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Z2 electric strings and center vortices in SU (2) lattice gauge theory
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We study the representations of SU (2) lattice gauge theory in terms of sums over the worldsheets
of center vortices and Z2 electric strings, i.e. surfaces which open on the Wilson loop. It is shown
that in contrast to center vortices the density of electric Z2 strings diverges in the continuum limit of
the theory independently of the gauge fixing, however, their contribution to the Wilson loop yields
physical string tension due to non-positivity of their statistical weight in the path integral, which is
in turn related to the presence of Z2 topological monopoles in the theory.
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It is often believed that Yang-Mills theory can be en-
tirely reformulated in terms of string degrees of free-
dom, since the basic property of non-Abelian gauge the-
ories – quark confinement – is explained by the emer-
gence of confining string which stretches between test
quark and antiquark. Even the simplest string models
for Yang-Mills theory turn out to be very successful in
reproducing the spectrum of bound states of the theory.
One of the most successful recent developments is the
AdS/QCD, the description of QCD bound states in terms
of string theory on five-dimensional anti-de Sitter space
or its modifications [1, 2]. In this description the Wilson
loop behaves as W [C] ∼ exp (−S5D [C]), where S5D [C]
is the area of the minimal surface in five-dimensional
space spanned on the loop C. The loop C is assumed
to lie on the boundary of this five-dimensional space.
However, up to now there is no exact representation of
continuum Yang-Mills theory in terms of electric strings,
i.e. the strings which open on Wilson loops. In fact, the
only string one usually encounters in non-Abelian gauge
theories is a chromoelectric string of finite thickness at
finite lattice spacing, which is observed in numerical sim-
ulations as a cylindric region with higher energy density
between two test colour charges [3, 4].

Recently a different type of strings has been discovered
in lattice gauge theories, namely, ZN magnetic strings or
center vortices. Although the existence of such strings
in Yang-Mills theories was predicted a long time ago [5],
they have been actually observed and investigated in lat-
tice simulations only during the last decade [6, 7]. The
simulations has shown that center vortices are infinitely
thin and have a finite density in the continuum limit.
Moreover, lattice results suggest that center vortices are
the effective degrees of freedom in the infrared domain
of Yang-Mills theory [6, 7], since removing center vor-
tices from lattice configurations destroys all its charac-
teristic infrared properties, such as confinement or spon-
taneous breaking of chiral symmetry. Effective action of
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center vortices and their geometric properties were ex-
tensively studied in [8]. Detection of center vortices in
lattice configurations of gauge fields is based on the sep-
aration of SU (N) link variables into SU (N) /ZN vari-
ables and the variables which take values in the center of
the gauge group, ZN . Configurations of these ZN vari-
ables can be exactly mapped onto configurations of closed
self-avoiding surfaces, correspondingly, summation over
ZN variables can be represented as a sum over all vortex
configurations [9].

For ZN lattice gauge theories there exists a duality
transformation [10] which allows to represent the observ-
ables either in terms of center vortices (ZN magnetic
strings) or in terms of surfaces which open on Wilson
loops. Since Wilson loop represents the worldline of an
electric charge, it is reasonable to call such surfaces ZN

electric strings. The aim of this paper is to investigate
the representation of SU (2) lattice gauge theory in terms
of a sum over all surfaces of such Z2 electric strings and
to compare the properties of electric strings and center
vortices. It turns out that in contrast to center vortices,
electric Z2 strings are gauge-independent, thus the area
of such strings can not be minimized by a procedure sim-
ilar to the maximal center projection, which ensures the
physical scaling of the density of center vortices [6, 7].
The density of Z2 electric strings diverges in the con-
tinuum limit, consequently, they can not be described
in terms of continuum theory. Nevertheless, there is a
mechanism which makes the contribution of the mini-
mal surface dominant – namely, the statistical weight of
electric strings in the partition function is not positively
defined due to the presence of topological Z2 monopoles.

In order to separate Z2 center variables in SU (2) lat-
tice gauge theory, each lattice link variable should be
represented as gl = (−1)

ml g̃l, ml = 0, 1. By definition
the variables g̃l are the elements of the coset manifold
SU (2) /Z2 = SO (3). It will be assumed that multiplica-
tion of all ”tilded” variables is a multiplication in SO (3)
group. Note, however, that the product of two SU (2)
group elements can not be in general expressed as the
product of (−1)

ml and the product of g̃l in SO (3). In
order to characterize this deviation, it is useful to define
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the Z2-valued function m (g̃1, g̃2) as:

g1g2 = (−1)m(g̃1,g̃2)+m1+m2 g̃1g̃2 (1)

where g1,2 = (−1)
m1,2 g̃1,2. Such function can easily be

generalized for any number of SU (2) variables. For the
purposes of this paper it is convenient to define the Z2-
valued plaquette function mp and the functional m [C]
which characterize the difference of products of SU (2)
and SO (3) link variables over lattice plaquettes and over
arbitrary closed loops, respectively:

