THE LOG-LEVY MOMENT PROBLEM VIA BERG-URBANIK SEMIGROUPS

P. PATIE AND A. VAIDYANATHAN

ABSTRACT. We consider the Stieltjes moment problem for the Berg-Urbanik semigroups which form a class
of multiplicative convolution semigroups on R4 that is in bijection with the set of Bernstein functions. In
[8], Berg and Durdn proved that the law of such semigroups is moment determinate (at least) up to time
t = 2, and, for the Bernstein function ¢(u) = u, Berg [4] made the striking observation that for time ¢t > 2
the law of this semigroup is moment indeterminate. We extend these works by estimating the threshold
time Ty € [2,00] that it takes for the law of such Berg-Urbanik semigroups to transition from moment
determinacy to moment indeterminacy in terms of simple properties of the underlying Bernstein function ¢,
such as its Blumenthal-Getoor index. One of the several strategies we implement to deal with the different
cases relies on a non-classical Abelian type criterion for the moment problem, recently proved by the authors
in [27]. To implement this approach we provide detailed information regarding distributional properties of
the semigroup such as existence and smoothness of a density, and, the large asymptotic behavior for all
t > 0 of this density along with its successive derivatives. In particular, these results, which are original in
the Lévy processes literature, may be of independent interests.

1. INTRODUCTION

The aim of this paper is to study the Stieltjes moment determinacy for multiplicative convolution semi-
groups (v¢):>0, that is semigroups satisfying, for n,t > 0,

o0 oo
/ 2" v (dx) = / eVP(Y; € dy) = '™

0 —o0
where (Y};);>0 is a one-dimensional Lévy process such that E[e"Y] < oo, for all n,t > 0. In other words, we
study the moment determinacy of the law of a process whose logarithm is a Lévy process, and we call this
problem the log-Lévy moment problem, for short.

We first point out that if ¥(n) = $n? then (v¢)¢>0 boils down to the semigroup of the geometric Brownian
motion, whose law is indeterminate by its moments for all ¢ > 0. This is because for any ¢t > 0 the
geometric Brownian motion is log-normally distributed, and it is well-known that a log-normal distribution
is indeterminate by its moments. More generally, in [27, Theorem 2.1] it is proved that the log-Lévy moment
problem is indeterminate for all ¢ > 0 whenever the associated Lévy process has a Gaussian component, a
case that we exclude from our analysis.

Moreover, Urbanik, in [35], introduced the multiplicative convolution semigroup of probability densities
(et)t>0 satisfying, for n,t > 0,

(1.1) /000 x"e;(x)dr = (n!)' = exp tilogk = exp <t /Ooo(e"y —1—n(e™¥ - 1))y(dy) ,

Pt ey —1)

and Berg [4, Theorem 2.5] discovered that the measure e;(z)dz is moment determinate if and only if ¢ < 2.
This interesting fact reveals that the log-Lévy moment problem can be non-trivial, since there can exist a
threshold time T € [0, oo] such that v; is moment determinate for 0 < ¢t < T and moment indeterminate for
t>17.
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In the same paper, Berg defined a family of multiplicative convolution semigroups (v;)¢>o that are in
bijection with the set of Bernstein functions B, see (2.2]) below for definition. In particular, for any ¢ € B,
the moments of v; are given, for n,t > 0, by

(1.2) My, (n) = /Ooosc vt (dz) (H ok )

where M, is called the moment transform of v, and for n = 0 the product is assumed to be 1. We call
these the Berg-Urbanik semigroups, since (1.1]) corresponds to the specific case ¢(u) = u of . Note that,
for a probability measure A, there is the notion of Urbanik decomposability semigroups (), which have
also been referred to as Urbanik semigroups in the literature, see e.g. [I9] [I8], and are distinct from the
semigroups (v;);>0 defined via . Furthermore in [5, Theorem 2.2] it was also shown that, M,, admits
an analytical extension to the right-half plane, and, for Re(z) > 0 and ¢t > 0

MVt (Z) = et\I’(z)

where

1w =stogo)+ [ (e 1o st - )W [y - £

with s(dy) = [ U(dy — r)(ru(dr) + d4(dr)), where U is the potential measure, y the Lévy measure and d
the drift of ¢, see (2.3]) and (| - ) below for definitions. This is the general form of the right-most equality
in , and we note that Hirsch and Yor have also derived using different means, see [I5, Theorem
3.1]. We mention that Hirsch and Yor also offer a nice exposition on the wealth of results by Urbanik in
[36], which continues the investigations started in [35].

The log-Lévy moment problem for general Berg-Urbanik semigroups is only partially understood. It
is known that any Berg-Urbanik semigroup is moment determinate for ¢t < 2, see [4], and that there are
Berg-Urbanik semigroups that are moment determinate for all ¢ > 0, see [5], however much less is known
concerning moment indeterminacy. We were inspired by Berg’s results, in particular his remarkable discovery
of the threshold for the classical Urbanik semigroup (e:)s>0, to further study the log-Lévy moment problem
in this setting. In particular, our aim was to understand how to estimate the threshold time T from simple
properties of the underlying Bernstein function, and our main contribution in this regard is Theorem
below, which provides several new and original results in this area.

One of our approaches stems on a recent Abelian type criterion for the moment problem, established by
the authors, that gives a necessary and sufficient condition for moment indeterminacy, see [27, Theorem 1.2].
To utilize this criterion we resort to proving the existence of densities for certain Berg-Urbanik semigroups
and study their large asymptotic behavior. To obtain such asymptotics we apply, in a novel and non-standard
way, a closure result for Gaussian tails obtained by Balkema et al. [2] combined with some recent Gaussian
tail asymptotics estimates due to Patie and Savov [24].

The remaining part of the paper is organized as follows. In Section [2] we state our main result for the
log-Lévy moment problem, as well some auxiliary results on Berg-Urbanik semigroups and Lévy processes.
In Section [3] we discuss some illustrative examples of Berg-Urbanik semigroups. Finally, Section [d]is devoted
to the proofs of the results stated in Section [2]

2. MAIN RESULTS

We start with some preliminaries. Let ¢ : [0,00) — [0, 00) be the function defined by

(2.1) o(u) =k +du+ /000(1 —e " u(dy),

where k,d > 0 and y is a Radon measure on (0,00) that satisfies [;°(1 A y)u(dy) < co. We write B for the
set of Bernstein functions, which is defined as

(2.2) B={¢:[0,00) = [0,00); ¢ is of the form (2.1)}.

Note that B is a convex cone, i.e. for ¢1,¢2 € B and c1,cs > 0 one has c1¢1 + cop2 € B, and also that the

triplet (k,d, 1) in (2.1)) uniquely determines any ¢ € B. We recall that the mapping u — ¢'(u) is completely

monotone, i.e. ¢’ € C°(RT), the space of infinitely continuously differentiable functions on R* and for all
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n € Nand u > 0, (=1)"¢*D(u) > 0. Tt is well-known that the mapping u + ﬁ is also completely
monotone and the corresponding Radon measure U is the so-called potential measure of (the subordinator

associated to) ¢, i.e. for any u > 0,
1

(2.3) /0 Uy = o

We refer to the excellent monograph [29] for further information on Bernstein functions, and also to [24]
Section 4] and [25] Section 3], in which several properties of Bernstein functions that are used in the proofs
are collected. In what follows we systematically exclude the trivial Bernstein function ¢ = 0 since this yields
the degenerate convolution semigroup of a Dirac mass at 1 for all time.

A family of measures (14)¢>0 is said to be a multiplicative convolution semigroup if, for ¢, s > 0 we have
Vs OVs = Vpys, Wwhere ¢ denotes the product convolution on the multiplicative group (R4, x). Next, we define
the moment transform of an integrable function f : Ry — R, and of a probability measure p supported on
[0,00), for (at least) z € iR as

M;(z) :/00C z® f(x)dr, and M,(z) :/000 x*p(dz),

and observe that the moment transform is simply a shift of the classical Mellin transform. The moments of
p, if they exist, are given, for n > 0, by

M,(n) = /OOO 2" p(dz).

We say that a measure p supported on [0, 00) is Stieltjes moment determinate, or simply moment determinate
for short, if the sequence (M,(n))n>0 uniquely characterizes the measure p among all probability measures
supported on [0, c0) and admitting all moments. Otherwise, we say p is moment indeterminate. The moment
problem for probability measures supported on [0,00) has been intensively studied for many years, going
back to the original memoir by Stieltjes [32]. For excellent references on aspects of the Stieltjes (and other)
moment problems see the classic texts [I] and [31], as well as the more recent monograph [30].

We now state the definition of Berg-Urbanik semigroups, whose validity is justified by [4, Theorem 1.8].

Definition 2.1. Let ¢ € B. Then the Berg-Urbanik semigroup associated to ¢ is the unique multiplicative
convolution semigroup (14):>o of probability measures characterized, for any ¢ > 0 and Re(z) > 0, by

Ml’t (Z) = et\P(Z)
where W was defined in (T.3). Recall that, for any n € N and ¢ > 0, e/ = ([[7_, ¢(k))".

Occasionally we write (Vfs )i>0 to emphasize the dependence of the Berg-Urbanik semigroup on the Bern-
stein function, but will mostly drop this superscript for convenience. In such cases the Bernstein function
will be clear from the context.

2.1. The log-Lévy moment problem for Berg-Urbanik semigroups. To describe our first main result
we introduce the threshold index. For each ¢ € B we let T € [0, 00| be defined by

T = inf{t > 0; v{ is indeterminate} = sup{t > 0; v is determinate},

where we utilize the bijection between B and the set of Berg-Urbanik semigroups, as well as the convention
that sup@ = 0. It is justified to call Ty a threshold index since (v¢);>0 is a multiplicative convolution
semigroup and according to [8, Lemma 2.2 and Remark 2.3], a measure p¢ o is moment indeterminate if 4 is
indeterminate and o # ¢dg, ¢ > 0. Since, for any ¢ € B, 1, is moment determinate for ¢t < 2, it follows that
T4 = 2. In the case when T4 = 0o we say the Berg-Urbanik semigroup is completely determinate, otherwise
if Ty € [2,00) we say the semigroup is threshold determinate. We proceed by defining some subsets of B that
will be useful to state our main results. First, let

By={¢€B;d>0}
denote the set of Bernstein functions with a positive drift. Next, write

By ={¢ € B; u(dy) = v(y)dy with v non-increasing}
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and note that this is sometimes referred to as the Jurek class of Bernstein functions, due to [17], see also [29]
Chapter 10]. For a Bernstein function ¢ we write ¢(00) = lim, o0 ¢(u) € (0, 00], and define its Blumenthal-
Getoor index as

(2.4) By = inf {ﬁ > 0; Tim uP(u) < oo} e 0,1],

noting that this definition coincides with the original one in [I1] for driftless subordinators. We also define
the lower index of ¢
dg = sup {5 >0; lim v %¢(u) > O} ,
uU—r 00
which has appeared in the study of shift-Harnack inequalities for subordinate semigroups, see [12]. From
these definitions it is clear that 0 < d¢ < By < 1, and moreover one can construct an example for which
strict inequality is possible, see [T}, Section 6]. In view of this, we set

B< ={¢ € B; 0y = By}

We are now ready to state our main result regarding the log-Lévy moment problem for Berg-Urbanik semi-
groups.
Theorem 2.1. Let (v4)i>0 be the Berg-Urbanik semigroup associated to ¢ € B.

