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Abstract
[bookmark: _GoBack]Friction is known to cause vibration in many situations and one particular kind of friction-induced vibration is in the form of stick-slip vibration, which is of fundamental significance in science due to it ubiquitous nature. In this paper, an experimental and theoretical study is performed to investigate friction-induced stick-slip vibration. An experimental setup with a sophisticated dual-pin-on-disc configuration is produced. A detailed solid model is constructed and modal tests are conducted to establish a novel, simplified 2-degree-of-freedom (DoF) theoretical model for the test rig. A series of stick-slip oscillation tests at several levels of normal load and disc velocity are performed and interesting vibration behaviour is discovered. A non-smooth Coulomb’s law of friction is adopted and identified for the 2-DoF model and the method of the Switch Model is used to deal with the non-smooth transitions from stick to slip and from slip to stick. The theoretical results predicted by the 2-DoF model agree qualitatively quite well with the experimental results. The differences between the two sets of results also suggest that there are challenges in realising regular stick-slip vibration in real machines/structures and capturing theoretically. The main contributions of this work are the new designed test rig, the experimental findings, and the established theoretical model that can be used to reveal interesting dynamic behaviour of stick-slip vibration.
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1. Introduction 

Friction plays an essential role to resist relative motion between two bodies in contact [1, 2]. Dry friction transfers and dissipates energy, and a friction system vibrates when it cannot dissipate all energy inputs, and such vibration is called friction-induced vibration (FIV) which is one kind of self-excited vibration, as detailed in the two review papers [3, 4]. The FIV is very common both in daily life and engineering, for example, vibration of the string of a violin [5], vibration of an automobile brake system which can produce low- and high-frequency brake noise [6, 7], squeal noise generated at a sliding contact interface [8], and stick-slip vibration of bolted joint interface [9], and so on.
The FIV is a complex problem and has attracted attention of many scholars. Some physical mechanisms of the FIV have been proposed in recently years, such as the sprag-slip instability [10], mode coupling instability [11, 12], stick-slip instability [13], and so on. They can provide a physical explanation for the FIV under certain circumstances [14] but a universal explanation is yet to be found.
Stick-slip FIV is one kind of non-smooth vibration and has strong nonlinear properties [15]. For a one-degree-of-freedom (DoF) system, it happens when the static coefficient of friction is higher than kinetic coefficient of friction [16, 17]. There are two motion regimes in stick-slip vibration: the stick motion when the relative velocity is zero between the two bodies in frictional contact and slip motion when there is relative motion between them [18]. Stick-slip vibration is very common and sometimes it is unwanted because it leads to noise, such as the creaking of dry door hinges, the creep groan noise of a brake system [19, 20]. On a grand scale, an earthquake is attributed to stick-slip motion of the Earth plates [21]. In other cases, it is desired, for example, the stick-slip vibration of the strings of a violin can produce beautiful music [22, 23] or can help reduce vibration (as in a friction damper [24]). 
Stick-slip vibration also reflects the friction characteristics of the two bodies in contact. It has been studied as a special type of nonlinear vibration by a number of researchers [13, 22, 24-36]. Popp and Stelter [22] studied two low-degree-of-freedom models with two friction laws and found quasi-periodic and chaotic vibration behaviour. Elmaian et al. [28] proposed a three-degree-of-freedom model which exhibited three kinds of friction-induced vibration and noise: creak caused by stick-slip phenomenon, squeal caused by mode-coupling phenomenon and squeak due to mode-coupling or stick-slip phenomena. They demonstrated that a single model could allow all these kinds of apparently different vibration/noise behaviour, depending on the system parameters, which was a significant finding. Shin et al. [29] used a two-degree-of-freedom model to find under what parameters the system would present the stick-slip instability for a simplified brake system. Li et al. [30] studied the nonlinear properties of a model of a mass-damper-spring slider on a disc and suggested that separation between the two bodies in contact played an important role in stick-slip motion. Pascal [31, 32] built a two-degree-of-freedom model with dry friction to study the stability of several kinds of orbits with the “overshooting” motion.  Marín et al. [33] investigated the effect of some main parameters on the motion pattern in phase planes and phase spaces of stick-slip vibration for a one/two-degree-of-freedom model by using a standard electrical circuit simulation software. Kudra and Awrejcewicz [34] studied the coupling between friction force components and friction torque of a two-degree-of-freedom model and found that the system showed various bifurcation behaviour under some parameters.  He et al. [24] established a lumped mass model with stick-slip-separation transition boundaries in the nonlinear vibration of shrouded group blades. Wei et al. [35] provided a two-layer low-DoF pad on disc model for a simplified brake system to investigate its stability and stick-slip oscillation properties. 
Besides the theoretical studies in various multi-degree-of-freedom models, experimental studies were also conducted to investigate the characteristics of stick-slip vibration [37-44]. Gweon et al. [37] explored the influence of glass fibre dispersion of brake friction materials on FIV. Park et al. [38] compared stick-slip behaviours of four kinds of polymers and found that the polymer modulus of elasticity had a significant effect on stick-slip vibration and surface energy determined its frequency and amplitude. Yoon et al. [39] studied the relationship between surface contact conditions and stick-slip vibration. Zhang et al. [40] examined the stick-slip behaviours of a stationary tyre in rubbing contact with a firm road. Dong et al. [41] investigated the stick-slip phenomena of different polymers with lubrication. 
Theoretical studies allow prediction of vibration behaviours unavailable in experimental conditions and afford insights into complicated cause-effect relationships between system parameters and behaviours. However, there is a lack of experimental studies in comparison which are essential for validating theoretical models and discovering new physics. An experimental study always relies much on the experimental setup, and the results are limited by the instruments of the test rig. So there are particular difficulties in experimental studies of stick-slip vibration. A combination of both theoretical and experimental studies in a single investigation of stick-slip type FIV should be very useful but is rare, in particular for complicated systems. Hinrichs et al. [6] conducted a numerical and experimental study of stick-slip oscillation and suggested that the choice of a suitable friction model should cover enough friction phenomenon and be as simple as possible. Maegawa et al. [45] studied the precursor events of stick-slip motion with non-uniform normal loading by numerical and experimental methods. Awrejcewicz et al. [46] tested and simulated a two-degree-of-freedom theoretical model to investigate the influence of deceleration of belt velocity on stick-slip vibration through frequency spectral characteristics. 
In this present paper, a custom stick-slip vibration test rig is designed and a new two-degree-of-freedom model (2-DoF model) is established, based on a detailed solid model. The various significant parameters of the test rig are identified via modal testing results, including simple friction characteristics. Then a series of stick-slip vibration tests are conducted under different normal forces and disc velocities, followed by a theoretical analysis of the established 2-DoF model which reflects the working conditions of the experimental study for validation of the theoretical model. The theoretical results predicted by the 2-DoF model are compared with the measured stick-slip oscillation, which shows fairly good agreement. The design of this test rig and the simplified 2-DoF model established through experiments and identification are two main contributions of this paper. Interesting discoveries of friction behaviour are made, for example, there is an additional rise and fall in friction force within a stick-slip cycle. Some experimental results and corresponding theoretical results will be used to construct a new law of friction, which will be reported in a future publication.

