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A LANDING THEOREM FOR ENTIRE FUNCTIONS
WITH BOUNDED POST-SINGULAR SETS

ANNA MIRIAM BENINI AND LASSE REMPE-GILLEN

ABSTRACT. The Douady-Hubbard landing theorem for periodic external rays is one of
the cornerstones of the study of polynomial dynamics. It states that, for a complex
polynomial f with bounded postcritical set, every periodic external ray lands at a
repelling or parabolic periodic point, and conversely every repelling or parabolic point
is the landing point of at least one periodic external ray.

We prove an analogue of this theorem for an entire function f with bounded postsin-
gular set. If f has finite order of growth, then it is known that the escaping set I(f)
contains certain curves called periodic hairs; we show that every periodic hair lands
at a repelling or parabolic periodic point, and conversely every repelling or parabolic
periodic point is the landing point of at least one periodic hair. For a postsingularly
bounded entire function f of infinite order, such hairs may not exist. Therefore we
introduce certain dynamically natural connected subsets of I(f), called dreadlocks. We
show that every periodic dreadlock lands at a repelling or parabolic periodic point, and
conversely every repelling or parabolic periodic point is the landing point of at least
one periodic dreadlock.

More generally, we prove that every point of a hyperbolic set is the landing point of
a dreadlock.

1. INTRODUCTION

Let p: C — C be a polynomial. The filled-in Julia set K (p) consists of those points
z € C whose orbits remain bounded under repeated application of p. In their study of the
dynamics of complex polynomials and the Mandelbrot set [DH85|, Douady and Hubbard
introduced the notion of external rays, which can be characterised as the gradient lines
of the Green’s function on the basin of attraction of infinity, C \ K(p). Periodic (and
pre-periodic) rays are of particular importance, due to the following result.

Douady-Hubbard landing theorem. Let p be a polynomial whose post-critical set

(1.1) Pp)= |J {r(:n>1}

c: p'(c)=0

is bounded. (Equivalently, assume that K(p) is connected.)
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Then every periodic ray of p lands at a repelling or parabolic periodic point, and
conversely every repelling or parabolic periodic point of p is the landing point of at least
one and at most finitely many periodic external rays.

The first half of this theorem, concerning the landing of periodic rays, can be found in
[DHS5, Exposé VIILII, Proposition 2]. The second half, which is more difficult, is due
to Douady; the first published proofs are in [EL89, [Hub93|. Ever since, the Douady-
Hubbard theorem has been a cornerstone of the study of polynomial dynamics. In
particular, it forms the basis of the “puzzle techniques” that were pioneered by Yoccoz,
Branner and Hubbard, and continue to lead to fundamental new results; see [Hub93,
RY 08, [ALSTI].

In the study of rational functions and transcendental entire functions, there is no
immediate analogue of the basin of infinity, and this is one of the reasons that the study
of these classes has presented greater challenges than that of polynomials. Nonetheless,
in both settings analogues of the above-mentioned puzzle techniques have been employed
to certain classes of functions with considerable success. We refer to [Roe08, Benl5| for
two examples.

Our goal is to extend the Douady-Hubbard landing theorem to the case of a transcen-
dental entire function f. In this setting, the role that critical values play in polynomial
dynamics is taken by the larger set S(f) of singular values of f. These are those points
not having a neighbourhood in which all branches of f~! are defined and holomorphic.
Analogously to (|1.1)), the postsingular set of f is defined as

(1.2) P(f)= | {f(s):n >0}

s€S(f)

For transcendental maps, oo is an essential singularity, rather than a super-attracting
fixed point. Hence the definition of external rays for polynomials as gradient lines of a
Green’s function has no natural analogue. Nonetheless, it has long been known that the
escaping set

I(f)={z€C: f*(z) > oo}
often contains curves to infinity; indeed, in some cases this was already noticed by
Fatou [Fat26]. It was the work of Devaney and his collaborators (see e.g. [DK84, [DT86])

that really began the study of these hairs or dynamic rays in the 1980s, particularly for
functions in the exponential famaly,

(1.3) far z— € +a.

Devaney, Goldberg and Hubbard were probably the first to suggest that such hairs
could serve as analogues of external rays of polynomials; compare [DGHS86, BDH™99].
Subsequently, Schleicher and Zimmer [SZ03a] and Schleicher and Rottenfufier [RSO8D]
proved that, for the families of exponential maps and of cosine maps z +— ae*+be?,
respectively, the entire escaping set I(f) consists of hairs.

On the other hand, in [RRRS11] it is shown that there is a transcendental entire
function f for which I(f) contains no arcs. Hence there are no curves in I(f), of any
kind, landing at any of the repelling periodic points of f. (Recall that repelling periodic
points are dense in the Julia set of any transcendental entire function.) Furthermore,
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the postsingular set P(f) of this function is bounded. Indeed, S(f) is a compact subset
of the immediate basin of attraction of a single attracting fixed point.

Dreadlocks. In view of the preceding example, we develop a novel approach to the
landing problem that removes the focus on hairs altogether, by connecting repelling
periodic points to infinity using not necessarily curves, but more general sets of escaping
points.

More precisely, we introduce a notion of dreadlocks for postsingularly bounded entire
functions. These are certain unbounded connected sets of escaping points generalising
the concept of hairs. (See Section 4] for formal definitions.) The set of dreadlocks
has a natural combinatorial structure, and in tame cases, all dreadlocks are in fact
hairs. In general, however, dreadlocks can be topologically much more complicated.
Indeed, it follows from [Reml16] that the closure of a dreadlock may be a hereditrarily
indecomposable continuum[f]

With this terminology, we are able to prove the following generalisation of the Douady-
Hubbard landing theorem for postsingularly bounded entire functions: Every periodic
dreadlock lands, and every repelling or parabolic periodic point is the landing point of
at least one and at most finitely many periodic dreadlocks (Theorem . In particular,
without requiring the definitions of Section [4] we can state the following result.

1.1. Theorem (Landing at periodic points). Let f be a transcendental entire function
such that P(f) is bounded, and let ¢ be a repelling or parabolic periodic point. Then there
is a connected and unbounded set A C I(f) and a period p with the following properties.

(a) A= AU{C} and A does not separate the plane;
(b) J2(4) = A and fI(A) N A=0 for1 < j < p;
(c) for every e >0, f™ tends to oo uniformly on {z € A: |z — (| > €}.

Ifg: 15 a second repelling or parabolic periodic point and A is as above, then AN A = 0.

We emphasise that using dreadlocks, rather than restricting to cases where hairs exist
(see Theorem below), is crucial if one wishes to obtain results for general classes of
functions. Indeed, Pfrang [Pfr19] is using our results to construct (homotopy) Hubbard
trees for all postsingularly finite entire functions with empty Fatou set. This is a natural
result whose hypothesis and conclusion make no mention of hairs; its proof in this form
is made possible by the use of dreadlocks; compare the discussion at the end of the
final section of [PRS18]. Similarly, work of Fagella and the first author [BF15, [BF17],
was formulated only for functions with hairs, but contains a number of results whose
conclusion makes sense without this assumption. For example, the conclusion of the
main theorem of [BE1T7] states that every non-repelling cycle has a singular orbit that
is associated to it in a certain explicit manner. These results should now extend to all
postsingularly bounded entire functions, by replacing the role of hairs in the proofs by
our “dreadlocks”. In addition, the key technique of fundamental tails that we use to
control dreadlocks (see Section [4]) has already found furtjer applications, for instance in
the study of inner functions arising in transcendental dynamics [EFJS19].

More precisely, [Rem16] shows that the Julia continuum of a disjoint-type entire function may

have this property, Every such Julia continuum is the closure of a dreadlock in our sense; compare
Lemma and Remark [4.15
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Moreover, our results offer the possibility of developing puzzle-type arguments for all
postsingularly bounded entire functions, and of using the powerful techniques of symbolic
dynamics to study the behaviour of non-escaping points. As mentioned above, this is
the reason why the structure of polynomial Julia sets is so well understood. Theorem
opens up large classes of entire transcendental functions to the same type of analysis.

Existence and landing of periodic hairs. In many interesting cases periodic dread-
locks will in fact be periodic hairs. That is, the connected set A in Theorem will be
an arc connecting ¢ to co. In particular, this will be the case for functions satisyfing the
following property, which states that the escaping set consists entirely of hairs.

1.2. Definition (Criniferous functions). We say that an entire function f is criniferous
if the following holds for every z € I(f): For all sufficiently large n there is an arc =,
connecting f"(z) to oo, in such a way that f maps ~, injectively onto 7,1, and such
that min,e,, |2| = 0o as n — oo.

The counterexample from [RRRS1I] mentioned above shows that entire functions,
even those with bounded postsingular sets, need not be criniferous. However, the same
article also establishes criniferousness for a large and natural class of functions, as follows.
The Eremenko-Lyubich class B consists of those transcendental entire function for which
S(f) is bounded, and hence compact. (If P(f) is bounded, then f € B by definition.)
It is proved in [RRRS1I] that f is criniferous whenever f € B and f has finite order of
growth, i.e.,

loglog|f(z)| = O(log|z|).
Furthermore, any finite composition of functions with these properties is also criniferous.

To discuss periodic hairs, let us use the following definition from [RemO§].

1.3. Definition (Periodic hairs). An invariant hair of a transcendental entire function
f is a continuous and injective curve y: R — I(f) such that f(y(¢t)) =~v(t+ 1) for all ¢
and limy_, | f(7(t))| = co. A periodic hair is a curve that is an invariant hair for some
iterate " of f.

Such a hair lands if the limit zo = lim;, ., y(¢) exists; this limit is called the landing
point (sometimes also endpoint) of the hair 7.

With this terminology, Theorem takes the following form for criniferous functions.

1.4. Theorem (Landing theorem for periodic hairs). Let f be a transcendental entire
function such that the postsingular set P(f) is bounded. Then every periodic hair of f
lands at a repelling or parabolic periodic point. If, in addition, [ is criniferous, then
conversely every repelling or parabolic periodic point of p is the landing point of at least
one and at most finitely many periodic hairs.

The first part of the theorem, concerning landing behaviour of periodic rays, is not
new. It was proved for exponential maps in [SZ03b], and later in full generality by the
second author [Rem08, Corollary B.4]; see also [Denl4]. The proof uses similar ideas as
in the polynomial case, namely expansion properties for the hyperbolic metric, although
there are also some additional ingredients.

On the other hand, the usual proofs for accessibility of repelling and parabolic periodic
points in the polynomial case [EL89, [Hub93|, [Prz94] strongly rely on the presence of the



A LANDING THEOREM FOR ENTIRE FUNCTIONS 5

open basin of attraction of infinity, and thus break down completely in the transcendental
setting. Nonetheless, there has been some previous work in this direction. Under the
additional dynamical assumption that f is geometrically finite, the theorem was proved
by Mihaljevi¢-Brandt [Mih10]. Furthermore, the first author and Lyubich [BL14] proved
Theorem [1.4] when f belongs to the exponential family (I.3).

For exponential maps, boundedness of the postsingular set is a strong dynamical
condition (though weaker than geometrical finiteness), as it implies non-recurrence of
the singular value a. However, the non-recurrence property is not used in any essential
way in [BL14], and the ideas used there form one of the ingredients in our proofs of
Theorems [l and [L.4]

During the preparation of this manuscript, Dierk Schleicher informed us that he has
an alternative approach to Theorem [1.4] using ideas from [SZ03b].

Hyperbolic sets. As in [BL14], our results apply not only to repelling (and parabolic)
periodic points, but also to hyperbolic sets; for polynomials this was first proved in
[Prz94]. Recall that a compact, forward-invariant set K C C is called hyperbolic if for
some k € N and n > 1 we have |(f*)'(2)] > n for all z € K.

If P(f) is bounded and K is such a hyperbolic set, then we prove that every point of
K is “accessible” from the escaping set, via a dreadlock (see Theorem . If f € Bhais,
these dreadlocks are indeed hairs (arcs in the escaping set connecting a finite endpoint in
K to infinity). Again, we can state the following result without requiring the terminology
of dreadlocks.

1.5. Theorem (Landing at hyperbolic sets). Let f be a transcendental entire function
such that P(f) is bounded, and let K be a hyperbolic set of f. Then there is a collec-
tion A of pairwise disjoint, connected and unbounded sets A C I(f) with the following
properties.

(a) For every A € A, there is 2o = 20(A) € K such that A = AU {2(A)}, and A

does not separate the plane;

(b) the function A — K; A~ 2y(A) is surjective;

(c) f(A) € A forall A € A;

(d) for every e >0, f" tends to oo uniformly on {z € |JA: dist(z, K) > ¢};

(e) If zo(A) is periodic of period p, then f*(A) = A for some k > 1.
If f is criniferous, then every A € A is an arc connecting zo(A) € K to 0.

This generalisation is of particular relevance in the case where P(f) itself is a hyper-
bolic set, which is often the case for non-recurrent entire functions (see [RVS11]). Hence,
in this case, each singular value can itself be connected to infinity by a dreadlock, which
in turn allows one to study the Julia set via symbolic dynamics rather closely. For exam-
ple, in [Benl5|, the existence of a ray landing at the omitted value is exploited to prove
strong rigidity properties of non-recurrent parameters in this family, extending previous
work [Benll] in the postsingularly finite case.

To conclude the introduction, we remark on the case where the postsingular set P(f)
is unbounded. If f is a polynomial, then any unbounded orbit in fact escapes to infinity.
For polynomials with escaping singular orbits, the Douady-Hubbard landing theorem no
longer holds. Indeed, it is possible that a repelling periodic point is the landing point of
uncountably many external rays, none of which are periodic. Compare [LP96].
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For transcendental entire functions, it is possible for singular orbits to be unbounded
without converging to infinity. It is conceivable that, for f € B with all singular orbits
nonescaping, a version of the landing theorem holds. However, even for exponential
maps this is not known (but see [Rem0O6a] for a partial result), and it appears that
significant further new ideas would be required to approach it. See Section [14] for some
further discussion.

Structure of the paper. Section [2 gives an overview of expansivity properties for
functions in class B without the assumption of bounded postsingular set. It also defines
the concept of external addresses, and gives sufficient conditions on such addresses to
be realised by certain unbounded connected sets of points. Several of the ideas used
in this section are already implicitly or explicitly contained in the literature, e.g. in
[EL92, Rem07a, Rem08, Rem(9], but are combined here in a novel, systematic and
unified manner.

From Section |3| onward, we restrict to functions with bounded postsingular sets, be-
ginning by discussing hyperbolic expansion estimates for such maps, and introducing the
important combinatorial notion of fundamental tails. With these preparations, Section [4]
introduces dreadlocks for a function with bounded postsingular set, studies their main
topological and combinatorial properties, and also shows that the escaping set consists
of dreadlocks. The ideas in this section have their roots in [Rem(7a]. In particular,
we recover the main result of that paper in the case of postsingularly bounded entire
functions. In Section [5] we discuss the relation between dreadlocks and hairs.

Section [f] introduces accumulation sets of dreadlocks at bounded-addresses, and gives
different characterisations of when a dreadlock lands. This section contains a crucial
innovation, which is central to the proofs of our main theorems: We will see that,
rather than having to contend with the potentially extremely complicated topological
structure of dreadlocks, we can instead study their landing properties by considering
a certain chain of open simply-connected sets. In Section [7], we establish that such
a landing dreadlock cannot separate the plane. We are then ready to state our main
theorems concerning dreadlocks in Section |8 and to derive Theorems and from
these.

The three following sections are dedicated to proving the main theorems from this
paper. Section [J] establishes the landing of periodic dreadlocks, in Section [I0] we show
accessibility of hyperbolic sets and repelling periodic orbits, and finally Section is
dedicated to the proof of accessibility of parabolic points.

We remark that one can take an alternative, less natural but more direct, approach to
establishing our theorems, bypassing most of the material in Sections [2]and [4H6] Readers
interested in such a short-cut are referred to Remark [R.4]

To round off the paper, Section [12] discusses bounds on the number of rays landing
together at a given point in a hyperbolic set. We also include two appendices. The
first, Section [13] gives some details concerning the cyclic order at infinity of unbounded
connected sets, which are used in some of our arguments. The second, Section [14)
discusses open questions about landing theorems for entire functions with unbounded
postsingular sets.
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Notation and preliminaries. We write C for the complex plane and C for the Rie-
mann sphere. We denote the closure of a set A C C in C by A, and occasionally cl(A),
and its closure in C by A.

The Euclidean disk of radius R around a point z is denoted by Dg(z); the unit disk
is D := D;(0). If D is any Euclidean disc, we also write (D) for the radius of D.

We denote Euclidean distance and diameter by dist and diam, respectively. If U c C
is an open set omitting more than two points, then we denote hyperbolic distance on
U by disty, and similarly diam; for hyperbolic diameter. We also denote the density
of the hyperbolic metric of U at a point z by py(z). That is, the length element of the
hyperbolic metric is given by py(z)|dz]|.

Acknowledgements. We are extremely grateful to Dave Sixsmith and to David Pfrang
for their many and extraordinarily helpful suggestions that considerably improved the
presentation of the paper. We also thank Daniel Meyer for interesting comments, par-
ticularly a suggestion on the presentation of cyclic order in Section (13|

2. UNBOUNDED SETS OF ESCAPING POINTS

In this section, we briefly review basic properties of the dynamics of a function f € B,
and review the definition of external addresses for such maps. Then we state a theorem
(Theorem about the existence of unbounded connected sets for these addresses, and
devote the rest of the section to the proof thereof. These sets will provide the basis of
the “dreadlocks” that are introduced (for postsingularly bounded entire functions) in
Section [l

Throughout this section, fix a function f € B. Recall that this implies that S(f)
is bounded. For now, we do not assume that P(f) is also bounded. Let us begin
by reviewing the method of partitioning the locus where f is large into (topological)
half-strips known as fundamental domains. (Compare e.g. [Rem08| Section 2| or [Rot05),
Section 2].) For this construction, we fix a Euclidean disk D around the origin containing
S(f). The connected components of f~'(C\ D) are called the tracts of f. If T is a
tract, then f: T — C\ D is a universal covering map; in particular, T is unbounded
and simply-connected. In fact (applying the same argument to a slightly smaller disc
than D), T is a Jordan domain in C whose boundary passes through infinity, and f is a
universal covering f: T — C\ D on the closure of T' (in C).

We may assume in the following that DN f(D) # 0, e.g. by ensuring that 0, f(0) € D.
Then it is easy to see that there is an arc § connecting a point of D to infinity in the
complement of the closure of the tracts. We define

(2.1) Wo:=C\ (DUSF).
The connected components of f~1(W,) are called the fundamental domains of f; see
Figure

We remark that there are only finitely many fundamental domains that intersect a
given compact set, due to the following simple fact.