(1) The inequality

2
> =
= ﬂ(p
holds, and if B4 > 0 and limy, oo u™ P2 ¢(u) < oo then vy, is moment determinate. In particular, if
¢(00) < oo then By =0 and (14)i>0 is completely determinate.

T

Moreover, the following hold.

(2) If ¢ € By then Ty =2, and v2 is moment determinate.
(3) If ¢* € Bs for all t € (0,1), then

2 2
(2.5) 5, STe s,
and hence, if additionally ¢ € B, then
2
Ty =—.
¢ By
(4) If there exists ¥ € B such that % € B, then T, < Ty. In particular, if 9* € By for all t € (0,1), then
2
Ty < —.
¢ 59

Remark 2.1. Note that all complete Bernstein functions satisfy the property ¢' € By for all t € (0,1).
Indeed, writing H = {z € C; Im z > 0} for the upper half-plane, we recall that a Bernstein function ¢ is said
to be a complete if its Lévy measure p has a completely monotone density, or equivalently if Im ¢(z) > 0 for
all z € H. Such functions are also sometimes called Pick or Nevanlinna functions in the complex analysis
literature. If ¢ is a complete Bernstein function, then for t € (0,1) and z € H,

Tm 64(2) = Tm {08 |9(2) [ Hiarg 6(2)) _ (t1og|6(2)| [y gitars 6(2) 5

and hence ¢! is a complete Bernstein function, and in particular its Lévy measure has a non-increasing
density. In particular u — (u 4+ m)® is a complete Bernstein function, for any m > 0, a € (0, 1), and thus
u — (u+m)* is also a complete Bernstein function, for any t € (0,1). We refer to [29, Chapter 16] for
abundant examples of complete Bernstein functions and to [29, Chapter 6] for further details on the theory
of complete Bernstein functions; see also [I4] for some interesting mappings related to complete Bernstein
functions.

Remark 2.2. We mention that for Item Patie and Savov, see [24] Proposition 4.4], have given sufficient
conditions for the ratio of Bernstein functions to remain a Bernstein function, see also Proposition [£.1] below
for another set of sufficient conditions.
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This Theorem is proved in Section and the proof makes use of several strategies that will be detailed
throughout the rest of the paper. We proceed by offering some remarks regarding our results in relation to
what has been proved in the literature.

First, Theorem [2.1)(1)| provides a generalization of the example provided in [4] for which the threshold
function is infinite. Therein, the author considers the Bernstein function u +— UL_H, for which lim,_, UL_H <
oo and therefore trivially 84 = 0. However, there exist ¢ € B such that ¢(oo) = oo but 84 = 0, for example
the function given, for v > 0 and any A > 0, by

¢(u) = log (1 + %) = /000(1 —e e A,

which we note is a specific instance of Example below. This shows that a Berg-Urbanik semigroup
may have unbounded support for all ¢ > 0, see Theorem below, but is still completely determinate.
Furthermore, in Theorem we provide a condition on ¢ that ensures that the lower bound in is
sharp, in the sense that vy, is moment determinate. It would be interesting to know what situations can
occur when this condition is not fulfilled, in particular if it is possible that vy, is indeterminate.

In Theorem we provide an exhaustive claim for the case when ¢ € By, thereby generalizing Berg’s
result that the classical Urbanik semigroup (e;)¢>o is moment determinate if and only if ¢ < 2, which
corresponds to the case ¢(u) = u. The proof relies on an application of Theorem to yield the matching
upper bound, which shows that Bs can serve as a reference class for proving more general estimates. We
borrow this idea of using reference objects from [24], Section 10] where the concept of reference semigroups was
developed in the context of spectral theory of some non-self-adjoint operators. The fact that one can construct
¢ € B such that 0 < dg4 < B¢ < 1 shows that the inequality in may be far from optimal. Nevertheless,
when ¢ € B~, Theorem allows one to classify the behavior of Ty entirely by the analytical exponent
By. Finally, as was suggested by an anonymous referee, it is worth emphasizing that for any T € (2, 00)
there exists a Bernstein function ¢ whose associated Berg-Urbanik semigroup has threshold index T4 = T,
see e.g. Example

2.2. A related moment problem on infinitely divisible moment sequences. Before we proceed
with developing results leading to the proof of Theorem we briefly discuss a related moment problem,
which requires us to introduce the notion of infinitely divisible moment sequences. A Stieltjes moment
sequence (m(n)),>o is said to be infinitely divisible if, for any ¢ > 0, the sequence (m*(n)),>o is again a
Stieltjes moment sequence, and this notion goes back to Tyan who introduced and studied infinitely divisible
moment sequences in his thesis [34]. By definition, for each ¢ > 0, there exists a random variable X; with
moments (m(n)),>o and it is natural to ask how the moment determinacy of X; (meaning the moment
determinacy of its law) relates to the moment determinacy of X?, as a function of t. This latter random
variable X} is the t*"-power of a random variable with moments (m(n)),>0, and it is straightforward that
X7 has moments given by (m(¢n)),>o. From Theorem [2.3 below it follows that, for any ¢ € B, the moment
sequence (My, (n))n>0 is infinitely divisible and hence Berg-Urbanik semigroups provide a natural setting
in which to investigate this question. In what follows we let, for ¢ € B, X;(¢) denote the stochastic process
whose law at time ¢ > 0 is given by Vf and write simply X (¢) = X1(¢), suppressing the dependency on ¢
when this causes no confusion.

Theorem 2.2. Let ¢ € B.
(1) The random variable X is moment determinate for t < %, and if Bg > 0 and limy o u=Peg(u) <

2
oo then X P¢ is moment determinate.
Moreover, the following hold.

(2) If ¢ € By then Xt is moment determinate if and only if t < 2.
(3) If ¢ € By then X is moment indeterminate fort > %. If in addition 84 = By and lim, . u=Po p(u) <
oo then Xt is moment indeterminate if and only if t > %.
(4) If there exists 9 € B such that % € B then, for any t such that X'(9) is moment indeterminate, the
variable Xt(¢) is also moment indeterminate.
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This Theorem is proved in Section[4.5] While Theorem [2.1] concerns the ¢-dependent moment determinacy
of the process (X¢);>0, Theorem is the analogous result regarding the moment determinacy of X?, or
equivalently of the sequence (M,, (tn)),>0. Note that the conditions in Theorem are weaker than
those in Theorem which shows that the log-Lévy moment problem is the harder of the two moment
problems. In [23] Lin stated the following conjecture regarding the moment determinacy of infinitely divisible
moment sequences.

Conjecture (Conjecture 1 in [23]). Let (X¢)t>0 be a stochastic process such that (E[X['])n>0 = (m*(n))n>0,
i.e. (m(n))n>o s an infinitely divisible moment sequence. Then X, is moment determinate if and only if X}
is moment determinate.

As a corollary of Theorems and we get an affirmative answer to Lin’s conjecture for a subclass of
Berg-Urbanik semigroups.

Corollary 2.1. Let ¢ € B and suppose that any of the following conditions are satisfied:
(1) By =0,
(ii) 6 € Ba, o
(iii) ¢ € B= with ¢* € Bz for all t € (0,1), By > 0 and lim, . u™P?¢(u) < oo.

Then Lin’s conjecture holds.

We point out that recently Berg [6] proved a related conjecture by Lin (Conjecture 2 in [23]) concerning
the moment sequence (I'(tn + 1)),>0, which among other things confirms Lin’s conjecture (Conjecture 1)
for this particular example. Note that the moment sequence (I'(tn + 1)),>0 corresponds to the Bernstein
function ¢(u) = u, which falls under the assumption in Corollary

2.3. A new Mellin transform representation in terms of Bernstein-Gamma functions. The proof
of Theorem [2.I] relies on several intermediate results that are of independent interests. The first one is an
alternative representation of M,,. For a € R we let C(, o) = {# € C; Re(z) > a} and then write A, ) for
the set of analytic functions on C(4 ). Recall that a function f : iR — C is said to be positive-definite if,
for any s1,...,s, € iR and z1,...,2, € C, 320", f(si — 5;)2%Z; = 0.

Next, for any ¢ € B we let Wy : C(g,0c) — C denote the so-called Bernstein-Gamma function associated
to ¢, which is given by

et o gk) e,
(2.6) W¢(Z) = (b(z) ]]:[ (b(k’—i—z)e (k)

=1
where the infinite product is absolutely convergent on at least Cg ), and

. — ¢/ (k) { ¢'(1)
= lim —logo(n —log &(1 —logo(1)] .
Vo (l; o) g &( )) € go(1), o) go(1)
This function, as defined in on R, was introduced and studied by Webster [37], and was extended (at
least) to C(g o) by Patie and Savov who introduced the terminology and studied their analytical properties,
such as uniform decay along imaginary lines, in the works [24, Chapter 6] and [25]. The product in
can be thought of as a generalized Weierstrass product, as it generalizes the classical Weierstrass product
representation for the gamma function. Indeed, this case can be recovered by setting ¢(u) = u, in which case
¢ boils down to the Euler-Mascheroni constant. Furthermore, Wy is the unique positive-definite function
that solves the functional equation

Wy(z+1) = o(2)Wy(z), Wy(l) =1,

valid for at least z € C( o), see [24, Theorem 6.1(3)]. Write Log for the branch of the complex logarithm
that is analytic on the slit plane C\ (—o0, 0] and satisfies Log 1 = 0, commonly referred to as the principal
branch. We use it to define, for t > 0 and z € C(g o),

W;)(Z) — et Log W(,,(z)’

as well as ¢f(z) = et Log#(2),



Theorem 2.3. Let ¢ € B and let (v1)i>0 be the corresponding Berg-Urbanik semigroup. Then, for t > 0,
oo

(2.7) M, (2) = / *uy(de) = Wi(z+1), Re(z) > —1,
0

where Wy : Cg o) — C is the Bernstein-Gamma function associated to ¢. Moreover, Wq‘i € A,00) and Wy
is the unique positive-definite function that solves, for all t > 0, the functional equation,

(2.8) Wiz +1) = 6/ ()W), WhD) =1,
valid for z € C(p,o0)-

Remark 2.3. Note that when ¢t = 1, the equation ([2.8)) restricted to Ry was studied by Webster in [37], who
showed that W¢|]R<+ is the unique log-convex solution to the restricted functional equation.

