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Abstract

Recently it was proposed that ten-dimensional tachyonic string vacua may serve
as starting points for the construction of viable four dimensional phenomenologi-
cal string models which are tachyon free. This is achieved by projecting out the
tachyons in the four-dimensional models using projectors other than the projector
which is utilised in the supersymmetric models and those of the SO(16) × SO(16)
heterotic string. We continue the exploration of this class of models by developing
systematic computerised tools for their classification, the analysis of their tachyonic
and massless spectra, as well as analysis of their partition functions and vacuum
energy. We explore a randomly generated space of 2× 109 string vacua in this class
and find that tachyon–free models occur with ∼ 5× 10−3 probability, and of those,
phenomenologically inclined SO(10) vacua with a00 = N0

b − N0
f = 0, i.e. equal

number of fermionic and bosonic massless states, occur with frequency ∼ 2× 10−6.
Extracting larger numbers of phenomenological vacua therefore requires adaptation
of fertility conditions that we discuss, and significantly increase the frequency of
tachyon–free models. Our results suggest that spacetime supersymmetry may not
be a necessary ingredient in phenomenological string models, even at the Planck
scale.
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1 Introduction

String theory provides the tools to explore the connection of quantum gravity with cosmo-
logical and particle physics data. For that purpose we need to construct toy models that
mimic the Standard Models of particle physics and cosmology. The heterotic string [1] is
particularly appealing in this regard since it gives rise to SO(10) Grand Unified Theory
structures that are motivated by the Standard Model data. Since the mid–eighties the ma-
jority of string models studied possessed N = 1 spacetime supersymmetry. This is partly
motivated by the attractiveness of supersymmetry as an extension of the Standard Model.
It has a mathematically appealing symmetry structure that in its local form requires spin
2 constituents. It alleviates the tension between the electroweak and gravitational scales,
and facilitates electroweak symmetry breaking by dimensional transmutation and this
breaking is compatible with the observed data. Furthermore, the observed Higgs mass
is compatible with low scale supersymmetry and indicates that the electroweak symme-
try breaking mechanism is perturbative. From the point of view of string constructions,
N = 1 supersymmetry guarantees that the vacuum is stable and simplifies the analysis
of the spectra of string models. It is clear, however, that supersymmetry has to be bro-
ken at some scale, and despite its attractive features, its realisation at low scales is not
mandatory.

Non–supersymmetric string models have also been of interest over the years. Those
studies have mostly focused on analysing compactifications of the tachyon–free ten dimen-
sional SO(16)×SO(16) heterotic string [2, 3, 4, 5, 6, 7]. In addition to the supersymmetric,
and non–supersymmetric SO(16)× SO(16), models, heterotic string theory gives rise to
models that are tachyonic in ten dimensions [2, 8, 9]. Recently, it was argued that these
ten dimensional tachyonic vacua can also serve as good starting points for constructing
tachyon free phenomenologically viable models [10, 11]. Whereas in the supersymmetric
and non–supersymmetric SO(16)×SO(16) heterotic string the ten dimensional tachyons
are projected out by the same projectors, they can be projected in the four dimensional
models by using alternative projectors. Furthermore, a phenomenologically viable model
was presented in ref. [11], and it was argued that in that specific example all the mod-
uli, aside from the dilaton, are fixed perturbatively, and the dilaton may be fixed by the
racetrack mechanism [12]. Hence, it was suggested that the model is stable, although it
was acknowledged that discussions of stability in non–supersymmetric string vacua are at
best speculative. Nevertheless, it illustrates the motivation to analyse the ten dimensional
tachyonic vacua, on par with their supersymmetric and non–supersymmetric ten dimen-
sional counterparts. Extending the construction of phenomenological models to this class
of string compactifications may also shed light on some of the outstanding issues in string
phenomenology.

Since the late eighties the heterotic string models in the free fermionic formulation
[13] have provided a laboratory to study how the parameters of the Standard Model are
determined in a theory of quantum gravity [14, 15, 16, 17, 18, 20, 21, 22, 23, 24, 25].
These models correspond to Z2×Z2 toroidal orbifold compactifications with discrete Wil-
son lines [26], and are related to compactifications on Z2 orbifolds of K3 × T2 manifolds.
They give rise to a rich symmetry structure from a purely mathematical point of view
[27]. Ultimately, this rich symmetry structure may be reflected in the physical properties
of these string vacua, which is of future research interest. Three generation string models,
with the SO(10) GUT embedding of the Standard Model spectrum, were constructed
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by following two routes. The first, the NAHE–based models, use a common subset of
boundary condition basis vectors, the NAHE–set [28], which is extended by three or
four additional basis vectors. Using this method, models with different unbroken SO(10)
subgroups were constructed [14, 15, 16, 17, 18]. The second route provides a powerful
classification method of the Z2 × Z2 toroidal orbifolds with different SO(10) subgroups.
The initial classification method was developed for vacua with unbroken SO(10) subgroup
[29, 30] and subsequently extended to models with Pati–Salam (PS) [20]; flipped SU(5)
(FSU5) [22]; Standard–like Model (SLM) [23]; and Left–Right Symmetric (LRS) [24, 25]
SO(10) subgroups. It led to the discovery of spinor–vector duality in the space of (2, 0)
string compactifications [30, 31, 32] and the existence of exophobic string vacua [20]. A
NAHE–based tachyon–free three generation Standard–like Model that descends from a
tachyonic ten-dimensional heterotic string vacuum was constructed in ref. [11]. The pur-
pose of this paper is to initiate the systematic classification of tachyon–free models that
descends from a particular class of tachyonic ten dimensional heterotic string vacuum.
Toward this end, we limit the classification to models with unbroken SO(10) subgroup,
and extension to other subgroups is left for future work. We focus on the systematic
analysis of the tachyonic and massless sectors in the models; and the systematic anal-
ysis of the partition function and the vacuum energy. We remark that in contrast to
the supersymmetric models, systematic analysis of non–supersymmetric models requires
separate analysis of the spacetime fermionic and bosonic sectors, as they are no longer
related by the spacetime supersymmetric map. The computational time required is there-
fore doubled compared to supersymmetric models, which motivates the development of
novel computational techniques [33]. In this regard, the direct analysis of the partition
function provides a powerful complementary tool.

Our paper is organised as follows: in Section 2 we recap the main structure of the
models that descend from the ten dimensional tachyonic vacua. The free fermionic clas-
sification method utilises a common set of boundary condition basis vectors, which is
presented in Section 2, and the enumeration of the models is obtained by varying the
one–loop Generalised GSO projection coefficients. We discuss in sections 2 and 5 two
generic maps that play important roles in our analysis, the S̃–map (Section 2), and the x̃
map (Section 5). In Section 3 we discuss the gauge symmetry arising in our models and
the sectors contributing to it. In sections 4 and 5 we set up the tools for the systematic
analysis of the tachyonic and massless sectors of our models. In Section 6 discuss the
systematic analysis of the partition function and the vacuum energy. In Section 7 we
present the results of our classification. Section 8 concludes our paper with a discussion
of the results and outlook for future research directions.

2 Ten Dimensional Vacua and the S̃-Map

In the free fermionic construction, models are specified in terms of boundary condition
basis vectors and one–loop Generalised GSO (GGSO) phases [13]. The E8 × E8 and
SO(16)× SO(16) heterotic–models in ten dimensions are defined in terms of a common
set of basis vectors

v1 = 1 = {ψµ, χ1,...,6 | η1,2,3, ψ
1,...,5

, φ
1,...,8
},

v2 = z1 = {ψ
1,...,5

, η1,2,3},

v3 = z2 = {φ
1,...,8
}, (2.1)
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where we adopted the common notation used in the free fermionic models [14, 17, 16,
18, 19, 20, 21, 22, 23, 24, 29, 30, 31]. The basis vector 1 is mandated by the modular
invariance consistency rules [13], and produces a model with SO(32) gauge symmetry
from the Neveu-Schwarz (NS) sector. The spacetime supersymmetry generator arises
from the combination

S = 1+ z1 + z2 = {ψ
µ, χ1,...,6}. (2.2)

The choice of GGSO phase C
[

z1
z2

]

= ±1 differentiates between the SO(16) × SO(16) or
E8 × E8 heterotic strings in ten dimensions. Eq. (2.2) dictates that in ten dimensions
the breaking of spacetime supersymmetry is correlated with the breaking pattern E8 ×
E8 → SO(16)× SO(16). Equation (2.2) does not hold in lower dimensions, and the two
breakings are not correlated. On the other hand, these vacua with broken and unbroken
supersymmetry can be interpolated [34].

The tachyonic states in the E8 × E8 and SO(16) × SO(16) heterotic strings in ten
dimensions are projected out. The would–be tachyons in these models are obtained from
the Neveu-Schwarz (NS) sector, by acting on the right–moving vacuum with a single
fermionic oscillator

|0〉L ⊗ φ̄
a|0〉R, (2.3)

where in ten dimensions a = 1, · · · , 16. The GSO projection induced by the S–vector
projects out the untwisted tachyons, producing tachyon free models in both cases. As
discussed in refs. [10, 11], obtaining the ten dimensional tachyonic vacua in the free
fermionic formulation amounts to the removal of the S–vector from the construction.
The ten dimensional configurations are obtained by substituting the z1 basis vector with
z1 = {φ̄1,··· , 4} and adding similar zi basis vectors, with four periodic fermions, and at
most two overlapping. These vacua are connected by interpolations or orbifolds along the
lines of ref. [9], and, in general, contain tachyons in their spectrum.