2.1. Lemma (Preimage components intersecting a compact set). Let f: X — Y be a
holomorphic function between Riemann surfaces X and Y. Furthermore, let U C'Y be
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Wo =C\ (DUJ)

b

Ty

FiGURE 1. The dynamical plane for a function with two tracts. Some of
the fundamental domains obtained by taking preimages of § are shown in
one of the two tracts.

a domain whose boundary (in Y ') is locally connected; i.e. every point of the boundary
of U in'Y has arbitrarily small connected relative neighbourhoods in Y .

Then for any compact set K C X, only finitely many connected components of f~1(U)
intersect K.

Remark. The condition that QU is locally connected is necessary: Let X =Y = C,
f = exp, and let U be a simply-connected domain in the punctured unit disc that
spirals in towards the unit circle. (I.e., any branch of the argument on U tends to
infinity as |z| — 1 in U.) Then infinitely many components of f~!(U) intersect the
closed unit disc.

Proof. Let C be the set of connected components of f~1(U); we claim that every point z €
f~Y(U) has a neighbourhood V, that intersects only finitely many elements of C. Indeed,
2 has a neighbourhood V; that is topologically mapped as by z — 2% where d is the
local degree of f at z. Furthermore, we claim that the assumption of local connectivity
implies that there is a finite collection of connected open sets Wy,..., W, C f(Vi)NU
such that {f(2)} UW; U---UW, is a neighbourhood of f(z) in {f(2)} UU.

Indeed, shrinking V; if necessary, we may assume that the closure of A := f(1]) is
a closed topological disc around f(z). We may also assume that U ¢ A, as otherwise
there is nothing to prove. Consider the compact set @ := JA U (A \ U). Since U is
connected, the boundary of each component of A\ @) intersects OA. On the other hand,
it is easy to see that @) is locally connected. Hence A\ @) has at most finitely many
connected components of diameter greater than, say, ¢ := dist(f(z), 0A)/2; see [Why42]
Theorem 4.4 in Chapter VI|. (Here dist refers to distance with respect to some metric
on ).) Therefore only finitely many such components W, ..., W, intersect the disc of
radius ¢ around f(z), as claimed.
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Hence if V, C V; is a sufﬁciently small disc around z, then any point in f~1(U) NV,
maps into some W;. As f~'(W,) has d connected components in Vi, and each of these
is contained in an element of C, it follows that V, intersects at most dn elements of C.

So the compact set K N f~*(U) has an open cover by sets V., each of which intersects
only finitely many elements of C. The claim follows by taking a finite subcover. |

In particular, there are only finitely many fundamental domains F whose closure
intersects the disc D. When this does not occur for any F, the function f is dynamically
particularly simple; more precisely, it is of disjoint type (hyperbolic with connected Fatou
set). For a detailed study of the topological dynamics of such functions, see [Rem16].
(Compare also the discussion of disjoint-type addresses in Remark[1.15)). In the following,
given a fundamental domain F' we denote by I the unbounded connected component of
F\D.

Expansion properties and relative cylindrical distance. It is known that func-
tions in B are strongly expanding near infinity. More precisely, if f € B, then the
cylindrical derivative of f is large whenever f(z) is large [EL92, Lemma 1]. That is,

(2.2) IDf(2)ler =

f/(z)'m’%oo as |f(2)] — oc.

In view of (2.2), we may assume that the radius (D) is chosen sufficiently large to
ensure that

(2.3) IDf(2)enn =

whenever f(z) ¢ D. Observe that this implies, in particular, that f(0) € D. These
assumptions will remain in place for the remainder of the paper.

A number of results in the literature are phrased not for the function f directly, but
in terms of a logarithmic transform L of f. (See e.g. [EL92] or [Rem07al.) Such a
transform can be obtained using the change of variable z = p - exp((), where p = r(D)
is the radius of D. l.e., there is a 2mi-periodic function £ defined by

p-exp(L(C)) = f(p - exp(()),

defined whenever the right-hand side (i.e., f(z)) belongs to C\ D. Dynamical properties
of L easily translate to properties of f on the set of points whose orbits remain outside
D forever. Our assumptions on D imply that the function £ is normalised in the sense
of [Rem07a, RRRS1I].

We occasionally cite results from other articles that are phrased in this language,
but never use the logarithmic transform £ directly in this article. Instead, we use the
following terminology, which is inspired by this change of coordinates. See Figure 2][(a)]

2.2. Definition (Relative cylindrical distance). If z,w € Wy, we define the relative
cylindrical distance distgg‘f(z, w) to be the shortest cylindrical length of a curve v from
z to w that is homotopic, in C \ D, to a curve in Wj.

Equivalently, if U is a connected component of exp™! (W) and ¢, w are the logarithms
of z and w that belong to U, then

dlStZ‘;?(Z w) =1|¢ — wl.
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Se

(a) Definition (b) Lemma

FI1GURE 2. In the cylindrical distance between z and w is less than
m. However, any curve connecting z and w in W, takes more than two
full turns around D, and hence the relative distance in the sense of Defini-
tionis greater than 47. The second image, in@illustrates Lemma
in this case; here T is the union of three cross-cuts of Wy; the domain Wy
is shown shaded in grey.

Wo

We similarly define the distance between two subsets of Wy, and the diameter diam}

with respect to this metric.
Since f is expanding with respect to the cylindrical metric on Wy by (2.3), we have
(2.4) dist™o(f(2), f(w)) > 2 - dist??(z, w)

cyl cyl
whenever z and w both belong to F for some fundamental domain F.
Let us also note the following fact for future reference.

2.3. Observation. Let {; € Wy. Then |z| — oo in W if and only if dist?;? (2, (o) — o0.
In other words, if (2,)%2, is a sequence of points in Wy, then |z,| — oo if and only if

dist?y/(f (2n, (o) — o0.

External addresses and symbolic dynamics. The reason for introducing funda-
mental domains is that they can be used to assign symbolic dynamics to points whose
orbit stays sufficiently large, and in particular to escaping points.

2.4. Definition (External addresses). Let f € B, and let fundamental domains be
defined as above. An (infinite) external address is a sequence s = FoF1F; ... of fun-
damental domains of f. The address s is bounded if the set of fundamental domains
occurring in s is finite; it is periodic if there is k such that F, ., = F,, for all n > 0.
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Let s = FoF1Fy ... be an external address, and recall that ﬁn denotes the unbounded
connected component of F, \ D. Then we define

JUf):={2€C: f*(2) € F, for all n > 0}.

Remark. For the purpose of this paper, we shall often use “address” synonymously with
“external address”.

The main goal of this section is to prove the following.

2.5. Theorem (Realisation of addresses). Let s be an external address.

(a) Suppose that J? contains some point zy. Then J° also contains a closed unbounded
connected set X on which the iterates of f tend to infinity uniformly. Moreover,
dist)y? (20, X) < 2.

(b) If X1 and X5 are unbounded, closed, connected subsets of JO with X; ¢ X, then
Xy C X and f™|x, — oo uniformly.

(c) If s is bounded, then J? # (0. Furthermore, there exists R > r(D), depending on
the finite collection of fundamental domains occurring in s but not otherwise on
s, such that the set X z'n can be chosen to contain a point of modulus R.

(d) Conversely, if F is a finite collection of fundamental domains, then there is R > 0
such that the iterates of f tend to infinity uniformly on the closed set

(2.5) UJS\DR(O) = {z €C:|z| >R and f"(z) € U F for alln > O}.

FeFr

This collection of results is not entirely new. Claims @ and @ are variants of Propo-
sition 3.2 and Corollary 3.4 of [Rem07a]. Part [(d)] follows from [Rem08, Lemma 2.1].
Claim is proved in [Rem08, Theorem 2.4] for fixed addresses, and the proof extends
directly to the case of arbitrary bounded addresses; compare also [BE15, Proposition
2.11]. Alternatively, when f is of disjoint type, J; # () for bounded addresses s (and
even for certain unbounded s, see Proposition below) by [BKO7, Corollary B’ on
p. 405]; compare also [Rem16, Proposition 2.10]. The claim then can be deduced for
general functions in the class B by the results of [Rem09).

Since the papers in question all use slightly different notation, we shall give a new
proof of Theorem [2.5|that is self-contained and unified. We begin with a simple property
of the set J?, which is similar to [EL92, Theorem 1].

2.6. Lemma (One-dimensionality of J). Let s = FyoFy... be an external address.
Then J_g is a subset of J(f), has empty interior and does not separate the plane.

Proof. For each n > 0, U, := C\ cl(ﬁn) is connected. Suppose, by contradiction, that
Vo was a connected component of C\ 9J° that does not contain U,,. Then V, C 1070’0, and
f: Vo — f(Vp) is a conformal isomorphism.

It follows inductively that (V) C ﬁn for all n > 0. On the other hand, fix zy € Vj,
and set z, == f"(zp). It follows from the above that f*: V5 — f"(V}) is univalent for all n.
By and the definition of the cylindrical derivative, we have |(f")'(z0)|/|f"(20)| = o0
as n — oo. By Koebe’s 1/4-theorem it follows that 0 € f™(V}) for sufficiently large n.
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This is a contradiction and proves that J_S has empty interior and does not separate the
plane. -

Let z € JO. Suppose first that dist(f"(z), D) — oo asn > 0. If z belonged to the Fatou
set of f, then it would follow from equicontinuity that there are ng and a neighbourhood
V of z such that f*(V)N D = () for all n > ng. But then (V) C Jgno(s), and this
contradicts the result we have just proved. So z € J(f).

Otherwise, there is a sequence ny, such that f™ (z) /4 oo. Then the spherical derivative
of f™ at z is comparable to the corresponding cylindrical derivative. By , the latter
tends to infinity as k — oo. Thus the family of iterates of f is not normal at z by Marty’s
theorem, and again z € J(f). [

A separation lemma. We now formulate a key technical lemma — closely related to
Lemmas 3.1 and 3.3 of [Rem07a] — that will be crucial for our unified proof of Theo-
rem [2.5] Before making the formal statement, which is slightly technical, let us explain
the idea. Let zy € W)y, and suppose that z; can be connected to infinity within the set
of points of modulus greater than R. Then our lemma states (in particular) that no
point ¢ of modulus at most R can be connected to infinity without passing near zj, in
the sense of relative cylindrical distance.

It may appear at first as though this is obvious, since the round circle centred at 0
and of modulus |zy| has cylindrical length 27, and must intersect any curve connecting
¢ to infinity. However, the diameter of the intersection of this circle with Wy may be

arbitrarily large when measured with respect to distzg?; see Figure .

2.7. Lemma (Cross-cuts of Wy). Let zg € Wy. Then there exists a union I' 3 zy of
cross-cuts of Wy such that distgf(zo, ¢) <27 for all ( €T and such that the unbounded

connected component Wy' of Wy \ T has the following property. If R > 0 such that z

belongs to the unbounded connected component of Wy \ Dg(0), then Wy is also disjoint
from Dg(0).
Here T' can be chosen to consist only of arcs of the circle of radius |zo| centred at 0.
Moreover, suppose that A C Wy is any unbounded connected set with zy € A. Then,

for all z € W, dist0(z, A) < 2r.

cyl

Remark. The curve ¢ in the definition of fundamental domains can be chosen to be
piecewise analytic, in which case the number of cross-cuts in I' is necessarily finite.
However, we do not require this.

Proof. Let U be a connected component of exp™!(1); then exp: U — W) is a conformal
isomorphism, hence there is a unique point (, in exp~'(z) N U. Let I be the vertical
segment (o + 7 - [—2m,27]. Observe that the endpoints of I are elements of exp~!(2)
different from (y, and hence do not belong to U. We set X := I N U; then X is a
collection of cross-cuts of U. Set I' := exp(X); we will prove the claims of the lemma by
considering the unbounded connected component V; of U \ I. Since exp(V;) = W}, we
must show the following:

(a) Re¢ > log R for all ( € V}, for R as in the statement of the lemma;
(b) if A C U is an unbounded connected set with (y € A, then dist(z, A) < 27 for all
z e V.
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We prove@ first. Set AT := A+ 2mi and A~ :== A—27i. Then A=, A* C C\ U, and
both A~ and A™ intersect /. Let V, be the connected component of C\ (AT U A~ UI)
containing V.

Since A tends to infinity within V7, it follows easily that for all { € V5, the segment ( +
i(0, 4] meets AT (and similarly ¢ —i(0, 47| intersects A™). It follows that ¢ 4 i[—2m, 27]
intersects A, and in particular @ holds as required.

Furthermore, by assumption, (y can be connected to infinity by a curve =y not contain-
ing any points at real parts at most log R. Letting A = =, be such a curve, we conclude
that every point ( € V5 has the same real part as some point in A, and hence
follows. |

Existence of unbounded sets of escaping points. With these preparations, we are
now able to prove the existence of unbounded connected subsets of Jg under very general
hypotheses.

2.8. Theorem (Unbounded subsets of Jg). Let s = FoF F5 ... be an external address.

Suppose that (z,)52 is a sequence of points such that each z, € ﬁ for allm > 0.
Suppose furthermore that there is C' > 0 such that dlstcy1 (Zn, f]F (2n41)) < C for all
n >0 for which (f|r,) "(2n11) & D.
Then there is a closed, unbounded and connected set X C JO such that distggf(zo, X) <
2 max (27, C). B

Proof. For n > 0, let I';, be the union of cross-cuts from Lemma applied to z,. Let
AF be a sequence of unbounded closed connected sets, defined for n,k > 0 as follows.
Let AY be the closure of the unbounded connected component of F, \ T',,. For k > 0,
let A be the closure of the unbounded connected component of (f|p, )~ (A*, )\ T
Observe that A¥t1 C A% for all n and k.

Claim. dist?y/‘f (AF 2,) < 2max(2nw, C) for all n, k > 0.

Proof. Since A? intersects T',,, the claim is true for k¥ = 0. Suppose that k > 0 is such
that the claim holds for alln > 0. Let n > 0, and set B := (f|g,) " (A% ). If BN, # 0,
then AF*1intersects I',, and the claim is immediate from the properties of I',,. Otherwise,
A1 = B. Suppose first that (f|r,) " (zn41)) € D. Then

dlstWO(Ak”Jrl ) < dist?O (AR (F1p ) (2g1)) + € < max(7w, O) + C < 2max(T, C)

cyl cyl

by ([2.4). Now suppose that (f|g,) *(2441)) € D. By the inductive hypothesis, and
since I',, separates 0D from B, we can connect B to I',, by a curve v with diamgy/iJ (7) <

max (27, C). Since diam"?(T,) < 27, the claim follows. A

cyl

Now set X; = (\,»0Af. Then X; U {oo} is compact and connected as a count-
able intersection of compact connected sets. Moreover, X; contains a point ( with
dlstcy‘f(C, 2p) < 2max(m,C). If X is the connected component of X; containing ¢, then

X is unbounded by the boundary bumping theorem [Nad92, Theorem 5.6], and the proof
is complete. [ |

In particular, we obtain the following partial results towards Theorem [2.5]
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2.9. Corollary (Realised addresses have unbounded sets). Suppose that s is an external
address, and that there is a point zy € Jg. Then Jg contains an unbounded closed

connected set X, and distgg?(zo, X) < 27.
Proof. Set z, := f™(zy), and apply Theorem [2.8] |

2.10. Corollary (Bounded addresses are realised). Suppose that F is a finite collection
of fundamental domains. Then there is R > 0 with the following property.

If s is an external address whose entries are all in F, then J° contains an unbounded
connected set X which contains a point of modulus at most R.

Proof. Pick a base-point (, € Wy. For F' € F, let (¢ be the preimage of (y in F'. Then
there is a constant C' such that dist?y/?(co, (r) < C for all F € F (when defined).

If s is an external address, we can set z, := (o for all n > 0, and apply Theorem 2.
We obtain an unbounded connected set X with dist?y/?(CO,X ) < 2max(m,C). If Ris
sufficiently large (depending only on C'), then X contains a point of modulus at most

R. |

Uniform escape to infinity. To complete the proof of Theorem [2.5], we consider the
question of uniform escape to infinity on an unbounded connected subset of Jg. Recall

that by definition of J a point z belongs to J? if and only if z, € E, for all n, where
S = FOF1 cee

2.11. Lemma (Uniform escape on unbounded connected sets). Let s = FoF1Fy... be
an external address, and suppose that X C Jg 1s unbounded and connected. Furthermore,

assume that there is a sequence (2,)52, (not necessarily an orbit of f) such that z, € E,,

and such that dist?y/j’ (zn, [M(X)) = c0. Then "5 — oo uniformly.

Proof. Let (y, € Wy be any base point. We may assume that distzgj’(zn, (o) — o0. Indeed,

set 1, == dist"?(z,, f*(X)) and let (£,)2%, be any sequence in W, with

cyl n=0

distey) (€ms Co) = 00 and  disty] (§m, Go) < 7a/3.

cyl eyl
Now define
. . W
5 = z, if dlstcy?(zmco) > 1,/3
&, otherwise.

Clearly dist(2,,(y) — oo and distzg?(,%n, fM(X)) > nn/3 — oo, as desired.
Let I', be the union of cross-cuts associated to 2z, by Lemmal[2.7. Then, for sufficiently
large n, f"(X) is disjoint from I, and hence belongs to W, ". Since |z,| — oo by

Observation [2.3} it follows that f"(X) — oo uniformly, as required. |

Proof of Theorem [2.5. We first prove |(b)| so let X7, X5 C J? be closed, unbounded and
connected with X; & Xo. -

Let zo € X; \ X and set z, := ["(zp). Then dist(z,, f"(X2)) — oo by (2.4). In
particular, f"|y, — oo uniformly by Lemma .

Let ny be sufficiently large that distgg?(zn, f"(X3)) > 2w for n > ny. Let I, be the
union of crosscuts associated to z, by Lemma . Then f(Xy) € Wy~ for n > ny.
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Since f™(X7) connects z, to oo, we have dist(f"(X1), f"(¢)) < 2x for all ( € X5 and all
n > 0. Again by (2.4)), we have dist(X;, () = 0, and hence ¢ € X;, as required.
Now let us prove|(a), so suppose that zy € Jg. By Corollary , there is an unbounded

closed connected set X C J? with dist?;f (X, 20) < 2m. We may assume that zp ¢ X.
Indeed, otherwise we let ¢ be sufficiently small and replace X by an unbounded connected
component of X \ D.(zo) that intersects 0D.(zo).

Now set z, = f"(z9). By (2.4), we have distg‘y/f(f”(X), zp,) — oo, and hence it
follows from Lemma that f"|x — oo uniformly. This completes the proof of @ of
Theorem 2.5

Part follows directly from Corollary . To prove @, observe first that equality
of the sets in holds as soon as R is sufficiently large. Indeed, suppose that F, F' € F

and that z € F maps to some point in I’ of modulus at least R. Since f(z) € Wy, we
must in fact have z € F', and additionally z & Fif Ris sufficiently large.

Now let ¢y and ((r)rer be defined as in the proof of Corollary 2.10] Let R be
sufficiently large such that any point z € W, of modulus at least R has distl??((o, z) >
3 max(C, 27).

