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Abstract

In this thesis, we mainly consider continuous-time Markov decision processes (CT-
MDPs) with risk-sensitive case and other applications. In an effort to extend the
cost /reward rates to be unbounded, we may weaken some conditions compared
with previous articles, or use another method to make the main results better
in some way. Chapter 1 is a general introduction to continuous-time Markov
decision problems. For risk-sensitive problems, chapter 2 to chapter 5 make a
detailed discussion. where finite horizon case, average case, gradual-impulse case
and piecewise case are included. The last two chapters are about other problems
in CTMDPs.

Chapter 2 considers a risk-sensitive CTMDP over a finite time duration. Un-
der the conditions that can be satisfied by unbounded transition and cost rates,
we show the existence of an optimal policy, and the existence and uniqueness
of the solution to the optimality equation out of a class of possibly unbounded
functions, to which the modified Feynman-Kac formula was also justified to hold.

Chapter 3 is about risk-sensitive average optimization for denumerable CT-
MDPs, in which the transition and cost rates are allowed to be unbounded, and
the policies can be randomized history-dependent. Based on the results obtained
in last chapter and some new properties, we establish the existence and unique-
ness of a solution to the risk-sensitive average optimality equation (RS-AOE),
and also prove the existence of an optimal stationary policy via the RS-AOE and
the extended Feymanm-Kac’s formula. Furthermore, for the case of finite actions
available at each state, we construct a sequence of models of finite-state CTMDPs
with optimal stationary policies which can be obtained by a policy iteration algo-
rithm in a finite number of iterations, and prove that an average optimal policy
for the case of infinitely countable states can be approximated by those of the
finite-state models.

In chapter 4, the risk-sensitive gradual-impulse control problem of CTMDPs



is studied. We prove, under very general conditions on the system primitives, the
existence of a deterministic stationary optimal policy out of a more general class
of policies. Policies that we consider allow multiple simultaneous impulses, ran-
domized selection of impulses with random effects, relaxed gradual controls, and
accumulation of jumps. After characterizing the value function using the opti-
mality equation, we reduce the continuous-time gradual-impulse control problem
to an equivalent simple discrete-time Markov decision process, whose action space
is the union of the sets of gradual and impulsive actions.

Chapter 5 discusses piecewise deterministic Markov decision process (PDMD-
P), where the expected exponential utility of total (nonnegative) cost is to be
minimized. The cost rate, transition rate and post-jump distributions are under
control. Under natural conditions, we establish the optimality equation, justify
the value iteration algorithm, and show the existence of a deterministic stationary
optimal policy. Applied to special cases, the obtained results already significant-
ly improve some existing results in the literature on finite horizon and infinite
horizon discounted risk-sensitive CTMDPs.

After risk-sensitive problems, Chapter 6 talks about discounted CTMDPs,
where the negative part of each cost rate is bounded by a drift function, say w,
whereas the positive part is allowed to be arbitrarily unbounded. Our focus is on
the existence of a stationary optimal policy for the discounted CTMDP problems
out of the more general class. Both constrained and unconstrained problems
are considered. As a consequence, we withdraw and weaken several conditions
commonly imposed in the literature.

And the last chapter 7 is an application of CTMDPs, a two-person zero-sum
continuous-time Markov pure jump game in Borel state and action spaces over
a fixed finite horizon. The main assumption on the model is the existence of a
drift function, which bounds the reward rate. Under some regularity conditions,
we show that the game has a value, and both of the players have their optimal

policies.
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Notation

A generic action for gradual control / for maximizer

A generic action for impulse control / for minimizer

A generic state for a denumerable state space model

A generic state for a Borel state space model

The Borel o-algebra on a Borel space X

The space of all V-bounded functions on X

The space of all bounded continuous functions on X

The space of all continuous V-bounded ¢ on [0, 7] with Vi-bounded ¢’
Expectation wrt the strategic measure of the DTMDP under the strategy o
The risk-sensitive average CTMDP criterion

Set of all feasible state-action pairs

The risk-sensitive gradual-impulse CTMDP criterion

Space of probability measures on (X, B(X)) endowed with weak topology
Collection of P(X)-valued measurable mappings

The finite horizon risk-sensitive CTMDP criterion




1 Continuous-time Markov decision processes

In this chapter we formally introduce the precise definitions of state and action
processes in continuous-time Markov decision processes (CTMDP), some funda-

mental properties, and the basic optimality criteria that we are interested in.

1.1 Introduction

Notation: Given a Borel space X, its Borel o-algebra is denoted by B(X).
By convention, when referring to sets or functions, “measurable” means “Borel-
measurable.” we denote by Cy(X) the space of all bounded continuous functions
on X

Given any T > 0, for each measurable function ¢ on [0,T] x X, if ¢(-, z) is
absolutely continuous on [0, 7], then we put ¢’ a measurable function on [0, 7] x X
such that ¥(t,z) — (0,z) = fot Y (s,x)ds for each x € X and t € [0,7].

For any measurable function V,V; > 1 on X, we define the V-weighted supre-

mum norm || - ||y of a real-valued measurable function ¢ on [0,7] x X by

we call the function ¢ V-bounded if the norm is finite, and Cy, . ([0, 7] x X) is
the collection of V-bounded functions ¢(t,z) on [0,7] x X such that ¢(¢,x) is
absolutely continuous on [0, 7] for each x in X, which admits some V;-bounded
¢', and define By (X) :={¢: |¢llv < oo}

We adopt the conventions of

1
6::0,0-00:20,6::—|—oo,oo—oo::oo. (1.1)



1.2 The general control model

The control model associated with the CTMDP that we are concerned with is a

five-tuple

M={S, A A(,,"),q(dy|t,x,a),c(t,z,a)} (1.2)

with the following components:

(a) aBorel set S, called the state space, which is the set of all states of the system

under observation;
(b) a Borel space A, called the action space;

(c) a family (A(t,z),t € [0,00),z € S) of nonempty measurable subsets A(t,z)
of A, where A(t,z) denotes the set of actions or decisions available to the

controller when the state of the system is x € S. Let

K:={(t,z,a)|lr € S,a € A(t,z)} (1.3)

be the set of all feasible state-action pairs.

(d) the transition rates ¢(dyl|t,z,a) is a signed kernel defined on B(S) given
(t,z,a) € K such that q(I'|t,z,a) := q(I'\ {z}|t,z,a) > 0 for all " € B(S).
Throughout this thesis, we assume that ¢(+|¢, x, ) is conservative and stable,

ie.,

q(Slt,z,a) =0, ¢ = sup ¢.(a) < oo, (1.4)
a€A(tx)

where ¢, (a) := —q({z}|t, 2, a).

(e) a measurable real-valued function c(¢,x,a) on K, called the cost function,

which is assumed to be measurable in a € A(t,z) for each fixed t > 0 and



x €8S. (As ¢(t,x,a) is allowed to take positive and negative values, it can

also be interpreted as reward function).

Now we describe the construction of CTMDP. Let us take the sample space €2
by adjoining to the countable product space S x ((0, 00) x S)* the sequences of the
form (xq, 01, ...,0h, Ty, 00, Lo, 00, Too, - . . ), for some n > 0, where xg, x1, ..., 2,
belong to S, 61, ...,0, belong to (0,00), and z, ¢ S is the isolated point. Below
we denote Sy, := S U {x} We equip €2 with its Borel o-algebra F.

Let w := (zg,01,21,0s,...) € Q, to(w) := 0 =: by, and for each n > 0,
th(w) == ty_1(w) + O,

and

too(w) := lim ¢, (w).

n—oo

Obviously, t,(w) are measurable mappings on (€2, F). In what follows, we often
omit the argument w € 2 from the presentation for simplicity. Also, we regard
x, and 0, as the coordinate variables, and note that the pairs {t,,x,} form a
marked point process with the internal history {F;}i>o, i.e., the filtration gen-
erated by {t,,x,}; see Chapter 4 of [71] for greater details. The marked point
process {t,,x,} defines the stochastic process on (€2, F) of interest {&,t > 0} by

Gw) =) I{ty <t <tyi}a, + Hte < thas. (1.5)

n>0
Here we accept 0- 2z :=0 and 1-x := x for each x € S..

Definition 1.1. (a) A (history-dependent) policy 7 is determined and often
identified by a sequence of stochastic kernels {m,,n =0,1,...} such that

(o.0]

n(dalw,t) = I{t > to}bar(da) + > I{tn <t < tni1}mn(dalzo, b1, ..., On, Tn,t — ty)
n=0

where aso & A is some isolated point. For each n, m,(dalxg,01,...,2n,S) is a s-



tochastic kernel concentrated on A(tn+s,x,) givenxg € S, 01 € (0,00),..., z, €

S, s € (0,00). We identify a policy m with the sequence of stochastic kernels

{Wn}%ozo'

(b) A policy 7 is called Markov if, for some stochastic kernel ™ on A concentrated
on A(t,z) from (z,t) € 8§ x (0,00), one can write n(da|w,t) = 7™ (da|é&;_,t)
whenever t < to,. A Markov policy is identified with the underlying stochastic k-
ernel ™ . A Markov policy ©™ is called deterministic if there exists a measurable

function f(t,i) on [0,00] x 8 such that 7™ (dali,t) = OS¢ f(r,iyy (da)

(c) A policy m = {mp}22, is called stationary if, with slight abuse of notations,
mn(dalxo, 01, ..., xpn, s) = w(da|zy,)

for each of the stochastic kernels m,. A stationary policy is further called deter-
ministic if m(da|z) = 6{p(z)y(da) for some measurable mapping f from S to A
such that f(z) € A(t,x) for each x € S. We shall identify such a deterministic

stationary policy with the underlying measurable mapping f.

The class of all policies for the CTMDP is denoted by II, and the class of all
Markov policies is II7,. We also denote by I1¢, the set of deterministic Markov
policies, by F' the set of all stationary policies.

For each 7 € II, the random measure m™ defined by

i (jlw, £)dt = / 4G\ {6 6 ) (dalw, £)dt (1.6)

is predictable, see [64].

For any initial distribution v on S and policy m € II, the Ionescu Tulcea
theorem ensures the existence of a unique probability measure P7 on (£2, F) in
[54, 55]. The following facts show how the initial distribution and transition
probabilities can decide the probability PT on (2, F) : for any C,, € B(A) and

E, € B(S), as well as n > 0, we have

(1) Pl(zo=2)=1;



(2) Pr(x, € Ey|xo,a0,...,Tn—1,0n-1) = ¢(En|Tn_1,an_1) for n > 1;
(3) P™(ay, € Cplhy,) = ma(Cylhy) ;

(4) PW<CZ0 < C[), S c En,an € Cn,l'n+1 c En+1) = fcoﬂ'o(daopf)

fE dIllfL’Q,CLO fC danlh ( n+1|xn7an>‘

Let ET be its corresponding expectation operator. In particular, 7 and P7
will be respectively written as £ and P] when v is the Dirac measure located
at a state z in S.

Then we introduce some further notations. P(A) stands for the space of
probability measures on (A,B(A)). We endow P(A) with its weak topology
(generated by bounded continuous functions on A) and the Borel o-algebra, so
that P(A) is a Borel space, see Chapter 7 of [9]. Let R be the collection of
P(A)-valued measurable mappings on [0, co) with any two elements therein being
identified the same if they differ only on a null set with respect to the Lebesgue
measure. It is known, see Lemma 1 of [104], that the space R, endowed with
the smallest o-algebra with respect to which the mapping p = (pi(da)) € R —
Jo” e tg(t, py)dt is measurable for each bounded measurable function g on (0, 00) X
P(A), is a Borel space. Then, according to Section 43 of [23], the space R is a
compact metrizable space, endowed with the Young topology when A is compact,

which is the coarsest topology with respect to which, the mapping

p= (pu(da)) € R - / ) /A o(t, @) pe(da)dt

is continuous for each function g on (0,00) x A satisfying that (a) for each ¢ €
(0,00), g(t,-) is continuous on A; (b) for each a € A, ¢(-,a) is measurable on
(0,00); and (c) [;~ sup,ea lg(t, a)|dt < oo. Such a function g satisfying these

requirements is called a strongly integrable Caratheodory function.



For each 1 € P(A), we denote

G (1) :z/qu(a)u(da), q(dy|z, ) rz/Aéi(dylx,a)u(da)
c(x, p) ::/Ac(as,a)u(da).

1.3 Risk-sensitive problems

Before stating the optimality criteria, we spend some time talking about the risk-
sensitive problems, which we have to deal with in most of our thesis. We consider
the performance of CTMDP measured by the expectation of the exponential
utility of the total cost. Such problems are often called risk-sensitive (RS) because
they take both the first order (expectation) and higher order moments. We give
the following formal justifications as in [12, 43].

Let X be the (possibly random) reward, and so the concerned performance
measure is E[e?*], where 6 > 0 is a fixed constant. Let ceq(X) := 3 In(E[e’*]) be
a (deterministic) constant such that E[e?X] = ¢?¢4X)  (For simplicity, assume all

the involved expectations are finite.) Then applying the Taylor expansion around

E[X]:

1
efX ~ ?PX] 4 9PN (X — F[X]) + 592€9E[X](X — E[X])?

e@ceq(X) ~ e@E[X] + 9€9E[X]<C€q<X) - E[XD’

(where the second function uses the fact of Taylor expansion of In(1 + z) to get
In(1 + ) ~ x and we take x := 6(ceq(z) — E(x))), so that /1) = F[efX] ~
e?PIX] + 192ePPIX1V ar(X) by taking expectation on the both sides of the second
equality in the above. Comparing this with the first equality in the above, we see
ceq(X) — E[X] ~ 36Var(X) > 0.

Thus, the performance of E[e?X] takes into account both E[X] and Var(X)



compared to the case of linear utility where only E[X] is counted. We also
mention that ceq(X) is the so called certainty equivalent of X, which can be
interpreted as the reward the controller decides to accept. Thus ceq(X)— E[X] >
0 means the decision maker is risk-averse, that’s to say the decision maker will
accept the certain reward only when it is more than expected. Below, we will
regard § = 1 without loss of generality. The CTMDP with a linear utility is
called risk-neutral. Risk-sensitive and risk-neutral problems might admit quite
different optimality results in general. For example, in a model with finite state
and action space, there is always an optimal deterministic stationary policy for
discounted risk-neutral CTMDPs, whereas this is not the case for the risk sensitive

counterpart, see [43].

1.4 Optimality criteria

After the preliminaries and introduction of risk-sensitive problems above, we now
define several optimality criteria, some of which do not consider the change of
time ¢ and are called homogeneous while the others are called non-homogeneous
models. When referring to homogeneous models we just omit ¢ in the previous
notations like A(x),q(dy|z,a),c(z,a) etc. Criteria listed below are what we are
interested, the risk-sensitive finite horizon CTMDP, risk-sensitive average CT-
MDP problems, risk-sensitive gradual-impulse CTMDP, risk-sensitive piecewise
deterministic Markov decision processes (PDMDP) and the expected discounted
CTMDP problem.

We have to note that in the following chapters, when the state space S is

denumerable, we use 7, j,--- to denote the states for convenience.

Definition 1.2. (The finite horizon nonhomogeneous RS-CTMDP cri-

terion)

V(r,i) = ET |elo Jacttea(dalotdttg(er) | (1.7)



defines the performance measure. For each = € S, let

V*(i) = inf V(m,i) = V(7" 1).

well
where the policy 7* € 1I is said to be optimal.

Definition 1.3. (The risk-sensitive average CTMDP criterion)

1
J(i,m) := limsup T In ET eJo I C(&’a)“(daw’t)dt] (1.8)

T—o0
for each 7 € S and 7 € II.
A policy 7* € II is said (risk-sensitive average) optimal if for all i € S
J(i, ") = inlf[ J(i,m)

TE

Definition 1.4. (The risk-sensitive gradual-impulse CTMDP criterion)

Lluz) = E'|e 21 (CT O+ S fac e (8(€),0) T (dal Ho 5T ds)

A policy u* satisfying L£(x,u*) = L*(z) for all z € S is called optimal for the

gradual-impulse control problem:
Minimize over u € U : L(z,u). (1.9)

The exact meaning of notations in the gradual-impulse model can be referred
in Chapter 5.
Definition 1.5. (The risk-sensitive PDMDP criterion)

It is assumed that for each x € S

oz, t+s) = o(op(x,t),s), Vs, t >0; ¢(z,0) =z, (1.10)



For each z € S, and policy m = (m,),
oo On+1
V(ZE, 71_) _ E;r [ezn:o o S c(d(xn,s),a)mn (dalzo,01,..., zn,s)ds]

A policy 7* is called optimal if V(z,7*) = inf e V(z, m) =: V*(x).

Definition 1.6. (The expected discounted CTMDP criterion)

Wz, 7) = ET UOOO e_atAc(ft,a)w(da|w,t)dt , (1.11)

defines the concerned performance measure of the policy m € II given the
initial state € S and fixed discount factor co > a > 0.

The corresponding optimal value function of the problem is

Wi (z) = inf Wy(z,7) = Wi (z, ")

mell @



Part 1

Risk-sensitive problems

2 Finite horizon risk-sensitive CTMDP with un-

bounded rates

2.1 Introduction

In this chapter, we consider a risk-sensitive continuous-time Markov decision
process over a finite time duration. From the results of chapter 5 about the
PDMDP, it is naturally to think that whether we can extend the finite horizon
CTMDP problem with nonnegative cost rates to the unbounded case. At the same
time, considering discounted CTMDP problem with a lower bounding function
in chapter 6, where the technique used there is a transformation from general
case to the nonnegative cost rate. If we can use the similar transformation, then
it is just an application of the risk-sensitive PDMDP results. Unfortunately, we
still don’t know how to combine these two ways together to get what we want
for the finite horizon risk-sensitive CTMDP with unbounded cost rates, so we
change a way to look for the modified Feyman-Kac formula to get the results. In
the following, under the conditions that can be satisfied by unbounded transition
and cost rates, we show the existence of an optimal policy, and the existence and
uniqueness of the solution to the optimality equation out of a class of possibly
unbounded functions, to which the Feynman-Kac formula was also justified to

hold.

2.2 Conditions and statements

In this section, we impose a set of conditions allowing one to consider unbounded

transition and cost rates, see Example 2.1 below, and present several preliminary

10



statements, which will serve the proof of Theorem 2.2 below.
First we recall the definition of the corresponding criteria and give some con-

ditions that should be satisfied:

V(m,i) = EF [elo Jacttoar(alonditoen)|

Condition 2.1. There exist a [1,00)-valued function V defined on S and con-

stants p > 0, M > 1 such that
(a) 3 jesa(ilt,i,a)V(j) < pV (i) for each (t,i,a) € K;
(b) G < MV (i) for alli € S;

(c) 20FDeltial < MV (i) for each (t,i,a) € K, and 23FDIOL < MV (i)
for each i € S. (For the case of g(i) = 0, Condition 2.1(c) is weaken as
62T|c(t,i,a)\ < MV(Z))

Compared to the risk-neutral (linear utility) case, to ensure the performance
V (7, i) to be finite in the risk-sensitive setup, it is necessary to impose more
restrictive conditions on the growth of the cost rate. Part (c¢) of Condition 2.1 is
motivated by part (b) of the next lemma and the Jensen inequality, see the proof

of Lemma 2.1 below.

Lemma 2.1. Suppose Condition 2.1 is satisfied. For each m € II, the following

assertions hold.
(a) Pr(to = 00) =1 for eachi € S.
(b) ETV(&)] < e’V (i), for eacht >0 andi € S.
(c) V(i) < MeTPV (i) for alli € S and 7 € 11.

Proof. Parts (a) and (b) are known, see e.g., [54, 89, 90]. We next verify part (c).

By part (a), for Pr-almost all w € €, there are finitely many values taken by in

11



{&(w)} over [0,T]. For such w € Q, by Condition 2.1(c), we legitimately write

/OTAc(t,ft,a)w(da|w,t)dt+g(§T):/(Oﬂ/Aé(t,gt,a)ﬂ(dayw,t)u(dt),

where pu(dt) = Iy (t)dt + 07 (dt), with dp(dt) being the Dirac measure concen-
trated on {T'}, and ¢(t,1,a) == c(t, 1, a)Ijo ) (t) + g(2)I;ry(t) for each (¢,7,a) € K.

Now,

£ [ofd Ia c(t,at,a>w<da|w,t>dt+g<sT>}

_ g [eJiom JaQFD)E & a)m(dalw.t) 47 ]

™ 1 14T &(t,&,a)|m(dalw,t
< E T [O’T}eu ) [a |é(t£0.0)|m(dal >M(dt>1
< g [ / TV(@)dHV(&)]
- 1+T " L
< Me!TV (i) (2.1)

where the first inequality is by the Jensen inequality, the second inequality is by
Condition 2.1(c), and the last inequality is by part (b). O

Part (a) of the previous lemma asserts that under the imposed conditions
therein, the controlled process is nonexplosive under each policy. This fact is

used in the proof of Theorem 2.1 below, see the first paragraph therein as well as

(2.7).

Condition 2.2. There ezist a [1,00)-valued function Vi defined on S, and con-

stants py > 0, My > 0 such that
(a) >jesVE()a(ilt,i,a) < pi V(i) for each (t,i,a) € K;
(b) V2(i) < MVi(i) for alli € S, with the function V as the Condition 2.1.

The role of this condition is seen in the proof of Theorem 2.1 below, where
the Cauchy-Schwarz inequality is used, see (2.4) therein. Conditions 2.1 and

2.2 guarantee the growth of the value function and its derivative to be suitably

12



bounded by the drift functions V' and Vi, and it is out of this class of functions
that we show the Feynman-Kac formula applies. The previous works [43, 101]
only showed that the Feynman-Kac formula is applicable to a class of bounded
functions, and so confined themselves to the class of bounded cost rates, which
excludes some potentially interesting applications. Let us formulate such an ex-
ample, which are with unbounded transition and cost rates and satisfy Conditions

2.1 and 2.2.

Example 2.1. Consider a controlled M /M /oo queueing system, where the com-
mon service rate a of each server can be tuned from a finite interval [1, 7i] € [0, oc].
Let the arrival rate be denoted by A > 0. The holding cost is C}¢ given the cur-
rent number of jobs in the system being ¢ > 0, where C; > 0 is a constant, and
maintaining a service rate at u costs p per unit time. A terminal reward of Csi
is received if there are ¢ jobs remaining in the system at the end of the horizon
[0,T], where Cy € (—o0,00) is a constant. The decision maker aims at the op-
timal control of the service rate to minimize the expected exponential utility of
the total cost over the horizon [0, 7).

This problem can be formulated as a CTMDP with the following primitives.
The state space is S = {0,1,...}, the action space is [u, 1] = A(t,7). The
transition rate is given by q(i + 1|t,i,a) = A, q(i — 1|t,4,a) = ai if i > 1,
gi(a) = X+ ai if i > 0, and go(a) = A. The running cost rate is given by
c(t,i,a) = Cyi + a, and the terminal cost is given by ¢(i) = —Csi.

Observe the following. Let d > 0 be a fixed constant. Let p(d) := e?**\. Then
for each constant p > p(d), Y. q(jlt, i, a)e¥ = e HDIN 1 eM"Dg — (A 4 a)e? <
ped? for each i > 1, and Zjes q(j]t,0,a)e¥ = Xe? — X\ < p. Therefore, for the
verification of Condition 2.1, one can take M = 21 74 X, V(i) = eh? with
dy =2(14+T)(Cy + |Cy]), p = p(dy). For the verification of Condition 2.2, one
can take M, = 1, and V(i) = e®! with dy = 2d;, and p; = p(dy).

Theorem 2.1. Suppose Conditions 2.1 and 2.2 are satisfied. Then, for each
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i€ 8, mell and ¢ € Cy,y, ([0,T] x S),

ET

7

/ ' (ww,t,&) # 3 vltd) [

jES 4
= E7 [$(w, T, &r)] — ¢(0,9),

Q(j|t>§t,a)7r(da|w,t)> dt]

where outside a P[-null set, say Q\ ', To, = 00,
lw,t,j) = eh Lacfoantalonidegy ) ¢ € [0,7], j € S,
Y(w, -, j) is absolutely continuous on [0,T] so that we can take

Vw,t,j) = /C(taﬁt,a)ﬁ(dal%t)efotfAC(”’g“”“)’r(d“'”’”)dvsﬂ(tj)
A

tedo Jacvbva)mdalwn)dv iy Sy (2.2)

for each w € Y and j € S.

Proof. According to Lemma 2.1(a), we concentrate on €' on which T, = oo, and
hence (2.2) holds. Since ¢ € Cyy,([0,T] x S), we have [p(t,i)| < [[p|lvV (i) for
all (¢,7) € [0,T] x S, which, together with the relation (1+7)|c(v,i,a)| < MV (7)
(by Condition 2.1(c)), leads to

Y (w2, &)
M ¢ ¢
< 5T Tv(gt)efo Ja le(v.gv.a)lm(dalwv)de) | V7 (€,) + HSOIH\/l@fO fA|C(v,§v,a)\ﬂ(da|w,v)dvv—l(é—t)’
+ : 1 t 7(da|w,v)dv

By the Cauchy-Schwarz inequality,

Ezr [efot Ja |C(vavva)|7f(da|wvv)dv‘/1(ft)] < \/EZT [62 Jo Ja |C(v,§u,a)\ﬂ(da\w,v)dv} Ezr U/f(&)]

IN

ET [ezfé fA|c<v,sv,a>\n(da\w,v>dv} EF [VA(&)] < Me™V(i)ET [V2(&)]

< MV (i)e”TVE(i), t €10,T), (2.4)
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where the second to the last inequality is obtained by a similar argument to the
one for (2.1), and the last inequality is by Lemma 2.1(b). Now it follows from
(2.3) that

g | [ e el <o 2.5

On the other hand, by Conditions 2.1 and 2.2, we have

Z@fg IN |c(v,£u,a)|7f(da|"-’:v)dv‘gp(zf?j)l ‘/ q(jlt, &, a)m(da|w,t)
A

jES
lellv (pV (&) +2MV3(&)) olo [a le.&o.a)lm(dalw,v)do

IN

A

Iilly Ma(p + 20 )els I v idntatioy; )

Now it follows from (2.4) that

[ ==

For each 0 < s < T,

/.m&m<mwﬂwmtﬁ@ﬂ<m (26)

W(w, T, &) = h(w,0,&) / W (w, t, &)dt + Z Aw w, t,&)07, (dt) (2.7)
n>1

with AY(w,t,&) = Y(w,t,&) —Y(w,t—, & ). (Recall that the function ¢ (w,t, 7)

is absolutely continuous in ¢ over any finite interval, and for each fixed w € €V

with €' being defined in the beginning of this proof, & (w) is piecewise constant

in t € [0,7], and thus has finitely many values over that interval.) By (2.5)

and (2.6), we take legitimately the expectation on the both sides of the previous
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equality, and obtain

BE W Tn)] = B7[6(n0.6]+ B | /OTw'w?t,st)dt}

+ET

Z /(0 ) Aplw,t, 5t)(STn(dt)]

n>1

= ¢(0,49) + ET [ /0 Tw/(w,t,ft)dt}

+ET

Z /(VO 1 ('@D(w,t,j) - w(wataft»mﬂ(ﬂW,t)dt]

JES

= ¢(0,4) + ET [ /0 Tw/(w,t,ft)dt}

>/ w<w,t,j>q<j|t,gt,a)ﬂda,w,t)dt] |

jes

+ET

where the last equality holds because the random measure m™ is the dual pre-
dictable projection of the random measure » -, d(z, x,)(dt, dz) on B((0,00) x S)
under PT, see p.131 of [71]. The statement is proved. O

The above Feynman-Kac formula in the above theorem was justified in [101],
see Theorem 3.1 therein, when 7 is a Markov policy, and ¢ is assumed to be
bounded.

The next statement provides a verification theorem, which was known in [88]

when the transition rate is bounded.

Corollary 2.1. Suppose Conditions 2.1 and 2.2 are satisfied. If there exists
¢ € Cyy, ([0,T) x 8) and a deterministic Markov policy f € IIY, such that

T
N gl inf . . £ e dt
©(s,i) —e / ot {c( L1, a)p(t, 1) + § o(t,7)q(jlt, i, a)

= / {C(m,f(t,i))w(t,i)+Z<P(t,j)q(j!t,i,f(t,i))}dt,

jeS
s€0,7], i eS8, (2.8)
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then
V(f,i) =9(0,i) =V*(i), VieS. (2.9)

Proof. Concentrate on €' as in the proof of the previous theorem. It holds for

almost all ¢ € [0, 7] that

0= Spl(t7 gt) + inf {C<t7 gt, a)@(tv gt) + Z Qo(ta J)Q(j‘t7 5157 a)}

= (L&) +clt, &, F(1,E))e(t, &) + > w(t, )alilt, &, F(t,&))

jes

It &) + /A {o(t, G a)p(t,6) + 3 (b falilt &, a>} r(dalw, ).

JjeS

IN

Now by applying Theorem 2.1 to the deterministic Markov policy f and an arbi-

trarily fixed 7 € II, we see

T
Vir,i) = (0.0) = BT [elo Jactosonmtiolonidgp en)| — o(0,1)

T
_ Ezr |:/ @fOt Ja c(v,&;,a)w(da|w,v)dv/ {C(t,ft,a)w(tyft)
0 A

+ G+ Y et )t &, a)} m(dalw, t)]
JjES
2 07

where the first equality holds because (T, i) = e9®, see (2.8); similarly, replacing
f for 7 in the equalities in the above, V(f, i) —(0,7) = 0. Consequently, V(f,i) =
©(0,7) < V(m,1i) for each i € S. Since m was arbitrarily fixed, V(f,i) = ¢(0,4) =
V*(i), as required. O

According to the previous statement, (2.8) is called the optimality equation,
and the policy f in (2.9) is optimal.
The next statement was basically obtained in Theorem 2.1 in [43], see also

[101].
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Proposition 2.1. Suppose that the transition and cost rates are bounded, i.e.,

supg; < oo, sup |c(t,i,a)| < oo, suplg(i)] < co.

ic8 (ti,a)EK icS
If for each i € S and t € [0,T], A(t,i) is compact, c(t,i,a) is lower semicontinu-
ous in a € A(t,1), and q(j|t,i,a) is continuous in a € A(t,i), then there exists a

unique o in C] (([0,T] x 8) and some f € 112, satisfying (2.8) and (2.9).

The main objective in this chapter is to relax the boundedness requirements

in the previous statement.

2.3 Optimality results

We impose the following condition, which guarantees the existence of an optimal

policy.

Condition 2.3. (a) For each t € [0,T],i,j € S, the function q(jlt,i,a) is

continuous in a € A(t,1).

(b) For each (t,i) € [0,T] x S, the function c(t,i,a) is lower semicontinuous
in a € A(t,i), and the function 3oV (4)q(jlt.i,a) is continuous in a €
A(t,i), with V as in Condition 2.1.

Under Conditions 2.1 and 2.3, the function > 5 q(jlt, 4, a)u(t, j) is continuous
ina € A(t, 1), for every fixed (¢,4) € [0,7]xS and V-bounded measurable function
won [0,T] x S, see the proof of Lemma 8.3.7(a) in [58]. This fact will be used in
the proof of the next statement.

Also note that Condition 2.3 is satisfied by Example 2.1.

The main optimality result is the following one.

Theorem 2.2. Suppose Conditions 2.1, 2.2 and 2.3 are satisfied. Then there
exists a unique @ in C‘I/7V1([O,T] x S) and some f € T satisfying (2.8) and

(2.9). In particular, there exists a deterministic Markov optimal policy.
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Proof. The statement would follow from Corollary 2.1, once we showed the exis-
tence of some ¢ € Cy;y, ([0, T] x S) satisfying (2.8). We verify this fact following
a similar reasoning as in [52] dealing with a risk-neutral CTMDP problem, which
was also adopted in [101], dealing with a model with a bounded cost rate. Name-
ly, we shall obtain the desired solution ¢ as a limit point of an equicontinuous
family {¢,} of functions, which in turn are obtained from a sequence of CTMDP
models with bounded transition and cost rates. The denumerable state space
serves to prove the equicontinuity of the family {¢,}. The details are as follows.

For each integer n > 1, let S,, := {i € S : V(i) < n}. Without loss of
generality, assume for each n > 1, S,, # (0. For each i € S and ¢ € [0,00), let
A, (t,i) := A(t,i). For each (¢,7,a) € K, := K, define

G (jlt, i, a) := q(jlt, i, a)ls, (i), Vj €8

cn(t,i,a) = c(t,i,a)ls, (1), gn(i):=g(i)ls, (7).

We consider the resulting sequence of CTMDP models M,, := {S, A,,(¢,9), ¢n, Gny Gn } -
Note that the models {M,,} are all with bounded transition and cost rates,
and so Proposition 2.1 implies, for each n > 1, the existence of a unique ¢,, in

C1,([0,T] x S) and some f,, € II%, satisfying

T
on(s,i) — e = / inf {cn(t, iya)pn(t,i) + ngn(t,j)qn(ﬂt, i, a)} dt

a€A(t,1) —e
J

= / {Cn(t7iufn(tvi))90n(t7i)+Z@n(t’j)qn(j’t7iufn(tvi))}dta
s jES

se€[0,T], i €8S. (2.10)
Let n > 1 be fixed. For each s € [0, 7], consider the s-shifted model
M = {5 AD( 1,40l o)

with A9 (¢,4) == A, (t + s,9), ¢ (|t.i,a) == qul(-|s + t,i,a) and (¢, i,a) =
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cn(t + s,i,a). Then Condition 2.1 is clearly satisfied by Mﬁf), so that one can

apply the reasoning in the proof of Lemma 2.1(c) and deduce

[, OT*S|c£f’<t,§t,f£f)(t@))\dtﬂgn(sps)q < MeTPV(5)
; <

(s)
where EZ" denotes the expectation in the M,(f) model under the shifted policy
fy(f) (t,i) :== fu(t + s,7). On the other hand, according to the uniqueness of the
solution to (2.10) in Cf ([0, 7] x S) and the second application of main theorem

in section 5.1 of chapter 5,

E:lf’gls) efoTis Cgf) (t)gfsz(IS) (tagi))dt_‘—gn (ngs) — QOTL(Sa 7/) .