2. Experimental details 

2.1 Experimental setup 
In this work, the stick-slip oscillation tests are conducted on a self-designed test rig which takes the form of a sophisticated dual-pin-on-disc configuration. Different from a traditional pin-on-disc configuration, the test rig created in this investigation has two pins and corresponding actuation mechanisms, and the schematic diagram of the rig is shown in Figure 1. The advantage of the dual-pin-on-disc configuration is mitigating the offset problem compared with the single-pin-on-disc configuration usually used in experimental investigations of FIV. In the test rig, the servo motor provides control and power, and the planetary gear reducer is used to reduce the high speed of the servo motor. The coupling connects the servo motor and the planetary gear reducer to the test rig. The main subsystem of the setup is the friction subsystem shown in the top left enlarged graph of Figure 1. The loading system at the end of the test rig can be controlled to provide various values of normal load. The main parts of the test rig are held by supports fixed on the upper surface of the base by bolts. All components of the test rig are made from mild steel except the sensors (stainless steel), pins (ceramic composite) and disc (cast iron).
[image: M:\Documents\3-DOF model-theoretical & experimental study\shemview of test rig-组合图.jpg]
[bookmark: _Ref10905753]Figure 1. Schematic of test rig
The friction subsystem is the main part of the experimental setup on which stick-slip oscillation will be measured. On the left side, the disc is fixed to a disc holder and its rotational speed is controlled by the servo motor and the planetary gear reducer. On the right side, the pins, sensors and other components form two ‘legs’ fixed to cylinder 1 which is allowed to rotated around an axle through bearings and restrained by the tensile spring via a lever. In the test rig, one counterweight is fixed on cylinder 1 (opposite side of lever) to preload the spring into sufficient tension so that it is always in tension during stick-slip vibration tests.
Two pins and other related parts are symmetrically placed on two sides of cylinder 1. On each side of cylinder 1, the pin is housed in a pin holder which is fixed on the left surface of the friction force sensor (made by Ruierte, China). Its parameters can be found in Table 1. The sensor holder, the normal force sensor (made by Ruierte, China), the hollow cylinder and the preloaded compressive spring are held by cylinder 2 which is supported by two supports (part of cylinder 1). Support frame 1 is fixed to the right support to hold bolt 2. Bolt 2 can be rotated freely to force the pin to move forward or backward against the disc with pressure, while bolt 1 can lock cylinder 2 after a preset normal force for the pin acting on the disc is reached. 
The encoder (made by Jiankun Technology, China) is fixed to the axle of cylinder 1 to measure the angular displacement of cylinder 1. Its parameters can be found in Table 1. The lever is fixed to cylinder 1 at one end, and its other end is connected to the tensile spring which provides an elastic constraint to the angular displacement and allows stick-slip oscillation of the two pins. This spring is preloaded in tension to make sure that it is always in tension during the angular motion of cylinder 1.
The loading system is depicted in the green dashed rectangle on the right top side of Figure 1. Bolt 4 is held by support frame 2 fixed to a support which is in turn bolted to the base. The function of bolt 4 is to move the axle forward or backward in relation to the disc to bring the pins into contact with or away from the disc. Bolt 3 can be turned to lock the axle. An 8-channel signal acquisition and analysis system (made by Donghua, China) is used to record and process the experimental data measured by the sensors. 
The following steps should be performed prior to the test: Firstly, bolt 4 is turned to push the axle forward to bring the pins into contact with the disc, then bolt 3 is tightened in order to secure the axle. Secondly, bolt 2 on each ‘leg’ is turned to force cylinder 2 to move towards the disc. When the right normal force is established, bolt 1 is tightened to secure cylinder 2. Thirdly, the servo motor is switched on to drive the disc at the right speed. 
Before the stick-slip tests, a friction torque experiment is conducted with various weights to test the accuracy of the friction force sensors, and the results shows that the precision of the friction force sensors is very high.
[bookmark: _Ref11141556]Table 1. Parameters of sensors. 
	Parameter
	Friction force sensor 
	Normal force sensor 
	Encoder 