Let z be a point whose orbit is contained in |z, » F, and furthermore |z| > R. Then
it follows that

dist¥ (Co, f(2)) > 2 - dist?0(Cp, 2) > 2 - (dist Y0 (o, 2) — max(C, 27)) > Zgldistwo(go, ).

cyl cyl cyl cyl

It follows by induction that distgg? (Co, f™(2)) — oo uniformly in n, and the claim follows.
[

Exponentially bounded addresses. As noted above, the results on bounded ad-
dresses can be generalised to certain unbounded addresses. While we do not require this
fact for this paper, we shall record it for future reference.

2.12. Definition (Exponentially bounded addresses). Let (, € W, be an arbitrary base
point. For any fundamental domain F', let (r be the unique preimage of ¢, in F'.

We say that an infinite external address s is exponentially bounded if there exists a
positive real number 7" with the following property. For all n > 0, if (p, € ﬁn, then

(2.6) dist?y/?(go, Cr,) < exp™(T).

Remark. It £ is another base-point, then it follows from that dist?;?(c r,&p) is uni-
formly bounded (where defined) for all fundamental domains F'. Thus it follows that
the definition of exponentially bounded addresses is independent of the choice of base
point (.

Exponentially bounded addresses were defined previously for exponential maps [SZ03a]
and cosine maps [RSO8b]; it is easy to see that in these cases the definition agrees with
ours. For these families, the class of exponentially bounded addresses s agrees precisely
with those for which J? # ). This is no longer true for general f, even when f has finite
order of growth; see [ABR].

In [BKQOT7, Corollary B’], it is shown that J? # ) for a certain class of addresses, namely
those whose orbits remain within finitely many tracts, and such that the “index” of the
corresponding fundamental domains within each tract does not grow faster than an
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iterated exponential. It is easy to see that such addresses are exponentially bounded
in our sense, but the converse is not the case. (For example, our definition allows for
addresses taking values in fundamental domains that lie in infinitely many different
tracts.)

We now show that and @ of Theorem can be extended to exponentially
bounded addresses as follows.

2.13. Proposition (Exponentially bounded addresses are realised). Let s be an expo-
nentially bounded address. Then J? # ().

More precisely, there is a number R > 0, depending only on the base-point (y € W,
and T > 0, with the following property. If s is exponentially bounded for this choice of
Co and T, then J? contains an unbounded connected set X on which the iterates tend to
infinity uniformly, and which contains a point of modulus R.

Conversely, the iterates of f tend to infinity uniformly on

(2.7) LJ 72\ Dr(0),

where the union is taken over all external addresses s as above.

Proof. We shall use an expansion estimate [RRRS11, Lemma 3.1], which is stronger
than at large distances. (Compare also [BK07, Lemma 3.3].) We will use this
estimate in the following form, which follows easily from the version stated in [RRRS11]:
There are constants C, Cy > 0 with the following property. If F'is a fundamental domain

and (1, ¢ € F with dist!¥}(¢1,¢) > Cy, then

(2.8) disti? (f(C1), £(C2)) > exp(Ca - distiy (C1, G2).

Now fix (y and T" > 0, and denote by S the set of all addresses that satisfy Defini-
tion for these choices. We may assume without loss of generality that ¢, is chosen
sufficiently large to ensure that (r € F for every fundamental domain F'. (To this end,

we may need to increase T, but only by a finite amount according to the remark fol-
lowing Definition [2.12}) Define E(t) := exp(Cs - t). By basic properties of exponential

growth, there is R > 0 such that the following hold for all z > R/ 3.
(2.9) E(z) > 3E(x/2) > E(z/2) > 2z, and
(2.10) E™(x) > E"(R/3) > exp™(T) + 2.

We choose R sufficiently large to ensure that dist?y/‘f (z,Co) > R whenever |z| > R.
Suppose that s € S, and let z € JY such that t := dist?;‘f(z, o) > R. We claim that

(2.11) dist"o (£ (2), o) > 3E™(t/3).

cyl

Indeed, this is trivial for n = 0, and if the claim holds for n, then

dist"o (f™(2), Cr,) > dist?o(f"(2), Co) — exp™(T) > 2E™(t/3).

cyl cyl

Hence, by and ,
distey] (f"*(2), Go) = disteyf (f"71(2), f(Cr,)) = EQ2E"(t/3)) > 3E"(t/3).

cyl cyl



A LANDING THEOREM FOR ENTIRE FUNCTIONS 17

The claim follows by induction. In particular,

distlr? (f"(2), Go) > 3E™(R/3) > exp™(T).

cyl

Since this applies to all points in the union , the second claim of the proposition
follows. 3 .

Now let us prove the first. Set t := R/3. For m > 0, choose z, € F, with
dist"0(z,, ¢o) = E™(t). Such a point exists because dist(Cr,, (o) < E™(t), and (g, can be

cyl
connected to infinity within F},.
For n > 0, let T',, be the union of cross-cuts from Lemma 2.7, applied to z,, and let
AF for n, k > 0, be defined precisely as in the proof of Theorem .
Claim. dist!'? (A% (o) < 3E™(t) for all n, k > 0.

cyl

Proof. It AENT,, # 0, then the claim follows by choice of z,. In particular, this is always
the case for k = 0.

So suppose that k£ > 0 is such that the claim holds for all n > 0, and that n is such that
A AT, = 0. Then, by definition, f(A*™') = A% . By the inductive hypothesis, the
latter contains a point w with dist!'?(w, (o) < 3E"T1(t). Set w = (f|p,) H(w) € Ak _,.

cyl
Then, by (2.8) and (2.9),
dist™o (@, ¢, ) < E7Y(3E"T(t)) < 2E™(2).

cyl

So

distoy; (@, Go) < distlys (@, ) + disteys (G, » Co) < 2E™(t) + exp™(T) < 3E"(t)

by (2.10)), as claimed. A

In particular, the set (-, AF has a connected component X containing a point with

dist(A¥, () < 3t = R, and hence of modulus at most R. Since X is connected and
unbounded, it also contains a point of modulus exactly R. The proof is complete. W

3. HYPERBOLIC EXPANSION AND FUNDAMENTAL TAILS

For the remainder of the article, we shall specialise to the case where our transcen-
dental entire function f has bounded postsingular set P(f).

This section collects some fundamental preliminary material concerning these func-
tions. We begin by noting a global expansion property away from the postsingular set,
and then proceed to introduce the notation of fundamental tails, which will later be used
to study the structure of the set of escaping points.

Recall that if €2 is a hyperbolic domain, we denote by pq the density of the hyperbolic
metric on 2.

3.1. Proposition (Hyperbolic expansion). For every transcendental entire function f,

#P(f) > 2.

Now suppose that P(f) is bounded, let P be a compact forward-invariant set with
P(f) € P, and let Q be the unbounded connected component of C\ P. If z € V :=
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1) € Q, then f is strictly expanding at z in the hyperbolic metric of Q. Moreover,
this expansion factor tends to infinity as z — oo in V. That is,

L / p pQ(f(Z))
(3.1) IDf(2)lle = [f(2)] “oale) b
and
(3.2) IDf(2)|lq — o as |z| = 0.

In particular, for every e > 0 there is A > 1 such that |Df(z)|q > A whenever z € V
with dist(z, P) > e.

This result was proved, for a hyperbolic entire function f and a certain choice of
P, in [Rem09, Lemma 5.1]. The same proof goes through whenever P intersects the
unbounded connected component of C\ S(f). This can always be ensured by adding a
periodic orbit to P that intersects this component, which is sufficient for all our purposes.
However, for completeness and future reference, we shall prove the result for general P,
with a slightly simpler proof than that given in [Rem09]. To do so, we use the following
simple fact.

3.2. Lemma (Preimages in annuli). Let f be an entire transcendental function which
1s bounded on an unbounded connected set. Let z,z9 € C. Then, for all C > 1, and all
sufficiently large R, f~'({z1,22}) contains a point of modulus between R/C and C - R.

Proof. Let C > 1 and set A:={z € C: 1/C < |z| < C'}. Suppose by contradiction that
R, — o0 is a sequence such that the functions

gn: A — C; 2 f(Ry - 2)

omit both z; and z5. By Montel’s theorem, this sequence of functions is normal, and
hence converges locally uniformly, possibly after restricting to a subsequence. By as-
sumption, lim sup min.|— g»(2) < 0o, and hence the limit function is holomorphic. But
this implies that f remains bounded on the circle of radius R, as n — oo. Hence f
is bounded by the maximum principle and hence constant by Liouville’s theorem, a
contradiction. [ |

Proof of Proposition[3.1 The fact that #P(f) > 2 is well-known: Otherwise, f would
be a self-covering of a punctured plane, and hence conformally conjugate to z — 2? for
some d. However, f is transcendental.

So € is indeed a hyperbolic domain. Since f: V' — () is a covering map, and hence a
local isometry with respect to the hyperbolic metrics of V and Q, py (2) = pa(f(2))|f'(2)]
forall z € V.

The open mapping theorem implies that every connected component of V = f~1(Q)
is unbounded (compare e.g. [ARGIT, Lemma 4.3]). Hence, by forward-invariance of P,
we have V' C €.

Since #P > 2, and by Picard’s theorem, C\ V = C\ f~*(P) contains points of
arbitrarily large modulus. Hence V' C €. By Pick’s theorem, it follows that

IDf(2)la = |F(2)] - pa(f(2)  pv(z)

pa(z)  palz)
for all z € V. This establishes the first claim.

> 1
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Furthermore, since f € B, there is an unbounded connected set on which f is bounded.
(For example, the boundary of one of the tracts of f). By Lemma there is a sequence
(€n)n>0 in Q\V such that ¢, — 0o and |¢,41/cn| < 2. (We can even ensure |¢,11/¢,| — 1
by letting the constant C' in Lemma tend to 1, but do not require this here.) Hence
1/pv(z) = O(|z]) as z — oo in V. (See [Rem09, Lemma 2.1] and compare also [MR13,
Proposition 3.4] and [Minl7].) On the other hand, pq(z) = O(1/(|z|log|z|)) as z — 0.
The claim follows. |

3.3. Corollary (Sets remaining in Q). Let f € B. Let Q,P be as in Proposition
and suppose that U C Q is open with f*(U) C  for all n. Then dist(f"(z),P) — 0
uniformly on compact subsets of U.

In particular, if zo € Q with f™(z) € Q for all n, and limsupdist(f"(z),P) > 0,
then zo € J(f).

Proof. Note that (f"|y) form a normal family by Montel’s theorem, and hence U C F(f).
Therefore the first claim follows from the second: if dist(f™(z),P) — 0 for all z € U,
then this convergence is automatically uniform on compact subsets of U.

So suppose that 2z € €2, and that there exist ¢ > 0 and an increasing sequence (ng)2,
such that dist(f™(z0), P) > ¢. We must show that zy € J(f).

It follows from Lemma that distq(z, f~'(P)) remains bounded as z — oo in Q.
Hence

§ = supdisto (™ (20), f 1 (P)) < o0.
k

So we can connect f™(z) to a point of f~1(P) by a curve 3 of hyperbolic length at
most d in €. Pulling back v under f"*, we obtain a curve a; connecting zy to a point
wy, € f~+D(P). By Proposition , cach of the curves o = f"(ay), for j < k, has
hyperbolic length at most . Hence these curves stay a uniform distance away from P,
and again by Proposition [3.1] there is A > 1 such that

IDF()] = A

for all k, all j < k, and all z € .

So in fact «y, has hyperbolic length at most § - \*, and wy, — 29 as k — oco. converging
to zo. But f™+1(wy) € P, and dist(f"1(2g), P) > €. Therefore the family of iterates of
f is not equicontinuous at zy, and 2y € J(f), as desired. [ |

Remark. The result can also be proved by appealing to the classification of Fatou com-
ponents.

Fundamental tails. Let f be an entire transcendental function with bounded postsin-
gular set, and denote the unbounded connected component of C \ P(f) by ©. (In
everything that follows, we could more generally let €2 be as in Proposition [3.1; i.e. the
unbounded connected component of C \ P where P is a forward-invariant compact set
containing P(f). However, we shall not require this extra generality.)

Let D and « be as in Section 2] We may additionally assume that D is chosen
sufficiently large to ensure that P(f) C D and that

(3.3) IDf(2)lle = 2
whenever f(z) ¢ D (recall (3.2)).
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Recall that fundamental domains are the connected components of the preimage of
Wy = C\ (D UG) under f. All concepts that follow depend a priori on this choice of
fundamental domains, i.e. on the choice of the initial configuration consisting of D and
§. However, it turns out that this choice is not essential. (Compare Observation [4.12])

The postsingular set P(f) is contained in D, and the image of any fundamental domain
is contained in C\ D. Hence the closure of a fundamental domain does not intersect
the postsingular set. It follows that for any fundamental domain F, any n > 0, and any
connected component 7 of f~"(F'), 7 is a Jordan domain on the Riemann sphere whose
boundary contains oo and whose closure is mapped homeomorphically onto F by f™.
Moreover, f¥(z) — 0o as z — oo in 7, for all k > n + 1.

3.4. Definition (Fundamental tails). Let n > 1. A connected component 7 of f~" (W)
is called a fundamental tail of level n. In particular, the fundamental tails of level 1 are
precisely the fundamental domains of f.

3.5. Proposition (Facts about fundamental tails). Fundamental tails of the same level
are disjoint. Moreover, for every N and any compact set K, there are at most finitely
many fundamental tails of level at most N that meet K.

If T is a fundamental tail of level n > 1, then f(7) is a fundamental tail of level n — 1.

Proof. Recall that the fundamental tails of level IV are precisely the connected compo-
nents of f~(W,). Hence they are pairwise disjoint, and the second claim follows from
Lemma [2.1] The final claim holds by definition. ]

3.6. Lemma (Fundamental domain associated to fundamental tail). Let 7 be a funda-
mental tail of level n. Then there is a unique fundamental domain F such that F N T is
unbounded. In fact, if n > 1, then F' contains all sufficiently large points of T.

Proof. We proceed by induction. The claim is trivial for n = 1. Now suppose that
n > 1. By induction, there is a unique fundamental domain F} whose intersection with
the fundamental tail f(7), of level n — 1, is unbounded.

Let A; be the unbounded connected component of E\D, and let A, be the unbounded
connected component of A; N f(7)\ D. Then f(7)\ Ay is bounded. Indeed, this is clear
if n = 2, and otherwise follows from the inductive hypothesis.

Recall that f: 7 — F is a homeomorphism. Since As C W), there is a unique
fundamental domain F containing A := f~1(Ay) N7, and 7\ A C 7\ F is bounded, as
claimed. m

It follows from the above that we can associate natural symbolic sequences to funda-
mental tails.

3.7. Definition (Addresses of fundamental tails). Let 7 be a fundamental tail of level n,
and denote by Fj(7) the unique fundamental domain whose intersection with the funda-
mental tail f*(7) is unbounded. We call the finite sequence s = Fo(7)Fi(7) ... F_1(7),
of length n, the (finite) external address of 7.

Conversely, we can construct a fundamental tail having an arbitrary prescribed (finite)
address by taking repeated pull-backs along the correct branches. Recall that a sequence
st say of length n, is a prefir of another sequence s? of length m > n if the first n entries
of s? coincide with those of s.
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3.8. Definition and Lemma (Tails at a given address). Let s = FoFy ... be a finite
or infinite sequence of fundamental domains having length at least n > 1. Then there
1s a unique fundamental tail T of level n having address 5 := FoF} ... F,_1. We denote
this fundamental tail by 7,(s). We also define the inverse branches

fﬁ_n = (fn|7_n(§)>_1: Wy — 7n(§)'

Proof. The proof is by induction on the level n of the tails. For n = 1 and for every
fundamental domain Fp, the fundamental tail of level 1 and address Fj is the fundamental
domain Fj itself, which is unique and has address Fy by definition. Now let s be in the
claim and let 7 = 7,,_1(0(s)) be the fundamental tail of level n—1 and address F ... F,,_;.
This tail exists and is unique by the inductive hypothesis. Let R be sufficiently large,
and let 7! be the unique unbounded connected component of 7\ Dx(0). By Lemma
71 is contained in the fundamental domain F; = Fy(7) for sufficiently large R. Hence, if
we additionally assume that R is greater than the radius of D, we have 71 C f(Fp) = Wo.
So there is a unique connected component 7' of f~!(7!) contained in Fp, and a unique
connected component 7 of f~1(7) containing 7. Then Fy(7) = Fy; i.e., Fy is the initial
entry in the address of the fundamental tail 7, which hence has address s. [ |

Y

The following are immediate consequences of the preceding results and definitions.

3.9. Observation. Let 7 be a fundamental tail of level n, and let s be the address of
7. Then the address of f(7) is o(s), where o denotes the shift map.

Suppose that 71 and 72 are fundamental tails of levels n; and no, with n; > ny. Let
s' and s% be the addresses of 7! and 72, respectively. Then 7' N 72 is unbounded if and
only if s is a prefix of s2. In this case, if addditionally n; > ns, all sufficiently large

points of 71 lie in 72.

4. DREADLOCKS

Maintaining the same notation as in the previous section, we now define and study the
central objects of this article: dreadlocks. Recall that P(f) is bounded; the main goal of
this section is to show that, under this assumption, each of the sets J? defined in Section
can be consistently extended to a larger — and, in a certain sense, maximal — set J,.
The intersection of J; with the escaping set I(f) forms the dreadlock G at address s.

As we shall see, each dreadlock is an unbounded connected set of escaping points, the
escaping set can be written as the union of dreadlocks, and via their external addresses
the collection of dreadlocks is endowed with a natural combinatorial structure. Further-
more, the definition of dreadlocks does not depend on the initial choices made in the
construction of fundamental domains. Together these facts indicate that dreadlocks can
indeed be considered a natural generalisation of “hairs” or “rays”.

For a fundamental domain F', recall that [ denotes the unbounded connected com-
ponent of F'\ D. We extend this definition to fundamental tails as follows.

4.1. Definition (Unbounded parts of tails). Let 7 be a fundamental tail of level n. We
define ¥ to be the unbounded connected component of 7\ f~"=Y(D). In other words,

if F = fm~1(7), then ¥ is the component of f~"~D(F) contained in 7.
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Observe that, if s is an external address and n > 2, then 7,(s) is precisely the un-
bounded connected component of 7,(s) N 7,-1(s).

4.2. Definition (Dreadlocks). Let s be an (infinite) external address. We say that a
point z € C has external address s if z € T,,41(s) for all sufficiently large n.

We denote the set of all points z € C having external address s by J,. The dreadlock
G, is defined to be G :== J; N I(f).

Remark. If z € J,, then f"(z) belongs to E, for all sufficiently large n. In particular,
z € J(f) by Lemma - Observe, however, that J, is not closed in general.

Note that other notions of points havmg external address s appear in the literature;
for example, in [Rem07a], z is said to have address s = FyFy... if f*(z) € F, for
all n > 0. The advantage of the above definition, in the context of postsingularly
bounded functions, is that we shall see that every escaping point has an external address
(Corollary, and that this address is in a certain sense independent of the initial choice
of fundamental domains (Observation [4.12)).

