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An examination of the role of price insurance products in stimulating investment in 

agriculture supply chains for sustained productivity 
 

Abstract 

This study examines how managing risk by introducing commodity price insurances may improve the 
likelihood of increased investment in agri-food supply chains. A model is introduced which shows how 

insurance products on index prices can reduce the uncertainty of the impact of investment, and also how 

lower investment can generate the same impact as a higher investment. To show our results, we use two 
different frameworks which include total profit (Pareto optimal) and Stackelberg game setups. The 

results demonstrate that in both frameworks the investment will have a greater impact when an 

insurance product is present. By implication, the study presents an encouraging message to the insurance 

industry to introduce products to secure supply chain actors’ revenue leading to an increase in 
investment rate. Consequently, the study offers insight into how the role of traditional government 

subsidies for protecting farmers, particularly the small to medium-sized farms, may be revisited by 

replacing some of the existing subsidisation policies with revenue insurance.  
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1. Introduction 
Food supply chain sustainability and the continuity of food production and distribution, from farm to 

fork, are critical global challenges, needing innovative solutions. Dramatic increases in the demand for 

food, which according to Staniskis (2012) has tripled over the past 50 years, compels stakeholders in the 
food industry to innovate beyond their organisational boundaries to develop sustainable food supply 

chains.  

The farming sector, particularly the small and medium-sized farms are of core concern in this study. 

While other studies have suggested that the differences between farm and non-farm businesses have 
decreased over time (Walley, 2000), the farm business is still known to be inherently more vulnerable to 

adverse circumstances in its business environment including its supply chain (Eurostat, 2014). This can 

be attributed to uncertainties that may affect yields of producers such as weather conditions, natural 

disasters, and pests and disease factors (Alizamir et al., 2019), as well as market price volatility that may 
have major effects on farmers’ revenue stability (Turvey and Amanor-Boadu, 1989; Stokes, Nayda, and 

English, 1997; Stokes, 2000).  

A key challenge in responding to the emerging challenges in agri-food supply chains is encouraging 

continued new investment. This is related to the recognition that agricultural production is often a 
lengthy process requiring ongoing investments that may not produce expected returns for a prolonged 

period, thereby being highly sensitive to market risks. Research on investment in agri-food businesses 

shows extensive impacts as a consequence of uncertainties in investment decisions (Heikkinen and 
Pietola, 2009). Investment in the food supply chain, from farmers to food-providing services, can also be 

dampened and discouraged by volatile prices. According to Hardaker et al. (2004), price or market risk is 

particularly relevant to agri-food production and marketing.  



There is a paucity of literature on risk management in agri-food environments, and efforts so far have 

mainly concerned strategies and solutions such as hedging and insurance against adverse circumstances 
particularly weather-related circumstances (see Turvey 2001; Alizamir et al., 2019). Limited studies have 

looked at commodity price-related aspects of the agri-food sector (see Tang et al., 2016; Jin and Turvey, 

2004 ; Assa and Wang (2020)). In addition, practices in transferring risk through insurance policies have 

been dominated by government subsidisation policies (Enjolras and Kast, 2012). 
This study is an attempt to introduce a new risk management approach for protecting the volatile 

revenue of food supply-chains. We introduce a mathematical model which examines various aspects of 

the impact of price index insurances on the level of investment and the value that investment can 

generate to a farming business. The observation is that insurances can reduce the uncertainty that affects 
the impact of investment. This essentially means lower investment can generate the same impact as a 

higher investment if insurance on index prices is introduced. As one of the first attempts of its kind, the 

study proposes solutions for existing and emerging challenges in the agri-food sector from a supply chain 
perspective, with important implications for the small and medium farms1 (SMF) sector. The study makes 

a key contribution to food supply-chain management through its proposals for protecting SMF revenue. 

The results present opportunities for developing alternative “price-oriented” insurance products by 

bringing together existing models, theories and approaches to suit the whole supply chain. The study also 
offers insight for policymakers in understanding the social benefits of food chain risk management and 

replacing some of the existing subsidisation policies with price insurance in collaboration with the 

financial industry.  

The paper is organised as follows: First, we review the background to the research and problem in 
hand, followed by setting the fundamentals of the revenue risk model for our agricultural supply chain, 

where the terms and key considerations are explained in detail. We then present the problem set up and 

the models for the examination of the problem, which are solved for different scenarios of concern. The 

results are then discussed by introducing numerical assessments, followed by critical reflections on the 
understandings achieved and answers to the research problem. 

 

2. Background and the research problem 
To address the emerging complexities arising from globalisation and technological advances, 

approaches to providing solutions should consider the total supply chain (Li et al., 2014), from farmers 

to consumers, and involving all key stakeholders including investors, risk-mitigating institutions and 

policy makers. Risk is present in all agricultural management decisions which is largely attributable to 
uncertainties in key determining factors including price, yield and resources (Geman 2014). Managing 

risk in this key economic sector is therefore very challenging, calling for innovative solutions and new 

mechanisms for handling uncertainty-related risks.  

On a general note, supply chain risk management (SCRM) is a growing field, yet there are many 
questions concerning the meaning of risk and how it should be managed when a number of intertwined 

 
1 Based on the definitions and criteria by Eurostat. See: https://ec.europa.eu/eurostat/statistics-
explained/index.php?title=Small_and_large_farms_in_the_EU_-
_statistics_from_the_farm_structure_survey&oldid=406560 
  



entities are engaged in a complex process. Supply chains nowadays may run to hundreds of firms over 

several tiers with many opportunities for disruption (Juttner, 2005; Christopher and Lee, 2001; Tang, 
2006). Increased globalisation and the need for extended supply chain networks has resulted in further 

complexities, nervousness and chaos (Bandaly et al., 2014; Christopher and Lee, 2004) leading to wrong 

or ineffective decisions, and consequently to supply chains becoming increasingly vulnerable to varied 

sources of disruption (Christopher and Lee, 2004; Tang and Musa, 2011).  
Supply chain Risk Management means adopting a broad scope and hence insights on how the key 

processes have to be performed across at least three organisations, in which both direct risks to 

operations of all entities as well as those risks resulting from the linkages between the organisations are 

taken into account (Gilbert and Gips, 2000; Juttner-2005). Research has shown that risk-adjusted supply 
chain management can improve resilience and financial performance and competitive advantage of firms 

(Manuj and Mentzner, 2008). 

Various approaches have been devised and introduced in different economies to address and manage 
risks in food and agriculture chains. In developed contexts, a variety of mechanisms have been applied 

for this purpose largely around subsidising programmes from governments to protect the farming 

industry against losses. Examples of policy-driven protections are many, of which the U.S. Department of 

Agriculture (USDA) policies are among the most-widely reported. The 2014 Farm Bill changed the 
structure of programs that support farmers in the United States, offering two major subsidy programs, 

Price Loss Coverage (PLC, where farmers are compensated when the market price falls below a reference 

price), and Agriculture Risk Coverage (ARC, where farmers receive subsidy in the case of a drop in revenue 

below a reference point (Bjerga 2015; Shields 2014)).  
Due to globalisation, revenue risk has become as important as the production risk, if not more so. 

Globalisation also adds to the volatility of prices which further increases the revenue risk. Managing 

volatile prices is one of the food-supply chain’s biggest problems (FAO and OECD, 2011; Buguk et al., 

2003; El Benni et al., 2012) which has also drawn lots of attention in the political landscape2. Studies on 
price volatility show not only that spill-over is likely to occur and affect the supply chain (see Buguk et al., 

(2003) and Apergis and Rezitis (2003)), but that the benefits gained by one player (e.g. the farmers) can 

result in a loss to the others (e.g. the food-providing services) and vice versa. The issue of providing 
business continuity and resilience in the food supply system in the event of market disruption is one 

which retailers have traditionally looked to their suppliers to deal with (Leat and Revoredo-Giha, 2013). 

New solutions are therefore needed to mitigate the risks to the whole supply chain. 

The problem becomes even more significant in relation to non-corporate farms. Farms are typically 
very small enterprises with very limited share in their marketplaces, which makes them more vulnerable 

to uncertainties (Walley, 2000; DEFRA, 2018). While the existing volatility price risk management tools 

are mainly around derivatives, the entrance barriers in the derivative markets, such as large deposit 

requirements, technical trading skills, transaction costs, and regulations make the access to the 
commodity derivative markets almost impossible for SMFs. According to Eurostat, in 2013 there were 

4.9 million physically very small (< 2 hectares of the utilised agricultural area) and 4.5 million physically 

small (2-20 hectares) farms in the EU-28, accounting for almost 9 out of 10 (86.3 %) farms in the EU. 

 
2 “Responding to price volatility: creating a more resilient agricultural sector”, HOUSE OF LORDS Report, 
European Union Committee, 15th Report of Session 2015–16 



Furthermore, derivatives have been reported to have an even more limited adoption rate and effect in 

developing countries due to a range of reasons (Singla and Sagar, 2012). 
A key consideration in managing risk in environments with high uncertainties such as food, has been 

mitigating the risk by involving third parties such as banks and insurance businesses. This approach, which 

has been reflected in national and regional policies (i.e. EU Common Agricultural Policy (CAP); and the 

USA’s 2014 Farm Bill (Alzimar et al., 2019)), has become increasingly important. Risk transformation 
solutions and tools, if designed with careful consideration for the state of the function and complexities 

in the industry, can provide a more stable situation in food supply chains. 

Studies show three categories of agricultural insurances have been introduced over the years to 

manage the two types of production and price risks including: crop insurances (Miranda, 1991; Miranda 
and Glauber, 1997), revenue insurances (Turvey and Amanor-Boadu, 1989; Stokes, Nayda, and English, 

1997; Stokes, 2000) and derivatives (Black, 1976; Geman, 2014). While crop insurances are focused on 

damages to the harvest and low yields, revenue insurances guarantee a minimum income for farmers 
and producers. On the other hand, derivatives, particularly futures in the exchange markets and forwards 

in the over-the-counter (OTC) markets, manage the risk of prices by locking in prices for the future 

delivery. 

The challenge undertaken here is based on the assumption that the main action farmers can take 
when faced with volatile commodity prices is to increase output relative to the cost of input, i.e. 

productivity. Essentially, over the last 20 years, farm margins per hectare have remained constant, while 

the retail price index has risen by over 60% in the same period (DEFRA). A farmer looking to achieve the 

same profit margin would therefore require the farm to operate in a fundamentally different way to 
achieve the same profit in real terms. In the UK, productivity according to USDA Economic Research 

Service is slipping (see figure 1), which may suggest that it will become harder to compete globally in a 

post Brexit environment. 

 
 

 

 
 

 

 

 
 

 

Figure 1. Total factor productivity (Source: USDA, Economic Research Service) 

 
On the other hand, introducing corrective measures may be subject to investment in new 

technologies. However, without stable farm revenue, investment cannot be improved. Research on 

investment in agri-food businesses shows extensive impacts of uncertainties on investment decisions 

(Heikkinen and Pietola, 2009). A study by Lagerkvist (2005) reports effects from policy uncertainty on 
investment in the agriculture industry, while according to Bo and Lensink (2005) econometric evidence 



supports a nonlinear uncertainty-investment relation. Carey and Zilberman (2002) suggested that 

investment in technologies for farming is committed to only if the perceived value return of the 
investment is far higher than its costs. As such, any insecurity of potential revenue, in this case due to 

price volatility, will negatively affect the decision by farmers and other investors in introducing new 

investment. 