	Measurement range
	100 N
	200 N
	0°-360°

	Resolution
	0.1 N
	0.2 N
	10″

	Sampling rate
	1000 Hz
	1000 Hz
	100 Hz



2.2 Experimental sample and parameters 
In this work, an automobile brake disc made of cast iron is used as the disc sample. Its thickness, internal diameter and external diameter are 15, 162 and 255 mm, respectively. The pin samples are cut from an automotive brake friction material. It is in a cuboid shape with surface area of 77 mm2 and length of 13 mm. For all of the tests, the temperature and relative humidity are controlled to be at 24-27 ℃ and 60±10%, respectively. 
In this work, several kinds of experiments are conducted, including modal tests to identify some stiffness properties of the test rig, then tensile tests to determine the spring constants of the 2-DoF theoretical model, and stick-slip vibration tests (which allow the coefficients of friction to be estimated and more importantly reveal dynamic behaviour of the friction subsystem). 
For the stick-slip vibration experiments, preliminary tests are carried out at normal forces of 30 N, 40 N and 50 N, and at disc speeds of 0.1 rpm, 0.2 rpm and 0.3 rpm. The test time is set to be 10 minutes for each test. The contact interfaces of the pins and the disc are cleaned by brush before each test. Considering the presence of a certain degree of randomness of the friction-induced vibration, each stick-slip vibration test is preformed three times to ensure the repeatability. In the test, the friction radius is 90 mm. 

3. Experimental results 

3.1 Modal test of test rig 
Before the stick-slip vibration test, an impact hammer modal test is conducted with a uniaxial accelerometer to identify the parameters of the test rig, and the results are shown in Figures 2-3. Firstly, the modal test is conducted on the lever to identify the dynamic properties in the tangential direction, as shown in Figure 2(a), and the test results are illustrated in Figure 2(b). It can be found that the lowest frequency is 0.61 Hz. Compared with other components of the test setup and other connections between them, this tensile spring is the most flexible in the tangential direction and the flexibility contribution to the 0.61 Hz frequency stems mostly from it. In addition, there are other frequencies with high peaks, such as 19.53 Hz, 28.69 Hz, 34.19 Hz, which may be owing to the connections of the components. 
Then, the modal test on one pin in the normal direction is conducted, as shown in Figure 3(a) and the results are illustrated in Figure 3(b). The results show that the double frequency phenomenon and the base frequency is 39.73 Hz. Taking the structure of the test rig into consideration, the base frequency of 39.73 Hz is very likely to be contributed mostly from the compressive spring which is the most flexible component in the normal direction. 
 [image: D:\王晓翠\MSSP审稿意见\修改图文件\figure 2（a）-v16.jpg] [image: C:\Users\Xiaocui\Desktop\图3b.jpg]
Figure 2. Modal test on the lever: hammer impact test on the lever (a) and measured frequency spectrum of acceleration (b).
[image: D:\王晓翠\MSSP审稿意见\修改图文件\figure 3（a）-v16.jpg] [image: C:\Users\Xiaocui\Desktop\图2b.jpg]
Figure 3. Modal test of the pin in normal direction: hammer impact test on pin (a) and measured frequency spectrum of acceleration (b).

