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Abstract

Isogeometric analysis which extends the finite element method through the usage of B-splines has become well established
in engineering analysis and design procedures. In this paper, this concept is considered in context with the methodology
of polynomial chaos as applied to computational stochastic mechanics. In this regard it is noted that many random
processes used in several applications can be approximated by the chaos representation by truncating the associated
series expansion. Ordinarily, the basis of these series are orthogonal Hermite polynomials which are replaced by B-spline
basis functions. Further, the convergence of the B-spline chaos is presented and substantiated by numerical results.
Furthermore, it is pointed out, that the B-spline expansion is a generalization of the Legendre multi-element generalized
polynomial chaos expansion, which is proven by solving several stochastic differential equations.

Keywords: B-spline chaos, isogeometric basis, multi-element generalized polynomial chaos, approximation of arbitrary
random variables, stochastic Galerkin

1. Introduction

The usage of polynomial chaos (PC) representations to
approximate random processes is widespread in the area
of stochastic mechanics (e.g. [1, 2, 3, 4]), and has a mathe-
matically solid framework. For any arbitrary random pro-
cess with finite second-order moments the original Wiener
polynomial chaos expansion [5] converges in accord with
the Cameron-Martin theorem [6]. Further, the conver-
gence rate is optimal for Gaussian inputs; in fact the rate is
exponential [7]. This can be understood from the fact that
the weighting function of Hermite polynomials is the same
as the probability density function of the Gaussian ran-
dom variables. For other types of random input the con-
vergence rate may substantially slower. In this case, other
types of orthogonal polynomials, instead of Hermite poly-
nomials, could be used to construct the chaos expansion.
Xiu and Karniadakis [7] proposed the generalized polyno-
mial chaos (gPC) and proved optimal convergence for the
polynomials of the Askey-scheme, e.g. Legendre polynomi-
als correspond to the uniform distribution. Further, Wan
and Karniadakis [8] extended the gPC by decomposing the
stochastic space in elements and build a gPC within each
element, which is known as the multi-element generalized
polynomial chaos (ME-gPC). This extension captures the
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problems of long-term integration and stochastic disconti-
nuities, and was especially applied to flow problems [9, 10]
and others [11, 12, 13, 14]. More recently, improvements
of the method were proposed [15, 16], but handling long-
term integration and stochastic discontinuities remains a
challenging problem.
The original Wiener and the generalized PC have also been
successfully applied to arbitrary non-optimal inputs [17].
[3] However, in practical applications, one often does not
know the analytical form of the distribution of the input,
or, if known, it may not be one of the classical distribu-
tions, e.g. uniform, Gaussian, exponential, etc. In this
case, the optimal convergence may deteriorates [4, 18], es-
pecially for higher orders.

In 2005, Hughes et al. [19] bridged the gap between
computer aided design and engineering by introducing the
methodology of isogeometric analysis (IGA), which suc-
cessfully has enhanced many deterministic engineering ap-
plications [20, 21, 22, 23, 24]. In this regard, it is remark-
able that the notion of IGA was not widely adopted within
stochastic frameworks [25, 26, 27]. In the best of the au-
thors’ knowledge, there are two relevant approaches: Hien
and Noh [26] combined the IGA with stochastic perturba-
tion and Li et al. [27] numerically solved the Karhunen-
Love expansion using isogeometric basis functions. One
procedure within the IGA framework is to use non-uniform
rational B-Splines (NURBS), which are prevalent in engi-
neering design processes, as a basis for solution fields. It
turned out that B-splines are also beneficial in terms of
the analysis.
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In this paper, the B-spline basis functions are employed
in the truncated PC expansion and weak convergence for
arbitrary input variables are shown. Further, strong con-
vergence is achieved for uniform distributed random in-
puts. These results are supported by numerical examples
where approximations of beta, normal, and exponential
distribution are extensively studied and compared with
Hermite and Legendre chaos. Afterwards, a first order or-
dinary differential equation (ODE) and a cantilever Euler-
Bernoulli beam with random flexural rigidity is solved by
B-spline expansions using a stochastic Galerkin scheme
and faced with Legendre chaos.

2. Wiener-Askey chaos

Let (Ω,F ,P) be a probability space, where Ω is a sam-
ple space, F is an appropriate σ-field on Ω, P is a prob-
ability measure and (R,B) a measurable space, where B
is the Borel σ-field. A (real-valued) random variable X
on (Ω,F ,P) is an mapping X : Ω → R which is (F ,B)-
measurable. Denote by L2(Ω,F ,P) the Hilbert space of all
random variables with finite second moment, i.e. E[X2] <
∞ with E[·] is the operator of mathematical expectation.
Consider the random variable X as a function of an arbi-
trary random variable Z, i.e.

