A NOTE ON THE SMALL-TIME BEHAVIOUR OF THE LARGEST BLOCK
SIZE OF BETA N-COALESCENTS

ARNO SIRI-JEGOUSSE AND LINGLONG YUAN

ABSTRACT. We study the largest block size of Beta n-coalescents at small times as n tends to infinity,
using the paintbox construction of Beta-coalescents and the link between continuous-state branching
processes and Beta-coalescents established in Birkner et al [4] and Berestycki et al [2]. As a corollary,
a limit result on the largest block size at the coalescence time of the individual/block {1} is provided.

1. INTRODUCTION AND MAIN RESULTS

Beta n-coalescents form a class of partition-valued coagulating Markov chains. This family was
introduced by Schweinsberg ([20]) following pioneer works of Pitman ([17]), Sagitov([18]) and Mdhle
and Sagitov ([16]). Formally, a Beta n-coalescent (II(™(t),t > 0) is a continuous-time Markov chain
with values in partitions of [n] := {1,2,...,n} starting at 1™ (0) = {{1},{2},...,{n}}. As n-
coalescents can be used as models for the genealogy of a sample of n individuals, we refer to [n] as
the set of (labels of) individuals. Its dynamics are determined by a parameter a € (0,2): when I1(")
has b blocks, any k-tuple of them merges into one block at rate

 Blk—ab—k+a)
k= T g2 a) W

where B(a,b) = I'(a)T'(b)/T'(a + b) is the Beta function. In this paper, we are only interested in the
case a € (1,2).

Equation (1) induces exchangeability and consistency of these processes. Exchangeability means
that if we permute the labels of individuals, the law of II(™ stays unchanged. Consistency refers
to that for any couple of integers n < m, the projection of II™ on [n] has the same law as 10N
By Kolmogorov’s extension theorem ([17]), we can construct the so-called Beta-coalescent process
(II(¢), t > 0) taking values in partitions of N such that the projection of IT on [n] is equal in distribution
to II(™. When « € (1,2) the Beta-coalescent has proper frequency (i.e., almost surely for any t > 0,
IT has no singletons, see [17]) and comes down from infinity (i.e., almost surely for any ¢ > 0, IT has a
finite number of blocks, see [19]).

Berestycki et al ([2]) provided many results on the behaviour of functionals of TI(¢) as ¢ tends to
0, such as the number of blocks, the ranked sequence of asymptotic frequencies of those blocks and
the asymptotic frequency of the largest block. For the latter, they establish the following result in
Proposition 1.6:

Proposition 1.1. let X(t) be the asymptotic frequency of the largest block of 11 at time t, then
(al'(a)T'(2 — oz))ét_éX(t) 4 X, ast goes to 0 (2)

where X is a Fréchet random variable with parameter «, i.e., P(X < z) = e ", for any x > 0, and

d )
“=7” stands for the convergence in law.
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This is a result in the infinite coalescent for ¢ — 0. Often, especially when used as a genealogy
model, we are actually more interested in the n-coalescents and their asymptotic behaviour, since we
can then interpret results in terms of the finite models (as in [7, 8, 9, 12, 13, 15, 21, 22]). Proposition
1.1 would in this sense be first taking n — oo, then ¢ — 0, while we would like a simultaneous limit
(tn,n) — (0,00). In this case, we could look at specific, interpretable/interesting small times ¢,,.

Such time is the external branch length of individual 1 (studied in [9], and with further extensions

given recently in [22] and [24]), denoted by Tl(") and defined by
T = sup{t, {1} € T (1)}

This can be seen as seeing the coalescent from the eyes of individual 1 and measuring its “distance”
to the rest of the sample or its genetic uniqueness ([6]). Here individual 1 represents a randomly
chosen individual of the sample thanks to exchangeability. Observe that, since the Beta-coalescent
has proper frequency when « € (1,2), this variable vanishes as we let n tend to infinity. We are now
curious how the block structure of the coalescent looks like at this specific time (asymptotically).