In the free fermionic formulation, the four dimensional models that descend from
the ten dimensional tachyonic vacua amount to removing the vector S from the set of
basis vectors that are used to generate the models. In four spacetime dimensions the set
{1, z1, z2} produces a non–supersymmetric model with SU(2)6 × SO(12) × E8 × E8 or
SU(2)6×SO(12)×SO(16)× SO(16). An alternative to removing the S–vector from the
construction is to augment it with periodic right–moving fermions. A convenient choice
is given by

S̃ = {ψ1,2, χ1,2, χ3,4, χ5,6 | φ̄3,··· , 6} ≡ 1 . (2.4)

In this case there are no massless gravitinos, and the untwisted tachyonic states

|0〉L ⊗ φ̄
3,··· , 6|0〉R (2.5)

are invariant under the S̃–vector projection. These untwisted tachyons are those that de-
scend from the ten dimensional vacuum, hence confirming that the model can be regarded
as a compactification of a ten dimensional tachyonic vacuum.

We therefore observe a general map, which is induced by the exchange

S ←→ S̃, (2.6)

in the construction of the heterotic string models that descend from the ten dimensional
tachyonic vacua. We refer to this map as the S̃–map. It was discussed and used in
the construction of the NAHE–based model in ref. [11]. We remark that the S̃–map is

3



reminiscent of the map used to induce the spinor–vector duality in ref. [30, 32], in the
sense that both utilise a block of four periodic right–moving worldsheet fermions. We
may term these sorts of maps as modular maps, in the sense that they involve a block
of four periodic complex worldsheet fermions. We therefore have another instance where
such a modular map is reflected in the symmetry structure of the string vacua. Be it the
spacetime supersymmetry in the models in which the S–basis vector is the supersymmetry
spectral flow operator, or in the spinor–vector dual models in which a similar spectral flow
operator operates in the observable E8 sector and induces the spinor–vector duality map
[30, 32]. Here, a similar operation is at play in the four dimensional models inducing the
transformation from the supersymmetric (and non–supersymmetric) models that contain
the S–basis vector, to the non–supersymmetric models that contain the S̃–basis vector.
As discussed in ref. [35], this may be a reflection of a larger symmetry structure that
underlies these models and string compactifications in general.

3 Non–Supersymmetric SO(10) Models in 4D

Let us now define the classification structure for the SO(10) models we consider, which
employ the S̃–map. The first ingredient we need is a set of basis vectors that generate
the space of SO(10) S̃-models. We can choose the set

1 = {ψµ, χ1,...,6, y1,...,6, w1,...,6 | y1,...,6, w1,...,6, ψ
1,...,5

, η1,2,3, φ
1,...,8
},

S̃ = {ψµ, χ1,...,6 | φ
3,4,5,6

},

ei = {y
i, wi | yi, wi}, i = 1, ..., 6

b1 = {ψ
µ, χ12, y34, y56 | y34, y56, η1, ψ

1,...,5
}, (3.1)

b2 = {ψ
µ, χ34, y12, y56 | y12, y56, η2, ψ

1,...,5
},

b3 = {ψ
µ, χ56, y12, y34 | y12, y34, η3, ψ

1,...,5
},

z1 = {φ
1,...,4
},

which is a similar basis set to NAHE={1, S̃, b1, b2, b3} employed in [11], except with the
inclusion of z1 to break the hidden gauge group and of ei to obtain all symmetric shifts of
the internal Γ6,6 lattice. We note that the vector b3 which spans the third twisted plane
and facilitates the analysis of the obervable spinorial representations is typically formed as
a linear combination in previous supersymmetric classifications [29, 30, 20, 22, 23, 24, 25].
Furthermore we note the existence of a vector combination z2

z2 = 1+
6

∑

i=1

ei +
3

∑

k=1

bk + z1 = {φ̄
5,6,7,8} (3.2)

in our models, which is typically its own basis vector in previous classifications.
Models may then be defined through the specification of GGSO phases C

[

vi
vj

]

, which

for our SO(10) models are 66 free phases with all others specified by modular invariance.
Hence, the full space of models is of size 266 ∼ 1019.9 models. This is a notably enlarged
space compared with the supersymmetric SO(10) case where the requirement that the
spectrum is supersymmetric fixes some GGSO phases.
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With a basis and a set of GGSO phases, we can construct the modular invariant
Hilbert space H of states |Sα〉 of the model through the one-loop GGSO projection such
that

H =
⊕

α∈Ξ

k
∏

i=1

{

eiπvi·Fα |Sα〉 = δαC

[

α

vi

]∗

|Sα〉

}

(3.3)

where α is a sector formed as a linear combination of the basis vectors, Fα is the fermion
number operator and δα = 1,−1 is the spin-statistics index.

The sectors in the model can be characterised according to the left and right moving
vacuum separately

M2
L = −

1

2
+
αL · αL

8
+NL (3.4)

M2
R = −1 +

αR · αR
8

+NR

where NL and NR are sums over left and right moving oscillators, respectively. Physical
states must then additionally satisfy the Virasoro matching condition: M2

L = M2
R, states

not satisfying this correspond to off-shell states.
The untwisted sector gauge vector bosons for this choice of basis vectors give rise to

a gauge group
SO(10)× U(1)1 × U(1)2 × U(1)3 × SO(4)

4 (3.5)

where our desired GUT SO(10) is generated by the spacetime vector bosons ψµψ̄aψ̄b |0〉,
the U(1)i=1,2,3 are those generated by the worldsheet currents : η̄iη̄i∗ : and the SO(4)4 is
the hidden sector generated by spacetime vector bosons from the pairs of φ̄a with common
boundary conditions for each basis vector: {φ̄1,2, φ̄3,4, φ̄5,6, φ̄7,8}.

The gauge group of a model may be enhanced by additional gauge bosons which may
arise from the z1, z2 and z1 + z2 sectors with appropriate oscillators, i.e.







ψµ |z1〉L ⊗ {λ̄
i} |z1〉R

ψµ |z2〉L ⊗ {λ̄
i} |z2〉R

ψµ |z1 + z2〉L ⊗ |z1 + z2〉R







(3.6)

where λ̄i are all possible right moving Neveu-Schwarz oscillators
Whether these gauge bosons appear is model-dependent since it depends on their

survival under the GGSO projections. These enhancement sectors are also present in the
familiar supersymmetric classification set-ups used in [29, 20, 22, 23, 24, 25]. However in

those cases there is also an observable enhancement from the vector x = {ψ
1,...,5

, η1,2,3},
which arises as a linear combination in these models. If present, this vector induces the
enhancement SO(10)×U(1)→ E6, where the U(1) = U(1)1+U(1)2+U(1)3 combination
is typically anomalous [37], unless such an enhancement is present. This result was first
discussed in the context of the NAHE models, where including x in the basis was shown
to similarly produce E6 GUT models [38]. We therefore can see that one effect of our S̃
models with the basis (3.1) is to preclude the possibility of an E6 enhancement in these
models.

From (3.6) we can deduce that enhancements of the observable SO(10) gauge group
may arise from the sectors ψµ{ψ̄a} |z1〉 , ψ

µ{ψ̄a} |z2〉, a = 1, ..., 5. Interestingly, the sec-
tors: |z1〉 , |z2〉 (with no oscillators) produce level-matched tachyons with conformal weight
(−1/2,−1/2) and so the appearance of these enhancements is correlated with the projec-
tion of level-matched tachyons. The full analysis of the level-matched tachyonic sectors
is presented in the following section.
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4 Tachyonic Sectors Analysis

Due to the absence of the supersymmetry generating vector S in our construction, analysing
whether on-shell tachyons arise in the spectrum of our models becomes paramount. On-
shell tachyons will arise when

M2
L =M2

R < 0, (4.1)

which corresponds to left and right products of αL · αL = 0, 1, 2, 3 and αR · αR =
0, 1, 2, 3, 4, 5, 6, 7. The presence of such tachyonic sectors in the physical spectrum in-
dicates the instability of the string vacuum. There are 126 of these sectors in our models
which are summarised compactly in Table 1. We will find that models in which all 126 on-

Mass Level Vectorials Spinorials
(−1/2,−1/2) {λ̄m} |0〉 z1, z2
(−3/8,−3/8) {λ̄m}ei ei + z1, ei + z2
(−1/4,−1/4) {λ̄m}ei + ej ei + ej + z1, ei + ej + z2
(−1/8,−1/8) {λ̄m}ei + ej + ek ei + ej + ek + z1, ei + ej + ek + z2

Table 1: Level-matched tachyonic sectors and their mass level, where i 6= j 6= k = 1, ..., 6
and λ̄m is any right-moving complex fermion with NS boundary condition for the relevant
tachyonic sector.

shell tachyons are projected by the GGSO projections appear with probability ∼ 0.0054
and so in our classification we will throw away all but around 1 in 185 models.