X = g(Z), (1)

where g is a deterministic, measurable mapping. In gen-
eral, equation (1) describes the random output X of a
stochastic system in the presents of random inputs, pa-
rameterized by a set of independent variables Z.

Wiener [5] proposed the Hermite PC which allows to
represent equation (1) in terms of the series

X =

∞∑
p=0

apHp(Z), (2)

where Z is Gaussian, Hp(Z) are Hermite polynomials in
Z of order p and ap are deterministic coefficients to be
determined. Truncating the series in equation (2) after
the P + 1 term leads to the PC approximation of order P :

X̃P =

P∑
p=0

apHp(Z) (3)

which converges in L2(Ω,F ,P) [1], i.e.

X̃P
L2−→ X for P →∞. (4)

Due to the orthogonality of the Hermite functions, the
coefficients in (3) can simply determined by the orthogonal
L2 projection

E[g(Z)Hp(Z)] = ap E[Hp(Z)2] (5)

for every p, which make these polynomials very efficient
for computational issues. The orthogonality depends on

the measure P of L2(Ω,F ,P) and in the above case a
Gaussian measure is at the basis of L2. The convergence
property guarantees the effectiveness of solving stochastic
differential equations with Gaussian inputs [1, 2].

It has been demonstrated by many authors that the
Hermite chaos is effective in solving stochastic differential
equations with Gaussian inputs as well as certain types
of non-Gaussian inputs [28, 1, 29, 4]. Nevertheless, the
optimal exponential convergence rate is not achieved for
general non-Gaussian random inputs or the convergence
severely deteriorates [7, 18]. Xiu and Karniadakis [7] pro-
posed the Wiener-Askey or generalized polynomial chaos
in 2002:

X =

∞∑
p=0

apΨp(Z). (6)

It identifies a correspondence between the distribution of
the random input Z and the type of orthogonal polynomi-
als Ψ form the Askey scheme of hypergeometric orthogonal
polynomials, which leads to optimal convergence rates, i.e.
exponentially. Some elected correspondences are shown in
table 1 - e.g. [28].

Distribution of Z Polynomial Basis Ψ Support
Gaussian Hermite (−∞,∞)
Gamma Laguerre [0,∞)
Beta Jacobi [a, b] ⊂ R
Uniform Legendre [a, b] ⊂ R

Table 1: Correspondence between distribution and polynomial basis.

3. B-spline chaos

In this section, the PC approximation is adapted in or-
der to make the method accessible for B-spline basis func-
tions instead of orthogonal polynomials. B-spline basis
functions, which are piecewise Bernstein polynomials, are
characterized by an open non-uniform knot vector

Ξ = [0, . . . , 0︸ ︷︷ ︸
p+1

, up+2, . . . , uN , 1, . . . , 1︸ ︷︷ ︸
p+1

]

= [u1, . . . , uN+p+1] (7)

where p is the polynomial order and N is the number of
basis functions - e.g. [19]. The ui’s are called knots and
define element boundaries if they differ. The B-spline ba-
sis functions can then be explained by the Cox-de Boor
recursion formula:

Bi,p(u) :=

{
1 if ui ≤ u < ui+1

0 otherwise
(8)

for p = 0, and

Bi,p(u) :=
u− ui

ui+p − ui
Bi,p−1(u)

+
ui+p+1 − u

ui+p+1 − ui+1
Bi+1,p−1(u) (9)
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Figure 1: B-spline basis of order p = 4 with knot vector Ξ =
[0, 0, 0, 0, 1/4, 1/4, 1/4, 1/2, 1/2, 1/2, 3/4, 3/4, 3/4, 1, 1, 1, 1] leading to four
C0-elements with N = 17 basis functions.
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Figure 2: B-spline basis of order p = 4 with knot vector Ξ =
[0, 0, 0, 0, 1/4, 1/2, 3/4, , 1, 1, 1, 1] leading to four C3-elements with N =
8 basis functions.

for p ≥ 1. Repeating inner knots in the interior of the knot
vector entail in a lower continuity over element boundaries.
Single knots reveal a Cp−1-continuity. This can be seen in
Fig. 1 and Fig. 2, respectively. A prescribed continuity af-
fects profoundly the number of basis functions, too. This
indeed is the main reason for the effectiveness of the sub-
sequent method.

