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ABSTRACT

This PhD is a numerical and experimental investigation into optimisation of 

externally pressurised shell structures. In particular, two shell geometries are 

optimised for their resistance to external pressure. These are: domed ends and bowed 

out cylinders. Shells are analysed for buckling/collapse using the analysis code 

BOSOR5. The method of optimisation employed is ‘Tabu Search’, a non-gradient 

heuristic search tool. The effective coupling of modem optimisation techniques (Tabu 

Search), and computerised analysis of shell structures (BOSOR5) is demonstrated, 

and the motivation for carrying out the current research is described in detail. Some 

new extensions to a variant of Tabu Search (called reactive Tabu Search) are 

developed and have been benchmarked in this thesis. These are commonly used in 

Operations Research, and find less use in structural optimisation.

In addition, two further classes of domed ends are analysed for their behaviour when 

subjected to external pressure. These shells are: steel ellipsoidal domes, and 

multilayered metallic domed ends constructed from combinations of layers of 

aluminium, steel, and copper. Potential for future optimisation of such shells is 

outlined.

Throughout the thesis, numerical predictions are supported by relevant 

experimentation. Predictions of failure loads of shells are verified by collapsing a total 

of 29 laboratory scale test shells at the University of Liverpool. The geometries of 

shells tested ranged from 90mm to 250mm in diameter, and wall thicknesses were 

from 0.5mm to 3mm. Extensive pre-test measurements of thickness and shape of all 

manufactured shells have been carried out in order to provide accurate data for 

numerical simulations. The difficulties of conducting buckling tests on externally 

pressurised shells are highlighted.

Current American and European design codes are considered in the context of the 

geometries of shells studied, and suggestions are made for enlarging the range of 

currently allowed geometries of domed ends. Scope for expansion of the current 

design codes is based on both numerical and experimental findings.
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Fig. 3.24c View of collapsed dome E3 from above with corresponding plot of wall 
thickness. Failure occurs in an area of decreased shell wall thickness (darker patches). 
Contours are normalised by average thickness of dome E3.

Fig. 3.25 (a) Oil expelled during testing of domes El, El a, E3, E3a. (b) Oil expelled 
during testing of domes E2, E2a.

Fig. 3.26 BOSOR5 analysis of dome E2a. (a) Undeformed profile, (b) Prebuckling 
shape, (b) Buckling mode, n = 10. (d) Plasticity just prior to buckling.

Fig. 3.27 Load -  apex deflection path of dome E2a for both buckling and collapse 
analyses. Note the apex recovery prior to collapse.

Fig. 3.28 Pressure versus apex deflection for El (from ABAQUS S9R5). Also plotted 
is the load deflection curve for average thickness from BOSOR5 and ABAQUS.

Fig. 3.29 Buckling mode of dome El (A/B = 0.5) with variable thickness. Instability 
is local and at the base of the shell (Fig. 18(a) -  Side view, Fig. 18(b) -  top view).

Fig. 3.30 Factor Ko proposed for determining equivalent radius of prolate ellipsoidal
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domes. Also shown are the current factors used for oblate domes.

Fig. 3.31 Proposed radius used for calculation of pressure resistance of prolate 
ellipsoidal domes in PD5500.

Fig. 3.32 Current allowed ellipsoids (right of hemisphere) and suggested inclusion of 
prolate domes (left of hemisphere). All domes have the same mass. Points ‘a’, ‘b’, 
and ‘c’ are experimental points (two tests per point).
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Fig. 4.1 Geometry and notation of (a) generalised ellipsoidal dome, (b) upper and 
lower bounds of generalised ellipsoidal design space.

Fig. 4.2 Failure pressures of generalised ellipsoids. Also shown is the failure 
pressures of standard ellipsoids (vi = v2 = 2). Note global optimum at point ‘a’.

Fig. 4.3 Values of vi and v2 which correspond to optimum profiles of generalised 
ellipsoids.

Fig. 4.4 Section through optimised ellipsoid just prior to collapse.

Fig. 4.5 Apex deflection of optimised ellipsoid. Also shown is plasticity present in 
shell wall just prior to collapse (pyp = first yield pressure).

Fig. 4.6 (a) Contour plot of cost function for generalised ellipsoid of height A/B = 1.4, 
x is the optimum configuration found, (b) Section through V] = 2.25 illustrating non
convexity of the cost function.

Fig. 4.7 Imperfection sensitivity of optimised generalised ellipsoid and equivalent 
standard ellipsoid to eigenmode imperfections. Inserts show generalised ellipsoid 
buckling mode (n = 7), and standard ellipsoid buckling mode (n = 0).

Fig. 4.8 Two domes manufactured for testing (a) corresponds to optimum geometry - 
point ‘a’ in Fig. 4.2, (b) corresponds to point ‘b’ in Fig. 4.2.

Fig. 4.9 Generalised ellipsoidal domes (a) A / B = 1.4 (optimal) and (b) A / B = 3.2 
after testing.

Fig. 4.10 Thickness distribution and failure mode of optimised generalised ellipsoidal 
domes -  failure occurs in an area of decreased thickness.

Fig. 4.11 Standard ellipsoids (a) A / B = 1.4 and (b) A / B = 3.2 after testing.

Fig. 4.12 Experimental and numerical volume change of ellipsoid during 
pressurisation.

Fig. 4.13 Geometries of (a) reference cylinder and (b) equivalent multi-segment
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bowed out shell.

Fig. 4.14 Arrangements for connectivity of two adjacent segments. Note that the 
centre, (x°, y°), needs to be placed to the left of y = ax + b (Fig. 4.14b).

Fig. 4.15 Illustration of four-segment barrels without, and with, slope continuity at 
segments’ junctions.

Fig. 4.16 Illustration o f ‘a design grid’ for (N-l)-segments (half-length).

Fig. 4.17 View of two, nominally identical and optimally bowed out shells after tests.
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Fig. 5.1 Geometry of (a) Cylinder and (b) Barrel, both of the same length and end 
radius.

Fig. 5.2 Layout of two barrels joined axially via a connecting flange

Fig. 5.3 Two barrels connected with no flange, (a) Undeformed, initial geometry, (b) 
geometry prior to collapse, (c) spread of plasticity just prior to failure, maximum 
plastic strain = 5.66%.

Fig. 5.4 Failure pressures of two barrels with connecting flange.

Fig. 5.5 Two barrels, tF=10mm (a) Initial, undeformed geometry, (b) prebuckling 
deformation, (c) buckling mode, n = 0, (d) plasticity just prior to buckling, maximum 
plastic strain = 3.20%.

Fig. 5.6 Two barrels, tF=20mm (a) Initial, undeformed geometry, (b) prebuckling 
deformation, (c) plasticity just prior to buckling, maximum plastic strain = 4.40%.

Fig. 5.7 Volume of plasticity in barrel and flange for increasing flange thickness. 
Above tF = 22mm the flange remains entirely elastic up to failure of the shell.

Fig. 5.8 Failure pressure for varying flange thickness and flange length. The solid line 
is the curve from Fig. 6.4, i.e., tF = 26mm.

Fig. 5.9 Layout of four barrels connected via three connecting flanges.

Fig. 5.10 Failure pressures of four barrel pressure hull, flange thickness is varied.

Fig. 5.11 Four barrels connected with no flange, (a) Undeformed, initial geometry, (b) 
geometry prior to collapse, (c) spread of plasticity just prior to failure, maximum 
plastic strain = 6.05%.

Fig. 5.12 Four barrels, tF = 10mm (a) Initial, undeformed geometry, (b) prebuckling 
deformation, (c) plasticity just prior to buckling, maximum plastic strain = 1.55%.
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Fig. 5.13 Four barrels, tF = 20mm (a) Initial, undeformed geometry, (b) prebuckling 
deformation, (c) plasticity just prior to buckling, maximum plastic strain = 4.62%.

Fig. 5.14 Structural efficiency of two- and four-barrels pressure hulls. Failure 
pressures are normalised by mass, and length equivalent cylinders.

Fig. 5.15 Failure pressures of barrelled pressure hulls connected directly, and mass 
and length equivalent cylindrical shells.

Fig. 5.16 Sixteen barrels connected directly without flange (corresponding to point 
‘A’ in Fig. 5.15. (a) Initial, undeformed geometry, (b) Deformation just prior to 
collapse, pCOii =4.6MPa.

Fig. 5.17 Failure pressures of barrelled pressure hulls connected via 10mm x 26mm 
flange. Also given are failure pressures of and mass and length equivalent cylindrical 
shells.

Fig. 5.18 Sixteen barrels connected directly via 26mm x 10mm flange, (a) Initial, 
undeformed geometry, (b) Deformation just prior to collapse, pcon ~13MPa

Fig. 5.19 Details for final machining of barrels.

Fig. 5.20 Set up for measuring profile of outside surface of barrel wall.

Fig. 5.21a Residuals used for calculating best fit radius from measured coordinates of 
outside surface of test barrels.

Fig. 5.21b Best fit radius calculated by NAG subroutine E04FYF for data collected of 
barrel DB1 a.

Fig. 5.22 Set up for measuring thickness of a barrel shell wall.

Fig. 5.23 Scatter of thickness for (a) DBla DBlb (tF = 10mm), (b) DB2a, DB2b (tF = 
20mm). Note, flange thickness is not included in the arc length, s.

Fig. 5.24 Scatter of thickness for FBI a FBlb, FBlc, FBld (tF = 10mm). Note, flange 
thickness is not included in the arc length, s.

Figs 5.25a and 5.25b. Photograph of assembled double barrel pressure hulls, (a) 
DB 1, (b) DB2.

Fig. 5.25c Photograph of assembled four barrel pressure hull FBI.

Fig. 5.26 (a) Schematic of test arrangement, (b) DB2 attached to baseplates for 
testing.

Fig. 5.27 DB2 being lowered into test tank.
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Fig. 5.28a and 5.23b. DB1 and DB2 after removal from test tank.

Fig. 5.28c FBI after first test, note radial contraction of middle flange.

Fig. 5.23d FBI after second test, Failure is global and occurs in the region of half 
axial length (middle flange).

Fig. 5.29a Close up of flanges of DB1 after testing, The shell wall has collapsed onto 
flange of DB1. Fig. 5.24b Failure of DB2 takes place away from the flange.

Fig. 5.29c Hull FBI after removal from test tank following second test. The 
connecting bolts have started to shear out from the middle flange of FBI.

Fig. 5.30a BOSOR5 model based on measured data of DB1.

Fig. 5.30b BOSOR5 model based on measured data of DB2.

Fig. 5.30c BOSOR5 model based on measured data of FBI.

Fig. 5.31 Change in internal volume of DB1 and DB2 during test.

Fig. 5.32 Change in internal volume of DB1 and DB2 during test.
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Fig. 6.1 Geometry of bimetal hemisphere. R is measured to mid-surface radius.

Fig. 6.2 Failure pressures for bimetal hemisphere, steel outside, oyp steel = 350.0MPa, 
Gyp al = 300.0MPa. Numbers along curve indicate number of circumferential waves 
formed at bifurcation, c = axisymmetric collapse.

Fig. 6.3 Five configurations of two-layered dome, steel outside, aluminium inside. 
Top row: Prebuckling deformations, Bottom row: Buckling modes.

Fig. 6.4 Plastic straining in five configurations of two-layered dome, steel outside, 
aluminium inside. Maximum plastic strains correspond to 3.12%, 1.62%, 0.72%, 
0.38%, and 3.70% respectively.

Fig. 6.5 Failure curve for bimetal hemisphere, steel inside, Gyp steel—350.0!V1 Fa, Gyp 
al=300.0MPa. Numbers along curve indicate number of circumferential waves formed 
at bifurcation, c= axisymmetric collapse.

Fig. 6.6 Buckling modes of five configurations of two-layered dome, steel inside, 
aluminium outside. Top row: Prebuckling deformations, Bottom row: Buckling 
modes.

Fig. 6.7 Plastic straining in five configurations of two-layered dome, steel inside, 
aluminium outside. Maximum plastic strains correspond to 3.12%, 5.17%, 5.96%,
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5.34%, and 3.70% respectively.

Fig. 6.8 Failure pressure for combinations of steel and aluminium yield strengths, 
steel outer layer.

Fig. 6.9 Failure pressure for combinations of steel and aluminium yield strengths, 
steel inner layer.

Fig. 6.10 Geometry and layup of three layered metallic (a) Hemisphere, and (b) 
Torisphere. All radii are to middle surface of total thickness.

Fig. 6.11 Failure pressure for three configurations of copper-steel-copper 
hemispheres. The thickness of the inner and outer layers of copper is varied. Total 
thickness remains constant.

Fig. 6.12 Failure pressure for two configurations of copper-steel-copper torispheres. 
The thickness of the inner and outer layers of copper is varied. Total thickness 
remains constant.

Fig. 6.13 Plastic straining in copper-steel-copper domes corresponding to 
configurations ‘A’ ‘B’ ‘C’ ‘D’ ‘E’ Maximum plastic straining corresponds to 2.37%, 
2.58%, 1.76%, 0.85%, and 0.76% repectively.

Fig. 6.14 Layout of tensile test coupons cut from sheet of hybrid material, copper- 
steel-copper.

Fig. 6.15 INSTRON stress-strain output for copper-steel-copper tensile coupon.

Fig. 6.16a Nominally identical spun domes HI and HI a.

Fig. 6.16b Nominally identical spun domes H2 and H2a.

Fig. 6.16c Nominally identical spun domes H3 and H3a.

Fig. 6.16d Nominally identical spun domes T1 and Tla.

Fig. 6.16e Nominally identical spun domes H2 and H2a.

Fig. 6.17a Thickness profiles of nominally identical spun domes HI and HI a.

Fig. 6.17b Thickness profiles of nominally identical spun domes H2 and H2a.

Fig. 6.17c Thickness profiles of nominally identical spun domes H3 and H3a.

Fig. 6.17d Thickness profiles of nominally identical spun domes T1 and Tla.

Fig. 6.17e Thickness profiles of nominally identical spun domes T2 and T2a.

Fig. 6.18 Dome T1 attached to baseplate after cooling Wood’s metal.
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Fig. 6.19a Domes HI and HI a after testing.

Fig. 6.19b Domes H2 and H2a after testing.

Fig. 6.19c Domes H3 and H3a after testing.

Fig. 6.19a Domes T1 and Tla after testing 

Fig. 6.19e Domes T2 and T2a after testing.

Fig. 6.20 (a) Post collapse deformation of HI showing local failure near the base of 
the dome, (b) Post collapse deformation of dome Hla showing apex failure of the 
dome.

Fig. 6.21 (a) Pressure versus apex deflection for HI, the apex recovers local 
deformation becomes dominant near the base of the dome, (b) Pressure versus apex 
deflection for Hla, collapse is global.

Fig. 6.22 Buckling mode of (a) H2 and (b) H2a.

Fig. 6.23 Post collapse deformation of (a) H3 and (b) H3a.

Fig. 6.24 Post collapse deformation of (a) T1 and (b) Tla.

Fig. 6.25 Post collapse deformation of (a) T2 and (b) T2a.

Fig. 6.26 Photographs through cross section of copper-steel-copper hybrid sheet, (a) 
Magnification = 20x. (b) Magnification^ OOx.
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Appendices

Fig. A1 Typical load-deflection plot for B5. The user picks the start and end 
pressures, and divides into 50 increments.

Fig. A2 Flow chart showing methodology for an automated solver written for 
BOSOR5.

Fig. A3 Pressure history used by automated solver. The pressure range is increased in 
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note integral flange and filet radius at base of dome.
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Fig. C3 Drawing submitted to workshop for manufacture of ellipsoidal dome, note 
integral flange and filet radius at base of dome.
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Chapter 1 -  Introduction & Literature Review

C h a p t e r  1

INTRODUCTION & LITERATURE REVIEW

1.1 Introduction to Current Research
The research in this PhD thesis is centred around the two topics of shell buckling, and 

modem optimisation techniques. Shell structures are of interest in this thesis due to 

the useful engineering application of shells under pressure, such as submersibles. 

Modem optimisation techniques are studied in this thesis due to the structural benefits 

which can be brought. For example, through optimisation of shells, deeper depths are 

attainable for submarines, and mass savings can be made for aircraft.

One of the main themes of the thesis is that in order to successfully carry out 

stmctural optimisation of shells it is first necessary to have an understanding of the 

behaviour of the structure which is being optimised. This allows the engineer to have 

an appreciation of which variables are dominant in an optimisation problem and 

allows for the problem to be scoped before formal optimisation can take place.

To this end, in this thesis two classes of shells are analysed for their buckling and 

collapse behaviour when subjected to external pressure. These are: domed ends and 

barrelled shells. Numerical results are confirmed by pressurising a series of test shells 

to destruction.
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The shells are then optimised for their resistance to external pressure, and the 

optimisation technique to be used is Tabu Search. In addition, selected optimal 

configurations of dome were tested experimentally. The successful connection of 

optimisation and shell buckling is a central theme and aim of the thesis, and is 

discussed in further detail in the next section.

1.1.1 Aims of Thesis
The primary goal of the thesis is to successfully connect modem optimisation 

techniques and shell buckling. These two topics may appear to be unrelated, however 

it is demonstrated in this thesis that the use of modem heuristic techniques to optimise 

shells for buckling resistance is feasible, and that large gains in failure pressure are 

possible.

•In this thesis, results are presented for the optimisation of a special class of domed 

end, and cylindrical shells whose shell wall has been bowed out to form a barrel 

shaped shell. Numerical results are confirmed by laboratory experiments, and several 

surrounding issues, such as imperfection sensitivity and boundary conditions are 

discussed in detail.

It should be further emphasised at this stage that when conducting optimisation 

studies it is necessary to also study several surrounding aspects of shell buckling. As 

mentioned in the previous section, it is important to have an understanding of which 

variables are dominant in determining a shell’s failure load, before attempting to 

optimise the shell. The scope for optimisation of externally pressurised shells should 

be identified before a formal approach to optimisation is made. Furthermore, it is also 

necessary to take into account issues such as manufacturability, cost, etc. This 

justifies how, in this thesis, both shell buckling problems and optimisation of shells 

are studied.

This notion of identifying scope for optimisation forms the basis for the layout of the 

thesis, i.e., a study of shell buckling problems, followed by an optimisation study. The 

layout of the thesis is described in detail at the end of this Chapter.
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1.2 Literature Review
This section reviews the literature which is relevant to the thesis. The literature is 

X
divided into the following broad topics for shells under external pressure:

• Historical development of shell buckling

• Structural stability of shell structures

• Experimentation

• Imperfection sensitivity of shell structures

• Computerised analysis of shells

• Design Codes

• Structural Optimisation

• Heuristic optimisation techniques

It is not intended that the sections of this literature are rigid, and as such there are 

some articles which are relevant to two or more sections. The literature is presented in 

a chronological order where possible. The literature review is concluded with an 

overview of the thesis.

1.2.1 Historical Development of Shell Buckling
The earliest study of buckling of externally pressurised shells was in 1915 when 

Zoelly [1] presented the buckling load for a complete sphere. The load is termed the 

‘classical buckling load’ of a sphere and is of the form:

The classical buckling load of a sphere is confined to the elastic region. Analysis of 

buckling and post buckling of domed ends has been conducted in the plastic region by 

Hutchinson [2],

Since these early works, many thousands of papers and reports have been written on 

the subject of stability of shells. The historical development of research into shell 

buckling problems has been reviewed in [3] where it was shown that the number of 

papers written on the subject of shell buckling increases exponentially each year.

P e r ( 1. 1)
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The development of the knowledge of shell stability can be charted through survey 

articles such as [4], which reviews the state of the art of stiffened shells and layered 

cones and cylinders. At the time of writing [4] there was no known experimental data 

for layered shells. The survey carried out in [5] is somewhat more comprehensive and 

contains over 400 references to books and monographs.

More recently, developments in shell stability were surveyed in [6] where the huge 

number of papers being published on the subject of shell stability was also 

acknowledged. In [6] the subjects of elastic postbuckling and imperfection sensitivity 

are surveyed along with dynamic buckling, plastic buckling, experimentation and 

computations. A more recent survey of the state of the art of stability of shell 

structures is provided in [7] where consideration is paid to numerical analysis types 

and techniques. In [8] the development of knowledge of both stiffened and 

unstiffened cylinders subjected to either axial loads or pressure loading are reviewed.

1.3 Structural Stability of Shell Components
The following sections review the literature which is most relevant to the various 

Chapters of this thesis, i.e., buckling of several geometries of shells, experimentation, 

design codes and structural optimisation. It should be noted that the literature 

reviewed here is for externally loaded shells.

1.3.1 Static Stability of Domed Ends
Domed ends are useful structural components which are light weight, have an 

enclosed volume, and can withstand external pressure. A useful review of externally 

pressurised shells subjected to buckling constraints can be found in [9] where the 

effects of geometry and out of circularity of spherical caps is discussed. A useful 

discussion of failure modes and postbuckling of externally pressurised spherical 

domes is presented in [10].
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A commonly encountered geometry of domed end for pressure vessel applications 

subjected to stability constraints is the hemispherical dome, such as those studied in 

[11, 12]. However, it may be disadvantageous to use a hemisphere due to the 

relatively large height of the dome. As such, a common alternative is the torispherical 

dome, which is constructed from two circular arcs forming the meridian. In [13-15] 

the effects of varying the knuckle size in torispherical domes was investigated. It was 

found that the introduction of a large kuckle into a dome is analogous to a hemisphere 

with a locally increased radius at the apex. The torispherical dome was the subject of 

attention in the PhD thesis presented in [16], Particular attention was paid to the 

measurement, test, and analysis of sixteen steel torispherical domes. The domes were 

between 600mm and 800mm in diameter. Eight domes were manufactured by 

spinning, and eight were manufactured by pressing. Also contained in [16] is a useful 

review of the literature concerning the development of shell stability up to 1984.

The particular geometry of externally pressurised domed end to be considered in this 

thesis is the ellipsoidal dome. There are two geometries of ellipsoidal dome: oblate 

(shallower than hemisphere) and prolate (taller than hemisphere). Oblate ellipsoids 

are a commonly used engineering shell structure, in particular the 2:1 ellipsoid which 

is catered for in the current design codes. Industrial applications of oblate ellipsoidal 

domes include bulkheads in propellant tanks for spacecraft and rockets [17, 18]. A 

mass analysis of ellipsoidal domes was conducted in [19], which considered elastic 

stresses in ellipsoidal shells with variable thickness wall profiles.

Prolate domes are currently outside of the range of allowable geometries, and are the 

subject of attention in Chapter 3 of this thesis. Structural stability of prolate domes 

has received some attention over the years, having first been reported in 1961 [20], 

where it was considered that the elastic buckling pressure of a prolate ellipsoid will be 

between that of a sphere, and an infinitely long cylinder.

Experimental and theoretical work on the prolate spheroid can be found in [21-25], 

where an empirical formula to predict the elastic, and elastic-plastic buckling loads of 

complete ellipsoids was derived. The same formula was applied to ring stiffened 

prolate shells, and it was suggested that the prolate ellipsoidal shell is, in general, less 

sensitive to initial geometric imperfections than a spherical shell. Details can also be
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found in [21-25] about tests of shells manufactured from titanium -  the results of 

which were extrapolated for deep depth applications.

Another theory of the pre- and postbuckling behaviour of ellipsoids was developed by 

Danielson [26]. The theory was developed for both oblate and prolate spheroids, i.e., 

complete shells.
More recently, the ellipsoid has been investigated in [27, 28], where several elliptical 

domes of varying geometry were manufactured and tested. The domes were 

manufactured from GRP and in one case were stiffened by circumferential tubes 

which were inflated to increase the shell’s buckling pressure. The aspect ratio of the 

shell, and the number of layers of material used, were important factors contributing 

to the shell’s ability to withstand external pressure.
Sensitivity of ellipsoids’ buckling load to initial geometric imperfections has been 

considered by Blachut and Jaiswal [29, 30], where initial geometric imperfections of 

various shapes and magnitudes in the shells were considered. It was found that by 

superimposing the lowest eigenmode on the shape of the perfect shell a maximum 

pressure reduction of approximately 65% was computed.

In summary for ellipsoidal domes, it should be noted that very little experimental data 

exists for prolate shells. This lack of available information provides the motivation for 

conducting the experiments in Chapter 3.

1.3.2 Static Stability of Barrelled Shells
A barrel is a variant of a cylinder, where the walls have been bowed outwards. The 

effects of this are twofold: more internal volume is created thus increasing the 

buoyancy of the shell, and also the failure load of the shell is increased. Barrelled 

shells have been the subject of research since the 1960s. An early investigation into 

barrels subjected to axial loads is presented in [31], where axial crushing experiments 

were carried out on a cylinder and a barrel which had both been constructed from 

epoxy. Both shells had similar lengths (approximately 157mm) and were of the same 

thickness (3.2mm). The barrel was seen to fail at a load 8.7% greater than that of the 

cylinder.
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Buckling loads of axially loaded barrels were also studied in [32] and [33], In these 

two cases the barrels were stiffened in order to further increase their bucking load, 

and the effects of internal and external stiffeners were discussed. Post-buckling 

analysis of stiffened barrel shaped shells was investigated in [34], The post-buckling 

was confined to the elastic range and, as was seen in [33], the differences between 

internally and externally stiffened barrels were highlighted.

The introduction of computerised analysis of shells allowed barrels subjected to 

various combinations of loads to be easily analysed. Buckling of barrels subjected to 

radial pressure loading and axial compression began in the 1980s [35, 36] where 

BOSOR5 was used to find optimal configurations of barrels under buckling 

conditions. The ratio of axial compression to lateral pressure was found to be crucial 

to the failure load of the shell. Results of numerical studies which also included the 

length of a barrel among the design variables are presented in [37],

Experiments conducted on barrel shaped shells are sparse in the available literature. 

Two tests were conducted in [38]. One of the test specimens was barrel shaped and 

the other had meridional profile bowed inwards, giving negative Gaussian curvature, 

i.e., cooling tower shaped. The shells were 400mm in length and were both 

manufactured from two sections of spun steel, welded at the mid height. More recent 

tests on barrels were conducted in [39, 40] where test specimens were carefully 

Computer Numerically Controlled (CNC) machined from a mild steel billet. The tests 

were conducted in pairs in order to demonstrate repeatability of the experiments. 

Barrels have been the subject of optimisation studies over the years. In [41] the wall 

thickness along the meridian of the barrel was a design variable and an optimum 

thickness profile was found. Simulated annealing was used in [42] to find the 

optimum meridional profile of a barrel. The results were verified by conducting two 

tests on CNC machined laboratory test shells.
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1.3.3 Static Stability of Segmented Vessels
It is recognised that a segmented vessel may hold some superior characteristics over a 

plain and equivalent ‘single piece’ pressure vessel. For example, individual segments 

can be easily replaced during maintenance, or repair. Another desirable characteristic 

of segmented vessels is that stresses can be equal in the entire vessel. This is 

especially true for vessels constructed from spherical segments and joined by a ring 

reinforcement. The design of such a vessel for equal stress was demonstrated for the 

case of two elastic intersecting spheres under uniform static internal pressure in [43], 

Examples of segmented vessels under external pressure are sparse in the available 

literature. In [44] a vessel was analysed numerically. The vessel was constructed from 

two composite intersecting spheres of diameter 0.61m, which were joined by a 

titanium intersecting ring. The design of vessel achieved a weight saving of 48% 

when compared to a single equivalent steel sphere. The concept of intersecting 

spheres joined by internal reinforcing rings was extended to include seven spherical 

segments in [45], The structure was optimised in the elastic domain for failure modes 

such as global instability and rib crippling in the reinforcing ring. Spherical segments 

connected by external rings are the subject of study in Chapter 5.

An alternative to constructing a vessel from a series of spherical segments, is to 

connect a series of toroids. This was investigated in [46], where two- and three- torus 

models were analysed using BOSOR5. It was shown that the geometry of the 

connection between toroids, i.e., curved meridian or straight meridian connecting 

segment, was crucial to the buckling strength of the structure.
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1.3.4 Static Stability of Reinforced Cylinders
Several variations on cylindrical shell geometries which offer increased pressure 

resistance have been investigated. Perhaps the most commonly encountered is a 

cylinder reinforced by circumferential rings (stiffeners). Kendrick [47] examines 

cylinders which are stiffened by internal ring reinforcements with added T-rings. The 

failure modes of this shell configuration are global buckling of the entire shell, failure 

of individual stiffeners, and buckling in bays between stiffeners. Kendrick provides 

equations for the failure of infinitely long ring stiffened cylinders and also for shells 

of finite length. However, by stiffening a cylinder only in the circumferential direction 

the shell will have orthotropic properties.

To overcome this, a method of positioning stiffeners called ‘Isogrid’ was developed in 

1973 [48], The Isogrid system of stiffeners are positioned at 0° and ±60° over the 

surface of the shell giving a grid of equilateral triangles. This arrangement of 

stiffeners is best suited to shells of a single curvature however can be extended to 

doubly curved shells as was seen in [49, 50]. Optimum configurations of T shaped 

Isogrid stiffened cylinders were found in [51] through the use of the computer 

program PANDA2 which was developed by Bushnell. PANDA2 was then further 

modified to be also capable of analysing Z shaped stiffeners [52], PANDA2 uses 

BOSOR4 [53] to find minimum weight configurations of internally stiffened, elastic, 

isogrid stiffened panels and shells, made from composite materials.

1.3.5 Layered Shells
An alternative to constructing a shell from a single layer of material is to utilise the 

benefits of individual layers of material. The following sections discuss four classes 

of layered shells.
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1.3.5a Composites
Composite materials such as carbon fibre in epoxy resin have been used to construct 

externally pressurised shells. By laying up the shell wall with sufficient layers, almost 

isotropic properties can be achieved. In addition to buckling and collapse, other 

failure modes which are of concern to designers of composite pressure vessels are 

first ply failure and delamination. In [54], a series of torispherical domes was 

constructed by draping layers of woven carbon fabric into a mandrel of the required 

shape. The domes were constructed from 18 or 50 plies of material and were 300mm 

in diameter. It was seen that the domes all contained variations in wall thickness, due 

to the draping of the carbon fibre material. Other composite materials which have 

been used to construct shell structures include filament wound vessels, such as the 

tori spheres seen in [55],

1.3.5b Sandwich Construction
Sandwich shells are typically constructed of three layers. The inner and outer layers 

are usually constructed from high strength material such as metallic material or fibre 

reinforced composite. The middle layer is termed the core, and can be made of a 

softer material such as metallic or non-metallic foam. A more widely used core 

material is a non-metallic honeycomb. In this case the core has a lower stiffness in the 

direction of the meridian than normal to the shell surface. Sandwich shells have found 

applications in the space vehicle industry where a sandwich was used for the common 

bulkhead of the Saturn launcher. One of the advantages of sandwich shells for use as 

common bulkheads is the thermal insulation, allowing a temperature difference on 

either side of the bulkhead. However, a drawback with sandwich shells is debonding 

of the surface and core layers. Other applications of sandwich shells are in 

submersibles due to their high strength to weight ratio, as can be seen in [56], Early 

analytical work on sandwich shells can be found in [57], and the development of 

sandwich shells is traced in [58].
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1.3.5c Isotropic Layered Shells
This class of layered shells is of most interest to this thesis and are studied in detail in 

Chapter 6. By utilising layers of metallic material, desirable characteristics from each 

material, e.g., mass, stiffness etc. can be used in forming a pressure loaded shell. 

Stresses in plates composed of bi-materials of titanium-aluminium, and trimetals of 

steel-copper-aluminium were evaluated in [59]. Examples of doubly curved shells 

constructed from layers of isotropic materials are rare in the available literature. The 

concept of layers of isotropic material comprising a shell are found in [60, 61]. In [62] 

a multilayered solution was checked by giving all layers equal properties and 

comparing against a monocoque solution. A recent example of failure of a 

multilayered shell is found in [63] where snap-through of a shallow spherical cap was 

considered. Manufacture of shells composed of layers of isotropic material requires 

the parent materials to be either hot or cold rolled into a flat sheet. The sheet can then 

be spun, drawn or pressed into the required shape. Details of manufacture of isotropic 

multilayered domes can be found in Chapter 6. Another useful property of layered 

metallic structures is the differing coefficients of thermal expansion. Slepyan et. al. 

[64] investigated structures composed of steel and aluminium. A 2D constant 

curvature structure was developed, as was a 3D bimetal helix. Both structures were 

shown to be insensitive to variations in temperature -  by utilising the difference in 

coefficient of thermal expansion. The applications for these types of structures are 

wide ranging, especially for the space vehicle industry where large temperature 

changes are experienced

1.3.5d Hybrid Layered Shells
By constructing a layered shell with alternating layers of composite and metallic 

material, the beneficial properties of each material can be incorporated into the 

structure. Such a material has been constructed from layers of carbon fibre and 

aluminium and is termed ‘Glare’ [65]. The material was developed at Delft University 

in the Netherlands and is now in production for use in panels of the upper fuselage in 

the Airbus A380.
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1.3.6 Other Geometries of Externally Pressurised Shell
The previous sections have reviewed the literature on domes and variations on the 

cylinder. However, there exist several other geometries and combinations of shell 

structures which have been actively researched.

A useful structural component is the conical shell, and its variant, the toriconical shell. 

These are commonly used as the roofs of storage silos, such as in [66] where buckling 

modes of the conical roof were analysed by finite elements, and particular attention 

was paid to the cone-cylinder intersection. By locating the cone at the bottom of a 

silo, the contents can be drained easily. Such a situation was studied in [67], where the 

strength of the skirt supporting the silo was analysed axisymmetrically. However, 

these two cases are for internal pressure.
Other loadings of cones which have been studied both numerically and 

experimentally are axially loaded cones, such as in [68], which made comparison with 

the ECCS approach of designing conical shells.

Cones loaded by external pressure are useful for submarine pressure vessels as the 

conical segments allow for complex shells to be constructed. Conical segments allow 

transition from larger diameter cylinders to smaller diameter cylinders and give rise to 

novel submarine pressure hulls. Novel shell geometries which have been either 

proposed, or are currently in use, include Ross’ submarine hull [69] which consists of 

a series of conical and cylindrical segments arranged in a ‘swedge stiffened’ manner. 

Ross also suggests inverting the domed ends of the submarine hull in order to reduce 

their propensity to buckle [70], Ross also proposes a new underwater manned station 

in [71] and gives consideration to issues such as the power requirements including 

emergency power supply, and atmospheric control.

