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Abstract6

We establish new results on the curve complexity of k-colored point-set em-
beddings when k = 3. We show that there exist 3-colored caterpillars with
only three independent edges whose 3-colored point-set embeddings may re-
quire Ω(n

1
3 ) bends on Ω(n

2
3 ) edges. This settles an open problem by Badent et

al. [5] about the curve complexity of point set embeddings of k-colored trees and
it extends a lower bound by Pach and Wenger [35] to the case that the graph
only has O(1) independent edges. Concerning upper bounds, we prove that any
3-colored path admits a 3-colored point-set embedding with curve complexity
at most 4. In addition, we introduce a variant of the k-colored simultaneous
embeddability problem and study its relationship with the k-colored point-set
embeddability problem.

1. Introduction7

A pioneering paper by Pach and Wenger [35] studies the problem of comput-8

ing a planar drawing of a graph G with a given mapping between the vertices of9

G and the points that represent them in the drawing. They show that, for any10

given point set and for any given mapping, a planar graph with n vertices admits11

a planar drawing such that the curve complexity, i.e. the maximum number of12

bends along an edge, is O(n). Furthermore, they prove that the bound on the13

curve complexity is tight when G has Ω(n) independent edges. This implies that14

the curve complexity of a planar drawing with vertices at �xed locations may15

be Ω(n) even for structurally very simple graphs such as paths or matchings,16

for which the number of independent edges is linear in n.17

These results have motivated the study of a relaxed version of the problem,18

where the function that associates vertices of the graph to points of the plane19

is not a bijection. An instance of the k-colored point set embeddability problem20

receives as input an n-vertex planar graph G such that every vertex is given21

one of k distinct colors and a set S of n distinct points such that each point22

is given one of the k distinct colors. Furthermore, G and S are compatible, i.e,23

the number of points of S having a certain color i is the same as the number24

of vertices of G having color i. The goal is to compute a k-colored point set25
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embedding of G on S, that is a planar drawing of G where every vertex of a1

speci�c color is represented by a point of the same color.2

When k = n the k-colored point set embeddability problem coincides with3

the problem of computing a drawing with vertices at �xed locations and thus4

the lower bound by Pach and Wenger on the curve complexity holds. On the5

other hand, when k = 1 Kaufmann and Wiese [31] prove that every planar6

graph admits a 1-colored point set embedding onto any point set with curve7

complexity at most two. For k = 2, outerplanar graphs always admit a 2-colored8

point set embedding with curve complexity at most �ve [12] which reduces to9

at most one when the input is a 2-colored path [17]. However there are 2-10

colored planar graphs for which a 2-colored point set embedding may require11

Ω(n) bends on Ω(n) edges [5]. This result extends the lower bound of Pach12

and Wenger [35] to a much more relaxed set of constraints on the location of13

the vertices; di�erent from the result by Pach and Wenger, the lower bound14

in [5] uses 2-connected graphs instead of (not necessarily connected) planar15

graphs. For structurally simpler graphs, such as trees or paths, the function that16

relates the curve complexity to the number of colors is not yet fully understood.17

Speci�cally, Badent et al. [5] ask to establish bounds on the curve complexity18

of k-colored trees for small values of k ≥ 3. In this paper we prove the following19

theorem.20

Theorem 1. For su�ciently large n, a 3-colored point-set embedding of a 3-21

colored caterpillar may require Ω(n
2
3 ) edges each having Ω(n

1
3 ) bends.22

The caterpillars used to prove the lower bound of Theorem 1 have at most23

three independent edges. It may be worth remarking that the argument by Pach24

and Wenger [35] applies only to graphs with a linear number of independent25

edges. Hence, our lower bound extends the one by Pach and Wenger about26

the curve complexity of planar drawings with vertices at �xed locations also to27

those graphs for which the number of independent edges does not grow with n.28

Theorem 1 naturally raises the question about the curve complexity of 3-colored29

point set embeddings of paths. Another result of our paper is the following30

theorem that extends the upper bound on the curve complexity of colored point31

set embeddings of paths proved in [17] to more than two colors.32

Theorem 2. Every 3-colored path admits a 3-colored point-set embedding with33

curve complexity at most 4 on any compatible 3-colored point set.34

The proof of Theorem 2 is based on a new technique to compute a 2-colored35

point set embedding of a 2-colored path. This technique is used as a building36

block in an algorithm that guarantees curve complexity at most four for every37

3-colored path.38

In addition to the results above, this paper initiates the study of the h-planar39

k-colored simultaneous embeddability problem. Let G1 and G2 be two k-colored40

planar graphs that, for each color class, have the same number of vertices in41

the class. Let S be a k-colored set of points such that both G1 and G2 have a42

k-colored point set embedding on S that we call Γ1 and Γ2, respectively. The43
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pair 〈Γ1,Γ2〉 is a k-colored simultaneous embedding of G1 and G2. Inspired by1

recent papers [4, 6, 11, 21, 23, 24] that study the crossings between the edges of2

the two drawings that form a simultaneous embedding (see also next section),3

we consider the additional constraint that Γ1 ∪ Γ2 be h-planar. A drawing is4

h-planar if h is the smallest number such that every edge is crossed by at most5

h other edges. When Γ1 ∪ Γ2 is h-planar, we say that 〈Γ1,Γ2〉 is an h-planar k-6

colored simultaneous embedding of G1 and G2. We apply and extend the ideas7

behind the proofs of Theorems 1 and 2 and use existing literature to establish8

upper and lower bounds on the value of h for various graph pairs. Namely, we9

show that there exists a 2-colored path G1 and a 2-colored planar graph G210

with n vertices such that for any 2-colored simultaneous embedding 〈Γ1,Γ2〉 of11

G1 and G2 we have that Γ1 ∪ Γ2 is Ω(n)-planar. For three colors, there exists12

a 3-colored path G1 and a 3-colored caterpillar G2 with n vertices such that13

any 3-colored simultaneous embedding 〈Γ1,Γ2〉 of G1 and G2 is Ω(n
1
3 )-planar.14

On the positive side, if G1 and G2 are both 3-colored cycles or if they are both15

4-colored cycles and one of them is 2-separable (i.e. it can be split into two16

2-colored paths by removing two edges), we show that there always exists a17

simultaneous embedding 〈Γ1,Γ2〉 of G1 and G2 such that Γ1 ∪ Γ2 is a 2-planar18

graph and every edge has at most four bends.19

Finally, it may be worth remarking that the results of a preliminary ver-20

sion of this paper [14] have found application in the context of robot motion21

planning [33].22

1.1. Related Work23

The problem of computing a drawing of a planar graph with �xed vertex24

positions was �rst studied by Halton [25] who proved that every n-colored planar25

graph admits an n-colored point-set embedding on any n-colored set of points;26

however Halton does not give a bound on the curve complexity of the computed27

drawings. Because of the Ω(n) lower bound by Pach and Wenger on the curve28

complexity of the k-colored point-set embeddings when k = n, several papers29

have focused on small values of k (typically k ≤ 3) to see whether better bounds30

on the curve complexity can be achieved in this setting (see, e.g., [5, 16, 17, 18,31

20? ]). As mentioned above, the proof of the upper bound of Theorem 2 is based32

on the use of a new technique to compute a 2-colored point-set embedding of a 2-33

colored path with curve complexity four. It is worth recalling that an algorithm34

to compute a 2-colored point-set embedding of a 2-colored path with curve35

complexity one, is described in [17]. Although the algorithm in the present paper36

is worse than the one in [17] in terms of curve complexity, it can be e�ectively37

used as a building block for an algorithm to compute a 3-colored point-set38

embedding of a 3-colored path with curve complexity 4. The study of 2-colored39

point-set embeddings with straight-line edges (i.e., with curve complexity 0) has40

a long tradition in the computational geometry �eld, where various results have41

been published for paths [1, 2, 28], trees [8, 27, 26, 29, 34, 36], and cycles [30].42

Since simultaneous embeddings with straight-line edges may not exist even43

for structurally simple graph families such as paths and trees [3, 22], many pa-44

pers have studied simultaneous embeddings with bends along the edges. While45
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we refer the interested reader to the extensive survey of Bläsius et al. [7], we1

only recall here that every two planar graphs have a simultaneous embedding2

with at most two bends per edge [15]. Argyriou et al. [4], Bekos et al. [6], and3

Grilli [23] study simultaneous embeddings such that any edge crossing of Γ1∪Γ24

occurs at right angles. Chan et al. [11], Grilli et al. [24], and Frati et al. [21]5

prove upper bounds on the curve complexity and on the number of crossings6

between edge pairs of Γ1 ∪Γ2. These papers bound the number of crossings be-7

tween edge pairs of Γ1 ∪Γ2 but do not bound the number of crossings per edge.8

In this paper we study the case that Γ1 ∪ Γ2 be h-planar, which implies that9

neither two edges can cross more than once, nor the number of crossings per10

edge can be larger than h. It may be worth recalling that h-planar drawings are11

among the most extensively studied topics in the research area of graph drawing12

beyond planarity; see, e.g. [19, 32] for references and surveys on this topic. Fi-13

nally, we recall that k-colored simultaneous embeddings were �rst introduced in14

a paper by Brandes et al. [9] as a generalization of simultaneous embeddings in15

the �without-mapping scenario� (that is when k = 1) and in the �with-mapping16

scenario� (that is when k = n) �rst discussed in the paper by Brass et al. [10].17

Di�erent from our setting, Brandes et al. concentrate on straight-line drawings18

and do not take into account the edge crossings of Γ1 ∪ Γ2.19

1.2. Paper Organization20

The rest of the paper is organized as follows. Preliminaries can be found21

in Section 2. The lower bound on the curve complexity of 3-colored point-set22

embedding of caterpillars is proved in Section 3, while the upper bound for 3-23

colored paths is in Section 4. The results about h-planar k-colored simultaneous24

embeddings can be found in Section 5. Conclusion and open problems are in25

Section 6.26

2. Preliminaries27

LetG = (V,E) be a graph. A k-coloring ofG is a partition {V0, V1, . . . , Vk−1}28

of V . The integers 0, 1, . . . , k − 1 are called colors and G is called a k-colored29

graph. For each vertex v ∈ Vi we denote by col(v) the color i of v.30

Let S be a set of distinct points in the plane. For any point p ∈ S, we31

denote by x(p) and y(p) the x- and y-coordinates of p, respectively, and by32

CH(S) the convex hull of S. Throughout the paper we always assume that33

the points of S have di�erent x-coordinates (if not we can rotate the plane so34

to achieve this condition). A k-coloring of S is a partition {S0, S1, . . . , Sk−1}35

of S. A set of points S with a k-coloring is called a k-colored point set. For36

each point p ∈ Si, col(p) denotes the color i of p. A k-colored point set S is37

compatible with a k-colored graph G if |Vi| = |Si| for every i. A k-colored point-38

set embedding of a planar graph G on a compatible k-colored point set S is a39

planar drawing of G such that: (i) every vertex v is mapped to a distinct point40

p of S with col(p) = col(v), (ii) each edge e of G is drawn as a polyline λ. A41

point shared by any two consecutive (maximal) segments of λ is called a bend of42
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G

(a)

Ham(G)

C
(b)

σ P

(c)

Figure 1: (a) A k-colored planar graph. (b) A Hamiltonian augmentation Ham(G) of G. The
dashed edges are dummy edges; the little squares at the intersections of the dummy edges
with the real ones are division vertices. (c) A k-colored Haimltonian path consistent with a
k-colored sequence σ.

e. The maximum number of bends along an edge is the curve complexity of the1

k-colored point-set embedding. A planar drawing of G such that every vertex2

v is mapped to a distinct point p of S with col(p) = col(v) and the edges are3

not required to be drawn as polylines (i.e, they are drawn as arbitrary simple4

Jordan arcs) will be called k-colored topological point-set embedding of G on S.5

A k-colored sequence σ is a sequence of (possibly repeated) colors c0, c1, . . . ,6

cn−1 such that 0 ≤ cj ≤ k− 1 (0 ≤ j ≤ n− 1). We say that σ is compatible with7

a k-colored graph G if color i occurs |Vi| times in σ. Let S be a k-colored point8

set. Let p0, . . . , pn−1 be the points of S with x(p0) < . . . < x(pn−1). The k-9

colored sequence col(p0), . . . , col(pn−1) is called the k-colored sequence induced10

by S, and is denoted as seq(S). A set of points S is one-sided convex if the11

points are in convex position and the two points with minimum and maximum12

x-coordinate are consecutive along CH(S). In a k-colored one-sided convex13

point set, the sequence of colors encountered clockwise along CH(S), starting14

from the point with minimum x-coordinate, coincides with seq(S).15

A Hamiltonian cycle of a graph G is a simple cycle that contains all vertices16

of G. A graph G that admits a Hamiltonian cycle is said to be Hamiltonian.17

A planar graph G is sub-Hamiltonian if either G is Hamiltonian or G can be18

augmented with dummy edges (but without dummy vertices) to a graph aug(G)19

that is Hamiltonian and planar. A subdivision of a graph G is a graph obtained20

from G by replacing each edge by a path with at least one edge. Internal21

vertices on such a path are called division vertices. Every planar graph has22

a subdivision that is sub-Hamiltonian [13, 31]. Let G be a planar graph, and23

let sub(G) be a sub-Hamiltonian subdivision of G. The graph aug(sub(G))24

is called a Hamiltonian augmentation of G and will be denoted as Ham(G).25

Figures 1(a) and 1(b) shows a planar graph G and a Hamiltonian augmentation26

Ham(G) of G. Let C be the Hamiltonian cycle of a Hamiltonian augmentation27

Ham(G) of G. Let e be an edge of C, let P = C \ e be the Hamiltonian path28

obtained by removing e from C, and let v0, v1, . . . , vn−1 be the vertices of G in29

the order in which they appear along P. Finally, let σ = c0, c1, . . . , cn−1 be30
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a k-colored sequence. Path P is a k-colored Hamiltonian path consistent with1

