ﬂ) If r is constant (in particular, in the case r = 1), these
polynomials are easy to compute. This means that for almost all tensors of minrank greater
than 1 we can easily prove this using these basic equations. Nevertheless, we will prove that in
general this question is coNP-hard and thus we are unlikely to have easy proofs for all tensors.
If, on the other hand, r is linear in the size of the tensor (in this other regime we also prove
hardness results) computation involves determinants of exponential degree. Similarly, the ranks
of Koszul flattenings from Section are computable in polynomial time if the parameter p
is constant and involve determinants of exponential size if p is linear in the size of the tensor.
The polynomials described in Section [7.3] have polynomial degree, but the direct method of
evaluation of these polynomials involves exponential sums. We conjecture that it is NP-hard
to check vanishing of these polynomials on a given tensor. The polynomials obtained from
comparing multiplicities are given by a type of representation. It describes polynomials exactly
using small size labels, but does not give a direct method of evaluation of these polynomials,
which makes it potentially able to overcome the barrier saying that in some cases algebraic
proofs need to be hard. But it also means we do not have a concrete tensor on which these
polynomials do not vanish. Of course these equations are nonzero, but we only know that it
does not vanish on a tensor of the form T} ,,, for large enough r. It would be nice to find other
explicit tensors for which we can prove a minrank lower bound using multiplicities.

2.5 Hardness of membership testing and algebraic natural proofs

In Section B.I], we prove that testing membership in the slice rank varieties is NP-hard and
we prove in Section that testing membership in the minrank varieties is NP-hard. Since the
minrank varieties are orbit closures, we get as a corollary, that the orbit closure containment
problem is NP-hard. It turns out that even deciding whether the minrank is <1 is already NP-
hard. We can use these hardness results to show the following lower bound for the equations
of slice rank and minrank varieties: For infinitely many n, there is an m, a tensor T € F""™*"
and a value r such that there is no algebraic poly(n)-natural proof for the fact that the slice
rank or minrank of T is greater than r unless coNP ¢ 3BPP. We prove this by providing a
general methodology for proving statements like this, generalizing results from [7]. The two
main ingredients needed to achieve this results are

e the NP-hardness of the membership problem of the varieties and
e the ability to effectively generate a dense subset of the variety.

Here “effectively generate” means that we can provide a vector of polynomials, each computed
by a polynomial sized circuit, such that the image of the vector (interpreted as a polynomial
map) lies dense in the variety. Since the minrank varieties are orbit closures, it follows easily
that the minrank varieties satisfy the second property. For the slice rank varieties, this works,
too, since they are a polynomial union of orbit closures.

Now we can go as follows: If we assume that almost all minrank varieties are described by
a set of equations of polynomial size, we can decide non-membership as follows: Given a point
x, we guess a polynomially sized circuit for an equation f. Since we can effectively generate
a dense set, we can check whether f vanishes on this set and therefore on the whole variety
using polynomial identity testing. This can be done by an IBPP-machine. Then we simply
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test whether f(x) # 0 using polynomial identity testing again and can therefore decide non-
membership. Since membership testing is NP-hard, non-membership testing is coNP-hard and
the result follows.

We can interpret this as a barrier result: We proved that we can get equations for the slice
rank or minrank varieties by different methods from geometric complexity. The result above
means that in a full set of equations, that is, for a set of equations that describe the variety
completely, not all of them will have algebraic circuits of polynomial size (unless the polynomial
time hierarchy collapses). Therefore, if we want to prove lower bounds with the GCT approach,
we have to argue why in our lower bound proof, we do not (implicitly) evaluate the circuit to
prove that a point is not contained in the variety, but we do something more clever.

2.6 Does GCT avoid natural proofs barriers?

By the results mentioned in the previous section, if the (V,)-membership problem is NP-hard
for some family (V},) of varieties, then not all equations of V;, can have polynomial size circuits.
However, in this paper we have constructed various equations for the slice rank and minrank
varieties using the GCT methodology, even in the regime where the membership problem is
NP-hard. While we do not know whether all of the equations have polynomial size circuit—we
rather suspect not, since they are described by exponential sized determinants or exponential
sums—they have polynomial size descriptions in other models, for instance, they are given by:

e succinctly represented exponential size determinants,
e succinctly represented exponential sums, or
e succinct representation-theoretic objects.

But by the end of the day, given a variety V and a point z, the GCT approach produces
the description of an equation f of the variety V under consideration, such that f(z) # 0. The
description of this equation can be very short, as mentioned above. However, we do not only
have to give a description of the equation, but we also have to prove that f(x) # 0 and that f
vanishes on the corresponding variety.

More specifically, we have a sequence (V;,) of varieties and a sequence of points (z,) and
we want to prove that z,, ¢ V,,. We do this by constructing a sequence of polynomials (f,,) such
that f,, vanishes on V,, and f,,(x,) # 0. What the term “constructing” means, that is, how do we
represent the polynomial f,, and how do we prove that it vanishes on V,, and f,(x,) # 0, might
depend on our lower bound method. In our example, we can think of (V},) as being a sequence
of minrank varieties generated by Tj(n) n.r(n) Where k(n) and 7(n) are chosen in such a way
that the membership problem in (V,) is NP-hard, see Section for various possible choices
of parameters. Slice rank is a little bit more complicated, but essentially the same reasoning
works.

From Theorem RBI3]it follows that when the (V},)-membership problem is NP-hard and (V;,)
fulfills the further, very natural prerequisites of the theorem, then we cannot expect that all
equations of V}, have polynomial circuit size. So the question is whether we can prove that f,
vanishes on V,, and that f,(z,) # 0 despite this natural proof barrier.

One can think of various ways how to circumvent this barrier. Think of (V},) being a
sequence of slice rank or minrank varieties such that membership testing is hard:

e First of all, we might be lucky and the equations f,, that we picked for x,, have polynomial
size circuits. We cannot rule out this possibility, however, it seems very unlikely to us
that this might actually happen.

e For all our equations that we constructed in the paper, we were able to show that they
vanish on the corresponding variety. This means that if one of these equations has super-
polynomial circuit size—what we consider to be very likely—all our proofs in Sections [
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and [7 cannot rely on evaluating this underlying circuit on a generic point of the variety,
even not implicitly. We think that this is a good sign.

(A small side remark: One could say that to prove the vanishing of an equation, we do
not need to evaluate the circuit, it suffices to evaluate an algebraic decision tree. How-
ever, it is well known that for every algebraic decision tree that decides membership in
a variety, there is an algebraic circuit of roughly the same size that computes a multi-
ple of this equation (by following the so-called generic path and then applying Hilbert’s
Nullstellensatz) see e.g. [12]. Then we can use Kaltofen factorization [47] and the recent
variants [25], which also work to some extent for exponential degree equations, to get a
circuit computing the equation. So algebraic decision trees will most likely not overcome
the natural proofs barrier.)

e The second item that we have to prove is f,,(z,) # 0. In our setting, we easily can overcome
this problem. We can choose S, . (n),rs(n),rs(n) Such that r1(n) +ra(n) +r3(n) is large
enough or Ty (,) . (n) for some large enough 7'(n) > r(n) as our point, respectively. Then,
since we have an ascending chain of orbit closures, S, ;.\ (n)r2(n)r3(n) O Th(n)n,r(n) does
not lie in V,, by design and hence the equation f, will not vanish on it, since it is nontrivial.
Again, we believe that this a promising sign, too. Of course, this will not be as easy in
the permanent versus determinant setting. However, there is hope that GCT can prove
f(per,) # 0 using symmetry properties of per,. Unlike a generic point, the permanent
is characterized by its symmetries, so such a proof would be special to the permanent.
Note that for our points S, ;. (n)rs(n),r3(n) @04 Tk(n)n 7 (n), the situation is similar. They
are almost characterized by their symmetries, for instance, Sy, ;. (n),ro(n),r3(n) 1S the direct
sum of three tensors that are characterized by its symmetries.

e Finally, in the case of the permanent versus the determinant problem, it is possible that
deciding whether a family of polynomials is in VP is an easy problem. This is the algebraic
analogue of the minimum circuit size problem, the complexity of which is widely open.
The same could be the case for the border tensor rank problem, although here, this is
rather unlikely, since we know that the tensor rank problem is NP-hard.

3 Geometric description of slice rank varieties

For the necessary mathematical background, the reader is referred [68], 49} 50, [6].

In this section, we describe the geometric description of the slice rank varieties for 3-tensors.
Let us say we are given a 3-tensor T e U ® V @ W, and we are interested in finding out if it has
slice rank at most r, i.e., if stk(T) <r.

In what follows, we phrase this problem geometrically and formulate it as variety membership
testing problem. More explicitly, we write it as membership testing of 7" in a union of orbit
closures of certain tensors.

Lemma 3.1. ([7], Corollary 2]) Let U,V,W be vector spaces over an algebraically closed field
F. The set of all tensors T e U @ V@ W with slice rank at most r is a Zariski closed set.

In fact, they even showed that the set of all tensors T'e U ® V ® W with slice rank at most r
decomposed as (r1,72,r3) for a fixed tuple (r1,r2,73) with r1 + 79 + 73 = 7 is also Zariski closed.

Definition 3.2. We call the the affine variety
SVuevew, ={T eU®V & W|stk(T) <r}

the affine slice rank variety or simply the slice rank variety.

When clear from the context, we drop the index U® V @ W.
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Lemma 3.3. Let U,V, and W be subspaces of vector spaces U', V', and W', respectively. Then
SVuevew, = SVurgview N (U V @ W).

Proof. A tensor lies in SVygvew, iff it is an element of the space U® V ® W and has slice rank
at most r, i.e. lies in SVyrgyiew: r- O

Lemma 3.4. The slice rank variety SVyevew, 15 itnvariant under the standard action of
GL(U)xGL(V)xGL(W) onU®V @ W.

r1 r2 3

Proof. Tf stk(T) < r, we have T = Zum 1 Ti1+ Zui,g ®9 Ti72+Zui73 ®37T; 3 for some (r1,r2,73)
i=1 i=1 i=1

such that 7 +ry +r3 = 7, where u;1 € U, ujo € V, wijze W,and T;1 e VW, Tio e U W,

Tiz e U®V. Clearly when A® B® C € GL(U) x GL(V) x GL(W) acts on T', the slice rank
remains at most r. O

3.1 Slice rank varieties and orbit closures

For every tuple (r1,72,73) of non-negative integers such that 1 +r9 +r3 =, we consider the
vector spaces U(/rlm’rg) =F"1 & (F)®(2) g (F7)®(rs), V(/T1 o) = = (F")®() g F"2 @ (F*)®("3) and
(’7’177"277"3) = (F?)®() @ (F")®(2) @ F™3. We will drop the index (r1,79,73) in the following.

U’ has dimension s1(r1,72,73) = r1 + nre +nrs, and is decomposed into 1+ 79 +73 summands,
where one summand is of dimension r{, while the other summands are of dimensions n each.
Similarly, V' and W' have dimensions sa(r1,79,73) = nry + ro + nrg and s3(ri,72,73) = nry +
nry + r3, respectively, and are decomposed analogously as U’, into r; + 1 + r3 summands and
r1 + 79 + 1 summands respectively. We will denote s1(r1,72,73), s2(r1,72,73) and s3(ri,72,73)
simply by s1, s2, and s3, respectively. Thus U' @ V' @ W' = F51 @ F%2 ® F*s,

Let us give names to the components: Let L! be (F*)®(") of dimension nry, L? be (F”)@(”)
and L3 be (IF")@(T?’) respectively, and we have vector spaces U=F",V=F2and W = Fs
respectlvely Let LY be the i-th summand of L* k€ {1,2,3} with standard basis efj, j €[n], and

let e}, €2 and ¢} be the standard basis of U, V and W. We have U’ = Us L?@-- oL eLie oL}

1)1
and similar decomp081t10n for V' and W’.

Definition 3.5. For (7“1,7”2,7:3), we define the unit slice rank tensor Sy, rory € (UeL'eLYYe
(L2eVelYH)e(LPLPeW)cU @V e W' as

Sy o = ZZe ®em®em+22ew®e ®em+22ew®e ®el.

i=1j=1 i=1j=1 i=17=1

Along U we have 71 slices where each slice contains an n x n identity matrix each in disjoint
blocks. Then along V, we have 7y slices with n x n identity matrices in disjoint blocks. Finally,
we have r3 slices with n x n identity matrices in disjoint blocks along W. Thus Sn,ri,ra,r3 Can be
decomposed into three summands S, ,, € UeL! oL, Shro € L?®V®L? and Shrs € L3 LPeW
such that Sy, ;) ro.rs = Snry ® Snre © Snrs-

The group GLg, x GLg, x GLg, acts on U’ ® V' ® W' in a natural way. The slice rank variety
can be defined as the union of orbit closures of Sy, ;, r,.r, under the action of GL,, x GLg, x GL,,,
where the union is taken over (ri,rs,73) such that rq +re +r3 = 1.

Lemma 3.6. Let U, V, and W be n-dimensional subspaces of U', V', and W', respectively.
Then we have

SVU@V@W,T‘ = U (Gle X GLSQ X GLSg)Sn,T‘l,T‘Q,T‘g N (U ®Ve® W)

T1,72,73
T1+7r2+7T3="T
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Note that each of the orbit closures is taken in a different ambient space, since each Sy, r, ry.rs
lives in a different ambient space. But since we intersect each closure with U®V @ W, this is fine.
We could also embed all Sy, ;, ,r, into a larger ambient space, however, this is disadvantageous
when we want to determine the stabilizers later.

