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Based on the calculation of the quasiequilibrium statistical sum
by means of the functional integration method, we obtained a
nonequilibrium statistical operator for the electron subsystem of a
semibounded metal in the framework of the generalized “jellium”
model in the Gaussian and higher approximations with respect to
the dynamic electron correlations. This approach allows one to go
beyond the linear approximation with respect to the gradient of
the electrochemical potential corresponding to weakly nonequilib-
rium processes and to obtain generalized transport equations that
describe nonlinear processes.

1. Introduction

Equilibrium characteristics and nonequilibrium pro-
cesses of diffusion, adsorption, and desorption for spa-
tially inhomogeneous electron-atom systems are de-
scribed with the help of various theoretical approaches,
both available and being developed ones. In particu-
lar, one widely uses the time-dependent density func-
tional theory (TDDFT) [1–13]. During the years of its
development, the TDDFT has demonstrated significant
achievements and still extends its limits of application
[13] though with certain problems [14]. The basis of
the TDDFT is the Kohn–Sham density functional theory
[15–19]. Another theoretical approach is related to the
hydrodynamic model of surface plasmons for a spatially
inhomogeneous electron gas proposed in [20–22] with the
use of the response theory [23] based on the Boltzmann

kinetic equation. The quantum statistical theory for
the description of nonequilibrium processes in “metal–
adsorbate–gas” systems was developed in works [24–26]
using Zubarev’s method of nonequilibrium statistical op-
erator (NSO) [27, 28]. In particular, a self-consistent de-
scription of nonequilibrium processes in the atomic and
electron subsystems was presented in [24] on the kinetic
level of the description of electron processes. In the pro-
cesses of adsorption, desorption, and surface diffusion, a
metal surface undergoes a reconstruction accompanied
by a variation of nonequilibrium properties of both elec-
tron and ion subsystems. In this case, the electrodiffu-
sion, viscothermal, and electromagnetic properties of the
electron subsystem change in the field of metal surface
ions. To study the ion and electron structures of a semi-
bounded metal, a generalized approach that takes the ef-
fect of discreteness of the ion subsystem into account and
is based upon the model of semibounded “jellium” [29,30]
was proposed in [25, 26]. It is worth noting that the in-
fluence of the discreteness of an ion density on the char-
acteristics of a semibounded “jellium” was considered
in [19, 31–33] by means of constructing a perturbation
theory with respect to the electron-ion interaction pseu-
dopotential. However, the linear response of the elec-
tron subsystem to the lattice potential did not take the
effects of inhomogeneity of the electron subsystem into
account. The approach described in [25, 29, 30] allows
one to model the formation of a surface potential and
to calculate a large statistical sum for the generalized
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model in terms of the cumulant averages of the “jellium”
model. In [25], the generalized “jellium” model served as
a basis for the statistical description of electrodiffusion
processes for the electron subsystem of a semibounded
metal with the use of the NSO method, where the only
parameter of the reduced description was the nonequi-
librium average value of the electron density. For such
a system, the quasiequilibrium statistical sum was cal-
culated by means of the functional integration method
for the case of the local electron-ion interaction pseu-
dopotential of the metal surface. In principle, it allowed
one to obtain expressions for the nonequilibrium statis-
tical operator in the Gaussian and higher approxima-
tions with respect to the dynamic electron correlations.
In [25], the nonequilibrium statistical operator and the
generalized transport equation of inhomogeneous diffu-
sion were obtained for weakly nonequilibrium processes
(linear approximation with respect to the gradient of the
electrochemical potential). The same approximation was
used to deduce an equation for the “density-density” time
correlation function that determines the dynamic struc-
tural factor of the electron subsystem of a semibounded
metal and to demonstrate the connection of this elec-
trodiffusion model in the linear approximation with the
TDDFT [1–4].

The given study represents the continuation of work
[25]. We will obtain expressions for the nonequilibrium
statistical operator in the Gaussian and higher approx-
imations with respect to the dynamic electron correla-
tions, by calculating the quasiequilibrium statistical sum
by means of the functional integration method. This ap-
proach allowed us to go beyond the linear approximation
with respect to the electrochemical potential. For the
nonequilibrium statistical operator in the correspond-
ing approximations, we will obtain generalized transport
equations for the nonequilibrium average value of the
electron density for strongly nonequilibrium processes
for the electron subsystem of a semibounded metal.

2. Generalized “Jellium” Model.

Nonequilibrium Statistical Operator

2.1. Hamiltonian of the system

Consider an electron-ion system that describes a semi-
bounded metal with regard for the influence of the dis-
creteness of the ion subsystem. We present the Hamil-
tonian of the system in the form

H = −
~
2

2m

N∑

i=1

∆i +
1

2

N∑

i6=j=1

e2

|ri − rj |
+

+
1

2

Nion∑

i6=j=1

(Ze)2

|Ri −Rj |
+

N∑

i=1

Nion∑

j=1

ew(ri,Rj), (1)

where the first two terms represent the electron kinetic
energy and the potential energy of electron-electron in-
teraction, respectively, the third term stands for the po-
tential energy of ion-ion interaction, and the last one is
the energy of electron-ion interaction. Electrons in the
ion field have the charge e, the mass m, and the coordi-
nates ri, i = 1, . . . , N . By Nion, we denote the number
of metal ions with the charge Ze and the coordinates
Rj (−∞ < Xj , Yj < +∞, Zj 6 z0, Z0 = const, z = Z0

is the division plane), j = 1, . . . , Nion. We suppose that
ions are immobile in the system volume V = SL, where
S is the surface area of the semibounded metal, and L
determines the region of variation of the electron coor-
dinate normal to the metal surface: z ∈ (−L/2,+L/2),
S → ∞, L → ∞. We consider that the system is elec-
troneutral, i.e.