σ if col(vi) = ci (0 ≤ i ≤ n − 1). Figure 1(c) shows a 3-colored Hamiltonian2

path consistent with the 3-colored sequence σ shown in the same picture for a3

3-colored version of the graph G of Fig. 1(a). Let d be a division vertex used4

to split an edge (u, v) of G to obtain sub(G), and let (a, d) and (d, b) be the5

two edges incident to d that are part of (u, v) (notice that each of a and b may6

coincide with u or v or it can be a division vertex itself). If d is encountered7

between a and b when walking along P, we say that d is a �at division vertex8

(notice that there can be vertices between a and d and between d and b). A cycle9

C is a k-colored Hamiltonian cycle consistent with σ if there exists an edge e ∈ C10

such that P = C \ e is a k-colored Hamiltonian path consistent with σ. Notice11

that there can be di�erent edges in C whose removal gives rise to k-colored paths12

consistent with σ. If this is the case let P = C \ e the one of these paths for13

which the number of �at division vertices is minimum. The cycle C has at most14

δf �at division vertices per edge if P has at most δf �at division vertices per15

edge. A Hamiltonian augmentation Ham(G) that has a k-colored Hamiltonian16

cycle consistent with a k-colored sequence σ is called a k-colored Hamiltonian17

augmentation of G consistent with σ; also, we say that Ham(G) has at most δf18

�at division vertices per edge. The following theorem has been proved in [5].19

Theorem 3. [5] Let G be a k-colored planar graph, and let S be a k-colored20

point set compatible with G. If G has a k-colored Hamiltonian augmentation21

consistent with seq(S) such that there are at most δf �at division vertices per22

edge and at most δnf non-�at division vertices, then G admits a k-colored point-23

set embedding on S with curve complexity at most 2δnf + δf + 1.24

3. Lower Bound on the Curve Complexity of 3-colored Caterpillars25

In this section, we establish that a 3-colored point-set embedding of a cater-26

pillar may require Ω(n
2
3 ) edges each having Ω(n

1
3 ) bends. We actually prove a27

stronger result, i.e. that a forest of three stars may require Ω(n
2
3 ) edges each28

having Ω(n
1
3 ) bends. Our proof exploits a previous result about biconnected29

outerplanar graphs proved in [12]. We start by proving some technical lem-30

mas that state useful properties of point-set embeddings on one-sided convex31

point-sets.32

Let G be a k-colored graph, let S be a k-colored one-sided convex point set33

compatible with G, and let Γ be a k-colored point-set embedding of G on S. Let34

e be an edge of Γ, let p be an intersection point between e and CH(S), and let35

s be the segment of e that contains p. The point p can be one of the following36

(i) an end-vertex of e; or (ii) an endpoint of s that is not an end-vertex of e;37

(iii) an internal point of s and s is not a side of CH(S); (iv) an internal point of38

s and s coincide with a side of CH(S). In case (ii) we say that p is a touching39

point of e, while in case (iii) we say that p is a hull crossing of E. Let C be40

the set of touching points and hull crossings of e. The points of C divide e in41

|C|+1 pieces, which we call sub-edges. An end-vertex of a sub-edge that is not a42

vertex will be called sub-vertex. Thus a sub-vertex is either a touching point or43
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a hull crossing. Each sub-edge is either completely inside CH(S), or completely1

outside CH(S), or it is completely contained in a side of CH(S). Drawing Γ is2

said to be canonical if (i) no edge has a touching point; (ii) each sub-edge that3

is inside CH(S) or belongs to a side of CH(S) is drawn without bends; and (iii)4

each sub-edge that is outside CH(S) is drawn with two bends. The following5

lemmas establish some useful relations between the number of bends along an6

edge and the number of its hull crossings.7

Lemma 1. Let G be a k-colored graph, let S be a k-colored one-sided convex8

point set compatible with G, and let Γ be a canonical k-colored point-set embed-9

ding on S. If an edge e has c hull crossings in Γ, then e has at most 2c + 110

bends. If e is drawn with b bends, then e crosses CH(S) at least b−1
2 times.11

Proof. Since Γ is canonical every sub-vertex of e is a hull crossing and therefore12

if e has c hull crossings it consists of c + 1 sub-edges. These sub-edges are13

alternately inside and outside CH(S), thus at most
⌈
c
2

⌉
of them are outside14

CH(S) and have two bend each; since each of the c crossing can be an additional15

bend, the number of bends along e is at most 2
⌈
c
2

⌉
+ c = 2c+ 1.16

Assume now that e is drawn with b bends and let c′ be the number of hull17

crossings of e. By the argument above, we have that b ≤ 2c′ + 1, which implies18

c′ > b−1
2 . �19

Lemma 2. Let G be a k-colored graph, let S be a k-colored one-sided convex20

point set compatible with G, and let Γ be a k-colored point-set embedding on S.21

If the number of sub-vertices of an edge e in Γ is c, then e has at least
⌊
c+1
4

⌋
22

bends in Γ.23

Proof. If a sub-vertex is a touching point of e, then it is a bend of e. Hence,24

if e has at least
⌊
c
2

⌋
touching points, then it has at least

⌊
c
2

⌋
≥
⌊
c+1
4

⌋
bends.25

If the number of touching points is less than
⌊
c
2

⌋
we can slightly perturb the26

drawing in order to remove them. More precisely, let p be one such point. If27

the two sub-edges incident to p are both inside (resp. outside) CH(S), we can28

slightly perturb the drawing of these two sub-edges so that their meeting point29

is no longer on CH(S) but it is inside (resp. outside) CH(S); if the two sub-30

edges incident to p are one inside (resp. outside) CH(S) and the other coincide31

with a side of CH(S), we can slightly perturb the drawing of these two sub-32

edges so that their meeting point is inside (resp. outside) CH(S); �nally if the33

two sub-edges incident to p coincide with two consecutive sides of CH(S), we34

can slightly perturb their drawing so that their meeting point is inside CH(S).35

Notice that no new hull crossing is created by these perturbations. Once all36

touching points have been removed, the sub-vertices of e are all hull crossings37

and they are at least
⌊
c
2

⌋
. These points de�ne at least

⌊
c
2

⌋
+ 1 sub-edges that38

are alternately inside and outside CH(S); thus at least

⌊
b c+1

2 c
2

⌋
=
⌊
c+1
4

⌋
of39

them are outside CH(S) and must have at least one bend each. �40
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The next lemma shows that every k-colored point-set embedding on any1

compatible k-colored one-sided convex point set can always be transformed into2

a canonical one.3

Lemma 3. Let G be a k-colored graph, and let S be a k-colored one-sided convex4

point set compatible with G. If G has a k-colored topological point-set embedding5

on S, then G admits a canonical k-colored point-set embedding on S such that6

each edge has the same set of sub-vertices in both drawings.7

Proof. Let Γ be a k-colored topological point-set embedding on S. We now8

prove that G admits a canonical k-colored point-set embedding Γ′ on S such9

that Γ′ has the same planar embedding as Γ and the same set of sub-vertices as10

Γ.11

The sub-edges that are either inside CH(S) or are sides of CH(S) can be12

drawn straight-line without crossings. Namely, suppose for a contradiction, that13

two of these sub-edges e1 = (u1, v1) and e2 = (u2, v2) cross each other when14

drawn as straight-line segments. Let ≺ denote the order of the vertices and15

sub-vertices along CH(S) starting from a chosen reference point and assume16

without loss of generality that u1 ≺ v1, u2 ≺ v2, and u1 ≺ u2. In order to have17

a crossing between e1 and e2 it must be u1 ≺ u2 ≺ v1 ≺ v2. Since the two18

sub-edges e1 and e2 have the same end-points in Γ and are completely inside19

CH(S) in Γ, then they would cross also in Γ, which contradicts the fact that Γ20

is planar.21

We now prove that the sub-edges that are outside CH(S) can be drawn22

with two bends each with the same end-points they have in Γ and preserving23

the planar embedding of Γ. Let S′ = {p1, p2, . . . , ph} be the set of points of24

CH(S) representing vertices and sub-vertices that belong to the boundary of25

the external face of Γ. Choose any point pc inside CH(S′) and for each vertex26

and sub-vertex v of Γ denote by `v the ray starting at pc and passing through v.27

Let (u, v) be a sub-edge that is outside CH(S); the two rays `u and `w de�ne28

two wedges one of which does not contain any point of S′ distinct from u and29

v. We denote such a wedge by W(u,v). By the choice of pc the angle spanned30

by this wedge is at most π (see Fig. 2(a) for an illustration).31

We now prove by induction on the number m of sub-edges that are outside32

CH(S) that there exists a planar drawing of these sub-edges such that each of33

them has two bends and for each point w of S′ the ray `w is not crossed by34

any sub-edge outside CH(S). If m = 1, let (u, v) be the only sub-edge outside35

CH(S) and let γ be a circle centered at pc and enclosing CH(S). We consider36

two rays, `′u starting from u and `′v starting from v, that are both inside W(u,v)37

and outside CH(S). By choosing `′u su�ciently close to `u and `′v su�ciently38

close to `v we can always guarantee this property (see also Fig. 2(b)). Since the39

angle of the wedge W(u,v) is at most π, it is possible to choose two points, pu40

along `′u and pv along `
′
v, that can be connected by a segment that is completely41

outside γ. The polyline connecting the points u, pu, pv, and v is a drawing of42

the sub-edge (u, v) that has two bends and is completely outside CH(S) except43

for u and v. Since any point w of S′ distinct from u and w is not inside W(u,v),44

8



pc

u

v

`u

`v

W(u,v)
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Figure 2: Proof of Lemma 3. (a) Choice of point pc and illustration of the wedge W(u,v); the
white points are the vertices and sub-vertices of S′. (b) Case base of the proof: addition of
the sub-edge (u, v) inside W(u,v); (c) Inductive case of the proof: addition of the sub-edge
(u, v) inside W(u,v).

the ray `w is not crossed by (u, v), which is the only sub-edge drawn outside1

CH(S).2

Assume now that m > 1 and remove from Γ a sub-edge (u, v) that belongs3

to the boundary of the external face. By induction, there exists a drawing Γ−4

of all sub-edges outside CH(S) except (u, v) so that each sub-edge has only two5

bends and so that for each vertex and sub-vertex w that belong to the boundary6

of the external face, the ray `w is not crossed by any edge outside CH(S). We7

now add (u, v) to Γ−. Analogously to the base case, let γ be a circle centered8

at pc and enclosing Γ−. Since `u and `v are not crossed by any edge outside9

CH(S) we can choose two rays `′u starting from u and `′v starting from v, that10

are both inside W(u,v) and that do not intersect Γ− except at u and v (see11

also Fig. 2(c)). Also in this case this property can be guaranteed by choosing12

`′u su�ciently close to `u and `′v su�ciently close to `v. Again we can choose13

two points pu along `′u and pv along `′v outside γ that can be connected with a14

segment. This result in a drawing of (u, v) with two bends that intersects Γ−15

only at u and v. Also, for each point w of S′ distinct from u and v, the ray `w16

is not crossed outside CH(S) by any edge of Γ− by induction. Since w does not17

belong to W(u,v), `w is not intersected by (u, v). �18

We now recall the result about biconnected outerplanar graphs proved in [12]19

that we use to prove our lower bound. An alternating point set Sn is a 3-colored20

one-sided convex point set such that: (i) Sn has n points for each color 0, 1, and21

2, and (ii) when going along the convex hull CH(Sn) of Sn in clockwise order,22

the sequence of colors encountered is 0, 1, 2, 0, 1, 2, . . .. Each set of consecutive23

points colored 0, 1, 2 is called a triplet.24

A 3-fan, denoted as Gn, is a 3-colored outerplanar graph with 3n vertices25

(n ≥ 2) and de�ned as follows (refer to Fig. 3 for an illustration with n = 12). Gn26

consists of a simple cycle formed by n vertices of color 0, followed (in clockwise27

order) by n vertices of color 1, followed by n vertices of color 2. The vertex of28

color i adjacent in the cycle to a vertex of color i− 1 (indices taken modulo 3)29

9



v0

v1v2

Figure 3: The 3-fan Gn for n = 12.

is denoted as vi. Also, in Gn every vertex colored i is adjacent to vi (i = 0, 1, 2)1

and vertices v0, v1, v2 form a 3-cycle of Gn. The following theorem has been2

proved in [12].3

Theorem 4. [12] Let h be a positive integer, let Gn be a 3-fan for n ≥ 79h3,4

and let Sn be an alternating point set. In every 3-colored point-set embedding of5

Gn on Sn there is an edge with more than h bends.6

The forest of stars that we use to establish our lower bound is called a 3-sky7

and is denoted by Fn. It consists of three stars T0, T1, T2 such that: (i) each8

Ti (i = 0, 1, 2) has n vertices (n ≥ 2); (ii) all the vertices of each Ti (i = 0, 1, 2)9

have the same color i.10

Let Γn be a point-set embedding of Fn on Sn. An uncrossed triplet of Γn is11

a triplet pi, pi+1, pi+2 of points of Sn such that, when moving along CH(Sn) in12

clockwise order, no edge of Γn crosses CH(Sn) between pi and pi+1 and between13

pi+1 and pi+2. A triplet is crossed k times if the total number of times that14

CH(Sn) is crossed by some edges between pi and pi+1 and between pi+1 and15

pi+2 is k. A leaf triplet of Γn is a triplet of Sn whose points represent leaves16

of Fn. Analogously, a root triplet is a triplet of Sn whose points represent the17

three roots of Fn.18

A high-level description for the proof of our lower bound is as follows. Sup-19

pose that there exists a point-set embedding Γn of Fn on Sn with few bends20

per edge (i.e. with o(n
1
3 ) bends per edge). This implies that each edge crosses21