In [7] a basis was chosen such that, rather than having the six internal shift vectors
ei, the combinations T1 = e1 + e2, T2 = e3 + e4 and T3 = e5 + e6 were employed. Such
a grouping does not allow for sectors to arise for all shifts in the internal space and, for
example, means that spinorial 16/16 sectors have a degeneracy of 4 making 3 particle
generations impossible once the SO(10) group is broken. However, choosing Ti=1,2,3 did
have the advantage of restricting the number of tachyonic sectors and allowing for a more
simplified set-up to perform an analysis of the structure of the 1-loop potential in these
models.

Since finding models in which all on-shell tachyons are projected is of utmost impor-
tance for all questions of stability of our string vacua we will delineate the methodology
used in our analysis. In order to perform this analysis an efficient computer algorithm
had to be developed which could scan samples of O(109) or more for on-shell tachyons
within a reasonable computing time. The code we developed in python when running in
parallel across 64 cores could check a sample of 109 models for tachyons in approximately
12 hours. A more detailed analysis of how to check whether our on-shell tachyons are
projected is presented in the next section.

4.1 Note on the proto-graviton

Before we turn to the on-shell tachyon analysis we recall a general result first discussed
in [36], which states that every non-supersymmetric string model necessarily contains
off-shell tachyonic states with conformal weight (0,−1). In our models these are

ψµ |0〉L ⊗ |0〉R , (4.2)
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which will appear in the spectrum independent of the GGSO coefficients. We call such
a state a “proto-graviton” and its guaranteed presence in the string spectrum can be
understood at the CFT level by noting that it appears in the same Verma module as the
graviton state which is always present in the massless NS sector.

4.2 Tachyons of conformal weight (−1
2,−

1
2)

The first on-shell tachyons we will inspect are those with conformal weight (−1
2
,−1

2
).

Firstly we have the aforementioned untwisted tachyons (2.5) which are always projected
since

(

z1
NS

)

=
(

z2
NS

)

= −
(

bi
NS

)

= 1. Then there are then two spinorial tachyonic sectors at
this mass level: z1 and z2. The conditions for their survival can be displayed as Tables 2
and 3.

Sector C
[

z1
e1

]

C
[

z1
e2

]

C
[

z1
e3

]

C
[

z1
e4

]

C
[

z1
e5

]

C
[

z1
e6

]

C
[

z1
b1

]

C
[

z1
b2

]

C
[

z1
b3

]

C
[

z1
z2

]

z1 + + + + + + + + + +

Table 2: Conditions on GGSO coefficients for survival of the on-shell tachyons |z1〉

Sector C
[

z2
e1

]

C
[

z2
e2

]

C
[

z2
e3

]

C
[

z2
e4

]

C
[

z2
e5

]

C
[

z2
e6

]

C
[

z2
b1

]

C
[

z2
b2

]

C
[

z2
b3

]

C
[

z2
z1

]

z2 + + + + + + + + + +

Table 3: Conditions on GGSO coefficients for survival of the on-shell tachyons |z2〉

Which tells us that only when all 10 of the column phases are +1 do the sectors
remain in the spectrum. Interestingly, this has a bearing on the existence of the gauge
group enhancements mentioned in the previous section. In particular, the only observable
enhancements: ψµ |z1〉L⊗ ψ̄

a |z1〉 and ψ
µ |z2〉L⊗ ψ̄

a |z2〉 have the same survival conditions
as the z1, z2 tachyonic sectors. Therefore we find that for our construction, there are no
tachyon-free models in which the SO(10) is enhanced. This is evident in the classification
results shown in Table 14 of Section 7.

4.3 Tachyons of conformal weight (−3
8,−

3
8)

Now moving up the mass levels to (−3
8
,−3

8
), we have vectorial tachyons from the 6 sectors:

{λ̄i} |ei〉, i = 1, ..., 6 and spinorial tachyons from 12 sectors: |ei + z1〉 and |ei + z2〉. To
demonstrate how to check the survival of these sectors we take the case of {λ̄i} |e1〉,
|e1 + z1〉 and |e1 + z2〉, which we show in the Tables 4, 5 and 6. The other cases with
e2,...,6 are much the same except for a simple permutation of the projection phases.
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|e1〉 Oscillator C
[e1
S̃

]

C
[e1
e2

]

C
[e1
e3

]

C
[e1
e4

]

C
[e1
e5

]

C
[e1
e6

]

C
[e1
b1

]

C
[e1
x̃

]

C
[e1
z1

]

C
[e1
z2

]

{ȳ2} + - + + + + - + + +

{w̄2} + - + + + + + + + +

{ȳ3} + + - + + + - + + +

{w̄3} + + - + + + + + + +

{ȳ4} + + + - + + - + + +

{w̄4} + + + - + + + + + +

{ȳ5} + + + + - + - + + +

{w̄5} + + + + - + + + + +

{ȳ6} + + + + + - - + + +

{w̄6} + + + + + - + + + +

{ψ̄1/2/3/4/5(∗)}
+ + + + + + - - + +

/{η̄1(∗)}

{η̄2,3(∗)} + + + + + + + - + +

{φ̄1,2(∗)} + + + + + + + + - +

{φ̄3,4(∗)} - + + + + + + + - +

{φ̄5,6(∗)} - + + + + + + + + -

{φ̄7,8(∗)} + + + + + + + + + -

Table 4: Conditions on GGSO coefficients for survival of the on-shell vectorial
tachyons {λ̄i} |e1〉. We have made use of the combination x̃ = b1 + b2 + b3 =
{ψµ, χ1,...,6 | ψ̄1,2,3,4,5, η̄1,2,3}, which will be discussed more in the next section.

Sector C
[e1+z1

e2

]

C
[e1+z1

e3

]

C
[e1+z1

e4

]

C
[e1+z1

e5

]

C
[e1+z1

e6

]

C
[e1+z1

b1

]

C
[e1+z1

x̃

]

C
[e1+z1

z2

]

|e1 + z1〉 + + + + + + + +

Table 5: Conditions on GGSO coefficients for survival of the on-shell tachyons |e1 + z1〉

Sector C
[

e1+z2
e2

]

C
[

e1+z2
e3

]

C
[

e1+z2
e4

]

C
[

e1+z2
e5

]

C
[

e1+z2
e6

]

C
[

e1+z2
b1

]

C
[

e1+z2
x̃

]

C
[

e1+z2
z1

]

|e1 + z2〉 + + + + + + + +

Table 6: Conditions on GGSO coefficients for survival of the on-shell tachyons |e1 + z2〉

4.4 Tachyons of conformal weight (−1
4,−

1
4)

Carrying on up the mass levels we have (−1
4
,−1

4
) in which vectorial tachyons arise from

15 sectors: {λ̄i} |ei + ej〉, i 6= j = 1, ..., 6 and spinorial tachyons arise from 30 sectors:
|ei + ej + z1〉 and |ei + ej + z2〉. Again, we will present the conditions on the survival of
{λ̄i} |e1 + e2〉, |e1 + e2 + z1〉 and |e1 + e2 + z2〉 in Tables 7, 8 and 9 below and note that
the other sectors with other ei combinations are easily obtainable from these.
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|e1 + e2〉 C
[e1+e2

S̃

]

C
[

e1+e2
e3

]

C
[

e1+e2
e4

]

C
[

e1+e2
e5

]

C
[

e1+e2
e6

]

C
[

e1+e2
b1

]

C
[

e1+e2
x̃

]

C
[

e1+e2
z1

]

C
[

e1+e2
z2

]

Oscillators

{ȳ3} + - + + + - + + +
{w̄3} + - + + + + + + +
{ȳ4} + + - + + - + + +
{w̄4} + + - + + + + + +
{ȳ5} + + + - + - + + +
{w̄5} + + + - + + + + +
{ȳ6} + + + + - - + + +
{w̄6} + + + + - + + + +

{ψ̄1/.../5(∗)}
+ + + + + - - + +

/{η̄1(∗)}

{η̄2,3(∗)} + + + + + + - + +

{φ̄1,2(∗)} + + + + + + + - +

{φ̄3,4(∗)} - + + + + + + - +

{φ̄5,6(∗)} - + + + + + + + -

{φ̄7,8(∗)} + + + + + + + + -

Table 7: Conditions on GGSO coefficients for survival of the on-shell vectorial
tachyons {λ̄i} |e1 + e2〉. We have made use of the combination x̃ = b1 + b2 + b3 =
{ψµ, χ1,...,6 | ψ̄1,2,3,4,5, η̄1,2,3}, which will be discussed more in the next section.

Sector C
[

e1+e2+z1
e3

]

C
[

e1+e2+z1
e4

]

C
[

e1+e2+z1
e5

]

C
[

e1+e2+z1
e6

]

C
[

e1+e2+z1
b1

]

C
[

e1+e2+z1
x̃

]

C
[

e1+e2+z1
z2

]

|e1 + e2 + z1〉 + + + + + + +

Table 8: Conditions on GGSO coefficients for survival of the on-shell tachyons
|e1 + e2 + z1〉.

Sector C
[

e1+e2+z2
e3

]

C
[

e1+e2+z2
e4

]

C
[

e1+e2+z2
e5

]

C
[

e1+e2+z2
e6

]

C
[

e1+e2+z2
b1

]

C
[

e1+e2+z2
x̃

]

C
[

e1+e2+z2
z1

]

|e1 + e2 + z2〉 + + + + + + +

Table 9: Conditions on GGSO coefficients for survival of the on-shell tachyons
|e1 + e2 + z2〉.