Variations in the loading of externally pressurised shells have been seen in [72] where 

only a portion of a hemisphere’s surface was exposed to external pressure, and in [73] 

where a half-loaded spherical cap was studied.
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1.4 Experimentation
Experiments on shell structures have played an important role in the development of 

understanding of the behaviour of shell structures. A very comprehensive review of 

experimentation of shell structures is contained in [74] where techniques and 

experimental results for shell structures are consolidated in two volumes. The 

importance of conducting experiments into bucking of shells has been described by 

Singer in [75] where the motivation for research into buckling experiments is 

described alongside difficulties associated with shell buckling experiments, such as 

initial imperfections. A good discussion of experimental techniques is presented in 

[76], Topics discussed include model fabrication methods such as electroforming and 

plated shells, and problems encountered when conducting the test such as boundary 

conditions, and loading of the test shell. An important aspect of buckling tests on 

shells is the pre-test measurements. These are necessary to provide accurate data for 

numerical simulations. In [77], the importance of conducting pre-test measurements is 

highlighted, and methods of measuring shells are described, e.g., use of chord gauge 

for determining radii.
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1.5 Imperfection Sensitivity of Shell Structures
It is widely acknowledged that discrepancies between analytically or numerically 

predicted buckling pressures and experimental failure loads can be attributed to initial 

imperfections. Imperfection sensitivity of shells has attracted wide interest from 

researchers and a vast number of papers and reports have been published on the topic. 

The types of imperfections in shell structures can include imperfect boundary 

conditions, geometry, loading, materials, etc. The types of imperfection to be 

considered in this thesis are departures from perfect shape, and imperfect thickness. 

An explanation of the role of imperfect geometry and boundary conditions can be 

found in [78], where it is argued that forced boundary conditions, for example a 

circular roof fixed to the end of a silo with an initial out of roundness, will induce 

‘locked in stresses’ which account for the reduction in buckling strength of thin shells. 

Contribution to understanding of the effects of imperfections can be seen in [79], 

where imperfect cylinders were studied. Studies into the imperfection sensitivity of 

domes are found in [80], where imperfection sensitivity of ellipsoids and torispheres 

in both the elastic and elastic-plastic ranges was considered. Further works on 

imperfection sensitivity of externally pressurised shells can be found in [81-84] where 

the ‘worst’ shape for an imperfection was calculated for spherical shells.

When calculating the sensitivity of an externally pressurised shell to initial geometric 

imperfections, the shape used to model the imperfection is crucial to the reduced 

buckling pressure of the shell. Perhaps the simplest form of imperfection used is an 

axisymmetric imperfection, such as those seen in [14] where an ‘increased radius’ 

was modelled at the apex of a torisphere. Imperfections modelled in 3D shell 

structures have received attention such as in [85] where localised imperfections in the 

form of flat patches were applied to domed ends of torispherical profile. Another 

widely used form of imperfection used in calculating imperfection sensitivity is the 

eigenmode imperfection, where the buckling mode of the perfect shell is taken as the 

shape of the imperfect shell.
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A study in [86] considered the sensitivity of a cylindrical shell loaded by a radial load 

at its mid height to eigenmode imperfections. To calculate the imperfection sensitivity 

of the shell, half models and whole models were created and the relative merits of 

each are discussed. A similar method to taking the eigenmode of a shell as the 

imperfection shape was in [87], The imperfections were termed collapse-affine 

imperfections and their shape was derived from the shape of the shell at the collapse 

load.

1.6 Computerised Analysis of Shells -  a New Perspective
Computerised analysis of shells began with the introduction of the Finite Element 

Method. Software which was developed for analysing shells includes solvers such as 

NASTRAN [88] and STAGS [89]. An early example of the benchmarking of STAGS 

(Structural Analysis Of General Shells) is presented in [90] where a panel stiffened 

by corrugated stiffeners is analysed. The Finite Element software to be used in this 

thesis is ABAQUS [91], which is a large scale solver with both material and 

geometric nonlinearity used to calculate buckling loads of 2D axisymmetric shell and 

solid structures, and 3D shells.

Also developed was the Finite Difference Method which is the basis for BOSOR 

computer programs. BOSOR is the acronym for Buckling Of Shells Of Revolution 

and is a series of axisymmetric computer programs developed by Bushnell. BOSOR4 

[53] is an elastic solver used for calculating failure of composite domes. BOSOR5 

[92], a non-linear, elastic-plastic shell buckling computer program which is used 

throughout this thesis for the calculation of buckling loads of shells.

Whereas previously analytical buckling loads of shells were difficult to calculate, 

especially in the plastic range, the advent of high powered computing meant that 

practically any shell geometry could be solved for any material properties.

1.7 Design Codes
There are many design codes in operation world-wide. However, the codes of most 

interest to this thesis are the current American Code ASME VIII, and the two design 

Codes, PD5500 and ECCS recommendations. Also included in this literature review 

is a discussion of the current European Pressure Equipment Directive (PED).
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1.7.1 ASME VIII
The American Society of Mechanical Engineers first published the Boiler and 

Pressure Vessel Code in 1915 in response to a growing number of fatal accidents 

involving steam boilers. The Development of the Code can be traced in publications 

such as [93], The Code is divided into several sections, of which the most relevant for 

this thesis is Section VIII. The section is then subdivided into three divisions, see Refs 

[94-96]. Technical development of the Code is found in publications such as [97] 

which provides details on the technical basis for internally pressurised torispheres and 

ellipsoids. More detailed description of the ASME Code can be found in Chapter 2.

, 1.7.2 PD5500
PD5500 [98] is the acronym for ‘Published Document 5500’ and is the current design 

code which was bom from the old British Standard BS5500. The code is divided into 

Chapters such as Design, Materials, and Manufacture and Workmanship. Further 

explanation of the Chapters in PD5500 can be found in Chapter 2 of this thesis.

1.7.3 ECCS
ECCS [99] is the acronym for European Convention for Constructional Steelwork. 

The recommendations design calculations based on imperfections present in the shells 

and relate the elastic load carrying capacity of a shell to its plastic reference 

resistance. The ECCS approach is applicable to cones and spheres, and the 

development of the method can be charted through articles such as [100].

1.7.4 PED

PED is the acronym for the Pressure Equipment Directive, a European Union 

directive which came into force in 2002. The directive is legally binding, and was 

issued in order to harmonise the pressure vessel design codes across the European 

Union and allow free trade between member states. Furthermore, designing to the 

PED allows manufactured pressure equipment to bear the CE mark. A useful up to 

date resource for information on the PED is the European Union website [101].
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1.8 Structural Optimisation
1.8.1 General
Optimisation of structures is a large topic for research, which has been active for 

many years. Structural optimisation can be defined as finding the best configuration 

of a structure, when subject to some constraints. Consider two structural 

characteristics of shells which are of relevance to this thesis, failure load and mass. 

The structural optimisation problem can therefore be cast in one of two ways:

• Maximise failure load of the shell for a given mass.

• Minimise mass of the shell for a required failure load.

To attempt to review all the literature relevant pertaining to structural analysis would 

be fruitless. See [102] for a review of topics including historical development of 

structural optimisation and motivation for optimising structures. Also included are the 

specific topics of multicriteria optimisation and shape optimisation, with the example 

of optimal beams and plates. Another useful reference for structural optimisation is 

[103] which contains over 2000 references on subjects such as stability of shells, 

arches, and plates. It was estimated by the authors of [103] that at the time of writing, 

between 80 -  90% of the world literature concerning optimal structural design had 

been referenced. There are a number of known deficiencies with structural 

optimisation, namely optimal designs which are not robust, or highly imperfection 

sensitive. This is discussed in the context of columns and arches in [104],

An extensive review of classical optimisation techniques is outside of the scope of 

this thesis. Therefore, the following sections review the optimisation techniques 

which are employed in this thesis, i.e., modem heuristic techniques.
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1.8.2 Heuristic Optimisation Techniques
The particular class of optimisation tools which are to be employed in this thesis are 

heuristic methods. This section reviews the development of modem optimisation 

techniques which are used to solve large combinatorial optimisation problems. An 

excellent starting place for any literature review on heuristics is [105], where over 

1300 references are presented in sections including Simulated Annealing, Tabu 

Search and Hybrid methods. The following sections review the literature for six 

popular optimisation tools, including a comparison of methods.

1.8.2.1 Tabu Search (TS)
Tabu Search is a Metaheuristic search tool which employs a short term memory to aid 

its exploration of the design space. The origins of Tabu Search are attributed to 

Glover [106, 107]. Useful tutorials of Tabu Search are presented by Glover in [108, 

109]. Tabu Search is particularly suited to discrete optimisation problems and has 

been successfully used to optimise discrete space frames and trusses. However, the 

method can be coded for the continuous domain by using techniques such as that in 

[110]. By partitioning the design space, continuous functions can be optimised. In 

[111 ] the design space was partitioned by a number of concentric circles, and in [112] 

the design space was partitioned into rectangles.

A variation on Tabu Search was developed by Battiti and is called reactive Tabu 

Search [113-116]. In RTS the parameters controlling the search are varied according 

to the quality of results obtained. As such, RTS is effective at escaping from local 

minima. Tabu Search optimisation of continuous structures allows for the shape of 

shell structures to be optimised and provides the motivation for the research carried 

out in Chapter 4 of this thesis.
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1.8.2.2 Genetic Algorithms (GAs)
Genetic Algorithms (GAs) are an optimisation technique similar to Tabu Search in 

that mutations of a current solution are tested in the search for an improved solution. 

The technique mimics that of evolution whereby desirable characteristics from two 

parents are combined to form an offspring. Genetic Algorithms are usually attributed 

to Holland [117], where the concepts of operators such as crossover were introduced. 

A comprehensive source of information on Genetic Algorithms is found in [118] 

where the background and history of GAs is described before discussing several 

aspects of GAs in detail. Useful review papers on GAs include [119] which surveys 

the use of GAs in computer aided design such as design of mechanisms and paths of 

robotic handling equipment. Genetic Algorithms have also been used extensively to 

solve multi-objective optimisation problems involving a Pareto front -  see [120] for a 

survey and [121] for a tutorial on multi-objective optimisation. A description of the 

workings of GAs including an example can be found in Chapter 2 of this thesis.

1.8.2.3 Simulated Annealing (SA)
Since the development of Simulated Annealing (SA) in the early 1980s the method 

has become popular for solving problems such as the Travelling Salesman Problem 

(TSP). Literature reviews on Simulated Annealing can be found in [122], and more 

recently in [123]. The method is based on the physical processes of solids cooling. An 

explanation of the workings of SA is provided in Chapter 2.

1.8.2.4 Other Methods
1.8.2.4a Particle Swarm Optimisation (PSO)
There are several other optimisation techniques which have their origins in nature. 

Particle Swarm Optimisation (PSO) was developed by Kennedy and Eberhart [124] 

and has its basis in birds flocking, and schools of fish. The development of PSO is 

reviewed in [125], In [126] the level of communication between particles was tested 

at the global (all particles) and local (restricted) levels. Each method has its own 

advantages and disadvantages. PSO was tested, with success, against benchmark 

functions in [127].
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1.8.2.4b Ant Colony Optimisation (ACO)
Ant Colony Optimisation was introduced by Dorigo in [128]. The method mimics that 

of ants foraging for food, and the development of ACO is surveyed in [129]. A brief 

description of the ideas behind ACO is found in Chapter 2.

1.8.2.4c Hybrid Methods
Hybrid methods are heuristic techniques which are comprised of two or more 

methods. As such, the desirable characteristics of each heuristic can be employed in 

the search. Hybrid search methods are popular in the field of electrical engineering, 

but find wide ranging applications, For example, in [130] where dynamic 

programming was combined with Tabu Search to optimise the layout of a gas pipe 

network. The goal was to minimise the fuel consumption of compressor stations in a 

gas pipeline network. The hybrid meta-heuristic worked on two levels: in the first 

stage, dynamic programming was used to determine optimal pressure variables. In the 

second stage, Tabu Search was used to optimise gas flow. The stopping criterion used 

was a maximum number of iterations of the Tabu Search procedure. Other examples 

of successful hybrid optimisation tools can be found in [131], where simulated 

annealing was used in conjunction with the simplex method. The hybrid was used in 

the context of structural optimisation to find the optimum configuration of a 10 bar 

truss. The method was compared against previously published results. A final 

example of hybrid meta-heuristics is in [132], where a variation on particle swarm 

optimisation was used to determine the optimum scheduling for a set of machines, 

with a required number of jobs to be executed on the machines.

1.8.1.5 Comparison of Heuristic Methods
In order to test the effectiveness of optimisation search tools they are commonly 

benchmarked against standard test functions such as was seen in [127], This allows 

for meaningful comparison of the methods to be made, such as in [133] where 

Simulated Annealing, Tabu Search and Genetic Algorithms were used to find 

optimum configurations of a supply chain network. The three methods performed 

differently depending on the restrictions to the search (e.g. time or iterations 

restriction). It was seen for the examples given in [133] that Tabu Search was the 

more robust method of the three evaluated.
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A example of comparison of search methods more relevant for this thesis is found in 

[134] where Simulated Annealing, Genetic Algorithms and Tabu Search were used to 

optimise discrete space frames and trusses. For the examples given, TS was found to 

give as good, or better, solutions than GA or SA. Also, TS was seen to arrive at an 

optimal solution in quicker times than SA or GA. A review of the state of the art of 

meta-heuristics, containing over 120 references, can be found in [135],

1.9 Literature Review Summary
Through reviewing the available literature relevant to this thesis, several conclusions 

can be drawn. It has been seen that, while modem optimisation methods have been 

used successfully to optimise discrete structures, optimisation of continuous structures 

such as shells is less well reported. This combined with very little experimental data 

for externally pressurised shells such as barrels, and multilayered domes provides 

input for the motivation for conducting the current research.

1.10 Thesis Overview
Descriptions of the remaining thesis Chapters follows in context of the thesis, i.e., 

Analysis of shell structures, Modem Optimisation methods, Experimentation, and 

Design codes.

1.10.1 Overview of Chapter 2 -  Thesis Background
Chapter 2 provides the reader with the necessary background to the thesis. The 

Chapter begins with a discussion of optimisation techniques (both classical and 

modem), and follows with explanation of several pertinent issues surrounding shell 

buckling, including failure modes, boundary conditions, and imperfection sensitivity.

1.10.2 Overview of Chapter 3 -  Buckling of Ellipsoids
This Chapter is an investigation into a range of shell structures not currently covered 

in the design codes: ASME VIII, PD5500 and ECCS. The shell structure is a steel 

dome of ellipsoidal profile. Specifically, the geometries not included in the design 

codes are prolate, i.e., those taller than a hemisphere of the same base radius. 

Recommendations are made for inclusion of prolate domes into the design codes. 

Numerical predictions are confirmed by a series of laboratory experiments.
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1.10.3 Overview of Chapter 4 -  Optimisation of Shell Components
In this Chapter, Tabu Search is used in conjunction with the structural analysis code 

BOSOR5 to find optimal geometries of externally pressurised shells. Firstly a static 

Tabu Search method is used to optimise bowed out cylinders, and then a dynamic 

Tabu Search method is used to optimise a class of domed ends. In both cases 

experiments validate the numerical findings.

1.10.4 Overview of Chapter 5 -  Segmented Pressure Vessels
This chapter examines the concept of a modular, segmented pressure hull, composed 

of a number of barrels connected axially. The geometry of the barrels to be used in the 

segmented pressure vessel corresponds to the optimal barrel geometry established in 

Chapter 4. Three geometries of segmented shells were tested in the laboratory.

1.10.5 Overview of Chapter 6 -  Multilayered Metallic Domes
This Chapter investigates the failure pressures of domes whose shell wall is 

constructed of layers of metallic materials such as steel, titanium and copper. The 

number of layers, and the thickness of each layer are variables. This configuration of 

shell gives scope for optimisation in terms of cost, pressure resistance and mass.

In the experimental part of the Chapter, a series of tests are conducted on torispherical 

and hemispherical domes constructed of layers of copper-steel-copper. Details are 

provided of the manufacture of the parent material, manufacture of the domes, pre-test 

measurements, testing, and FE analysis of measured geometries of domes.

1.10.6 Overview of Chapter 7 -  Closure

The final Chapter draws conclusions from the previous chapters and brings closure to 

the thesis. Future research topics are also outlined in Chapter 7.
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C h a p t e r  2

THESIS BACKGROUND

2.1 Preliminary Remarks
It was discussed in the previous Chapter that the research in this thesis is directed 

towards the two topics of: buckling of shell structures, and optimisation techniques. 

The motivation for carrying out the current research is to investigate the effective 

coupling of these two topics. In this Chapter the pertinent issues surrounding these 

topics are addressed, and the methods of successfully combining optimisation and 

shell buckling are described in detail.

2.2 Optimisation
Optimisation is deep rooted in human desires to find the best solution to a problem or 

improve, for example, profit or productivity. In simplest terms, optimisation can be 

described as the process of finding the maximum or minimum value of a function, 

called the cost function. The application of optimisation in this thesis is to find 

optimal configurations of externally pressurised shells, when subjected to stability 

constraints. The cost function for shell buckling problem could be the mass of the 

shell, or the failure load.

Optimisation techniques can be classified into two categories: classical numerical 

techniques (including unconstrained and constrained optimisation), and modem 

heuristic search techniques. Of most interest to this thesis are modem heuristic 

techniques. Discussion of both categories of problem follows.
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2.2.1 Classical Optimisation Methods - Unconstrained
Classical optimisation methods are rooted in differential calculus and can be solved 

for both single variable and multivariable problems. The simplest class of classical 

optimisation is unconstrained optimisation. As mentioned previously it is the goal to 

find the optimum value of a cost function. Mathematically, the problem can be stated 

as follows:

f opl[X*] = max(X],X 2,...Xn) (2.1)

In Eq. (2.1) the design variables together make up the design vector, of which the 

optimum design vector is denoted by [X*]. It should be noted that, for unconstrained 

optimisation, the design vector can take values from -ooto +oo.

2.2.1.1 Unconstrained Single Variable Optimisation
To find the maxima and minima of a function of a single variable the function firstly 

needs to be differentiated and set equal to zero, i.e.,

^ l  = f [ X]  = 0 (2 .2)
ax

This will yield the locations of any optima at locations corresponding to Xi*, X2*,... 

Xn*. Differentiating a second time will determine whether they are a local minimum 

or a local maximum, i.e.: determine f” [X] at X*. Whether each X* is a local 

maximum or minimum is determined according to the following: 

f  ’[X] > 0 at X*, then a local minimum exists at X* 

f ’[X] < 0 at X*, then a local maximum exists at X* 

f ’[X] = 0 at X*, then an inflection point exists at X*
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2.2.1.2 Unconstrained Multiple Variable Optimisation 

2.2.1.2a Direct Substitution
The methods outlined in the previous section are extendable to multiple variable 

problems by using direct substitution. If a problem is of the form of Eq. (2.1) then by 

setting the partial differentials equal to zero and solving the resulting simultaneous 

equations will give the values of X* corresponding to fopt, i.e.,

M  = o (2.3)

f f l  = o (2.4)

Again, to check whether a maximum or minimum has been found, the second 

differentials need to be taken and checked.

2.2.2 Classical Optimisation Methods - Constrained
In the previous sections there were no limits on values which can be taken by design 

variables, i.e., the optimisation problem was unconstrained. However, it should be 

noted that unconstrained optimisation is infrequently applicable to engineering 

problems. There will usually be some bounds, or constraints, on the design variables. 

This is illustrated using the example of shell buckling where the shell wall thickness 

must always be greater than zero. This gives rise to the following problem statement:

fop, ix *] = max(A,, X  2,.. Jf„ ) (2.5)
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Subject to:

X L< [ X ] < X V (2.6)

gj [X]<  o, j  = \,2,...m (2.7)

K [X] = o, k = m + \,m + 2 ,...p (2.8)

In Eq. (2.5) the design variables together make up the design vector, of which the 

optimum design vector is denoted by [X*]. Equation (2.6) is the upper and lower 

bounds on the design vector, [X], Equations (2.7) and (2.8) are constraints on the 

optimisation problem, of which there are p number of constraints. The constraints to 

an optimisation problem can be either inequality or equality constraints. Equation 

(2.7) is the inequality constraint, with m number of constraints and Eq. (2.8) is the 

equality constraint and has p - k constraints. The total number of constraints is 

independent of the total number of variables in the design vector.

There exist several methods of solving the constrained optimisation problem, which 

depend on the number of variables in the cost function.

2.2.2.1 Constrained Single Variable Optimisation
A constrained optimisation problem of a single variable can be solved by a direct 

approach. Firstly, the upper and lower bounds on the design vector are established, 

and then an interpolation scheme is used to find the optimum. Detailed description of 

this technique is given in [136]

2.2.2.2 Constrained Multiple Variable Optimisation
A useful method of solving constrained multiple variable optimisation problems is 

through Lagrange multipliers. The method entails introducing a new variable, the 

Lagrange multiplier, for each constraint. Thus, a set of partial differential equations 

can be solved to find the locations of any maxima and minima of the function. Again, 

second partial differentials must be taken to determine whether the points are maxima 

or minima. Detailed discussion, including an example can be found in [137].
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There are several other methods of solving constrained multiple variable optimisation 

problems. These include:

• Linear Programming

• Sequential minimisation

• Direct methods (including random search, and the method of feasible 

directions)
This list of optimisation techniques is by no means exhaustive and furthermore, 

detailed descriptions of these methods are outside of the scope of this thesis: see [136] 

and [137] for further explanation.

In summary, it has been seen that there are several classical methods of solving 

optimisation problems, both constrained and unconstrained, and for both single and 

multiple variable problems. However, classical methods of optimisation are hindered 

by being difficult to implement and solve, especially for complex problems such as 

buckling of elastic-plastic shells. Several modem methods have been developed to 

solve large scale optimisation problems, discussion of which follows.

2.2.3 Modern Optimisation Methods
The following sections give details of techniques which have been developed to solve 

combinatorial optimisation problems. Rather than determine exactly the position of an 

optimum solution as with classical methods of optimisation, the methods search for an 

optimum within a defined set of feasible solutions. The methods are derived from 

observations of processes in nature such as cooling of heated materials, Darwin’s 

survival of the fittest, etc. The following list is not exhaustive but contains several 

optimisation tools in use: •

• Tabu Search

• Genetic Algorithms

• Simulated Annealing

• Particle Swarm Optimisation

• Ant Colony optimisation
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There are a number of known deficiencies associated with modem search techniques. 

The major problem is that, unlike classical optimisation tools, the search cannot prove 

that it has found the optimum solution, i.e., it does not ‘know’ if it has become 

trapped at a local optimum or whether it has found the global optimum. Also, modem 

search techniques are prone to cycling and as such, escape criteria need to be 

implemented.

Handling of constraints is an issue with heuristic search methods, due to the ways in 

which feasible solutions are generated. Heuristics are able to deal with inequality 

constraints, by simply generating configurations until one is found which satisfies the 

constraint. However, to generate a configuration which exactly satisfies an equality 

constraint is somewhat more difficult. Heuristic methods rely on penalty functions in 

order to generate a configuration which satisfies all the equality constraints. The 

penalty function replaces an equality constraint with a set of inequalities which will 

converge to the solution of the original equality constraint.

However, despite these deficiencies, it has been shown in the Literature Review that 

modem heuristic methods have been used with great success as optimisation tools. It 

is the aim of this thesis to demonstrate the applicability of heuristics to optimisation of 

shell structures.

2.2.3.1 Tabu Search (TS)
2.2.3.1a Introduction to TS
Tabu Search is a heuristic search method which has become particularly popular 

during the last few years (along with Genetic Algorithms and Simulated Annealing). 

The method was selected for use as an optimisation tool in this thesis because it 

remains the least explored in structural optimisation, and also the least anchored in 

underlying physics/mathematics. To this end, the current research is carried out with 

the intention of gaining more insight into the feasibility of using Tabu Search as a 

structural optimisation tool for shell buckling problems.
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This section describes the concept of Tabu Search and associated problems such as 

generation of a neighbourhood, partitioning of a design space, the Tabu list, and its 

tenure. Two examples of Tabu Search methodology are provided. The first describes a 

method of generating a neighbourhood and moving within a discretised design space. 

The first example is of static Tabu Search, whereby parameters such as the Tabu 

restriction and the length of the search are fixed.

The second example describes a different method of generating neighbourhoods and 

conducting the search. The second example is of dynamic Tabu Search, whereby the 

parameters of the search are varied according to the quality of results obtained. A 2D 

polynomial function is optimised and the effectiveness of the search is assessed.

2.2.3.1b Concepts
Tabu Search is a method inspired by an analogy to natural activities and more 

specifically to human memory processes. The method is based on a neighbourhood 

search combined with a local optima avoidance policy. Central to the concept is the 

creation of a prohibition list which, in turn, uses flexible memory cycles of differing 

time spans. The usefulness of Tabu Search becomes apparent in non-convex problems 

where the global optimum is being sought. The three main steps which are necessary 

in any Tabu heuristic are: an initial solution, generation of neighbourhoods, and 

generation of a Tabu list.

The initial solution is usually taken as any randomly generated or known feasible 

solution. Creation of a neighbourhood is more involving and is central to the 

successful performance of the method. It was seen in the Literature Review that there 

are a variety of different ways in which a neighbourhood can be defined. Furthermore, 

the form of a neighbourhood is dependant on the type of variables used. A simple 

method of generating a neighbourhood around a feasible point, s, is through a number 

of sequential moves. For integer variables, the simplest move from a feasible point, s, 

is through the change of one integer value to another, with a random step size

s* = s + integer [(2random ( ) - l)s tep  ¡ ]  (2.9)
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where ‘steps’ is integer step sizes of integer; integer[ 7 is a function which converts a 

real value to integer value; similarly random( ) is a random number generator of 

numbers from the range [0,1].
An efficient method of partitioning the design space assumes a neighbourhood as a 

number of concentric spheres generated around the current solution point, s. If one 

assumes that radii of k concentric spheres, or k circles in 2-D, are r0, n , rk then 

partitions around the current solution point s are taken as volumes, C j ,  between two 

adjacent and concentric spheres, i and i+1, i.e.:

Next, within each partitioned region one generates, in a random manner, a single 

neighbour. The radius, r0, is a free parameter which needs to be tuned for each case 

whilst the remaining radii can be selected by using geometric partitioning, linear 

partitioning or isovolume partitioning -  see [111] for details.

Having generated a neighbourhood, the short-term memory, known also as recency, 

enables the method to leave locally optimal solutions in the search for the global 

optimum of a cost function. The Tabu list is updated each time the best configuration 

is selected. Once a configuration is posted on the Tabu list it remains there for a 

prescribed number of iterations called Tabu Tenure, TT. This is an arbitrary 

parameter, usually problem dependent, and it needs to be tuned.

An aspiration operator is frequently added to the short-term memory operator in the 

Tabu Search heuristic. Whilst the Tabu list prevents the algorithm from returning to a 

previously visited region of the design space for TT-iterations, it may also 

unnecessarily restrict the search. The aspiration criterion allows removal of the Tabu 

restriction if a specific configuration yields exceptionally good return. Hence, the 

aspiration criterion aims at relaxing the prohibition list.

(2 . 10)
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2.2.3.1c Static Tabu Search
Consider a search for the optimum of a 2-D function F(xi,X2) over the R domain. 

Firstly, the domain of F(xi,X2) is discretised into a regular grid of NX1 * NX2 points 

along xi and X2 axes. The neighbourhood structure adopted in this example is depicted 

in Fig. 2.1. It is based on a number of sequential and perpendicular searches over a 

regular grid. The first move identifies the best local point and the orthogonal move 

begins from this point in the direction of increasing magnitude of the argument. These 

five moves are indicated in Fig. 2.1 by numbers I, II, III, IV and V. At the end of 

move number ‘V’ the point for which the cost function F attains the best value is put 

on a Tabu list for the next TT-iterations.

Immediate neighbours of the best point, i.e., around point ‘4’ in the move number 

‘IV’ are also added to the Tabu list, forming a Tabu-patch. This action concludes the 

first iteration and the number of sequential searches is called neighbourhood size, NS. 

The NS parameter equals 21 in the above case. One must now decide on a next 

iteration-move through the design space. A possible structure of such moves is 

illustrated in Fig. 2.2. It is seen here that iteration-moves are defined as sequential 

shifts along the grid with step sizes Axi and Ax2 corresponding to axes xi and x2. 

Sizes of steps Axi and Ax2 need to be tuned.

Upon conversion of the continuous domain [xi,X2] into a grid of NX1 * NX2 points 

one can adopt a random scheme for iteration-moves among integer pairs [i,j], where i 

e [1,NX1] and j e [1,NX2], Eq. (2.9) has been adopted for creating moves around the 

grid. Two step sizes, stepi and step2, also need to be tuned. Further details about this 

approach are given in Chapter 4 - for the case of optimal barrelling of a cylindrical 

shell.
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2.2.3.Id Dynamic Tabu Search
Consider the function:

F = X  sin (7 ) + Y cos(Y ) (2. 11)

where:

<10

-1 0 < 7 < 1 0

(2 . 12)

(2.13)

The function has several maxima and minima, and is depicted as a 3D map in Fig. 2.3. 

The design space is discretised into a binary string, 18 bits in length. The string is then 

divided into two equal length strings, which are used to discretise variables X and Y. 

These are termed Sx and Sy, and are shown in Fig. 2.4. Using strings of nine bits in 

length gives rise toa512 x 512 grid. Explicitly, the maximum value of the function, 

for this density of discretisation is: Fmax = 17.3924, at X = -9.5303, Y = -7.9648. 

Arbitrary starting strings, i.e., those shown in Fig. 2.4, are chosen. If all bits in the 

string are zero the value of the string is zero. If all bits in the string are equal to unity, 

the string has a value of 511. The binary values of the strings Sx and Sy are given by:

These are then scaled to fit axes X and Y ranging from -10 to 10, i.e., the starting 

point is given by:

Sx =0 + 0 + 0 + 23 +24+0 + 26+0 + 0 = 88 

SY =2° +21 + 22 + 0 + 0 + 25 +26 +0 + 28 =359

(2.14)

(2.15)

X = 20(SX/511)-10 = -6.55577 

Y = 20(Sy/511)-10 = 4.05088

(2.16)

(2.17)
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A neighbourhood is then generated by sequentially flipping a number of bits equal to 

the chosen neighbourhood size, in this case 7. This is illustrated in Table 2.1 which 

shows the starting string, and the first neighbourhood generated by flipping bits 1 to 7 

(bits which have been flipped are in bold). Neighbourhoods generated are therefore 

linear, except when bit 9 of string Sx and bit 1 of string Sy are flipped in generating a 

neighbourhood.
The solutions to each of the neighbours are evaluated and the string corresponding to 

the best result is used as the starting string for the next iteration. Table 2.1 shows the 

generation of the first neighbourhood and the solutions, F, to each of the neighbours. 

The neighbourhood best corresponds to Fj = 9.07305 at X = -6.39922, Y = 4.05088. A 

square Tabu patch is applied over the neighbourhood best, giving a zone which the 

search cannot return to for a prescribed number of iterations, i.e. the Tabu Tenure of 

the patch.
When applying Tabu patches and evaluating movement of the search, the design

space is normalised in both directions, i.e., new axes termed X  and Y are formed by 

the following operations:

Hence, the range of X and Y is both from zero to unity. The reason for this is that the 

original axes, X, and Y, may not be of the same size, and also to express the size of 

the Tabu patch in %.

The process described here and shown in Table 2.1 is shown in Fig. 2.5 where a 

neighbourhood of seven neighbours has been generated, and a Tabu patch has been 

applied over the neighbourhood best.

X  = (X  + 10)/20 

Y = (Y + 10)/20

(2.18)

(2.19)
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Applying Tabu patches to the design space forms the basis for the methodology 

described here and in [116]. The size of the patch, Lp, is crucial to the success of the 

search, and it is reactive, i.e., different size patches will be applied depending on the 

quality of results returned. The patch size is determined by interpolating linearly 

between the current global best and global worst. The Tabu patches are square and are 

sized as follows.

¿,=0.01

¿,=0.14f Fi '  
\ F b ~ F w J

+ 0.01

=0-15

(2 .20 )

Fw < F: < Fb (2 .21 )

F* * F, (2 .22 )

The search was run for 3000 iterations for the two cases of reactive patch sizes and a 

fixed patch size of 15%. Neighbourhood size was chosen to be 7, and the Tabu 

Tenure of the patches was 10 iterations. With this number of iterations and 

neighbourhood size, the maximum number of possible evaluations which can be made 

is 3000 x 7 = 21000, which equates to 21000/(512 x 512) = 8% of the total design 

space.

The importance of adapting the size of the patch is highlighted by examining the path 

of the search. In Fig. 2.6a the patch size was fixed at 0.15 and the search has become 

trapped in a cycle from which it cannot escape. In Fig. 2.6b the size of the patches 

was varied according to equations (2.20 -  2.22). A more focussed examination of the 

design space has been achieved, the search having visited each local maximum 

without becoming trapped.

This more focussed examination of the design space is shown in Fig. 2.7, where the 

locations of each of the neighbourhood bests from have been overlaid on a contour 

plot of the cost function. The clusters of neighbourhood bests correspond with the 

local maxima of the cost function. Note how very few neighbourhood bests lie in 

local minima. Also shown in Fig. 2.7 is the location of the optimum value of the 

function, FmaX.
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The history of convergence of the two cases examined here, i.e., fixed versus adaptive 

patch sizes, shows how the adaptive patch sizes prevent the search from cycling, and 

enables the global maximum to be found. Fig. 2.8 shows the convergence of the two 

test cases, the adaptive search was able to escape local maxima and find the optimum 

value of F.

2.2.3.le Detection and Escape from Cycling
Cycling of Tabu Search is a problem, and efforts must be made to escape from loops. 

The method employed here was to firstly identify that a cycle has occurred. This was 

done by checking the history of Fj after each iteration. If the current Fj has occurred 

twice before then there is a strong possibility that cycling has started. The physical

locations ( X , Y) of the three occurrences (two previous and one current) of F, are 

then checked. If they are found to occupy the same location then a check of their 

iteration numbers is made. Cycling is assumed to have started if the three occurrences 

of Fj have the same number of iterations between them.

To escape the cycle, all active patches in the design space are cleared, and the search 

continues from a randomly generated point. A random number generator, consisting 

of FORTRAN NAG [138] subroutines G05CCF and G05CAF, was used to generate 

random numbers from 0.0 <Rn ^1 -0. The following method was used to generate the 

new string, by going along the string and generating a random number for each bit.

Bit = 0 R„< 0.5 (2.23)

Bit = 1 Rn> 0.5 (2.24)

A typical convergence curve for the cases of fixed and adaptive patches with the cycle 

escape criterion implemented is shown in Fig. 2.9. Note how the cycle escape 

criterion is invoked more often for the fixed patch search.

With the cycling check and restart criteria, both searches can escape cycles and find 

optimal, or near optimal solutions.
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2.2.3.If Stopping Criterion
For the previous cases, the search was run for a fixed number of iterations, i.e., 3000. 