ZNion = N. (2)

In [25], Hamiltonian (1) was presented in terms of the
collective variables of the electron subsystem of a semi-
bounded metal specifying the Hamiltonian of the “jel-
lium” model as a reference system:

H =
∑

p,α

Eα(p)a
†
α(p)aα(p)+

+
1

2SL

∑

q

′ ∑

k

νk(q)ρk(q)ρ−k(−q)−

−
ZNion

SL

∑

q

′ ∑

k

νk(q)Sk(q)ρk(q)+

+
eNion

SL

∑

q,k

Sk(q)fk(q)ρk(q)−
N

2S

∑

q

′

ν(q|0)+

+
1

2

Nion∑

i6=j=1

1

S

∑

q

′

Z2ν(q|Zi − Zj)e
iq(R||i−R||j), (3)

where the primed sums mean the absence of terms with
q = 0 due to the electroneutrality condition (2), νk(q) =
4πe2/(q2 + k2) and fk(q) are the three-dimensional
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Fourier transforms of the Coulomb potential and the lo-
cal part of pseudopotential (4):

e2

|ri − rj |
=

1

SL

∑

q,k

νk(q)e
iq(r||i−r||j)+ik(zi−zj),

w(ri −Rj) = −
Ze

|ri −Rj|
+ f(ri −Rj), (4)

f(ri −Rj) =
1

SL

∑

q,k

fk(q)e
iq(r‖i−R‖j)+ik(zi−Zj),

R‖j = (Xj , Yj), ν(q|z) = 2πe2e−q|z|/q is the two-
dimensional Fourier transform of the Coulomb potential:
e2

r
=

1

S

∑
q

ν(q|z)e−qr‖ , Eα(p) =
~
2p2

2m
+εα is the energy

of an electron in the state (p, α),

Sk(q) =
1

Nion

Nion∑

j=1

e−iqR‖j−ikZj (5)

stands for the structural factor of the ion subsystem and
the Fourier transform of the electron density:

ρk(q) =
∑

p,α1,α2

〈α1|e
ikz |α2〉a

†
α1
(p)aα2

(p− q), (6)

where 〈α1| . . . |α2〉 =

∫
dz ϕ∗

α1
(z) . . . ϕα2

(z). ϕα(z)

and εα are the eigenfunctions and eigenvalues of the
Schödinger equation, respectively,

[
−

~
2

2m

d2

dz2
+ V (z)

]
ϕα(z) = εαϕα(z),

V (r) = V (z) is the surface potential depending only on
the electron coordinate normal to the division plane.

The same way as in [25], the electrodiffusion processes
in the formulated model are described choosing the av-
erage value of the electron density operator as the main
parameter of the reduced description of nonequilibrium
processes in the electron subsystem of a semibounded
metal. It is connected with the corresponding inhomo-
geneous electric field,

∇ · E(r; t) = e〈̺(r)〉t, (7)

where 〈(...)〉t = Sp(...)ρ(t), ρ(t) denotes the nonequi-
librium statistical operator of the generalized “jellium”
model that satisfies the Liouville equation with the

Hamilton operator (3). With regard for the chosen ge-
ometry of the model, the value of 〈̺(r)〉t will correspond
to the mixed Fourier representation 〈ρk(q)〉

t. To find
ρ(t) (the solution of the Liouville equation), we employ
Zubarev’s NSO method [27, 28] and obtain, in the gen-
eral case,

ρ(t) = ε

t∫

−∞

eε(t
′−t)eiLN (t′−t)ρq(t

′)dt′, (8)

where ε → +0 after passing to the thermodynamic
limit, and iLN is the Liouville operator corresponding
to Hamilton operator (3). The quantity ρq(t) denotes
the quasiequilibrium statistical operator determined by
the Gibbs method at fixed values of the parameter of the
reduced description 〈ρk(q)〉

t, and the normalization con-
dition Spρq(t) = 1 hold. In our case, it has the following
form [25]:

ρq(t) = exp

[
− Φ(t)−

−β

(
H −

1

SL

∑

k

∑

q

µ̃k(q; t)ρk(q)

)]
, (9)

where Φ(t) = lnZ(t) is the Massieu–Planck functional,
and Z(t) is the statistical sum of the quasiequilibrium
statistical operator,

Z(t) = Sp exp

[
− β

(
H −

1

SL

∑

k

∑

q

µ̃k(q; t)ρk(q)

)]
,

(10)

µ̃k(q; t) = µk(q; t)+ eϕk(q; t) denotes the Fourier trans-
form of the electron electrochemical potential, µk(q; t) is
the Fourier transform of the electron chemical potential,
and ϕk(q; t) is the Fourier transform of the local electric
potential. The quantity µ̃k(q; t) is determined from the
self-consistency condition

〈ρk(q)〉
t = 〈ρk(q)〉

t
q (11)

and the thermodynamic relations

δΦ(t)

δ β
SL

µ̄k(q; t)
= 〈ρk(q)〉

t, (12)

δS(t)

δ〈ρk(q)〉t
= −

β

SL
µk(q; t),

δS(t)

δ〈eρk(q)〉t
= −

β

SL
ϕk(q; t),

(13)
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where S(t) is the Gibbs nonequilibrium entropy,

S(t) = −Sp(ln ρq(t))ρq(t) =

= Φ(t) + β
(
〈H〉t −

1

SL

∑

k

∑

q

µ̃k(q; t)〈ρk(q)〉
t
)
=

= lnZ(t) + β
(
〈H〉t −

1

SL

∑

k

∑

q

µk

(
q; t)〈ρk(q)〉

t−

−
1

SL

∑

k

∑

q

ϕk(q; t)〈eρk(q)〉
t
)
, (14)

〈eρk(q)〉
t = e〈ρk(q)〉

t is the average electron charge den-
sity. As follows from the structure of the nonequilibrium
entropy, the transport processes in the system within
the used model are caused by the gradients of the local
chemical and electrochemical potentials.