Denote by Bi,p(u) the i-th B-spline basis function of
order p defined on [0, 1] with i = 1, . . . , N . According to
the original Wiener polynomial chaos, the B-spline chaos
of order p and knot vector Ξ is defined by

X̃N =

N∑
i=1

xiBi,p(u(Z)). (10)

B-splines can not be used for the approximation of random
variables in the same manner then orthogonal polynomials,
like Hermite polynomials, because of the lack of orthogo-
nality. Nevertheless, it suffices that the functions in use
form a basis of the underlying Hilbert space L2(Ω,F ,P)
[1, 28]. Thus, the coefficients in (10) can be determined
by solving a linear algebraic system resulting from the L2

projection:

Ax = b (11)

with

Ai,j := E
[
Bi,p(u(Z))Bj,p(u(Z))

]
(12)

bj := E
[
g(Z)Bj,p(u(Z))

]
(13)

i, j = 1, . . . , N . Next, the integrals in equation (11) must
be calculated. Specifically, this necessitates the introduc-
tion of a new space for the parameter u of the B-spline
basis functions Bi,p(u(Z)), which explicitly depend on the
random variable Z. The question next arises as to how

an arbitrary random variable Z can be uniquely mapped
on the parameter space [0, 1] in a proper way. A conve-
nient choice is the inverse cumulative distribution function
(CDF) of a random variable Z, given by

F−1
Z (u) := inf{z : FZ(z) ≥ u} ∈ [0, 1], (14)

where FZ is the CDF of Z. Clearly, the inverse always
exists and is unique. This allows one to connect the pa-
rameter u and the random variable Z such that u become
a uniformly distributed random variable U = FZ(Z) on
the interval [0, 1], i.e.

FU (u) = P (U ≤ u) = P (FZ(Z) ≤ u)

= P (Z ≤ F−1
Z (u)) = FZ(F−1

Z (u)) = u

=⇒ U∼U([0, 1]). (15)

If the distribution of Z is explicitly known, equation (11)
can be expressed in terms of U by

u = FZ(z) =⇒ du

dz
=
dFZ(z)

dz
= fZ(z), (16)

where fZ is the probability density function of Z. Hence, a
proper mapping between Ω and [0, 1] by FZ is established.
So, the expressions in (12) and (13) can be expressed as

EZ

[
Bi,p(FZ(Z))Bj,p(FZ(Z))

]
=

∫
Ω

Bi,p(FZ(z))Bj,p(FZ(z))fZ(z) dz

=

∫
[0,1]

Bi,p(u)Bj,p(u) du

= EU

[
Bi,p(U)Bj,p(U)

]
, (17)

and

EZ

[
g(Z)Bj,p(FZ(Z))

]
=

∫
Ω

g(z)Bj,p(FZ(z))fZ(z) dz

=

∫
[0,1]

g(F−1
Z (u))Bj,p(u) du

= EU

[
g(F−1

Z (U))Bj,p(U)
]
. (18)

Thus, the matrix A depends only on the configuration of
the B-spline basis functions, and can be stored before the
analysis. Further, A is a band matrix, if the knot vector
Ξ has inner knots, i.e.

Ai,j = 0 for |i− j| > p+ 1. (19)

Examining the integrals in (17) and (18) it turns out that
only the inverse cumulative distribution function of the
describing random variable Z and the mapping g must be
known. Thus, this procedure is not strongly limited and
simultaneously paves the way for using this method with
discrete random variables. Besides, under the assumption
that Z is a uniformly distributed random variable FZ is
the identity, and optimal convergence is expected in corre-
spondence with the uniform distribution, which is shown
in the ensuing section.
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3.1. Convergence

The proposed method is closely related to the gPC [7]
where the same mapping property between a uniform and
arbitrary distribution is utilized. It can be shown, see e.g.
[28], that the gPC approximation converges weakly, if the
random variable to be approximated is square integrable
and the moments in the chaos expansion exists. This can
be adopted here and X̃N converges in probability and in
distribution, i.e.

X̃N
P−→ X and X̃N

D−→ X for N →∞. (20)

To be precise, this can be stated as follows:

Definition 1 (Weak chaos approximation). Let X be a
random variable with CDF FX(x) = P(X ≤ x) and let Z
be an arbitrary random variable in a set of basis functions
Ψi(Z), i = 1, . . . , N . If

X̃N =

N∑
i=1

aiΨi(Z) with ai ∈ R (21)

converges to X in a weak sense, i.e.

X̃N
P−→ X or X̃N

D−→ X for N →∞, (22)

then X̃N is a weak chaos approximation of X.

Theorem 1. Let X be a random variable with CDF FX(x)
= P(X ≤ x) and finite second moment. Let U be a uni-
formly distributed random variable in [0, 1] such that the
moments EU (Bi,p(U)Bj,p(U)) exists for all B-spline basis
functions of order p ∈ N with i, j ∈ {1, . . . , N}. Let

X̃N =

N∑
i=1

xiBi,p(U) (23)

the weak B-spline chaos approximation of X, where x =
(x1, . . . , xN ) results from the L2 projection Ax = b with

Ai,j := EU (Bi,p(U)Bj,p(U)) and (24)

bj := EU (F−1
X (U)Bj,p(U)). (25)

Then X̃N converges to X in probability, i.e.