(The cost rate and the terminal cost were assumed to be nonnegative in chapter
5, but the results obtained there apply because MY has bounded transition and
cost rates, which can be reduced to the nonnegative case after one add to the cost

rate and the terminal cost a large enough constant.) Thus, we obtain the bound
lon(t, )| < Me™PV (i), Y n>1,(t,i) € [0,T] x S. (2.11)

which means |¢,(t,7)| is uniformly bounded.
Next, we show that {¢,,n > 1} is an equicontinuous family of functions on

[0,7] x S, as follows. Let

H,(t,i) := inf {cn(t,i,a)gon(t,i) + ngn(t,j)qn(j]t,i,a)} , V (t,7) € 10,T] x S.

a€An(t) v
J
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Then, from Condition 2.1 and (2.11), we see

[Hn(t,9)] < sup {!cn(t,i,a)son(t’i)l+Z\%(M)an(jlm,a)!}

a€An(t) jes

sup {MV(Z')M@T”V(Z') + MeTpZ lq(jt, 1, a)|V(j)}

a€An(t) jes

e P(MPV2(i) + pMV (i) 4+ 2M|q(ilt, i, a)|V (7))

IN

IN

MeTP M (3M? + p)Vi(i) =: L(3), ¥V (t,4) € [0,T] x S. (2.12)

(Recall that M > 1.)
Now, fix arbitrarily some (sg,i9) € [0,7] x S and ¢ > 0, and take 0 :=
min{ 5, 1}. Then, for every (s,4) in the open neighborhood {(s,7) € [0,7] x

S: |s—so| <6, i —ig| <0}, we have i = iy, and

lon(s,7) — @nls0,i0)] = |@n(s,i0) — ¢n(s0,%0)| =

T T
/ H,(t,io)dt — / Hn(t,io)dt‘
S S0

< L(ig)|s — sol <&, Vn>1.

Hence, {¢,,n > 1} is equicontinuous at (so,ig), which, together with the arbi-
trariness of (sg,79) € [0,7] x S, yields that {¢,,n > 1} is equicontinuous on
[0,7] x S. By Arzela-Ascoli theorem, see, e.g., p.96 of [57], there exist a subse-
quence {¢@y,, .,k > 1} of {¢,,n > 1} and a continuous function ¢ on [0,7] x S
such that

klim On, (5,1) = @(s,4), and |p(s,i)] < Me PV (i) V (s,4) € [0,T] x S, (2.13)

where the last inequality is by (2.11).
Let

H(t,i) := inf {c(t,z’,a)w(t,i) + Zgo(t,j)q(j]t,i,a)} Y (t,4) € [0,T] x S.

a€A(t,0) —s
J

We next verify that limy_,o, Hp, (t,4) = H(t,q) for each (¢,i) € [0,T] x S, as
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follows. Let (¢,7) € [0,T] x S be arbitrarily fixed. Since gy, (j|t,7,a) = q(j|t, i, a)
for all j € S and a € A(t,i) as k — oo, by virtue of Lemma 8.3.7 in [58] and
(2.11), we have

limsup H,, (t,i) < hmsup{cnk(t,z,a)gpnk (t,7) +Z‘Pnk (t,7)qn, (J |t,z,a)}

k—o0 k—o0 jes

< cltia)p(t i)+ > et j)altia), ¥ a € At i),
J€ES

so that

limsup H,, (t,7) < inf {c(t,i, a)p(t,i) + Zw(t,j)q(ﬂt,i, a)} (2.14)

acA(tz
k—o0 (t,3) jes

According to the fact mentioned below Condition 2.3, there exists a sequence

of policies {f,, } C I1% such that

My, (t,9) = inf {an(ti,a)%k(svi)+Z¢nk(t,j)an(jlt,i,a)}

ac€A(ti) s
J

= ot fu (8.0)m (8,0) + D @ (b ), (18,8, i (8,0)).

jE€S

Since A(t,7) is compact, by taking subsequences if necessary, we can assume
without loss of generality that liminf, . Hy,, (t,7) = limg_,oo H,, (¢,7) and for
some a € A(t, 1), fn,(t,i) = a as k — oo. By the virtue of Lemma 8.3.7 in [58],

we have

liminf H,, (¢,7) = likrggf {c(t,i, frn (8, 9))n, (£,9) + Z‘Pnk (t, 7)an, (41t 4, fn, (t,z))}

k—oco
j€ES

> cs,i,a)p(t,i —1—23015] (Jlt,i,a) > aeijil(ft,i){ ct,i,a)p(t,i -I—Z(ptj |t,z,a}

jES JES

(Recall Condition 2.3.) This, together with (2.14), implies that limy_, Hy, (¢,7) =
H(t,i). Since (t,i) € [0,7] x S was arbitrarily fixed, we see from (2.10), (2.12)
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and (2.13) that ¢ satisfies (2.8). The same argument as in (2.12) leads to
(0, 0)] = [H(5,1)] < MeTMBM? + p)Vii), ¥ (1,7) € [0,T] x S.

Therefore, we see that ¢ € Cyy, ([0, T] x S). The required deterministic Markov
policy f exists because of the fact mentioned below Condition 2.3, a measurable
selection theorem, see Proposition D.5 of [57].

Finally, we verify the uniqueness part. Let ¢ € Cy,([0,T] x S) be an
arbitrarily fixed solution to (2.8). (The above reasoning shows that there ex-
ists at least one.) Let s € [0,7] be fixed, and consider the s-shifted model
M) = {S, A®(t,0),q®), ), g}, which is defined as for the M"Y model with n

being omitted everywhere. Let

V(i) == inf ET [efo“fA ) (t61.0)m(dalw.t)dt-+g (€7—)
rel °

with ET signifying the expectation in the s-shifted model. Then the function
e € CLy, ([0, T — s] x S) defined by ¢ (7,i) := @( + s,i) for each (7,i) €
[0,T — s] x S satisfies

T—s
o) (1,i) — D = / inf {c(s)(t, i,a) ) (t, 1) + Z o) (t, 1)g® (jIt, 1, a)} dt

a€AG) (t4) ics

T—s

/ D (tyi, FO () (1) + Y @t 5)q" (It 4, £ (t,4)) o dt,
T jES

T7€l0,T—s], i€8,

for some deterministic Markov policy f®. By applying Corollary 2.1 to the
s-shifted model M) we see ¢©¥(0,i) = V) (i), and thus p(s,i) = V(i) for
each i € S. Since s € [0,T] was arbitrarily fixed, it follows that ¢ is the unique
solution to (2.8) out of ¢ € Cf,y, ([0,7] x S). The proof is completed. O

Remark 2.1. We can refer to Chapter 6 for risk-sensitive piecewise determinis-
tic Markov decision processes (RS-PDMDP), where we get the optimality results
for RS-PDMDP with non-negative cost rates by the technique of reducing the
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original problem to a RS-DTMDP problem. As an application, finite horizon and
infinite horizon discounted RS-CTMDP can be reformulated as total undiscount-
ed RS-PDMDP. As we can notice naturally, if the cost rate in this chapter can
transfer from the drift function bounded to nonnegative, then we can easily use
the conclusion of PDMDP in this chapter to get the results, but this is still an
open problem.

I have to mention that recently we find there is an outstanding research pub-
lished in 2019 that can not only cover our results but extend it to a more general
case, see [63]. It deals with finite horizon RS-PDMDP with reward rates bounded
by drift function (need not to be nonnegative), and the state space is Borel space.
Compared with ours, it can be used more extensively. [63] adapts the approach
where the value function is characterized as a solution to the related integro-
differential HJB equation. And it develops Feyman Kac’s formula for PDMDPs

with unbounded transition rates.
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3 Risk-sensitive average CTMDP with unbound-
ed rates

Having the results of finite horizon risk-sensitive CTMDP with unbounded cost
and transition rates, we can keep on to get the average case problem based on
them. Because in the risk-sensitive average CTMDP problem, we always consider
the finite horizon case first. This chapter considers the risk-sensitive average op-
timization for denumerable CTMDPs, in which the transition and cost rates are
allowed to be unbounded, and the policies can be randomized history-dependent.
We first derive the multiplicative dynamic programming principle and some new
properties for the risk-sensitive finite-horizon CTMDPs. Then, we establish the
existence and uniqueness of a solution to the risk-sensitive average optimality
equation (RS-AOE) by the results for risk-sensitive finite-horizon CTMDPs de-
veloped here, and also prove the existence of an optimal stationary policy via
the RS-AOE and the extended Feymanm-Kac’s formula. Furthermore, for the
case of finite actions available at each state, we construct a sequence of models
of finite-state CTMDPs with optimal stationary policies which can be obtained
by a policy iteration algorithm in a finite number of iterations, and prove that an
average optimal policy for the case of infinitely countable states can be approxi-
mated by those of the finite-state models. Finally, we illustrate the conditions in
this paper and show the difference between the conditions here and those in the

previous literature with some examples.

3.1 On the risk-sensitive finite-horizon optimality

Here, the state space is also denumerable but the model is homogeneous. We

assume c(i,a) is bounded below (i.e., ¢(i,a) > L for all (i,a) € K, for some
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constant L), so we have ¢(i,a) + |L| > 0 on K, and

1
lim sup T In ET [efoT Jale€oa) I Llm(dalot)dt | — J(; 7y 4 |L|

T—o00

Thus, adding a constant to all the costs (i, a) will affect all policies identically in
both criteria, we may without loss of generalization assume that the costs ¢(i, a)
are nonnegative.

To prove the existence of risk-sensitive average optimal policies, we need to
develop some preliminary facts about the risk-sensitive finite-horizon CTMDPs,
some of which are from Chapter 2, and some of which are new.

Since the transition and cost rates (i.e., ¢(j|i,a) and ¢(7,a)) may be unbound-
ed, to guarantee the non-explosion of {&,t > 0} and the finiteness of J(i,7), we

need the following conditions from [47, 52, 54, 74|

Condition 3.1. There exist real-valued functions Vo > 1 and d > 0 on S, positive

constants by and My, and a state ig € S, such that

(@) s Voli)a(ili, a) < =0(i)Vo(i) + bolgiy (i) for all (i,a) € K:={(i,a)li €
s,a € A(i)};

(b) @ < MyVy(i) for alli € S;

(c) 6. :=1nf, 4, 6(i) >0, and c(i,a) < 0(i) < \/InVy(2) for all (i,a) € K.

Remark 3.1. (a) Although the indicator function Iy;;; in Condition 3.1(a) is
stronger than the indicator function I in [74] with a finite subset C' of S, we
will understand that such a restrictiveness is required; see Remark 3.4 below for
detail. Condition 3.1(a) is an extension of Assumption (A2) in [74], Assumption
(A5) in [43], and Assumption 7.1 in [50] from a constant § to a function (i) on
S here. Thus, it is satisfied for the examples in [43, 50] and will be verified with
other examples below.
(b) Condition 3.1(c) is new and serves the finiteness of £ elo [ c(6v,a)m(dalev)do

where 7;, := min{t > 0|§; = ip} denotes the first passage time to iy. Since the
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cost ¢(i, a) satisfying Condition 3.1(c) is allowed to be unbounded (see Example
3.2 and Remark 3.9 below), Condition 3.1(c) is weaker than the small condition
(ie., ||c]| < 6,) in [43, 74].

(c) Condition 3.1(a) is slightly stronger than Condition 2.1(a).

Lemma 3.1. Under Conditions 3.1(a)(b), the following assertions hold.

(a) Pr(teoc =00) =1, and PF(& € S) =1 for eacht >0, i € S, and w € 11.
(b) ET[Vo(&)] < Vo(i) + bot, for eacht >0, i € S, and 7w € 11;

(c) Eg[%(ft)’& =1 < Vu(i) + (t — 8)bg, for eacht > s>0,i€ S and w € II,.

Proof. (a) and (b) follow from Theorem 3.1 in [55], while (¢) from Lemma 6.3 in
[50]. O

Lemma 3.1 gives conditions for the non-explosion of {{;,¢ > 0} and also
provides an estimate of ET[V,(&)]. In order to deal with the risk-sensitive average
optimality, we next need some notations and facts on the risk-sensitive finite-
horizon optimality.

For any m € I1,t > 0,7 € S, the following t-horizon risk-sensitive criterion
o(t,i,m) = EF [efé fA(zS)c(és,amdaw,s)ds] 7 (3.1)
is well defined. Then, let
o(t, 1) == 71r611fT o(t,i,m) (for i € S), (3.2)

which is called the value function of the t-horizon risk-sensitive criterion. Since ¢
is nonnegative, ¢(t,1) is increasing in ¢ > 0, and ¢(0,7) = 1 as well as p(¢,i) > 1
for all ¢ > 0.

To further characterize risk-sensitive finite-horizon CTMDPs, we need the

extension of Feymanm-Kac’s formula in Theorem 2.1 from a Markov chain case
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to a more general case of non-Markov processes, which is based on the following

condition (similar as Condition 2.2).

Condition 3.2. There exist a real-valued function Vi > 1 on S, and positive

constants py, by, and My, such that
(1) >jesVi()a(ilisa) < pVE(E) + by for all (4, a) € K;
(ii) VZ(:) < MVi(i) for alli € S, where Vi comes from Condition 5.1.

Lemma 3.2. (The extension of Feymanm-Kac’s formula) Under Conditions 3.1

and 3.2, for any T > 0, the following assertions hold.

(a) For any m € II and u € Cy, 1, ([0,T] x S),

/OT/\TD (< fo [y el€v,a)m(dalw,v)dv (t &))

+ ) eh lactboatisionivyy, j) / q<j|5t,a>w<da|w,t>)dt]
A

jes

B}

_ EZF |:€f0T/\‘FD N c(Ev,a)w(dalw,v)dvu(T7 gTATD)] - U(O, i), ieS

where Tp := inf{s > 0|{; € D} is the hitting time of the process {&} to a
set D C S, and {&,t > 0} may be not Markovian since the policy ™ may

depend on histories.

(b) For each m = m(dal-) € II},,, and u € Cy, . ([0,T] x 8),

. [/STATD ((ef: e(Ewma)dvy (4 ) ) Z( 2 el€usm)dvy (4 J)> Q(j|£ta77t)) i@t

jES

gs:i]

= ET [eff“ﬂ (&) (T A 7p, Eppry)|Es = 2] —u(s,i) V(s,i) €[0,T]xS, DC 8.

where c(i,m,) = fA c(i,a)my(dali), q(jli,m) = fA( (jli,a)m(dali) fori,j €
S.t>0.
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Proof. By Condition 3.1(c), we have 2tc(i,a) < 2t6(i) < 2t\/InVy(i) < t* +
In Vi (4) for all t > 0, thus e27<(9) < ¢T*V; (i) for all i € S, which verifies Condition
2.1(c) with M, := e™ . Thus, in the proof of Theorem 2.1, replacing T with

T N 1p, we see that this lemma is also true. O

Lemma 3.3. If Conditions 3.1 and 3.2 are satisfied, then the following assertions
hold.

(a) ET edo C(fv’a)”(da\wv”)dv} < ET [efo &) ] < V(i) fori e S and 7 € 1.

(b) Ef[m,] < V‘;(i), and PT (1, < o0) =1, foralli e S and m € IL.

*

Proof. (a) Obviously, the results hold for i = ig. For any i # i, since Vy > 1, by

Lemma 3.2(a), we have

1

E™ efo "0 §(¢,)d ] Vo),

VAN
&>
3

i TAT;
i €f0 0 5(€v)d1}‘/0(£T/\Ti0 ):| _ ‘/O(Z)

i T/\Tio .
:Ef/ e“@“@@%&+2% J@mgﬂ
0

jES

T/\Ti() :
boE" { / elo 5(5”)d“[{io}(§t)dt} =0,
0

IN

which, together with letting 1" — oo, proves this lemma.

(b) Since 0, = inf;4;, 0(7) > 0, by (a) and the Jensen inequality, we have
m@MLJJ%kEﬂ% “}s%@

which implies (b). O
Remark 3.2. The reference state ig in Lemma 3.3 directly comes from Condition
3.1(a). However, the reference state iy in [74] has been determined by the condi-
tion “V (ig) > 1+ 27, where the constants 6 and b are the same as in Assumption

A2 in [74}]. Ezample 3.1 below shows that the condition “V (ig) > 1+ 27 is not

used to get a reference state.
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Example 3.1. Let S := {0, 1,2}, all A(i) be singleton sets, and then there is a
unique stationary policy, say f. Moreover, let ¢(0]0, f(0)) = —1,¢(1]|0, f(0)) =
1,q(210, £(0)) = 0;q(0[1, £(1)) = 8, a(1]1, £(1)) = =9, (21, F(1)) = 1; q(0]2, /(2))
0, q(1]2, f(2)) = 8, q(22, f(2)) = =8

Obviously, Assumption A2 in [74] are satisfied for the V(i) := 1+ fori € S,
C = {0,1} (or {0}),0 := 4,b:= L. It follows from this example that 1+ % =
3.75 > V(i) for all i € S, and thus this example does not have any reference state
for [74].

However, since Conditions 3.1 and 3.2 above are also satisfied for V (i) := 1+

for i € S and ig = 0, the state “0” is a reference one for this paper.

To characterize some optimality results for the risk-sensitive finite-horizon

CTMDPs, we introduce the following condition.

Condition 3.3. (a) For any fized i,j € S, q(jli,a) and c(i,a) is continuous in
a€ A(i);

b) For any given i € S, the convergence of > ._<Vo(7)q(j|t,a) holds uniformly
jES
ina € Ai).

Remark 3.3. Obviously, Condition 5.5(b) is not required when Y, ¢y 4(jli, a) =
0 for a € A(i),where S(i) is a finite subset of S ,which may depend on any given
i € 8. Condition 3.3 implies that 3, Vo(j)q(jli,a) is continuous in a € A(i),
and so slightly stronger than the well known continuity-compactness conditions
[43, 74, 73]. In fact, it is required not only for the following facts from previous
Chapter but also for the continuity of ¢'(t,1) at everywhere t > 0 (instead of at

almost everywhere t > 0 in [74}]), see Remark 3.5 below for more details.

Theorem 3.1. Under Conditions 3.1 and 3.2, and 3.3, for any T > 0, the

following assertions hold.

(a) The value function ¢(t,i) is the unique solution in Cy, v, ([0,T] x 8) of the

30



following risk-sensitive finite-horizon optimality equation:

P(t,0) = infaca[c(i, a)p(t, i) + 2250t 7)a(ili a)l,

©(0,1) =

(3.3)

for each (t,i) € [0,T] x S, and ¢'(t,1) is continuous in t > 0 (for any fized
ieS).

(b) There exists a deterministic Markov policy 7 = f*(t,i) € 1% such that

P (t0) = cli, [ (1)t ) + > o(t, )a(ili, f*(t,3)  V (t,i) € [0,T] x §
jes

and @(t,i) = (t,i,7*) = inf cne @(t,4,7) = infreny, o(t,i,7) for alli € S

and t € [0,T7].

(c) (The multiplicative dynamic programming principle.) For any subset D of

S, the value function p(i,t) can be represented as

plt,i) = inf Ef [ o' TP el (weadv —MTD,&MD)] (3.4)
= gﬁf ET [efOA Pel, 7r”)d”gp(t —t A Tp, §MTD)} Vie S t>0.

Proof. (a)-(b): Since Condition 2.1(c) has been verified in the proof of Lemma 3.2,
the first part of (a) comes from Theorem 2.2 and an obvious change of time. To
show the second part of (a), for any fixed i € S, t1,t, € [0,T],¢ > 0, Condition 3.3
together with Lemma 4.1 in [52] ensures the existence of a(i,¢1,?2) € A(i) and a fi-
nite subset S(¢)(2 1) of S such that sup,ea i) 2 a5 [9(t1, 7) —(t2, )| i, a)| =
Sestn [9(t1.3) — olta. )l ali, . £2))]. and 3,50, Valida(ilia) < < for il

31



a € A(i). Thus, for any t,t, € [0,T], by (3.3), we have

|/ (t1,7) — @' (t2, )] < le(i, )lo(tr, ) — @ta, D) + sup Y [o(tr,5) — e(ta, §)lla(ili, a)]

acA(i) jes

< lel, ) lle(tn, i) = elta, D)+ > Lot 5) — (ta, 4)lg" (i)
JES(3)

+2||SOHVO Z Vb(j)q(j‘i?a(ivtlat?))
J#8(i)

< e lelt, ) — e(ta, )l + Y le(te, 5) — elta, )la* (@) + 2] ellvee

JES(9)

which,together with the continuity of ¢(¢,7) in ¢t and the finiteness of ||c(i, -)||, S(7)
and ¢*(7), implies the second part of (a). Part (b) is also from Theorem 2.2.

(c) Let m = f(t,4i) be any Markov policy in I1¢ | and 7* = f*(t,4) a fixed

m?

deterministic Markov policy from part (b). Define a policy & by

w(dalw,s) = Iinm>s30s(se ) (da) + Liam <5107+ (s £0(w)) (da).

Let Finrp be the algebra,which is generated by the stopping time ¢ A 7p with
respective the filtration Fs := o(§,,v < s). Then, since ¢(t,7) = ¢(t,i,7*) for
t €10,7] and 7 € S, we have

QO(t, Z) < ET [ fo S c(és,a)7(dalw, S)dsi|
= Eﬁ' -eftATD 55 f(S és))dSEﬂ- [ ftt/\TD C(§s7f* (S7£s>)dslﬂ/\mj| i|
_ B | efs" P eleas(s,6:))ds ‘ot —t N, gt/\‘r]:)aﬂ*):|

r t/\T
— E7 |eo b c(&s,f(8,€s))ds ('p(t —tA ™D, ft/\TD):|

AN
&5
3

o el I (5.6 ))dsgp(t_t/\TD,ngm)] = (t,i,m).

Taking the infimum over © € II¢ on the both sides of the above inequality and

using (b) again, we see that part (c) holds. O

Theorem 3.2. Under Conditions 3.1, 3.2 and 3.3, the following assertions hold.

(a) 28D < V(i) for all and i€ 8 and t > 0;

o(t, 10)
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/

(b) ¢'(t,i) > 0 and sup,> (E Z;)) < L(i) for alli € S and t > 0, where L(i) :=
2Vo(1)q" (1) + bo -

Proof. (a) Since 1 = (0,4) < ¢(t,4) for all i € S and ¢ > 0, by Theorem 3.1(c)

we have, for each f € 1%

tAT,L

p(t,i) < { b Belndwe Dt (t — t A, gmo)}
tAT;
= ET [efo ’ C(ﬁv’f(v’g“))dv(p(t —t N\ Ty, ft/\no)l{t<no}}
tNAT;
+Ezﬂ |:6f0 ’ C(év’f(vfu))dv@(t —tA Tigs gt/\n‘o )[{t>7i0}:|

t/\T,L'O

= Ezﬂ- |:€f0 C(gv’f(v’év))dvj{tﬁno}}

- t/\TiOC ) 0.6y v
+E’L |:€f0 (€onf (v,60))d @(t - Ti07£‘rz‘0)‘[{t>7’i0}:|

IN

[fo  cluf (0.€0))dv (¢ 5%)1{t<no}]

tA

[ o © el (00w (1 5%)] (3.5)

IN

— (L, io)ET [efo Jonde ]

which, together with Lemma 3.3(a), completes the proof of part (a).
(b) Since ¢(t,i) is increasing in ¢ for each ¢ € S, and thus ¢'(t,i) > 0.
Moreover,for each ¢t > 0, by (a) and Theorem 3.1(b) we have

©'(t,1) . : o(t .
0< - = inf [c(i,a) —|—
o(t, o) aEA(i)[ g t io) ; t,i a)]
< inf [0(i )+ Vo(y i,a
A A() JEZS 0(J)a(jli, a)l]
= inf [5(0)Vo(i) + Y Vo(i)a(ili, a) — 2q(ili, a) Vo (i)]
acA(i ) s
< 26" (i)Vali) + bo
and so part (b) follows. O
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Remark 3.4. If the Iy;,y in Condition 3.1(i) is replaced with the indicator func-

tion Ic of some finite subset C of S, as the proof of (3.5), we can prove that
EZT [efoTC(S(fv)dv} < Vb(@), and S0(15’2) < EZT [efoTCC(fquv)dv} g@(t,io(t)) Vit>0 (36)

where the states ig(t) (depending on t > 0) are determined by ¢(t,io(t)) =
max;ec(t,1). However, we can not prove Lemma 3.3 and Theorem 3.2 by (3.6).
In fact, from (3.6) we cannot establish the existence of some fized ic € C such

that :

g [efon'o 5(&,)dv} S Vb(l), Qp(ta.z) < T [efofio C(gwm)dv] V¢ Z 07

which are required in [74] and our arguments below. This is because T;, > T¢ and

the states iy(t) may change with t > 0.

3.2 On the risk-sensitive average optimality equation

In this section, we will establish the existence of a solution to the RS-AOE for
the risk-sensitive average CTMDPs without loss of generalization. We suppose
that S = {0, 1,---} (the set of all nonnegative integers).

To begin with, we need some notation given as follows: For each n > 1, let

e (iva) = c(iya), forie{0,...,n},a€ A(i), (37)

0, otherwise,

Using Theorems 3.1 and 3.2, we give the extensions of the corresponding ones

in [74] to the unbounded transition and cost rates.

Theorem 3.3. Under Conditions 3.1, 3.2 and 3.3, for each n > iy, the followings
hold.
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(a) There exists a solution (py, ¥,) in [0, L(iy)] x By, (S) to the following equation

Prthn (i) = 1nf {cn i,a), (1) + an q(jli,a)}, vn(io) =1, i€ S.(3.8)

JES

(b) pn <infreyp J(i,m) for all i € S.

(c) There is a policy fF € F such that

Ynli) = BIF [ enlesiC=patt) — g pf [ (enlEstan-m] yie s,

feng,

Proof. (a) For any fixed n > 1, let

Son(ta Z)
Son(tv io) ’

On(t,i) ;= inf E [efo Jaent&of ”5”))‘1”] , and Op(t, i) == for t >0, i € S(3.9)

fEHTIL

Then, since 0 < ¢, < ¢, the conditions of Theorems 3.1 and 3.2 still hold when ¢

is replaced with ¢,. Thus, using Theorem 3.2(a), we have
0 < @u(t i) <Voli) Vt=0.

Thus, for any m > 1, the mean value theorem together with Theorems 3.1(a)
gives the existence of ky(i,m) € [m,2m] (depending on the given m and ¢) such
that

Gn(2m, i) — @p(m, i)

& (ko(m,i),1) = Te— — 0 (asm — 00). (3.10)

Since S is denumerable, the diagonalization arguments as well as (3.10) ensures

the existence of a subsequence of {k1} of the {ko(i,m),m > 1,i € S} such that
lim @ (ki,1) =0, ¢n(ki,ip) =1, forallieS.

kl —00

which, together with the boundedness of |$,(k1,7)| in k; and the denumerability
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of i € S, gives the existence of a subsequence {ks} of the {k;} such that the limits

lim Qpn(k% ) = 77/)71(@) S [07%(1)]7 (3'11)

k2—>oo

exist for all ¢ € S, and v,,(ig) = 1.
Furthermore, Theorem 3.2(b) together with (3.11) guarantees the existence

of a subsequence {k3} of the {ky} ensuring the existence of the following limit

im otk io) 0 Lo (3.12)

k3—ro0 ¢n<k37 ZO)

Hence, along the sequence {k3}(C {ka} C {k1} C {ko(i,m),m > 1,i € S}), we

have

/

k3—>00 ©n (ks o)

On the other hand, for each k3 € {ks}, using the definition of ¢, (¢,4) in (3.9)
and Theorem 3.1(b) with (¢, ¢) replaced with the corresponding (¢, ¢,,), a direct

calculation gives for each (i,a) € K

o (K3, 90)
k nk> # = f n nk> nka
b+ b 2 = el hthn) + S uth )
< i, a)nlks, i) + > @nlks, 5)q(ili,a) (3.14)

jes
which, together with the dominated convergence theorem and (3.11)-(3.13), im-

plies

Prthn (1) < 1nf {cn i, a)n(i) + an (7]7, a) ViesS. (3.15)

JES

Moreover, for each given k3 and i € S, by Condition 3.3 and (3.13)(3.14), there
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exists a(i, k3) € A(i) (depending on ks, € S) such that

Spfn(k?n ZO)

5 (ks, i) + @n(ks,i :
P (k3,1) + Pn (k3 )%(kwo)

= ca(iyali, k3))pn(ks, i) + Y @ulks, j)alili, ali, ks)}3.16)
jes

Since A(i) is compact, there exist a subsequence of {ks} of of {k3} and a'(i) €

A (7) such that limy, . a(i, ks) = a'(i). Thus, replacing ks in (3.16) with k, and

then letting k4 — oo, by (3.13) and (3.16) we have

Pun(i) = cnlisa (1) + > ¢al(i)alili, /(i) (3.17)
JES
> 1gf {cn(i, a), (i —i—an (7]i,a)},
ac jes

which, together with (3.14) and (3.11)-(3.12), gives (a).

(b) Fix any ¢ > n + 1 with n > iy, and let 7(n) := 7{01,.i,..n} be the hitting
time. Then, by Lemma 3.3(b) and 7(n) < 7,, P7(7(n) < co) = 1. Moreover,
since ¢,(0,7) = 1 and ¢,(t,4) is increasing in ¢ > 0, using (3.7)and Theorem
3.1(c) (with ¢ replacing by ¢, here) as well as the fact that ¢,(&,,m,) = 0 for

v < 7(n) and w € II7 , we have, for each m € II]

onl(t,i) < ET [efow") enCom)d g (=t A T(n),&m(n))]

= ET [efotmn) enlCom)dv e, (t—t AT(n), ftm(n))]{tgr(n)}]
+ET [ A enComldv g (t—t A (), ft/w(n))l{br(n)}]
ET [on(0, &) i<rmyy] + ET [on(t — 7(1), &) Ltsr(m)y ]
L+ B [n(t, &) (7))

< 1+ max{p,(t,k),k=0,1,...,n},

IN

which,together with Theorem 3.2(a) and ¢,, > 1, implies

On(t, 1) <1+ max{Vy(k),k=0,1,....,n} =1 K(n) Yt>0,i€8S.

37



Hence, using (3.11) and Theorem 3.2(a) again, we have
bnli) < K(n) Vt>0,i€sS. (3.18)
For each 7 € IT and ¢ € S, using Lemma 3.2(a) and (3.8), we have
ET e fA[cn@t,a>—pn}w<da|w,t>dt%(ST)] (i) >0, for T >0.
Hence, by (3.18) we have
K(n)e T BT [efoT Ia cn(st,awda\w,t)dt] > ().
Taking logarithm in the above sides, dividing by 7" and letting T" — oo, we obtain

Pn < lim sup 1 In ET [efoT Ja C"(ft’“)”(d‘”w’t)dt} < lim sup 1 In E7 [efoT Ja C(&t,a)W(dalwﬁt)dt]
n = T 1 — T (3 ?

T—o00 T—o0
which, together with the arbitrariness of 7, completes the proof of (b).
(c) For each f € 1% and i € S, using Lemma 3.2(b) and (3.8) again, we have

TAT;
Elf |:ef0 0(Cn(ﬁmf(t,ft))—/?n)dtwn(ST/\TiO ):| B wn(z) >0, forT > 0.

Since v, is bounded and ¢,(i,a) < ¢(i,a) < §(i) for all (i,a) € K, by the

dominated convergence theorem and Lemma 3.3(a), letting 7" — oo, we obtain

: F o fo @ len(Eenf (t,60)) —pnldt
(i) < E} [efo L wn(fno)] (3.19)

- B! [efo”o [cnost,f(t,&))fpn]dt}

< Vo(i)
which, together with the arbitrariness of = € I1¢,, implies

¢n<2) < inf Ezf efoﬁ'o[cn(ft,f(t,&))—/)n]dtwn(gno)] S%(Z) (320)

 felnd,
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On the other hand, take f* € F' be a minimizing stationary policy in (3.8), that

is,

Puthn (i) = c(i, f (6) + > vn(h)a(ili, fi(i)) Vi€ES. (3.21)

JES

Using Lemma 3.2(b) and (3.21), as the proof of (3.20) (by the Fatou’s lemma

again) we have

bnli) > Bl [eld® (entefite)—pn)at]

This inequality as well as (3.20) gives (c). O

Remark 3.5. In order to establish the existence of ko(m, ) for (3.10) to hold, the
existence of ¢'(t,) of the function ¢(¢,7) at each t > 0 is required. Otherwise,
such ko(m,7) can not be guaranteed. For example, for some given i € S and

n > 1, suppose that

2—2, tel[l,?2),
Gult, i) = (3.22)
4-2t, tel2,4].

Take m = 1. Then, 2222=Enl) — () £ o/ (ky(1,4),4) for any ko(1,7) € [1,2).
Theorem 3.4. Under Conditions 3.1, 3.2 and 3.3, the followings hold.