With regard for the structure of ρq(t), the nonequilib-
rium statistical operator can be presented in the form

ρ(t) = ε

t∫

−∞

eε(t
′−t)eiLN (t′−t)e−Ŝ(t′)dt′ =

= ρq(t) +

t∫

−∞

eε(t
′−t)eiLN (t′−t)×

×

1∫

0

d τρτq (t
′)

(
∂

∂t′
+ iLN

)
Ŝ(t′)ρ1−τ

q (t′)dt′, (15)

where

Ŝ(t′) = lnZ(t) + β

(
H −

1

SL

∑

k

∑

q

µ̃k(q; t)ρk(q)

)
(16)

is the entropy operator. In order to reveal the structure
of the entropy operator, it is necessary to calculate the
statistical sum Z(t) of the quasiequilibrium statistical
operator. With regard for the structure of Hamiltonian
(3), Z(t) can be put down as follows: [25]:

Z(t) = Sp

{
exp(−β(H0 −

1

2S

∑

q

′

ν(q |0)+

+
1

2SL

∑

k,q

νk(q)ρk(q)ρ−k(−q)+

+
1

2SL

∑

k,q

B(q, k; t)ρ−k(−q))



 , (17)

where B(q, k; t) = NionSk(q)ωk(q) − µ̄k(q; t), wk(q) =
−Zνk(q) + efk(q), H

′
0 =

∑
p,α Eα(p)a

†
α(p)aα(p) is the

kinetic part of the Hamiltonian of the electron subsys-
tem.

Applying the functional integration method and con-
sidering the “jellium” model as a reference system, Z(t)
can be written down as [25]

Z(t) = exp

{
β
N

2S

∑

q

′

ν(q|0)

}
Zjell∆Z(t), (18)

where

Zjell = Sp
{
exp(−βH0)TS1(β)

}
(19)

is the statistical sum of the “jellium” model of the elec-
tron subsystem of a semibounded metal that corresponds
to the equilibrium state calculated in [29, 30];

S1(β) = exp

[
−

1

2SL

β∫

0

dβ′
∑

q

′ ∑

k

νk(q)×

×ρk(q|β
′)ρ−k(−q|β′)

]
(20)

is the contribution of the electron interaction, where
ρk(q|β

′) = eβ
′H0ρk(q)e

−β′H0 ,

∆Z(t) =
1

Zjell
Sp
{
exp(−βH0)TS1(β)S2(β; t)

}
=

= 〈S2(β; t)〉jell, (21)

where 〈(.....)〉jell =
1

Zjell
Sp
{
exp(−βH0)TS1(β)(...)

}
;

S2(β; t) =

= Texp

{
−

β∫

0

dβ′ 1

SL

∑

k,q

B(q, k; t)ρ−k(−q;β′)

}
. (22)
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Using the cumulant representation, ∆Z(t) can be pre-
sented in the form

∆Z(t) = exp

[
∑

n=1

in

n!

(
β

SL

)n ∑

q1...qn

∑

k1...kn

B(q1, k1; t)...×

×B(qn, kn; t)M−k1....−kn
(−q1....− qn)

]
, (23)

where

Mk1....kn
(q1....qn) =

= in〈Tρk1
(q1|0), ....ρkn

(qn|0)〉
c
jell (24)

are the cumulant irreducible average values of the elec-
tron density fluctuations calculated with the help of the
equilibrium statistical operator of the “jellium” model of
the electron subsystem of a semibounded metal [29, 30].
In particular, the second cumulant has the structure

Mk1,k2
(q1,q2) = 〈ρk1

(q1)ρk2
(q2)〉jell−

−〈ρk1
(q1)〉jell〈ρk2

(q2)〉jell (25)

and is connected with the static structural factor
S(k1,q1; k2,q2) = 〈ρk1

(q1)ρk2
(q2)〉jell of the electron

subsystem of a semibounded metal. In the Gaussian
approximation, we obtain

∆ZG(t) = exp

[
−
1

2

(
β

SL

)2 ∑

q1q2

∑

k1k2

B(q1, k1; t)×

×B(q2, k2; t)M−k1,−k2
(−q1,−q2)

]
(26)

is expressed in terms of the second cumulant of the “jel-
lium” model of inhomogeneous electron gas [29, 30]. Ac-
cording to the definition of s-particle electron distribu-
tion functions [25,29,30], we obtain the quasiequilibrium
s-particle electron distribution functions in the form

Fs(r1, . . . , rn; t) = Fs(r1, . . . , rn)
jell×

× exp

[
∑

n>1

in

n!

(
βNion

SL

)n ∑

q1,...,qn

′ ∑

k1,...,kn

B(q1, k1; t) . . .×

×B(qn, kn; t)∆M
(s)
−k1,...,−kn

(−q1, . . . ,−qn)], (27)

where

∆M
(s)
−k1,...,−kn

(−q1, . . . ,−qn) =

= M
(s)
−k1,...,−kn

(−q1, . . . ,−qn)−

−M−k1,...,−kn
(−q1, . . . ,−qn).

