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Abstract: A new sliding mode triboelectric energy harvester in the form of a cantilever beam with a tip mass that is acted upon by both magnetic and friction forces is modelled and simulated. A numerical scheme based on the TR-BDF2 (Trapezoidal Rule with the second order Backward Difference Formula) method is introduced to solve the combined non-smooth mechanical and stiff electrical system. This is the first study of the structural dynamics of the sliding mode triboelectric energy harvesting; additionally, a magnetic field that induces multistability is present. A comparison between the coupled and uncoupled electro-mechanical models suggests that the electrostatic force between the electrodes can be ignored, which makes the uncoupled model preferable in the dynamical analysis. The influence of the non-conservative force (the friction force) on the multistability of the system is investigated. It is found that the distribution of the multistability on the parametric plane changes even when a small amount of friction is involved, and the areas of bistability and tristability shrink while that of the monostability expands. A comparison among these three types of stability reveals the superiority of invoking bistability as it facilitates broadband energy harvesting. The excitation level plays an important role in inducing the snap-through motion (the interwell oscillation) by enabling the crossing of the energy barriers between wells. The increase of the friction shrinks the frequency band of interwell oscillations from high frequencies down to low frequencies on the discrete frequency sweep. An analysis of the basins of attraction finds that at low frequencies the bistable system can undergo only interwell oscillations while the tristable system can merely experience intrawell oscillations. The basins can intermingle with each other in both bistable and tristable systems. Finally, an increase of the excitation level can break the basins into discrete pieces and/or points.
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1. Introduction
1.1. Triboelectric energy harvesting
Harvesting vibrational energy from ambient vibration and converting it into useful electric energy is a topic that has received substantial attention. Piezoelectric [1] and electromagnetic [2] energy harvesters are the two most common types and have been studied extensively. The triboelectric nanogenerator (TENG), which was first introduced in 2012 [3], offers a new fashion of energy transduction. It works through a combination of contact electrification and electrostatic induction [4], both of which happen between two triboelectric materials of opposite tribo-polarities. (e.g., PTFE and aluminium) [4]. During interaction, materials of positive tribo-polarities tend to lose electrons while materials of negative tribo-polarities tend to gain electrons, and thus an electrical current. 
Compared with piezoelectric and electromagnetic energy harvesters, triboelectric energy harvesters (TEHs) have several advantages: they can be constructed from a wide range of common materials that are much cheaper than piezoelectric crystals and ceramics and neodymium magnets, TEHs have a high conversion efficiency, are easy to fabricate, have widespread applications, and are cost-effective [5]. Moreover, the outputs of TEHs are usually high in voltage but low in current, while piezoelectric and electromagnetic energy harvesters are the opposite, which makes TEHs a better choice when the targeted sensors in application need high voltage inputs. In addition, TEHs have four different working modes which offer more freedom when designing TEHs for a specific application, and they are the vertical contact-separation mode [6], the in-plane sliding mode [7], the single-electrode mode [8], and the freestanding triboelectric-layer mode [9]. Although the four modes differ from each other, the electrical outputs of TEHs based on them can all be described using the -- relationship [4], where , , and  are the voltage, the transferred charge, and the separation distance between electrodes, respectively.
A variety of TENG-based prototypes have been developed for practical applications such as, triboelectric motion sensing [10], human health monitoring [11], wind speed sensing [12], plasmonic ultraviolet detection [13], and virtual reality 3D-control sensing [14]. In these devices, the triboelectric materials are usually etched to have micro- or nano-scale surface patterns including nanowire arrays [7], nanopores [15], or pyramid and cubic patterns [16]. Patterned triboelectric materials have been demonstrated to be much more efficient than non-patterned ones [5]. In addition to surface modification, an electron blocking layer-based interfacial design has been found to dramatically increase the output of TENGs [17]. Moreover, instead of modifying a material’s surface to improve its performance, some new triboelectric materials have been developed, such as a friction material [18] and a flexible fibre material [19]. 
Despite the development of diverse TENGs, research into their structural dynamics is rare, and a study investigating sliding-mode TEHs is still missing. Structural vibration is closely related to harvesting performance and thus should be considered. Piecewise stiffness may be introduced to widen the effective frequency bandwidth of TEHs that use the vertical contact-separation mode [20]. Investigations of vibro-impact dynamics benefit the design of harvesters involving repeated impact (or contact) and separation, such as in a contact freestanding mode TEHs [21]. Further, a velocity-dependent coefficient of restitution can be identified experimentally and used in the modelling of impact to better approximate a physical device [22]. The electrostatic force between two charged electrodes may be too weak to affect the structural dynamics and thus may be ignored in modelling, which then leads to decoupling of the mechanical system from the electrical system [22]. The frequency-shifting phenomenon, which often appears in piezoelectric energy harvesting due to the resistive shunt damping effect [1], may disappear in TEHs [22]. It has also been found that a TR-BDF2 numerical integration scheme can be effectively used when the electrical system is stiff [22].
In micro-electro-mechanical systems (MEMS), electrostatic transducers (or generators) have been studied extensively [23]. However, the necessity of using a charge source along with switching losses reflect the limitations of the standard (electret-free) electrostatic generators [24]. Electret-based electrostatic generators can eliminate the need for an initial charge source and, therefore, are now prevalent [24, 25]. Their working mechanisms are similar to the TEHs in the vertical contact-separation mode or the in-plane sliding mode, but usually without any contact between the electret and the counter-electrode [25]. The main difference is that a variable open-circuit electric potential difference () is used in TEHs [4] while a fixed surface voltage () is used in electret-based electrostatic energy harvesters [26]. In terms of the topology of the harvesters themselves, most of the electrostatic converters are miniaturized and comb-shaped with designs that are usually derived from accelerometers [23-26], whereas TEHs can adopt various shapes and dimensions [4].
1.2. Bistable energy harvesting
[bookmark: OLE_LINK1][bookmark: OLE_LINK2]Bistability is often exploited in piezoelectric energy harvesters, though it can also be found in electromagnetic energy harvesters [27-29]. However, the application and study of bistability in triboelectric energy harvesting was only very recently reported in the context of a tuneable shock sensor [30]. Bistable energy harvesters can be categorized into three different mechanisms according to their manifestations of bistability [31]: magnetic attraction bistability [32-34], magnetic repulsion bistability [28 35], and mechanical bistability [30, 36, 37]. The former two mechanisms rely on a magnetic force while the latter depends on either a mechanical pre-load [30, 36] or material anisotropy [37].
[bookmark: _Hlk32332593][bookmark: _Hlk32333218]Bistable systems are well known for having a double-well potential energy curve which results in two distinct types of oscillation: low-energy intrawell and high-energy interwell oscillations, the latter of which has been found to be more efficient in energy harvesting applications [31]. Bistability, as a particular case of multistability, has been extensively studied in the context of symmetries, phase transitions, and hysteresis [38]. Numerous attractors can coexist for a fixed set of parameters of a bistable system. For instance, a small change in initial conditions can turn a steady-state intrawell oscillation into an interwell oscillation owing to their coexistence [39]. For such systems, basins of attraction are often investigated, such as in Refs. [40, 41]. In addition, bistability has been shown to broaden the frequency range from which energy can be extracted, and to provide a high-energy orbit over a wide range of frequencies [42] — two features that are highly desirable in energy harvesting applications. In addition to numerical and experimental studies, some approximate analytical methods have been used to investigate bistable harvesters, such as harmonic balance method [43], the method of multiple scales [44], and Melnikov’s method [45]. By analysing the bifurcation and stability characteristics of the system, design and operation guidance can be provided. For example, the frequency span between a saddle-node and a period-doubling bifurcation might be used to approximate the bandwidth within which the harvester can achieve high-energy orbits and thus produce high energy outputs [46]. In addition, multistability rather than bistability has also been utilized in energy harvesting, such as in Refs. [47, 48]. Although various nonlinearities have been exploited in vibration energy harvesters, it should be noted that there still exists a notable knowledge gap in integrating nonlinear energy harvesters with effective nonlinear rectifying and power management circuits for practical applications [49], because using energy harvesters as the sources is quite different from using batteries [50]. However, this paper will not target on bridging this knowledge gap.
1.3. Aim and objectives of this study
A new triboelectric energy harvester that works in a sliding mode and includes bistability is presented. This study aims to investigate as well as optimize it from a structural dynamics perspective. The following contributions concerning TEHs are made:
(1) A sliding mode triboelectric energy harvester is modelled and studied from a structural dynamics perspective. 
(2) Both the coupled and uncoupled electro-mechanical models are established and compared to investigate the effect of electrostatic force between the electrodes.
(3) The different types of stability resulting from a magnetic field are identified and compared for a TEH device.
(4) The effect of friction in triboelectric energy harvesting is studied in the context of structural dynamics.
The outline for the rest of this paper is as follows: Section 2 introduces the design of the harvester and describes its working mechanism. Section 3 presents the mechanical modelling of the vibration of a cantilever beam when its tip is subject to both magnetic and frictional forces. The electrical modelling of the harvester’s output is given in Section 4. The method used to solve the non-smooth mechanical dynamical system and the stiff electrical system is described in Section 5.1. Section 5.2 analyses the effect of the electrostatic force. Coupled and uncoupled electro-mechanical models are compared. The influence of the non-conservative force (the friction force) on the multistability of the system is investigated in Section 5.3. Section 5.4 makes the comparison among three types of stability of the system via discrete numerical frequency sweeps. Section 5.5 presents a study investigating the effect of the excitation level on the system response. The influence of the friction is discussed in Section 5.6. Afterwards, the basins of attraction are analysed in Section 5.7. The conclusions of this study are drawn in Section 6.
2. Design
The configuration of the proposed sliding-mode triboelectric energy harvester is shown in Fig. 1(a). All the components are integrated onto a base which receives a sinusoidal excitation. A cantilever beam is clamped onto the base and its free end is attached with a slider in which a cylindrical magnet is embedded. Additionally, two identical magnets are fixed to the base and symmetrically located to attract the oscillating magnet. As shown in Fig. 1(b), the slider has a circular contact area and slides over two specially made patches. The slider is attached with an electrode (known as the top electrode) and a dielectric (such as PTFE). The base is composed by an electrically active patch (EAP, aluminium) and an electrically inert patch (EIP, PTEG). The circular electrically active area works as the bottom electrode and has the same circular area as the top electrode. Both the top and bottom electrodes are wired into an outside circuit to form a loop (not shown in Fig. 1). Under the base excitation, the slider can oscillate, and its motion will be affected by the magnetic field. 
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Fig. 1 Configurations of (a) the sliding-mode triboelectric energy harvester and (b) the slider on patches
During sliding, triboelectrification only happens in the contact area between the slider and the electrically active patch (EAP). The charge transfer process [51] of the TEH is depicted in Fig. 2, where a resistor denoted by  is wired with the harvester and the current in the circuit is represented by  (note that the electrically inert patch (EIP) is not shown in Fig. 2). When the top dielectric fully overlaps the bottom electrode (the EAP), charge transfer occurs at the contact area owing to the triboelectric effect, and the aluminium loses electrons while the PTFE gains electrons. The charge transfer process at this stage will result in net positive charges on the EAP and equivalent net negative charges on the dielectric, as shown in Fig. 2(a). As the slider slides out of the EAP, an electric potential difference between the two electrodes is established simultaneously, which drives the electrons in the top electrode to flow to the bottom electrode. The electron flow induces an instantaneous current that flows in an opposite direction as shown in Fig. 2(b). When the slider fully slides outside the EAP, the electrons will be balanced between the top dielectric and top electrode, as shown in Fig. 2(c). Once the slider starts sliding back, as illustrated in Fig. 2(d), the balance gets broken and the current will flow from the top electrode to the bottom electrode until the slider fully overlaps the EAP again. Thereafter, the process is repeated as slider oscillates. Here, a relatively simple or a purely resistive circuit rather than a more complicated circuit is used, because this study is mainly focused on the structural dynamics rather than the electrical dynamics of the proposed vibration energy harvester. This is commonly seen in the study of vibration energy harvesters from the perspective of structural dynamics. Nevertheless, the use of more complicated circuits can also be found in the literature. In the study of a piezoelectric energy harvester, a resistor-inductor resonant circuit, which is in serial connection with the harvester, has been demonstrated to be able to enhance the energy harvesting efficiency [52]. Thus, it would be interesting to investigate the influence of such circuits on the performance of triboelectric energy harvesters, and this might be carried out in a future study.
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Fig. 2 The charge transfer process of the presented sliding-mode triboelectric energy harvester
Note that although the configuration is similar to some bistable piezoelectric energy harvesters [39], the energy harvesting mechanism is completely new and the system is no longer smooth due to the involvement of friction between the slider and the patches. Nevertheless, the presented triboelectric energy harvester can be combined with a bistable piezoelectric energy harvester to form a hybrid energy harvester, in which case the harvesting performance may be enhanced. As for the practical applications, the proposed vibration energy harvester can be used to power sensors for structural health monitoring, such as those installed on bridges, wind turbines and oil pipelines. The integrated network of the harvesters and sensors can be wireless as well as self-powered, which no longer needs the use of conventional batteries and thus avoids the associated motoring, replacement and recycling costs.
3. Modelling of the mechanical system
The equations modelling the mechanical system can be derived using the Lagrange-d’Alembert principle which is an extended Hamilton’s principle in the presence of external forces, such as friction force. The corresponding variational equation is 
	