Remark 2.4. We point out that in [25] Theorem 4.1] the authors proved that Wy € A, o), Where
0y = sup{u < 0;¢(u) = —00 or ¢(u) =0} € [~00,0],

which is more than what we claim in Theorem for t = 1. However, for ¢ # 1, Wq’i is only defined on the
slit plane C \ (—o0, 0] and hence it is not possible to extend the strip of analyticity of W;, beyond C(g,o0)-

This Theorem is proved in Section . Our proof of in Theorem generalizes an argument
given by Berg [] for the case Wy(z) = I'(2), i.e. #(u) = u, which uses the (classical) Weierstrass product
representation for the gamma function. We are able to readily adapt his argument to the generalized
Weierstrass product for Wy given by , which emphasizes the utility of such a product representation.

2.4. Existence, smoothness, and Mellin-Barnes representation of densities. In this section we
obtain the existence of densities for subclasses of Berg-Urbanik semigroups, and quantify their regularities
based on properties of the associated Bernstein function. We write Co(R ) for the set of continuous functions
on R, whose limit at infinity is zero. Then, for each n € N, we write Cj(R) for the set of n-times
differentiable functions all of whose derivatives belong to Co(Ry), and C5°(Ry) for the set of infinitely
differentiable functions all of whose derivatives belong to Co(Ry). Finally, for notational convenience, we
write p € Cj(Ry) to denote that a measure p on Ry has a density, with respect to Lebesgue measure on
R, and that this density belongs to CJ(R).

To state our next result we need to consider some further subsets of B. Following [25], we say that a Lévy
measure p satisfies Condition-j if u(dy) = v(y)dy with v(0") = oo, such that v = vy +vy for vy, ve € L1 (R,),

and vy > 0 is non-increasing, while [ va(y)dy > 0 satisfies |va(y)| < (fyoo v (r)dr) v C, for some C > 0.
Given this, we let
B; = {¢ € B; u satisfies Condition-j}
and note that By C B;.
Write [|v|[oc = sup, > [v(y)] for the sup-norm of a function on Ry, and set
B, ={¢ € B\ Ba; pu(y) = v(y)dy with [[v][ec < o0},

so that ¢ € B, implies that ¢(oc0) < co. We define the quantity Ny, as

v(0F) .

N, = { 900 if ¢ € By,
o) if p € Bj U Bg,

and set
By ={¢ € B; UB, UBg; Ny > 0}.
Next, let

1 b
Bez{qi)EB; Oy = lim m/ arg¢(1+iu)du>0},
0

b—o00

and note that ©, € [0,%] due to [25, Theorem 3.2(1)]. In fact, if ¢ € By then ©4 = %, while if
limy 00 p(u)u™® = Cqu, for a € (0,1) and a constant C, € (0,00), then ©4 = aF (see [25, Theorem
3.3]). Furthermore, there is nothing special about the 1 in arg ¢(1 + iu) as it can be replaced by any a > 0
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without changing the value of ©4, which follows from a combination of [24, Proposition 6.12] and [25, The-
orem 3.1(1)]; in the definition of Bg we simply choose to evaluate arg ¢ along the imaginary line Re(z) =1
for convenience. For 6 € (0, 7] let

A(0) = {f : C — C; f is analytic on the sector |arg z| < 6},

that is A(m) denotes the set of functions that are analytic on the slit plane C\ (—o0, 0]. Finally, we denote
by supp(u) the support of a measure p.

Theorem 2.4. Let (v;)i>0 be the Berg-Urbanik semigroup associated to ¢ € B.
(1) Assume that ¢ # k for k > 0. If ¢(00) < oo then supp(vt) = [0, ¢(00)], otherwise supp(r;) = [0, 00)
for allt > 0.
(2) If ¢ € By then, for anyt > ﬁ, v € Cg(t) (Ry), t.e. (da) = v (z)dx,x > 0, where n(t) = [Nyt| —1 >
0. Furthermore, for each n < n(t), the density vi(x), and its successive derivatives, admit the
Mellin-Barnes representation

(n) - (_1)n /c+ioo _z_nF(Z+n) :
Uy (ac)—72m - x TG Wi(2)dz,

for any ¢,z > 0.
(8) If ¢ € Bo, then, for any 0 <t < @LW v € A(O4t), and for any t > @id), v € A(r).

Remark 2.5. From Theorem it follows that the support of v; is bounded, pointwise in ¢, if and only if
¢ is a bounded function. Note that we exclude the case when ¢ = k as this corresponds to a Berg-Urbanik
semigroup with degenerate support, i.e. supp(v;) = de.

This Theorem is proved in Section A key ingredient in the proofs of Theorem and Theo-
rem [2.4(3)| are estimates for Bernstein-Gamma functions along imaginary lines provided in [25, Theorem
4.2].

The main point of Theorem is to quantify the differentiability of the Berg-Urbanik semigroup as a
function of ¢ and simple quantities associated to ¢. In this sense our result complements and extends [24]
Theorem 5.2], which deals with the differentiability at time 1. Finally, in Theorem we describe the
analyticity of v4 both as a function of ¢ and ¢, and show that the sector of analyticity grows linearly in ¢.
This gives rise to another kind of threshold phenomenon, whereby for large enough ¢ we get that the density
is analytic on C\ (—o0, 0].

2.5. Asymptotics at infinity of densities and their successive derivatives. In this section we consider
a subset of Berg-Urbanik semigroups admitting smooth densities, for all £ > 0, for which we are able to obtain
the exact large asymptotic behavior of the density, as well as for all of its successive derivatives, for all time
t > 0. We write f(x) ~ g(z) if lim, o0 % =1, and f(x) = o(g(x)) if lim, o0 Z;E;) = 0. The following
theorem is the main result of this section, and one of the main results of this paper.

Theorem 2.5. Let ¢ € B be such that ¢p(c0) = oo with ¢* € By, for all t € (0,1), and let (v;)i>0 be the
corresponding Berg-Urbanik semigroup. For any t > 0, vy € C°(Ry), i.e. vi(der) = vi(x)dz, x > 0, and the
densities vi(x) satisfy the following large asymptotic behavior

t

(2.9) v (z') R \Z‘% z1=ty/ (z) exp (—t /: S"(:)dr>

where Cy > 0 is a constant depending only on ¢, and ¢ : [k,00) — [0,00) is the continuous inverse of ¢.
Furthermore, for any n € N and t > 0, the successive derivatives of the density satisfy

(2.10) Vt(") (z) R (1) "z ™ (@)1 (')

which can be specified as follows.

(1) If ¢ € By then
Cl  wrvaey) te t [T E(r)
t\ o© @ o _ -
v () Vot eXp( d+d/k r dr)
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where 6¢ > 0 is a constant, and E(u) > 0 satisfies B(u) = o(u). Furthermore, for any n € N and
t>0,

™ (2t) T (~1)dmz" Dy, (2).
(2) If p(u) X Cuu®, for a constant Cy, >0 and o € (0,1), then

—t

C 1—at _1 * H(r)
t) o0 ¢ l-at 1
v () ~ 2o exp | —taCy x> —|—t/ dr)
() V2t p( * KT

where Cy > 0 is a constant, and H(u®) = o(u). Furthermore, for any n € N and t > 0,
Vt(n) (xt) e (_1)n0;ax§(1—at)yt (xt)

Remark 2.6. Note the asymptotic (2.9)) is a key ingredient in the proof of Theoremregarding the moment
determinacy of the Berg-Urbanik semigroups.

Remark 2.7. In the special case ¢(u) = u the identity in (2.9) boils down to

(211) @) % (2D

where we recall that (e¢):~¢ stands for the classical Urbanik semigroup, see (1.1). For n = 0 and ¢t > 0
this asymptotic was proved by Berg and Lépez in [9], see also Janson [16] for an independent proof. In
both papers the authors apply a delicate saddle point argument hinging on special properties of the gamma
function such as the Stirling’s formula with Binet remainder for the gamma function as in [9]. Furthermore,
Janson outlines how his saddle point argument can be applied to yield the asymptotics in for arbitrary
n € N, see [16, Remark 6.2]. It would be interesting to see if a saddle point approach could be applied for
general Berg-Urbanik semigroups, using the Mellin transform representation we provide in Theorem [2-3]
together with further study of Bernstein-Gamma functions.

This Theorem is proved in Sections and There are three main steps in the proof of the
asymptotics and (2.10). The first one hinges on a non-classical Tauberian theorem whose version we
use is due to Patie and Savov [24] Proposition 5.26] but originates from the work of Balkema [3, Theorem
4.4]. Tt enables us to get the large asymptotic behavior of the densities and of its successive derivatives at
time ¢ = 1, under the less stringent conditions ¢ € By. Since the conditions to invoke this non-classical
Tauberian theorem are difficult to check, one can not follow this path for other times than 1. Instead, we
combine the asymptotic at time 1 of the densities from [24] Theorem 5.5] together with assumption that
¢t € By, for all t € (0,1), to obtain the asymptotic at time t. Lastly we adapt to our context a closure
result due to Balkema et al. [2 Theorem 1.1], which states that the (additive) convolution of probabilities
density with Gaussian tails also has a Gaussian tail, to extend the asymptotic from t € (0,1) to all ¢ > 0.
Our application of this closure result is novel, since we use it not only for the densities (as it is stated in [2])
but also for their successive derivatives.