(a) There exists a solution (p*,¢*) in [0, L(io)] X By, (S) to the following RS-AOF

(i) =1, p*Y*(i) = inf {c i,a)Y*(i) + Z@/J q(jli,a)} Vie(®.23)

acA(i
@) JES

(b) p* <inf.en J(i,m) for all i € S.
(c) There exists some policy f* € F such that
(cr) P 9(i) = (o, [ ()7 () + 2yes ¥ ()a(ile, f7(2) VieS;
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(02) w*@) _ inffeﬂgl Ei €f0 (&) —p*)d ] — Ezf* |:6f0Ti0(C(ft,f*(ft))_P*)dt]

Proof. (a)-(b): Take (pn, ) as in Theorem 3.3. Then, since p, € [0, L(i)]

for all n > 4p, there exist a subsequence {n;} of {n,n > iy} and a constant
p* € [0, L(ip)] such that p* = lim,, oo pn,, and p* < inf ey J(i,7) (by Theorem
3.3(b)). Furthermore, since 1, € By, (S) and (i) = 1 for all n > iy and S is
denumerable, the diagonalization argument ensures the existence of a subsequence

{ns} of {n1} and a function ¢* € By, (S) satisfying

pt = lm p,,, (i) = liLn U, (1) Vi€ S, ¥ (i) =

ng—00

Then, replacing n in (3.15) and (3.17) with ny and letting ny — oo, get

“*(i) = inf {c(i,a)y*(i) + i,a) Vi € S.
U = o 6.0+ 3 Gl

Thus, we completes the proof of (a) and (b).

(c). For any given f € I1% since ¢,, < ¢ and p,, > 0, Theorem 3.3(c) gives

m?

that

U, (1) < B! [elo ™ enster f(t,ft))—png)dt] < Ef [efo”o c(st,ﬂt@))dt} <Voli) V> 1.

Thus, using the dominated convergence theorem and letting ny — 0o, we have
V(i) < B |:efoTiO (c@t,f(t@t))—p*)dt] 7

and hence,

V(i) < inf ET [efo S(t€0)= W} Vies. (3.24)

felng,

Taking f asin (3.21). Since f; (i) € A(i) belongs to the compact A(i) (for

each i € S) and S is denumerable, there exists a subsequence {ns} of {ns} and
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f* € F C 1% such that

cli, £(0) = Tim_ e, £7,0), a(lis £0)) = Tim_a(jli, £1,(0)) Vg €8,

n3—o0
Replacing n in (3.21) with ng and then letting n3 — oo, we have
pret (i) = (i, @O (0) + D v (alili, 1) Vi€Es,
j€Ss

which, implies (¢;) and also (by the extended Feymanm-Kac’s formula)
« TAT; " .
¢* (Z) — Ezf |:€fo O (c(&e,f* (&) —p )dt¢* (gT/\TiO):| 7 for T > 0. (325)

Hence, using Fatou’s lemma and noting ¢*(z., ) = ¢*(io) = 1, letting " — oo

we have

w*(z) > Ez‘f* [efono [C(Emf*(ft))—P*}dt)] > inf ET |:6f07—i0(C(guf(t,ft))_P*)dt 7 (326)

- felig,

which, together with (3.24) gives (c2). O

3.3 Existence of risk-sensitive average optimal policies

In this section, we will prove the existence of a risk-sensitive average optimal
stationary policy using the RS-AOE. To do so, besides Conditions 3.1, 3.2 and
3.3, which are assumed to hold throughout this section, we need the following

condition, whose necessity will be illustrated in the example.
Condition 3.4. inf;cg1*(i) > 0, where ¢* is from Theorem 3.4.

Condition 3.4 is new. We will show that, under Condition 3.4 and the con-
ditions in Theorem 3.4, a risk-sensitive average optimal stationary policy exists.
Before proving this, we provide some sufficient conditions for the verification of

Condition 3.4.
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Proposition 3.1. Each one of the following conditions (a)—(c) implies Condition

3.4.

(a) The state space S is finite.

(b) Suppose that inf,ca( q(7, @) > 0 for all i # iy, and there exist a nonnegative

bounded function V5 on S satisfying

ST qli,a)Valj) < —1 YV a € A(i),i # o, Valio) = 0.
J#io

(c) (Stochastic monotonicity condition). For any f € F, c(i, f(i)) is increasing
ini € S;and >0, (i, f(1) < D ispqlili + 1, f(i + 1)) for all i,k € S
with k& # i+ 1; and 79 = 0.

Proof. (a) Take f* and p* as in Theorem 3.4. ¢*(i) = E/° [efon0 (C(fmf*(ft))—P*)dt} -0

for all i € S. Thus, it is obvious that (a) implies Condition 3.4.

(b) Let M := sup,;cg V2(i) < oo (by the condition). Then, as the proof of

Lemma 6.1.5 in [3], we have B/ (r;,) < Vi(i) < M. Therefore, by the Jensen

inequality and ¢ > 0, we have
V) = Bl [efo”o (elée.f* @) =p")it] > o=p"B] (7ig) > =p"M > LMy c g

which also verifies Condition 3.4

(c) Obviously, it suffices to show that 1* is increasing on S. First, for any
nonnegative increasing function v on S and ¢ > 0, by Theorem 7.3.4 and Propo-
sition 7.3.2 in [3], we see that D, P/" (¢, = j) is nondecreasing in i € S (for
every fixed k € S and ¢t > 0), which together with Proposition 7.3.1 in [3], im-
plies that E/ (u(&,)) is increasing in i € S. For any given n > 1 and T > 0, let
ék = 52%:“ k =0,1,...,2" Then, since {&,t > 0} is right continuous, we have
(by the dominated convergence theorem)

¢*(l) :E’f* efofio(C(Et,f*(ﬁt))—p*)dt — lim lim Ezf* eziioI{ék;«éo}[C(ék,f*(ék))—p*]%

T—00 n—00
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. on X (& ¥ (E))— p*] L .
Thus, the rest needs to show that g(i) := E/ {ez’“‘o Tigopleten 7 (60)) = ]QT"] is
increasing in i € S. Fix any n > 1, and let 4(j) := efs\@ (G G)=ram for all
j # 0 and @(0) := 0. Thus, the @(j) is increasing in j € S, and so is B/ [@(&xn)]

in ¢ € S. Moreover,

9(i) = B [Iga(6)] = B |5 a@)EL, | |adn)].

€an_q

Let G'(j) := a(])EJf [@(En)] for j € S. Then, G' is nonnegative and increasing

on S, and

9() = B [M25%(606 (&)

Let G™(j) := u(j)G™(j) for j € Sand m = 1,---,2" — 1. Then, by induction
we see that all G™! are nonnegative and increasing on S, and so is g(i) =

El'[G¥' (&) inieS. O
We now present our main result as follows.
Theorem 3.5. Under Conditions 3.1, 3.2, 3.3, and 3.4, the followings hold.

(a) There exists a solution (p*,4*) in [0, L(ig)] x By} (S) to the RS-AOE:

Yiig) =1, p (i) = inf {c(i,a)¢ (i) + > _ U (j)aljli,a)} Vi€ $.27)

acA(i) =
where By (S) := {¢ € By,(S) : inficg (i) > 0}.

(b) p* =inf e J(i,7) for all i € S.

(c) There exists some policy f* € F such that

(c1) prr(i) :c<i,f*(i))¢*<i>+Zjesw*<j)q(j!z', F1(i)) Vi€S;
(ca) W*(i) = efo (€6, 1" (€0))—p )dt] _ inffenf,in Ei [efo F(tED))—p*)d ] :
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(c3) J(i, f*) = p* = infren J(i,m) for all i € S, which means that f* is

optimal.

Proof. Using the notation and results in Theorem 3.4, we only need to show that
p* > J(i, f*) for all i € S. Indeed, for each i € S, by Lemma 3.2 and Assumption
3.4 that ¥" := inficg 9*(i) > 0, we have

WH(0) = Bl [l €6 @-nitye(g)] > g Bl [l C@r@-e) v s
Therefore,

Iny*(7) > Iny* +1In Bl [efOT C(gt’f*(&)dt] —Tp*, forT >0.
which, implies that

1 * *
p* > limsup T In Elf [efoT olée.f (&)dt] = J(i, f*).

T—00

3.4 A policy iteration algorithm and finite-approximation

We have shown the existence of an optimal stationary policy above. In this
section, we focus on the computational approach for finding optimal stationary
policies.

Under Conditions 3.1-3.3 and 3.4, for each f € F, by taking A(i) := {f(i)}
for all i € S, it follows from Theorem 3.5 that J(i, f) is independent of states
i (i.e., a constant denoted by p’), which together with the function ¢/ (i) :=

E! el (elén s (5f))_”f)dt] < Vo(7)(i € S), solves the following multiplicative Poisson
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equation
pu(i) = ci, FD)) + Y _w(@)alili, (i) Vi €S, with v(io) =1. (3.28)
j€s
To establish the uniqueness of a solution to the Poisson equation (3.28) and the
RS-AOE (3.27), we introduce the following condition.
Condition 3.5. sup,.g ¢/ (i) < oo for each f € F, /(i) := Ef [efon0 (C(&vf@t))*Pf)dt}.

Remark 3.6. Since ¥/ (i) > ¢* for any f € F, Conditions 3.4 and 3.5 together
with Theorem 3.5(c) implies that the ¢* in the solution (p*,¢*) to the RS-AOE
needs to be a bounded, positive function which is uniformly bounded away from
zero. As mentioned in Remark 5.3 in [43], it is unsolved to show the existence of
such a solution. Obviously, Conditions 3.4 and 3.5 are satisfied when S is finite.
For the case of infinitely denumerable states we next give suitable conditions and

examples for the verifications of Conditions 3.4 and 3.5.

Proposition 3.2. Suppose that ¢, := inf,ca )i, ¢(4,@) > 0, and there exist a

nonnegative bounded function V3 on S and a constant § > 0 such that

0 < qe, Valio) =0, and Y q(jli, a)Va(j) < —0Va(i) — 1 Va € A(4), for all i # dq.
J#io

Then, the following assertions hold.

(a) ¥/ (i) > e Elo)swpies Vs() for all § € S and f € F, which implies Conditions

3.4.

(b) If in addition ¢(i,a) < § for all (i,a) € K, then Conditions 3.5 and 3.4 are
satisfied.

Proof. Let M := sup,cg V(7). Then.for any f € F, it follows from the proof of
Lemma 6.1.5 in [3] that

B/ (i) < V(i) < M and B/ [¢70] <3Vy(i) +1 <14 6M < oo, forall i € S.
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Thus, by ¥/ (i) = Ef [efo F&)=pl)d ] > e—P Bl (7ig) > e LM we see that

(a) is true. Obviously, (b) follows from that /(i) < E [efo cleef &t <
Ef [65%] <1+6M. O

We next prove the uniqueness of a solution to (3.28) or (3.27).

Proposition 3.3. Under Conditions 3.1, 3.2, 3.3, 3.4 and 3.5, the followings
hold.

(a) The solution (p*,1*) to the RS-AOE (3.27) is unique in [0, L(ig)] x B; (S).

(b) For each f € F, the solution (p/,%7) to the multiplicative Poisson equation
(3.28) is unique in [0, L(ig)] x By (S).

Proof. (a) In Theorem 3.5, we have shown that (p*, ¢*) is a solution in [0, L(ig)] x
By (S) to the RS-AOE (3.27) and (p*,¢*) = (p/",9/") for some f* € F. Under
Condition 3.5, it is obvious that ¥* € B (S). Hence, it remains to show that
such a solution is unique to the RS-AOE (3.27) in [0, L(i0)] x B (S). To do
so, suppose that (p,1) is an arbitrary solution in [0, L(ig)] x B (S) to the RS-
AOE. Since (p,v) € [0, L(ig)] x B (S), using a similar argument as in proving
Theorem 3.3(b,c) and Theorem 3.5(b) yields that p = inf ey J(i,7), and ¢ (i) =
inf e BT elo (C(fim)_”)dt] for all i € S. It then follows that p = p* and (i) =
Y*(i) for all i € S.

(b) The proof is similar to those of part (a) above. O

Basing on the uniqueness of a solution to (3.28), we next provide a policy
iteration algorithm for computing optimal stationary policies.

The policy iteration algorithm:
1. Pick an arbitrary f € F. Let n = 0, and take f,, := f.

2. Policy evaluation (by Proposition 3.3(b)): Compute p/» and 1/ by solving

the following multiplicative Poisson equation

p(i) = c(i, fu (D)0 () + Y w()alilis fa(i) Vi €S, with v(ig) =

JjES
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3. Policy improvement: Obtain a policy f,+1 € F' such that, for each i € S,

i hen B (4) —
for (i) = F(8)  when B (i) =8 (3.29)
a with any a € By, (i) # 0,

where

By, (i) :=={a € A(i)| cli,a)y! (i) + 32 s q(ili, )i/ (5) < pfapf (i)}

if the set By, (i) contains more than one action, then we choose any one of

them to be f,11(7).

4. If fop1 = fu (Le., By, (i) = 0),then stop because f,41 is optimal (by Theo-
rems 3.3 and 3.5(c) above). Otherwise, increase n by 1 and return to step

2.

To establish the convergence of this algorithm, M := {S, A(7), c(i,a), ¢(j|i,a)}
needs to be irreducible, which means that {&;,¢ > 0} is irreducible under each

f € F. Then, we have the following.

Lemma 3.4. Under the conditions in Theorem 3.3, suppose that S and A(i)(i €
S) are finite and M is irreducible. Let {f,} be a sequence obtained by the policy

iteration algorithm, then the following assertions hold.

(a) p/n+1 < pfo for alln > 1.

(b) If f,11 # fn for some n > 0, then plntt < pfnand

plmt — P = clio, fara(io))W (o) + D ™1 (7)a(lios fus (io))
j€ES

—c(lo, fn(io)) ch (o) ZWc" q(jlio, fn(io)).

jES

(c) An optimal policy can be obtained by the algorithm in a finite number of
steps.
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Proof. By Theorem 5.1 in [43] and Proposition 3.3, we see that (a)-(c) are true.
0

In order to get optimal policies for the case of infinite states by finite-approximation,
we construct models M,, := {S,, A,.(i), ¢, (4, a), g.(j]7,a)}(n > 1) with finite s-

tates, where

Sn:=10,...,n}; An(i) == A(i); culi,a) :=c(i,a);and
4
q(jli,a) + 130, a(kli,a) for0<j<n,j#i,0<i<n-—1

an (i, a) = q q(ili, a) for j =i (3.30)

q(jli,a) + % Y okend(kli,a)  fori=mn,0<j <n.
\

for each i € S,, and a € A, (7).

Obviously, the transition rates g,(j|i,a)(n > 1) are also conservative and
stable. Moreover, if the function V; in Condition 3.1 is nondecreasing on S, then
Condition 3.1 holds for each model M,,, which is verifies as follows: For each

n>1,1€8,,a€ A1),

Yo wmlliaVol) = Y lalilisa) Zq kli, a)lVo(5) + a(ili, a) Vo (i)

jes, jeSn i "o
" L1
= D _alla)V%() + = > aklia)l Y Valj
JESH k>n JESH,jFl
< Y qlili.a)Voli) + > alkli,a)Vo(k
j<n k>n
< =0(4)Vo (i) + bolfigy (by Condition 3.1). (3.31)

Thus, in summary, we have the fact below.

Theorem 3.6. Under Conditions 3.1, 3.2 and 3.3, if the functions V4 and V; are

nondecreasing on S, then the following assertions hold for each M,,(n > 1).

(a) The solution (pf, ) to the RS-AOE (3.32) for M,, is unique in [0, L(ig)] X
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B (S):

prpx(i) = aelgf {cn(i,a)¥ —i—JGZS V(N gn(jli,a)} VieS,,

Ur(ig) = 1, pr < Lo(io), ¥5(i) < Vp(i),for all i € S,, and n > 1.

(b) There exists a f € F achieving the minimum in (3.32). Moreover, a policy
fin F is optimal for M,, if and only if f(7) achieves the minimum in (3.32)

foralli e S,,.

(c) If, in addition, M is irreducible and A(7) is finite for each ¢ € S, then an
optimal stationary policy f;; for M,, can be obtained by the policy iteration

algorithm in a finite number of steps.

Proof. (a)and (b). Since S,, are finite, it follows from (3.31) that the Conditions
3.1,3.2, 3.3, 3.4 and 3.5 are satisfied for each M,,. Thus, (a) follows from Theorem
3.5 and Proposition 3.3(a) as well as (3.31), (b) from Proposition 3.3.

(c) First, we show that M,, is also irreducible for each n > 1. Indeed, given
any stationary policy f, € F for model M,, and 7,5 € S,,7 # j, we extend
fn to f € F by letting f(i) := f.(i) for all ¢ € S,, and f(i) := a; for any
i & S,, where a; € A(i) is any fixed action. Then, since M is irreducible, there
exists K > 0 states iy € S\ {j}(k =0,... K, with iy = i,ix1 = j) such that
q(igs1)ig, f(ix)) > 0 for all k = 0,..., K. For the K + 2 states iy, if i, € S,
for all £ = 0,--- , K + 1, then q(igs1|ix, fn(ix)) > 0 for all k = 0,--- | K + 1,
which implies that i can reach j under f,,. Otherwise, let £* := min{k : iy & S, }.
Since ig, i1 € S,, we have 1 < k* < K and i3y ¢ S,. Then we have
{ig, ... ig~—1} C Sy, but ig+ € S,,. Thus, by the definition of the transition rates
qn(-|-,-) in (3.30) and ix«—1 # j € S,,, we have

i1, Sl 1)) = a1, fGie 1)) 2 i

Z.k:"—la f(Zk’*—l)> > 07

which, together with q(igy1|ig, f(ix)) > 0 for k = 0,...,k* — 1, implies that ¢
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can reach to j under f, for the model M,,. Thus, M,, is irreducible, and so (c)

follows from Lemma 3.4. OJ

Since the sets A(i) are compact, and so is F'. Thus, any sequence {f} in

Theorem 3.6(c) has a limit policy (say f*) in F', that is, there is a subsequence
{fn 3 of {f} such that limy . f;; (i) = f*(i) for each i € S.

Theorem 3.7. (Finite-approximation.) Suppose that Conditions 3.1, 3.2 and
3.3 are satisfied, and the 1} is nondecreasing on S. Then, the followings hold.

(a) A sequence {f:} of optimal stationary policies f; exists for M,,, and it has
a limit policy f* such that

po() = i, fr(0)(0) + ) aili, [ ()d()

jes
= f ) . .
aelg {c(i,a) +§ q(jli,a)(5)} VieS. (3.33)
J

for some function 1& on S such that @/A) < V.

(b) If, in addition, the condition in Proposition 3.2 holds with a nondecreasing
Vs on S and a constant 6 > ¢(i,a) on K, then the policy f* in (a) is optimal
for the model M.

Proof. (a) Suppose that f*(i) = limy_ e [ (@) for all i € S. Then, by Theorem
3.5, we have 0 < py, < Lo(ig) and ¢, (i) < Vo(i) for all & > 1. Thus, the
diagonalization arguments ensure the existence of a subsequence {ng,,l > 1} of
{np,n > 1} and (p, ) € [0, Lo(io)] x By, (S) such that (i) = 1 and:

lim fr, () = f*(0), lim p, =5, lim oy, () = 9(0) S Vo(i)) VieS  (3.34)

l—o00

For given i € S, there exists n such that ¢ € S,, for n > n. Then, Theorem
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3.6(a,b) gives VI >n

Prg Uy = ey s fry (D)0, (D) + Y 00, ()awy, (i, £, (0) (3.35)

Jes”kl
— aégf {an (i,a) )+ Z ¢nkl anl( li,a)} (3.36)
JESn
< ey, (i @), (i) + Zz/znk Nny, (liva) ¥ a € AG).
JESn

On the other hand, since ¢} < V; for all n > 1, by (3.30), we have

> () an (il £(6)) (3.37)
JESK

= 3 Ul )+ S ekl 6) YD wi)

JESH k>n 0<j<n,j#1

which, together with the monotonicity of Vfj and the following

OS%Zq(kﬂi,fﬂ*(i)) S w0) < S alkli, £20)Volk) = 0 as 1 — o,

k>n 0<5<n,j#1 k>n

implies that

Tim [’Z U (Dan (i, £ Z )a(ili, £ (1)) (3.38)
€s
Thus, by (3.34)-(3.38), we get (3.33).
(b) As the proof of (3.31), we have

0 < qu(i,a),and > g, (jli, a)Vs(j) < —0V3(i)—1Va € A(i), for every i # ig,n > 1,
J#io

which, together with the proofs of Proposition 3.2 and Theorem 3.5(c), gives

“L0)M < ypx(4) < 1+ 0M, where M = sup,eg Va(i) < 0o, and so e )M <

U*(j) <14 0M for all i € S. Hence, by (3.33) and Theorem 3.5, we see that (b)

is also true. O
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3.5 Examples

In this section, we will give two examples, which are used to verify the conditions
in this paper and show the difference between the conditions here and those in

the previous literature for the risk-sensitive average CTMDPs.

Example 3.2. (Controlled population processes.) In a population process, our
aim is to minimize the cost of the system caused by birth & death rate and each
individual. We regard the population size at any time as the state variable, and
suppose that the birth and death parameters can be controlled by a decision
maker and denoted by A;(a;) and p;(ag) respectively, which may depend on the
system’s state ¢ and decision variables (a;, as) taken by the decision maker. When
the state of the process is at i € S := {0,1,...,}, the decision maker takes
an action a := (aj,as) from a given set A(i), which may increase or decrease
the parameters A;(a;) and p;(az). On the other hand, because of some possible
catastrophe, it is suitable to suppose that a transition from 7 to 0 may happen
at rate ((i) for all i > 1. Choosing any action a = (a1, as) at state i results in
some cost denoted by ¢(i,a). Moreover, the decision maker wishes to minimize

the associated risk-sensitive average cost.

We now formulate the controlled population processes as CTMDPs. Obvious-
ly, the state space S = {0,1,...} is denumerable; the corresponding transition
rates q(j|i,a) are as follows. When there is no population in the system (i.e.,
i = 0), any control of death is unnecessary, and so we set Ay(0) := {0}. Thus,

we have

q(1]0,a) = —q(0]0,a) := Xo(a1),  for a = (a1, as) € A1(0) x Ay(0),

where a; denote immigration rates varying in A;(0) := [0, ay] for some constant
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a; > 0. Moreover, for each i > 1,a = (a1, a2) € A;(i) X As(i), we have

/

Ai(a1) if j =141,
—Ai(ay) — pilay) — B()  if j =1,
dliay = 4 1 ifj=i-liz2 o0
p(az) + B(1) if j=0,i=1,
B(i) if j=0,i>2
0 otherwise.

\

We aim to find conditions imposed on ¢(j|i, a) in (3.39) and ¢(4, a), which can
ensure the existence of an optimal policy, and thus consider the following sets of
hypotheses H; and Hy with given positive constants p and A\. A characterization
of these hypotheses is that their conditions are imposed on the elements of the

model and thus can be verified.
H; (On controlled birth and death processes with catastrophes [3, p.292]):

a) A(i) == [-X\ A x [—p, ] for all i > 1 and g > max{\, 3 };

Ni(ay) == Xi+ay for all i > 0, and p;(as) =: p(i+2)%+ay, for all i > 1;
B == inf;1 (i) > 0;

d) 0 < c(i,a) < Inyi+2 foralli > 0 and a € A(i), and c(i,a) is

continuous in a € A(i) for each fixed i € S.

Remark 3.7. The transition and cost rates in the condition H; can be unbound-
ed. However, H; needs the catastrophe hypothesis (i.e., inf;>; 5(i) > 0), which
is for the usage of Proposition 3.1(b). To remove the catastrophe hypothesis,

we need some price of the stochastic monotonicity, and thus modify H; as the

following Hs, which is for the verification of the conditions in Proposition 3.1(c).
Hy (On controlled birth and death processes without any catastrophe [3, p.292]):

(a) A1(0) = [0,1q], A(i) = [=M\A] X [, p] for all @ > 1, where p >

max{A\, %},
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(b) Ai(ay) := Xi +ay for i > 0, and p;(as) =: pu(i + 2)% + as, for all ¢ > 1;
(¢) B(i) =0 for all i > 1;

(d) 0 < ¢(i,a) < Invi+ 2 for all (i,a) € K, and ¢(i,a) is continuous in
a € A(i) for each fixed i € S;
(e) infaea(itryc(i + 1,a") > c(i,a) for all (i,a) € K, which implies that

c(i, f(i)) is increasing in @ € S for any given f € F.

Proposition 3.4. Under one of H; and Hs, conditions 3.1, 3.2, 3.3 and 3.4 are

satisfied. Thus, an optimal stationary policy exists for Example 3.2.

Proof. (a) Under Hy, in order to verify the assumptions, let 7o := 0, and

Vo(i) := (i42)%,6(1) := InVi + 2, Vi(i) == (i+2)*, Va(i) := Bi fori # 0,V5(0) := 0.

*

Then, using the condition in Hy, a directive calculation gives, for all ¢ > 1 and

(al, CLQ) € A(Z),

> q(jl0,a)Vo(j) = 4ar < —6(0)Vp(0) + 8y + 4by, (3.40)
js

g;q(jli,a)vo(j) < —g(z’ +2)Vo(i) < —6(i)Vo(d); (3.41)
gq(j i, a)V2(j) < 1920\ + p)(i +2)° = 1920\ + p)VE(i);  (3.42)
> atitia) = L (3.43)

Thus, since ¢*(i) < (A + p)(i + 2)* < (A + u)Vo(i), Condition 3.1 follows from
(3.40)-(3.41). From the descriptions of the example and H;, we see that Condition
3.3 is satisfied, and (3.42) implies Condition 3.2. Thus, the rests need to verify
Condition 3.4. Indeed, since inf,ea() ¢(4,a) = infaea (N + a1 + p(i +2)? + ax +
B(i)) > 3u > 0 (by Hy) for each i # 0, by (3.43) and Proposition 3.1(b), we know
Condition 3.4 is satisfied.
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Under Hs, as the arguments for H;, we see that Conditions 3.1-3.2 are all
satisfied. Moreover, since the birth and death processes without any catastrophe
(by Ha(c)) are stochastic monotone and the Hy(e) implies that ¢(i, f(i)) is nonde-
creasing in i € S (for any given stationary policy f), Condition 3.4 follows from

Proposition 3.1(c). Thus , Theorem 3.5 gives the desirable result. [

Remark 3.8. Under H; or Hy, take any policy stationary policy f with f(0) =
(0,0) (or f(1) = (—p,—A). Then, we have ¢(0]0, f(0)) = 0 (or ¢(1|1, f(1)) =
0), and so the state “0” (or “1”) is absorbing under the policy f, while the
state process under every stationary policies has been assumed to be ergodic in
[43, 74, 73, 102]. Of course, if the sets A(0) and A(i)(: > 1) are taken to be
compact subsets of (0,b1] and (—A, \) x (—pu, ) respectively, then the M (i.e.,

process {x;,t > 0}) is irreducible under any stationary policy.

To illustrate the calculation of optimal stationary policies for the case of infi-
nite states by the policy iteration algorithm, we consider the following conditions

Hs.

H3 (On (On controlled irreducible birth and death processes with catastrophes
3, p.292))):

(a) A1(0) := [ag, as] for constants a3 > ag > 0, and A (i) := [0, A] x [0, ]
for i > 1;

() Ai(ay) == Xi+aq for all ¢ > 0, p;(az) =: pi + ag, for all ¢ > 1, and
= A;

(¢) B(i) > max{2+3(u+ \) + L,4/In(1 +4) + 2\ — u} for i > 1, with a
constant L > 0;
(d) 0 <c(i,a) <min{L,3(2+4p+ A+ L)} foralli >0 and a € A(i), and

c(i,a) is continuous in a € A (i) for each fixed i € S.

Proposition 3.5. Under H; for Example 3.2, an optimal policy exists and can

be obtained as a limit policy of {f’} of optimal policies f; for the models M,,.
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Proof. Let ig := 0, V(i) := 144,6(i) := T(B(0) +p—2X), Vi(i) := (141)2, V3(i) :==
1%% for all ¢« > 0, and 6 = L. Then, Vy and V3 are nondecreasing on S, and

¢ = infoeagyiz1q(i,a) = X+ p > 5. Moreover, simple calculations give that

c(iya) <6(i) < /InVy(i)(a € A(7)) and

> (il a)Vo(i) < —6(i)Va(i) + 3aslioy(i), forie S,

JjEeS
> q(ili,a)VR(G) = 1+ pai + psi® + pai® + pait < KV (i) + Ka, fori €8,
JES
. . aq . . . .
> a0, a)Va(G) = 5 <as Y q(ili,a)Va(j) < —LVa(i) — 1fori > 1,
Jjes J#0

where the constants pi, ps, ps3, ps, K1, Ko are determined by the given A and pu.
Thus, from the inequalities above and Proposition 3.2 we see that all conditions

in Theorem 3.7(b) are satisfied, and thus the result follows from Theorem 3.7. [

Example 3.3. (The stochastic logistic process with immigration [3, p.307].) This
is a birth and death process with a finite state space S := {0, 1,..., N}, the birth
rate A;(ar) := Xi(1— &) for all i > 1, the death rates p;(as) := pi(1+ %) (for all
i > 0) with parameters as, and immigration rates a; when there is no population,
where A and p are given positive constants. Suppose that the parameters (a;, a)
may be changed in the set {0,1,...,a} x {0,1,..., u}] for some a > 1,u > 1,
and any change of a = (a1, a2) at state i results in some cost c(i,a). We wish to

minimize the associated risk-sensitive average cost.

Obviously, the model of CTMDPs for the stochastic logistic process with
immigration is as follows: S = {0,1,..., N}, A(0) ={0,1,...,a} x {u},A(i) =
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{A\} x{0,1,...,u} for all i > 1, the transition rates ¢(j|i, a)

/

Ni(1— %) ifj=i+1,i>1
—Xi(l— &) —pi(l4+%)  ifj=i>1

Glia) = | pi(1+ %24 if j=i—1,i>1, (3.44)
—a, if j=0,i=0,
a; if j=1,i=0
0 otherwise.

\

Proposition 3.6. If 0 < c(i,a) < 3(p— A+ %) < In2, p > A, and c(i,a)
is continuous in a € A(i) for each i € S, then Example 3.3 has an optimal
stationary policy, which can be obtained by the policy iteration algorithm in a

finite number of iteration steps.

Proof. Let

Vo(d) i= i + 2, Vi(i) := (N +2)(i + 2),5(i) = <u—A+2) VO0<i<AN.

W

Then, we have VZ(i) < V(i) for all 0 <7 < N, and

S a0 aVal) = a1 < —3O(0)+ 3= A+ )+ (3.45)
jE€S
D Ul awl) = —pill+ )+ XL = 1) < =80 Vi (i) (3.46)
S aGli VR0) = (N + 221 + 20)(2 + ) + (1 — ) (4 + 8)]
JES

< (N +2)2Ni(4i + 8) < 4\V2(3). (3.47)

Thus, since ¢*(i) < N(1 + X+ p)? for all 0 < i < N, Condition 3.1 follows
from (3.45)-(3.46). From the descriptions of this example and (3.44), we see that
Condition 3.3 is satisfied, and (3.47) implies Condition 3.2. Moreover, Condition

3.4 follows from Proposition 3.1(a) and the finiteness of the states space. O
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Remark 3.9. In the conditions H; and H, for Example 3.2, the cost and tran-

sition rates are allowed to be unbounded. Moreover, if the ¢(i,a) in Hi(d) is

unbounded (for example, ¢(i, a) \/ In(z+1+ %), then the smallness con-
dition (stronger than the standard boundedness condition) on the costs in [43, 74]

is not satisfied. If taking c¢(i, a) \/In + (;LC-L:J\Hﬁ'l | which satisfied H;(d), then

liminf; o infocaq) c(i,a) = 0. But the near-monotone condition in [73] (i.e.,
liminf; o infoca) (i, a) > infrep J (1, f)) fails to hold; Furthermore, the unifor-
m boundedness hypothesis on the transition rates in [43, 74, 73, 102] fail to hold
for Hy(b).
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4 Risk-sensitive gradual-impulse CTMDP

4.1 Introduction

In this chapter, we consider the gradual-impulse control problem of continuous-
time Markov decision processes, where the system performance is measured by
the expectation of the exponential utility of the total cost. We prove, under
very general conditions on the system primitives, the existence of a deterministic
stationary optimal policy out of a more general class of policies. Policies that we
consider allow multiple simultaneous impulses, randomized selection of impulses
with random effects, relaxed gradual controls, and accumulation of jumps. After
characterizing the value function using the optimality equation, we reduce the
continuous-time gradual-impulse control problem to an equivalent simple discrete-
time Markov decision process, whose action space is the union of the sets of
gradual and impulsive actions.

There is no lack of situations, where an action can affect the state of the con-
trolled process instantaneously. For example, in a Susceptible-Infected-Recovered
(SIR) epidemic model, the controller elaborates the immunization policy, affecting
the transition rate from the susceptibles to the infectives, as well as the isolation
policy, which reduces instantaneously the number of infectives. Let us formulate

another simple example, which contains some features motivating this chapter.