One important aspect of Tabu Search is that the search does not ‘know’ if, or when, it 

has found the optimum solution to the cost function. It is important therefore to have a 

criterion for stopping the search. The method used here is dependent on the rate of 

convergence of the solution -  if the current Fb has not increased after a prescribed 

number of iterations, say 1000, then the search is halted, and the best solution found 

so far is deemed to be the optimal solution.

2.2.3.1g Evaluation of Search Methodology
To test how effective the search method is, the two cases of fixed, and adaptive patch 

sizes were run 100 times, both from the same start point each time. Both searches 

utilised the cycle detection/escape and stopping criterion subroutines detailed 

previously. The reason for conducting 100 runs was because of the random nature of 

the cycle escape method.

The effectiveness of the search was measured by comparing the number of times the 

cycle escape criterion was used, and the number of iterations which had been 

completed before the search was stopped.

Also recorded was how close the best solution, Fb, was to the global optimum, Fmax. 

This was recorded as the number of runs which ended within 0, 0.5, 1, 2, 3, and 5 

percent of Fmax.

The results are listed in Table 2.2 where it is seen that the average number of 

iterations before the stopping criterion is invoked is comparable for fixed and adaptive 

patches (i.e., 1803 for fixed versus 1833 for adaptive).

The adaptive patch sizes were less prone to cycling -  the cycle escape criterion being 

used an average of 2 times as opposed to 15 for fixed patches. Also, the adaptive 

patch search was able to find a solution within one percent of Fmax for all 100 runs 

compared to the 30 times the fixed patches found this solution. This shows how the 

adaptive patch search is able to more closely examine the design space, and seek out 

new solutions.
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2.2.3.lh Sensitivity to Tunable Parameters
The parameters used in the Tabu Search methodology are the Neighbourhood Size, 

NS, the size of the Tabu patch, Lp, the Tabu Tenure of the patch, TT, and the number 

of iterations until stopping criterion is invoked. Each of these parameters need to be 

selected by the user and may need to be tuned in order to improve the performance of 

the search.

If the Tabu Tenure is too large then the case will occur when all neighbours are Tabu. 

Similarly, if TT is too small then cycling is more likely to occur. The same situation is 

true for the upper limit on patch size.

If neighbourhood size is very large then the computational expense of the search will 

also increase. Also, if NS is too small, the search will not be extensive enough.

It is suggested that some trial runs are conducted in order to establish suitable values 

of the tunable parameters.

2.2.3.2 Genetic Algorithms (GAs)
2.2.3.2a Introduction to GAs
Genetic Algorithms have become a popular optimisation tool during recent years, 

across a number of varied disciplines such as machine shop scheduling and 

timetabling. Genetic Algorithms have also been employed in structural optimisation 

as seen in the Literature Review. The fundamental principal behind Genetic 

Algorithms is derived from population genetics, whereby a new ‘child’ is created by 

combining genetic characteristics of parents. A useful analogy is in cross breeding of 

plants where desirable characteristics of each plant at the genetic level are combined 

to form an offspring. In this section, the concepts and workings of Genetic Algorithms 

are discussed with the aid of an example.
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2.2.3.2b Concepts
Firstly, a population of parents are generated from an initial population, i.e., the 

design space. The number of parents generated is a parameter selected by the user, 

and may depend on the size of the initial population, or design space. The most 

common implementation of Genetic Algorithms is to represent parents as binary 

strings, called chromosomes. Each of the bits in the chromosomes are termed alleles. 

The number of alleles which make up the parent chromosomes will therefore 

determine the computational expense of the algorithm.

Firstly, each of the parents is evaluated for its level of fitness or quality. Parent 

chromosomes are then combined to form offspring which are then in turn evaluated 

for fitness, and new offspring are formed. The process is therefore iterative and 

criteria for selecting parents and creating offspring after each iteration are needed.

One method of selecting two parents is to use a random number generator, generating 

numbers from 0.0 -  1.0, and give each parent an equal chance of being selected. 

Alternatively, the fitness of the parents can be taken into consideration. If each 

parent’s fitness is calculated as a proportion of the total fitness of all parents then we 

have the probability of a parent being selected by the random number generator 

according to how fit each parent is. This strategy is akin to a reactive strategy for 

Tabu Search, discussed earlier. After selecting two parents they need to be combined 

to form offspring. In the following sections, the two most popular operators for 

creating offspring, i.e., crossover and mutation, are described, along with other 

operators which are encountered in Genetic Algorithms.

2.2.3.2c Crossover
The most common method of combining creating offspring is by crossover. Firstly, a 

single bit is selected by a random number generator as the crossover point. The bits in 

the strings which come after the crossover point are transferred from parent 1 to 

parent 2 and vice-versa, giving the potential for up to two new offspring coming from 

the two parents. The offspring are then evaluated for their fitness and the iterative 

procedure continues.

38



Chapter 2 -  Thesis Background

This is illustrated by the strings below where bit number 3 has been selected to be the 

crossover point. Parent 1 and Parent 2 are then crossed over after bit 3 to form 

Offspring 1 and Offspring 2.

Parent 1 110100 Offspring 1 110111

Parent 2 010111 Offspring 2 010100

There is potential for several operators to be attached to the crossover procedure in 

order to improve the quality of offspring produced. Firstly, if the parent strings are of 

sufficient length, then there can be two or more crossover points. This strategy will 

help to diversify the search for fitter offspring.

A problem of crossover is that there are cases where two parents will be crossed over 

and no change in the binary strings. Consider the strings shown below, where the first 

four bits in both parents are common:

Parent 1 000100

Parent 2 000111

Unless the crossover point is after bit 4 then the offspring produced will be identical 

to the parents from which they were formed. An operator which checks the parents for 

common bits and restricts the location of the crossover point is required in this case.

2.2.3.2d Mutation
Mutation is a useful operator which helps the search to diversify and explore new 

areas of the design space. Each bit is given a probability that mutation will occur, and 

a random number generator is used to determine whether mutation occurs or not. If 

mutation is found to occur, the bit is simply changed from 1 to 0 or vice versa.
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2.2.3.2e Other Operators
Other operators which can be introduced to the crossover procedure include inversion. 

This is where the order of a sequence of bits within the chromosome is inverted to 

produce an offspring. A chromosome can have a single inversion point, after which 

all remaining bits will be inverted, as shown below, where bit 2 is the inversion point 

(shown by | ).

Before inversion 00 | 0100 

After inversion 00 | 0010

Longer chromosomes can have two inversion points, demonstrated below where the 

four bits in between the two inversion points have been inverted.

Before inversion 100 | 1100 | 110 

After inversion 10010011 I 110

2.2.3.2f Example
The following simple example has been adapted from [139]. Consider the function:

where:

F(x) = -0.1x3 +2x2 + 50x

0 < x < 31

(2.25)

(2.26)

Five parent strings each of five bits in length are chosen to discretise the function. The 

value of x to be used corresponds to the binary value of the string, i.e., if each bit in 

the string is zero the binary value will be zero, if all bits are ones then the string will 

have a value of x = 31. The fitness of each string is taken to be the value of F(x). The 

operator to be used in the example is crossover only.
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In Table 2.3, an initial pool of five strings has been randomly generated, listed as SI -  

S5. The fitness of the strings is given, and the total fitness of the pool of solutions is 

provided. Each string is then assigned a probability, Ppr0p, that it will be selected as a 

parent for the next iteration. The probability, Pprop> is the fitness of the string as a 

proportion of the total fitness of the pool. The random number generator then selects 

parents to combine and form offspring.

In Table 2.4, five offspring have been created from the initial pool of solutions. The 

two parents, PI and P2, which were used to create each offspring have been chosen 

by the random number generator. The crossover point is also randomly generated and 

the offspring are then produced. The fitness of each offspring is given and it is seen 

that the total fitness of the pool of offspring has increased slightly, i.e., the solution 

has shown a steady improvement. Also note how offspring identical to their parents 

have been produced in steps 2 and 4. Thus another operator such as inversion is 
needed here.

The highest value of F(x) when using integer discretisation is 1006, i.e., the optimum 
solution was found in step 3.

2.2.3.3 Simulated Annealing (SA)
2.2.3.3a Introduction to SA

Simulated Annealing is a neighbourhood search technique which has its basis in the 

physical processes in annealing in solids. When a solid is heated and then cooled 

(annealed) the rate of cooling will determine the physical properties of the resulting 

solid. Fast cooling (quenching) will result in needle shaped, brittle crystals with some 

level of energy still stored in the system. Slow cooling allows for large crystal growth 

with a slower decrease of energy in the system with occasional increases according to 

the following law.

f
P(5E) = exp

V

-S E
kT

\
(2.27)
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Where k is Bolzmann’s constant and T is the temperature. After cooling has finished, 

the resulting annealed solid will have a more ordered crystal structure with ‘less 

energy’ in the system than for a quenched solid. In the context of optimisation, having 

less energy in a system means that the optimum has been found. If the cost function of 

an optimisation problem is not energy but rather some structural characteristic such as 

mass, stiffness, cost, etc. then if one subjects the system to simulated cooling, (which 

is now artificial and physically meaningless) then at the end of cooling we have the 

optimum of the cost function, (ideally the global optimum).

2.2.3.3b Concepts
Simulated Annealing uses the idea of cooling the temperature towards a frozen state 

(optimum) but allowing some increases in temperature during cooling in order to 

escape local optima.

The method is a variant of steepest descent optimisation whereby the best solution in 

a neighbourhood of feasible solutions is always accepted as the starting point for the 

next iteration. In simulated annealing however, it is possible to accept an inferior 

move based on the probability given in Eq. (2.27). For example, if a move from x to 

x’ results in change in cost function from F(x) to F(x’) then if A = F(x) - F(x’) < 0 the 

move is accepted with a probability of exp(-A/t), where t is a control parameter 

referred to as temperature. With t now being a parameter it is possible to drop 

Bolzmann’s constant, k, from the acceptance probability.

This concept of allowing inferior moves allows for a cooling history such as shown in 

Fig. 2.10 where there are some increases in temperature as the system cools towards 

an optimum solution.
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2.2.3.3c Operators
There are three main parameters associated with Simulated Annealing which need to 

be considered before the search.

The initial temperature, to, must be selected to be high enough to guarantee a downhill 

first move and thus start the search. This may therefore need some knowledge of the 

neighbourhood of the first solution. In practice this is not always available and as 

such, a large value of temperature should be selected and the acceptance criterion 

monitored for the first few moves. If the acceptance criterion is high enough the 

search may continue. The value of acceptance which can be deemed to be high 

enough will be problem dependent however a rate of between 40% and 60% should 

be able to give good results.

The second operator which needs to be selected is the final temperature, tf. The theory 

behind SA assumes that the procedure will continue until the temperature reaches 

absolute zero, i.e., the global optimum. However this is infeasible in practice and as 

such a criterion for stopping the search is needed. When the probability of accepting 

an uphill move becomes very small the search should be stopped.

The cooling schedule is the third operator which needs to be fixed before the search 

can start. After each move the temperature is reduced according to the schedule. The 

cooling schedule therefore determines the shape of the cooling curve. It is common to 

use the schedule t = at where 0.90 <a <0.99.

2.2.3.3d Continuous Design Domain
As with other heuristics, SA is easiest to implement in digitised form. To improve 

quality of solutions, it is preferred to generate neighbourhoods within the continuous 

domain. Methods suggested involve starting from the current solution, and moving a 

step length in a directional vector, both determined by random number generators. A 

strategy for if the newly generated neighbour falls outside the constrained boundaries 

of the design space is required, for example, keep attempting to generate neighbours 

until one does fall inside the boundaries, or reverse the direction of the vector to 

attempt to generate a new neighbour.
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2.2.3.3e Summary of SA
Simulated Annealing is an easy to implement search tool which will, in theory, 

guarantee finding the global optimum. However, there are a number of important 

problem dependent parameters which need to be user defined and may need to be 

‘tuned’ in order to produce the best results. This is the case for all heuristics.

2.2.3.4 Other Methods
This section briefly gives details of other heuristic search tools which have their 

origins in natural processes and phenomena and are known to be used for structural 

optimisation.

2.2.3.4a Particle Swarm Optimisation (PSO)
Particle Swarm Optimisation (PSO) has its basis in birds flocking, and schools of fish. 

Members of the swarm move around in the design space independently of one another 

with a defined velocity and direction. Each of the members are aware of their location 

in the design space and can communicate information on ‘good’ areas of the design 

space to other members. The velocity and direction of each particle is altered 

according to the quality of solutions found, and according to information 

communicated from other particles.

The numbers of particles which can communicate with each other is crucial to the 

success of the search. If all particles are responding to a global best then the search is 

prone to becoming trapped in a local optimum. This is overcome by limiting the 

number of particles which can communicate to each other (similar to conducting a 

neighbourhood search). In essence this will create groups of particles searching the 

design space. Particle Swarm Optimisation is a recently developed optimisation tool 

and has been benchmarked against test functions (see section 1.7.1.4b)
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2.2.3.4b Ant Colony Optimisation (ACO)
Ant Colony Optimisation mimics ants foraging for food. If an ant finds a source of 

food it will take some of the food back to the nest, leaving a pheromone trail between 

the food and the nest. The strength of the pheromone trail left by the ant will depend 

on the quality of the food source and, as such, will determine the probability that 

another ant will pick up the trail and follow it to the food source. Over time the 

pheromone trail will evaporate and thus only the best food sources, with the strongest 

pheromone trails, will have more and more ants marching the trail. Evaporation of 

pheromone trails also allows the method to avoid becoming trapped in local optima 

because, if there were no evaporation, the first trails laid down would be considered to 

be the optimum.

2.2.3.4c Hybrid Methods
Hybrid methods are the combination of two ore more optimisation techniques in order 

to gain the benefits of each component part. They are very popular in the field of 

computer science, in which dedicated hybrid metaheuristic workshops take place. A 

typical example which has some relevance to an engineering problem is found in 

[130] where dynamic programming was combined with Tabu Search to optimise the 

layout of a gas pipe network. The goal was to minimise the fuel consumption of 

compressor stations in a gas pipeline network. The hybrid metaheuristic worked on 

two levels: in the first stage, dynamic programming was used to determine optimal 

pressure variables. In the second stage, Tabu Search was used to optimise gas flow. 

The stopping criterion used was a maximum number of iterations of the Tabu Search 

procedure.

More examples of hybrid optimisation methods can be found in, e.g., [131, 132] 

(detailed descriptions of these can be found in the literature review).
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2.3 Structural Stability of Shell Components

2.3.1 General remarks
In this section, a criterion for the loss of stability of statically loaded shell structures is 

discussed. Issues surrounding loss of structural stability are presented in the context of 

externally pressurised domes and various configurations of cylinders.

2.3.2 Static Equilibrium
Consider the spheres resting on the three surfaces shown in Fig. 2.11. All three 

spheres are in static equilibrium. However, the spheres’ reaction to any disturbances 

or perturbations is very different from one another. If the sphere in Fig. 2.11a is 

moved to a different position it will return to its original position at the bottom of the 

concave surface, this is termed stable equilibrium. In the case of Fig. 2.11b when the 

sphere is moved from its original position it will remain where it is and will neither 

move towards or away from its original position, i.e., it is in neutral equilibrium. The 

sphere in Fig. 2.1 lc is in unstable equilibrium. If it is moved to a different position it 

will roll down the convex surface and away from its original position. The case shown 

in Fig. 2.11c is analogous to a shell, such as a hemisphere, loaded to the critical 

buckling load by external pressure, whereby any further increase in load will cause 

the shell to lose stability.
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2.3.2.1 Criteria for Loss of Structural Stability
A mathematically expressed criterion for stable systems is given by Lyapunov, 

described in detail in Chapter 1 of [103]. The criterion is for dynamic systems and is 

expressed as follows:

For an initial disturbance which satisfies,

lk(*,o )|| < s , q(x,0) <S' (2.28)

At any time, t, the response satisfies the following:

q(x,t) < s' (2.29)

In simplest terms these expressions mean that for a small initial disturbance to the 

system, there is always a small response, for any time, t. If the response is larger than 

the initial disturbance, the system loses stability. As mentioned previously, the 

criterion is for dynamic systems. However, it is also applicable to static systems, in 

which case the forces acting need to be classified into either static or dynamic, and the 

dynamic forces can be neglected. See [103] for further details.

2.3.3 Examples of Stability Loss of Externally Pressurised Shells
Failure of shell structures takes place when the load reaches the ‘critical load’ of the 

structure. When failure occurs, the manner by which a shell will fail is dependant on 

several factors such as geometry and boundary conditions, etc. There are three 

primary failure modes, detailed in the following sections.
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2.3.3.1 Bifurcation Buckling
Failure of shells by bifurcation buckling is where a structure undergoes a large change 

in geometry and the shell experiences a loss in load carrying capacity. The derivation 

of the name bifurcation buckling is from a sudden departure from the pre-bifurcation 

path of the structure.

The manner by which the shell fails (i.e., the shape of the shell after failure) is termed 

the buckling mode of the shell. Generally, the shape of the buckling mode of the shell 

is of the form of a series of waves forming along the meridian and around the 

circumference of the shell.
The shape of the buckling mode, and the number of waves in the meridional and 

circumferential direction is dependant on the geometry, material, loading, and 

boundary conditions of the shell. Bifurcation buckling is a sudden phenomenon and is 

catastrophic, i.e., the shell cannot withstand any further loading and is completely 

destroyed.

2.3.3.2 Collapse
If a shell wall is sufficiently thick, bifurcation will not occur, instead the shell will fail 

by collapse. Collapse can be global, where it is axisymmetric and catastrophic, or 

local, whereby the region of failure is confined to a small area of the shell and the 

shell may have some residual strength. Typical load-deflection paths for bifurcation 

buckling and axisymmetric collapse of a hemisphere are shown in Fig. 2.12a. Note for 

bifurcation the sudden departure from the load-deflection path. It should be noted that 

once bifurcation takes place there will be no post-collapse path, only the post

bifurcation path.

2.3.3.3 Snap-Through Buckling
Snap-through buckling of shell components is commonly associated with shallow 

spherical caps. The externally loaded shell suddenly snaps-through axisymmetrically, 

experiencing a loss of load carrying capacity. The shell can then support further 

loading in tension. The load-deflection path is non-linear, and shown in Fig. 2.12b.
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2.3.4 Factors Affecting Loss of Stability
As mentioned previously, there are several factors which will determine the 

magnitude of the critical load, and the failure mode of a shell structure, discussion of 

which follows.

2.3.4.1 Boundary Conditions
Boundary conditions for displacement can be fixed or roller, for rotation the boundary 

conditions can be pinned or fixed, giving rise to four different boundary conditions, 

summarised in Fig. 2.13. These boundary conditions can be applied to the edges of 

the shell configurations relevant to this project, discussed in this Chapter.

2.3.4.2 Imperfection Sensitivity
It is well known that discrepancies between experimental and numerical results can be 

attributed to initial geometric imperfections. Imperfections can take many forms, for 

example imperfect material properties, boundary conditions, wall thickness, loading 

etc. The imperfections to be considered in this thesis are deviations from initially 

perfect shape. The imperfection sensitivity of a shell’s buckling load is dependant on 

the shape of the imperfection considered.

Commonly encountered shapes of imperfections used are eigenshape imperfections, 

where the buckling mode of the perfect shell is used to model the shape of the 

imperfect shell. The option exists in ABAQUS to choose several buckling modes 

which can be mixed in user defined proportions to model the imperfection shape. It 

has been shown in [30] that torispherical domes are equally as sensitive to a single 

inwards circumferential lobe as to the entire buckling waveform being used to model 

the imperfection. Other shapes used to represent imperfections are Legendre 

polynomials and Fourier series.

2.3.5 Sample of Shell Geometries and Associate Failure Modes
Much research has been carried out into plates and cones, however the two types of 

shell examined in this project are domed ends and bowed out cylinders with various 

boundary conditions. There are several classes of each, discussion of which follows.
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2.3.5.1 Domed Ends
The three most widely used classes of domed ends are the hemisphere, torisphere, and 

ellipsoid, sketched in Fig. 2.14. The failure modes of each dome are discussed next. 

Consider the hemisphere shown in Fig.2.15a. The thickness of the dome is D/t = 936, 

the material is aluminium of E = 80GPa and ayp = 400 MPa, and v -  0.3. The edge 

boundary condition is fully clamped. When the dome is subjected to uniform external 

pressure, high bending stresses are generated near the base (Fig. 2.15b). Failure of the 

dome is by lobar bifurcation (Fig. 2.15c) occurring at the base of the dome. The 

bifurcation pressure was 0.356 MPa, and the number of waves constituting the 

buckling mode is n = 34.

It should be noted here that a hemisphere with ‘roller’ type boundary conditions will 

be the equivalent of a complete sphere, and will fail in one of two ways, depending up 

the wall thickness. For spheres which are thick walled, the sphere will fail by 

collapse, where yielding takes place over the entire shell wall. For thin spheres, failure 

is by collapse at the load corresponding to the classical sphere buckling equation 

described in the literature review.

Ellipsoids are created by revolving an elliptical meridian around the axis of 

revolution. The geometry of an ellipsoid is defined by the ratio of its semi-major and 

semi-minor axes, i.e., A / B. When an ellipse is shallow, and shorter than a 

hemisphere it is termed oblate, and fails by a special class of axisymmetric buckling 

mode (see Fig. 2.16a where an ellipsoid of A/B = 2.0, D/t = 100, E = 207 GPa, <jyp = 

414MPa, v = 0.3 and clamped edge condition has failed by axisymmetric bifurcation 

at pbif = 8.08 MPa). When the dome is taller than a hemisphere it is termed prolate and 

fails by lobar buckling taking place at the base of the dome. The ellipsoid in Fig. 

2.16b is of A/B = 0.5 and the same boundary conditions, thickness, and material 

properties as the dome in Fig. 2.16a. Failure of the prolate dome is at pbjf = 10.78 

MPa, and the buckling mode is n = 10. Structural analysis of ellipsoids and 

hemispheres is made in Chapter 3. There exists a special class of ellipsoid, termed the 

generalised ellipsoid. This class of dome has an additional two design variables used 

to size the dome, and is optimised in Chapter 5.
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The meridian of a torisphere is comprised of two circular arcs termed the crown and 

the knuckle. Failure of torispheres takes place at the junction between crown and 

knuckle due to the high bending stresses caused. The dome in Fig. 2.17 is of D/t = 

1000, r/D = 0.1, Rs/D = 1.0, E = 210GPa, Oyp = 350MPa, v = 0.3, and clamped edge 

condition. Fig. 2.17a shows the prebuckling deformation of the torisphere, and the 

buckling mode of the dome is shown in Fig. 2.17b. Failure occurred at pbif= 0.126 

MPa, and the number of waves, n, is 17. Due to failure taking place away from the 

base of the dome it is possible to design a torisphere to be independent of edge 

boundary conditions. This is particularly useful for torispheres attached to cylindrical 

storage vessels.

The performance of a domed end can be increased by a number of methods. For 

example, the dome could be constructed from a laminated metallic material, the 

subject of Chapter 6. Alternatively the dome could be strengthened by a series of 

integrally machined stiffeners, such as those seen in Fig. 2.18. Stiffening a dome give 

scope for optimisation due to the large number of design variables, such as stiffener 

position, stiffener thickness and depth, and dome skin thickness. An integrally 

stiffened dome can fail by a number of modes such as lobar buckling of the dome, 

local stiffener collapse, or individual skin panel buckling (Fig. 2.19).

2.3.5.2 Reinforced Cylinders
Consider the cylinder shown in Fig. 2.20a. The shell wall is constructed from a single 

layer of metallic material, with properties of E = 210 GPa, <7yp= 350 MPa and v = 0.3. 

The geometry of the cylinder is L/R = 3, and D/t = 500. The boundary conditions at 

the ends of the cylinder only allow axial movement. Failure of the shell is by lobar 

bifurcation buckling, at a pressure of pb,f=0.0679 MPa, the failure mode was 6 

circumferential waves, shown in Fig. 2.20b. The cylinder can be strengthened by a 

number of methods. As was discussed for domes, the cylinder could be constructed 

from a number of layers of metallic material, see Fig. 2.21b. A novel method of 

improving a cylinder’s buckling resistance, with applications for submarines is to line 

the inside of the shell wall with a series of pressurised toroidal pipes which can be 

used to store fuel or exhaust gases (see Fig. 2.21c).
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Alternatively, the cylinder could be strengthened by adding ring stiffeners, with or 

without added T-rings, see Fig. 2.21d where internal stiffeners have been added. The 

structure studied in Chapter 5 is an extension of the stiffened cylinder and consists of 

a cylinder strengthened by external stiffening rings with the cylindrical segments 

between rings bowed out to further improve buckling strength (Fig. 2.2le). The 

geometry of segments between rings is an important design variable and was firstly 

optimised in Chapter 4. The next step in improving such a structure’s pressure 

resistance would be to add stiffeners in the meridional direction, i.e., running the 

length of the cylinder.

2.3.6 Experimentation and Numerical Analysis
Experimentation forms an integral part of analysis of shell structures, and solutions 

from FE or FD analyses need to be benchmarked against experimentally obtained 

results.

Firstly, a suitable manufacturing process needs to be used. For shells produced from a 

solid billet the most favoured method of manufacture is CNC machining. This is 

because of the accuracy of the machine, and the capability of machining integral 

flanges. However, CNC machining produces high wastage of material. The CNC 

machining procedure is in two parts, rough machining and final machining. Between 

the two stages, shells are stress relieved. It is desirable to stress relieve shells after 

final machining, however this needs to be done in an inert environment to prevent 

oxidation of the shell’s outer surfaces and as such, may be cost prohibitive.

For shells manufactured from a flat sheet of material the procedure for manufacture 

can be pressing, drawing, or spinning. During the spinning process a circular blank is 

cut from the flat parent sheet. The blank is then secured against a mandrel of the 

required shape and then rotated and turned to the shape of the mandrel using a 

spinning tool. Whereas in the past the spinning process was manual, nowadays 

automated spinning machinery is used. The major problem with spinning is that the 

wall thickness is non-uniform along the meridian.

Detailed descriptions of the manufacture of test shells used in this project can be 

found in the relevant Chapters.
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After manufacture of shells, detailed measurements need to be taken. This is in order 

to provide accurate data for FE analysis. Measurements of geometry and thickness 

need to be made on a satisfactorily dense grid of points. It is typical to make 

measurements on 16 meridians, and at intervals of 10mm. Again, detailed description 

of the method of measurement can be found in the relevant Chapters.

The testing of laboratory shells needs to be done under carefully controlled 

conditions. Testing is carried out in a thick walled pressure chamber using hydraulic 

oil as the pressurising medium. Careful consideration needs to be paid to the boundary 

conditions. Depending on the manufacturing process used, the method of affixing a 

shell to a baseplate will differ. Detailed descriptions of these methods are found in 

each Chapter. Similarly, attention needs to be paid to junctions between segmented 

shells in order to prevent leakage (see Chapter 5). Achieving buckling modes such as 

those seen in Figs (2.15 -  2.17) is very difficult in the laboratory, due to uneven wall 

thickness distribution or initial geometric imperfections. Typically a test specimen 

will fail with a single inwards lobe, however see Fig. 2.22 for a good example of 

circumferential lobes formed around a cylinder.

After measurements of test shells have been made, analysis can be carried out on 

measured geometries. For geometry, best fit radii can be computed based on measured 

coordinates and used as radii in FE models. For thickness a useful technique is to fit a 

spline through the thickness data and interpolate for the required number of thickness 

points (nodes).

2.3.7 Computerised Analysis of Shells

2.3.7.1 Finite Element (FE) Analysis
Due to the difficulty of classical analysis of complex structures, the Finite Element 

method was developed during the 1940’s. The basis of the method is that stresses, 

strains and displacements are calculated for a discretised representation of a 

continuous structure. The method entails constructing a stiffness matrix of the entire 

structure.
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To construct an FE model, the user first defines the geometry of the structure by 

assigning coordinates to a set of nodes. Nodes are then connected by elements, with 

user defined properties of stiffness, thickness etc. The density of elements in the 

model will determine the accuracy of the solution, but is offset against computational 

expense. The choice of element is also crucial and is problem dependant. Typically 

FE models are created using preprocessor software such as MSC PATRAN. For 

models of shells, nodal coordinates can be written by a FORTRAN program, allowing 

the user to quickly and easily change geometrical parameters of the model.

There are several Finite Element solvers available for analysis of shell structures such 

as MSC NASTRAN and ANSYS. The solver used in this thesis is ABAQUS standard

[91].
The element used for 3D shell buckling problems in this thesis is S9R5, a nine-noded 

second order element. The reason for using S9R5 is that, for an eight-noded element, 

in regions of high surface curvature, the ABAQUS defined internal point may not lie 

on the shell surface.

2.3.7.2 Finite Difference (FD) Analysis
The Finite Difference method is an easily implemented method of solving partial 

differential equations. The shell buckling program used in this thesis, BOSOR5, is a 

non-linear finite difference computer program based on the principal of virtual work. 

A stiffness matrix is constructed by BOSOR5 for the entire structure, and load is 

applied incrementally. Buckling occurs should the determinant of the stiffness matrix 

change sign. BOSOR5 is used for analysis of axisymmetric shells, and the structure is 

constructed by defining end nodes of shell segments.

Meridians of segments available in BOSOR5 are straight meridian cones and 

cylinders, spherical and elliptical segments. There also exists the option to define a 

shell segment by inputting coordinates of nodes -  this option was employed in 

Chapter 4. BOSOR5 is able to analyse up to six layers in a shell wall, as seen in 

Chapter 6, and the program is capable of analysing shells of varying thickness. This 

option was useful when considering the fillet radii for shells in Chapter 5.
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2.3.8 Design Codes ASME VIII, PD5500, ECCS
2.3.8.1 ASME VIII
In the early 20th Century, the American Society of Mechanical Engineers established 

the Boiler and Pressure Vessel Committee, whose task was to establish a set of rules 

for the construction of steam boilers and other pressure vessels. The committee was 

established in response to the growing number of fatal accidents caused by failure of 

steam boilers. The rules in the design code are based on stress analysis techniques and 

experimental results. The code is divided into the following sections:

Section I 

Section II 

Section III 

Section IV 

Section V 

Section VI 

Section VII 

Section VIII 

Section IX 

Section X 

Section XI 

Section XII

Power Boilers

Material Specifications

Nuclear Facility Components

Rules for Construction of Heating Boilers

Nondestructive Examination

Recommended Rules for the Care and Operation of Heating Boilers

Recommended Guidelines for the Care of Power Boilers

Rules for Construction of Pressure Vessels

Welding and Brazing Qualifications

Fiber-Reinforced Plastic PressureVessels

Inservice Inspection of Nuclear Power Plant Components

Construction and Continued Service of Transport Tanks

Of most interest to this project is section VIII - Rules for Construction of Pressure 

Vessels. The section is in three divisions:

Division I Rules for construction of Pressure Vessels

Division II Rules for construction of Pressure Vessels -

Alternative Rules

Division III Rules for construction of Pressure Vessels -  

Alternative Rules for High Pressure Vessels

The Division II rules are more stringent than those found in Division I. Division III is 

for vessels operating above 69 MPa.
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2 .3 .8 2  PD5500
PD5500 is the design code which was derived from the old British Standard BS5500. 

The code is also based upon experimental results and stress analysis and is divided 

into the following Sections:

Section 1 

Section 2 

Section 3 

Section 4 

Section 5

General

Materials

Design

Manufacture and Workmanship 

Inspection and Testing

Of most interest to this project is Section 3. The design Chapter gives rules for 

determining minimum required thicknesses, and working design pressure of both 

internally and externally pressurised shells. Shape of shells allowed are cylindrical, 

hemispherical, ellipsoidal, and torispherical. In addition, rules are given for stiffened 

cylinders. The design rules for buckling of externally pressurised domes were derived 

from experimental results.

2.3.8.3 ECCS

ECCS is the acronym for European Convention on Structural Steelwork. The 

recommendations for buckling of steel shells were published in 1988. The 

methodology of the ECCS recommendations for calculating the design pressures of 

externally pressurised shells is to relate the plastic limit load of a shell to its elastic 

buckling resistance. Information is also given on the manufacturing quality of the 

shell and the level of imperfection present before the design pressure of a shell can be 

calculated.
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2.3.8.3 PED
As mentioned in the literature review, PED is the acronym for the Pressure 

Equipment Directive, a legally binding European Union directive which came into 

force in 2002. The directive was issued in order to harmonise the pressure vessel 

design codes across the European Union and allow free trade between member states, 

and also to allow manufactured pressure equipment to bear the CE mark.
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2.4 Structural Analysis and Structural Optimisation
This section describes the link between structural analysis of shells, and modem 

optimisation techniques. Also, the motivation for carrying out the research is 

described.

2.4.1 Technology Improvements
Prior to the advent of computerised analysis of shell structures, analysis was made 

analytically. As such, analysis of complex geometries of shells was difficult to make, 

as were plastic buckling and collapse analyses.
The development of the Finite Element Method (see section 2.3.7) allowed for shells 

of any meridian to be analysed. Since the introduction of FE analyses, improvements 

in computer technology have allowed structural analysis of shells to be made in less 

CPU time. Increased power of desktop computers and analysis software, coupled with 

increases in mass storage of data and grid and parallel computing has allowed analysis 

times to drop markedly.

2.4.2 Structural Optimisation using Iterative Search Techniques
Being able to analyse shells of arbitrary meridian for collapse, buckling, stress, strain 

and displacement in short times is key to the success of structural optimisation with 

modem iterative search methods. Users are now able to search an effectively 

boundless range of geometries with no concerns over continuity or non-convexity of 

the design space. Faster analysis times also allow for a finer discretisation of the 

design space and thus more thorough searches to take place.

In this thesis stmctural analysis and stmctural optimisation are coupled through the 

programming language FORTRAN77. By coding the optimisation program in 

FORTRAN a subroutine is able to call the stmctural analysis program (BOSOR5) and 

calculate the buckling load of the particular geometry being examined. For 

neighbourhood search programs such as Tabu Search, the entire neighbourhood of 

solutions is able to be calculated in parallel. As such, the stmctural analysis is being 

‘driven’ by the optimisation program and no user intervention is required.
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2.4.3 Motivation for Conducting Research
Modem iterative search techniques have shown themselves in the literature to be 

robust and effective optimisation tools. Similarly, shell buckling programs such as 

BOSOR5 and ABAQUS have had many years of development and experimental 

verification, and are now quality assurance tools.