3.2. Stick-slip oscillation under different levels of normal force and disc velocity
Stick-slip oscillation at disc speed of 0.1 rpm and normal force of 40 N on each pin is selected to present the test procedure and illustrate its dynamic behaviour. The experimental results are shown in Figures 4-6. The very low disc speed is used to ‘encourage’ stick-slip vibration.
Figure 4(a) shows the angular displacement of cylinder 1 at the starting stage in time domain. It can be found that the displacement increases linearly at the starting stage, which is apparently due to linear elongation of the tensile spring stretched by the friction force from its initial position; then it shows a visible oscillation after it reaches the peak of 7.87 degree, which is a result of stick-slip vibration of the pins.
The displacement in the ‘steady-state’ period exhibits nearly periodic tooth-like oscillation during the recorded time interval, as shown in Figure 4(b). Every increase of the angular displacement is followed by a sudden drop due to the following macro-slip at the contact interface of the disc and the pins, similar to the stick-slip vibration on a very different test structure reported in [47, 48]. The friction-induced stick-slip oscillation is very sensitive to several factors, like the contact condition, which may vary slightly as the disc rotates, and therefore the angular displacement is not so regular. Its amplitude of fluctuation is about 0.84 degree. To give a sense of magnitude, as a comparison, the amplitude of linear stick-slip vibration reported in [48] was 0.2 mm.
[image: D:\王晓翠\MSSP审稿意见\修改图文件\图4a.jpg]
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Figure 4. The angular displacement: early history (a) and during the steady-state period (b) in time domain.
Figure 5 shows the normal force, friction force and friction ratio (the ratio of friction force to normal force) of the pins in time domain. In the test rig, two pins are used to a more balanced resultant normal force and friction force acting on the disc. It shows the sum of the normal and frictional forces of the two pins, respectively, and the (friction) ratio of these two sums. Please note that within ‘sticking’ regime, this ratio does not reflect the coefficient of friction.
From figure 5(a), it can be found that the normal force shows a slight increase at the starting stage and then a visible oscillation although it is set to be a constant before the stick-slip test. This phenomenon may be due to the periodic push and release of the pins as the disc rotates past the pins, which may be explained by the sprag-slip mechanism of FIV [10]. The friction force understandably shows a similar trend as the normal force — it increases from zero to 22.5 N (which is the instantaneous static friction capacity), then shows a noticeable oscillation. The trend of friction simply nearly follows that of the friction force.
Figure 5(b) shows the normal force, friction force and friction ratio in the steady-state stage. It can be seen that they all show nearly periodic increases and decreases, and a sudden drop follows each rise in these three kinds of signals. Unlike the constant normal contact force in a 1-DoF ideal model for stick-slip vibration [48], the normal contact force in a real machine, even if it is a well-designed laboratory machine, will not be constant, owing to the flexibility of the loading mechanism involved (please see Figure 1). A fluctuating normal contact force can also be observed on a different testing machine for stick-slip vibration [48]. This phenomenon is both a headache in the sense that pure stick-slip vibration is no longer possible on a proper testing machine, and an advantage as the resulting dynamic behaviour should be more realistic and revealing. These results can be used to establish a proper law of friction, but this is beyond the scope of this paper and thus will not be pursued here.
 [image: C:\Users\Xiaocui\Desktop\图5.jpg]

[image: C:\Users\Xiaocui\Desktop\图5（b）.jpg]
Figure 5. The normal force, friction force and friction ratio in time domain: the early histories (a) and steady-state period (b).
A further examination of the friction is worthwhile. Clearly, the friction force shares the main pattern of the normal force. However, it is noisier than the normal force. In addition, after a sharp drop, the friction experiences a fast rise-and-fall before it climbs to a new peak, which is not present in the normal force. This takes place at the reversal of the friction force and seems to suggest a kind of delay. This seems a new discovery and it may need to be captured in a new friction law if the aim of research is to establish a new friction law.
To further investigate the characteristics of the stick–slip vibration, a Fast Fourier Transform (FFT) is applied to transform the time-domain signals of the angular displacement of cylinder 1, the normal force and friction force of the pins to their representation in the frequency domains, and the results are shown in Figure 6. It can be found that the three kinds of FFT results show similar trends and there are three dominant frequencies, which are 0.7 Hz, 0.9 Hz and 1.1 Hz.
 [image: ]
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Figure 6. FFT analysis results of angular displacement (a), normal force (b) and friction force (c) in frequency domain. 
The time and frequency domain results of the angular displacements of cylinder 1, and the sums of the normal forces and friction forces of the 2 pins at a few other levels of the total normal force and disc speed are also collected. There is a similar pattern between them, and between their counterparts measured at 40 N and 0.1 rpm. So these results are not reported here.