Relations (27) link the quasiequilibrium distribution
functions with the electrochemical potential µ̄k(q; t)
through the corresponding cumulant averages of the “jel-
lium” model. In view of the structure of ∆Z(t) (26),
lnZ(t) can be written as

lnZ(t) = β
N

2S

∑

q

′

ν(q|0) + lnZjell+

+
∑

n=1

in

n!

(
β

SL

)n ∑

q1...qn

∑

k1...kn

B(q1, k1; t)...×

×B(qn, kn; t)M−k1....−kn
(−q1....− qn), (28)

where lnZjell can be calculated in various approxima-
tions with respect to the electron correlations [29, 30].
Based on (28) and (16), we obtain the expression for the
nonequilibrium statistical operator in the general form:

ρ(t) = ρq(t) +

t∫

−∞

dt′eε(t
′−t)eiLN (t′−t)

{
in

n!

(
β

SL

)n

×

×
∑

q1...qn

∑

k1...kn

∂

∂t′

(
B(q1, k1; t

′)...B(qn, kn; t
′)
)
×

×M−k1....−kn
(−q1....− qn)

}
ρq(t

′)−

−
1

SL

∑

k

∑

q

t∫

−∞

eε(t
′−t)eiLN (t′−t)
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×

1∫

0

dτρτq (t
′)ρ̇k(q)ρ

1−τ
q (t′)µ̃k(q; t

′)dt′, (29)

where ρ̇k(q) = iLNρk(q) = −kq · Jk(q), and Jk(q) is
the Fourier transform of the microscopic electron flux.
The obtained expression represents a sum of the non-
dissipative and dissipative parts. The first one corre-
sponds to the operator ρq(t), while the second one is
described by the terms that contain the time derivatives
of the functions B(q, k; t′) and the microscopic fluxes
ρ̇k(q). Moreover, the derivative ∂

∂t′
B(q, k; t′) can be pre-

sented as

∂

∂t′
B(q, k; t′) =

∂

∂t′

(
NionSk(q)ωk(q )− µ̃k(q; t

′)
)
=

= −
∂

∂t′
µ̃k(q; t

′) = −
δµ̃k(q; t

′)

δ〈ρk(q)〉t
′

∂

∂t′
〈ρk(q)〉

t′ ,

where

δµ̃k(q; t
′)

δ〈ρk(q)〉t
′ = − (ρk(q)|ρ−k(−q))

−1
q , (30)

(
ρk(q)|ρ−k(−q)

)−1

q
=

1∫

0

〈(
ρk(q)− 〈ρk(q)〉

t′

q

)
×

×
(
ρ−k(−q; τ)− 〈ρ−k(−q )〉t

′

q

)〉t′

q
dτ, (31)

is the quantum quasiequilibrium correlation function,

ρk(q; τ) = ρτq (t
′)ρk(q)ρ

−τ
q (t′).

With regard for (30), the time derivative of B(q, k; t′)
can be presented in the form

∂

∂t′
B(q, k; t′) = (ρk(q)|ρ−k(−q))

−1
q

∂

∂t′
〈ρk(q)〉

t =

= (ρk(q)|ρ−k(−q))
−1
q 〈ρ̇k(q)〉

t. (32)

Thus, the nonequilibrium statistical operator (29) is a
functional of the pair quasiequilibrium correlation func-
tions (31), equilibrium correlation functions (24), av-
erage values of parameters of the reduced description

〈ρk(q)〉
t, and microscopic fluxes ρ̇(q) of the electron sub-

system of a semibounded metal. To make the description
complete, it is necessary to obtain the transport equa-
tion for 〈ρk(q)〉

t with the help of the non-equilibrium
statistical operator (29). Based on the structure of ρ(t),
one can state that these equations will be nonlinear. The
parameters µ̄k(q; t) in these equations should be found
with the use of the self-consistency conditions (11). The
obtained expression for the quasiequilibrium statistical
operator with the Massieu–Planck functional (28) allows
one to find the nonequilibrium statistical operator in the
corresponding approximations, particularly in the Gaus-
sian one.

3. Gaussian Approximation

Here, we will consider approximation (26), in which the
nonequilibrium statistical operator and the transport
equation for 〈ρk(q)〉

t will be obtained. The index G
in all cases means the description of a function in the
Gaussian approximation.

With regard for the structure of (26), we obtain the
entropy operator (14) in the form

Ŝ(G)(t) = β
N

2S

∑

q

′

ν(q|0) + lnZjell−

−
1

2

(
β

SL

)2∑

k1,k2

∑

q1,q2

(
NionSk1

(q1)ωk1
(q2)− µ̄k1

(q1; t)
)
×

×
(
NionSk2

(q2)ωk2
(q2)− µ̄k2

(q2; t)
)
×

×M−k1,−k2
(−q1,−q2)+

+β

(
H −

1

SL

∑

k,q

µ̄k(q; t)ρk(q)

)
. (33)

In order to eliminate the parameters µ̄k(q; t) from this
formula, we use the thermodynamic relation (12)

δΦ(G)(t)

δ β
SL

µ̄k(q; t)
= 〈ρk(q)〉

t

which yields

〈ρk(q )〉t =
β

SL
×
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×
∑

k′,q

(
S̄k′(q′)− µ̄k′(q; t)

)
M−k′,−k(−q,−q)S̄k(q), (34)

where

S̄k(q) = NionSk(q)ωk(q).