The motivation for the current research is to successfully link stmctural analysis and 

structural optimisation. This is demonstrated in Chapter 4. In addition, numerical 

results in all Chapters are to be verified with experimental results. This is to be carried 

out in the context of current design codes, with a view to expanding the range of 

currently allowed geometries. The motivation for conducting the current research is 

summarised in Fig 2.23a where the effective coupling of the two topics of stmctural 

analysis and stmctural optimisation is shown. The surrounding topics e.g., boundary 

conditions, and an unknown design space are also shown in Fig. 2.23a. The specific 

method of combining stmctural analysis and optimisation is to embed a stmctural 

analysis code such as BOSOR5 into an optimisation methodology. This is shown in 

Fig. 2.23b where BOSOR5 is at the heart of a Tabu Search flow chart. It is seen in 

Fig. 2.23b that BOSOR5 is able to analyse shells for bifurcation and collapse, and is 

being driven by the Tabu Search routine. This method is employed in Chapter 4 to 

optimise domed ends and barrels.
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2.5 Figures and Tables

Uniform Grid

©  =  Starting Point 

•  =  Local Best Point 

©  s  Neighbourhood Best Point

Fig. 2.1 Neighbourhood based on five, sequential and orthogonal moves over a 
uniform, NX1 x NX2, two-dimensional grid.

Fig. 2.2 Illustration of several iterations with an indication of imposed Tabu 
patches around a local best point.
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Fig. 2.3 Map of the test function to be optimised using the adaptive Tabu Search
method.

001011000 101100111 
SX S Y

Fig. 2.4 Binary strings, Sx and Sy each of length 9 bits, used to code values of
variables X and Y.
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▲ Y Admissible Domain

Ft Fi - l \

L P

N = Neighbourhood Size 
Lp= Size of Tabu Patch

O.Ol-------- 1---------■---------1-------- 1-------- 1---------i—
0.0 0.2 0.6

*
Fw

J________L
X

1.0 >

Fig. 2.5 Generation of a single neighbourhood. Also a Tabu patch has been 
placed over the neighbourhood best, i.e., Fj.
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Fig. 2.7 Locations of neighbourhood bests and contour plot of cost function. Also 
shown is the location of optimum, Fmax.

adaptive patch size

fixed patch size

8 -

6 -

4 -

2 -

°0  500 1000 1500 2000 2500

iteration
number

Fig. 2.8 Convergence of fixed and adaptive patch size searches. The adaptive 
patch size was able to find the optimum solution, Fmax = 17.3924.
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Fig. 2.9 Convergence of fixed and adaptive patch size searches with escape 
criteria added. Both converge to a near-optimum solution.

Fig. 2.10 Cooling history for Simulated Annealing. Inferior moves are accepted
in order to avoid local minima.
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n .

(b) (c)
Fig. 2.11 States of static equilibrium, (a) stable equilibrium, (b) neutral 

equilibrium, (c) unstable equilibrium.

Fig. 2.12 Typical load-deflection paths for (a) Bifurcation buckling and 
axisymmetric collapse, (b) snap-through buckling.
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Fig. 2.13 Edge boundary conditions used for analysis of shell structures.

Fig. 2.14 Geometry of (a) Hemisphere, (b) Ellipsoid, (c) Torisphere.
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Fig. 2.15a Side view of undeformed hemisphere, D/t = 936, edge boundary
condition =fully clamped.

Fig. 2.15b Prebuckling deformation of externally pressurised hemisphere.

Fig. 2.15c Buckling mode of hemispherical dome, n = 34 circumferential waves.

(a) (b)
Fig. 2.16 (a) Buckling mode of oblate ellipsoid, A / B = 2.0, 2A/t = 100, n = 0. (b) 
Buckling mode of prolate ellipsoid, A/B = 0.5, 2A/t = 100 n = 10 circumferential 
waves.
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(a)

(b)

Fig. 2.17 Torisphere, D / 1 = 1000, r / D = 0.1, Rs / D = 1.0. (a) Clamped torisphere 
prebuckling deformation, (b) Torisphere buckling mode n = 17.
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Fig. 2.18 Integrally stiffened hemisphere, (a) View of entire dome and stiffeners, 
(b) close up of stiffener detail.

(a) (b)
Fig. 2.19 Local, skin buckling mode of stiffened hemisphere, (a) View of entire

dome, (b) Detail of buckling mode.
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(b)
Fig. 2.20 (a) Undeformed cylinder, L/R=3.0, D/t=500, ends free to move axially.

(b) buckling mode, n = 6.

\ s in g le  
layer wall

------ -
^multilayer

wall

(a) (b)

OUUaXXXJCOXXJUUOLXJXXJ 
^toroidal pipes & & 4  &

Nnternal stiffeners

OQOQQCXXXXDQQQGQOODGQO ■if If ‘if 'if Tf
(C) (d)

segments

(e)

Fig. 2.21 Configurations of cylinder, (a) Single layer wall construction, (b) 
Multilayer wall construction, (c) Pressurised toroidal pipes reinforcement, (d) 
Internal stiffening rings with added T-rings. (e) External stiffening rings with 
bowed out cylindrical segments.
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Fig. 2.22 Experimental buckling mode of test cylinder subjected to external 
pressure. See [39] for details of manufacture, test etc.

Fig. 2.23a Schematic of motivation for conducting current research. The 
connection between analysis and optimisation of structures is shown.
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Fig. 2.23b Schematic of method of connecting Tabu Search and analysis of shells. 
BOSOR5 is at the heart of the Tabu Search routine.
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Starting string: 001011000101100111
N String X Y F X Y
1 101011000 101100111 3.46380 4.05088 -6.57559 0.67319 0.70254
2 011011000 101100111 -1.54599 4.05088 1.32037 0.42270 0.70254
3 000011000 101100111 -9.06067 4.05088 3.36416 0.04697 0.70254
4 001111000 101100111 -5.30333 4.05088 6.44159 0.23718 0.70254
5 001001000 101100111 -7.18200 4.05088 8.18891 0.14090 0.70254
6 001010000 101100111 -6.86888 4.05088 8.79571 0.15656 0.70254
7 001011100 101100111 -6.39922 4.05088 9.07305 0.18004 0.70254

Table 2.1 Generation of the first neighbourhood by flipping bits in the binary
string.

‘1’ ‘2’
Ave. no. of iterations 1803 1833
Ave. no. of cycle escapes 15 2
F b =  ^ m ax 3 1
F b > 0 . 9 9 5 F ^ 18 25
F b > 0 . 9 9 F ^ 30 100
F b > 0 . 9 S F ^ 53 100
F  >  0 97Fr b y j . y  ! 1 max 66 100
F  > 0 95Fr b sc y j . y j r max 84 100

Table 2.2 Results of cycle escape and stopping criteria for 100 runs with fixed 
and adaptive patch size method. Also listed is number of runs which found 
solutions within 5% of global optimum solution. NB: Fb is the best solution 
found, Fmax is the global optimum, ‘1’ =fixed patches, ‘2’ ^adaptive patches.
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string string X Fitness Pprop
SI 00101 5 287.5 0.101
S2 10001 17 936.7 0.327
S3 10011 19 986.1 0.344
S4 00001 1 51.9 0.018
S5 01010 10 600.0 0.210

2862.2 1.000
Table 2.3 Initial population of five randomly generated parents, and 
corresponding fitness.

Table 2.4 Newly generated offspring after crossover. Note increased total fitness 
of the population.
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C h a p t e r  3

BUCKLING OF ELLIPSOIDS

3.1 Introduction / Background
This Chapter is a parametric study into a range of steel shell components currently 

only partially included in design codes ASME VIII, PD5500, and ECCS 

recommendations. Shells considered in this Chapter are ellipsoidal in profile. The 

geometries outside the design codes are prolate ellipsoids, i.e., those taller than a 

hemisphere of the same equatorial radius.

The Chapter is divided into three parts: numerical analysis, experimental testing and 

comparison with three current design codes.

In the numerical part, the elastic and elastic-plastic buckling strength of ellipsoidal 

domes is calculated. The influence of different edge boundary conditions is also 

investigated. Furthermore, the condition of constant mass is imposed, meaning that all 

shells are analysed on a like for like basis, and as such, each dome’s performance is 

easily quantified. BOSOR5 is used to calculate bifurcation and collapse pressure of 

‘perfect’, axisymmetric shells. Imperfection sensitivity of ellipsoidal domes is 

calculated using ABAQUS finite element models. Two kinds of initial geometric 

imperfection are considered -  deterministic imperfections derived from measured 

dimensions, and eigenmode imperfections.
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Numerical work is verified by testing three geometries of laboratory scale dome. The 

domes were CNC machined from a solid mild steel billet, carefully measured for 

thickness and shape data, and tested in a hyperbaric chamber at The University of 

Liverpool.
In the third part of the Chapter, three current design code methodologies are 

discussed, and suggestions are made for the inclusion of prolate domes into the design 

codes.

3.2 Elastic Buckling of Prolate Shells
In this section, two known theories for predicting elastic instability of prolate 

ellipsoids are compared against ABAQUS linear elastic buckling analyses. One of the 

theories is then extended by using BOSOR5 and used as the basis for incorporating 

prolate shells into the ECCS shell buckling design method.

3.2.1 Comparison of Existing Theories
Consider the ellipsoidal shell in Fig. 3.1a, where A and B are the semi-minor and 

semi-major axes, respectively. The boundary conditions for the shell in Fig. 3.1a are 

representative of a complete ellipsoidal shell (spheroid). The geometry of the spheroid 

is expressed in terms of its aspect ratio, A/B. When A/B < 1 the shell is longer than its 

equatorial diameter and is termed prolate (analogous to needle shaped). The ratio A/B 

= 1 gives spherical shells, and A/B > 1 gives shallow, oblate shells (tending towards 

disc shaped).

The theory put forward by Mushtari [20] states that the elastic buckling pressure for a 

complete prolate spheroid lies between that of a sphere (Fig. 3.1b) and an infinitely 

long cylinder. The elastic buckling pressure for spheroids is given by:

2 Et2______1
PRc~ j 3 ( \ - v 2) (2B 2- A 2) (3' 1}
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The problem with Mushtari’s formula is that when B = A, Eq. (3.1) reduces to the 

exact solution for the elastic instability of a complete sphere, however when B »  A, 

P r c reduces to zero rather than to the elastic buckling pressure for an infinitely long 

cylinder. In an attempt to overcome this, Healey [24] developed an empirical formula 

based on a series of experiments conducted at the David Taylor Model Basin in the 

USA. Healey’s formula is of the form:

P ro =
aE

V 3(1-V2) \D j
(3.2)

where: t o  < — < 1 0 0 ,  0 2 5  < —  < 0 6 6 7 ,  and D  = 2 A .  Constants a and b are
t  B

dependent on shell geometry, and are determined from charts given in [24], The 

material properties used correspond to the epoxy resin used for constructing 

experimental shells in [24], i.e., E = 2241.4 MPa, v = 0.4.

It was decided to compare the Mushtari and Healey formulae against solutions 

calculated by ABAQUS. The range of prolate ellipsoids examined was from 0.3 < 

A/B < 1.0, i.e., from very tall shells to the hemisphere. An ABAQUS model of half a 

complete ellipsoid was modelled using S9R5 shell elements. The boundary conditions 

at the base of the dome were set to symmetric (condition 3) for the prebuckling 

loading, and ‘pinned-roller’ (condition 4) for calculation of the buckling mode. (See 

Fig. 2.13 for diagrams of boundary conditions). Geometrically linear, elastic buckling 

was used, following the procedure outlined in appendix A, in order to compute failure 

pressures.

The results are shown in Fig. 3.2 where it is seen that the Mushtari and Healey 

pressures given here as Eqs (3.1, 3.2) are both conservative compared to the 

ABAQUS solutions, but both follow the same trend. For example at A / B = 0.5 the 

ratio Pab/Pm = 1-33 and pAB/pHe = 1-47. The buckling modes of the prolate shells, as 

computed by ABAQUS, were lobar bifurcation occurring at the base of the dome. At 

A/B equal to unity ABAQUS predicted an axisymmetric buckling mode, hence the 

slight disagreement with Mushtari.
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3.2.2 Numerically Calculated Empirical Formula
In order to design shells by hand calculations according to the ECCS method the 

elastic buckling pressure is required. To this end, it is suggested to expand on the 

Healey formula and generate equations for elastic buckling of complete ellipsoids and 

clamped ellipsoidal domes. Due to its fast analysis times, BOSOR5 was used as a 

repeat analysis tool to calculate the elastic buckling pressures of both complete 

ellipsoids and clamped domes over the range 0.3 < A/B < 1.0, and 100 < D/t < 

1000 (where D = 2A). For these analyses, v = 0.3 for a typical steel, as opposed to the 

value of v = 0.4 for epoxy resin used by Healey.

Rather than use design charts to determine constants a and b, a curve fitting approach 

using Microsoft Excel was used whereby constants a and b can be extracted from the 

curves fitted through the BOSOR5 data. The results are given in eqs (3.3 -  3.6), 

which are to be substituted into eq. (3.2)

For complete ellipsoids corresponding to boundary condition 4 (Fig. 3.1a):

2 (A \a = 7.944 -1.425 —U J + 1.517 (3.3)

b = 0.166'A } 2 (  a \
-0.467 + 2.304 (3.4)

For clamped ellipsoidal domes corresponding to boundary condition 1:

A 2
a = 0.762

B
+ 4.723

A\
-  +0.296 
B)

(3.5)

b = 0.123
(  f  a \

-0.451 A
\ B j

+ 2.305 (3.6)
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As a check on the accuracy, consider when A = B and the dome is hemispherical. 

When substituted into (3.2), equations (3.3 - 3.4) reduce to the classical buckling 

formula for a complete sphere (discussed in the literature review).

The results generated by BOSOR5 are used as the basis for the proposals made so that 

prolate domes can be included in the ECCS recommendations.

3.3 Elastic -  Plastic Buckling of Ellipsoidal Shells
3.3.1 Load Carrying Capacity
In the following analyses plasticity was introduced into BOSOR5 calculations. In this 

section only ellipsoidal domes were considered, so that the influence of equatorial 

boundary conditions could be investigated. The range of shells considered in this 

section was both prolate and oblate and all domes were derived from a reference 

hemisphere, of R/tn = 50.

In order to satisfy the condition of constant mass, shallow domes with A/B > 1 will be 

thicker than the reference hemisphere, while taller domes will be thinner. Thickness 

of the ellipsoidal domes is determined by first calculating the surface area of the 

ellipsoid by integrating numerically. Surface area is then multiplied by thickness and 

density to give ellipsoidal mass. The mass is then equated to the mass of the reference 

hemisphere, resulting in the following expression for wall thickness of ellipsoids:

te (3.7)

Where Se = surface area of the ellipsoidal dome. A sample of wall thicknesses is 

given in Table 3.1 note how at A / B = 1, the thickness is equal to that of a 

hemisphere. In all cases considered in the numerical study, the shell wall thickness is 

kept constant as one moves along the meridian.

Material properties used in the numerical calculations are those established from the 

mild steel billet which experimental domes were machined from: E = 207 GPa, oyp = 

267 MPa, v = 0.283, The material is modelled as being elastic-perfectly plastic.
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It is important for designers to make the best use of available structural mass. It is 

known from [29] that for the case of all shells having equal thickness, the maximum 

pressure resistance lies in the vicinity of a hemisphere. Fig. 3.3 shows that for the case 

of all shells having equal mass, a similar trend is followed. However, oblate domes 

are thicker and thus stronger than their equal thickness counterparts, while prolate 

domes are thinner and so can carry less load than an ellipse of equal thickness.

Prolate domes are seen to fail by lobar bifurcation buckling occurring at the base of 

the shell, while shallow, oblate domes fail by axisymmetric bifurcation buckling 

occurring at the apex of the dome. Fig. 3.4 shows an example of each type of failure 

mode. The hemisphere was seen to fail by axisymmetric collapse at pn = 11.01 MPa.

The analyses were carried out for four geometries of reference hemisphere in order to 

determine whether the trends remain the same for thicker, elastic-plastic ellipsoids 

and very thin shells which will remain elastic. Fig. 3.5 shows that as shells become 

thinner, the strongest shell remains in the vicinity of the hemisphere.

It was seen in the literature review that very little experimental data exists for 

ellipsoidal shells and as such it was decided to test three geometries of dome. The 

three configurations of domes which were selected for experimental testing are 

marked on Fig. 3.5 as ‘a’ ‘b’ and ‘c’. These geometries correspond to aspect ratios of 

A/B = 0.5, A/B = 0.65, and A/B = 0.8, respectively.

3.3.2 First Yield of Middle Surface
Knowledge of the first yield of externally pressurised structures is important to 

designers as it allows for the shell slenderness to be defined. Shell slenderness is used 

as the basis for hand calculations in the ECCS recommendations for designing 

externally pressurised shells [99]. It is defined as the square root of the ratio of elastic 

buckling pressure, and first yield of the shell’s middle surface. The behaviour of the 

shell, i.e., whether it is elastic, elastic-plastic, or plastic is dependant on the shell’s 

slenderness. BOSOR5 was used as a repeat analysis tool to generate design curves of 

the first yielding of the middle surface of fully clamped prolate ellipsoids.
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Fig. 3.6 shows that the pressure to cause yielding of the middle surface of the fully 

clamped dome is increasing as the geometry of the dome approaches the hemisphere. 

The design curves in Fig. 3.6 are represented by Eq (3.8).

P rpi =
<7 Xl07 f

(A )2yp 0.6193
E UJ

r a\
0.5130 (3.8)

Eq. (3.8) is used as part of the suggestions for the inclusion of prolate domes into the 

ECCS recommendations for buckling of externally pressurised shells.

3.3.3 Influence of Boundary Conditions
Four different boundary conditions were considered at the base of the shell, these 

being: fully clamped, radially free, rotationally free, rotationally and radially free and 

correspond to boundary conditions 1 - 4 ,  described in Chapter 2. The range of 

geometries examined was 0.3 < A/B < 4.0.

The reference hemisphere for the following analyses was of thickness R/tn = 50. This 

was because the three experimental geometries of dome were derived from this 

hemisphere.
It is seen in Fig. 3.7 that for A/B < 1.7 the load carrying capacity of the externally 

pressurised elastic-plastic steel ellipsoidal shell is largely insensitive to edge boundary 

conditions. There are some small differences in the magnitude of the failure pressure 

in the vicinity of the hemisphere.

For A/B >1.7 there is a drop away from the fully clamped condition for all of the 

other three cases, the largest of which is for the case of rotationally and radially free. 

This is important for domed ends attached to cylindrical vessels, where the boundary 

condition will be of the ‘roller’ type.

Both pre- and bifurcation buckling phase boundary conditions were considered in 

BOSOR5, the shells were seen to be sensitive only to the prebuckling boundary 

conditions.
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3.3.4 Imperfection Sensitivity of Ellipsoidal Domes
As discussed in Chapter 2, imperfection sensitivity is an important factor in 

explaining discrepancies between numerical and experimental results. It is also argued 

in [22] that a prolate shell is less sensitive to initial geometric imperfections than a 

sphere. To investigate this further, it was decided to assess the sensitivity of ellipsoid 

domes to imperfections in the form of imperfect shape and imperfect wall thickness. 

To calculate imperfection sensitivity, ABAQUS FE analyses were carried out using 

3D models of domes.

3.3.4.1 Initial Geometric Imperfections
To compute ellipsoids’ sensitivity to departures from perfect shape it was chosen to 

use eigenmode imperfections as the shape of the imperfection. A single geometry of 

ellipsoid with geometry of A/B = 0.5, D/t = 170.9 was chosen for the imperfection 

sensitivity study. This geometry of dome was chosen because it had been selected for 

experimental benchmarking. Elastic-perfectly plastic material properties are those 

specified in Appendix B, and the boundary condition was fully clamped at the base of 

the shell (condition 1). A dense mesh consisting of 240 circumferential, and 59 

meridional 9 noded (S9R5) elements was used. The pole was capped with 6 noded 

(STRI65) triangular elements. These elements were selected as they are quadratic 

elements, with curved sides, so less elements are required than for four noded 

elements. This density of meshing was chosen for the dome as it was intended to mix 

several mode shapes together to ‘seed’ the imperfection. To this effect, a high density 

of meshing was required so as not to lose accuracy for imperfections seeded from 

high wave numbers.

The critical eigenmode of the perfect dome, as computed by ABAQUS corresponds to 

n = 9 waves. BOSOR5 was in disagreement over the critical eigenmode, instead 

predicting that the shell would buckle with 13 waves. Therefore, a range of modes 

encompassing both these predictions, and corresponding to 6 < n < 1 3  were

considered as mode shapes for imperfections. The modes were firstly superimposed 

on the shell individually, and the bifurcation buckling pressure of the imperfect shell 

was computed.
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In one case, all the eigenmodes in the range were mixed equally and superimposed on 

the mesh. Fig. 3.8a shows that when considering individual modes, those causing the 

largest pressure drop are n = 9, 10, and 11. The sensitivity of the dome to n = 13 

(BOSOR5 critical mode), is plotted and it is seen that the dome is less sensitive to this 

mode. Other modes considered individually did not cause as much pressure drop and 

hence have not been plotted. The three modes interact to form a Tower bound’ of 

imperfection sensitivity when considering individual modes. In this case the reduction 

in pressure is around 70% at an amplitude of two wall thicknesses.

However, by mixing all modes in equal proportions, the pressure resistance of the 

dome is seen to drop by a larger amount. The mixed modes sensitivity curve is seen to 

level off at a pressure reduction of 75% at an amplitude of one half of a wall 

thickness.

In order for meaningful comparison to be made, the sensitivity of a mass equivalent 

hemisphere to eigenmode imperfections is calculated. The perfect hemisphere is of 

thickness D/tH = 100, the failure pressure is 11.01 MPa, mode of failure being 

axisymmetric collapse (BOSOR5 also predicted collapse). Despite the shell failing by 

collapse, buckling modes of the hemisphere can be extracted from an elastic 

bifurcation analysis, and superimposed on the mesh of the hemisphere. The critical 

eigenmode of the perfect, elastic hemisphere corresponded to nei = 11 (for both 

ABAQUS and BOSOR5). The range of waves used in this imperfection sensitivity 

analysis was chosen to be 8 < n < 14, i.e., a range of waves surrounding the critical 

eigenmode.

The buckling modes were firstly superimposed onto the dome individually to assess 

the sensitivity of the shell to individual modes. The full range of modes was then 

mixed equally and the sensitivity of the shell was computed. The results are shown in 

Fig. 3.8b, where it is seen that the sensitivity of the elastic-plastic, fully clamped 

hemisphere to eigenmode imperfections has a similar trend to that of a mass 

equivalent ellipsoidal dome.
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Both shells are more sensitive to a mixture of modes than they are to individual 

modes superimposed on the mesh. The main difference between the ellipsoid and the 

hemisphere is that the ellipsoidal dome is relatively more sensitive to eigenmode 

imperfections. The mixed mode sensitivity curve causes a loss in pressure resisitance 

of approximately 75% for the ellipsoid, while the hemisphere’s buckling strength is 

reduced by 55% at an amplitude of two wall thicknesses. Despite these findings, a 

more thorough study of different imperfection shapes and amplitudes is required for 

prolate domes. It is acknowledged that the choice of mode used for an imperfection 

sensitivity analysis is crucial in determining the dome’s response, and further 

investigation is warranted.

3.3.4.2 Wall Thickness Imperfections
To gauge a dome’s sensitivity to imperfect wall thickness it was decided to compute 

the failure pressure of an otherwise perfect dome with a patch of locally thin wall with 

thickness tp. The dome chosen for this section was the hemisphere used in the 

previous section (D/t = 100). The patch of locally thin material was chosen to be 

approximately the same size as a single inwards lobe of the critical eigenmode (nei = 

11).

The dome failed by collapse, as computed by the RIKS method, and the results are 

shown in Fig. 3.9. The failure load of the imperfect dome is plotted as a function of 

increasing patch thickness, and in this case tp/tH = 0.0 corresponds to a patch of tp = 

0.0mm i.e., a hole, and therefore has not been calculated. It is seen that by reducing 

the wall thickness in the patch, the failure pressure of the dome is reduced in a linear 

manner. Despite this finding, it should be noted that this is a preliminary investigation 

into the effects of imperfect thickness and, as with shape imperfections, further study, 

e.g., of different patch size, is needed in order to gain a complete picture.

3.4 Experimentation
It was seen in the Literature Review that very few experimental tests have been 

carried out on prolate shells. Therefore, in order to verify numerical calculations of 

failure pressure, a series of ellipsoidal domes was manufactured and tested. The 

following sections give details of the manufacture, measurement and testing of the 

domes.
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3.4.1 Manufacture
Three pairs of equal mass ellipsoidal domes of A/B = 0.50, A/B = 0.65, A/B = 0.80 

were CNC machined from a solid mild steel billet of 250mm diameter. The series of 

domes corresponds to three pairs of prolate domes, the nominal dimensions are given 

in Table 3.2. The manufactured domes are shown in Figs 3.10 - 3.12, the drawings 

submitted to the University of Liverpool Core Services for manufacture are shown in 

appendix C.

The domes were machined in pairs in order to demonstrate repeatability of the 

experiment, and also to act as a safeguard should one of the pair be damaged, for 

example, during manufacture. An additional manufacturing detail is that the base of 

each dome was machined with a 10mm thick integral flange. The integral flange 

allows the dome to be attached to a baseplate for testing, and also gives the desired 

boundary condition of fully clamped at the base, i.e., no rotation and no displacement 

of the base of the dome (condition 1).

It was specified in the technical drawings that a fillet radius of 0.8mm be machined at 

the junction of shell wall and flange (see Appendix C). The fillet radius will allow 

transition from flange to shell wall without stress concentrations.

The first machining operation was to do the rough machining. The inside of the 

domes was bored out to a diameter of 50mm, and the outside surface was turned down 

to a diameter of 1mm larger than the outside diameter of the base of the dome.

Leaving the integral flanges at the base gives a ‘top hat’ shape of the rough machined 

dome. After rough machining, the shells were stress relieved. They were subjected to 

unrestricted heating until reaching 600°C, upon which they were maintained at this 

temperature (soaked) for 2 hours (1 hour / inch wall thickness), and then 

unrestrictedly cooled. Stress relieving took place in normal atmospheric conditions, 

leaving the outside of the shells oxidised.
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After stress relieving, the domes were final machined by CNC machining. Using 

FORTRAN double precision, 200 coordinates were generated, rounded to three 

decimal places and supplied to the machinist for cutting the inside and outside 

surfaces of the shell wall. The domes were not stress relieved after final machining.

The final operation was to drill and de-burr eight 5.5mm diameter holes in the integral 

flanges, so that the domes could be bolted to the baseplate for testing.

3.4.2 Pre-Test Measurements
Before the domes were tested they were first carefully measured for any variation in 

thickness and shape. All domes were measured at 10mm intervals along the meridian 

for 16 meridians except in the case of domes El and El a where 32 meridians were 

measured because of their larger size.

3.4.2a Thickness Measurements
The procedure for measuring thickness of the shell wall \vas to use a linear gauge 

vertically positioned above a ball bearing bar. Fig. 3.13 shows the equipment used, 

listed below: •

• Mitutoyo linear gauge

o Code No. : 542-363 

o Type: LG-1030E

o Serial No. : 001032

o Range 0.0 -  30.0mm 

o Resolution 0.01mm

• Mitutoyo Display unit

o Code N o.: 542-002-1 

o Serial No. : 702702

• Ball bearing bar

• X-Y table

• G Clamps

• Flat steel plate
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The shell wall is inserted between the ball bearing and the needle (moving part) of the 

linear gauge. By gently rocking the shell from side to side, the shell wall thickness is 

the minimum recorded thickness, i.e., when the wall is horizontal relative to the 

vertical ball bearing and measuring probe.

The results of the thickness measurements were plotted using SURFER7.0 and are 

shown in Fig. 3.14. The plots are top views of the contours of wall thickness, where 

the radius of the plot is equal to the meridional arc length of the dome being plotted. It 

is seen that for domes El, E2, E3 that at the base there are three areas of increased 

thickness, and three areas of decreased thickness. These correspond to the three point 

chuck used to secure the dome in the CNC lathe when machining. Instead of using a 

full size mandrel, as specified in the drawings, a circular insert was made to fit inside 

the flange only of the domes when machining the outside surfaces. It can be deduced 

that the circular insert was not stiff enough, or of good enough fit, to resist the 

deformation induced by the chuck.

Fig. 3.14c shows that dome E2 is generally thicker on the Southern side, while the 

area of the thinnest shell wall is in the North-East direction, at the base of the shell. 

The results of measuring the domes are summarised in Table 3.3 where it is seen that 

the largest scatter for thickness of domes is for El and El a, corresponding to 24% and 

19% respectively. Scatter in thickness is calculated according to:

tsc = W~.PHa.xlOO (3.9)
fnax

3.4.2b Shape Measurements
Measurements of the shape of the outside surface of all domes were made using an X- 

Y table, a Mitutoyo height gauge and a Mitutoyo linear gauge with sharp needle 

attachment (see Fig. 3.15). The same locations which were measured for thickness 

were measured for shape. The X and Z coordinates of each measuring point were 

determined by the following procedure:
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The linear gauge was clamped horizontally to the height gauge. As such it was ^ 

possible to measure both vertical and horizontal distances by moving up the shell wall 

relative to a starting point, which was set at the base of the dome. Due to the fillet 

radius between shell wall and flange, the linear gauge starting point was just above 

the fillet radius, but the vertical zero was taken to be the height of the top surface of 

the flange. When moving up the shell wall, collecting data, the limited range of the 

linear gauge (30mm) meant that the linear gauge had to be reset by moving the X-Y 

table horizontally until the linear gauge was nearly fully closed.

Towards the apex of the dome, slippage of the needle of the linear gauge was a 

problem, due to the acute angle of the shell wall. As such, a different ‘top-down’ 

technique was used to determine the X-Z locations of the points near the apex of the 

dome.
A fixed length pointed attachment was secured to the height gauge and the linear 

gauge was used to measure horizontal movement of the X-Y table. By setting the zero 

to be the apex of the dome, coordinates could be measured relative to the apex by 

moving the X-Y table and lowering the height gauge until in contact with the shell 

wall. Both sets of data, i.e., ‘base-up’ and ‘apex-down’ could then be plotted to show 

the profile of each meridian. Fig. 3.16 shows an example plot from the North 

meridian of dome E l. Note how the profile is smooth with no kinks or dents present. 

Coordinates of the outside surface of the shell wall could then be normalised by the 

equation of an ellipse:

' x ] 2
\BJ

= 1 (3.10)

Dimension A was determined by taking half the measured inside diameter (Dj) of the 

dome and adding the thickness at the base of the meridian being measured. Dimension 

B of the outside surface is equal to the outside height, h. A sample of the normalised 

results for the outside surface along the North meridian of El is shown in Table 3.4 

(point 1 corresponds to the base of the dome).
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If the shape of the dome were perfect, the equation of the ellipse would be equal to 

unity. The error in shape of the outside surface of the domes is less than one percent. 

For example, in Table 3.4, point four has a normalised value of 1.002, which 

corresponds to an error of 0.2%.

In addition to measuring the profile of the domes, measurements were taken of the 

inside diameter at the base, D j ,  and the height of the dome, h. Comparison of these 

dimensions is made in Tables 3.2 and 3.3.

3.4.3 Testing
The procedure for testing the domes was as follows:

1. Attach dome to baseplate using eight Allen capped bolts (see Fig. 3.17a) -  ensure 

‘O’-ring is correctly positioned in groove in baseplate. Fig. 3.17b shows dome E2 

attached to a baseplate for testing.

2. Fill inside of dome with oil. During the test the inside of the dome is open to the 

atmosphere allowing change in internal volume to be measured.

3. Hang dome from lid of test tank using threaded rod (see Fig. 3.18a) and attach 

copper pipe (spiral) to outlet hole of baseplate. The copper spiral goes through the lid 

of the tank and is open to atmosphere -  it provides the outlet for oil inside the dome. 

Fig. 3.18b shows dome E2 ready to be lowered into the test tank.

5. Lower lid until into closed position and drain excess oil from inside tank. Lock lid 

in position using locking pieces (Fig. 3.19).

6. Position scales and plastic skip under spiral outlet in order to record oil expelled 

form inside dome being tested (see Fig. 3.20). Also position clock and set to zero.

7. Attach pressure transducer to Bruel & Kjaer (B&K) strain indicator. The following 

details are for the transducer and strain indicator.
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• Pressure Transducer
o Model: Sensotec LME10G0070M 

o Part Number: 060-7404-05 

o Series Number: 313773 

o Range: 700 Bar

• Bruel & Kjaer strain indicator

o Type: 1526 

o Serial Number: 887682
The pressure transducer was calibrated before the first test was conducted.

8. Attach pump and transducer to pressure tank (see Fig. 3.21). A schematic of the 

assembled test rig is shown in Fig. 3.22.

9. Start clock and commence pumping. Typically, increments of 0.34 MPa (50 PSI) 

are used. The increments are reduced to 0.14 MPa (20 PSI) close to the predicted 

failure of the dome or after onset of plasticity (when rate of expelled oil increases).

10. Upon failure, a large amount of oil is suddenly expelled from the inside of the 

dome, and the pressure inside the tank drops suddenly. This is true for all domes 

tested. After failure, remove dome from tank and remove from baseplate.

3.4.4 Experimental Results
The series of domes all failed with the same failure mode of a single inwards lobe (see 

Fig. 3.23). A comparison with the contours of thickness of El, E2 and E3 reveals that 

the inwards lobe formed where the shell wall is thinnest (see Fig. 3.24). This was also 

the case for El a, E2a, and E3a.
The data collected for change in internal volume of the series of domes is plotted in 

Fig. 3.25. It is seen that for dome E2 that there was a large amount of oil expelled 

during pressurisation. This suggests a leak in the ‘O’-ring during the test. There is 

very good agreement for domes E3 and E3a. Domes El and El a are however not in 

agreement for oil expelled, but are in agreement for failure pressure.
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3.5 Numerical Analysis of Measured Geometries
Before testing, predictions of collapse and buckling pressures were made using 

BOSOR5 for the case of minimum thickness and average thickness. It was decided 

against using hoop averaged variable meridional thicknesses due to the large scatter of 

thickness round the circumference of the domes. The dimensions for A and B were 

determined from average measurements of the inside diameter at the base of the 

domes, and the height, h, of the domes. Shape of the meridional profile was taken to 

be perfect.

Elastic-perfectly plastic material properties are those specified previously in section 

3.3. The yield stress used for calculations corresponds to the upper yield of the 

material.

An example of BOSOR5 results are shown in Fig. 3.26 for dome E2a where average 

thickness is used for calculations. The prebuckling shape shows bending taking place 

at the base of the shell. The buckling mode is lobar, also occurring at the base of the 

dome. A plastic hinge has formed near the base of the shell, and the location of 

maximum plastic straining occurs on the inside surface, at the base of the dome (Fig. 