CH(Sn) few times (because each segment of the polyline representing an edge22

can cross CH(Sn) at most twice). We �rst prove (Lemma 4) that if this is23

the case, and if Γn has an uncrossed leaf triplet, then Gn admits a point-set24

embedding on Sn where each edge crosses CH(Sn) few times. By Lemma 3,25

this implies that Gn admits a point-set embedding on Sn with few bends per26

edge, which contradicts Theorem 4. We then use Lemmas 5 and 6 to prove that27

if Γn does not have an uncrossed leaf triplet, then we can transform γn to ob-28

tain a point-set embedding of a smaller 3-sky that has an uncrossed leaf triplet.29

The crucial point is that this transformation keeps the number of crossings with30

CH(Sn) small and does not remove too many vertices. The argument above31

implies that in any point-set embedding Γn of Fn on Sn there is at least one32

10
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(a)

CH(Sn)pj
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pj+1
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Figure 4: Insertion of a cycle connecting q0, q1 and q2. (a) Drawing of the curves following
the edge e1. (b), (c), and (d) Connection of the six curves to form a cycle.

edge with many crossings (i.e. with Ω(n
1
3 ) bends per edge). Lemmas 7 and 81

show how to repeatedly apply the argument to prove that the number of edges2

with many bends is Ω(n
2
3 ).3

Lemma 4. Let Fn be a 3-sky, let Sn be an alternating point set, and let Γn be4

a 3-colored topological point-set embedding of Fn on Sn. If Γn has an uncrossed5

leaf triplet and each edge of Γn has at most b hull crossings, then the 3-fan Gn6

has a 3-colored topological point-set embedding on Sn such that each edge has at7

most 3b+ 4 hull crossings.8

Proof. We show how to use Γn to construct a topological point-set embedding9

of the 3-fan Gn on Sn with at most 3b+ 2 hull crossings per edge.10

Let pj , pj+1, pj+2 be an uncrossed leaf triplet. Recall that the points of a11

triplet are colored 0, 1 and 2 in this order. Every point of the triplet represents12

a leaf of a di�erent star (because they have di�erent color). Denote by qi the13

point of Γn representing the root of Ti (i = 0, 1, 2) and denote by ei the edge14

connecting qi to pj+i. The idea is to connect the three points q0, q1, q2 with a15

3-cycle that does not cross any existing edge. For each edge ei we draw two16

curves that from qi run very close to ei until they reach CH(Sn). The two17

curves are drawn on the same side of ei such that they are consecutive in the18

circular order of the edges around qi (see Fig. 4(a) for an illustration). These two19

curves do not intersect any existing edges and cross CH(Sn) the same number20

of times as ei. The six drawn curves are now suitably connected to realize a21

cycle C connecting q0, q1, q2. Depending on which side the various curves reach22

CH(Sn), the connections are di�erent. In all cases, however, we can connect23

two curves to form a single edge by crossing CH(Sn) at most two additional24

times and without violating planarity (see Fig. 4(b), 4(c), and 4(d)). Thus, we25

have added to Γn three edges e′0, e
′
1, and e

′
2. Each e

′
i connects qi to qi+1 (indices26

taken modulo 3) and crosses CH(Sn) at most 2b+ 2 times. Also, since the two27

curves that follow an edge ei are both drawn on the same side of ei, the cycle28

C does not have any vertices inside (see also Fig. 5(a) for an example).29

The obtained drawing is not yet a topological point-set embedding of Gn30

because the cycle C ′ connecting all the vertices is missing. Each of the edges31

that are still missing connects either two leaves of the same color, or one leaf of32

11
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e′2
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Figure 5: (a) A topological point-set embedding of the 3-sky F4 (thick edges) after the addition
of the cycle connecting q0, q1 and q2 (thin edges). (b) Addition of the edges connecting the
leaves adjacent to q2 (thin dashed edges) and of the edge connecting q1 to a leaf with color 2
(thick dashed edge).
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color i to vertex vi+1 (indices taken modulo 3). Consider any two leaves u1 and1

u2 of color i whose edges are consecutive in the circular order around qi; denote2

by ej the edge (vi, uj) for j = 1, 2. We add the edge (u1, u2) as follows. Starting3

from u1 we draw a curve following the edge e1 until we arrive very close to qi4

and then we follow e2 until we reach u2 (see the dashed edges in Fig. 5(b)).5

The added edges do not cross any existing edges and cross CH(Sn) a number6

of times equal to the number of hull crossings of e1 plus the number of hull7

crossings of e2 plus, possibly, two additional times in case it has to go around8

qi (see for example the edge connecting the leaves u1 and u2 in Fig. 5(b)). We9

repeat the same procedure for every pair of leaves whose edges are consecutive10

in the circular order around qi (there are n− 2 such pairs). Each of the added11

edges does not cross any other existing edge and crosses CH(Sn) at most 2b+ 212

times. Furthermore the added edges connect all the leaves of color i in a path13

πi. It remains to add the edges that connect a leaf of color i to the vertex vi+1.14

Notice that the edge (vi, vi+1) and one of the two edges connecting vi to the15

end-vertices of πi are consecutive in the circular order of the edges around qi;16

denote by e′′i this edge. Starting from qi+1 we draw a curve following the edge17

e′i (i.e., the edges that connects vi to vi+1) until we arrive very close to qi and18

then we follow e′′i until we reach the leaf of e′′i (see the bold dashed edge in19

Fig. 5(b)). The constructed curve connects qi+1 to a leaf of color i and does not20

cross any existing edge. It crosses CH(Sn) at most the number of hull crossings21

of e′i+1 (that is 2b + 2), plus the number of hull crossings of e′′i+1 (that is c),22

plus, possibly, two additional times in case it has to go around qi. Thus the23

total number of crossing of CH(Sn) is at most 3b+ 4. �24

The next two lemmas explain how to obtain a 3-colored topological point-set25

embedding that satis�es Lemma 4.26

Lemma 5. Let Fn be a 3-sky, let Sn be an alternating point set, and let Γn27

be a 3-colored topological point-set embedding of Fn on Sn with a root triplet.28

If Γn has a leaf triplet τ that is crossed c times (c < n) and each edge of Γn29

has at most b hull crossings, then there exists a 3-sky Fn′ which is a subgraph30

of Fn and an alternating point set Sn′ which is a subset of Sn such that: (i)31

n′ ≥ n − c; (ii) there exists a 3-colored topological point-set embedding Γn′ of32

Fn′ on Sn′ such that each edge of Γn′ has at most b+ 1 hull crossings; (iii) τ is33

an uncrossed leaf triplet of Γn′ .34

Proof. The idea is to make τ uncrossed by removing all edges that cross it.35

In order to keep the set of points alternating, for each removed edge e we will36

remove the whole triplet that contains the point representing the leaf of e.37

Suppose �rst that none of the triplets to be removed coincides with τ (i.e., no38

edge that crosses τ has an endpoint in τ). In this case, we remove all edges39

that cross τ and all the triplets containing their leaves. Notice that, since Γn40

has a root triplet, no root is removed. Since we always remove triplets, the �nal41

drawing has the same number of points for each color. Thus, such a drawing is42

a 3-colored topological point-set embedding Γn′ of a 3-sky Fn′ on an alternating43

point set Sn′ with an uncrossed triplet τ . The number of triplets removed is at44
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Figure 6: Re-drawing of the edges incident to a leaf triplet to make it uncrossed.

most c, and therefore n′ ≥ n − c. Finally, since we have only removed edges,1

the number of hull crossings of each edge remains at most b.2

Suppose now that at least one edge that crosses τ has an endpoint in τ .3

Denote by E the set of these edges. We �rst remove all edges that cross τ but4

are not in E. Then we redraw the edges of E so that they do not cross τ . To5

this end, consider a closed curve C around τ that only intersects edges that are6

incident to or cross τ . See Fig. 6 for an illustration.7

We cut the three edges incident to the points of τ (these three edges include8

those in E, possibly coinciding with them) at the point where they cross C9

for the �rst time when walking towards the leaves. We then connect the three10

points on the curve C to the points of τ . One can observe that this can always11

be done by adding to each edge at most one crossing of CH(Sn). Also in this12

case the resulting drawing is a 3-colored topological point-set embedding Γn′ of13

a 3-sky Fn′ on an alternating point set Sn′ with an uncrossed triplet τ . Again,14

the number of triplets removed is at most c, and therefore n′ ≥ n− c. �15

Lemma 6. Let Fn be a 3-sky, let Sn be an alternating point set, and let Γn be a16

3-colored topological point-set embedding of Fn on Sn. There exist an alternating17

point set Sn′ ⊆ Sn and a 3-colored topological point-set embedding Γn′ of Fn′ on18

Sn′ such that: (i) n′ ≥ n
3 ; (ii) if an edge has b hull crossings in Γn then it has19

at most b+ 2 hull crossings in Γn′ ; (iii) Γn′ has a root triplet.20

Proof. If Γn has a root triplet, then Γn′ coincides with Γn and the statement21

holds. Suppose then that Γn does not have a root triplet. Consider the triplets22

that contain the roots. They are at most three. Denote them as τ1, τ2 and τ3.23

Denote by Ti,i+1 (for i = 0, 1, 2, indices taken modulo 3) the set of triplets that24

are encountered between τi and τi+1 when moving clockwise along CH(Sn).25

The number of triplets in T0,1, T1,2, and T2,0 is n − 3 and thus at least one26

of these three sets has n−3
3 triplets. We remove all the triplets of the other27

two sets. Furthermore we remove the points of the triplets containing the roots28

that do not represent the roots. This removes at most six extra vertices. The29

three roots are now consecutive. If they form a triplet, i.e., they are colored 0,30

1, 2 in the clockwise order, then the drawing obtained after the removal is the31
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Figure 7: Re-drawing of the edges incident to and crossing the root triplet, in order to change
the sequence of colors.

desired Γn′ . In Γn′ , there are at least n−3
3 triplets plus the root triplet, hence1

n′ ≥ n−3
3 + 1 = n

3 .2

If the three roots do not form a triplet, we locally modify the drawing to3

transform them into a triplet. To this aim, we consider a closed curve C around4

the three roots that is crossed only by the edges incident to the three roots and5

by the edges that cross CH(Sn) between them. The idea is to reassign colors6

to the points representing the three roots so that they form a triplet and then7

to reroute the edges crossing C so that each edge is reconnected to the point8

that, after the recoloring, has the color of the edge's root. This can be done9

by creating for each edge at most two additional hull crossings. Let p0, p1,10

and p2 be the points representing the three roots in the clockwise order along11

CH(Sn) and denote by c0, c1, and c2 the colors of p0, p1, and p2, respectively.12

Since p0, p1, and p2 do not form a triplet, for at least two of them the color13

ci is not i. We use two curves `1 and `2 to subdivide the region enclosed by14

C into three sub-regions: the �rst one containing p0, a portion of each edge15

incident to it, and a portion of each edge that crosses CH(Sn) between p0 and16
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Figure 8: Transformation of lines `1 and `2 for all possible orders of p′0, p
′
1 and p′2.

p1; the second one containing p1 and a portion for each edge incident to it; the1

third one containing p2, a portion of each edge incident to it, and a portion of2

each edge that crosses CH(Sn) between p1 and p2 (see Fig. 7(a)). We cut all3

the edges crossing C at the points where they intersect C (see Fig. 7(b)) and4

reassign colors to p0, p1, and p2 so that each pi is colored i (for i = 0, 1, 2).5

Denote by p′i the point that, after the recoloring, has color ci. We now make an6

homotopic transformation of `1 and `2 such that p′0 is to the left of `1, p
′
2 is to7

the right of `2, and p
′
1 is between `1 and `2 (see Fig. 7(c)). This transformation8

of `1 (resp. `2) can create at most two additional crossings between `1 (resp.9

`2) and CH(Sn) (Fig. 8 shows the transformation for all possible orders of p′0,10

p′1 and p′2). The edges that were incident to p0 must now be reconnected to p′0;11

all these edges have been cut at points that are to the left of `1. Since p′0 is12

also to the left of `1, these edges can be connected to p′0 following the pro�le of13

`1 without creating any crossing. Analogously, the edges that were incident to14

p1 have been cut at points between `1 and `2 and therefore can be reconnected15

to p′1 following the pro�le of either `1 or `2 without creating any crossing. The16

edges that were incident to p2 can be reinserted analogously to the right of `2.17

Finally, the edges that crossed CH(Sn) between p0 and p1 can be rerouted to18

the left of `1 and those that crossed CH(Sn) between p1 and p2 can be rerouted19

to the right of `2 (see Fig. 7(d)). After the rerouting, each of the rerouted edges20

16



has at most two additional hull crossings and we are in the same situation as in1

the previous case. The resulting drawing is the desired Γn′ with n
′ ≥ n

3 . �2

We are now ready to provide our �rst main result about the lower bound on3

the 3-colored point-set embedding.4

Lemma 7. Let h > 15 be a positive integer. For i = 1, 2, . . . , h2 let Fni
be the5

3-sky for ni = 173563h3 + 7h · i and let Sni
be an alternating point set. In every6

3-colored point-set embedding of Fni
on Sni

that has a root triplet there exist at7

least i edges with more than h bends each.8

Proof. We �rst prove that in any 3-colored point-set embedding Γni of Fni on9

Sni with a root triplet there exists one edge with more than h bends. Suppose10

for a contradiction that Γni
has curve complexity h. This implies that each edge11

of Γni
crosses CH(Sni

) at most 2h times. Namely, each edge consists of at most12

h + 1 segments and each of these segments can have at most two intersections13

with CH(Sni); on the other hand, two of these intersections are the two end-14

vertices of the edge. Since each edge of Γni crosses CH(Sni) at most 2h times15

and there are 3(ni − 1) edges in total, there are at most 3 · 2h(ni − 1) crossings16

of CH(Sni
) in total. The number of leaf triplets in Γni

is ni − 1. It follows17

that at least one leaf triplet τ is crossed at most 3·2h(ni−1)
(ni−1) = 6h ≤ 7h times.18