Defining the function M
−1
−k,−k′(−q,−q′) inverse to

M−k,−k′(−q,−q) by the relation

∑

k′′,q′

M
−1
k,k′′ (q,q

′′)Mk′′,k′(q′′,q′) = δk,k′δq,q′

and using (34), we obtain the Fourier transform of the
electron electrochemical potential as follows:

µ̄k(q; t) = S̄k(q)−

(
β

SL

)−1

×

×
∑

k′,q′

〈ρk′ (q′)〉tS̄−1
k′ (q

′)M−1
−k′,−k(−q′,−q). (35)

One can see that the Fourier transform of the elec-
trochemical potential in the Gaussian approximation is
expressed in terms of the structural factor of the ion
subsystem and the Fourier transform of the local part of
the electron-ion interaction pseudopotential. The time
dependence is described by the average nonequilibrium
value of the electron density renormalized through the
structural factor of the ion subsystem, the pseudopoten-
tial ωk(q), and the function M

−1
−k′,−k(−q′,−q) inverse

to the pair irreducible cumulant average value of the
electron density fluctuation. Substituting (35) into the
expression for the Massieu–Planck functional, we obtain

Φ(G)(t) = lnZG(t) = β
N

2S

∑

q

′

ν(q|0) + lnZjell−

−
1

2

∑

k1,k2

∑

q1,q2

〈ρk1
(q1)〉

tS̄−1
k1

(q1)×

×M
−1
−k1,−k2

(−q1,−q2)S̄
−1
k2

(q2)〈ρk2
(q2)〉

t. (36)

In this case, the entropy operator (33) takes the form

Ŝ(G)(t) = β
N

2S

∑

q

′

ν(q|0) + lnZjell−

−
1

2

∑

k1,k2

∑

q1,q2

〈ρk1
(q1)〉

tS̄−1
k1

(q1)M
−1
−k1,−k2

(−q1,−q2)×

×S̄−1
k2

(q2)〈ρk2
(q2)〉

t+β

(
H−

1

SL

∑

k,q

{
S̄k(q)−

(
β

SL

)−1

×

×
∑

k′,q′

〈ρk′(q′)〉tS̄−1
k′ (q′)M−1

−k′,−k(−q′,−q)
}
ρk(q)

)
.

(37)

Instead of using the nonequilibrium statistical operator
in the form (29) to obtain the transport equations for
〈ρk(q)〉

t, we apply the nonequilibrium statistical oper-
ator with regard for the projection, which allows us to
eliminate the time derivatives of thermodynamic param-
eters [25, 27, 28]. We obtain

ρ(t) = ρq(t)−

−

t∫

−∞

eε(t−t′)Tq(t; t
′)
(
1− Pq(t

′)
)
iLNρ(t′)dt′, (38)

where

Tq(t, t
′) = exp+



−

t∫

t′

(
1− Pq(t

′′)
)
iLNdt′′





denotes the generalized evolution operator with regard
for projection and Pq(t

′) is the generalized Kawasaki–
Gunton projection operator, whose structure depends on
the quasiequilibrium statistical operator ρq(t). In our
case, Pq(t) has the form

Pq(t)ρ
′ =

(
ρq(t)−

∑

k,q

δρq(t)

δ〈ρk(q)〉t
〈ρk(q)〉

t

)
Spρ′+

+
∑

k,q

δρq(t)

δ〈ρk(q)〉t
Sp
(
ρk(q)ρ

′
)

(39)

and the operator properties: Pq(t)ρ(t) = ρq(t),
Pq(t)ρq(t) = ρq(t), Pq(t)Pq(t

′) = Pq(t). In order to cal-
culate the nonequilibrium statistical operator according

to (38) in the Gaussian approximation for ρ
(G)
q (t), we
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must find, first of all, the Kawasaki–Gunton projection
operator. Taking into account that

ρ(G)
q (t) = exp

{
−

(
β
N

2S

∑

q

′ν(q|0) + lnZjell−

−
1

2

∑

k1,k2

∑

q1,q2

〈ρk1
(q1)〉

tS̄−1
k1

(q1)×

×M
−1
−k1,−k2

(−q1,−q2)S̄
−1
k2

(q2)〈ρk2
(q2)〉

t+

+β

(
H −

1

SL

∑

k,q

{
S̄k(q)−

(
β

SL

)−1∑

k′,q′

〈ρk′ (q′)〉t×

×S̄−1
k′ (q)M

−1
−k′,−k(−q′,−q)

}
ρk(q))

)}
(40)

and

δρ
(G)
q (t)

δ〈ρk(q )〉t
= −

∑

k′,q′

(
ρk′(q′, τ)−

−〈ρk′(q′)〉tS̄−1
k ′ (q

′)
)
M

−1
−k′,−k(−q′,−q )S̄−1

k (q)ρ(G)
q (t),

we obtain the following expression for the Kawasaki–
Gunton projection operator:

P (G)
q (t)ρ′ = (ρ(G)

q (t)+

+
∑

k,q

∑

k′,q

(
ρk′(q′, τ)− 〈ρk′ (q′)〉tS̄−1

k′ (q
′)
)
×

×M
−1
−k′,−k(−q′,−q)S̄−1

k (q)〈ρk(q)〉
tρ(G)

q (t))Spρ′−

−
∑

k,q′

∑

k′,q′

(
ρk′(q′, τ)− 〈ρk′ (q′)〉tS̄−1

k′ (q′)
)
×

×M
−1
−k′,−k(−q′,−q)S̄−1

k (q)Sp(ρk(q)ρ
′)ρ(G)

q (t). (41)

With regard for (41) and the relation

iLNρq(t) =
∑

k,q

W (G)(k,q; t)×

×

1∫

0

(ρ(G)
q )τ (t)ρ̇k(q)(ρ

(G)
q )1−τ (t) dτ, (42)

where

W (G)(k,q; t) =
β

SL
µ̄k(q; t) =

β

SL

{
S̄k(q)−

−

(
β

SL

)−1∑

k′q

〈ρk′(q)〉tS̄−1
k′ (q)M

−1
−k′,−k(−q,−q)