3.26d).

The apex deflection of dome E2a during pressurisation is shown in Fig. 3.27 where 

there is a linear response up to the bifurcation pressure. Note that when conducting a 

collapse analysis and neglecting bifurcation, there is slight recovery of the apex prior 

to collapse. This is due to the plastic hinge forming near the base of the dome.

A comparison of the experimental failure pressures and numerical predictions of all 

the domes is shown in Table 3.5, where the results obtained from BOSOR5 have been 

normalised by the experimental failure pressure and are shown in parentheses. It is 

seen that numerical predictions underestimate the experimental buckling load by up to 

5% when based on minimum measured thickness, i.e. were on the ‘safe side’.
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When using average thickness to calculate failure pressures, the predictions 

overestimated the experimental failure pressure by up to 9% (on the ‘unsafe side’). In 

order to more accurately assess the influence of the changing thickness of the 

ellipsoidal domes, 3D ABAQUS models were created, in which individual nodal 

thicknesses based on measured data were specified, while shape was assumed perfect. 

To calculate nodal thicknesses a ‘nearest neighbour’ approach was used where the 

thicknesses of four surrounding comer nodes were averaged to calculate the thickness 

of the central node.

The prebuckling behaviour of the variable thickness dome El is shown in Fig. 3.28. 

Also shown is the response of the dome with average thickness over the entire shell 

wall. The reduction in buckling strength is of the order of 10% because of variation in 

wall thickness. It should be noted that the shape of the shell was assumed perfect for 

these analyses. The buckling mode of the variable thickness dome is shown in Fig. 

3.29. Instability is occurring in a region at the base of the dome in the North-Westerly 

direction. This corresponds to an area of reduced thickness (see Fig. 3.24a).

Column 3 in Table 3.5 gives the ABAQUS solutions when using actual measured wall 

thickness. Correlation between the ABAQUS S9R5 solutions and the experimental 

results is very good (±2%).

3.6 Comparison of Design Codes
Three design codes are considered here: ASME VIII, PD5500 and ECCS 

recommendations. At present, prolate domes are not included in the three codes. In 

this section the method of calculating design pressures is briefly summarised, and 

then recommendations are made for the possible inclusion of prolate domes into the 

codes.
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3.6.1 ASME VIII
Section AD350 in Division 2 of the ASME B&PV Code, Section VIII, [95], allows 

only for oblate ellipsoids to be designed. Shells are designed as being spherical but 

with a radius determined by multiplying shell diameter, D, by factor Ko, read from 

Table AD-350.2 (see Table 3.6). As the shell approaches the hemisphere the radius 

used for calculation decreases -  thus increasing the design pressure.

It is proposed that a new range of factors be included in Table AD-350.2 (see insert in 

Fig. 3.30) such that shells taller than a hemisphere can be accommodated. Factor Ko 

will increase with increasing dome height (see Fig. 3.30), thus reducing design 

pressure.

This results in similar design curves as were seen in Fig. 3.5 where the strongest 

shells are in the vicinity of the hemisphere.

3.6.2 PD5500
The current British Standards Institution design code, PD5500, is similar to ASME 

VIII in that ellipsoids are designed as spherical shells but with a radius which is 

proportional to shell geometry. The range of shells which can be designed is unclear 

at present. In section 3.5.2 of PD5500 the code explicitly states an upper limit for 

aspect ratio -  giving shallow domes, but a lower limit is not given, i.e., there is no 

limit on prolate ellipsoids.

The radius used is “the maximum radius of the crown, i.e., D2/4h" which reduces to R 

= A2/B (see Fig. 3.31a). As the oblate dome grows in height then the radius used in 

calculation decreases, and thus design pressure increases. If the shell were to become 

taller than the hemisphere, then A2/B will result in an even smaller radius and a 

corresponding larger design pressure. It is proposed that for prolate domes the radius 

used to calculate design pressure is set equal to the height of the dome, B, (see Fig. 

3.31b). Thus, as the prolate dome gains height, then its design pressure falls 

accordingly.
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3.6.3 ECCS
The ECCS recommendations currently being developed for torispheres and spherical 

caps use a method which defines a shell slenderness ratio. This ratio is the square root 

of the ratio of elastic buckling pressure, Eq. (3.2), and limit load of the shells middle 

surface, Eq. (3.8). From here the designer then calculates whether the shell’s 

behaviour is governed by an elastic-plastic interaction, or is solely elastic or plastic. 

Information is then given on the level of imperfection present, and the quality of the 

shell -  which are used to determine design pressure. BOSOR5 was used to derive 

empirical equations for the elastic buckling, and middle surface yield loads of 

clamped prolate domes. Details of the design factors, etc. used in calculations can be 

found in Appendix E.

3.6.4 Discussion of Design Codes
The three design codes can be summarised and compared for the case of all ellipsoids 

having equal mass. Material is as per the experimental domes manufactured, 

boundary conditions are set to fully clamped, and the reference hemisphere is of R/tH 

= 50.

In Fig. 3.32, calculations based on the existing ASME VIII and PD5500 codes are 

shown. The existing allowances are to the right of the hemisphere. Shown to the left 

of the hemisphere are the suggested prolate domes for ASME VIII, PD5500 and 

ECCS design codes. It is seen that all follow the trend seen in Figs 3.2, 3.3 and 3.5, 

that is, that failure pressure drops off with increasing dome height.

The level of safety factor allowed by each code is demonstrated by plotting the 

BOSOR5 buckling pressures for perfect domes. Safety factors are in the region of 2.0 

-  2.5 for all three codes. Note that, due to the relatively large thickness of the 

reference hemisphere, the behaviour of these shells is heavily influenced by plasticity. 

Also shown in Fig. 3.32 are the three experimental geometries which were tested. The 

close correlation between experimental results and BOSOR5 predictions is shown.

It is also worth mentioning that the new European design rules for externally 

pressurised vessels, EN 1993-1-6 / Eurocode 3, Part 1.6 [140, 141] do not contain 

prolate ellipsoidal shells.
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3.7 Conclusions
Several conclusions can be drawn from this Chapter. It is seen that when considering 

prolate and oblate ellipsoids, geometries close to hemispherical are always strongest. 

Boundary conditions are more influential on the elastic-plastic buckling of shallow 

elliptical domes than taller, prolate domes. For shells of geometry A/B > 0.7, any 

allowed radial movement of the base of the dome causes the pressure resistance to 

drop.

Pressure resistance of ellipsoidal domes is also affected by initial geometric 

imperfections. For the case examined, prolate domes are seen to follow the same 

trend, but be relatively more sensitive to eigenmode imperfections than an equivalent 

hemisphere.

Variation in the thickness of prolate ellipsoidal domes can cause the buckling mode to 

change from a global mode, to local instability at the region of the thinnest shell wall. 

This was as expected and indicates that calculations to determine failure of prolate 

domes must be made using the minimum shell wall thickness.

For design of ellipsoidal shells by hand calculations, it has been demonstrated that the 

notion of designing prolate ellipsoidal shells as for spherical shells but with an 

effective radius is valid. BOSOR5 results based on minimum thickness were within 

5% of the experimentally obtained buckling load. Time consuming ABAQUS 

solutions based on individually specified nodal thicknesses were only marginally 

more accurate.

Finally, suggestions have been made for the possible inclusion of prolate domes into 

the current design codes: ASME VIII, PD55000 and ECCS recommendations.
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3.8 Figures and Tables

<L
I

Fig. 3.1 Geometry and notation of (a) prolate ellipsoidal shell, (b) hemisphere.

Fig. 3.2 Elastic buckling pressures of complete ellipsoidal shells.
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Fig. 3.3 Buckling pressures of externally pressurised ellipsoidal domes. Results 
are normalised by the hemisphere which was seen to fail by axisymmetric 
collapse. (R/tH = 50, pH = 11.01 MPa).

(a) (b)
Fig. 3.4 Buckling mode of (a) oblate and (b) prolate ellipsoidal domes. The oblate 
buckling mode is axisymmetric (n = 0), and number of circumferential waves for 
prolate ellipsoid is, n = 8.
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Fig. 3.5 Elastic-plastic buckling loads for four different thickness ratios of 
reference hemisphere. All results are normalised by the reference hemisphere, 
R/tH = 50, for which pH = 11.01 MPa.

Fig. 3.6 First yield of middle surface of clamped prolate ellipsoidal domes. Note: 
D = 2A.
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Fig. 3.7 Influence of edge boundary conditions on buckling strength of ellipsoidal 
domes. Results are normalised by the reference hemisphere, R/tH = 50, for which 
pH = 11.01 MPa.

Fig. 3.8a Imperfection sensitivity of an A/B = 0.5 ellipsoidal dome to eigenshape 
imperfections. The dome is more sensitive to mixed mode imperfections. Pbifperf = 
4.17 MPa (n = 9).
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Fig. 3.8b Imperfection sensitivity of a fully clamped hemisphere to eigenshape 
imperfections. The dome is more sensitive to mixed mode imperfections, but less 
sensitive than an equivalent elliptical dome. pconperf = 11.01 MPa.

0 O'-------------1------------ 1------------ 1------------ J------------ !-►
0.0 0?2 QA 0.6 0L8 iTcr

Fig. 3.9 Sensitivity of a fully clamped hemisphere to a locally thin patch of the 
shell wall.

1 0 0



Chapter 3 - Buckling of Ellipsoids

Fig. 3.11 Domes E3 and E3a (A/B = 0.65) in as machined state.
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Fig. 3.12 Domes E2 and E2a (A/B = 0.8) in as machined state.

G-Clamps Ball-Bearing Bar

Linear
Gauge

Display
Unit

X-Y Table

Flat Plate

Fig. 3.13 Equipment used for measuring shell wall thickness.
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A area of decreased th ickn ess  

/\ position of three-point ch u ck

Fig. 3.14a Thickness contours for dome El as viewed from above. Darker areas
are thinner -  note the three areas of thinner material at the base the dome.
Contours are normalised by average thickness for dome El.
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area of decreased th ickn e ss  

position of three-point ch u ck

Fig. 3.14b Thickness contours for dome E2 as viewed from above. Darker areas
are thinner -  note the three areas of thinner material at the base the dome.
Contours are normalised by average thickness for dome E2.
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area of decreased th ickn ess  

A position of three-point ch uck

Fig. 3.14c Thickness contours for dome E3 as viewed from above. Darker areas
are thinner -  note the three areas of thinner material at the base the dome.
Contours are normalised by average thickness for dome E3.
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X-Y Table

Display 
Unit

Dome E1

Height Linear

Flat Plate Toolmaker's
Clamps G-Clamps

Fig. 3.15 Equipment used for measuring meridional profile.

Fig. 3.16 Plot of coordinates of outside surface of north meridian, dome El.
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Fig. 3.17 Assembly of baseplate and steel domes, (a) Schematic showing oil inlet 
and outlet and position of O-ring. (b) Photograph of Dome E2 attached to

basplate.

(a) (b)
Fig. 3.18 Dome assembly, (a) Schematic showing internal oil escaping via copper 

spiral, (b) Photograph of Dome E3 suspended above pressure chamber.
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(C)
Fig. 3.19 Preparation for testing of domes, (a) Lower lid of pressure tank into 
closed position, (b) Drain excess oil from inside tank, (c) Lock lid closed using 
locking ring.

Plastic skip

Scales

Fig. 3.20 Preparation for testing of domes. Position scales and plastic skip to 
record mass of oil expelled from dome during test.
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(C)

Fig. 3.21 Preparation for testing of domes, (a) Pressure transducer with 
maximum operating pressure of 69.0 MPa. (b) Bruel and Kjaer (B&K) strain 
indicator, (c) Enerpac hand pump.
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Fig. 3.22 Schematic of set up for testing domes.

E1 E1a E3 E3a E2 E2a

Fig. 3.23 Nominally identical pairs of domes El, El a (A / B = 0.5) E3, E3a (A / B 
= 0.65) and E2, E2a (A / B = 0.8) after testing.
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Fig. 3.24a View of collapsed dome El from above with corresponding plot of wall
thickness. Failure occurs in an area of decreased shell wall thickness (darker
patches). Contours are normalised by average thickness of dome El.
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Fig. 3.24b View of collapsed dome E2 from above with corresponding plot of wall
thickness. Failure occurs in an area of decreased shell wall thickness (darker
patches). Contours are normalised by average thickness of dome E2.
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Fig. 3.24c View of collapsed dome E3 from above with corresponding plot of wall
thickness. Failure occurs in an area of decreased shell wall thickness (darker
patches). Contours are normalised by average thickness of dome E3.
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(a)

Fig. 3.25 (a) Oil expelled during testing of domes El, Ela, E3, E3a. (b) Oil 
expelled during testing of domes E2, E2a.
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(a)

inside
surface

£ pleff=4,43 %

(c)

apex

mid-surface

outside
surface

plastic
hinge

base

Fig. 3.26 BOSOR5 analysis of dome E2a. (a) Undeformed profile, (b) 
Prebuckling shape, (b) Buckling mode, n = 10. (d) Plasticity just prior to 
buckling.
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Fig. 3.27 Load -  apex deflection path of dome E2a for both buckling and collapse 
analyses. Note the apex recovery prior to collapse.

Fig. 3.28 Pressure versus apex deflection for El (from ABAQUS S9R5). Also 
plotted is the load deflection curve for average thickness from BOSOR5 and 
ABAQUS.
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(a) (b)
Fig. 3.29 Buckling mode of dome El (A/B = 0.5) with variable thickness. 
Instability is local and at the base of the shell (Fig. 18(a) -  Side view, Fig. 18(b) -  
top view).

K,
1.6

1.2

0.8

0.4

0.0£

proposed current/allowed

A/B 0.3 0.4 0.5 0.6 0.7 0.8 0.9
_K fi_ 1.51 1.10 0.90 0.74 0.66 0.59 0.54

A/
/B

0.0 1.0 2.0 3.0

Fig. 3.30 Factor Ko proposed for determining equivalent radius of prolate 
ellipsoidal domes. Also shown are the current factors used for oblate domes.
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Fig. 3.31 Proposed radius used for calculation of pressure resistance of prolate
ellipsoidal domes in PD5500.

Fig. 3.32 Current allowed ellipsoids (right of hemisphere) and suggested 
inclusion of prolate domes (left of hemisphere). All domes have the same mass. 
Points ‘a’, ‘b% and ‘c’ are experimental points (two tests per point).
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A / B t
(mm) t/tH

0.5 1.17 0.59
0.7 1.54 0.77
1.0 2.00 1.00
1.2 2.24 1.12
1.6 2.62 1.31
2.0 2.90 1.45
3.0 3.31 1.66

Table 3.1 Sample of thicknesses used in calculated failure loads of ellipsoidal
domes, all shells have the same mass.

Nominal (mm)
t Di h

El 1.18 198.82 200.59
Ela 1.18 198.82 200.59
E2 1.71 196.82 124.94
E2a 1.71 196.82 124.94
E3 1.46 198.54 154.57
E3a 1.46 198.54 154.57

Table 3.2 Nominal dimensions of tested ellipsoidal domes.

Measured (mm)
tmin tmax tave D , h

El 1.14 1.50 1.28 198.79 200.84
Ela 1.12 1.38 1.20 198.78 201.10
E2 1.66 1.77 1.71 196.75 125.12
E2a 1.70 1.83 1.76 196.77 125.18
E3 1.35 1.49 1.40 198.51 154.80
E3a 1.26 1.50 1.39 198.56 154.70

Table 3.3 Measured dimensions of tested ellipsoidal domes.
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point error point error
1 1.000 13 1.008
2 1.000 14 1.009
3 1.001 15 1.009
4 1.002 16 1.004
5 1.003 17 1.004
6 1.004 18 1.004
7 1.004 19 1.005
8 1.006 20 1.006
9 1.006 21 1.003
10 1.006 22 1.001
11 1.007 23 1.003
12 1.008 24 1.004

25 1.000
Table 3.4 Sample of deviation in shape o 
Errors are less than one percent.

' CNC machined dome El (A/B = 0.5).

Pbif (B(

[M
)SO R 5 )

Pal
Pbif (A B A Q U S)

[MPal
Pexp

[MPa]
Ptmin Ptave Pbif Per

El 3.99 (0.95) 4.59(1.09) 4.16(0.99) 4.21
Ela 3.96 (0.97) 4.27(1.05) 4.00 (0.98) 4.07
E2 7.66 (0.97) 7.93 (1.01) 7.69 (0.98) 7.86
E2a 7.84 (0.99) 8.13 (1.03) 7.85 (0.99) 7.93
E3 5.36(1.01) 5.59(1.06) 5.42 (1.02) 5.31
E3a 4.99 (0.97) 5.56(1.08) 5.15 (1.00) 5.14

Table 3.5 Experimental and numerical buckling pressures of prolate ellipsoidal 
domes. Values in parentheses are normalised by the experimental critical 
pressure. (Note: ABAQUS solutions use S9R5 elements and individually 
specified nodal thickness based on measured data).

A/B 1.0 1.2 1.4 1.8 2.0 2.4 3.0
Ko 0.50 0.57 0.65 0.81 0.90 1.08 1.36

Table 3.6 Current factors Ko used for oblate domes.
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Chapter 4 Optimisation of Shell Components

C h a p t e r  4

OPTIMISATION OF SHELL COMPONENTS

4.1 Introduction
In this Chapter, Tabu Search is used in conjunction with the structural analysis code 

BOSOR5 to find optimal geometries of externally pressurised shells. Firstly, a 

dynamic Tabu Search method is used to optimise a class of domed ends, and then a 

static Tabu Search method is used to optimise bowed out cylinders. The merits of 

each method are discussed. There are several motivating factors for optimising these 

particular structures. Optimal configurations of domes allow for the most efficient use 

of material, which is a primary concern for lightweight aerospace structures. Barrelled 

shells have a larger internal volume and therefore have more buoyancy, whilst also 

having increased pressure resistance, making barrels useful components for 

submersible vehicles.

4.2 Domed ends - Problem Formulation
Domed ends are useful structural components which are light-weight, have an 

enclosed volume, and can withstand external pressure. Typical applications for domes 

are found in the aerospace and submersible industry, where they can be used to close 

the forward ends of submarines. The profile of a dome has a profound effect on its 

ability to withstand external pressure.
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In this study the highest buckling load is to be found within a range of geometries of 

generalised ellipsoidal domes loaded by external pressure. Generalised ellipsoids are a 

variation of standard ellipsoids in that the exponents used to size the dome are 

variables, i.e.

For a given dome geometry A and B one has a two dimensional design space of 

variables vj and V2. In this study the variables vj and v2 are real numbers and do not 

have to have the same value. As Vi and v2 are decreased the dome becomes conical, as 

vi and v2 are increased, the dome tends towards a closed cylinder (See Fig. 4.1a).

The boundary conditions at the base of the dome were set to fully clamped. Material 

taken for ellipsoids is to be ealstic -  perfectly plastic mild steel with properties given 

in Appendix B. A hemisphere of these material properties, boundary conditions, and 

thickness ratio D/tn = 100 has a failure pressure of pn = 11.01 MPa. Mode of failure 

for this shell is axisymmetric collapse occurring at the base of the shell. This 

hemisphere (hereon termed the reference hemisphere) is to be the benchmark for 

assessing the pressure resistance of generalised ellipsoids. The condition of constant 

mass is to be imposed on all shells, meaning that thickness of the ellipses is 

determined from its shape.

The modes of failure considered here are bifurcation buckling and axisymmetric 

collapse, corresponding to pbif, and pcon respectively. The lower of these two failure 

loads is taken to be the critical failure load, pcr.

The optimisation problem can be formally expressed as:

1 (4.1)

Pop, ( V* )  =  m a x  Per ( v . >V2 >V3 ) (4.2)

- subject to lower and upper bounds on design variables:

1.5 < v, < 2.5, 1.5 <v2 <2.5, 0.3<v3 <4.0 (4.3)
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- and subject to the following constraint:

mshell (4.4)

where:

v* = (v,*,v2*,v3*) (4.5)

Also, it was assumed that m Sheii = surface area x wall thickness x density, with surface 

area calculated by integrating numerically. This condition means that taller, prolate 

shells will have a thinner wall due to their larger surface area. Conversely, shallow, 

oblate domes will be thicker than the reference hemisphere. In all cases, the shell wall 

thickness is kept constant as one moves along the meridian. Equation (4.3) gives rise 

to the feasible configurations shown in Fig. 4.1b

4.2.1 Numerical Results -  Dynamic Tabu Search
The dynamic Tabu Search method described in Chapter 2 was employed to determine 

values of Vi and V2 which give the maximum pressure resistance of ellipsoidal domed 

ends. The results of the Tabu Search are shown in Fig. 4.2. Also shown in Fig. 4.2 are 

the failure pressures for standard ellipsoids (i.e., Vi = v2 = 2.0) of the same material, 

boundary conditions and mass. The optimum shell corresponds to point ‘a’ in Fig. 4.2 

and has geometry of v* = (1.929, 1.580, 1.4). The optimal dome is 20% stronger than 

the reference hemisphere, and has a failure pressure of pmax -  12.84 MPa, mode of 

failure is axisymmetric collapse.

The values of Vi and v2 which give the optimised generalised ellipsoids for fixed 

values of V3 are shown in Fig. 4.3. It is seen that for prolate domes, the values of vj 

and v2 are similar. At the transition from prolate to oblate there is a jump in values of 

Vi and v2.
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Fig. 4.4 shows a plot of the initial profile of the optimum dome, and the shape of the 

dome just prior to collapse. The optimised generalised ellipsoidal dome is behaving in 

a largely membrane fashion, i.e., the majority of the shell wall is in compression and 

there is very little bending taking place. The associated reduction in bending stresses 

is the reason for the dome’s high pressure resistance. The response of the structure to 

external, incremental pressure loading is shown in Fig. 4.5 where apex deflection, u, 

is plotted against pressure. It is seen that the dome responds in a linear manner. Also 

shown is the load to first cause plastic straining, Pyp. Plasticity first occurs on the 

outside of the shell wall, at the base of the dome. The insert in Fig. 4.5 shows a plot of 

the amount of plasticity in the shell wall just prior to collapse. A plastic hinge has 

formed over much of the shell wall, but not at the base.

In order to assess whether the search had become trapped in any local optima, and 

before progressing to experimental validation, the cost function was exhaustively 

evaluated for a single dome height corresponding to V3 = A/B = 1.4. The results are 

shown in Fig. 4.6a, which is a contour plot of pressure resistance (lighter areas are 

stronger, and darker areas are weaker). The optimum dome evaluated using the Tabu 

Search method has been marked with an asterisk and labelled popt. It is seen that the 

cost function is smooth, with no discontinuities. There are no local minima, and there 

is only a single maximum, which was found by the adaptive search. Figure 4.6b is a 

section through the cost function for V] = 2.25, which shows the non-convexity of the 

cost function.

4.2.2 Imperfection Sensitivity of Optimum Configuration
The optimum dome, i.e., point ‘a’ in Fig. 4.2, was assessed for its sensitivity to initial 

geometric imperfections of eigenmode shape. To compute the sensitivity of the dome, 

a 3D ABAQUS mesh was constructed.

The mesh consisted of 200 circumferential, and 59 meridional S9R5 elements. The 

pole was capped with STRI65 triangular elements. This density of meshing was used 

in order to accommodate a range of circumferential wave numbers.
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Despite the optimum dome failing by collapse, eigenmodes can be extracted from an 

elastic bifurcation analysis. A range of eigenmodes corresponding to 4 < n <8  was 

extracted from an ABAQUS elastic analysis and the shapes superimposed on the 

perfect mesh individually. The imperfection sensitivity curves for the different mode 

shapes interact to form a lower bound of sensitivity. It is shown in Fig. 4.7 that the 

failure pressure of the dome is reduced by approximately 50% at an amplitude of two 

wall thicknesses for each of the modes considered.

For useful comparison to be made, also shown in Fig. 4.7 is the imperfection 

sensitivity of a standard ellipsoid of the same height and mass. This dome corresponds 

to point ‘b’ in Fig. 4.2. The failure pressure of the perfect dome is pbif = 9.87 MPa, 

mode of failure being axisymmetric bifurcation, i.e., n = 0 (see insert in Fig. 4.7). This 

shape was used as the imperfection shape and was superimposed on the perfect mesh. 

When comparing a standard ellipsoid and an optimised generalised ellipsoid it is seen 

in Fig. 4.7 that the optimal dome is more sensitive to eigenmode imperfections than 

an equivalent standard ellipsoid.

4.2.3 Experimentation 

4.2.3a Manufacture of Domes
To confirm numerical results obtained, four geometries of dome were CNC machined 

from a mild steel billet (global optimum plus three further geometries). The 

geometries of dome which were machined correspond to points a, b, c, and d in Fig. 

4.2, and their nominal dimensions are listed in Table 4.1. All ellipsoids had the same 

mass. Domes were machined in pairs (i.e., al and a2 etc), in order to demonstrate 

repeatability of the experiment and also act as a safeguard should one of the pair be 

damaged, e.g., during manufacture.

The machining procedure was to firstly machine a rough cut, then stress relieve, and 

lastly do the final machining. The domes were machined with integral flanges in order 

to attach them to a baseplate for testing, and also to give the required boundary 

conditions at the base of the dome, i.e., no radial movement or rotation. Fig. 4.8 

shows two domes which were machined, Fig. 4.8a is a dome corresponding to point 

‘a’ in Fig. 4.2 (i.e., the global optimum), Fig 4.8b is a dome corresponding to point ‘b’ 

in Fig. 4.2 (standard ellipsoid of same height and mass as optimum dome).
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4.2.3b Measurement of Domes
Before testing, domes were carefully measured for any variations in shape and 

thickness, the same technique was used as in Chapter 3. Measuring points were 

marked on the domes at 10mm intervals on 16 meridians. It has transpired that the 

thickness of the domes was not uniform. On all domes there are three areas of 

increased thickness and three areas of decreased thickness at the base. The reason for 

this uneven distribution of thickness is the three point chuck used to secure the dome 

while machining. A circular insert was made to fit inside the flange during machining. 

It can be assumed that the insert was not stiff enough, or of good enough fit, to 

prevent radial deformation induced by the chuck. Also note the reduced tmjn for c2 

(marked with (+) in Table 4.1), this was caused by the apex of the dome being 

accidentally machined flat. The effect the ‘flat top’ has on pressure resistance is 

discussed later. Measurements showed that the error in shape was less than one 

percent for all the measured points, Ref. [142].

4.2.3c Experimental Results
The domes were pressurised to failure in a 35 MPa chamber which uses hydraulic oil 

as the pressurising medium. Details about the test procedure can be found in Chapter

3. Failure of the generalised ellipsoids was a sudden occurrence and occurred ‘off- 

centre’ -  see Fig. 4.9 The effects of the variation in wall thickness is shown in Fig.

4.10 where contour plots of al and a2 are shown next to a view of the failure mode 

from above. It is evident here that failure is occurring in an area of decreased wall 

thickness.
The standard ellipsoids (‘b’ and ‘d’ in Fig. 4.2) failed suddenly at the apex (Fig. 4.11), 

despite having uneven thickness distribution around the base of the domes.
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4.2.3d Analysis of Measured Geometries
The experimental failure pressures of all the domes tested are listed in Table 4.2. Also 

given are numerical predictions made using BOSOR5, based on minimum thickness 

and average thickness. The numerical results have been normalised by the 

experimental pressures and are shown in parentheses. The numerical predictions are 

all within eight percent of the experimental values except for dome c2. This was the 

dome with the slight manufacturing defect at the apex. Predictions based on the 

minimum thickness at the defect are 14% lower than experimental, while average 

thickness calculations yielded much better correlation. In effect, the dome was 

insensitive to a slight thinning of the shell wall at the apex.

The change in internal volume for the optimal dome has been plotted in Fig. 4.12 

where a linear response is seen. The BOSOR5 prediction of change in internal volume 

shows very good agreement for failure pressure but a slight disagreement for amount 

of oil expelled.

4.3 Bowed Out Cylinders - Problem Formulation
The second structural component which is optimised in this Chapter is the bowed out 

cylinder. It is known from previous studies, e.g., [40], that increases in pressure 

resistance of up to 40% are possible, when considering a single circular arc to model 

the meridian of the barrel. This Section explores the scope for optimisation of a 

barrelled shell using multiple circular arcs. As with domes, the optimisation tool is 

Tabu Search. The Tabu Search methodology employed here is static Tabu Search (see 

Chapter 2 for an explanation of static Tabu Search).

Consider a cylindrical shell of radius Ro, length L0, and wall thickness t0, which is 

subjected to external hydrostatic pressure, p - see Fig. 4.13a. This shell is to be called 

a reference configuration and the aim is to substitute the cylindrical shell by a mass 

equivalent shell having the same top and bottom radii, Ro, and which is made from 

2(N-1) segments - see Fig. 4.13b. It is also assumed that the bowed out shell remains 

symmetrical with respect to its half-length. Each segment is to be modelled by a 

circular arc and the equivalent shell will have constant wall thickness, t, which is to be 

evaluated from the condition of the same mass as that of the reference cylinder.

It is seen from Fig. 4.14 that a single circular arc spanning nodes ‘i-1’ and ‘i’ has 

radius tm, and the following two equations can be written for nodes ‘i-1 ’ and ‘i’, i.e.:
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(XM -x°i.i)2 +(yM -y°i-i)2 = r2i-i (4.6)
(Xj- x°i)2 + (Yi -y°i)2 = r2i-i (4.7)

Let us assume that vertical co-ordinates for all nodes are known, i.e., the vector (yi = 

Lo/2, y2, yi, yn, Y2n-i = -Lo/2) is known. Given that both coordinates of the 

point ‘i-1’ are known, and also that the vertical coordinate of the point ‘i’ is known 

(i.e., (Xj-i, yi_i) and y\ are all known), one can evaluate the unknown Xj - coordinate, 

from Eqs (4.6) and (4.7), as follows:

x , J rly ~(y, - y 0, ) 2 (4.8)

where;

r2i-i =(xw - x°i-i)2 +(yM - y°i-i)2 (4.9)

This completes calculation of geometry of segment number, ‘i-1’. Geometry of the 

next segment, i.e., segment number ‘i’ can now be found in a similar manner.

It is clear that the position of the centre of curvature remains a free design variable for 

each segment. There are therefore (N-l)-pairs of co-ordinates (x°,y°i) to serve as 

design variables. From geometrical considerations not all positions of (x°j,y°) are 

admissible. The point, (x°j,y°j), must be on the left side of a line, y = ax + b, i.e., a line 

passing through points (x°j.i,y°j.i) and (Xj,yj). This is in order to avoid the situation 

shown in Fig. 4.14a. Figure 4.14b shows ‘a correct’ positioning of the centre of 

curvature, (x°i,y°j) for segment ‘i’. Coefficients ‘a’ and ‘b’ are given by:

a - y i ■yi/-I .
5 b = yUxi -ytf-1 (4.10)

A sample of barrelled geometries is shown in Fig. 4.15 for the case of four segments.
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In all the pertaining structural analyses, the boundary conditions are applied at the top 

and bottom openings and the only non-zero boundary condition is the axial movement 

of the shell’s top and bottom edges. All other quantities are set to zero, i.e., radial and 

circumferential deflections as well as end-rotation.

The two principal modes of failure for hydrostatically loaded cylinders and barrels are 

bifurcation buckling and axisymmetric collapse. The resulting cost function for static 

stability of barrelled shells is therefore dependant on both the bifurcation and collapse 

pressures, pbif, and pcon respectively. The maximum of the cost function, pmax, is 

sought. This is expressed formally as:

P m  = max{min(iV, Pcoll )} (4.11)

subject to lower and upper bounds on design variables (xj°,yj°) for i = 1, ...., N-l, and 

subject to the following constraints:

• on placement of circular arc centres:

Xi°<(yi°-b)/a, i = 2, . . . ,N-l (4.12)

where constants ‘a’ and ‘b’ are given by Eq. (4.10);

• on constant mass:

^barrel — ^cylinder ( 4 - 1 3 )

The mass of a cylinder is known once Ro/t0 and WRo are given. Once the meridional 

shape of the multi-segment configuration is calculated, then equation (4.13) can be 

solved for the unknown wall thickness, t. This removes the equality constraint (4.13) 

and leaves the optimisation subject to the bounds on the design variables, and also 

subject to the inequality constraints on the placement of centres of curvature.
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4.3.1 Numerical Results -  Static Tabu Search
Optimisation has been carried out using a static Tabu Search method as outlined in 

Chapter 2. The admissible domain for each centre of curvature represents R 2 mapping. 

Hence a regular, 2D, grid has been adopted. A separate 2D grid was used for each 

circular arc and they were stacked in ‘a nose-to-taiT fashion - as sketched in Fig. 4.16. 

Elastic -  Perfectly plastic mild steel was assumed for material of shells and its 

properties are provided in Appendix B. The neighbourhood was modelled by five 

sequential and orthogonal moves with a constant neighbourhood size, NS = 21. After 

exploring a neighbourhood, the next iteration search followed with a random move 

given by Eq. (2.9 in Chapter 2). Constant sized steps of magnitude 15 were used in all 

searches, i.e. stepi = step2 = 15. The Tabu Tenure was set to TT = 20. No monitoring 

of cycling was employed and the best solution after 500 iterations was deemed as 

optimal. The reference cylinder’s geometry was set as follows: Ro/t0 = 30, Lq/Ro =1.0 

and solutions were sought for N = 3, 4 and 7. Various, random vertical distribution of 

segments’ lengths was tried for each value of N. All discretisations led to a solution 

represented by a single circular arc shell. Table 4.3 contains details about the optimal 

solution. It is seen that the ratio pmax/pcyi = 1-43 for ( x ° /R o ,  y7Ro)opt = (0.1746, 0.0).

4.3.2 Experimentation 

4.3.2a Manufacture of Barrels
As a result of the above calculations two, nominally identical, shells with optimally 

shaped meridian were CNC-machined from a thick mild steel tube.

After rough machining, the blanks were stress relieved at 600 °C for two hours and 

there has been no stress relieving after final machining (Appendix D contains contact 

details for the heat treatment firm). Top and bottom flanges were machined as integral 

part of the shells and Table 4.4 provides details about their optimal/nominal geometry 

and the corresponding, experimentally measured values. Detailed decsciption of 

manufacture of barrelled shells is provided in Chapter 5.
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4.3.2b Measurement of Barrels
Pre-test measurements have confirmed that the geometry of these CNC-machined 

models were near-perfect (see Table. 4.4). Further details about the measurements and 

tests can be found in Ref. [40]. It should be noted that model Bla contained a small 

manufacturing defect. A groove had been accidentally machined at the junction 

between the top flange and the shell wall, resulting in a decreased wall thickness in 

this area.