By Lemma 5 there exists a 3-colored point-set embedding Γn′ of a 3-sky Fn′19

on an alternating point set Sn′ such that: (i) n′ ≥ ni − 7h; (ii) each edge of20

Γn′ crosses Sn′ at most 2h + 1 times; (iii) τ is uncrossed. By Lemma 4, the21

3-fan Gn′ has a 3-colored topological point-set embedding on Sn′ such that each22

edge crosses CH(Sn′) at most 6h+ 7 times and by Lemma 3 a 3-colored point-23

set embedding with curve complexity at most 2(6h + 7) + 1 = 12h + 15. On24

the other hand, since ni = 173563h3 + 7h · i, we have that n′ ≥ ni − 7h ≥=25

173563h3 + 7h · i − 7h = 173563h3 − 7h(i − 1) ≥ 173563h3 = 79(13h)3 and by26

Theorem 4, in every 3-colored point-set embedding of Gn′ on Sn′ at least one27

edge has more than 13h bends. For h > 15, 13h is larger than 12h+ 15, which28

leads to a contradiction.29

We now prove by induction on i that in every 3-colored point-set embedding30

of Fni
on Sni

with a root triplet there exist i edges with more than h bends. The31

statement is true for i = 1 by the argument above. Consider now any 3-colored32

point-set embedding Γni
of Fni

on Sni
with a root triplet and assume that the33

statement is true for i− 1. By the argument above Γni has at least one edge e34

crossed more than h times. We now remove this edge and the whole triplet τ35

that contains the point representing the leaf of e. Since Γni
has a root triplet,36

the removal of τ does not remove any root. We then arbitrarily remove 7h− 137

leaf triplets. The resulting drawing is a 3-colored point-set embedding Γni−1
of38

Fni−1
on Sni−1

with a root triplet. By induction, it contains i − 1 edges each39

having more than h bends. It follows that Γni has i edges each having more40

than h bends. �41

The previous lemma shows that there exist instances requiring Ω(n
1
3 ) bends42

on Ω(n
2
3 ) edges (because h ≥ 3

√
ni

173563 for i = h2) if we only consider point-43
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set embeddings that have a root triplet. In the next lemma we remove this1

restriction.2

Lemma 8. Let h > 15 be a positive integer, let Fn be the 3-sky for n = 520689 ·3

h3, and let Sn be an alternating point set. In every 3-colored point-set embedding4

of Fn on Sn there exist at least h2 edges with more than
⌊
h−3
8

⌋
bends each.5

Proof. Let Γn be any 3-colored point-set embedding of Fn on Sn. By Lemma 66

there exists a 3-colored point-set embedding Γn′ of the 3-sky Fn′ on an alternat-7

ing point set Sn′ such that: (i) n′ ≥ n
3 ; (ii) if an edge has c hull crossings in Γn,8

then it crosses CH(Sn′) at most c + 2 times in Γn′ . By Lemma 3, Fn′ admits9

a canonical 3-colored point-set embedding Γn′ on Sn′ such that each edge has10

the same hull crossings as in Γn′ .11

Since n′ ≥ n
3 = 520689·h3

3 = 173563h3, Lemma 7 implies that Γn′ has at least12

h2 edges with at least h bends. By Lemma 1, each of these edges has at least13

h−1
2 hull crossings in Γn′ . Since Γn′ and Γn′ have the same set of hull crossings,14

then these edges have at least h−1
2 hull crossings also in Γn′ . This implies that15

the same edges have at least h−1
2 − 2 = h−5

2 hull crossings in Γn. By Lemma 216

they have more than
⌊ h−5

2 +1

4

⌋
=
⌊
h−3
8

⌋
bends in Γn. �17

From the above lemma, by observing that h ≥ 3
√

n
520689 , the next theorem18

can be stated.19

Theorem 5. For su�ciently large n, there exists a 3-colored forest Fn consist-20

ing of three monochromatic stars with n vertices and a 3-colored point set Sn in21

convex position compatible with Fn such that any 3-colored point-set embedding22

of Fn on Sn has Ω(n
2
3 ) edges having Ω(n

1
3 ) bends each.23

Since a caterpillar can be regarded as a set of stars whose roots are connected24

in a path, the lower bound of Theorem 5 also holds for caterpillars and thus25

Theorem 1 holds.26

Theorem 1. For su�ciently large n, a 3-colored point-set embedding of a 3-27

colored caterpillar may require Ω(n
2
3 ) edges each having Ω(n

1
3 ) bends.28

Theorem 1 answers an open problem posed in [5] about the curve complexity29

of k-colored point-set embeddings of trees for k ≥ 3. Note that constant curve30

complexity for 2-colored outerplanar graphs has been proved in [12].31

We conclude this section with some results derived from and/or related to32

Theorem 5. Firstly, Theorem 5 extends Theorem 4 since it implies that a 3-33

colored point set embedding of Gn may require Ω(n
2
3 ) edges with Ω(n

1
3 ) bends34

each. Moreover, Theorem 5 implies an analogous result for a k-colored forest35

of at least three stars for every k ≥ 3. In particular, when k = n we have the36

following result that extends the one by Pach and Wenger [35].37

Corollary 1. Let F be a forest of three n-vertex stars. Every planar drawing of38

F with vertices in one-sided convex position has Ω(n
2
3 ) edges with Ω(n

1
3 ) bends39

each.40
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One may wonder whether the lower bound of Theorem 5 also holds when1

the number of colors or the number of stars is less than three. The following2

theorem shows that this is not the case.3

Theorem 6. Let F be a k-colored forest of h stars and S be a set of points4

compatible with F . If min{k, h} = 2 then F has a k-colored point-set embedding5

on S with curve complexity at most 2.6

Proof. Suppose �rst that k = 2. In this case we connect the roots of the stars7

and obtain a 2-colored caterpillar, which admits a 2-colored point-set embedding8

on any 2-colored set of points with curve complexity two [17]. Suppose now that9

h = 2. Create a cycle C of n vertices colored in such a way that the sequence of10

colors along C is the same as in seq(S). Let v be a vertex of C with the same11

color as the root of the �rst star. Connect this vertex to all the other vertices12

which it is not connected to, embedding all edges inside C (this can be easily13

done without creating any crossing). Analogously we can connect a vertex with14

the same color as the root of the second star to all the other vertices which15

it is not connected to, embedding all edges outside C. The obtained graph G16

is a k-colored Hamiltonian augmentation of the union of the two stars that is17

consistent with seq(S) and has no division vertex. By Theorem 3, G admits a18

k-colored point-set embedding on S with curve complexity one. �19

4. Upper Bound on the Curve Complexity of 3-colored Paths20

In the light of Theorem 1, one may ask whether there exist subclasses of21

3-colored caterpillars for which constant curve complexity can be guaranteed.22

In this section we �rst prove that this is the case for 3-colored paths and then we23

extend the result to 3-colored caterpillars whose leaves all have the same color.24

We start by introducing some tools that will be used throughout this section.25

Let G = (V,E) be a planar graph. A topological book embedding of G is26

a planar drawing such that all vertices of G are represented as points of a27

horizontal line `, called the spine. Each of the two half-planes de�ned by ` is28

a page. Each edge of a topological book embedding is either in the top page,29

or completely in the bottom page, or it can be on both pages, in which case30

it crosses the spine. Each crossing between an edge and the spine is called a31

spine crossing. We assume that in a topological book embedding every edge32

is drawn as a sequence of one or more circular arcs, in particular semi-circles,33

such that no two consecutive arcs are in the same page1. Notice that, by using34

semi-circles, two arcs in the same page cross each other only if their end-points35

alternate along the spine. In the rest of the paper we shall often use the term36

arc to mean a circular arc. A spine crossing c is �at if the two end-points of37

the two arcs incident on c appear one before c and the other one after c along38

1The more general concept of p-page topological book embedding exists, where each arc can
be drawn on one among p di�erent pages. For simplicity we use the term topological book
embedding to mean 2-page topological book embedding.
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`. Let G be a k-colored graph, and let σ be a k-colored sequence compatible1

with G. A topological book embedding of G is consistent with σ if the sequence2

of vertex colors along the spine coincides with σ. The following lemma can be3

derived from Theorem 3.4

Lemma 9. Let G be a k-colored graph, and let S be a k-colored point set com-5

patible with G. If G admits a topological book embedding consistent with seq(S)6

and with at most χf �at spine crossing per edge and at most χnf non-�at spine7

crossing per edge, then G admits a point-set embedding on S with curve com-8

plexity at most 2χnf + χf + 1.9

Proof. Replace each spine crossing with a dummy vertex on e and connect any10

two (real or dummy) vertices that are consecutive along the spine with an edge11

if they are not yet connected. The resulting graph is a k-colored Hamiltonian12

augmentation of G consistent with seq(S) and with at most χ division vertices13

per edge and at most χf �at spine crossing per edge. By Theorem 3, G admits a14

k-colored point-set embedding on S with at most 2χnf +χf + 1 bends per edge.15

�16

According to Lemma 9, in order to prove that a 3-colored path P admits17

a 3-colored point-set embedding with constant curve complexity on every 3-18

colored set of points S, it is su�cient to prove that P has a topological book19

embedding consistent with seq(S) with a constant number of spine crossings20

per edge. To this aim, we �rst remove the vertices and points of one color from21

P and S, obtaining a 2-colored path P ′ and a compatible 2-colored point set22

S′. Next, we construct a topological book embedding ΓP ′ of P
′ consistent with23

seq(S′) with at most two spine crossings per edge and with suitable properties.24

Then we use these properties to reinsert the third color and obtain a topological25

book embedding of P consistent with seq(S). It is worth observing that a 2-26

colored path admits a topological book embedding without spine crossings [17].27

However, the topological book embeddings produced by the algorithm in [17] do28

not have the properties that we need to reinsert the third color. In Section 4.129

we describe a new alternative algorithm for topological book embeddings of 2-30

colored paths which is then exploited in Section 4.2 to compute topological book31

embeddings of 3-colored paths. In this section we assume a path to be oriented32

from one end-vertex to the other, while its associated compatible sequence is33

ordered from left to right according to the de�nition.34

4.1. Topological book embedding of a 2-colored path35

Let P be a 2-colored path, and let σ = seq(S) be the compatible sequence36

associated with P . Path P and sequence σ can be regarded as two binary strings37

of the same size where one color is represented by bit 0 and the other one by bit38

1. We denote by bj(P ) the j-th bit of P and by bj(σ) the j-th bit of σ. Path39

P and sequence σ are balanced if the number of zeros (ones, resp.) in P equals40

the number of zeros (ones, resp.) in σ. Path P and sequence σ are a minimally41

balanced pair if there does not exist a pre�x of P and a corresponding pre�x of42

σ that are balanced.43
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Figure 9: (a) Illustration of the hook visibility property. The bold segment is the access
interval. The spine portion de�ned by u and w is the access spine portion. (b)�(c) Base cases
for the proof of Lemma 11.

Lemma 10. Let P and σ be a minimally balanced pair of length k > 1. Then,1

b1(P ) 6= bk(P ), bk(P ) = b1(σ), and b1(P ) = bk(σ).2

Proof. We �rst observe that b1(P ) 6= b1(σ) as otherwise b1(P ) and b1(σ) would3

be balanced pre�xes of P and of σ, respectively, thus contradicting the fact that4

P and σ are a minimally balanced pair. Also, bk(P ) 6= bk(σ) as otherwise5

the pre�xes obtained by removing bk(P ) from P and bk(σ) from σ would be6

balanced, again contradicting the fact that P and σ are a minimally balanced7

pair.8

Assume now for a contradiction that b1(P ) = bk(P ), which would also im-9

ply that bk(P ) 6= b1(σ) (since b1(P ) 6= b1(σ)). Denote by ∆l the number of10

zeros in the string b1(P )b2(P ) . . . bl(P ) minus the number of zeros in the string11

b1(σ)b2(σ) . . . bl(σ) (for l = 1, 2, . . . , k). Assume without loss of generality that12

b1(P ) = 0, then b1(σ) = 1 and therefore ∆1 = 1. On the other hand, since13

P and σ are balanced, ∆k = 0. Since bk(P ) 6= bk(σ), ∆k−1 6= 0 and since14

b1(P ) = bk(P ), we have that bk(P ) = 0, which implies ∆k−1 = −1. The value15

of ∆l changes by at most one unit (positively or negatively) when the index l is16

increased by one unit. Thus, ∆1 = 1 and ∆k−1 = −1 imply that there must exist17

an index j, with 1 < j < k−1, where ∆j = 0. But this would imply the existence18

of a pre�x of P and a corresponding pre�x of σ that are balanced � again a con-19

tradiction. Finally, note that b1(P ) 6= b1(σ), bk(P ) 6= bk(σ) and b1(P ) 6= bk(P )20

imply that bk(P ) = b1(σ) and b1(P ) = bk(σ). �21

Let Γ be a topological book embedding with n vertices. The vertices of Γ22

divide the spine ` into n+ 1 intervals, two of which (namely the rightmost and23

the leftmost) are unbounded. We call each of these intervals a spine portion. We24

consider a spine portion as an open interval, i.e., its endpoints are not part of25

the spine portion. Let p be a point of ` (possibly representing a vertex). We say26

that p is visible from above (below) if the vertical ray with origin at p and lying27

in the top (bottom) page does not intersect any edge of Γ. We say that a spine28

portion is visible from above (below) if it contains a sub-interval whose points29

are all visible from above (below). A vertex v of Γ is hook visible if there exists a30

point p of the spine that is not a vertex or a spine crossing such that p is visible31

from below and we can add the arc (v, p) in the top page of Γ without crossing32

any other edge of Γ. If p is to right (left) of v we say that v is hook visible from33
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one vertex to the right of I
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Figure 10: Illustration of the Properties 11.a�11.f. (a) Edges crossing the spine twice: the
spine crossings are shown as small squares; the white squares are �at spine crossings; (b)�(c)
Arrows show visibilities; squares are spine crossings; (d) v1 and vn are the �rst and the last
vertex of P , respectively (arrows show visibilities); (e) I is the right access interval of the last
vertex of P ; (f) Illustration of the various types of spine portions; the small square are spine
crossings .

the right (left) and p is a right (left) access point of v. An maximal interval of1

the spine consisting points that are all right (left) access points of v is called a2

right (left) access interval of v (or access interval for short). A spine portion3

that contains an access interval of a vertex v is called an access spine portion4

of v. For example, Fig. 9(a) depicts a 2-colored topological book embedding5

of a path; the right access interval for the hook visible vertex v is highlighted6

in bold; the gray curve describes the hook visibility property of v. The access7

spine portion is the spine portion de�ned by u and w. The next lemma states8

that a 2-colored path admits a 2-colored topological book embedding consistent9

with a compatible 2-colored sequence with some additional properties. These10

properties are useful to combine topological book embeddings of sub-paths, as11

we will do in the proof of the lemma, but also to use the computed topological12

book embedding as a basic tool to compute a topological book embedding of a13

3-colored path. The additional properties are illustrated in Fig. 1014

Lemma 11. Let P be a 2-colored path, and let σ be a 2-colored sequence com-15

patible with P . The path P admits a topological book embedding consistent with16

σ and with the following properties:17

11.a Every edge crosses the spine at least once and at most twice. If an edge18

crosses the spine twice, at least one of its spine crossings is �at.19

11.b Every spine portion is visible from below.20

11.c Every spine crossing is visible from below.21

11.d The �rst vertex of P is visible from above; the last vertex of P is hook22

visible from the right;23

11.e The last vertex of P has a single right access interval I and to the right of24

I there is no spine crossing and at most one vertex.25
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Figure 11: Case 1 of Lemma 11: (a) and (c) show the topological book embedding Γ′ of P ′

and the choice of the points p1, p2, p3, q1, q2, and q3. In (a) u1 is to the right of un′ , while in
(c) u1 is to the left of un′ . In both cases u1 is accessible from above and un′ is hook visible
from the right; (b) and (d) show the addition of the edges (v1, u1) and (un′ , vn). In both
cases v1 is visible from above and vn is hook visible from the right.

