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Abstract 

Operational modal analysis (OMA) aims at identifying structural modal properties with 

(output-only) ambient vibration data. In the absence of loading information, the identification 

(ID) uncertainty of modal properties becomes a valid concern in quality control and test 

planning. One recent development that addresses this aspect is ‘uncertainty law’, which aims 

at understanding how ID uncertainty depends on test configuration. Mathematically, 

uncertainty laws in OMA are asymptotic expressions for the ‘posterior’ (i.e., given data) 

variance of modal parameters. Analogous to the laws of large numbers in statistics, they are 

often derived assuming long data, small damping, and high signal-to-noise ratio. Following a 

Bayesian approach, this work develops the uncertainty law for OMA with multiple setup data, 

a common strategy to produce a ‘global’ mode shape covering a large number of locations 

with a small number of sensors in individual setups. It advances over previous results for single 

setup data, and is motivated by questions, e.g., how does the quality of global mode shape 

depend on sensor locations and setup schedule? Focusing on the case of fixed reference and 

distinct rovers, analytical study of the eigenvalue properties of mode shape covariance matrix 

reveals characteristic spatial patterns where principal uncertainty takes place, which can be 

of local or global nature. The theory is validated with synthetic, laboratory and field test data. 

By virtue of the Cramer-Rao bound, up to the same modeling assumptions, the uncertainty 

law dictates the achievable precision limit of OMA regardless of identification method. 

Keywords: BAYOMA; Cramer-Rao Bound; Operational modal analysis; Uncertainty law; 

Multiple setup. 
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1 Introduction 

Structural modal parameters primarily include natural frequencies, damping ratios, and mode 

shapes. ‘Operational modal analysis’ (OMA) [1,2] aims at identifying them using ‘output-only’ 

ambient vibration response data. For its economy in implementation, OMA has attracted 

considerable attention in field testing of civil engineering structures [3–7]. Common 

downstream applications include model updating [8,9], damage detection [10,11], and more 

generally, structural health monitoring [12–14]. In OMA, there are many situations where the 

number of synchronous data channels is smaller than the number of degrees of freedom 

(DOFs) for a mode shape of required spatial resolution, often limited by the number of sensors, 

data acquisition hardware or logistics. This calls for a ‘multiple setup’ strategy, where sensors 

are ‘roved’ to cover different DOFs in different setups. ‘Reference sensors’ are present to 

measure DOFs shared by different setups, effectively providing a common scaling for ‘gluing’ 

local mode shape information into a ‘global mode shape’ covering all desired DOFs [15–18].  

In the absence of loading information, the identification (ID) uncertainty in OMA becomes a 

valid concern [17,19]. With multiple setup data the ID uncertainty of local mode shapes can 

propagate into the global mode shape, which can be influenced by the choice of reference 

and rover sensor locations/schedules. It is therefore of interest to assess the ID uncertainty 

and investigate how it depends on test configuration. Conventionally, uncertainty 

quantification can be approached from either a classical statistical (‘frequentist’) or a Bayesian 

perspective. In a frequentist context, ID uncertainty refers to the ensemble variance of modal 

estimates under hypothetical repeated experiments [19,20]. For example, for stochastic 

subspace identification (SSI), methods based on first-order perturbation are available for 

single setup data [19] and multiple setup data [21]. Methods are also available for frequency 

domain maximum likelihood approach [22,23]. The past decade has seen developments in 

Bayesian operational modal analysis (BAYOMA) [24], where, under a Gaussian approximation 

of the ‘posterior’ (i.e., given data) distribution, ID results are characterized in terms of the 

posterior most probable value (MPV) and covariance matrix [9]. Among others, a frequency 

domain formulation based on the FFT of data in a selected resonance band of the target 

mode(s) is found to be attractive in terms of model robustness and computational efficiency; 

see Section 10.2 of [24]. For well-separated modes, computational strategies have been 

developed for single setup data [25] and multiple setup data [26,27]. 
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Being able to calculate ID uncertainty by itself does not provide much insight into what factors 

it depends on. Due to the complicated nature of the inverse problem, it is unlikely that one 

can express the ID uncertainty analytically in an exact form and applicable to general 

situations. Focusing on well-separated modes in a single setup context, for long data, small 

damping, and high modal signal-to-noise (s/n) ratio, asymptotic expressions for the leading 

order posterior c.o.v. (coefficient of variation = standard derivation/mean) have been derived 

in an explicit closed form. They are collectively referred as ‘uncertainty law’, analogous to laws 

of large numbers in statistics. They comprise a ‘zeroth-order law’ that gives the achievable 

precision for noiseless data [28] and a ‘first-order law’ that accounts for the effect of ‘modal 

s/n ratio’ (see (4) later), which is a fundamental parameter capturing test configuration [29]. 