4.3. Lemma (Properties of addresses and dreadlocks). Suppose that s is an external
address and z € J;. Then
(a) z ¢ J; for s # 3.
(b) The point f(z) has address o(s).
(c) Ifw € f~Y(z2), then w has an address in 0~'(s), and every such address is realised
by exactly one element of f~1(2).
(d) The restriction f: J, — Jy) 5 a continuous bijection.

Proof. The first claim is trivial since fundamental tails of a given level are disjoint. Now
write s = FoF1 Fy . . .; observe that f(7,.1(s)) = T.(o(s)) and that f: 7,,11(s) = Tn(0(s))
is a conformal isomorphism.

By definition, z belongs to 7,(s) for all sufficiently large n; say for n > ng. Let
n > max(1,n9 — 1). Then f(z) € f(Tn11(8)) = Ta(o(s)), as clalmed in

Now let w € f~'(z). For n > ny, we have z = f(w) € 7,(s). In particular, for
n > ng + 1, there is a fundamental tail ¥, such that f(¢,) = 7,,_1(s) and w € {.92
Recall that 7,(s) C = 1(s), and that the intersection ;90,”1 N ¥, is non-empty (since it
contains w). Hence 19n+1 C ¥, for all n > ng + 1. That is, 9,41 tends to infinity within
¥,. So if F'is the fundamental domain whose intersection with ¥,,,41 is unbounded, then
¥, tends to infinity in F' for n > ng + 1. It follows that ¥,, = 7,,(F's). In particular, w
has address F's € o7 1(s).

Conversely, let 3 € o7 (s); that is, 3 = F's for some fundamental domain F. Then the
fundamental tail 9,,,1 of level ng + 1 associated to the address 5 := F's is a component
of f~(7,,). Hence there is a unique element w of f~*(z) in ¥,,41, and w has address 3
as above.

The final claim follows from the previous two. [ |

The following proposition establishes a connection between the sets J; defined in
Definition and the sets J studied in Section

4.4. Proposition (J, and J7). Let s be an (infinite) external address. If z € JJ, then
2 € Ty(s) for alln > 1. In particular, J? C J;.
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Proof. This is essentially the content of the second paragraph of [Rem07al, Proof of Theo-
rem 1.1]. Since that proof is somewhat concise, and we are using a different terminology,
we provide the details.

For n > 1, let 4,, denote the fundamental tail of level n containing z. By assumption,
f(z2) e F,_1, and hence z € U,,.

We claim that §n+1 C U,; that is, ¥, tends to infinity within 9,,. Indeed, ;9071“ is a
connected component of f _”(ﬁn) and ¥, is a connected component of f~"(W). Since
E, ¢ Wy and U1 NV, # 0, the claim follows.

Inductively, ¥, tends to infinity within Fy = ¢, for each n > 0. Applying this fact to
1*(2), we see likewise that f*(19,) tends to infinity within £}, for n > k. Thus, for any

n > 1, we conclude that 9,, = 7,(s), and hence z € 105?,1 = T.(s), as desired. [ |

4.5. Corollary (Escaping points are organised in dreadlocks).

(a) A point z has an external address if and only if there is n and an external address
s such that f"(2) € Jpu -

(b) There is a number R > 0 with the following property. If = € J(f) is such that
|f™(2)| > R for all sufficiently large n, then z has an external address s.

(c) Every escaping point z € I(f) has an external address s, and hence belongs to a

dreadlock Gi.

Proof. The “only if” direction of @ is immediate from Definition . On the other
hand, if z has the stated property, then f"(z) has address s by Proposition , and
hence z also has an external address by Lemma [4.3]

To prove @, let F be the set of fundamental domains that intersect D. Recall that

F\ F is bounded for all F € F, and that F is finite by Lemma . Now fix

R>sup{|z|:z€EU UF\?}

FeF

Suppose that |f"(z)| > R for all n > ng. Then, for all n > ng, f"(z) belongs to some

fundamental domain F', and by choice of R, it must belong to F'. Now z has an address
by [}
Finally, [(c)]is an immediate consequence of [(b)] [ |

4.6. Remark. Under the hypotheses of Proposition , f"(2) belongs to ﬁl for all n.
However, it may well be that z belongs to a bounded component of 74(s) \ D for all
sufficiently large k£ and similarly for all points on the forward orbit of z.

Indeed, typically when I(f) does not consist of hairs, exactly this is the case for many
escaping points, so Proposition [£.4] is not at all trivial, and uses the boundedness of
the postsingular set in an essential manner. No analogue thereof is currently known
for functions with unbounded postsingular set, and in particular in this setting there
is no canonical way of associating external addresses to arbitrary escaping points as in
Corollary This is a major challenge in showing the unboundedness of components
of the escaping set. (Compare Corollary below.)
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Connectedness of dreadlocks and uniform escape to infinity. Thanks to Propo-
sition |4.4] we can use the results of Section [2| to study dreadlocks. We use the following
definition from |[Rem16].

4.7. Definition (Escaping composants). Let z € I(f). Then the escaping composant
wu(z) = pu(z, f) is the union of all connected sets A containing z on which the iterates of
f tend to infinity uniformly.

Remark. While p(z) is a union of sets on which the iterates tend to infinity uniformly,
typically f will not tend to infinity uniformly on p(z).

4.8. Lemma (Dreadlocks and uniform escape). Let s be an external address, and suppose
that z € Gs. Let A > z be a connected set and suppose that there is N > 0 such that
(AN D =0 forn> N. (In particular, this is the case when the iterates of f tend to
infinity uniformly on A.)

Then there is ng > N such that A C T,(s) for n > ng. In particular, p(z) C Gs.

Proof. Let ng > N + 1 be such that z € 7,,(s) for n > ng. Let n > ng. Then
AC [ (Wo)n f= (W),

Now 7,(s) is a connected component of the set on the right-hand side, z € AN T,(s),
and A is connected. Hence A C 7,,(s) for n > ng, and all points in A have address s. W

We remark that a dreadlock Gy may contain uncountably many different escaping
composants. Moreover, it is possible for u(z) to consist of a single point. (See [Rem16],
Theorem 1.3].) However, by the results of Section [2, G contains a distinguished uni-
formly escaping composant, namely the one consisting of those points for which the set
A can be taken to be unbounded.

4.9. Definition and Lemma (The core of a dreadlock). Let s be an infinite external
address. Let X be the collection of all closed, unbounded, connected sets X C Gy on
which the iterates of f tend to infinity uniformly. Then no element of X separates the
plane. Furthermore, X is linearly ordered by inclusion; i.e., if X1, Xy € X then X; C X5
or Xo C Xj.

In particular, if Js # 0, then the union us = \JX C Gy # 0 satisfies us = u(z) for
all z € ps. We call pus the core of the dreadlock G.

Proof. If X € X, then there is ng > 1 such that X C 7,,(s) for n > ngy. In particular,
fM(X) cC Jgn(s) for n > ny.

Let n > ng. Since f": 7,(s) — Wy is a conformal isomorphism, and X is unbounded,
it follows that f"(X) is unbounded for all n. By Lemma [2.6{ we know that f*(X), and
hence X, does not separate the plane.

Furthermore, if X, Xy € X, then we can choose ng sufficiently large so that the above
holds for both sets. It follows from part of Theorem that one of f"(X;) and
fm0(Xy) is contained in the other, and the same holds for X; and Xs.

By part @ of Theorem , together with Proposition the set s (as defined in
the statement of the lemma) is non-empty. By the fact we just proved, us is a nested
union of connected sets, and hence itself connected. Finally suppose that z € pug; so
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z € X, for some X, € X. Since X is linearly ordered by inclusion, we have

,u§:U{X€X:XZCX}C,u(z).

Conversely, if the iterates of f tend to infinity uniformly on the connected set A 5 z, then
they do so also on the closed, unbounded and connected set AU X, which is contained
in G4 by Lemma Hence A C pg, and we have proved p(z) = p,, as desired. [ |

4.10. Proposition (Dreadlocks are connected). Let s be an external address with Js
(). Then ugs is dense in Js and Gs. In particular, both of these sets are connected and
unbounded.

Proof. Let z € J,. By Corollary there is ng such that f™(z) € Jgn(é) for n > ny.
Let X,, be the unbounded connected subset of p,n(s) Whose existence is guaranteed by
Theorem . Recall that X,, can be connected to f"(z) by a curve v, € C\ D of
cylindrical length at most 27 such that +, is homotopic to a curve in Wy. In particular,
the pullback 4, of v, along the orbit of z connects z to the set X, := f7™(X,) C u(s).

The density pq of the hyperbolic metric on Q tends to zero like 1/|z[|log z|. (Recall
that €2 is the unbounded connected component of C\ P(f).) Therefore the hyperbolic
length £q(7,,) is also uniformly bounded, independently of n. It follows by Proposition
that (o (5,) — 0 as n — oo. Hence distg(z,f(n) — 0, and z € [i5, as claimed.

Recall that the (relative) closure of a connected set is again connected. So Jg and Gy
are connected and unbounded, as the dense subset p has these properties. [

We note that the above result (and its proof) is essentially a reformulation of the main
argument in the proof of the main theorem of [Rem07al, which we recover as follows.

4.11. Corollary (Unbounded sets of escaping points). If f is a postsingularly bounded
entire function, then every connected component of the escaping set I(f) is unbounded.

Proof. Let z € I(f). By Corollary , z € G for some external address s, and by
Proposition G, is an unbounded connected subset of I(f). n

Independence of dreadlocks from the construction. Note that the definition of
addresses, and hence of dreadlocks, depends a priori on the choice of fundamental do-
mains, and hence on the domain Wj (i.e., on the choice of the disc D and the curve 9).
However, if dreadlocks are to be considered canonical objects associated to f, then this
dependence should not be essential. We briefly discuss why this is indeed the case.

Suppose that Wy is a different choice of base domain, and that 7 is a fundamental tail
of level at least 2, using this alternative initial configuration.

Then it is easy to see that there is a unique fundamental domain F' for the original
domain Wy such that all sufficiently large points of 7 lie in F. Indeed, if z € 7T is
sufficiently large, then f(2), f2(z) ¢ D, and in particular f(z) ¢ 6. So f(z) € Wy, and
the claim is established. R

In particular, if s is an external address with respect to Wy, then we can associate to 5
an address s = FyFy ... with respect to Wy. Here for each n > 0, F;, is the fundamental
domain associated, in the above manner, to the fundamental tails 7;(c™(8)), for k£ > 2.
(Observe that F, is independent of k.) It is easy to see that, in turn, 5 can be obtained
from s using the same procedure in the opposite direction, so that the correspondence
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s — § is a bijection between external addresses defined using the original configuration
Wy, and those defined using the modified one. The following observation is an easy
consequence of this construction.

4.12. Observation (Dreadlocks are independent of the initial configuration). Let s and
s correspond to each other as in the above construction; let G5 be the dreadlock obtained

by using preimages of WO in the construction, and let G§ be the corresponding dreadlock

according to the choice Wo. Then G, = Gs.
In other words, the collection G = {G,} of subsets of J(f) is independent of the initial
choice of W.

We remark that the same is not true for the set J,. Indeed, suppose that z is a non-
escaping point that has an external address for one choice of Wj. Then we can choose
a different initial configuration Wy, where the initial disc D is chosen sufficiently large
to ensure that z enters D infinitely many times. Clearly z does not have an external
address with respect to this configuration.

In similar fashion, we see that dreadlocks are preserved under iteration. Indeed, let
n > 1. Suppose that D is a disc centred around zero such that f” 1(D) C D, and that
6 C & connects D to oo outside of D. Then Wy := C \ (cI(D) U ) is a valid initial
configuration for f. Every fundamental domain of f* (with respect to Wp) is contained
in a unique fundamental tail of level n for f. Conversely, every fundamental tail of
f contains exactly one fundamental domain of f”. Hence there is a natural bijection
between the fundamental domains of f™ and finite external addresses of length n for f,
and thus between external addresses of f™ and those of f. In particular, we obtain the
following.

4.13. Observation (Dreadlocks and iterates). Every dreadlock of f is a dreadlock of
fm, for n > 1, and vice versa.

Cyclic order of addresses and dreadlocks. There is a natural cyclic order on the
set of fundamental tails of any given level, and in particular on the set of fundamental
domains of f: if A, B,C" are fundamental tails, then A < B < C means that B tends
to infinity between A and C' in positive orientation. (See Section for background
on the cyclic order near infinity.) We can also define a cyclic order on the collection
of dreadlocks, by choosing for each a closed, connected, unbounded set on which the
iterates tend to infinity, as in Proposition [4.10] and considering the cyclic order of these
sets.

Recall that the function f acts in a natural way on dreadlocks, and maps fundamental
tails of level n+1 to fundamental tails of level n. By the remark above, this action locally
preserves cyclic order, in the following sense. Let A < B < C be either dreadlocks or
fundamental tails of some fixed level n > 1. If the addresses of A, B and C all have the
same initial entry, then f(A) < f(B) < f(C).

We can also define a “lexicographical” cyclic order on (finite or infinite) external
addresses. To do so, we use the curve § to convert the cylic order on fundamental
domains to a linear order in the usual sense, setting F' < F if and only if § < F < F.
This linear order gives rise to a lexicographic order < on external addresses in the usual
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sense. The cyclic order on addresses is then defined by s' < s < s if and only if
st<s? <83, 82 <83 <st orsd <st <2

It follows from what was written above that this cyclic order on addresses agrees with
the cyclic order of the associated fundamental tails or dreadlocks.

Disjoint-type addresses. To conclude this section, we discuss a particularly well-
behaved type of dreadlock. Note that, in general, the points in the closure of a dreadlock
G4 need not belong to J. Indeed, this is the case for those dreadlocks of greatest interest
to us, namely those accumulating on a periodic point whose orbit does not lie outside
of D. We show now that this cannot occur when the address s (or a forward iterate
thereof) contains only fundamental domains that do not intersect D.

4.14. Lemma ((Eventually) disjoint-type addresses). Let s = FoF1... be an external
address, and suppose that there is ng > 0 such that F, does not intersect 0D forn > ny.
Then Gy = J; = fg”(Jgn(é)) C Ta(s) forn > ny.

Proof. By assumption, we have F,, C Wy, and in particular ﬁ’on = F,, for n > ny.
Thus 7,41(s) C Ta(s) for n > ngy (where we use the convention that 7y(s) = W, for
convenience). In particular, 7,,.1(s) = 7,11(s), and

Jo= N7 = (7(s) = {z € mals): f(2) € F for j = n} = f7"(Juy)

k>0 35>k j>n

by definition. Furthermore,

G§ = dJs = Tn(§) C m Tn+1(§) =Js

n>no n>no

(where the first equality holds by Proposition |4.10]). This completes the proof.

4.15. Remark (Disjoint-type addresses). If ng = 0, then we say that s is of disjoint type
(since 7,(s) and 7,/ (s) have disjoint boundaries for n # n'). For a disjoint-type function
(i.e., one that is hyperbolic with connected Fatou set), all addresses are of disjoint-type,
given a suitable choice of fundamental domains. In this case, every component of the
Julia set J(f) is one of the sets J, = J?, and the closure J, U {oo} in C is called a
Julia continuum. Compare [Rem16]. Suppose that, additionally, G, is a hair (in the
sense of Definition [5.1| below). Then it follows, using [Rem16, Corollary 5.6], that either
Gs = J,, and J, is an arc to oo on which the iterates of f tend to infinity uniformly,
or Js \ Gy contains a single non-escaping point zp; here G, is an arc connecting 2z to
oo. (For functions satisfying a head-start condition, this follows already from the results
of [RRRS11], without the need for the results of [Rem16].)

In fact, it can be shown that, whenever s is of disjoint type, the set J; is homeomorphic
to the component of the Julia set of a suitable disjoint-type function, with escaping points
corresponding to escaping points. Hence the above observation remains true for disjoint-
type addresses, even if f itself is not of disjoint type. So we may think of dreadlocks at
disjoint-type addresses as always “landing”. When s is bounded, we show below that

this is true in a precise sense (see Proposition [6.5][(d))).
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However, when G is not a hair, it may happen that J; contains a dense or uncountable
set of non-escaping points, even when f and hence all addresses are of disjoint type
[Rem16, Theorem 1.8]. In this article, we only consider landing properties for dreadlocks
at bounded external addresses, so these subtleties will not become relevant.

5. HAIRS AND DREADLOCKS

We shall now discuss the relationship between hairs and dreadlocks. The term “hair”
was coined by Devaney in the 1980s (see [Dev84, p. 168]), and is commonly used in an
informal manner to refer to dynamically natural curves in Julia sets of transcendental
entire functions. We use the following convention. (See Remark[5.6]below for comparison
with some other definitions in the literature.)

5.1. Definition (Hairs). A dreadlock Gy is a hair if one of the following holds.
(a) There is a homeomorphism ~: [0,00] — G; U {oco} such that y(co) = oo and
f"|la., — oo uniformly.
(b) There is a continuous bijection : (0,00] — G U {00} such that v(co) = oo and
I y(tto,00)) — 00 uniformly, for any ¢ > 0.

Remark 1. In general, the bijection in @ is not a homeomorphism. Indeed, even for
exponential maps a hair may accumulate upon itself. Compare e.g. [DJ02, [DJRO3,
Rem07hb, Worl§].

Remark 2. The second part of condition @ is essential. Indeed, by [Reml16l Theo-
rem 2.10], there exists a postsingularly bounded entire function having a dreadlock
which is an arc connecting a finite endpoint to infinity, but such that the iterates on this
arc do not tend to infinity uniformly.

On the other hand, the second part of condition @ can be shown to be inessential.
That is, suppose v: (0,00] — G; U {oo} is a continuous bijection with y(co0) = oo.
Then, possibly after reversing the orientation of 7 on (0,00), for all ¢ > 0 we have
T (to,00)) — 00 uniformly. We shall not provide the (somewhat lengthy) proof, as we
do not require this fact in our paper.

5.2. Observation (Properties of hairs).

(a) G is a hair if and only if G, is a hair. The corresponding functions v and ¥
satisty 3(t) = £((t)).

(b) If s is a bounded external address, then f"|g, does not tend to infinity uniformly.
In particular, if s is bounded, then Gj is a hair if and only if condition @ of
Definition [5.1] holds.

Proof. To prove the first claim, note that f: G, — Gy is a continuous bijection.
Furthermore, for every n > 2, f|; () extends to a homeomorphism 7,(s) U {oo} —
Tn—1(0(s))U{oo}. If G, is a hair, define 4 as in the claim. Clearly it is only necessary to
show that 7(t) — oo as t — oo, which follows from the above fact since |j1/2,1) C 7, for
sufficiently large n. For the converse direction, we define v(t) := (f]-,.(s)) " (3(¢)), where
n is sufficiently large depending on ¢, and proceed analogously.