	(1)


where  and  are the kinetic and the potential energies,  is the work done by the external force, i.e., the friction force (kinetic) , and  where  is the length of the cantilever beam,  is the Dirac’s delta function and  is the transverse displacement relative to the base,  represents an infinitesimal variation, and  and  are the start and the end times.
The kinetic energy of the cantilever beam can be given as
	
	(2)


where  and  are the cantilever beam’s density and cross-sectional area, and  is the base displacement.
The kinetic energy of the slider is
	
	(3)


where  and  are the mass and the second moment of inertia of the slider, where the latter is considered negligible for the small tip mass used in this harvester. 
The elastic potential energy of the cantilever beam is
	
	(4)


where  is the Young’s modulus of the beam and  is the second moment of area of the beam’s cross section.
The relative locations of the magnets are shown in Fig. 3. Magnetic dipoles are used to represent them and the modelling work below follows Refs [42, 53].
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Fig. 3 Relative locations of the magnets
The elastic potential energy provided by the magnetic field is given as
	
	(5)


where  is the number of fixed magnets (two in this case),  is the magnetic field generated by the -th fixed magnet at the location of the tip magnet (in the slider),  is the magnetic moment vector of the tip magnet and is expressed as
	
	(6)


where  is the magnitude of the magnetization of the magnet at the cantilever tip and can be estimated using the residual flux density  as , where  is the vacuum permeability;  is the magnet’s volume,  is the slope of the beam at the tip,  and  are the unit vectors along the - and the - axis, respectively.
Similarly, the magnetic moment vectors for the fixed magnets are given as
	
	(7)


where  and  are the magnitude of the magnetization and the volume of the -th fixed magnet, respectively.
The separation vectors from the positions of the fixed magnets to that of the tip magnet are expressed as 
	

	(8)


where  is the longitudinal displacement of the tip and it can be derived as
	
	(9)


Then, the magnetic field generated by the -th fixed magnet upon the tip magnet is of the form
	
	(10)


where  denotes the Euclidean norm and  represents the gradient operator. 
Assuming the cantilever beam is a uniform Euler-Bernoulli beam and supposing the first mode is dominant, the transverse displacement of the beam can be written in the form
	
	(11)


where  is the temporal modal coordinate,  is the mode shape function
	
	(12)


where  and  are determined from the associated eigensystem,  can be derived from the corresponding orthonormality conditions (the corresponding formulas are not given here).
Substituting Eq. (11) into Eqs. (2) to (5), one can get the expressions of kinetic energies of the beam and the slider and potential energies of the beam and the magnetic field in the form of the modal coordinate and mode shape function as
	


	

(13)

	


where the over-dot and the prime denote a derivative with respect to time, , and location, , respectively,  are the Euclidean norms of vectors , and  and  can be obtained through geometrical approximation. These terms are given by




The Lagrangian of the mechanical system is expressed as
	
	(14)


Based on the Lagrange-d’Alembert principle, which is equivalent to the Euler-Lagrange equations with external forces, the governing equation of the mechanical system can be obtained as
	
	(15)


where  is the kinetic friction force exerting on the slider and will be detailed in the following section. 
Incorporating Eqs. (11), (13) and (14) into Eq. (15) and applying the orthonormality conditions and including damping yield 
	
	(16)


where  is the damping ratio,  is the undamped natural frequency of the first mode of the beam without the tip mass,  is the base excitation, where  is the acceleration amplitude and  is the excitation frequency in Hz, and  is the magnetic force exerted by the magnetic field at the tip. The expression for  and those of  and  are given as



Owing to the rotation of the cantilever tip mass, a circular contact area between the slider and the patches is more convenient for modelling the charge transfer process and calculating the friction force in between. As shown in Fig. 1(b),  is the displacement of the slider,  and  are the contact areas between the slider and the EAP, and between the slider and the EIP, respectively. The slider has the same circular area as the EAP, and its radius is  and hence .
According to Coulomb’s law of friction, the kinetic friction force on the slider can be given as
	
	(17)


where  and  are the kinetic coefficients of friction between the slider and the EAP and between the slider and the EIP, respectively;  is the signum function,  is the total contact area, and  is the normal force are expressed as




where  is the contact force ratio describing the contact situation between the slider and patches and  is the gravitational acceleration.
Without loss of generality, stick-slip may happen between the slider and the patches during oscillation. During sticking, the beam-slider system is in a dynamically balanced state and the slider has no motion relative to the moving base. The static friction force between the slider and the patches is given by
	
	(18)


where  is the equivalent mass of the cantilever beam and can be expressed as .
The maximal static friction force is as follows
	
	(19)


where  and  are the static coefficients of friction between the slider and the EAP and between the slider and the EIP, respectively.
The conditions for sticking are then
	

	(20)


4. Modelling of the electrical system
According to Ref. [51], during slipping and when , the equivalent capacitance, i.e., , and the open-circuit voltage, i.e., ,  for the presented triboelectric energy harvester can be derived as
	
	(21)

	
	(22)


where  and  are the vacuum permittivity and the relative permittivity of the top dielectric (PTFE), respectively,  is the thickness of the top dielectric, and  is the tribo-charge surface density.
The relationship between the voltage across a resistor  in an outer circuit, i.e., , and the amount of transferred charges between electrodes, i.e., , of the harvester can be given by [4, 51]
	
	(23)


Applying Ohm’s law, i.e., , and substituting Eqs. (21) and (22) into Eq. (23) yield the differential equation
	
	(24)


However, a singularity will occur in Eq. (24) when the top electrode (attached to the slider) fully slides out of the bottom one (the EAP), i.e., the denominators of the coefficients of the second and the third terms become zero when , and it will result in a zero equivalent capacitance and an infinitely large open-circuit voltage. Nevertheless, the transferred charges between the electrodes will saturate when the top electrode fully slides out of the bottom one [7, 51], and the open-circuit voltage  has been measured to be finite in experiment when the two electrodes fully slide out of each other [7]. To avoid this singularity, it is assumed that the top electrode will not fully slide out of the bottom electrode during oscillation. This will be monitored during the numerical simulations.
When sticking, the transferred charges between electrodes can be given by 
	

	(25)


where  is the temporal modal coordinate when sticking motion starts to take place and  is the corresponding time instant.
5. Numerical simulation
5.1. Numerical scheme
Since the order of magnitude of the vacuum permittivity  is -12 and the load resistance  can vary in a wide range, the ODE of the electrical output, i.e., Eq. (24), is likely to be stiff. The TR-BDF2 (trapezoidal-backward differentiation formula of order two) method, which is an implicit single-step method of second-order accuracy, is prevalent in circuit and semiconductor simulations and has demonstrated good performance among various one-step methods [54-57] and, therefore, is used to solve Eq. (24).
The method is composed of two sub steps: a trapezoidal step from  to  and a second-order backward difference step from  to , where ,  and , and  is the time step. For the integration of a smooth system described by , the solution is firstly advanced from  to  using the trapezoidal rule as
	
	(26)


In the second sub step, the solution is then advanced from  to  using the second-order backwards difference rule as 
	
	(27)


The choice of  can affect the solution in many ways [54, 58], and it is suggested to take  because it results in the least truncation error [54], the same Jacobian matrix for both sub-steps (the Newton-Raphson method is used to solve the implicit difference equations), and the largest linearized stability region [58].
However, owing to the non-smoothness of the mechanical system, i.e., the sign change of the friction force and the stick-slip motion, the TR-BDF2 method can only be directly applied to steps without any non-smooth events. For a time step containing non-smooth events, only the trapezoidal rule or the TR method is used for the whole step. The derivation of the corresponding difference equations is given in Appendix A.
The values of the main parameters used in simulation are given in Table. 1. 
Table. 1 The values of the main parameters used in simulation
	Parameter
	Value

	Tip mass (slider), 
	

	Cantilever dimension, 
	

	Cantilever density, 
	7800 

	Young’s modulus of cantilever, 
	210 GPa

	Damping ratio, 
	0.0035

	Radius of EAP
	

	Static friction coefficient of EAP, 
	0.35

	Kinetic friction coefficient of EAP, 
	0.25

	Static friction coefficient of EIP, 
	0.30

	Kinetic friction coefficient of EIP, 
	0.20

	Thickness of the PTFE layer, 
	0.1 mm

	Tribo-charge surface density, 
	6 

	Relative permittivity of PTFE, 
	2.0

	Resistance in circuit, 
	20 

	Residual flux density of magnet, 
	 T

	Volume of single magnet, 
	 


5.2. The effect of the electrostatic force
Theoretically, there exists an attractive electrostatic force between the slider and the EAP because the dielectric on the slider, i.e., the PTFE film, and the EAP (Al) are oppositely charged. The electrostatic force can be expressed as
	