Proof. First of all note that for every such (ry,r2,73), we have that Sy i vy € SVreview
simply by the construction of Sy, ;. ry.ry, Where U' 2 F1V 2 F*2 W' 2 F*3. Now since by Lemma
B4 SVureview:, is invariant under the action of GL(U") x GL(V") x GL(W'), we have that the
entire orbit (GLs, x GLs, x GLg,) Sy r) ro.ry lies in it. Also, from Lemma B (see [74], Corollary
2]), it follows that (GLs, x GLg, x GLg;)Sn r) ro,rs i contained in a Zariski closed subset of
SVureview: and hence the orbit closure (GLg, x GLg, X GLg,)Sh ry.ro.rs also lies in SVirgyvrgw:.
Now we apply Lemma B3] to get the desired inclusion.

For the other direction, let us assume T € SVygvew,,. Since stk(1") < r, we have that we have

r1 T2 T3

T = Zum ®1 T + Zui,g ®2 Tjo + Zui,g ®3 T; 3, for some (r1,72,73) such that r| +ro + 73 =7,
i=1 i=1 i=1

where u;1 € U, u;2 € V, and w;3 € Wand T;1 e VW, T,o e U®W, and Tj3 e U V.

Since Vi € [r1], tk(T};1) < n, we can write T;1 as (Qi1 ® Ri1)(X7 el{j ® eil,j) for linear maps
Qi1 : Ll >V and Ry : L} — W. Analogously, Tis = (P2 ® Ri2) (X e?,j ® e?,j) for linear
maps P o : L? - U and R;s: L? - W, and Tiz3=(P3® Qi,g)(zgil eij ® eij) for linear maps
]32‘73 : L? - U and Qi,3 : L? - V.

Let Q1 : L' - V and Ry : L' - W be linear maps which are equal to Q;1 and R; 1,
respectively, when restricted to the i-th slice L}. Similarly we have maps P, : L? - U and
Ry : L? - W whose restrictions to i-th slices are P; 2 and R; 2, respectively, and P : L? > U
and Q3 : L? - V have their restrictions as P; 3 and Q; 3.

Finally, we also have linear maps P, : U - U sending eil to w1, Q2 V - V sending e? to
u;2 and Rg: W —>W sending eg’ to u; 3.

Thus T' = (P1®Q1®R1)®(Pa®Q20 R) ®(P3®Q38 R3))Sh. vy ry,ry fOr some (72,72,73). The
closure of GL;,,GL, and GLg, contains all linear endomorphisms of U’, V' and W', respectively,
and thus contains (P1® Q1 ® R1) ® (P> ® Q2 ® R2) @ (P3 ® Q3 ® R3). Therefore, T lies in the
closure (GLg, x GLg, x GLg;) Sy vy ro.ry fOr some (r1,72,73) with rq + 79 +1r3 = 7. O

Corollary 3.7.

SV i=Spngingrn, = | (GLs, % Gl % GLyy)Spry s N (F” @ F" @ F™)

Proof. We identify F™ as a subspace of U, V' as well as W' by embedding an element x € F"
in the bigger spaces as (,0,...,0) where we have zeros in all the other coordinates except the
first n coordinates. Now apply Lemma 3.3l O

We now describe the stabilizers of the unit slice rank tensors.

Lemma 3.8. The stabilizer of Zle e; ® e; € F¥ @ F¥ in GLy x GLy, consists of elements of the
form (A, A°T).

Proof. For the left action of GLj, x GL;, on F¥ ® F¥ consider the corresponding left-right action:
AXB = (A,B")X for A,B € GLj, and X e FF @ F*. If we interpret F* ® F* as the space of
k x k matrices, then Zf“;l e; ® e; is the identity matrix I and we observe that AX B is the usual
product of matrices. Clearly AIB =1 iff A= B! O

Theorem 3.9. For n > 2, the stabilizer of Sy .y rers 1 GLg, x GLg, x GLg, s isomorphic to

3
@ ((GL,, x GL1)" x &,,). The element (Z;1, zi1,-- - Zir;, 2zir;) € (GLy, x GL1)™ for i =1,2,3 is
i=1
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embedded into GL,, x GL,, x GL,,;-;, GLyy, x GLy, x GLyy, and GL,,,, x GL;,, x GL,., respectively,
V14
(diag(zn, At ] ), diag(Zn, Ce ,erl ), diag((zn erl )_T, ey (erl erl )_T)),
(diag(Za1, ..., Zor, ), diag(za1, . . . ,22T2),diag((221Z2T2)_T, e (ZQTQZQTQ)_T)), and
(diag(231, e ,Zgr3), diag((231 ZgTB)iT, ey (237»3 Zgr3)7T), diag(2’31, e 7237’3))7

respectively. The &, factor permutes the r; coordinates of U,V and W, and the r; summands
of L' x L' simultaneously.

Proof. Let S := Sy 1 rors = Snri @ Snre ®Sprs, and (A, B,C) estab S, that is, (A®B®(C)S = S.
It will be useful to visualize A, B and C' as

Ay | A | Ass B | Biz | Bus Cn | Ciz | Cus
A=| Ay | Ay | Ass |, B=| Boi|Bas| Bas |, C=| Ca | Caz | Cas
Agy | Asg | Ass Bs | By | Bss, Cs1 | Csa | Cs

Above, A1y is an 71 x 1 matrix, Ago is an nro x nre matrix, and Ass is an nrg x nry matrix,
respectively. Bij is an nry xnrp matrix, Bos is an ro x 7o matrix, and Bsz is an nrg x nrg matrix,
respectively, and C1p is an nr; x nr; matrix , Cag is an nro X nry matrix, and Cs3 is an 73 x 73
matrix, respectively.

Let S =371 €; ® S;, where S; is the i-th slice of S. Then,

51 51 51
(A ®B® C)Sn,n,m,r?, = Z(Aez) ® (B ® C)Sz = Zei ® (B ® C)(Z aiij)'
i=1 i=1 j=1

First of all we divide the set of slices into groups. These include:

e 71 groups of size 1 each, {1},...,{n},

e 79 groups of size n each, {r1 +1,...,r1+n},....{r1+(re=1)n+1,...,r1 +ron},

e 73 groups of size n each, {ry+ron+1,...,r1+ron+n},... . {ri+ron+(rs—)n+1,...,r1 +
Ton + r3n}.

We first consider the first 71 groups of slices, i.e., slices S; for i € {1,...,r1} to deduce about

the first r; rows of A.

Recall that for i € {1,...,r1}, rk(S;) = n (by definition). Thus we have that rk(¥31; a;;5;)
and consequently the rank of the i-th slice of (A ® B ® C)S will be at least gn, where ¢
is the number of nonzero entries among a;1,...,a4,. Therefore, there will be at most one
je{1,...,m1} such that a;; is nonzero. Now consider the case when for some i’ € {1,...,r1},
ayj # 0 forsome j e {ri+1,..., 7 +n7ra,...,r1+nro+nrs}. First of all, it implies that a;; = 0, for
all j €{1,...,r}, otherwise rk(Z;L1 a;;Sj) > n+1. Now since A induces a bijection among the
slices, every slice is involved in the linear combination of at least one of the slices. And since two
slices of rank n cannot be involved in the linear combination of first r; slices, the above forces
that at least one of the rank n slices is involved in the linear combination of a slice S; for 7 €
{ri+1,...,ri+nry, ... ri+nro+nrs}, e, a;; # 0 for somed € {ri+1,...,r1+nr9,..., r1+nr2+nr3},
je{l,...,r}. But this implies that rk(¥7.; ai;S;) > n and not 1, which cannot be the case if
A® B®C estabS. Thus a;; =0 for all j e {ri+1,...,71 +nry,...,r1 +nrg + nr3}. Thus Ay
is a product of a diagonal matrix and a permutation matrix, and A5 = A13 = 0. Symmetrical
argument implies that Bo; = Bog = C31 = C33 = 0, and both Byy and (33 are products of a
diagonal matrix and a permutation matrix.

Now consider the first group from the second case i.e. i€ {r; +1,...,71 +n}: Here, first of
all recall that rk(S;) = 1 for all 7. Thus rk(Z;il a;7S;) has to be 1. This immediately implies
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that a;; = 0 for all j € {1,...,r1}, otherwise the resulting rank will be at least n. We further
argue that a;; =0 for all j € {ri+ren+1,....,m9n+n,...,r1 +ron +rgn}. Assume the contrary.
Then Z;il a;;S; will have something in the bottom right r3 x nrs block. In order for (A4, B,C)
to be in stab S, (B® C)(X}L; ai;S;) should bring it back to its original place, i.e., in the central
nry x 19 block. However Cs3 being a product of a diagonal matrix and a permutation matrix,
C will only permute the the last rs3 rows of Zj.il a;;S; within themselves and hence B ® C' will
not bring Zj‘i1 a;;S; to the central block as needed. Thus from the above discussion, we have
Aoy = Aoz = A3y = Azg = Big = B1g = B3y = B3y = C12 = C13 = (31 = C32 = 0. Finally, A will
be a product of a block diagonal matrix and a block permutation matrix. For this, notice that
for a fixed i € {r; +1,...,r1 + ran}, a;; cannot be non-zero for j’s belonging to more than one
group, otherwise the rank of the resulting slice exceeds 1.

Thus A will be a product of a diagonal matrix with a permutation matrix in the top left
block. In the central block, it will be a product of a block diagonal matrix with a block
permutation matrix. Similarly, for the bottom right block, too, it will be a product of a block
diagonal matrix with a block permutation matrix. Thus the picture becomes

AH‘O‘O BU‘O‘O C11‘0‘0
A= 0‘1422‘0 , B= 0‘322‘0 , C= 0‘022‘0 ;

0‘0‘1433 O‘O‘B33 0‘0‘033

where Ai1,B22 and (33 are products of a diagonal matrix and a permutation matrix, and
Ago, Ass, B11, Bss, C11 and Cyy are all products of a block diagonal matrix and a block permu-
tation matrix. Thus we can decompose (A, B,C) e stab S as ((A11, B11,C11) ® (Aga, Ba,C22) @
(A33, Bss, 033)) where (AH,BH, 011) acts on U oL'® Ll, (A22, Bso, 022) acts on L? ® ‘7 ® L?
and (Ass, Bss,Cs3) acts on L3 ® L3 ® W, respectively. Hence for (4, B,C) to be in stab S,
with S'= 5, 7, ® Spro ® Sprss (A11, Bi1,C11) must preserve Sy, ., (A2z, Bag, Ca2) must preserve
Sn.re, and (Ags, Bsz,Cs3) must preserve Sy, .., i.e., stabS = stab S, ,, ® stab S, ., ® stab S, r,,
where stab S, ,, ¢ GL,, x GL,;, x GL,,,, stabS,, ,, ¢ GL,;, x GL,, x GL,,, and stab.S,, ,, ¢
GLyry x GLyyyy x GL.

We consider stab .S, ., now. Let P;, be an element of GL,, x GL,,, x GL,,, which permutes
the r1 coordinates of U ¢ U’ and the r summands of L' x L' ¢ V' x W' according to the permu-
tation 0. It is easy to see that P, €stabS, ,,. Hence, (AH,Bll,CH)P;ll = (AH,BH,CN'H) €
stab S, ,. Using this and the previous discussion, we have that /Nln is a diagonal matrix
diag(aly,...,a}l). Let A7, be the linear map which scales elements of L} by ai, for each
i€[r]. Clearly (A7},id, A},) also preserves S, ,,. Therefore, (A1, Bi1,C11) - (A7},id, A},) =
(id, Bll, 011) is in stab Sn,rl

Now, since the first component of (id, B, 6’11) is the identity, it preserves S, ,, if and only
if Bu ® C’H preserves each slice of S, ,,. If it preserves each slice, it also preserves its sum
Yt X e}j ® e}j, the full rank diagonal matrix of size nry x nry. Therefore, by Lemma [B.8]
Chy = Bl_lT Thus (id, BH,BI_IT) e stab Sy, .

Thus, we decomposed an element A1 ® B11®C11 € stab S into a product of three special ele-
ments (id, diag(Bj, ..., B]}),diag(Bi, ..., Bj1)™"), (diag(al, ..., a}}),id, diag(aj, id, . ..,at id)™"),
and P, for some permutation o1 € G,,. These three types of elements correspond to three sub-
groups of stab Sy, »,. The subgroups intersect only in the identity; elements of the first two types
commute, and the conjugation with P,, permutes a@%; and B?, according to o1, so the product
of the first subgroups is direct, and the last product is semidirect. Symmetrical arguments for
stab S, ,, and stab Sy, ., finishes the proof. O

Now we show that the unit slice rank tensor S, ., r, r; is almost characterized by its stabilizer.
More precisely, it is a direct sum of three tensors Sy, ,,, S r, and S, ., that are each characterized
by their respective stabilizers.
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Theorem 3.10. Suppose T' is a tensor in U' @ V'@ W' = (Uel’el)e(LleVeld)e(L'e
L?®W). If stabT = stab Snrirarss then

T = ((diag(a,...,a),id,id), (id, diag(s, .. ., 8),id), (id,id, diag(y, . .. , 7)) Snr1 ro.rs>
for some o, B,7#0, t.e., T=a- Sy ®B-Spyry ®v-Spry-

Proof. Suppose T' is stabilised by stab Sy, ;. r,.r. We first establish that 7" also has the block
structure like Sy ryrg, 1-€., even though the ambient space of Tis (Ue L@ L) @ (L'@V @
L) e (L'e L@ W), it sits completely inside one of the smaller subspaces (U@ L'® L)) @ (L?®
Ve lL?) e (L®® L*®W) which also contains Sy, ry.rs-

For this, we take the element (A, B,C') € stab Sy, », r, s € GLs, x GLg, x GLs, where we have
A = (diag(aq,...,aq),diag(as - id, ..., a9 -id),diag(ag - id, ..., as - id)), whereas B = (diag(f; -
id, ..., -id),diag(Bs, ..., B2),diag(Bs-id, ..., B3-id)) and C = (diag(y1 -id, ..., 1 -id), diag(ys -
id, ...,y -id),diag(7s,...,v3)) such that a; 8171 = azf2y2 = azfsy3 = 1. Now, U' @ V' @ W' is
a direct sum of 27 subspaces, and T" can be decomposed into corresponding 27 blocks. On the
action of (A, B,C) on T, only three of the blocks remain fixed, i.e., the ones corresponding to
the subspaces (U@ L'® L'), (L?®V ® L?) and (L?>® L?® W) because the entries in these blocks
get scaled by 18171, a2 82y and aig837y3 respectively, which are all equal to unity. The blocks
corresponding to the other subspaces will be scaled by non-unity and hence will not remain
fixed. Hence for (A, B,C) to be in the stabilizer of T', only the blocks corresponding to these
three subspaces will be non-zero, which is also the case for Sy, v, ry.rs-

Recall from Definition that Sy i ro,r, can be decomposed as Sy, ® Sy ® Sy ry- Thus,
we decompose T into blocks as T = Ty, p, @ Ty ppy ® Thry. We focus on Ty, = T', where
T e(UsL'e LY).