4.5 Tachyons of conformal weight (−1
8,−

1
8)

The final mass level we obtain on-shell tachyons from is (−1
8
,−1

8
), where vectorial tachyons

arise from 20 sectors: {λ̄i} |ei + ej + ek〉, i 6= j 6= k = 1, ..., 6 and spinorial tachyons arise
from 40 sectors: |ei + ej + ek + z1〉 and |ei + ej + ek + z2〉. We present the conditions on
the survival of {λ̄i} |e1 + e2 + e3〉, |e1 + e2 + e3 + z1〉 and |e1 + e2 + e3 + z2〉 in the Tables
10, 11 and 12 below and note again that the conditions for other sectors with other ei
combinations are easily obtainable from these.
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|e1 + e2 + e3〉C
[e1+e2+e3

S̃

]

C
[

e1+e2+e3
e4

]

C
[

e1+e2+e3
e5

]

C
[

e1+e2+e3
e6

]

C
[

e1+e2+e3
x̃

]

C
[

e1+e2+e3
z1

]

C
[

e1+e2+e3
z2

]

Oscillator

{ȳ4/w̄4} + - + + + + +
{ȳ5/w̄5} + + - + + + +
{ȳ6/w̄6} + + + - + + +

{ψ̄1/.../5}
+ + + + - + +

/{η̄1/2/3(∗)}

{φ̄1,2(∗)} + + + + + - +

{φ̄3,4(∗)} - + + + + - +

{φ̄5,6(∗)} - + + + + + -

{φ̄7,8(∗)} + + + + + + -

Table 10: Conditions on GGSO coefficients for survival of the on-shell vectorial tachyons
{λ̄i} |e1 + e2 + e3〉.

Sector C
[

e1+e2+e3+z1
e4

]

C
[

e1+e2+e3+z1
e5

]

C
[

e1+e2+e3+z1
e6

]

C
[

e1+e2+e3+z1
x̃

]

C
[

e1+e2+e3+z1
z2

]

|e1 + e2 + e3 + z1〉 + + + + +

Table 11: Conditions on GGSO coefficients for survival of the on-shell tachyons
|e1 + e2 + e3 + z1〉.

Sector C
[

e1+e2+e3+z2
e4

]

C
[

e1+e2+e3+z2
e5

]

C
[

e1+e2+e3+z2
e6

]

C
[

e1+e2+e3+z2
x̃

]

C
[

e1+e2+e3+z2
z1

]

|e1 + e2 + e3 + z2〉 + + + + +

Table 12: Conditions on GGSO coefficients for survival of the on-shell tachyons
|e1 + e2 + e3 + z2〉.

Using this structure of the conditions on the GGSO phases for the survival of tachyonic
sectors at each mass level our computer algorithm runs through and checks whether any
configuration of the phases that leaves the tachyon in the spectrum is satisfied. If none
are satisfied then all 126 are projected and the model is retained for further analysis.

Having dealt now with the M2
L =M2

R < 0 level-matched sectors we turn our attention
to the more familiar discussion of the structure of the massless sectors M2

L = M2
R = 0 in

the following section where we can discern the phenomenological features of our models.

5 Massless Sectors

Now that we have a way to generate models free of on-shell tachyons, we can turn our
attention to the massless sectors and their representations. Although some aspects of the
massless spectrum look similar to the supersymmetric case, the structure of our S̃-models
are very different. In particular, we can contrast our models with those in which super-
symmetry is spontaneously broken (by a GGSO phase) where in general some parts of the
spectrum remain supersymmetric. This was, for example, demonstrated in [39] in terms
of invariant orbits of the partition function for orbifold models with spontaneously broken
supersymmetry. Similarly, our models are very different than those of the broken super-
symmertry models discussed in [5] where observable spinorial sectors of the models still
exhibit a supersymmetric–like structure, i.e. in these sectors the bosonic and fermionic
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states only differ by their charges under some U(1) symmetries that are broken at a high
scale.

As we explore this new structure in the massless spectrum we will see that the role of
the S̃-map is of central importance. Further to this, we will also uncover the importance
of a vector combination x̃ which induces another interesting map. Without the presence
of the supersymmetry generator S we must also handle a number of extra massless sectors
which would not arise in supersymmetric setups due to the GGSO projections induced
by S.

5.1 The Observable Sectors and the S̃ and x̃-maps

The chiral spinorial 16/16 representations arise from the 48 sectors (16 from each orbifold
plane)

B(1)
pqrs = b1 + pe3 + qe4 + re5 + se6

= {ψµ, χ1,2, (1− p)y3ȳ3, pw3w̄3, (1− q)y4ȳ4, qw4w̄4,

(1− r)y5ȳ5, rw5w̄5, (1− s)y6ȳ6, sw6w̄6, η̄1, ψ̄1,...,5} (5.1)

B(2)
pqrs = b2 + pe1 + qe2 + re5 + se6

B(3)
pqrs = b3 + pe1 + qe2 + re3 + se4

where p, q, r, s = 0, 1 account for all combinations of shift vectors of the internal fermions
{yi, wi | ȳi, w̄i}. As in previous classifications, we can now write down generic algebraic
equations to determine the number 16 and 16, N16 and N16, as a function of the GGSO
coefficients. To do this we first utilize the following projectors to determine which of the
48 spinorial sectors survive

P 1
pqrs =

1

24

∏

i=1,2

(

1− C

[

B1
pqrs

ei

]∗)
∏

a=1,2

(

1− C

[

B1
pqrs

za

]∗)

P 2
pqrs =

1

24

∏

i=3,4

(

1− C

[

B2
pqrs

ei

]∗)
∏

a=1,2

(

1− C

[

B2
pqrs

za

]∗)

(5.2)

P 3
pqrs =

1

24

∏

i=5,6

(

1− C

[

B3
pqrs

ei

]∗)
∏

a=1,2

(

1− C

[

B3
pqrs

za

]∗)

where, we recall that the vector z2 = {φ
5,6,7,8

} is the combination defined in eq. (3.2).
Then we define the chirality phases

X1
pqrs = −C

[

B1
pqrs

b2 + (1− r)e5 + (1− s)e6

]∗

X2
pqrs = −C

[

B2
pqrs

b1 + (1− r)e5 + (1− s)e6

]∗

(5.3)

X3
pqrs = −C

[

B3
pqrs

b1 + (1− r)e3 + (1− s)e4

]∗

11



to determine whether a sector will give rise to a 16 or a 16. With these definitions we
can write compact expressions for N16 and N16

N16 =
1

2

∑

A=1,2,3
p,q,r,s=0,1

PA
pqrs

(

1 +XA
pqrs

)

N16 =
1

2

∑

A=1,2,3
p,q,r,s=0,1

PA
pqrs

(

1−XA
pqrs

)

.
(5.4)

Up to here these equations are familiar from previous supersymmetric classifications.
However there is a fundamental difference from the supersymmetric case where B1,2,3,
along with all model sectors, appear in supermultiplets with superpartners obtained
through the addition of S, which exchanges spacetime bosons with spacetime fermions
but leaves the gauge group representations unchanged. In our set-up, the fermionic B1,2,3

sectors have no such bosonic sector counterparts. Indeed, the addition of our basis vec-
tor S̃ would give rise to massive states with non-trivial representations under the hidden
sector gauge group. As mentioned above, we can also compare with the broken super-
symmetry models of [5] where the bosonic counterparts of B1,2,3 only differ from their
fermionic superpartners by their charges under some U(1) symmetries that are broken at
a high scale.

A further new important feature of our construction is the inclusion of the vector

x̃ = b1 + b2 + b3 (5.5)

which we name in analogy to the x–vector from the supersymmetric classifications [30, 20,
22, 24, 25]. We note that x̃ is the same as the vector S+x which arises in supersymmetric
models. In these models the states from the x–sector enhances the observable gauge
symmetry from SO(10) to E6, so S + x arises when such an enhancement is present.
The vector x̃ is important in our models since it plays the role of mapping between the
observable spinorial and vectorial representations of SO(10), as well as a map between
bosonic and fermionic states. More specifically, the x̃–vector maps sectors that produce
spacetime fermions in the spinorial representation of SO(10), from which the Standard
Model matter states are obtained, to sectors that produce spacetime bosons in its vectorial
representation, from which the Standard Model Higgs state is obtained. Thus, the x̃–map
induces simultaneously the fermion–boson map of the S–vector, as well as the spinor–
vector map of the x–vector. Without S to provide the simple symmetry at each mass
level between bosons and fermions the question of the relationship between bosons and
fermions is unclear. It appears that the structure is controlled in some sense by the S̃-map
and the x̃-map taking us between mass levels as both these maps often change the mass
level of the sector they act on.