Example 4.1. A rat (or intruder) may invade the kitchen. For each time unit
it remains alive in the “kitchen”, a constant cost of [ > 0 is incurred. The rat
spends an exponentially distributed amount of time with mean % > 0 in the
kitchen, and then goes outside and settles down in another house (and thus never
returns). When the rat is in the kitchen, the housekeeper (defender) can decide
to shoot at it, with a chance of hitting and killing the rat being p € (0,1). If the
rat dodged, it remains in the kitchen. Each bullet costs C' > 0. Assume that the

successive shootings are independent.
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Let us mention some features in the above example. “Shoot” is an impulse.
The location of the rat is the state. The effect of an impulse on the post-impulse
state is random, as the shooting may be dodged. It is costly for each time unit
the rat is present in the kitchen. Suppose the cost of impulse is relatively low.
It can happen that after one impulse, if the rat is still alive and in the kitchen,
then it is reasonable to immediately shoot again. This means, one should allow
multiple impulses at a single time moment in this problem. We will return to this
problem in Example 4.2 below, which demonstrates the situations when applying

only one impulse is insufficient for optimality.

4.2 Model description and problem statement

4.2.1 System primitives of the gradual-impulse control problem

We describe the primitives of the model as follows. Because there are two kind
of spaces here containing both continuous and discrete time cases, we denote all
of the gradual control model notations with index G (the same as our previous
notations for CTMDP, see Chapter 2) and the impulsive control model with index
I. Therefore, the space of gradual controls is A®, and the space of impulsive
controls is A’

If the current state is z € S, and an impulsive control b € A’ is applied,
then the state immediately following this impulse obeys the distribution given
by Q(dy|z,b), which is a stochastic kernel from S x A’ to B(S). Finally, given
the current state € S, the cost rate of applying a gradual control ¢ € AY is

c(z,a) and the cost of applying an impulsive control b € A’ is ¢! (z, b, ), where
¢ and ¢! are [0, 00)-valued measurable functions on S x A“ and S x A’ x S,
respectively.

Throughout the chapter, we assume that both action space A% and A are
compact Borel spaces. It is without loss of generality to assume A® and A’ as

two disjoint compact subsets of a Borel space A, for otherwise, one can consider
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AYx{G} instead of A€ and AT x{I} instead of AT and A = A9x{G} |JAx{I}.

Furthermore, we assume that

sup c%(r,a) < oo, Vr € S. (4.1)
acAC

In what follows, we will not make specific reference to this assumption.

The system dynamics in the concerned gradual-impulse control problem can
be described as follows. In absence of impulses, the system is just a controlled
Markov pure jump process in the state space S, where the (gradual) control,
selected from A, acts on the local characteristics of the process, leading to
natural jumps. This is conveniently described as a marked point process, which
consists of the pairs of subsequent jump moments and the the post-jump states
(marks). The mark space is thus S. We would still describe the system in
the concerned gradual-impulse control problem using a marked point process.
However, when the decision maker is allowed to apply a finite or countably infinite
sequence of impulses from A’ at a single time moment, and each impulse results
in a post-impulse state, there would be a sequence of states in S at a single
time moment. Moreover, the order of the impulses and their resulting states is
also relevant. Therefore, the marked point process we use now is in an enlarged
mark space. More precisely, each mark contains a sequence of impulses applied
at the same time moment, the state before the impulses are applied, and all
the states resulted by these impulses. Each jump moment is either triggered by
an impulse (or a sequence of impulses), or by a natural jump. A mark in this
marked point process is referred to as an intervention. This term is naturally
understandable when the mark consists of impulses. Having said so, we will
also allow that an “intervention” does not contain any impulse or say an empty
sequence of impulses. This appears when the decision maker chooses not to
apply any impulse immediately after a natural jump. In the rest of this section,
following the method of [28], we will elaborate this idea and describe rigorously

the concerned continuous-time gradual-impulse control problem. To this end, we

61



will firstly state the precise definition of an intervention in the next section.

4.2.2 Definition and interpretation of an intervention

At the beginning of an intervention, the decision marker chooses whether to apply
an impulse, and which one to apply. If the current state is x € S, and after an
impulse b € A’ is chosen, the new state say y € S is instantancously realized,
following the distribution Q(dy|z,b). Then based on z,b,y, the decision maker
will choose the next impulse, if any at all, and so on. To be consistent, a cemetery
point A ¢ A’ S is artificially fixed, which is chosen when the decision maker
decides not to apply any more impulse at the current time, and it leads to the
post-impulse state, also denoted as A, which is absorbing, i.e., Q(A|A,A) = 1.
Therefore, an intervention is a sequential decision process. More precisely, an
intervention can be regarded as a trajectory or sample path of the following
DTMDP, which we refer to as the “intervention” DTMDP model, to distinguish

it from several other DTMDP models to appear subsequently.

Definition 4.1. The intervention DTMDP model is specified by the following
tuple {Sa, AL, @}, which are defined in terms of the primitives of the gradual-

impulse control problem given in Subsection 4.2.1.

e The state space is Sa := S|J{A}, where A is a cemetery point not belong-
ing to S or A”.

e The action space is AL := AT J{A}.

e The one-step transition probability from Sx x AL to B(Sa) is Q(dy|z,b),
where we have accepted that Q({A}|z,b) :=1if 2 = A or b= A.

Let the initial distribution in the intervention DTMDP be always concentrated

on S. Then its canonical sample space is

Y = (G Yk> LJs x ATy,
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where for each oo > k >1
Y= (S x AN x (S x {A}) x ({A} x {A})™,

and Yo := (S x {A}) x ({A} x {A})*>. Here, if y € Yy, 0o > k > 0, then there
are k impulses applied in the intervention . Similarly, if y € (S x A’)>, then
there are infinitely many impulses applied in the intervention y. Now we give the

following definition.
Definition 4.2. An intervention is an element of Y.

In other words, Y defined above is the space of all interventions. It will be
the mark space of the marked point process {(7,,Y;)} introduced in the next
subsection.

With the notations introduced above, we now reiterate, more rigorously com-
pared to the one in the beginning of this subsection, the interpretation of an
intervention as follows. Given the current state x € S, if the controller decides
to use A, then it means, no more impulse is used at this moment, and the in-
tervention DTMDP is absorbed at A; if the controller decides to use an impulse
b € A’, then the post-impulse state follows the distribution Q(dy|z,b). At the
next post-impulse state y, if y = A, then the only decision is A; if y # A, then
the controller either decides to use no impulse, leading to the next post-impulse
state A, or to use impulse ¢', leading to the next post-impulse state, which follows
the distribution given by Q(-|y,b"), and so on. In other words, an intervention
consists of a state and a finite or countable sequence of pairs of impulsive actions
and the associated post-impulse states. In particular, no impulse is applied in an
intervention if the intervention belongs to Y, see Figure 1 and its caption for an

example. Let
k=1
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be the set of interventions, where some impulses are applied.

In an intervention, locally, the selection of impulses (including the “pseudo”
impulse A) from A is governed by a strategy in the intervention DTMDP mod-
el. This adverb “locally” is understood in comparison with the definition of a
policy for the gradual-impulse control problem, as given in Definition 4.3 below,
which governs the selection of impulsive controls as well as gradual controls, and
is thus “global”. Let = be the set of (possibly randomized and history-dependent)
strategies o in the intervention DTMDP. The way how a strategy in the inter-
vention DTMDP model is incorporated into a policy in Definition 4.3 below is
through its strategic measure. We recall the definition of a strategic measure in a
DTMDP model in Definition B.1. Let 57(-|x) denote the corresponding strategic
measure of a strategy o of the intervention DTMDP, given the initial state x € S.
By the Ionescu-Tulcea theorem, see e.g., Proposition C.10 in [57], the mapping
r € S — (7(-|z) is measurable. Let PY be the collection of all such stochastic

kernels generated by some strategy o € =, and
P¥(2) = {B(-|x) : 0 € E}
for each state x € S. Let
PY = {B(]) e PY: B(Y'|x) =1, Ve S},
and for each z € S,
PY'(2) = {B(la) : B() € PY, B(Y|e) = 1}.

4.2.3 Construction of the controlled processes

Let us now describe the promised marked point process {(7),,Y,)}>2, for the
system dynamics of the concerned gradual-impulse control problem, where the

mark space is the space of interventions. Then the continuous-time controlled
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process {& }+>o is defined based on the marked point process.

Let

Ya =Y J{A},
Qo =Y x ({0} x Y) x ({oo} x {A},
Q, =Y x ({0} xY) x((0,00) xY)" x ({oo} x {A})>*,Vn=1,2,....

The canonical space 2 is defined as

0= (U Qn> U (Y x ((0,00) x Y)*)

and is endowed with its Borel o-algebra denoted by F. The following generic
notation of a point in 2 will be in use: w = (yo, 01, Y1, 02, Y2, - . .). where we recall
y; is the intervention and 6; is the sojourn time between two interventions. Below,
unless stated otherwise, o € X will be a fixed notation as the initial state of the

gradual-impulse control problem. Then we put
Yo = (xo, AVA,..L), 6, =0. (4.2)

The sequence of {6,,}°2, represents the sojourn times between consecutive inter-
ventions. Here #; = 0 corresponds to that we allow the possibility of applying im-
pulsive control at the initial time moment, c.f. (4.5) below. For eachn = 0,1, ...,

let

b = (Y0, 01, 91,02, Y2, - - - Ony Yn) = (Y0, 0,91, 02,92, - . Ons Yn),

where the second equality holds because 6; = 0, see (4.2). The collection of all

such fragmental histories h,, is denoted by H,,. Let us introduce the coordinate
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mappings:
Yo(w) =yn, Vn>0; O,(w) =10, YVn>1

The sequence {7,,}5°, of [0, cc0]-valued mappings is defined on Q by T, (w) :=
Yo 0i(w) =>"" 0 and Too(w) = limy, o0 Tp(w). Let H, := (Y5, 01, Y7,...,0,,Y,).

Finally, we define the controlled process {&} te0.00)"

Yo(w), ifT, <t<T, forn>1;
A, if T, <t,

i(w) =

It is convenient to introduce the random measure p of the marked point

process {(T,,Y,)}5, on (0,00) X Y:

pldt X dy) = iz, o0y, ) (dt X dy),

n>2

where the dependence on w is not explicitly indicated. Let F; := o{H;} V
o{u((0,s] x B): s<t,Be B(Y)} fort e |0,00).
We use the following notation in next definition. For each y = (z¢,bg, z1...) €

Y

z(y) =

if oo > k =0,1,... is the unique integer such that y € Y, (if £ > 1, then z(y)
is the state after the last impulse in the intervention y); if such an integer k does

not exist, then y € (X x A’)* and
z(y) == A.

That previous equality corresponds to that we kill the process after an infinite

number of impulses was applied at a single time moment. An example of a
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trajectory of the system dynamics in the gradual impulse control problem is

displayed in Figure 1.
Definition 4.3. A policy is a sequence u = {u,, }°°, such that vy € PY and, for
eachn=1,2,...,

Up = <¢n7Hn7F2>F1) >

n

where ®,, is a stochastic kernel on (0, 00] given H,, II,, is a stochastic kernel on
A€ given H,, x (0,00) such that ®,({oo}|h,) = 1 if y, € (S x AH)>® T is a
stochastic kernel on Y given H,, x (0, 00) x S satisfying T'%(:|h,,, t,z) € P¥(z) for
each h, € H,, and z € S and t € (0,00); and T'} is a stochastic kernel on Y given
H,, satisfying T'}(-|h,) € PY (Z(y,)) for each h, € H,. (The above conditions
apply when y,, # A; otherwise, all the values of ®,(:|h,), IL,(-|n, t), TO(-|hn, t,-)

are immaterial and may be put arbitrarily. )

The set of policies is denoted by U.

Let us provide an interpretation of how a policy u acts on the system dynam-
ics. Roughly speaking, an intervention is over as soon as the (possibly empty)
sequence of simultaneous impulses is over. Given that the nth intervention is over,
the kernel ®,, specifies the conditional distribution of the planned time until the
next impulse (or next sequence of impulses). The (conditional) distribution of
the time until the next natural jump (if there were no interventions before it) is
the non-stationary exponential distribution with rate [, ¢z(v,)(a)I,(da|H,,t).
In other words, 11, is the relaxed gradual control. Given the nth intervention is
over, the next intervention is triggered by either the next planned impulse or the
next natural jump; in the former case, the new intervention has the distribution
given by 'l and in the latter case the new intervention has the distribution giv-
en by I'Y. This interpretation will be seen consistent with (4.3) and (4.4) below,
where one can see how a policy u acts on the conditional law of the marked point

process {(T,,, Y,)}52 . See also the caption of Figure 1.
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Figure 1: Ilustration of the system dynamics in the gradual-impulse control problem,
and how the policy acts on the system dynamics. Here X = [0,00). The second co-
ordinate indicates the impulse (including the “pseudo” impulse A) used at that state,
which is recorded in the first coordinate. At the initial time ¢ = 6; = 0, three impulses
are applied in turn. The first jump in the indicated sample path of the marked point
process {(T5,Yy) o2, takes place at ta = 6. It is triggered by a natural jump because
x( # x3. Along the displayed sample path, the system state remains to be xg before the
first jump of the marked point process. The second jump of the marked point process
is triggered by a planned (or say active) impulse, because z{j = z{,. Infinitely many im-
pulses are applied at t3 = t3+603, so that the process is “killed” after the infinitely many
impulses at ts3, i.e., w = (0,0, y1, 02, y2,03,y3,00, A, 00, A,...). Note also that, under
the policy u = {un}22, in Definition 4.3, y; € Y3 is a realization from the distribution
uo(+|z0), Z(y1) = x3; y2 € Yo is a realization from the distribution T'Y(-|hy, 62, x)) as
the jump at to is triggered by a natural jump, Z(y2) = z(; and y3 € (X x AI)OO is a
realization from the distribution T'(-|h2) as the jump at 3 is not triggered by a natural
jump, Z(ys) = A.
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Suppose a policy u = {u, }5°, is fixed. Let us now present the conditional law
of the marked point process {(7,,Y,)}>>, under the policy u, which determines
the underlying probability measure Py on (€, F), where 2y € X is the fixed initial
state of the system dynamic. For brevity, we introduce the following notations

for each n > 1, I' € B(X) and h,, = (0, 01,Y1, - ,0n,yn) € Hy:
NThot) = [ Tan), )T el 1),
t
A (D], ) ::/ (T, 5)ds
0

where and below, we put ga(a) := 0 for each a € A®. Now, for each n > 1, we

introduce the stochastic kernel G¥ on (0, 00| x Y given H,, as follows. For each

hn = (y())elvyla S aenayn) € Hna
Gh({+00} x {AYhy) = 6y, ({A}) + 6, (Y)e Bl F)D, ({400} hy), (4.3)
and

GY(dt x dy|hy) := 6, (Y) {Th(dy|h,)e 22 EhD (dt|h,,)
+/@n([t,oo]|hn)rg(dy|hn,t,x)Ag(dx|hn,t) — A5 (Slhn.t dt} (4.4)
S

on (0,00) xY. For each fixed initial state g € S, by the lonescu-Tulcea theorem,
see e.g., Proposition C.10 in [57], there exists a probability Py on (€2, F) such
that the restriction of Py to (€2, Fy) is given by

P (({yo} % {0} x T x ((0,00] x Ya)™ ﬂsz) = w(Tlm)  (4.5)

for each I' € B(Y); and for each n > 1, under P} , the conditional distribution of
(Yoi1,Ont1) given Fr, := o(H,) is determined by G%(-|H,,) and the conditional
survival function of ©,4; given Fr, under P is given by Gy ([t, +o0] X Y o|Hy,).

The cost associated with an intervention y = (¢, by, x1,b1,...) € Y is given
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[e.9]

Cl(y) ==Y ! (@, bi, Trrn)-

k=0

Here, recall that an intervention consists of the current state, the sequence of
impulses applied in turn at the same time moment and the associated post-
impulse states; and each impulse b applied at state x results in a cost ¢!(x, b, 2)
if it leads to the post-impulse state z. (We accept that ¢!(z, A, A) := 0 for all
x € Sa.) With this notation, we now recall the performance measure considered

in this section:

o0 T’VL -
Cluz) = B S (C O+ fae @ ol o=T)ids)

for each x € S and policy uw € U. Here we recall that T3 = ©; = 0, see (4.2).
To illustrate more explicitly how the policy acts on the impulses, consider the
example of only one intervention and null gradual cost ¢“(z,a) = 0. Then we

may write

By [e0] = / wo(dzo x dby x dzy x dby x .. . |z)eZrzo € @rbrari)
Y
— [ unldylo)ec .
Y
More generally, one can compute E¥ [ecj(y"ﬂ)} =E! [Eg [eCI(Y"+1)|Hn”, where
E? [ecl(y’l“)\Hn} can be written out as a similar integral to the case of n = 0

using the conditional laws (4.3) and (4.4).
Let the value function £* be denoted by

L*(z) := inf L(x,u)

ueU

for each # € S. A policy u* satisfying L(z,u*) = L*(z) for all x € S is called
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optimal for the gradual-impulse control problem:
Minimize over u € U : L(z,u). (4.6)

In this section, we will present conditions on the system primitives that guarantee

the existence of an optimal policy in a simple form as defined as follows.

Definition 4.4. A policy u is called deterministic stationary if there exist some
measurable mappings (p, 1, f) on S, where p(z) € {0,00} for each z € S, ¢
and f are Al-valued and A®-valued, such that ®,({co}|h,) = 1, I, (da|h,,t) =
Oy (da) for all ¢ > 0, and w,(-|z) = IY(|hn,t,2) = 7(-|z) for some de-
terministic stationary strategy = in the intervention DTMDP model defined by
7({A}|zo, bo, 1,01, ..., x,) = I{p(x,) = oo}, and w(db|zg, by, x1,b1,...,2,) =
I{p(2) = 0}y, (D).

In the above definition, T’} was left arbitrary, because, under such a deter-
ministic stationary policy, a new intervention is always triggered by a natural

jump.

4.3 Optimality results

In this section, we present the main optimality results in this paper. In a nutshell,
under quite general conditions on the system primitives of the gradual-impulse
control problem (4.6), we show that it can be solved via problem (B.1) in Ap-
pendix B for a simple DTMDP model, which we refer to as the tilde DTMDP
model. In this way, we show that the gradual-impulse control problem (4.6)
admits a deterministic stationary optimal policy.

In order to formulate the tilde DTMDP model, we impose the following con-

dition.

Condition 4.1. There exists an [1, 00)-valued continuous function w on S such

that ¢ (z,a) + ¢(a) + 1 < w(x) for each (z,a) € S x AC.
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If ¢“ is a continuous function, then the above condition is a consequence
of Condition 4.2 and the Berge theorem, see Proposition 7.32 of [9]. Several
statements below do not need the bounding function w in Condition 4.1 to be
continuous. In this connection, we also mention that a Borel measurable function
w satisfying the inequality in Condition 4.1 always exists, see Lemma 1 of [36]
and recall (4.1).

Recall that A = AT |J A is the disjoint union of A% and A’. We are now in
position to define the tilde DTMDP model in terms of the system primitives of
the gradual-impulse control problem (4.6).

Definition 4.5. The tilde DTMDP model is specified by the following four-tuple
{S,A, Q,ZN}, where S and A are its state and action spaces, and its transition

probability Q on S given S x A and cost function [ are defined by

O(dyle,a) = LY | 5 (@), Tz a,y) = 1n

w(z)

w(z)

w(z) — c%(x,a)
for all a € A“,

Q(dy|z,b) == Q(dylx,b), I(x,b,y) = c'(x,b,y)

for all b € A”.

For the solvability of problem (B.1) for the tilde DTMDP model, we impose

the following compactness-continuity condition.

Condition 4.2. The functions ¢/ and ¢“ are lower semicontinuous on S x A’ x S
and S x AY, respectively; and for each bounded continuous function ¢ on S,
Js 9(»)Q(dy|x,b) and [ g(y)G(dy|z,a) are continuous in (x,b) € S x A’ and
(z,a) € S x AC, respectively. (Recall also that A® and A’ are compact.)

Under Conditions 4.1 and 4.2, one can easily check that the tilde DTMDP
model is semicontinuous, so that the value function W* for problem (B.1) of

the tilde DTMDP model is lower semicontinuous, and there exists an optimal
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deterministic stationary strategy for it, see Proposition B.1(f). We collect these

observations in the next statement for future reference.

Proposition 4.1. Suppose Conditions 4.1 and 4.2 are satisfied. Then the value
function W* of problem (B.1) for the tilde DTMDP model coincides is the minimal

[1, oo]-valued lower semicontinuous function satisfying

V(z) = inf { /S BNV (1) Q(dy|x, a)}, z €S, (4.7)

acA

and the above relation holds with equality being replaced by “>”, too. A pair of
measurable mappings (¢*, f*) from S to A’ and A%, respectively, is a determin-
istic optimal stationary strategy for problem (B.1) of the tilde DTMDP model if

and only if
/ T D () dyle, @) (48)
S
it { / e”“«”avy)w*(y)@(dmx,a)}
S

/ei(w*(w)ay)w*(y)Q(dy|x,@Z)*(x))]{d* c A"}
s

+ /ei(“”f*(“f)’y)W*(y)Q(dy\w,f*(m))f{@* € A"}
S

Such a pair (¢*, f*) of measurable selectors exists.

We introduce the notation to be used in the next statement. Define for each

[1, oo]-valued universally measurable function g on S

s°(0) = { e 81005 g0 =t { [sitdylo.0) - (00) - a0yt }a9)

acAC

S'(g) := {af €S:g(x) = inf {/Sg(y)ecl(”’b’y)Q(dy\%b)}}

beAl

Proposition B.1 in the Appendix asserts that W* is universally measurable

so that the integrals [( W*(y)q(dy|x,a) and [ W™ (y)e @V Q(dy|z, b) are well
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defined.

Theorem 4.1. Suppose Conditions 4.1 and 4.2 are satisfied. Then the following

assertions hold.

(a) The value function W* of problem (B.1) for the tilde DTMDP model coin-
cides with £*.

(b) S\ S'(W*) € S%(W™).

(¢) There is a deterministic stationary optimal policy for the gradual-impulse
control problem (4.6), which can be obtained as follows. For each pair
(*, f*) of measurable mappings satisfying (4.8) (and there exists such a pair
by Proposition 4.1), the following deterministic stationary policy (¢, v, F)

is optimal, where

U(x) = ¢*(x), F(x)(da) = s (da)

for all z € S, and () = oo (respectively, ¢(x) = 0) for all z € S\ ST (W*)
(respectively z € ST(W*)).

The proofs and the other statements in this section are postponed to Section
4.5.

According to Theorem 4.1, roughly speaking, if the current state is in S¢(1W*),
then it is optimal not to apply impulse until the next natural jump; and if the
current state is in S’(WW*), then it is optimal to apply immediately an impulse.

According to Theorem 4.1, (4.7) is the optimality equation for the gradual-
impulse control problem (4.6). It can be written out in an equivalent form that

does not involve the function w, which might be more convenient sometimes.

Corollary 4.1. Suppose Conditions 4.1 and 4.2 are satisfied. Then the following

assertions hold.
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(a)

L* is the minimal [1, oo]-valued lower semicontinuous function on S satis-

fying
int { [ cwitanie ) - (o) - Ce.a)e @ 20, (w10)
VaeS(L) = {reS: Li(x)< oo}

and
L(z) < nf, {/Secl(z’b’y)ﬁ*(y)Q(dyu,b)}, z €S, (4.11)

whereas at each « € S, the inequality in either (4.10) or (4.11) holds with

equality.

A pair (1*, f*) of measurable mappings satisfies (4.8) if and only if

nt { [ Cwitasie.o) - (a.0) - )t @)}

acAC

= /S»C*(y)d(dy\% P (@) = (ga(f* (@) = ¢, f*(@))) £ ()

for each x € S¢(L*), and

iﬁ{éfmmﬁwwuwwﬁ:/¢%> 2 @DDQ(dylw, v* ()

beAl

(According to Theorem 4.1, (¢*, f*) gives rise to a deterministic stationary

optimal policy for the gradual-impulse control problem (4.6).)

Under the conditions of the previous statement, in the first glance, given

L* being an [1, co]-valued lower semicontinuous function on S, it may be not

immediately clear why the claimed measurable selector f* exists because in

/c<ﬂ@m@—@@—ﬁ@mmw»
( | £ witle.o) + oL >) (@@L (@)
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the expressions in the two brackets are both lower semicontinuous in (z,a) €
S x A%, and the difference between two lower semicontinuous functions may be
not lower semicontinuous. This and Lemma 4.5 are the motivation of considering
the tilde DTMDP model.

To end this section, we present a simple example to demonstrate a situation,
where it is natural and necessary to allow multiple impulses at a single time

moment.

Example 4.2. Let us revisit Example 4.1. The model has a state space {1, 2},
where 1 stands for the rat being present in the kitchen, and 2 indicates the rat
either dead or outside the house. The space of gradual controls is a singleton and
will not be indicated explicitly, and the space of impulses is A7 = {0, 1}, with 1
or 0 standing for shooting or not. So the inequalities (4.10) and (4.11) for the

value function £* read:

L) = 1 wl(@) — (= DL(1) 2 0
L£(1) < min{e“pL*(2) + (1 — p)L*(1), £*(1)}.

> >
=

Suppose 1—e“(1—p) > 0. By Theorem 4.1 and Corollary 4.1, if %ﬁ'_p)
0, then £*(1) = ﬁ, and the optimal deterministic stationary policy is to never
shoot at the rat; otherwise, £*(1) = % = E[e“?] with Z following the
geometric distribution with success probability p, and the optimal deterministic
stationary policy is to keep shooting as soon as the rat is in kitchen until the rat

was hit.

The proofs of the statements in this section are based on the investigation of an
optimal control problem for another DTMDP model, which will be referred to as
the hat DTMDP model and introduced in Section 4.4. For this moment, we point
out that the hat DTMDP model is quite different from the tilde DTMDP model:
it is with a more complicated action space, and is not necessarily semicontinuous

under Conditions 4.1 and 4.2, see Examples 4.3 and 4.4.
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4.4 The hat DTMDP model

In this section, we describe a DTMDP problem, which will serve the investigations
of the gradual-impulse control problem. To distinguish it from the intervention
DTMDP model, we shall refer to it as the hat DTMDP model. The system prim-
itives of the DTMDP model are defined in terms of those of the gradual-impulse
control problem. We will reveal, in greater detail, the connections relevant to this
chapter between the hat DTMDP problem and the gradual-impulse control prob-
lem at the end of this section. For a first impression, roughly speaking, the state
process of the hat DTMDP model comes from the system dynamics of the grad-
ual impulse control problem in the following way. The state has two coordinates.
Along the (discrete-time) state process of the hat DTMDP model, the second

coordinates record the system states of the graduate-impulse control problem im-

)
n=1

mediately after a natural jump (of the marked point process {(7,,Y,) ) or
an “actual” impulse (thus the state immediately after the psuedo impulse A will
not be recorded). The first coordinates record the time in the gradual-impulse
control problem elapsed between two consecutive states as recorded in the sec-
ond coordinates. For the sake of illustration, the realization of the state process
in the hat DTMDP model corresponding to the sample path in Figure 1 of the
gradual-impulse control problem is displayed in Figure 2.

The hat DTMDP is with a more complicated action space as compared with
the original gradual-impulse control problem by using the relaxed control space
R on AC.

Below we shall use, without special reference, the following notation. If u is
a measure on a Borel space (S, B(S)), then the notation f(u) := f[q f(z)p(dz) is

in use for each measurable function f on (S, B(S)), provided that the integral is

well defined.
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Figure 2: The realization of the state process in the hat DTMDP model corresponding
to sample path in the gradual-impulse control in Figure 1. The time index is discrete
from {0, 1,...}. The realizations of the components {(Cy,, B,)}>2, in the action process
{An};’lo:() are indicated above the dashed lines between consecutive states. For example,
(0,bo) next to the state (0,x0) indicates that the decision maker applies an impulse by
immediately, which results in the next state (0, z1). All the components xg, z1, ..., x,
zf, o and by, by, bf), b/, by are the same as in Figure 1. The only exception is (c3, b3),
which does not appear in Figure 1. Nevertheless, c3 > 6s, because in Figure 1, the first
jump in the marked point process therein at the time moment 61 + 0o = 6 is triggered
by a natural jump.
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4.4.1 Primitives of the hat DTMDP model

The state space of the hat DTMDP model is S := {(00, 240)} [0, 50) x S, where
(00, T ) is an isolated point, and the action space of the DTMDP is A = [0, 0o] x
A x R. Endowed with the product topology, where [0, 00] is compact in the
standard topology of the extended real-line, A is also a compact Borel space.
Here, S, A and A are the state, impulse and gradual action spaces in the

gradual-impulse control problem.

The transition probability p is defined as follows, where the notation in-
troduced above this subsection is in use, e.g., ¢.(p;) = [ c ¢z(a)pi(da) and
(2, pr) = [y cC(x,a)p(da). For each bounded measurable function g on S
and action a = (¢, b, p) € A,

/S ot y)p(dt x dy|(8,2), 8)
o0 0 t
-~ I{czoo}{moo,xm)e—fo iy [ ] g(t,m(dmm,p»e—foqw“’s“&dt}
0 S
+I{c < o0} {/ /Sguy Y)a(dylz, p)e™Jo 1=t 4 o= J5 ae(pa)ds /S 9(c, y)Q(dylz, b>}
0
C

= / / ot y)(dyl, pr)e™ 5 =085 dt 4 I{e = 00}g(00, og)e™ Ji 12(p)ds

0 S

I{e < oo} Ji axlods /S g(c,4)Q(dyle, b)

for each state (6,x) € [0,00) x S; and

[ ot upptat x gl (,.),) 1= o0,

It is known, see e.g., [19, 42], that for each bounded measurable function g
on S, the above expressions are indeed measurable on S x A, and the same also

concerns the cost function [ on S x A x S defined as follows:
¢
1((6,x),a,(t,y)) = I{(f,z) € [0,00) x S} {/ (z, ps)ds + I{t = cyc! (z, 0, y)}
0

for each (0, ), a, (t,y)) € S x A x S, accepting that ¢! (z,b, 2o) = 0. Recall that
the generic notation @ = (¢, b, p) € A of an action in this hat DTMDP model has
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been in use. The pair (¢, b) is the pair of the planned time until the next impulse
and the next planned impulse, and p is (the rule of) the relaxed control to be used
during the next sojourn time. The realization of the components {(C,,, B,)}5%,
of the action process in the hat DTMDP model corresponding to the sample path
in Figure 1 of the gradual-impulse control problem is displayed in Figure 2.

For the convenience in future reference, we make the following definition.

Definition 4.6. The hat DTMDP model is the following four-tuple {S, A, p, I},
all defined above in terms of the primitives of the gradual-impulse control prob-

lem.

Note that Condition 4.2 does not imply that the hat DTMDP model is semi-
continuous, which is defined in the appendix. In fact, the transition probability p,
in general, does not satisfy the weak continuity condition, even under Condition

4.2. This is demonstrated by the next two examples.

Example 4.3. Suppose ¢,(a) = 0, and A® and A’ are both singletons. Consider
an = (Cn, b, p), where ¢,, — oo and ¢, € [0,00) for each n > 1; and the bounded
continuous function on S: g(t,z) = 1 for each (t,2) € [0,00) x S, and g(00, Too) =
0. Then [5g(t,y)p(dt x dy|(0,z),a,) = [ g(cn,y)Q(dy|z,b) =1 for each n > 1,
whereas [4 g(t,y)p(dt x dy|(6, x), (c0,b, p)) = g(00, Too) = 0 # 1.

Example 4.4. Consider A® = [0,1], A" an arbitrary compact Borel space, S
a finite set (endowed with discrete topology), ¢.(a) = a for each « € S. Then
consider z™ =z € S, b™ = b, ™ = ¢ = 00, and for each t > 0, pgn)(da) =
01 (da), and pi(da) = do(da). Then for each strongly integrable Caratheodory
function ¢g(t, a),

[ attnde= [ ate®at = [ Gote, )~ att.0nat =0

as n — 00, by using the dominated convergence theorem. Thus, p™ — p as

n — oo. Let a, = (¢, p™) and @ = (c,b, p). It follows that ((0,z),a,) —
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((0,x),a) as n — co. Now consider the bounded continuous function on S given
by g(00,25) = 1 and g(t,z) = 0 on [0,00) x S. (Recall that (00, z) is an
isolated point in g) Then we see

lim | g(t,y)p(dt x dy|(8,2),a,) = lim e~ Jo~ @=)ds = Jyy o= J" 7ds =

n—oo S n—oo n—o0

4 e dioa / olt, y)p(dt x dy|(0,2), ).

Remark 4.1. Example 4.4 implies that the assertion of Lemma 5.12 in [108]
(stated without proof) is inaccurate without further conditions (such as ¢,(a) >
d > 0 for some 6 > 0). Similarly, Lemma 4.1(b) in [46] is correct if g,(a) > > 0
for some § > 0. However, the optimality results in [108] all survive without
assuming extra conditions, as a particular consequence of the arguments presented

below in the present chapter.

We use the notation h,, = (6o, o), (co, bo, po), (61,21), (c1,b1,p1) - - - (O, x)) for
the n-history in the hat DTMDP model.
The concerned optimal control problem for the hat DTMDP model reads:

Minimize over o: EJ [ezfzol@”"&"’g”“) =V ((0,x),0) (4.12)

where {$,}°°, and {4, }°°, are the state and action processes, and the minimiza-
tion problem is over all strategies o in the hat DTMDP model. (See the appendix
for the basic notations in a DTMDP.) We denote by V* the value function of this

optimal control problem, i.e.,
V*(0,2) = inf B | (i)

for each # = (A,2) € S, where the infimum is over all strategies. Clearly,

V*(00, %) = 1. It will be seen in Lemma 4.1 below that V* depends on (6, z)
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only through x, and a strategy o is optimal if
V((0,2),0) = V*(x)

for each z € S. Below, when the context is clear, we often consider the restriction
of V* on S but still use the same notation. The definition of an optimal strategy
and other relevant notions of DTMDP are collected in the appendix.