Let T7,..., T}, be the slices of 7. Decompose them into blocks T} = (T}, ) according to the
decomposition of L' into L}.

Let A;(M\): U - U be the map which scales the i-th coordinate by A, leaving other in place,
and B;(\) : L' - L' be the map which scales L} by A and acts like identity on the other
summands. Applying to 7" the transformation (A;(A™2), Bi(\), B;()\)) € stab S,, ,,, we see that
all blocks of T} except T}, are zero, as they are multiplied by a coefficient A2 or A7 in this
transformation.

Applying (id, diag(Z11, . . ., Zir, ),diag(Z11, ..., Z1,, )" ") with arbitrary Zy; to T, we obtain

1
that each T/, has the form ay; ¥ e;; ® e;;. Applying permutations on the blocks of Tj;, we

i j=1
see that a1y =+ = a1y, =t <.
Therefore
AL 1 1
!
T'=a) > €® €;j ®e;j=a- Sy
i=1j=1

If @ #0, then 7 = T,, », = (diag(c,...,«),id,id)S, ;. Applying the symmetrical arguments on
Ty ro and Ty, ., we get that

T = (diag(a,...,a),id,id) Sy, & (id,diag(B,...,3),id) S, ® (id,id,diag(y,...,7))Snrs,
for some o, 3,7 #0, or simply T'=a- Sy, ® B-Spry ® Y- Sprs- U

4 Ideals of slice rank varieties

In this section we will consider tensors over C (or over algebraically closed field of char-
acteristic 0). For an affine variety A, we denote its ideal by I(.A) and its coordinate ring
by C[A]. Since slice rank varieties SVygvew, are scale-invariant, their ideals and coordi-
nate rings inherit grading from C[U ® V ® W]. Since they are invariant under the action of
GL(U) x GL(V) x GL(W), this group acts on I(SVyevew,) and C[SVygvew,]. We study
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representation-theoretic properties of specific equations in I(M,) and multiplicities of irre-
ducible representations in I(SVyevew,) and C[SVyevew,|. Irreducible representations in
Cl[U ® V @ W], are indexed by triples (A, i, ) of partitions of D, and the multiplicity of the
type (A, p,v) in C[U® V ® W]p is called the Kronecker coefficient. Finding a combinatorial
interpretation for the Kronecker coefficient is Problem 10 in [70].

Here we describe some polynomials in the ideals of slice rank varieties and study their
representation-theoretic properties.

Throughout the section we assume dimU =k, dimV =m, dim W =n.

Interestingly, the equations that we find in Section 1] and Section are exactly the same,
even though the method of finding them is very different. Also note that the equations are
given indirectly just by their representation isomorphism type.

Theorem 4.1. Let X\ +,2 D, ju+,2 D, v +,2 D be partitions of D with at most n* rows. If
A1 <n and p1 <n and vy < n, then aoll GLf’LQ -modules of type (\,u,v) are in the vanishing ideal
of SVn2 gen2gen? . Jor all < D/n.

The whole GLig—module {A\,p,v} being in the vanishing ideal means that if not all of the
functions in these modules vanish at T, then (A, u,v) is an occurrence obstruction.

The abundance of equations that we get from Theorem 1] is quite remarkable. Note

2
that using Schur-Weyl duality we have that the multiplicity of {\,x,} in Sym? @ C™ is the
Kronecker coefficient k(A, u,v). The dimension of the space of degree D equations that we
obtain for slice rank r is Z%aanl Lapwr, 2D k(A p,v) dim{A} dim{p} dim{r}. The dimensions
of {\}, {u}, {v} are given by the hook content formula.

Theorem [.1] gives equations for slice rank in the full range, up to the most extreme case
A=p=v=n?xn+ n3 which gives equations for slice rank < n3/n = n?. This equation is known
as Cayley’s hyperdeterminant. Its evaluation at the matrix multiplication tensor is explained
combinatorially in [16, Prop. 5.24].

Many more equations for slice rank < n? than just this hyperdeterminant are readily con-
structed from Theorem 4.1l It is an open question whether or not the equations from Theo-
rem [L.T] cut out SV .2 eCr2eCn? set-theoretically.

4.1 Equations from designs

We study slice rank in CY @ CV @ CV. It will be natural to have N = n?2. We start by
establishing a construction principle for equations.
Construction of highest weight vectors

Given a representation X of GL(U) x GL(V) x GL(W), a highest weight vector t € X is a
vector that

1. is invariant under the action of triples of upper triangular matrices with 1s on the main
diagonal

2. satisfies that z is rescaled under the action of triples of diagonal matrices as follows for
some triple of partitions (A, p,v):

(diag(ayq,...,ar),diag(B1, ..., Bm),diag(y1, ..., n))x
A m oV Un
= Oéfl"'ak’“ﬁfl"ﬂﬁb AL g

The triple (A, p,v) is called the type of the highest weight vector. Each irreducible GL(U) x
GL(V') x GL(W)-representation X of type (A, u,v) has exactly one highest weight vector (up
to scale), and the type of X coincides with the type of its highest weight vector. Moreover, X
equals the linear span of the GL(U) x GL(V') x GL(W)-orbit of its highest weight vector.
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To construct an irreducible representation of nontrivial equations for a variety, we construct
the corresponding highest weight vector and prove that it vanishes on the variety. The tensor
product of tensor powers U @ VP @ W®P is known to decompose into irreducibles of the

group GL(U) x GL(V) x GL(W) x &p x Sp x Sp via Schur-Weyl duality:

U e VL oW - @ A} e {u} o {v} & [N @[u]® [v],
LWINZ

where the sum runs over all partition triples A, u,v such that X\, u, v have D boxes and A
has at most dimU many rows, p has at most dim V' many rows, and v has at most dim W
many rows. The D-th tensor power of U ® V ® W is isomorphic to U®” @ V&P @ WP, Let
0:UP VoL @ WeP - (U®V ® W)®P denote this canonical isomorphism. Moreover, if we
embed Sp > GpxGpxGp, m— (7, m, ), then the space of homogeneous degree D polynomials
on U®V ® W can be identified with the & p-invariant linear subspace of (U®V @ W)®" in a
very natural way via polarization and restitution: If F' is a homogeneous degree D polynomial
on U*®V*® W* and f its corresponding tensor in (U ® V @ W)®P)®0 | then the evaluation
of fatapointteU” @ V* ® W* equals the tensor contraction

F(t)=(f.(t°")). (4.2)

We fix a basis of U, V', and W and denote each basis with ey, es,... when there is no possibility
of confusion. For a partition ), let A! denote its transpose. Given a triple (A, 1, v) of partitions
of D, a highest weight vector h of type (\,p,v) in U®P @ V&P @ WP can be constructed via
h:=hy®h, ®h,, where

h)\1261/\62/\"'/\6)\3®61/\62/\"'/\€)\§®"'®61/\62/\"'Ae)\§\ .
1

Let 7V € &p, ¥ e &p, 7® € &p. Clearly (n(Vhy) ® (rPh,) ® (7¥h,) is also a highest
weight vector of type (A, i, v). The projection of o((7(Vhy) ® (7T(2)hu) ® (7®h,)) onto (U ®
V @ W)®P)®p corresponds to a highest weight vector of type (A, u,v) in C[U® V ® W]p via
eq. ([£2). The vector space of highest weight vectors of weight (A, u,v in C[U® V @ W]p is
spanned by the vectors that are constructed in this fashion.

Evaluation via products of determinants

Let TeU* @ V* @ W*. Considering eq. (£2]), we aim to understand the tensor contraction
(f,T%P). (43
For T'= %71 a; ® bj ® ¢; we expand

T®D= Z aJ(1)®bJ(1)®cJ(1)®---®aJ(D)®bJ(D)®cJ(D).
J:[D]-[r]

For a list of vectors vy,...,v; of large enough dimension we define det(vy,...,v;) to be the
determinant of the k x k matrix whose columns are given by the top k entries of each v;. Note
that for 4 = A\! we have

(hasv1 @ @y ) = det(vi, ..., vy, )det (V) )41, - - - ’vmﬂtz)"'det(vlul—uxlﬂ’ cUy). (44)

[15] established that there is a basis of highest weight vectors in C[U ® V ® W ]p for which
the contraction in (£3]) has a combinatorial description as follows: Given A, u,v we consider
a hypergraph on D vertices with 3 types of hyperedges (we call these “layers” of hyperedges)
such that every layer of hyperedges is a set partition of the vertices. Moreover, to every column
in A we attach a hyperedge of layer 1 such that the number of vertices in the hyperedge equals
the length of the column. We do the same for layer 2 and p and layer 3 and v. We end up with
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a hypergraph in which every vertex lies in exactly one hyperedge of layer 1, one hyperedge of
layer 2, and one hyperedge of layer 3. We require that no two vertices lie in the same three
hyperedges. As described in [15], for a hypergraph H we get a highest weight vector fg (or
fr = 0) such that for any tensor T = ¥%, a; ® b; ® ¢; the evaluation [@3) can be written as
follows:

(fu,T®P) = [1 det(a(er),...a(erp)) II det(b(er),...bs(e))

J:[D]—[R] layer 1 hyperedge e layer 2 hyperedge e

H det(cJ(€1)7...,CJ(€|e|))? (45)
layer 3 hyperedge e

where we fixed an order on each hyperedge, e; is the ith vertex of e, and the determinant of an
list of m vectors of dimension N is the determinant of the square matrix in which the columns
are given by the top m entries of the vectors.

The equations vanish on low slice rank

Proof of Theorem[Z-1. Let n = [V/N]. Since \; < n, 3 < n, v1 < n, the hypergraph can be
reinterpreted as a cardinality D subset of [n]?, where the slices in z-, y-, and z-direction of [n]?
form the three layers of hyperedges: points share a layer k hyperedge iff they share the k-th
coordinate, see [I5]. We evaluate fy at a tensor 7' = 371, i Ui ® Vi @ wi;+ >z 2o Ui ®
v ®W; j + Z;El Z;Ll u; j ®v; ; ®w; of slice rank at most 71 +ry +r3 = r. In total we have rn many
triads. Each triad has a parent vector, which is either wu;, v;, or w;, depending of the triad’s
layer.

A map J : [D] - [rn] corresponds to a placement of triads on the D vertices. If two
triads with the same parent vector share the hyperedge of their layer, then the determinant
corresponding to this hyperedge vanishes (because determinants of matrices with a repeating
column are zero), see (LI). Hence we do not have to consider these summands J in (4.5]).
Therefore in the remaining placements J, for each parent vector there can only be at most n
many placed triads with this parent vector. Thus the evaluation at 7" is zero if the number of
parent vectors is less than D/n. If the slice rank of T at most r, then we can write T using
only r many parent vectors. Therefore fy vanishes on all points of slice rank less than D/n.
Since H was arbitrary and since the vector space of all highest weight vectors of type (\, u, )
is generated by the fg, Theorem [4.1] follows. O

4.2 Equations from multiplicities

In this section we search for equations for the slice rank variety by using the symmetry
group to study the representation theoretic multiplicities in the orbits of Sy, ryrs. It turns
out that we obtain precisely the same equations as in 1], but without the explicit construction
of highest weight functions.

We consider the space C*1 ® C*2 ® C** and recall C** = C" @ (CV)2 @ (CN)™, C* =
(CMY1@Cr2 e (CN)s, C* = (CV)1 e (CN)2@C™. Let G := GLy, x GLy, x GLy,. Let H denote
the continuous part of the stabilizer of Sy, ryr, (i-€., ignoring the symmetric groups). Let
(GLy xGL; x GL1)/C* := {(a, B,7) | @By = 1}. Then H is generated by Hiarge and Hgmaii, where
Hiarge = GL;! x GL;2 x GL;? embedded into G via

1 ry, 1 ro, 1 T3
(917"'791 7927"'792 7937"'793 )'_)

(diag(Idrl,g%, e 95, (g%)_T, e (ggg)_T)); (diag((g%)_T, N )_T,Idm,g%, ... ,ggg);
(diag(gl, .-, g% (92) .-, (g5°) " 1dyy),
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and Hpnay is ((GL1 x GLy x GLl)/C*)mmHS. The first factor (GL; x GL1 x GL1)/C* is embedded
in G via («, 8,7) ~

(diag(a,1,...,1,1d,,,1d,, );diag(B, B, B 1, ., 1,1dyy, Ty )i diag (7,7, -7 1y, 1, Ty, Ty ) ),
| — | —
n times n times

while the other factors are embedded analogously.

(M ® {ids, ® {v}s)™ = ({M}sr ® {1}sp ® {v}s) om0 ({A}s, © {i}s, ® {1}y ) ire

We will treat Hjage and Hgpya) independently.

First, we decompose ({\}s; ® {i}s, ® {v}s;) into irreducibles of GL}' x (GL,)"™ x GL}? x
(GL,)"™ x GL}® x (GL,,)"™ as follows.