One possible tool for this study is the minimal clade size, studied in [22] for o € (1,2) (see also
[11] for o« = 1 and [5] for o = 2). This is the size of the block containing 1 at time Tl(n). The size of
the minimal clade gives the information of how many individuals share the genealogy with individual
1 after he merges. It was shown in [22] that the minimal clade size converges in law, without any
renormalization, to a heavy-tailed random variable of index (« — 1)2.

Now we would like to compare this minimal clade size to the size of the largest block at time Tl(n),
denoted by W) This comparison gives a first picture of the inhomogeneity of the block structure
of the Beta n-coalescent at small times. To study W, we first consider the size of the largest block
at any time ¢, denoted by W (™) (¢). Hence, we have

W = wm (),
We obtain an asymptotic result for W at the n'=¢ scale.
Theorem 1.2. For a Beta n-coalescent with 1 < o < 2, as n tends to infinity
(al(@)T(2 — @)= (nt) "= W (n' 1) L5 X, (3)
where X is a Fréchet random variable with parameter c.

Rewriting (3) as

L W (nl-a)

al()T(2 — @)= (n' =)~ & 4 X,

n
the reader can observe the similarity with (2).

To study the behaviour of W), we shall consider the restriction of II™ on {2,...,n}, denoted
by I1(™2) = (II™2)(¢),¢t > 0). By consistency, the latter is equal in law to I~ modulo notations
of the labels of individuals. Then W is actually the largest block size of I1("2) (Tl(n)) plus 1, if {1}
coalesces with the largest block of TT("2)(T, fn)) or plus 0 otherwise.

It has been established in the proof of Theorem 5.2 of [9] that conditional on TT(™2), n“flTl(")
converges in law to a random variable T. More precisely,

P(ne 1T > (D) 4 BT > 1) = (14 a%@)*ﬁ. (4)
This shows that in the decomposition of W™ = W (") (Tl(n)), the terms (W (n'=%t),t > 0) and
naflTl(") are asymptotically independent. Combining (4) together with Theorem 1.2, we can describe
the limit of (™) as a mixture.

Corollary 1.3. Asn tends to infinity,

17 (n) -
W2 d (5)

no
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where W is a positive random variable such that for any x > 0,

o eXp(_‘Tia aF(a)lE(Q—a)) ( t

P(W <) = /0 (@ — DI(a) al’(a)

This note is organised as follows. In Section 2, we introduce the main tools such as the construc-
tion of Beta-coalescents via continuous-state branching processes and the paintbox construction of
exchangeable coalescents. Section 3 is devoted to the proofs of Theorem 1.2.

)" et dt.

2. PRELIMINARIES

2.1. Ranked coalescent and paintbox construction. Assume all along the rest of the paper that
1 < o <2 Let Il = (II(t),t > 0) be the Beta-coalescent and denote by K = (K (t),t > 0) the
block-counting process of II. In words, K(t) stands for the number of blocks of II(¢). It is known
that II is coming down from infinity: for any ¢ > 0, K(¢) is finite almost surely ([19]). Also recall
that for any ¢ > 0, II(¢) is an exchangeable random partition of N. This means that if we permute
finitely many integers in II(¢), the law of II(¢) is unchanged. Applying Kingman’s paintbox theorem
on exchangeable random partitions ([14]), almost surely for every block B € II(t), the following limit,
called the asymptotic frequency of B, exists:

1 m
Jm D Luen)
i=1
Furthermore, when ¢ > 0, the sum of all asymptotic frequencies equals 1 since II is of proper frequency
([17]). Hence, one can reorder all the asymptotic frequencies in a non-increasing way to define a

sequence O(t) = {01(t),02(t), -+, 0k @) (t)} where 01(t) > 02(t) > -+ > O 4)(t) and Zfi(f) 0:(t) = 1.
At time t = 0, every block is a singleton and then has asymptotic frequency 0. Hence one can
naturally set ©(0) = {0,0,...}. Then the process © = (O(t),t > 0) is well defined. We call it the
ranked coalescent.

Given O(t) for some ¢t > 0, one can recover the distribution of II(¢) using again Kingman’s paintbox
theorem. Let us at first divide [0, 1] into K (¢) subintervals such that their lengths are equal one to one
to the values of elements of ©(t). Then we throw individuals 1,2,--- uniformly and independently
into [0,1]. Finally, all individuals within one interval form a block and this procedure provides a
random exchangeable partition which has the same law as II(¢). Thanks to the consistency property,
the restricted partition IT1(") (t) can be obtained using the same procedure but throwing n particles
instead of infinitely many.