X̃N
P−→ X for N →∞. (26)

Proof. Let

X̄ := F−1
X (U) = F−1

X (FU (U)), (27)

which implies that X̄ has the same probability distribution

as X, i.e. FX̄ = FX . Thus, it holds X̄
P
= X and E(X̄2) <

∞, which leads to

∞ > E
[
X̄2
]

=

∫
ΩX

x2 dFX(x)

=

∫
[0,1]

(
F−1
X (u)

)2
du

=

∫
[0,1]

(
F−1
X (FU (u))

)2
dFU (u). (28)

=⇒ X̄ ∈ L2([0, 1], σ([0, 1]), dFU )

:=
{
f : [0, 1]→ R | EU

[
f2
]
<∞

}
. (29)

Since (23) is the L2 projection of X̄ by X̃N , X̃N converges
in mean square to X̄, which implies

X̃N
P−→ X̄ for N →∞. (30)

This completes the proof, because X̄
P
= X.

Note, convergence in probability implies convergence in

distribution. So, it also holds X̃N
D−→ X for N →∞. Fur-

ther, if g(Z) in equation (1) is explicitly known in terms of
Z, L2 convergence can be achieved [28]. However, in most
practical numerical analyses only the probability density
function of g(Z) or even less information is available. But
in this case, strong convergence can not established be-
cause of the lack of information concerning g and Z. Nev-
ertheless, the above theorem ensures weak convergence.

4. Numerical examples

In this section the versatility of the aforementioned ap-
proach is demonstrated, and the convergence results are
further substantiated by numerical examples. First, sev-
eral random variables are approximated by different ex-
pansions and are juxtaposed with each other. Finally,
a first order stochastic differential equation and a can-
tilever beam are solved using a stochastic Galerkin scheme
and compared to the Legendre multi-element chaos. Be-
sides, h-p convergence is shown and it turns out, that the
B-spline chaos is a generalization of the Legendre multi-
element polynomial chaos, which can extensively improved
by increasing the continuity over stochastic element bound-
aries.

4.1. Approximation of random variables

In the following uniform, beta, normal, and exponen-
tial distributed random variables are approximated by Her-
mite, Legendre and B-spline chaos. The resulting den-
sity functions are estimated by a normal kernel smooth-
ing function available in all common statistical toolboxes1.
The advantage of the proposed technique lies in the flexi-
bility of adapting the order, number of elements and con-
tinuity over element boundaries, which can be quite pow-
erful if the underlying distribution is unknown.

4.1.1. Uniform distribution

Fig. 3 shows approximations of a uniform density func-
tion by Hermite, Legendre, and B-spline chaos for differ-
ent orders p. Legendre and B-spline expansions remain
stable and unchanged from the first order on. Neither or-
der elevation nor knot insertion changes the accuracy. The

1For the presented examples the ksdensity MATLAB-function
with bandwidth 0.06 and 1.000.000 samples were used.
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Figure 3: Approximations of a uniform distribution by Hermite poly-
nomials (Hp), Legendre polynomials (Lp), and B-splines (Bp).

changing values of the expansion coefficients are the main
difference. While only the first two basis functions influ-
ence the representation for the Legendre chaos, because all
coefficients are zero for i > 2, the coefficients are chang-
ing for every configuration for the B-splines - see Fig. 4.
However, in this case only a straight line has to be approx-
imated. Therefore, linear B-splines are sufficient. This
leads to the conclusion that a correspondence between the
uniform distribution and B-splines can be identified. How-
ever, for the Hermite chaos more terms are necessary to
reach the same accuracy, and oscillations are observed at
the corners. This is also known as the stochastic Gibbs
phenomenon [28].

4.1.2. Beta distribution

Let X be a beta distributed random variable on [0, 1]
with density function

fX(x) =
1

B(α, β)
xα−1(1− x)β−1 with α, β > 0 , (31)

where B(α, β) is the beta function. Results of for a beta
distributed random variable X with α = 3 and β = 1 are
shown in Fig. 5. Legendre and Bernstein (C0 B-spline)
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Figure 4: Coefficient values of Hermite, Legendre, and B-spline chaos
for approximating a uniformly distributed random variable.
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Figure 5: Approximations of a beta distribution with α = 3 and
β = 1 by Legendre polynomials (Lp) and C0 B-splines (0Bp).

approximations are compared, for which an explicit one-
to-one transformation exists [30]. A further indication for
the connection of Legendre and Bernstein polynomials is
the indistinguishableness of the illustrated results. How-
ever, the approximations could be substantially improved
by adding inner knots. Then, the Bernstein polynomials
become B-splines basis functions.