We use the multi-Littlewood-Richardson rule (note that while A; is the length of the first
row of A\, we have that A} is a partition. We will not need to refer to its row lengths):

{)\}81 - @ c(zl)v 7(67“1) )‘17 7)‘;",27)‘,1"7 ]
Zly 7z7‘1

A{[’7 7A,,2 Fn

)\/1//’ 7>\”é'_n

"
>\ 3

{(t)ye—ef{t)e{M}ee{X e {\" e e {\]}

— ( ) M
= C
{M}82 ’ ’ :u'/lv"'nu'rl (m1)7 7(mT2) )u'1 IN 7/»1'”’
lu‘ly"'uu'rl}*n
mi,...,Mry

" "
M- 7“7‘3 Fn

{my e {u,ye{(m)} e {(m,)}e{n' & e {u,}

{V}S?’: @ CV{7 7Vr171/17 oV 7(”1)7---7(”7‘3)

74 ,I/rlkn

Vl 7 7V1"2 ’_n
N1ye-0yTirg

{nre-efv te{vie e{v}e{(n)}ee{(mu)l

Each summand is a representation of Hiyge and Hgmaj-

The summands that are invariant under Hi,ge are the ones for which p = v/ and v = A/
and A" = u/’’. This follows from the fact that dim({\} ® {*})®t" = 1 if A =  and 0 otherwise.

The summands that are invariant under Hgmay are the ones for which |uf| = [v/| = ¢; and
] = X = ms and |\ = "] =

Hence the dimension of the H 1nvariant space in {A}s, ® {i}s, ® {V}s, is

A
Z, CONYDY seees (N Dot ety 422 Cxp DN (174 ) B T RV CA’I, D AN TR (7 N (724

!
Al [ARRE] Tl
1u‘1 I 7“1'-2
g nr
[SEERELL

We are interested in the case in which all summands vanish. Note that a Littlewood-
Richardson coefficient is zero if at least one of its lower partition parameters is not a subpartition
of the upper partition parameter. In particular, for nonzeroness we require [Aj|,...,[A. | < A
and [pf],..., || < 1 and 7], .. [0 < v Let Ay, pg,vr <K

Let |)\| |t = |v| = D be the degree (Clearly we have D < kn, because otherwise there are
no such A, u, v.) Note that

llll

Nl I L= T e [ = o+

Hence for nonzeroness we require D = [X{| + -+ |} | < r1k. Analogously D <ok and d < r3k.
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Hence if A1, p1,v1 < k, then the irreducible G-representation {\,p,v} does not occur in
C[GSN,ri,ra,r5] (and hence not in C[GSN,y, rors]) if 11 > D[k or r9 > D[k or r3 > D/k, in
particular if r1 + ro + 173 > D/k.

For the sake of comparing these equations to the equations found in Section EI] let N = n?
and k = n. Then we get a degree D equation vanishing on GSN r, yors if 71 > D/n or 9 > D/n
or r3 > D/n. In particular, (A, p,v) does not occur in C[GSNr ry.r5] (and hence also not in
C[GSN 1 ror5]) if 71 + 72+ 173> D/n, which is precisely what we found in Section 1] where we
constructed the equations explicitly.

5 Homogeneous minrank problem

We consider the following problem: given a tuple of matrices Aq,..., A of the same size
m x n and a number r, does there exist a nonzero linear combination z1 A1 + - + 1 Ax with
rank at most r? This is a homogeneous variant of the MinRank problem, where instead of a
linear combination we have an affine expression Ag + x1 A1 + -+ + 21 A. A restricted variant of
this problem was first considered in [18], where it is proven that the problem is NP-hard. The
related problem of low rank matrix completion is widely studied in optimization.

Clearly, the answer depends on the field from which we take the coefficients of the linear
combination. For example, the pair of matrices

10 0 1
aly i el

has no nontrivial linear combinations of rank 1 over R, but over C we have rk(A4; +i45) = 1.
We will mostly work over algebraically closed fields such as C, but many results are also true
over other fields.

Let F be a field. Instead of talking about matrices A;,...,Ax € F™", we can also phrase
the homogeneous minrank problem in terms of a linear subspace (A1, ..., Ax), a matrix of linear
forms A: F¥ — F™™ where A(x) = Zle z;A; or atensor T ¢ FFQ F®F™ such that T = ¥ ¢;® A;.
We will use the tensor language.

Recall the definition of minrank.

Definition 5.1. Let U, V, W be finite-dimensional vector spaces over some field F'. The minrank
of atensor T' e U®V ® W is the minimal number 7 such that there exists a nonzero x € U* with
rk(Tz) =r.

Let S be a finite or countable subset of F'.

Problem HMINRANKg r. Given a tensor 7' € FR*mxn with all components in S and a number
r, decide if the minrank of T is at most r.

In section we will prove that this problem is NP-hard. Moreover, it is hard even if we
look for rank 1 slices.

Problem HMINRANK1g r. Given a tensor 7' € Fhxmxn with all components in S, decide if the
minrank of T is at most 1.

6 Geometric description of Minrank varieties

Over algebraically closed fields, the answer to the homogeneous minrank problem is deter-
mined by membership in a certain affine variety.

Theorem 6.1. Let U, V, W be vector spaces over an algebraically closed field F'. The set of
all tensors T e U ® V @ W with minrank at most r is Zariski closed.
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Proof. Define an affine variety
Xugvew, = {(T2) e UV W) xU" [rk(Tz) <r}.

Since the condition rk(7'z) < r is scale-invariant with respect to both T" and x, we can define
the corresponding projective variety

PXyovewr = {([T],[2]) e P(U SV @ W) x PU* | tk(Tz) <1} c P(U® V & W) x PU*

Let mP(U®V @ W) xPU* - P(U®V ® W) be the projection onto the first component of the
product. Consider the image of PAygvew, under m:

TPXyevew, ={[T] e P(U®V @W) |3z + 0:rk(Tz) <r}

As an image of a projective variety, it is a closed subvariety of P(U® V @ W) (see e. g. [68,
Thm. 1.10]). The affine cone over this subvariety is therefore also closed. This affine cone is
exactly the set of tensors of minrank at most 7. O

Definition 6.2. We call the projective variety
PMugvew, ={[T]eP(Ue®V W) |3z + 0:rk(Tz) <r}
the projective minrank variety, and the corresponding affine cone
Muevew, ={T eU®V W |3z # 0:rk(Tx) <r}

the affine minrank variety, or just the minrank variety. We omit the index U @ V @ W if it is
clear from context.

Some simple properties of minrank varieties follow directly from the definition:

Lemma 6.3. Let V' and W' be subspaces of V' and W respectively. Then
Mueview:r = Mugvew, N (U V' @ W').

Proof. Trivial. A tensor lies in Mygvigwr, iff it is an element of the space U® V' @ W' and
has minrank at most r, i. e., lies in Mygyvew, - ]

Lemma 6.4. Let dimU =k, dimV =n and dimW >s=n(k-1)+r. Then

Muevewr= U Musvew:
W'eW
dimW'=s
Proof. Let T be a tensor in Mygyvew,, and 1 be a nonzero vector in U* such that rk(Tz;) <r.
Choose g, ...,z such that {z;} is a basis of U* and set A; = Tx; € V@ W. Since rkA; < r,
there exists a subspace W7 ¢ W of dimension at most r such that 4; € V ® Wj. Analogously,
for i > 1 we have A; € V ® W; for some subspace W; ¢ W of dimension at most n. The sum W’
of all W; is a subspace of dimension at most s. We extend it to dimension s in arbitrary way if
needed. The tensor T lies in U ® V @ W' and, therefore, in Mygyew: - O

Lemma 6.5. The variety Myevew,, is invariant under the standard action of GL(U)xGL(V')x
GL(W) on U@V @ W.

Proof. Straightforward. If rk(Tx) <, then (F® G® H)T - (Fz) = (G ® H)(Tz) also has rank
at most r (here F'x denotes the dual action of GL(U) on U™). O
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6.1 Minrank varieties and orbit closures

The minrank varieties are related to orbit closures of some tensors. Let L = (F™)®(-1) g Fr
be a vector space of dimension s = n(k - 1) +r decomposed into k& summands of dimension n
each, except the first one, which is of dimension r. Let L; be the i-th summand and denote
the standard basis of L; by €;;, 1 <j < dimL;. Let U = F* be a k-dimensional space with a
standard basis e;. Define the tensor Ty, ,,, ¢ U ® L® L as

r k n
Timr=e1® (D e1j®e1;)+ Y e ® () € ®eij),
j=1 i=2 j=1

that is, i-th layer of T is a block matrix with the only nonzero block being a diagonal matrix
inL;® L;.

The group GL; x GL, x GL; acts in a usual way on U ® L ® L. The minrank variety M, can
be defined using the orbit closure of T}, ,, .

Theorem 6.6. Let V' be an n-dimensional subspace of L. Then

Muever,r = (GLy x GLs x GLg) T, n(U®V ® L).

Proof. We have Ty, € Myergr,r- Since the minrank variety is invariant, the entire orbit
(GLy x GLg x GLg)T), pp » lies in it. Since the minrank variety is Zariski closed, it also contains
the orbit closure. By Lemma we have (GLj x GLy x GLs)T}n, N (U®V ® L) c Mygyer.r-

Conversely, let T'e Mygver,,. We can write T' as Zle u; ® A; where {u;} is some basis of
U and A; is a slice with rk(A;) <.

Since k(A1) < 7, it can be presented as (P ® Q1)(X}-1 e1j ® e1;) where Pi:L; — V and
Q1: L1 » L are some linear maps. Analogously, for i > 1 we have rk(A4;) < dimV = n and
A = (Pi®Q;) (X} €ij®eij) for some Pi: L; >V and Qi L; — L. Let P:L — V and Q: L - L be
the linear maps which are equal to FP; and @); respectively when restricted to L;. Let R:U — U
be the map sending each e; to the corresponding u;. Then T'= (R® P ® Q)T} . The closure
of GL(L) consists of all linear endomorphisms of L and thus contains P and Q. Therefore, T'
lies in the closure (GLj x GLs x GLg)T) .- O

Corollary 6.7. Let dimU =k and dimV = n. Suppose V and W are subspaces of a vector
space L of dimension s =(k—-1)n+r. Then

Mugvew, = (GL(U) x GL(L) x GL(L)) T n,n (U®V @ W).

Theorem 6.8. If r <n, then the stabilizer of Ty, » in GLj x GLg x GLg is isomorphic to (GL, x
GL1) x (GL,, x GL))* ' x &)_;. The element

(Zl,zl, oue ,Zk,zk) € (GLT X GLl) X (GLn X GLl)k71
18 included into GL x GLg x GLg via
(diag(zl, e ,zk),diag(Zl, ey Zk), diag((lel)*T, ey (Zka)iT))

and the &y_1 factor permutes the last k —1 coordinates of F* and the last k -1 summands of
W simultaneously.
Proof. Let (A,B,C) estabTy, p, », so that (A® B® C)Tj . = T pr-

Let T} = Z?fil Wi e1j ® e1; be the slices of Ty, ., s0 T = YF e; ® Ty and

(A Be )T = Zk:(Aei) ® (BeC)T; = Zk:ei ®(B® C)(i a;;T}).
i=1 i=1 J=1
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Note that the rank of Zé?:l a;;T; and, consequently, of the i-th slice of (A® B ® C)T}, ., is
equal to sr + gn, where s = 0 if a;;7 = 0 and s = 1 otherwise, and ¢ is the number of nonzero
entries among a;o,...,a;;. Therefore, A contains only one nonzero entry in each row, and in
the first row the nonzero entry is in the first column, otherwise the ranks of slices of T}, ,, , and
(A® B® C)T}p,r do not match. Thus, A is a product of a diagonal matrix and a permutation
matrix corresponding to some permutation o of the last k — 1 coordinates of F*.

Let P, be an element of GLj x GLg x GLg which permutes last k — 1 coordinates of F* and
last k-1 summands of W accordlng to the permutation o. It is easy to see that P, € stabT}, ,, ..
Thus, (4, B,C)P;' = (A,B,C) is also in stabT},,,. From the previous discussion, A is a
diagonal matrix diag(z1,. .., 2). Let A’ € GL, be the linear map which scales elements of W; by
z; for each 1. (/Al*l,id,fl’) also preserves T}, ,, ,. Therefore, (A,E,C’) . (Afl,id,fl’) = (id,E,C’)
is in stab Ty, 5, »

Now, since the first component of (id, B ,O) is the identity, it preserves Ty o, if and only
if Be C preserves each slice T;. If it preserves each slice, it also preserves its sum ZZ 1 T
yF, Zdlm Wi eij ® e;j, the full rank diagonal matrix. Therefore, by the Lemma B8 C B’T.

Consider B as a block matrix (Bij) according to the decomposition of W into W;. If B has
a nonzero off-diagonal block B;;, then (B ® B T)T has nonzero elements in the ¢-th block of
rows, and thus is not equal to 7. Therefore, B is a block diagonal matrix diag(Z1,...,2Zx).
Using the previous lemma, we see that any such B gives rise to (id, B, B_T) estab T}, ,, .

We decomposed an arbitrary element A® B ® C €stab T}, , into a product of three special
elements (id,diag(Z1, ..., Zy),diag(Z1,...,2;)""), (diag(z1, ..., 2k ),id, diag(z1 id, .. ., z; id) 1)
and P, for some permutation o € &p_;. These three types of elements correspond to three
subgroups of stabT},,,,. The subgroups intersect only by identity; elements of the first two
types commute, and the conjugation with P, permutes z; and Z; according to o, so the product
of the first subgroups is direct, and the last product is semidirect. ]

Theorem 6.9. Suppose T is a tensor in F*@ W @ W. If stabT = stab Ty n,r» then T' lies in the
orbit (GLy x GLs x GLg)T}, 5. If stabT > stab Ty, p, ., then T € (GLy x GLg x GLg) T 5.1

Proof. Suppose T is stabilised by stab}, ,, .. Let T1,...,T} be the slices of T'. Decompose them
into blocks T; = (szk) according to the decomposition of W into W;.