Consider a strategy o = {0,}52, in the hat DTMDP model, where for each
n >0, Un(ddmn) is a stochastic kernel on A given h,,, which specifies the condi-
tional distribution of the next action (¢, b, p) given h,,.

In general, a strategy in the hat DTMDP model can make use of past decision
rules of relaxed controls, and the selection of the next relaxed control, and that
of the next planned impulse time and impulse do not have to be (conditional-
ly) independent. Therefore, a general strategy in the hat DTMDP model does
not immediately correspond to a policy in the continuous-time gradual-impulse
control problem described in the previous section. To relate the continuous-time
gradual-impulse control problem (4.6) and the hat DTMDP problem (4.12), see
Proposition 4.2 below, we introduce the following class of strategies in the hat

DTMDP model.

Definition 4.7. A strategy ¢ in the hat DTMDP model is called typical if un-
der it, given izn, the selection of the next action (c,b) and p are conditionally

independent, and moreover, the selection of p is deterministic, i.e.,

on(de x db x dp|hy) = o}, (de x dblhn)d g, (dp),

~

where F"(h,,) is measurable in its argument and takes values in R, and o/, (dc x

db|h,) is a stochastic kernel on [0, 00] x Al given h,,.

One can always write o/, (dex db|hy) = @n(de|hn)tbn (db|hy, ¢) for some stochas-
tic kernels ¢,, and 1,,. Intuitively, ¢, defines the (conditional) distribution of the
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planned time duration till the next impulse, and v, (db|izn, c) specifies the distri-
bution of the next impulsive action given the history h,, and the next impulse
moment ¢, provided that it takes place before the next natural jump. Therefore,
we identify a typical strategy o = {0, } as {(pn, ¥n, F")}5%,.

For further notational brevity, when the stochastic kernels ,, are identified
with underlying measurable mappings, we will use ¢,, for the measurable map-
pings, and write ¢y, (h,) instead of ¢, (dalh,). The same applies to other stochastic
kernels such as 1,,. The context will exclude any potential confusion.

Finally, in general, we often do not indicate the arguments that do not affect
the values of the concerned mappings. For example, if @n(ﬁn) depends on ho, only

through ,,, then we write ¢, (dalhy,) as o, (dalz,).

4.4.2 Connection between the gradual-impulse control problem and

the hat DTMDP problem

Each policy u as given in Definition 4.3 induces a (typical) strategy {(¢n, ¥n, F™)}52,
in the hat DTMDP model as follows, where we only need consider z,, € S, as
the definition of the strategies at x,, = ., is immaterial, and can be arbitrary.
For each m > 1, and h,,, € H,,, there exists a strategy 77m"m = 7r71:’1”’h’" }>, in
the intervention DTMDP model such that T (dy|h,m) = 57 ™" (dy|(ym)). Sim-

0
ilarly, for each z € S,t > 0, there exists a strategy mlm/mibe = {7 mlmt¥)o0

n=0
in the intervention DTMDP model such that T'% (dy|hm,,t,x) = B’TF?”’hm’t’z(dyu).
Finally, there is a strategy 7% = {(75)}>, in the intervention DTMDP model

satisfying

u(dylz) = 7 (dy|x) (4.13)

for each z € S.

Consider the case of n = 0 and let uo(-|z) = B™o(-|z) for some strategy
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= {mu0}>c . Then we define

@o({0}0,2) = 1—m;°({A}2);
poldelfx) = w8 ({A}r)By(del(x, A, A, )0, (2, A A, ) on (0, 00];
75 (dbla) ﬂg}’((I’A"")’0’(I’A"“))(db|x)
o (dbll,z,c) = %—I{c=0}—|—[{c>0} e —
L—mg" ({A]a) e H e (PN 1Y
Ty (db|x) I (@A, ),0,(2,A, .. ))
= ———F>—1{c=0}+I{c>0}n,* db|x);
e e =0+ e > ) (dbf)
F%0,2)(da) = Ty(da|(z,AA,...),0,(z,AA,...),1t)

where the second equality in the definition of ¥y (db|0, z, ¢) holds because
Tl ((z,A,...),0,(z,A,...
7T01(( ),0,( ))({AHI):O

which follows from the requirement that T'L(-|h,) € PY (Z(y,)) for all n > 1 in

Definition 4.3. Also concerning the definition of vy (db|f, x,c), note that if the

750 (db|z) . :
—1—7r5‘0( Ay A8 an arbitrary stochas

o (dblz)
1—m uD ({A}z)

denominator in 1 — m5°({A}|z) = 0, we put

tic kernel. The reason is that in the expression I {c = 0}, equality

1 — m3°({A}|z) = 0 would indicate that the probability of selecting an instanta-
neous impulse is zero, and so I{c = 0} = 0 almost surely. The same explanation
applies to the definitions of wn(dbﬁzn, ¢) below, and will not be repeated there.
Note that the right hand side does not depend on 6 € [0, 00), because the initial

time moment is always fixed to be 6 = 0.

The intuition behind the above definition of (g, vy, F°) is as follows. Re-
call that, if the initial system state is x € S, then the intervention y; € Y at
the initial time in the gradual-impulse control problem is a realization from the
distribution u(-|z) = 8™ °(+|x), which is the strategic measure of some strategy
70 = {0} in the intervention DTMDP model, see (4.13). Then m;° ({A}|z)
is the probability that no impulse is applied at the initial time 0 (given the
initial system state z) in the gradual-impulse control problem. Consequently,
1 — 7 ({A}|x) is the probability to apply an impulse immediately, i.e., to wait
time 0 until the next impulse, and thus ¢o({0}|0,x). This quantity does not

depend on #, because the initial time is always 0. Then for a measurable subset
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Pl g (07 OO]:

7o ({AH2)P1 (T |(z, A A, .),0, (2, AA L))
= Probability (no impulse at initial time 0 given initial system state x)
x Probability (time to wait until next impulse is in T'y

given no impulse is immediately applied at the initial time with the initial state x),
which is equal to

Probability (No immediate impulse, time duration until the next planned impulse is in T")

= Probability (the time duration until the next planned impulse is in T'),

and thus ¢o(T'|0, z), where the equality follows because I' C (0, 0o]. (Recall that
a planned impulse takes place if no natural jump occurs during the time duration

to wait for it.) Finally, as for 1o(db|0, z, c), if ¢ = 0, and Ty € B(A'), then

Ty’ (I'2lz)  Probability (an immediate impulse from I'; is applied)

1 —m°({A}2) Probability(an immediate impulse is applied)
= Probability (an impulse is applied immediately from Iy

given that an impulse is applied after time duration 0),

which is thus 10(I'2]0, x,0). One can understand y(db|f, z, c) when ¢ > 0 in the
same manner. The very similar intuition guides the definition of (¢y, ¥y, F™)

below.
Now consider n > 1. Let iln = ((90, J?()), (Co, b(), po), (91, .%'1), (01, bl, pl) - (Qn, -Tn))
be the n-history in the hat DTMDP model. If {1 <i <n: 6, >0} = 0, then
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we define

on({0}|hn) := 1 — 7 ({A}|z0, bo, . - ., b1, Tn),

on(dclhy) = 79 ({A} |20, bos - - -, b1, 20)®1 (de|yo, 0, (€1, b1, ..., 20, A, A,...)) on (0, 00];

~ Wuo(db‘llio bo Xr1 b1 IL'n)
dbh — n 9 9 ) ) )
wn( ‘n’C) 1—W%o({A}lwo,bo,{Iil,bh...,{,En)
I'1,(90,0,(20,60,5- s, A ) db
+I{C> O} TrOFl (yoO(iEO b() ey @ A)g |:I:")
L=y O otetn e D (AY )

I{c =0}

ﬂ-zo(dbm(}vb(}’xlvblv"'7xn) I, (40,0,(20,b05- T, A, )
= I{c=0 I 0 PATRATE TR e T db .
1 — 720 ({A}wo, bo, 1, b1, - - ., Tn) {c b+ I{e> }71-0 (dblz,);

F"(hy)t(da) := Ty (dalyo, 0, (xo, boy -« oy Ty Ay AL L), E).

Recall that yo = (xg, A, A, .. .).
If{1<i<n: 6; >0}#0, then let m(h,) = #{1 <i<n: 6; >0}, and

I(h,) = max{l < i< n:6; >0} When the context is clear, we write m and

~ ~

instead of m(h,) and [(h,) for brevity. Let h,, be the m-history in the gradual-
impulse control problem contained in h,,. More precisely, h,, is defined based on

hy, as follows. Let 7o(hy,) = 0, and 7;(h,) == inf{j > 7,_1 : 6; > 0} for each i > 1.

Note that [ = 7,,,. Then hy, = hy(hy) = (Y0,0,91, 07, Y2, - -+, 07,1, Ym), Where

Yo = (.To,A,A,...); Y1 = (.Z'o,bo,l’l,bl,...,ITI_l,A,A,...);
if 0, = ¢ 1, then yo = (X, 1,00 1, Ty bryy ooy Ty 1, AVA L),

if 0, < cpo1, then yo = (27, b7y, 21, AVA L),

if0, =c, . 1,theny, = (x, ,1,..., 2, 1,0 A ...),

if 0, | <cp 1, theny, = (., | ...,x 1, AA ).
For example, if

55 = ((Oa 1'0), (b07 07 /00>7 (07 xl)a (bla 37 pl)a (37 :C2)7 (b27 Oa p2)7 (Oa 1'3), (b37 27 ,03>7 (17 1'4),

(64’ 07 p4)a (07 1’5)),
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then n =5 m =2, 1 =4, 1, = 2, 75 = 4, and hy = (4,0,91,3,92) with
y1 = (zo,bo, x1, A, ...) and yo = (x1, b1, T2, be, 3, A, ...). Roughly speaking, the
integer m(h,) counts the number of interventions (except y,) contained in the
n-history of the hat DTMDP model.

If 0 < 0, = ¢_1, we define

en({0}hn) = 1 =m0 ({A e 1, birs o b, @),
on(deliy) = 7o (LAY 21, ity 3 by, ) B (de ) on (0, 00);

n—Il+1
r h
- T(dblzi—1,b1-1, ... bp_1, T,
Do (|, €) 1= —n= l“( [21-1, b L&) I{c =0}
1_7rn l+1 ({AHxl 17bl 1a"-7bn—17$n)
LY i1 (han 01, (@1— 1,011 50T, A1)

db|z,
+[{C > O} ﬂ-orl (hm 01, (T1—1,b1-15--,Tn, A )g |x )
1 o 7_‘_O'rthl ’ ’ ’ ({A}|ITL>

1-— g lflljln({A}‘xl 15 bl 15--- 7bn—17xn)
m+17(hm’917(xl*1’bl*17"'7xn7A7"'))(db|x )
nj)s

I{c=0}

+1{c > 0}m,
F™(hy)i(da) == T, (da|hy, t).

Finally, if 0 < 6, < ¢;_1, then we define

on({0Hhy) = 1 — mimm 0Tt (AN 2 by by, @),
on(delhy) == O EA 2 by by, 20) B (de] ) on (0, 00);

roY ,hm,elyxl
" m," (db‘xu bi, ... abnflvxn)
U (dblhp, ) = Fcl> o 01,71 Ie=0}
1 —7Tn7_nl’ m ({A}|Il7bla"‘7b”_1’xn)
1 €T EERTY 7o R VA WO
ﬂ_[l;mﬂv(hm’el’( BB, & ))(db’$n>
—{-]{C > O} TL (B 00, (@0,b, s, AL )
1 _7_‘_0m+1’ LA T ({AHZBn)
Wr?,l,hm,ez,xl (db|$l; bh - bnfl, ZCn)

n—l )
= 1{e =0}
L= m S (A o b b )
1 T R, TA N
+[{C > O}ﬂ-gm+17(hm79l7( l7b17 ) A )) (db|$n),

F™(hy)i(da) == L, (da|hy, t).
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To be specific, we call the (typical) strategy o = {(¢n, ¥n, F™)}22, defined
above as the strategy induced by the policy u. The next statement reveals a
connection between a policy u and its induced strategy o for the hat DTMDP

model.

Proposition 4.2. For each policy u and the strategy o = {(pn, ¥n, F™)}52,
induced by u, L(z,u) = V((0,z),0), and therefore, L*(x) > V*(x) for each

T € S.

Proof. One can verify

Eu [6 n L C YA [y [ac € @(Yior),a)Li_y (dal Hi_1,s)ds
x

_ Or, . _ ~
— ]E((TO ) |:€ZZ'—”0 ! CI(XivBi7Xi+1)+Z;"L:2 f() it fAG CG(X‘Fi_l—lva)FT171 1(H7—i_1_1)5(da)ds
s L

for each n > 1. The case of n = 1 can be readily seen (we accept .. _,(-) := 0),
as a consequence of the definitions of the strategy o = {(on, ¥n, F™)}22, induced
by u. The general case follows from an inductive argument. The cumbersome
details are omitted. Passing to the limit as n — oo and an application of the
monotone convergence theorem yield the equality in the statement. The last

assertion holds automatically from the first assertion. O

Remark 4.2. A deterministic stationary policy say u” is associated with a strat-
egy P = (¢,9, F) in the hat DTMDP model, where F(z);(da) = d4(,)(da) for
all t > 0. It is evident that L£(z,u”) = V(z,0P) for each x € S. Thus, if the hat
DTMDP problem (4.12) has an optimal strategy in the form of o = (p, v, F),
then the previous discussions lead to L*(x) = V*(x), and that the determinis-
tic stationary policy u” associated with o is optimal for the gradual-impulse

control problem (4.6).
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4.5 Proof of the main statements

In this section, we prove the results stated in Section 4.3. This is based on the
investigation of problem (4.12) for the hat DTMDP model described in Section
4.4. In this section, unless specified otherwise, V* is understood as the value
function of problem (4.12) for the hat DTMDP model. More exactly, the main

properties concerning V* are summarized in the next statement.

Proposition 4.3. (a) V* is a [1, co]-valued lower semianalytic function on S

satisfying

acAC

VeeS'(V)={zxeS: V(x) < oo}

inf { [V Witk - (@) - cG<x,a>>v*<x>} >0, (4.14)

and

T beAl

V*(z) < inf {/eC“”fv"vy)V*(y)Q(dylx,b)}, x €S, (4.15)
S

whereas at each x € S, the inequality in either (4.14) or (4.15) holds with

equality.

(b) S\ S’ C 8¢, where 8¢ := SY(V*), see (4.9), and S’ := S/(V*). (Lemma
4.1 below asserts that V* is universally measurable so that the integrals

Js V*()q(dy|x,a) and [q V*(y)ecl($’b’y)Q(dy\x, b) are defined.)

Proof. See Lemmas 4.1, 4.3 and 4.4 below. O

Lemma 4.1. The following assertions hold.

(a) The value function V* depends on the state (6, x) only through the second

coordinate x, and thus we write V*(z) instead of V*(6, x). The function V*
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is an [1, oo]-valued lower semianalytic function satisfying

i) = M {/ / V(y)d(dylz, pr)e oo @oisgy - (4.16)
0 S

acA
+I{C = Oo}e_ fOOO qm(ps)dsefooo CG(w,ps)ds

e < oo}em filasto) - apas / V(y)e 0 Q(dyla, b)} ;

s
V(ze) = 1,

and is the minimal [1, co]-valued lower semianalytic function satisfying the

following inequality

Vie) = i“f{/ / V(y)q(dyle, p)e faale=cCEodisgy—(4.17)
acA 0 S

+I{C = OO}G_ fooc qx(ﬂs)dsefooo cC(x,ps)ds

LI < ool filaton—Sap)as / V(e @9 Q(dyl, b)} ;

V() = L ”

(b) For each € > 0, there exists an e-optimal deterministic Markov universal-
ly measurable strategy that depends on the state (6, z) only through the
second coordinate for the hat DTMDP problem (4.12). (The meaning of

universally measurable strategies can be found in Appendix B.)

(c) A deterministic stationary strategy that depends on the state (0,z) only
through x is optimal if and only if it attains the infimum in (4.16) with V*

replacing V', for each x € S.

d) For each z € S, V*(z) = inf, v V(z, 7), where I1V indicates the class of
( c

universally measurable strategies in the hat DTMDP model.

Proof. The fact that the value function V* is the minimal [1, co]-valued lower
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semianalytic function satisfying

#02) 2 M {/ /g(t,y)d(dylx,pt)e‘fff(q%(”s)‘cc(f’ﬂs))“dt
0 JS

acA
+I{C = Oo}e_ fooo qw(ps)dsefooo CG(xaps)dS

+1{c< oo}e_fg(q“(ps)_cc(x’ps))ds/9(07 y)e” TPIQ(dy|x, b)}
s

(00, x5) = 1,

where the inequality can be replaced by equality, follows from Proposition B.1.
The existence of an e-optimal deterministic Markov universally measurable strat-
egy follows from Proposition B.1, too. Furthermore, note that the first coordinate
in the state (0, z) does not affect the cost function or the transition probability,
from which the independence on the first coordinate of the state (0, x) follows,
c.f. [34]. Now assertions (a,b) follow. Finally, the last two assertions follow from

Proposition B.1. 0

Lemma 4.2. The function
€ (0,00 —>/ /e J5 (aa(pa) =S @p))dsy* (4\a(dy |z, py)dr + e~ Jo (@ (pe)=cC (@ pa)dsyr= ()

is increasing, for each x € S and p € R.

Proof. Let 0 <t; <ty < oo and x € S be fixed, and we will verify

t
/26 Jo (gz(ps)—c® (z,ps))d /V*( )d (dy|x7p7)d7_|_6—fotQ(Qx(ps)—cc(mvﬂs))dsv*(x)
0

t
> / — Jo (ga(ps)—cC (z,ps))d /V q(dy|z, p.)dr + e~ f1(qz(ps)—CG(%ps))dsv*(x)’
0

as follows. It is sufficient to consider the case when the left hand side is finite,

for otherwise, the above inequality would hold automatically. Then the goal is to
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show, by subtracting the right hand side from the left hand side,

t
0 < / ® o= I (@ape) =S (@.p2))ds / V*()i(dy|z, p)dr + e~ 5@ =S @pdsys (g
t1 S

—e~ f(fl (Qm(Ps)—CG(I,pS))dSV* (l‘) '

The right hand side of this inequality can be further written as

t2—t1 t T+t
| e e i S [ vyl g i
0 S

e o1 @a(pe)=cO (,p2))ds (e* S (02(ps) < (@p5))ds _ 1) V*(2)

. to—1t1 -
= e Jo' (@) =cC(@pe))ds { / = 15 (@ (potey )= @posey )ds / V*(y)a(dy|z, prir,)dr
0 S

Introduce ps := py, 15 for each s > 0. The target becomes to show
to—11 - B G/~ to—tq ~ G/~
/ e~ Jo (4=(ps)—c (xyps))dS/ V*(y)d(dylz, pr)dr + e~ Jo* Has () =S @mp))ds e (1) >y ().
0 s

To this end, for a fixed € > 0, let us consider a deterministic Markov e-optimal
universally measurable strategy { (%, ¥k, F*")}2° ) coming from Lemma 4.1, and
an associated universally measurable strategy 7V = { (¢, ¥, F™)}%2, defined
by @o(0, ) := () + t2 — tr, Yo(0, ) = Y5 (x), FO(0,7)s = ps if s <ty — 11 and
F0,2)s = F*’O(H,ﬁ)s_(m_tl) if s >ty —t1; and for n > 1, ¢, ((0,x),a, (t,y)) =
Pr1y), Ual(0,2),0,(ty)) = 54 (y), and F((0,2),a, (£, y))s = F*""(y), for

all s > 0. Under the universally measurable strategy 7/Ve®

, only the gradual
control action p is used up to either t, —¢; or the natural jump moment, whichever

takes place first, after when, the e-optimal universally measurable strategy is in
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use, and so

V*(l‘) S V(:E,ﬂ'New)
t2_t1 T ~ G ~
[ e s | () + ogayle. )i
0 S
ta—t1

b e It P = @p)ds (4 (1) 4 o)

to—t
_ / Lo 5 (@ ()~ (@, >ds/v* G(dy|z, pr)dr + e Jo2 @)= @ padsyr )
0

to—t
+e€ </ 2— leif() (qz ﬁs)*c (1‘7ﬁ5))d8 ( )dT+6 fo 7t1 w(Ps)—c G(l‘,ﬁs))d5>7
0

IN

where the first inequality holds because of the last assertion of Lemma 4.1. Since

the expression in the last bracket is nonnegative and finite, and € > 0 was arbitrar-

ily fixed, we see that V*(z) < ft2 " e g (@(Ps)=cC(@.55)) Das [ V*(y)q(dy|z, pr)dT +

to—ty

— (qm(ﬁs)—cG(w,ﬁs))dSV*(a:), as desired. .

Lemma 4.3. Relations (4.14) and (4.15) hold. (Recall from Lemma 4.1 that V*

is universally measurable.)

Proof. Let x € S be fixed. Inequality (4.15) immediately follows from Lemma
4.1, if on the right hand side of (4.16) with V* replacing V', one takes the infimum
over actions @ € A with ¢ = 0. (Recall the notation in use: a = (¢,b,p) € A)
Let us verify (4.14) as follows. Suppose V*(z) < oco. Let a € A® be arbi-
trarily fixed. If [ V*(y)d(dy|z,a) = oo, then trivially, [qV*(y)q(dy|z,a) —
(¢z(a) — “(x,a))V*(z) > 0. Consider the case when [{V*(y)d(dy|z,a) < oo.
Let t > 0 be arbitrarily fixed. Then fo ()= (z,0)) ) sV (y)i(dy|z, a)dr +
e~ (4z(a) =% (@,a)) V*(x) is finite. Upon differentiating it with respect to ¢t and ap-

plying the fundamental theorem of calculus, we see

o~ (te(a)—c% (w,a))t /SV*( )q(dy|z,a) — (q.(a) — CG(JJ,a))e*t(qz(“)*cG(x’“))V*(m) >0,

where the inequality follows from Lemma 4.2. Thus, [ V*(y)¢(dy|z, a) — (g.(a)—
c%(z,a))V*(x) > 0. Since a € A” was arbitrarily fixed, we see that (4.14) holds.
U
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Lemma 4.4. For each = € S, the inequality in either (4.14) or (4.15) holds with

equality.

Proof. Let x € S be fixed. If the equality in (4.15) holds at this point, then
there is nothing to prove. Suppose the strict inequality holds in (4.15). Then
necessarily V*(z) < oo. The objective is to show that, in this case, (4.14) holds
with equality. For the infimum in (4.16) with V* replacing V, it suffices to
consider ¢ > 0, because (4.15) holds with strict inequality at the fixed point
x € S here. Let € > 0 be fixed, and (c¢*, b*, p*) € A be such that

{/ /V* dy‘x i ) fé(qz(pi)*cc(vaﬁ))dsdt+ [{C* = Oo}effoooqz(p:)ds
eJ57 s e < ooye I (aelot) e o) /V*( ) CTDQ(dyl, b*)}
S

There are two cases to be considered: (a) 0 < ¢* < o0; (b) ¢* = 0.

Consider case (a). Then

€+ V*(I) > / /V* dy|x o ) fg(Qw(P:)_CG(x,p:))dsdt

te~ fo gz (p3)—cC (z,03)) /V*( ) c’(a:,b*,y)@<dy|x’ b*)
S

*

inf {/ ¢~ Jo (s (ps)=cC (@.ps))ds /V*( )q(dy|z, py)dt
PER s
+ fo qz(ps)—c (J:,ps))dsv*(w)}

Vv

V(@)

where the second inequality holds because of (4.15), and the last inequality holds

because of Lemma 4.2. Thus, as ¢ > 0 was arbitrarily fixed,

pPER

V*(z) = inf {/ e )3 (@ (p) =< (x.p: >>dé/v* G(dy|z, po)dt + e~ I (@e(pe)=cC @pe)dsyx (o )}(.4.18)
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Let 6 > 0 be fixed. There is some p € R such that

*

/ e 3 Gelp) = po)d / V* (y)i(dyla, po)dt < oo, / (4a(ps) — ¢, py))ds < o0
0 0

(for the infimum in (4.18), it suffices to concentrate on such elements of R as

V*(z) < 00), and

5
Y

/ e~ fcf(qx(pv)*cc(r,ﬂv))dv/ V*()d(dy|z, ps)ds + e~ Jo (@) =c @p))dsyr= 3y _ e ()
0

— / e 1o @z (pv)—c® wp))dv/v* G(dylz, ps)ds
0

*

[ @alon) = o prye B ey )
0

= [ et { [V wtdsie, o) - (o) - cG<x,ps>>V*(x>} s

0

> / e~ foﬁ(%(l’v)*cc(z,ﬂv))dvds inf {/ V*(y)d(dy|:z:,a) _ (Qm(a) _ CG(JS,CL))V*(SC)}
0 S

a€AC

Y

[ emeas e [ v @i - o - v} 2o

a€AC

where the last inequality holds because of (4.14). Since foc* e %5ds > 0 and
d > 0 was arbitrarily fixed, we see that (4.14) holds with equality.

Now consider case (b). Then

e+ V*(z) > inf {/ eff[f(qz(ps)*cc(m,ps))dS/ V*(y)d(dy|z, py)dt + e Jo~ a=(pe)ds[5° Cc(x,ps)dS} )
0 s

pPER

One can apply the proof of Lemma 5.3 of [108] to show that for each ¢ € [0, c0),

t
V*(z) = inf {/ e*]é(qm(ps)fcc"(m-,ps))dS/V*(y)q(dy‘x,pt)dt+€* JJ(qm(ps)cG(r»ps))dSV*(m)}(A.lg)
0 s

PER

To improve the readability, we provide the detailed justification of this fact as
follows. We only need consider when ¢ > 0; the case of t = 0 is trivial. Let § > 0
be arbitrarily fixed. Then there is some p € R such that

o0
Ve 1oz [ e Woame S ste [y )gldyle, po)dr + e I el e
0 S
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Define p € R by ps = piss for each s > 0. Then, for each ¢ > 0,

e+V*(x)+9

t
e [ v ity pr)in
0 s

—|—/ e_foT(Qz(ﬁS)_CG(CC’ﬁS))dS/V*(y)g(dmwnaT)dT
. S

+€_ f(f(qx (ﬁs)—cc(az,ﬁs))dse— j;goo qz (ﬁs)dseftoo CG(l‘,ﬁs)dS

v

t
- / ¢ Jo(aslpe) b / V*(1)d(dylz, pr)dr + e Jo @@ =< @po)de
0 S

< { / o I3 @a(po) =~ ) / V*(y)i(dylz, p.)ds + e o qz@s)dsefowcc@,ﬁs)ds}
0 S
t
/ 67 fOT(qZ(ﬁS)ch(x’ﬁS))ds / V* (y)q(dy‘x7 ﬁT)dT + ei f()t(‘Iz(ﬁv)ch(ﬁ,ﬁv))de* (Q;)
0 S

¢
inf {/ e—foT(qz(ps)—cG(x,ps))ds/V*(y)g(dyyx’pT)dT +e fot(qz(pv)—cc(x,pu))dvv*(x)}
0 s

PER

> Vi(x),

v

v

where the second inequality is by Lemma 4.1(a), which in particular, asserts that
V* satisfies (4.16), and the last inequality is by Lemma 4.2. Since ¢ > 0 and
d > 0 were arbitrarily fixed, the above implies (4.19). Comparing (4.19) with
(4.18), we see that case (b) is reduced to case (a). O

Lemma 4.5. Let w be a measurable [1,00)-valued function satisfying the in-
equality in Condition 4.1, whose existence is guaranteed as mentioned in the
paragraph below Condition 4.1. Consider the transition probability p(dy|z, a) on
B(S) given (z,a) € S x A defined by

q(T'z, a)

Lz, a) = (@)

+0.(dy), VT € B(S), (v,a) €S x A°.

Then a [1, co]-valued lower semianalytic function V* (here the notation V* does
not necessarily mean the value function) satisfies (4.14) and (4.15), and for each

x € S, either (4.14) or (4.15) holds with equality, if and only if this [1, co]-valued
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lower semianalytic function satisfies (4.15), for each x € S

v < it {0 [y ptaieo | (4.20)

and either (4.15) or (4.20) holds with equality, i.e.,

V*(g;)zmin{agc{ _CG 0 /v* (dyle, a } inf {/ V* (y)e @D Q(dyla, b)}}(4 21)

Note that (4.20) automatically holds with equality at x € S\ S*(V*) := {z €
S: V*(z) = oo}. Also note that the function w in the previous lemma does not

need be continuous.

Proof. “Only if” part. Consider a [1, 0o]-valued lower semianalytic function V*

satisfying (4.14) and (4.15), and for each x € S, either (4.14) or (4.15) holds

with equality. For x € S*(V*) = {z € S: V*(x) < oo}, (4.14) implies for each

a € A% that 0 < ¢%(z,a)V*(2) + 4 V*(y)q(dy|z,a) = (c%(z,a) — w(z))V*(z) +
z) J¢ V*(y)p(dy|z, a), and thus

v < it {0 [l

i.e., (4.20) holds. Let x € S*(V*) be a point where (4.14) holds with equality.
Let us verify at this point z € S*(V*), (4.20) also holds with equality. For each
e > 0, there is some a. € A such that € > ¢%(z,a)V*(2) + [ V*(y)q(dy|z, ac)
so that

w(z) — c%(x,a.)
(x,a)V*(2) + [ V*(y)a(dy|z, ac)
w(z) — % (x,ac)

- / B(dyle, a)V*(y)

w(z) — c%(x,ac)

V*(z) + €

v

V*(x) +

v
S

w(z)

T e VR0

v
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and thus V*(z) > inf ¢ {% Js V*(y)p(dy|z, a)} . The opposite direc-
tion of this inequality was seen earlier, and so (4.20) holds with equality at this
point. This completes the “Only if” part. The argument for the “If” part is the

same, and omitted. O

Remark 4.3. Consider the function V* in the previous statement. By inspecting
the above proof we see the following useful fact: a pair of measurable mappings

¢* and f* from S to A and A® satisfy

w()

w(z) = c(z, f*(z))

L wiate. @) = e {2 vl

aEAC

for each = € S, at which (4.20) holds with equality, and

[ e Qe o) = int, { [ ovmeuten}. vaes,
S S

beAl

if and only if

nt, { [ vetitsle. o) - (@@ - v o)}

acAC

::LV@W@@F@%WMNW—f@ﬁ@MW@

for each x € S, at which 0 coincides with the left hand side, and

/Sed(ac’w(x)’y)v*(y)Q(dy|l‘,1/}*(9U)) — inf {\/SGCI(%b’y)V*(y)Q(dmx, b)} , VY reSs.

beAl

Lemma 4.6. Conditions 4.1 and 4.2 are satisfied. Then W*(z) = V*(x) for each

T € S.

Proof. According to Proposition B.1(a,b), the value function W* for the tilde
model is the minimal [1, co]-valued lower semianalytic function satisfying (4.7)
as well as the inequality obtained by replacing the equality in (4.7) by “>”. Let
us verify that W* = V* as follows. According to Lemmas 4.3, 4.4 and 4.5, the

value function V* is a [1, oo]-valued lower semianalytic function satisfying (4.7),
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c.f. (4.21). Therefore, W* < V* pointwise.

For the opposite direction of this inequality, let x € S be fixed. It suffices to
show that W* satisfies (4.17) at the point x. Then, since the point z € S was
arbitrarily fixed, one could apply Lemma 4.1 to obtain V* < W* pointwise.

Recall that, as observed in the beginning of this proof, W* satisfies (4.21).
By Lemma 4.5, it satisfies (4.14) and (4.15), one of which holds with equality at
this point x. If (4.15) holds with equality for W* at x, then

= inf {/W e "’”’b’y)Q(dylsc,b)}
beAI
acA

+I{c—oo}e Jo* 4a (P )ds o ™ € ps)ds

+I{c < cole Jola(ps) = (wps))ds / W*(y)e @9 Q(dylx, b)} ’
s

v

and thus (4.17) is satisfied by W* at z, as required. Now suppose (4.14) holds
with equality for W* at x. It suffices to consider W*(x) < oo, for otherwise, (4.17)
automatically holds for W* at x. According to Remark 4.3 after Lemma 4.5 and

because the tilde model is semicontinuous, there is some a* € A satisfying

/ W (9)ldyle, a*) — (gu(a”) — < (2, a"))W*(2)
— inf { [ watate.o - <qx<a>—ca<w,a>>w*<x>}=o,

acAC

and hence [ W*(y)q(dy|z, a*) = (gz(a*)—c(2, a*))W*(z). This implies ¢, (a*) >

c%(x,a*) as the left hand side of the previous equality is nonnegative and W*(x) >

1, and for the same reason, if c%(z,a*) = ¢.(a*), then c%(z,a*) = ¢.(a*) = 0, in

99



which case,

W*
= / /W* dylx a ) ffot(qz(a*)ch(z,a*))dsdt+ e~ s qz(a*)dsefooo c%(z,a*)ds

inf {/ /W* dy|l' Pt) fg(QI(Ps)*CG(I,pS))det
acA

+1{c=oc}e” J5" as(ps)ds o [ ¢ (w,ps)ds

Y]

)
+1{c < cote” J5 (@z(ps)—c% (w,p5))ds W*(y)ecl(x’b’y)Q(dym, b)} _
S

That is, (4.17) is satisfied by W* at z, as desired. Finally, if ¢“(z,a*) < g.(a*),
then

inf {/ /W* dy|aj pt) fg(qas(ps)*cc(z,ps))dsdt
acA

—l—f{c = 00}6 Jo~ aw(ps)ds o f5* e (z,ps)ds

)
MKWMWWW@WWW%WM}
S

IN

/ /W G(dylz, a*)e Jolwe)=ClaNds g 4 o= J5™ e (07)ds o Jg™ e war)ds

- ety Tom @

as requested. Thus, W* satisfies (4.17). Consequently, W* = V* on S, as re-

quired. [

Proof of Theorem j.1. Part (b) was seen in the proof of Lemma 4.4.