11.f Every spine portion has at most two spine crossings. The leftmost spine1

portion and the access spine portion of the last vertex of P have at most2

one spine crossing. The rightmost spine portion has no spine crossings.3

Proof. We prove the statement by induction on the length n of P (and of σ).4

If n = 1 the statement trivially holds. If n = 2 we draw the unique edge e of5

P in one of two possible ways depending on the colors of the two vertices. If6

the �rst vertex of P has the same color as the �rst element of σ, we draw e7

with a spine crossing between the two points representing the vertices of P and8

in such a way that the �rst arc of e is in the bottom page; see Fig. 9(b). If9

the �rst vertex has a color di�erent from the �rst element of σ, then we draw10

e with a spine crossing to the left of the leftmost vertex in such a way that the11

arc incident to the leftmost vertex is in the bottom page, see Fig. 9(c). In both12

cases properties 11.a�11.f hold. Suppose now that n > 2 and that the statement13

holds for every k < n. We distinguish between two cases.14

Case 1: P and σ are a minimally balanced pair. By Lemma 10, the15

�rst vertex of P has the same color as the last element of σ, the last vertex of P16

has the same color as the �rst element of σ, and these two colors are di�erent. It17

follows that by removing the �rst and the last elements from both P and σ, we18

obtain a new 2-colored path P ′ of length n′ = n−2 and a new 2-colored sequence19

σ′ compatible with P ′. By our inductive hypothesis, P ′ admits a topological20

book embedding Γ′ consistent with σ′ such that Γ′ satis�es properties 11.a�11.f21

(as schematically depicted in Fig. 11(a) and 11(c)). Denote by u1 and un′ the22

23



�rst vertex and the last vertex of P ′, respectively. To construct a topological1

book embedding of P consistent with σ, we proceed as follows (refer also to2

Fig. 11(b) and 11(d)). Denote as p1, p2 and p3 three points (in this order from3

left to right) to the left of all points of Γ′; denote as q1, q2, and q3 (in this order4

from left to right) three points such that q1 is in the access interval of un′ , while5

q2 and q3 are to the right of all points of Γ′ (notice that by property 11.d of6

Γ′, un′ has a right access interval). Vertex vn is mapped to p2 and vertex v1 is7

mapped to q3. Edge (v1, u1) is drawn as the concatenation of three arcs: arc8

(v1, p1) in the top page, arc (p1, p3) in the bottom page, and arc (p3, u1) in the9

top page (Notice that by property 11.d of Γ′, u1 is visible from above). Edge10

(un′ , vn) is drawn in one of two di�erent ways. If un′ is not the rightmost vertex11

of Γ′, then it is drawn as the concatenation of three arcs: arc (un′ , q1) in the12

top page, arc (q1, q2) in the bottom page, and arc (q2, vn) in the top page (see13

Fig. 11(b)). If u′n is the rightmost vertex of Γ′ (and therefore by property 11.f14

there is no spine crossing to its right), then it is drawn as the concatenation of15

two arcs: arc (un′ , q2) in the bottom page and arc (q2, vn) in the top page (see16

Fig. 11(d)). It is immediate to verify that we have constructed a topological17

book embedding Γ of P consistent with σ. Namely, the added edges are drawn18

so that they do not corss each other. Also, by the visibility properties of u1 and19

un′ , the added edges do not intersect any edge of Γ′.20

We now prove that Γ satis�es properties 11.a�11.f. The two added edges21

have at least one and at most two spine crossing by construction. The spine22

crossing of (v1, u1) at p3 is �at, since it is connected to p1 (which is to its left)23

and to u1 (which is to its right). If (un′ , vn) is drawn with two spine crossings24

(�rst case above), its spine crossing at q1 is �at, since it is connected to un′25

(which is to its left) and to q2 (which is to its right). Thus, property 11.a holds.26

As for property 11.b, it can only be violated because of the addition of some27

arc in the bottom page; however this can happen only if the interval of the28

added arc contains more than one vertex. We have added at most two such29

arcs: (p1, p3) and possibly (q1, q2). The interval of arc (p1, p3) only contains30

vn by construction; the interval of arc (q1, q2) contains at most one vertex by31

property 11.d of Γ′. This observation together with the inductive hypothesis on32

Γ′ implies that property 11.b holds for Γ. Since the at most two arcs added in33

the bottom page do not change the visibility property for the spine crossings of34

Γ′ and the added spine crossings (p1, p3, q2, and possibly q1) are visible from35

below, property 11.c also holds for Γ. Concerning property 11.d, observe that36

v1 is visible both from above and from below because it is the last point of Γ;37

on the other hand, vn is hook visible from the right because all points between38

q2 and v1 are access points for it. These are the only access points due to the39

presence of the arcs added to represent (v1, u1) and (un′ , vn). Moreover, to40

the right of these access points there is no spine crossing and only the vertex41

v1. Thus, property 11.e holds. Concerning property 11.f, let w′l and w
′
r be the42

leftmost vertex and the rightmost vertex of Γ′, respectively. There are three43

spine portions of Γ′ that are modi�ed by the addition of (v1, u1) and (un′ , vn):44

the leftmost spine portion s′l of Γ′ to the left of w′l, the rightmost spine portion45

s′r of Γ′ to the right of w′r, and the spine portion s′I containing the right access46

24



Γ′

u1un′
Γ′′

w1wn′′

p1 p2

(a)

Γ

Γ′

u1un′
Γ′′

w1wn′′

p1 p2

(b)

Γ′

u1 un′
Γ′′

w1wn′′

p1 p2

(c)

Γ

Γ′

u1 un′
Γ′′

w1wn′′

p1 p2

(d)

Figure 12: Case 2 of Lemma 11: (a) and (c) show the topological book embeddings Γ′ of P ′

and Γ′′ of P ′′ and the choice of the points p1 and p2. In (a) u1 is to the right of un′ , while in
(c) u1 is to the left of un′ . In both cases u1 and w1 are accessible from above, while un′ and
wn′′ are hook visible from the right; (b) and (d) show the addition of the edge (un′ , w1). In
both cases u1 = v1 is visible from above and wn′′ = vn is hook visible from the right.

interval I of un′ (notice that s′r and s′I coincide if un′ is the rightmost vertex1

of Γ′). The spine portion s′l is split in two by the addition of vn: the leftmost2

spine portion sl of Γ to the left of vn and the spine portion s1 between vn3

and w′l. Portion sl contains only one spine crossing, that is p1. As for s1, by4

property 11.f of Γ′ there is at most one spine crossing to the left of w′l in Γ′; this5

and p2 are the at most two spine crossings of s1. The spine portion s′r is also6

split in two by the addition of v1: the rightmost spine portion sr of Γ to the7

right of v1 and the spine portion s2 between w′r and v1. Section sr has no spine8

crossing. Concerning s2, by property 11.f of Γ′ there is no spine crossing to the9

right of w′r in Γ′; thus, s2 only contains the spine crossing q2. Consider now s′I10

and assume that s′I 6= s′r (otherwise there is nothing to prove). By property 11.f11

of Γ′, the spine portion s′I has at most one spine crossing in Γ′; the new spine12

crossing q1 is the only one added inside s′I and therefore s′I has at most two13

spine crossings in Γ. Finally, observe that the spine portion sI that contains the14

right access interval of vn coincides with s2 and we have already shown that it15

has at most one spine crossing.16

Case 2: P and σ are not a minimally balanced pair. In this case there17

exists a pre�x (i.e. a subpath) P ′ of P and a corresponding pre�x σ′ of σ that18

are balanced. P ′ is 2-colored path and σ′ is a 2-colored sequence compatible19

with P ′ and their length is less than n. By inductive hypothesis, P ′ admits a20
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topological book embedding Γ′ consistent with σ′ and satisfying properties 11.a�1

11.f. On the other hand, P ′′ = P \ P ′ is also a 2-colored path and σ′′ = σ \ σ′2

is a 2-colored sequence consistent with P ′′. Thus, P ′′ also admits a topological3

book embedding Γ′′ consistent with σ′′ and satisfying properties 11.a�11.f.4

Denote by u1 and un′ the �rst and the last vertex of P ′, respectively, and by5

w1 and wn′′ the �rst and the last vertex of P ′′. To construct a topological book6

embedding of P consistent with σ we proceed as follows (refer also to Fig. 12).7

Place Γ′′ to the right of Γ′ and denote as p1 and p2 two points (in this order8

from left to right) such that p1 is in the access interval of un′ , while p2 is to the9

right of all points of Γ′ and to the left of all the points of Γ′′.10

Edge (un′ , w1) is drawn in one of two di�erent ways. If un′ is not the11

rightmost vertex of Γ′, then it is drawn as the concatenation of three arcs (see12

Fig. 12(b)): arc (un′ , p1) in the top page, arc (p1, p2) in the bottom page, and13

arc (p2, w1) in the top page (Notice that by property 11.d of Γ′′, w1 is visible14

from above). If un′ is the rightmost vertex of Γ′ (and therefore by property 11.f15

there is no spine crossing to its right), then it is drawn as the concatenation of16

two arcs (see Fig. 12(d)): (un′ , p2) in the bottom page and (p2, w1) in the top17

page. It is immediate to verify that we have a constructed a topological book18

embedding Γ of P consistent with σ.19

We now prove that Γ satis�es properties 11.a�11.f. The edge (un′ , w1) added20

to create Γ has at least one and at most two spine crossings by construction.21

The two spine crossings are both �at. Thus, property 11.a holds. As for prop-22

erty 11.b, recall that the addition of (un′ , w1) can cause the violation of prop-23

erty 11.b only if the interval of an arc added in the bottom page contains more24

than one vertex. We added in the bottom page either arc (p1, p2), whose in-25

terval only contains u1 by construction, or (un′ , p2), whose interval does not26

contain any vertex. This fact together with the inductive hypothesis on Γ′ and27

Γ′′ implies that property 11.b holds for Γ. Since the arc added in the bottom28

page does not change the visibility property for the spine crossings of Γ′ and29

Γ′′ and the added spine crossings (p2 and possibly p1) are visible from below,30

property 11.c also holds for Γ. About property 11.d, observe that v1 coincides31

with u1, which is visible from above in Γ′ by property 11.d; since it is not cov-32

ered from above by the edge (un′ , w1), it remains visible from above also in Γ.33

Similarly, vn coincides with wn′′ , which is hook visible from the right in Γ′′ by34

property 11.d; since its access interval is not covered from below by the edge35

(un′ , w1), it remains hook visible from the right also in Γ. Since no vertex or36

spine crossing has been introduced to the right of the right access interval of37

wn′′ = vn, and since property 11.e holds for wn′′ in Γ′′, property 11.e also holds38

for Γ. Concerning property 11.f, let w′r be the rightmost vertex of Γ′ and let w′′l39

be the leftmost vertex of Γ′′. All the spine portions of Γ except the one between40

w′r and w′′l , call it s1, and the one containing the right access interval of un′ ,41

call it s′I , have the same number of spine crossings that they have in Γ′ or in Γ′′,42

i.e. at most two. Notice that s′I coincides with s1 if un′ is the rightmost vertex43

of Γ′. Since by property 11.f of Γ′ there is no spine crossing to the right of w′r44

and by property 11.f of Γ′′ there is at most one spine crossing to the left of w′′l ,45

there is at most one spine crossing in s1 di�erent from p2. Thus, s1 has at most46
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Figure 13: A topological book embedding of a 2-colored path consistent with a given 2-colored
sequence constructed according to the algorithm described in the proof of Lemma 11.

two spine crossings. Consider now s′I and assume that s′I 6= s1 (otherwise there1

is nothing to prove). By property 11.f of Γ′, s′I has at most one spine crossing2

in Γ′; the new spine crossing p1 is the only one added inside s′I and therefore s′I3

has at most two spine crossings in Γ. Finally, since vn = wn′′ , the spine portion4

sI that contains the right access interval of vn coincides with the spine portion5

of Γ′′ containing the right access interval of wn′′ . No spine crossing has been6

added inside this portion and therefore sI has at most one spine crossing by7

property 11.f of Γ′′. �8

Fig. 13 shows a topological book embedding of a 2-colored path P consistent9

with a given 2-colored sequence σ constructed according to the algorithm de-10

scribed in the proof of Lemma 11. To help the reader, colored regions are shown11

on top on the path in order to highlight the input of the various recursive calls.12

For example, the region labeled a represents the �rst call of the algorithm whose13

input is the whole path P and the whole sequence σ; since P and σ are not min-14

imally balanced, Case 2 of Lemma 11 applies and we have two new recursive15

calls. The �rst call, represented by the region labeled b, takes as input the �rst16

eight vertices of P and the �rst eight elements of σ, which form the minimally17

balanced pre�x of P and σ. The second call, represented by the region labeled18

c, takes as input the remaining part of P and σ.19

4.2. Topological book embedding of a 3-colored path20

In this section we exploit the algorithm of Lemma 11 to construct a topo-21

logical book embedding of a 3-colored path. A vertex v of a topological book22

embedding Γ is doubly hook visible if there exist two points p1 and p2 of the spine23

that are not vertices or spine crossings such that p2 is visible from above and24

we can add the arc (v, p1) in the top page Γ and the arc (p1, p2) in the bottom25

page without crossing any other edge of Γ (see Fig. 14). If p1 and p2 are both26

to the right of v, we say that v is doubly hook visible from the right. The spine27

portions containing p1 and p2 are called the access spine portions of v. Notice28

that they both coincide with the rightmost spine portion if v is the rightmost29
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vertex of Γ. The next lemma proves that every 3-colored path admits a topo-1

logical book embedding consistent with any compatible 3-colored sequence and2

that has some additional properties. These properties will be useful in Section 53

to prove results about h-planar k-colored simultaneous embedding.4

v u w z
p1

p2

Figure 14: Illustration of the doubly hook visibility property. The two spine portions de�ned
by u and w and by w and z are the access spine portions of v.