Now suppose that s is bounded, and let R > 0 be as in Corollary Then, for all
n > 0, the dreadlock f"(Gs) = Gon(s) contains a point of modulus at most R. Hence
the iterates of f do not tend to infinity uniformly on G. |
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The following is an alternative formulation of Definition [5.1] and allows us to connect
the notion with our definition of criniferous functions.

5.3. Proposition (Characterisation of hairs). A dreadlock Gy of f is a hair if and only
if, for every z € G, there is an arc connecting z to oo on which f™ — oo uniformly.

Proof. If G is a hair, then the stated condition holds by definition.

So now suppose that every point z € G can be connected to infinity by an arc v, on
which the iterates tend to infinity uniformly. So v, C p(z) C ps C G5 by Lemma [4.8]
By Lemma [4.9] the arcs ~, are linearly ordered by inclusion, and the arc -, is unique.

Let (z,)5%, be a countable dense subset of G5. Set ny = 0 and define ny, inductively
as the minimal value of n for which z,, does not lie on the arc ~,, . (If no such n exists,
then G, = Ven, satisfies Definition @ and we are done.) We set y; := z,,. Then
the union of the arcs v, is a single continuous injective curve v: (0,00) — G5, which
can be parameterised such that v([1/k, 00)) = ~,, for all k.

First suppose that v(t) has a limit zy € G as t — 0. Then v,, =y U {z} =7 = G,
since 7y is dense in G5. Hence G satisfies Definition .

Otherwise, 'y((O, oo)) ¢ 7. for all z € G5. Hence we see that v, C v,, for sufficiently
large k; it follows that ~ is surjective, and Definition @ holds. [ |

5.4. Corollary (Dreadlocks and criniferous functions). A transcendental entire function
f with bounded postsingular set is criniferous if and only if every dreadlock is a hair.

Proof. Recall that every escaping point of f belongs to some dreadlock. Hence the claim
is immediate from Proposition [5.3] [

Observe that we now have two apparently different definitions of periodic hairs, namely
Definition , and the case of a periodic dreadlock (i.e., a dreadlock G at a periodic
address s) that is a hair. We conclude the section by showing that the two coincide.

5.5. Proposition (Periodic hairs). Fvery periodic hair in the sense of Deﬁm’tz’on 5 a
periodic dreadlock, and this dreadlock is a hair in the sense of Definition[5.1 Conversely,
any periodic dreadlock that is a hair has a parameterisation as a periodic hair in the sense

of Definition [1.3

Proof. Suppose that v is a periodic hair. Then, for every ¢t € R, the iterates f™ tend
to infinity uniformly on 7([75, oo)) Hence, by Lemma , v is contained in a dreadlock
G, whose address s is necessarily periodic. Let X be as in Lemma . It X e &,
then f™(X) C v([0,00)) for sufficiently large n, and hence X C v([—n,o0)). Thus we
conclude that v = p;.

Let R be as in part @ of Theorem , applied to the set of fundamental domains
occurring in s = FoF1Fy.... It follows that there is ¢ such that v((—o0,t)) contains
only points of modulus less than R. Indeed, by choice of R there is n; such that
f*(z) ¢ ([0, 1]) for n > ny, whenever z € G5 with |z| > R; then we may take t = 1 —n;.

Let z € Gy, and let ng be such that f"(z) € F,, and |f"(2)| > R for n > ng. We may
assume that ng is a multiple of the period of s. Recall that f"°(z) € G, is in the closure
of v by Proposition [.10] Since 7((—o0,)) contains no points of modulus greater than
R, it follows that f™(z) € ~v([t,00)). Thus z € y([t — ng,00)). We have proved that
Gs =7, and clearly G, is a hair in the sense of Definition [5.1]
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Now suppose that s is periodic and that G, is a halr Let 4: (0,00) — G4 be a
parameterisation of G as in part @ of Definition Consider the point zy := (1),
and its image z; = f(z0), then z; = (t) for some t It follows easily that ¢ > 1, and
that the piece 7((1,t)) is disjoint from its forward and backward images in Gi. We
may reparameterise 7 to a curve v: R — G4 such that ([0, 1]) corresponds to ¥([1,t]),
and such that (¢t + 1) = f(v(t)) for all ¢. Then 7 is a periodic hair in the sense of
Definition .3l |

5.6. Remark (On the concept of hairs). The notion of a “dynamic ray” of an entire func-
tion is given in [RRRS11) Definition 2.2]. By the same reasoning as in Observation ,
in our setting of postsingularly bounded functions this definition can be phrased as fol-
lows: a “dynamic ray” of a postsingularly bounded entire function is a maximal curve in
the escaping set satisfying @ of Definition . Hence every dynamic ray is contained
in the core of a dreadlock, and a dreadlock G is a dynamic ray if and only if it satisfies
Definition @ In particular, for a bounded address s, G, is a dynamic ray if and
only if it is a hair. Moreover, for criniferous functions — and in particular the class of
functions for which hairs are constructed in [RRRS11] — every dynamic ray in the sense
of [RRRS1I, Definition 2.2] is either a hair in the sense of Definition [5.1] or becomes
such upon the addition of a finite escaping endpoint.

In general, [RRRS11] leaves open the possibility that a dreadlock contains a hair as
a proper subset. For example, it follows from |[Reml16, Theorem 2.5] that there is an
entire function f with bounded postsingular set (and indeed of disjoint type), having a
bounded-address dreadlock G, with the following properties. The set G \ G consists of

a single point zy with bounded orbit, and é§ is homeomorphic to a sin(1/z) continuum,
with the starting point of the accumulating curve corresponding to oo, and one of the
endpoints of the limiting interval situated at z5. Then the accumulating curve itself is a
“dynamic ray”, but this ray does not include all points of G;.

Here, we restrict only to consider cases where the entire dreadlock G is a hair, and
hence leave open the question of whether proper subsets of dreadlocks should be consid-
ered “hairs” or not.

Also note that [RRS10, p. 740] defines a notion of Devaney hairs; for postsingularly
bounded functions such a Devaney hair is a curve 7 as in [(b)] of Definition with
the addition of a finite, not necesarily escaping, endpoint. In particular, if G, is a
hair, then G contains many Devaney hairs in the sense of [RRS10], linearly ordered by
inclusion. Conversely, any Devaney hair is either contained in a dreadlock, or consists
of a dreadlock together with a finite landing point.

6. ACCUMULATION SETS AND LANDING PROPERTIES OF BOUNDED-ADDRESS
DREADLOCKS

We now study the accumulation behaviour of dreadlocks at bounded external ad-
dresses. (The restriction to bounded addresses is due to the phenomena discussed in
Remark - In the case where the dreadlock in question is a hair, it is clear that
the “accumulation set” of this dreadlock should be the set of limit points of the curve
v(t) as t — 0, where «y is the curve from Definition . For periodic hairs, one can see
easily that this is equivalent to fixing a base point on this hair, considering its successive
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preimages along 7, and studying the accumulation set of this sequence. This motivates
the following definition.

6.1. Definition (Accumulation sets and landing of dreadlocks). Let s be a bounded
external address, and let ( € W,

For n > 1, set ¢, = (u(s) = f7"(() € Tu(s). (Recall from Definition that
f&™ = (f"rue) ") Then the accumulation set of the dreadlock G is defined to be
the accumulation set (in C) of the sequence (¢,)22,, and denoted by A(Gy) := A(s) ==
A(s, Q). .

The dreadlock Gj is said to land at a point zg € C if A(s) = {20}.

Note that this is an abstract definition of accumulation sets; it uses only the notion of
fundamental tails, and does not require the definition of dreadlocks or their properties.
That this is a natural concept may not be clear a priori, but should become apparent
through the results proved in this section. We begin by verifying that A(s) = A(s, () is
indeed independent of (.

This follows from the following well-known fact about the shrinking of univalent preim-
ages. (Compare also |[Lyu83, Proposition 3].) Recall that  is the unique unbounded
component of C\ P(f).

6.2. Lemma (Euclidean shrinking). Suppose that V' € €2 is a bounded Jordan domain.
Then, for any € > 0 and any compact set K C C, there exists N, with the following
property. Forn > N., every connected component of f~"(V') that meets K has Euclidean
diameter at most €.

Proof. Suppose, by contradiction, that there is a sequence (V},)%2 Jsn of ng-th preimages of
V', with ny, — oo, with VN K # 0 and infy diam(V;) > 0. Let VeEQbea slightly larger
Jordan domain than V' with V' C V, and let V; be the component of =" (V) containing
Vo,- Then fr: Vi, — V is a covering map and hence a conformal isomorphism, whose
inverse oy, == (f[y, )" V — Vj, maps V to Vj.

By assumption, there is a sequence (zj)32, with z; € K NV;. By Koebe’s distortion
theorem, Vj, contains a round disc around z, whose diameter is comparable to that of
Vi. By assumption, the latter is bounded from below. Hence, if U is a sufficiently small
disc centred at a limit point of the sequence (z), then U is contained in infinitely many
V.. It follows that f*(U) C Q for all n. > 0, and f*(U) C V for infinitely many n. This
contradicts Corollary [3.3] [

6.3. Corollary (Spherical shrinking). Suppose that V' & 2 is a bounded Jordan domain.
Then, for any € > 0 there exists N such that for n > N every connected component of
(V) has spherical diameter at most e.

Proof. Let R > 0 be so large that the complement of K := B(0, R) has spherical diameter
less than . Since the spherical and Euclidean metrics are comparable on any compact
subset of the plane, there is €1 such that any set of Euclidean diameter at most £; that
intersect K has spherical diameter at most . Let N = N, be as in Lemma [6.2] let
n > N, and let X be a connected component of f~™(V'). Then either X N K = (), and
hence X has spherical diameter less than ¢, or X N K # () and Lemma applies. In
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the latter case, diam X < g1, and hence X also has spherical diameter at most € by
choice of ¢;. (]

6.4. Corollary (Accumulation sets are well-defined). Let s be a bounded external ad-
dress. Then the accumulation set A(s) is independent of the base point (. That is,
A(s, ¢Y) = A(s, ¢?) for any two choices of (1, (% € W.

Proof. Let V be a bounded Jordan domain in W, containing both ¢! and (?. For
je{l,2} andn > 1, write (J' = f7"(¢’) € 7 := Tu(s). Since f": 7,, = W} is univalent,
for any n the points ¢! and ¢? belong to the same connected component of f~"(V). By
Corollary [6.3] the spherical diameter of this component tends to zero as n — co. Hence

the sequences (¢1)°2, and (¢2)°°, have the same accumulation set in C. |

The following establishes a number of fundamental properties of accumulation sets.

6.5. Proposition (Properties of accumulation sets). Let s be a bounded external address,
and Gy the dreadlock at address s.

(a) The accumulation set A(s) is a nonempty connected subset of C.

(b) The closure G5 of G5 in C is given precisely by

G, = G, UA(s) U {oo}.
(c) If Js\ Gs # 0, then this set has a unique element zy, and G, lands at zo, which
has bounded orbit.
(d) If s is of disjoint type, then Gy lands at a point zy € Js having bounded orbit.
(¢) Let U C C be open with U N G, # 0. IfUNA(s) =0, then f* — oo uniformly
on UNGy, and in particular UNGy = UNJ, = UNG,. On the other hand, if
UNA(s) #0, then f does not tend to infinity uniformly on U N ps, C U N Gy.

Before proving these facts, we observe a few consequences. Firstly, we see that we can
characterise the accumulation set purely in terms of G as a subset of the escaping set,
justifying the notation A(G;) = A(s).

6.6. Corollary. Let G be a dreadlock at a bounded address s. Then the accumulation
set of G consists precisely of those points in @i having a neighbourhood U such that f"
does not tend to infinity uniformly on U N Gj.

In particular, G4 lands at a point zo € C if and only if é§ = G5 U {z,00} and if
furthermore, for every neighbourhood U of zy in C, the iterates of f tend to infinity
uniformly on G\ U.

Proof of Corollary|6.6, using Proposition [6.5. The first claim follows directly from @

of Proposition . The second claim follows from the first (together with the fact that
the accumulation set of G is nonempty). |

In particular, it follows that for hairs our definition of the accumulation set agrees
with the usual one. Recall by Observation that if a bounded-address dreadlock is a
hair, it must satisfy part @ of Definition .

6.7. Corollary (Accumulation sets of hairs). Suppose that a dreadlock Gy at bounded
address is a hair, and let v: (0,00) — G be the continuous bijection from Definition .
Then A(Gy) is precisely the accumulation set of y(t) as t — 0.
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Proof of Corollary|[6.7, using Proposition[6.5. Let A(vy) C C denote the set of accumu-
lation points of y(¢) as t — 0. Recall that the iterates of f tend to infinity uniformly on
v([t,00)) for all t > 0, by Definition Thus we see from part [(e)] of Proposition
(or from Corollary that A(G5) C A(y).

It remains to prove the opposite inclusion, A(y) C A(Gy). If v lands, i.e., when
#A(~) = 1, this follows from the first inclusion and the fact that A(Gy) # 0. So we may
assume that A(y) is a nondegenerate continuum.

~

Since A(vy) C Gy, we have
A= A(y)\ (G5 U {oo}) € A(Gy)

by |(b)| of Proposition [6.5 As A(G,) is closed, it thus suffices to prove that A is dense in
A().

This is clear if A(y) N G; = 0. Otherwise, let ¢ty > 0 be such that v(ty) € A(y). We
claim that v((0,%,]) C A(7).

This follows from a well-known argument that we sketch as follows; compare [Rem06b,
Lemma 5.1] for the case of exponential maps. For every ¢ > 0, there are pieces of other
hairs of f accumulating uniformly from above and below on 7([25, oo)) (For example,
this follows from [Rem16, Proposition 7.1] via [Rem09, Theorem 1.1].) Thus, in order
to accumulate on 7(%y), the curve v must also accumulate on y([t, to]); letting ¢ — 0, the
claim is established.

Let ty € (0,00] be the supremum over all possible choices of ty, and let (¢,)5, be a
decreasing sequence with ¢, — 0. Then A, := v([t,, t]) is a compact and nowhere dense
subset of A(y) for all n. By Baire’s theorem,

A=A\ A
is dense in A(7), as claimed. This completes the proof. [ |

Remark 1. The proof shows that a hair G either lands, or otherwise a generic point in
A(Gy) belongs to C\ Gs. It is plausible that this is true without the assumption that G
is a hair, with a similar proof. This would simplify the characterisation in Corollary
as follows: A dreadlock G at a bounded address s lands at a finite point 2z, € C if and
only if G, \ G5 = {2}

Remark 2. For periodic addresses, or for addresses satisfying a head-start condition as
in [RRRS11], the proof of Corollary is considerably simpler. Indeed, in this setting
it is easy to see directly that the iterates of f do not tend to infinity uniformly on any
neighbourhood of any point of A(7).

Finally, we observe that most periodic rays land and most periodic points are landing
points. Compare also [BK07, BET5, Benl6].

6.8. Corollary (Most periodic dreadlocks land). Let p > 1. Then, for all but finitely
many periodic addresses s of period p, the dreadlock G4 lands at a periodic point z € Js.
(In particular, z has period p.) Conversely, for all but finitely many periodic points z
of period p, the point z is repelling, there is a periodic dreadlock G that lands at z, and
z € Js.
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Proof. By passing to an iterate, we may assume that p = 1. Only finitely many funda-
mental domains F intersect D, and hence all but finitely many fixed addresses of f are
of disjoint type. Hence the first claim follows from Proposition [6.5][(d)]

Similarly, all but finitely many fixed points of f are contained in Wy, and hence have
a fixed external address. So the second claim is a consequence of Proposition [ |

The remainder of the section is dedicated to establishing Proposition [6.5] We shall
do so by applying Corollary to a suitable large Jordan domain V', depending on the
collection of fundamental domains involved. The following technical lemma collects the
properties that we require of V.

6.9. Lemma (Domains for bounded-address dreadlocks). Let ¢ belong to an unbounded
connected component of Wy N f~Y(D) and let R > 0. Let F be any finite collection of
fundamental domains of f. Then there is a Jordan domain V & Q0 with the following
properties.
(i) CeV.
(ii) For all F € F, the unique preimage (g of ( in F' also belongs to V.
(iii) For all F € F, there is a connected component Ap of V N F containing (r as
well as all points of F having modulus at most R.
() If U is the connected component of V-0 Wy containing ¢, then U N Ap intersects

the unbounded connected component o of F\ D, for all F € F.
Proof. See Figure (3, Write F = {F',..., F"}. Let v be a Jordan curve in C \ D that

intersects the arc ¢ in exactly one point. We may assume that v is chosen so large that
~v surrounds ¢, f(D) and the set {f(2): |z| < R}.

For each i, let 7 = f~'(y) N F" and (; := (. Then ; is a cross-cut of F* that
separates (;, F* N D and all points of modulus at most R in F* from oo in F*. In
particular, 4% belongs to the unbounded connected component of F*\ D.

Let X be the closure of the bounded component of F*\ 7;, and let X be the union
of these components. Observe that different X? may intersect when the corresponding
fundamental domains are adjacent. In this case, the corresponding two X* intersect
precisely in a preimage component of the piece of § that connects D to . Let X', ... X*
be the k& < n connected components of X.

The set X is a disjoint union of k closed Jordan domains in €2\ 0. (Recall that the
closure of a fundamental domain does not meet §.) Let X be obtained from X by adding,
for each i < k, an arc §3; in Wy \ X joining ¢ to a point of 4*; this is possible by the
assumption on (. We may assume that two different (¢ intersect only at (. .

Then X is a compact and full set, and we may let V' be a Jordan domain containing X.
The point ¢ and all ¢; belong to V' by construction. Moreover, each X' is connected, and
hence belongs to a single connected component of VN F?. Finally, the union of all 87 and
all 4 is connected by construction, is contained in C \ D and intersects the unbounded
connected component of F*\ D for all i. This completes the construction. |

The domain V' from Lemmal6.9 allows us to study the accumulation sets of dreadlocks.
The following lemma is crucial not only in our study of accumulation sets, but also for the
proofs of our main theorems. The key idea is that, in order to investigate the landing
of a given dreadlock G, we can study a certain chain of simply-connected domains
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FIGURE 3. A domain V as described in Lemma . The domain V is shaded.

(obtained as iterated preimages of the domain V' from Lemma whose diameters
shrink to zero).

6.10. Lemma (Preimage domains). Let F be a finite collection of fundamental domains
of f, and assume that F contains every fundamental domain F with FN\D # (). Let ¢,
R and V' be as in Lemma . If R was chosen sufficiently large (depending only on F),
then the following holds.

Let s = FyoFy ... be any external address. Forn > 1, set (,(s) == f7™(C) € 1, = Tn(s).
Also let V,, = V,(s) be the unique component of f~™(V) containing (,(s). Then the
following hold for all n > 1.

(1) The spherical diameter of V,,(s) tends to 0 as n — oco. In particular, if (wn)5,
is any sequence with w, € V,(s) for all sufficiently large n, then A(s) coincides
with the set A,, of accumulation points of the sequence (wn)

(2) Tas1(8) C Tapa(s) U Va(s) C 7a(s) UVals) and in fact T,41(s) C 7a(s) U Vi(s).