Consider the pair of measurable mappings (¢*, f*) from Proposition 4.1. Re-
call that W* = V* on S by Lemma 4.6. Keeping in mind Remark 4.3, an
inspection of the proof of Lemma 4.6 reveals that the deterministic stationary

strategy (p(x),9*(x),t — 0« (da)) € A in the hat DTMDP model, where ¢ is
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defined in part (c) of this theorem, attains the infimum in

V= mf{/ |V @tdyle. pie B Eericg
0 S

acA
+I{c = 00}6_ I qx(ps)dsefooo cC(x,ps)ds

+1{c < co}e” Jo (@z(ps)—c% (z,ps))ds / V*(y)ecl(m’b’y)Q(dyﬁ, b)}

S

for each x € S. By Lemma 4.1, this deterministic stationary strategy (¢(x), v*(z),t —
dp+(z)(da)) € A is optimal for problem (4.12) for the hat DTMDP model. This
and Remark 4.2 imply that V* = £* on S and part (c¢). By Lemma 4.6, we see
now L£* = W* on S, and thus part (a) holds. O

Proof of Corollary 4.1. This corollary follows at once from Theorem 4.1, Lemma

4.5 and Remark 4.3. ]
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5 Risk-sensitive PDMDP with nonnegative cost
rates

In this chapter we consider a piecewise deterministic Markov decision process
(PDMDP), where the expected exponential utility of total (nonnegative) cost is
to be minimized. The cost rate, transition rate and post-jump distributions are
under control. The state space is Borel, and the transition and cost rates are
locally integrable along the drift. Under natural conditions, we establish the op-
timality equation, justify the value iteration algorithm, and show the existence
of a deterministic stationary optimal policy. Applied to special cases, the ob-
tained results already significantly improve some existing results in the literature
on finite horizon and infinite horizon discounted risk-sensitive continuous-time
Markov decision processes.

Between two consecutive jumps, the state of the process evolves according to
a measurable mapping ¢ from S x [0, 00) to S, see (5.2) below. It is assumed that

foreach z € S
oz, t+ s) = p(p(z,t),s), Vs, t >0; ¢(x,0) = x, (5.1)

and t — ¢(x,t) is continuous.
The marked point process {t,,z,} defines the stochastic process {&,t > 0}
on (Q, F) of interest by

&= Htn <t <tn1}o(@n,t —to) + {te < thas, t >0, (5.2)

n>0

where we accept 0- 2 := 0 and 1 -z := x for each x € S, and below we denote

Seo =S {2}

Definition 5.1. (The risk-sensitive PDMDP criterion)
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For each z € S, and policy m = (m,),

‘/(x7 7r) = E’;r efooo fA C(ftva)ﬁ(daw’t)dt] — E;T |:62$Lo:0 f()977'—~_1 fA C(Cf)(fﬂn,s),a)ﬂn(da\mo,@l,...,mn,s)ds]

A policy 7* is called optimal if for each z € S

V(z,7") = inf V(z,7) = V*(2) (5.3)

mell

Here and below, we put ¢(z,a) := 0 for each a € A, and ¢(2,t) = xo for

each t € [0, 00).

Finally let the cost rate ¢ be a [0, c0)-valued measurable function on S x A.
For simplicity, we do not consider the case of different admissible action spaces

at different states.

Condition 5.1. (a) For each bounded measurable function f on S and each

z eS8, [y f(y)i(dylz,a) is continuous in a € A.

(b) For each z € S, the (nonnegative) function ¢(z, a) is lower semicontinuous

ina € A.
(c) The action space A is a compact Borel space.

Condition 5.2. Foreachz € S, [; Tp(a.5)ds < 00, and [ supgea c(d(2, 5), a)ds <

00, for each t € [0, 00).

The integrals in the above condition are well defined: the integrands are
universally measurable in s € [0, 00); see Chapter 7 of [9].

Roughly speaking, the uncontrolled version of the process evolves as follows:
given the current state, the process evolves deterministically according to the
mapping ¢, up to the next jump, taking place after a random time whose distri-
bution is (nonstationary) exponential, and the dynamics continue in the similar
manner. A detailed book treatment with many examples of this and more general

type of processes, allowing deterministic jumps, can be found in [23].
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The objective of this chapter is to show, under the imposed conditions, the
existence of a deterministic stationary optimal policy, and to establish the corre-
sponding optimality equation satisfied by the value function V*, together with its
value iteration. Evidently, V*(x) > 1 for each z € S. Under the next condition,

it will be seen that for each = € S, V*(¢(z, s)) is absolutely continuous in s.
Condition 5.3. For each z € S, V*(x) < 0.

The above condition is mainly assumed for notational convenience. In fact,
the main optimality results (such as the existence of a deterministic stationary
optimal policy) obtained in this paper can be established without assuming Con-
dition 5.3, at the cost of some additional notations. In a nutshell, one has to
consider the sets S := {z € S : V*(z) < oo} and S\ S separately, and note
that if 2 € S, then o(z,t) € S for each ¢ € [0,00). The reasoning presented
under Condition 5.3 can be followed in an obvious manner. We formulate the

corresponding optimality results in Remarks 5.1 and 5.2 below.

5.1 Main statements

We first present the main optimality results concerning problem (5.3) for the
PDMDP model. Their proofs are postponed to the next section. Here and below,
we assume that ggs)(a) > €(x) > 0. This additional assumption is because
that we can find the examples in Chapter 4 saying that when ¢,(a) = 0, one
of the continuity condition [y f(2)p(dz|(6,z),a) is continuous for each bounded
measurable function f on X does not always hold, see Example 4.3 and Example

4.4.

Theorem 5.1. Suppose Conditions 5.1, 5.2 and 5.3 are satisfied. Then the

following assertions hold.

(a) The value function V* for problem (5.3) is the minimal [1, co)-valued solu-
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tion to the following optimality equation:

~(V(0(e.0) = V()
_ / inf { / V(0)i(dylé(z.7), @) — (qogem (@) — c<¢<m>,a>>v<¢<x,r>>} dr,

acA
t€0,00),z €8.

In particular, V*(¢(z,t)) is absolutely continuous in ¢ for each = € S.

(b) There exists a deterministic stationary optimal policy f, which can be taken

as any measurable mapping from S to A such that

i { [V ity ~ (a0 - o)V (o)

a€A

= /S}V*(y)d(dylw,f(iﬂ)) — (@(f(2)) = c(z, f(2)))V"(2)), Vx €S.

Remark 5.1. By inspecting its proof, one can see the following version of The-
orem 5.1 holds without assuming Condition 5.3. Suppose Conditions 5.1 and 5.2

are satisfied. Then the following assertions hold.

(a) The value function V* for problem (5.3) is the minimal [1, co]-valued solu-

tion to the following optimality equation:

~(V(o(e. 1) = V(a)
_ / inf { / V(5)i(dylo(z, 7), @) — (qoem (@) — (6, 7), a))V ((z, T>>} ar,

a€A

t e [O,w),xeé;

Viz)<oo, z€8; V(z) =00, z€8\S.

In particular, V*(¢(z,t)) is absolutely continuous in ¢ for each z € S.

(b) There exists a deterministic stationary optimal policy f, which can be taken
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as any measurable mapping from S to A such that

nt { [ Vi) - (@0 - o)y (o)}

a€A

- /SV*(y)Q(dy\x,f(x)) — (@ (f(@)) = ez, f@)V (2), Yz €S.

Next, we present the value iteration algorithm for the value function V*.

Theorem 5.2. Suppose Conditions 5.1, 5.2 and 5.3 are satisfied. Let V) (z) =
1 for each € S. For each n > 0, let V"™V be the minimal [1, c0)-valued

measurable solution to

~(V D (g(a, 1)) = VD ()
= A aH€1£ {/S V(n) (y)(j(dy\qb(x, T)7 a) - (Q¢(m,7') (a) - C(QS(I? T)’ a))v(n+1)(¢(z7 T))} dT,
t€[0,00),2 €8S, (5.4)

such that V") (¢(x, 1)) is absolutely continuous in ¢ for each € S. (For
each n > 0, such a solution always exists.) Furthermore, {V(} is a monotone

nondecreasing sequence of measurable functions on S such that for each z € S,
V) (x) +V*(x) as n T oc.

Remark 5.2. Similar to Remark 5.1, we have the following version of Theorem
5.2 without assuming Condition 5.3. Suppose Conditions 5.1, 5.2 are satisfied.
Let VO (z) =1 for each z € S and VO (z) = 0o if 2 € S\ S. For each n > 0, let

V(+1) be the minimal [1, oo]-valued measurable solution to

—(VOHD (g(a, 1)) = VD (@)
= [t { [VOWaaI6te. 7.0 ~ (@) ~ el )V ) L

tel0,0),z €8,

V() < oo, z €S, VO (2) =00, €S\ S.

Here V™) (¢(x, t)) is absolutely continuous in ¢ for each z € S. (For each n > 0,
such a solution always exists.) Furthermore, {V (™} is a monotone nondecreasing

sequence of measurable functions on S such that for each z € S, V™ () 1+ V*(x)
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as n T oo.

We can apply our theorems to a special case of a CTMDP. That is, ¢(z,t) = x
for each x € S. We next give two applications of what we obtained for PDMDP
model, which mainly focus on the transformation between them.

The first application considering the following a-discounted risk-sensitive CT-

MDP problem was considered in [43]:

oo

Minimize over = € II: E7 [efo e Ja C(gt’a)”(d"'“”t)dt] , x €8. (5.5)

Here o > 0 is a fixed constant. In fact, the authors of [43] were restricted
to Markov policies, bounded transition and cost rates, i.e., sup,cg¢q, < 00, and
SUP,eg aea €(7,a) < 00, and a finite state space S. These restrictions were needed
for their investigations, see e.g., Remark 3.6 in [43]. Under the compactness-
continuity condition (Condition 5.1), it was shown in [43] that there exists an
optimal Markov policy for the discounted risk-sensitive CTMDP, and established
the optimality equation. By using the theorems presented earlier in this section,
we can obtain these optimality results for problem (5.5) in a much more general
setup: the state space S is Borel, there is no boundedness requirement on the
transition rate with respect to the state x € S, and the optimality is over the
class of history-dependent policies. Furthermore, we let the CTMDP model be
nonhomogeneous, i.e., the transition rate ¢(dy|t,x,a) now is a signed kernel on
B(S) from (t,z,a) € [0,00) x S x A, satisfying the corresponding version of (1.4);
the notations ¢ is kept as before, with the extra argument ¢ in addition to x.

Similarly, the nonnegative cost rate c is allowed to be a measurable function on

[0,00) X S x A.

Corollary 5.1. Consider the a-discounted risk-sensitive (nonhomogeneous) CT-

MDP problem (5.5) with ¢(&;, a) being replaced by ¢(t, &, a). Suppose

SUp {q(t@)} < oo, Vre€S, sup C(t,l‘,@) < 00,
t€[0,00) t€[0,00),z€S,a€A
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and the corresponding version of Condition 5.1, where x is replaced by (¢, ), is
satisfied by the nonhomogeneous CTMDP model. Then the following assertions
hold.

(a) There exists some [1, 00)-valued measurable solution on [0,00) X S to

—(tV(t, z) = V(0,2))
= /0 inf {/s V(u,y)q(dy|u, z,a) + (e “c(u,x,a) — q(u,m)(a))V(u,x)} du,

a€A
r €8S, tel0,00),

where V (¢, z) and V' (0, ) correspond to the V(¢(t, z)) and V' (x) in PDMDP
respectively and V' is actually the criterion of this application model (5.5).

V (¢, x) is absolutely continuous in t for each = € S.

(b) Let L be the minimal [1, co)-valued measurable solution on [0, 00) X S to the
above equation. Then the value function say L* to the a-discounted risk-
sensitive CTMDP problem (5.5) (with ¢(&;, a) being replaced by c(t, &, a))
is given by L*(x) = L(0,x) for each z € S.

(¢) There exists an optimal deterministsic Markov policy f for the a-discounted
risk-sensitive CTMDP problem (5.5) (with ¢(&, a) being replaced by ¢(t, &, a)).

One can take f as any measurable mapping from [0,00) X S to A such that

g { [ D)yl o) + (el .0) = g (o) L) |

acA
= [SL(U,Q)Q(dy|U7$7f(Ua$)) + (e7™e(u, 2, f(u, 7)) = qrue) (f (u, 2))) L(u, )
for each u € [0,00) and z € S.

Proof. We prove this by reformulating the nonhomogeneous version of the a-
discounted risk-sensitive (nonhomogeneous) CTMDP problem (5.5) in the form of

problem (5.3) for a PDMDP, which we introduce as follows. We use the notation
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“hat” to distinguish this model from the original (nonhomogeneous) CTMDP

model.

e The state space is S = [0, 00) x S.
e The action space is the same as in the CTMDP: A=A,

e the transition rate §(ds x dy|(t,z),a) is defined by
G(ds x dyl(t, x),a) == 4(ds x dy|(t, z),a) — I{(t,x) € ds X dy}qu(a),
where
q(ds x dy|(t,z),a) == I{t € ds}q(dy|t, z,a),

for each (t,z) € S and a € A.

e The drift is given by &((t,),s) := (t + s,2) for each z € S and t,s > 0.

Clearly it satisfies the corresponding version of (5.1).

e The cost rate is given by

¢((t,x),a) == e c(t,z,a), Vt€[0,0), T €S, a € A.

Now the marked point process {fn, Z,} and controlled process ét in this PDMDP
model is connected to those in the original (nonhomogeneous) CTMDP model,
namely (t,,z,) and &, via t, = t, and @, = (t,, x,), and ét = (t,&).

Clearly, Conditions 5.1, 5.2 and 5.3 are satisfied by this PDMDP model. It
remains to apply Theorem 5.1. 0

The condition in the previous corollary is much weaker than in [43], and can be
further weakened; one only needs the reformulated PDMDP to satisfy Conditions
5.1, 5.2 and 5.3. Moreover, the finiteness of the cost rate ¢ was assumed in the

previous corollary only to ensure Condition 5.3 to be satisfied. It can be relaxed
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if one formulates the previous corollary using the statements in Remarks 5.1 and
5.2.

Here comes the second application that one can consider the a-discounted
risk-sensitive nonhomogeneous CTMDP problem on the finite horizon [0, 7] with

T > 0 being a fixed constant:
Minimize over 7 € II: E7 olo €7 [a cltéra)m(dalw,t)di+g(Er) , x €S,

where ¢ is a [0, 00)-valued measurable function; g(x) represents the terminal cost
incurred when &7 = o € S. Let us put g(z) := 0. Here « is a fixed nonnegative
finite constant. A simpler version of this problem was considered in [101] with
a = 0 and a bounded cost rate, where additional restrictions were put on the
growth of the transition rate. We can reformulate this problem into the PDMDP
problem (5.3) just as in the above but we add one more parameter A € {0,1}.

Now the 'prime’ model is as below.
e The state space is S" = [0,00) x S x {0, 1}.
e The action space is the same: A’ = A.
e the transition rate ¢'(ds x dy x dA|(t,z, A), a) is defined by
q'(ds x dy x dA|(t,x,0),a) := do(dA)g(ds x dy|(t,z),a) if t <T

¢'(ds x dy x dA|(t,z,0),a) := 81 (dA)dx(ds x dy) if t > T
q'(ds x dy x dA|(t,z,1),a) := do(dA)d.) (ds x dy)

e The drift is given by ¢'((t,z,A),s) := (t + s,z) for each z € S

e The cost rate is given by

e “c(t,x,a), ift<T;

d((t,z,A),a) =
“tMNg(x)  ift>T.

e
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Actually, we can notice that when ¢t < T, it is the same as the above (A =0
in this case). But when ¢ > T, we have to construct a ”dynamic absorbing”
system between (¢, x,0) and (¢, x, 1) to make sure whenever the state attains one
of them, it will jump to the other state with probability one. It is easy to see this
M’ model also satisfies Conditions 5.1 5.2.

5.2 Proof of the main statements

Lemma 5.1. Suppose Conditions 5.1 and 5.2 are satisfied. Then the following

assertions hold.

(a) The value function V* is the minimal [1, oo]-valued measurable solution to

V*(Z’) — inf {/ 6_foT(Qqﬁ(z,s)(Ps)—C(d’(x,S)vPs))ds (/ V*<y>(j<dy|¢($,7),pf)> dr
0 S

PER
+e~ Io° q¢(z,s)(Ps)ds€fO°° C(¢($75)7Ps)d3} . VzeSs.
(b) The mapping

o0
pER — W(z,p) ;:/ e~ Jo (@p(a.5)(ps)—c(d(x,5),p5))ds (/ V*(y)d(dy|¢(9€,7'),pr)> dr
0 S

+e= o 4oz, (Ps)ds o J5T c(d(w,8),p5)ds

is lower semicontinuous for each z € S.

Proof. One can legitimately consider the following DTMDP (discrete-time Markov
decision process): according to Lemma 2.29 of [19], all the involved mappings are

measurable.

e The state space is X := ((0,00) x S) [J{(00, Z)}. Whenever the topology

is concerned, (00, z) is regarded as an isolated point in X.

e The action space is A :=R.

111



e The transition kernel p on B(X) from X x A, is given for each p € A by

p(I'1 x Isf(0,2),p) = / e Jo B (PIBG(Ty b (x, ), py)dt,
T, € B(S). Ty € B((0.00)). z €S, 0 € (0,00).
p({(00,2:)}(8,2), p) = e I weoledds 1y e S0 € (0, 00);
p({(00, 20) } (00, ), p) == 1.

e The cost function [ is a [0, co]-valued measurable function on X x A x X

given by
(8. 2). p. (1.y)) = / " I{s < Theld(e, ). p)ds, ¥ (6.2, . (r.y)) € X x A x X.

The relevant facts and statements for the DTMDP are included in the Appendix.

One can show that under Conditions 5.1 and 5.2, for each (0,z) € X, a €
A — [ f(2)p(dz|(0,x),a) is continuous for each bounded measurable function
f on X; for each (0,2) € X and (1,y) € X, a € A — I((0,2),p,(,y)) is lower
semicontinuous, and A is a compact Borel space. Hence, Condition B.2 for the
DTMDP model {X, A, p, 1} is satisfied.

The controlled process in the above DTMDP model {X, A, p, [} is denoted by
{Y,,n=0,1,...}, where Y,, = (0,, X,,), and the controlling process is denoted
by {A,,n=0,1,...}. Forn > 1, ©, and X,, correspond to the nth sojourn time
and the post-jump state in the PDMDP, ©, is fictitious, and X, is the initial
state in the PDMDP. Let ¥ be the class of all strategies for the DTMDP model
{X, A, p,1}, and 9, be the class of deterministic Markov strategies in the form
o = (pn) where ¢q((0,2)) does not depend on 6 € (0,00) for each z € S. We
preserve the term of policy for the PDMDP and the term of strategy for the
DTMDP.
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According to Proposition B.1, the function

(0,7) € X = V*((0,2)) := inf E [ezzzozwn,An,ynH)]

oceEY

is the minimal [1, oo]-valued measurable solution to the optimality equation

V*((@,x)) = inf {/ 6_foT(%(x,s)(Ps)—C(Qf)(x,s)aPs))ds (/ V*«T, y))d(dy|¢(96,7'),p7)> dr
0 S

PER
Lo J57 dstes) (p)ds  f5° c(qs(x,s),ps)ds}

for each x € S and 6 € (0, 00); this is just (B.3). Furthermore, by Proposition
B.1, there exists a deterministic stationary strategy o* for the DTMDP such that
c*((0, x)) attains the above infimum for each € S and 6 € (0, 00), and any such

strategy o* verifies
E?@x) e WYy An Y1) | — ing Ef). [eszOZ(Yn,An,YnH) ¥ (0,7) € X.
k) UE Y

Let 6 € (0,00) be arbitrarily fixed. The function V*((0,z)) being measurable in
(0,2) € X, it follows that z € S — V*((6, x)) is measurable. The strategy ¢* and
the constant 6 induce a deterministic Markov strategy o** = (on) € X9, where
wo((0, ) =: 0*((0,z)) for each 0 € (0,00), x € S, and @, ((0,x)) := o*((0, z))
for each n > 1, 8 € (0,00), © € S. (The control on the isolated point (0, z)
is irrelevant and we do not specify the definition of the strategy on that point.)
This strategy can be identified with a policy 7* in the PDMDP. On the other
hand, each policy m = (m,) can be identified with a deterministic strategy in this
DTMDP. Thus,

V(@) 2 V¥((0,2)) = Ef, ) Xm0 0 Yosn)|

_ E((ré*;) [6220:0 l(Yn7An7Yn+1)] _ V(:B,TF*) > V*(l')

for each = € S. Consequently, the policy 7* is optimal, V*(z) = V*((,z)) for

each z € Sand § € (0, 00); recall that 0 was arbitrarily fixed. The statement of
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this lemma now follows. O

The policy 7* in the proof of the previous lemma is actually optimal for
problem (5.3). However, it is not necessarily a deterministic nor stationary policy.
Also the reduction of the risk-sensitive PDMDP problem (5.3) to a risk-sensitive
problem for the DTMDP model {X, A, p,[} as seen in the proof of the above

theorem will be used without special reference in what follows.

Lemma 5.2. Suppose Conditions 5.1, 5.2 and 5.3 are satisfied. For each x € S
and p € R,

t
te[0,00) — / e Jo (Q¢(z,s)(ps)_c((b(a?vs)vps))ds/V*(y)q<dy|¢($’7_)’p7_)d7-
0 S

e Jo@otas) (p)=e(@(@5)pDds x40 1))

is monotone nondecreasing in ¢ € [0, 00).

Proof. Let 0 < t; < ty < oo be arbitrarily fixed. We need show

to
/ e 5 @otase) (pe) =c(9(@:5) p2))ds / V*(y)a(dylo(z,T), pr)dr
0 S

e 0 Wstasy () —elo@ ) pa)ds % (1 1,))

t1
> / 6_f(;r(q‘b(m’s)(ps)_c(¢($’s)’ps))ds/V*(y)(’j(d’y|¢(l‘77'),p7_)d7'
0 S

Lo lot (@ga.0) (pe)=e(Sl@s)p))ds Y% (5 (1 #1). (5.6)

It is without loss of generality to assume

to
/ €*f0 (q¢(z,8)(ps)c(qs(xrs)vps))ds/V*(y)g(dyygé(x’T),pT)dT < 0.
0 S

Then all the four terms in (5.6) are nonnegative and finite, and (5.6) is equivalent
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to

to
/ 6_f[)T(qﬁb(:c,s)(ps)_c(qﬁ(w’s)vps))ds/V*(y)q’(dyhb(x’/]—)’p‘r)d/r
0 S

fo Qqh(m s) P ) C( (m 5)vPs))dSV*(¢($,t2))
ty

_/ e~ Jo @oca.s) () —c(@(x.5).p5 )ds/v*( )a(dylp(z, T), pr)dT
0

e 0 @aa,0) (ps) —c((@,5),p5))ds = (o(z,t1))

ta
= / e Jo (%@vs)(ps)_c(¢(z*s)’ps))ds/SV*(y)cj(dyW(x,T),pT)dT
t1
— oM (@p(a.5) (ps)—c(d(x,5),p5))ds (67fttlz(‘Lﬁ(:ﬁ,s)(ps)fc(d)(m’s)’ps))dsv*(d)(x,tQ))7V*(¢(x7tl)))
to—1t1
= {/ e Jo s stn) (Pery)=e(o(z, 5“1)’35“1))‘“/‘/* )q(dyle(z, ty +7), pry 4 )dT
0

Jre*fttl (@o(2,5) (Ps)—c(d(@;5),ps))ds (¢(z, 1)) — d(x,ty) } Y(qg(x,s) (ps)—c(p(x,5),ps))ds

0, (5.7)

%

which is verified as follows. Let 6 > 0 be arbitrarily fixed. By Lemma 5.1, there

exists some 7 € R such that

V (QS(CC tg + (5 > / /V* dy|¢(x t2 +7-) ) _f(;—(q¢(x,t2+s)(ﬁs)_c(¢($7t2+5)vﬁs))deT

+e fo Q¢(z,t2+s) (Vs)dsefooo c(¢(x7t2+s)v95)ds'

(Recall ¢(z,ty +t) = ¢p(¢p(x,t2),t) for each t > 0.) Consider 7 € R defined by

~ pt1+$7 lf S S t2 - tl)
Vg =
ﬁsf(tgfh) if s > tg — tl.
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Then routine calculations lead to

V*<¢(‘T7 tl))
to—11
/ o I ot 1) 521l 49).70)d ( / V* (y)(dylg(a, i + 7). m) dr
0 S

—i—/ e Jo (o (@ 1y 48) (Fs)—e(d(w,t1+5),05))ds (/ V*(?J)Q(dy‘qﬁ(%tl + 7')7 57)) dr
t S

2—t1

to—t ~ ~ [eS] ~ oo ~
St 2 1(q¢(z7tl+s>(VS)—c(¢(x,t1+s),u5))dse— ftg—tl q¢(%t1+3)(l’s)dseft2—t1 c(p(z,t1+s),0s)ds

IN

to—t1
= / e o @1 9) (Pttr) =c(d(@t1+5) porty ))ds / V*(y)d(dy|p(z, ty + 7), peyir)dT
0 S

te~ o2 (4 (2, t1+5) (Pstt1)—c(P(Tt1+8).p54¢, ))ds

X {/ 6_fOT(q(b(ac,tg-‘rS)(ﬁS)_C(¢(x’t2+3):ﬁS))ds/V*(y)d(dykb(x,tz +7), 0. )dT
0 s

Lo I oyt (B)ds o f5 c<¢<x,t2+s>,ﬁs>ds}

VAN

to—1t1
/ e~ J0 (ot tr-40) (Por) =@l ta+8) psrry ))ds / V*()a(dy|o(z, t1 + 7), prygr)dr
0 S

te~ o2 (4 (2, t1+5) (Pstt1)—c(P(Tt1+8).p54¢, ))ds (V* (gb(x, tg)) + 5)_

Since § > 0 was arbitrarily fixed, now it follows that the term in the parenthesis

in (5.7) is nonnegative, and thus inequality (5.7) is verified. O

Lemma 5.3. Suppose Conditions 5.1, 5.2 and 5.3 are satisfied. For each z € S,
there is some p* € R such that

PER

t
V*(x) — inf {/ e_fOS(q¢<zvv>(Pv)‘c(¢(x’“)’Pv))d”/V*(y)g(dy|gb(gs,s),ps)ds
0 S

e K ataao—eota 00y (40, 0)}

t
= / efdg(%(zvv)('”?)C(‘f’(’f’”)"”z))d”/V*(y)q(dy|¢(x,s),p§)ds
0 s

e S0t (0D —eld e )pNds 7 (41 1)), W £ > 0. (5.8)

Proof. Let x € S be fixed, and let p* € R be such that V*(x) = W (x, p*), see
Lemma 5.1. Suppose t € [0,00) is arbitrarily fixed. Consider p € R defined by
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ps = pi,s for each s > 0. Then

t
Vi) = [ ettt [yt s). )

+ e f()t(q¢(z,s)(p:)fc((b(xvs)vp;))ds X {/OO e fO (q¢(z,t+8)(ﬁS)fc(d)(va“i’t)v[)s))ds
0
/V*( Vq(dy|o(z, T+ t), pr)dT + €~ Jo% Gs(a,t4s) (Ps)ds =[5 ¢ IHS)vﬁs)dS}
S

t
> / e Jo ot (P1)—el9 @) 1)) / V2 (v)d(dyl(x, 5), p)ds
0

_i_e* f(f(‘ﬂj)(z,s)(p;)fc(d)(mvs)vp: dsv*(¢(x7t))7
recall (5.1). On the other hand, by Lemma 5.2,

t
Vi(z) < inf { / e~ Jo (@oe.) (o0) =e(9(0),p)) v / V*(y)a(dylo(z, s), ps)ds
0 S

pPER

+e~ fg(%(m)(Ps)‘c(‘b(w’s)’pS))dsV*(925(% t))} ’

The statement of this lemma is thus proved. O

Lemma 5.4. Suppose Conditions 5.1, 5.2 and 5.3 are satisfied. Then for each

r€S,te€[0,00) = V*(¢(x,1)) is absolutely continuous.

Proof. This immediately follows from Lemma 5.3 and (5.8). O

Proof of Theorem 5.1. (a) Under Conditions 5.1, 5.2 and 5.3, by Lemma 5.4,
for each € S, let t € [0,00) — U*(z,t) be an integrable real-valued function
such that U*(z,t) coincides with the derivative of t € [0, 00) — V(¢(x,t)) almost
everywhere, that is, U*(z,t) £ W Let z € S and t € [0,00) be fixed, and

let p* € R be from Lemma 5.3.
By Lemmas 5.3 and 5.4,

/ = J5 (@(a.0) (P5) —c(d(z,0),07)) /V*( Vildylo(x, s), ptds
0
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and

e Jo (@p(a,s) (p;)_c(¢(z,s),p’s‘))d8‘/* (¢<x7 T))

are absolutely continuous in 7 and are finite for each 7 € [0, 00). Since ¢(z,0) = z,

see (5.1),

o= Jo @0, (P3) —c((,5).p3))ds )+ (¢(z, 1)) — V*(2)

t
= / ¢ Jo Gotasn WD) =e 01PN LU (2, 7) — (g0, (0F) — e, 7), p2)) V7 ($(a, 7)) } .
0

which, together with Lemma 5.3, gives

0 — / o I g (93l 50 / V* (y)i(dylo(x, ), p)ds
+Oe— fé(%@,s)(pz)—6(¢(r78)7p;‘))dsv*(;(x7 t)) — V*(x)
— /t e~ Jo (9p(a,0) (p3)—c(E(,0),05))dv {/SV*(?J)Q(CZZ/W(%T)’P:) + U*(q:,T)
0
—(Go(em) (p3) — c(D(x, 7), pi))V*(B(, 7)) } dr
/ e I ot 02—l (7% (1)
0

v

+ inf V00007 0) = (san(a) = ot 7). )V (67 o

o R R (A T AR I )
~(@ote (F(OL, 7)) = €0, 7). F(0le, DIV (0l,7)) } i, (59)

where f is a measurable mapping from S to A such that

wt { [ v itdsle.o) - (@0 - )V o)}

acA

- /SV*<y>a<dy|x, F(2)) = (aa(p()) = c(@, f(2)V*(2)

for each x € S; the existence of such a mapping is according to a well known

measurable selection theorem, c.f. Proposition D.5 of [57].
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Note that e~ Jo @ow) (po)=c(d(@v).po))dv ig hounded and separated from zero in

7 € [0,t] for each p € R; recall Condition 5.2. So
[ e B 7 1) = (40,1 (0, ) = €l 7). (D, )V (D 7))
is finite. If
t
| [vwiasiote. ). ot mar = .
0 Js

then

/0 6—foT(qu(z,u)(ﬂZ)-C((ﬁ(%WWi))dU {U*(x,T) ‘|‘/SV*(Q)Q(dyW(I,T),f(qb(l‘,T)))
(o) (f(P(2, 7)) = c(b(a, ), f(d(x, 7))V ($(x, 7))} dT = 00

which is against (5.9). Therefore,

/ / V* ()i(dylé(e, 7), F(oz, 7))dr < oo.

Then

/ o 0 () (F(D(,9)) el (,5), £ (9(,5)))) s / V*(y)q(dylo(x, ), f(d(x,T)))dT
0
e 5 (0.0 (B —c(é(@.0) f (@Y (41 1))

is absolutely continuous on [0, ¢]. After legitimately differentiating the above ex-

pression with respect to v, and applying Lemma 5.2, we see

U* (2,0) + / V* ()d(dyl6(z. v), (6l )
(st (02, 0))) — (. v), F(B(, )V (6l 0)) > 0
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for almost all v € [0,¢]. This and (5.9) imply

U*(z,7) + inf {/s V*(y)q(dy|o(x, 7),a) = (qpan(a) — c(qﬁ(x,T),a))V*(gb(x,T))} =0

acA

almost everywhere in 7 € [0,¢]. Remember, t € [0,00) was arbitrarily fixed. The
first part of (a) is thus verified, and we postpone the justification of the second

part of (a) after the proof of part (b).

(b) We use the same notation as in the above. Note that

lim inf {6— fo‘(qm,s)(f(¢(r,8)))70(¢(r,8)’f(¢(x’5))))ds} > oI5 Gote.0 (F@@a))ds 5 e(6(w,9). F(o(x, )5 10)

t—o0

Indeed, if either [° g, (f(B(2,5)))ds or [[° c(d(x,s), f(d(x,s))))ds is finite,
then in the above inequality, the equality takes place; if both fooo Qo(z,5)([(D(2,8)))ds
and fooo c(p(x,s), f(o(x,s))))ds are infinite, then the right hand side of the in-
equality is zero.