	(28)


And the voltage across a capacitor, i.e., , can be given by 
	
	(29)


Substituting Eqs. (21) and (29) into Eq. (28), the electrostatic force can be rewritten as 
	
	(30)


Since the harvester is of the sliding mode, the electrostatic force will act as part of the normal force exerted on the slider, and the new normal force is then
	
	(31)


The electrostatic force, therefore, may affect the system’s behaviour through friction, which is thus worth investigating. It is noted that the mechanical system described by Eq. (16) and the electrical system modelled by Eq. (24) are coupled when the electrostatic force is considered, in which case, the Jacobian matrix should be updated accordingly, and the new matrix elements are given in the appendix.
To simplify the comparison, the two fixed magnets are removed and the slider no longer experiences the magnetic force. The comparison of the tip displacements and the RMS voltage outputs under discrete numerical frequency sweeps (from 5 Hz to 15 Hz with a step of 0.05 Hz) with and without the consideration of the electrostatic force (EF), is shown in Fig. 4. If the EF is adequately big, the model that includes the EF should produce a smaller amplitude response relative to the model without the EF because of the increase in the friction force caused by the EF. However, it can be seen in Fig. 4 that both the mechanical and electrical responses are almost identical in the two cases. Therefore, it can be concluded that the electrostatic force between the two electrodes (or between the slider and the EAP) for this TEH can be neglected and the EF will be not be modelled in the subsequent results. Nevertheless, the feedback of the EF into the electromechanical system may be taken into consideration in some miniaturized/MEMS-based electrostatic transducers, such as in Ref. [23].
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[bookmark: OLE_LINK79][bookmark: OLE_LINK80]Fig. 4 Comparisons of (a) the tip displacements and (b) the RMS voltage outputs of the cases with and without the electrostatic force (EF) under discrete numerical frequency sweeps when  and 
5.3. Analysis of multistability
At first, friction is not considered. The total potential energy of the system, , consists of two parts: the strain energy of the cantilever beam, , and the magnetic potential energy, . The variation of the strain energy of the cantilever beam only depends on the deflection of the beam. The magnetic potential energy, however, not only is related to the distance between the magnets but also the alignment of the magnets within the field. Therefore, the horizontal and vertical distances between magnets, i.e.,  and , can notably affect the total potential energy, and thus the behaviour of the system. 
When the horizontal distance is fixed at  mm, the variation of the total potential energy with the vertical distance and the tip displacement is shown in Fig. 5(a), and the corresponding projections on the - plane are given in Fig. 5(b). It can be seen that the system is monostable when the two fixed magnets are close (i.e.,  is small). In this case, the two fixed magnets act as one stronger magnet. As the two fixed magnets are placed farther away from each other, the system exhibits monostability, bistability, and weak tristability.  
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[bookmark: OLE_LINK74][bookmark: OLE_LINK73]Fig. 5 The variation of the total potential energy () with the vertical distance () and the tip displacement (); 
(a) 3D surface plot and (b) its projections on the U- plane
The system has different stabilities at different combinations of  and , and the possible scenarios are shown in Fig. 6 on the parametric plane of - which is divided into three areas according to their stabilities. Therefore, the multistability of the friction-free (conservative) system can be determined analytically through the potential energy function, i.e., the sum of  and  in Eq. (13). Apparently, there is no potential energy function for a non-conservative force or system. Thus, the multistability of the system with the presence of friction can no longer be revealed by Eq. (13). However, it is interesting to see how those three areas will evolve on the parametric plane with the involvement of friction, and such a study of the effect of non-conservative forces on the multistability of a system is rare in the open literature.
[bookmark: OLE_LINK19][bookmark: OLE_LINK20][bookmark: OLE_LINK21][image: C:\Users\eden0301\Desktop\Sliding mode\Bistable, with magnets\Numerical simulation\With magnets\Without electrostatic force\TH PH\d_x-d_y parameter plane.png]
Fig. 6 The system stability shown on the - plane; black parametric area indicates monostability, blue indicates bistability, and red indicates tristability (For interpretation of the references to colours in this figure, readers are referred to the web version of this article)
[bookmark: OLE_LINK55]Using numerical simulations, the system involving friction at each combination of  and  (a grid of  is used) is integrated at different excitation frequencies with different initial conditions. The algorithm used for the categorization of different types of stability is shown in a flowchart in Fig. B1 in Appendix B. Even though the multistability of the system is not dependent on the level of the external excitation, a proper selection of the excitation frequency and amplitude can improve the efficiency of the categorization. This is because in multistable systems, large excitations can easily result in interwell oscillations and small excitations will mostly lead to intrawell oscillations. In practice, this means that more tip displacement time history samples (or more sets of initial conditions) are needed to confidently determine the type of the multistability at a given combination of  and . 
In simulation, the excitation amplitude  is fixed at 0.15g, and two excitation frequencies, 3 Hz and 13 Hz, are used. Generally, it is easier for an oscillator to settle down into a well if the initial displacement is within the potential well (assuming the initial velocity is zero). Therefore, fifteen samples of the initial tip displacement linearly spaced between -0.025 m and -0.001 m are used with each of the two excitation frequencies (initial velocities and transferred charge are zero). The categorized results with three different contact force ratios are shown in Fig. 7. It can be seen that the categorization scheme performs quite well, and the performance at boundaries can be enhanced by using more sets of initial conditions and/or excitation frequencies. In comparison with Fig. 6, the bistable and tristable areas have shrunk while the monostable area has enlarged. These differences between Fig. 6 and Fig. 7 seem to require only a small amount of friction to materialize. With the increase of the contact force ratio or the friction force, there is no obvious change of the areas of various stabilities. 
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[bookmark: OLE_LINK62][bookmark: OLE_LINK63][bookmark: OLE_LINK64][bookmark: OLE_LINK65]Fig. 7 Numerically categorized different types of stability on the parametric plane of  and ; (a) for , (b) for , and (c) for  (For interpretation of the references to colours in this figure, readers are referred to the web version of this article)
5.4 Comparisons between various types of stability
The dynamics of the system can be highly dependent on the magnetic field. The magnetic field is mostly influenced by the relative locations between the magnets, i.e.,  and . As shown in the last section, the relative locations of magnets result in different types of stability. Besides, the system is non-smooth owing to the presence of friction. Thus, the steady state of the system can be dependent on the initial conditions [41], and various dynamic regimes can theoretically coexist, though only one of them can practically appear under certain conditions. Moreover, broad harvesting frequency span and large vibration amplitude are often beneficial to vibration energy harvesting. Therefore, discrete numerical frequency sweeps can be used to study the coexisting regimes (mainly the coexistence of intrawell and interwell oscillations) and compare between various types of stability. 
To generate the discrete numerical frequency sweeps, fifty pairs of initial conditions  are randomly selected from the set