As a by-product of Theorem [2.5] we obtain the large asymptotic behavior of the density and its successive
derivatives for the law of certain Lévy processes, which seems to be new in the Lévy literature. To state
this we briefly recall that a (one-dimensional) Lévy process (Y;):>0 is a R-valued stochastic process with
stationary and independent increments, that is continuous in probability, and such that Yy = 0 a.s. For
further information regarding Lévy processes we refer to the monograph [28]. Note that to each Berg-
Urbanik semigroup there exists a corresponding Lévy process whose characteristic exponent is given by

3.

Corollary 2.2. Let ¢ € B be such that ¢(c0) = oo with ¢* € By, for all t € (0,1), and let (Y:)i>0 be a Lévy
process whose characteristic exponent W is given by (1.3). Then, fort > 0, P(Y; € dy) = fi(y)dy,y € R with
ft € C°(R) and, for any n >0,

Ct o¥
) (1) 2 (—1)" Lo (e¥)4 /e8! (V) exp (—t/ <,0(7‘)dr>
k

1 1
n(;—l)e—tact

V2t T

where Cy > 0 is a constant depending only on ¢, and ¢ : [k,00) — [0,00) is the continuous inverse of ¢.
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This corollary is obtained by combining and (2.10) with the relation ft(n)(y) < e("“)yut(n)(ey), for
any n > 0, which is established in the proof of Theorem We are not aware of such a detailed description
of the large asymptotic behavior for the law of a Lévy process, for all ¢ > 0 as well as of its successive
derivatives, having appeared in the Lévy literature before, except in some special cases.

3. EXAMPLES
In this section we consider two examples of Berg-Urbanik semigroups that illustrate the previous results.

Example 3.1. Let ®, 4 be the Bernstein function defined, for u > 0, by

I(au+ a)
I'(ou + b)
with @ € (0,1] and 0 < b < a < b+ 1, where the fact that ®, 4 is a Bernstein functions follows from [20]

Proposition 1 and Remark 1]. Next, let, for 7 € Ry, G(z|7) denote the double gamma function, and recall
that it satisfies the functional equation

(pa,u,b(u) =

z
(3.1) Glz+1lr) =T (Z) Glaln),
for z € C(g,00), with G(1|7) = 1. We claim that
G(z+313) L®)G(alz)
3.2 1% — Crao—82  where Cqp = ——aro8?,
2 TP T M O TETETEY

Indeed, from (3.1) it follows that
Glz+1+2|2) T(az+a)Gz+2|d)

Glz+1+2I2) Tlez+b) G+ L)
for 2 € C(g,), and the choice of Cy 4,5 ensures the required normalization. Hence it remains to prove the
uniqueness. To this end we note that, by a Malmsten-type representation for G(z|7) due to [21], we have

G(z+ 1)
where ¢, k are real-constants depending only on the underlying parameters, and
(e*IE’y —e~aY)

—

T )

see for instance [22, (2.15)]. Differentiating the right-hand side of twice, which is justified by dominated
convergence, shows that the ratio of double-gamma functions is log-convex. However, Ws_ _ , is the unique
log-convex function on R4 solution to the functional equation, and thus the claim is proved.

Next, we note that ®, 4 is a complete Bernstein function. Indeed, ®, 4,5 is obtained by the dilation and
translation of the argument of the function ®, ., below, whose Lévy measure is easily seen via direct calcu-
lation to be completely monotone, and these operations preserve the property of being a complete Bernstein
function, which can be seen by using the upper half-plane criterion as outlined in Remark Moreover,
the density of the Lévy measure of ®, qp is necessarily infinite at 0, which follows from ®, 45(c0) = o0,
and so ®, 4,5 € B, which gives by definition that Ng, ., = oo. Thus, invoking Theorem yields that,
for all t > 0, 14 € C°(R,) and since, by Stirling formula, recalled in below, ®4 qp(u) ~ Cut~°, for
a constant C' > 0 and with a — b € (0,1), these densities satisfy the large asymptotic behavior specified

by Theorem From [25, Theorem 3.3(2)] we get that ©g, ,, = (G_Tb)”, see the discussion prior to

all [e's)
(3.3) log (CM) - “”/ (€7 — 14 2) faan(y)dy,
0

Theorem [2.4] for the definition, where we may apply this result since ®, 45 € B, with £ = 1 in the no-
tation therein. Hence invoking Theorem gives that v; € A(W) for t < 2; and vy € A() for

t> ﬁ. Finally, the property @, q(u) ~ Cu®"" gives, by Theorem , that T, ., = azh and, by

Theorem [2.1(1)] we also have that the semigroup is moment determinate at the threshold. As remarked

earlier, this example reveals that for any T' € (2, 00) there exists a Bernstein function, namely @, 4 with

a—b =% and any « € (0, 1], whose associated Berg-Urbanik semigroup has threshold index Tg, , , = 7.
10



Now let us now mention that for the special case when a = am+1 and b = am+1—a, where m € [1—%7 00),
so that a — b = «, some expressions above simplify. Indeed, in this case, the Bernstein function takes the
form

Flau+am+1) I'(am+1)

P, = = T = eyt By(] _ o~)—a=ig
m (1) Tlau+am+1—a) F(am+1—0z)+/0( e e (1=e™=) 4

and was studied in the context of the so-called Gauss-Laguerre semigroup in [26], see the computations on

p.808 therein for the above equality. For z € C(g o), the ratio of double gamma functions in (3.2)) boils down

to

INoaz+am+1—a)
IF(am+1)

Ws, . (2) =

)

see e.g. |26, Lemma 3.1], and we also have

1 1
mergflefma

_ 0
Tam+1) 570

141 ($) =

see [24) Equation (3.10)] and more generally Section 3.3 of the aforementioned paper.
Example 3.2. Let ¢ € B and consider the function defined, on R™, by

1)),

de(u) = log ( o)

Observe that,

¢p(u) = log (qb(;g)l)), = (Z((;Lif)) = /OOo e e Vk(dy) = /OOO e ke (dy),

where we used the last identity in and the last equality serves as a definition for the positive measure
Ke. It means that ¢} is completely monotone and since ¢, is plainly positive on R*, we deduce that ¢, € B.
Next, as a general result on Bernstein functions gives lim,,_, o, u ™ ¢(u) < 0o, see for instance [24, Proposition
4.1(3)], it follows readily that for any 8 > 0, lim, _, u ?¢¢(u) = 0 and thus 34, = 0, see for definition.
Hence, the Berg-Urbanik semigroup associated to the Bernstein function ¢, is completely determinate.

As an illustration, we choose, for A > 0, ¢(u) =1+ § € B and we have, writing ¢, = ¢, that

(3.4) ox(u) = log (1 n %) - /000(1 - e—"y)e_;ydy.

It follows plainly from the right-hand side of the equality that the Lévy measure of ¢, is completely
monotone, and thus ¢, is a complete Bernstein function. Furthermore, we have that Ny, = oo, since ¢y
satisfies Condition-j and ¢y (oc0) = oo. Hence we get from Theorem that supp(v:) = [0,00) for all
t > 0, and from Theorem we conclude that for all ¢+ > 0, v4(dz) = v(x)dr with v, € C(RL). A
straightforward computation yields that the continuous inverse of ¢, is given by u — A(e* — 1). Hence, by
Theorem [2.5] we have, for all ¢ > 0, that
t t
vy (xt) B \/%xl (G exp (—)\t Ei(z) + g) ,

where C' > 0 is a constant and Ei(z) = — fix; et:dt is the exponential integral, and we also used the

e

;1 dr, where v is the Euler-Mascheroni constant.

well-known relation Ei(x) = v + logz + foz

4. PROOFS OF MAIN RESULTS

f(=@)

g(x) ~

Throughout the proofs we write f(z) = O(g(x)) to denote that h?n ‘

g(@) if im0 £ =1, and f(z) = o(g(x)) if lim, o £ = 0.

< 00, and recall that f(x)
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4.1. Proof of Theorem [2.3l We begin with the proof of | and start by showing that the function

b — —LogWy(l+ib) is a contlnuous negative-definite functlon i.e. a continuous function f such that

f(0) = 0 and u — e ¥/ is positive-definite for all ¢ > 0, see [29, Proposition 4.4]. As mention in the

introduction, this fact has already been established by Berg [5] and independently by Hirsch and Yor [I5]

and we shall provide yet another proof utilizing the Weierstrass product representation for Wy. We follow

closely the arguments given by Berg for the proof of [4, Lemma 2.1]. First, from we have, for Re(z) > 0,
e—V6? ) )

Wsl H¢>k+z o

where 74 = limy,_,o0 (ZZ 1 ‘f;((,f —log p(n )) € [— log (1), & ¢(1) —logqb(l)}. Hence,

~Lo ib) = ib) + Lo i — S~ (Lo (08 AL
Log Wy(1 + ib) = v4(1 + ib) + Log ¢(1 + ib) ;(Lg<¢(k+1+ib)>+(l+ b )

Next, for n > 1, consider the truncated functions Ly , defined by

o . L . P(k) PNAC)
Lgn(1+ib) = v4(1 +ib) + Log ¢(1 + ib) kz::l (L g<¢(k+1+ib)> + (1 +ib) ¢(k)>
Gk e, ok +ib)
_L¢n(1)+zb<v¢—;¢(k)>+;Lo OB
where
Lg.n( —7¢—Z¢ ) =76 —9(n),

and the last equality serves to define g(n). We clalm that n — g(n) is non-decreasing with lim,,_,oc g(n) = v.
Indeed, we have from [24, Proposition 4.1(4)] that é is completely monotone so that % is completely
monotone, as the product of two completely monotone functions. Thus u — q;,((;)) is non-increasing, and we
get that

QZS(TL + 2) n+2 ¢/(u) ¢)/(n + 1)
log ——<~ = du < ’
o8 d(n+1) /n+1 o (u) us p(n+1)
which yields
_¢(n+1) p(n+2)
gn+1)—g(n) = St D) —log o T 1) > 0.
Additionally, by [24], Proposition 4.1(6)]
_pn+1)
so that
nh_{ilog ”_>oo ( @'( : — log ¢(n) + log ¢(n) — log ¢p(n + 1)) =7 — nh—>H§o log ‘75(;’(;:)1) = Y.