Alzamir et al. (2019) examine the USA’s 2014 Farm Bill, concluding that the PLC can dominate ARC by 
motivating the farmers to plant more acres (compared to a no subsidy scenario).  This, as they suggested, 

implies that the PLC scheme is more likely to offer a win–win situation for the farming industry and 

consumers positively impacting farmers’ profit while reducing market prices. A study by Singla and Sagar 

(2012) points to the need for integrating financial derivative hedging/insurance, and hence the 
development of new solutions for addressing price volatility.  

We find this focus highly valuable, hence posing the question of whether introducing commodity price 

insurances, by privatising risk, can improve the likelihood of increased investment in the agri-food 
industry or not. Our research question by implication addresses whether the insurance industry may be 

encouraged to introduce products to secure supply chain actors’ revenue leading to an increase in 

investment rate, which in turn positively impacts revenue3. This is critical, as historically agricultural 

insurance schemes have been heavily subsidised by governments (see Enjolras and Kast, 2012), and even 
private insurance products have traditionally relied on public finances to assure viability and adoption by 

farmers. 

In addressing these questions, a simple model of an agriculture supply chain was first developed, 

where the cost function of the supplier and potential changes to improve it may be studied. Following 
this, a model was introduced to show how investment can be improved by involving insurance firms, 

whose insurance products on index prices can contribute to stabilising the farm revenue and 

consequently the improvement of investment value. As such, the key measurable objectives include 

identifying the price-related risks involved in food supply-chains and validating and measuring the 
positive impact of a risk product in a typical food supply-chain. 

 

3. The Revenue risk model of an agri-food supply chain 
Investment is a key driver in the farming industry. However, farming would not look a very attractive 

business to investors without stable farm revenues. The challenge is to stabilise the income from farming 

through the introduction of financial measures (approaches and tools). To address this, we set up a 

theoretical framework based on the introduction of an insurance product for price indexes with the 
objective to stabilise the farm revenue and use it to examine how investment may be impacted and 

improved when an insurance contract is introduced. 

Seeing this from a supply chain point of view, we consider four main players to form the chain: a 

supplier (farmers), a retailer, an insurance company and an investor. The role of the insurance company 
is to issue the insurance contract for a premium. On the other hand, an investor will be looking at a 

decision between investing in the farming business or benefiting from the capital gain based on a fixed 

interest rate 𝑟.  

 
3 For an example of private insurance companies that offer price index insurance on agricultural indexes 
please see: https://stableprice.com/, and Assa and Wang (2020). 



Based on economics theories, primarily with reference to the works of Schultz (1971), we assume that 

investment benefits a farming business by reducing the cost, which can be a result of investing in new 
technologies and/or educating the farming human resources.  

Even though we primarily consider four players, since we assume that the investment is decided by 

the farmer, we consider a single entity (supplier) to represent both the farmer and the investor. On the 

other hand, the main role of the insurance company here is to issue an insurance contract and collect the 
premium. This means that the insurance company will not be entered in our optimal decision-making 

problem, as it manages its risk in a different manner by adopting a pooling strategy, which is not the 

concern of this paper. In reality, our setup essentially considers two decision makers, a farmer who 

decides on investment and insurance if introduced and a retailer who makes decisions on quantity 
(demand). Figure 2 presents a schematic view of this process. 

 
Figure 2. Investment and farming supply chain 

 

Now, let us introduce our model in further detail. First, we introduce the model notations as follows: 

𝑞 Demand quantity (deterministic). 
𝑖 Investment amount (deterministic) 

𝑤 Retailer transfer price paid to supplier (stochastic) 

𝑦 Insurance contracts (loss covered by insurance) 
𝑝(𝑞) Unit price of final product based on demand 𝑞 (e.g., 𝑝(𝑞) = 𝑞! 	, −1 < 𝛽 < 0) 

𝑐"  Retailer unit production cost 

𝑐#(𝑖) Supplier unit production cost 
𝜚# Supplier’s risk measure 

𝜋 insurance premium function 

𝐹$ 𝑦’s cumulative distribution function 

𝐹5$ 𝑦’s survival function (≔ 1− 𝐹$) 

𝐸(𝑦) 𝑦’s mathematical expectation 
 

3.1. Profits 

The supplier and the retailer profit can be written as follows: 

𝑃# = 𝑞(𝑤 − 𝑐#(𝑖) − (1 + 𝑟)𝑖), 
𝑃" = 𝑞:𝑝(𝑞) − (𝑤 + 𝑐");, 



where 𝑃# is the supplier’s and 𝑃"  is the retailer’s profit.  

 
3.2. Key considerations 

• By adopting the economics formulation, we assume a farmer is an agent who is risk averse (see Arrow 

(1996)) and also an economic unit to maximise its profit. Profit is in monetary value, so the risk 

measure here measures the risk capital. In addition, a risk measure represents the risk appetite of 

the agents. 

• The price 𝑤  is stochastic and cannot be decided by any decision maker. This is based on the 

assumption that players are price takers as they are small players compared to the whole market, 
which is a justified fact in agricultural markets.  

• We assume that the market price is determined by demand level 𝑝 = 𝑝(𝑞). 
• The price 𝑤 is the main cause of risk, which drives the main objective of our study, that is, examining 

the impact of the risk of price uncertainty. 

• We assume that the investment only is performed by the supplier to reduce the cost of production, 

and not by the retailer, which can be a topic for future research. 

• 𝑐#(𝑖) is a non-increasing function of investment 𝑖 and it tends to zero. In mathematical terms, we 

have 𝑐#% < 0, lim
&→(

𝑐#(𝑖) = 0.  

• We consider deterministic demand and investment. While these can be considered stochastic, 

complicated mathematics and interpretations of them prevent us from doing so, hence we leave it 

to a future study.  

• To discuss the cost function and its shape, we can suggest that for a rational agent, any increase in 

investment must reduce the supplier’s cost at a diminishing rate. That can be justified as follows: let 
us consider that there are two investment options for reducing the cost by making an investment of 

the amount 𝛥𝑖. Assume that option 1 reduces cost more than option 2. Now, assume that the agent 

wants to make an investment of 𝛥𝑖.	It is clear that in the first step a rational agent would choose the 

option that reduces cost more. If later, the agent decides to invest more for an extra amount of 𝛥𝑖, 
hence the remaining option would be option 2. This means, for a rational agent the earlier investment 

drops more cost than the later investment i.e., )*+,-	+/-0+1	2
)&

> )*+,-	+/-0+1	3
)&

 (see Figure 3).  

• In mathematical terms, what we discussed can be given by 𝑐#%% > 0. Two simple examples for such 

functions are 𝑐#(𝑖) =
4!
25&"

, 𝛿 < 1 and 𝑐#(𝑖) =
4!

(25&)"
, 𝛿 > 0. We call this property the “Natural Cost” 

property and denote it by NC. 

• For completeness, we consider a general non-increasing cost function and only specifically mention 

the NC property when we need it. 

• As in this paper we consider the supplier’s ‘unit production’ cost, we can translate any increase in 

the production efficiency to cost reduction. Consider a farm’s total cost and total production are 𝐶 

and 𝑃, respectively. Note that the unit production cost here is 8
9

, and after making a new investment, 

if the production increases to 𝑃2 > 𝑃, the unit production cost will be 8
9#

 which is smaller than 8
9

.  

 



Figure 3. Investment effects on cost reduction

 
• With regards to the last point, the background economics theory (See Schultz (1971)) suggests that 

the production efficiency in agriculture (and possibly all industries) is the result of investment in both 

physical and human capital. Investment in physical capital is usually undertaken through buying new 

technologies, and for human capital, investment is made through education and training 

programmes. This subject is core to the studies of the Nobel prize winner Theodore. W. Schultz 
published in his book “Investing in human capital: the role of education and of research” (1971). 

• The supplier has access to insurances only on the price indexes.  

• We assume the cost to reduce at a diminishing rate because the impact of investment is limited. This 

is based on the understanding that “early investment” (e.g. introducing a new and ground-breaking 

technology) can lead to extensive improvement in farming. 

• The supplier (farmer) decides on optimal investment 𝑖 and optimal insurance 𝑦	when insurance is 

introduced, while the retailer decides on optimal quantity 𝑞.  

• The supplier is risk averse and uses a risk measure 𝜚# to measure the risk. 

• We consider that investment is only used to reduce the production cost, and its possible effect on 

production volume is not taken into account, which can be the subject of a future study. 

 

The problem for the supplier is to maximise its profit. However, since the supplier is risk averse, it 
must also consider the impact of the risk. The loss for the supplier occurs when the prices drop below 

the production cost i.e.,  

𝐿(𝑖) = (𝑐#(𝑖) − 𝑤)5. 
Here, the supplier chooses a risk measure, which gives the amount associated with its risk (i.e. an 
estimation of how much it will lose). As such, the supplier’s objective is to maximise the following 

objective for 𝑞 units of farm production: 

𝐸:𝑞(𝑤 − 𝑐#(𝑖) − (1 + 𝑟)𝑖); − 𝜚#(𝑞𝐿). 
If we consider and include the supplier’s access to insurance, then one can consider an objective function 

with an insurance contract	𝑦: 

𝐸(𝑞(𝑤 − 𝑐#(𝑖) − (1 + 𝑟)𝑖) − 𝜋(𝑞𝑦)) − 𝜚#:𝑞(𝐿 − 𝑦);. 
Of course, for the retailer, the problem is to maximise its expected profit:  



𝐸 E𝑞:𝑝(𝑞) − (𝑤 + 𝑐");F. 

In this paper, we consider a distortion risk measure 𝜚# to model the risk behaviour of the farmer, 

whereas a distortion risk premium 𝜋  is used to represent the premium of the insurance contract. As 

distortion risk measures are monetary, they can be properly used to set a risk sharing problem. In order 

to unify the definition of distortion risk measures and distortion risk premiums, we introduce distortion 
risk mapping as follows: 

 

Definition 1. A distortion risk mapping ρ is a mapping defined on the set of random variables that can be 
represented as follows:  

ρ(y) = I VaR-(y)dΠ(t),
2

:
 

where, 

VaR;(	𝑦) = inf 	R𝑐 ∈ 𝑅	|𝛼 ≤ 𝐹$(𝑐)X,	
and Π: [0,1] → [0,1] is a non-decreasing function so that Π(0) = 0 and Π(1) = 1.  

The family of distortion risk mappings covers very important examples, particularly, the VaR< (Value 
at Risk), where Π(𝑡) = 1[;,2]: 

VaR;(	𝑦) = inf 	R𝑐 ∈ 𝑅	|𝛼 ≤ 𝐹$(𝑐)X,	

or Conditional Value at Risk, where Π(𝑡) = <@;
2@;

1[;,2]: 

CVaR;(𝑦) =
1

1 − 𝛼
I VaR<(𝑦)𝑑𝑡.
2

;
 

See Assa (2015) for more details on risk measures and that how they represent the risk aversion 

characteristic of the agent.  A distortion risk measure is an average of all values at risk with particular 
weights, which depends on the agent. For instance, while VaR is only concerned with a quantile (𝛼 

percent), CVaR takes an equally weighted average of all values at risk larger than VaR. 