2.2. Beta-coalescents and stable continuous-state branching processes. To prove Theorem
1.2, we will use classical relations between Beta-coalescents and continuous-state branching processes
(CSBPs) developed in [4] (see also Section 2 of [2]). We give a short summary to provide a minimal
set of tools. A continuous-state branching process (Z(t),t > 0) is a [0, oo]-valued Markov process (in
continuous time) whose transition semigroup p;(z, -) satisfies the branching property

pe(r+y,-) =pe(x,:) ¥ pe(y,-), forall z,y>0.

For each t > 0, there exists a function u; : [0,00) — R such that
E[e=*2®|Z(0) = a] = e~ 4O, (6)

If, almost surely, the process has no instantaneous jump to infinity, the function wu; satisfies the
following differential equation
8Ut()\)
ot
where U : [0,00) — R is a function of the form

= —V(ur(N)),

U(u) =~yu+ ﬁuQ + / (e -1+ xul{xgl})ﬂ'(dl'),
0
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where v € R, 8 > 0 and 7 is a Lévy measure on (0, 00) satisfying [, (1 A2?)m(dz) < co. The function
U is called the branching mechanism of the CSBP.

As explained in [3], a CSBP can be extended to a two-parameter random process (Z(t,a),t > 0,a >
0) with Z(0,a) = a. For fixed ¢, (Z(t,a),a > 0) turns out to be a subordinator with Laplace exponent
A — u(A) thanks to (6).

There exists a measure-valued process (M, t > 0) taking values in the set of finite measures on
[0, 1] which characterises (Z(t,a),t > 0,0 < a < 1). More precisely, (M;([0,a]),t > 0,0 < a < 1) has
the same finite-dimensional distributions as (Z(t,a),t > 0,0 < a < 1). Hence (M;([0,a]),0 < a < 1)
is a subordinator with Laplace exponent A — u;(A) and Z(¢,1) = M;([0,1]) is a CSBP with branching
mechanism U started at My([0,1]) = 1. In particular, if the branching mechanism is U(A) = A%, it
Lévy measure is given by m(dz) = l‘fgg 013 —1=ady and, for all t+ > 0, M; consists only of a ﬁnite
number of atoms. For the construction of (M;([0,a]),t > 0,0 < a < 1), we refer to [1, 4, 10].

A deep relation has been revealed in [4] between the Beta-coalescent and the CSBP with branching
mechanism ¥(A) = A\*. Tt is described by the following two lemmas which are respectively Lemma
2.1 and 2.2 of [2]. To save notations, from now on, (Z(t),t > 0) will always denote a continuous-state
branching process (Z(t,1),t > 0).

Lemma 2.1. Assume that (Z(t),t > 0) is a CSBP with branching mechanism ¥(\) = A* and
let (My,t > 0) be its associated measure-valued process. If (IL(t),t > 0) is a Beta-coalescent and

(O(t),t > 0) is the associated ranked coalescent, then for allt > 0, the distribution of ©(t) is the same
as the distribution of the sizes of the atoms of the measure %, ranked in decreasing order. Here
R(t) = (a — 1)al'(« fo )1=%ds and R71(t) = inf{s : R(s) > t}.

Let p denote the Slack’s probability distribution on [0, 00) (see [23]) characterised by its Laplace
transform

L,(\) = /Ooo e M p(dr) =1— (1+ A7) 751, A>0. (7)

Lemma 2.2. Assume W(\) = A*. For any t > 0, let D(t) be the number of atoms of My, and let
J(t) = (Ji(t), -+, Ipw)(t)) be the sizes of the atoms of My, ranked in decreasing order. Then D(t)

(
is Poisson with mean v(t) = ((a — 1)t)” = =3 Moreover, conditional on D(t) = k, the distribution of
J(t) is the same as the distribution of (y(t)™1 X1, - ,v(t)"*Xx) where X1,---, X}, are obtained by
picking k i.i.d. random variables with distribution pu and then ranking them in decreasing order.