4.1.3. Normal distribution

Let X∼N (µ, σ2) be a normal distributed random vari-
able with density function

fX(x) =
1√

2π σ2
exp

(
− (x− µ)2

σ2

)
(32)

with expectation µ ∈ R and variance σ2 > 0. Hermite
polynomials correspond to the Gaussian measure. Thus,
the Hermite chaos is exact from the first order on - see
Fig. 6. Further, a Gaussian kernel is used here. Thus,
the approximation fits perfectly. In contrast, a Gaussian
input is not optimal for the B-spline or Legendre chaos,
which can clearly be recognized. Nevertheless, inserting
nine inner knots, which leads to ten stochastic elements,
improves the performance distinctly, although moderate
oscillations remain at the tails. The fluctuations can be
attributed to the different supports. The L2 projection
must determine a proper mapping from [0, 1] to (−∞,∞).

4.1.4. Exponential distribution

Assume that X is a exponential distributed random
variable on [0,∞] with density function

fX(x) = λ exp(−λ) with λ > 0 (33)

and consider the specific case of λ = 1. The Hermite
chaos behaves quite well for higher orders and is smooth,
although the peak decreases for P = 10 - see Fig. 7. As
seen before, nine inner knots are utilized in order to di-
minish the oscillations for the B-splines, but the deviation
remains fairly large on the right end. Now, another use-
ful property of B-spline basis functions can be exploited
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Figure 6: Approximations of a normal distribution with µ = 3 and
σ = 2 by Hermite polynomials (Hp) and B-splines with ten stochastic
elements (B10

p ).

to solve this issue. Inserting the same knot again reduces
the continuity over element boundaries by one. This can
be repeated until the B-splines become decomposed, i.e.
C0-continuity over element boundaries. In Fig. 7, 0B10

10

specifies the case for ten C0-elements of order ten, which
leads to a much smoother approximation and can compete
against the Hermite chaos. Solely, the tail is slightly fluc-
tuating which may be caused by the support mismatch.
Further, the employed normal kernel smoothing function
is non-optimal for the B-splines representation.

4.2. First order stochastic ordinary differential equation

In the following consider the stochastic ODE from Wan
and Karniadakis [8]

d y(t)

d t
= −a y(t) with y(0) = 1, (34)

where t ∈ R+ and the decay rate a : Ω → R is a random
variable with mean µa and density function fa. The exact
solution of (34) is

y(t) = exp(−a(ω) t). (35)
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H10
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Figure 7: Approximations of a exponential distribution with λ = 1
by Hermite polynomials (Hp), B-splines with ten elements (B10

p ),

and C0 B-splines with ten elements (
0
B10

p )

Then, the stochastic mean solution can be determined by

E
[
y(t)

]
=

∫
S

exp(−at)fa(a) da (36)

with support S of a.
Applying the B-spline chaos to the random variables a and
y yields

ãN =

N∑
i=1

aiBi,p(U) (37)

and

ỹN (t) =

N∑
i=1

yi(t)Bi,p(U), (38)

where U∼U([0, 1]) corresponds to the B-spline basis. Sub-
stituting equation (37) in (34) leads to

N∑
i=1

d yi(t)

d t
Bi,p(U)

= −
N∑
i=1

N∑
j=1

aiyj(t)Bi,p(U)Bj,p(U). (39)

Applying the Galerkin projection to equation (39) yields

N∑
i=1

d yi(t)

d t
E
[
Bi,p(U)Bk,p(U)

]
= −

N∑
i=1

N∑
j=1

aiyj(t) E
[
Bi,p(U)Bj,p(U)Bk,p(U)

]
(40)

k = 1, . . . , N . The system of equations (40) can be solved
by any ODE solver. Here, the standard fourth order Run-
ge-Kutta scheme is used. For the mean and variance the
errors are defined by

εmean(t) =

∣∣∣∣∣E
[
ỹN (t)

]
−E

[
y(t)

]
E
[
y(t)

] ∣∣∣∣∣ (41)

and

εvar(t) =

∣∣∣∣∣Var
[
ỹN (t)

]
−Var

[
y(t)

]
Var

[
y(t)

] ∣∣∣∣∣ , (42)

where Var
[
y(t)

]
= E

[
y(t)−E

[
y(t)

]2]
.