Applications in field test planning can be found in [30,31]. Uncertainty law for close modes 

identified with single setup data has been recently developed [32–34]. 

To understand how the ID quality of global mode shape depends on test configuration, this 

work develops the uncertainty law for OMA with multiple setup data. The major task lies in 

analytical investigation of the posterior covariance matrix of modal parameters under the 

stated asymptotic conditions. In what follows, Section 2 gives a brief review of Bayesian OMA 

incorporating multiple setup data. Section 3 summarizes the key results, which will be derived 

in Section 4 and verified in Section 5 (synthetic data) and Section 6 (laboratory and field data). 

Concluding remarks are given in Section 7. 

2 Bayesian OMA with multiple setup data 

Consider modal ID of a structure using ambient acceleration data from 𝑛𝑛𝑠𝑠 setups at different 

time periods, each covering a possibly different set of DOFs. Let ��̈�𝒚𝑖𝑖𝑖𝑖�𝑖𝑖=0
𝑁𝑁𝑖𝑖−1 (each 𝑛𝑛𝑖𝑖 × 1) be 

the data in Setup 𝑖𝑖 sampled at time interval Δ𝑡𝑡𝑖𝑖  (sec), where 𝑛𝑛𝑖𝑖 is the number of data channels 

and 𝑁𝑁𝑖𝑖  is the number of samples per channel. The (scaled one-sided) FFT of ��̈�𝒚𝑖𝑖𝑖𝑖�𝑖𝑖=0
𝑁𝑁𝑖𝑖−1  at 

frequency f𝑖𝑖𝑖𝑖 = 𝑘𝑘/𝑁𝑁𝑖𝑖Δ𝑡𝑡𝑖𝑖 (Hz, up to Nyquist frequency) is defined as 

𝐹𝐹𝑖𝑖𝑖𝑖 = �2Δ𝑡𝑡𝑖𝑖
𝑁𝑁𝑖𝑖

∑ �̈�𝒚𝑖𝑖𝑖𝑖𝑒𝑒−2𝜋𝜋i𝑖𝑖𝑖𝑖/𝑁𝑁𝑁𝑁𝑖𝑖−1
𝑖𝑖=0         (1) 

where i2 = −1. For a classically damped structural mode well-separated from others, the FFT 

data within a selected resonance band is modeled as 𝐹𝐹𝑖𝑖𝑖𝑖 = 𝒗𝒗𝑖𝑖�̈�𝜂𝑖𝑖𝑖𝑖 + 𝜺𝜺𝑖𝑖𝑖𝑖, where 𝜺𝜺𝑖𝑖𝑖𝑖 (𝑛𝑛𝑖𝑖 × 1) is 
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the channel noise, 𝒗𝒗𝑖𝑖 (𝑛𝑛𝑖𝑖 × 1) is local mode shape confined to 𝑛𝑛𝑖𝑖 measured DOFs, and �̈�𝜂𝑖𝑖𝑖𝑖 is 

the scaled FFT of theoretical modal acceleration response. The time-domain counterpart of 

�̈�𝜂𝑖𝑖𝑖𝑖 satisfies �̈�𝜂𝑖𝑖 + 2𝜁𝜁𝑖𝑖𝜔𝜔𝑖𝑖�̇�𝜂𝑖𝑖 + 𝜔𝜔𝑖𝑖
2𝜂𝜂𝑖𝑖 = 𝑝𝑝𝑖𝑖, where (for Setup 𝑖𝑖) 𝜔𝜔𝑖𝑖 = 2𝜋𝜋𝑓𝑓𝑖𝑖 (rad/sec) and 𝑓𝑓𝑖𝑖 (Hz) is 

the natural frequency, 𝜁𝜁𝑖𝑖 is the damping ratio and 𝑝𝑝𝑖𝑖 is the modal force per unit modal mass. 

The modal force and channel noise are assumed to be stochastic stationary with constant 

power spectral density (PSD) within the selected frequency band, denoted by 𝑆𝑆𝑖𝑖  and 𝑆𝑆𝑒𝑒𝑖𝑖 , 

respectively.  