[bookmark: OLE_LINK77][bookmark: OLE_LINK78]where both  and  follow uniform distributions. The tip displacement  with these initial conditions under the discrete numerical frequency sweeps are shown in Fig. 8. The maximal and minimal vibration amplitudes in steady states at each excitation frequency are marked and connected through vertical line in this figure (blue circles for interwell oscillations and red asterisk for intrawell oscillations except the results of the monostable system shown in Fig. 8(a)), and the response of the latest instant at one frequency is used as the initial conditions for the integration of the system under the next frequency. Obviously, there are no coexisting behaviours in the monostable system. However, intrawell and interwell oscillations can coexist in the bistable system. The situation is similar in the tristable system. The bistable system has the broadest frequency span over which the oscillation is at high amplitude. Therefore, bistability is superior to both monostability and tristability in terms of broadband energy harvesting. 
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[bookmark: OLE_LINK95][bookmark: OLE_LINK83][bookmark: OLE_LINK84][bookmark: OLE_LINK82][bookmark: OLE_LINK89][bookmark: OLE_LINK87][bookmark: OLE_LINK88]Fig. 8 Tip vibration amplitudes under discrete numerical frequency sweeps of (a) monostable system with  and , (b) bistable system with  and  and (c) tristable system with  and ;  and 
It is clear that there exist sudden jumps of the tip displacement in Fig. 8 in all the three kinds of systems. For a better explanation, the tip vibration amplitudes under the single forward (blue circles) and backward (red asterisks) frequency sweeps of the monostable system are shown in Fig. 9. It can be seen that there exist hysteresis and stiffness-hardening, which are believed to be caused by the magnetic force.  
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Fig. 9 Tip vibration amplitudes under forward (blue circles) and backward (red asterisks) discrete numerical frequency sweeps;  , ,  and  for both sweeps
5.5. The effect of the excitation level
[bookmark: OLE_LINK101][bookmark: OLE_LINK102]In multistable systems, the excitation level often plays an important role in exciting high-energy orbit oscillations, especially when it comes to high and wide potential barriers between wells. The tip vibration amplitudes under discrete numerical frequency sweeps of the bistable system at different excitation levels are shown in Fig. 10. In combination with Fig. 9(b), it can be observed that the frequency bandwidths at which interwell oscillations occur, shrinks considerably with the decrease in the excitation level. For reduction of excitation level from 0.5g to 0.3g, there still exists a considerable frequency span over which the system performs interwell oscillations, though intrawell oscillations completely become dominant at high frequencies. A further decrease to 0.1g results in a significant reduction of the frequency span for interwell oscillations, and a much smaller excitation level ceases to excite any interwell oscillations, see Fig. 10(c).
[image: C:\Users\eden0301\Desktop\Sliding mode\Bistable, with magnets\Numerical simulation\With magnets\Without electrostatic force\Numerical discrete frequency sweep\C_r=0.1\A=0.30g\d_x=17 mm, d_y=18 mm\Random_sweep\output\Random initial condition.png]
(a)
[image: C:\Users\eden0301\Desktop\Sliding mode\Bistable, with magnets\Numerical simulation\With magnets\Without electrostatic force\Numerical discrete frequency sweep\C_r=0.1\A=0.10g\17_18\output\Random initial condition.png]
(b)
[image: C:\Users\eden0301\Desktop\Sliding mode\Bistable, with magnets\Numerical simulation\With magnets\Without electrostatic force\Numerical discrete frequency sweep\C_r=0.1\A=0.01g\17_18\output\Random initial condition.png]
(c)
[bookmark: OLE_LINK107][bookmark: OLE_LINK25][bookmark: OLE_LINK26][bookmark: OLE_LINK27][bookmark: OLE_LINK8][bookmark: OLE_LINK14][bookmark: OLE_LINK24]Fig. 10 Tip vibration amplitudes under discrete numerical frequency sweeps of the bistable system at (a) , (b) , and (c) ; , , 
[bookmark: OLE_LINK90][bookmark: OLE_LINK91]5.6. The effect of the friction
Triboelectrification is largely influenced by friction and can be enhanced through repeated rubbing [58]. Thus friction is essential in sliding-mode TEHs. On the other hand, friction is well-known for dissipating energy by means of generating waves, atomic motions, and heat [59], and hence friction is also a limitation with regards to maximal energy harvesting. Therefore, the relationship between friction and energy harvesting (or electrical output) becomes even more complicated in TEHs and a study investigating this relationship is still missing. The mechanism by which friction affects triboelectrification is beyond the scope of this paper. Nevertheless, it is intended to study the effect of friction on the performance of the current TEH by investigating its influence on the system dynamics.
There are various combinations of triboelectric materials and each combination has its own values of coefficients of friction (both static and kinetic). Besides, the contact between the slider and the patches (and thus the friction) can be affected by the tilt of the tip slider and the assembly of the harvester. The tip vibration amplitudes under discrete numerical frequency sweeps of the bistable system with different values of contact force ratio are shown in Fig. 11. By combining with Fig. 10(a), it can be seen that the distribution of the intrawell oscillation spreads from high frequencies down to relatively low frequencies with the increase of the contact force ratio. In addition, the jump frequency (due to the hardening effect) shifts towards lower frequencies. In comparison, low frequencies are unlikely to result in intrawell oscillations. Since the base excitation amplitude is fixed in terms of the applied acceleration, the resultant base displacement is inversely proportional to the forcing frequency square. Thus, the displacement response tends to be small at high frequencies.
[image: C:\Users\eden0301\Desktop\Sliding mode\Bistable, with magnets\Numerical simulation\With magnets\Without electrostatic force\Numerical discrete frequency sweep\C_r=0.3\A=0.30g\d_x=17 mm, d_y=18 mm\Random_sweep\output\Random initial condition.png]
(a)
[image: C:\Users\eden0301\Desktop\Sliding mode\Bistable, with magnets\Numerical simulation\With magnets\Without electrostatic force\Numerical discrete frequency sweep\C_r=0.5\A=0.30g\d_x=17 mm, d_y=18 mm\Random_sweep\output\Random initial condition.png]
(b)
[bookmark: OLE_LINK28][bookmark: OLE_LINK29][bookmark: OLE_LINK30]Fig. 11 Tip vibration amplitudes under discrete numerical frequency sweeps of the bistable system under different contact force ratios (a)  and (b) ; ; , 
5.7. Basins of attraction
Since the dynamics of the system can be sensitively dependent on the initial conditions, basins of attraction are computed to investigate the eventual dynamic behaviour of the system given a set of initial conditions. 
The initial conditions  are taken from the phase plane below using a grid of . 