Let Ai()\):Fk — F* be the map which scales the i-th coordinate by ), leaving other in
place, and B;(\):W — W be the map which scales W; by A and acts like identity on the other
summands. Applying to T the transformation (A;(A\72), B;(\), B;(\)) € stab T} ,, -, we see that
all blocks of T; except T;; are zero, as they are multiplied by a coefficient A2 or A1 in this
transformation.

Applying (id,diag(Z, ..., Zy),diag(Z,,...,Z;)"") with arbitrary Z; to T, we obtain that
each Tj;; has the form a; Z?iTW ei; ® e;;. Applying permutations of the last m — 1 blocks Tj;;,
we see that as = -+ = ay.

Therefore
kE n

T= a1261®€1J®€1J+a22261®61]®em
Jj=1 i=2j=1
If both a; and ay are nonzero, then T = (diag(ai,as,...,a2) ® id®id)T},, lies in the orbit
of Ty, . r. In this case stabT = stabT}, ,, .. The closure of the set of tensors of this form with
a1 # 0 and a9 # 0 includes the cases when aq or ag are zero. In these border cases, T has
more symmetries than 7T, ., for example, multiplication of the zero blocks by an arbitrary
matrix. O

7 Ideals of minrank varieties

In this section we will consider tensors over C (or over algebraically closed field of char-
acteristic 0). For an affine variety A, we denote its ideal by I(A) and its coordinate ring by
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C[A]. It is convenient to work with a tensor space U* @ V* ® W*. The algebra of polynomi-
als on this space is C[U ® V ® W]. Since minrank varieties My+gy+gw+ are scale-invariant,
their ideals and coordinate rings inherit grading from C[U ® V ® W]. Since they are invariant
under the action of GL(U) x GL(V') x GL(W), this group also acts on I(M,) and C[M,]. We
study representation-theoretic properties of specific equations in I(M,) and multiplicities of
irreducible representations in (M, ) and C[ M, ]. Irreducible representations in ClU®V @ W],
are indexed by triples (A, u,v) of partitions of D, and the multiplicity of the type (A, u,v) in
ClU®V ® W]p is called the Kronecker coefficient. Finding a combinatorial interpretation for
the Kronecker coefficient is Problem 10 in [70].

Here we describe some polynomials in the ideals of minrank varieties and study their
representation-theoretic properties. The methods used in Section [[.3]are similar to the ones used
in Section E.I} and the methods used in Section [(.4] are similar to the ones used in Section

Throughout the section we assume dimU =k, dimV =m, dim W =n.

7.1 Basic equations

For a vector space V' let SPV denote its pth symmetric power, which corresponds to the
vector space of homogeneous degree p polynomials in dim V' variables. Moreover, let APV denote
the pth exterior power of V.

Let T e U*®@V*®W™ be a tensor. The condition rk(7T'z) < r is equivalent to the vanishing of
all (r+1) x (r + 1) minors of Tz, or, equivalently, of the matrix (Tz) "+ e A™*1V* @ AT 1/ *,
entries of which are multiples of the minors in question. All the minors are homogeneous
polynomials of degree r + 1 with respect to z, so the polynomial map sending = to (Tx)"("+1)
extends to a linear map My ,: S™U - A™'V* @ A™'W* such that My, (z®+D) = (Tz) "+,

Theorem 7.1. Let s = dim S™"1U = (k”). Size s minors of Mt lie in the ideal I(M,.).

r+1

Proof. If T € M, then there exists a nonzero rank 1 symmetric tensor 28+ on which M,
vanishes. In particular, it means that the rank of Mrp, is less than the dimension of the source
space S™*'U, so the s x s minors of M, vanish. O

The map Mr, is represented by a tensor in S™U* @ (A™1V* ® A"*'W*). Therefore,
the GL(U) x GL(V') x GL(V')-representation generated by size s minors of My, is the image
of A*S™MU @ A*(A™1V @ A"'W) c $*S"(U ® V ® W) under the symmetrization map from
SSTTH U@V @W) to S )(Ue Ve W).

In the special case n = m+k-1, 7 = m—1 the dimension dim (A" V*@A™ 1 *) coincides with
s and the resulting polynomial in I(M, ) is the determinant of the square matrix Mr,. This
polynomial is the hyperdeterminant of boundary format, a very special case of hyperdeterminant
polynomials considered in [32]. It is a SL(U) x SL(V') x SL(W)-invariant of degree sm.

7.2 Koszul flattenings

Another family of equations can be constructed using so called Koszul flattenings, a special
case of Young flattenings introduced in [51] in relation to secant varieties.

For any integer p the antisymmetrization map U* ® APU* — APYLU* gives rise to a linear
map [,:U* - APU ® APFIU* sending each w € U to a tensor representing the map = — u A .
Applying this map to the first multiplicand of the tensor T' e U* @ V* ® W™, we get a tensor
I,T e APU® APFIU* @ V* @ W*. Rearranging tensor multiplicands, we get the Koszul flattening
Fr,APU*QV - AP @W*. If T =Y, x; ® A;, then Fr,sends y®v to ¥;(zi Ay) ® Ajv.

Theorem 7.2. Let 0<p<k. If T e My+gv+ew+,,, then

k-1 k-p-1
rk Fr), < ( )(7“ +min(m, Ln) + min(n, Lm))
p p k-p

+1
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Proof. If T € M, then it can be written as x ® A+ T’ where z € U*, rk(A) < r and T" €
HeoV*® W7 for some hyperplane H c U* which does not contain z. The space APU* can be
decomposed as APU* = APH & (u A AP"LH). Similarly, AP*1U* = AP"'H @ (u A APH). Using
these decomposition, the map Fr,, is given by the 2 x 2 block matrix

APHRV (unAPIH)®V

AP HeW* Fr 0
(u AN APH) QW™ (Ipu) ®A FT’,pfl
The rank of this matrix is at most the sum of the ranks of the three blocks. The block I,u® A
has rank dim APH -tk A = (k;l)r. The ranks of other two blocks are bounded by their sizes:
(k_l)m X (f}j)n for the top left block and (];j)m X (k;l)n for the bottom right. Factoring out

P
the (k;l), we get the expression from the theorem statement. O

Corollary 7.3. Ifn = g—j}m, and 7 < k‘%p’ then rk Frpp, < dim(APU* @ V).

Proof. In this case we have dim APU* @ V = (];)m = (k;l)ﬁm and

-1 -p-1 -1 -1 -1
rkFT,pS(k )(7’+ k-p n+ P m) = (k )(7’+ K m)<(k )—k m. O
D p+1 k-p p k-p p Jk-p

In particular, this construction works in the case k = 2p + 1, n = m. Landsberg [52] showed
that for a generic (2p+1) xm xm tensor T' the flattening F'r), has maximal possible rank (l;)m,
so the corollary implies that the minors of Fr, of corresponding size give nontrivial equations

for M,..
7.3 Equations from rectangular designs

For o, € N, fix max(a, 8) many vectors U = {u1,...,Unax(a,p)} in C* An ax § Latin
Rectangle for U is an o x 8 matrix (A; ;)i ;, where in each row and in each column we have each
entry from V at most once. Note that if a > 3, then each column contains each vector exactly
once. For each column A _; we define its determinant det(A. ;) as the determinant of the a x «
matrix whose columns are given by the list of vectors (Ay j,...,Aq,j). The column-determinant
of a Latin rectangle A is defined as

B
coldet(A) := [Jdet(A ;).
j=1

For every a € N and every even 8 € N such that a < 8, the Latin Rectangle Conjecture
LatRect(a, 8) can be stated as follows.

Conjecture 7.4. Choose a set U of B many vectors in C* generically. Then ¥ coldet(L) # 0,
where the sum is over all Latin Rectangles for U.

LatRect(1,3) is trivially true for all 8. The fact that LatRect(2,3) is true for all even (3
follows from the classical proof of Hermite’s reciprocity theorem in representation theory [41].
The fact that LatRect(a, ) is true for all even [ and « < 5 follows from recent work on Foulkes’
conjecture, see [60, 59, [19]. LatRect(3, ) can be easily seen to be equivalent to the Alon-Tarsi
conjecture [4], which is equivalent to the Huang-Rota conjecture [43], and is known to be true
for e {p+1,p—1| pan odd prime number}, in particular for all even 2 < g < 24 [24] [33].
LatRect(8, 8) implies LatRect(«, ) for a < 3, as was shown by S. Kumar as part of his work
on geometric complexity theory [48].
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Theorem 7.5. For the sake of notational simplicity let m <n. If m,n > kr and if LatRect(k,m)
holds, then there exists an irreducible representation of montrivial equations for M, in degree
km of type ((kxm),(m x k),(m xk)). Note that for m =n this means that the equation is an
SL(U) x SL(V') x SL(W)-invariant polynomial.

The Kronecker coefficients for the type ((kxm), (mxk), (mxk)) are still not well understood.
The Kronecker coefficients for the slightly more general type (A, (mxk),(mxk)) appear as and
upper bound to the multiplicities of A in the coordinate ring of the orbit of the determinant,
see [17]. Recent progress on rectangular Kronecker coefficients has been made in [58] and [46].

The rest of this subsection is devoted to prove Theorem Like before, we start by
establishing a construction principle.

Construction of highest weight vectors

We use the same setup as in the paragraph “Construction of highest weight vectors” in
Section 4.l We are mostly interested in one specific permutation: For 4, j € N let 7 € &;; denote
the transpose permutation, i.e., a+j(b—1)»b+j(a—1) for 1<a<i, 1<b<j.

For the proof of Theorem we define h := hgxm ® T(Rmxk) ® T(Amxk ). In both cases let f
denote the projection of o(h) € (U ® V ® W)® onto the & p-invariant subspace.

Evaluation via products of determinants

Let Te U@ V* @ W* and let D := km. Considering eq. ([£.2]), we aim to understand the
tensor contraction
(fO,7P). (7.6)
Since T®P is symmetric under &p, it follows
(FD,7°P) = (o(hV), TP).

Our goal is to prove its vanishing for tensors from M., but its nonzeroness for at least one
tensor. In general, let ¢ = Z;Zq a; ® b; ® c;. We expand
D
T®" = Z aJ(1)®bJ(1)®cJ(1)®---®aJ(D)®bJ(D)®cJ(D).
Ji[D]=[r]
Note that
(Pexcrns 1 ® -+ ® Upug) = det(v1, ..., v )det(Vii, - -+ vag) - det (Vim—1)ksts - - - » Uk )5 (7.7)

if each v; € C*. But in our analysis the vectors v; will not always come from a k-dimensional
vector space. If there is j > k such that each v; € C/, then eq. (7)) still holds if for vectors
wy,...,wy € 7 we define det(wy,...,w;) to be the determinant of the top k x k matrix of the
J x k matrix given by wy,...,wg.

Recalling that h = hgxm ® T(hmxk) ® T(hmxk ), we see that

(o(h), 21 ® Y1 ® 21 ® ** ® Tyl ® Yk ® Zmk)

= det(x1,...,mg)det(Tre1,- -, Do) det(Tono1)kets - - - s Tmk) (7.8)
' det(yla Yk+1,--- 7y(m71)k+1)det(y27 Yk+2,--- 7y(m71)k+2)'“det(yk7 Yaky - - - 7ymk)
~det (21, 2k41s - Z0m-1)k+1)4€6(22, 2842, -+ Z(m1)k+2) At (285 2285 - - - Zmk)-

The indices in (Z.8]) correspond to the rows and columns of the matrix

1 k+1 - (m-1k+1

2 k+2 - (m-1)k+2

ko 2k - mk
For notational convenience, let Cpg := {k(8-1) +1,...,k(8 - 1) + k} denote the set of entries
in column §, 1 < 3 <m, and let R, = {a,k+a,...,k(m - 1) + a} denote the set of entries in

row a, 1<a<k.
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The equations vanish on M,

Let T e M, and write

k-1 r
T=>5 ((Z( e > ve cy)) rape Y bM M)
=1 i<[m] i=1

Jje[n]

We now show that for this 7', (.6]) vanishes. We expand T in the straightforward (and not
very efficient) way into a sum of (k- 1)mn + r many rank 1 tensors. We expand T®+™ into
summands of the form

T1®Y1 ® 21 B ® Tk @ Ymk @ Zmik

and analyze (L8] for each of the summands separately. First, we observe that if (.8]) is nonzero,
then in each of the sets Cg, 1 < 8 < m, there exists exactly one 3 such that xg = a;. Moreover,
if (Z8) is nonzero, then the determinants for the y-variables (and independently also those for
the z-variables) imply that in each of the sets R, there are at most  many « such that z, = ak.
Therefore, since m > kr, the pigeonhole principle implies that (78] is zero.

The whole contraction ([.6]) vanishes, because (7.8)) is zero for each summand in the expan-
sion independently.