∏

l∈p

gl = (−1)
mp+

P

l∈p

ml ∏

l∈p

g̃l

∏

l∈C

gl = (−1)
m[C]+

P

l∈C

ml ∏

l∈C

g̃l (2)

By definition mp and m [C] depend on the SO (3) vari-
ables g̃l only. The values of m (g̃1, g̃2), mp and m [C] are
in one-to-one correspondence with the homotopy classes
π1 (SU (2) /Z2) ≃ Z2 [11]. In order to make this state-
ment more precise, consider, for instance, the function
m (g̃1, g̃2). The points g̃1 ∈ SO (3) and g̃1g̃2 ∈ SO (3)
can be connected by two different geodesics γ1 and γ2 in
the following way:

γ1 : g̃ (s) = g̃1g̃
s
2, s ∈ [0, 1] (3)

γ2 : g̃ (s) = g̃1−s
1 g̃2, s ∈ [0, 1] (4)

The geodesics γ1 and γ2 form a loop on the group
manifold, which is characterized by some element of

π1 (SO (3)) ≃ Z2 which is precisely (−1)
m(g̃1,g̃2).

Further analysis is most easily performed using the no-
tations of external calculus on the lattice [12]. p-forms
on the lattice are associated with p-simplices, e.g. scalar
functions are associated with lattice sites, 1-forms - with
lattice links, 2-forms - with lattice plaquettes etc. Cor-
respondingly, scalar functions will be denoted by a sub-
script s, 1-forms – by a subscript l and 2-forms – by a
subscript p. External and co-external differentials are
denoted as d and δ, respectively. Scalar product of two
p-forms f and g is denoted as (f, g) and the Hodge oper-
ator is denoted as ∗. Hodge operator on the lattice acts
between p-forms defined on the simplices of the original
lattice and D − p-forms defined on the simplices of the
dual lattice. It can be shown that the operators d, δ, ∗

and the scalar product of p-forms on the lattice have the
same properties as in the continuum theory [12]. In all
operations on Z2-valued forms summation is understood
as summation modulo 2.

Note that gauge transformations in SO (3) gauge the-

ory g̃l → h̃sg̃lh̃s′ affect mp and m [C]: mp → mp + dm̃l,

m [C] → m [C] +
∑

l∈C

m̃l, where m̃l = m
(

h̃s, g̃l

)

+

m
(

h̃sg̃l, h̃
−1
s′

)

. A gauge-invariant conserved current of

topological Z2 monopoles can be defined as follows [13]:

jl∗ = ∗dmp = δ∗mp, δjl∗ = 0 (5)
The Wilson loop in the fundamental representation of

SU (2) gauge group can be expressed in terms of the new
variables g̃l and ml as:

Z (β)W [C] =

=

∫

SU(2)

∏

l

dglTr

(

∏

l∈C

gl

)

∏

p

exp (β/2 Tr gp) =

=
∑

ml

∫

SO(3)

∏

l

dg̃lTr

(

∏

l∈C

g̃l

)

(−1)

P

l∈C

ml+m[C]

∏

p

exp
(

β/2 (−1)
dml+mp Tr g̃p

)

(6)

where Z (β) is the partition function of the theory, gp =
∏

l∈p

gl and g̃p =
∏

l∈p

g̃l.

The sum over Z2-valued variables ml in (6) can be
represented as a sum over self-avoiding surfaces in two
different ways, using the original or the dual lattice. One
of these representations converges in the weak coupling
limit, while the other is more suitable for the strong-
coupling expansion [10]. Configurations of center vortices
(Z2 magnetic strings) can be directly constructed from
ml’s. Namely, the worldsheets of center vortices are the
surfaces on the dual lattice which consist of plaquettes
p∗ for which ∗dml = 1 [6, 7]. It is straightforward to
show that such surfaces are indeed closed if one notes
that for Z2 - valued 2-forms co-external derivative yields
the 1-form which is equal to 1 only if the link belongs
to the boundary of the surface made of plaquettes for
which this 2-form is nonzero. Since δ∗dml =

∗d∗∗dml =
∗ddml = 0, the surfaces constructed from dual plaquettes
with nonzero ∗dml are always closed. Such one-to-one
correspondence between co-closed Z2-valued 2-forms and
closed surfaces allows one to rewrite the sum over ml’s as
a sum over all closed non-intersecting vortex worldsheets
Σm on the dual lattice:
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Z (β)W [C] =
∑

ml

∫

SO(3)