As the setups are performed at different time periods where modal properties and 

environment can possibly change, {𝑓𝑓𝑖𝑖 , 𝜁𝜁𝑖𝑖 , 𝑆𝑆𝑖𝑖 , 𝑆𝑆𝑒𝑒𝑖𝑖}  in different setups are parameterized 

separately. The only property that is common to the setups is the ‘global mode shape’ 𝝋𝝋 

(𝑛𝑛 × 1), where 𝑛𝑛 is the total number of distinct DOFs from all setups. It is related to the local 

mode shape by 𝒗𝒗𝑖𝑖 = 𝑳𝑳𝑖𝑖𝝋𝝋, where 𝑳𝑳𝑖𝑖  (𝑛𝑛𝑖𝑖 × 𝑛𝑛) is a selection matrix, with 𝑳𝑳𝑖𝑖(𝑗𝑗, 𝑘𝑘) = 1 if data 

channel 𝑗𝑗 in Setup 𝑖𝑖 measures DOF 𝑘𝑘 in 𝝋𝝋; and zero otherwise.  

Let 𝜽𝜽 comprise the parameters from all setups, i.e., {𝑓𝑓𝑖𝑖}𝑖𝑖=1
𝑛𝑛𝑠𝑠 , {𝜁𝜁𝑖𝑖}𝑖𝑖=1

𝑛𝑛𝑠𝑠 , {𝑆𝑆𝑖𝑖}𝑖𝑖=1
𝑛𝑛𝑠𝑠 , {𝑆𝑆𝑒𝑒𝑖𝑖}𝑖𝑖=1

𝑛𝑛𝑠𝑠  and 𝝋𝝋. It 

will be identified using the FFT data from all setups, i.e., 𝐷𝐷 = {𝐷𝐷𝑖𝑖}𝑖𝑖=1
𝑛𝑛𝑠𝑠 , where 𝐷𝐷𝑖𝑖 = {𝐹𝐹𝑖𝑖𝑖𝑖} 

denotes the FFTs in the selected band of Setup 𝑖𝑖. The global mode shape is scaled to have unit 

norm, i.e., ‖𝝋𝝋‖2 = 𝝋𝝋𝑇𝑇𝝋𝝋 = 1 . The modal force PSDs {𝑆𝑆𝑖𝑖}𝑖𝑖=1
𝑛𝑛𝑠𝑠  correspond to this common 

scaling. In a Bayesian approach, the ID result about 𝜽𝜽 given data 𝐷𝐷  is encapsulated in the 

posterior probability density function (PDF) 𝑝𝑝(𝜽𝜽|𝐷𝐷). Using Bayes’ Theorem with a uniform 

prior distribution for 𝜽𝜽, 𝑝𝑝(𝜽𝜽|𝐷𝐷) ∝ 𝑝𝑝(𝐷𝐷|𝜽𝜽) = exp[−𝐿𝐿(𝐷𝐷;𝜽𝜽)], where 𝐿𝐿(𝐷𝐷;𝜽𝜽) = −𝑙𝑙𝑛𝑛[𝑝𝑝(𝐷𝐷|𝜽𝜽)] 

is the ‘negative log-likelihood function’ (NLLF) often used for analysis. In the present context, 

given 𝜽𝜽  the data in different setups are independent and so 𝐿𝐿 = ∑ 𝐿𝐿𝑖𝑖
𝑛𝑛𝑠𝑠
𝑖𝑖=1  where 𝐿𝐿𝑖𝑖 =

− ln𝑝𝑝(𝐷𝐷𝑖𝑖|𝜽𝜽) is the NLLF of Setup 𝑖𝑖. With stochastic stationary data assumed in each setup, 

standard theory [35] (see also Section 4.8.3 of [24]) shows that for sufficiently long data the 

𝐹𝐹𝑖𝑖𝑖𝑖 s are independent for different frequencies (indexed by 𝑘𝑘 ) and each has a (circularly 

symmetric) complex Gaussian distribution, i.e.,  

𝐿𝐿𝑖𝑖 = 𝑛𝑛𝑖𝑖𝑁𝑁𝑓𝑓𝑖𝑖𝑙𝑙𝑛𝑛𝜋𝜋 + ∑ ln|𝑬𝑬𝑖𝑖𝑖𝑖|𝑖𝑖 + ∑ 𝐹𝐹𝑖𝑖𝑖𝑖∗ 𝑬𝑬𝑖𝑖𝑖𝑖−1𝐹𝐹𝑖𝑖𝑖𝑖𝑖𝑖       (2) 

where the sums are over the 𝑁𝑁𝑓𝑓𝑖𝑖 FFT points in the selected band of Setup 𝑖𝑖;  