In the sequel, the random decay rate is expected to be
uniformly distributed, i.e. a(ω) ∼ U([−1, 1]). Thus, the
exact stochastic mean solution is

E
[
y(t)

]
=

sinh(t)

t
. (43)

Numerical results of equation (40) are shown in Fig. 8.
Hermite, Legendre and B-spline representations are op-
posed against each other. Specifically, the relative mean

6



1 2 3 4
10−9

10−7

10−5

10−3

10−1

P

re
la

ti
ve

m
ea

n
er

ro
r

H
L
0B1

0B2

0B3

0B4

1 2 3 4
10−6

10−5

10−4

10−3

10−2

10−1

100

101

P

re
la

ti
ve

va
ri

a
n

ce
er

ro
r

H
L
0B1

0B2

0B3

0B4

Figure 8: Relative mean and variance error of Hermite, Legendre,
and B-spline chaos for t = 5.

and variance error of the multi-element generalized poly-
nomial chaos from [8] are reproduced by using Bernstein
polynomials, which are equivalent to C0 B-spline basis
functions - see Fig. 1 for instance. Exponential p-type
convergence for different stochastic meshes, i.e. number of
elements in the spectral expansion, are achieved. The Leg-
endre chaos is optimal for the uniform input. Therefore,
it generally outperforms the Hermite chaos here, which
error is fluctuating and decreases slowly. Furthermore,
the Legendre multi-element approach coincides with the
C0 B-spline chaos. Increasing the number of elements vali-
dates the results of Wan and Karniadakis [8, Fig. 2]. This
means, through the natural structure of B-splines, that
the performance of Legendre multi-element chaos is inher-
ited by simply using C0 B-splines basis functions in the
polynomial chaos expansion. Note in addition, it is much
easier to implement the B-spline basis in an ordinary PC
framework then it is the case with me-gPC.
Further, the capability of C0 with Cp−1 B-spline chaos are
compared. The convergence for the error of mean and vari-

2 4 6 8 10 12 14 16 18
10−9

10−7

10−5

10−3

10−1

6.02 · 10−81.22 · 10−7

N

re
la

ti
ve

m
ea

n
er

ro
r

0B2

0B3

0B4

B2

B3

B4

2 4 6 8 10 12 14 16 18
10−6

10−5

10−4

10−3

10−2

10−1

100

101

3.04 · 10−5
2.34 · 10−5

N

re
la

ti
ve

va
ri

an
ce

er
ro

r

0B2

0B3

0B4

B2

B3

B4

Figure 9: Relative mean and variance error of C0 and Cp−1 B-spline
chaos for t = 5.

ance of the solution with respect to the number of basis
functions is illustrated in Fig. 9. The solid lines represent
the same results as in Fig. 8, whereas the dashed lines show
the errors of the C3 B-spline chaos. Exponential h-type
convergence for both B-spline variants are on hand. More-
over, it can clearly be seen that for C3-continuity much less
basis functions are needed to reach nearly the same accu-
racy. This crucial point is emphasized distinctly by the
marked data sets. The marked data point of B4 belongs
to the basis functions shown in Fig. 2 with N = 8 and

is competitive against the marked data point of
0
B3 with

N = 13 for both error types. The number of basis func-
tions N is directly related to the degrees of freedom of the
numerical model. Thus, using smooth B-splines over ele-
ment boundaries instead of Legendre polynomials in each
element leads to a drastic reduction of the degrees of free-
dom and gain of efficiency. As mentioned above, this im-
provement is predicated on the smoothness over element
boundaries. Note that, the exhibit advantages becomes
even more pronounced if more elements or higher degrees
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EI(θ)

f
x

L

Figure 10: Cantilever Euler-Bernoulli beam with deterministic uni-
formly distributed load f and random beam rigidity EI(θ).

are treated.

4.3. Euler-Bernoulli beam with random stiffness

Next, consider the Euler-Bernoulli beam of length L =
1, clamped at x = 0, and subjected to a deterministic uni-
formly distributed load f shown in Fig. 10. The governing
equation is given by

EI
d4

dx4
u(x) = f with u(0) = u′(0) = 0, (44)

where the beam rigidity W ≡ EI is assumed to be a ran-
dom variable W : Ω → R with density function fW , and
is specified by the modulus of elasticity E and the area
moment of inertia I. The exact solution of (44) reads

u(x, θ) = f
x2(6L2 − 4Lx+ x2)

24 EI(θ)
. (45)

In order to make equation (44) numerically feasible the
spatial and stochastic space of the solution and the random
input must be discretized. Using isogeometric subspace
leads to

ũ(x, θ) =

nd∑
l=1

ul(θ)N
d
l,pd

(u(x))