∏

l

dg̃lTr

(

∏

l∈C

g̃l

)

(−1)

P

l∈C

ml+m[C]

∏

p

exp
(

β/2 (−1)
dml+mp Tr g̃p

)

=
∑

mp∗ ;δmp∗=0

∫

SO(3)

∏

l

dg̃lTr

(

∏

l∈C

g̃l

)

(−1)
m[C]+

P

p∈ΣC

∗mp∗ ∏

p

exp
(

β/2 (−1)
mp∗+mp Tr g̃p

)

=

=
∑

Σm; ∂Σm=0

(−1)L[Σm,C]
∫

SO(3)

∏

l

dg̃lTr

(

∏

l∈C

g̃l

)

(−1)m[C]
∏

p

exp (β/2 (−1)mp Tr g̃p)
∏

∗p∈Σm

exp (−β (−1)mp Tr g̃p) (7)

where mp∗ = ∗dml, ΣC is an arbitrary surface spanned on the Wilson loop and L [Σm, C] =
∑

p∈ΣC

∗mp∗ is the

topological winding number of the surface Σm and the loop C. The factor L [Σm, C] in (7) implies that the Wilson
loop changes sign each time it is crossed by center vortex. Note that the representation (7) is gauge-dependent, since

the action associated center vortices depends on the non-invariant functions mp. The factor (−1)
m[C]

is also gauge-
dependent. Although the Wilson loop remains gauge-independent in any case, one can try to fix the gauge in such
a way that the contribution of center vortices to the expectation value (7) becomes dominant and the contribution

of the terms (−1)
m[C]

and Tr

(

∏

l∈C

g̃l

)

to the string tension can be neglected. It turns out that such gauge-fixing

procedure is exactly the maximal center projection [6, 7, 14], which rotates all link variables as close as possible to
some element of the group center. It is also interesting to note that the presence of topological monopoles changes
the action of center vortices, which indicates that monopoles can induce some nontrivial dynamics on the vortex
worldsheet. Localization of Abelian monopoles on center vortices and the associated two-dimensional dynamics were
indeed observed in lattice simulations [7, 8].
The expression (6) can be also represented as a sum over worldsheets of Z2 electric strings – closed self-avoiding

surfaces Σe which open on the loop C [9]. This is achieved by expanding the statistical weight of each plaquette in

powers of (−1)
dml using the identity exp ((−1)

m
x) = ch x (1 + (−1)

m
th x). The product of all the weights is then

expanded into the sum of products of (−1)
dml over different sets of lattice plaquettes. After summation over ml each

such product contributes to the sum only if each ml enters the product an even number of times. In this case the
corresponding set of plaquettes forms a surface Σe bounded by the loop C [9], i.e. the sum over all sets of lattice
plaquettes reduces to a sum over all such Σe:

Z (β)W [C] =
∑

Σe; ∂Σe=C

∫

SO(3)

∏

l

dg̃lTr

(

∏

l∈C

g̃l

)

(−1)
m[C]+

P

Σe min

mp

∏

p

ch (β/2 Tr g̃p)
∏

p∈Σe

th (β/2 Tr g̃p) (−1)

P

l∗∈V

jl∗

(8)

where Σe min is the surface of the minimal area spanned
on the loop C and the Stokes theorem was used to rep-
resent

∑

p∈Σe,Σe min

mp as a sum over all links dual to

cubes which belong to the volume V bounded by Σe and
Σe min. Note that both combinations of Z2 variables in
(8), m [C] +

∑

Σe min

mp and
∑

l∗∈V

jl∗ , are gauge-invariant,

therefore the representation (8) is gauge-independent.
Thus the Wilson loop in the fundamental representation

of SU (2) gauge group (or, more generally, in all repre-
sentations with half-integer spin) can be represented as
a sum over all surfaces of Z2 electric strings Σe which
open on it. It is not difficult to derive similar representa-
tions for the partition function of the theory or another
observables such as t’Hooft loop or the correlators of Wil-
son loops.

In order to see whether the representations (8) and
(7) can be used in the continuum limit of the theory,
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one should study the scaling of the total area, or, equiv-
alently, of the density of center vortices or Z2 electric
strings. Consider first the density of center vortices. Ac-
cording to (7), some lattice plaquette ∗p belongs to cen-
ter vortex if for the dual plaquette p

∏

l∈p

sign Tr gl = −1,

correspondingly, the probability that a given plaquette
belongs to center vortex is:

P = 〈

1−
∏

l∈p

sign Tr gl

2
〉 =

1− 〈
∏

l∈p

sign Tr gl 〉

2
(9)

P is nothing but the density of vortices in lattice units,
which is by definition gauge-dependent. Consider first
the theory without gauge-fixing and integrate

∏

l∈p

signTrgl

over gauge orbits gl → hsglh
−1
s′ . A simple calculation

which involves character decomposition of sign Tr g and
using the ”gluing” formula for the integrals of group char-
acters gives the result

∫
∏

s∈p
dhs

∏

l∈p

sign Tr
(

hsglh
−1
s′

)

=
∑

k=1/2,3/2,...