4.3.2c Experimental Results
Both shells were tested up to failure under a single, quasi-static incremental 

pressurisation as per the test method described in Chapter 3. Failure of both test 

barrels was a sudden occurrence, accompanied by a large outflow of oil from the 

barrels. The experimental collapse pressures are given in Table 4.5. Models B1 and 

Bla are shown after testing in Fig. 4.17, where it is seen that both shells failed with a 

single inwards lobe.

4.3.2d Analysis of Measured Geometries
BOSOR5 Computations are based on measured mid-surface modelling of barrel 

geometry, and on elastic perfectly-plastic modelling of steel (see Appendix B and Ref. 

[39] for details on material data). Collapse loads based on values of the lower yield 

stress, a ' yp = 329.4 MPa, and upper yield stress, oUyp = 344.0 MPa, average, tav, 

minimum, t min, and maximum, t max, wall thickness are given in Table 4.5. The 

minimum wall thickness for B1 a was taken at the damaged top edge (1.70 mm).

Also, measurements have shown a small meridional variation in the wall thickness of 

B1 and Bla. However, the magnitude of numerically computed collapse pressures for 

B1 and Bla was not affected when ‘a variable wall thickness’ profile was used instead 

of constant wall thickness distribution. All numerical predictions for B1 are below the 

experimental collapse pressure. The ratio of p tavnum/Pexpt, is 0.92 (based on the upper 

yield).
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Numerical results obtained in Ref. [37] indicate that a deep groove at one of the edges 

(Bla in this case), should not affect the collapse strength, as long as there is no 

significant radial displacement at the edge. The collapsed shape of Bla is ‘axially- 

symmetric’, and it does not show any gross radial displacement along the damaged 

end. This suggests that the asterisked solutions in Table 4.5 should be viewed as 

pessimistic and that they should not be considered. If so, then the ratio of pta nurr/Pexpb 

for Bla is 0.97. At the same time, the experimental collapse pressure is bracketed by 

collapse pressures associated with the overall average and maximum wall thickness.

4.4 Conclusions
Structural optimisation of pressure vessel components subject to buckling constraints 

poses a multi-faceted challenge. At the structural analysis level, significant insight is 

needed into the effects of, for example, initial geometric imperfections, non-linear 

pre-loading, boundary conditions, and follower-type loading, on the mode and 

magnitude of failure. At the optimisation level, there is usually very little knowledge 

about the nature of design space. For the two cases discussed in this Chapter the 

design space proved to be non-convex. In situations like these the use of a zero-order 

approach appears to be a very efficient approach. A reliable re-analysis tool could be 

adopted (usually with a substantial number of man-years of development and quality 

assurances).
The current Chapter illustrates how this approach provided results for components 

with complicated buckling behaviour. Experimental results confirmed numerical 

predictions for both cases.

Two Tabu Search methods have been tried and both worked well. A two dimensional 

adaptive search method has been implemented to optimise a class of externally 

pressurised domes. The search was able to detect and escape from cycles. This 

diversification strategy was used in conjunction with a reactive criterion for moving 

away from local minima. Also, a stopping criterion based on rate of convergence was 

implemented. These features enhance the static search and they are not difficult to 

implement.
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4.5 Figures and Tables

Fig. 4.1 Geometry and notation of (a) generalised ellipsoidal dome, (b) upper and 
lower bounds of generalised ellipsoidal design space.

Fig. 4.2 Failure pressures of generalised ellipsoids. Also shown is the failure 
pressures of standard ellipsoids (vi = V2= 2). Note global optimum at point ‘a’.
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Fig. 4.3 Values of Vi and v2 which correspond to optimum profiles of generalised 
ellipsoids.
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Fig. 4.5 Apex deflection of optimised ellipsoid. Also shown is plasticity present in 
shell wall just prior to collapse (pyp = first yield pressure).

Fig. 4.6 (a) Contour plot of cost function for generalised ellipsoid of height A/B = 
1.4, x is the optimum configuration found, (b) Section through vj = 2.25 
illustrating non-convexity of the cost function.
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Fig. 4.7 Imperfection sensitivity of optimised generalised ellipsoid and equivalent 
standard ellipsoid to eigenmode imperfections. Inserts show generalised ellipsoid 
buckling mode (n = 7), and standard ellipsoid buckling mode (n = 0).

(a) (b)
Fig. 4.8 Two domes manufactured for testing (a) corresponds to optimum 
geometry - point ‘a’ in Fig. 4.2, (b) corresponds to point ‘b’ in Fig. 4.2.
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Fig. 4.9 Generalised ellipsoidal domes (a) A / B = 1.4 (optimal) and (b) A / B = 
3.2 after testing.
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Fig. 4.10 Thickness distribution and failure mode of optimised generalised 
ellipsoidal domes -  failure occurs in an area of decreased thickness.
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(b)
Fig. 4.11 Standard ellipsoids (a) A / B = 1.4 and (b) A / B = 3.2 after testing.

Fig. 4.12 Experimental and numerical volume change of ellipsoid during 
pressurisation.
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Fig. 4.13 Geometries of (a) reference cylinder and (b) equivalent multi-segment 
bowed out shell.

Fig. 4.14 Arrangements for connectivity of two adjacent segments. Note that the 
centre, (x°, y"), needs to be placed to the left of y = ax + b (Fig. 4.14b).
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(a) (b)
Fig. 4.15 Illustration of four-segment barrels without, and with, slope continuity 
at segments’ junctions.
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Arc 1 Arc 2

Fig. 4.16 Illustration o f‘a design grid’ for (N-l)-segments (half-length).

Fig. 4.17 View of two, nominally identical and optimally bowed out shells after 
tests.
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Nominal (mm) Measured (mm)
t Dj h Vl v2 tmin tmax tave Di h

‘a(*)’ al 2.60 197.40 72.73 1.9286 1.5794 2.51 2.67 2.59 197.44 72.96
a2 2.60 197.40 72.73 1.9286 1.5794 2.51 2.67 2.58 197.40 72.84

V cl 3.51 196.49 33.01 1.8016 1.5794 3.26 3.48 3.38 196.50 33.32
c2 3.51 196.49 33.01 1.8016 1.5794 2.96(+) 3.56 3.37 196.50 32.78

‘b’ bl 2.45 197.55 72.65 2.0 2.0 2.32 2.50 2.42 197.54 72.84
b2 2.45 197.55 72.65 2.0 2.0 2.31 2.50 2.38 197.55 72.86

‘d’ dl 3.37 196.63 32.93 2.0 2.0 3.21 3.38 3.27 196.64 33.12
d2 3.37 196.63 32.93 2.0 2.0 3.18 3.37 3.25 196.63 33.14

Table 4.1 Nominal and measured dimensions of experimental domes. Note: a( ] =  

global optimum.

Exp. B O S O R 5

Pexp
(MPa)

P t min
(MPa)

P t ave
(MPa)

‘a’ al 1 3 . 2 4 1 2 . 4 4  ( 0 . 9 4 ) 1 2 . 8 8  ( 0 . 9 7 )

a2 1 3 . 4 6 1 2 . 4 8  0 . 9 3 ) 1 2 . 9 0  ( 0 . 9 6 )

V cl 7 . 9 8 7 . 9 9 ( 1 . 0 0 ) 8 . 1 8 ( 1 . 0 3 )

c2 8 . 1 4 7 . 0 2  ( 0 . 8 6 ) 7 . 9 8  ( 0 . 9 8 )

‘b’ bl 10.21 9 .4 1  ( 0 . 9 2 ) 9 . 7 7  ( 0 . 9 6 )

b2 1 0 . 1 4 9 . 3 3  ( 0 . 9 2 ) 9 . 6 9  ( 0 . 9 6 )

‘d’ dl 5 . 0 7 5 . 3 3  ( 1 . 0 5 ) 5 . 4 7 ( 1 . 0 8 )

d2 5 . 0 7 5 . 2 6 ( 1 . 0 4 ) 5 . 3 9 ( 1 . 0 6 )

Table 4.2 Experimental and numerical values of buckling loads of CNC 
machined mild steel domes (numerical values are normalised by experimental 
values and given in parentheses). Case ‘a’ corresponds to global optimum.
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L 0/R o R o /to t / to A / L 0 p (MPa)
Reference cylinder 1.0 30.0 1.0 0.0 12.40(7)

Optimal barrel 1.0 — 0.8706 0.1396 17.80(c)
Table 4.3 Details about a reference cylinder (Ro/t0 = 30.0 and L0/Ro = 1.0), and 
the corresponding optimal solution. Note: (7) = number of waves at bifurcation; 
(c) = collapse

Nominal (mm) Experimental (mm)
L0 R o t A r U R o t A r

B1 100.0 100.0 2.902 13.96 96.50 100.06 99.99 2.923 13.62 96.214
Bla 100.0 100.0 2.902 13.96 96.50 100.47 99.99 2.919 13.62 96.219
Table 4.4 Comparison of nominal and measured geometry of two optimal CNC 
machined barrels.

Numerical Collapse Pressures (MPa) Expt tav

Lower Yie d Upper Yie d r '  num

Model P (tav ) P(tm in) P(tm ax) P (tav ) p (tm in ) P(tm ax) (MPa) P e x p t

B1 17.95 17.70 18.55 18.70 18.35 19.20 20.28 0.92
Bla 17.90 10.28(+) 19.54 18.60 10.68(’} 20.30 19.24 0.97

Table 4.5 Comparison of calculated and experimental collapse pressures for 
optimally shaped barrel. ( ) s  based on wall thickness at the groove; p(tav) = 
collapse pressure calculated for the overall average wall thickness.
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C h a p t e r  5

SEGMENTED PRESSURE VESSELS

5.1 Introduction
As a result of studies carried out into segmented shells such as [143], it is clear that a 

segmented vessel may offer superior characteristics such as pressure resistance, ease 

of manufacture/assembly etc. over an equivalent plain and unstiffened shell. It is also 

apparent that a segmented vessel may have some inherent disadvantages over an 

equivalent shell, such as leakage at junctions. This Chapter is a detailed numerical and 

experimental study of a segmented shell component which was first optimised in 

Chapter 4. Numerical calculations are made using BOSOR5 and ABAQUS, and are 

verified by conducting a series of tests on laboratory models.

Consider the cylinder subjected to external hydrostatic pressure shown in Fig. 5.1a. It 

was shown in Chapter 4 that by bowing out the walls to form a barrel (Fig. 5.1b) it is 

possible to increase the load carrying capacity of the shell by up to 40%. This chapter 

examines the concept of a modular, segmented pressure hull, composed of a number 

of barrels connected axially.

The geometry of the barrels to be used in the segmented pressure vessel corresponds 

to the optimal barrel geometry established in Chapter 4. It is known from [39] that this 

geometry of barrel is sensitive to variations in edge boundary conditions. Therefore, 

careful consideration of the junction between barrels is required.
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The barrel segments are connected by bolted radial flanges on the outside of the shell. 

This design of assembly facilitates easy removal of a single barrel segment for 

example, during maintenance or repair. The concept allows for an infinite number of 

barrels to be joined, thus forming a stiffened pipe.

Firstly, two barrels joined by a flange are considered (see Fig. 5.2). The study is then 

extended to cover four barrels forming the segmented pressure hull. The efficiency of 

the pressure hull is evaluated by considering a cylinder of the same length and mass 

of the segmented hull. The investigation then is extended to include pressure hulls 

constructed from an arbitrary number of barrels, up to 16 in total.

Elastic-perfectly plastic material properties used are the same as for the bowed out 

cylinders in Chapter 4, see Table Bl, in Appendix B. The material properties 

correspond to those of the billet from which experimental models were made, and the 

yield stress corresponds to the lower yield of the material.

5.2 Modelling Details
Analysis of the pressure hull is made using BOSOR5 and ABAQUS. Description of 

the modelling details for each FE code follows.

5.2.1 BOSOR5 Modelling Details
The barrels were modelled as spherical segments comprising 85 nodes with 5 

integration points through the wall thickness at each node. Flanges were modelled as 

straight plate segments of 50 nodes. The number of integration points was initially 5 

but was increased to 7 then 9 for flange thicknesses above 20mm.

The barrels were connected to the flange with rigid links. The free ends of the 

pressure hull were modelled as per Chapter 4, i.e., no rotation or radial displacement 

was allowed, while axial displacement was free.

To maintain symmetry during the prebuckling phase, the inside edge of the flange was 

constrained in the axial direction, and also constrained for rotation. This boundary 

condition was changed to axially constrained during the buckling phase.
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Barrel walls were loaded with external pressure normal to the shell wall. The pressure 

was modelled as a follower force. Ends of the barrels were loaded by the appropriate 

concentrated load to simulate the pressure caused by the ends of the barrels being 

closed (as per Chapter 4). In BOSOR5 the total end load is applied along the 

circumference of the end of the barrel. The axial, circumferential load is calculated as 

follows, and acts vertically downwards for the top barrel, and vertically upwards for 

the lower barrel.

pjiR2 _ pR 
2 nR 2

(5.1)

Top and bottom surfaces of flanges need not be loaded as the pressure acts in equal 

and opposite direction. The ends of the flanges were loaded with a concentrated load 

equivalent to the pressure loading on the end the flange. As with ends of barrels the 

concentrated load is applied along a circumference. The load, applied radially 

inwards, is:

p  =1 rad

2pn(R + LF)tF 
2 7t(R + LF) (5.2)

5.2.2 ABAQUS Modelling Details
ABAQUS was used as a benchmark for BOSOR5 solutions for several cases.

Barrels connected with no flanges were modelled using non-linear axisymmetric 

SAX2 elements, with each barrel containing 100 elements.

Barrels containing flanges were constructed from the non-linear axisymmetric solid 

element, CAX8. Barrel walls were constructed from 2 x 100 = 200 elements, and the 

flanges were constructed from 16x18 elements in longitudinal and radial directions 

respectively, giving 288 elements per flange. Pressure loading was applied normal to 

all outside surface elements. One important modelling aspect for ABAQUS is that the 

end load caused by the barrels being attached to rigid plates is modelled as a single 

concentrated load, as opposed to the circumferential load applied in BOSOR5.
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5.3 Numerical Results
The following sections give numerical results obtained using ABAQUS and BOSOR5 

for externally pressurised segmented hulls, comprised of a number of barrelled 

segments.

5.3.1 Two Barrel Segments (DB)
In this Chapter, two barrels connected together is given the terminology DB, standing 

for Double Barrel. Firstly, two barrels connected directly with no flange were 

considered (called DBO). When the hull is subjected to hydrostatic pressure loading, 

the junction between the barrels is unable to support the radial pressure, and the 

collapse pressure of the hull is 4.72 MPa. Plasticity in the shell wall is confined to the 

region where the barrels are joined, and the location of the maximum plastic strain is 

at the junction, on the outside surface of the shell wall (see Fig. 5.3).

In order to strengthen the junction between the barrels, a radial flange was introduced. 

The length of the flange was firstly fixed at 26mm. This length of flange was chosen 

as it corresponds to the existing baseplate for experimental testing of barrels 

(discussion of the effect of varying flange length is made later). The thickness of the 

flange was varied in order to investigate the effect on the failure pressure of the 

vessel.

It is seen in Fig. 5.4 that after the introduction of a flange, the failure pressure 

increases in an almost linear manner with increasing flange thickness. This trend 

continues until around tF= 20mm where a ‘cut o ff is reached. This is the thickness of 

flange for which the failure mode will move to the barrel segments, and as such, any 

further increase in the thickness of the flange will result in no further increase in 

failure pressure, hence will be a ‘waste’ of material.
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Two configurations of pressure hull were selected for further analysis, these 

correspond to tp = 10mm (DB1) and tF = 20mm (DB2) and are labelled in Fig. 5.4 

(these two points were to be experimental geometries). Fig. 5.5 shows that for a 

flange thickness of 10mm the failure mode of the hull is axisymmetric bifurcation 

buckling at a pressure of 13.68 MPa. Plasticity in the shell wall just prior to failure is 

still largely confined to the region of the junction, and the flange is fully plastic. The 

location of the maximum effective plastic strain is on the inside of the shell, at the 

junction between barrel and flange. There are small regions of plasticity at the ends of 

the barrels.

Fig. 5.6 shows how for a flange thickness of 20mm the flange can resist radial 

inwards movement, and remains largely elastic. As a result, large plastic strains 

develop in the barrel walls, and failure now occurs away from the flange, near the 

ends of the barrels.

In order to better understand the transition from failure in the junction, to failure in the 

barrel wall, the amount of plasticity present in the barrel wall and flange is plotted as 

a function of flange thickness. The volume of plasticity in the barrel walls was 

calculated by dividing the number of integration points showing a non-zero effective 

plastic strain, by the total number of integration points in the barrel wall. The same 

method was used for the flange. Fig. 5.7 shows how for flanges of tF <17 mm the 

flange is fully plastic, while barrels remain largely elastic. Above tF = 17 mm the 

flange is becoming stronger. By tF > 22 mm the flange remains entirely elastic and 

failure occurs in the barrel walls.

As mentioned previously, the flange dimensions were then varied in both directions, 

and failure pressures were computed using BOSOR5. The ‘cut-off is seen to happen 

for both Lf and tF, see Fig. 5.8. The cut-off now appears as a plateau, the mode of 

failure has now moved to the barrel wall and the failure pressure cannot be further 

increased. Also shown in Fig. 5.8 is the curve from Fig. 5.4, with hulls DBO, DB1 and 

DB2 indicated along the curve.
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These numerical studies have revealed some trends associated with failure of DB 

pressure hulls. The study was therefore extended to cover four barrels forming the 

pressure hull, discussion of which follows.

5.3.2 Four Barrel Segments (FB)
In this Chapter, a hull consisting of four barrels connected is called FB. The 

arrangement for a four barrel pressure hull is shown in Fig. 5.9. Failure pressures of 

the four barrel pressure hull joined by radial flanges were computed using BOSOR5. 

As per the two segment hull, Lf was set to 26mm and the thickness of the flange was 

varied. The trend of failure pressure was the same as for two barrels and is shown in 

Fig. 5.10. The same ‘cut-off is reached, beyond which the failure pressure remains 

steady at approximately 18MPa. Three points in Fig. 5.10 were chosen for detailed 

analysis, corresponding to tF = 0mm, 10mm and 20mm. These are labelled as FB0, 

FBI and FB2 respectively. And the results are shown in Figs 5.11 -  5.13 where it is 

seen that, as was the case for two barrels, the flange is entirely plastic for tF = 10mm, 

and almost entirely elastic for tF = 20mm. Also shown in Figs 5.11 -  5.13 is the 

spread of plasticity in the shells just prior to collapse. Note how large plastic strains 

are developing in the barrel walls of FB2, because the flange is remaining largely 

elastic.

5.3.3 Efficiency of DB and FB Segmented Hulls
The previous two sections assessed the trends in failure loads, and plastic straining for 

DB and FB pressure hulls - it was seen that a ‘cut off exists beyond which failure 

pressure could not be increased. To gain a better understanding of the performance of 

such structures, the structural efficency of DB and FB type pressure hulls was 

evaluated In order to quantify the efficiency of a barrelled, segmented pressure hull, 

failure loads were compared against those of an unstiffened cylinder of the same 

length, mass, and boundary conditions.
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The shells analysed were two, and four barrel segments joined by flanges of radial 

length, Lf = 26mm, and the variable which was altered was the flange thickness, tF. It 

is seen in Fig. 5.14 that the DB and FB pressure hulls are approximately 40% efficient 

when joined directly with no flange, and introducing a flange increases the structural 

efficiency of the shell. The segmented vessel reaches a maximum efficiency of 

approximately 80% for DB and 70% for FB pressure hulls, when compared to an 

equivalent cylinder. This occurs when the flange thickness is approximately, tF = 

17mm. Flanges of thickness larger than 17mm do not produce a higher failure load 

(see Figs 5.4 and 5.10), and as such are more inefficient.

5.3.4 Arbitrary Number of Barrel Segments
The previous sections give an indication of the efficiency of DB and FB pressure hulls 

when compared to equivalent cylinders. It was considered that the typical length to 

radius ratio of a submarine would be approximately 14, and thus the study of 

segmented pressure hulls was extended to include shells comprised of up to 16 

barrels.

Two geometries of segmented shells were considered, those connected directly, and 

those connected by a flange of dimensions LF=26mm, tF=10mm.

Firstly, pressure hulls with no connecting flanges were studied. A single barrel with 

ends restrained radially will fail at a pressure of approximately 18 MPa (as seen in 

Chapter 4). By adding a second barrel to the hull, the failure load is reduced to 4.7 

MPa (see Fig. 5.3). The failure pressures of hulls constructed from three or more 

barrels were computed using BOSOR5 and ABAQUS. It is shown in Fig. 5.15 that 

pressure hulls consisting of three or more barrels all have the same failure load, and 

that adding more and more barrels to the pressure hull has no effect on the failure 

load. The BOSOR5 results returned were identical to those given by ABAQUS 

SAX2.
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By way of comparison, the failure pressures of mass, and length, equivalent cylinders 

were computed using BOSOR5. The mass, and length, equivalent cylinders failed by 

asymmetric bifrurcation buckling and thus ABAQUS axisymmetric analysis was 

unsuitable as only axisymmetric buckling modes are able to be computed. The results 

in Fig. 5.15 show that the equivalent cylinder is stronger than pressure hulls 

constructed from nine or less barrels. For pressure hulls constructed from more than 

nine barrels, the segmented pressure hull is stronger than the equivalent cylinder.

To gain more insight into pressure hulls constructed from large numbers of barrels, 

BOSOR5 was used to plot the deformation of a 16 barrel hull just prior to collapse. 

The hull plotted is identified as point ‘A’ in Fig. 5.15. It is seen in Fig. 5.16 that the 

16 barrel hull is failing due inability to support axial compression.

The procedure of adding more and more barrels to a pressure hull was then followed 

for hulls connected by a flange of dimensions LF = 26mm, and tF = 10mm. The results 

in Fig. 5.17 show a similar trend as was seen in Fig. 5.15. The multi barrel hull’s 

failure pressure remains constant at approximately 13MPa for hulls comprising two or 

more barrels. When comparing against a mass and length equivalent cylinder, it is 

seen that hulls of less than nine barrels in length are not as strong as an equivalent 

cylinder, while hulls longer than nine barrels are stronger than the equivalent cylinder. 

A single configuration, corresponding to 16 barrels and identified as point ‘B’ in Fig. 

5.17 was then plotted using ABAQUS. The sixteen barrel hull is shown in Fig. 5.18 

where it is seen that the barrels are behaving in a manner akin to membrane behaviour 

of a long cylinder, i.e., the flanges are being radially compressed equally throughout 

the shell.

This concludes the parametric investigation into failure of segmented pressure 

vessels. The following sections give details of experimental testing of three 

configurations of barrels, and comparison against numerical results.
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5.4 Experimentation
For benchmarking purposes, and to highlight any difficulties associated with 

manufacture and assembly of multi-barrel hulls, it was decided to experimentally test 

three configurations of pressure hull. The geometries which were tested are identified 

as DB1, DB2, and FB2 in Figs 5.4 and 5.10. The nominal geometries of the individual 

barrels which comprise these hulls are shown in Table 5.1. Note how in Table 5.1 the 

rows for flange dimensions are divided into two. These are the dimensions for upper 

and lower flanges of the barrels. The flange thicknesses shown in bold are joining 

flanges, and are connected to the adjacent flange shown in bold.

5.4.1 Design of Bolted Flange
The method of connecting barrels was to use bolts and a gasket. The design of the 

junction was as per PD5500 section 3.8.4. The number of bolts was determined to be 

24 x M8 on a 234.5mm PCD. The bolts were Allen capped bolts, grade 12.9 (high 

tensile).
The gasket selected for use was the Klinger-Sil C4430 -  a gasket manufactured from 

a combination of synthetic fibres and glass fibre. The gasket was selected after 

consultation with Klinger, and was chosen for its resistance to oil.

5.4.2 Manufacture
Barrels were manufactured by CNC machining. Firstly the thick, mild steel pipe of ID 

= 100mm, OD = 300mm was cut into lengths of 130mm.

The pipe sections were then rough machined to dimensions 3mm from the required 

final machined dimensions. Roughed out shells were then stress relieved in air by 

unrestricted heating to 600°C, soaking for 2 hours before unrestricted cooling.

Final machining of the barrels then took place. For machining the ends of the barrels, 

the reduction of mid surface radius Ro to internal radius, R, had to be calculated (see 

Fig. 5.19). Final machining of the barrels was followed by drilling and de-burring of 

24 x M8 holes on a 234.5mm PCD in the joining flanges. The transition between shell 

wall and flange was made with a 3mm fillet radius, rf (see Fig. 5.19). See Appendix C 

for the technical drawings submitted to the workshop for manufacture.
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5.4.3 Pre-Test Measurements 

5.4.3a Measurement of Geometry
Measurements of barrel geometry were made on 16 equally spaced meridians. 

Dimensions measured were, ID at top and bottom flanges, LF and tF for both flanges, 

and L0. Measurements were made with Vernier calipers of resolution 0.02mm. tF was 

measured using a digital micrometer of resolution 0.001mm. Averaged measurements 

are given in Table 5.2.

The meridional shape of the shell wall was measured on 16 equally spaced meridians 

at intervals of 10mm along the shell wall giving 11 x 16 = 176 pairs of X and Z 

coordinates to be measured. Measuring tools used were a linear gauge clamped 

horizontally to a vertical height gauge (accuracy of the linear gauge and height gauge 

was 0.01mm and 0.02mm respectively). The barrel being measured was clamped to a 

fixed surface using toolmaker’s clamps. The technique was to start where the fillet 

radius joins the shell wall and move vertically. Fig. 5.20 shows the profile of a barrel 

being measured.
Vertical heights were taken relative to the top surface of the lower flange. The 

diameter of the barrel at the junction of fillet and shell wall was measured, using 

callipers accurate to 0.01mm, and used as the starting point for radial direction. X-Y 

coordinates could then be established for each meridian.

For each barrel, all the measured coordinates for shape were plotted and NAG 

subroutine E04FYF [138] was used to determine the ‘best -  fit’ radius of the outside 

surface of the shell wall. The subroutine finds the radius which minimises the sum of 

squares of the residuals of a set of data, i.e.,

n
A = min ]T(S„)2 (5.3)

where:

(5.4)
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The residuals are the difference between the data and the best fit radius, see Fig. 

5.21a. Calculated radii could then be used for BOSOR5 analyses. Fig. 5.21b shows 

the data used for barrel DBla. The results returned by the subroutine are the best fit 

radius of the outside surface, RoUt, and the coordinates of centre of curvature, Cx and 

Cz. Results are summarised in Table 5.2.

5.4.3a Measurement of Thickness
The method of measuring thickness of the barrel wall was to use a ball bearing bar 

positioned vertically in conjunction with a linear gauge. See Chapter 3 for a detailed 

description of the method. Fig. 5.22 shows a barrel being measured for thickness. Due 

to the flange clashing with the measuring equipment, it was only possible to measure 

nine 10mm spaced points along each meridian for thickness giving 9 x 16 = 144 

measured points for thickness.

The results of thickness measurements are shown in Figs 5.23 -  5.24. It is seen that 

the barrels show a good degree of axisymmetry. The maximum scatter of thickness, 

tsc, is 15.8% (in barrel DBla), where the following expression was used to calculate 

scatter in thickness:

tsc = ^  x 100% (5.4)
^max

There is a trend in barrels DBla, DB2a, and DB2b for the shell wall to become 

thinner as one moves along the shell wall. The ‘worst’ barrel can be considered to be 

FBlc as the scatter of wall thicknesses is the largest.

Table 5.2 shows the measured dimensions of the hulls DB1, DB2 and FBI. As was 

for Table 5.1, figures shown in bold are joining flanges. The measurements of Lo, ID, 

Lf and tF are averaged over the 16 meridians. RoUt was calculated using all data points 

for the outside shell wall surface. It should be noted that for the four barrel hull, the 

middle two barrels, i.e., FBlb and FBlc can be assembled in either direction axially if 

required as a result of the pre-test measurements (for example to give as closely 

matching thicknesses in adjacent barrels as possible).
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5.4.4 Testing
When assembling hulls, the barrels were firstly bolted together with the gasket in 

between the joining flanges. Care was taken to ensure even tightening, by tightening 

nuts on opposite sides. Fig. 5.25 shows hulls DB1, DB2 and FBI bolted together with 

gaskets. The nuts and bolts were assembled with a washer in between the nut and the 

flange.
The barrels were then attached to top and bottom baseplates by clamping rings and 12 

x M l2 bolts. Rubber O-rings of 3mm diameter provided a seal between the baseplate 

and barrel flange. Fig. 5.26b shows pressure hull DB2 attached to baseplates for 

testing.
The testing procedure for the segmented hulls was the same as for the barrels in 

Chapter 4 and in [40], i.e., the inside of the hulls were filled with oil which was open 

to the atmosphere (see schematic Fig. 5.26a). When the shell is pressurised, oil can 

escape via the copper tube (spiral) seen in Fig. 5.26b, and the mass of oil expelled can 

be measured during the test. Note how in Fig. 5.26a the top baseplate is tapered on the 

inside -  this is top prevent air bubbles being trapped inside the assembly, and thus 

ensures no interruption of oil being expelled from within the shells.

The assembled shells were lowered into a 350mm diameter and 1000mm long 

pressure tank with a working pressure of 34MPa (see Fig. 5.27). The lid of the tank 

was then locked shut and the hand pump, pressure transducer and strain indicator 

were attached.
The hulls were pressurised until failure by increasing the pressure in increments of

0.34 MPa (50 PSI). These increments correspond 2.2%, 1.9%, and 2.4% of the 

expected failure pressure for DB1, DB2, and FBI respectively. When the pressure 

reached 60% of the expected failure load of the shell, the pressure increment was 

reduced to 0.14 MPa (20 PSI) (corresponding to 0.9%, 0.8% and 1.0% for DB1, DB2 

and FBI respectively). The pressure hulls failed at 15.24 MPa and 18.62 MPa for 

DB1 and DB2 respectively. Failure of DB1 and DB2 was a sudden occurrence, 

accompanied by a large amount of oil being expelled from inside the shells. DB1 and 

DB2 are shown in Fig. 5.28a and Fig. 5.28b upon removal from the testing chamber.
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Testing of FBI proved difficult. At a pressure of 12.41 MPa there was an outflow of 

oil from the copper spiral which corresponded to each pump of the hand pump. 

Furthermore, the pressure could not be increased beyond 12.41 MPa. As such, a leak 

was suspected, the test was stopped, and hull FBI was removed from the test tank. To 

check for any permanent deformation of the pressure hull, measurements were taken 

of barrel lengths Lo. It was found that the barrel segments had all been shortened 

axially by approximately 3mm. Furthermore, to confirm any permanent radial 

deformation, a straight edge was held against the pressure hull. It is clear in Fig. 5.28c 

that there has been some permanent radial contraction of the mid length flange i.e., 

junction of FBlb and FBlc. All the bolts were then tightened and the test was 

restarted. The ‘second test’ showed no signs of leakage and the shell failed suddenly. 

The failure pressure of the ‘second test’ was 11.93 MPa. Fig. 5.28d shows how FB2 

has collapse globally, being radially contracted.

A close up photo (Fig. 5.29a) reveals that the shell wall of DBla has folded over onto 

the bolts, suggesting that the flange has moved radially inwards, and the shell has 

collapsed axially, as per Fig. 5.5. Figure 5.29b shows how the failure of DB2 

remained confined to the shell wall. The large radial contraction of FBI upon collapse 

is shown in Fig. 5.29c. Note also that the bolts connecting the flanges have started to 

shear out.

5.5 Numerical Analysis of Measured Geometries
After completion of the experimental testing of segmented pressure hulls it was 

necessary to compare against numerical solutions. Analysis of shells was made using 

BOSOR5 models based on measured data. This is due to fast analysis times and ease 

of modelling segments’ geometry. The shell geometries used are given in Table 5.2, 

and it should be noted that mid surface radii were calculated from RoUt by subtracting 

half average thicknesses for each barrel.

To model the differing thickness of the barrels, variable thickness profiles were 

incorporated into BOSOR5 models. The thickness profiles were based on hoop 

averaged thicknesses at a given arc length, s, of each barrel.
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Due to the asymmetry of the model, the boundary conditions were set to fully 

clamped at the top end of the hull, and free axially at the bottom end of the hull. These 

conditions most accurately represent the test conditions, as the top baseplate was 

attached to the lid of the tank and as such, could not move axially.

Failure pressures of the three hulls were calculated using both lower and upper yield, 

and incorporating the 3mm fillet into the BOSOR5 variable wall thickness profile. 

Results obtained are summarised in Table 5.3, where the results are normalised by the 

experimental failure pressures and are presented in parentheses (note that the 

numerical results for FBI are normalised by the ‘first’ experimental test conducted. It 

is seen that calculations based on upper yield underestimate the experimental failure 

load by 4% and 3% respectively for DB1 and DB2. Calculations for FBI overestimate 

the failure load, by 8%, and 13% for lower and upper yield respectively.

The shapes of the shells just prior to failure are shown in Fig. 5.30. Note how the 

flange in hull DB1 is being displaced radially inwards, while deformation of DB2 is 

largely confined to the barrel wall -  this goes some way to explaining the 

experimental failure modes observed in Fig. 5.29. The middle flange of FBI is 

experiencing large rotation -  this may explain the discrepancy between the 

experimental and numerical results for failure pressure of FBI.

Using the BOSOR5 models, the change in internal volume of the shells was 

calculated using the BOSOR5 postprocessor and compared to that obtained during the 

test. Results for DB1 and DB2 are shown in Fig. 5.31 where the mass of oil expelled 

from the shells during the test was converted to cm and plotted against pressure. It is 

seen how near the start of the test, the relationship between pressure and change in 

volume is linear -  corresponding to elastic behaviour of the shells. The rate of oil 

being expelled increases after 12MPa for DB1 and approximately 16MPa for DB2. 

These points correspond to the onset of plasticity for the two shells. The BOSOR5 

numerical predictions for change in internal volume have also been plotted in Fig. 

5.31. It is seen that the BOSOR5 curves are linear up to collapse and both 

underestimate the volume of oil escaping.
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In Fig. 5.32 it is seen that DB2 has a higher failure pressure than DB1 because of the 

thicker flange. Note how more oil is expelled from DB1, due to the thinner flange 

allowing more radial deflection.

Experimental results for FBI are plotted in Fig. 5.32. For the first test, up to 3MPa it 

is seen that oil is expelled at a faster rate that for p > 3MPa. This may be due to the 

gaskets ‘bedding in’. BOSOR5 calculations are compared against the first test where 

it is seen that there is a disagreement in the rate of oil being expelled, BOSOR5 is 

underestimating the experimental result. The second test begins with an increase in 

pressure, but no corresponding change in internal volume. This may correspond to an 

air bubble in the spiral. As such, the difficulties associated with testing FBI have been 

highlighted.