In the proof of part (a), it was observed that

t
/ o= 1 o) (.00 =c(6(,0).F ((z.0))dv / VA @)ildylo(z, s), f(6(z, 5)))ds
0

and
e fot(qqﬁ(:c,s) (f(d)(m,s)))—c(¢(m,s),f(¢(r,s))))dsv* (¢(I7 t))

are absolutely continuous in ¢ and are thus finite for each ¢t € [0,00). As in
the proof of part (a), similar calculations to those in (5.9) imply that for each
t € ]0,00),

t
/ o I @) (F(D.0)) —e(@(,0) F (&l ,0)))) v /S V*(0)3(dy| 6z 5), F((x, 5)))ds

0
+effJ(%(w,s)(f(rb(w)))fr:(cb(r,S)7f(¢(xys))))dsv*(¢( t) — V*(x)

t
- / o J7 ot (F(9(@:00) —e(p(@,0), £ (B(.0))) {U* 2,7) /V* d(dylo (7). (0 7))

0

—(q¢($,f)(f(¢(x,7))) - C(qﬁ(l’, T)7 f(¢( z, ))))V*( LL‘7T }dT - 07
where the last equality is by what was established in part (a). Therefore, for

120



each ¢ € [0, 00),

t
V*(x)—/ e_fos(%(zw)(f(¢(””’”)))_C("ﬁ(w’“)7-f(¢(gﬂ7”))))d”/V*(y)cj(dy|¢>(x,s),f(qb(:c,s)))ds
0 S
_ e*f(f(%(m,s)(f(¢(f6,5)))70(¢(z,5),f(¢(r,8))))dsv*(¢(x7t))

> e—fot(qd)(x,s)(f(d)(ﬂ%S)))—C(¢7(ﬂf78),J‘(cﬁ(-’ﬂw@))))fis7

where the inequality holds because V*(x) > 1 for each « € S. Taking liminf, ,,
on the both sides of the previous equality yields:

V*(2) / o= 15 @) (F(8(.0))) (6 (@,0) F(9(w0))))dov / V*(0)i(dy|6(z, 5), F(6(x, 5)))ds
0 S
S o 5 Gt (PO ds 52 c(6(9). F(o(,)))ds

with the inequality following from (5.10). Hence

Viz) > / e*f5(q¢(z‘v)(f(zb(r,v)))*C(tb(z,v)’fw(x’v))))dv/V*(y)q(dy|¢(x75)7f(¢(x75)))ds
0

te S0~ Got o (F(D(@8))ds o J57 e(9(,5), f(9(z5)))ds — W7 (g F7) > V* ().

Here it is clear that s € [0,00) — f(¢(x,s)) can be identified as an element
of R, denoted as f*. In fact, f;‘ = 0{f(s(z,s))} for each s € [0,00), whereas
2 € S — f* € R is measurable. This measurable mapping z € S — f* € R
defines a deterministic stationary optimal strategy for the risk-sensitive DTMDP
problem (B.3) by Proposition B.1. It is clear that the measurable mapping x €
S — f(z) € A defines an optimal deterministic stationary policy for the PDMDP
problem (5.3).

Finally, we show the remaining part of (a). Let H* be a measurable [1,c0)-

valued function on S such that

~(H (90, 0) ~ H' ()
- [ / H)idy16(2. 7),0) = (10 (a) = (ol ), ) (00 7)) f .

te0,00),z €8.
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There exists a measurable mapping h from S to A such that

it { [ #itdsle.0) ~ (0.0 - o))}

acA

/ H* (9)(dyle, h(x)) — (qu(h(x)) — (. h(z)) H'(x), ¥ € ;

c.f., Proposition D.5 of [57]. It follows that [ [ H*(y)q(dy|o(x, 7), h(é(x, T)))dT

is absolutely continuous in s € [0, ¢] for each ¢t > 0. As in the proof of part (b),

t
/ o 13 o) (R((2.0)=c($(,0). 1 (6 (z.0))dv / H*(0)3(dylé(x, ), h((x, 5)))ds
0 S

+€_ fot(qu(x,s)(h(d)(x’s)))_C(¢(x7s))h(¢(zvs))))dsH*(gb(x’ t)) _ H*(.CU) — 07 v t c [07 OO),
and by passing to the lower limit as t — oo,

H(z) > / o S (o, (h(D(,0)) —e((0), (6 (,0))) v / H* (y)d(dy|é(z, s), h(d(z, 5)))ds
0 S
o I G000 ((@(@.5)ds 5 ((,5),h(é(w,9))ds

inf { / e~ Jo (@5(a,s) (ps) —c((,5),ps))ds ( / H*(y)d(dylcb(:c,r),pf)) dr
pER 0 S

o I e () 5 c<¢(xvs>,ps>ds}  VazeS. (5.11)

v

It remains to refer to Proposition B.1 for that H*(x) > V*(x) for each z € S. O

Proof of Theorem 5.2. Let Vj(x) := 1 for each x € S. For each n > 0, one can

legitimately define

Via(z) = inf { e st itao ( [viwa <dy|¢<x,r>,pf>) ar
0

PER

+€ fo dp(x,s) pG dS fo C(d) ZBS) Pe } v T € S (512)

Recall that the DTMDP model {X, A, p, [} satisfies Condition B.2, as noted in the
proof of Lemma 5.1. Then by Proposition B.1, {V,*} is a monotone nondecreasing

sequence of [1, 00)-valued measurable functions on S such that V*(z) T V*(x) as
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n T oo, for each x € S.

Let n > 0 be fixed. As in Lemma 5.3, for each z € S, there is some p* € R

such that

PER

t
V;-i-l( ) = inf {/ ef;(q(ﬁ(z’v)(pv)C(qﬁ(x’v)’pv))dv/V:(y)g(dy’gﬁ(.l’,S),ps)dS
0 S
te~ Jo (a5 (ps) —c((@,5),05) dSV;H((?(I,f))}

t
— / fo(qcb(Tv)(pv C xv pU /V* dyl(b x S) ps)d
0

te Jo @s(a) (03) = c((:9).05) sy (1)), Yt > 0.
Also the relevant version of Lemma 5.2 holds: for each x € S and p € R,

[0 OO — / e fo ¢ (z, g)(ps) o6(@:5).p5)) /V*( ) (dy|¢(x77-)vp7)d7-

e Jo s (po)=eld(@slpe)dsy e (( 1))

is monotone nondecreasing in ¢t € [0,00). Clearly, V¥, ,(¢(x,t)) is absolutely
continuous in ¢ € [0, 00) for each z € S.

Corresponding to (5.9), we now have

t
0
t
0
_<q¢(:p,r) (p;k') - C(QS(J'? 7—)7 pr))vn+l( x, T )} dr
t
/ o I3 ot ()@@ D (17 ()
0

v

T inf { [V @ataniote. 7). = (uar (@) - 60,7 )V 0L ﬂ)}} or

= [ e fu; o+ [Viaaiow.n). fon)
(ot (F (0L, 7)) = 0z, 7), F(6 (2, )V, (8, 7))}
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where 7 € [0,t] = Uy, (x,7) is integrable and coincides with w almost

everywhere, and f is some measurable mapping from S to A, whose existence is
guaranteed by Proposition D.5 of [57]. Continued from the above relation, the
reasoning in the proof of the first assertion in part (a) of Theorem 5.1 can be

followed: eventually we see

Utateer) + inf { [ VE@DI00,7).0) = (s @) = (0,7 0)V (0 7)) | =0

a

almost everywhere in 7 € [0, ], i.e., the equation

—(V(o(z, 1)) = V(z))

= [ it { [ Vewtaniote. ). = (s @) — (o) )V ot b
t €]0,00),z €8, (5.13)

is satisfied by V =V, ,.
Recall that V7 = V(. Suppose the recursive definition in (5.4) is valid up to
step n, and V*(x) = V" (z) for each z € S. Consider an arbitrarily fixed [1, 00)-

valued measurable solution V' to (5.13), and let f* be a measurable mapping from

S to A such that

it { [ Vil - (w0 - eV}
_ / V ()aldylz, 7(2)) — (g (2)) — clz, F@)V(2), Yz € S,

One can follow the reasoning in the last part of the proof of Theorem 5.1, and
see, c.f. (5.11),

Vi(x)

Y

/ e fos(q(b(m,v)(f*(d)(w’v)))*c((b(m’v)’f*(d’(mvv))))dv / Vn* (y)q’(dy|¢(:€’ 5)’ f*(d)(x’ 5)))d5
0 S
de— S0 Gt (F7(d(w,9)))ds o [ e($(x,5), £ (d(w,5))))ds

i { [ e i oe-ctstm o ([ v )aylote, ). pr) ) dr
PER 0 S

e 5T ot (o)ds o fi° c(¢>(z,s),ps)ds} =Vi i (z), VreES,

v
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where the last equality is by (5.12). Thus, V", is the minimal [1, co)-valued

n+1

measurable solution to (5.13), and coincides with V(1) Therefore, by induction

V* = V® for each n > 0. It follows now that V™ (x) + V*(z) as n 1 oo for each

n

T € S. O
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Part 11
Other Problems on CTMDP and

Stochastic Games

6 Discounted CTMDP with a lower bounding
function

In this chapter, we consider the discounted CTMDP problems, where the neg-
ative part of each cost rate is bounded by a drift function, say w, whereas the
positive part is allowed to be arbitrarily unbounded. Our focus is on the existence
of a stationary optimal policy for the discounted CTMDP problems out of the
more general class. Both constrained and unconstrained problems are consid-
ered. The investigations are based on the continuous-time version of the Veinott
transformation. This technique was not widely employed in the previous litera-
ture in CTMDPs, but it clarifies the roles of the imposed conditions in a rather
transparent way. As a consequence, we withdraw and weaken several conditions

commonly imposed in the literature.

6.1 The constrained and unconstrained problems

For each j =0,1,..., N, with N > 1 being a fixed integer, let ¢; be a (—o0, 00]-
valued measurable function on K = {(z,a)|r € S,a € A(z)}, representing a cost
rate, and d; be a fixed finite constant, representing a corresponding constrain-
t. We shall consider the following unconstrained and constrained a-discounted

optimal control problems, respectively:

Minimize over 7 € II. ~ ET [/ e_at/ co(&, a)m(dalw, t)dt|, © € S,(6.1)
0 A
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and

oo
Minimize over m € II: ~ E7 [/ e_o‘t/ co (&, a)m(da|w, t)dt}
0 A

subject to  EZ {/ eo‘t/ cj(ft,a)ﬂ(da\w,t)dt] <dj,j=1...16.2)
0 A

Here and below, we put
(200, a) =0, V a € A| J{ax}. (6.3)

The conditions we impose below will ensure that the performance measures in
the above two problems are well defined, though not necessarily finite.

A policy 7 is called feasible for the constrained problem (6.2) if it satisfies all
the inequalities therein. A feasible policy 7 for problem (6.2) is said to be of a

finite value if

< 00.

B [ /0 et /A (&, a)m(dalw, £)dt

where ¢& denote the negative and positive part of function cj.

A policy 7* is said to be optimal for problem (6.2) if it is feasible and satisfies

BT Uooo e—at/Aco(gt,a>7r*(da|w,t)dt:| < ET {/000 e_atAco(gt,a)ﬂ(da|w,t)dt

for each feasible policy .

Note that the definition of optimality of a feasible policy for the constrained
problem (6.2) requires a fixed initial state x € S. Here, we did not consider the
more general case of a fixed initial distribution just for brevity and readability.
The case of a fixed initial distribution v can be similarly treated with additional
conditions regarding .

We would like to allow the possibility of cost rates unbounded from both

above and below. We consider the following set of conditions to guarantee that
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the performance measures in problems (6.1) and (6.2) are well defined.

Condition 6.1. There exists a [1,00)-valued measurable function w on S such

that

(a) for some finite constant 0 < p < a,
[ watdsle.a) < pula). ¥ (z.0) € K;
(b) for some finite constant L > 0,
¢; (x,a) < Lw(z), V (z,a) €K, i=0,1,..., N.

Here, for each v =0,1,...,N, ¢; is the negative part of the function c;.

Below, we allow that w(xs) := 0. The cost rates satisfying part (b) of the
above condition are said to be lower bounded by the drift function w; c.f. p.251 of

[6] for a related definition for piecewise deterministic Markov decision processes.

Lemma 6.1. Suppose Condition 6.1 is satisfied. Let a policy m be arbitrarily
fixed. Then

ET {/ e‘atw(ft)dt} <oo, Vz el
0

In particular, for each x € S, the integrals ET [ [ e " [, ¢;(&, a)m(dalw, t)dt]
1=20,1,..., N, are well defined.

Proof. This follows from Lemma 2 of [90] and (6.3). O

Assumption 1. Throughout this paper, unless stated otherwise, Condition 6.1

15 assumed to hold automatically, without specific reference.
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6.2 Conditions, statements and comments

Condition 6.2. There exist a (0, 00)-valued measurable function w' on S and a
monotone nondecreasing sequence of measurable subsets {Z,,}>°_, C B(S) such

that the following hold.

(a) Zy 1S as m — oc.
(b) sup,c, q, < oo for eachm =1,2,....

(c) For some constant p’ € (0,00),

/Sw’(y)q(dmx,a) <puw'(z),Vres aec Az).

(d) inf,ecs 2, 1;’:((;)) — 00 as m — oo, where the function w is from Condition

0.1.

Condition 6.3. (a) The multifunction x € S — A(x) € B(A) is compact-

valued and upper semicontinuous.

(b) For each w-bounded continuous function g on S, (z,a) € K — fsg(y)(j(dy|w, a)

is continuous. Here and below the function w is from Condition 6.1.

(¢) The function w is continuous on S, and the functions ¢; are lower semicon-

tinuous on K.

The conditions formulated in the above can be satisfied when the negative
part of each cost rate is bounded by a drift function, whereas the positive part
is arbitrarily unbounded. In the literature of economics, such a cost rate might
appear e.g., when one considers the logarithmic utility function, where they put
—In0 := oo, see Section 7 of [97]; see also Example 2 of [69]. We formulate an

example of such a CTMDP as follows.

Example 6.1. Consider a controlled M/M/oco queueing system. The state x €

{0,1,...} = S represents the number of customers in the system. The control
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is the arrival rate a € [0,z] C [0,00) for each € S. The service rate p > 0 is
uncontrolled. The cost rate is given by ¢o(z,a) = —Ina, and the constraint cost
rate is given by ¢i(x,a) = x. Then Conditions 6.1, 6.2 and 6.3 are all satisfied
(for a large enough discount factor); one can put w(z) = z+1 and w'(z) = 1+ 2.

On the other hand, there is no finite bounding function for |cg|.
The next condition is for constrained problem only.

Condition 6.4. There exists a feasible policy for problem (6.2) with a finite value.
The main statement of this paper is the following one.

Theorem 6.1. Suppose Conditions 6.1, 6.2 and 6.3 are satisfied. Then the fol-

lowing assertions hold.

(a) There exists a deterministic stationary optimal policy for the unconstrained
problem (6.1). In fact, one can always take a deterministic stationary policy
providing the minimum in the equation (6.14) as a deterministic stationary

optimal policy.

(b) If Condition 6.4 is also satisfied, then there exists a stationary optimal policy
for the constrained problem (6.2).

In the previous literature, general discounted CTMDPs have not been con-
sidered when the cost rates were bounded below by a lower bounding function,
and arbitrarily unbounded from the above, although for specific piecewise deter-
ministic Markov decision processes with jumps driven by a Poisson process, this
was considered in [6] following a different method. Discrete-time problems with
a lower bounding function were considered in [6, 68|, and in latter reference, the
motivation for considering such cost functions was explained with their applica-
tions to economics. For discounted DTMDP problems, the treatment in [6, 68]
was direct. But it is possible to reduce this to equivalent problems with nonneg-

ative cost functions, using the technique in p.101 of [99], see also [29] and p.79 of
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[2]. The proof of Theorem 6.1 will be based on a similar technique for CTMDPs,
which, to the best of our knowledge, has not been widely applied to CTMDPs.

For the more restrictive case, where the cost rates are w-bounded, with w
coming from Condition 6.1, Theorem 6.1(a) was obtained in [10] under essentially
equivalent conditions for discounted CTMDPs in a denumerable state space but
restricted to the class of stationary policies. Here we show that it is without
loss of generality to be restricted to this narrower class of policies under the
imposed conditions. Otherwise, this sufficiency result seems not to follow from
other known results in the relevant literature. The approach in [10] was directly
based on the application of the Dynkin’s forumla, and is different from ours.
When the cost rates are only lower w-bounded, the value function is in general
not w-bounded. Since under the conditions in [10] and here, Dynkin’s formula is
only applicable to the class of w-bounded functions, the treatment in [10] does
not directly apply to the general case dealt with here.

Also when the cost rates are w-bounded, Theorem 6.1(b) was obtained in e.g.,
[89] but under stronger conditions. We include them here for ease of reference.

Instead of Condition 6.2, the following condition was imposed in [89].

Condition 6.5. There exists a (0, 00)-valued measurable function w' on S such

that the following hold.

(a) For some constant L' € (0,00), G, < L'a’(x) for each = € S.

(b) For some constant p € (0,00), [(@'(y)q(dy|z,a) < gw'(x) for each (x,a) €
K.

(¢) For some constant L € (0,00), (g, +1)w(z) < La'(z) for each x € S, where

the function w comes from Condition 6.1.
It is easy to see that, if the above condition is satisfied, then so is Condition

w(x)
Furthermore, under Conditions 6.1, 6.2 and 6.4, in addition to Condition

6.2 withw' =w'+1, p' =7, Zm:{xES: Mgm} foreachm =1,2,....

6.3, it was also assumed in [89] that the function % is a moment function on

131



K, see Definition E.7 of [57], in order to apply the Prokhorov theorem in their
proof, see Proposition E.8 and Theorem E.6 of [57]. This is not needed here.
The investigations in [89] are largely based on the Dynkin’s formula, and do not
handle the more general cost rates considered here.

The rest of this section proves Theorem 6.1. On the way, we comment and

clarify the roles of the imposed conditions, and present the auxiliary statements.

6.3 Proof of the main statement

The proof of Theorem 6.1 follows from a sequence of lemmas. The outline of the

proof steps is announced in the next remark.

Remark 6.1. The main themes in the proof of Theorem 6.1 can be summarized

as follows.

1. Under Condition 6.1, the w-transformation, see Lemma 6.3, allows one to
reduce the original problems (6.1) and (6.2) to problems (6.5) and (6.6)
for the w-transformed CTMDP model with cost rates bounded from below,

equivalently.

2. Under the extra Condition 6.2, problems (6.5) and (6.6) are reduced to
discounted CTMDP problems (6.8) and (6.9) with nonnegative cost rates
by adding some large enough constant. This is possible because Condition
6.2 ensures that the controlled process in the w-transformed CTMDP model

is nonexplosive under each Markov policy, according to Lemma 6.4.

3. By applying the reduction technique in [33, 35], discounted CTMDP prob-
lems (6.8) and (6.9) with nonnegative cost rates are reduced to total undis-
counted DTMDP problems (6.12) and (6.13) with nonnegative cost func-

tions.

4. Apply the optimality results in [26] to the DTMDP problems (6.12) and
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(6.13) with nonnegative cost functions. Then deduce from here the corre-

sponding optimality results for the original problems (6.1) and (6.2).

The details are as follows.

Proof of Theorem 6.1. The following statement is a consequence of Theorem 4.2

of [37], see also [36], and is the starting point of our reasoning.

Lemma 6.2. For each initial state x € S and policy 7, there exists a Markov

policy ¢ such that

ET [/0 eatAf(ﬁt,a)ﬂ(da!w,t)dt] = EY [/0 eatAf(ft,a)gp(daygt,t)dt

for each [0, co]-valued measurable function f on K.

The above lemma implies that without loss of generality, we can restrict to
the class of Markov policies for problems (6.1) and (6.2), i.e., if we obtain an
optimal policy out of the class of Markov policies for problem (6.1) (or (6.2)),
then that policy is optimal for problem (6.1) (or (6.2)) out of the general class.

We recall some definitions related to the process {&,t > 0} under a Markov

policy ¢. Let us consider the signed kernel on S from S x [0, 00) defined by

ao(dyle,t) = / o(dylz, a)p(dalz,t), ¥ 7 € S, t € [0, 00).
A

Then g, is a conservative and stable Q)-function in the sense of [38, p.262]. For the
ease of reference, we recall some relevant definitions and facts about ()-functions
in the appendix.

According to Theorem 2.2 of [38], under a Markov policy, say ¢, the process
{&,t > 0} is a Markov pure jump process on {2, F,{F;}, P}, that is, for each

s,t €0, 00),

P?(&ys € T[F) = PP(Gas € T1&), VI € B(Xso);
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and each trajectory of {&;t > 0} is piecewise constant and right-continuous,
such that for each ¢ € [0, ), there are finitely many discontinuity points on the
interval [0, ¢], see Definition 1 in Chapter III of [44]. Here and below, we omit the
subscript in P¥, whenever the initial distribution ~ is irrelevant. Furthermore,
by Theorem 2.2 of [38], p,, defined by (A.1) with ¢ being replaced by ¢, is the

transition function corresponding to the process {&,t > 0}, i.e., for each s < t,

on {s < tw},
P?(& e T|Fs) = pg,(s,&,t,T), VI € B(S),

c.f. p.1397 of [76]. Consequently, for each Markov policy ¢,

E? |:/0 eat/ACi@t;Cl)Qp(daKt,t)dt] :/0 /Seat/Aci(%a)(p(da‘yj)pqw(o,x,t,dy)dt

for each7=0,1,...,N and V z € S.
Given the @-function g, on S induced by a Markov policy ¢, let us introduce

the w-transformed Q-function g on Sy defined as follows.

Let

S; =S| J{5}

with § ¢ S being an isolated point concerning the topology of Ss that satisfies
§ # Too. The w-transformed (stable conservative) Q-function ¢ on S; is defined

by

It e e S, TEB(S), v ¢ T
q¢ (T, s) = ¢ p— LaoWaellind) ey e g T = (4}, (6.4)
, ifr =20, T=Ss
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for each s € [0, 00); and

qf,f’x(s) =p+qp,(s), Vsel0o00).

Here, q,_(5) = —q,(S \ {}|z, s); see the appendix for more definitions and rele-
vant notations concerning a @-function. This transformation is the continuous-
time version of the Veinott transformation, see [100], widely known in the lit-
erature of DTMDPs. For (uncontrolled) homogeneous continuous-time Markov

chains, this transformation was used in e.g., [3, 96, 95].

Lemma 6.3. Let a Markov policy ¢ be fized. For each x € S, s,t € [0,00), s <t
and I' € B(S), the following relation holds;

e—P(t—S)

—/Fw(y)pqw(s,x,t,dy)-

w t F -
IquJ (87 I’ 9 ) ?,U(ZU)
Proof. See Lemma A.3 of [107]. O

By Lemma 6.3, we see that for each i =0,1,..., N,

/ /pq (0,,t,dy) / CZ(( )) (daly, t)e~ =" dt
/ // ci(y, a)p(daly, t)e *"'py, (0, z,t, dy)dt, ¥V z € S.
o JsJa

Hence, problem (6.1) is equivalent to

Minimize over ¢ € IIM: / /pqw(O,x,t, dy)/ Mgp(da\y, t)e~ P 5)
o Js F A w(y)

and problem (6.2) is equivalent to

Minimize over ¢ € IIM: / /pqw (0,z,t,dy) / o(daly,t)e —(a=p)t 34
(a—p)t d
subject to pq (0, ,t, dy) o(daly, t)e 7Pt < ,
j*1,2,..., . (6.6)
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Thus, one can consider the w-transformed CTMDP {S;, A U{a}, As(+),¢"},
where As(6) = {ax}, and As(z) := A(z) for each z € S, while the transition
rate ¢* is defined by, c.f. (6.4),

Jrw®aldyle.a) w(z’;l);(]i‘)iy‘m’a), ifxeS, T'eB(S), x¢T;
¢"(Ple,a) = § p— Ls8WUBIED) 354 e 5 T = (5);
y if v = 5, I'= S(;.

for each x € S5 and a € As(x); and

@(a) :=p+q.(a), V€S, ac As(z).

The requirement of & > p in Condition 6.1(a) is needed so that problems (6.5) and
(6.6) are legitimate (a — p)-discounted problems of the w-transformed CTMDP
with the cost rates ¢} defined by

¢ () = 0020
w(z)
for each x € S, a € A(x); and
(9, ano) == 0.

According to the reduction technique for discounted CTMDPs, see [35], the CT-
MDP problems (6.5) and (6.6) can be reduced to equivalent total undiscounted
problems for the DTMDP {S; {7}, A U{a}, As(-), T} with the cost func-
tions C}, where the transition probability 7" is defined by

Jrw(w)a(dylz, a)
(@ + gu(a))w(z)

T(T|z,a) =
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for each T € B(S), x ¢ ', and a € As(x);

T({o}x,a):= pw(z) — fS w(?)J)Q(dylx,a)

(@ + gu(a))w(x)
for each x € S and a € As(x);

a—p

T({zoo |z, a) = m

for each x € S and a € As(x); and T({Z oo HToo, o) := 1 = T({0}|9, aso), and
the cost functions C; are defined by

¢i(z,a)

Ci(, a) = (a+ gu(a))w(x)

for each z € S and a € As(z); and

Ci(0,000) =0 =: Ci(To0, Go)-

More precisely, given the initial state x € S, for each Markov policy ¢ for the w-
transformed CTMDP, there is a strategy o for the DTMDP {S; ({7}, A U{ao0}, As(-), T}

such that
= ¢i(y, a) —(a—p)t RS
pew (0,2, ¢, dy) e TPt = E7 Ci(Xn, Ay)
/0 /s v w(y) nZ:O
foreach 7 =0,1,..., N, and vice versa. Moreover, in the previous equality, if ¢ is

a deterministic stationary (respectively, stationary) policy, then o can be taken
as a deterministic stationary (respectively, stationary) strategy for the DTMDP,
and vice versa. Here {X,,} and {A,,} are the controlled and controlling processes
in the DTMDP. The term “strategy” is reserved for the DTMDP to avoid the
potential confusion with the corresponding notion for the CTMDP. We refer the
reader to e.g., [57, 86] for the standard description of a DTMDP.

Note that in general, the DTMDP {S; ({7}, A U{0x}, As(+), T} is not ab-
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sorbing in the sense of [2, 39], and the cost function C; can take both positive

and negative values. We formulate such a CTMDP in the next example.

Example 6.2. Suppose the CTMDP is an uncontrolled pure birth process with
S = {1,2,...}. The birth rate at the state x € S is 2z. The discount factor is
a=2. We put p =0 and w(x) = 1 for each = € S. Suppose the cost rate is only
zero at the state 0. For the induced DTMDP, {x,} is the absorbing set; the point
0 can be excluded from the state space because it is never reached starting from
S U{zx}. Then one can show that starting from 1, the expected time until the
DTMDP reaches z, is infinite. In accordance with e.g., [2, 39], this means that

the model is not absorbing, i.e., the expected time to absorption is not finite.

On the other hand, the functions ¢’, « = 0,1, ..., N, are bounded from below

under Condition 6.1(b). Let some common lower bound be ¢ < 0. Let

cl=c'—c (6.7)
for each ¢ = 0,1,..., N. Then the functions ¢’ are all nonnegative. In order for

problems (6.5) and (6.6) to be equivalent to
Minimize over ¢ € ITM: / / Pqy (O,:c,t,dy)/ Wy, a)p(daly, t)e=@Ptdt (6.8)
0 Ss A;
and

Minimize over ¢ € M. / ’C"Ow(y)w(da|y7t)67(a7p)tdt
0

3
gz\a
=

[t=)

&
=
&
\.W

QL
&
>

d; c
Y (y)e(daly, t e-loPtgp < 2 =
[ &wetaaly.n e R

)
j=1,2,...,N, (6.9)

such that Dq

3
68
~—~
S
8
“PF
&
D
—
<

respectively, we need the following relation to hold for each ¢ € IIM:
pqe(0,2,t,8s) =1, Va €8, t €0,00). (6.10)

In general, problems (6.5) and (6.6) are not equivalent to problems (6.8) and
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(6.9). We demonstrate this with the following example, which was also considered

by Spieksma in [95].

Example 6.3. Let S = {0,1,2,...}, A(z) = A = {0,1}. We endow them with

the discrete topology. The transition rate is given by

507, a0, y—a+1
q({y}z,0) =< 127 ifax#0, y=a —1;
0, if x =0.

and ¢({y}|z,1) = 0 for each z,y € S. Let w(z) = ()" for each z € S. Then one

can verify that

ZW(y)q({yHa:,a) =0,VxesS, aeA,

y€eS

and so let p = 0, and o = 1. Let ¢y(z,a) = 0. Put ¢ = —1. Conditions 6.1 and
6.3 are satisfied.

Now

T ifx#6, x#0, y=a+1;
, ife#d, v#0, y=o—1;

¢ ({y}lz,0) = ¢ "

0, if x £9, y=0;

0, ifxr=40¢orx=0.

\

and ¢¥(0) = 2* for each x # 4, 0, and ¢¥(0) = 0 if z = 0, 4. Also ¢¥(1) = 0 for

each x € S;.

Consider the following two deterministic stationary strategies: ¢o(da|z,t) =
do(da) and ¢y (dalz,t) = §1(da). Clearly, they are both optimal for problem (6.5).
On the other hand,

oo o)
/ / Py (O,x,t,dy)/ W (y, a)pi(daly, e (=Pt :/ pqw (0,2,t,Ss5)e " dt
o Js; 7 As o 7

z€S, i=0,1.
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Clearly, pgs (0,2,t,85) =1 = I Paz, (0,2, Ss)e tdt. Tt is shown in Section 5 of
[95] that (6.10) does not hold for ¢ = ¢y with some x € S; this can also be checked
using Theorem 2 of [14]. It follows that for some z € S, fooo Pa, (0,2,t,Ss)e tdt <
1; see also Lemma 2.1 of [107]. Therefore, the policy ¢ is not optimal for problem
(6.8), although it is optimal for problem (6.5). Hence, in general, (6.5) and (6.6)

are not equivalent to problems (6.8) and (6.9).

Remark 6.2. Example 6.3 illustrates the role of the requirement (6.10). Con-
dition 6.2 is precisely imposed for this purpose, as seen in the next statement.
(An alternative justification of the role of Condition 6.2 is that it validates the
Dynkin’s formula for the original CTMDP to a certain class of functions, see [10]
for the homogeneous denumerable case. But the explanation here is more trans-
parent in our opinion.) In the literature, e.g., [48, 89, 91], stronger conditions,
e.g., Condition 6.5, than Condition 6.2, were imposed to guarantee (6.10) to hold.
The investigations there were not based on reduction method to DTMDP.

Lemma 6.4. Let some Markov policy ¢ be fixed. Suppose Condition 6.1(a) and
Condition 6.2 are satisfied. Then (6.10) holds.

Proof. According to Theorem A.1, for the statement it suffices to verify that
Condition A.1 is satisfied.

Since the Markov policy ¢ is fixed throughout this proof, we write ¢, as ¢ for
brevity. Note that for Vx € S, s >0

/ w/(y)qw(dy|x,s) _ / w'(y) w(y) G(dylz,s) — (p+ qm(s))w/(ﬂ
S S
)

w(y)
= /S w((g) q(dylz,s) — (p+ ¢.(9))

~—

(6.11)

g

Consider the [0, 00)-valued measurable function w on [0,00) x S; defined for
cach v € [0,00) by w(v,z) = % if z € S and w(v,0) = 0. Then Condition
A.1, with S and ¢ being replaced by Ss and ¢%, is satisfied by the monotone

nondecreasing sequence of measurable subsets {\N/n}ff:l of R} x Ss defined by
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V,, = [0,00) x V,, {8} for each n = 1,2, ..., and the function @ on [0, 00) X S,
defined in the above. In greater detail, part (d) of the corresponding version of

Condition A.1 is satisfied because, by (6.11),

/ / Wt +v,y)e " o BWERIEGE Gy |z ¢4 v)dt
0 Ss

< / e/t Jo g (sto)ds (q:(s) + p) w(v,x)dt = w(v,z), ¥V x €S,
0

and the last inequality holds trivially when x = 9.
Thus, by Theorem A.1, we see that relation (6.10) is satisfied, and the state-

ment follows. U

By the way, under Condition 6.1(a), in certain models, Condition 6.2 is also
necessary for (6.10) to hold under certain policies; see [107]. In the homogeneous
denumerable case, this was first observed in [96]. For more concrete examples
such as single birth processes, this necessity part was known earlier, see [15].

As a result of the above lemma and the discussions above it, we see that
under Condition 6.1 and Condition 6.2, one can reduce the a-discounted problems
(6.1) and (6.2) for the original CTMDP {S, A, A(-), ¢} to the (a — p)-discounted
problems (6.8) and (6.9) for the CTMDP {Ss, As, As(+), ¢} with nonnegative
cost rates. Furthermore, according to the reduction technique [35], which was

also sketched in the above, problems (6.8) and (6.9) can be reduced to

Minimize over o [E]

i&(xn,An)] , z €S, (6.12)

n=0
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and

Minimize over o:  EJ Z Co(Xy, Ay)
L n=0 i
such that ~ EZ f:(?j(xn,An) . - :
= | Twl@)  a—p
j=1,2,...,N, (6.13)

respectively, for the DTMDP {Ss; {7z}, Al U{ax}, As(:),T} defined earlier.
Here the cost functions C; for the DTMDP are defined by

~ EZU(1’7G)

Ci(z,a) = @+ o) >0

for each x € Sy and a € As(x); and

Ci(Too, o) := 0,

with the functions ¢ being defined by (6.7). Note that the cost functions C;
could be arbitrarily unbounded from above.