(3) If F, € F, then (ui1(s) € Viu(s); in particular V,(s) N Vyi1(s) # 0.

If F, € F for all k > 0, then additionally:
(4) Vals) Nps 7 0.
(5) fm — oo uniformly on A, = G5\ U;s, Vi(s). (In particular, A, is closed and
= Js \U;>, Vi(s).) In fact if z belongs to this set, then |f™(2)| > pm—n for
m 2 n, where the sequence (pg)72, depends only on F.

Proof. By Corollary the spherical diameter of V,(s) tends to 0 as n — oo, uniformly
in s. In particular, the set A, in is independent of the choice of the sequence (wy,).
Also recall that ¢ € V' by assumption; if we choose w,, = (,, then A(s) = A(s, () = A,

This proves .
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Part is trivial if F,, ¢ F. Indeed, by assumption on F, we then have F, C
Wo, Tat1(8) = Toya(s) and 7 1(s) C Tn< ) by definition. So suppose that F,, € F.
Then F,, C ﬁn U Apg, and F, Cc WyU Ap,, where Ap, C V is the connected set from
Lemma -m

Observe that 7,,+1(s) is the connected component of f~"(F,) containing (,1(s), that
Ta(s) is the connected component of f~"(W,) containing (,(s), and that V,(s) is the
connected component of f~"(V') containing (,(s). Let A; be the connected component
of f~™(Af,) contained in V,,(s) and let Ay be the connected component of f~"(Ag,)
contained in 7,11(s). Since T,41(8) C Thr1(s) U Az and 7,41(s) C 7,,(s) U Ay, we should
show that A; = AOQO

Let x € Ar N F,, be a point that can be connected to ¢ in Wy N V. Such a point
exists by Lemma . Let x, be the unique point of f~"(z) in A;. Then (,(s)
and z,, belong to the same connected component of f="(Wy); i.e., x, € T,(s). Now
z € F,, and Tnt+1(s) is the connected component of f*"(ﬁn) contained in 7,(s). So
Ty € Tpi1(8) C Thy1(s), and hence x,, € As. We have shown A1 N Ay # 0, and therefore
Ay = Ay. Also (,11(s) € Ay C V. We have proved both |(2)| and .

Now assume that all fundamental domains F;, occurrmg ins=Fy...F, 1F,...belong
to F. Let n > 0.

We next prove For n > 0, let X,, C pon() C Gons) be a closed unbounded
connected set as in Theorem -@ By Theorem [2.5) -- ) if R is large enough (depending
only on F), then X,, can be chosen to contain a point of radius at most R. In particular,
X,, intersects the set Ap, from Lemma (6.9 So if X,, C j, is the connected component
of f(X,) contained in 7,41(s), then X, ﬂV( ) # 0.

To prove [(5)} suppose that z € 4, == G5\ U;>, Vj(s). Since z € Gy, there is mg such
that z € 7o, (s for m > mg. If mg is mmlmal with this property, then by [(2)]

ZETm(H-l( )\Tmo( )C VmO( )

By assumption on z, we must have mo < n. So, for m > n, we have f™(z) € Fy.
Furthermore, by the proof of[2) f™(2) ¢ Ag,, and thus | f™(z)| > R.

So, if R is chosen sufficiently large f™(A,) belongs to the set from Theorem [2.5|[(d)]
on which the iterates tend to infinity uniformly and which depends only on F. The same
holds for f"(A,); in particular, this set is contained in Gom(s)- |

Proof of Proposition[6.5. Let F be a finite collection of fundamental domains containing
all fundamental domains occurring in s, and all fundamental domains whose closure
intersects D. Let ¢, V and V,, be as in Lemma @l Here we assume that R is chosen
at least as large as the numbers from Theorem [2 |:| and @

By [(1)}
A(s) = ) cle (U Vn> :

N>1 n>N

Each of the sets in the intersection on the right is compact and connected by of

Lemma [6.10} claim [(a)| follows.

We next prove the technical claim @, from which we then deduce the remaining facts.
First let U be a neighbourhood of some point zy € A(s). By [(1)] there are infinitely
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many n such that V,, C U. By definition, all points in V,, map to the bounded set V' after
n iterations, and V,, contains a point of u, by Hence f" does not tend to infinity
uniformly on p; NU.

On the other hand, suppose that U intersects G, and hence G, but U N A(s) = 0.
Then there is N > 1 such that

So f™ tends to infinity uniformly on U N G, = Un G by This completes the proof
of

@W we can establish the remaining claims in Proposition Using [(1)] and it
follows that every point of A(s) is in C?i. Conversely, by every point of G, \ A(s)
belongs to Gs. This proves @

Next suppose that zg € Js \ Gg; that is, zo has address s but is not escaping. There
is ng such that f"(z) € Jgn(z) for n > ny. Hence |f™(z0)| < R by Theorem . So
f™(z0) € V for n > ng, and thus zy € V,,. By |(1)| this proves A(s) = {2}, as claimed.

It remains to prove @ Recall from Lem that, if s is of disjoint type, then
Jon(s) = Gonsy C Iy, for all n > 0. Let X be the set from . Then there is ng such
that | f"(z)| > R for all n > ng and all z € X. Set

R = max{|f7(2)|: |2| < R and j < no}.

By Theorem for all n > 0 there is ¢, € Jg such that |f™((,)] < R. We claim
that |f7(¢,)| < R for all n > ngy and all j < n. Indeed, let 7 be minimal such that
|f7(¢,)| > R (if no such j exists, there is nothing to prove). Then f7((,) € X, and hence
we must have j > n — ng, and the claim follows by the definition of R.

Let zp € J; be a limit point of the sequence ((,); then all points on the orbit of z,
have modulus at most R. The claim now follows from . |

6.11. Remark (Coding tree). Fix F, ¢ and V as in Lemmas and [6.10] For each
F € F, we can choose an arc g connecting ¢ to the point (r, and we may assume that
these arcs are disjoint except at (. For each (p, and each arc yp,, there is a component of
7Y (r) connecting (g, to some point (g r of f72(¢). By Lemmal6.10] this is precisely
the point contained in the fundamental tail at address FyF3.

Continuing inductively, we obtain an infinite tree with root {, whose vertices of depth
n > 0 are the elements of = () contained in fundamental domains of level n— 1 whose
addresses contain only entries from F, and whose edges are all components of f~"(vr)
for some F' € F. Recall that the spherical length of these edges tends to zero as n — oo.

This tree can be considered to be an analogue of the geometric coding tree used by
Przytycki [Prz94] in the case of rational functions. We see that, for each address s whose
entries are drawn from F, the accumulation set of the dreadlock (G4 coincides precisely
with the accumulation set of a branch of this coding tree. However, we will not use this
language in the following.



38 ANNA MIRIAM BENINI AND LASSE REMPE-GILLEN

7. SEPARATION PROPERTIES OF DREADLOCKS

We now prove that a dreadlock that lands at a non-escaping point zy € C does not
separate the plane. This fact is not used in our paper (except to deduce the corresponding
parts of Theorems [1.1 and [1.5] but is important for applications.

7.1. Theorem (Dreadlocks do not separate). Let f be a postsingularly bounded function
f, and let s be a bounded external address of f. Assume that Gs lands at a point
2 € C\ Gs. Then G4 does not separate the plane.

It is plausible that this can be directly deduced from our results and techniques in
Section [6} indeed Pfrang does this for postsingularly finite f [Pfr19]. Instead, we deduce
Theorem by relating landing dreadlocks to Julia continua of disjoint-type entire
functions. Recall from Remark [£.15]that a disjoint-type function is a hyperbolic function
with connected Fatou set.

7.2. Theorem (Dreadlocks and Julia continua). Let f be a postsingularly bounded func-
tion, and let s be a bounded (resp. periodic) external address of f. If \ is sufficiently
small to ensure that g: z — A\f(z) is of disjoint type, then Cjé 1s homeomorphic to a
Julia continuum C of g at a bounded (resp. periodic) external address.

The homeomorphism can be chosen to fix co, and send zy to the unique point of
bounded orbit in C.

Much is known about the topology of Julia continua of disjoint-type entire functions;
see [Rem16]. Theorem allows us to transfer this information to landing dreadlocks.
In particular, we can easily deduce Theorem [7.1]

Proof of Theorem[7.1], using Theorem[7.9. Let g be a disjoint-type function as in Theo-
rem[7.2] Then the Fatou set F'(f) is connected and non-empty by definition. Hence J(f)
is a nowhere dense set that does not separate the plane, so no subset of J(f) separates
the plane.

So by Theorem , the set Gi is homeomorphic to a non-separating plane contin-
uum. It is well-known that being a one-dimensional non-separating plane continuum is
a topological property. (Indeed, a one-dimensional plane continuum is non-separating if
and only if it is tree-like; see [Bin51l, Theorem 6] and [Manl2, Theorem 1.5]. Compare
also [JT02].) So G, is also non-separating. |

Proof of Theorem [7.2. By [BK07, Example on p. 392], for A € C small enough the func-
tion g is indeed of disjoint type; we fix such A in the following. By [Rem09, Theorem 1.1},
there is a map 1 defined on

Jsr(f)={2€C: |f"(z)| > R for all n > 1},

which is a conjugacy between f on Jsg(f) and g on ¥(J>g(f)). Furthermore, ¥ extends
continuously to oo with ¥(oco) = oo — in particular, ¥ maps escaping points of f to
escaping points of g — and J>g(g) C 9(J>g(f)) for some @ [Rem09, Lemma 3.3].

Assuming that R > 0 is sufficiently large, the proof of [Rem09, Theorem 3.2] further-
more implies the following. For any external address address s of f, there is an external
address s of ¢ such that

(7.1) I (F) N I=r(f)) € JE(9).
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If s is bounded (resp. periodic), then so is 3. We can extend 9|, ,(p)n1(s) to a bijection
V: I(f)U{oo} — I(g) U{oo} by defining

0(z) = g5 "(O(f"(2)))-

The value ¥(z) is independent of n and, in particular, agrees with the original value
when z € Jogr(f)UI(f). This follows from (7.1)) and Proposition and the conjugacy
relation for J. Note that we do not claim that this bijection is continuous on I(f).
Now suppose that s is bounded and the dreadlock G(f) lands at a point zy € C\ G,.
Note that the dreadlock G of g also lands at some point yy € C of bounded orbit since
the function g is of disjoint type. (Recall Proposition [6.5][(d)])
Consider the closures G4(f), Gs(g) of G4(f) and G;(g) in C. For n € N define

X = [T (T () N Jor(f)) U {oo} C G

By definition, X,, D X,,_;, and ¥ is continuous when restricted to X,,. We claim that 9
is continuous on X = J, X,, = G4(f) U {oo}.

Let © € X. By assumption, 2 ¢ A(s) = {zo}. Hence by Corollary [6.6| z has a
neighborhood U in X on which the iterates escape to infinity uniformly. Then, for
sufficiently large n, f*(U) C J°(f), and hence U C X,,. Since ¢ is continuous on X,
and U is a neighbourhood of z, ¥ is continuous at .

Moreover, 9! is continuous on the sets

Yo = g7 " (Tgn (s (9) N T2q(9)) U {00}

Hence, by the same argument as for f, the map ¥~! is continuous on Y = G3(g) U{oc},
and ¥: X — Y is a homeomorphism. In particular, it extends to a homeomorphism
between their respective one-point compactifications G4(f) = X U {zo} and G5(g) =
Y U {yo}- u

Remark. 1t is plausible that the homeomorphism in Theorem is ambient; i.e., it
extends to a homeomorphism of C onto itself.

8. LANDING THEOREMS FOR DREADLOCKS

With the notation from Section 2 and Section 3 — in particular, the definition of
dreadlocks in Definition 4.2 and their accumulation sets in Definition [6.11 — we can now
state the main result of our paper. Recall that a dreadlock G is periodic if the address
s is periodic under the shift map. Equivalently, G is periodic under the action of f as
a subset of C is periodic.

8.1. Theorem (Douady-Hubbard landing theorem for dreadlocks). Let f be a transcen-
dental entire function whose post-singular set P(f) is bounded.

Then every periodic dreadlock of f lands at a repelling or parabolic periodic point, and
conversely every repelling or parabolic periodic point of f is the landing point of at least
one and at most finitely many periodic dreadlocks.

We also obtain a corresponding theorem about landing properties at more general
hyperbolic sets.
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8.2. Theorem (Landing at hyperbolic sets). Let f be a transcendental entire function
with bounded postsingular set. Moreover, suppose that K is a hyperbolic set for f. Then
every point z € K is the landing point of a dreadlock at some bounded external address
s; if z is periodic, then so is s.

In fact, we establish the following more precise version of Note that the space of
external addresses is equipped with the product topology; this is the same as the order
topology arising from the cyclic order on addresses.

8.3. Theorem (Accessibility of points in hyperbolic sets). Let K be a hyperbolic set
of a postsingularly bounded entire function. Then there exists a compact and forward-
wnvariant set Sk of bounded addresses of f, with the following properties.

(a) For every s € Sk, the dreadlock at address s lands at a point zy(s) € K.

(b) The function Sk — K;s — z(s) is surjective and continuous. (In particular,
every point of K is the landing point of a dreadlock.)

(c) If zy is periodic, then all bounded-address dreadlocks landing at zy are periodic
with the same period, and the number of such dreadlocks is finite.

(d) The dreadlocks at addresses in Sk land uniformly at K, in the following sense.
Let ¢ € Wy and let € > 0. Then there is ng such that dist((,(s), K) < e for all
n >mng and all s € Sk. (Recall from Deﬁm’tion that (,(s) = f(C).)

S

The remainder of the paper will be dedicated to the proofs of these theorems. Let us
first show that they indeed imply the theorems stated in the introduction.

Proof of Theorem[1.1], using Theorem [8.1. Let { be a repelling or parabolic periodic
point. By Theorem , ¢ is the landing point of a periodic dreadlock G,. Let us
set A := Gy, and let p be the period of s. Recall that G5 C I(f) by definition, and is
unbounded and connected by Proposition . Since G lands at ¢, we see from Corol-
lary [6.6{that A = AU{(} and that, for any neighborhood U of ¢, f* — oo uniformly on
A\ U. Furthermore, by Theorem A does not separate the plane. This proves that
A satisfies properties @ and of Theorem Since p is the period of s, we have
JP(A) = Gory = Aand fI(A)NA =G NG, =0if 0 < j <p. |

Proof of Theorem using Theorem [8.1 Recall that every periodic hair is a periodic
dreadlock (Proposition [5.5)), and for criniferous functions, every periodic dreadlock is a
periodic hair (Corollary [5.4]). Moreover, by Corollary such a dreadlock lands if and

only if the corresponding hair lands in the sense of Definition [1.3|

Thus Theorem [I.4] follows immediately from Theorem [

Proof of Theorem[1.5, using Theorem[8.5 Define A := {Gs: s € Sk}, where Sk is as
in Theorem Properties @, and @ in Theorem follow immediately, as in the
proof of Theorem [I.1} Furthermore, if f is criniferous, then every element of A is an arc
connecting its landing point ((A) to oo, by Corollary

Thus it remains to establish @ Observe that, since Sk is compact and forward-
invariant, only finitely many different fundamental domains can occur within the ad-
dresses in Si. Let F be the collection of all these fundamental domains, as well as of
all fundamental domains whose closure intersects D. Let V be as in Lemma and
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let ng be as in part [(d)] of Theorem for £/2. By Lemma [6.10] we can find n; > ny
such that diam V,,(s) < £/2 for n > ny. Thus dist(z, K) < ¢ for all z € V,,(s).

Let z € G, for some s € Sk, and suppose that dist(z, K) > €. Then, by the above
2 € G5\ U, Vils). By[(5)] of Lemma m, the set of points with this property escape
to infinity at a rate that depends only on F and on ny (and hence only on ). This
completes the proof. [ |

8.4. Remark (Shortcut to the landing theorems). Observe that Definition [6.1] concern-
ing landing and accumulation properties, requires only the definition of the fundamental
tails 7,,(s) associated to an address s, rather than any properties of the dreadlock Gy
itself. Moreover, a key point in our proofs of Theorems [8.1], and is that we can ig-
nore the fine structure of dreadlocks and use only the sets V,, from Lemma[6.10 We only
require properties , and of this lemma, all of which are likewise independent
of the construction and analysis of dreadlocks in Sections and [f]

Hence it would be possible to prove these theorems without requiring any results from
those sections, and using only the elementary parts of Section [6] Furthermore, while we
used properties of dreadlocks above to deduce the statements of Theorems and [1.5]
many of these can be established more easily a posteriori for the dreadlocks under
consideration, using the additional information that these dreadlocks land. Nonetheless,
the general material concerning dreadlocks is crucial to the interpretation of our results
as a natural extension of the classical Douady-Hubbard landing theorem for functions
without hairs.

9. PERIODIC DREADLOCKS LAND

We now prove the first half of Theorem 8.1 which we restate here as follows.

9.1. Theorem (Landing of periodic dreadlocks). Let f: C — C be a transcendental
entire function with bounded postsingular set.

Then every periodic dreadlock of f lands at a repelling or parabolic periodic point of
f, where the period of the landing point divides that of the dreadlock.

Proof of Theorem[9.1 Let G be a periodic dreadlock. Recall from Observation [4.13]
that any dreadlock of f is also a dreadlock of any iterate of f (and vice versa). Hence,
it is no loss of generality to assume that s is fixed by o; i.e., s= FFFF ..., where F is
a fundamental domain of f.

Fix ¢ and V as in Lemmas and [6.10] Let 7, be the fundamental tail of level n
associated to s, and let ¢, be the unique element of f~"(() in 7,.

Recall that ¢; = (r € V, and let v: [0,1] — V be a rectifiable curve with v(0) = ¢4
and y(1) = ¢. Then, by Lemma [6.10] for every n > 1 there is a component -, of
f7™(v) connecting (, and (,+1. We can hence combine these to a continuous curve
v: [—00,1] = C, with f(y(t)) = y(t+1) for t <0, where v|jo1) = v, and ¥|[—n,1-n] = Vn-

By Lemma , the spherical diameter of ~, tends to zero as n — oco. Therefore
the set A(7y) of accumulation points of () as ¢ — —oo is precisely the accumulation set

A(G,) = A(s, () of Gy in the sense of Definition [6.1]

Claim. As t — —o0, ¥(t) converges to a fixed point of f.
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Proof. Recall that the spherical distance between (, and (,,; tends to zero as n — oo,
and f(Cn11) = (u. Hence, by continuity, any finite point of A(y) = A(s, () is a fixed
point of f. Since the set of fixed points is discrete in C, and A(7) is connected, the latter
set is a singleton, whose sole element is either a fixed point or co. We must exclude the
second possibility.