In this paper, we consider the risk measure and the risk premium both to belong to the family of 

distortion risk mappings:  

• 𝜚#(𝑦) = ∫ VaR<(𝑦)𝑑Π#(𝑡).
2
:  

• 𝜋(𝑦) = ∫ VaR<(𝑦)𝑑ΠA(𝑡).
2
:  

With the risk measure and the risk premium fixed, we can now study a hedging problem to minimise 
the risk of the farmer’s losses. We consider the contracts in the form of 𝑦 = 𝑘(𝐿), where 𝑘 is called the 

indemnity function and 𝑔(𝑐) = 𝑐 − 𝑘(𝑐) is the retained loss function. Inspired by Cong et al. (2014), to 

avoid ill-posed hedging, we impose some conditions on the insurance contracts. First, we assume that 
zero loss needs no indemnity and no retained loss, i.e.  𝑘(0) = 𝑔(0) = 0. Second, we assume that the 

indemnity is compatible with the loss increase, meaning that larger losses need larger indemnity. This 

assumption implies that 𝑘 is a non-decreasing function. Third, we assume that the insurance company 

will not over-hedge the losses by assuming that 𝑖 is non-decreasing, which can be justified since larger 
risk cannot imply smaller retained losses. Summarising all the assumptions, we can list them as follows:  

1. Zero risk assumption: 𝑘(0) = 𝑖(0) = 0; 

2. Compatibility: 𝑐2 ≤ 𝑐3 ⇒ 𝑘(𝑐2) ≤ 𝑘(𝑐3); 
3. No over-hedging: 𝑐2 ≤ 𝑐3 ⇒ 𝑔(𝑐2) ≤ 𝑔(𝑐3). 



 

Lemma 1: Let	𝑓(𝑐) = ∫ VaR,
2
: ((𝑐 − 𝑋)5)𝑑Π(𝑠) for a given random variable 𝑋. Then, we have 	BC

B4
(𝑐) =

Π(1) − Π:𝐹5D(𝑐);. 
 

Corollary 1: f(c) = ∫ EΠ(1) − Π:F5E(t);F dt
F
: . 

 

If we consider 𝑋 = 𝑤 and Π = Π#, then 𝑓 represents the risk of the supplier in terms of the cost of 
production. As one can see, the rate of change for this function in terms of the production cost is given 

by the survival function of the prices and Π#.  For instance, comparing fat-tailed and thin-tailed 

distributions 𝑤2 and 𝑤3, respectively,  𝐹iG#  decreases with a slower rate than  𝐹iG$, so the risk increases 

at a higher rate.  

 
Lemma 2: Under no ill-posed hedging conditions,  

1. The following mapping 𝜚H is a distortion risk mapping, 

𝜚H(𝑋):= min
:I$ID

{𝜋(𝑦) + 𝜚#(𝑋 − 𝑦)} = I VaR-(𝑋)𝑑ΠH(𝑡)
2

:
, 

where	ΠH(𝑡) = max{ΠA(𝑡), Π#(𝑡)}. 

2. The minimum above is attained at 	𝑦∗ = 𝑘∗ ∘ 𝐹D(𝑋) = 𝑘∗:𝐹D(𝑋);, where	𝑘∗(𝑥) = ∫ 𝑘∗%(𝑡)𝑑𝑡K
: , and  

𝑘∗%(𝑥) = o
1, ΠA:𝐹D(𝑥); > Π#:𝐹D(𝑥);
0, ΠA:𝐹D(𝑥); ≤ Π#:𝐹D(𝑥);

. 

 

4. Problem setup  

In this section we consider two different approaches towards finding the optimal solutions: the total-

profit (TP) approach; and the Stackelberg game approach. The first approach looks at the problem from 
a so-called social planner point of view, and the second approach looks at it from the individual’s point 

of view.  

According to the economics theories, the social planner cares about the aggregate welfare of the 
economy (Jehle, 2001). In our case, there are suppliers and retailers whose total profit can represent the 

aggregate welfare. It is important to note that the sum of the individual profits is meaningful here as they 

are not just numbers representing the players’ desirability (like a utility function value), but a value that 

represents the monetary value of business. Furthermore, using risk measures is also consistent with this 
perspective, as the value of a risk measure is in the same quantity as profit (e.g. both can be in currencies 

such as US dollars).  

On the other hand, we may consider the individuals’ point of view where the entities only care about 

maximising their own profit, which is more consistent with a game theoretical view. However, one needs 
to note that in this game the two entities would not move simultaneously, as one can wait for the other 

to move first. In our problem, the supplier’s decision on investment takes place after they observe the 

demand. So, in this setup the retailer takes the lead and then the supplier follows. We have chosen the 

Stackelberg game approach for this purpose, which is a usual framework for studying such types of 
games. 



These approaches are well recognised in the supply chain literature, examples of which may be seen 

in the work of Wang and Choi (2014), who investigated the optimal decision making of each member 
involved in a single period supply chain in a Pareto equilibrium and also forming a Stackelberg game with 

a buy-back contract. 

It can be said that introducing insurances would increase the benefits in all cases, as there are more 

options available to the decision makers. However, in this paper we are interested in the impact of 
insurance on investment and quantity. To explore the impact of the price index insurance on investment, 

we consider four scenarios: 

1. Total-profit, with no access to insurance; 

2. Total-profit, with access to insurance; 
3. Stackelberg game, with no access to insurance 

4. Stackelberg game, with access to insurance 

 
We develop the solutions and then discuss their implications in terms of the impact of insurance on 

investment.  

 

4.1. Total-profit setup, with no access to insurance 
In the total-profit (TP) approach we optimise the total profit of the supply chain. First, consider the 

total profit as follows: 

𝑉L(𝑖, 𝑞) = 𝐸:𝑞(𝑤 − 𝑐#(𝑖) − (1 + 𝑟)𝑖); − 𝜚# E𝑞:𝐿(𝑖);F + 𝐸 E𝑞:𝑝(𝑞) − (𝑤 + 𝑐");F. 

Choosing a monetary risk measure is very useful here, since it directly contributes to the value of the 

profit. Unlike utilities that are scalar and only represent the desirability towards the risky position, a 

monetary risk measure can give values in terms of currency. Consider the following optimal problem of 
maximising the value with investment and quantity, without having access to insurances: 

𝑉L =	maxMN:
&N: 	

𝑉L(𝑖, 𝑞). 

To have a better understanding of the optimal decision problem, let us introduce 

𝑉L(𝑖): = 𝑐#(𝑖) + (1 + 𝑟)𝑖 + 𝜚#:𝐿(𝑖);		and		𝑀L: = min
&N:

𝑐#(𝑖) + (1 + 𝑟)𝑖 + 𝜚#:𝐿(𝑖);.		

Now, we can do some simplification of the optimisation problem as follows: 

𝑉L =	maxMN:
&N: 	

𝑉L(𝑖, 𝑞) = max
MN:
&N:

r𝐸:𝑞(𝑤 − 𝑐#(𝑖) − (1 + 𝑟)𝑖); − 𝜚# E𝑞:𝐿(𝑖);F + 𝐸 E𝑞:𝑝(𝑞) − (𝑤 + 𝑐");Fs 

= max
MN:
&N:

r𝑞 E𝑝(𝑞) − 𝑐#(𝑖) − 𝑐" − (1 + 𝑟)𝑖 − 𝜚#:𝐿(𝑖);Fs 

= max
MN:
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So, we must solve an inner problem to find the optimal investment, and a total profit problem to find the 

optimal quantity: 

 min
&N:

R𝑐#(𝑖) + (1 + 𝑟)𝑖 + 𝜚#:𝐿(𝑖);X, (𝑃2L) 



and 

 max
MN:

{𝑞(𝑝(𝑞) − 𝑐" −𝑀L)}. (𝑃3L) 

As one can see, the optimal investment does not have any impact on the optimal quantity. We distinguish 

two cases: if 𝑖L∗ = 0 or 𝑖L∗ > 0. If latter holds, using Lemma 1 and first order condition, we can solve (𝑃2L) 

as follows: 

0 =
𝜕𝑉L(𝑖)
𝜕𝑖

=
𝜕 E𝑐#(𝑖) + (1 + 𝑟)𝑖 + 𝜚#:𝐿(𝑖);F

𝜕𝑖

= −𝑐#%(𝑖) − (1 + 𝑟) − 𝑐#%(𝑖) �Π#(1)���
Q2

− Π# E𝐹5G:𝑐#(𝑖);F�. 

The solution to this problem then can be given by:  

𝑐#%(𝑖L∗ ) =
−(1 + 𝑟)

1 + �1 − Π# E𝐹5G:𝑐#(𝑖L∗ );F�
.	 

Finally, to solve for optimal quantity again we must recognise two cases: if  𝑞L∗ = 0 or 𝑞L∗ > 0. If 𝑞L∗ > 0, 

by first order condition we can solve for 𝑞L∗ : 

:𝑞𝑝(𝑞);%(𝑞L∗ ) = 𝑐" +𝑀L =	𝑐#(𝑖L∗ ) + 𝑐" + (1 + 𝑟)𝑖L∗ + 𝜚#:𝐿(𝑖L∗ );. 
 

4.2. Total-profit setup, with access to insurance 

Now, let us consider that an insurance is introduced. The total profit will be: 

𝑉L(𝑖, 𝑞, 𝑦) = E𝐸:𝑞(𝑤 − 𝑐#(𝑖) − (1 + 𝑟)𝑖) − 𝜋(𝑞𝑦); − 𝜚#:𝑞(𝐿(𝑖) − 𝑦);F + 𝐸 E𝑞:𝑝(𝑞) − (𝑤 + 𝑐");F. 

 Consider the following problem with both insurance and investment together: 

𝑉HL = max
:I$IR
MN:
&N:

𝑉L(𝑖, 𝑞, 𝑦). 

Again, for a better understanding of the problem we can use some mathematics: 

𝑉HL = max
:I$IR
MN:
&N:

r𝐸:𝑞(𝑤 − 𝑐#(𝑖) − (1 + 𝑟)𝑖) − 𝜋(𝑞𝑦); − 𝜚#:𝑞(𝐿(𝑖) − 𝑦); + 𝐸 E𝑞:𝑝(𝑞) − (𝑤 + 𝑐");Fs 

= max
MN:
&N:

o�𝑞 �𝑝(𝑞) − 𝑐#(𝑖) − 𝑐" − (1 + 𝑟)𝑖 − min
:I$IR(&)

R𝜋(𝑦) + 𝜚#:(𝐿(𝑖) − 𝑦);X��� 

Similar to what was done above, let us introduce 𝑉HL(𝑖):  

𝑉HL(𝑖) ≔ 𝑐#(𝑖) + (1 + 𝑟)𝑖 + 𝜚H:𝐿(𝑖);		and		𝑀HL ≔ min
&N:

𝑐#(𝑖) + (1 + 𝑟)𝑖 + 𝜚H:𝐿(𝑖);.	 