Lemma 12. Let P be a 3-colored path and σ be a 3-colored sequence compatible5

with P . The path P admits a topological book embedding consistent with σ and6

with the following properties:7

12.a Every edge crosses the spine at most twice. If an edge crosses the spine8

twice, at least one of its spine crossings is �at.9

12.b The �rst vertex of P is visible from above; the last vertex of P is doubly10

hook visible from the right;11

12.c Every spine portion has at most two spine crossings. The leftmost spine12

portion and the two access spine portions of the last vertex of P have13

at most one spine crossing. The rightmost spine portion has no spine14

crossings.15

Proof. Let c0 and c1 be the colors of the end-vertices of P (possibly c0 = c1),16

and let c2 be a color distinct from c0 and c1. Let w1, w2, . . . , wk be a maximal17

subpath of P colored c2. Let u1 be the vertex before w1 along P and let u2 be18

the vertex after wk along P . Since the end-vertices of P have colors distinct19

from c2, u1 and u2 always exist. We replace the subpath u1, w1, w2, . . . , wk, u220

with a dummy edge (u1, u2). We do this replacement for every maximal subpath21

colored c2. Let P ′ be the resulting 2-colored path and let σ′ be the 2-colored22

sequence obtained from σ by removing all elements of color c2.23

By Lemma 11, P ′ admits a topological book embedding Γ′ consistent with24

σ′ that satis�es properties 11.a�11.f. We add to Γ′ a set Q of points colored c225

to represent the removed vertices that will be added back. These points must26

be placed so that the sequence of colors along the spine coincides with σ. By27

property 11.b of Lemma 11, all these points can be placed so that they are28

visible from below. We now have to replace some edges of P ′ with paths of29

vertices colored c2. Refer to Figure 15 for an illustration. Let (u1, u2) be an30

edge that has to be replaced by a path P = u1, w1, w2, . . . , wk, u2. For each31

vertex wi to be added (i = 1, 2, . . . , k) we add an image point to the drawing.32

The image points are added as follows. By property 11.a of Lemma 11, the33
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Figure 15: Addition of the vertices of color c2 to create a topological book embedding of a
3-colored path.

edge (u1, u2) crosses the spine at least once. Let χ be the point where (u1, u2)1

crosses the spine for the �rst time when going from u1 to u2. By property 11.c2

of Lemma 11, χ is visible from below. This means that there is a segment s3

of ` with χ as an endpoint that is visibile from below. We place k − 1 image4

points p1, p2, . . . , pk−1 inside this segment, while χ is the k-th image point pk5

(it is the leftmost if s is to the left of χ, while it is the rightmost if s is to the6

right of χ). See Fig. 15(b) for an illustration. The �rst arc of the edge (u1, u2)7

is replaced by an arc connecting u1 to p1; each image point pi is connected to8

the image point pi+1 (i = 1, 2, k−1) by means of an arc in the top page; �nally,9

the last image point pk is already connected to u2 by means of the remaining10

part of the original edge (u1, u2). Notice that the edge (u1, p1) does not cross11

the spine, and the same is true for any edge (pi, pi+1), while the edge (pk, u2)12

crosses the spine at most once (the original edge had at most two spine crossing13

one of which was at χ = pk). We have replaced the edge (u1, u2) with a path14

π = 〈u1, p1, p2, . . . , pk, u2〉 with k + 1 edges, as needed. However, the points15

representing the intermediate vertices of this path are not the points of the set16

Q. The idea then is to �connect� the image points to the points of Q. To this17

aim, we add matching edges in the bottom page between the image points and18

the points of Q. Since both the points of Q and the image points are visible from19

below, these matching edges do not cross any other existing edge. Moreover,20

by using a simple brackets matching algorithm, we can add the matching edges21

so that they do not cross each other. We �nally use the matching edges to22

create the actual path that will represent P . We �cut� the path π at each image23

point pi and replace it with two consecutive points p′i and p
′′
i . The edge (u1, p1)24

becomes an edge (u1, p
′
1), each edge (pi, pi+1) becomes an edge (p′′i , p

′
i+1), and25

the edge (pk, u2) becomes an edge (p′′k , u2). Denote by qi the point of Q matched26

29



with pi. For each qi we add two edges (qi, p
′
i) and (qi, p

′′
i ) following the matching1

edge (pi, qi). In this way we have a path u1, p
′
1, q1, p

′′
1 , p
′
2, q2, p

′′
2 , . . . , p

′
k, qk, p

′′
k , u2.2

The arc (qk, p
′′
k) and the �rst arc of (p′′k , u2) are both in the same page; thus we3

remove p′′k and connect qk directly to the second arc of (p′′k , u2). The points p′i4

and p′′i (i = 1, 2, . . . , k) do not represent vertices but spine crossings, while the5

points qi represent vertices of P . The resulting drawing is planar by construction6

and therefore it is a topological book embedding Γ of P .7

Proof of property 12.a. Property 12.a holds for every edge of Γ that is8

also in Γ′ by property 11.a of Lemma 11. Consider now the edges of a path9

P = u1, w1, w2, . . . , wk, u2 that replace an edge (u1, u2) and recall that each10

vertex wi is drawn at point qi. The �rst edge from u1 to q1 has a spine crossing11

at p′1; the edge from pk to u2 possibly has a spine crossing of the replaced edge12

(u1, u2); �nally, each edge from qi to qi+1 (i = 1, 2, . . . , k) has two spine crossings13

at p′′i and at p′i+1. Moreover, at least one of the two spine crossings is �at. More14

precisely, if qi and qi+1 are both to the left of p′1, then p
′′
i is �at (see for example15

p′′1 in Fig. 15(d)); if qi and qi+1 are both to the right of pk, then p
′
i+1 is �at (see16

for example p′4 in Fig. 15(d)); if qi is to the left of p′1 and qi+1 is to the right17

of pk, then both p′′i and p′i+1 are �at (see for example p′′2 and p′3 in Fig. 15(d)).18

Thus, property 12.a holds for all edges of Γ.19

Proof of property 12.b. The �rst vertex v1 of P is visible from above20

in Γ′ by property 11.d of Lemma 11 (notice that by our choice of c2, v1 is the21

�rst vertex of P ′). The only arcs added in the top page are those connecting p′′i22

to p′i+1, which do not cover any existing vertex. Thus v1 of P remains visible23

from above also in Γ. The last vertex vn of P is hook visible from the right in24

Γ′ by property 11.d of Lemma 11 (also in this case our choice of c2 guarantees25

that vn is the last vertex of P ′). The hook visibility of vn implies that for26

every point p1 of the right access interval I of vn and for every point p2 of the27

rightmost spine portion s′r (notice that the access spine portion of vn and s′r28

may coincide) we can add the two arcs (vn, p1) and (p1, p2) without creating29

any crossings between edges. By properties 11.e and 11.f of Γ′, there is no spine30

crossing and at most one vertex between p1 and p2. This implies that no image31

point is added between p1 and p2; furthermore, if some point of the set Q is32

added inside I or sr, it is always possible to choose a point p1 of I and a point33

p2 of sr such that no point of Q is added between them. As a consequence, the34

two arcs (vn, p1) and (p1, p2) can be added to Γ without creating any crossings35

between edges. Moreover, p2 is visible from above in Γ′ because it belongs to36

sr. Since no image point is added inside sr (because no spine crossings belongs37

to sr), none of the edges added in the top page de�nes an interval that contains38

p2, which is therefore visible from above also in Γ. It follows that vn is doubly39

hook visible and therefore property 12.b holds.40

Proof of property 12.c. The construction of Γ shown so far may not41

satisfy this property. Let s be a spine portion of Γ; either s coincides with a42

spine portions s′ of Γ′ (if no point of Q is added inside s′) or it is a sub-interval43

of s′ obtained by splitting s′ with points of Q. Spine portion s′ will be called the44

parent spine portion of s. We now explain how to modify Γ to a new topological45

book embedding Γ′′ that still satis�es properties 12.a and 12.b and such that46
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Figure 16: Reduction of the spine crossings of a spine section.

each spine portion has no more spine crossings than its parent spine crossing.1

Let s be a spine portion of Γ, and let s′ be its parent spine portion. Assume2

�rst that no point of Q is added inside s′, i.e., that s = s′. If s is not crossed by3

a dummy edge (u1, u2), then the number of spine crossings in s in Γ is the same4

as in Γ′ (we create new spine crossings in Γ only when replacing dummy edges5

with paths). Suppose now that s′ is crossed in Γ′ by a dummy edge (u1, u2).6

Since (u1, u2) is dummy, it is replaced in Γ by a path P = u1, w1, w2, . . . , wk, u2.7

See, for example, Fig. 16(a). In Γ the spine crossing between (u1, u2) and s is8

replaced by 2k− 1 spine crossings (i.e, the points p′i and p
′′
i ). Thus, s has more9

than two spine crossings in Γ. We modify the drawing of each edge (wi, wi+1)10

of P so that s is crossed only once by the edges of P as shown, for example, in11

Fig. 16(b). Edge (wi, wi+1) consists of three arcs in Γ: arc (qi, p
′′
i ), arc (p′′i , p

′
i+1),12

and arc (p′i+1, qi+1). Points p′′i and p′i+1 are two spine crossings and they are13

consecutive along the spine (i.e. there is no vertex or spine crossing between14

them). We replace the three arcs with a single arc (qi, qi+1) in the bottom15

page. We claim that no edge crossing is created. Replacing (qi, p
′′
i ), (p′′i , p

′
i+1),16

and (p′i+1, qi+1) with (qi, qi+1) in the same page as (qi, p
′′
i ) and (p′i+1, qi+1) is17

topologically equivalent to moving arc (p′′i , p
′
i+1) to the page opposite to the one18

where it was in Γ. This means that a crossing can be created only with arcs19

having an endpoint between p′′i and p′i+1. Since p′′i and p′i+1 are consecutive,20

no such arc exists. When this transformation is applied to all edges (wi, wi+1)21

of P , path P has only one remaining spine crossing inside s, namely the spine22

crossing at p′1. When P was added to Γ′ to obtain Γ, a spine crossing, denoted23

χ above, was removed. It follows that the number of spine crossings in s stays24

the same in Γ′ and in Γ′′.25

Assume now that some points of Q are added inside s′ and therefore s is26

one of the spine portions obtained by splitting s. At most two of these new27

spine portions inherit form s one spine crossing each. The same argument as28

above applies to these two spine portions. Observe that all other spine portions29

obtained by splitting s have no spine crossings. It follows that the number of30

spine crossings in s is at most the number of spine crossing in its parent spine31
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P

σ

Figure 17: A topological book embedding of a 3-colored path consistent with a given 3-colored
sequence constructed according to the algorithm described in the proof of Lemma 12.

portion s′.1

From the argument above, both in the case that s = s′ and in the case that2

s ⊂ s′, the number of spine crossings in s is at most the one in s′. Thus, s3

has at most two spine crossings by property 11.f of Lemma 11. By the same4

property, if s is the leftmost spine portion it has at most one spine crossing5

and if it is the rightmost it has no spine crossing. Consider now the two access6

spine portions s1 and s2 of vn and assume that they do not coincide with7

the rightmost spine portion (otherwise we have already seen that they do not8

contain any spine crossings). Assume s1 to be on the left of s2. As described9

in the proof of property 11.b, the parent spine portion of s1 is the access spine10

portion of vn in Γ′. From property 11.f of Lemma 11 it follows that s1 has11

at most one crossing. The parent spine portion of s2 is the rightmost spine12

portion of Γ′ and therefore s2 has at most one spine crossing (actually it has13

zero spine crossings). This concludes the proof that property 12.c holds for Γ′′.14