Finally, if Condition 6.1, Condition 6.2, and Condition 6.3 are all satisfied,
then it is easy to check that the DTMDP {Ss ({7}, A U{@x0}, As(-), T} with
the nonnegative cost functions @ is a semicontinuous model, see [6, 30|, and it is
a standard result that there exists an optimal deterministic stationary strategy
for problem (6.12). For the constrained problem (6.13), under the extra Condi-
tion 6.4, one can refer to Theorem 4.1 of [26], see also Theorem A.2 of [20], for
the existence of a stationary optimal strategy for (6.13). Since these two DTMD-
P problems are equivalent to the original CTMDP problems, according to the
reduction technique for discounted CTMDP problems as mentioned earlier, we
immediately conclude the existence of an optimal deterministic stationary policy
for the unconstrained CTMDP problem (6.1) and an optimal stationary policy
for the constrained CTMDP problem (6.2). The proof of Theorem 6.1 is thus
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completed. O

We finish this section with the following observation. Suppose Conditions 6.1
and 6.3 are satisfied. If one solves problem (6.8) with a deterministic stationary
policy ¢, which also satisfies (6.10), then ¢ is also optimal for problem (6.5), in
spite that Condition 6.2 has not been assumed to hold uniformly in all actions.

The justifications are this claim are as follows. In general, problems (6.5) and
(6.6) are not equivalent to (6.8) and (6.9), respectively; recall Example 6.3. Ac-
cording to [35], (6.8) is equivalent to the DTMDP problem {Ss U{zoo}, A U{aco}, As(), T}

*is an optimal deterministic strategy for

with the cost function 50. Suppose ¢
this DTMDP problem. Under Conditions 6.1 and Condition 6.3, if W denotes
the value function of this DTMDP problem, then such an optimal deterministic
stationary strategy exists and can be obtained by taking the measurable selector

providing the minimum in the following:

Wi(z) = inf {50(:1:,00 +/ T(dy|x,a)V*(y)} , VxeSs. (6.14)

ac€As(z) Ss

We claim that ¢* is also an optimal deterministic policy for the CTMDP
problem (6.5), provided that (6.10) holds for this particular strategy ¢*, i.e.,

P, (0,z,t,S5) =1, Vax €8S, t €[0,00). (6.15)

Indeed, since ¢* is optimal for the DTMDP {S; ({7}, A U{@x}, As(+), T'} with

the cost function Cp, which is equivalent to problem (6.8),

> CO(y, w*(y)) —(a—p)t C
= pw* Oaxyt;dy —— —~ € P dt_—, VSUGS
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Consider an arbitrarily fixed ¢ € II™. Then for each z € S,

0 s 7 w(y a—p
< / / pq“’(oa%t,dy)/ E’éu(y,a)gp(da|y’t)e*(aﬂ0)tdt
0o Jss A,

= / /Spqg (0, z,t,dy) Co(y’a)go(da|y,t)ef(a7p)tdt—Q/ Pqy (O,x,t,S(;)e*(afp)tdt.
0

Since ¢ < 0, and pqg(O, z,t,Ss) < 1, it follows that

/ /pq*Oxtdy) c(y, Zp)( v)) e (a=n)t gy

/ /pq (0,z,t,dy) / <( )) (da]y,t)e’(o"p)tdt, VxesS.

Condition (6.15) can be checked using Theorem A.1 in the appendix. The similar

reasoning also holds for the constrained problem. To avoid repetition, we omit

the details.
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7 Zero-sum games for finite horizon continuous-
time Markov processes

This chapter considers a two-person zero-sum continuous-time Markov pure jump
game in Borel state and action spaces over a fixed finite horizon. The main
assumption on the model is the existence of a drift function, which bounds the
reward rate. Under some regularity conditions, we show that the game has a
value, and both of the players have their optimal policies. So there are two
action spaces A for the maximizer and B for the minimizer. Also 7 denotes the
policy for maximizer and 1 denotes the policy for minimizer. Other definitions
are the same as previous replacing one action with two. II and ¥ denote the

classes of policies for the maximizer and minimizer respectively.

7.1 Model description

Now let T" € (0, 00) be a fixed time duration, and define

T
W(x,m ) = E§’¢ {/0 /A Br(t,ft,a,b)7r(da|w,t)@/z(db|w,t)dt + E;T’w [9(T, 7))

for each (m,7) € Il x ¥, and = € S. The conditions to be imposed below assure
that the above expectations are finite, see Lemma 7.1.
The lower value of the zero-sum continuous-time Markov pure jump game

over the fixed horizon [0,77] is defined by

L(z) :=sup inf W(z,7,¢), V€S,

rell ¥

and the upper value is defined by

U(z) := inf sup W(z,m,¢), Vz €8S.

YeV el
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Apparently, U(z) > L(z) for each x € S. If U(z) = L(z) for each z € S, the

function W defined by their common values is called the value of the game.

Definition 7.1. A policy 7* € Il is called optimal for the maximizer if it satisfies
that infycq W(x, 7%,1) = U(x) for each z € S. A policy ¢* € V is called optimal

for the minimizer if sup,..; W(z, 7,¢*) = L(z) for each z € S.

It follows that the pair of optimal policies (7*,1*) in the above definition

satisfies

U(z) = inf W(z,7*,¢) < W(x,n*,¢") <sup W(z,m,¢*) = L(z), Vx €S.

PYew mell

Then U(x) = L(z) for each x € S, i.e., the value of the game exists, if both
players have their own optimal policies.
The main objective of this chapter is to show, under some conditions, that

the function V' exists, and both players have an optimal policy.

7.2 Conditions and relevant facts

In this section, we present the conditions imposed on the continuous-time Markov

pure jump game model, and formulate their relevant consequences.

Condition 7.1. There exist [1, 00)-valued measurable functions wy and w; on S
and real constants cg > 0, ¢; > 0, My > 0 and M; > 0 such that the following

assertions hold.
(a) For each (t,z,a,b) € K, [qwo(y)q(dylt, =, a,b) < cowo(x).
(b) For each z € S, ¢, < Mywp(x).
(c) For each (t,z,a,b) € K, |r(t,z,a,b)| < Mowy(z), |g(t,z)] < Mowo(x).
(d) For each (t,z,a,b) € K, [qwi(y)q(dy|t, z,a,b) < crw:(x).
(e) For each z € S, wy(z)q, < Myw,(x).
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Lemma 7.1. Suppose Condition 7.1 is satisfied. Let some pair of policies (,1)) €

IT x ¥ be arbitrarily fixed. Then the following assertions hold.
(a) P™¥(ty = 00) = 1 for each x € S.
(b) ET%[wy(&)] < e“twy(z) for each t > 0 and = € S.
(c) |W(z,m )| < (T + 1)Mye®Twy(z) for each x € S.

(d) For each u € CL0 ([0,T] x S),

wo,w1

/OT (U/(t’gt)+/S/A/Bu(t’x)Q(d$|taft7aab)W(daw,t)w(db|w,t)) dt]

= E™Yu(T,&r)] — u(0,z).

E;nw

for each z € S.

Proof. See Lemmas 3.1, 3.2 and 3.3 in [53]. O

Throughout the rest of this paper, let m be an [1,00)-valued measurable
function on S such that ¢, < m(z) for each € S. Such a function exists by
the Novikov seperation theorem, see [72]. We introduce the following stochastic

kernel on S from (¢, z,a,b) € K defined by

q(dylt, z,a,b)

(@) , V (t,x,a,0) € K.

ﬁ(dy’t,l’, a, b) = 5$(dy) +

Condition 7.2. For each t € [0,7] and z € S,

(a) r(t,x,a,b) is continuous in (a,b) € A(t,z) x B(t, x); and

(b) for each measurable function u on S such that sup, g @] o Js u(y)p(dylt, z,a,b)

wo ()

is continuous in (a,b) € A(t,z) x B(t, x).

Suppose that Condition 7.1 is satisfied. For each t € [0,00), z € S, A €
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P(A(t,z)) and p € P(B(t,x)), we introduce the notations

adylt.z \ 1) = / / a(dylt, 7, a, b)A(da)u(db),
A(t,z) JB(t,z)

r(t,z, A\ p) = / / r(t, x,a,b)\(da)u(db).
A(t,z) Y B(t,z)

(In particular, the integral in the second line of the above is finite under Condition

7.1.) Then q(dylt,z, A\, u) and r(t,x, \, u) are measurable on C, where
K:={(t,z,\,u) €[0,00) x SxP(A) x P(B) : A € P(A(t,x)), pn € P(B(t,z))}.

In greater details, since (t,z) — A(t,z) and (t,x) — B(t,z) are measurable
and compact-valued multifunctions, as assumed earlier, by Theorem 3 of [60]
and Proposition 7.22 of [9], so are the multifunctions (¢,z) — P(A(t,z)) and
(t,z) — P(B(t, z)). It follows from Theorem 3 of [59] that K is measurable in the
Borel space [0,00) x S x P(A) x P(B). By Corollary 7.29.1 and Lemma 7.21 of
[9] that g(dy|t,x, A\, ) and r(t, z, A\, u) are measurable on K.

The next lemma, used repeatedly in the next section, is known. But we
include its rather short proof for completeness. Recall that A(¢,z) and B(¢, z) are

compact subsets of A and B as assumed in the beginning of the model description.
Lemma 7.2. Suppose that Conditions 7.1 and 7.2 are satisfied.

(a) Let t € [0,T] and x € S be arbitrarily fixed. For each u € B,,(]0,7] x
S), the functions r(t,x, A, 1) and [gu(t,y)q(dy|t, z, A, u) are continuous in
(A, 1) € P(A(t, 7)) x B(B(t, 2)).

(b) If a function h(t, x, A, p) is real-valued and measurable on /C, and continuous
in (\,u) € P(A(t,z)) x P(B(t,z)) (for each fixed (¢,z) € [0,T] x S), then

the function

(t,z,A\) = inf  h(t,z, A\ p)

HeP(B(t,x))
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is measurable on {(t,z,\) € [0,7] x S x P(A) : A € P(A(t,z))} and con-
tinuous in A € P(A(t,x)) (for each fixed (t,z) € [0,T] x S).

Proof. (a) For the fixed t € [0,7] and x € S, the functions r(t,z,a,b) and
Jgu(t,y)q(dylt, z,a,b) are bounded and continuous in (a,b) € A(t,z) x B(t, ).
The statement follows from Corollary 7.29.1 and Lemma 7.12 of [9], and the
Tietze extension theorem.

(b) The first assertion follows from Theorem 2 of [59]. The second assertion

is a consequence of the Berge theorem, see Theorem 17.31 in [1]. U

7.3 Main statement

In this section, we present and prove the main result of this paper; see Theorem

7.1 below.
Under Conditions 7.1 and 7.2, it follows from Lemmas 7.1 and 7.2 and the fun-

damental theorem of calculus that the following operator G maps u € By, ([0, T x
S) to CLY ([0,T] x S):

wo,w1

Glu|(t, )

T—t
— e—m(m)(T—t)g(T’ .T) +/ e—m(m)s
0

sup inf {r(tJrs,z,)\,u) +m(x)/

u(t + s,y)p(dylt + 8,2, A, p }ds
AEP(A (t+5,2)) LEP(B(t+5,2)) S ( )p(dy| )

for each t € [0,7] and = € S.

Proposition 7.1. Suppose that Conditions 7.1 and 7.2 are satisfied. There is a
fixed point of the operator G in C1Y ([0,7] x S).

wo,w1

Proof. Let us define
M,
uo(t, z) = —2 {COeCO(T_t) 4 ecoT=D _ 1} wo(z) >0
Co

for each t € [0,7] and z € S. Then ug belongs to CL0 (]0,T] x S). For each

wo, w1

n > 0, we legitimately define u,.; := G[u,]. The rest of the proof goes in two

149



steps.
Step 1. Show that {u,} is a monotone nonincreasing sequence, and for each

n=0,1,...,

M,
lun(t, z)| < uplt,z) = C—O {coeCO(T’t) + eoT=0) _ 1} wo(x).
0

for each t € [0,7] and x € S.
For each t € [0,7] and = € S,

uy(t, ) = Glugl(t, )

T—t
< efm(z)(Tft)MOwO(x) + / efm(:v)s
0
sup inf {Mowo(x) + m(z) / uo(t + s, y)p(dy|t + s, x, A, u)} ds
AEP(A (t+s,3)) LEP(B(t+s,2)) S
T—t
= e*m(ﬂﬁ)(Tft)MOwo(x) + Mowo(.ﬁlf)/ efm(x)sds
0
M, T—t
+_0/ e—m(x)sm(m) {coeCO(T—t—s) + eco(T—t—s) . 1} wo(x)ds
M T—t
_|__0/ e—m(a:)s sup inf {(CQGCO(T_t_S) + 6C()(T—t—s) . 1)
€ Jo AEP(A(t+s,2)) HEP(B(t+s,2))
/ wo(y)q(dylt + s, x, A, u)} ds
S
T—t
< e’m(m)(T’t)Mowo(x) + Mowo(:c)/ e @3 g
0
M, T—t
+_0/ e*m(z)sm(x) {COGCO(Tftfs) + eco(Tftfs) . 1} 'lU()(JZ')dS
M, T—t
—l——o/ e~ M@ (coeoT=t=9) 4 peoT=1=9) _ )iy (z)ds,

where the first and the last inequalities are by Condition 7.1. For the third
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summand on the right hand side of the last inequality, integration by parts gives

M. T—t
_0/ e—m(m)s {006 o(T—t—s) + 6CO(T—t—s) . 1} U)Q(l’)dS
€ Jo

M,
Co

My — 2 co(T—t—s) co(T—t—s)
——wp(x) {c + coe }ds.
0

Co

This, together with the previous calculations, shows that
MO co(T—t) co(T—t)

uy(t,z) < — {coe® + e — 1} wo(z) = uo(t,z), Vt€[0,T], z €S.
Co

It follows from this and the monotonicity of the operator G that {u,} is a mono-

tone nonincreasing sequence, and for each n > 0,
My co(T—t) co(T—t)
un(t, ) < up(t,z) = — {coe® +€e? — 1} wo(z)
Co

for each t € [0,7] and z € S.

On the other hand, a similar calculation to the above gives

ui(t, )
T—t
> _efm(m)(Tft)Mowo(x) _/ efm(w)s
0
sup inf —Mow m—mx/u t+ s, dy|t + s, z, A, }ds
ot Moo = m(o) [ e+ s )5 )
> —up(t,x)

for each ¢ € [0,T] and = € S. Hence, for each n > 0,
lun(t, )| < up(t,z) = — {c e T — 1} wy(z).

for each ¢t € [0,7] and z € S.

Step 2. Consider the function u* defined by u*(t,z) = lim, o un(t,z) for

each t € [0, 7] and x € S. The limit exists due to the monotone convergence. We
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show that u* is a fixed point of the operator G in CL0 ([0,T] x S).

wo,w1

It follows from the definition of ©* and what was established in Step 1 that
M,
lu*(t, z)| < - {coeCO(T_t) + 0T _ 1} wo(z)
Co

for each t € [0,7] and z € S, that is, u* € B, ([0,7] x S).
We verify that u* is a fixed point of GG as follows. It is evident that for each
n >0, Glu*](t,x) < Glu,)(t, ) = upy1(t,x) for each t € [0,T] and x € S. Hence,

Gu*|(t,z) < u*(t, z) (7.1)

for each t € [0,7] and z € S.

The rest of this proof mainly verifies the opposite direction of the above in-
equality. Let = € S be fixed, and consider the space of P(A)-valued measurable
mappings say A on [0, 7] such that for each t € [0,T], A, € P(A(t,z)). We denote

this space by Ra and Rp for the maximizer and minimizer respectively.
Note that by Theorem 2 of [59], applicable due to Lemma 7.2, for each x € S
and t € [0, 77,

T—t
/ efm(z)s
0

sup inf {r(t + 5,2, A, 1) + m(x) /

AEP(A(t+s,z)) pEP(B(t+s,z)) S

T—t
_ / e—m(w)s
0

sup inf {r(t+s,x,/\t+s7ut+s) +m(£)/
A+sERA pi+s€ERB g

i+ s.)pao+ s, | ds

U(t + S, y)ﬁ(dy‘t + S, T, )‘t+87ut+s)} ds.

Fix (t,z) € [0,7] x S and some p;+s € Rp arbitrarily. By Theorem 2 of [59]

and Lemma 7.2, for each n > 0, there exists A\},, € Ra (A" depends also on
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(t,z))such that

unt1(t, 7) = Glun](t, )
T—t
< efm(x)(Tft)g(T’ .’E) +/ efm(w)s
0

{r(t + 5,2, Ay gy fhits) + m(x) /

un(t + s,9)p(dylt + s, 2, ALy, ,uHS)} ds (7.2)
S

Recall that A(t,z) C A(x) for each z € Sand ¢ € [0, 00). Since R 4 is compact
metrizable, without loss of generality we assume that the sequence {A\"} in Ra

converges to some \* € R4, for otherwise one can take a convergent subsequence
and relabel it. Note that

T—t
/ e~ z) / wn(t+ 5,y)P(dy[t + 5,2, Ny o, pie+5)ds
0 S

T—t
a / e @5 (1) / ut(t+ s, y)p(dylt + s, @, Ay, peges)ds
0 S

IN

T—t
/ e—m(w)sm(x) / / |un(t + s, y) —u’ (t + s, y)|ﬁ(dy|t +s,2,a, /‘tJrS)/\?Jrs (da)ds
0 A(t+s,x) JS

IN

T—t
[ e @@ suw { /Iun(t+s,y)—u*(t+8,y)|ﬁ(dylt+S,x,a7ut+s)}d8-
0 a€A(t+s,z) S

(7.3)

On the other hand,

i sup{ [t ) < sl s |
) S

N0 g A(t+s,x

- sup { lim / lun(t + s,y) — u*(t + s,y)|p(dy|t + s, z, a, ,uHS)}
s

a€A(t+s,z) MO

= 0,

where the first equality is by Theorem A.1.5 of [6], applicable under Condition
7.2, and the last equality is by the dominated convergence theorem, applicable

under Condition 7.1. It follows from this, (7.3) and the dominated convergence
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theorem that

lim
n—oo

T—t
| e ma) [t s )ptdyle+ s,z ) ds
0 S

T—t
O TR (A
0 S
Now as n — oo,

T—t
/ e~ M@ m(z) / un(t + 5, y)P(dy|t + 5,2, Al g ey )ds
0 S

T—t
_ / =@y (z) / (s, )yl + 5,2, M pars)ds
0 S

T—t
< / @ (7) / un(t+ 5, Y)B(AY[t + 5,2, Xy, frs)ds
0 S
T—t
[ e ) [ e sl 5 e
0 S
T—t
+ / ¢ () / Wt s )Pyt + 5,3, A e )ds
0 S
T—t
_ / e (z) / (s y)B(dylt + s, 2, Ny e ds
0 S
— 0,

=0.

where the convergence to zero is also by the definition of the Young topology.

It follows from this and the definition of the Young topology again that, after

passing to the limit as n — oo on the both sides of (7.2),

u*(t, x)
T—t
< em@OT=D (T 1) 4 / e~m@)s {r(t+ s @, Ay tuts)
0
+m(x) / u*(t+ s, y)p(dylt + 5,2, A\[,,, Mt+s)} ds
S
T—t
< em@T=Dg(T 1) 4 / e sup {r(t 48,2, pigs)
0 AEP(A (t+5,2))

"‘TTL(,T) / U*<t + S, y)ﬁ(dy‘t + S, T, )\7 Mt+s)} dS.
S
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By Theorem 2 of [59], applicable due to Lemma 7.2, there exists u* € Rgp
such that

inf sup {r(t +s,2, A, 1) +m(x) / u*(t + s, y)p(dylt + s, x, A, u)}
REP(B(t+s,7)) \eP(A (t+s,7)) S

= sup {T(t+s7w7/\,u2‘+s) +m($)/U*(t+S,iu)ﬁ(dy|t+57$7/\»uf+s)}
AEP(A(t+s,x)) S

for each s € [0, T — t]. By the Ky Fan minimax theorem, see Theorem 2 of [31],

sup inf {T(t+s,x,)\,u)+m(x)/u*(t—l-s,y)ﬁ(dyt—i—s,x,)\,u)}
AEP(A (t+s,7)) HEP(B(t+s,z)) s

= sup {r(t-i-S,x,)\,u:Jrs)+m(96)/u*(t—|—s,y)ﬁ(dy|t+s7ﬂc,)\,uas)}
AeP(A(t+s,x)) S

for each s € [0, T — t]. Since p € Ry in (7.4) was arbitrarily fixed, we see from
(7.4) and the previous equality that

u*(t, x)

T—t
< O NT g [ s (s
0 AEP(A(t+s,z))

#mte) [t s, pyle+ s,2 uf+s)} ds
S

T—t
— e—m(m)(T—t)g(jw7 l‘) +/ e—m(m)s
0

up it s ma) [ syl sn b ds
AEP(A (t+s,z)) HEP(B(t+s,7)) S
= Gu'(t,x).

Since (t,x) € [0,T] x S was arbitrarily fixed, this and (7.1) imply

u*(t,z) = Gu*](x,t), Vt€[0,T], x €8S.

Finally, since u* € B, ([0,7] xS), and G maps each element of B, ([0,7]xS)
to CL0 ([0, T] x S) as mentioned earlier, it follows that u* is a fixed point of G

wo,w1

in CL0 ([0,T] x S). 0

wo,w1

Theorem 7.1. Suppose that Conditions 7.1 and 7.2 are satisfied. Then the

zero-sum continuous-time Markov pure jump game has a value V', and both the
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maximizer and minimizer have an optimal Markov policy. In particular, there is
a pair of Markov policies (7, 9M) € TI x ¥ such that W (z, 7™ M) = V(z) for

each x € S.

Proof. By Proposition 7.1, we can consider a solution v € CL° ([0,T] x S) to

wo,w1

the following equation

u(t, )

T—t
— e—m(m)(T—t)g(T’ .Z‘) +/ e—m(z)s
0

sup inf {r(tJrs,z,)\,u) +m(x)/

AEP(A (t+s,7)) HEP(B(t+s,1)) s
viel0,T], z€S8.

ult + 5, y)p(dylt + s,x,/\,u)} s

Then

e @ty (t, x)

T—t
_ 67m(z)Tg(T7 l‘)+/ efm(z)(t+s)
0

sup inf {T(t + 5,2, A, 1) + m(zx) /

u(t + s,y)p(dylt + s, x, A\, p }ds
AEP(A (t+s,7)) HEP(B(t+s,z)) s ( )P(dy| )

T
_ e_m(x)Tg(T,x)—i-/ e~ m(@)(s)
t

sup n(f ) {r(s,:c,)\,u) +m(;1:)/

i
AeP(A(s,z)) HEP(B S
Vtelo,T], z€S8S.

u(s,y>p<dy|s7x7x,u>} ds

It follows that for each x € S,
w(T,z) = g(T', x) (7.5)
and

u'(t, )+ sup inf {r(t,x, A, 1) + /

u(s,y)q(dylt,z, A\, } =0
ACP(A(t,2)) HEP(B(t,)) S (s,y)a(dy| )

almost everywhere on [0, T7.

By Theorem 2 of [59], applicable due to Lemma 7.2, there exists a Markov
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policy say 7™ for the maximizer such that for each z € S,

u'(t, ) +M€P(i]r31ft7w)) {/ r(t,z,a, p)wM (dalz, t) + /Su(t, y)/A q(dylt, z, a, )7 (dalz, t)}
0

almost everywhere on [0, 7], that is, for each p € P(B(t, z)),

u'(t, ) —i—/A (t,z,a, )7 (da|z, t) + /Su(t,y)/A q(dylt, z, a, p)m™ (da|z,t) >0

almost everywhere on [0, 7.

Now, by Lemma 7.1(d), for each policy ¢ € ¥ for the minimizer and x € S,

BT g(T )] — u(0,2) = BT [u(T, &r)] - u(0, )

)= [u
Y VO < (t,&) // / (t, 2)q(dxlt, &, a, b)ym™ (dalé,, ) (db|w,t)) dt]
_ET [/ // (t, &1, a, )7 (dalé,, )0 (db|w,t)dt],

where the first equality is by (7.5). That is,

v

u(0,2) < W(z,7M ), Vo eS.

Since 1 € W was arbitrarily fixed, we see

u(0,2) < inf W(z,7M ) < sup inf W(z,7,¢) = L(z), ¥V z € S. (7.6)

Ppew rcll YEY

Similarly, by By Theorem 2 of [59] and the Ky Fan minimax theorem (see

Theorem 2 of [31]), there exists a Markov policy say ¢} for the minimizer such
that for each x € S,

W(ta) - sup { /B r(t, 2, 0, B0 (dbla, 1) + /S alt,y) /B q(dy|t,x,x,b>wi”(db|z,t>}

AEP(A(t,2))
almost everywhere on [0,7]. Then by using Lemma 7.1(d), one can show as in
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the above that

u(0, ) > sup Wz, m, M) > inf sup W(x, m,¢) = U(zx), ¥V x € S.

rell YeV el

Combining this and (7.6) yields
u(0,7) = L(z) = U(x) = sup W, m, ) = inf W(z, 7, 6) = W (z, 7, 1),

rell 1/;6\11 ) * *

The proof is completed. O
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A Q-function

The notations used in the Appendix are independent of the previous chapters.
Now we give some facts for ease of reading. A (Borel-measurable) signed kernel
q(dyl|x,s) on B(S) from S x [0, 00) is called a (conservative stable) Q-function on

the Borel space S if the following conditions are satisfied.
(a) Foreach s >0,z € Sand I' € B(S) with x ¢ I, oo > ¢(I'|z,s) > 0.
(b) For each (z,s) € S x [0,00), q(S|z,s) = 0.
(c) For each x € S, sup,¢(p o) {9(S \ {z}|z,5)} < 0.

For each Q-function ¢ on S, we put ¢(I'|z,s) := ¢(I' \ {z}|z,s), and q,(s) =
q(Slz, s).
Given a @Q-function ¢ on S from S x [0,00), for each I' € B(S), x € S,

s,t € [0,00) and s < t, one can define

pgo)(s’ x,t, F) - 5I(F)e* J! gz (v)dv

t
pgnﬂ)(s,x,t,F) ::/ e~ Ji az(v)dv (/ pg )(u, z,t,T)q(dz|x, u)) du, Vn=0,1,....
s S

It is clear that one can legitimately define the sub-stochastic kernel p,(s, z,t, dy)
on S by

De(s,x,t, 1) qu (s,z,t,T) (A.1)

foreachx € S, s,t € [0,00), s < t,and I" € B(S). This is the Feller’s construction

for a transition function, i.e., p, satisfies

Pq(s,z,5,dy) = d,(dy)
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and the Kolmogorov-Chapman equation

[ st (e T) = py(s,a,0,T), YT € B(S)
S

is valid for each 0 < s <t < u < 0.

Condition A.1l. There exist a monotone nondecreasing sequence {‘7”}2‘”:1 C
[0,00) X S and a [0, 00)-valued measurable function w on [0,00) x S such that the

following hold.
(a) Asn 1 oo, V, 1[0,00) x S.

(b) For each n = 1,2,..., sup,.y. te[0,00) q:(t) < oo, where V., denotes the

projection of ‘7” on S.
(d) For some constant p' € (0,00), for each x € S and v € [0, 00),

/ / Wt + v, y)e = =Gyl 1+ v)dt < (v, ).
0 S

The next statement follows from Theorem 3.2 of [107].

Theorem A.l. If Condition A.1 is satisfied, then p,(s,x,t,S) = 1 for each

x €S8, s,t€|0,00) such that s < t.
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B Risk-sensitive DTMDP

For ease of reference, we present the relevant notations and facts about the risk-
sensitive problem for a DTMDP. The proofs of the presented statements can be
found in [67] or [108]. Standard description of a DTMDP can be found in e.g.,
[57, 86].

Consider a discrete-time Markov decision process with the following primi-

tives:

S is a nonempty Borel state space.

e A is a nonempty Borel action space.

p(dy|z,a) is a stochastic kernel on B(S) given (z,a) € S x A.
e [ a [0, 00]-valued measurable cost function on S x A x S.

Let us denote for each n =1,2,... 00, H, :==S X (A x S)” and Hy :=S. A
strategy o = (0,)52, in the DTMDP is given by a sequence of stochastic kernels
on(dalhy,) on B(A) from h,, € H,, forn =0,1,2,.... A strategy 0 = (0,,) is called
deterministic Markov if for each n =0,1,2,..., o,(da|h,) = 0{p,(2,)} (da), where
v, is an A-valued measurable mapping on S. We identify such a deterministic
Markov strategy with (¢,). A deterministic Markov strategy (¢,) is called de-
terministic stationary if ¢, does not depend on n, and it is identified with the
underlying measurable mapping ¢ from S to A. Let X be the space of strategies,
and X pys be the space of all deterministic strategies for the DTMDP.

Let the controlled and controlling process be denoted by {Y,,,n =0,1,...,00}
and {A,,n = 0,1,...,00}. Here, for each n = 0,1,..., Y, is the projection of
H_ to the 2n + 1st coordinate, and A, to the 2n + 2nd coordinate. Under a
strategy o = (0,,) and a given initial probability distribution v on (S, B(S)), by

the Tonescu-Tulcea theorem, c.f., [57, 86], one can construct a probability measure
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PJ on (Ho, B(Hy)) such that

P (Yy € dz) = v(dx),
P7(A, € da|Y, Ao, ..., Vo) = on(dalYe, Ao, ..., Vo), n=0,1, ...,

PJ (Y41 € dz|Yo, Ao, ..., Yo, An) = p(dx|Yyn, An), n=0,1,....

As usual, equalities involving conditional expectations and probabilities are un-

derstood in the almost sure sense.

Definition B.1. The probability measure P is called a strategic measure (of

the strategy o) in the DTMDP model {S, A, p,1} (with the initial distribution v).

The expectation taken with respect to P;, is denoted by EJ. When v is con-
centrated on the singleton {z}, P? and EJ are written as PJ and EZ.

Consider the optimal control problem
Minimize over g :  EJ |eXn—o!YnAnYoi) | — V(2 0), 2 €S, (B.1)

We denote the value function of problem (B.1) by V*. Then a strategy o* is called
optimal for problem (B.1) if V(z,0%) = V*(x) for each € S. For a constant
€ > 0, a strategy is called e-optimal for problem (B.1) if V(z,0*) < V*(z) + € for
each z € S.

Occasionally we will also consider the so called universally measurable strate-
gies, in which case, the stochastic kernels o, (dalh,) are universally measurable,
i.e., for each measurable subset I" of A, o(I'|h,) is universally measurable in
h, € H,. The meaning of universally measurable deterministic Markov or de-
terministic stationary strategy is understood similarly, i.e., when the underlying
mappings are universally measurable in their arguments. See Chapter 7.7 of
[9] for the definition of universal measurability and other related measurability
concepts, such as the definition of a lower semianalytic function.

We collect the relevant statements in Section 3 of [108] in the next proposition.
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Condition B.1. (a) The function l(x, a, y) is lower semicontinuous in (z, a, y) €

S x A x8S.

(b) For each bounded continuous function f on S, [g f(y)p(dy|x,a) is continu-

ous in (z,a) € S x A.
(c) The space A is a compact Borel space.

Definition B.2. The DTMDP model {S, A, p,1} is called semicontinuous if it
satisfies Condition B.1.

Condition B.2. (a) The function [(x,a,y) is lower semicontinuous in a € A

for each z,y € S.

(b) For each bounded measurable function f on S and each z € S, [ f(y)p(dy|z, a)

is continuous in a € A.
(c) The space A is a compact Borel space.

Proposition B.1. (a) Let U be a [1, oo]-valued lower semianalytic function on

S. If

Ul) > inf { / p(dyl. a>el<$v“vy>U<y>} Waes,
X

acA

then U(z) > V*(z) for each z € S. In particular, if the function U satisfying

the above relation is [1, 00)-valued, then so is the value function V*.

(b) Let ¢ be a deterministic stationary strategy for the DTMDP model {S, A, p, [}.
If

V(z) = / pldylz, p(x) @ @IV (y), ¥ 2 €8, (B.2)

then V*(z) = V(z, ¢) for each x € S.
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(c) V*(z) = inf,exv V(z,0), where XV is the set of universally measurable
strategies. Moreover, for each € > 0, there is some universally measurable

deterministic stationary e-optimal strategy for problem (B.1).

(d) Suppose Condition B.1 is satisfied. Then the value function V* is the

minimal [1, oo]-valued lower semicontinuous solution to

a€A

V(z) = inf { /S p(dy\:c,a)el(x’“’y)V(y)}7 z€S. (B.3)

(e) Suppose Condition B.2 is satisfied, the value function V* is the minimal

[1, 0o]-valued measurable solution to (B.3).
(f) Suppose Condition B.1 or Condition B.2 is saisfied, let V(®)(z) := 1 for each
x €8S, and for eachn=1,2,...,

V" (z) := inf {/p(dy|x,a)el(’”’“’y)V("_l)(y)} , Vo esS.
s

acA

Then (V™ (z)) increases to V*(z) for each z € S, where V* is the val-
ue function for problem (B.1). Furthermore, there exists a deterministic
stationary strategy ¢ satisfying (B.2), and so in particular, there exists
a deterministic stationary optimal strategy for the risk-sensitive DTMDP

problem (B.1).

Part (c) of the above statement follows from the proof of Proposition 3.2 of
[108], whereas all the other parts are according to Propositions 3.1, 3.4 and 3.7

therein.
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