Putting all of these observations together, we conclude that Ly (1) > 0. Furthermore, for any a € R the
function b — iab is continuous negative-definite, and for any 1 < k < n+ 1, b — Log ‘ﬁ(;f(iz;b) is continuous

negative-definite since u — log ¢(¢k(;g)“ ) is a Bernstein function, as the composition of two Bernstein functions,

see [29, Corollary 3.8(iii)]. This shows that L (1 +ib) is a continuous negative-definite function, and since
limy, 00 Lg.n(1 4 ib) = —Log Wy (1 + ib) pointwise it follows that b — —Log Wy(1 + ib) is a continuous
negative-definite function.

Consequently, using the homeomorphism x — e* between R and (0, c0), we find that there exists a unique
multiplicative convolution semigroup (V;):>o such that

(4.1) /O h y"Vi(dy) = Wi (1 +ib).
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From [24, Theorem 6.1] we know that Wy € Ao ) and hence Wd’i € A(0,00) for any ¢ > 0. Thus the identity
in (4.1) extends to

/0 Ty Vi dy) = W),

for z € C(g,o0). However, again from [24, Theorem 6.1], we have that M, (z —1) = Wy(2) and thus Vi = v,
since the Mellin transform uniquely characterizes a probability measure. By uniqueness of convolution
semigroups it then follows that V; = v, for all ¢ > 0, and thus is established. Finally, from [24] Theorem
6.1] we have that Wy : C(g,oc) — C is the unique positive-definite function, i.e. the Mellin transform of a
probability measure, that satisfies the functional equation

Wo(z+1) = d(2)Wy(2), We(l) =1,
for z € C(g,x0), from which the last claim follows.

4.2. Proofs for Section [2.4l

4.2.1. Proof of Theorem|2.4(1) It is immediate from [8, Theorem 1.5] that ¢(c0) = co implies supp(v;) is
unbounded, and we also get from [24) Theorem 5.2(1)] that supp(v1) = [0,00). By the homeomorphism
x +— e between R and (0,00) mentioned above, together with the fact that the boundedness from below
of the support of the law of a Lévy process is time-independent, see [28, Theorem 24.7], we then conclude
that supp(v;) = [0,00) for all ¢ > 0. Hence, we suppose that ¢(c0) € (0,00). To prove the claim we will
rely on the following auxiliary result: for any measure p on Ry, supp(p) C [0,¢], for ¢ > 0, if and only if
I ampu(dr) = 0(c"), see [8, Lemma 2.9]. Since for any ¢ € B we have, by definition, that ¢’ is completely

0
monotone it follows that all Bernstein functions are non-decreasing on R . Thus we have, for any n > 0,

My, (n) = (H ¢(k)> < p(00)™.
k=1

By the quoted result, the above estimate implies that supp(v;) C [0, ¢(00)!]. For the reverse inclusion, let
e > 0 be small and choose N, 4 large enough (depending on € and ¢) such that for k > N, 4, — 1 we have
d(k) = ¢(00) —e > 0. Then, for n > N, 4 and again since ¢ is non-decreasing,

t t

N¢ o—1 n
My, ()= ] ¢*) [T ¢k) | = Cepild(oo0) —2)™,
k=1 k=N. 4
where o e
1)News—
Cogt = P(1)

(¢(00) —g)Newo?

is a constant, which depends only on €, ¢, and t. Since € > 0 is arbitrary this estimate shows that supp(v;)
cannot be contained in any sub-interval of [0, #(00)!]. Thus we must either have that supp(v;) = [0, ¢(c0)?]
or supp(1¢) = d4(s0)t, & Dirac mass at the point ¢(oco)’. In the latter case,

n t
My, (n) = p(c0)™ = <H ¢(/€)> ;

k=1
for all n > 0 and ¢ > 0, from which it follows that ¢ must be constant.

4.2.2. Proof of Theorem|2.4(2). We split the proof into two cases. First, suppose that N, = 0o, which implies
that ¢ € B4 U B,. Then one may invoke [25, Theorem 4.2(3)] to get that, for any p > 0 and a > 0,
lim |bP|Wyg(a +ib)| =0,
[b] =00
where Wy, : C(g o) — C is the Bernstein-Gamma function associated to ¢. Hence, for any ¢ > 0 and ¢ > 0
fixed,
lim [b|?|Wy(a + ib)|* = 0,

|b] =00
which yields the estimate
(Wi(a+ib)| = O(|b| ™),
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uniformly on bounded a-intervals, i.e. uniformly on bounded intervals of a € (0,00). Indeed, the functions
E,; and Ry in [25, Theorem 4.2] are uniformly bounded for all @ > 0 and all ¢ € B, while the function Gy
in [25] Theorem 4.2] depends only on a and Gy(a) < alog¢(1 + a), so that Gy is uniformly bounded on
bounded a-intervals, see also [25, Remark 4.3]. By Theorem we know that M,, (2 — 1) = W((2), for
Re(z) > 0, so the estimate for W(f) established above, together with the fact that Wqﬁ € A(0,00), justifies the
use of Mellin inversion, see e.g. [33], to conclude that, for any ¢ > 0,

1 c+i0o
_ —zyr7t

(4.2) vi(x) = %/c_ioo v FWy(2)dz.

Note that the integrand in ([L.2) is absolutely integrable for any x > 0, since [z~ (“*™)|[W}(c + ib)| =
x=¢|W}(c+ib)| and [W,(c+ib)| = O(|b| "), for |b] large enough. Taking lim, o () in (£2) and using the
dominated convergence theorem to interchange the limit and the integral gives that v; € Co(Ry). However,
since for any ¢ > 0 and a > 0, [Wj(a+ib)| = O(|p] =), we deduce that, for any n = 0,1,2,..., z 2MWE(2)]
is absolutely integrable and uniformly decaying on a complex strip containing c+mn+ iR, see e.g. [24], Section
1.7.4], and thus we get

= G [ e T
vy (x) = 270 o x F(z—n)W¢(z n)dz.

By the change of variables z — z 4+ n then yields the claimed Mellin-Barnes representation,

_1\n c+ioco Py n
v (z) = et 272 / x_z_”r(r(—; )Wé(z)dZ,

—100
where we note that the integrand is absolutely integrable by Stirling’s formula for the gamma function, see
below. Using the dominated convergence theorem once more to evaluate the limit at infinity yields
that v, € C(R4).

Next, suppose that ¢ € B,, i.e. Ny =
for a > 0 fixed and any € > 0,

v(01)
@(c0)

€ (0,00). Another application of [25] Theorem 4.2] yields that,

lim [b["~|Wy(a + ib)| = 0,

|b] =00
while
lim [b|"*"¢|Wy(a + ib)| = oo.

|b] =00
The first equality thus guarantees that, for ¢ > 0 and any € > 0,

(4.3) |b1|iinoo |bNe' ¢ | Wy (a + ib)|* = 0.

Now let t > ﬁ and observe that n(t) = [Nyt| —1 > 0 and is the largest integer less than or equal to Nyt — 1.
Choose € such that Nyt —1 —n(t) > ¢ > 0. Then, by , it follows that, uniformly on bounded a-intervals,
and for |b| large enough

[We(a +ib)|" < Clp| 717707,
for C' > 0 a constant. Since the right-hand side is uniformly integrable and W;, is analytic on C(g o),

another application of the Mellin inversion formula and dominated convergence allows us to conclude that

v € Cg(t) (R4). The Mellin-Barnes representation follows as in the previous case.

4.2.3. Proof of Theorem [2./(3). Since ¢ € Bg we have, for any £ > 0 and |b| large enough,
(4.4) Ay(a+1ib) > (04 —€)|b],
where Ay(a +ib) = fob arg ¢(a + iu)du. Invoking [25, Theorem 4.2(1)] gives, for any a > 0,
t
|W¢(a + Zb>|t — Cti? ot ( ¢(a) ) e—tA¢(a+ib),

|¢(a +ib)]
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where Cy o > 0 is a constant depending only on ¢, a and ¢t. Since [25, Proposition 3.1(9)] gives that
|p(a+1ib)| = ¢(a), it follows from the estimate for Ay in (4.4) that, for € small enough such that ©4t —e > 0,

(4.5) (Wy(a+ib)|t 20 (e—<@«>f—6>\bl) ,

where the big-O estimate holds pointwise in a, and thus uniformly on bounded a-intervals. By similar
arguments as given in the proof of Theorem above, it follows that vy € C5°(Ry), and hence we have
the Mellin-Barnes representation for vy

1 c+ioco . .
(4.6) v(x) = %/c_ioo r Wy (2)dz,
for any ¢ > 0. To show that v; is analytic on the claimed sector it suffices to analytically extend the right-
hand side of (4.6]), which amounts to replacing x by a suitable complex number. Let £ > 0 be fixed and

consider w € C such that |argw| < ©4t —e. From the estimate (4.5) it follows that, for any ¢ > 0 and b € R,
|w_(c+ib)W£(c+ Zb)| < e\bllargw||W¢<C+ ’Lb)‘t x 0 (e—(®¢t—s—\argw\)\b|) ’

and by choice of w the right-hand side is integrable in b. Thus the integrand on the right-hand side of (4.6) is
well-defined for | arg w| < ©4t — e, which by uniqueness of the analytic extension gives that v, € A(O 4t —¢).
Since € > 0 is arbitrary we get v, € A(Oyt), and thus for ¢ > 3, we have 1 € A().

4.3. Proofs for Section The proof of Theorem combines ideas from several different areas. Hence
we first state some definitions, and detail some lemmas and propositions that will be useful in the proof. We
say that a function s : (a,00) — (0, 00), for some a > —o0, is self-neglecting if

lim s(u + ws(u))

=1, locally uniformly in w € R.
U—00 s(u)

Furthermore, we say a function G : (a,00) — R is asymptotically parabolic if it is twice differentiable
with G > 0 on (a,00), and if its scale function sg(u) = (G”(u))~2 is self-neglecting. Denote the set of
asymptotically parabolic functions by AP and note that it is a convex cone. A function h : (a,00) — (0, 00)
is said to be flat with respect to G if
h
(4.7 lim hlu + ws(u) =1, locally uniformly in w € R,
U—00 h(u)

where sg is the scale function of G. In the following lemma we collect some properties of flat and asymp-
totically parabolic functions.

Lemma 4.1. Let G € AP and h be flat with respect to G.
(1) The function uw — 1/h(u) is flat with respect to G.
(2) For any c > 0, the function u — h(cu) is flat with respect to G.
(8) The identity function is flat with respect to G and, for any a > 0, the function u — h*(u) is flat
with respect to G. In particular, for any n > 0, the function u — u™ is flat with respect to G.
(4) The function h satisfies
. logh(u)
1
wvo Glu)
(5) For any c > 0, the function u— c¢G (%) € AP.