Remark 2.1. From the relation between (M;,t > 0) and (Z(t,a),t > 0,0 < a < 1) and also the fact
that for all ¢ > 0, M; has a finite number of atoms D(t), we can deduce that for a given ¢t > 0,
there exist 0 < ay,--- ,apy) < 1 such that {Z(t,a1) — Z(t,a1—), -+, Z(t,apw)) — Z(t,apw)—)} are
exactly the sizes of the atoms of M;. Markov property of (Z(¢,a),t > 0,0 < a < 1) implies that for
s > t, discontinuity points of the subordinator (Z(s,a),0 < a < 1) must be part (or all) of the points
ai, -+ ,ape). Therefore, t — D(t) is almost surely non-increasing.

3. PROOFS

In this section, we aim to prove Theorem 1.2 and Corollary 1.3. From now on, we will use the
notations t,, = n'=% and ¢, Lemma 2.1 entails that ©(t,) has the same law as

M
% Moreover, Lemma 4.2 of [2] states that 7()

= Ve
£ 1, as n goes to co. From this arises the
idea of approximating the block sizes of the coalescent at time t¢,, by the atoms of the renormalized
measure-valued process at time ¢/,. The advantage of this approximation is that the time is no longer
random. This idea will be executed through three steps. First, we will study the size of the largest
atom of the rescaled measure M/Z at deterministic time ¢/, using tools of the theory of CSBPs.
Second we show that the paintbox construction of an exchangeable partition can also be provided by
using a different paintbox and by modifying it according to the differences between the paintboxes. In
the third step, we use this construction to approximate the partition II™ at time ¢,, from partitions
built from the rescaled atoms of M/Z at time (1 & ¢)t], for small e.
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3.1. The largest atom size of M/Z at a fixed time. We start with a technical lemma associated
to the measure u. We write a,, ~ by, if limnﬁoo o — 1, Recall from Equation (33) of [2] that

—Q

[z, 00)) ~ m (8)

when z goes to oc.
Lemma 3.1. Let k > 0 and X be a random variable distributed according to p. Define X such that

conditional on X, X is a Poisson variable with parameter % Then for any x > 0,

kx)—«
lim nP(X > gn) — (k27T
A nP(Y 2 an®) = 550

Proof. Let M = anéj We start the proof with two claims. First, using Stirling’s formula for M!
and a change of variable, we get that for any 0 < 8 < 1,

I e G

M)
/ M(l t+1nt) )%(1+O(M—1))dt

M(1 /3+1n/3)M 7). (9)

The last equality is due to the fact that 1 — ¢ + Int is negative and increasing for ¢t € (0,1). Second,
if 8 > 1, then
M * M
/ e~t—dt = / MU=t (3 (1 4 O(M 1)) dt.
MB M! B 21

Notice that 1 — ¢t + Int is strictly decreasing and concave over [3,00]. Then there exists a positive
number € such that 1 — ¢ 4+ Int < —et for any ¢t > 3. Therefore,

> tM e M
/ *t—dt </ e MY I)Y2(1 4 O(M™Y))dt = O(e = MPM—1/2), (10)
Now we can turn to X'. Thanks to successive integrations by parts,
X
P(X>M+1)= IE[/ ' —t—dt] (11)
0 M

Let 0 < 81 <1 and B2 > 1, then we have
PX>M+1)=1+ I+ Is,

where

X
= - —tth 1
I =E| ; v tLix <kMp )]s
£ t]V[
I, = E[/O e M|dt1{kM51<X<kM52}]

X ttJVI
I3 = E[/O e Mdtl{X>kMB2}]-

Now let n tend to infinity. By (9), we get

M

Mp,
0 <nl §nIF’(X<kMﬁ1)/ e Mdt—>0 n — oo. (12)
0

It is casy to verify that [° e_t%dt = 1 for any integer M > 0. Then using together (8) and (10),

we obtain ) _a
lim nly = lim nP(X > kMpBs) = (kzfs)

n— 00 n—00 - I'(2-a) : (13>
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In the same way, we have

k —a k —a
0 < nly < nP(kMBy < X < kMBy) —» (F(ﬂ;ﬁi)a) - (r(xfi)a) ,n— 0. (14)