Nontriviality of the equations

In this section we show that if LatRect(k, m), then there exists a tensor ¢ for which (7.6) is
nonzero, which proves that our equations are not just the zero function. Let u; e U*, 1 <i < m,
be chosen generically. Let v; € V*, 1 <i<m, form a basis of V and let w; € W*, 1 <i < n, form
a basis of W. For the sake of simplicity, we assume that for 1 < < m we have v; = w; = ¢; is the
i-th standard basis vector. We define

m
T::Zui®vi®w,~
i=1

We write (Z.6]) as a sum of mF™ many summands of the form (Z8)) by expanding T into a
sum of rank 1 tensors

T1QYI O 21 Q@ QTmk @ Ymk @ Zmik
as we did in the last section. By inspection of (Z.8]) we observe that if there exist i and i’ in
R, with y; = y;r, then (Z8) vanishes. Moreover, if there exist j and j" in Cg with z; = 2/, then
(78] also vanishes. Thus for each nonzero summand in (7.6]), the matrix

Ur Ug+1 - U(m-1)k+1
I = U2 Ug+2 - U(m-1)k+2
Uk Uk v Umk
forms a Latin Rectangle for U = {uq,...,u;}. Moreover, each determinant of y-variables has

value £1, and each determinant of z-variables also has value +1, and the signs of the i-th
determinant of y-values and the i-th determinant of z-values coincide. Since a product of an
even number of —1s equals 1, the value of each nonzero summand in (7.6]) equals coldet(L).
Thus the contraction (6] equals ¥ coldet(L), where the sum if over all Latin Rectangles for
U. This proves Theorem

7.4 Equations from multiplicities

The homogeneous part of the coordinate ring of U® V @ W in degree d decomposes into two
GL(U) x GL(V') x GL(W) representations: C[U®V @ W]z =I(M,)q® C[M,]4, where I(M,) is
the vanishing ideal of M,., i.e., the subset of all polynomials on U®V @ W that vanish identically
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on M,, and C[M,];:=C[U®V @W]/I(M,) is the coordinate ring of M,., whose elements can
be interpreted as all restrictions of polynomials on U® V ® W to M,.

Determining the multiplicities of irreducible representations in C[U ® V ® W] can be done
using classical character theory: the multiplicities are the Kronecker coefficients. To find
equations, we prove a lower bound on multiplicities in (M, )y by proving an upper bound
on multiplicities in C[M,]4. This is done by considering all regular functions on the orbit
(GLy x GLg x GLs)T}) 1., which we denote by C[(GLjy x GLs x GLg)T) ,»]: These multiplici-
ties are bounded from below by the multiplicities in C[(GLy x GLg x GL;)T}) 1. ]4, but they can
be computed using branching rules in representation theory, without actually performing any
calculations on tensors. We explain this method in this section.

Let {\}x to denote the irreducible GLj-representation to the partition A\. We occasionally
omit the subscript if the group is clear. We write A i to denote that A is a partition of some
number into at most k£ parts.

Let G := GLg x GLg x GLs. The algebraic Peter-Weyl theorem can be used to describe the
multiplicities in the coordinate ring of the orbit of T}, ,:

C[GTym,] = C[G/H] = C[G]" = A@ N vy e v,
g

where H ¢ G is the stabilizer of T}, ,, ,. In particular
mult(y ,, ) C[GTk ] = dim{\, g, v,
The rest of this section is devoted to determine dim{\, y, v}*.

{)‘7M7 V} = {)‘}k ® {M}s ® {V}s-

Splitting {u}s into GL, x GL;ff_l—irreducibles via the multi-Littlewood-Richardson rule yields:

{,U'}s = @ ch uk{ﬂl}r ® {M2}m ®-® {:U'k}m-
Ml}_r 9 bl
1u‘27"'7)u'k}7m

Using the analogous equality for v we obtain {\, u,v} =

i
(&
®
e
“27"'7“]6'7777«
Vi,

v ke

el e {n e (e e (i ine (v e (Plne e (in

For a partition & we write £ < A when & arises from A\ by removing boxes, at most one in each
column. Splitting {\}, into irreducible GL; x GL;_;-representations via Pieri’s rule yields

{Abk = g% {UA= €D} ® {€} k-1,
kot

where (|A| —|£|) is the partitition to the one-row Young diagram with |A| - |£| many boxes. In
total, {\, u,v} =

D o AA-ED e ke{n' o {p?tme - o (1 fme{v! ) e {1* oo {v 1y
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Let {(a1),...,(a)} denote the 1-dimensional irreducible GL}-representation to the 1-row par-
titions (a;). Taking GL, x GLff;l—invariants in {\, u,v} and using that

1 ifpl =07
0 otherwise

dim({'} ® {v'}*)°m = {

yields {)\,M,V}GLTXGLfrfl =

D e AN @ (ko @ (D), (16D}

1 /J' K HLL
oy
M27---7Mk’—m
1300
EFk-1

Taking GL; x GLY !-invariants yields {)\,u,V}GLlXGLIf?lXGLMGLf{I =

2 k
n v yeey
@ A k{g}lu\ |1t \7
1 l’l/ 7"'7;"1 M ’ 7/J/
wher | A-[€]
“27"'7“ka
29
Epo1

where {£}92 is the weight space to (by,...,b,_1) in {¢}. To obtain dim{\, y1, v} we have to

IxGL,xGLE1

determine the dimension of the space of &_j-invariants in {\, , V}GL”GLIY . Observe

that &;_; permutes the weight spaces, so we write {\, u, v} =

1 P 051,___7H’€0Z1,...,uk( gB 3 k {5}71,...,%717)
wier| A= (€] €& k—1-(|3],| 3], w*])

[L2,...,[Lka
23
EFk-1
|1 |< |k << |

Fortunately, the dimension of &j_;-invariants in the term in parentheses has been studied before
in the context of geometric complexity theory and tensor rank [14]:

@ {5}71""’71’“*1 )Gk_l = dim({é‘}“’?‘7‘”‘3‘7"'7‘ﬂk‘)Staka_l (|M2|7|M3|7"'7|Mk‘).
V€S g1~ (|2, |13] |1k )

Let J := (|M2|7 |qu9’|7...7 |Mk|) and set G := 6‘M2|X---X6Wk‘. Gay’S theorem says that {g}l‘uQ""uS"m"‘uk‘ =
[£]97. Let S :=stabg, , (|12, |3], -+, |¥]). We want to determine dim[¢]®7*. We calculate

& xS Schur- G yxS

dim[€]%7 = dim HWV{¢} ® [€] Wt ARl G HWV(@04V) (7.9)

6‘]%15

(&V)S7* = (SymF IV @ ... @ Sym" ' yS (7.10)

Let ; denote the number of times that ¢ occurs in the J. Then (7.I0) can be grouped as follows:

(.10)

(®H13ym1V ® - ® @1 Symk’lv)s

Sym™Sym'V ®--®  Sym™-1Sym*ly
—_—
=®;1 a5 (k1,1){5} =@sk-1 agh—1 (Kgp-1,k—-1){5*1}

Using the multi-Littlewood-Richardson rule we obtain
¢ 4] .
(m) = Z 0517.“75k—1 Ha&'("fiﬂ)'
i=1

51,...,5k_1FZ(5)iH¢
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Altogether, dim{\, u, v} =

€]
Iz v £ N
Z Z cu17...7ukcﬂly---vﬂk0517...75’“’1 H agi (Kiyi),
Il A1) i=1
I 7"'7uk'_m [6%]=ir;
%5
Erp-1
2|l <<l <]
where the r; denotes the number of times i occurs in (|u?],.. ., |u"]).

Implementing this formula, we see that it indeed yields equations! For example,
multy ,, C[GT331]6 =0<1=Fk(\ u,v)
where k() 1, v) denotes the Kronecker coefficient and (A, i, ) is one of the following cases:
e ((3,3),(2,2,2),(3,3))

e ((3,3),(3,3),(2,2,2))
e ((3,3),(2,2,2),(4,1,1))

e ((3,3),(4,1,1),(2,2,2))

Numerous other partition triples can be readily generated. Restricting the first partition to two
rows and the second and third to three rows, we checked with the software MACAULAY2 com-
bined with methods from [I5] that this method only misses one triple: ((3,3),(3,2,1),(3,2,1)),
where the multiplicities on the left hand side and the right hand side are both 2.

8 Complexity-theoretic properties
Here we show the NP-hardness of the slice rank and the minrank problems.

8.1 Hardness of Slice Rank

In this section, we show that the problem of testing if a given 3-tensor has slice rank at
most r is NP-hard. We do this by showing that a variant of hypergraph vertex cover testing is
NP-hard. Tao and Sawin [74] showed the equivalence of the slice rank problem to this variant
of hypergraph vertex cover testing.

We fix a field F. Given a 3-uniform, 3-partite hypergraph H with 3 partitions U,V and W
with |U| =nq, [V] =ne, and |W|=mn3, n; €N, i € [3], with edge set being E c U xV x W, we can
define a 3-tensor T (x1,X2,x3) corresponding to H, where x; is a tuple of [n;] variables in the
following way.

Tr(x1,X2,X3) = > Tl Ty - T34
(i iy, wig)eE

We label the nodes in U,V and W from the set of integers. For two hyperedges e; :=
(Uay s Vb, Wey ) and eg := (Ugy, Upy, We, ), We say that e; < eg iff (a3 < ag) A (by <b2) A (c1 <e2). If
neither e; < eg nor ey < e; holds, we say that e; and e are incomparable. In F, if every pair of
hyperedges is incomparable to each other, we say that F is an antichain.

Tao and Sawin (see [74, Proposition 4]) showed the following.

Lemma 8.1. If the hyperedge set E is an antichain, then the slice rank of Ty is the same as
the size of the minimum vertex cover of the hypergraph H.

Thus, in order to show that computing slice rank of 3-tensors is NP-hard, we show that the
hypergraph minimum vertex cover problem for a 3-partite, 3-uniform graph, where the edge set
is an antichain, is NP-hard.
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Our reduction is inspired by [34] where they show the NP-hardness of the hypergraph vertex

cover problem for 3-uniform 3-partite graphs. Their reduction involved reducing 3-SAT to this
problem. Here we need to show the hardness under the extra condition that the hyperedge set
of the graph is an antichain. This makes the reduction far more involved, and we also change
the hard problem that we reduce to our problem.
The NP-hard problem that we use for our reduction is a bounded occurrence mixed SAT problem
(bom-SAT'), where we have 3-clauses and 2-clauses, such that every variable appears exactly
thrice, once in a 3-clause, while the other two occurrences are in 2-clauses (note that the number
of variables, n = 3t, for some ¢, where ¢ is the number of 3-clauses).

Remark. 1t is easy to see that the above mentioned bom-SAT is NP-hard. For this, start with
any 3-SAT instance. Now assume that a variable Z appears m times. Introduce m copies
21,y Zm of X. Replace every occurrence of Z by one Z;. We do this for all the variables. Now
every variables appears only once. However, we have to ensure consistency, that is, Z1,...Z,
should have the same value. So we add the 2-clauses: (Z1V -Z2) A (ZaV~Z3) A+ A (L vV =Z7).
These 2-clauses can only be satisfied if we set all the Z;’s to 0 or all the Z;’s to 1. The resulting
formula is a bom-SAT instance as described above.

In the reduction, given a bom-SAT formula ¢ in n variables X1, ... X,, with ¢ 3-clauses and
m 2-clauses, the construction of a 3-uniform 3-partite hypergraph G¢ with 3 vertex partitions
U,V and W proceeds as follows. First of all we sort all the clauses such that all the 3-clauses
precede all the 2-clauses. Next we rename all the variables such that the variables in the r-
th 3-clause (r € t) are Y3(,_1).1, Y3(r-1)+2 and Y3(,_1),3 corresponding to the first, second and
the third position of the clause respectively. We also say that Y3(,_1)41, Y3(,—1)+2 and Yz(._1)3
belong to the same triple of variables.
Now, we have a gadget Gf corresponding to each variable Yy, k € [n]. Gi consists of nodes (4, j)*

—k
and (i,5) ,i,j € {1,2,3}. Here (4,5)* refers to the node corresponding to the i-th occurrence of

the variable Y, and it occurs at the j-th position in the clause in which it appears. mk refers
to the negation of Y} in its i-th occurrence at the j-th position in the clause. We will drop the
superscript k, when it is clear from the context. Clearly, there are 18 such literal-nodes in a
gadget Gz, which are ordered along a circle (see the outer circle in Figure[I]). Since Yj appears
exactly thrice in ¢, exactly 3 out of these 18 nodes will correspond to some occurrence of Yz
in ¢. GZ also consists of 18 other nodes, which we call free-nodes (as they do not correspond
to any literal), that are useful in the construction (see the inner circle in Figure [Il). We have
hyperedges connecting two literal-nodes and a free-node. There are total 18 hyperedges in GZ
each consisting of three vertices that form a triangle in Figure [l Note that every literal-node
appears in exactly 2 hyperedges, while a free-node appears in exactly one of them. We partition
the set of nodes in 3 parts, as illustrated in the figure. Among the literal-nodes, the nodes
corresponding to the first-occurrences (j = 1) go to the set U, the ones corresponding to the
second-occurrences (j = 2) go to the set V', while the ones corresponding to third occurrences
(j = 3) go to the set W. We distribute the free-nodes equally among the three sets, while
maintaining the property of being 3-partite (see Figure [I).

Additionally, we have clause hyperedges, which for a 3-clause, connect the nodes correspond-
ing to the three literals present in it. For every 2-clause, we first introduce another free-node
to the graph, added to set W (as there are no literals at the third position in a 2-clause). Now,
there is an hyperedge for every 2-clause as well, connecting the two nodes corresponding to
its literals and a free-node. We refer to the hyperedges in a variable gadget either as wvari-
able hyperedges or local hyperedges. We refer to the hyperedges corresponding to the clauses
as clause hyperedges or global hyperedges. We illustrate the set up with an example. See Figure[3

The following two lemmas finishes the reduction.

Lemma 8.2. The size of the minimum vertex cover of the hypergraph G® is at most 9n if and

33



Figure 1: A variable gadget Gf corresponding to the variable Y3 in ¢. Nodes sharing the
red, cyan and green arcs correspond to the first, second, and third occurrence of Y in a clause
respectively. FExactly 3 out of 18 literal-nodes are used in clause hyperedges. Nodes with an
overline indicate that the negation of Y appeared in the corresponding clause. Nodes in the
inner circle correspond to the free-nodes.

only the bom-SAT instance ¢ is satisfiable.

The proof of this lemma follows very closely the proof of hardness of hypergraph minimum
vertex cover problem (see [34] Lemma 5.3]), which was itself inspired by the proof of NP-hardness
of 3-dimensional matching given in Garey and Johnson [29]. We give a sketch here.