The steady-state of the system at each sampling point is categorized according to the attractor onto which the system eventually settles down. The attractors are categorized into period-1 intrawell oscillations (shown in red), non-periodic or high-periodicity intrawell oscillations (in black), period-1 interwell oscillations (in blue), and non-periodic or high-periodicity interwell oscillations (in green).
[bookmark: OLE_LINK109][bookmark: OLE_LINK110][bookmark: OLE_LINK111][bookmark: OLE_LINK94][bookmark: OLE_LINK68][bookmark: OLE_LINK69][bookmark: OLE_LINK92][bookmark: OLE_LINK93][bookmark: OLE_LINK96][bookmark: OLE_LINK97][bookmark: OLE_LINK98][bookmark: OLE_LINK112][bookmark: OLE_LINK113][bookmark: OLE_LINK85][bookmark: OLE_LINK86]The generated basins of attraction of the bistable system under the excitation of  and  at two different excitation frequencies are shown in Fig. 12. It can be seen that the increase of the excitation level has profound effects on the evolution of the basins of attraction. At , the spiral basins both for the period-1 interwell oscillations and the non-periodic or high-periodicity interwell oscillations become scattered with the increase of the excitation level, and the basin of the former becomes dominant, see Fig. 12(a). At , the weak spiral structure at  disappears due to the rise of the excitation level to , and the basins of the non-periodic or high-periodicity intrawell oscillations and the period-1 interwell oscillations seem to intermingle in the off-centre area at . Additionally, it has been found that the system undergoes purely interwell oscillations at lower frequencies (such as at ) even for smaller excitation levels. The corresponding basins of attraction are purely green and are not presented here.
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[bookmark: OLE_LINK108][bookmark: OLE_LINK7]Fig. 12 Basins of attraction of the bistable system under the excitation of  (left column) and  (right column) at (a)  and (b) ; , ,  (For interpretation of the references to colours in this figure, readers are referred to the web version of this article)
[bookmark: OLE_LINK116][bookmark: OLE_LINK117]Similarly, the basins of attraction of the tristable system under the excitation of  and  at these two excitation frequencies are obtained and shown in Fig. 13. Interesting structures appear at , see Fig. 13(a). Basins of non-periodic or high-periodicity intrawell oscillations arise around the two side stable equilibria while the basin of period-1 intrawell oscillations emerges in the middle and has a fractal boundary. In addition, the tail of the spiral basin of the period-1 interwell oscillation is separated by an intermingled spiral basin of the period-1 and non-periodic or high-periodicity intrawell oscillations, and the increase of the excitation level thickens the tail of the basin of the period-1 interwell oscillation. At the relatively higher frequency of , the system merely performs intrawell oscillations at a relatively low excitation level, and basins of interwell oscillations start to emerge in a fractal structure with the increase of the excitation level, see Fig. 13(b). The tristable system only performs intrawell oscillations at low frequencies (such as at ) even when the excitation level is increased (the corresponding basins of attraction are not given here), and relative to the bistable system, the tristable system always settles down onto attractors of intrawell oscillations at low frequencies, which is not beneficial for energy harvesting.
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Fig. 13 Basins of attraction of the tristable system under the excitation of  (left column) and  (right column) at (a)  and (b) ; , ,  (For interpretation of the references to colours in this figure, readers are referred to the web version of this article)
6. Conclusions
This paper presents the investigation of a new TEH which works in a sliding mode and involves three kinds of stabilities. The design concept is first introduced. The modelling of the mechanical vibration of a cantilever beam with a tip mass subjected to both magnetic and frictional forces under base excitation is then presented. The modelling of the electrical dynamics of the sliding mode TEH based on the established mechanical system is presented accordingly. A numerical scheme, which is based on the TR-BDF2 method, for solving the system comprised of the non-smooth mechanical and the stiff electrical systems is discussed. Detailed numerical simulations are then carried out. This paper includes the first studies of both the sliding mode TEH and magnetic multistability in TEHs from the perspectives of structural dynamics. The main conclusions are drawn as follows:
(1) The comparison between the coupled and uncoupled electro-mechanical models (with and without the consideration of the electrostatic force between the electrodes, respectively) suggests that the electrostatic force can be ignored, which makes the uncoupled model preferable in the dynamical analysis.
(2) The effect of the non-conservative force (the friction force) on the multistability of the system is investigated. It is found that the distribution of the multistability on the - (two distances describing the relative locations of two magnets fixed to the base in relation to one magnet embedded in the slider) parametric plane changes when friction is involved, and the proportions of occurrence of the bistability and tristability decrease while that of the monostability increases.
(3) Among the three types of stability, bistability is found to provide the broadest frequency band over which the system oscillates on high-energy orbits or in interwell oscillations. Additionally, the stiffness-hardening effect caused by the magnetic force appears in systems of all three kinds of stabilities.
(4) The base excitation level plays an important role in bistable or multistable system for broadband energy harvesting. Low excitation levels will not enable the systems to cross the energy barriers between the potential wells and achieve interwell motions. In addition, the increase of friction will transfer intrawell oscillations from high frequencies down to low frequencies and shrink the frequency band over which energy harvesting is effective.
[bookmark: OLE_LINK119][bookmark: OLE_LINK120][bookmark: OLE_LINK121](5) The study of the basins of attraction reveals that at low frequencies the bistable system can undergo purely interwell oscillations while the tristable system will undergo intrawell oscillations. Intermingled basins can appear in both bistable and tristable systems. An increase of the excitation level can break the basins into discrete pieces and/or points.
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[bookmark: OLE_LINK56][bookmark: OLE_LINK57]Appendix A
To use the TR-BDF2 method, the second order ODE of the equation of motion, i.e., Eq. (16), is turned into the first order ODE. Let , , and . If there is no sticking motion, the governing equations of the whole system can be given as 
	



	(A.1)


where 




in which the expressions of ,  and  can be obtained by replacing the s in the equations given in the context with , and the values of  and  are given as


By applying the TR rule to the first sub step, one can get the implicit difference equations as follows
	



	(A.2)


To use the Newton-Raphson method to solve these implicit difference equations for the state variables at the intermediate time instant, i.e., , the Jacobian matrix is first obtained as
	
	(A.3)


where the component matrices are



in which


By using Eq. (27), one can obtain the difference equations for the BDF2 sub step (the derived equations are not detailed here). The Jacobian matrix of the difference equations of the BDF2 sub step is same with that of the TR sub step if .
When the electrostatic force is involved, matrix  () should be updated, and the updated elements are
	

	(A.4)