Using Lemma 2 above, we get: 

𝑉HL = max
MN:
&N:

𝑉HL (𝑖, 𝑞) = max
MN:
&N:

r𝑞 E𝑝(𝑞) − 𝑐#(𝑖) − 𝑐" − (1 + 𝑟)𝑖 − 𝜚H:𝐿(𝑖);Fs 

= max
MN:

⎩
⎪
⎨

⎪
⎧

𝑞

⎝

⎜
⎛
𝑝(𝑞) − 𝑐" −min&N:

{𝑐#(𝑖) + (1 + 𝑟)𝑖 + 𝜚H:𝐿(𝑖);|}}}}}}}}~}}}}}}}}�
O&%(&)

�
�����������������������

P&% ⎠

⎟
⎞

⎭
⎪
⎬

⎪
⎫

. 

Now, we must solve three problems: 



 min
:I$IRS&&%∗ T

R𝜋(𝑦) + 𝜚#:(𝐿(𝑖HL∗ ) − 𝑦);X, (𝑃:HL),  

 min
&N:

R𝑐#(𝑖) + (1 + 𝑟)𝑖 + 𝜚H:𝐿(𝑖);X, (𝑃2HL), and  

 max
MN:

{𝑞(𝑝(𝑞) − 𝑐" −𝑀HL)}. (𝑃3HL)  

Using Lemma 1 and the first order condition, if 𝑖HL∗ > 0, to solve (𝑃2HL), we get: 

0 =
𝜕𝑉HL(𝑖)
𝜕𝑖

=
𝜕R𝑐#(𝑖) + (1 + 𝑟)𝑖 + 𝜚H:𝐿(𝑖);X

𝜕𝑖
= −𝑐#%(𝑖) − (1 + 𝑟) − 𝑐#%(𝑖) �1 − ΠH E𝐹5G:𝑐#(𝑖);F�. 

In that case, we can find the optimal investment by solving: 

𝑐#%(𝑖HL∗ ) =
−(1 + 𝑟)

1 + �1 − ΠH E𝐹5G:𝑐#(𝑖HL∗ );F�
. 

 

Having the optimal investment, we can solve for optimal contract and optimal quantity. By Lemma 2, 
we have to solve (𝑃:HL): the optimal insurance policy can be given by 𝑦HL∗ = 𝑔HL(𝐿)	,	where 𝑔HL(𝑥) =

∫ 𝑔HL% (𝑡)𝑑𝑡
K
:  and 

𝑔HL% (𝑥) = {
1, ΠA E𝐹R(&&%∗ )(𝑥)F > Π# E𝐹R(&&%∗ )(𝑥)F

0, ΠA E𝐹R(&&%∗ )(𝑥)F ≤ 	Π# E𝐹R(&&%∗ )(𝑥)F
. 

Finally, for 𝑞HL∗ > 0, we can set to find the optimal quantity by using the first order condition as a solution 
to the following equation: 

:𝑞𝑝(𝑞);%(𝑞HL∗ ) = 𝑐" + 𝑈HL =	𝑐#(𝑖HL∗ ) + 𝑐" + (1 + 𝑟)𝑖L∗ + 𝜚H:𝐿(𝑖HL∗ );. 
 

4.3. Stackelberg game, with no access to insurance 

The Stackelberg game is a game in which the leader firm, which enters the market first, moves first 
and then the follower firm moves. In the TP approach, none of the parties, neither the supplier nor the 

retailer, takes the lead and the decision is made to maximise the total supply chain profit. In the 

Stackelberg game approach, however, the retailer enters the market first and has the lead, and the 

supplier will follow. In that respect, the supplier needs to optimise its decision after knowing what would 
happen if it was willing to take a particular action. Therefore, first, we must solve the retailer problem:   

𝑉L" = max
MN:

𝐸 E𝑞:𝑝(𝑞) − (𝑤 + 𝑐");F = max
MN:

E𝑞:𝑝(𝑞) − (𝐸(𝑤) + 𝑐");F. 

 

By first order condition, if 𝑞L∗ > 0, we obtain the optimal quantity as the solution to the following 

equation: 

:𝑞𝑝(𝑞);%(𝑞L∗ ) = 𝐸(𝑤) + 𝑐" . 
 
Second, we solve the supplier problem: 

𝑉L# = 𝑉L = max
&N:

�𝐸:𝑞L∗ (𝑤 − 𝑐#(𝑖) − (1 + 𝑟)𝑖); − 𝜚# E𝑞L∗ :𝐿(𝑖);F� 

= 𝑞L∗max&N:
E𝐸(𝑤) − 𝑐#(𝑖) − (1 + 𝑟)𝑖 − 𝜚#:𝐿(𝑖);F. 

 



If 𝑖L∗ > 0, then this gives the optimal solution as a solution to: 

−𝑐#%(𝑖L∗ ) − (1 + 𝑟) − 𝑐#%(𝑖∗) �1 − Π# E𝐹5G:𝑐#(𝑖L∗ );F� = 0, 

or equivalently: 

𝑐#%(𝑖L∗ ) =
−(1 + 𝑟)

1 + �1 − Π# E𝐹5G:𝑐#(𝑖L∗ );F�
. 

 

There are a few points that warrant some explanation. First, the benefit of the insurance and 

investment is only for the supplier. Second, in principle, this game can be excluded from the family of 

Stackelberg games. The reason is that the decision of neither of the players impacts the other player’s 
decision. The retailer decides about the optimal quantity regardless of the optimal investment, and the 

supplier decides about the optimal investment regardless of the value of the optimal quantity.  

 

4.4. Stackelberg game, with access to insurance 
The retailer problem is not going to change here:  

𝑉HL" = max
MN:

𝐸 E𝑞:𝑝(𝑞) − (𝑤 + 𝑐");F. 

The optimal solution, when 𝑞HL∗ > 0, can be given as a solution to: 

:𝑞𝑝(𝑞);%(𝑞HL∗ ) = 𝐸(𝑤) + 𝑐" . 
The supplier problem is given as follows: 

𝑉HL# = 𝑉HL = max
:I$IR(&)

&N:

�𝐸 E𝑞HL∗ :𝑤 − 𝑐#(𝑖) − (1 + 𝑟)𝑖 − 𝜋(𝑦);F − 𝜚# E𝑞HL∗ :𝐿(𝑖);F� 

= 𝑞HL∗ max&N:
�𝐸(𝑤) − 𝑐#(𝑖) − (1 + 𝑟)𝑖 − min

:I$IR(&)
R𝜋(𝑦) + 𝜚#:𝐿(𝑖);X� 

= 𝑞HL∗ max&N:
E𝐸(𝑤) − 𝑐#(𝑖) − (1 + 𝑟)𝑖 − 𝜚H:𝐿(𝑖);F. 

Like above, if 𝑖HL∗ > 0 the solution to this problem is then given by the following equation:  

𝑐#%(𝑖HL∗ ) =
−(1 + 𝑟)

1 + �1 − ΠH E𝐹5G:𝑐#(𝑖HL∗ );F�
. 

Lemma 3: The optimal insurance contract is a multi-layer policy given by: 

𝑦∗ = 𝑔(𝐿) where	𝑔(𝑥) = ∫ 𝑔%(𝑡)𝑑𝑡K
: , 

𝑔′(𝑥) = {
1, ΠA E𝐹R(&&%∗ )(𝑥)F > Π# E𝐹R(&&%∗ )(𝑥)F

0, ΠA E𝐹R(&&%∗ )(𝑥)F ≤ Π# E𝐹R(&&%∗ )(𝑥)F
 

 

In this case, one can see that adding insurances can only increase the benefit to the supplier, since it 
only affects the supplier’s objective function. This is one of the main differences between this approach 

and the total-profit approach. 

 

4.5. A quick glance at optimal solutions 
A few immediate observations can be made that are summarised in Table 1. First, the optimal 

investment is invariant with respect to the approach we chose, either with the total-profit or Stackelberg 



game approach. However, it is changing if we introduce an insurance product. At this point, it is not clear 

how the value of investment changes from the situation that there is no insurance to one where there is 
one, which needs further investigation. Second, while the optimal quantity for the total-profit approach 

can be different with insurance or without it, for the Stackelberg approach the optimal quantity does not 

change under either condition. Finally, in the total-profit approach the optimal insurance and the 

quantity depend on the optimal investment, and not the opposite. For the Stackelberg game approach, 
however, the optimal quantity does not depend on investment. 

 

Table 1: Optimal solutions 

 

In the next section, we will carry out a more in-depth analysis, first by studying the impact of insurance 
on optimal investment and optimal quantity, second by measuring the impact of insurance on the supply 

chain. We will then use these to discuss the structure of the optimal insurance contract. 

 

5. Impact of insurance 
The optimal insurance contracts have considerable impact on the optimal investment and quantity. 

In the following we will have an in-depth look into these two concepts.    

 

5.1. Impact of insurance on investment 
As discussed above, it is initially not clear what the impact of insurance on investment could be. To 

address this and provide an answer, we present the following proposition, proof for which is given in the 

appendix. 

 
Proposition 1: With a natural cost function (NC assumption), we have  	𝑖L∗ ≥ 𝑖HL∗ 	. 

 

The proposition has a strong implication. We suggested before that introducing insurance will 
increase profit in both total-profit and Stackelberg game approaches, while the necessary optimal 

investment decreases. In other words, by introducing insurances one can acquire a higher benefit with a 

lower amount of investment. This is crucially important in countries where there is underinvestment in 

the agricultural sector. Karlan et al. (2014) refer to underinvestment in agriculture in developing states 
(they report the case of Ghana) leading to economic disequilibrium and major heterogeneity in input 

intensity and output per acre. This can even be traced in developed countries such as the UK, as was 

shown in Figure 1. This means that insurances can help significantly to improve the profit without 

increased investment. This can also have a further motivating effect on the investors, as a price insurance 

 𝒊∗ > 𝟎 𝒒∗ > 𝟎 𝒚∗ 

Without 
insurance 

𝑐"#(𝑖$∗ )

=
−(1 + 𝑟)

1 + a1 − Π" c𝐹e%S𝑐"(𝑖$∗ )Tfg
 

TP 
S𝑞𝑝(𝑞)T#(𝑞$∗ )
= 	 𝑐"(𝑖$∗ ) + 𝑐& + (1 + 𝑟)𝑖$∗
+ 𝜚"S𝐿(𝑖$∗ )T No insurance 

Stack. S𝑞𝑝(𝑞$)T
#(𝑞$∗ ) = 𝐸(𝑤) + 𝑐& 

With 
insurance 

𝑐"#(𝑖'$∗ )

=
−(1 + 𝑟)

1 + a1 − Π' c𝐹e%S𝑐"(𝑖'$∗ )Tfg
 

TP 
S𝑞𝑝(𝑞)T#(𝑞'$∗ )
= 	 𝑐"(𝑖'$∗ ) + 𝑐& + (1 + 𝑟)𝑖'$∗
+ 𝜚'S𝐿(𝑖'$∗ )T 

𝑔'$# (𝑥)

= p
1, Π( c𝐹)(+!"∗ )(𝑥)f > Π" c𝐹)(+!"∗ )(𝑥)f

0, Π( c𝐹)(+!"∗ )(𝑥)f ≤ Π" c𝐹)(+!"∗ )(𝑥)f
 

Stack. S𝑞𝑝(𝑞'$)T
#(𝑞'$∗ ) = 𝐸(𝑤) + 𝑐& 



can help farming to become more profitable by stabilising the revenue, which expectedly attracts more 

investment later. This can be the subject of future research to measure the amount of increased 
investment after the introduction of the insurance contract.  