4 Theoretical model and results 

4.1 Description of 2-DoF model
After test data at several levels of the total normal force and disc speed are collected and analysed, an in-depth theoretical study is now ready. A very-detailed FE model of the whole test rig is built and numerical results of displacements and forces involved can be determined. However, simulating stick-slip vibration and dynamic contact at the pin-disc interfaces, both of which are non-smooth dynamic phenomena, of an FE model in even a moderate size, is almost an impossible endeavour due to its huge amount of computational workload. So instead of using that detailed FE model to simulate such non-smooth phenomena, a 2-DoF model will be established and then used. The detailed FE model is still useful when establishing the small model.
Considering the complexity of the experimental setup in Figure 1, only the main structure of the friction subsystem is considered in this simplified model. The disc is taken as a moving rigid belt in the theoretical model. 
For the real test rig, the friction subsystem is divided conceptually into three parts, as shown in Figure 7: the components of the top pin, the pin holder, the friction force sensor, the sensor holder and the normal force sensor are grouped as Part 2, as shown in the green dashed rectangle in Figure 7; symmetrically, the same components on the bottom side are grouped as Part 3. Part 1 in the middle contains the components of the friction subsystem other than Part 2 and Part 3, mainly cylinder 1, the encoder, the preloaded compressive spring, but excluding the stationary axle, as shown in the black solid rectangle in Figure 7.
 
[image: D:\王晓翠\MSSP审稿意见\修改图文件\shemview of test rig-m1-2划分区域-v16.jpg]
[bookmark: _Ref11232041]Figure 7. Definition of Part 1, Part 2 and Part 3 of the test rig for the theoretical model
Based on the above abstraction of the friction subsystem, a 2-DoF theoretical model is built, as shown in Figure 8. The model contains a moving rigid belt to simulate the disc in the test rig. An equivalent point mass m1 is used to represent Part 1, which rotates around the axle. Please note that m1 is not in contact with the moving belt in the 2-DoF model according to the test rig, and the rotation of Part 1 is constrained by the tensile spring k1 shown in Figure 1 and can be represented by its rotation 1 and/or an equivalent linear displacement x1. Considering the symmetry of the two pins in the test rig, Part 2 and Part 3 are collectively represented by one point mass slider m2. A spring k2 is used to represent the stiffness between m2 and m1. According to the real test rig structure, m2 is constrained by a ground spring k4 to simulate the preloaded compressive spring in the test rig and k4 is compressed initially to keep the pins in frictional contact with the belt moving at a constant linear speed v0 under a pre-specified normal preload.
To represent the real test rig, an inclined ground spring k3 (with tilt angle) is included to couple the horizontal displacement with the vertical force. Both k3 and k4 can be determined from measured relevant frequencies of the friction subsystem. 
[image: M:\Documents\3-DOF model-theoretical & experimental study\figure files\3 degree freedom of model-6.jpg]
Figure 8. A 2-DoF model 
The equation of motion for the 2-DoF friction model depends on the relative velocity between m2 and the belt (the pins and disc in the test rig). During the slip motion, and the equation of motion of the model is given by:
		 (1)
where M is mass matrix, C damping matrix, and K is stiffness matrix as follows

		(2)
		(3)
		(4)
and the friction force during sliding is
		(5)
and the normal contact force at the slider-belt interface
		(6)

where k is the kinetic coefficient of friction; x2 represent the tangential linear displacement of the pins and x1 the linear displacement of cylinder 1 of the friction subsystem at the connection point with Part 2 or 3; m2 is mass of Parts 2 and 3 in Figure 7, and  with J1 being the polar moment of inertia of Part 1 about the axle centre; r1=0.27 m and r2=0.08 m are respectively the radius of the tensile spring, and the radius of the pins, both to the disc centre. Fn is the double of the initial normal load at the back of each pin realised by first turning bolt 4 and then adjusting bolt 2 (see Figure 1). The detailed derivation of Eq. (1) is given in the Appendix.
Stick occurs when
		(7)
and
		(8)
where s is the static coefficient of friction.
During sticking of slider m2 to the belt, the equation of motion for the 2-DoF model becomes
		(9)
In the sticking regime, Ff is now an unknown and must be found from Eq. (9).

4.2 Parameter identification of the 2-DoF model
In the built 2-DoF model, there are six parameters, i.e., the stiffness of k1, k2, k3 and k4; the values of J1 and m2, which must be identified based on the test rig layout, static and modal test results and the solid model of the test rig. 
A three-dimensional model of Part 1 is built in Solidworks, the material parameters of each component in the Solidworks model are the normal values of the material properties of the real material. The size of every component is based on its original geometry. The centre of rotation is the centre line of cylinder 1 (also the disc centre), as shown in Figure 7. Solidworks finds that J1 is 0.75 kg·m², which leads to m1= 10.52 kg.
The total mass of Part 2 and Part 3 is measured by a balance with high precision, and the mass of m2 in the theoretical model is 1.10 kg (the mass of Part 2 or 3 is 0.55 kg).
To identify the linear stiffness of k1, the tensile spring is stretched by a tensile force meter (precision: 0.001 kg; rang: 0-50 kg; made by WeiHeng, China) and its elongation is measured by a pair of callipers (precision: 0.02 mm; range: 0-150 mm; made by Forgestar, Germany). Stiffness k1 is found to be 165.5 N/m. 
To get the stiffness of k4, the preloaded compressive spring in the test rig is placed under pressure by turning bolt 4. The compressive force is measured by the force sensor on the test rig and the contraction of this spring is measured by the same pair of callipers. k4 is found to be 26.2×103 N/m.
Spring constants k2 and k3 come from the internal stiffness of several deformable components in the loading mechanism (see Figure 1). As they are not real springs per se, so they must be determined indirectly. k2 is the stiffness linking Part 1 and Part 2, and its value affects the natural frequencies of the horizontal vibration of the 2-DoF model when without friction (that is, when the pins are not pushed onto the disc). k3 contributes to both horizontal and vertical vibrations of the 2-DoF model. For simplification, k3 is roughly estimated to be 800 N/m and  is selected as π/3, based on the measure normal contact force and friction force given in Figure 5(b). Based on the measured frequencies of 0.61 Hz and 19.53 Hz shown in Figure 2, it is found that k2=10.7×103 N/m. 
In summary, the identified parameters are shown in Table 2:
Table 2. The identified parameters of the 2-DoF model
	Parameter
	Value
	Parameter
	Value