=

nd∑
l=1

ns∑
i=1

uilN
s
i,ps(U(θ))Nd

l,pd
(u(x)), (46)

and

W̃ (θ) =

nw∑
k=1

wkN
w
k,pw(U(θ)), (47)

where u(x) is a linear mapping from the spatial space
[0, L] and the parameter space [0, 1], and U : Ω → [0, 1] a
uniformly distributed random variable, i.e. U ∼ U([0, 1]).
Note, for the deterministic part classical Hermite basis
functions can be used in the same way.
Applying the deterministic Galerkin procedure to equation
(44) yields

nd∑
l=1

ul(θ)

∫
L

d2

dx2
Nd
l,pd

(x) W (θ)
d2

dx2
Nd
m,pd

(x) dx

=

∫
L

f Nd
m,pd

(x) dx m = 1, . . . , nd

⇔: Kd(θ)ud(θ) = fd. (48)

Next, using equations (46) and (47), and applying the
stochastic Galerkin procedure gives

nd∑
l=1

ns∑
i=1

nw∑
k=1

uilwk EU

[
Ns
i,ps(U)Ns

j,ps(U)Nw
k,pw(U)

]
∫
L

d2

dx2
Nd
l,pd

(x)
d2

dx2
Nd
m,pd

(x) dx

= EU

[
Ns
j,ps(U)

] ∫
L

fNd
m,pd

(x) dx (49)

for j = 1, . . . , ns and m = 1, . . . , nd which can be reformu-
lated in a matrix scheme of dimension ndns × ndns:

Ku = f (50)

with

Kijlm :=

nw∑
k=1

wk EU

[
Ns
i,ps(U)Ns

j,ps(U)Nw
k,pw(U)

]
︸ ︷︷ ︸

=:Ks
ijk∫

L

d2

dx2
Nd
l,pd

(x)
d2

dx2
Nd
m,pd

(x) dx︸ ︷︷ ︸
=:Ks

lm

= Ks
ijkK

s
lm

i, j = 1, . . . , ns
l,m = 1, . . . , nd

(51)

and

fjm := EU

[
Ns
j,ps(U)

]
︸ ︷︷ ︸

fs
j

∫
L

fNd
m,pd

(x) dx︸ ︷︷ ︸
fd
m

= fsj f
d
m

j = 1, . . . , ns
m = 1, . . . , nd

. (52)

Due to the boundary conditions of equation (44), the first
two coefficients of the vector ul(θ), i.e. u1(θ) and u2(θ),
are equal to zero, because u1(θ) represents the deflection
and u2(θ)−u1(θ) the slope at the clamped end. Thus, for
equation (50) it holds

ui1 = ui2 = 0 (53)

for i = 1, . . . , ns ,which leads to a reduced system of equa-
tion (50) with dimension nd(ns − 2)× nd(ns − 2). Solving
the reduced system, nd(ns − 2) coefficients of ũ(x, θ) are
determined, where as the control variables uind

represents
the stochastic beam tip deflection

ũL(θ) =

ns∑
i=1

uind
Ns
i,ps(U(θ)). (54)

Further, the relative mean error at the free end can then
be computed by

εmean =

∣∣∣∣∣E
[
ũL
]
−E

[
u(L, θ)

]
E
[
u(L, θ)

] ∣∣∣∣∣ (55)
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Figure 11: Relative mean and variance error at the beam tip solved
by Legendre and B-spline chaos with uniformly distributed beam
rigidity.

with

E
[
ũL
]

=

ns∑
i=1

uind
E
[
Ns
i,ps(U(θ))

]
=

ns∑
i=1

uind

∫
[0,1]

Ns
i,ps(u) dFU (u) (56)

and, considering (45) with x = L,

E
[
u(L, θ)

]
= E

[
f L4

8 W (θ)

]
=
f L4

8

∫
SW

1

w
dFW (w). (57)

Analogously, the relative variance and kurtosis error are
evaluated in common fashion.
For the numerical implementation of the preceding anal-
ysis fourth order B-splines with four elements defined by
the knot vector Ξd = [ 0 0 0 0 0 0.25 0.5 0.75 1 1 1 1 1 ]
were used, i.e. pd = 4, neld = 4 and kd = pd − 1, resulting
in eight (nd = md − pd − 1 = 8) degrees of freedom; md

denotes the number of knots in Ξd - compare Fig. 2.
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Figure 12: Relative mean and kurtosis error at the beam tip solved by
Legendre and B-spline chaos with normally distributed beam rigidity.

4.3.1. Uniformly distributed beam rigidity

Let W ∼ U([0.5, 1.5]) and f ≡ 1. Since the B-spline
chaos is optimal for a uniform distribution, the approxi-
mation (47) is exact for nw > 1, e.g.