𝑬𝑬𝑖𝑖𝑖𝑖 = 𝑆𝑆𝑖𝑖𝐷𝐷𝑖𝑖𝑖𝑖𝒗𝒗𝑖𝑖𝒗𝒗𝑖𝑖𝑇𝑇 + 𝑆𝑆𝑒𝑒𝑖𝑖𝑰𝑰            (3) 
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is the theoretical PSD matrix of data. Here, 𝐷𝐷𝑖𝑖𝑖𝑖 = ��1 − 𝛽𝛽𝑖𝑖𝑖𝑖2 �
2 + (2𝜁𝜁𝑖𝑖𝛽𝛽𝑖𝑖𝑖𝑖)2�

−1
 is the dynamic 

amplification between the modal force PSD and modal acceleration response PSD, with 𝛽𝛽𝑖𝑖𝑖𝑖 =

f𝑖𝑖𝑖𝑖/𝑓𝑓𝑖𝑖  (ratio of FFT frequency to natural frequency). Throughout this work, 𝑰𝑰 and 𝟎𝟎 denote 

respectively an identity matrix and zero matrix of legitimate size. In typical cases with 

sufficient data, the posterior PDF of 𝜽𝜽 can be approximated by a Gaussian PDF centered at the 

MPV, which is the location where the NLLF is minimized. The covariance matrix of the PDF 

quantifies ID uncertainty for given data. It is equal to the inverse of Hessian matrix of the NLLF 

at the MPV. The above context is the same as in previous work [26,27] of BAYOMA for multiple 

setup data. 

3 Overview of key results 

The posterior covariance matrix of modal parameters can be calculated for a given set of data, 

but the numerical value does not offer insights about how it depends on the test configuration. 

‘Uncertainty law’ addresses this question by studying the large sample size behavior of the 

covariance matrix, assuming that the data is indeed distributed as the likelihood function for 

some ‘true’ parameters (assumed to exist). This ‘frequentist’ assumption is introduced to 

achieve the objective of uncertainty law, i.e., understanding and planning. As with any 

inference or prediction methodology, uncertainty law does not account for modeling error 

beyond stated assumptions. For the ease of reading, the key results of the work are 

summarized in this section. They will be derived in Section 4 and verified/illustrated in Section 

5 and Section 6 later. 

For each Setup 𝑖𝑖, let the selected frequency band be specified as 𝑓𝑓𝑖𝑖(1 ± 𝜅𝜅𝑖𝑖𝜁𝜁𝑖𝑖), where 𝜅𝜅𝑖𝑖 is a 

dimensionless bandwidth factor, e.g., 𝜅𝜅𝑖𝑖 = 1 corresponds to the half power band. Assuming 

a data duration of 𝑇𝑇𝑑𝑑𝑖𝑖 = 𝑁𝑁𝑖𝑖Δ𝑡𝑡𝑖𝑖 (sec), the band has 𝑁𝑁𝑓𝑓𝑖𝑖 = 2𝜅𝜅𝑖𝑖𝜁𝜁𝑖𝑖𝑓𝑓𝑖𝑖𝑇𝑇𝑑𝑑𝑖𝑖 FFT points separated by 

Δf = 1/𝑇𝑇𝑑𝑑𝑖𝑖 (Hz). The results to be presented here are derived in the context of Section 2 and 

under the asymptotic conditions of (for all setups 𝑖𝑖 = 1, … ,𝑛𝑛𝑠𝑠 ) long data (𝑁𝑁𝑓𝑓𝑖𝑖 ≫ 1), small 

damping (𝜁𝜁𝑖𝑖 ≪ 1) and high modal s/n ratio (𝛾𝛾𝑖𝑖 ≫ 1): 

𝛾𝛾𝑖𝑖 = 𝑆𝑆𝑖𝑖‖𝒗𝒗𝑖𝑖‖2

4𝑆𝑆𝑒𝑒𝑖𝑖𝜁𝜁𝑖𝑖
2            (4) 

These asymptotic conditions are introduced so that the problem is mathematically tractable 

to yield explicit expressions for gaining insights and test planning. They are the same as those 
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used previously in deriving the uncertainty law for single setup data [28,29], now imposed for 

all setups. Additional assumptions on setup configurations (fixed reference and distinct rovers) 

are introduced later to develop results with deeper insights on mode shape uncertainty. 

3.1 Parameters other than mode shapes 

We show that, except for mode shape, the parameters of different setups are uncorrelated. 