5.6 Scope for Optimisation of Segmented Pressure Vessels
Although in this Chapter there has been no formal optimisation of segmented 

barrelled shells with stiffening rings, there is scope for use of a heuristic search 

method such as Tabu Search to find an optimal configuration. The problem is 

dependant on the number of design variables in the structure. The optimisation 

problem can be formally stated as:

Pop, ( V* )  =  m a x  P er  ( V> > V2 > V3 .......v n )

Where

P er  = min ( P b i f ’ P eo ll) > v *  =  (V1 *> V2 * ,  V3 *  O

The number of design variables is user defined and can include variables such as: 

i = number of barrels 

tp(i) = thickness of each flange 

LfO) = radial length of each flange
t(i) = thickness of each barrel (wall thickness is itself another design variable 

and can be non-constant along the meridian of each barrel.)

A(i) = amount of barrelling in each barrelled segment 

R(i) = radius at ends of each barrel

(5.5)

(5.6)
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LB(i) = length of each barrel

Subject to the following inequality constraint: 

m <rnmax
Where mmax is the maximum allowed mass e.g. that of an equivalent stiffened cylinder 

(see section 5.6).

A Tabu Search procedure would therefore be searching within a multidimensional 

workspace meaning that whereas in Chapter 4 there were 2-dimensional Tabu 

patches, for this problem there will be n-dimensional patches. As such, the problem is 

combinatorial and is suited to a method such Tabu Search.

5.7 Conclusions
It has been seen in this Chapter how combinations of barrelled shells joined axially 

can be strengthened by adding stiffening rings at shells’ junctions. The size of the 

stiffening rings was crucial to the failure pressure and failure mode of the structure. 

However, the pressure resistance of the hull can only be improved by an amount 

dependant on the geometry of the barrelled segments. Furthermore, the method of 

joining shells (bolting in this case) can cause problems with regards to leakage.

Further consideration needs to be paid to the mass of the structure, especially for 

submersible applications where mass is an important design consideration. Also, in 

order to quantify the performance of the multi segment structure, the hull needs to be 

compared against an equivalent structure, i.e., a ring stiffened cylinder of the same 

mass.
In this Chapter the high accuracy of BOSOR5 predictions for failure pressure has 

been shown. However, there is a discrepancy between BOSOR5 solutions for change 

in internal volume. For the most accurate results, a 3D model using brick elements, 

based on measured data, needs to be constructed. This is a time consuming process, 

and will need to include the gasket and bolts in the FE model, hence is a suggestion 

for future work. For modelling details, the Young’s modulus of the gasket in 

compression is approximately 1.4 GPa (data supplied by Klinger).
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5.8 Figures and Tables

Fig. 5.1 Geometry of (a) Cylinder and (b) Barrel, both of the same length and 
end radius.

Fig. 5.2 Layout of two barrels joined axially via a connecting flange
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DBO - NO FLANGE

Fig. 5.3 Two barrels connected with no flange, (a) Undeformed, initial geometry, 
(b) geometry prior to collapse, (c) spread of plasticity just prior to failure, 
maximum plastic strain = 5.66%.
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DB1

Fig. 5.5 Two barrels, tF=10mm (a) Initial, undeformed geometry, (b) prebuckling 
deformation, (c) buckling mode, n=0, (d) plasticity just prior to buckling, 
maximum plastic strain = 3.20%.

-max 
‘•pi eff

Fig. 5.6 Two barrels, tF=20mm (a) Initial, undeformed geometry, (b) prebuckling
deformation, (c) plasticity just prior to buckling, maximum plastic strain =
4.40%.
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Fig. 5.7 Volume of plasticity in barrel and flange for increasing flange thickness. 
Above tF = 22mm the flange remains entirely elastic up to failure of the shell.

p 20Hcr
[MPa] 15 

10

25 20 Lp 15
[mm] 5

Fig. 5.8 Failure pressure for varying flange thickness and flange length. The solid 
line is the curve from Fig. 6.4, i.e., tF = 26mm.
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Fig. 5.9 Layout of four barrels connected via three connecting flanges.
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Fig. 5.10 Failure pressures of four barrel pressure hull, flange thickness is 
varied.
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Fig. 5.11 Four barrels connected with no flange, (a) Undeformed, initial 
geometry, (b) geometry prior to collapse, (c) spread of plasticity just prior to 
failure, maximum plastic strain = 6.05%.
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FB1

stot,

A, R  < J

¡rn
m id-surface

Fig. 5.12 Four barrels, tF = 10mm (a) Initial, undeformed geometry, (b)
prebuckling deformation, (c) plasticity just prior to buckling, maximum plastic
strain = 1.55%.
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FB2
,  max 
'p i eff

mid-surface

. max | s tot
&pl e f f * "

Fig. 5.13 Four barrels, tF = 20mm (a) Initial, undeformed geometry, (b)
prebuckling deformation, (c) plasticity just prior to buckling, maximum plastic
strain = 4.62%.
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Fig. 5.14 Structural efficiency of two- and four-barrels pressure hulls. Failure 
pressures are normailsed by mass, and length equivalent cylinders..

Fig. 5.15 Failure pressures of barrelled pressure hulls connected directly, and 
mass and length equivalent cylindrical shells.
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(a) (b)
Fig. 5.16 Sixteen barrels connected directly without flange (corresponding to 
point ‘A’ in Fig. 5.15. (a) Initial, undeformed geometry, (b) Deformation just 
prior to collapse, p con ««l^MPa.
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Fig. 5.17 Failure pressures of barrelled pressure hulls connected via 10mm x 
26mm flange. Also given are failure pressures of and mass and length equivalent 
cylindrical shells.

?
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Fig. 5.18 Sixteen barrels connected directly via 26mm x 10mm flange, (a) Initial, 
undeformed geometry, (b) Deformation just prior to collapse, pcon «13MPa
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Fig. 5.20 Set up for measuring profile of outside surface of barrel wall.
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Fig. 5.21a Residuals used for calculating best fit radius from measured 
coordinates of outside surface of test barrels.
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Fig. 5.21b Best fit radius calculated by NAG subroutine E04FYF for data
collected of barrel DBla.
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v

Fig. 5.22 Set up for measuring thickness of a barrel shell wall.
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(b)

Fig. 5.23 Scatter of thickness for (a) DBla DBlb (tF = 10mm), (b) DB2a, DB2b (tF 
= 20mm). Note, flange thickness is not included in the arc length, s.

1L (mm)
3.2 -

3.1 -

3.0 -

2.9 ^  1

2.7 ----------------------2.

C._______l
0.0 0.25 0.25 0.5

Fig. 5.24 Scatter of thickness for FBla FBlb, FBlc, FBld (tF = 10mm). Note, 
flange thickness is not included in the arc length, s.
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(a) (b)
Figs 5.25a and 5.25b. Photograph of assembled double barrel pressure hulls, (a)

DB1, (b) DB2.

Fig. 5.25c Photograph of assembled four barrel pressure hull FBI.
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(a) (b)
Fig. 5.26 (a) Schematic of test arrangement, (b) DB2 attached to baseplates for 
testing.

Fig. 5.27 DB2 being lowered into test tank.
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Fig. 5.28a and 5.23b. DB1 and DB2 after removal from test tank.

(c) (d)
Fig. 5.28c FBI after first test, note radial contraction of middle flange. Fig. 5.23d 
FBI after second test, Failure is global and occurs in the region of half axial 
length (middle flange).
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(a) (b)
Fig. 5.29a Close up of flanges of DB1 after testing, The shell wall has collapsed 
onto flange of DB1. Fig. 5.24b Failure of DB2 takes place away from the flange.

Fig. 5.29c Hull FBI after removal from test tank following second test. The 
connecting bolts have started to shear out from the middle flange of FBI.
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Fig. 5.30a BOSOR5 model based on measured data of DB1.

Fig. 5.30b BOSOR5 model based on measured data of DB2.
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Fig. 5.30c BOSOR5 model based on measured data of FBI.
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P

Fig. 5.32 Change in internal volume of DB1 and DB2 during test.
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G eom etry (mm Flange (mm) W all (mm)

R out C x C z Lo ID Lf tF t

DB1

DB1a 97.95 17.46 50.00 100.00
196.59 27.71 10.00

2.90
196.59 27.71 5.00

DB1b 97.95 17.46 50.00 100.00
196.59 27.71 5.00

2.90
196.59 27.71 10.00

DB2

DB2a 97.95 17.46 50.00 100.00
196.59 27.71 10.00

2.90
196.59 27.71 10.00

DB2b 97.95 17.46 50.00 100.00
196.59 27.71 10.00

2.90
196.59 27.71 10.00

FB1

FB1a 97.95 17.46 50.00 100.00
196.59 27.71 10.00

2.90
196.59 27.71 5.00

FB1b 97.95 17.46 50.00 100.00
196.59 27.71 5.00

2.90
196.59 27.71 5.00

FB1c 97.95 17.46 50.00 100.00
196.59 27.71 5.00

2.90
196.59 27.71 5.00

FB1d 97.95 17.46 50.00 100.00
196.59 27.71 5.00

2.90
196.59 27.71 10.00

Tab e 5.1 INominal dimensions of experimental barrels.

Geom etry (mm Flange (mm) W all (mm)

R out Cx Cz Lo ID L f tF tmin tmax tave st dev

DB1

DB1a 98.14 17.29 50.47 100.03
196.78 27.73 9.21

2.67 3.17 2.91 0.11
196.62 27.78 5.52

DB1b 98.47 16.91 49.66 100.46
196.61 27.75 4.98

2.76 3.00 2.88 0.03
196.71 27.73 9.24

DB2

DB2a 98.45 16.92 51.21 100.05
196.55 27.69 9.57

2.80 2.91 2.82 0.03
196.56 27.68 10.33

DB2b 98.21 17.15 48.99 99.91
196.39 27.83 9.75

2.79 2.95 2.87 0.04
196.77 27.64 9.76

FB1

FB1a 98.11 18.34 50.41 100.07
198.94 26.36 9.81

2.69 2.89 2.76 0.04
198.87 26.37 5.10

FB1b 98.25 18.42 50.45 100.05
198.91 26.42 4.81

2.80 3.08 2.90 0.06
198.98 26.44 4.93

FB1c 98.47 18.18 50.28 99.93
199.21 26.40 4.94

2.65 2.99 2.80 0.07
199.00 26.38 4.99

FB1d 98.53 18.12 50.09 100.06
199.02 26.40 4.91

2.77 2.96 2.85 0.04
199.00 26.46 9.82

Table 5.2 Measured dimensions of experimental barrels.
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Lower yield Upper yield Pexp
(MPa)

DB1 14.59 (0.96) 15.19(0.99) 15.24
DB2 17.59 (0.94) 18.35 (0.99) 18.62
FBI 13.45 (1.08) 13.97(1.13) 12.41 / 11.93

Table 5.3 Predicted failure of pressure hulls using BOSOR5 models. Results for 
FBI are normalised by the failure pressure of the first test conducted.
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C h a p t e r  6

MULTILAYERED METALLIC DOMES

6.1 Introduction
Multilayered domes constructed of metallic layers are commonly used in corrosive 

environments, such as in sea water, where a core layer of material can provide the 

majority of the dome’s pressure resistance, and an external layer is used to resist 

corrosion. Multilayered domes are also used in heat exchangers composed of titanium 

and steel, where it is cost prohibitive to construct the heat exchanger entirely of 

titanium.
The investigation is in two parts, numerical work and experimentation. In the 

numerical part, BOSOR5 analyses are made of domes whose shell wall is constructed 

of layers of materials such as steel, titanium and copper. The number of layers, and 

the thickness of each layer are variables. In all cases the thickness of layers remains 

constant as one moves along the meridian.

In the experimental part of the Chapter, a series of tests are conducted on torispherical 

and hemispherical domes constructed of layers of copper-steel-copper. Details are 

provided of the manufacture of the parent material, manufacture of the domes, pre-test 

measurements, testing, and FE analysis of measured geometries of domes.

It is the intention of this Chapter to identify the most influential factors affecting the 

buckling strength of multilayered metallic domes, in order to set up the environment 

for future structural optimisation of such shells.
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6.2 Numerical Results
6.2.1 Two Layered Shell
Consider the hemisphere of radius R shown in Fig. 6.1. The dome is of total thickness 

ttot and the wall is constructed from two layers of material with thicknesses ti and t2. 

In the case of Fig. 6.1 the thickness of the two layers is equal. The boundary condition 

is fully clamped at the base of the dome, and the dome is subjected to uniform 

external pressure.

The two materials chosen for this section are: mild steel of properties Es = 210 GPa, 

0ypS = 350 MPa, vs = 0.3, and aluminium of properties Ea = 70 GPa, <7ypa = 300 MPa, va 

= 0.3. Both materials were modelled as elastic-perfectly plastic.

The total thickness of the dome was set to D/ttot = 100 and the proportion of the shell 

wall occupied by each of the two layers was varied. This total thickness is sufficiently 

thick for plasticity to be present during pressurisation of the dome and, as such, the 

yield strengths of the two materials can take a part in the dome’s failure. The other 

consideration to make is the Tayup’ of the dome, i.e., ‘steel inside’, or ‘steel outside’. 

Firstly, steel outside was considered. The thickness of the outer steel layer was varied 

from tg/ttot = 0.0 to tg/ttot = 1-0. The failure pressures, as computed by BOSOR5, are 
shown in Fig. 6.2. It is seen that by introducing an outer layer of steel the failure 

pressure is only marginally increased. It is not until the thickness of the steel occupies 

over 60% of the shell wall that the failure pressure is increased, after which the failure 

pressure increases in an almost linear fashion until the dome is composed entirely of 

steel.

Also given in Fig. 6.2 is the mode of failure, i.e., bifurcation buckling or 

axisymmetric collapse. Bifurcation is indicated by the number of circumferential 

waves, which is labelled next to the curve (c =  collapse). The number of 

circumferential waves at buckling is seen to decrease with increasing amount of steel, 

until the failure mode switches to collapse when the wall is composed of 

approximately 90% steel. The buckling modes of five cases of the cases of ts/ttot = 

0.00, 0.25, 0.50, 0.75 and 1.00 (labelled as ‘a’, ‘b’, ‘c’, ‘d’, ‘e’, in Fig. 6.2) are shown 

in Fig. 6.3 where the buckling mode for ‘d’ was seen to shift up the meridian. Case ‘e’ 

failed by collapse and hence only prebuckling deformations have been plotted.
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To further investigate the spread of plasticity throughout a two layered dome, plots of 

plasticity in the shell wall just prior to failure were produced for the cases ‘a’, ‘b \  ‘c’, 

‘d’, ‘e \  The plots are shown in Fig. 6.4 where it is seen that the steel outer layer is 

almost entirely plastic just prior to failure while the aluminium layer is able to remain 

largely elastic. In addition, the location, and magnitude, of the maximum plastic 

strains in the shell wall just prior to failure have been plotted. It is seen that for cases, 

‘c’ and ‘d’ the maximum plastic strain occurs away from the base of the dome, on the 

outside surface. For the other three cases the maximum plastic strain occurs at the 

base, on the inside surface.

The layup of the dome was then reversed meaning the steel layer was on the inside of 

the shell. The difference this makes on the failure pressure of the dome is shown in 

Fig. 6.5 where the transition from an aluminium dome to a steel dome is almost linear. 

Note also how the mode of failure is changing from bifurcation buckling with 10 

waves, to axisymmetric collapse as the thickness of the steel layer is increased. 

Buckling modes of five cases labelled T , ‘g \ ‘h \  ‘i’, ‘j ’ in Fig. 6.5 are shown in Fig.

6.6 where the three cases which buckled (‘f , ‘g’, ‘h’) did so near the base of the 

dome.

As was the case for steel outside, the spread of plasticity just prior to failure for five 

different configurations of dome was computed. The results are shown in Fig. 6.7 

where again, the steel layer is almost entirely plastic while the aluminium layer is able 

to remain largely elastic during pressurisation. Also shown in Fig. 6.7 is that the 

location of the maximum plastic strain in the shell wall just prior to failure occurs at 

the base, on the inside surface for all five cases ‘f  -  ‘j \
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To investigate the interaction of different yield strengths, the same procedure of 

varying the thickness of the steel layer in the shell wall was followed, using several 

combinations of yield for the two layers. The yield strengths used correspond to (typ = 

250, 300 and 350 MPa. It is seen in Fig. 6.8 that for a steel outer layer the trend seen 

earlier in Fig. 6.2 remains the same, i.e., there is an increase in failure pressure after ts 

=0.65ttot. What is also interesting to note after this point is that the failure pressure of 

the dome is independent of the yield strength of aluminium.

Fig. 6.9 shows how for a steel inner layer the transition from steel to aluminium is 

nearly linear regardless of the combination of yield strengths used. Furthermore, 

unlike in Fig. 6.8, none of the nine curves in Fig. 6.9 converge, i.e., the failure 

pressure of the dome is always dependent on the mechanical properties of both the 

constituent layers.

Thus, the designer has a range of materials and thicknesses to choose from to achieve 

a required pressure resistance.

6.2.2 Three Layered Shells
The shell geometries considered for three layered shells were torispheres and 

hemispheres. The procedure was similar to that followed for two layered shells in that 

layer thicknesses were varied in order to asses the effect on pressure resistance. The 

material layup selected for investigation was copper-steel-copper, as this was the 

material configuration available for experimentation. Fig. 6.10 shows the geometries 

of shells and layers comprising the hemisphere and torisphere. All dimensions are 

measured to the middle surface of the total thickness and all layers are of constant 

thickness as one moves along the meridian.

Analysis was made using BOSOR5. The material properties were selected as steel of 

properties £5 = 210 GPa, 0̂ 5 = 350 MPa, vs = 0.3, and copper of properties Ec = 120 

GPa, ffypC = 70 MPa, vc = 0.3. Both materials were modelled as elastic-perfectly 

plastic. The procedure was to start with a steel dome and add layers of copper of equal 

thickness on inside and outside surfaces. The thickness of the steel core is reduced in 

order to maintain the same total thickness. The thickness of the outer layers can 

therefore occupy from 0.0 to 0.5 of the total wall thickness, ttot.
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Results for three configurations of hemispheres are shown in Fig. 6.11, where there is 

an almost linear transition from a steel dome (tc/ttot = 0-0) to a copper dome (tc/ttot = 

0.5). Results for two torispherical geometries are shown in Fig. 6.12 where there is a 

non-linear transition from steel domes to copper domes. The five nominally 

manufactured configurations of test domes are labelled in Figs 6.11 and 6.12 as ‘A’, 

‘B’, ‘C \ ‘D’, ‘E \ The plastic straining in domes A-E just prior to failure have been 

plotted in Fig. 6.13. It is seen that for hemispheres the maximum plastic straining 

occurs at the base of the dome, while for torispheres, the maximum plastic straining 

occurs at the junction between knuckle and crown. Note how the outer copper layers 

are being almost entirely plastically strained, and the internal steel layer can remain 

almost entirely elastic for all five cases.

6.3 Experimentation
It was seen in the Literature Review that there is no known test data for multilayered 

metallic domes. Thus, it was deemed necessary to conduct a series of tests on 

laminated metallic domed ends. Experimentation was conducted on a three layered 

material, comprised of copper-steel-copper. The multilayer material was supplied as a 

flat sheet by HighClad, a division of Corns group. The material has recently been 

developed by HighClad and finds use in the automotive industry as torque converters 

for automatic gearboxes. The copper-steel-copper hybrid is one of a range of 

multilayer products manufactured by HighClad, other products including steel and 

aluminium, and steel and brass.

6.3.1 Details of Parent Material

6.3.1.1 Dimensions
Two sheets of hybrid material were supplied by HighClad. The sheets were labelled 

as S1 and S2 and it was confirmed from the manufacturer that the two sheets had been 

adjacent in the production run (i.e., it can be assumed that the material properties of 

both sheets are the same). The dimensions of the sheets were 940mm x 500mm and 

900 x 500mm.
The nominal total thickness of the sheets quoted by HighClad was 1.10 mm. The 

nominal thicknesses of the three layers was quoted as being:
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copper 0.03 mm -  0.05 mm

steel 1.00 mm

copper 0.03 mm -  0.05 mm

The sheets were measured for thickness on a 25mm grid giving 21 x 40 = 840 

measuring points for SI and 39 *21 = 819 measuring points for S2. The minimum, 

maximum and average thicknesses along with standard deviation of the two sheets are 

summarised in Table 6.1. The largest difference in thickness was in sheet SI where 

there was a 13.9% difference between tmax and tmjn. This is due to the thickness at the 

edge of the sheets being quite changeable. As such, blanks cut for domes to be spun 

would avoid sheet edge material.

6.3.1.2 Material Properties
6.3.1.2a Manufacturer Quoted Properties
The following material properties were supplied by HighClad for the hybrid sheet as a 

single layer, E = 213 -  239 GPa, Oyp = 310 - 315 MPa, v = 0.3. Unfortunately, 

material properties of the individual layers were not available. See Table B1 in 

Appendix B for a summary of material data of the laminated metallic material. It 

would appear from the material data supplied by the manufacturer that the copper 

layers do not significantly influence the strength of the laminate -  and that the mild 

steel layer is contributing the majority of the material’s strength.
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6.3.1.2b Tensile Testing
It was anticipated that the laminate would have anisotropic material properties. This is 

due to the two-stage hot rolling process used during manufacture of the laminate. 

Thus, it was decided to test the properties of the multilayer material in several 

directions in order to assess the level of anisotropy in the sheet. Coupons of 12.5mm 

width and 50mm gauge length were prepared in accordance with BS EN 10002:2001 

[144] and were taken from sheet SI in directions 0°, 90° and ± 45°, as shown in Fig. 

6.14. Coupon A was placed in a bath of ferric chloride in order to remove the copper 

layers enabling properties of the substrate material to be established. However, the 

ferric chloride began to dissolve the steel layer and the coupon had to be scrapped. To 

this end, the copper layers were removed from coupons DI -  D3 with emery paper in 

order to test the material properties of the substrate steel. The remaining eight 

coupons were tested with copper layers remaining. Coupons C, E and D2 were strain 

gauged on both sides in both longitudinal and transverse directions (i.e., four strain 

gauges per coupon) to calculate Poisson’s ratio.

The coupons were tested with an extensometer attached to an INSTRON tensile 

testing machine. The coupons did not yield with an easily identifiable yield point. The 

stress strain curve from the INSTRON machine for coupon B is given in Fig. 6.15.

After testing, values of Young’s modulus according to the INSTRON, the 

extensometer, and the strain gauges were calculated. Also, the yield strength was 

calculated from INSTRON output. The stress strain curves from INSTRON output 

had a fairly well distinguished yield point and so 0.1 % yield was determined. The 

Poisson’s ratio was calculated from strain gauge output. The results are summarised 

in Table 6.2 where it is seen that the tested mechanical properties fall some way short 

of the quoted properties.
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It was considered that using strain gauges would be an inaccurate method of 

establishing material properties of multilayered materials. This is because the strain 

gauge will record strains in the layer to which it is bonded, therefore giving properties 

of the layer it is bonded to rather than the whole laminate. This is not forseen as a 

problem for Young’s modulus as the test was displacement controlled and as such the 

longitudinal strains in each layer will be equal. Therefore it can be deduced that the 

strain gauge output for Young’s modulus is accurate. Note in Table 6.2 how the strain 

gauge output for Young’s modulus is comparable to that of the INSTRON output.

However, it is possible that the Poisson’s ratio recorded by the strain gauges will be 

that of the top layer of material. The transverse strain gauge will also be recording 

strains in the layer to which it is bonded, rather than the whole laminate, and therefore 

will be measuring the Poisson’s ratio of copper. The strain gauges calculated an 

average ofv = 0.327, which is comparable to the manufacturer quoted value of 0.3.

A possible method of investigating this further would be to construct a three layered 

tensile coupon in ABAQUS, and evaluating stresses and strains in each of the 

constituent layers.

6.3.2 Manufacture of Domes
Domes were manufactured by ARTEC Engineering Ltd (see Appendix D for supplier 

information). The method of manufacture was spinning. The technique is to cut a 

circular blank from the sheet and secure it against a mandrel. The mandrel is then 

rotated and the blank is formed onto the mandrel with a spinning tool. Excess material 

at the base of the dome is then cut away. Domes were designed with a parallel length 

at the base -  this allows for the dome to be attached to a baseplate for testing. The 

parallel flange also serves to reduce any elastic ‘spring-back’ of the dome when 

released from the mandrel.
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There are a number of problems associated with spinning. Primarily, the thickness 

distribution in the spun dome is not constant as a result of spinning. Furthermore, for 

large domes a hole is needed at the top of the dome for attachment to the mandrel. 

The apex hole must be filled, for example, with a nut, bolt and washer before testing. 

Another method for sealing an apex hole would be to weld a small circular piece of 

material, which has been cut from the parent material, over the hole. Only one of the 

experimental geometries of dome was required to have an apex hole.

The nominal dimensions of the series of domes, comprising six hemispheres and four 

torispheres, is summarised in Table 6.3. In addition to the dome geometry, the centres 

of curvature are also given. For hemispheres there is only one centre of curvature, 

CRS, while for torispheres there will be an additional centre of curvature for the 

knuckle, Cr. It should also be noted that all nominal geometry is measured to the 

inside surface. This is due to the manufacturing method, i.e., spinning. The domes 

were spun against a mandrel of known dimensions, and as such all geometry is 

internal geometry. Photographs of the domes are given in Fig. 6.16.

6,3.3 Measurement of Domes
All the domes were measured for both shape and thickness. The density of measuring 

points corresponded to 10mm intervals along 16 meridians. The procedure for making 

shape and thickness measurements was the same as for the ellipsoidal domes 

described in Chapter 3. It should be noted that domes HI and Hla were measured on 

four meridians and at 5mm intervals due to their small size.

Therefore the number of measured points for the series of domes corresponds to:

• 20 x 4 = 80 points for HI and Hla,

• 17 x 16 = 272 for H2 and H2a

• 13 x 16 = 208 for H3 and H3a

• 15 x 16 = 240 for T1 and Tla

• 14 x 16 = 224 for T2 and T2a
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6.3.3.1 Measurement of Thickness
The results of the thickness measurements showed that all of the domes had a good 

degree of axisymmetry. However, as expected, the thickness was non uniform along 

the meridian, and all the domes show thinning of the shell wall near the base. At 

latitudes corresponding to each measuring point the maximum, minimum, and 

average thicknesses have been plotted, and are shown in Fig. 6.17. The pair of domes 

with the most uniform thickness distribution is T2 and T2a. For benchmarking 

purposes the maximum, minimum, average thicknesses and standard deviations of the 

domes have been listed in Table 6.4. In addition, the variation of shell wall thickness 

for all the domes has been listed in Table 6.5. This is for benchmarking purposes, and 

highlights how all domes show some thinning of the shell wall in the vicinity of the 

base.

6.3.3.2 Measurement of Shape
X -  Z coordinates of the outside surface of the domes were established using the same 

techniques described in Chapter 3. Using the measured coordinates, radii of best fit of 

the outside surface were calculated using the procedure as described in Chapter 5. The 

radii found by the subroutine for all the domes are summarised in Table 6.6.

6.3.4 Testing of Domes
6.3.4.1 Attachment to Baseplate
The spun domes were affixed to a baseplate by machining a groove in the baseplate 

and using Wood’s Metal to secure the dome in the groove. Wood’s Metal is a Tin 

based alloy which melts at 70°C. To fix a dome to the baseplate, the Wood’s metal 

was cut into pieces small enough to fit in the groove, and then heated in an oven to 

80°C. When the Wood’s metal was melted the dome was inserted into the groove and 

the oven was switched off. The door to the oven was kept closed during cooling to 

allow slow cooling, and thus even distribution of stresses in the Wood’s metal.

Domes which did not have a parallel flange had to be built in over a small portion of 

the shell wall, meaning that the hemisphere was reduced to a deep spherical cap. Fig. 

6.18 shows torisphere Tlin the oven after the Wood’s metal has cooled and set.
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6.3.4.2 Testing Procedure
The testing procedure was as for that described in Chapter 3. The change in internal 

volume of the domes during pressurisation was recorded by measuring the mass of oil 

escaping from the inside of the domes.

6.3.4.3 Experimental Results
All of the domes all failed by a sudden loss in load carrying capacity, accompanied by 

a sudden outflow of oil during the test. The pressure to cause failure of the domes are 

listed in Table 6.7 where it is seen that the pairs of domes: (HI, Hla), (H2, H2a), (Tl, 

Tla), (T2, T2a) show reasonable repeatability. Domes H3 and H3a, on the other hand, 

show some discrepancy in failure pressure. The ratio of H3/H3a is 5.93/4.83 = 1.23.

After testing, the domes were removed from the test tank, and separated from the 

baseplate. Photographs of the domes are shown in Fig. 6.19.

Dome HI failed on the side, near the base. Dome Hla failed in an axisymmetric 

manner, at the apex of the dome. Similar behaviour was seen by H2 and H2a. Dome 

H2 failed at the top, H2a failed on the side of the dome. The failure modes of the 

remaining three pairs of domes were in agreement, i.e., both displaying a single 

inwards ‘lobe’ or dent. This demonstrates repeatability of the experiment in terms of 

failure mode for these cases.

6.3.5 FE Analysis of Measured Geometries
Having completed pre-test measurements of shells it was necessary to construct Finite 

Element models for analysis of domes. The geometry and thicknesses of the FE 

models was based on measured data. There was some uncertainty over the material 

properties to use, and as such, three sets were chosen. The first two corresponded to: 

nominal upper and lower bounds on material properties, as quoted by the laminate 

manufacturer. The third set of material properties corresponded to the tested material 

properties, which were established previously. See Appendix B for a summary of 

materials used.
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6.3.5.1 BOSOR5 Modelling Details
For the BOSOR5 analyses, best fit radii based on measured coordinates and computed 

by the NAG subroutine, were used to model the meridian. It should be noted that the 

NAG subroutine computes the best fit radius of the outside surface. Thus, the radius 

was reduced by half average wall thickness, in order to give mid-surface radius of the 

dome. The depth of the groove in the baseplate was taken into account, i.e., occupying 

a portion of the shell wall near the base. Furthermore, for domes H2 and H2a a hole 

was modelled at the apex of the dome. The diameter of the hole was measured using 

Vernier callipers. The boundary conditions of the hole were set to no rotation, or 

radial movement, while axial movement was allowed. This best simulates the nut and 

bolt used to plug the hole.
The shell wall thickness of the domes was modelled using a variable wall thickness 

profile, based on the hoop averaged thickness data presented in Fig. 6.17.

6.3.5.2 ABAQUS Modelling Details
For ABAQUS analyses the procedure was to create a 3D dome by revolving the best 

fit radius, as calculated by the NAG subroutine, around the axis of revolution. As was 

for the BOSOR5 analyses, the radius was reduced from outside surface to mid

surface, by subtracting half average thickness.

It was necessary to model a hole at the top of domes H2 and H2a. This was achieved 

by firstly defining a single node at the centre of the hole. Then, all nodes at the edge 

of the hole were attached to the central node using rigid links. This utilised the BEAM 

muli-point constraint (*MPC) option in ABAQUS.

One aspect of using BEAM MPC’s is that the boundary conditions are the same at 

each end of the beam. All nodes along the edge of the hole were connected to the 

central hole. Therefore, all hole edge nodes had equal displacements and rotations. 

This best simulates the boundary conditions imposed by the nut, bolt, and washer 

used to plug the hole. A further investigation would use the TIE option on the *MPC 

keyword, which gives a pinned boundary condition at each end of the *MPC.
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The thickness of the 3D dome was modelled by inputting individual nodal thicknesses 

into the model. A bi-cubic spline NAG subroutine was used to interpolate the nodal 

thicknesses between measured data points. An important aspect of the bi-cubic spline 

is the choice of smoothing factor. Using a high smoothing factor will cause the spline 

to tend towards a flat sheet. On the other hand, a smoothing factor of 0.0 will produce 

an interpolating spline and will be very noisy, sometimes producing negative 

thicknesses as the spline is forced through all data points. Several smoothing factors 

must be tried until the user is happy with the results from the subroutine. Smoothing 

factors of 0.085 were used for nodal thicknesses.

6.3.S.3 Numerical Results
Failure of domes was first computed by BOSOR5, due to ease of modelling and fast 

analysis times. Failure of the domes was either by axisymmetric collapse, or 

bifurcation buckling occurring at the base of the dome. It is seen in Table 6.8 that the 

predictions based on the set of tested material properties fall some way short of the 

experimental collapse pressures (except for H2 and F12a). Predictions based on the 

nominal/quoted material properties were in better agreement with experimental 

results. Thus it was decided to use the nominal/quoted material properties for time- 

consuming 3D ABAQUS analyses.

Failure modes computed by ABAQUS were either local collapse or bifurcation 

buckling. For domes HI and HI a, failure was by local collapse, characterised by a 

single inwards indentation. The location of the inwards indentation was different for 

each dome. Fig. 6.20 shows Domes HI and HI a after failure. HI has failed on the 

side of the dome, and Hla has failed at the apex. To demonstrate the difference in 

behaviour when local collapse takes place at the base, or apex of the dome, pressure 

and apex deflection for HI and Hla is plotted in Fig. 6.21. After collapse on the side 

of the dome takes place, the apex recovers towards its original position, as shown in 

Fig. 6.21a. For failure occurring at the apex, after collapse, apex deflection increases, 

as shown in Fig. 6.21b.

Domes H2 and H2a, both failed by bifurcation buckling occurring at the apex of the 

dome, as shown in Fig. 6.22. This suggests that there is some influence of the hole on 

the failure mode, and failure pressure, of the dome. Fig. 6.23 shows Domes H3 and 

H3a both failed by local collapse, occurring near the base of the dome
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For torispherical domes, collapse took place at the junction between knuckle and 

crown (see Figs 6.24 and 6.25). The results of the ABAQUS 3D analyses are 

summarised in Table 6.8 where it is seen that there is reasonable agreement for all 

domes except H2 and H2a which both failed experimentally at lower pressures than 

were predicted by ABAQUS.

6.3.5.4 Comparison of Results
Comparing the results from the BOSOR axisymmetric analysis reveals that the 

analysis accurately predicts the failure pressure of the domes, with the exception of 

the hemispheres H2 and H2a. Using the lower of the mechanical properties stated by 

HighClad produced the most accurate results.