If 8 and f2 are close enough to 1, nls can be bounded by an arbitrarily small positive number for n
large enough. The proof is finished by combining (12), (13) and (14). O

Fix t > 0. If D(t) # 0, let J;(t) = ‘él((:)) for 1 <i < D(t). Let {dyi(t),--- ,dp()(t)} be an interval
partition of [0, 1] such that the Lebesgue measure of d;(t) is J;(t). Build a partition of [n] thanks to a
paintbox associated with {d;(t),--- ,dp)(t)}. Let N;(t) be the number of integers in the i-th interval
and N(t) = max{N;(¢t) : 1 <i < D(t)}. This random variable stands for the size of the largest block

of a partition of [n] obtained by a paintbox construction from the atoms of M/Z at time t.

Lemma 3.2. Let x > 0. Then
1)

1 tl‘
lim P(N(t.) < xzna) = S —
i, PIN(E,) < an=) = exp(= merm =

2) Let 0 <y < x. Then

).

Tim P(3i : Ji(t,) < n Yy, Ni(tl) > ana) = 0. (15)
Proof. 1) Let us throw a Poisson number of integers on [0, 1] with parameter nZ(t]) . Then, condi-
tional on {J;(¢),) : 1 < i < D(t],)}, the number of integers falling in d;(¢/,), denoted by N;, is a Poisson
variable with parameter nJ;(¢),) and {N; : 1 <4 < D(t])} forms a family of (conditional) independent
random variables. Let A be the maximum of all N;’s. Then, using Lemmas 3.1 and 2.2, as n tends
to infinity,

—x —x

t
(a — 1al(a)
Lemma 2.2 implies that Z(¢,,) tends in probability to 1 as n goes to infinity. Hence N and A are

close in the limit and standard comparison techniques allow to conclude.
2) As Z(t])) converges to 1, it is easy to show that (15) is equivalent to

tx

ol ()2 — ) )

PV < anw) = BTV P(N; < 2n®)] — exp(—y( r2—a)

)1—a

= exp(

lim P(3i: Ji(t)) <n'=y,N; > ans) = 0.

n—00 "
Let N = max{N\; : Ji(t)) < n = y}. It is necessary and sufficient to show that lim PN >
n—oo
wné) = 0. Notice that conditional on J;(t},), N; is a Posson variable with paprameter n.J;(t,).
Let {Py(yn=), Py(yn=),---} be a sequence of i.i.d. Poisson variables with parameter yn= and also
independent of D(t). Then

Q=

Y

P(N > mné) <P (max{Pi(yné) :1<i<D(t,)} > an ) =1—E[[P(P,(yn~) < zn=))P)],
Using (11) and (9), one gets

1 1 1

P(Pi(yn=) < zn~)=1-— O(ﬁ)'

D(t,)

Meanwhile, Lemma 2.2 tells that =_=> converges in probability to *y(m) as n goes to infinity.
Hence the proof is finished. O
Remark 3.1. The key points to prove (15) is that Z(¢/) converges to 1 in probability and %ﬁl) is
asymptotically bounded by a positive value from above. The distribution of {J;(¢},)}1<i<p(w,) is not
necessary to know. Actually (15) remains true if ¢/, is random and conditions on Z(t,) and D(¢]) are

still satisfied. This fact will be used in the proof of Theorem 1.2.
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3.2. Alternative paintbox construction. Let (A4, -+, Ag) and (By,- -, Bg) be two partitions
of [0,1] with & > 1. We throw n particles uniformly and independently on [0,1] and group those
within the same intervals of (Bj,---,Bj), which gives a sequence of k numbers (Np,, - -, Np,)
such that Np, is the number of particles located in B;. We can obtain the law of this sequence
in another way using (Aj,---,Ag). Throw n particles uniformly and independently on [0,1]. Let
I:={i:1<1i<nl(4;) <I(B;)}, where I(-) denotes the Lebesgue measure. If a particle falls in
A; with ¢ € I, then move this particle to B;. If a particle falls in A; with ¢ € I¢, then associate to
this particle an independent Bernoulli variable with parameter ﬁgi; If the Bernoulli variable gives 1,
then the particle is put into B;. Otherwise, this particle will be put into B; for j € I with probability