For each Setup 𝑖𝑖, these parameters include the natural frequency 𝑓𝑓𝑖𝑖, damping ratio 𝜁𝜁𝑖𝑖, modal 

force PSD 𝑆𝑆𝑖𝑖 and channel noise PSD 𝑆𝑆𝑒𝑒𝑖𝑖. They are all uncorrelated from mode shape, be it local 

(𝒗𝒗𝑖𝑖) or global (𝝋𝝋). Their covariance matrix is the same as the one with only single setup data, 

where specific formula can be found in Section 4 of [29] or Section 15.1 of [24]. These findings 

of decorrelation are not surprising, because the data in different setups are connected 

through their local mode shape only, but which (from early work [29]) are asymptotically 

uncorrelated from the remaining parameters, i.e., data from other setups do not help.  

3.2 Mode shape uncertainty, general situation 

The important and interesting discovery in this work lies in the uncertainty of global mode 

shape 𝝋𝝋. We show that the posterior covariance matrix of 𝝋𝝋 is asymptotically given by  

𝑪𝑪𝜑𝜑𝜑𝜑 ∼ 𝑱𝑱+          (5) 

where the superscripted ‘+’ denotes a pseudo-inverse, i.e., ignoring the zero eigenvalue due 

to the mode shape norm constraint; 

𝑱𝑱 = ∑ 𝑘𝑘𝑖𝑖𝑳𝑳𝑖𝑖𝑇𝑇�𝑰𝑰 − 𝒗𝒗�𝑖𝑖𝒗𝒗�𝑖𝑖𝑇𝑇�𝑳𝑳𝑖𝑖𝑖𝑖         (6) 

is the asymptotic expression of 𝜕𝜕2𝐿𝐿/𝜕𝜕𝜑𝜑2; 𝒗𝒗�𝑖𝑖 = ‖𝒗𝒗𝑖𝑖‖−1𝒗𝒗𝑖𝑖 is the local mode shape scaled to 

have unit norm locally (i.e., ‖𝒗𝒗�𝑖𝑖‖ = 1), to be distinguished from the local mode shape 𝒗𝒗𝑖𝑖 that 

is scaled globally (‖𝝋𝝋‖ = 1); 

𝑘𝑘𝑖𝑖 = 𝑆𝑆𝑖𝑖
𝑆𝑆𝑒𝑒𝑖𝑖𝜁𝜁𝑖𝑖

𝑁𝑁𝑐𝑐𝑖𝑖 tan−1 𝜅𝜅𝑖𝑖         (7) 

is a dimensionless parameter that quantifies mode shape ID precision in Setup 𝑖𝑖; 𝑁𝑁𝑐𝑐𝑖𝑖 = 𝑁𝑁𝑖𝑖Δ𝑡𝑡𝑓𝑓𝑖𝑖 

is a dimensionless duration of Setup 𝑖𝑖 as a multiple of natural period (1/𝑓𝑓𝑖𝑖 sec). 
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3.3 Mode shape uncertainty, fixed reference and distinct rovers 

While (6) is applicable for general setup schedule, more insightful results can be obtained by 

narrowing the scope to the situation where the reference DOFs are fixed in all setups and the 

rover DOFs in different setups are distinct. An additional (somewhat technical) assumption is 

that in any given setup a DOF is measured by at most one data channel. These assumptions 

lead to some loss of generality, but they are still common in practice, e.g., fixed reference 

saves logistics and human error. Under these assumptions, we have obtained analytically the 

eigenvalue properties of 𝑱𝑱, as summarized in Table 1. The global mode shape covariance 

matrix 𝑪𝑪𝜑𝜑𝜑𝜑 has the same set of eigenvectors and its eigenvalues are reciprocals of those of 𝑱𝑱 

(except zero eigenvalue). The eigenvectors give the mutually uncorrelated principal directions 

where ID uncertainty of mode shape takes place. As seen in Table 1, the principal uncertainty 

can appear in a ‘local’ (R and V) or ‘global’ (G) manner. The former has a localized pattern in 

the eigenvectors and their eigenvalues are simple functions of the 𝑘𝑘𝑖𝑖s. Type R involves the 

reference DOFs only. Type V involves only the rover DOFs in a particular setup. Type G involves 

all DOFs in a non-trivial manner, taking the same local shape as R and V but with different 

proportions determined by an eigenvalue problem. It is the only type that depends on sensor 

location, through the partial mode shape norms of reference DOFs (𝑐𝑐𝑅𝑅 = ‖𝒖𝒖𝑅𝑅‖2) and rover 

DOFs (𝑐𝑐𝑖𝑖 = ‖𝒖𝒖𝑖𝑖‖2).  