 

5.2. Impact of insurance on quantity 

In the Stackelberg game approach, the optimal quantity does not change with insurances and it does 
not depend on the optimal investment. That is clear since the insurance and investment can only improve 

the supplier’s position, as the retailer enters the market first.  

However, for the TP approach, the situation is different. We examine this on a particular demand 

function. Among the most popular demand functions are the isoelastic demand functions. These types 
of demand functions in the field of agricultural commodities are discussed in Assa (2016). The general 

form of such utilities can be given as follows: 

𝑝(𝑞) = 𝑞! , 
for a given elasticity parameter 𝛽 < 0 . This demand function can be derived while using a simple 

isoelastic utility function. However, since we are interested in a non-zero optimal quantity, we need to 

consider a restriction on 𝛽 that is given in the following proposition: 

 

Proposition 2. If the demand function is an isoelastic demand function, 𝑝(𝑞) = 𝑞! , to have a positive 

demand we need −1 < 𝛽 < 0.  
 

The following proposition can compare the optimal quantities with and without insurance: 

 

Proposition 3. For positive optimal quantities and isoelastic demand function with positive demands (i.e.,  
−1 < 𝛽 < 0) we have 𝑞HL∗ ≥ 𝑞L∗ . 

 

Interestingly, we can see that with insurance the optimal quantity will increase. This has a strong 

implication by indicating that insurance not only increases the benefit and investment but will also 
improve the consumers’ welfare.  

 

6. Discussions 
6.1. Measuring the benefit of insurance on risk capital 

The impact of the optimal insurance contract can be measured in four different ways: 1) The total 

benefit; 2) Benefit given quantity; 3) Benefit given quantity and investment; 4) Benefit to quantity. 

The benefit can be regarded as making profit or reducing cost. In order to measure the benefit of 
insurance we choose a popular method by finding the so-called indifference ask and bid prices (see 

Karagiannis et al. (2016)).  First, we need to identify two different situations: a riskier situation, when 

there is no insurance introduced, and a less-risky situation, when an insurance contract is introduced. For 

the ask price, the idea will be how much profit needs to be made, or how much cost needs to be reduced 
in order to move from the less-risky situation to the riskier one and remain indifferent. For the bid price, 

we need to identify the profit that can be given up or the cost that can be added to avoid the riskier 

situation.  



 

 
6.2. Relative total benefit of insurance  

As our problems are expressed in terms of the profit, it is easy to measure the total benefit as the 

benefit in the total profit.  

Let us first consider the TP approach.  The risky situation value is 𝑉L, where there is no insurance, and 
the less risky situation value is 𝑉HL, where there is an insurance contract. So, the ask and bid prices can 

be given as: 

Ask price:  

𝑉L + 𝑏s = 𝑉HL . 
Bid price:  

𝑉L = 𝑉HL − 𝑏t . 
We can then identify the total benefit of introducing insurances by 𝑏s = 𝑏t = 𝑉HL − 𝑉L. However, 

one can consider relative benefit as a more robust measure when comparing different cases. In that case, 

we can define the following relative total benefit (RTB): 

RTB = 1 −
𝑉L
𝑉HL

. 

For the TP case we have: 

RTB = 1 −
𝑞L∗ E𝑝(𝑞L∗ ) − 𝑐#(𝑖L∗ ) − 𝑐" − (1 + 𝑟)𝑖L∗ − 𝜚#:𝐿(𝑖L∗ );F

𝑞HL∗ E𝑝(𝑞HL∗ ) − 𝑐#(𝑖HL∗ ) − 𝑐" − (1 + 𝑟)𝑖HL∗ − 𝜚H:𝐿(𝑖HL∗ );F
. 

Now, consider the Stackelberg game approach. Note that, for the Stackelberg game we only need to 

consider the supplier’s value function, since the insurance only has an impact on the supplier. In a similar 

manner to what was done for the TP case, we can introduce the RTB for the Stackelberg game. Given 
that 𝑞H∗ = 𝑞HL∗ = 𝑞∗ in the Stackelberg game (see Table 1), we have:  

RTB = 1 −
𝑝(𝑞∗) − 𝑐#(𝑖L∗ ) − 𝑐" − (1 + 𝑟)𝑖L∗ − 𝜚#:𝐿(𝑖L∗ );
𝑝(𝑞∗) − 𝑐#(𝑖HL∗ ) − 𝑐" − (1 + 𝑟)𝑖HL∗ − 𝜚H:𝐿(𝑖HL∗ );

. 

 

6.3 Relative benefit of insurance given quantity 

First, we identify the optimal problems for the risky and less-risky situation according to our work: 

Less risky, with insurance: 

𝑉HL = max
MN:
&N:

r𝑞 E𝑝(𝑞) − 𝑐#(𝑖) − 𝑐" − (1 + 𝑟)𝑖 − 𝜚H:𝐿(𝑖);Fs.	 

Risky, without insurance: 

𝑉L = max
MN:
&N:

r�𝑞 E𝑝(𝑞) − 𝑐#(𝑖) − 𝑐" − (1 + 𝑟)𝑖 − 𝜚#:𝐿(𝑖);F�s. 

For both cases we can simplify the problems as follows: 

Less risky situation, with insurance: 

𝑉HL(𝑏) = max
MN:

𝑉HL(𝑏) = max
MN:

{𝑞 E𝑏 + 𝑝(𝑞) − 𝑐" −min& R(1 + 𝑟)𝑖 + 𝜚H:𝐿(𝑖); + 𝑐#(𝑖)XF�����������������������������������
O&%(u)

�	 

Risky situation, without insurance 



𝑉L(𝑏) = max
MN:

𝑉L(𝑏) = max
MN:

{𝑞 E𝑏 + 𝑝(𝑞) − 𝑐" −min& R(1 + 𝑟)𝑖 + 𝜚#:𝐿(𝑖); + 𝑐#(𝑖)XF�����������������������������������
O%(u)

�	. 

Therefore, ask price given quantity can be found as: 

𝑉L(𝑏s) = 𝑉HL(0) 
Similarly, bid price given quantity can be found as: 

𝑉L(0) = 𝑉HL(−𝑏t) 
Looking at the optimal problems, it turns out that both prices are equal and expressed as follows: 

𝑏s = 𝑏t = min
&
R(1 + 𝑟)𝑖 + 𝜚#:𝐿(𝑖); + 𝑐#(𝑖)X − min& R(1 + 𝑟)𝑖 + 𝜚H:𝐿(𝑖); + 𝑐#(𝑖)X 

 

For any risk measure 𝜚, the value (1 + 𝑟)𝑖 + 𝜚:𝐿(𝑖); + 𝑐#(𝑖) can be interpreted as the cash-out (or 

the value that is due to be paid at the end by the farmer). So 𝑏s = 𝑏t  is in principle the difference 

between the optimal cash-out, with and without insurance.  It is interesting that the benefit given 

quantity is invariant to the value of quantity. However, in order to offer a more robust measure for 

making a comparison, we again consider the relative benefit as follows: 

RBM = 1 −
min
&
R(1 + 𝑟)𝑖 + 𝜚H:𝐿(𝑖); + 𝑐#(𝑖)X

min
&
R(1 + 𝑟)𝑖 + 𝜚#:𝐿(𝑖); + 𝑐#(𝑖)X

. 

Like above, for the Stackelberg game we only need to focus on the value function of the supplier. 

Following exactly the same steps for the value function of the suppliers, given that 𝑞H∗ = 𝑞HL∗ , in the 

Stackelberg game we have:  

𝑏s = 𝑏t = max
&N:

E𝐸(𝑤) − 𝑐#(𝑖) − (1 + 𝑟)𝑖 − 𝜚H:𝐿(𝑖);F − max&N:
E𝐸(𝑤) − 𝑐#(𝑖) − (1 + 𝑟)𝑖 − 𝜚#:𝐿(𝑖);F

= −min
&N:

E𝑐#(𝑖) + (1 + 𝑟)𝑖 + 𝜚H:𝐿(𝑖);F + min&N:
E𝑐#(𝑖) + (1 + 𝑟)𝑖 + 𝜚#:𝐿(𝑖);F 

This, as can be seen, is the same quantity as in the TP case.  This shows that the Stackelberg game 

approach yields the same relative benefit.  

 
6.4. Relative benefit of insurance given investment and quantity 

Now, we want to identify the ask and bid prices for a given quantity and investment. For this, we will 

look at benefit at the optimal problems:  

𝑉HL = max
MN:
&N:

𝑉HL(𝑏&) = max
MN:
&N:

r𝑞 E𝑝(𝑞) − 𝑐#(𝑖) + 𝑏& − 𝑐" − (1 + 𝑟)𝑖 − 𝜚H:𝐿(𝑖);Fs 

𝑉L = max
MN:
&N:

𝑉L(𝑏&) = max
MN:
&N:

r𝑞 E𝑝(𝑞) − 𝑐#(𝑖) + 𝑏& − 𝑐" − (1 + 𝑟)𝑖 − 𝜚#:𝐿(𝑖);Fs 

We can find the ask and the bid prices as follows: 

Ask price: 

𝑉L:𝑏&Ms ; = 𝑉HL(0) 

Bid price: 

𝑉L(0) = 𝑉HL:−𝑏&Mt ; 

Now, let us look at the optimality problems: 

𝑉L:𝑏&M; = max
MN:
&N:

r𝑞 E𝑝(𝑞) − 𝑐#(𝑖) + 𝑏&M − 𝑐" − (1 + 𝑟)𝑖 − 𝜚#:𝐿(𝑖);Fs 



= max
MN:
&N:

R𝑞:𝑝(𝑞) − 𝑐#(𝑖) − 𝑐" − (1 + 𝑟)𝑖 − 𝜚H:𝐿(𝑖); + R𝑏&M + 𝜚H:𝐿(𝑖); − 𝜚#:𝐿(𝑖);X;X.	 

 

In order to equalise 𝑉L:𝑏&M; to 𝑉HL(0), we need to consider 𝑏&M + 𝜚H:𝐿(𝑖); − 𝜚#:𝐿(𝑖); = 0, which 

gives  𝑏&Ms = 𝜚#:𝐿(𝑖); − 𝜚H:𝐿(𝑖);. One can also show that 𝑏&Mt = 𝜚#:𝐿(𝑖); − 𝜚H:𝐿(𝑖);. 

However, for a more robust comparison we introduce the relative measure as follows: 

RB&M = 1 −
𝜚H:𝐿(𝑖);
𝜚#:𝐿(𝑖);

. 