We conclude by remarking that the transformation of Γ in Γ′′ does not cause15

any violation of the properties 12.a and 12.b proved above, which therefore still16

hold for Γ′′. �17

Fig. 17 shows a topological book embedding of a 3-colored path P consistent18

with a given 3-colored sequence σ constructed according to the algorithm de-19

scribed in the proof of Lemma 12. The book embedding is constructed starting20

from the one shown in Fig. 13, which is a topological book embedding of the21

path obtained from P by replacing sub-paths of one color (gray in the picture)22
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with edges. We conclude this section by showing how Lemma 12 can be used1

to prove two theorems about 3-colored point-set embeddability. Other appli-2

cations of Lemma 12 to 3-colored simultaneous embeddability will be given in3

Section 5.4

Theorem 2. Every 3-colored path admits a 3-colored point-set embedding with5

curve complexity at most 4 on any compatible 3-colored point set.6

Proof. Let P be a 3-colored path and let S be a 3-colored point set compatible7

with P . By property 12.a of Lemma 12, P admits a 3-colored topological book8

embedding consistent with seq(S) with at most two spine crossings per edge and9

at most one �at spine crossing per edge. This together with Lemma 9 implies10

the statement. �11

Theorem 2 can be extended to a subclass of 3-colored caterpillars.12

Theorem 7. Every 3-colored caterpillar with monochromatic leaves admits a 3-13

colored point-set embedding with curve complexity at most 4 on any compatible14

3-colored point set.15

Proof. Let C be a 3-colored caterpillar with monochromatic leaves and let S16

be a compatible point set. As in the case of 3-colored paths, we �rst remove from17

C the vertices of one color. In particular, we remove the vertices with the color18

of the leaves; denote this color as c2. Suppose �rst that the end-vertices of the19

backbone2 P of C have a color distinct from c2 (the case when the end-vertices20

of the backbone have color c2 will be reduced to this case by suitably adding21

dummy vertices and points). The leaves are simply removed from C while the22

subpaths of P whose color is c2 are replaced by dummy edges as in the case23

of paths (notice that under the assumption that no end-vertex of P is colored24

c2 this replacement is always possible). Let P ′ be the resulting 2-colored path25

and let σ′ be the 2-colored sequence obtained from σ = seq(S) by removing all26

elements of color c2.27

By Lemma 11, P ′ admits a topological book embedding Γ′ consistent with28

σ′ that satis�es the properties 11.a�11.f. As in the proof of Lemma 12 we add29

to Γ′ a set Q of points colored c2 placed so that the sequence of colors along the30

spine coincides with σ. By property 11.b of Γ′, all these points can be placed31

so that they are visible from below. We now have to remove the dummy edges32

of P ′ and re-insert the vertices colored c2. The approach is very similar to the33

one used for paths. The di�erence is that each dummy edge has to be replaced34

with a subgraph that is a caterpillar instead of a path. Also, there can be leaves35

that must be attached to vertices of P ′ with color di�erent from c2.36

We consider �rst the leaves that have to be attached to vertices with color37

di�erent from c2. Let u1 be one such vertex and suppose that there are k leaves38

2The path obtained from a caterpillar by removing all its leaves is usually called spine. To
avoid confusion with the spine of the book embedding, we call it backbone.
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Figure 18: Addition of the image points. (a) An edge (u1, u2) that crosses the spine for
the �rst time at χ; (b) k = 5 leaves have been attached to v; (c) the edge (u1, u2) has been
replaced by a 1-page book embedding of a caterpillar with k = 5 vertices.

to be attached to u1. Let (u1, u2) be the edge connecting u1 to its predecessor or1

to its successor in P ′. By property 11.a of Lemma 11, the edge (u1, u2) crosses2

the spine at least once. Let χ be the point where (u1, u2) crosses the spine for3

the �rst time when going from u1 to u2. By property 11.c of Lemma 11, χ4

is visible from below. This means that there is a segment s of ` with χ as an5

endpoint that is visible from below. We place k image points inside this segment6

and connect them to u1. This can be done without creating any crossing since7

the added edges follow the pro�le of the arc from u1 to χ (see Fig. 18(b)).8

Consider now an edge that has to be replaced by a caterpillar C ′ with k9

vertices (notice that C ′ contains u1 and u2 as leaves attached to the �rst and10

last vertex of the backbone of C ′). Denote this edge as (u1, u2) and let χ and11

s be de�ned as in the previous case. We add k image points inside s and, as12

done in the proof of Lemma 12, the �rst arc of the edge (u1, u2) is replaced by13

an arc connecting u1 to p1, while the last image point pk is already connected14

to u2 by means of the remaining part of the original edge (u1, u2). Finally, let15

Γ′′ be a 1-page book embedding of C ′ with the property that u1 and u2 are16

the �rst vertex and the last vertex of Γ′′ (such an embedding always exists).17

We �embed� Γ′′ on the image points, placing all the edges on the top page (see18

Fig. 18(c)).19

Once all vertices colored c2 have been added to the drawing using image20

points, we add the matching edges as done in the proof of Lemma 12 and21

use them to construct the �nal drawing. The idea is similar the one used in22

Lemma 12, the di�erence being that the vertices mapped to the image points23

can have degree larger than two (while in the case of Lemma 12 they all have24

degree two). Each image point pi is replaced by a set of consecutive points25

in number equal to the degree of the vertex mapped to pi; each of the edges26

incident to this vertex is connected to one of the points replacing pi, paying27

attention to guarantee that the left-to-right order of these edges is preserved so28

to not create crossings (see Fig. 19(b)). Denote by qi the point of Q matched29

with pi; all the points replacing pi are connected to qi following the matching30

edge (see Fig. 19(c)). Also in this case the last point replacing the last image31

point pk has two incident arcs that are in the same page and that are removed.32

As for the case of paths, the �nal drawing is planar, each edge crosses the33

spine at most twice, and if an edge crosses the spine twice at least one of the34

two spine crossings is �at which, by Lemma 9, implies the statement for the35

case when the backbone of C has end-vertices whose color is not c236
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Figure 19: Addition of the matching edges and construction of the �nal drawing. (a) Each
image point pi is matched to a point qi of Q; (b) Each image point pi is replaced by a set
of points in number equal to the number of incident edges. (c) Matching edges are used to
construct the drawing.

If the backbone P of C has one or two end-vertices colored c2, then we1

modify C by attaching to each end-vertex of the backbone colored c2 a dummy2

leaf with a color c1 di�erent from c2. The obtained caterpillar C∗ has all leaves3

of the same color c2 except for the dummy ones. We also add one or two dummy4

points to the point set S so that C∗ and the new point set S∗ are compatible. If5

we attached a dummy leaf to the beginning of the backbone of C then we add a6

dummy point with x-coordinate smaller than any other point; if we attached a7

dummy leaf to the end of the backbone of C then we add a dummy point with8

x-coordinate greater than any other point. With this choice the dummy points9

appear at the beginning and/or at the end of the sequence σ∗ = seq(S∗). Once10

these additions have been made we can remove the leaves colored c2 as in the11

previous case, but we do not remove the dummy leave whose color is c1. We12

are left with a �backbone� P ∗ (actually it is the backbone of C plus one or two13

dummy leaves at the end) whose end-vertices are not colored c2. We can now14

proceed as in the previous case and compute a 3-colored point-set embedding15

Γ∗ of C∗ with curve complexity four. To obtain a 3-colored point-set embedding16

of C it is su�cient to remove the dummy leaves and the dummy points. This is17

possible because the dummy leaves are mapped to the dummy points. Namely,18

the algorithm of Lemma 11 is such that if the �rst vertex of a 2-colored path19

has the same color of the �rst element of the 2-colored sequence, then the �rst20

vertex is mapped to the �rst element of the sequence; analogously, if the last21

vertex of the path has the same color of the last element of the sequence, then22

the last vertex is mapped to the last element of the sequence. Based on our23

choice of the additional points this is our case and therefore the dummy leaves24

can be safely removed from Γ∗. �25

5. h-planar k-colored Simultaneous Embeddings26

Two k-colored planar graphs are compatible if they have the same number of27

vertices for each color. A k-colored simultaneous embedding of two compatible28

k-colored graphs G1 and G2 is a pair of k-colored point-set embeddings Γ1 and29

Γ2 on the same k-colored point set where Γi represents Gi (i = 1, 2). Such30

k-colored simultaneous embedding is h-planar if every edge of Γ1∪Γ2 is crossed31

at most h times and no two edges cross more than once.32
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We start by establishing lower bounds on the number h of crossings per1

edge in Γ1 ∪Γ2 when one of the two graphs is a structurally very simple graph.2

Namely, we exploit the following technical lemma.3

Lemma 13. Let h, k be any two positive integers and let G1 and G2 be a pair4

of compatible k-colored planar graphs such that G2 is a cycle. If the pair G15

and G2 admits an h-planar k-colored simultaneous embedding then G1 has a6

k-colored point-set embedding with curve complexity 2h + 1 on any compatible7

point set.8

Proof. Since G2 is a cycle, the h-planar k-colored simultaneous embedding9

Γ1∪Γ2 can be regarded as a k-colored Hamiltonian augmentation of G1 with at10

most h division vertices per edge. In the worst case none of them is �at. Thus,11

Theorem 3 implies that G1 has a k-colored point-set embedding with at most12

2h+ 1 bends per edge on any compatible point set. �13

The following results can be proved using Lemma 13.14

Theorem 8. There exists a 2-colored planar triangulation G1 and a compatible15

2-colored cycle G2 such that for every h-planar 2-colored simultaneous embedding16

of G1 and G2, we have h ∈ Ω(n).17

Proof. It is known that there exists a 2-colored planar triangulation G and a18

compatible set of point S such that in every 2-colored point-set embedding of19

G on S, there exist Ω(n) edges each having Ω(n) bends [5]. Let G1 coincide20

with G and let G2 be a cycle. If G1 and G2 admitted an h-planar 2-colored21

simultaneous embedding with h ∈ o(n), then by Lemma 13, G1 would admit22

a 2-colored point-set embedding with curve complexity o(n) on any compatible23

point set, including S � a contradiction. �24

The next two theorems can be proved using the same argument as the one25

of Theorem 8 together with Theorem 1 (for the �rst one) and a result by Pach26

and Wenger [35] (for the second one) stating that for every n there exists an27

n-colored matching G and an n-colored point set such that, in every point-set28

embedding of G on S, there exist Ω(n) edges each having Ω(n) bends29

Theorem 9. There exists a 3-colored caterpillar G1 and a compatible 3-colored30

cycle G2 such that for every h-planar 3-colored simultaneous embedding of G131

and G2, we have h ∈ Ω(n
1
3 ).32

Theorem 10. There exists an n-colored matching G1 and a compatible n-colored33

cycle G2 such that for every h-planar n-colored simultaneous embedding of G134

and G2, we have h ∈ Ω(n).35

We now prove some upper bounds on the number of crossings per edge in36

Γ1 ∪ Γ2 when both G1 and G2 are cycles.37

Theorem 11. A compatible pair of 3-colored cycles admits a 2-planar 3-colored38

simultaneous embedding with at most 4 bends per edge.39
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Figure 20: Proof of Theorem 11: Addition of the edge (v1, vn1 ).

Proof. Let C1 and C2 be two 3-colored compatible cycles. For i = 1, 2, let Pi1

be the path obtained by arbitrarily removing one edge ei from cycle Ci. Let σ2

be the sequence of colors of the vertices of P2. By property 12.a of Lemma 12,3

P1 admits a topological book embedding Γ′1 consistent with σ such that ev-4

ery edge has at most two spine crossings and at most one �at spine crossing;5

moreover every spine portion has at most two spine crossings (property 12.c).6

We now explain how to add the edge e1 to Γ′1 so as to obtain a topological7

book embedding of C1. By property 12.b of Lemma 12, the �rst vertex v1 of8

P1 is visible from above while the last vertex vn is doubly hook visible from9

the right. Hence, we can add edge e1 = (v1, vn) to Γ′1 without introducing any10

edge crossing (see Fig. 20). Namely, by the doubly hook visibility, vn can be11

connected to a point visible from above by crossing the spine at most twice (if12

vn is visible from above then no spine crossing is necessary). We thus obtain13

a topological book embedding Γ′′1 of C1 compatible with σ such that each edge14

of C1 has at most two spine crossings and at most one �at spine crossing, and15

each spine portion is crossed at most twice. Notice that by property 12.c the16

access spine portions of vn have at most one spine crossing each in Γ′1 and the17

addition of the edge (v1, vn) introduces one spine crossing in each access spine18

portion. Thus they have at most two spine crossings in Γ′′1 .19

Let S be a 3-colored point set lying on a horizontal line ` such that seq(S) =20

σ. By Lemma 9, C1 admits a 3-colored point-set embedding on S with at most21

four bends per edge. In particular such a point-set embedding can be obtained22

as follows. Replace each semi-circle α representing an arc of an edge in Γ′ with23

a 1-bend polyline whose endpoints are the endpoints of α and whose bend is24

the middle point of α. With this construction, the segments of each polyline25

are drawn with slope +1 or −1. This implies that two arcs in the same page26

and incident on a common endpoint overlap. Let (p, q) and (p, r) be two such27

arcs. Without loss of generality assume that p, q and r appear in this order28

along ` (refer also to Fig. 21). Consider the line `′ passing through p with slope29

1−ε, for suitably small ε > 0; let p′ be the intersection point between `′ and the30

line with slope −1 passing through q. Re-drawing the arc (p, q) as the polyline31

connecting p, p′, and q removes the overlap between (p, q) and (p, r) and does32

not create any crossing between them. On the other hand, by choosing ε small33

enough we can guarantee that (p, q) does not cross any other existing arc. By34
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Figure 21: Proof of Theorem 11: Removal of edge overlaps.