1(B;) — l(A;)

. (16)
> oner(l(Br) — I(An))
We denote by N ‘gi the new amount of particles in B;. We have the the following result.
Lemma 3.3. The following identity in law holds.
(4)
(ng'" ’Ngk) = (NBN"' ’NBk)'
Proof. Notice that only the Lebesgue measure of each element of (A4;,---,A) and (B, -+, Bg)

matters. So one can always assume that [0,1] is divided in a way that A; is contained in B; for i € I

and B; is contained in A; for ¢ € I¢. Then if a particle is located in A; for i € I, it is also located in

B;. But if a particle is located in A; for ¢ € I¢, with probability ﬁgffg it is located in B;. Assume that

this particle is not located in B;, then it must be in UperBp\Ap. Using the uniformity of the throws,
this particle falls in B; with probability (16). O

3.3. Proof of Theorem 1.2. Let us first recall some technical results from [2]. Let € > 0, ¢ > 0 and
recall t, and t,. Let t_ = (1—¢)t,, and ¢t = (1+¢)t),. Define the event By, := {t_ < R71(t,) <ty }.
It can be found in Lemma 4.2 of [2] that there exists a constant C17 such that

P(B1yt) > 1 — Cirtpe @ (17)
Also from Lemma 5.1 of [2], there exists a constant Cg such that for all @ > 0, ¢ > 0 and n > 0,
P( sup |Z(s,a) —al > n) < Cig(a+n)in~". (18)
0<s<t

Thus, if we define By ; := {1 — n'z < Z(s) <1+ n'm, Vs € [t—,t+]}, we obtain that
P(Bas) > 1— Ciot(1+e)(1+n )n' = (19)
where Chg = Ci5/(a — 1)al'(av).
Fix any s > 0 and let m be the random partition of [n] obtained from a paintbox associated

with % Then 7 £ (™) (s). Observe that if R™'(s) > t_, we can as well at first build a

M
partition from a paintbox associated with ﬁ and then use Lemma 3.3 to obtain that associated
MRfl(s

with m which has the same law as 7.

By Markov and branching properties of CSBPs, for any s > t_, we can consider the CSBP as
the sum of D(¢_) independent CSBP’s which we denote by m;(s) = Z;(s — t_,J;(t-)). Notice
that m;(s) can be 0 while J;(t_) is always positive. ~ Let us then build a partition V(" (s) =

(Vl(n) (s), Q(H)(s), v (s)) of [n] from a paintbox associated with ("2 1< i< D(t_)). Let

VD) Z(5)
Il-(n)(s) be the number of particles in Vi(n)(s). and I(ﬁ)(s) = sup{]i(n)(s), 1<i<D(-)}. Fixe>0
1 2(l—«
and define Bs; = {3k : I,g")(t,) >ane, Jp(t_) >n “a ), sup |mg(s) — Jp(t-)] <edi(t-)}.
t_<s<ty

On the event Bjs;, we have that Ig_")(t_) > zna. Conditional on Bi+ we can also build the
partition V(") (R~1(t,)) from a paintbox associated to the partition Z(t_) "1 (Ji(t_),..., Jpu_)(t-))
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and Lemma 3.3. Let B(m,p) be a binomial variable with parameters m > 2 and 0 < p < 1. Lemma
3.3 implies that
P (I(ﬁ) (R™Y(tn)) > (1 — 2€)an® | By, N Bay N Bg,t)

my (R (tn)) Z(t-)
Jr(t-)Z(R=(tn))

ZIP B ([x’n,i], A 1) > (1 — 26).73%% |Bl,t N Bgﬂg N B37t>

1+nza
—P ((mi) B (mq, (1—2)1= " ) >(1-¢)— s)
1+nz2a
A law of large numbers argument implies that
P (Jf)(R—l(tn)) > (1 - 2€)an®|Bis N Bay N B37t> >1-¢ (20)

for n large enough. Now observe from (18) that

(n) 1 2(1—a)
P(Bs) =P@k: I (t_) > an® Jy(t_) >n" )
K P( sup |mu(s) — Je(t_)| < ee(t)| 3k : I (1) > an® Jy(t_) > n )
t7SSSt+
2(1—a) (A—o)(2—a)

>PEk: I () > an=, Ju(t_) >n & )1 —24Cion = (1+e)' ™).