Proof. The first claim is obvious from the definition in (4.7)). Let ¢ > 0 and consider the function h. defined
by he(u) = h(cu). Then, writing v = cu,
. he(u+wsg(u)) .
lim ——— 22 =1 = b Sl it il < N7 A
ul_)ngo he(u) uggo h(cu) v—00 h(v) ’
where the last limit follows from fact that (4.7)) holds locally uniformly for w € R. For the third claim, note
that sg(u) = o(u), see e.g. [27, Lemma 3.1] so that, locally uniformly in w € R,

i wtwse(w) o oselu)

U—00 U U—00 u
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The fact that, for a > 0, u — h*(u) is flat follows trivially from the definition, and the proof of the fourth
item is essentially known in the literature, see again [27, Lemma 3.1]. Finally, for the proof of the last claim,
write G(u) = ¢G. (%) and sg for the corresponding scale function. Then sz(u) = /esg (%) so that, for
w e R,
sg(u+wsz(u)) _sa (% + ewse (%))
sg() sa (2)

and the self-neglecting property of s carries over readily to S5 O

In the next lemma we collect some properties about the specific asymptotically parabolic functions that
will play a role in the proof of Theorem [2.5] To state it we recall that the Legendre transform of a convex
function ¢ : R — R, which we denote as Ly, is given by

Ly(y) = iléﬁ{uy —(u)}.

If in addition ¢ € C}(R) then the above supremum is achieved at the unique point u = ¢'~1(y), and hence

Ly(y) =y (y) — 0@ ().

The variables v and y obeying the relations y = ¢/ (u) and u = ¢/~(y) are called conjugate variables.

Lemma 4.2. Let ¢ € By be such that ¢(c0) = co. Then the function sg : Ry — Ry defined by

_ o)
)=\ o)
is self-neglecting, and consequently G € AP, where G : (1,00) — R is the function defined by
(4.8) G(u) :/ log ¢(r)dr + log ¢(1).
1

The Legendre transform of G is given by

e, e,
EG(y)*/k d /k d

r r

where ¢ : [k,00) = [0,00) is the continuous inverse of ¢, and y and u are conjugate variables related by
y =log ¢(u) and u = @(e¥). Furthermore, Lo € ADP.

Proof. The fact that s¢ is self-neglecting was proved in [24] Proposition 5.40] under the additional condition
that k = ¢(0) > 0. However, an inspection of the proof reveals that this property is not crucial for the
self-neglecting property of si. Differentiating G twice shows that s¢ is indeed the scale function of G, and
hence G € AP.

Taking derivatives in we get G'(u) = log ¢(u) so that the conjugate variables are y = log ¢(u) and
u = @(e¥). Also, by integration by parts we can rewrite G as

G(u) = ulog ¢(u) — 1“ Tz:;g)dr.
Hence,
e r gl (r e o(r < o(r ¢ o(r
R A e e R

where the third equality follows by the change of variables r = ¢(w). Finally, the fact that L5 € AP follows

from a closure property of AP with respect to the Legendre transform, see [2, Theorem 5.3].
O

In the final lemma before the proof we collect some properties concerning additive convolution, especially
a stability property for Gaussian tails under additive convolution. We write * for the additive convolution
of suitable functions f, ¢ : R — R, that is

(fxg)(z) = /_Oo flx —y)g(y)dy = /_OO f(W)g(z —y)dy,
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with the additive convolution of measures being defined similarly. A probability density f is said to have a
Gaussian tail if f(y) ~ n(y)e W for some ¥ € AP and some 7 flat with respect to ).

Lemma 4.3.

(1) Let (v)1>0 be a multiplicative convolution semigroup and let, for each t > 0, f, be the pushforward
measure under the map x — logz. Then (fi)i>0 is an additive convolution semigroup, i.e. for
t,s20, fr* fs = ft+s-

(2) Let f,g € LX(R) be such that f(y) X e V1) and g(y) T e=¥2W) | for some 1)1, 1o with lim,_, o ¥} (y) =
limy 00 ¥4 (y) = 00. Then (f*g)(y) = (e x e ¥2)(y).

(8) Let f and g be probability densities with Gaussian tails, that is f(y) ~ ni(y)e ™) and g(y) <
na(y)e=¥2W) | and suppose that we have limy oo Y] (y) = limy_o0 ¥5(y) = 00. Then f x g has a
Gaussian tail, i.e. (f * g)(y) = no(y)e=*°W) for some vy € AP and some 1y flat with respect to .
Specifically, writing y(u) = q1 + g2 = ¥ (u) + 5 " (u), we have

Yo(y) = ¥1(q1) + ¥2(q2)
V2, (q1)m (q1) 5y, (g2)12(q2) .
\/S?pl (q1) + 53, (q2)

In particular, for d > 1, the d-fold convolution of f with itself f*® satisfies

no(y) =

d—1

g oo 1 or ) ° d
fd(y)““\/g<,1,(g)> f(%)

Before giving the proof, we note that Item of Lemma gives conditions under which the asymptotics
of the convolution of integrable functions can be identified from the asymptotics of the functions themselves.
On the other hand, Item |(3)| states that Gaussian tails are closed under additive convolution and allows
one to identify the asymptotic explicitly, this latter feature being particularly useful. The statement of
Lemma is the content of [2, Theorem 1.1 and (1.11)], and our aim, in incorporating it as an item of a
lemma, is merely to improve the clarity and presentation of the proof of Theorem [2.5]

Proof. The first claim is straightforward. The proof of Item is in the spirit of the proof of [2, Proposition
2.2]. Since f and g are asymptotic to positive functions it follows that they are themselves eventually positive.
This, and the other properties of i1 and 5, allows us to choose a > O large enough such that (1) both v

and 1[)2 are well-defined on (a,00), (2) ¥{,1% > 0 on (a,0), (3) [*__ [g(y)|dy # 0 and [*__[f(y)|dy # 0, and
fa:fg Jdx >0 and ¢f = fa+2 (z)dx > 0. Forx> 2a,

(f*g)(x)=/ziaf($—y)g(y)dy+/j flx—y) dy+/ f(y)g(x —y)dy,

so by symmetry it suffices to show that [*__ e=%1@=¥)g(y)dy is of order o (f T f(x - y)g(y)dy) at infinity.
Since ¢} > 0 on (a, o)

a
‘/ e—¢1($—y)g(y)dy’ < Ce ¥1(z—a)

with C' = f y)|dy # 0 a constant. By the mean value theorem,

a+2
/ e g(y)dy > cpe V1 EmD) = ¢ e (0-a) ¥ (a—2)

a+1
/ e~ Vg (y)dy|,

— 00

C I
2 Egewl(m z)

with |z] < a + 1, and letting  — oo finishes the proof of the second claim. Finally, Item |(3)|is the content
of [2, Theorem 1.1 and (1.11)]. O
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4.3.1. Proof of Theorem |2.4(1). For convenience we write o in place of t and thus our assumption is that
¢ is a Bernstein function such that ¢(c0) = oo and ¢* € By, for all @ € (0,1). We write ()0 for
the Berg-Urbanik semigroup associated to ¢ and, for any « € (0,1), let (7;);~0 denote the Berg-Urbanik
semigroup associated to ¢®. Then, for n > 0 and any « € (0, 1), we have by the moment determinacy of any
Berg-Urbanik semigroup up to time 2 that

Mg, (n) =[] ¢*(k) = (H ¢(k)> = M, (n),
k=1 k=1

and applying [5, Theorem 2.2] then gives that (T;)i>0 = (Vat)t>0. Since ¢* € By, for any « € (0,1), and
plainly ¢(oc0) = oo implies ¢ (00) = 0o, we conclude that Ny = co. Invoking Theoremthen yields, for
any t > 0 and a € (0,1), 7; € C(R,), from which we deduce that v; € C°(Ry), where v;(dx) = v (x)d,
x,t > 0. Since ¢* € By with ¢*(00) = co we may apply [24, Theorem 5.5] to obtain, for any n > 0, the
asymptotic relation

i\ n 0 nC & —n n — [T ealuly
A (@) = 10 (@) B (1) 2220l (1) e e ST
s
where Cy o, > 0 is a constant depending only on ¢ and «, ¢, : [k*, 00) — [0,00) is the continuous inverse of
the function u — ¢*(u) and k = ¢(0). The constant Cy o, may be identified as C'¢, where C, > 0 is a constant
depending only on ¢, cf. [24, Theorem 5.1(2)], and plainly @, (1) = @(us), where ¢ : [k, 00) — [0, 00) is the
continuous inverse of ¢. Thus, by some routine calculations, we conclude that

1
cs : T o [T ey,
(4.9) v (2) B (~1)—mima o (@ F ) fad g (ah e B

2o

Since « € (0, 1) is arbitrary this proves the claimed asymptotic for any n > 0 and ¢ € (0, 1).

We proceed by showing that for n = 0, i.e. for the density v (x) itself, the claimed asymptotic holds
for all ¢ > 0, and then extend this to the case when n > 1. To this end we define, for y € R and ¢t > 0,
fi(y) = eYvi(e?) and set fo = Jp. Then by Lemma (ft)i>0 is an additive convolution semigroup of
probability densities, and from together with some simple algebra we get, for a € (0, 1),

Y

o [T e
e oefk = dr'

(4.10) faly) =

Let us write @
#(1
L(T) dr = La(y) + / L(T) dr
T Kk T

where L¢ is the Legendre transform of the function G' is defined in (4.8). From Lemma we get that
1 € AP, and writing 1 for the function

Qe

(4.11) P(y) = oz/kE @dr = ay (%) ,

we get from Lemma that ¢ € AP. A straightforward calculation gives that its scale function s, takes

the form
«

so combining Items|(1)|and|(2)|of Lemma [4.1| we get that y/ea ¢/ (e=) is flat with respect to . Furthermore,
as ¢’ is non-increasing positive, lim,_,+ ¢'(u) < co and thus we have
1

sy(y) =

9

lim sy(y) = Vo lim —— =V lim e % ¢'(p(e)) = 0.
Yy—r00 Yy—>00 E%QOI(E%) Yy—00
Hence
lim exp <wsw (y)> =1, locally uniformly in w € R,
y—00 2
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which shows that e? is flat with respect to 1. Constants are trivially flat with respect to ¢, so that putting
all of these observations together we get that all the terms in front of the exponential in are flat with
respect to 1. Hence, for each o € (0,1), f, has a Gaussian tail.