We also note that the x̃–sector also affects the observable spectrum since its presence in
the Hilbert space results in an extra 4 16’s and 16’s of SO(10). The x̃–sector corresponds
to the sector producing the fermionic superpartners of the states from the x–sector, i.e.
S + x, which enhance the SO(10) symmetry to E6. The x̃–sector therefore gives rise to
the fermionic superpartners of the spacetime vector bosons from the x–sector, which are
in fact absent from the spectrum.
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5.2 Vectorial Sectors

As mentioned above, the vector x̃ in (5.5) maps between the spinorial sectors B1,2,3
pqrs and

vectorial sectors:

V (1)
pqrs = B(1)

pqrs + x̃

= b2 + b3 + pe3 + qe4 + re5 + se6

= {χ3,4,5,6, (1− p)y3ȳ3, pw3w̄3, (1− q)y4ȳ4, qw4w̄4,

(1− r)y5ȳ5, rw5w̄5, (1− s)y6ȳ6, sw6w̄6, η̄2,3} (5.6)

V (2)
pqrs = B(2)

pqrs + x̃

V (3)
pqrs = B(3)

pqrs + x̃

The observable vectorial 10 representations of SO(10) arise when the right moving oscil-

lator is a ψ
a(∗)

, a = 1, ..., 5. To determine the number of such observable vectorial sectors
we use the projectors

R(1)
pqrs =

1

24

∏

i=1,2

(

1 + C

[

ei

V
(1)
pqrs

])

∏

a=1,2

[

1 + C

[

za

V
(1)
pqrs

])

R(2)
pqrs =

1

24

∏

i=3,4

(

1 + C

[

ei

V
(2)
pqrs

])

∏

a=1,2

(

1 + C

[

za

V
(2)
pqrs

])

(5.7)

R(3)
pqrs =

1

24

∏

i=5,6

(

1 + C

[

ei

V
(3)
pqrs

])

∏

a=1,2

(

1 + C

[

za

V
(3)
pqrs

])

.

Using these we can write the number of vectorial 10’s arising from these sectors as

N10 =
∑

A=1,2,3
p,q,r,s=0,1

RA
pqrs. (5.8)

Further to these observable vectorials arising from V 1,2,3 there are the additional states
arising for the other choices of oscillator ȳiNS, w̄

i
NS, φ̄

1,2, φ̄3,4, φ̄5,6, φ̄7,8, which only transform
under the hidden group.

In contrast to the supersymmetric case, our models come with additional vectorial
sectors, which can give rise to states transforming under the observable gauge group as
well as the hidden.

Firstly we observe 4 additional sectors that can give rise to vectorial states trans-
forming under both the observable and the hidden or solely the hidden. These sectors
are

Ṽ = {{λ̄i} |S̃〉 , {λ̄i} |S̃ + z1〉 , {λ̄
i} |S̃ + z2〉 , {λ̄

i} |S̃ + z1 + z2〉} (5.9)

which are spacetime fermions. There are two cases to distinguish when one of these sectors
is present:

• {ȳi/w̄i} |Ṽ 〉 which are charged under the hidden sector only.

• {ψ̄1,...,5, η̄1,2,3, φ̄NS} |Ṽ 〉 with φ̄NS being the four Neveu-Schwarz oscillators such that
φ̄NS ∩ Ṽ = ∅. These transform in mixed representations of the observable and
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hidden sectors which means we should analyse them further. We realise that the
condition for one of these to remain in the spectrum is:

C

[

Ṽ

ei

]

= −1, ∀ i ∈ {1, 2, 3, 4, 5, 6} (5.10)

for one of the Ṽ . In ref. [11] it was suggested that such states appearing in these
models may be instrumental in implementing electroweak symmetry breaking by
hidden sector condensates.

Similar to the x̃–sector, it is interesting to compare the S̃–sector with the S–sector in
supersymmetric models. The S–sector in the supersymmetric models produces the space-
time fermionic superpartners of the states from the NS–sector, i.e. it gives rise to the
gauginos. The S̃–sector gives rise to spacetime fermions that could transform as, e.g.
electroweak doublets and triplets, but also transforms as doublets of the hidden gauge
group, due to the S̃–map noted in Section 2. In this respect the S̃–models exhibit a sort
of split supersymmetry, in the sense that the states from the sectors B1,2,3 are massive,
but the sector that produces the would–be gauginos, i.e. S̃, still produces massless states
transforming under the observable gauge symmetry. It will be of interest to explore how
this phenomenon affects the phenomenological characteristics of the models.

Finally, there are further vectorials that may be observable or hidden arising from the
15 sectors

γk=1,...,15 = {λ̄i} |ei + ej + ek + el〉 (5.11)

for i 6= j 6= k 6= l = 1, ..., 6.
We note that these sectors can give rise to vectorial 10’s when the oscillators ψ̄a,

a = 1, ..., 5, are present. In this case the projector is

Pγk =
1

25

∏

i=m,n

(

1 + C

[

γk

ei

])

∏

a=1,2

(

1 + C

[

γk

za

])(

1− C

[

γk

x̃

])

(5.12)

where m 6= n 6= i 6= j 6= k 6= l. We can count the number of such sectors through the
expression

N{ψ̄,η̄}
γ =

15
∑

k=1

Pγk . (5.13)

These additional vectorials can evidently play a role in the phenomenology of our mod-
els, so their couplings and charge contributions must be considered carefully for specific
models. We can note that γk will not couple at leading order to the observable spinorial
representations due to their additional charges, and so at leading order the only vectorial
10 representations to generate realistic Standard Model fermion mass spectrum, remain
those from V 1,2,3.

5.3 Hidden Sectors

We find that there are a relatively large number of hidden massless sectors in our model,
which is another effect of the S̃-map we have chosen, since its right moving complex
fermions generate representations of the hidden group.
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Firstly, we can identify 96 spinorial sectors that give rise to spacetime bosons arising
through the addition of z1 or z2 onto the vectorial sectors V 1,2,3

H(1)
pqrs = V (1)

pqrs + z1

H(2)
pqrs = V (2)

pqrs + z1

H(3)
pqrs = V (3)

pqrs + z1 (5.14)

H(4)
pqrs = V (1)

pqrs + z2

H(5)
pqrs = V (2)

pqrs + z2

H(6)
pqrs = V (3)

pqrs + z2

which evidently transform under the hidden SO(4)4 only.
A further four groups of 48 sectors are generated through the addition of the com-

binations {S̃, S̃ + z1, S̃ + z2, S̃ + z1 + z2} which give rise to spacetime fermionic hidden
sectors:

H(7)
pqrs = S̃ + V (1)

pqrs

H(8)
pqrs = S̃ + V (2)

pqrs

H(9)
pqrs = S̃ + V (3)

pqrs

H(10)
pqrs = S̃ + V (1)

pqrs + z1

H(11)
pqrs = S̃ + V (2)

pqrs + z1

H(12)
pqrs = S̃ + V (3)

pqrs + z1

H(13)
pqrs = S̃ + V (1)

pqrs + z2 (5.15)

H(14)
pqrs = S̃ + V (2)

pqrs + z2

H(15)
pqrs = S̃ + V (3)

pqrs + z2

H(16)
pqrs = S̃ + V (1)

pqrs + z1 + z2

H(17)
pqrs = S̃ + V (2)

pqrs + z1 + z2

H(18)
pqrs = S̃ + V (3)

pqrs + z1 + z2

Essentially we see that by adding on the combinations: h̃n = {z1, z2, S̃, S̃+ z1, S̃+ z2, S̃+
z1 + z2} we generate the 6 ways of having 2 doublet representations of the four hidden
SO(4) groups. Knowing the number of hidden sectors will mainly be useful when looking
at the size of massless coefficient in the q-expansion of the partition function, which is
equivalent to a counting of the number of massless states. We will return to this in Section
6.

There are additional hidden sectors, on top of those counted by NH , that don’t live
on the orbifold planes. These 30 sectors are:

δ1,...,30 =

{

ei + ej + ek + el + z1

ei + ej + ek + el + z2
(5.16)

for i 6= j 6= k 6= l = 1, ..., 6. Similar to (5.9), (5.11) these are examples of sectors which are
not found in supersymmetric models since the S–vector would project them out. Again,
in order to evaluate the massless contribution to the q-expansion we will need to count
the states arising from these sectors.
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6 Partition Function and Cosmological Constant

The partition function of string models encapsulates all the information one knows about
its structure, symmetries and spectrum. Thus to fully understand our model it is essential
to get a handle on the calculation and form of its partition function. The analysis of
the partition function is particularly instrumental in non–supersymmetric constructions,
since it gives a complementary tool to count the total number of massless states, and its
integration over the fundamental domain correspond to the cosmological constant.

For free fermionic models, the partition function receives contributions from both
the fermionic and bosonic coordinates. That is the partition function can be split into
Z = ZBZF . Since the fermions are free, their contribution to the partition function is
purely determined in terms of their boundary conditions on the world-sheet torus, hence
we can write

Z = ZB
∑

Sp.Str.

C

[

α

β

]

∏

f

Z

[

α(f)

β(f)

]

, (6.1)

where α and β represent the boundary conditions, the sum is over all choices of spin
structure and the product is over all fermions. The GGSO coefficients C

[

α
β

]

are chosen so

that ZF is modular invariant. The Z[α(f), β(f)] terms are given as

Z

[

1

1

]

=

√

ϑ1
η
, Z

[

1

0

]

=

√

ϑ2
η
,

Z

[

0

0

]

=

√

ϑ3
η
, Z

[

0

1

]

=

√

ϑ4
η
,

(6.2)

where ϑi and η are the Jacobi theta functions and the Dedekind eta function respec-
tively. The bosonic term ZB comes from ∂X , the bosonic superpartners of the ψ. Their
contribution to the partition function in four dimensions is given by

ZB =
1

τ2

1

η2η̄2
, (6.3)

where τ2 is the the imaginary part of the modular parameter.
The partition function (6.1) is a function of the modular parameter τ = τ1 + iτ2,

which parametrises the one-loop world-sheet torus. Thus, to get a numerical value from
the one-loop partition function, one has to sum over all the inequivalent tori, i.e. all
values of τ that give tori that are not related by modular transformations. This region of
the complex plane is referred to as the fundamental domain of the modular group and is
denoted F ⊂ C, with

F = {τ ∈ C | |τ |2 > 1 ∧ |τ1| < 1/2}.