As one can see, RB&M is only a function of investment 𝑖, and it is independent of 𝑞. In a similar manner, in 

the Stackelberg game we have:  

𝑏&Ms = 𝑏&Mt = 𝐸(𝑤) − 𝑐#(𝑖) − (1 + 𝑟)𝑖 − 𝜚H:𝐿(𝑖); − E𝐸(𝑤) − 𝑐#(𝑖) − (1 + 𝑟)𝑖 − 𝜚#:𝐿(𝑖);F

= 𝜚#:𝐿(𝑖); − 𝜚H:𝐿(𝑖); 
which is the same quantity as in the TP case.  

However, as mentioned earlier we can also look at the cost factor. Similarly, we can see that insurance 

will reduce the cost by 𝜚#:𝐿(𝑖); − 𝜚H:𝐿(𝑖);.  In other words, if we denote the production cost before 

insurance by 𝑐#(𝑖), then after introducing the insurance one can consider a new production cost:   

�̂�#(𝑖) = 𝑐#(𝑖) − E𝜚#:𝐿(𝑖); − 𝜚H:𝐿(𝑖);F. 

 

Proposition 4. The function 𝑖 ↦ RB&M = 1 − v&SR(&)T
v!SR(&)T

  is decreasing in 𝑖. 

This shows that early investment always makes greater relative benefit. 

 

6.5. Relative benefit of insurance for quantity 
The relative benefit of insurance for quantity (RBQ) is the percentage of the optimal quantity that with 

insurance the consumer can benefit from. However, one should note that this is only true for the TP 

approach, as in the Stackelberg approach the quantity does not depend on insurance and investment. As 

a result, we can only define RBQ for the TP approach. It can simply be defined as follows: 

RBQ = 1 −
𝑞H∗

𝑞HL∗
. 

6.5.1. Mutual benefits 
What we discuss here is relevant to the win-win situation:  

• First, let us start with the TP approach. In the TP approach, even though we maximise the total profit, 

one cannot directly guarantee if all the agents’ profit has increased. However, we have two 

statements that can show in some way the players are winning. First, the social planner is benefiting, 

since with the insurance option a higher total benefit is achieved. This is apparently happening with 
less investment. On the other hand, the retailer has a larger quantity, which shows their welfare has 

increased with the insurance.  

• However, for the Stackelberg approach we can clearly show the mutual benefits. First, let us look at 

the supplier problem: 

𝑉L# = 𝑞L∗max&N:
E𝐸(𝑤) − 𝑐#(𝑖) − (1 + 𝑟)𝑖 − 𝜚#:𝐿(𝑖);F. 



The problem is feasible if 𝑉L# ≥ 0, which by positivity of the demand implies max
&N:

E𝐸(𝑤) − 𝑐#(𝑖) −

(1 + 𝑟)𝑖 − 𝜚#:𝐿(𝑖);F ≥ 0. Since 𝜚# ≥ 𝜚H we get that: 

max
&N:

E𝐸(𝑤) − 𝑐#(𝑖) − (1 + 𝑟)𝑖 − 𝜚H:𝐿(𝑖);F 

≥ max
&N:

E𝐸(𝑤) − 𝑐#(𝑖) − (1 + 𝑟)𝑖 − 𝜚#:𝐿(𝑖);F ≥ 0. 

Since, by proposition 3 for 𝑝(𝑞) = 𝑞!  we have 𝑞HL∗ ≥ 𝑞L∗ , we get that: 

𝑉L# = 𝑞L∗max&N:
E𝐸(𝑤) − 𝑐#(𝑖) − (1 + 𝑟)𝑖 − 𝜚#:𝐿(𝑖);F

≥ 𝑞HL∗ max&N:
E𝐸(𝑤) − 𝑐#(𝑖) − (1 + 𝑟)𝑖 − 𝜚H:𝐿(𝑖);F = 𝑉HL# . 

On the other hand, it is clear that the retailer problem remains the same: 

	𝑉L" = max
MN:

𝐸 E𝑞:𝑝(𝑞) − (𝑤 + 𝑐");F = 𝑉HL" .	

So, neither of the players receives a smaller value. 
 

6.6. Numerical assessments 

In this section, we will examine the models we introduced earlier.  

 
6.6.1. Calibration 

First, we need to be specific about the functions that we use. In all of the analyses we use a particular 

demand function 𝑝(𝑞) = 𝑞! , where −1 < 𝛽 < 0  quantifies the demand elasticity. Based on the 

estimation done in Assa (2016), the range of 𝛽 for non-live-stock agricultural commodities is between 

[−0.168, 0.056]4. For that reason, we fix 𝛽 = −0.1 as a choice that is almost in the middle of the interval. 

Note that, the changes in 𝛽 would only have an impact on the quantity and not the investment. As such, 

in the numerical assessment RB&, RB&M and the value of optimal investment will be invariant with regard 

to 𝛽. 

To be consistent with the literature on finance, we have chosen a Log-Normal distribution for prices 

inspired by the Black-Scholes model with no-arbitrage condition5 (see Black and Scholes (1971)). The no-
arbitrage condition implies that for a Log-Normal (𝜇, 𝜎) model, we need to consider 𝑟 = 𝜇.  𝑟 is taken 

equal to 5 and 10 percent to capture the increase of the risk free, i.e. 𝑟 ∈ {0.05,0.1}. The volatility 𝜎, is 

taken as 10 and 25 percent, which represents the annual volatility of two regimes with high and low risk, 
i.e. 𝜎 ∈ {0.1,0.25} . We take 𝑐# = 1  and 𝑐" = 0.1 . Changing 𝑐"  will not change the results as such, 

however, as we will discuss later, choosing 𝑐# can cause some differences. The risk tolerance parameter 

is chosen for two characteristics of more and less risk averse with 𝛼 ∈ {0.95	, 0.9}. We use two risk 

measures, VaR and CVaR, and also for the premium function we consider the expectation premium 
principle, i.e. 𝜋(𝑋) = 𝐸(𝑋). 

Here, we explain the cost function further. We consider a non-increasing function and then try to 

make a credible calibration. Let us consider the following function for a given 𝛿 > 0: 

 
4 Note that in Assa (2016) for 𝛽 > 0, the demand is assumed to be (𝑐 − 𝑖)!, for some constant 𝑐. 
5 For commodities this is also known as the Black model; Black (1976). 



𝑐#(𝑖) =
𝑐w

(1 + 𝑖)x
 

This function is apparently a decreasing one that is also NC, i.e. 𝑐#% < 0  and 𝑐#%% > 0 . To better 

understand the cost function, we examine what the parameter 𝛿 must look like. For this, we look at the 

relative changes of cost with respect to the relative changes of the investment as follows: 

£

𝑑𝑐#(𝑖)
𝑐w(𝑖)
𝑑𝑖
𝑖 + 1

£ = −
𝑑𝑐#(𝑖)
𝑑𝑖

𝑖 + 1
𝑐#(𝑖)

= 𝛿
𝑐w

(1 + 𝑖)x52
𝑖 + 1
𝑐w

(1 + 𝑖)x
=
𝑖 + 1
𝑖 + 1

𝛿 = 𝛿.	 

This number, at each value of investment 𝑖, shows that in order to decrease the cost by one percent 

one needs to increase 2
x

 percent in investment. To operationalise the model, we also need a proper 

estimation of the number 𝛿. As discussed before, we may consider two main areas for investment: the 

physical capital and the human capital. Adopting an economics theoretical framework, the farm is a 
firm where the profit factors are largely defined under either physical or human capital. Using a 

standard Cobb-Douglas production function, we can model the production as follows: 

𝑃𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛 = 𝐴𝐿y#𝐾y$ . 
Here, 𝐴 is the total factor productivity (usually representing the technology effect), 𝐿 is the human 

capital (usually known as labour) and 𝐾 is the physical capital. The parameters 0 < 𝜓2𝑎𝑛𝑑	𝜓3 < 1, are 
numbers representing the output elasticity of human capital and physical capital, respectively. That 

means, 𝜓2 (𝜓3) is the percentage change of output over the percentage change of one unit of labour 

(capital) input. 

If we want to invest in human capital, the relative change in cost over relative cost of investment must 

be proportional to relative output of human capital to physical capital. This means 𝛿 ∝ y#
y$

, but for 

simplicity, we consider 𝛿 = y#
y$

. This also implies that if the labour output elasticity is larger than the 

physical capital, investing in labour will prove to have a stronger impact. Conversely, if the investment is 

centred on the physical capital, we shall consider 𝛿 = y$
y#

.  

According to the literature (see Felipe and Adams (2005)), standard choices are 𝜓2 = 0.7 and 𝜓3 =

0.3, on the basis of which we will consider  𝛿 ∈ rz
{
, {
z
s, which can be plotted theoretically as shown in 

figure 4. 

Figure 4: Comparing cost functions for 𝛿 = z
{
 and 𝛿 = {

z
. 

 
For further investigation, we consider a comparison of the above model (Model 1) with the following 

cost function (Model 2): 𝑐#(𝑖) =
4(

25&"
. 



Note that, for 𝛿 > 1  the first derivative of Model 2 is as follows: 𝑐#%(𝑖) = − 4(x	&")#

S25&"T$
. This function 

equals 0 at 0 and +∞, which shows the 𝑐#%   is not decreasing. This implies that 𝑐#%% > 0 does not hold and 

the cost function is not a national cost function (i.e., NC condition is not fulfilled) for Model 2, 𝛿 = {
z
.  

However, we will keep this model to see how the solutions may change by violating the NC assumption.  

Now that we have all the needed elements of our model, simulations are needed for numerical 
assessment, for which we have used Python programming language. 

 

6.6.2. Results and discussions 
In the following we will investigate the results from the numerical assessment and see how the 

changes in different parameters can impact RTB , RB& , RB&M , 𝑖L∗ , 𝑖HL∗  and RBQ  in both TP and the 

Stackelberg game approaches. The numerical results are reported in tables 2 to 5 and Figure 5. 

 

6.6.2.1. Results for 𝑅𝑇𝐵 

Given all of the calibration we have undertaken, the relative benefits have a very wide range and, in 
many cases, are significantly high.  

From Table 2 one can see that the range for RTB is between 0 to 203 percent. Let us discuss the 

results for RTB  in three cases:  

• Case 1: 0 < RTB < 1. In this case, which also constitutes the majority of results, one can clearly 

realise the relative benefit of the insurance. As shown in table 3, while the range of benefits are 
between 3 to 90 percent, on average the relative benefit is significantly high, around 50 percent.   

• Case 2: RTB > 1.  RTB > 1 condition only happens for the Stackelberg approach with high volatility 

𝜎 = 0.25. For instance, with Stackelberg approach when 𝛿 = z
{
, 𝜇 = 0.05 and 𝜎 = 0.25, the RTB is 

equal to 2.032. RTB higher than 100 percent happens only if  O%
O&%

< 0. Given that 𝑉L ≤ 𝑉HL, from 

RTB > 1, we get that 𝑉L < 0 < 𝑉HL. This means that the problem with no insurance is not practically 

feasible as the benefits will always be negative.  

• Case 3: RTB = 0. While in Model 1, the RTB is always positive, whereas in Model 2, sometimes it 

can be equal to 0. This situation is an indication that the insurance may have no role in improving 

the business value, but such cases are extremely rare in our simulation. 