Appendix B
The algorithm used for the categorization of different types of stability is shown in a flowchart in Fig. B1, where  is the excitation frequency array,  the initial tip displacement array,  the time within steady state, and  the mean of  and .
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Fig. B1 Flowchart of the algorithm used for the categorization of different types of stability
References
[1] Erturk, A., Inman, D.J.: Piezoelectric Energy Harvesting. Wiley, Chichester (2011)
[2] Gao, M., Wang, Y., Wang, Y., Wang, P.: Experimental investigation of non-linear multi-stable electromagnetic-induction energy harvesting mechanism by magnetic levitation oscillation. Appl. Energy 220, 856-875 (2018)
[3] Fan, F.R., Tian, Z.Q., Wang, Z.L.: Flexible triboelectric generator. Nano Energy 1, 328-334 (2012)
[4] Wang, Z.L., Lin, L., Chen, J., Niu, S., Zi, Y.: Triboelectric Nanogenerators. Springer, Switzerland (2016)
[5] Jin, C., Kia, D.S., Jones, M., Towfighian, S.: On the contact behaviour of micro-/nano-structured interface used in vertical-contact-mode triboelectric nanogenerators. Nano Energy 27, 68-77 (2016)
[6] Lin, Z.H., Zhu, G., Zhou, Y.S., Yang, Y., Bai, P., Chen, J., Wang, Z.L.: A self-powered triboelectric nanosensor for mercury ion detection. Angew. Chem. Int. Ed. 52, 5065-5069 (2013)
[7] Wang, S., Lin, L., Xie, Y., Jing, Q., Niu, S., Wang, Z.L.: Sliding-triboelectric nanogenerators based on in-plane charge-separation mechanism. Nano Lett. 13(5), 2226-2233 (2013)
[8] Yang, Y., Zhang, H., Chen, J., Jing, Q., Zhou, Y.S., Wen, X., Wang, Z.L.: Single-electrode-based sliding triboelectric nanogenerator for self-powered displacement vector sensor system. ACS Nano 7(8), 7342-7351 (2013)
[9] Wang, S., Xie, Y., Niu, S., Lin, L., Wang, Z.L.: Freestanding triboelectric-layer-based nanogenerators for harvesting energy from a moving object or human motion in contact and non-contact modes. Adv. Mater. 26(18), 2818-2824 (2014).
[10] Jing, Q., Choi, Y.S., Smith, M., Ćatić, N., Ou, C., Kar-Narayan, S.: Aerosol-jet printed fine-featured triboelectric sensors for motion sensing. Adv. Mater. Technol. 4, 1800328 (2019)
[11] Hwang, B.U., Lee, J.H., Trung, T.Q., Roh, E., Kim, D.I., Kim, S.W., Lee, N.E.: Transparent stretchable self-powered patchable sensor platform with ultrasensitive recognition of human activities. ACS Nano 9(9), 8801-8810 (2015)
[12] Wang, P., Pan, L., Wang, J., Xu, M., Dai, G., Zou, H., Dong, K., Wang, Z.L.: An ultra-low-friction triboelectric-electromagnetic hybrid nanogenerator for rotation energy harvesting and self-powered wind speed sensor. ACS Nano 12, 9433-9440 (2018)
[13] Keshvari, A., Darbari, S., Taghavi, M.: Self-powered plasmonic UV detector, based on reduced graphene oxide/Ag nanoparticles. IEEE Electr. Device L. 39(9), 1433-1436 (2018)
[14] Chen, T., Zhao, M., Shi, Q., Yang, Z., Liu, H., Sun, L., Ouyang, J., Lee, C.: Novel augmented reality interface using a self-powered triboelectric based virtual reality 3D-control sensor. Nano Energy 51, 162-172 (2018)
[15] Yang, J., Chen, J., Yang, Y., Zhang, H., Yang, W., Bai, P., Su, Y., Wang, Z.L.: Broadband vibrational energy harvesting based on a triboelectric nanogenerator. Adv. Energy Mater. 4(6), 1301322 (2014)
[16] Wang, S.H., Lin, L., Wang, Z.L.: Nanoscale triboelectric-effect-enabled energy conversion for sustainably powering portable electronics. Nano Lett. 12(12), 6339-6346 (2012)
[17] Park, H.W., Huynh, N.D., Kim, W., Lee, C., Nam, Y., Lee, S., Chung, K.B., Choi, D.: Electron blocking layer-based interfacial design for highly-enhanced triboelectric nanogenerators. Nano Energy 50, 9-15 (2018)
[bookmark: OLE_LINK123][bookmark: OLE_LINK124][18] Guo, Q.Z., Yang, L.C., Wang, R.C., Liu, C.P.: Tunable work function of MgxZn1-xO as a viable friction material for a triboelectric nanogenerator. ACS Appl. Mater. Interfaces 11:1420-1425 (2019)
[29] Chen, Y., Xu, B., Gong, J., Wen, J., Hua, T., Kan, C.W., Deng, J.: Design of high-performance wearable energy and sensor electronics from fiber materials. ACS Appl. Mater. Interfaces 11, 2120-2129 (2019)
[20] Ibrahim, A., Ramini, A., Towfighian, S.: Experimental and theoretical investigation of an impact vibration harvester with triboelectric transduction. J. Sound Vib. 416, 111-124 (2018)
[21] Fu, Y., Ouyang, H., Davis, R.B.: Nonlinear dynamics and triboelectric energy harvesting from a three-degree-of-freedom vibro-impact oscillator. Nonlinear Dyn. 92, 1985-2004 (2018)
[22] Fu, Y., Ouyang, H., Davis, R.B.: Triboelectric energy harvesting from the vibro-impact of three cantilevered beams. Mech. Syst. Signal Process. 121, 509-531 (2019)
[23] Hoffmann, D., Folkmer, B., Manoli, Y.: Fabrication, characterization and modelling of electrostatic micro-generators. J. Micromech. Microeng. 19, 094001 (2009)
[24] Mahmoud, M.A.E., Abdel-Rahman, E.M., Mansour, R.R., El-Saadany, E.F.: Out-of-plane continuous electrostatic micro-power generators. Sensors 17, 977 (2017)
[bookmark: OLE_LINK125][25] Lallart, M.: Ed. Small-Scale Energy Harvesting. InTech, Croatia (2012)
[26] Boisseau, S., Despesse, G., Ricart, T., Defay, E., Sylvestre, A.: Cantilever-based electret energy harvesters. Smart Mater. Struct. 20, 105013 (2011)
[bookmark: OLE_LINK5][bookmark: OLE_LINK6][bookmark: OLE_LINK9][bookmark: OLE_LINK10][27] Huguet, T., Badel, A., Druet, O., Lallart, M.: Drastic bandwidth enhancement of bistable energy harvesters: study of subharmonic behaviors and their stability robustness. Appl. Energy 226, 607-617 (2018)