}
,

(43)

the nonequilibrium statistical operator can be written
down in the form

ρ(t) = ρ(G)
q (t)−

∑

k,~q

t∫

−∞

eε(t
′−t)TG

q (t, t′)×

×

1∫

0

dτ(ρ(G)
q (t′))τ Iρ(k,q; t

′)×

×(ρ(G)
q (t′))1−τW (G)(k,q; t′)dt′, (44)

where

Iρ(k,q; t
′) =

(
1− P(G)(t′)

)
iLNρk(q) (45)

is generalized diffusion flow, P(G)(t) is projection oper-
ator acting on the operator

P(G)(t)Â =
∑

k′,q′

∑

k′′,q′′

δρk′(q′; t)× (46)

×M−k′,−k′′ (−q′,−q′′)S
−1

k′′ (q′′)〈ρk′′ (q′′)Â〉tG,

where δρk′ (q′; t) = ρk′(q′)− 〈ρk′(q′)〉t
(

β
SL

)−1

S
−1

k′ (q′),

〈(...)〉t
′

(G) = Sp(...ρ
(G)
q (t′)) is the averaging with the

quasiequilibrium statistical operator in the Gaussian
approximation. In its structure, the nonequilibrium
statistical operator is a functional of the microscopic
fluxes ρ̇k(q), the observable quantities 〈ρk(q)〉

t, and the
quasiequilibrium and equilibrium correlation functions
of the electron subsystem of a semibounded metal. With
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its help, we obtain the transport equation for 〈ρk(q)〉
t

in the form

∂

∂t
〈ρk(q)〉

t = 〈ρ̇k(q)〉
t =

= −
∑

k′,~q′

t∫

−∞

eε(t
′−t)D

(G)
JJ (k,q; k′,q′; t, t′)W (G)(k′,q; t′)dt′,

(47)

where

D
(G)
JJ (k,q; k′,q′; t, t′) =

=
〈
Iρ(k,q)T

G
q (t, t′)Iρ(k

′,q′; τ)
〉t′
(G)

=

= k q ·
〈
~Jk(q)T

G
q (t, t′)Jk′ (q′; τ)

〉t′

(G)
· q′k′ =

= k q · D̃
(G)
JJ (k,q; k′,q′; t, t′) · q′k′, (48)

D̃
(G)
JJ (k,q; k′,q′; t, t′) is the generalized diffusion coeffi-

cient of electrons in a semibounded metal calculated us-
ing the quasiequilibrium statistical operator in the Gaus-
sian approximation.

4. Approximation Bk(q; t)Bk′(q′; t)Bk′′(q′′; t)

Let us consider the next approximation after the Gaus-
sian one for the quasiequilibrium statistical sum or the
Massieu–Planck functional (28). In this case, we obtain
the following expression for the entropy operator:

Ŝ′(t) = β
N

2S

∑

q

′

ν(q|0) + lnZjell−

−
1

2

(
β

SL

)2∑

q1,q2

∑

k1,k2

B(q1, k1; t)B(q2, k2; t)×

×M−k1,−k2
(−q1,−q2)+

+
i

3!

(
β

SL

)3 ∑

q1,q2,q3

∑

k1,k2,k3

B(q1, k1; t)B(q2, k2; t)×

×B(q3, k3; t)M−k1,−k2,−k3
(−q1,−q2,−q3)+

+β
(
H −

1

SL

∑

q,k

µ̄k(q; t)ρk(q)
)
. (49)

In order to eliminate the parameters µ̄k(q; t) from this
formula, the thermodynamic relation (12) will be applied
once again:

δΦ(t)

δ β
SL

µ̄k(q; t)
= 〈ρk(q)〉

t.

From here, we derive the equation for µ̄ki
(q1; t):

〈ρk(q)〉
t = −

β

SL

∑

q1,q2

∑

k1,k2

(
Ŝk1

(q1)− µ̄k1
(q1; t)

)
×

×Ŝk2
(q2)M−k1,−k2

(−q1,−q2)−

−
i

3!

(
β

SL

)2 ∑

q1,q2,q3

∑

k1,k2,k3

(
Ŝk1

(q1)− µ̄k1
(q1; t)

)
×

×
(
Ŝk2

(q2)− µ̄k2
(q2; t)

)
Ŝk3

(q3)×

×M−k1,−k2,−k3
(−q1,−q2,−q3). (50)

In its structure, this equation is square with respect to
the functions µ̄k(q; t). To solve it approximately, we re-
place one of the quantities µ̄ki

(qi; t) on the right-hand
side of the quadratic form by its value found in the Gaus-
sian approximation (35). Then we obtain a linear equa-
tion for the function µ̄k(q; t):

〈ρk(q)〉
t = −

β

SL

∑

k′,q

(
S̄k′(q) − µ̄k′(q′; t)

)
×

×G−k′,−k(−q,−q; t), (51)

where

G−k1,−k2
(−q1,−q2; t) =

= S̄k2
(q2)M−k1,−k2

(−q1,−q2)+
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+
i

2

β

SL

∑

q′,q3

∑

k′,k3

〈ρk′ (q ′)〉tS̄−1
k′ (q′)×

×M
−1
−k′,−k2

(−q′,−q2)×

×S̄k3
(q3)M−k1,−k2,−k3

(−q1,−q2,−q3). (52)

As is seen, the function G−k1,−k2
(−q1,−q2; t) depends

on time through the observable quantities 〈ρk′(q)〉t. It
also depends on the structural factor of the ion subsys-
tem Sk′(q), the Fourier transform of the local part of
the electron-ion interaction pseudopotential ωk(q), and
the cumulant irreducible average values of the electron
density fluctuations: pair M−k′,−k2

(−q,−q2) and triple
ones M−k1,−k2,−k3

(−q1,−q2,−q3). The second term on
the right-hand side of Eq. (52) involves the renormaliza-
tion of the triple electron correlations through the pair
ones that make the dominant contribution in the Gaus-
sian approximation (see the previous section).