	m1
	10.52 kg
	r1
	0.27 m

	m2
	1.10 kg
	r2
	0.08 m

	k1
	165.5 N/m
	c1
	0.02 Ns/m

	k2
	10.7×103 N/m
	c2
	0.01 Ns/m

	k3
	800 N/m
	c3
	0.01 Ns/m 

	k4
	26.2×103 N/m
	α
	π/3



Among the parameter values identified above, it is believed that k1 and k4, and m1 and m2 are determined very accurately. However, k2 and k3 are not thought to be as accurate. However, the values of k2, k3 and  can offset errors caused by them and thus lead to acceptable results. In consideration that the damping of most of the test rig components is low and the magnitude and pattern of the vibration predicted by the 2-DoF model should be consistent with those observed from the experimental data, the values of c1, c2 and c3 are tuned.

4.3 Theoretical results 
In this section, the established 2-DoF model is solved by ode45 in a Matlab code that incorporates the method of Switch Model [49]. For the slip motion, the following criterion should be satisfied:
		(10)
where  is a finite narrow velocity band and ; in this work =10-10 m/s. 
The criterion for the transition stage [49] should be

		(11)
And the stick motion satisfies [49]
		(12)
In order to be consistent with the experimental conditions, the preload is set to 80 N (equivalent to 40 N on each pin) and the belt velocity is set to be 0.000838 m/s (equivalent to disc speed of 0.1 rpm) in the numerical analysis. 
The peak values of the friction force are thought to be the instantaneous static friction capacities (see Figure 5). The sharp falls of the friction force are thought to indicate slip and hence trough values of the friction force are taken as the basis for calculating the kinetic coefficient of friction. Based on the experimental results (see the friction ratio in Figures 5), the average coefficient of static friction s is 0.28 and the average coefficient of dynamic friction k is 0.17. 
Some numerical results are shown in Figures 9-12. Figure 9 shows the numerical angular displacement of Part 1 in the time domain. It can be found that the displacement shows a sharp increase at the starting stage from Figure 9(a), followed by a period of irregular oscillation. After reaching the peak of 8.86 degree, the displacement shows a notable periodic oscillation. In the steady-state stage (as shown in Figure 9(b)), the amplitude of fluctuation of the displacement is about 0.79 degree. Compared with the experimental angular displacement (Figure 4(a)), the difference between the experimental (7.87 degree as shown in Figure 4(a)) and the theoretical (8.86 degree as shown in Figure 9(a)) peaks of angular displacement is 12.57%. The difference between experimental (0.84 degree as shown in Figure 4(a)) and theoretical (0.79 degree as shown in Figure 9(a)) amplitudes of fluctuation of angular displacement is 5.95%. 
  [image: D:\王晓翠\MSSP审稿意见\修改图文件\图9.jpg]
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Figure 9. The theoretical results of angular displacement of Part 1 in the whole stage (a) and the steady-state stage (b) in time domain.
Figure 10 shows the numerical linear displacement of the pins (m2) in time domain. It can be seen that the numerical displacement shows obvious oscillation at in its early history from Figure 10(a). During the steady-state period, as shown in Figure 10(b), the numerical displacement still shows visible vibration, but the amplitude of the oscillation is much reduced, compared with its early history. Furthermore, it shows tooth-like beating during each oscillation period: every increase is followed by a sudden drop due to the following macro-slip at the contact interface of m2 and belt. Compared with the numerical angular displacement of Part 1 in the steady-state period (Figure 9(b)), the numerical displacement oscillation of m2 is much more complex than that of Part 1 as shown in Figure 10(b). 
[image: D:\王晓翠\MSSP审稿意见\修改图文件\图10(a).jpg]
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Figure 10. The theoretical results of displacement in the whole stage (a) and steady-state stage (b) of m2.
Figure 11(a)-(b) shows the numerical normal and friction force of m2, respectively. From Figure 11(a), it can be found that the numerical normal force shares the same shape with the displacement of m2 (as shown in Figure 10(a)). This is because the numerical normal force is displacement-dependent according to Eq. (5). 
Similar to displacement signals, the numerical friction force shows a very irregular variation at the early stage in time domain. At the steady-state stage, as shown in Figure 11(b), which is the enlarged figure of the green rectangle of Figure 11(a), the friction force shows nearly periodic variation. For each stick-slip oscillation episode, the friction force keeps increasing during the stick motion and it is determined by the dynamic state of the system. Then the friction force drops to ‘dynamic friction force’ after it reaches the static friction capacity and the relative motion between the belt and m2 switches from stick to slip. During the slip motion, the friction force equals the instantaneous normal contact force times the kinetic coefficient of friction. As m2 slides, both the external force and dynamic friction force vary. When the velocity of m2 becomes equal to v0 and at the same time the friction force is below the instantaneous static friction capacity, m2 sticks to the belt. A new cycle of stick-slip vibration resumes. In addition, both the amplitude of the normal force and the amplitude of the friction force remain almost constant. Both forces exhibit beating-like behaviour.
 [image: C:\Users\Xiaocui\Desktop\图11.jpg]
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Figure 11. The normal and friction forces in the whole stage (a) and in the steady stage (b) of m2.
To further compare the experimental and theoretical results, the FFT is used to transform the time-domain numerical results, including the angular displacement of Part 1, the linear displacement and friction force of the pins, to the frequency domain, as shown in Figure 12. It can be found that FFT displacement of Part 1 shows one dominant frequency of 0.68 Hz with very high magnitude. For m2, the FFT displays the same dominant frequency of 0.68 Hz as well as a few other frequencies: 4.6 Hz, 5.26 Hz, 5.92 Hz and 6.58 Hz. It further confirms that the motion of the pins is much more complex than that of Part 1 as it directly undergoes stick-slip vibration but Part 1 does not. Compared with the FFT of the experimental results, the difference between one main experimental frequency of 0.70 Hz (see Figure 6) and the theoretical dominant frequency (as shown in Figure 12) is 2.78%. 
[image: ][image: ]
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Figure 12. The FFT analysis results of displacement of Part 1 (a), displacement of m2 (b) and friction force of m2 (c).
The 2-DoF models displays much richer dynamic behaviour: (1) beating like vibration shown in Fig. 10, beating like time-varying normal force shown in Fig. 11, and presence of several frequencies that are not linked to a fundamental frequency, as shown in Fig. 12. In contrast, a 1-DoF model with a constant belt speed without external excitation settles to a limit cycle having one basic frequency, with other frequencies being integer multiples of the basic frequency.
To briefly compare the experimental and theoretical results in sections 3 and 4, key results are listed in Table 3.
Table 3. The comparison between the experimental and theoretical results 
	