[bookmark: OLE_LINK3][bookmark: OLE_LINK4][bookmark: OLE_LINK11][bookmark: OLE_LINK12][bookmark: OLE_LINK13][28] Pennisi, G., Mann, B.P., Naclerio, N., Stephan, C., Michon, G.: Design and experimental study of a nonlinear energy sink coupled to an electromagnetic energy harvester. J. Sound Vib. 437, 340-357 (2018)
[29] Chiacchiari, S., Romeo, F., McFarland, D.M., Bergman, L.A., Vakakis, A.F.: Vibration energy harvesting from impulsive excitations via a bistable nonlinear attachment. Int. J. Nonlin. Mech. 94, 84-97 (2017)
[30] Nelson, D., Ibrahim, A., Towfighian, S.: Dynamics of a threshold shock sensor: combining bi-stability and triboelectricity. Sensor Actuat. A-Phys. 285, 666-675 (2019)
[31] Harne, R.L., Wang, K.W.: A review of the recent research on vibration energy harvesting via bistable systems. Smart Mater. Struct. 22, 023001 (2013)
[32] Erturk, A., Hoffmann, J., Inman, D.J.: A piezomagnetoelastic structure for broadband vibration energy harvesting. Appl. Phys. Lett. 94, 254102 (2009)
[33] Lan, C., Qin, W.: Enhancing ability of harvesting energy from random vibration by decreasing the potential barrier of bistable harvester. Mech. Syst. Signal Process. 85, 71-81 (2017)
[34] Cao, J., Zhou, S., Inman, D.J., Chen, Y.: Chaos in the fractionally damped broadband piezoelectric energy harvester. Nonlinear Dyn. 80, 1705-1719 (2015)
[35] Vocca, H., Neri, I., Travasso, F., Gammaitoni, L.: Kinetic energy harvesting with bistable oscillators. Appl. Energy 97, 771-776 (2012)
[36] Naseer, R., Dai, H.L., Abdelkefi, A., Wang, L.: Piezomagnetoelastic energy harvesting from vortex-induced vibrations using monostable characteristics. Appl. Energy 203, 142-153 (2017)
[37] Betts, D.N., Kim, H.A., Bowen, C.R., Inman, D.J.: Optimal configurations of bistable piezo-composited for energy harvesting. Appl. Phys. Lett. 100, 114104 (2012)
[38] Sherimali, M.D., Prasad, A., Ramaswamy, R., Feudel, U.: The nature of attractor basins in multistable systems. Int. J. Bifurc. Chaos 18, 1675-1688 (2008)
[39] Erturk, A., Inman, D.J.: Broadband piezoelectric power generation on high-energy orbits of the bistable Duffing oscillator with electromechanical coupling. J. Sound Vib. 330, 2339-2353 (2011)
[40] Masana, R., Daqaq, M.F.: Energy harvesting in the super-harmonic frequency region of a twin-well oscillator. J. Appl. Phys. 111, 044501 (2012)
[41] Fang, H., Wang, K.W.: Piezoelectric vibration-driven locomotion systems-exploiting resonance and bistable dynamics. J. Sound Vib. 391, 153-169 (2017)
[42] Stanton, S.C., McGehee, C.C., Mann, B.P.: Nonlinear dynamics for broadband energy harvesting: investigation of a bistable piezoelectric inertial generator. Physica D 239, 640-653 (2010)
[43] Stanton, S.C., Owens, B.A.M., Mann, B.P.: Harmonic balance analysis of the bistable piezoelectric inertial generator. J. Sound Vib. 331, 3617-3627 (2012)
[44] Karami, M.A., Inman, D.J.: Equivalent damping and frequency change for linear and nonlinear hybrid vibrational energy harvesting systems. J. Sound Vib. 330, 5583-5597 (2011)
[45] Stanton, S.C., Mann, B.P., Owens, B.A.M.: Melnikov theoretic methods for characterizing the dynamics of the bistable piezoelectric inertial generator in complex spectral environments. Physica D 241, 711-720 (2012)
[46] Daqaq, M.F., Masana, R., Erturk, A., Quinn, D.D.: On the role of nonlinearities in vibratory energy harvesting: a critical review and discussion. Appl. Mech. Rev. 66, 040801 (2014)
[47] Younesian, D., Alam, M.R.: Multi-stable mechanisms for high-efficiency and broadband ocean wave energy harvesting. Appl. Energy 197, 292-302 (2017)
[48] Zhou, S., Cao, J., Inman, D.J., Lin, J., Liu, S., Wang, Z.: Broadband tristable energy harvester: Modeling and experiment verification. Appl. Energy 133, 33-39 (2014)
[49] Cai, W., Harne, R.L.: Electrical power management and optimization with nonlinear energy harvesting structures. J. Intel. Mat. Syst. Str., 30, 213-227 (2019)
[50] Kansal, A., Hsu, J., Zahedi, S., Srivastava, M.B.: Power management in energy harvesting sensor networks. ACM T. Embed. Comput. S. 6, 32 (2007)
[51] Niu, S., Liu, Y., Wang, S., Lin, L., Zhou, Y.S., Hu, Y., Wang, Z.L.: Theory of sliding-mode triboelectric nanogenerators. Adv. Mater. 25, 6184-6193 (2013)
[52] Yan, B., Zhou, S., Litak, G.: Nonlinear analysis of the tristable energy harvester with a resonant circuit for performance enhancement. Int. J. Bifurcat. Chaos 28(7), 1850092 (2018)
[53] Yung, K.W., Landecker, P.B., Villani, D.D.: An analytic solution for the force between two magnetic dipoles. Magn. Electric. Separat. 9, 39-52 (1998)
[54] Bank, R.E., Coughran, W.M., Fichtner, W., Grosse, E.H., Rose, D.J., Smith, R.K.: Transient simulation of silicon devices and circuits. IEEE Trans. Comput.-Aided Des. Integr. Circuits Syst. 4, 436-451 (1985)
[55] Hosea, M.E., Shampine, L.F.: Analysis and implementation of TR-BDF2. Appl. Numer. Math 20, 21-37 (1996)
[56] Bonaventura, L., Rocca, A.D.: Unconditionally strong stability preserving extensions of the TR-BDF2 method. J. Sci. Comput. 70, 859-895 (2017)
[57] Dharmaraja, S., Wang, Y., Strang, G.: Optimal stability for trapezoidal-backward difference split-steps. IMA J. Numer. Anal. 30, 141-148 (2010)
[58] Diaz, A.F., Felix-Navarro, R.M.: A semi-quantitative tribo-electric series for polymeric materials: the influence of chemical structure and properties. J. Electrostat. 62, 277-290 (2004)
[59] Feynman, R.P.: The Feynman Lectures on Physics. Basic Books, New York (2011)