So suppose, by contradiction, that v(t) — oo as t — —oo. Recall that Q is the
unbounded connected component of C\ P(f). Let p, := lq(7,) be the hyperbolic length
of v, in 2. By Proposition and by assumption, we have

Prt1 < pn/2

for all sufficiently large n. It follows that the hyperbolic length of + is bounded. As
the hyperbolic metric on {2 is complete, this contradicts our assumption that v tends to

0. YA

The classical snail lemma of Douady and Sullivan (see [DH85, Exposé VIII, Proposi-
tion 2, p. 60] or [Mil06, Lemma 16.2]) shows that the limiting fixed point of f is either
repelling or parabolic with multiplier 1, and the proof is complete. |

Remark. In fact, the above claim follows already from [Rem08, Theorems B.1 and B.2].
Here Theorem B.1 is a hyperbolic expansion argument going back to the proof by Douady
and Hubbard [DH85, Exposé VIII] of the first half of the landing theorem for polyno-
mials. On the other hand, the proof of [Rem08, Theorem B.2], which shows that ()
cannot converge to infinity as t — —oo, used the notion of “extendability”, which was
developed for more general purposes in [Rem08]. For the reader’s convenience, we gave
the complete and much simpler proof above, in the spirit of Deniz [Denl4].

It is possible that the landing point in Theorem is also the landing point of other
dreadlocks. However, as we now observe, there can only be finitely many of these, and
they all need to be periodic. The idea of the proof is very similar to the polynomial
case [Mil06l Lemma 18.12], but we need to take into account the non-compactness of
the space of addresses. Compare also [RS08a, Lemma 3.2] for the case of exponential
maps.

9.2. Lemma. Let f be a transcendental entire function with bounded postsingular set,
and let z be the landing point of a dreadlock with periodic address. Then the number of
bounded-address dreadlocks landing at z is finite, and their addresses are all periodic of
the same period.

Proof. Let s° be the address of the periodic dreadlock landing at z; we may assume that
its period p is minimal with this property. Replacing f by f?, we may then assume that
p = 1. Let S, be the set of bounded external addresses s for which G lands at z.

Claim. There is a finite collection F of fundamental domains with the following property.
Every address s € S, contains some element of F infinitely many times.

Proof. Let F consist of all fundamental domains F such that either DNF # (), or 2 € F.

Clearly F is finite. Suppose that s = FoF1Fy ... is such that F,, ¢ F for n > ng. Then

o™ (s) is of disjoint type, and z & F,, D f"(G,). In particular, s does not land at 2.
So any address in S, contains infinitely many entries from JF; since the latter set is

finite, at least one of these is itself repeated infinitely many times. A
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Since f maps a neighborhood of z to another neighborhood of z as an orientation-
preserving homeomorphism, it preserves the cyclic order of the dreadlocks landing at z.
As remarked at the end of Section [I3] this implies that f also preserves the cyclic order
of these dreadlocks at oo. In other words, the shift map o: S, — S, is injective and
preserves the cyclic order of addresses on S, .

Recall that s° is a fixed address, say s = FOFYF?. ... Hence o also preserves the
(linear) order <, where s < 3 means that s° < s < 3 in the cyclic ordering. So if
s = FyFiFy. .. is an element of S,, then (0"(s))r, is monotone. If F' € F is the
domain from the claim above, then we clearly must have F,, = F for all sufficiently large
n. By injectivity of o, we conclude that s = FFF ... is itself a fixed address. As F is
finite, the proof is complete. [ |

9.3. Remark. Recall that we defined dreadlocks only for maps with bounded postsin-
gular sets, and landing of dreadlocks only for dreadlocks at bounded addresses. This
allows us to state the lemma in the above simple form, which is all that will be required
for the purpose of our main results.

However, observe that the proof of the lemma is purely combinatorial, and does not
utilise either assumption in an essential manner. In particular, let f € B be arbitrary
(not necessarily with bounded postsingular set), and let zy € J(f) be a fixed point of
f. Suppose that S, is a forward-invariant set of external addresses s of f, and that for
every s € S there is an unbounded connected set A, with the following properties:

e the cyclic order of the sets A, at infinity agrees with the cyclic order of their
external addresses;

e € A, forall s €S.;

e A,NA;=0fors+#5;

° A_§ does not separate the plane;

b f(A§) = Aa(§)-

If S contains a periodic element, then it follows as above that S, is finite and contains
only periodic addresses. In particular, for any f € B, the landing point of a periodic
hair cannot be the landing point of a non-periodic hair.

10. LANDING AT HYPERBOLIC SETS

Proof of Theorem[8.3. Let K be a hyperbolic set of f. Replacing f by a sufficiently high
iterate, there is a neighbourhood U of K such that |f'(z)| > 2 for all z € U. (It is easy
to see that proving the theorem for an iterate of f also establishes it for f itself; we leave
the details to the reader.) We may additionally assume that the disc D in the definition
of fundamental domains is chosen so large that K C D. Finally, by Corollary [6.3] it
is enough to prove @ for some specific choice of ( € Wj. Therefore we may fix ¢
belonging to an unbounded connected component of Wy N f~1(D) in the following (as
in Lemma .

Set § := dist(K,0U). For z € K, define By(z) := B(z,6), and let B,(z) denote the
connected component of f~"(By(f"(z))) containing z. Then B, 1(z) C B,(z) for all n,
and f: B,11-n(2) = Bu-n(f(2)) is a conformal isomorphism. For n > 0, define

U, = U B(z).

zeK
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Then U,,41 C U, C U and f(U,y1) = U, for all n. Clearly K = Mo U, = Mnso Un- By
the blowing-up property of the Julia set (see e.g. [Bak84) Lemma 2.2]), and compactness
of K, there is some N; with the following property. If n > N; and z € K, then
f- (C )N By(z) # 0. In particular, there is a finite external address of length n such that
Ca(8) € By(z), and hence 7,,(s) N By(z) # 0. Define

£ 1= g < mindist(0By(z), B1(2)).

zeK

Now let V' be as in Lemma [6.9 for the finite collection F of fundamental domains that
intersect D. Similarly as in Lemma [6.10] if s is an infinite external address or a finite
external address of length at least n, we define V,,(s) to be the unique component of
f7(V) containing ((s) = f7"(C) € Tu(s).-

By Lemmal6.2} there exists N > N; with the following property. Suppose that n > N
and that s is a finite or infinite external address of length n > N with V,,(s) N Uy # 0.
Then

(10.1) diam V,(s) < ¢

For n > N and z € K, we now define S,(z) to be the set of finite external addresses
s of length n for which the tail 7,,(s) intersects B,_n(z). Observe that

= U Sn(2)
zeK
is finite for every n by Lemma We also define Sk to be the set of infinite addresses
s such that every prefix of length n > N of s is an element of S,,. In order to show that
this set has the properties asserted in Theorem , we investigate the sets S, (z) more
closely.

Claim 1. The following hold for all n > N and all z € K.

(1) Sn(z) # 0.
(ii) The shift map o maps S,+1(z) onto S,(f(2)).
(i) S,(2) #
(iv) Suppose that s=FyFy ... F, € S,11(2). Let m,(s) be the prefix of length n of s;
i.e. 7Tn<) FOFl Fn 1- Thenﬂn()ES()
(v) In partlcular mn(09(s)) € Sn(f7(z)) for j=0,...,n— N.

Proof. The first claim holds by choice of N;. Part is immediate from the fact that
f: Bny1-n(2) = Bh-n(f(2)) is a conformal isomorphism. Claim follows from these
first two claims by induction.

Now let us prove [] So suppose that s € S,11(2), and let w € 7,,41(s) N Bpy1-n(2).
Recall from Lemma [6.10| that 7,11(s) C T,11(s) U V,(s). First consider the case where

w € Thp1(s). ThensES (2) since w € T,11(8) N Bry1-n(2) C 7(s) N Bu_n(2).
Now suppose that w € V,,(s). By definition,

(10.2) Cn(8) € Va(s) N 7a(s).

Set 3 == 0" N(s), 2 := f*N(2) and @ = f*N(w). Then @ € Vy(3) N Bi(2). By
definition of £ and choice of N, it follows that Viy(3) C By(2). Now B,,_n(z) is mapped
conformally to By(Z) by f*~ ¥ Since V,.(s) is a connected component of fN="(Vy(3))
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and intersects B,_n(z), we see that B,_n(2) D Vi(s) 2 (u(s). By (10.2), we see that

To(8) N B,_n(2) # 0. This proves |(iv))).
The final claim follows by induction from and . A

Claim 2. There is a finite collectipn F O F of fundamental domains such that all entries
of addresses in 5y Sn are in F.

Proof. Let F be obtained by adding to F all fundamental domains appearing in the
finitely many external addresses in Sy. By part of Claim 1, it follows that all entries
of s € §, belong to F, for all n > N. A

Applying Lemma again, this time to the collection F, we obtain a simply-
connected domain V' that we can use to study the accumulation sets of the addresses in

Sk.

Claim 3. For every k > 0 there is an ng > N with the following property. If z € K,
n > ng and s € S,(2), then V,,(s) C Bg(z).

Proof. By assumption, K C D. In particular, there exists M > 0 such that no funda-
mental tail of level IV intersects the neighbourhood U), of K.
Let n > N+ M, let z € K, and let s € S,(z). Then

Tn CTN UV

by Lemma E- Since 7,(s) intersects B,,_ N( ) C Uy by definition of §,,, while 7
is disjoint from Uy, there is 1 E {N,...,n—1} such that V;(s) N B,_n(z) # 0.

Let n be maximal with this property. We claim that n > n — M. This is trivial
when n = N + M. Now suppose, inductively, that Va(0(s)) N Bp_1_n(f(2)) # 0, with
7 > n—M. Now f maps Vi1 (s) conformally to Vi (o (s)), and B,_n(2) to B_1_n(f(2)).
Hence Vii1(s) N Bp_n(2) # 0, and 2 +1 > n+ 1 — M, as required.

Let £ > 0. If ny > N is sufficiently large, then by Lemma [6.2]
min,e g dist(Bgy1(2), 0Bk(2))

M+1
whenever n > ny, s € S,(2) for some z € K, and V,,(s) N Uy # (. Set

no = max(ny + M,k + N + 1)

diam(V,,(s)) < &5 :=

and suppose that z, n and s are as in the statement of Claim 3.
Let i be as above; i.e., 71 is maximal such that Vi(s) N B,_n(z) # 0. Recall that
n>n—M>n;. Sincen—N >ny— N >k -+ 1, we see that ‘{ﬁ(§) intersects Byi1(2).
It follows inductively for j =n,n+1,...,n that, for all € V;(s),
dist(¢, Bry1(2)) < (j + 1 —n) - e < dist(Byy1(2), 0Bi(2)).

(In the inductive step, we use that Vj(s) N V;_i(s) # @ by Claim 2 and Lemma [6.10 “.
and that j > n;.) In particular, V,,(s) C B(z), as required.

Claim 4. Let ng be as in Claim 3, for k = 1. Then o: S,11(2) = S,(f(2)) is a bijection
for all n > ng and z € K.
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Proof. By Claim 1 [(ii)] it remains to show that o: S,11(2) = Sa(f(2)) is injective.
Let z € K and let s',s* € S,41(2) with o(s') = o(s?) = 5. Then, for j = 1,2, we
know that V,,1(s7) € Bi(z) by choice of ng, and V,(3) = f( n+1(87)) C Bo(f(2)).
Since f: By(z) — By(f(z)) is univalent, it follows that V,1(s') = V,,41(s%), and hence

s' = 52, as required. A

Now consider the directed graph G whose vertices are the elements of

= Us’m

n>N

and which contains an edge from 7,(s) to s for every s € S,11. For z € K, let G, be the
induced subgraph of G whose vertices are the elements of | J,~ 5 Sn(2). By @ and |(iv)|
of Claim 1, we can apply Konig’s lemma, and G, contains an infinite path for every
z e K.

Recall that Sk is the set of infinite external addresses s such that m,(s) € S, for all
n > N. If s € Sk, the sequence (m,(s))s y forms an infinite path in G. Conversely,
every infinite path in G determines an associated address s € Sk. For z € K, denote
by S. the set of all s € Si with 7,(z) € S,(2) for all n > N. By the above, S, # () for
all z € K.

The set Sk is shift-invariant by part of Claim 1. Furthermore, Sk is contained in
the compact set of addresses all of whose entries are taken from F; we need to show that
Sk is itself compact. Suppose that (s%)%2, is a sequence of addresses in Sk converging
to some address s. Then the prefixes m,,1(s) and 7,1 (s*) agree for all sufficiently large
k, and in particular m,(s) and m,41(s) are two vertices of G connected by an edge. It
follows that s is indeed represented by an infinite path in G, and hence s € Sk as
required.

To prove claim @ of Theorem |8.3] . we must show that G, lands at a point zy(s) € K
for all s € Sg. By Claim 3, there is some ng such that, for all n > ng and all s € Sk,
there is z € K such that V,(s) C By(z). In particular, diamV, (s) < 26, and by
expansion of f on U, we conclude that

diam V,,(s) < 2mo="t1 .5,

In particular, ¢,(s) is a Cauchy sequence, and hence convergent. So G; lands at a
point zo(s) with
(10.3) dist(zo(s), V,,(s)) < 2mo—nHL .,
for all n > ng. It is clear from Claim 3 that the landing point zy(s) belongs to K.
Furthermore, if z € K and s € S, then zy(s) = z by Claim 3.

AsS, #10 for all z € K, this shows that the function s — zo(s) is surjective. To prove

continuity, suppose that s,3 € Sk agree in the first n > ng entries. Then V,,(s) = V,,(3),
and hence

dist(20(8), 20(3)) < 3- 2" "5

by (10.3)). This completes the proof of [(b)]
Part |(d)| follows directly from Claim 3. It remains to establish |(c)|
So let z € K be a periodic point of period p. By Lemma and |(a)], it is enough to

show that S, contains a periodic address. Let ny be as in Claim 4; by increasing ng if
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necessary, we can assume that p divides ng. Let 1: S, (2) — San,(2) be the inverse of
0" 550 ()- Since Sy, (2) is finite, the function ¢ = m,, 0 1) has a periodic element; say
@™ (s) = s. For k > 0, let s* be the unique preimage of s under o*" in Sy i1y, (2). We
claim that

T (8°71) = @ (g (57))

for all £ > 0. This is true for £ = 0 by definition. If £ > 0, we have

Toang (8"71) = (0" (Mo (81))) = (g (67 (8°7))) = (g (57)).
Hence
T (871) = Ty (0(7a, (5%))) = (g (87)).
So 7, (sF) = ¢*(s) for all k> 0. Hence s* can be written as a concatenation

s =t (s)s" = = oM ()" (5) 9l ()8
Since s is periodic under ¢, of period kg, we conclude that s¥ = T (k+1)no (§k+k0). Hence
there is an infinite path in G, passing through the vertices s7"*0, j > 0. The associated
address is the periodic sequence (*~1(s)... ¢! (s)s)>®, and the proof is complete. W

We note the following corollary, which proves the accessibility of certain singular
values. For definitions, we refer to [RVS11].

10.1. Corollary. Let f be a postsingularly finite transcendental entire function, and
let v e J(f) be a non-recurrent singular value for f whose forward orbit does not pass
through any critical points. Suppose that the w-limit set of v does not contain parabolic
points, and does not intersect the w-limit set of a recurrent critical point or of a singular
value contained in a wandering domain. Then there is a bounded-address dreadlock of f
that lands at v.

Proof. By [RVS11, Theorem 1.2], if the postsingular set is bounded then any forward
invariant compact subset of the Julia set is hyperbolic provided it does not contain
parabolic points, critical points, or it intersects the w-limit set of a critical point or of a

singular value contained in wandering domains. Hence P(a) := |, f"(a) is hyperbolic
and every point in P(a) is the landing point of a dreadlock. |

11. LANDING AT PARABOLIC POINTS

We now complete the proof of our analogue of the Douady-Hubbard landing theorem,
Theorem by showing that parabolic periodic points are also accessible by dreadlocks.

11.1. Theorem (Parabolic points are accessible by dreadlocks). Let f € B with bounded
postsingular set, and let zy be a parabolic periodic point. Then there is a periodic dread-
lock of f that lands at zy.

Let f be as in the statement of the theorem. By passing to an iterate, we may
assume that f’(zp) = 1. So 2o is a multiple fixed point of f, say of multiplicity m + 1
for f. Then there are m unit vectors vy ...wv,, called repelling directions at zy. Any
backward orbit of f converging to zy must asymptotically converge to zy along one of
these directions; see [Mil06, Lemma 10.1]. Similarly, there are n attracting directions
wy, such that any forward orbit (f"(z2))5°, converging to zo must converge to z, along
one of these attracting directions wy,.
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Let U be a small simply connected neighborhood of z; on which f is univalent, and
let : f(U) — U be the branch of f~! that fixes z9. A petal for an attracting (resp.
repelling) direction w (resp. v) is an open set P C U containing zy, on its boundary,
such that

(a) f(P) C P (resp. ¥(P) C P );
(b) an orbit z — f(z) — ... (resp. z — ¥(z) — ...) is eventually absorbed by P if
and only if it converges to zo from the direction w (resp. v).

Petals for a given repelling or attracting direction are far from unique. For each repelling
direction v, we can choose a repelling petal P, for v which is simply connected, and
such that ¢(P,) C P, U {z} and ¢"|p, — 2z uniformly on P,. Similarly, for each
attracting direction w we choose a simply connected attracting petal P, such that f™* —
2o uniformly on P,. We furthermore require that the union of these n attracting and n
repelling petals forms a punctured neighborhood of zy (see Definition 10.6 and Theorem

10.7 in [Mil06] and the subsequent discussion).

11.2. Definition (Landing of dreadlocks along a repelling direction). Let ¢ € Wy, let
G be a periodic dreadlock of f, and let v be a repelling direction at z,. We say that G

lands at zo along v if the backwards orbit ((,(s))>2, converges to zy along the direction
v.

We remark that it is not difficult to see that this is equivalent to requiring that
Va(s) C P, for all sufficiently large n, where V' is as in Lemma In particular, the
definition is independent of the choice of the base point (.

The following establishes Theorem [11.1].

11.3. Proposition (Accessibility along repelling directions). Let v be a repelling direc-
tion of f at zg. Then there is at least one periodic dreadlock landing at zy along v.

Proof. Let ( € Wy and let V be as in Lemma|6.10, with F once again the finite collection
of fundamental domains whose closure intersects D. Since V C C\P(f) and zy € P(f) C
D, we may assume that the repelling petals P, and attracting petals P, chosen above
all have closures disjoint from V U W),

Let us define B; := ¢'(P,) for i > 0. Let A be the union of the attracting petals P,,.
Since the union of attracting and repelling petals is a punctured neighbourhood of 2z,
all points of 0B, that are sufficiently close to zo must lie in AU{zo}. So 0By \ (AU{2})
is a compact set disjoint from B;, and

e :==dist((Bo) \ (AU {z}),B1) > 0.