	Peak displacement
	Amplitude of fluctuation of displacement
	Dominant frequency

	Experimental result
	7.87 degree
	0.79 degree
	0.70 Hz

	Theoretical result
	8.86 degree
	0.84 degree
	0.68 Hz

	Difference
	12.57%
	5.95%
	2.86%



Compared with the lowest natural frequency of the friction subsystem in the tangential direction, 0.61 Hz, the lowest frequency of the stick-slip vibration at normal force of 80 N, 0.7 Hz, is close and slightly higher. The latter being higher is believed to be due to the additional stiffness provided by the disc through contact. Two other low frequencies of 0.9 Hz and 1.1 Hz are a result of stick-slip vibration, not the natural (free vibration) properties of the friction subsystem when it is not in contact with the disc.

5. Further validation of the theoretical model 

For further validation of the established 2-DoF model, the experimental and theoretical results are compared under the normal force of 50 N on each pin and disc velocity of 0.1 rpm. The experimental normal force, friction force and friction ratio in time domain are shown in Figure 13. 
 [image: C:\Users\Xiaocui\Desktop\图13.jpg]
Figure 13. The normal force, friction force and friction ratio in time domain (under the normal force of 50 N on each pin and disc velocity of 0.1 rpm)
In the theoretical analysis, the normal force is set to be 100 N and the belt velocity is set to be v0=0.00838 m/s (disc speed of 0.1 rpm). Based on the experimental results in Figure 13, it turns out that the average coefficient of static friction s remains 0.28 but the average coefficient of kinetic friction k increases slightly to 0.19. Various experimental and theoretical results are paired and shown in Figures 14-16. 
Figure 14 shows the experimental and theoretical displacements. Both exhibit an initial sharp rise. Figure 14 displays a visible oscillation of experimental displacement after it reaches the peak value of 9.82 degree. In comparison, Figure 14 also displays an oscillation of slightly greater amplitude after a peak value of 11.57 degree in the theoretical displacement. The difference between the experimental and theoretical peaks of the angular displacement is 17.82%. 
Figure 15 shows the experimental and theoretical displacements at the steady-state stage. The amplitudes of fluctuation of the experimental and theoretical displacements are about 0.90 degree and about 0.96 degree, respectively, which means a difference of 6.67%.
Figure 16 shows the FFT analysis of the experimental displacement and theoretical displacement at the steady-state stage. There is one main frequency of 0.65 Hz in the experimental results in Figure 16(a). In comparison, the frequency spectrum of the theoretical displacement in Figure 16(b) shows a main frequency at 0.64 Hz.
 [image: D:\王晓翠\MSSP审稿意见\修改图文件\图14.jpg]
Figure 14. Experimental displacement and theoretical displacement of Part 1.
For ease of comparison, the experimental and theoretical results of the angular displacements of cylinder 1 are summarised in Table 4. Given the complexity of the testing machine and complex nature of friction, it is thought that the differences between the experimental and theoretical results are acceptable.