• An interesting observation is that in all cases for Model 1, the RTB for 𝛿 = z
{
  is larger than the RTB 

for 𝛿 = {
z
. It sounds even more interesting if we observe that the optimal investment for 𝛿 = z

{
  is 

always equal to 0 while for 𝛿 = {
z
, is not necessarily 0. To understand why this happens, note that 

based on Table 1 if 𝑖L∗ > 0, 𝑐#%(𝑖L∗ ) =
@(25|)

25}2@~!a�e*c4!S&%
∗ Tfg�

, while  

𝑐#%(𝑖) = −𝛿
𝑐w

(1 + 𝑖)x52
≥ −𝛿𝑐# = −

3
7
> −0.525 = −

1 + 𝑟
2

≥
−(1 + 𝑟)

1 + �1 − Π# E𝐹5G:𝑐#(𝑖);F�
. 

 
 
 



Table 2: Relative total benefit of insurance 

    𝜎	 = 	0.1 𝜎	 = 	0.25 

 
 

𝛿 =
3
7 𝛿 =

7
3 𝛿 =

3
7 𝛿 =

7
3 

 𝛼 = 0.9 𝛼 = 0.95 𝛼 = 0.9 𝛼 = 0.95 𝛼 = 0.9 𝛼 = 0.95 𝛼 = 0.9 𝛼 = 0.95 

M
od

el
 1

 

𝜇
=
	 0
. 0
5 TP

 VaR 0.379 0.506 0.156 0.248 0.723 0.814 0.412 0.562 

CVaR 0.53 0.614 0.333 0.394 0.827 0.874 0.634 0.711 
St

ac
k.

 VaR 0.357 0.545 0.125 0.215 1.132 1.57 0.448 0.734 

CVaR 0.592 0.755 0.311 0.387 1.689 2.032 0.925 1.159 

𝜇
=
	 0
. 1

 TP
 VaR 0.173 0.359 0.073 0.178 0.682 0.794 0.398 0.559 

CVaR 0.394 0.511 0.28 0.349 0.809 0.864 0.636 0.716 

St
ac

k.
 VaR 0.098 0.235 0.039 0.102 0.66 0.956 0.282 0.475 

CVaR 0.269 0.388 0.174 0.23 1.026 1.262 0.604 0.762 

M
od

el
 2

 

𝜇
=
0.
05

 TP
 VaR 0 0.027 0.379 0.506 0.265 0.532 0.723 0.814 

CVaR 0.111 0.156 0.53 0.614 0.573 0.701 0.827 0.874 

St
ac

k.
 VaR 0 0.019 0.357 0.545 0.211 0.548 1.132 1.57 

CVaR 0.082 0.118 0.592 0.755 0.63 0.913 1.689 2.032 

𝜇
=
0.
1 TP

 VaR 0 0.003 0.173 0.359 0.152 0.445 0.682 0.794 

CVaR 0.069 0.098 0.394 0.511 0.51 0.656 0.809 0.864 

St
ac

k.
 VaR 0 0.002 0.098 0.235 0.081 0.302 0.66 0.956 

CVaR 0.037 0.053 0.269 0.388 0.376 0.573 1.026 1.262 

 
Table 3: Relative benefit of insurance given quantity 

   𝜎	 = 	0.1 𝜎	 = 	0.25 

  
 𝛿 =

3
7 𝛿 =

7
3 𝛿 =

3
7 𝛿 =

7
3 

𝛼 = 0.9 𝛼 = 0.95 𝛼 = 0.9 𝛼 = 0.95 𝛼 = 0.9 𝛼 = 0.95 𝛼 = 0.9 𝛼 = 0.95 

M
od

el
 1

 

𝜇 =
0.
05

  VaR 0.056 0.082 0.02 0.034 0.144 0.183 0.062 0.095 

CVaR 0.088 0.109 0.048 0.059 0.191 0.221 0.114 0.139 

𝜇
=
0.
1  VaR 0.023 0.053 0.009 0.024 0.13 0.174 0.06 0.095 

CVaR 0.059 0.083 0.039 0.051 0.181 0.214 0.115 0.141 

M
od

el
 2

 

𝜇 =
0 .
05

 VaR 0 0.003 0.056 0.082 0.037 0.088 0.144 0.183 

CVaR 0.014 0.02 0.088 0.109 0.098 0.136 0.191 0.221 

𝜇
=
0.
1  VaR 0 0 0.023 0.053 0.02 0.069 0.13 0.174 

CVaR 0.009 0.013 0.059 0.083 0.083 0.121 0.181 0.214 

 
In general, larger 𝛿 will reduce the cost function more and as a result one can expect less relative 

benefit of the insurance. If we follow the argument in the calibration, we deduce that if one decides to 

invest in human capital the relative benefit of insurance would be less. The reason is that since 𝜓2 = 0.7 



and 𝜓3 = 0.3, the investment in human capital has greater impact on output than physical capital. This 

shows any improvement of benefit by insurance is more important when investing is in physical capital.  
The last interesting observation is about comparing the RTB  of the two cases of TP and the 

Stackelberg game case. As observations showed, the RTB of the Stackelberg game is significantly higher 

in all cases. This can be due to the fact that the farmer in the Stackelberg game leads and hence can make 

decisions that benefit her the most. 
 

6.6.2.2. Results for 𝑖∗ 
We can now discuss the optimal investment results, for which we examine the results in three cases: 

• Case 1: 𝑖L∗ = 𝑖HL∗ = 0. From Table 4, one can see that optimal investment in most cases is equal to 0: 

particularly, for Model 1 with 𝛿 = z
{
 and Model 2 with 𝛿 = {

z
 (with two minor exceptions). Following 

the calibration argument, this can mean that investing in physical capital would not be as useful, and 

hence the way to improve the relative benefits is to introduce insurances.  

• Case 2:	𝑖L∗ > 𝑖HL∗ = 0. For Model 1 with = {
z
 , we see that the optimal investment for the cases 

where the insurance is introduced is either 0 or very close to 0. Following our argument in the 

calibration, this can mean that while optimal investment in the human capital is necessary, 

introducing insurance will remove any need for further investment. 

• Case 3:	𝑖L∗ > 𝑖HL∗ > 0. This case just indicates that investment is necessary with or without 

insurance. 

 
6.6.2.3. Results for 𝑅𝐵M 

As discussed earlier, first, the value of benefit given quantity is independent of the value of the 

quantity, and second, it is equal for both cases of TP and Stackelberg game. 

First, we should note that RBM is independent of the value of the quantity and the problem approach 

(either TP or Stackelberg). That is why we only need to study the RBM  changes in relation to the 

parameters, and not the quantity and the approach.  

As for the parameter 𝛿, we can observe a similar effect as before, that larger 𝛿 will result in smaller 
relative benefit. That is because with larger delta, the cost will reduce much faster with investment. 
 

6.6.2.4. Results for 𝑅𝐵&M  

In this part, we will be examining the impact of investment on the relative total benefit given 

investment and quantity, denoted by 𝑅𝐵&M . As mentioned before, 𝑅𝐵&M  is a function of 𝑖 , so in our 

simulations we run the investment on an interval 𝑖 ∈ [0,1]. 
 
 
 
 
 
 

 
 



Figure 5: Relative benefit of insurance given quantity 
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Table 4: Optimal investment 
 

 𝜎 = 0.1 𝜎 = 0.25 

 

Insurance 
𝛿 =

3
7 𝛿 =

7
3 𝛿 =

3
7 𝛿 =

7
3 

𝛼 = 0.9 𝛼 = 0.95 𝛼 = 0.9 𝛼 =
0.95 

𝛼 = 0.9 𝛼 = 0.95 𝛼 = 0.9 𝛼 =
0.95 

M
od

el
 1

 𝑟
=
𝜇
=
0 .
05

 

VaR 
N 0 0 0.034 0.05 0 0 0.122 0.167 

Y 0 0 0 0 0 0 0.003 0.003 

CVaR 
N 0 0 0.49 0.62 0 0 0.145 0.182 

Y 0 0 0 0 0 0 0.003 0.003 

𝑟
=
𝜇
=
0.
1 VaR 

N 0 0 0.012 0.028 0 0 0.099 0.143 

Y 0 0 0 0 0 0 0 0 

CVaR 
N 0 0 0.025 0.041 0 0 0.121 0.158 

Y 0 0 0 0 0 0 0 0 

M
od

el
 2

 𝑟
=
𝜇
=
0 .
05

 

VaR 
N 0.003 0.008 0 0 0.065 0.076 0 0 

Y 0.003 0.003 0 0 0.01 0.01 0 0 

CVaR 
N 0.012 0.018 0 0 0.071 0.076 0 0 

Y 0.003 0.003 0 0 0.01 0.01 0 0 

𝑟
=
𝜇
=
0 .
1  VaR 

N 0.001 0.002 0 0 0.038 0.072 0 0 

Y 0.001 0.001 0 0 0.007 0.007 0 0 

CVaR 
N 0.007 0.01 0.01 0.01 0.055 0.072 0 0 

Y 0.001 0.001 0 0 0.007 0.007 0 0 

 
 

Table 5: Relative benefit of quantity for TP 
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𝜇
=
	 0
.0
5  VaR 0.41 0.544 0.171 0.272 0.762 0.842 0.45 0.592 

CVaR 0.566 0.655 0.363 0.425 0.851 0.905 0.676 0.245 

𝜇
=
	 0
. 1

 VaR 0.186 0.389 0.078 0.198 0.717 0.83 0.435 0.602 

CVaR 0.427 0.548 0.306 0.379 0.835 0.894 0.671 0.753 

M
od

el
 2

 

𝜇
=
0.
05

 VaR 0 0.005 0.1 0.145 0.066 0.155 0.247 0.31 

CVaR 0.025 0.039 0.151 0.191 0.171 0.233 0.322 0.366 

𝜇
=
0.
1 VaR 0 0.005 0.044 0.093 0.035 0.122 0.255 0.295 

CVaR 0.015 0.024 0.103 0.148 0.148 0.214 0.307 0.36 

 



As stated in Proposition 4,  𝑅𝐵&M is decreasing with respect to 𝑖. Our observation shows that 𝑅𝐵&M can 

have three phases:  𝑅𝐵&M 	of investment remains the same over an interval; 𝑅𝐵&M diminishes quickly to 

reach zero; 𝑅𝐵&M 	remains zero with the increase in investment. While for Model 1 and Model 2, 𝛿 = z
{
 , 

only phase two and three can be observed, for Model 2, 𝛿 = {
z
, we can observe all three phases. The 

diminishing rate in Model 1 greatly depends on the parameter 𝛿: larger 𝛿 causes higher diminishing rate. 

The reason is that with larger 𝛿,  higher investment will reduce the cost faster.   

This can be analytically observed. For that, we borrow a part of the proof in Proposition 4 for our case 
(see appendix): 

𝜚#:𝐿(𝑖); − 𝜚H:𝐿(𝑖); = I maxR0, ΠA:𝐹5G(𝑡); − Π#:𝐹5G(𝑡);X 𝑑𝑡
4!(&)

:
 

= I maxR0, 𝐹5G(𝑡) − Π#:𝐹5G(𝑡);X 𝑑𝑡
4!(&)

:
. 