Proof. Let ¢ be satisfiable with v being a satisfying assignment on the variables Y7,...,Y,.
Now, we construct the vertex cover set S for G® of size 9n as follows. If v(Y}) = 0, we add all
the 9 overlined nodes from Gﬁ to S, otherwise we add the other 9 nodes to S. Note that S
covers all the local hyperedges. Since v is a satisfying assignment, all the clause hyperedges are
also covered by S as well.

Conversely, assume there is a minimum vertex cover S of G of size at most 9n. Now, since
all the free-nodes appear in only one hyperedge each, we can assume that S does not contain
any free-node, since we can always replace them by a literal-node of the same hyperedge. Now,
for ¢ € {1,...,n} if S; is the subset of S such that S; only contains the vertices corresponding
to the variable gadget G?, it can be easily seen that |S;| > 9 for all the variable hyperedges to
be covered. This implies that |S;| = 9 since we assumed that |S| =| U}, S;| <9n. Thus S; forms
a vertex cover corresponding to the local gadget G? and hence covers the hyperedges in Gf.
However, there are only two vertex covers of G? of size 9, namely the one set containing all
the overlined nodes, i.e., they correspond to —Y}%, and the other set where none of the nodes
are overlined, i.e., they correspond to Y. In the first case, we assign the value 0 to Yy, and we

assign 1 in the second case. Thus we construct the assignment v for Yi,...,Y,. Now, since §
is a vertex cover and hence span all the hyperedges including the clause hyperedges, v satisfies
all the clauses of ¢. O

The following lemma ensures that the edge set E of the above constructed graph G¢ is
indeed an antichain under some labelling.

Lemma 8.3. For every formula ¢, there exists a way of labelling of the nodes in hypergraph
G? such that the hyperedge set of G® is an antichain.

Proof. We first give the labelling used. We have literal-nodes and free-nodes. The literal-nodes
either correspond to the first occurrence, the second occurrence or the third occurrence of a
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Figure 2: The labelling of variable gadgets G(f for n = 6. The hyperedges with a red arc
correspond to the first occurrence of variables. Notice the difference in labelling of W nodes.
Literal-nodes are all labelled positive. Free-nodes are all labelled negative except the W node
connecting the two first occurrence literal-nodes.

variable. In every gadget, we have 6 nodes corresponding to each occurrence, 2 from each
partition U,V and W. The free-nodes although do not correspond to any occurrences, we
say that they correspond to first occurrence if the two literal-nodes that they connect both
correspond to the first occurrence. In every gadget, there are 5 such nodes, 2 each belonging to
U and V, while one belonging to W. If a free-node does not correspond to the first occurrence,
we say that it corresponds to the second or third occurrence (we do not make distinction within
them as it is not needed).

We first give the labelling corresponding to the nodes corresponding to the second and the
third occurrences of variables:

—k
e The position 1 literal-nodes (,1)* and (i,1) in Gf are labelled
Uon42(i-2)+4(k-1)+1 a0d Uz io(i-2)+4(k-1)+2, Tespectively, Vk, for ¢ = 2,3.

—k
e Similarly, the position 2 literal-nodes (4,2)* and (i,2) are labelled
V2n42(i-2)+4(k-1)+1 AN Vo 40(i-2)42(k-1)+2, respectively, Vk, for i =2,3.

—k
e Likewise, the position 3 literal-nodes (4,3)* and (4,3) are labelled
Wop12(i-2)+4(k-1)+1 aNd Wop 9(i_2)14(k-1)+2 Tespectively, Vk, for i =2,3.

e The 4 free U nodes in Gﬁ corresponding to the second or third occurrence are labelled
U_op_4(k-1)-¢> £ € [4] (see Figure 2 to see which ones exactly).

e Similarly, the 4 such free V nodes in Gi are labelled v_oy,_4(x-1)-¢, £ € [4].

e Finally, the 5 such free W nodes in Gi are labelled w_s(;-1)—¢, £ € [5].

e All the 2-clauses also correspond to the second and third occurrence of variables. Each
such 2-clause will have a corresponding hyperedge. Here we have a freedom to choose the
position for the free node. We invariably choose it to be at the third position. Thus the
first two nodes of the hyperedges will take the relevant literals as per the clause, while
the W nodes will be free ones. For the s—th 2-clause (under an arbitrary order), s € [m]
label the W nodes as w_g;,_s.

35



o We take all the hyperedges that include all the above labelled free W nodes. This will
include all the 2-clause hyperedges along with 5 hyperedges per variable gadget. Now
the tuple of U and V' coordinates (ugq,vp) of these hyperedges will have a partial order
among themselves. We shuffle their W coordinates so that the order of the W coordinates
becomes the reverse of the order of the tuple (uq,v,). We can do this without disturbing
other hyperedges because these W nodes are all free and are used in only one hyperedge
each.

Now it remains to label the literal-nodes corresponding to the first occurrences and the
free nodes pertaining to them. They are labelled differently so as to ensure that the antichain
property indeed holds when the hyperedges connecting these would be compared with the 3-
clause hyperedges. One key difference is that the labels of W nodes for Gi in this case also
depend on whether £ =1,2 or 0 mod 3.

—k
e The position 1 literal-nodes (1,1)* and (1,1) in Gﬁ are labelled wug(j,_1)41 and ug(_1)+2,
respectively, Vk.

—k
e The position 2 literal-nodes (1,2)* and (1,2)" are labelled Va(k-1)+1 and va(x_1)42, respec-
tively, Vk.

—k
e The position 3 literal-nodes (1,3)* and (1,3) get the labels Wrn—9(g-1) A W7p_9(g-1)-1,
respectively, for k = 3(q—1) + 1, whereas wz,_g(4-1)-3 and wg,_g(q-1)-4, respectively, for
k=3(q-1)+2, and wr,_g(g-1)-5 and wry,_g(g-1)-6, respectively, for k=3(g-1) +3

e The 2 free U nodes corresponding to the first occurrence of the variable get the labels
U_g(k-1)-1 and U_g(x_1)-2, respectively. Similarly such free V' nodes get the labels v_g(;_1)_;
and v_p(;_1)-2 respectively, whereas the such free W nodes (1 per gadget) get the labels
Wrn—g(g-1)-2 for k=3(q—1) +1 and wrp_g(g-1)-7 for k =3(q 1) +2, and wzy,_g(g-1)-s for
k=3(g-1)+3.

Figure Bl illustrates the labelling for k£ =1,2,3 when n = 6.

We now show that with the above ordering, the set of hyperedges E of the hypergraph G
indeed is an antichain.

To simplify the argument, we divide the set of hyperedges in two parts £ = Au B:

e Set A: This set consists of local hyperedges in which both the literal-nodes correspond to
the first occurrence of variables. We also include the 3-clause hyperedges.

e Set B: The set consisting of the remaining hyperedges, i.e., the ones in which at least one
of the literal-nodes correspond to the second or the third occurrences of variables. We
also include the 2-clause hyperedges.

We first argue that the subset B is an antichain.
We note that in B, the literal-nodes are all labelled positive (2n+2(i—-2)+4(k-1)+7j), i € {2, 3},
k € [n], j € [4], while the free-nodes are all labelled negative (-2n-4(k-1)-¥¢), k € [n], £ € [4],
for U and V nodes, whereas (=5(k-1)—/), k € [n], £ € [5] for W nodes, and it is easy to verify
that as the labels of the literal-node increase, the labels along the free-node decrease.
Now we take two arbitrary elements of the the set B. Recall that every hyperedge in B contains
exactly one free-node. Now the free-node will either be in the same partition or in different
ones.
If they are in different ones, we are done because we have a pair of coordinates such that, in
one of them, one hyperedge is labelled positive while the other is labelled negative, while the
opposite happens in the other coordinate. If the free nodes are in the same coordinate, we are
done again because as the literal coordinate increases, the free coordinate decreases.
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Figure 3: The variable gadgets Gf, k=1,2,3 for n = 6. The hyperedges with a red arc correspond
to the first occurrence of variables. Notice the difference in labelling of W nodes. The clause
edge corresponds to the clause Y; v Y5 v V3.
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Note that, since we have already shuffled the nodes with free W nodes taking the 2-clause
hyperedges into account, the 2-clause hyperedges are also taken care off.

Now, we argue that given an arbitrary hyperedge of the set A, and an arbitrary hyperedge

of the set B, they are incomparable too.
For this, we notice that, the labels of the W nodes of all the hyperedges in A are higher than
the labels of all the W nodes of the hyperedges in B. For this, we simply note that range of the
W labels of the second and the third occurrence (set B) is {-5n,...,4n} \ {0}, whereas the W
labels of the first occurrence (A) has the range from {4n +1,...,7n}. Secondly, notice that the
labels of the U and V literal-nodes at the second and third occurrences, i.e., from the edges of
set B (range {2n+1,...,6n}) are all higher than that of the first occurrence i.e. from the edges
of the set A (range {1,...,2n}).

We are done since for every pair of hyperedges (hg,hy), where h, € A and hy € B, we have
that the Wcoordinate of h, will be higher than that of hj, whereas the among the other two
coordinates, whichever is positive (i.e. corresponds to a literal-node) in h; will be higher than
the correpsonding coordinate in h.

Finally we are left to show that A is also an antichain.

We remind the reader that we have named the variables such that every 3-clause comprises of
variables from only one triple of variables i.e. every 3-clause involves Y3(,_1)41, Y3(g-1)+2; Y3(¢-1)+3
at first, second and third position respectively, for some ¢ > 0. Now first of all we notice that
for a pair of hyperedges which come from a different triple of variables, we are done, because W
coordinates of a higher triple are all lower than the W coordinates of a lower triple, since the
labels are (7Tn-9(q—1)~£),£ € {0,...,8} for g—th triple of variables Y3(4_1)+1, Y3(g-1)+2> Y3(g-1)+35
whereas the positive coordinate among U or V' will be higher for the higher triple (lables are
4(k—1)+¢,0 €[2]). When they are in the same triple of variables, it helps to remark that there
are three kinds of hyperedges in A, i.e. A=A41 0 A0 A.:

e A;: the ones where the free-nodes belong to U or V. These hyperedges have exactly one
negative coordinate, which will either be in the U coordinate or the V' coordinate.

e Ajs: the ones where the free nodes belong to W. All the coordinates are positive.

o A.: the set of 3-clause hyperedges: All the coordinates are again positive, as all the nodes
are literal-nodes.

Now, we need to compare the hyperedges of A;,.A; and A, with each other and within them-
selves when they all belong to the same triple of variables, say g—th triple, Y3(4_1)11, Y3(4-1)+2, Y3(g-1)+3
for some g € [t]. We remind the reader that the labelling of the W nodes that appear in 4
varies depending on whether the corresponding index k =3(¢g—1)+1, 3(¢g—1)+1, or 3(¢—1) +3.

There are six possible cases:

i. Ajp: same proof that was given for the elements of I, where also we had exactly one negative
coordinate.

ii. Ag: for the higher variable, the W coordinate is lower (labels are 7n —9(¢ - 1) — 2 for
k=3(¢g-1)+1,Tm-9(¢-1)-Tfor k=3(¢-1)+2and Tn-9(¢q—-1) -8 for k=3(¢g—-1)+3),
while the other two coordinates are higher, since both U and V labels are 2(k - 1) + 1,2.

iii. A¢: two different clauses clearly belong to different triple of variables: already taken care
of above.

iv. Ay — Ay (hg, € Ay, hq, € As): Here we have two cases: namely, either h,, belonging to a
higher variable, or h,, belonging to the same or lower variable as compared to h,,. In the
first case, one of the U or V coordinate of h,, (whichever is positive) will be higher, while
the other coordinate being negative will be lower than that of h,, (whose all coordinates are

38



positive). In the second case, we note that the W coordinate of h,, will be lower, since for
the same variable, it has the lowest W coordinate (being 7n-9(¢—1) -2 versus Tn-9(q¢-1),
™m-9(¢g-1)-1for k=3(¢g—-1)+1, Tn—-9(q—-1) -7 versus Tn-9(q—-1)-3, Tn—-9(¢—1) -4 for
k=3(qg-1)+2and Tn-3(k—1)-8 versus Tn-9(q—1)-5, Tn-9(¢-1) -6 for k = 3(¢—1)+3),
and as we go up the variables, W coordinate decreases, while at least one of the other two
coordinate will be higher, i.e., in the coordinate in which h,, is negative and h,, is positive.

its W coordinate

v. A1 — A (hg, € A1, hg, € Ac): When h,, belongs to Gg(q71)+1 or Gg(q71)+2,
will be higher than that of h,,, since for the clause hyperedge h,, , the W node is picked

from G?(q,1)+3- However, one of the other two coordinates in h,, is negative. So, it will

be lower than that of h, .. So, we are done. When h,, belongs to Gg(q71)+3, both hg,
and hg, might share the W coordinate. However, in such h,,, the positive node among
the U and V coordinate will be higher than that of h,_, since hy, comes from the highest
variable among the triple, and both U and V coordinate increase with higher variables,
being labelled 2(k — 1) + 1,2, whereas the negative coordinate will of course be lower than

that of h,, which has no negative coordinate.

its V' coordinate will be less since

vi. A — A. (hq, € Az, hg, € A.): Here when hy, € G?(q—l)ﬂ’
Y3(4-1)+1 is the lowest variable, whereas the V' coordinate of the clause hyperedge hq, is

picked from G3(@~D+2 However, the W coordinate will be higher for ha, as it is labelled

¢

™n —9(q — 1) — 2, whereas the clause gets the W coordinate corresponding to the G3(q71)+3

and hence the label Tn —9(¢-1) -5 or Tn =9(¢—-1) - 6 . Whereas when h,, € Gg(q,1)+2 or
Gg(q71)+3, the W coordinate will be lower for hg, (labelled 7Tn—9(¢-1)-7 or Tn-9(¢-1)-8

respectively) than h,, (labelled Tn—9(¢—1)—-5 or Tn—9(¢—1)—-6), whereas the U coordinate
of hg, will be higher, since the clause hyperedge h,,_ gets the U coordinate corresponding
to variable Y3(,_1),1 which is the lowest variable within the triple and hence has the lowest
U coordinate (U labels being 2(k-1) +1,2).