23

image2.png




image3.emf
5 10 15

0

0.01

0.02

0.03

0.04


image4.emf
5 10 15

0

1

2

3

4

5

6


image5.emf
-0.01

0.03

-0.005

0

0.005

0.02

0.01

0.02

0.01

0

-0.02


image6.emf
-0.04 -0.02 0 0.02 0.04

-0.015

-0.01

-0.005

0

0.005

0.01

0.015


image7.png
0.03 1

0.025

0.02 1

d, (m)

0.015

0.01

0.01 0.015 0.02 0.025 0.03
d; (m)





image8.png
0.03 1

0.025

0.02 1

d, (m)

0.015

0.01

0.01 0.015 0.02 0.025 0.03
d; (m)





image9.png
0.03 1

0.025

0.02 1

d, (m)

0.015

0.01

0.01 0.015 0.02 0.025 0.03
d; (m)





image10.png
0.03 1

0.025

0.02 1

d, (m)

0.015

0.01

0.01 0.015 0.02 0.025 0.03
d; (m)





image11.png
Wyel (L7 t) (m)

0.03

0.02 1

0.01 1

-0.01

-0.02 1

-0.03

i e o





image12.png
Wrey(L, 1) (m)

| |||||m...... m





image13.png
Wyer (L, 1) (m)

0.03

0.01 1

-0.01 1
20.02 AN

-0.03





image14.png
Wyer (L, 1) (m)

0.03

0.02 1

0.01 1

-0.01

-0.02 1

-0.03





image15.png
v
L

14751

..|w~
it}

144313,

i
s

21

A
i1 B
R I

iy

D

n'mm‘!!)

]ii_lllmu s





image16.png
wrel(L, t) (m)

0.03

0.02 1

g m iy

il ‘ ‘ |||""""""llllIlllmu.
: ||||"""“||||IIIllmu.
1

nm i

0.01 &

-0.01§

-0.02 1

-0.03




image17.png
Wyel (L7 t) (m)

0.03

0.02 1

0.01

-0.01

-0.02 1

-0.03

14





image18.png
Wyer (L, 1) (m)

.........

1261)]
44444





image19.png
wrel(L, t) (m)

0.03

0.02

0.01 '

o "
......................... i
‘ II|

B
h





image20.emf
-0.02 -0.01 0 0.01 0.02

-1.5

-1

-0.5

0

0.5

1

1.5


image21.emf
-0.02 -0.01 0 0.01 0.02

-1.5

-1

-0.5

0

0.5

1

1.5


image22.emf
-0.02 -0.01 0 0.01 0.02

-1.5

-1

-0.5

0

0.5

1

1.5


image23.emf
-0.02 -0.01 0 0.01 0.02

-1.5

-1

-0.5

0

0.5

1

1.5


image24.emf
-0.02 -0.01 0 0.01 0.02

-1.5

-1

-0.5

0

0.5

1

1.5


image25.emf
-0.02 -0.01 0 0.01 0.02

-1.5

-1

-0.5

0

0.5

1

1.5


image26.emf
-0.02 -0.01 0 0.01 0.02

-1.5

-1

-0.5

0

0.5

1

1.5


image27.emf
-0.02 -0.01 0 0.01 0.02

-1.5

-1

-0.5

0

0.5

1

1.5


image1.png