Now we may invoke the second part of Lemma which states that the property of having a Gaussian
tail is stable under additive convolution, to obtain for any d € N

d—1

oo T 2 d o a1 J
e G () (0 s () " ()

Since for any ¢ > 0 we can find o € (0,1) and d € N such that ¢ = ad we get from the above relation the
asymptotic of f; for all £ > 0. Hence, after performing some straightforward computations and changing
variables again, we get that for any ¢ > 0,
1
0o Ct - tfmt 2 g

o [ it oo 1y -
4.12 ve(z) ~ T @ (xzt)e "k T
( ) t( ) /727_‘_25 ( )

which proves the claim for n = 0.

Next, suppose that n > 1. A straightforward application of the chain rule gives that f ( ) = (eYuq(e¥))™

is a linear combination of terms of the form e(k“)yyék)( ¥), for 0 < k < n. However, from (4.9) we deduce
that, for large y, the term e("H)yV&n)(ey) grows faster than all terms of lower order. Therefore,

cey

4.13 () () T Dy (e8) T (—1)"—L_eF " (e )1/ ek @ (e e
( ) fa (y) «a ( ) ( ) \/% 90( ) SD( )

and the asymptotic on the right-hand side is obtained from the one in (4.9) after changing variables. From

y
—« et o) dr
L=

the right-hand side of (4.13)) it is apparent that the mapping y — (—1)" fé") (y) is eventually positive, so
that there exists a, € R (depending on n) such that fo ,(y) = (—1)”f(§¢") (¥){y>a,} is a positive function.
Since y — @(e%) is the derivative of v, which we recall from earlier denotes the function appearing within

the exponential in (£.13), we have from [2, Proposition 5.8] that y +— (e ) is flat with respect to 1, and
combined with Lemma this gives that y — " (e= ) is flat with respect to 1. Thus, once again all terms

in front of the exponential in (4.13)) are flat with respect to 1. Let ¢ € (0, @) so that, from Lemma [4.1j(4)|
applied to (4.10), we deduce the estimate

(414) fa,n(y) 0 < —(a— E)f w(7)dr>

Then allows us to identify the right-hand side of as the dominant term in the asymptotic for
the probability density fo—c(y) = e¥vo_c(e¥), see . Indeed, the fact the function inside the big-O
estimate of term dominates all others in is immediate, as the term in front of the exponential is
increasing at infinity. Noting that dilating a function does not affect its integrability, we conclude that, for
any a € (0,1) and n > 1, the function f, , is integrable. In particular, for each a € (0,1) and n > 1 there
exists a constant cq , > 0 such that cq nfa,n is a probability density.

Now, let us write t = a+ 7, where « € (0,1) and 7 > 0. If, for any n > 0, £ e L2(R), and f, € L3(R),
then a standard result (see [I3], Chapter 8, Ex. 8 & 9]) allows us to interchange differentiation and convolution
to write that

(4.15) I ) = (8 F) W), y € R.
To this end, let ¢ > 0 and observe that

T (e @)y = [ (o _ LT ent )P
@ie) [ (emen) ay= [ (o) e = o [ W i) a

o0
where the first equality follows from a change of variables, and the second is a combination of the Parseval

formula for the Mellin transform applied to the function x +— x"*‘%uin) (z) combined with Theorem By
[25, Theorem 4.2(3)(c)], the fact that ¢(c0) = oo with ¢* € By implies that b [WE(1 4 ib)| decays faster
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than any polynomial along the real line. Next, we recall Stirling’s formula for the gamma function, for any
a + ib with a > 0 fixed

(4.17) ID(a+ib)| T C,lb|*~ 7 e 51
for some constant C,, > 0. Hence, the term in (4.16]) involving the ratio of gamma functions grows like
|b|2"+2, which by the aforementioned decay properties of Wé gives that the integral in (4.16) is finite. Since
T(n)(y) = (eYvq(e?))™ is a linear combination of functions of the form e(kH)yV&k)(ey), for k < n, we get
that fo(én) € L2(R) for any n > 0, and that f, € L2(R). Hence the equality in (4.15)) is justified.
Next we aim to use a combination of Lemma together with (4.15) in order to show that ft(") has a
Gaussian tail. From (4.13)) we have
(=1)"f5 (y) X h(y)e ¥
where the function ¢ is defined in (4.11)), and h denotes the function consisting of all terms in front of

the exponential of (4.13). Since h is flat with respect to ¢ we know, by [2] Proposition 3.2], that there

exists y € C*(R) such that x(y) < h(y) and sy (y)x'(y) = o(x(y)). Further, from Proposition 5.8 in the

aforementioned paper limy_,~ sy (y)Y'(y) = co. Using these facts we get

1 / / ! 1
lim (og/x(y)) i X (y/) _ i Se@X () —
yoos 1 (y) y=oo XY (y)  voee x(Y) su(y)Y(y)
which is enough to show that f((x") satisfies the assumptions of Lemma Since the arguments for f;
are similar we have, invoking Lemma [4.3(2)| that

(—1)"anf™ (1Y) Z (Camfam * f2)(1),

with both ¢q nfa,n and fr having Gaussian tails. Applying Lemma again we conclude that cq nfan* fr
has a Gaussian tail, and hence ft(n)(y) < (=)™ o(y)e YW, where 1y € AP and 7 is flat with respect to
vo.

To conclude the proof it remains to identify 79 and 1y, which may be computed as described in Lemma
using a combination of and, after changing variables, (4.12)). As in the lemma, we write y(u) =
q1(u) + g2(u) = alog ¢(u) + 7log ¢(u) = tlog ¢(u), where the second equality serves as definition of ¢; and
g2, and the last equality defines the conjugate variables y and u. Using this notation it is straightforward to
conclude that

a1 g2 Y
o T

e e ¢(u) et
Po(y) = a/ #r) dr + T/ ¢lr) dr = (a + T)/ —@(T)dr = t/ #lr) dr.
k r k r k r k r
The associated scale function s, is then
t
s =4
o (Y) 6%90’(6%)

Let 71 and 72 denote the flat terms, while 11 and 1o denote the asymptotically parabolic terms, in the
Gaussian tails of ¢, nfa,n and f; respectively. Then,

)

nl(q1(u))=m(¢(U))%U” p(u)¢' (¢(u)),
and
CE_ o /T
7]2(@2(“)):%@(“))2 P(u)¢' (o(u))
Furthermore,
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where sy, and sy, are the scale functions of 11 and s, respectively. Putting all of these observations
together we get that 1y can be written, after canceling like terms, as

SN et eh) ¢!
no(y) \/7\/%6 IWTSD (et = t

This gives us ftn) (y) < (=1)"no(y)e= Vo) X e(”“)yut(n)(ey), and changing variables again, we finally obtain
the claimed asymptotic

n oo Ct — 1 1—t 1 —t L% Mdr
vy (@) X (-1)" é"” ot (@) T et S

for any n > 0 and t > 0, which completes the proof.

4.3.2. Proof of Theorem|2.4(1) and Theorem|2.4(2), The proof is the same for [24] Theorem 5.5(1)] and [24
Theorem 5.5(2)], but we give the arguments for sake of completeness. Suppose that d > 0, so that

b(u) = k+dutu / " ey,

Then, invoking [24, Proposition 4.1(3)] we have ¢(u) ~ du and hence ¢(u) ~ d~'u. Furthermore, differenti-
ating the identity u = ¢(p(u)) gives ¢'(u) = m and since, by the monotone density theorem, see [10]

Theorem 1.7.2], ¢/ (u) < d, we get that ¢'(u) ~ d~'. Next, as u = ¢(p(u)) we have, on [k, c0),

w= Kkt dp(u) + o) [ eIy = K-+ dp(w) + B

where the last equality serves to define the function E. By dominated convergence we have that
limy, o0 fooo e~ ?WYTi(y)dy = 0 which, together with ¢(u) ~ d~'u, shows that F(u) = o(u). Re-arranging,
we obtain ¢(y) = d~!(u — k — E(u)), so that substituting all of these quantities into the identities (2.9 and

(2.10) proves Item

Next, assume that ¢(u) ~ C,u®, with C, > 0 a constant and o € (0,1). A standard result from
regular variation theory gives that ¢(u) ~ C;%ué, see e.g. [10, Theorem 1.5.12]. This allows us to define
H(u) = C;%ué — ¢(u), so that H(u) = o(u=). Next, the monotonicity of ¢’ allows us to again invoke the
monotone density theorem to conclude that ¢'(u) = Chau®~!, see again [I0, Theorem 1.7. 2] Combining

these two statements with the identity ¢’ (u) = m yields the asymptotic ¢’ (u) ~ a~1Cq * «yx~1. Finally,
substituting these asymptotics proves the claim.

4.4. Proofs for Section |2 Before begmnmg with the proofs we state some preliminary results that will
be used in the proof of Theorem and Theorem [2.1§(3)]
Proposition 4.1. For c € (0,1) and m > 0, let ¢pom : [0,00) = [0,00) be defined by ¢o,m(u) = (u+m)?.
(1) For any o € (0,1) and m > 0, ¢ m is a complete Bernstein function.
(2) The potential measure of ¢ m admits a density, denoted by Uy m, given by

1 _ _
Uam(y) = me myyet

Furthermore, Uy 1s non-increasing, conver and solves, on Ry, the differential equation

1—
Uc/x,m = _Ua,m(y) (m + y a) .