Defining G−1
−k1,−k2

(−q1,−q2; t) as a function inverse
to G−k1,−k2

(−q1,−q2; t) by the relation

∑

k′′,q′′

G−1
−k1,−k′′(−q1,−q′′; t)G−k′′,−k2

(−q′′,−q2; t) =

= δk1,k2
δq1,q2

and using Eq.(51), we derive the following expression
for the Fourier transform of the electron electrochemical
potential:

µ̄k(q; t) = S̄k(q)−

−

(
β

SL

)−1∑

k′,q

〈ρk′(q ′)〉tG−1
−k′,−k(−q ′,−q; t). (53)

Now, with regard for (53), the entropy operator (49) can
be presented in the form

Ŝ′(t) = β
N

2S

∑

q

′ν(q|0) + lnZjell−

−
1

2

∑

k′,k′′

∑

q′,q′′

〈ρk′(q)〉tḠ
(2)
k′,k′′ (q

′,q′′; t)〈ρk′′ (q′′)〉t+

+
i

3!

∑

k′,k′′,k′′′

∑

q′,q′′,q′′′

Ḡ
(3)
k′,k′′,k′′′(q

′,q′′,q′′′; t)×

×〈ρk′(q′)〉
t
〈ρk′′ (q′′)〉

t
〈ρk′′′ (q′′′)〉

t
+

+β

(
H −

1

SL

∑

k,q

(
S̄k(q)−

(
β

SL

)−1 ∑

k′,q′

〈ρk′ (q′)〉t×

×G−1
k′k(q,q

′; t)

)
ρk(q)

)
, (54)

where

Ḡ
(2)
k′,k′′(q

′,q′′; t) =
∑

k1,k2

∑

q1,q2

G−1
k′,k1

(q ′,q1; t)×

×M−k1,−k2
(−q1,−q2)G

−1
k2,k′′(q2,q

′′; t),

Ḡ
(3)
k′,k′′,k′′′ (q

′,q′′,q′′′; t) =

=
∑

k1,k2,k3

∑

q1,q2,q3

G−1
k′,k1

(q′,q1; t)×

×G−1
k′′,k2

(q ′′,q2; t)G
−1
k′′′,k3

(q ′′′,q3; t)×

×M−k1,−k2,−k3
(−q1,−q2,−q3).

These functions involve the dynamic renormalization
of the cumulant irreducible average values of the elec-
tron density fluctuations: pair M−k′,−k2

(−q,−q2) and
triple ones M−k1,−k2,−k3

(−q1,−q2,−q3) through func-
tions (52). With regard for the entropy operator (49),
the quasiequilibrium statistical operator reads

ρ(G+1)
q (t) = exp

(
−
(
β
N

2S

∑

q

′ν(q|0) + lnZjell−

−
1

2

∑

k′,k′′

∑

q′,q′′

〈ρk′(q)〉tḠ
(2)
k′,k′′ (q

′,q′′; t)×

×〈ρk′′(q′′)〉t+

+
i

3!

∑

k′,k′′,k′′′

∑

q′,q′′,q′′′

Ḡ
(3)
k′,k′′,k′′′ (q

′,q′′,q′′′; t)×

×〈ρk′(q′)〉t〈ρk′′ (q′′)〉t〈ρk′′′ (q′′′)〉t+
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+β

(
H −

1

SL

∑

k,q

(
S̄k(q)−

( β

SL

)−1∑

k′,q′

〈ρk′(q′)〉t×

×G−1
k′k(q,q

′; t))ρk(q)
))

, (55)

where the index “(G+ 1)” denotes the third order with
respect to the observable parameters in the quasiequilib-
rium statistical operator. In addition to the pair (Gaus-
sian) one, it also allows for the cubic dependence on the
parameters of the reduced description 〈ρk(q)〉

t with dy-

namic renormalizations in the functions Ḡ
(2)
k′,k′′(q′,q′′; t)

and Ḡ
(3)
k′,k′′,k′′′(q′,q′′,q′′′; t). Since

iLNρ(G+1)
q (t) =

∑

k,q

W (G+1)(k,q; t)×

×

1∫

0

(ρ(G+1)
q )τ (t)ρ̇k(q)(ρ

(G+1)
q )1−τ (t)dτ, (56)

where

W (G+1)(k,q; t) =
β

SL
µ̄k(q; t) =

β

SL

{
S̄k(q)−

−

(
β

SL

)−1∑

k′q

〈ρk′ (q)〉tG−1
−k′,−k(−q′,−q; t)

}
, (57)

we obtain the following expression for the nonequilib-
rium statistical operator in approximation (55):

ρ(t) = ρ(G+1)
q (t)−

∑

k,q

t∫

−∞

eε(t
′−t)T (G+1)

q (t, t′)×

×
(
1− P (G+1)

q (t′)
)

1∫

0

(ρ(G+1)
q )τ (t′)ρ̇k(q)(ρ

(G+1)
q )1−τ (t′)×

×W (G+1)(k,q; t′)dt′, (58)

where the Kawasaki–Gunton projection operator

P
(G+1)
q (t′) and the respective evolution operator

T
(G+1)
q (t, t′) are calculated with the quasiequilibrium

statistical operator in approximation (55). Moreover,

P
(G+1)
q (t′) has the following structure:

P (G+1)
q (t)ρ′ =

(
ρ(G+1)
q (t)−

−
∑

k,q

{(
βρk′ (q′, τ)G−1

k′k(q,q
′; t)−

−〈ρk′(q′)〉tḠ
(2)
k′,k(q

′,q; t)
)
×

×
i

2

∑

k′,k′′

∑

q′,q′′

〈ρk′(q′)〉t〈ρk′′ (q′′)〉t×

×Ḡ
(3)
k′,k′′,k(q

′,q′′,q; t)}〈ρk(q)〉
tρ(G+1)

q (t))Sp(ρ′)×

+
∑

k,q

{
(βρk′(q′, τ)G−1

k′k(q,q
′; t)−

−〈ρk′(q′)〉tḠ
(2)
k′,k(q

′,q; t))×

×
i

2

∑

k′,k′′

∑

q′,q′′

〈ρk′(q′)〉t〈ρk′′ (q′′)〉t×

×Ḡ
(3)
k′,k′′,k(q

′,q′′,q; t)

}
Sp
(
ρk(q)ρ

′
)
ρ(G+1)
q (t). (59)

As compared to the result of action of the operator

P
(G)
q (t) in the Gaussian approximation, it already in-

cludes the third order with respect to the parameters of
the reduced description. With the help of the nonequi-
librium statistical operator (55), we obtain the transport
equation for 〈ρk(q)〉

t in the form

∂

∂t
〈ρk(q)〉

t = 〈ρ̇k(q)〉
t
(G+1)−

−
∑

k′,q′

t∫

−∞

eε(t
′−t)D

(G+1)
JJ (k,q; k′,q′; t, t′)×

×W (G+1)(k′,q; t′)dt′+
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+
∑

k′,q′

t∫

−∞

eε(t
′−t)〈ρ̇k(q)T

(G)
q (t, t′)P (G+1)

q (t′)×

×ρ̇k′(q ′; τ)〉t
′

(G+1)W
(G+1)(k′,q′; t′) dt′, (60)

where

D
(G+1)
JJ (k,q; k′,q′; t, t′) =

= 〈ρ̇k(q)T
G
q (t, t′)ρ̇k′(q ′, τ)〉t

′

(G+1) =

= k q 〈Jk(q)T
G
q (t, t′)Jk′ (q′; τ)〉t

′

(G+1) q
′ k′ =

= k q D̃
(G+1)
JJ (k,q; k′,q ′; t, t′)q′ k′, (61)

D̃
(G+1)
JJ (k,q; k′,q′; t, t′) is the generalized diffusion coef-

ficient of electrons in a semibounded metal calculated
with the quasiequilibrium statistical operator in approx-
imation (55). With regard for the structure of functions
(52) and (57) and the Kawasaki–Gunton projection op-
erator (59), we can conclude that Eq. (60) is nonlinear
with respect to 〈ρk(q)〉

t.

5. Conclusions

Electrodiffusion processes in the electron subsystem of a
semibounded metal are described on the basis of the gen-
eralized “jellium” model with the use of the NSO method,
where the only parameter of the reduced description is
the nonequilibrium average value of the electron den-
sity. Applying the functional integration technique, we
have calculated the quasiequilibrium statistical sum for
such a system in the case of the local pseudopotential
of electron-ion interaction in a metal in the Gaussian
and higher approximations with respect to the dynamic
electron correlations. They are used to obtain expres-
sions for the nonequilibrium statistical operator in the
Gaussian and higher approximations with respect to the
dynamic electron correlations, which makes it possible to
go beyond the linear approximation with respect to the
electrochemical potential. In the respective approxima-
tions for the nonequilibrium statistical operator, we have
derived the generalized transport equations (generalized
diffusion equations) for the nonequilibrium average value
of the electron density that can be applied to the descrip-
tion of strongly nonequilibrium processes for the electron

subsystem of a semibounded metal. The generalized dif-
fusion coefficients for electrons in a semibounded metal
that enter the corresponding transport equations are cal-
culated with the quasiequilibrium statistical operator in
the respective approximations: Gaussian one (40) and
approximation (55). An important point in such an ap-
proach is that the time correlation functions and the
generalized diffusion coefficients are calculated with the
quasiequilibrium statistical operator in the correspond-
ing approximation and represent functionals of the ob-
servable quantities 〈ρk(q)〉

t of a certain order. Of special
interest in this approach are the investigations of the dy-
namic structural factor for the nonequilibrium electron
subsystem of a semibounded metal.
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ДО СТАТИСТИЧНОГО ОПИСУ ЕЛЕКТРОДИФУЗIЙНИХ
ПРОЦЕСIВ ЕЛЕКТРОННОЇ ПIДСИСТЕМИ
НАПIВОБМЕЖЕНОГО МЕТАЛУ
В УЗАГАЛЬНЕНIЙ МОДЕЛI “ЖЕЛЕ”

П.П. Костробiй, Б.М. Маркович, А.I. Василенко,

М.В. Токарчук

Р е з ю м е

За допомогою методу функцiонального iнтегрування отримано
нерiвноважний статистичний оператор для електронної пiдси-
стеми напiвобмеженого металу в узагальненiй моделi “желе” у

гаусовому та вищих наближеннях за динамiчними електрон-

ними кореляцiями при розрахунку квазiрiвноважної статисти-

чної суми. Такий пiдхiд дає можливiсть вийти за межi лiнiй-

ного наближення за градiєнтом електрохiмiчного потенцiалу,

яке вiдповiдає слабо нерiвноважним процесам, та отримати

узагальненi рiвняння переносу, якi описують нелiнiйнi

процеси.
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