applying this re-drawing to all pairs of overlapping arcs3, we obtain a 3-colored1

point-set embedding Γ1 of C1 on S. The number of bends per edge is at most2

4. Namely, since each edge has at most two spine crossings in Γ′1, it consists3

of at most three arcs in Γ′1. For each of these arcs there is one bend in Γ1 and4

an additional bend can exist at each spine crossing, which would give an upper5

bound of �ve to the number of bends per edge in Γ1. However one of the two6

spine crossings is �at and �at spine crossings do not create additional bends.7

Namely, let p be a �at spine crossing and let (p, q) and (p, r) be the two arcs8

that have p as a common endpoint. By de�nition of �at spine crossings, q is9

to the left of p and r is to the right of p (or vice versa) and the two arcs are10

in di�erent pages. This implies that the two segments incident to p have the11

same slope and are not rotated to remove overlaps. Hence, no additional bend12

is created at p and the number of bends per edge in Γ1 is at most four.13

Since seq(S) = σ, connecting each point of S to the next one we obtain14

a drawing Γ′2 of P2 which, together with Γ1, forms a 3-colored simultaneous15

embedding of C1 and P2. Since in Γ1 each edge of C1 crosses the spine (and16

therefore the edges of P2 in Γ′2) at most twice and each spine portion (and17

therefore each edge of P2 in Γ′2) is crossed at most twice, the simultaneous18

embedding of C1 and P2 is 2-planar. To obtain a simultaneous embedding of19

C1 and C2 it remains to add to Γ′2 the edge e2 removed to obtain P2. Edge e220

connects the �rst vertex u1 of P2 to its last vertex un, which are the leftmost21

vertex and the rightmost vertex in the drawing, respectively. Edge e2 can be22

drawn with three bends: the �rst bend is a point p1 of ` to the left of any23

other point in the drawing; the second bend is a point p2 of ` to the right of24

any other point in the drawing; �nally, the third bend is the intersection point25

p3 of the line with slope +1 through p1 and the line with slope −1 through26

p2. The resulting drawing Γ2 of C2 is clearly planar. We now show that the27

added edge intersects Γ1 in at most two points. The choice of the slopes of28

segments p1p3 and p3p2 guarantees that these two segments do not cross any29

edge of Γ1. Segment p1v1 is crossed by the edges of Γ1 that cross the leftmost30

spine portion in Γ′1 (notice that Γ1 intersects line ` at the points representing the31

spine crossings of Γ′′1 , which coincide with those of Γ′1 except possibly for the two32

spine crossings added inside the access spine portions of vn). By property 12.c33

of Lemma 12 there is only one edge that crosses the leftmost spine portion of34

Γ′1. Concerning segment unp2, in Γ′1 there is no spine crossing to the right of35

3If the two overlapping arcs have slope −1, the slope of the redrawn edge has to be −1 + ε.
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C1

C2

Figure 22: A 2-planar 3-colored simultaneous embedding of two 3-colored cycles with at most
4 bends per edge constructed according to the algorithm described in the proof of Theorem 11.

un by property 12.c of Lemma 12. When we create Γ′2, we possibly add a spine1

crossing inside the rightmost spine portion sr of Γ′1, i.e. to the right of un (this2

happens if sr is one of the access spine portions of vn). Thus, segment unp23

has at most one spine crossing. It follows that edge e2 crosses the edges of Γ14

at most twice and therefore Γ1 and Γ2 form a 2-planar 3-colored simultaneous5

embedding of C1 and C2 with at most four bends per edge. �6

Fig. 22 shows a 2-planar 3-colored simultaneous embedding of two 3-colored7

cycles with at most 4 bends per edge constructed according to the algorithm de-8

scribed in the proof of Theorem 11. The simultaneous embedding is constructed9

starting from the one shown in Fig. 17, which is a topological book embedding10

of the path obtained from C1 by removing one edge (shown in bold in Fig. 22).11
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6. Concluding Remarks and Open Problems1

In this paper we have established a lower bound on the curve complexity2

of k-colored point-set embeddings when k = 3 and the graph is acyclic. More3

precisely, Theorem 5 proves Ω(n
1
3 ) bends on Ω(n

2
3 ) edges. This settles an open4

problem by Badent et al. [5] about the curve complexity of point set embeddings5

of k-colored trees and it extends a lower bound by Pach and Wenger [35] to the6

case that the graph has only O(1) independent edges. Since O(n) bends are7

always su�cient to compute a point-set embedding of a 3-colored caterpillar [5,8

35], we have the following.9

Problem 1. Establish whether the lower bound of Theorem 5 is tight.10

Motivated by the lower bound of Theorem 5, Theorem 7 describes a family11

of 3-colored caterpillars for which a constant number of bends per edge is always12

su�cient. Further exploring this topic is a natural question. Namely, we have13

the following.14

Problem 2. Characterize the 3-colored caterpillars which admit a 3-colored15

point-set embedding with constant curve complexity on any compatible set of16

points.17

In contrast to the case of caterpillars, 3-colored paths always have a 3-colored18

point-set embedding with constant curve complexity on any given set of points19

(see Theorem 2). On the other hand, there exist n-colored paths whose point20

set embeddings may require Ω(n) bends per edge.21

Problem 3. Do 4-colored paths always admit a point-set embedding with con-22

stant curve complexity on any compatible set of points?23

Problem 4. Let k be a positive integer. Is there a function f(k) such that every24

k-colored path has a k-colored point-set embedding with curve complexity f(k)25

on any compatible set of points?26

The following theorem gives a partial answer to Problem 3. A 4-colored path27

is separable if, after removing one edge, it can be split into two 2-colored paths.28

A 4-colored point set is separable if there exists a vertical line that splits the29

point set into two 2-colored point sets.30

Theorem 12. Let P be a 4-colored path with n vertices, and let S be a 4-31

colored point set compatible with P . If P is separable, it has a 4-colored point-set32

embedding on S with curve complexity at most 4. If S is separable, then P has33

a 4-colored point-set embedding on S with curve complexity at most 5.34

Proof. Suppose �rst that P is separable with respect to edge (u1, u2), and35

let P1 and P2 be the two 2-colored paths obtained by removing (u1, u2) from36

P . Orient each path Pi so that ui is the �rst vertex, and let uni
be the last37

vertex of Pi (i = 1, 2). Let σ = seq(S), and let σi be the 2-colored sequence38
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obtained from σ considering only the elements colored with the colors of Pi. By1

Lemma 11, Pi has a topological book embedding Γi consistent with σi such that2

properties 11.a�11.f hold. By mirroring Γ2 vertically we obtain a topological3

book embedding Γ′2 consistent with σ2 such that: (i) every spine portion is4

visible from above; (ii) vertex u2 is visible from below. Since each spine portion5

of Γ1 is visible from below and each spine portion of Γ′2 is visible from above,6

Γ1 and Γ′2 can be arranged together by intermixing their vertices according to7

the order de�ned by σ and without creating any intersection between the two.8

We now add back the edge (u1, u2) removed from P to obtain P1 and P2. Since9

u1 is visible from above and u2 is visible from below, we can connect u1 and u210

with an edge that crosses the spine once to the left of the leftmost point/spine11

crossing of Γ1 ∪ Γ′2. We obtain a topological book embedding of P consistent12

with σ with at most two spine crossing per edge and at most one �at spine13

crossing per edge. By Lemma 9, P has a 4-colored point-set embedding on S14

with curve complexity at most 4.15

Suppose now that S is separable. The idea is to exchange the roles of P and16

S. Namely, let P ′ be a path such that the sequence of colors along the path17

coincides with seq(S), and let σ′ be a sequence of colors coinciding with the18

sequence of colors of the vertices of P along the path. Clearly, σ′ is compatible19

with P ′. By the argument above, P ′ admits a topological book embedding Γ′20

consistent with σ′ such that properties 11.a�11.f hold. Since the �rst vertex u121

of P ′ is visible from above and the last vertex un is hook visible from below,22

we can connect these two vertices with an edge that crosses the spine at the23

access spine portion of un and at the rightmost spine portion (if these two spine24

portions coincide, un and u1 are both visible from above and can be connected25

without spine crossings). We obtain a topological book embedding Γ′′ of a26

cycle C consistent with σ′ such that each spine portion has at most two spine27

crossings. Since the colors in σ′ appear in the same order as in P and those28

in P ′ appear as those in seq(S), the topological book embedding Γ′′ de�nes29

a 4-colored Hamiltonian augmentation of P consistent with seq(S) such that30

there are at most two division vertices per edge (we cannot say anything about31

how many of them are �at). By Theorem 3, P admits a 4-colored point-set32

embedding on S with curve complexity at most 5. �33

Fig. 23(a) shows a 4-colored topological book embedding of a separable 4-34

colored path with at most two spine crossings per edge constructed according35

to the algorithm described in the proof of Theorem 12. The solid edges are the36

edges of the path P1, the dashed edges are the edges of the path P2, and the37

bold edge is the edge (u1, u2).38

An additional contribution of this paper is the study of the h-planar k-colored39

simultaneous embeddability problem, which can be regarded as a variant of40

the k-colored simultaneous embeddability problem where it is required that the41

union of the two drawings is an h-planar graph. Theorems 8, 9, and 10 establish42

lower bounds on the value of h for which a simultaneous h-planar embedding43

of two k-colored planar graphs exists. Concerning upper bounds, Theorem 1144

exploits the techniques behind Theorem 2 to prove that any two compatible 3-45
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Figure 23: (a) A 4-colored topological book embedding of a separable 4-colored path with at
most 2 spine crossings per edge constructed according to the algorithm described in the proof
of Theorem 12. (b) A 4-colored topological book embedding of a separable 4-colored cycle
with at most 3 spine crossings per edge constructed according to the algorithm described in
the proof of Theorem 13.

colored cycles admit an 2-planar 3-colored simultaneous embedding. A natural1

question is therefore the following.2

Problem 5. Do any two compatible 4-colored cycles admit an h-planar 4-colored3

simultaneous embedding for constant h and with constant curve complexity?4

The following theorem is a preliminary result that sheds some light on Prob-5

lem 5. A 4-colored cycle is separable if, after removing two edges, it can be split6

into two 2-colored paths.7

Theorem 13. A compatible pair of 4-colored cycles, one of which is separable,8

admits a 3-planar 4-colored simultaneous embedding with at most 5 bends per9

edge.10

Proof. Let C1 and C2 be the two 4-colored cycles. Assume that C1 is separable11

and let P1,1 and P1,2 be the two 2-colored paths obtained by removing two12

edges (u1, u2) and (v1, v2) from C1. Let P1 be the path obtained from C1 by13

removing only the edge (u1, u2). Let P2 be a 4-colored path obtained from C2 by14

arbitrarily removing an edge, and let σ be the sequence of colors of the vertices15

of P2. Path P1 is separable and thus, as explained in the proof of Theorem 12,16

it admits a topological book embedding Γ consistent with σ with at most two17

spine crossing per edge and at most one �at spine crossing per edge. We now18

explain how to add the edge (v1, v2) so that it has at most three spine crossings19

and at most one �at spine crossing. Recall that Γ is obtained starting from two20

topological book embeddings Γ1 and Γ2 of P1,1 and P1,2, respectively, satisfying21

properties 11.a�11.f of Lemma 11; Γ2 is then vertically mirrored, thus obtaining22

Γ′2, and �nally the �rst vertex u1 of P1,1 in Γ1 and the �rst vertex u2 of P1,223

in Γ′2 are connected by an edge that crosses the spine to the left of the leftmost24

point of Γ1∪Γ′2. By property 11.d, the last vertex v1 of P1,1 is hook visible from25

the right in Γ1. Analogously, the last vertex v2 of P1,2 is hook visible from the26

right in Γ2; this means that there exists a point p (actually an interval) that is27
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Figure 24: (a) A hook visible vertex v of; (b) Combination of Γ1 and Γ′2 (dashed): v becomes
doubly hook visible.

visible from below and that can be connected to v2 by means of an arc in the top1

page. It follows that in Γ′2, point p is visible from above and can be connected2

to v2 by means of an arc in the bottom page. Without loss of generality suppose3

that the last element of σ has one of the colors of P1,2. In this case, when we4

combine Γ1 and Γ′2, the vertex v1 is no longer hook visible because the visibility5

of v1 is �blocked� by Γ′2 (see Fig- 24 for an illustration). However, it becomes6

doubly hook visible (the situation is similar to that of Lemma 12 when some7

points of Q are added inside the rightmost spine portion). This means that8

there are two points q1 and q2 such that q2 is visible from above and we can add9

arcs (v1, q1) in the top page and (q1, q2) in the bottom page without intersecting10

any existing edge. Since the point p of Γ′2 remains visible from above after the11

combination of Γ1 and Γ′2, we can add the arc (q2, p) without creating any edge12

crossing. We obtain a topological book embedding of C1 consistent with σ where13

all edges except (v1, v2) have at most two spine crossings and at most one �at14

spine crossing, and edge (v1, v2) has at most three spine crossings and at most15

one �at spine crossing (the one at q1).16

With the same technique as the one described in the proof of Theorem 11, we17

can use the topological book embedding of C1 to construct a 4-colored point-18

set embedding with at most �ve bends per edge on a point set S lying on a19

horizontal line ` such that seq(S) = σ. Connecting each point of S along ` to20

the next one, we obtain a drawing of P2 and therefore a 4-colored simultaneous21

embedding of C1 and P2. Each edge of C1 crosses the spine (and therefore the22

edges of P2) at most three times. Also, each spine portion (and therefore each23

edge of P2) is crossed at most twice. It follows that the simultaneous embedding24

of C1 and P2 is 3-planar. To obtain a simultaneous embedding of C1 and C2, it25

remains to add the edge connecting the �rst vertex of P2 to its last vertex. This26

can be drawn with three bends and maintaining the 3-planarity of the drawing27
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in the same way as explained in the proof of Theorem 11. �1

Fig. 23(b) shows a 4-colored topological book embedding of a separable 4-2

colored cycle with at most 3 spine crossings per edge constructed according to3

the algorithm described in the proof of Theorem 13. The solid edges are the4

edges of the path P1,1, the dashed edges are the edges of the path P1,2, and the5

bold edges are the edges (u1, u2) and (v1, v2).6

We conclude by mentioning that it would be interesting to study the op-7

timization version of the problems studied in this paper. In particular, the8

problem of computing point-set embeddings where the total number of bends is9

minimum and the problem of computing h-planar k-colored simultaneous em-10

beddings with the minimum number of bends and/or with the minimum value11

of h.12
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