The full partition function therefore is given by the integral of (6.1) over this domain,
specifically

Z =

∫

F

d2τ

τ 22
ZB

∑

Sp.Str.

C

[

α

β

]

∏

f

Z

[

α(f)

β(f)

]

, (6.4)

where d2τ/τ 22 is the modular invariant measure. The expression (6.4) specifically repre-
sents the one-loop vacuum energy of our theory and so we may refer to it as the cosmo-
logical constant Λ.
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Figure 1: The convergence of Λ order-by-order in the q-expansion, where ∆Λ is the dif-
ference between Λ at a specific order and Λ at 4th order. The dots represent the average
over a sample of 2000 tachyon-free models and the bars give the maximum deviation from
this average.

The practical way to perform this integral is as presented in [36] using the expansion
of the η and θ functions in terms of the modular parameter, or more conveniently in
terms of q ≡ e2πiτ and q̄ ≡ qe−2πiτ̄ . This leads to a series expansion of the one-loop
partition function which converges quickly as demonstrated in Figure 1. The details and
conventions for the q-expansions can be found in Appendix A. All terms in the partition
function sum (6.4) are modular functions of the variable τ and so we can rewrite the
expression in terms of a q-expansion as

Z =
∑

n.m

amn

∫

F

d2τ

τ 32
qmq̄n =

∑

n.m

amn

∫

F

d2τ

τ 32
e−2πτ2(m+n)e2πiτ1(n−m). (6.5)

It is important to note, that in the expression above, the amn physically represent the
difference between bosonic and fermionic degrees of freedom at each mass level, i.e. amn =
Nb−Nf . Since the fundamental domain F is symmetric with respect to τ1, only the even
part of the τ1 exponential will contribute giving

Z =
∑

n.m

amn

∫

F

d2τ

τ 32
e−2πτ2(m+n) cos(2πτ1(m− n)) =:

∑

m,n

amnImn. (6.6)

The integral over τ1 can be done analytically while the τ2 integral has to be done numer-
ically. The analytic integral is calculated by splitting F into the two regions

{

F1 = {τ ∈ C | τ2 ≥ 1 ∧ |τ1| < 1/2}

F2 = {τ ∈ C | |τ |2 > 1 ∧ τ2 < 1 ∧ |τ1| < 1/2},
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such that F = F1 ∪ F2. Performing the integration over τ2 in this way also gives insight
into what terms can and cannot contribute to the partition function. The integral over
F2 is always finite however, the integral over F1 diverges for specific values of m,n. We
specifically find that the following cases arise:

Imn =

{

∞ if m+ n < 0 ∧ m− n /∈ Z\{0}

Finite Otherwise.
(6.7)

The numerical values of the integrals Imn can be found in Table 16 of Appendix A. We
learn that as expected on-shell tachyonic states, i.e. states with m = n < 0, have an
infinite contribution. On the other hand, it is important to note that some off-shell
tachyonic states may contribute a finite value to the partition function. The above result
also shows that not only on-shell tachyonic states can cause a divergence, but some off-
shell tachyonic states as well. These states, however, do not arise due to the modular
invariance constraints on the coefficients C

[

α
β

]

, which only allows states with m− n ∈ Z.
The modular invariance constraint m − n ∈ Z means that the q-expansion of the

partition function (6.5) neatly arranges into the form

amn =































0 0 a− 1

2
− 1

2

0 0 0 a− 1

2

1

2

0 0 0

0 0 0 a− 1

4
− 1

4

0 0 0 a− 1

4

3

4

0 0

a0−1 0 0 0 a00 0 0 0 a01 0

0 a 1

4
− 3

4

0 0 0 a 1

4

1

4

0 0 0
. . .

0 0 a 1

2
− 1

2

0 0 0 a 1

2

1

2

0 0 0

0 0 0 a 3

4
− 1

4

0 0 0 a 3

4

3

4

0 0

a1−1 0 0 0 a10 0 0 0 a11 0

0
. . . 0 0 0

. . . 0 0 0
. . .































(6.8)

i.e. into series of states with n − m = p ∈ Z. This gives a convenient way to examine
the different contributions to the cosmological constant (6.6) and compare the effect of
on and off-shell states. As an example we consider a model with a small value for the
cosmological constant as shown Figure 2. We see that the suppressed value of Λ is due to
the cancellation between the large positive contributions from the on-shell states and the
negative contributions from the off-shell states. Indeed, in general we find that for our
set of models, the only positive contributions to Λ come from on-shell states and so these
states can give us a handle on the expected value of the cosmological constant.

As we have seen in Figure 1, for our tachyon-free models, Λ always converges and
does so rapidly starting from 2nd order in q. It is often stated that the finiteness of
string theory is due to supersymmetry, which in our case is not present, thus one may
wonder how the partition function of non-supersymmetric theories manages to remain
finite. For supersymmetric free fermionic theories the usual S-vector (2.2) ensures that
the bosonic and fermionic degrees of freedom are exactly matched at each mass level.
That is, for a supersymmetric theory we necessarily have that amn = 0 for all m and
n, which in turn causes the vanishing of the cosmological constant as one expects. For
our non-supersymmetric models, the lack of an S-vector means that such cancellations
are not ensured and so such theories in general produce a non-zero value for Λ. It is,
however, not obviously clear that they should produce finite partition functions. Such
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Figure 2: A comparison of different contributions to Λ for a model with Λ = 0.03 ar-
ranged as in (6.8). We see that the large positive contributions of the on-shell states are
compensated by the negative contributions of the off-shell states.

finiteness is achieved through a mechanism called misaligned supersymmetry as presented
in [40, 41, 42].

As one expects, the degeneracy of states grows rapidly going up the infinite tower of
massive states. This growth, in theory, could counteract the suppression received from
the decreasing contributions from the integrals in Table 16 and cause divergences. The
mechanism of misaligned supersymmetry, however, causes the states in the massive tower
to oscillate between an excess of bosons and an excess of fermions. This behaviour is
referred to as boson-fermion oscillation. Our models indeed present this behaviour as
shown in Figure 3. Instead of cancelling level-by-level as in the supersymmetric case, the
cancellation is misaligned causing the oscillation meaning a large positive contribution is
followed by an even larger negative contribution and so on. This mechanism ensures that
the partition function of our non-supersymmetric models remains finite.

6.1 Nb = Nf at the Massless Level

The discussion above shows that while for non-supersymmetric theories there is no mech-
anism which ensures the vanishing of amn at any allowed level, there is, however, nothing
preventing it from happening. It is indeed possible to find models within our classification
set-up detailed in Section 3 which have a00 = 0, i.e. N0

b = N0
f .

In the analysis of the one-loop potential in [7], no models are found which exhibit
N0
b = N0

f at the free fermionic point in the sample explored. Instead they use techniques
developed in [43] to move away from the free fermionic point using an analogous orbifold
rewriting of the partition function and find models with N0

b = N0
f at a generic point in
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Figure 3: The boson-fermion oscillation of misaligned supersymmetry for the on-shell
states of one of our models to 8th order in the q-expansion. The overall sign of ± log(|
amn |) is chosen according to the sign of amn.

the moduli space. In our analysis we stay at the free fermionic point and it turns out that
we do find models with N0

b = N0
f and an example model is presented in Section 7.3.

It is convenient to summarise the various contributions to a00 in the form of Table
13. We use the notation for sectors laid out in Section 5. For simplicity, and since we
restrict our classification to models with no enhancements, the contributions of vector
bosons from sectors z1, z2, z1 + z2 are ignored.
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Sector Nb −Nf Sector Nb −Nf

|NS〉 304 {ȳiNS/w̄
i
NS} |Ṽ 〉 -8

|B1,2,3〉 −32 δ1,...,30 16

|x̃〉 -256 {ψ̄a(∗)/η̄b(∗)} |γ1,...,15〉 64

{ψ̄a(∗)} |V 1,2,3〉 32 {ȳiNS/w̄
i
NS} |γ

1,...,15〉 4

{φ̄{1,2}/{3,4}/{5,6}/{7,8}(∗)} |V 1,2,3〉 8 {φ̄{1,2}/{3,4}/{5,6}/{7,8}(∗)} |γ1,...,15〉 8

{ȳi/w̄i} |V 1,2,3〉 4 {yiNS/w
i
NS}{ȳ

j
NS/w̄

j
NS} |z1/2〉 8

|H1,...,6〉 16 {yiNS/w
i
NS}{η̄

b(∗)} |z1/2〉 32

|H7,...,18〉 -8 {yiNS/w
i
NS}{φ̄

{5,6,7,8}/{1,2,3,4}(∗)} |z1/2〉 16

{ψ̄1,...,5(∗), η̄1,2,3(∗), φ̄
(∗)
NS} |Ṽ 〉 -192 {yiNS/w

i
NS} |z1 + z2〉 8

Table 13: Contributions of massless sectors to a00 when present in Hilbert space of a
model. As noted a00 = N0

b − N
0
f , so bosonic contributions are positive and fermionic are

negative. The superscripts used here are i 6= j = 1, ..., 6, a = 1, ..., 5 and b = 1, 2, 3.
The NS subscript means that the oscillator has Neveu-Schwarz boundary conditions in the
sector.
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7 Results of Classification

Having discussed how to determine key features of the massless spectrum and how to
calculate the partition function and cosmological constant for our S̃-models we can now
present some statistics derived from a sample in the space of models. As mentioned in
Section 3, the space of all models is 266 ∼ 1019.9 and so a complete classification is far
beyond the computing power at our disposal. Instead, we explore a sample of 2 × 109

models of which only around 1 in 185 are tachyon-free that we take forward for further
analysis. We will start with some results of key aspects of the massless spectrum.