O

8.2 NP-Hardness of minrank

In this section we prove NP-hardness of HMINRANK by reducing it to the following problem:

Problem HQUADg p. Given a set of quadratic forms with coefficients from S, represented by
lists of coeflicients, determine if it has a common zero over F'.

To implement the reduction, we need to perform linear algebra computations with elements

of the field.

Definition 8.4. An effective field is a finite or countable field F with a binary encoding of
elements of F' such that the following operations can be performed in time polynomial in the
length of the encoding of arguments:

multiplication and addition of two elements over F,

multiplication of an arbitrary number of matrices over F' (follows from the first item),

equality comparison of two elements of F,
e division of two elements of F' (if the denominator is zero, the algorithm should fail).

Furthermore, we want that polynomial identity testing is in BPP, that is, there is a BPP-
machine that given an algebraic circuit computing a polynomial over F', decides in whether this
polynomial is identically zero.
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In our paper, we usually deal with polynomials over uncountable fields like C. In the
algebraic complexity setting, this is no problem. However, when we want to compute with
Turing machines, we have to restrict ourselves to appropriate subfields. This is modelled by
effective fields. In particular, Q is effective and the natural effective subfield of R and Q +iQ is
natural choice for C. Finite fields are effective, when we drop the last condition about identity
testing, which we only need in the second part of this section.

Efficient multiplication of several matrices implies that products and linear combinations of
elements can also be computed in polynomial time. It also allows for various polynomial-time
linear algebra procedures. In particular, we are interested in the following:

Theorem 8.5. For an effective field K there is a polynomial time algorithm which, given a
matriz A over K, computes a basis of ker A.

Proof. Determinants of matrices over an effective field are computable in polynomial time,
because determinant can be represented as an iterated matrix multiplication of polynomial size
(see e. g. [45]). This allows computing the inverse of a nonsingular matrix. Also, we can find
one of the maximal nonzero minors of a given nonzero matrix, by starting from any nonzero
entry and trying to enlarge the minor by checking all rows and columns at each step. We can
then compute the basis of the kernel by basic linear algebra. O

Hillar and Lim [42], Thm. 2.6] proved that HQUAD is NP-hard over the fields R and C. Their
proof also works for any field of characteristic different from 3 containing cubic roots of unity.
The NP-hardness for arbitrary fields was proven by Grenet, Koiran and Portier in [35]. We give
another proof for arbitrary fields based on the idea of Hillar and Lim. Compared to [35], we
describe a general construction for all fields instead of treating characteristic 2 as a special case,
and only use coefficients from {-1,0,1}.

Theorem 8.6. HQUADy; _1y  is NP-hard for any field F'.

Proof. We reduce from graph 3-colorability.

Given a graph G = (V, E), we will construct a system of quadratic homogeneous equation,
solutions of which correspond to colorings of the graph. The set of variables consists of two
variables x, and y, for each vertex v € V and one additional variable z. Consider a system of
homogeneous quadratic equations which contains for each vertex v the three equations

ToylYy = 0
x% —Xyz =0
yg ~“Ypz =0
and for each edge (v,w) € E the equation
x%+yg+$i+yi—%yw—wwyw—22 =0

If z =0, then from vertex equations we deduce x, =y, = 0 for all v € V. Therefore, a nontrivial
solution must have nonzero z. We can scale it so that z = 1. When z = 1, the vertex equations
give (Zy,yy) € {(0,0),(0,1),(1,0)}. Restricted to these values, the left-hand side of the edge
equation has the following values:

U 0.0 | 01) | (1,0
0O -t ] 0 0
00 | 0 1 0
(1L,o) [ 0 0 1
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That is, the edge equation forces the tuples (x,,y,) and (2, Y ) to be different. Thus, nontrivial
solutions with z = 1 are in one-to-one correspondence with colorings of the graph G into three
colors, given by the three possible solutions of the vertex equations. O

Theorem 8.7. Let F' be a field and K be an effective subfield of F'. Then HMINRANK1 i s
polynomial-time equivalent to HQUADg p.

Proof. To reduce from HMINRANK] to HQUAD, note that the condition rk(7z) < 1 can be
expressed by homogeneous quadratic equations on x, namely, vanishing of 2 x 2 minors of the
matrix of linear forms T'z.

Now we describe the reduction from HQUAD to HMINRANK]1. Let k be a number of given
quadratic forms and n be the number of variables. Each quadratic form q(x) = ¥1¢<j<n aijTi7;
on F™ corresponds to a linear form Q(X) = ¥1cj<n @ijTij on the space Sym2F" c F* @ F™ of
symmetric matrices, and a vector x is a zero of ¢ if and only if x ® = is a zero of (). Therefore,
a set of k linear forms on F™ corresponds to a linear map L:Sym?EF™ — F* given by a matrix
consisting from the coefficients of quadratic forms, and z is a common zero if and only if x ® x
is contained in ker L. Since all the coefficients lie in K, the map L is an extension of a linear
map Sym2S”™ — S¥ and its kernel has a basis consisting of vectors in Sym2S™, which can be
computed in polynomial time. Let Ay,..., A,, be such basisand T'= Y, ;® 4; € ST @ S"®@ S™.
Nontrivial common zeros x € F™ of the original set of quadratic forms corresponds to rank 1
symmetric matrices  ® x which can be presented as a nontrivial linear combination Y;"; v; A;
with y; € F' or, equivalently, as a contraction Ty with nonzero y € F'™. This is the resulting
instance of HMINRANK1 problem. U

Corollary 8.8. Let F' be a field and K be an effective subfield of F'. Then HMINRANK1 g  is
NP-hard.

The HMINRANK problem is also hard in other regimes.

Theorem 8.9. Let F be a field of characteristic 0 and K be an effective subfield of F'. Then
HMINRANKq g is NP-hard for nx (2n+1) x (2n +1) tensors and r =n + 1.

Proof. The proof is based on a similar theorem for finite fields is sketched in [21), §3.3], which
uses NP-completeness of the minimum distance problem for linear codes proved in [76].

We reduce from a variant of the PARTITION problem: given a list of 2n integers such that
each integer appears at most n — 2 times, determine if it can be partitioned into 2 subsets of
size n with equal sums. NP-completeness of this variant is noted in [30, SP12].

From the input {a;,...,a2,} of the PARTITION problem construct a (n+1) x (2n+1) matrix
[ 1 1 1 0 ]
al as ... G2n 0
2 2 2
ay ay . ay, O
A= :
ap™? a2 ay=2 0
att a7t |
| a7 a? a2n 5/2_

where S is the sum of all a;. From the properties of Vandermonde determinants we see that
any (n+ 1) x (n+ 1) minor is nonzero if it does not contain the last column. If a minor does
contain the last column and columns iy, ... ,,, it vanishes if and only if S/2 = a;, +---+a;, [70),
Lem. 1]. Thus, the matrix A has rank n + 1. Moreover, it has n + 1 linearly dependent columns
if and only if the original PARTITION problem has a solution.

Let by,...,b, be a basis of ker A. Since subsets of k linearly dependent columns corresponds
to vectors in ker A which have at most k& nonzero coordinates, the original problem has a solution
if and only if there is a nonzero linear combination of b; with at most n+ 1 nonzero coordinates.
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Let B; be a (2n+ 1) x (2n + 1) matrix constructed from b; by placing its coordinates on the
diagonal. The rank of a linear combination of B; is equal to the number of nonzero coordinates
in the corresponding linear combination of vectors b;. Thus, the answer to the HMINRANK
problem for the n x (2n +1) x (2n+ 1) tensor Y.I*; e; ® B; and r = n + 1 determines the answer
to the original problem. O

From the facts that the minrank problem is NP-hard and that minrank varieties can be
written as orbit closures, we immediately get the following hardness result for the orbit closure
containment problem.

Corollary 8.10. Given two tensorst and t', deciding whether the orbit closure of t is contained
in the orbit closure of t' (under the usual GL, x GL,, x GL,, action) is NP-hard.

8.3 Slice rank and minrank varieties and algebraic natural proofs

We have found a lot of equations for the minrank varieties and it is a natural question how
hard these equations are. In particular, in the GCT setting, we have a sequence of varieties V,,
and a sequence of points z,, and want to prove that z, is not in V,,. This is done by giving
equations f,, such that f, vanishes on V,,, but f,(z,) # 0. The meta-question is how “difficult”
is it to prove that f,, has the desired properties. That is, why is progress on algebraic circuit
lower bounds so hard? For instance, if f,, has high circuit complexity, then it is very unlikely
that we will be able to prove f,(z,) # 0 by evaluating this circuit. In turns out that when
testing membership in V), is a hard problem, then this high circuit complexity is in some sense
unavoidable. To deal with this questions, we generalize the methods from [7] and make them
applicable to varieties for which the membership problem is hard.

We call a sequence (V,,) a p-family of varieties if V,, is a subset of FP(™) for some polynomially
bounded function p.

Definition 8.11. A family of varieties (V},) is polynomially definable, if for each n, there are
polynomials f1,..., fi, such that V}, is the common zero set of these polynomials and L(f;) is
polynomially bounded in n for all 1 <7< m.

Here L(f;) denotes the algebraic circuit complexity of f;, that is, the size of a smallest circuit
computing f. Note that we do not require that m is polynomially bounded in n.

Definition 8.12. Let F be a field and K be an effective subfield. A p-family of varieties (V},)
with V,, ¢ FP(™ is uniformly generated if for all n, there are polynomials g1, ... s Ip(n) over K
such that

1. the image of (g1,...,9p(n)) is dense in V,,
2. each g; has polynomial circuit complexity, and

3. there is a polynomial time bounded Turing machine M that given n in unary, outputs for
each g; an arithmetic circuit.

The (V,,)-membership problem is the following decision problem: Given n and an encoding
of a point = € S| decide whether z € V,.

Theorem 8.13. Let F be a field and K be an effective subfield. Let V = (V,,) be a p-family
of wvarieties such that V is polynomially definable over K and uniformly generated and the
V -membership problem is NP-hard. Then coNP c 3BPP.

Proof. We give an 3BPP-algorithm for the V-non-membership problem, that is given a point
T = (21,0, Tpn)) € S5P(") - decide whether x ¢ V,. Since V-membership is NP-hard, V-non-
membership is coNP-hard and the result follows. The idea is to guess an equation f of the
variety V,, such that f(z) # 0. Since V is polynomially definable, there is a set of defining
equations of V,, that all have polynomial circuit complexity. Of course, we need to check that
f vanishes indeed of V,,. The algorithm works as follows:
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1. Guess a circuit C of size polynomial in n computing a polynomial f(X1,..., X))
2. Generate the circuits Dy, ..., D,(,) computing polynomials g1, ..., g,(,) as in Definition B.12]

3. Use polynomial identity testing to check whether C(g1,...,gp)) is identically zero. If
not, reject.

4. Otherwise, use polynomial identity testing to check whether C(x1,...,7,(,)) is identically
zero. If yes, reject. Otherwise accept.

Since polynomial identity testing over K can be done in BPP, this is clearly an IBPP-
algorithm.

Assume that x is not in the variety. Then there is an equation of polynomial circuit com-
plexity f that vanishes on V,, such that f(x) # 0 by the definiability of V. Assume we guessed
a circuit C' for f in the first step. Since the image of (g1,...,9,(n)) lies in Vi, C(g1,- .-, 9p(n))
will not be identically zero. We pass the test in step 3 with probility 1 —e. Since f(x) # 0, we
accept with probility 1 — € in step 4. Therefore, the overall acceptance probability is bounded
by 1 - 2e.

Now assume that x € V,,. If the guessed circuit computes an equation f of V,,, then we will
reject with probability 1 — € in step 4. If f is not an equation of V,,, then we reject in step 1 —€
in step 3. In both cases the acceptance probability is bounded by e. This shows the correctness
of the algorithm. O

Lemma 8.14. Let (V;,) € FP(™) be a p-family of varieties. Let (G,) be a sequence of groups and
(un) be a sequence of vectors such that V,, is the Gy,-orbit closure of u,. If for a generic element
g € G, the coordinate functions (71, ..., Vp(n)) of gun can be described by polynomial size circuits
(C1,...,Cpny) and the mapping 1" = (C1,...,Cpn) is polynomial time computable, then (V)
1s uniformly generated.

Proof. Since V,, is an orbit closure, the orbit lies dense in V,, by definition. The other two items
in Definition B.12] follow from the prerequisites of the lemma. U

Remark. The same statement is true, if every V,, is not an orbit closure but an intersection of
an orbit closure with a vector space. The proof is almost identical.

Corollary 8.15. Let S be an effective subfield of F'. For infinitely many n, there is an m, a
tensor t € S™ ™™ and a value r such that there is no algebraic poly(n)-natural proof for the
fact that the minrank of t is greater than r unless coNP ¢ 3IBPP.

Proof. The proof is by contradiction. If there is a poly(n)-natural proof for every tensor ¢ for
almost all n, then the corresponding sequence of minrank varieties is p-definable. Since each
minrank variety can be written as an orbit closures, where the groups are triples of general
linear groups, by Lemma BI4] the minrank varieties are also uniformly generated. Therefore,
by Theorem RT3l coNP c 3BPP. O

Remark. The result above can also be extended to the slice rank varieties. Since each of them
can be written as a polynomial union of orbit closures, instead of testing whether the circuit
C in the proof of Theorem R3] vanishes on one dense subset, we test whether it vanishes on
polynomially many dense subsets.
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