 [image: ]
Figure 15. Experimental displacement and theoretical angular displacement of Part 1 at the steady-state stage.
 [image: D:\王晓翠\MSSP审稿意见\修改图文件\图15.jpg]
Figure 16. FFT analysis of experimental displacement and theoretical displacement of Part 1 at the steady-state stage.
Table 4. The comparison between the experimental and theoretical results. 
	
	Peak displacement
	Amplitude of fluctuation of displacement
	Dominant frequency

	Experimental result
	9.82 degree
	0.90 degree
	0.65 Hz

	Theoretical result
	11.57 degree
	0.96 degree
	0.64 Hz

	Difference
	17.82%
	6.67%
	1.54%



The experimental and theoretical results in the time and frequency domain of the angular displacements of cylinder 1, and the sums of the normal forces and friction forces of the 2 pins at a few other levels of the total normal force and disc speed are also compared. They illustrate very similar patterns to their counterparts at 80 N and 0.1 rpm. So these results are not reported here. These findings indicate that the built 2-DoF theoretical model can be used to predict the stick-slip oscillation of this testing machine, which will be used to explore behaviour of stick-slip oscillation in other and more general situations. 

6. Conclusions 

In this work, a combined experimental and theoretical study of friction-induced stick-slip vibration is conducted. In the experimental study, an experimental setup with a sophisticated dual-pin-on-disc configuration is designed, and a series of modal tests are conducted to investigate the dynamic properties of the test rig. Then the stick-slip vibration tests are performed under different working conditions (various levels of the normal force and disc velocity). A 2-degree-of-freedom (DoF) model is built and various parameters, such as the stiffness, mass and moment of inertia, are identified based on experimental results of several kinds of tests and aided by a detailed solid model and finite element model of the test rig. For validation, the theoretical results obtained under the normal force of 40 N and 50 N, and at disc speed of 0.1 rpm are shown to agree quite well with the experimental results under the same working conditions. 
The following conclusions can be drawn:
1. The fluctuation of the normal force at the contact interface is inevitable in a sophisticated test rig. This fluctuation brings complication and also an opportunity for exploring friction behaviour which might not be available under a constant normal force.
2. The time-domain pattern of the friction force largely follows that of the normal contact force, suggesting that the simple Coulomb’s law of friction seems fairly accurate on a global scale. However, in contrast with the smooth wave form of the normal contact force, the friction force also exhibits some low-amplitude high-frequency ripples and looks much noisier. This suggests the random nature of the contact interface and friction. There is an additional low-magnitude rise-and-fall cycle in the friction force within a stick-slip cycle.
3. Tangential vibration of the pins is indirectly measured and displays apparent stick and slip regimes, despite non-constant normal contact force.
4. The simplified 2-degree-of-freedom model established based on several tests and a detailed solid model is shown to be capable of capturing some major dynamic behaviour of the test rig. This low-order theoretical model can be used to explore friction-induced vibration in conditions beyond those of the test rig.
This fundamental investigation of stick-slip oscillation provides a significant understanding of friction-induced vibration and friction itself, and useful knowledge in dealing with it in practice. 
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Appendix Derivation of Eq. (1)

Part 1 of the friction subsystem is modelled as a rigid body, while Part 2 and Part 3 are lumped into a point mass even though they are fairly flexible. The flexibility of Part 2 or Part 3 must be suitably considered when establishing the simplified 2-DoF theoretical model. 
For simplicity, Part 2 is taken as a rigid rod (with a spring connection with Part 1) whose displacements at the two ends are respectively x2 at the pin end and  at its connection point with Part 1, as shown below.
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Figure A1. The schematic of Part 2.
When the velocity distribution of Part 2 along its length is assumed to be linear, it can be expressed as
		(A1)
So the kinetic energy of the whole friction subsystem without the disc is
	(A2)
		(A3)
One gets
		(A4)
Similarly 
		(A5)
The potential energy of the whole friction subsystem without the disc is
		(A6)
Eqs. (A7) and (A8) can be derived as
		(A7)
		(A8)
The Lagrangian is
		(A9)
Lagrange’s equation leads to
		(A10)
		(A11)
When dampings are introduced into the above two equations, Eq. (1) can be derived.
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