Since Bj intersects J(f), there is an Nj such that f~™({) N By # 0 for n > N;. In
particular, there exists some finite external address of length n such that 7,,(s) N By # 0.
By Lemma there is N > N; such that, for all n > N and all infinite external
addresses s with V,(s) N By # (), diamV,(s) < ¢ whenever n > N. Observe that
Vo(s) N A = () by our choice of petals. In particular, if n > N and V,(s) N By # ), then
Vi (s) N OBy = 0, and hence V,(s) C By.

As in the proof of Theorem [B.3] for n > N we define S, to consist of those finite
external addresses of length n for which 7,(s) intersects B,_y. The remainder of the
proof then proceeds analogously. |
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In the case that all periodic dreadlocks are hairs (for example, if f is criniferous), our
Proposition is a corollary of the Main Theorem in [BF15] (since the hypothesis that
periodic rays land is implied by assuming bounded postsingular set), with a completely
different proof. We remark that it is plausible that the results of [BF15] can also be
extended to non-criniferous functions, using dreadlocks instead of hairs.

Proof of Theorem[8.1. That every periodic dreadlock lands at a repelling or parabolic
point was proved in Theorem Let zp be a repelling or parabolic point. If 2, is
repelling, then the orbit of z; is a hyperbolic set, and it follows from Theorem that
2o is the landing point of a periodic dreadlock. If z, is a parabolic point, then this
fact follows from Theorem [11.1] By Lemma there are only finitely many dreadlocks
landing at zy and they are all periodic of the same period. [

12. DREADLOCKS LANDING TOGETHER AT POINTS IN A HYPERBOLIC SET

Recall from Theorem that, for a repelling periodic point z; of a postsingularly
bounded function f, the number of dreadlocks landing at zj is finite. In the polynomial
case, this holds also for every point 2y in a hyperbolic set K of f. It is plausible that
this remains true also in the transcendental entire case. For postsingularly bounded
exponential maps, the claim is proved in [BL14, Proposition 4.5], where it is proved that
the number of hairs in question is even uniformly bounded (depending on K'). However,
the proof uses the fact that postsingularly bounded exponential maps are non-recurrent,
and hence the postsingular set is itself a hyperbolic set.

Here we shall be content with proving that the number of dreadlocks of a postsingularly
bounded function f landing at a given point of a hyperbolic set is (pointwise) finite, in
the important special case where f belongs to the Speiser class; i.e., the set of singular
values S(f) is finite.

12.1. Theorem (Finitely many dreadlocks landing together). Let f be a postsingu-
larly bounded entire function with finitely many singular values, and suppose that s is a
bounded external address such that G4 lands at a non-escaping point zy, which is neither
a Cremer periodic point nor a preimage of such. Then the number of bounded-address
dreadlocks G landing at zy is finite.

Remark. Similarly as discussed in Remark [9.3] the assumptions that f is postsingularly
bounded and that s is a bounded address are made only to ensure that we can speak
about dreadlocks and their landing properties, in the context of the definitions made in
this theorem. In particular, if S(f) is finite (not necessarily with bounded postsingular
set), and zg as in Theorem is the landing point of a bounded-address hair, then the
number of hairs landing at z is finite, and all of them have bounded addresses.

12.2. Corollary (Finiteness of dreadlock portraits at hyperbolic sets). Let f be a
postsingularly bounded entire function with finitely many singular values. If K is a
hyperbolic set for f, then every point zg € K is the landing point of at least one and at
most finitely many dreadlocks at bounded addresses.

Proof. If zy is not periodic, then the claim follows from Theorem [8.2] and Theorem [12.1]
Otherwise, it follows from Theorem and Lemma [9.2] [
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We now fix a postsingularly bounded entire function f with #S5(f) < oo for the
remainder of the section. The key property that we need to establish in the proof of
Theorem is that the addresses of dreadlocks landing at zy are uniformly bounded,
in the sense that they all take their entries from a common finite family of fundamental
domains. This is the content of the following lemma.

12.3. Lemma. Let F; be a finite collection of fundamental domains for f. Then there
exists another finite collection Fy D JF1 of fundamental domains such that the following
holds. Suppose that s takes only entries from Fy and that G, lands at a non-escaping

point zg € C. If s* is bounded and Gy also lands at zo, then all entries of s* belong to
Fa.

Let us suppose for a moment that the function f is criniferous. Then the idea of the
proof of Lemma can be described as follows. If G, and G2 land together at a
point 2y, the dreadlocks G,(s1) and Goy(s2) also land together at f(z), by continuity of
f. There is a branch ¢ of the inverse of f on the hair G, that maps it to G,i. The
curve G U {2z} U G, is then obtained by analytic continuation of ¢ along the image
curve Go(s1y U {f(20)} U Gy(s2). For this reason, the homotopy class of the latter curve
in C\ S(f), together with the first entry of s', essentially determines the first entry of
s%. As different pairs of hairs landing at the same point are disjoint, and S(f) is finite,
there are only finitely many possible such homotopy classes. The claim follows.

In order to make this argument precise in the general case, i.e. where the dreadlocks
are not necessarily hairs, we should clarify what we mean by “homotopy classes”. Let
us fix the postsingularly bounded function f with finite singular set for the remainder
of the section.

Let I" be the class of continuous curves v: R — C\ S(f) that tend to infinity within
Wy in both directions. We shall say that such curves 4, and v are homotopic (in T') if
they are homotopic (relative to their endpoints at infinity) in C \ (S(f) U ), for some
infinite piece & of the curve é.

Similarly, let T' denote the set of curves connecting a finite endpoint z, € C (possibly
belonging to S(f)) to infinity within C\ S(f), again tending to infinity within Wy. Then
we analogously define homotopy classes for curves in r having the same endpoint.

We can now introduce a convenient notion for homotopy classes of bounded-address
dreadlocks. Suppose that s is a bounded external address, and that the dreadlock G
lands at a point zy € C\ G,. Then there is an infinite piece 4 not intersecting Gy. It
follows that there is a Jordan curve J, passing through infinity, that separates @ from
6 and all of the finitely many points of S(f) \ {20}. Let v be an arc connecting 2, to
infinity in the connected component V' of C\ J containing zo. The homotopy class of
G is the homotopy class of 7y in I, as defined above.

Note that this homotopy class depends only on s. Indeed, suppose that V is a second
domain as above, and 4 C V connects z, to infinity. Since G,CcVn V =: U, this open
set U contains a curve o connecting zp to infinity. (See e.g. [Rem08, Lemma A.1].) Since
V is simply-connected, o is homotopic to v in V, and hence in I'. For the same reason,
« is homotopic to 7.
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12.4. Observation (Disjoint curves representing homotopy classes). Let s;,...,s, be
finitely many different bounded external addresses, such that each G§j lands at a non-
escaping point z; € C for all j. (We do not assume that all z; are distinct.) Then there
exists a collection (%‘)?:1 of arcs to infinity, with 7; in the homotopy class of G, such
that these arcs are pairwise disjoint apart from common endpoints.

Proof. Similarly as above, we can find a finite collection of Jordan curves (J,)j~,, disjoint
from o U U;.L_l G, such that any two distinct landing points z; and zj, are separated
- =J

by some J,. (Here, as above, § is an infinite piece of the curve ¢ that does not intersect
any of the dreadlocks under consideration.)

Let V; be the connected component of C\ |J,~-, J; containing z;. We can choose the
curve I in the definition of the homotopy class of G§j in such a way that I' additionally
separates z; from OV;. This shows that the 7; may be chosen disjoint, except possibly
for those having a common endpoint. But any curves with a common endpoint belong to
the same Vj, and therefore can also be moved by homotopy within the simply-connected
domain Vj to be disjoint, except at that endpoint. This completes the proof. [ |

If two bounded-address dreadlocks G and G2 land at a common point non-escaping
point zg, we shall refer to these two dreadlocks as a dreadlock pair. If zy ¢ S(f), then
we can form a curve in I by combining two arcs v; and +,, in the homotopy class of G
and G2, respectively. The corresponding homotopy class is called the homotopy class
of the dreadlock pair.

12.5. Lemma (Finitely many homotopy classes). There are only finitely many different
homotopy classes of dreadlock pairs not landing at singular values.

Similarly, for any zy € C, there are only finitely many homotopy classes of dreadlocks
landing at zq.

Proof. The curves representing the homotopy class of two different dreadlock pairs are
disjoint, except for the endpoints at infinity, and possibly a single additional point (if the
dreadlock pairs land at the same point). Also recall that neither curve self-intersects.
It follows that, if both curves wind around the same collection of singular values in
positive orientation, and both either surround or do not surround an infinite piece of 9,
they represent the same homotopy class. As there are only finitely many singular values,
the set of homotopy classes is finite.

The second claim follows in the same manner. [ |

The following is immediate from the homotopy lifiting property.

12.6. Observation (Connecting fundamental domains). Let v € I'. Suppose that F'
is a fundamental domain, and let 5: (—o00,00) — C\ f~1(S(f)) be the unique lift of v
under f such that 4(—t) € F for all sufficiently large ¢t. Then there is a fundamental
domain F such that A(t) € F for large t, and F depends only on F and the homotopy
class of vy in I'.

Similarly, let v € T' connect a finite point zy € C to co. If F is a fundamental domain,
and 7 is the lift of v under f that tends to infinity within F, then the finite endpoint
wy of 4 depends only on F and the homotopy class of v in T.
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Proof of Lemma[12.3 Let F, consist of all domains F' as in Observation , where F
ranges over the finitely many elements of /7, and the homotopy class of v ranges over
the finitely many homotopy classes of dreadlock pairs of f.

Now suppose that G and G form a dreadlock pair, with F|} € F;. Let z be the
common landing point of the two dreadlocks. If f(zy) ¢ S(f), then it follows from
Observation @ (applied to the curve v,(s1y U {f(20)} U7y (s2)) that [§ € Fo.

On the other hand, suppose that s = f(z9) € S(f). Then, by Observation [12.6]
zp depends only on the homotopy class of v,(,1), and the entry Fj. Hence, for each
singular value s, there are only finitely many possible preimages zy that can arise as
landing points of dreadlocks whose first entry is in F;. f Consider such zp, and the
Yo(s2) € T connecting f (z0) to co. Then v has d different lifts starting at zo, where d is

the local degree of f at z, tending to infinity within fundamental domains £, ..., F}.
This collection of fundamental domains depends only on the homotopy class of v by
Observation [12.6] In particular, there is a collection F(zo) of at most m - d fundamental
domains, where m is the (finite) number of homotopy classes of dreadlocks connecting
s to oo, such that Fy € F(zp) whenever s? is as above.

Recall that there are only finitely many singular values s, and for each of these only
finitely many preimages zo as above. Thus we can add the finitely many sets F(zo) to
F» to obtain a set F, with the desired property. |

Proof of Theorem[12.1]. If zy is (pre-)periodic, then by assumption f™(zy) is a repelling
or parabolic periodic point for some n > 0. In this case, the conclusion of the theorem
holds by and Lemma Hence we can assume that 2y is not a pre-periodic point.

By passing to a forward iterate, we may additionally assume that the forward orbit
of zy does not contain a critical point. Let F; be the set of fundamental domains

occurring in s, and let F, be the set whose existence is guaranteed by Lemma [12.3; say
Fo={F° F' ... F™ '} where we assume that

FO<F'<...< ™t < F!

with respect to the cyclical order at infinity.

Let X be the set of points on the unit circle S' = R/Z having an (m+1)-ary expansion
that contains only the entries 0,...,m — 1. Via the (m + 1)-ary expansion, this set is
order-isomorphic to {0,...,m — 1}, which in turn is clearly order-isomorphic to F'.
Let ¢: F)' — X be this order-isomorphism; then ¢ conjugates the shift on F5' to the
(m 4+ 1)-tupling map on X.

Suppose that Ty is a collection of p > 1 bounded external addresses that land at zp;
we claim that p < m + 1. Indeed, for j > 0, define T} := ¢7(T,). Then all dreadlocks
at addresses in Tj land at f7(zp). Since zp is not pre-periodic and its orbit does not
pass through any critical points, the 7T} are pairwise disjoint, and o: T; — T} is an
order-preserving bijection for all j. Furthermore, the T} are pairwise unlinked. That is,
if j # j, then all elements of T} lie between the same two adjacent elements of T5 with
respect to circular order.

This means that the set ¢(7p) is a wandering p-gon for the (m-+1)-tupling map on S*.
Kiwi [Kiw02, Theorem 1.1] proved that polynomials of degree d do not have wandering
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(d + 1)-gons. A combinatorial version of this result (see [BL0O2, Theorem B]) implies
that p < m 4+ 1 as claimed. [ |

Remark. 1t seems likely that one can also directly prove the absence of wandering d + 2-
gons for maps with at most d singular values. (Compare [ARGI7| for the proof of
the case d = 1, i.e. the no wandering triangles theorem for exponential maps.) This
would imply that the number of dreadlocks in Theorem is always bounded by d + 1

(assuming that 2y is not pre-critical).
13. APPENDIX: CYCLIC ORDER OF UNBOUNDED CLOSED CONNECTED SETS

In this section, suppose that A is any pairwise disjoint collection of unbounded, closed,
connected subsets of C such that, for every A € A, all elements of A\ {A} belong to
the same connected component of C\ A. Observe that the latter condition holds, in
particular, if no A € A separates the plane.

The purpose of this section is to note that there is a natural cyclic order (at 0o) on
A. Recall that a cyclic order is a ternary relation A < B < C' that is cyclic, asymmetric,
transitive and total.

In our case, the relation A < B < C means that B lies between A and C' in positive
orientation. To make this precise, let us begin by defining a circular order on any finite
subset of A. So suppose that Ay,..., A, (n > 3) are distinct elements of A. Let W; be
the connected component of C \ A; that contains A; for i # j, and set A; := C\ W;.

Then K = U;.lzl flj is a compact, connected and full set in @, and its complement is

Wi=C\K =W,
j=1
In other words, the simply-connected domain W is the unique connected component W
of C\ Uj_, A; whose boundary intersects A; for each j.

We now consider the space of prime ends of W; see [Pom92, Section 2.4]. Recall that
these form a topological circle, and therefore possess a natural cyclic order. Note that
the connected components of K \ {oo} are precisely the A; \ {oco}. It follows (e.g. as a
consequence of the plane separation theorem [Why42, Theorem 3.1, Chapter VI]) that
there are exactly n different accesses (1, ..., (, to co from W. They separate the circle
of prime ends into n complementary intervals Iy,...,I,, which may be labeled such
that I; consists of those prime ends that can be represented by a sequence of cross-cuts
both of whose endpoints belong to A;. We define the circular order of the sets A; at
oo (in positive orientation) to be the circular order of these intervals, taken in negative
orientation.

If we add a new element A, of A to our collection, then it is easy to check that this
does not change the definition of the circular order of A;,..., A,. Hence we do indeed
obtain a well-defined circular order on all of A. Moreover, suppose that A is a second
collection as above, where every element of A is contained in an element of A and every
element of A contains exactly one element of A. Then the cyclic order on A coincides
with the corresponding order on A.

We can use this observation to define cyclic order also for pairwise disjoint collections
of open unbounded domains, each of which contains exactly one homotopy class of curves
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to infinity. (Simply replace each domain by a representative in the mentioned homotopy
class.)

Furthermore, suppose that U and U are unbounded domains in C, that p: U — U is
a conformal isomorphism. Also suppose that A and A are collections as above, whose
elements are contained in U and U, respectively, that ¢ maps every element of A to an
element of A, and that all elements of A arise in this manner. Then the action of ¢ on
A preserves cyclic order.

Finally, let A be a pairwise disjoint collection of closed, connected sets in C* = C\ {0},
and that the closure of each element of A contains both 0 and co. Then we can define
the cyclic order at oo on A, by replacing each element of A by an unbounded connected
subset that is closed in C, and applying the above definition. Analogously, we can define
a cyclic order on A at 0. It is easy to see (again using the plane separation theorem)
that both orders coincide, and depend only on A rather than any choices made in the
construction.

Remark. There are some subtleties to the definition of circular order on connected sets,
compared with the case of arcs to infinity which has been previously considered in the
complex dynamics literature. For example, note that the assumption that the sets in A
are closed is crucial. Indeed, consider the case of a Knaster bucket-handle continuum
X, whose terminal point (that is, the initial point of the half-ray running through all of
the endpoints of the complementary intervals of the ternary Cantor set) has been placed
at 0o, and consider the collection of path-connected components of this set. Every
such component is unbounded and connected, but since each component accumulates
everywhere upon X, there is no sensible circular order among them.

14. APPENDIX: UNBOUNDED POSTSINGULAR SETS

As mentioned in the introduction, the Douady-Hubbard landing theorem no longer
holds for polynomials with escaping singular values. It is still true that every repelling (or
parabolic) periodic point is accessible from the basin of infinity, and even by a dynamic
ray (understood appropriately in the case where the ray passes through critical points).
Compare [EL89. [LP96]. However, it is possible for the set of rays to be uncountable,
and for none of these rays to be periodic; compare |[GM93, Appendix C] and [LP96].

Let us now briefly discuss the case of transcendental entire functions f with unbounded
postsingular set P(f). When f ¢ B, the structure of the escaping set may change
dramatically within a given parameter space (compare [RGS17, Appendix B]), and hence
it is not clear whether questions concerning the landing of rays or dreadlocks are even
meaningful in this setting. Let us hence restrict to the case of f € B.

First suppose that f has an escaping singular value. In addition to the above-
mentioned behaviour that occurs already for polynomials, it is also possible for a repelling
periodic point to not be accessible from the escaping set at all (by hairs or dreadlocks).
Indeed, this is the case for the fixed point of the exponential map z — e* having imagi-
nary part between 0 and 7, and shows that the question of landing behaviour at periodic
points becomes considerably more subtle when P(f) is unbounded.

However, consider now the full family of exponential maps, f,: z — e* + a. Suppose
that the singular value a has an unbounded orbit but does not belong to the escaping



A LANDING THEOREM FOR ENTIRE FUNCTIONS 55

set. Then f, is criniferous. In [Rem0O6al, it is shown that that all periodic hairs of f,
land. Conversely, every periodic point, with the exception of at most one periodic orbit,
is the landing point of a periodic hair. The exceptional orbit cannot be parabolic, but it
is an open question whether it can be repelling. It is shown in [Rem06a] that a plausible
conjecture about parameter space of exponential maps (the “no ghost limbs conjecture”)
would imply that this is not the case.

Hence it is plausible that the Douady-Hubbard landing theorem remains valid for
exponential maps as above, which raises the question whether the main theorem of our
paper may also have an extension for functions f € B with unbounded but non-escaping
singular orbits. It appears that fundamentally new approaches would be required to
resolve this question. Indeed, the proofs in [Rem0O6a] use sophisticated results on the
structure of exponential parameter space, which rely in an essential way on the one-
dimensionality of the family. Already for cosine maps z — ae® + be™ with at least one
unbounded critical orbit, the landing of periodic rays remains open in general, to say
nothing of the accessibility of repelling periodic points.
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