By Lemma 3.2, we obtain that

2(1—a)

PEE: I () > ans, Jy(t ) >n &)~ P(Fk: IV () > anv) =PI (1) > an®)

~1—exp(—(1-—

In consequence,

—Q

tx
liminf P(B >1— —(1—¢)———mM8M8M8M8 —
minf P(Bae) 2 1 —exp(=(1 =€) mrrn =

when n tends to co. Then, thanks to (17) and (19), we deduce that

—Q

t
liminf P(By; N Bay N Bsg) > 1 — exp(—(1 — &) i

im in aT(@l@ o)

Combining the latter with (20), we obtain

tx™

al (a)T'(2 — a))' (21)

n—oo

lim inf P (11”’(3*1(%)) >(1- 25)mé) >1— exp(—(1—¢)

Next, we seek to find an upper bound for P (Ig_n)(Rfl(tn)) > xné). Conditional on Bj;, we
construct V™ (¢, ) from V™ (R~1(t,)) using the method in Lemma 3.3. Let

: e — i (R (1))
By, = BN {3k : I(n) R_l tn)) > xnzlm’m R_l tn)) > HZ(IQ )) sup |mk(8) mk( n
4,t 1.t { k ( ( )) = k( ( )) = R1(tn)<s<ts mk(Rfl(tn))

<e}.
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Similarly as for the lower bound,
P (I@(m > (1 - 2¢)zn®|Bay N BM)

10 Z(R M (tn))mu(ts) —oeyent
ZP (B ([mn —‘, Z(t+)mk)(R71(tn)) N 1) Z (1 25) |B2,t N B47t)

1— n(l—a)/a

>P (B ((miq, (1- ) > (1- zg)mi> — 1. (22)

Using the strong Markov property of the CSBP and (18), we have

€ 1+ n(l—a)/a

2(1—a)

P(Buy) = P(Bi; N {3k : I{V (R () > an ,mp(R™M(t,)) >0 = }) (23)
x (1— 2tC’19n(l_a)a(2_a> (1+e)et™) (24)
Notice that using (18), in the sense of convergence of probability

lim sup Z(s)= lim inf Z(s)=1

n—o0y <s<t, n—oot_<s<ty
Together with (17), we get the following convergence in probability
lim Z(R™(t,)) = 1.
n—oo
Recall Remark 2.1 where it is deduced that ¢t — D(¢) is non-increasing. Thus, on the event Bj ;, we

have D(t_) < D(R™Y(t,)) < D(t,). It is then easy to see that D(R%j(t")) is asymptotically bounded
from above by a certain positive number. Now we can apply Remark 3.1 and get

P(By,) = P(3k : I{" (R (t,)) > zn=) + o(1) = P(I™ (R™1(t,)) > an=) + o(1). (25)
Using (22), (19) and (25), we get that
limsup P(I™ (R™Y(t,)) > an™)

n—r—oo
< lim P (ty) > (1 —2¢)an®)

=1 —exp(—(x(1 - 26))&()[1_‘(7505)11_‘&

Since e can be arbitrarily small, (21) and (26) allow to conclude.

). (26)

Acknowledgements. The authors would like to thank Fabian Freund for some very valuable com-
ments. ASJ would like to welcome Raphaél Clodic Griffon, born the day the final version was sent.

REFERENCES

[1] J. Berestycki, N. Berestycki and J. Schweinsberg. Beta-coalescents and continuous stable random trees. Ann.
Probab., 35(5):1835-1887, 2007.

[2] J. Berestycki, N. Berestycki and J. Schweinsberg. Small-time behavior of Beta-coalescents. Ann. Inst. H. Poincaré
Probab. Stat., 44(2):214-238, 2008.