Now we have two cases: 

• Case 1, Using VaR. In this case, we have that: 

Π#:𝐹5G(𝑡); = ±1,									𝐹
5G(𝑡) ≥ 𝛼

0, 𝐹5G(𝑡) < 𝛼
 

= ±1,									𝐹G
(𝑡) ≤ 1 − 𝛼

0, 𝐹G(𝑡) > 1 − 𝛼 

= ±1,									𝑡 ≤ VaR2@;(𝑤)
0, 𝑡 > VaR2@;(𝑤)

 

If 𝑖  is very large, then 𝑐#(𝑖) ≤ VaR2@;(𝑤) , which implies max ²0, 𝐹5G(𝑡) − 1�������
I:

³ = 0 . This results in 

𝜚#:𝐿(𝑖); − 𝜚H:𝐿(𝑖); = 0, which implies RB&M = 0. It means that making any investment beyond 𝑖 ≤

𝑐#@2:VaR2@;(𝑤); is not going to add any benefits6. 

 

• Case 2, Using CVaR. In this case, we have that: 

Π#:𝐹5G(𝑡); = ²
�e*(<)@;
2@;

,									𝐹5G(𝑡) ≥ 𝛼
0, 																𝐹5G(𝑡) < 𝛼

= ²
�e*(<)@;
2@;

,									𝑡 ≤ VaR2@;(𝑤)
0,																									𝑡 > VaR2@;(𝑤)

.  

If 𝑖  is very large, then 𝑐#(𝑖) ≤ VaR2@;(𝑤) , which implies max

⎩
⎪
⎨

⎪
⎧

0, 𝐹5G(𝑡) −
�e*(<)@;
2@;�����������

Q+,#)-
.*(0)2

#)+ ⎭
⎪
⎬

⎪
⎫

= ;S2@�e*(<)T
2@;

. 

However, if 𝑖 is large enough then 𝑐#(𝑖) is small, so that for any 0 ≤ 𝑡 ≤ 𝑐#(𝑖) the value for :1 − 𝐹5G(𝑡); 

becomes very small, and as a result 𝜚#:𝐿(𝑖); − 𝜚H:𝐿(𝑖); = ∫ ;S2@�e*(<)T
2@;

𝑑𝑡4!(&)
:  becomes very close to 

zero. 

 

 
6 One can show that this value is equal to 𝑖" = *𝑐# exp *−.𝜇 + 𝜎Φ$%(1 − 𝛼)56 − 16

*
+ where Φ is the CDF of 

standard normal distribution. 



6.6.3. The risk perspective 

We discuss two different impacts from a risk perspective: 

• The risk aversion impact: the risk aversion essentially points out that an agent is avoiding risk. In this 

study there are two ways to discuss the agent’s degree of risk aversion: one, is to consider the risk 
aversion parameter 𝛼  for each risk measure VaR or CVaR; second, to consider the type of risk 

measure that is used, knowing that CVaR is a more risk averse risk measure than VaR (i.e., 𝐶𝑉𝑎𝑅; ≥
	𝑉𝑎𝑅;). Our observation is that all the relative benefits i.e., 𝑅𝑇𝐵, 𝑅𝐵&  and 𝑅𝐵&M will increase with 

higher risk aversion. This is essential, since insurance is to reduce the risk and that would be regarded 

more beneficial for the more risk averse agents. 

• The riskiness: as the only basis for risk is the random prices, the risk can be well represented by 𝑟 =
𝜇 and 𝜎. Note that 𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒(𝑤) = 	 [𝑒𝑥𝑝	(𝜎3) 	− 1] 𝑒𝑥𝑝 𝑒𝑥𝑝	(2𝜇	 + 𝜎3)	, so any increase in either 

𝜇 or 𝜎 will increase 𝑤’s variance and as a result the market looks riskier. The impact of risk is similar 

to that observed in the previous case. While increasing 𝑉𝑎𝑟𝑖𝑎𝑛𝑐𝑒(𝑤), by either increasing 𝜇 or 𝜎, all 

the relative benefits i.e., 𝑅𝑇𝐵, 𝑅𝐵&  and 𝑅𝐵&M will increase. This is because the agents are risk averse 

and insurance will be the tool to manage the risk and make the whole business less risky. So, when 
the situation is riskier the relative benefits of insurance would be higher. 

 
6.6.4. Critical reflection 

Although the framework considered in this paper is sufficient to answer the main objectives of the 

research, we do not deny that the model could be extended further in different directions to achieve 
stronger outcomes. We point out two main areas for extensions: 

• Stochastic demand. In our setting, two out of the three decision variables (i.e. quantity and 

investment) are deterministic, which could be regarded as stochastic in a more sophisticated setup. 

Although this sounds a more realistic assumption, mathematically it would be much more involved 

whereas the end result would be very similar. To show this, a simple attempt would be to consider a 

yield suggested in Anderson and Monjardino (2019), 𝑌 = 𝜖𝑓&�(𝑞&), where 𝑞&  is a deterministic input 
quantity, 𝑓&�	is a function that maps input to output and 𝜖 > 0 is a random variable that models 

output uncertainty due to externalities such as weather conditions. For simplicity, we assume that 

𝐸(𝜖) = 1. Since there exists a demand function 𝑝, we have implicitly admitted that the market is in 
equilibrium. As a result, demand is equal to supply, which leads us to consider 𝑞 = 𝜖𝑓&�(𝑞&) . 

However, this will also give a deterministic variable 𝑞&. Now, let us look at the changes when we study 

the total profit problem. If we take 𝑞� = 𝑓&�(𝑞&), then we can have: 

𝑉 = 𝐸:𝜖25!;max
M3N:
&4N:

r𝑞�
25! − 𝑞�(�̃�#(𝑖%) − �̃�" 	− (1 + 𝑟)𝑖%) − 𝑞�𝜚:𝐿%(𝑖%);s, 

where, 𝑉 = 𝑉L  or 𝑉HL , 𝜚 = 𝜚#	or 𝜚H , respectively, 𝑖% = &
�S�#56T

 , �̃�#(𝑖%) =
4!S�S�#56T&4T

�S�#56T
, �̃�" =

47
�S�#56T

	 

and, 𝐿%(𝑖%) = �
�S�#56T

:𝑐#:𝐸:𝜖25!;𝑖%; − 𝑤;5. 

The proofs for both relationships are presented at the end of the appendix. As one can see, the 

randomness of the demand would not significantly impact the optimisation problems. Like before, we 

can split the problem into inner investment and then quantity optimality as follows: 



max
M3N:

{𝑞� �𝑞�
! − �̃�" −min&4N:

E�̃�#(𝑖%) + (1 + 𝑟)𝑖% + 𝜚:𝐿%(𝑖%);F�����������������������
P

��, 

for either 𝜚 = 𝜚H or 𝜚#. The solutions in general with very minor changes look the same, so in principle 

the message is similar: insurance causes higher value of investment and higher quantity. 

• Commodity prices modelling issues. Modelling commodity prices (here 𝑤), either future prices or 

spot prices, has been a popular subject of research. Here, we assume the Black-Scholes model7 with 
lognormal distribution prices. However, for agricultural commodities, two main characteristics, 

namely storability and seasonality, need to be also included (See Deaton and Laroque (1992, 1995); 

Chambers (2007) and Assa (2015b) for storability). On the other hand, to capture seasonality, we 

may include a deterministic seasonal function within the stochastic model. See Lucia and Schwartz 
(2002) for a model that is product of a deterministic seasonal and a stochastic non-seasonal 

component.) 

 

7. Concluding remarks 

The introduction of price index insurance as a risk management tool has a positive impact on the 
supplier’s value in maintaining a more stable revenue. Insurance provides a risk sharing platform, where 

the risk of price volatility can be shared between the supplier and the insurance company. However, its 

impact on optimal investment (𝑖∗) and quantity (𝑞∗) is not so clear without solving the optimal problem. 
In this work, we have observed that by introducing insurance products, a greater benefit can be reached 

with a smaller amount of investment (Proposition 1). Therefore, insurances can be regarded as important 

initiatives towards addressing the negative impact of underinvestment in the agricultural sector in 

countries, where agriculture suffers underinvestment, particularly in developing countries that suffer 
from chronic underinvestment. 

Insurance can magnify the value created by investment, which essentially means it increases the 

relative benefit of investment. Our setup allows the measurement of the relative benefit, either in terms 

of the total benefit, benefit given quantity or benefit given quantity and investment. Furthermore, we 
have observed that insurance also can have a positive impact on consumer welfare as the optimal 

quantity also increases.  

In our simulations, we measure the relative benefit of insurance. We have seen that the early 

investments have higher relative benefit. This is justified since the cost is reduced by investment at a 
diminishing rate. This can be projected into our setup by considering that a larger farm has an initial 

investment 𝑖:  and an optimal investment 𝑖∗ + 𝑖: , and a smaller farm at the same level of optimal 

investment 𝑖∗, which makes a higher relative benefit of investment (since 𝑖∗ < 𝑖∗ + 𝑖:).  
In other words, introducing insurances can enhance the impact of any early investment, which is a 

major advantage to farming SMEs (or SMFs), which typically suffer from under-investment. This study 

shows therefore that introducing price insurance into a farming supply chain can encourage SMFs to 

invest, which is essential for growth in the agricultural sector.  

 
7 Essentially just the Black model for commodities 



Within our study we have made two principal observations. The first concerns risk and the risk 

aversion behaviour of the farmer. Large 𝜎 (larger price risk) always enhances the value of insurance 
(relative benefits become larger). In addition, having a more risk averse risk measure (either larger 𝛼 or 

by moving from VaR to CVaR), implies a higher relative benefit of the insurance for the farmer. The second 

observation is related to the cost function’s curvature.  This is the parameter 𝛿 in our examples. Higher 

𝛿, that represents higher curvature, always results in lower relative benefit. We also could identify the 
active investment for VaR, beyond which investment has no relative benefit.  

The study offers a number of important contributions to both theory and practice. As one of the first 

studies in its kind, it shows that price-oriented insurance can play a key role in improving the overall 

productivity of the agri-food sector and its network of stakeholders. It is shown that theoretically, 

introducing insurance can heighten the effect of any early investment in the sector. This effect is 

particularly high for SMFs, which can be very encouraging to this segment. It is also shown that with the 

proposed approach, helping to reduce the uncertainties related to investment, lower investment can 

result in the same impact as a higher investment would be expected to generate. In addition to 

investment impacts, our theoretical framework shows that with iso-elastic demand the consumer 

welfare also increases. The propositions offered, pave the way for future research on developing 

alternative “price-oriented” insurance products that would include and suit the whole supply chain 

stakeholders. The results also present meaningful policy related and managerial messages, including 

potential novel solutions for the government to protect SMFs’ revenue. The insights can assist 

policymakers to better understand the social benefits of food chain risk management and make more 

effective decisions on devising subsidisation policies in partnership with the private sector (i.e. finance 

and investment). Future studies are also encouraged to examine further aspects of the examined 

problem including other dynamics such as indeterministic demand. 
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