W (θ) ≡ W̃ (θ) =

2∑
k=1

wkN
w
k,1(U(θ)) (58)

with w1 = 0.5, w2 = 1.5 and knot vector Ξw = [ 0 0 1 1 ].
Further, the exact mean solution is given by

E
[
u(L, θ)

]
=

1

8

∫ 1

0.5

.5
1

w
dw

=
1

8

(
log(1.5)− log(0.5)

)
≈ 0.137326536083514.

(59)

Exponential h-p convergence for the first two central mo-
ments of the beam tip deflection are shown in Fig. 11. The
results are found in good agreement with the previous ex-
ample from section 4.2. The relative mean and variance
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Figure 13: Probability density function approximations of the can-
tilever beam tip deflection with uniformly distributed beam rigidity.

error are plotted for a different number of stochastic ele-
ments as well as the classical Legendre chaos, which per-
forms the worst. The mean error of the four element B-
spline chaos (B4) reach the deterministic approximation
error of about 10−13 for ps ≤ 7. When ten stochastic
elements are considered even only fourth order B-splines
are required. In general, the relative mean errors converge
faster than the errors of higher moments.

4.3.2. Normal distributed beam rigidity

In this section the distribution of the random input
W is assumed to be normal, i.e. W ∼N (1, 0.1), and f ≡
1. As can be seen in section 4.1.3, the B-spline chaos is
not optimal for a normal distribution. Thus, the solution
quality of ũ(x, θ) also depends on the approximation W̃ (θ).
Therefore, pw = 10, nelw = 10 and kw = 0 are chosen in
order to reach high accuracy. Further, the exact mean
solution of (44) is

E
[
u(L, θ)

]
=

1

8

∫ ∞
−∞

1√
2π 0.12 w

exp(− (w−1)2

0.12 ) dw

≈ 0.126289521160065, (60)

which was solved numerically.
Fig. 12 shows the h-p convergence in the stochastic space
of the first and fourth central moment at the beam tip.
The beam rigidity W (θ) is represented by the non-optimal
B-spline chaos which is an indication for the lower conver-
gence rate in comparison with the optimal representation
in section 4.3.1. However, the B-spline chaos still domi-
nates the Legendre chaos. Further, it is remarkable that
even for higher orders the high moments do not deteri-
orates which is a general problem for the Hermite chaos
[18].

4.3.3. Monte Carlo simulation

In order to assess the significance of the numerical re-
sults obtained from the B-spline chaos the beam problem
is threated by a Monte Carlo simulation. Realizations of
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Figure 14: Probability density function approximations of the can-
tilever beam tip deflection with normally distributed beam rigidity.

the beam rigidity W (θ) are computed and for each real-
ization the associated deterministic problem (48) is solved.
The resulting density function of the beam tip deflection
for W ∼ N (1, 0.1) and W ∼ U([0.5, 1.5]) are plotted in
Fig. 13 and Fig. 14, respectively. Comparisons with dif-
ferent B-spline types show a satisfactory level of accuracy
for ps > 1 in both cases. Nevertheless, for the uniform
input better results are achieved which coincides with the
error plots from section 4.1 and 4.2. The probability den-
sity functions in Fig. 13 and Fig. 14 are estimated by a
normal kernel smoothing function with bandwidth 0.005
and 10000 samples.

5. Concluding remarks

In this paper the potential of B-spline chaos has been
demonstrated. Weak convergence for arbitrary random
variables has been shown and substantiated by several nu-
merical examples. Correspondingly, the B-spline approach
has been found optimal for uniform input and general-
izes the Legendre multi-element chaos of Wan and Karni-
adakis [8]. Further, it has been found that the smoothness
property of B-spline basis functions improves significantly
the efficiency when decomposing the random space, which
comes to a greater extent if the dimensionality is increased.
As a first example, to show the versatility and flexibility
of the B-spline chaos uniform, beta, normal, and exponen-
tial distributed random variables have been approximated.
Varying the polynomial degree, number of elements and
also the continuity over element boundaries are power-
ful tools to treat arbitrary non-uniform random inputs.
Afterwards, a first order stochastic ordinary differential
equation has been investigated within a Galerkin frame-
work to address long-time integration problems. Expo-
nential h-p convergence has been achieved for uniform in-
put. Note that Wan and Karniadakis [8] have stated that
the efficiency of ME-gPC is reduced significantly by the
rapidly increasing number of random elements for high-
dimensional problems; the results reported herein indicate
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that the B-spline chaos can overcome this drawback. Fur-
ther, a one dimensional static beam problem under uni-
formly and normal distributed random flexural rigidity has
been considered using Galerkin projections. h-p conver-
gence has been demonstrated even for higher moments.
The accuracy of the B-spline technique is also established
by pertinent Monte Carlo simulations.
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