[3] J. Bertoin and J-F. Le Gall. The Bolthausen-Sznitman coalescent and the genealogy of continuous-state branching
processes. Probab. Theory Related Fields, 117(2):249-266, 2000.

[4] M. Birkner, J. Blath, M. Capaldo, A. M. Etheridge, M. Mdohle, J. Schweinsberg and A. Wakolbinger. Alpha-stable
branching and Beta-coalescents. Electron. J. Probab., 10(9):303-325, 2005.

[5] M.G.B. Blum and O. Francois. Minimal clade size and external branch length under the neutral coalescent. Adv.
in Appl. Probab., 37(3):647-662, 2005.

[6] A. Caliebe, R. Neininger, M. Krawczak and U. Résler. On the length distribution of external branches in coalescence
trees: genetic diversity within species. Theoret. Population Biol., 72(2):245-252, 2007.

[7] 1. Dahmer, G. Kersting and A. Wakolbinger. The total external branch length of Beta-coalescents. Combinatorics,
Probability and Computing, 1-18, 2014.

[8] J-F. Delmas, J-S. Dhersin and A. Siri-Jégousse. Asymptotic results on the length of coalescent trees. Ann. Appl.
Probab., 18(3):997-1025, 2008.



10 ARNO SIRI-JEGOUSSE AND LINGLONG YUAN

[9] J-S. Dhersin, F. Freund, A. Siri-Jégousse and L. Yuan. On the length of an external branch in the beta-coalescent.

Stoch. Proc. Appl., 123:1691-1715, 2013.

[10] P. Donnelly and T.G. Kurtz. Particle representations for measure-valued population models. Ann. Probab.,
27(1):166-205, 1999.

[11] F. Freund and A. Siri-Jégousse. Minimal clade size in the Bolthausen-Sznitman coalescent. J. Appl. Probab.,
51(3):657—-668, 2014.

[12] G. Kersting. The asymptotic distribution of the length of beta-coalescent trees. Ann. Appl. Probab., 22(5):2086—
2107, 2012.

[13] G. Kersting, J. Schweinsberg and A. Wakolbinger. The evolving beta coalescent. Electron. J. Probab., 19(64):1-27,
2014.

[14] J.F.C. Kingman. The coalescent. Stoch. Proc. Appl., 13(3):235-248, 1982.

[15] L. Miller and H. Pitters. The hydrodynamic limit of beta coalescents that come down from infinity. Preprint on
Arziv.

[16] M. Mohle and S. Sagitov. A classification of coalescent processes for haploid exchangeable population models. Ann.
Probab., 29(4):1547-1562, 2001.

[17] J. Pitman. Coalescents with multiple collisions. Ann. Probab., 27(4):1870-1902, 1999.

(18] S. Sagitov. The general coalescent with asynchronous mergers of ancestral lines. J. Appl. Probab., 36(4):1116-1125,
1999.

[19] J. Schweinsberg. A necessary and sufficient condition for the A-coalescent to come down from infinity. Flectron.
Comm. Probab., 5:1-11, 2000.

[20] J. Schweinsberg. Coalescent processes obtained from supercritical Galton-Watson processes. Stoch. Proce. Appl.,
106(1):107-139, 2003.

[21] B. Sengul. Asymptotic number of caterpillars of regularly varying A-coalescents that come down from infinity.
Preprint on Arxiv.

[22] A. Siri-Jégousse and L. Yuan. Asymptotics of the minimal clade size and related functionals of certain Beta-
coalescents. Acta Appl. Math., 142(1):127-148, 2016.

[23] R. Slack. A branching process with mean one and possibly infinite variance. Probab. Theory Related Fields, 9(2):139—
145, 1968.

(24] L. Yuan. On the measure division construction of A-coalescents. Markov Process. Related. Fields, 20:229-264, 2014.

IIMAS, UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO, MEXICO.
E-mail address: arno@sigma.iimas.unam.mx

XI’AN JIAOTONG-LIVERPOOL UNIVERSITY, DEPARTMENT OF MATHEMATICAL SCIENCES, 111 REN’AI ROAD, SUZHOU,
P. R. CHINA, 215123.
E-mail address: yuanlinglongcn@gmail.com