αkχk (gp), where the coefficients αk behave

as (−1)
k+1/2

k−6. Thus integrating (9) over gauge or-
bits yields some gauge-invariant function of the plaque-
tte variable gp. It can be shown that this function
takes values in the range

[

−1/3 + 2/π2, 1/3− 2/π2
]

. As

1/3− 2/π2 ≈ 0.130691 < 1, the density of center vortices
in lattice units remains finite at weak coupling, and their
physical density diverges as a−4. On the other hand,
any perturbative calculation around the vacuum gl = 1
yields exactly zero density of center vortices, which thus
appear as truly nonperturbative objects. The situation
changes dramatically after the maximal center gauge is
imposed – in this case the total area of center vortices is
minimized and their density in lattice units goes to zero
as a2, thus their physical density remains finite in the
continuum limit [6, 7].
Since statistical weights of Z2 electric strings in the

sum (8) are not positive, strictly speaking they can not
be interpreted as random surfaces [15]. Nevertheless,
one can define the vacuum expectation value of their
density by introducing the ”chemical potential” µe for
electric strings and by differentiating the partition func-
tion Z (β, µe) over it. This amounts to multiplying the
statistical weight of each surface by an additional factor
exp (−µe|Σe|), where |Σe| is the total area of Σe. The
partition function of the theory can be calculated from
(8) by shrinking the loop C to zero. After such modifica-
tion of (8) one can reverse all the transformations which
led to this representation and write the partition func-
tion of the theory at nonzero µe in terms of original link
variables as:

Z (β, µe) =

∫

SU(2)

dgl

∏

p

(

ch (β/2 Tr gp) + e−µesh (β/2 Tr gp)
)

(10)

This partition function interpolates between the partition
functions of SU (2) and SO (3) lattice gauge theories at
µe = 0 and µe → ∞ respectively.

Now the average total area of Σe in lattice units can
be found by differentiating (10) over µe:

〈 |Σe| 〉 = −
∂

∂µe
lnZ (β, µe) |µe=0 =

=
∑

p

1− 〈 exp (−βTr gp) 〉

2
(11)

The expectation value 〈 exp (−βTr gp) 〉 tends to zero as
β → ∞ and the continuum limit is approached, therefore
in the continuum limit of the theory Z2 electric strings
occupy half of all lattice plaquettes and their physical
density diverges as a−4. Nevertheless, the sum (8) re-
mains well-defined at a → 0 and in fact sums up to
exp (−σ|Σe min|), which can only be explained by the ex-
act cancellation of contributions from different surfaces

with opposite signs of (−1)

P

l∗∈V

jl∗

, i.e. due to the pres-
ence of Z2 topological monopoles. Indeed, if the term
with jl∗ is omitted, the expression (8) can be consid-
ered as the partition function of Z2 lattice gauge theory
with fluctuating, but always positive coupling. It can
be shown that in the weak coupling limit electric strings
in Z2 gauge theory also occupy half of all lattice pla-
quettes. The sum over such creased surfaces with pos-
itive weights can only lead to perimeter dependence of
the Wilson loop, which is indeed the case for ZN lat-
tice gauge theories in the weak coupling limit [10]. The

terms Tr

(

∏

l∈C

g̃l

)

and (−1)
m[C]+

P

Σe min

mp

are also not

likely to contribute to the full string tension, since it can
be shown that the expression (8) yields physical string
tension even when these terms are omitted [16]. Thus
it is reasonable to conjecture that in the weak coupling
limit Z2 electric strings are confining due to the presence
of topological monopoles with currents jl∗ . It could be
interesting to study numerically the properties of such
topological monopoles.

To conclude, it was shown that unlike Z2 center vor-
tices, which remain physical in the continuum limit [6, 7],
their duals – Z2 electric strings – can not be consis-
tently described as random surfaces in the continuum
theory. Instead, electric strings condense in a creased
phase with infinite Hausdorf dimension, but neverthe-
less due to some cancelations between surfaces with pos-
itive and negative statistical weights the minimal surface
Σe min dominates in the Wilson loop. In fact the for-
mation of some creased structures is typical for subcrit-
ical strings [15]. For instance, subcritical Nambu-Goto
strings exist only as branched polymers [15]. It was con-
jectured in [1] that such subcritical strings can be de-
scribed as strings on AdS5 background, which hints at
some possible relation with AdS/QCD.
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