7.1 Results from Massless Spectrum

From our sample of 2 × 109 models we choose 107 tachyon-free models and display the
results for their SO(10) observable representations. In Figure 4 the net chirality, N16−N16,
distribution is displayed and in Figure 5 the distribution of their number of vectorial 10
representations is displayed. The familiar normal distribution also found in all other
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Figure 4: Number of models versus net chiral generations from a random sample of 107

tachyon free SO(10) models.

classifications for the supersymmetric cases is uncovered. This is hardly surprisingly since
the structure of the fermionic 16/16 is unchanged for our models. From Figure 5 we see
that the large majority of models contain at least 1 vectorial 10 which may be used to
generate a bidoublet Higgs representation when the SO(10) is broken.

In order to see more clearly the statistics from our 2 × 109 sample we display the
frequency of SO(10) models as several phenomenological constraints are considered in
Table 14.
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Figure 5: Number of models versus number of vectorial 10 sectors from a random sample
of 107 tachyon free SO(10) models.

Constraints
Total models
in sample

Probability

No Constraints 2× 109 1
(1) + Tachyon-Free 10741667 5.37× 10−3

(2) + No Observable Enhancements 10741667 5.37× 10−3

(3) + No Hidden Enhancements 9921843 4.96× 10−3

(4) + N16 −N16 ≥ 6 69209 3.46× 10−5

(5) + N10 ≥ 1 69013 3.45× 10−5

(6) + a00 = N0
b −N

0
f = 0 3304 1.65× 10−6

Table 14: Phenomenological statistics from sample of 2× 109 SO(10) S̃-models.

These results confirm the observation made in previous sections that there are no
tachyon-free models in our construction which have observable enhancements. In phe-
nomenological terms, we do not need to worry about enhancements of the hidden sector
gauge group, but they are included in the table for completeness. The next constraints
we add are much like the so-called ‘fertility constraints’ implemented in [22, 25]. The
constraint on the net chirality N16 −N16 ≥ 6 is a necessary, but not sufficient, condition
for the existence of 3 or more chiral generations at the level of the standard model. The
condition N10 ≥ 1 ensures at least one state exists that can produce a Standard Model
Higgs doublet and can be used to break the electroweak symmetry. Finally, we implement
a condition on the q-expansion coefficient a00 = 0 which corresponds to finding models
with Nb = Nf at the massless level as discussed in Section 6.

The 3304 models satisfying all these constraints are notable, particularly in regard
to this final condition of N0

b = N0
f . Inspecting the patterns in the spectra of these 3304
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Figure 6: The distribution of the cosmological constant for a sample of 104 non-tachyonic
and 104 fertile models models.

models revealed that∼ 58% contain the vector x̃ in their spectrum. In these cases the large
negative contribution of −256 that x̃ contributes to a00 is helpful in ensuring N0

b = Nf
0 .

Of those models not containing x̃ ∼ 70% obtained the large negative contribution of −192
from one of the additional vectorials Ṽ = S̃, S̃+ z1, S̃+ z2, S̃+ z1+ z2 with mixed charges
under the observable and hidden groups, i.e. the sectors {ψ̄1,...,5, η̄1,2,3, φ̄NS} |Ṽ 〉. Again
this large negative contribution helps in matching the number of massless fermions to
massless bosons.

7.2 Results for Cosmological Constant and N0
b −N

0
f

As the value of the constant term a00 = N0
b−N

0
f and the cosmological constant Λ vary from

model-to-model, it is interesting to see what range of values these non-supersymmetric
models can produce.

The distribution of the cosmological constant Λ is shown in in Figure 6, for a sample of
104 non-tachyonic and 104 fertile models. By non-tachyonic we mean that only condition
(1) of Table 14 is satisfied, while fertile models satisfy all conditions (1)-(5). It is important
to note that values presented in Figure 6 are at the special free fermionic point in moduli
space. This means that moving away from this point will change these values and if there
are unfixed moduli, there is nothing preventing this from happening. This is indeed the
case for our class of models.

Another interesting quantity in the partition functions is boson-fermion degeneracy at
the massless level. As discussed in Section 6, the on-shell states provide the majority of
positive contributions to the partition function, the largest of which is the massless term.
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Figure 7: The distribution of the constant term a00 = N0
b − N0

f for a sample of 104

non-tachyonic and 104 fertile models.

Thus the value of a00 gives a good handle on the value of the cosmological constant. It
is also, of course, interesting for the discussion of phenomenological features and stability
as explained in Section 6.1. The distribution of values of a00 = N0

b − N
0
f for a sample of

104 non-tachyonic and 104 fertile models is shown in Figure 7.
From Figures 6 and 7 we see that the fertility conditions have a measurable effect on

the distribution of Λ and a00, that is, they slightly shift the values of both to the negative.
This is an interesting effect and is likely due to condition (4) in Table 14. Even though
the fertility condition (4) is directed at ensuring the difference N16 −N16 is greater than
6, in doing this it also results in fertile models having a larger average total N16 + N16

compared to non-fertile models. As specified in Table 13, these sectors contribute a value
of −32 to a00 and thus appear to cause the shift toward smaller values for a00 and as a
consequence also for Λ.

7.3 A Model with N0
b = N0

f

From the 3304 fertile models with N0
b = N0

f we present an analysis of the key features of
the massless spectrum for one example model, as well as presenting its partition function
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and cosmological constant. The model we choose has the GGSO matrix

C

[

vi
vj

]

=

1 S̃ e1 e2 e3 e4 e5 e6 b1 b2 b3 z1
















































































1 −1 −1 1 −1 −1 −1 1 1 1 1 −1 −1

S̃ −1 1 −1 −1 −1 1 1 1 1 −1 −1 1
e1 1 −1 −1 −1 −1 −1 −1 −1 −1 −1 −1 1
e2 −1 −1 −1 1 −1 1 1 −1 1 −1 1 −1
e3 −1 −1 −1 −1 1 −1 −1 1 1 1 −1 −1
e4 −1 1 −1 1 −1 1 1 1 1 −1 1 1
e5 1 1 −1 1 −1 1 −1 1 −1 1 1 −1
e6 1 1 −1 −1 1 1 1 −1 −1 1 1 1
b1 1 −1 −1 1 1 1 −1 −1 1 −1 1 1
b2 1 1 −1 −1 1 −1 1 1 −1 1 −1 1
b3 −1 1 −1 1 −1 1 1 1 1 −1 −1 −1
z1 −1 −1 1 −1 −1 1 −1 1 1 1 −1 −1

(7.1)

This model has N16 = 7, N16 = 1 and N10 = 8 and thus satisfies the constraints imposed
in Table 14. Furthermore, in this model the x̃–sector produces massless states, which in
the supersymmetric models would correspond to the presence of the S + x sector when x
enhances the SO(10) symmetry to E6. In that case, the S + x include the superpartners
of the gauge vector bosons of the sector x, i.e. the gauginos. So in this case, we have the
gauginos but not the vector bosons.

Our model also contains 6 bosonic hidden states from the sectors H1,...,6 and 48
fermionic hidden states from the H7,...,18. There are additional vectorials from the sectors
e3+ e4+ e5+ e6, e1+ e2+ e3+ e6 and e1+ e2+ e3+ e4 with observable oscillators {ψ̄a, η̄b},
a = 1, ..., 5, b = 1, 2, 3 which cannot couple with observable states from B1,2,3 since it
cannot conserve the charges of the U(1)1,2,3 in particular. However, these three sectors
may provide couplings at higher order.

The partition function is calculated in terms of its q-expansion and so it can be specified
by a matrix of coefficients amn as in (6.8). For our example model these values are
presented in Table 15. We see that indeed this model has a00 = N0

b −N
0
f = 0 as advertised

-1 -7/8 -3/4 -5/8 -1/2 -3/8 -1/4 -1/8 0 1/8 1/4 3/8 1/2 5/8 3/4 7/8

-1/2 0 0 0 0 0 0 0 0 0 0 0 0 320 0 0 0
-3/8 0 0 0 0 0 0 0 0 0 0 0 0 0 896 0 0
-1/4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5696 0
-1/8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 29312

0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1/8 0 0 0 0 0 0 0 0 0 -288 0 0 0 0 0 0
1/4 0 0 0 0 0 0 0 0 0 0 -4512 0 0 0 0 0
3/8 0 0 0 16 0 0 0 0 0 0 0 -9808 0 0 0 0
1/2 0 0 0 0 224 0 0 0 0 0 0 0 1344 0 0 0
5/8 0 0 0 0 0 416 0 0 0 0 0 0 0 36640 0 0
3/4 0 0 0 0 0 0 576 0 0 0 0 0 0 0 78080 0
7/8 0 0 0 0 0 0 0 -320 0 0 0 0 0 0 0 212928
1 32 0 0 0 0 0 0 0 -1440 0 0 0 0 0 0 0

Table 15: The q-expansion of the partition function for our example model. Each entry in
the table represents the coefficient amn in the partition function sum (6.5), with the first
column and row being the mass levels for the left and right moving sectors respectively.
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and the series of states arrange according to (6.8). The absence of on-shell tachyons is
explicit and the contribution from off-shell tachyonic states is non-zero as expected. We
also find that the consistency condition a0−1 = 2 for the proto-graviton (4.2) as described
in [6, 36] is also satisfied.