(8) Let ¢ € By, i.e. d > 0. Then, for any o € (0,1),
Yo = inf{y = O;y7(y) > d(1 —a)} € (0,00],

and, for any m such that dm > fi(%) + k, we have that ﬁ € B.
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Proof. Let o € (0,1) and m > 0. The fact that ¢, m is a complete Bernstein function is straightforward
and was also mentioned in Remark [2.1] . To show that U, defined as above is the density of the potential

measure of ¢, m We observe that
i _ i > 67Uyya71dy
u  T(a) Jo ’

and then substitute v + m for u. The claimed properties of U, m can then be verified by straightforward
calculations. The proof of the last claim is, mutatis mutandis, the same as the one given for |24, Proposition
4.4(2)], so we omit it here. The interested reader will find the details outlined in the PhD thesis of the
second author, which is forthcoming. Note that the proof of [24] Proposition 4.4] does not explicitly use the
fact that the Lévy measure of ¢ has a non-increasing density, and hence this restriction can be removed.
Furthermore, we have modified y, and the condition on m to suit our potential measure Uq, m- O

We write, for two functions f and g, f(z) = g(z) if f(z) Z O(g(z)) and g(z) Z O(f(x)). In the following
theorem we rephrase, in the context of Berg-Urbanik semigroups, an Abelian type criterion for moment
indeterminacy that was given in [27], which we use in the proof of Theorem [2.1§3)|

Theorem 4.1 (Theorem 1.2(2) in [27]). Let (v4)1>0 be a Berg-Urbanik semigroup and suppose that, for some
t >0, v(dx) = ve(x)dx, x >0, and
—G(log m),

n(z) Ze
y

with G € AP satisfying lim,_, o G'(y)e™ 2 < co. Then, writing  for the inverse of the continuous, increasing
function G',

_ o) . . .
E e "2 <oo, forsome nyg=1 <= vy 1s moment indeterminate.

n=ngo

4.4.1. Proof of Theorem [2.4(1). First, invoking [24, Theorem 5.1(2)] we get
M, (n) = W¢ n+1) C¢\/

where G(n) = f log ¢(r)dr and Cy > 0 is a constant depending only on ¢. Integrating G by parts, for any
t>0and 21 gives us
t (;5’ (u)
=1 lo
3Gl = S towotn) — o (togo() + [ S ).
Consequently, for some C; > 0 a constant, we have

1y .
2:: W (04 1) > C’lnz::lexp [—; (log¢(n)+ ;nloggb(n)ﬂ exp[ <log¢ w2 5 )}

The estimate ¢(n) = O(n), see e.g. [24, Proposition 4.1(3)], gives log ¢(n) = o(n), which together with the
positivity of the terms within the second exponential in (4.18) allows us to obtain, for C3 > 0 a constant,

the bound
S W (A1) > Crem @ty 97 (n)
n=1 =1

so to prove moment determinacy it suffices to show the divergence of this latter series. Let 8 > 34. B
definition of B4, ¢(u) = O(u?), so that for some constant Cs > 0

Z qb_%(n) > (s Zn_%.
n=1 n=1

The latter series diverges if and only if ¢5 < 2, whence the moment determinacy of v; for any ¢ < % < %.

Since B > B4 is arbitrary we conclude that T, > % if B4 > 0 and Ty = oo for B, = 0. Finally, if

limy 00 uP?¢(u) < 0o then we may choose 3 = B¢ and apply the above argument to conclude that vy, is
moment determinate.
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4.4.2. Proof of Theorem |2.4(3) It suffices to treat the case when d4 € (0, 1], since otherwise the claimed
right-hand inequality in (2.5)) is trivial. Therefore we assume also that 0 < d4 < 8¢ < 1, and d4 > 0 is easily
seen to imply that ¢(co) = co. Invoking Theorem [2.5| we get that, for any ¢ > 0,

ct et o
vi(z) © Tfrtx% o (xt)e Lo ar.

Let b(logx) denote all the terms in front of the exponential and set G(logz) for the function within the
exponential on the right-hand of the above asymptotic relation. It was shown in the proof of Theorem [2.5]
that b is flat with respect to G, and thus, by Lemma we have that b(log ) = o(G(log x)). Hence, for
any ¢ € (0,t) fixed we get that

ve () Z ¢~ Glloga)
where .
Tt
G(logzx) = (t — c)/ Mdr.
k T

From Lemma it follows that G € AP and a simple calculation, after substituting y = log z, gives that

&'t) = U= Dotet) = tplet)

where we write t = @ € (0,1) for ease of notation. Observe that, for any ¢ € (0,d,), the property

lim, .. u~?¢(u) > 0 is equivalent to Tim, . u~ 3 p(u) < oo. Hence, for any § > 64 and t > 2 we have

lim G'(y)e™ % =t lim p(e¥)e 2

=t lim e*%gp(e%)e(%fé)y < 00,

and thus all the assumptions of Theorem are fulfilled for any t > %. The inverse of G is easily identified
as v(u) = tlog ¢(tu) so that,

(4.19) Y =Y g itn).
n=1 n=1

Now, for any d§ € (0,d4), there exists a constant C' > 0 (depending only on t) such that, for n large enough,

St

5 (tn) <Cn~ 7.

Thus for any ¢ > % the series in (4.19)) converges, so that v; is indeterminate. Since ¢ can be taken arbitrarily
close to g4 this gives the indeterminacy of v; for any ¢t > %.

4.4.3. Proof of Theorem . Let % € B and write (p;)¢>0 for the Berg-Urbanik semigroup associated to
9. Since % € B we may invoke [25], Theorem 4.7(3)] to get that, for any ¢ > 0 and n > 0,

Win+1) = W;; (n+1)W(n+1)
where each of the terms is a moment sequence. Applying [8, Lemma 2.2 and Remark 2.3] we conclude that
whenever p, is indeterminate then v; is indeterminate, i.e.
{t > 0; p; is indeterminate} C {¢ > 0; v, is indeterminate},

which implies that Ty < Ty. If 9' € By for all t € (0,1), then invoking Theorem yields Ty < %,
which completes the proof.

4.4.4. Proof of Theorem (2.1(2). First, by Proposition and using the notation therein, we have for any

a € (0,1) and m > “()Jrk that ¢¢ € B. Hence, by Theorem [2.1§(4) it follows that Ty < Ty, .-

a,m

Proposition gives that ¢qm is a complete Bernstein function so that qS;’m € By for all t € (0,1),
see e.g. Remark Plainly ¢o m < u®, which implies that 0¢am = Bpa.m = a. Invoking Theorem |
we get that Ty < 2. Since this inequality holds for any a € (0,1) we get Ty < 2, whence Ty = 2. The
claim that v is moment determinate follows from Theorem since d > 0 implies 84 = 1 and that

Timy 00 ™ o(u) = limy, oo vt o(u) = d.
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4.5. Proofs for Section @. In the proofs below we write, for any ¢ € B, X(¢) = X for the positive
random variable whose law is Vf), and, for any z,t > 0, oy(dx) = P(X" € dz).

4.5.1. Proof of Theorem [2.4(1). From [24, Theorem 5.1(2)] it follows that, for ¢t > 0,
E[(X")"] = Waltn +1) T Cyy/(tn)eC ™)

where G(tn) = flm log ¢(r)dr and Cy > 0 is a constant depending only on ¢. By following similar arguments
than the ones developed for the proof of Theorem we obtain the estimate

zjwqjﬁ(trmL 1)>CY ¢ 3(tn),
n=1

n=1

for some constant C' > 0. Now, for any 8 > S4, ¢(n) = O(nf) so that, for a constant C; > 0 depending on
t and S,

Bt
2

M2

¢~ (tn) = O, Z n-
n=1

Il
—

n

This latter series diverges if and only if t < £ < ,3'27’ so that by Carleman’s criterion X? is moment determinate

@[

whenever ¢ < 51 When limy,_, o u =% ¢(u) < 0o we may take 3 = B¢ and apply the above argument, which

finishes the proof.
4.5.2. Proof of Theorem|2.4(8). Observe that, for z € 1 + iR and t > 0, we have
M, (z=1) = E[(X](9))" '] = EIX"CD] = Wy(tz —t +1).

Since Wy, € A(g,00) it follows that My, (z — 1) can be analytically extended to Re(z) > 1 — 1, and we write
M., for this analytical extension. Next, we may assume that d, > 0, since the claim is trivial otherwise,
from which it follows that ¢(co) = co. Combining this with the fact that ¢ € By gives Ny = oo, where we
refer to Section for the definition of Ny, and invoking [25] Theorem 4.2(3)] allows us to conclude that,
for any ¢ > 0 and a > 0,

[Wo(a+ib)] = O(b] ™)

uniformly on bounded a-intervals, so that for any ¢ > 0 and a > f%
(Mo, (a+ib)| = O(|b] )
uniformly on bounded a-intervals. By Mellin inversion we get o(dx) = o(x)dx for each ¢ > 0 and, from
similar arguments as given in the proof of Theorem [2.4(2)] we get the Mellin-Barnes representation
1 ct+100
o¢(x) / TTEWy(tz —t + 1)dz,

2mi c—100

valid for any ¢ > 1 — % The change of variables z — @ + 1 reveals that

1 c+ioo G-,
(4.20) or(x) = 2m’t/ x” T Wy(z)dz,

for any ¢ > 0, and using Theorem to identify the right-hand side of (4.20)) we establish, for all ¢ > 0,
the equality

—1i00

1 1 1
at(a:)ZEx G Vl(x%)

where v1(dz) = vi(x)dz. This identity allows us to use the asymptotic behavior of vy described in [24]
Theorem 5.5] to get that

Malv"

C —t *
7le) B T ot | - /k

where Cy > 0 is a constant depending on ¢ and ¢ : [k, 00) — [0, 00) is the continuous inverse of ¢. Repeating,
mutatis mutandis, the arguments from Theorem we conclude that X? is moment indeterminate for
t> %, and the last claim is straightforward.
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4.5.3. Proof of Theorem|2.4(4 ). The proof is the same as the one of Theorem [2.1{4)| after observing that the
assumptions imply the factorization of moment sequences
Wy(tn+1) = W% (tn+ 1)Wy(tn + 1)

valid for any ¢t > 0 and n > 0.

4.5.4. Proof of Theorem |2.4(2), When ¢ € By Proposition guarantees, for any a € (0,1) and suitable
m, that % € B. Applying Theorem it follows that X'(¢) is indeterminate for any ¢ such that
X'(¢a.m) is indeterminate. However, Gam(u) = (u+m)®, so by a combination of Proposition [4.1] and some
straightforward asymptotic analysis one gets that ¢, m € B< with 34, , = a > 0 and Iy 00 U™ %Pm(u) <

oo. From Proposition [4.1(1)[ we get that ¢ m is a complete Bernstein function and hence, in particular,
¢a,m € By. Thus Theorem gives that X'(¢a m) is moment indeterminate if and only if ¢ > %, from

which we conclude that X*(¢) is indeterminate for ¢ > 2. Since a € (0,1) is arbitrary we get that X(¢)
is moment indeterminate if ¢ > 2, and from Theorem [2.2(1)| we get moment determinacy for ¢ < 2, which
finishes the proof.
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