As with the BOSOR analysis, the ABAQUS analyses predicted the failure pressure of 

the domes with a reasonable level of success. With the exception of H2 and H2a, the 

accuracy of the results from ABAQUS range from 3% to 17%. The two smaller 

hemispheres, (D/t ~90), and the two torispheres, (D/t —150), have been modelled 

with a high level of accuracy. ABAQUS calculated the failure pressure of these 

domes within 5% and accurately predicts the failure shape and location. The two 

larger torispheres, T1 and Tla, (D/t *215), have been modelled with less success. 

The failure pressures for T1 and Tla have been calculated with an accuracy of 13% 

and 17%. However, ABAQUS was able to predict the failure shape and location.

For domes H2 and H2a the BOSOR analysis differs form the experimental results by 

26% and 24% and the ABAQUS differs by 30% and 25%. Although there is a larger 

discrepancy between the experimental and numerical results, both analyses are 

comparable with each other.

The discrepancies between the numerical analyses and the experimental results can be 

attributed to initial imperfections, in particular at the apex of the domes. The domes 

were spun with holes at the top, which were plugged with a nut, bolt, and washer. The 

torque applied to the nut and bolt would induce some residual stress at the top of the 

domes which may have caused the domes to fail at a lower pressure. Furthermore, the 

domes were spun without a parallel flange at the base. As such, there would have 

been a larger degree of elastic ‘spring-back’ in H2 and H2a, and as such a deviation 

from perfectly hemispherical meridian.
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6.3.6 Post Test Analysis of Hybrid Material
The experiments on the domes had been conducted with a reasonable degree of 

success. To gain more insight, it was decided to analyse the material from which they 

had been constructed. The aim was to cut several coupons from the domes and 

analyse the hybrid laminate under an optical microscope. This would allow a check 

for signs of delamination after testing to be made, and also to measure the thicknesses 

of the individual layers of the hybrid sheet. Three coupons were cut from domes H2 

and T2 after testing. See technical drawing in Appendix C for location of coupons 

within tested domes. One coupon was taken from the damaged area of the dome, one 

from the non-damaged area, and a third from the junction between damaged and non- 

damaged areas (region of highest deformation). The coupons taken from the 

torisphere were assigned the labels TCI, TC2 and TC3. The coupons taken from the 

hemisphere were named as HC1 HC2 and HC3.
The coupons were prepared in a resin mould and then polished on rotating tables 

using paper of grades 60 -  2500. A one micron finish was then achieved using a 

rotating table and oil.
The specimens were photographed under magnification of 20x and lOOx. Fig. 6.26a 

shows coupon TC3 at magnification of 20x. The calibrated scale bar is in units 

microns, i.e., 1000 on the scale bar = 1mm. It is seen that the coupon is just over 

1.1mm in thickness. This corroborates with earlier thickness measurements of the 

shell. Fig. 6.26b shows coupon TC3 at magnification of lOOx. The calibrated scale bar 

is also in units of microns and it is seen that the copper layer is approximately 50 

microns in thickess. This corroborates with the value quoted by the manufacturer.

From Fig 6.26 it is seen that there are no visible signs of delamination in any of the 

coupons, however there are several visible inclusions between the copper and steel, 

these may be due to oil or grit from the paper of the rotating tables used to polish the 

coupon.

6.4 Scope for Optimisation of Multilayered Metallic Domes
As was the case in Chapter 5 there has been no formal optimisation in this Chapter. 

However, due to the large number of design variables the scope for optimisation of 

multilayered metallic domes is huge. The problem can be stated as:
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Pop,  ( V* )  =  m a X  P e r  ( V1 , V2 > V3 .......Vn )  ( 6 ‘ V

Where:

Pcr = min(pbif,p coll), v* = (v,*,v2*,v3 * v„*) (6-2)

The number of design variables, n, is user defined and will include variables such as: 

j = number of layers 

t(j) = thickness of each layer
(layer thickness is itself another design variable and can be non

constant along the meridian of each layer.)

G = geometry of domed end (Rs/D, A/B, D/t, etc.)

BC = edge boundary conditions of dome

Subject to the following inequality constraint: 

m <mmax
Where mmax is the maximum allowed mass e.g. that of an equivalent single layered 

dome.

6.5 Conclusions
This Chapter has, through experiment and numerical calculations (both axisymmetric 

and 3D), revealed a number of difficulties which exist when dealing with layered 

metallic shells. These include: establishing a comprehensive set of material data for 

the laminate, and dealing with apex boundary conditions. Despite these difficulties it 

is possible to suggest a route for some preliminary optimisation studies.
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As there is no other available experimental data in the literature it is difficult to 

generalise the findings of the Chapter. However, the following observations can be 

made:

• It is possible to achieve a required pressure resistance with several 

combinations of layer thicknesses and materials, giving designers a 

choice dependant on cost manufacturability etc.

• When supported by a steel core, copper outer layers are nearly entirely 

plastically strained due to the effects of external pressure.

• The properties of the laminated material supplied for this Chapter were 

dominated by the core steel layer.
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6.6 Figures and Tables

Fig. 6.1 Geometry of bimetal hemisphere. R is measured to mid-surface radius.

Fig. 6.2 Failure pressures for bimetal hemisphere, steel outside, ayp steel = 
350.0MPa, CTyp al = 300.0MPa. Numbers along curve indicate number of 
circumferential waves formed at bifurcation, c = axisymmetric collapse.
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Fig. 6.3 Five configurations of two-layered dome, steel outside, aluminium inside. 
Top row: Prebuckling deformations, Bottom row: Buckling modes.

Fig. 6.4 Plastic straining in five configurations of two-layered dome, steel outside,
aluminium inside. Maximum plastic strains correspond to 3.12%, 1.62%, 0.72%,
0.38%, and 3.70% respectively.
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Fig. 6.5 Failure curve for bimetal hemisphere, steel inside, cryp steel=350.0MPa, 
CTyp al=300.0MPa. Numbers along curve indicate number of circumferential 
waves formed at bifurcation, c= axisymmetric collapse.

(a) (b) (c) (d) (e)
Fig. 6.6 Buckling modes of five configurations of two-layered dome, steel inside,
aluminium outside. Top row: Prebuckling deformations, Bottom row: Buckling
modes.
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Fig. 6.7 Plastic straining in five configurations of two-layered dome, steel inside, 
aluminium outside. Maximum plastic strains correspond to 3.12%, 5.17%, 
5.96%, 5.34%, and 3.70% respectively.

ayp aluminium 
[MPa]

Fig. 6.8 Failure pressure for combinations of steel and aluminium yield 
strengths, steel outer layer.
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o'vd aluminium 
[MPa]

Fig. 6.9 Failure pressure for combinations of steel and aluminium yield 
strengths, steel inner layer.

layer 2

layer 3
layer 2

layer 3

(a) (b)
Fig. 6.10 Geometry and layup of three layered metallic (a) Hemisphere, and (b) 
Torisphere. AH radii are to middle surface of total thickness.
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Fig. 6.11 Failure pressure for three configurations of copper-steel-copper 
hemispheres. The thickness of the inner and outer layers of copper is varied. 
Total thickness remains constant.

Fig. 6.12 Failure pressure for two configurations of copper-steel-copper 
torispheres. The thickness of the inner and outer layers of copper is varied. Total 
thickness remains constant.
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Fig. 6.13 Plastic straining in copper-steel-copper domes corresponding to 
configurations ‘A’ ‘B’ ‘C’ ‘D’ ‘E’ Maximum plastic straining corresponds to 
2.37%, 2.58%, 1.76%, 0.85%, and 0.76% repectively.

Fig. 6.14 Layout of tensile test coupons cut from sheet of hybrid material, 
copper-steel-copper.
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Fig. 6.16a Nominally identical spun domes HI and HI a.

Fig. 6.16b Nominally identical spun domes H2 and H2a.
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Fig. 6.16(1 Nominally identical spun domes T1 and Tla.

Fig. 6.16e Nominally identical spun domes H2 and H2a.
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Fig. 6.17b Thickness profiles of nominally identical spun domes H2 and H2a.
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Fig. 6.17d Thickness profiles of nominally identical spun domes T1 and Tla.

Fig. 6.17e Thickness profiles of nominally identical spun domes T2 and T2a.

Fig. 6.18 Dome T1 attached to baseplate after cooling Wood’s metal.
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Fig. 6.19b Domes H2 and H2a after testing.

Fig. 6.19c Domes H3 and H3a after testing.
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Fig. 6.19a Domes T1 and T la  after testing

Fig. 6.19e Domes T2  and T2a after testing.
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Fig. 6.20 (a) Post collapse deformation of H I  showing local failure near the base 
of the dome, (b) Post collapse deformation of dome H I  a showing apex failure of 
the dome.

Fig. 6.21 (a) Pressure versus apex deflection for H I ,  the apex recovers local 
deformation becomes dominant near the base of the dome, (b) Pressure versus 
apex deflection for H I  a, collapse is global.
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(a) (b)
Fig. 6.22 Buckling mode of (a) H2 and (b) H2a.

(a) (b)
Fig. 6.23 Post collapse deformation of (a) H3 and (b) H3a.
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(b)
Fig. 6.26 Photographs through cross section of copper-steel-copper hybrid sheet, 
(a) Magnification = 20x. (b) M agnification^OOx.
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tmin
(mm)

tmax
(mm)

lave
(mm)

Stdev
(mm)

SI 0 . 9 9 0 1 . 1 5 0 1 . 0 8 8 0 . 0 1 8

S2 1 . 0 4 0 1 . 1 3 0 1 . 0 8 6 0 . 0 1 5

Table 6.1 Measured thickness of sheets S I  and S2.

Coupon Copper
Layers Angle Strain

Gauged?

E (GPa) ffyp
0.1%
(MPa)

UTS
(MPa) VINSTRON Strain

Gauges
A N 0 N - - - - -

B Y 0 N 156.5 - 217.0 305.5 -

C Y 0 Y 170.0 171.2 230.0 313.5 0.320
D Y 90 N 190.4 - 242.0 307.6 -

E Y 90 Y 189.5 194.9 256.0 313.5 0.325
F Y -45 N 196.3 - 240.0 320.0 -

G Y -45 - - - - - -
H Y +45 N 160.7 - 283.0 319.9 -
I Y +45 N 191.3 - 240.0 320.9 -

D1 N 90 N 170.4 - 192.0 299.4 -
D2 N 90 Y 190.2 195.4 252.0 300.3 0.337
D3 N 90 N 175.0 - 227.0 303.3 -

Average 179.0 187.2 237.9 310.4 0.327
Table 6.2 Tested material properties of tensile test coupons
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ID
(mm)

Rsj
(mm) Crs Tj

(mm) c r
Apex 

Hole dia. 
(mm)

Parallel
Flange
Length
(mm)

HI, Hla 89.0 44.5 (0.0,0.0) - - - 20.00
H2, H2a 210.0 105.0 (0.0,0.0) - - 8.00 -
H3, H3a 145.0 72.5 (0.0,0.0) - - - -
Tl, Tla 197.0 202.0 (0.0, -162.9348 22.0 (76.5,0.0) - 10.00
T2, T2a 150.0 120.0 0.0, -80.7775) 25.0 (50.0,0.0) - 10.00
Table 6.3 Nominal dimensions of test domes. Note Rs and r are internal radii, 

measured from manufacturer’s spinning tool.

tmin
(mm)

tmax
(mm)

tave
(mm)

St. dev 
(mm)

HI 0.630 1.245 0.945 0.151
Hla 0.745 1.220 0.965 0.128
H2 0.830 1.140 0.969 0.090
H2a 0.760 1.140 0.953 0.103
H3 0.640 1.100 0.891 0.151
H3a 0.590 1.100 0.883 0.170
Tl 0.570 1.130 0.988 0.133
Tla 0.640 1.150 1.000 0.116
T2 0.840 1.110 1.007 0.068
T2a 0.840 1.100 0.999 0.078

Table 6.4 Measured maximum, average, and minimum thicknesses of test domes.
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S/Stot HI Hla H2 H2a H3 H3a T1 Tla T2 T2a
0.0 1.11 1.11 1.10 1.10 1.09 1.09 1.12 1.11 1.10 1.10
0.1 1.05 1.10 1.07 1.07 1.09 1.09 1.10 1.10 1.08 1.10
0.2 1.08 1.08 1.04 1.03 1.07 1.05 1.10 1.10 1.08 1.09
0.3 1.03 1.03 1.00 1.02 0.98 0.99 1.08 1.08 1.05 1.04
0.4 0.97 0.93 0.92 0.91 0.89 0.97 1.06 1.06 0.99 1.02
0.5 0.89 0.89 0.86 0.86 0.82 0.86 1.03 1.05 0.99 1.00
0.6 0.89 0.85 0.91 0.95 0.71 0.72 0.99 1.03 0.97 0.98
0.7 0.65 0.76 0.90 0.85 0.72 0.68 0.98 0.99 0.96 0.93
0.8 0.79 0.81 0.87 0.80 0.72 0.66 0.96 0.95 0.97 0.95
0.9 0.93 0.91 0.86 0.86 0.75 0.65 0.68 0.76 0.96 0.90
1.0 1.20 1.19 1.12 1.08 0.94 0.93 0.86 0.94 0.86 0.87

Table 6.5 Hoop averaged thicknesses along arc length, s, of test domes

ID
(mm)

Rs0
(mm) Cr, r0

(mm) c r

Apex
Hole
dia.

(mm)

Parallel
Flange
Length
(mm)

HI 86.58 41.82 (2.325,2.761) - - - 20.00
Hla 86.63 41.57 (2.629, 2.725) - - - 20.00
H2 212.48 107.66 (-0.296, -0.704) - - 8.38 -

H2a 212.06 106.09 (-0.297, -0.696) - - 8.16 -

H3 151.87 75.85 (0.854, -2.225) - - - -

H3a 151.73 76.51 (0.150, -2.499) - - - -

T1 211.42 173.84 (1.107,-126.28) 30.16 (76.214, -3.746) - 10.00
Tla 211.72 176.18 (0.191,-126.18) 27.39 (79.019, -3.364) - 10.00
T2 148.10 124.15 (1.877,-84.976) 27.55 (47.433, 0.274) - 10.00
T2a 147.96 125.47 (1.464, -86.070) 26.25 (48.491, 1.297) - 10.00
Tab e 6.6 Measured dimensions of test domes. Note Rs and r are measured best

fit external radii.
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Pexp
(MPa)

HI 9.46
Hla 10.34
H2 3.72
H2a 3.62
H3 5.93
H3a 4.83
T1 1.76
Tla 1.71
T2 3.07
T2a 2.91

Table 6.7 Experimental failure pressures of test domes.

Exp. Lower Higher Tested

Pexp
(MPa)

Per
(MPa) Pcr/Pexp

Per
(MPa) Pcr/Pexp

Per
(MPa)

Pcr/Pexp

HI 9.46 9.43 f cl 1.00 9.65[cl 1.02 7.18[cl 0.76
Hla 10.34 10.29[c] 0.99 10.78[c| 1.04 8.63[c] 0.83
H2 3.72 4.69[15] 1.26 5.33flll 1.43 3.67[cl 0.99
H2a 3.62 4.49[15] 1.24 5.08[121 1.40 3.35[141 0.93
H3 5.93 5.53[c] 0.93 5.66[c] 0.95 4.28[c] 0.72
H3a 4.83 4.79[101 0.99 4.90[101 1.01 3.71 r 101 0.77
T1 1.76 i.73rci 0.99 1.98[c) 1.13 1.23[cl 0.70
Tla 1.71 i.63rd 0.95 1.84[cl 1.07 1.18[cl 0.69
T2 3.07 3.21 [cl 1.05 3.29[cl 1.07 2.44[cl 0.79
T2a 2.91 3.00[c] 1.03 3.09[cl 1.06 2.34[c] 0.80

Table 6.8 Results from BOSOR analyses.
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Exp. Lower Higher
Pexp

(MPa)
Per

(MPa) Pcr/pexp
Per

(MPa) Pcr/Pexp

HI 9.46 9.75[c] 1.03 9.95[c] 1.05
Hla 10.34 10.83[cl 1.05 10.98[c] 1.06
H2 3.72 4.84(01 1.30 4.92(c] 1.32
H2a 3.62 4.51[0] 1.25 4.59[c] 1.27
H3 5.93 5.53[c] 0.93 5.63[c] 0.95
H3a 4.83 4.91 [c] 1.02 4.93 [c] 1.02
T1 1.76 1.53[cl 0.87 1.58[c] 0.90
Tla 1.71 1.42[cl 0.83 1.46[c] 0.86
T2 3.07 3.07[c] 1.00 3.15[cl 1.03
T2a 2.91 3.03[c] 1.04 3.08[c] 1.06

Table 6.9 Results from ABAQUS 3D analyses.
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C h a p t e r  7

CLOSURE

7.1 Preliminary Remarks
This Chapter brings closure to the thesis. Firstly, a review of the aims of the thesis and 

a summary of the research outcomes are discussed. The thesis is then put in context 

by a discussion of future research topics.

7.2 Review of Aims of Thesis
When assessing the outcome of research such as this PhD programme, it is important 

to bear in mind the original goals which were set out. This section reviews the aims of 

the thesis, and explains how they are linked.

The primary aim of the thesis is the successful connection of modem heuristic search 

techniques (Tabu Search) and reliable shell analysis computer programs (BOSOR5). 

If successful, this could lead to future research involving other optimisation tools such 

as PSO, GAs, etc. and different analysis tools, such as ABAQUS, NASTRAN, etc., 

depending upon the requirements of the analysis.

In addition, there are also several other specific aims of the thesis which have arisen 

from pertinent issues surrounding the two topics of shell buckling and optimisation, 

discussion of which follows.
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When conducting research into shell buckling, it is important to benchmark numerical 

solutions. Thus, experimentation is a specific aim of the thesis, and laboratory 

experiments have been conducted on test shells throughout the thesis.

Another aim of the thesis was to investigate the scope for expansion of the current 

design codes to accommodate prolate ellipsoidal shells. This can only be done with 

the aid of reliable numerical analysis tools and experimental verification, and as such 

follows on from the previous two aims.

7.3 Outcomes of Current Research
For clarity, the specific outcomes of the research can be summarised Chapter by 

Chapter, in the context of the aims of the thesis detailed in the previous section.

7.3.1 Outcomes of Chapter 3 -  Buckling of Ellipsoids
Chapter 3 is an investigation into several issues surrounding a particular class of steel 

shell. The shells studied were ellipsoidal, and of most interest was the prolate 

ellipsoid, i.e., those taller that a hemisphere of the same base radius. This Chapter 

satisfies several of the aims of the thesis, i.e., issues such as imperfection sensitivity 

of shells are addressed, and a detailed examination of current design codes takes 

place. Numerical predictions for failure of prolate domes were within 5% of the 

experimental failure load for axisymmetric analysis, and within 2% of the 

experimental load for 3D analysis. This suggests that using BOSOR5 solutions based 

on minimum thickness is acceptable for analysis of this kind of geometry of shells. 

Based on numerical and experimental findings, suggestions are made for the 

expansion of three current design codes to include prolate domes. However, it is also 

acknowledged in Chapter 3 that further study into prolate domes is required, 

specifically into industrially manufactured prolate domes.
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7.3.2 Outcomes of Chapter 4 -  Optimisation of Shell Components
Chapter 4 fulfils the primary aim of the thesis. The structural analysis code BOSOR5 

is successfully connected to the heuristic search technique Tabu Search. By 

connecting these two, optimisation of continuous shell structures can take place, with 

stability criteria (i.e., buckling and collapse) taken into account. In addition, the 

solutions obtained are benchmarked against experimentally obtained results, 

agreement between the two is very good, and large increases in magnitudes of 

pressure resistance have been found. Another issue raised in this Chapter was 

imperfection sensitivity, as one of the test domes contained a manufacturing defect. 

For a shallow ellipsoidal dome, the effects of localised thinning at the apex of the 

dome were found to be negligible. However, this was for a single geometry of dome, 

and more research is required into locally thin patches on domed ends.

7.3.3 Outcomes of Chapter 5 -  Buckling of Segmented Pressure Vessels
This Chapter takes a structure which was optimised in Chapter 4, which was a 

barrelled shell. The feasibility of connecting several barrels to form a pressure hull 

was investigated, and it was seen that the design of junction between barrels was 

crucial to the failure load of the vessel.
The main conclusion of this Chapter is that before any formal optimisation of the 

segmented hull can take place, the dominant variables need to be identified and the 

scope for optimisation needs to be defined. In this case, the dominant variables were 

the length and thickness of flange.
Numerical results in this Chapter were in reasonable agreement with experiment, 

however leakage at the barrel junction was seen to be a problem.

7.3.4 Outcomes of Chapter 6 -  Multilayered Metallic Domes
This Chapter satisfies several of the original aims of the thesis. A structure which is 

sparse in the available literature has firstly been identified, i.e., laminated metallic 

domes.
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Several aspects of buckling of laminated metallic domes were addressed, such as 

thickness of individual layers. A set of experiments was conducted on ten laminated 

domes constructed from copper-steel-copper. The main difficulty was establishing a 

reliable set of material data for the laminate. Tensile testing conducted on the laminate 

was in disagreement with the manufacturer quoted properties.

Further difficulties associated with laminated metallic domes are highlighted. These 

include the need for a hole at the apex of large spun domes. In this Chapter, two 

domes contained an apex hole, these domes providing the largest discrepancy between 

experiment and numerical prediction.
As was the case for segmented pressure vessels, the scope for optimisation of 

laminated domes, is also discussed.

7.4 Suggestions for Direction of Future Research
It has been seen how each of the Chapters contributes to the overall aims of the thesis. 

To bring closure to the thesis it is necessary to suggest directions for future research. 

This can be divided into the two topics of: optimisation of shell structures, and design 

codes.

The successful coupling of shell analysis and optimisation has been demonstrated. 

Numerical solutions have been benchmarked experimentally. Due to the success 

shown in Chapter 4, suggestions for future research into optimisation of shells have 

been made in Chapters 5 and 6. The particular shells, i.e., segmented vessels, and 

multilayered metallic domes, are sparse in the literature, which gives good motivation 

for conducting research into them. Methods of conducting the optimisation process 

have been outlined in Chapters 5 and 6.

Research into design codes is the second suggestion for future research. It was shown 

in Chapter 3 how the current design codes could be expanded to include prolate 

domes. Direction for future research would be to gather more data on e.g. 

imperfection sensitivity and experimentation before making formal approaches to 

expand the design codes.
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APPENDIX A -  Numerical Analysis Methods
This appendix contains descriptions of the numerical procedures for calculating 

buckling loads etc. using BOSOR5 and ABAQUS.

Al. BOSOR5
A l.l General Description of BOSOR5
BOSOR5 [92] is a UNIX based finite difference computer program used for analysing 

the bifurcation buckling behaviour of shells of revolution.
To run the program manually, data for the shell is interactively inputted into the pre

processor and then assembled by the program for analysis. The required data consists 

of information on:

• The number of segments and nodes in the shell.

• The geometry of the shell segments.

• Information on any axial, radial or rotational loading.

• Starting and ending pressure, pi and P2 and the function for loading of the shell.

• Temperature and traction (shear loading) data.

• Material properties.

• Boundary conditions.

• Information at junctions of segments.

This information is stored in the *.ALL file.

Information of the type of analysis to be carried out is stored in the *.IMP file 

(*.Information for Main Processor). This information comprises:

• The type of analysis to be carried out, (either bifurcation buckling, or 

axisymmetric collapse).

• The type of plasticity theory to be used in the analysis (either deformation or 

flow).

• The start and end time step numbers.

• The number of trials at each load level, and the number of iterations at each trial.

• The range of circumferential wave numbers to be tested for.
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B0S0R5 can only analyse shells up to buckling or collapse. Information on post 

collapse behaviour is not available. Analysis is completed by dividing the pressure 

range into a user specified number of increments (usually 50) and analysing the shell 

at each increment. At each increment the determinant of the stiffness matrix of the 

structure is calculated and buckling occurs when the determinant changes sign. 

Collapse of the shell occurs when the program cannot converge at a load level.

One important aspect of BOSOR5 is that it is possible to ‘miss’ a bifurcation due to 

the loading increments being too far apart. To this end, it is required to run several 

analyses with different loadings in order to confirm whether bifurcation occurs. Also, 

it is also desirable to have the lower value of pressure in the linear portion of the 

shells response to pressure -  to account for any prebuckling non-linearities in the 

structure, see Fig. A1.

After analysis, the results are stored in the *.OUT file. This contains the results of the 

analysis of the shell at each increment. Information obtainable from the *.OUT file 

includes the minimum buckling load, the amount of prebuckling deformation of the 

shell, shape of the shell after buckling, and the number of circumferential waves. 

Information on prebuckling stresses and strains can also be requested.

Shell displacements can be tabulated in a *.PLT2 file using the post processor, from 

where the values can be transferred to a program such as Microsoft Excel file to plot 

the shape of the deformed shell.

A1.2 An Automated BOSOR5 Solver
BOSOR5 files are readable by FORTRAN77 (referred to hereon as F77). It is thus 

possible to use F77 to first write the required input files, *.ALL and *.IMP, carry out 

the BOSOR5 analysis, and then open the output file, read and interpret the results, 

rewrite the input and repeat the process until a solution has been reached. The solver 

works by the method displayed in the flow diagram in Fig. A2. The pressure history 

of the solver is such that the initial pressure range is very low, and is increased with 

overlapping intervals until the bifurcation pressure is located between two steps (see 

Fig. A3).
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Once it has been established that pbjf or pcon lies between two pressures, pi and p2 are 

then refined by moving them closer to the failure pressure by a predetermined amount 

e.g. half way from current pressure to failure pressure. In this way the rate of 

convergence of the solver can be adjusted. Convergence of the solution is taken to be 

when the BOSOR5 pressure increments were within a user prescribed value, such as 

0.5% of the failure pressure i.e.:

i ~-P2)/5 Qxioo< o.5 (Al.l)
P b i f

Where in this case the analysis was divided into 50 increments.
Typically convergence is achieved after around 10 iterations of the solver. However, 

should convergence be unable to be reached after a user prescribed number of 

iterations, e.g. 45, the lower pressure pi is first reduced in order to account for any 

prebuckling nonlinearities. Secondly, the convergence criterion is raised to, for 

example, 1% to aid convergence of the solver. If convergence is still not achieved the 

solver exits and reports in the output file that the geometry being analysed was unable 

to converge.
The solver will continue until all of the predetermined geometries, materials, and 

boundary conditions have been analysed, this information is provided by the user 

before the solver is started. Output is in tabular form, showing the geometry of shell, 

number of iterations to convergence, the final pi and p2, number of circumferential 

waves, failure mode and failure pressure. This information then allows the user to 

repeat any analyses manually if required, for example, in order to extract information 

such as plots of the prebuckling shape and buckling mode, and stresses in the shell 

prior to buckling.

A2. ABAQUS
A2.1 General Description of ABAQUS
ABAQUS is a large scale Finite Element solver, used in industry to solve static and 

dynamic problems ranging from aerostructures to nuclear power plants and 

automotive analyses including fluid flow and fluid-solid interaction.
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A2.2 Analysis Types
There are several analysis types available in ABAQUS, of which the most relevant in 

this thesis are the static analyses -  description of the static analyses used throughout 

this thesis follows.

A2.2.1 Static
The simplest analysis type, static loadings can be concentrated or distributed, and the 

analysis can be linear or non-linear geometrically.

A2.2.2 Buckle
Buckle was used extensively throughout this thesis. The methodology is first to 

provide a static preload (termed the dead load) and then run a buckle step in 

conjunction with a small ‘live load’. During the buckle step, eigenvalues 

corresponding to the buckling modes of the structure are computed. The buckling load 

is calculated from the following:

Pbif = P D + A PL (A:1-2)

The procedure is then to increase the dead load and re-run the analysis until the 

eigenvalue is close to zero -  negative eigenvalues indicate that buckling has occurred, 

this procedure is also described in [145].

A2.2.3 Riks
Riks is a non-linear static collapse analysis developed by E. Riks. An initial loading is 

supplied which is increased by the program automatically depending upon the rate of 

convergence. The Riks method is able to analyse the pre, and post collapse behaviour 

of a structure. Riks is a very useful analysis, with collapse loads able to be calculated 

in approximately 10 increments. For further information on the Riks method, see the 

ABAQUS theory manual [146].

246



Appendices

A2.2.4 Direct
Direct is analogous to the BOSOR5 method of analysis. Starting and ending loads are 

supplied by the user and the analysis is made over a user specified number of 

increments (more increments will mean a more accurate solution, at the expense of 

computation time). When a negative eigenvalue appears the analysis will stop and the 

last converged load can then be used as a dead load for a buckle analysis.

For a complete picture of the buckling behaviour of a shell all three analyses should 

be run.
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Fig. A1 Typical load-deflection plot for B5. The user picks the start and end 
pressures, and divides into 50 increments.

Fig. A2 Flow chart showing methodology for an automated solver written for
BOSOR5.
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Fig. A3 Pressure history used by automated solver. The pressure range is 
increased in overlapping amounts until buckling is found between two pressures, 
in this case iteration 5.
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APPENDIX B -  Material Properties
This Appendix summarises all the material properties used throughout this thesis. The 

table of material properties is divided according to the Chapters of the thesis.

Table B

E
(GPa)

V CTyp

(MPa) (MPa)
UTS

(MPa)

Ch. 3 Epoxy 2.214 0.4 - - -
Ellipsoids 207.0 0.266 260.0 277.0 454.9

Ch. 4 Ellipsoids 207.0 0.266 260.0 277.0 454.9
Barrels 216.9 0.267 329.4 344.0 528.4

Ch. 5 Barrels 216.9 0.267 329.4 344.0 528.4
Gasket 1.400 - - - -

Ch. 6
Nom. Lower 213.0 0.300 310.0 - 450.0
Nom. Upper 239.0 0.300 315.0 - 450.0

Measured 187.2 0.327 237.9 - 310.4
. Summary of material properties used in each Chapter of this thesis.
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APPENDIX C -  Technical Drawings
This Appendix contains a sample of the technical drawings which were submitted to 

the workshop at the University of Liverpool for manufacture of test specimens. In 

total over 30 drawings were produced for manufacture of test specimens and so only a 

relevant sample are shown here. The drawings are presented in the same order as the 

chapters for which they are relevant.
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Fig. Cl Drawing submitted to workshop for manufacture of ellipsoidal dome,
note integral flange and filet radius at base of dome.
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Fig. C2 Drawing submitted to workshop for manufacture of ellipsoidal dome,
note integral flange and filet radius at base of dome.
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Fig. C3 Drawing submitted to workshop for manufacture of ellipsoidal dome,
note integral flange and filet radius at base of dome.
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FINISH TO BS1134 ^
ALL OVER EXCEPT WHERE 
STATED
THREADS TO BS3643

TOLERANCE 
DIMENSIONAL ± 0.2 

ANGULAR ± 0.2° 
UNLESS OTHERWISE 

STATED

SCALE
ALL DIMENSIONS IN mm

DRAWN: P.SMITH 
DATE: MAY 02

2 :1 MATERIAL: MILD BARREL
STEEL

Fig. C4a Drawing submitted to workshop for manufacture of a barrelled shell.

Fig. C4b Drawing submitted to workshop for manufacture of a barrelled shell,
showing hole detail in flange.
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Fig. C5 Assembly drawing to accompany technical drawings for manufacture of
FBI pressure hull.

256



Appendices

257



Appendices

I

STRIP TD BE CUT DRAWN: DWG S-001
DATE:
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mm

Fig. C7 Location of optical microscopy coupons cut from dome H2 after testing.
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APPENDIX D -  Supplier Information
This Appendix contains the contact details for all the suppliers who were involved in 

this thesis. The details are arranged in the same order as the Chapters they were 

involved in. Brief explanations of the work carried out are provided.

Chapters 3, 4 & 5
Rough machined domes and barrels were heat treated by Globe Heat Treatment 

according to the heating history given in Chapters 3, 4, and 5

Globe Heat Treatment Services Ltd
Units 4 & 5 Venture Works
Charleywood Road
Knowsley Industrial Park North
Kirkby
Merseyside
L33 7SG
United Kingdom

Chapter 5
The gaskets used between joining flanges of segmented vessels were supplied by 

Klinger. It was recommended by Klinger to use a metallic spiral wound gasket, 

however this was cost prohibitive and, after consultation with Klinger, a compressed 

fibre gasket was selected.

Klinger Ltd
Unit 21 Dewar Court
Astmoor Industrial Estate
Runcorn
Cheshire
WA7 1PT
United Kingdom
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Chapter 6
The hybrid copper-steel-copper laminated metallic material used for experimentation 

in Chapter 6 was supplied by HighClad.

HighClad
Trierer Walzwerk GmbH
Bruehlstrasse 14-15
D54295
Trier
Germany

Test domes in Chapter 6 were spun from the hybrid laminate by Artec Engineering.

Artec Engineering Ltd 
Seagull Works 
8, Seagull Lane 
Emsworth 
Hampshire 
PO10 7QH
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APPENDIX E -  ECCS Approach to Prolate Domes
This section outlines the method used for the ECCS approach for designing prolate 

ellipsoidal domes by hand. It should be noted that the boundary condition here is fully 

clamped.

Shell slenderness is defined as:

A -  -Jprpi/P rc ( El l )

where pRpi and pRc for an externally pressurised prolate dome are given in Sections

3.2.2 and 3.3.2.
The buckling reduction factor is then determined as:

A <A0:

A0< Â < Â p :

Ap < A :

X = I-0 

*= 1 -0 -/?
r A -A 0 V 

~ K  j

a

(El.2) 

(El.3)

(El.4)

where: Xo = 0.20, ¡3 = 0.70, rj -  1.0.

Plastic limit relative slenderness is given as:

Ap=Jcc/{l~P)

where:

a =

(El.5)

(El.6)

It should be noted that the numerator, and coefficient and power, in (El.6) were 

selected in order to fit the imperfection sensitivity curves in Figs 3.8a. These terms are
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geometry dependant and need to be established for each configuration of shell being 

designed as per the ECCS approach.

The following is substituted into (El.6):

Where Q is the quality parameter and is defined as: Q = 16 normal, Q -  25 high class, 

Q = 40 excellent. The characteristic buckling load, pRk, is then given as: p Rk = XPRpi > 

and finally the design load of the dome, pRd, is then calculated using a partial safety 

factor: pRd = pRk ¡y where y=  1 .1 .

As an example, consider the fully clamped prolate ellipsoidal dome of the following 

parameters: A/B = 0.5, D/t = 1000, Oyp— 300 MPa, E = 207 GPa, v = 0.3, Q = 40.

pRd may seem over-conservative, however the BOSOR5 analysis is for a perfect shell. 

Initial geometric imperfections will serve to reduce this amount by up to 75% as was 

seen for the case of eigenmode imperfections (see Fig. 3.8a).

(El.7)

pRd =0.124 MPa 

pbif (b o s o r 5 ) =0.715 MPa

(El.8) 

(El.9)
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