The cosmological constant can also be calculated according to (6.6) with the modular
integral quickly converging after 2nd order in q. In this case it takes the value

Λ =
∑

m,n

amnImn = −149.77 (7.2)

at the free fermionic point. As we see it is negative which is the case for most models with
N0
b = N0

f . This is due to the fact that the largest positive contributions to the partition
function come from the light on-shell states and in particular from the massless states. If
N0
b −N

0
f = 0, this is zero and the negative contributions from the light off-shell tachyons

produce a negative value for Λ. This is indeed the case for all 3304 such models in our
scan.

8 Discussion and Conclusion

In this paper we developed systematic computerised tools to classify large spaces of free
fermion heterotic string vacua that correspond to compactifications of ten dimensional
tachyonic vacua. From the point of view of the four dimensional constructions this is
achieved by the general S̃–map. Our previous NAHE–based model [11] was similarly
constructed from the model published in [45], which raises the question what are the
consequences of applying the map to generic models, i.e. what are the relations between
the spectra of the two mapped models, and what are the general patterns. This relation
is similar to the general relation exhibited by the spinor–vector duality map, and the two
may in fact be manifestation of a much larger symmetry structure [35].

Adopting the classification methodology developed for supersymmetric free fermionic
models entails the proliferation of tachyon producing sectors in the S̃–mapped models.
The systematic classification therefore requires detailed analysis of these sectors that
was discussed in Section 4. In the analysis of the massless sectors separate attention to
bosonic and fermionic sectors is required and was discussed in Section 5. In Section 6
we discussed the general analysis of the partition function and its q–expansion in left
and right moving energy modes. The analysis of the partition function is particularly
instrumental in the case of non–supersymmetric string vacua as it gives a direct handle
on the physical states at different mass levels. Of particular interest in the q–expansion
is the a00 = N0

b − N0
f term, which counts the difference between massless bosons and

fermions in the spectrum of the string vacuum. In supersymmetric models the number of
fermionic and bosonic degrees of freedom are matched at all mass levels, and hence the
partition function and the vacuum energy are identically zero. In non–supersymmetric
models there is a generic mismatch at different mass levels, which is partially compensated
by the so–called misaligned supersymmetry [41]. It has been argued that in tachyon–free
non–supersymmetric models with a00 = 0 the vacuum energy may be suppressed by the
volume of the compactified dimensions [46].

In Section 7 we presented the results of the classification of the order of 2×109 random
GGSO phases that generate the space of vacua spanned by the basis vectors in eq. (3.1)
and the 66 independent one–loop GGSO phases. The analysis reveals that tachyon–free
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models occur with ∼ 5× 10−3 probability. Furthermore, we analysed this data by further
imposing some fertility conditions N16 − N16 ≥ 6 and N10 ≥ 1 and found fertile models
with a00 = 0 with frequency ∼ 2× 10−6 in our sample. In Figures 7 and 6 a notable shift
in values of the cosmological constant and the a00 term were detected for fertile models
compared with a random sample of non-tachyonic vacua.

These results reveal that extracting interesting phenomenological models necessitates
the development of more sophisticated computerised methods than the random generation
method. This is particularly true in light of the fact that generating viable symmetry
breaking pattern may necessitate breaking the SO(10) symmetry to the Standard Model
subgroup. The S̃–map entails that scalar degrees of freedom in the spinorial sixteen
representation of SO(10) are shifted to the massive spectrum. The consequence is that
the spectrum does not contain the neutral component in the 16 of SO(10) required to
break the remnant unbroken gauge symmetry down to the Standard Model gauge group.
The only available states are exotic states that carry fractional U(1)Z′ charge and appear
in the heterotic string Standard–like Models [47]. This assertion requires of course further
investigation that will be scrutinised in future work. The lesson may be that quasi–realistic
models in this class may only be possible for a very restricted and narrow set of models,
rather than the more generic set, which is the prevalent experience with supersymmetric
constructions. In forthcoming work these questions are investigated in tachyon–free Pati–
Salam models, including the inclusion of fertility conditions. The increased space of
vacua, in particular in the case of Standard–like models, requires adaptation of novel
computational techniques [33].

Following from or previous paper [11] the analysis and results presented in this work
open up new vistas in string phenomenology. It reveals the potential relevance of string
vacua that have been previously considered to be irrelevant. The number of questions to
explore is large and may potentially provide insight into some of the prevailing problems in
string phenomenology. Interpolation between the supersymmetric vacua and our tachyon–
free constructions, as well as with the two dimensional MSDS constructions [48], may shed
some light on the problem of supersymmetry breaking and vacuum energy in string theory.
This can be carried out in a subset of the basis vectors e.g. {1, S̃, b1} or {1, S̃, x̃}. Another
question of interest is the question of stability of the tachyon–free models. This question
is necessarily tied with the non–vanishing one–loop vacuum energy in these models. In
this respect it will be interesting to analyse the one–loop diagram that arises in these
models due to the existence of an anomalous U(1) symmetry [49] and to examine whether
two diagrams can be cancelled against each other. Finally, further understanding of the
symmetries that underlie the partition function at all mass levels, as exhibited at the
massless level by the S̃ and x̃ maps, are important to extract.
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A Theta Functions and Integrals

As we have seen, the partition functions are given in terms of Jacobi theta and Dedekind
eta functions. These are the functions that we have to expand in terms of the parameters
q ≡ e2πiτ and q̄ ≡ qe−2πiτ̄ in order to perform the integrals over the modular domain.
Further details can be found in [50], and for completeness we list below the q-expansions
used to calculate the partition function.

The q-expansions of the θ and η functions are easily derived form their definitions

ϑ2 =
∑

n∈Z

q(n+1/2)2/2 = 2q1/8 + 2q9/8 + 2q25/8 + · · · (A.1)

ϑ3 =
∑

n∈Z

qn
2/2 = q0 + 2q1/2 + 2q2 + · · · (A.2)

ϑ4 =
∑

n∈Z

(−1)nqn
2/2 = q0 − 2q1/2 + 2q2 + · · · (A.3)

η = q1/24
∞
∏

n=1

(1− qn) = q1/24 − q25/24 − q49/24 + · · · . (A.4)

Since the partition function only involves negative powers of η, the above expression is
not useful in practical terms. One can, however, find a general expansion for η−1 using
the multinomial theorem which gives

η−1 = q−1/24

∞
∏

n=1

∞
∑

k=0

(

−1

k

)

(−1)kqnk = q−1/24 + q23/24 + 2q47/24 + · · · . (A.5)

Substituting the above q-expansions into the partition function we arrive at the form
stated in (6.5) and thus all that remains is to calculate the integrals of the form

Imn =

∫

F

d2τ

τ 32
qmq̄n =

∫

F

d2τ

τ 32
e−2πτ2(m+n)e2πiτ1(n−m). (A.6)

As described above in Section 6, this is done using both analytic an numerical techniques.
The values of these integrals can be found in Table 16, where they are listed for the range
m,n ≤ 1.
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q\q̄ -1 - 3/4 - 1/2 - 1/4 0 1/4 1/2 3/4 1
-1 ∞ ∞ ∞ ∞ -1.22×101 ∞ ∞ ∞ 9.90×10−3

- 3/4 ∞ ∞ ∞ ∞ ∞ -6.17×10−1 ∞ -1.34×10−1 -8.55×10−3

- 1/2 ∞ ∞ ∞ ∞ ∞ ∞ -3.15×10−2 -1.78×10−2 -2.98×10−3

- 1/4 ∞ ∞ ∞ ∞ ∞ 3.35×10−1 1.30×10−2 -1.63×10−3 -6.47×10−4

0 -1.22×101 ∞ ∞ ∞ 5.49×10−1 5.56×10−2 5.61×10−3 2.25×10−4 -8.46×10−5

1/4 ∞ -6.17×10−1 ∞ 3.35×10−1 5.56×10−2 1.00×10−2 1.54×10−3 1.70×10−4 3.21×10−6

1/2 ∞ ∞ -3.15×10−2 1.30×10−2 5.61×10−3 1.54×10−3 3.30×10−4 5.52×10−5 6.05×10−6

3/4 ∞ -1.34×10−1 -1.78×10−2 -1.63×10−3 2.25×10−4 1.70×10−4 5.52×10−5 1.29×10−5 2.22×10−6

1 9.90×10−3 -8.55×10−3 -2.98×10−3 -6.47×10−4 -8.46×10−5 3.21×10−6 6.05×10−6 2.22×10−6 5.47×10−7

Table 16: The values of the integral Imn for m,n ≤ 1. The first column and row denotes the value of m and n respectively.
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