Table 1 Eigenvalue properties of 𝑱𝑱 (asymptotic form of 𝜕𝜕2𝐿𝐿/𝜕𝜕𝜑𝜑2). Global mode shape is 
partitioned as 𝝋𝝋 = �𝒖𝒖𝑅𝑅;𝒖𝒖1;⋯ ;𝒖𝒖𝑛𝑛𝑠𝑠�, 𝒖𝒖𝑅𝑅  (𝑛𝑛𝑅𝑅 × 1) for reference DOFs and 𝒖𝒖𝑖𝑖 (𝑛𝑛𝑣𝑣𝑖𝑖 × 1) for 

rover DOFs in Setup 𝑖𝑖. 
Type/nature Eigenvalue(s) Eigenvector(s) 

N 

Norm 

constraint 

0 

𝝋𝝋 = �

𝒖𝒖𝑅𝑅
𝒖𝒖1
⋮
𝒖𝒖𝑛𝑛𝑠𝑠

�, ‖𝝋𝝋‖2 = ‖𝒖𝒖𝑅𝑅‖2 + Σ𝑖𝑖‖𝒖𝒖𝑖𝑖‖2 = 1 

R 

Local, 

reference 

DOFs 

(𝑛𝑛𝑅𝑅 − 1)  eigenvalues, all 

equal to Σ𝑖𝑖𝑘𝑘𝑖𝑖 Of the form �

𝒖𝒖𝑅𝑅′
𝟎𝟎
⋮
𝟎𝟎

�, where 𝒖𝒖𝑅𝑅′  lies in the (𝑛𝑛𝑅𝑅 − 1)-dimensional 

orthogonal complement of 𝒖𝒖𝑅𝑅 , i.e., 𝒖𝒖𝑅𝑅𝑇𝑇𝒖𝒖𝑅𝑅′ = 0 . The (𝑛𝑛𝑅𝑅 − 1) 

possibilities of 𝒖𝒖𝑅𝑅′  are orthogonal  

V 

Local, 

For Setup 𝑖𝑖 , (𝑛𝑛𝑣𝑣𝑖𝑖 − 1) 

eigenvalues, all equal to 𝑘𝑘𝑖𝑖; 

𝑖𝑖 = 1, … ,𝑛𝑛𝑠𝑠 
Of the form 

⎣
⎢
⎢
⎢
⎡
𝟎𝟎
𝒖𝒖1′
𝟎𝟎
⋮
𝟎𝟎 ⎦
⎥
⎥
⎥
⎤

, … ,

⎣
⎢
⎢
⎢
⎡
𝟎𝟎
𝟎𝟎
𝟎𝟎
⋮
𝒖𝒖𝑛𝑛𝑠𝑠
′ ⎦
⎥
⎥
⎥
⎤

 for Setups 𝑖𝑖 = 1, … ,𝑛𝑛𝑠𝑠, respectively. 

For each Setup 𝑖𝑖, 𝒖𝒖𝑖𝑖′ lies in the (𝑛𝑛𝑣𝑣𝑖𝑖 − 1)-dimensional orthogonal 
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rover DOFs  complement of 𝒖𝒖𝑖𝑖, i.e., 𝒖𝒖𝑖𝑖𝑇𝑇𝒖𝒖𝑖𝑖′ = 0. The (𝑛𝑛𝑣𝑣𝑖𝑖 − 1) possibilities of 

𝒖𝒖𝑖𝑖′ are orthogonal  

G 

Global, 

all DOFs 

𝑛𝑛𝑠𝑠 eigenvalues; 

manageable expressions 

not yet found, but the sum 

of eigenvalues is equal to 

Σ𝑖𝑖𝑘𝑘𝑖𝑖 

Of the form 𝒙𝒙 = �

𝑎𝑎𝑅𝑅𝒖𝒖𝑅𝑅
𝑎𝑎1𝒖𝒖1
⋮

𝑎𝑎𝑛𝑛𝑠𝑠𝒖𝒖𝑛𝑛𝑠𝑠

�, where 𝒂𝒂 = �

𝑎𝑎𝑅𝑅
𝑎𝑎1
⋮
𝑎𝑎𝑛𝑛𝑠𝑠

� satisfies 𝑫𝑫𝒂𝒂 = 𝜆𝜆𝑪𝑪𝒂𝒂 

(𝜆𝜆 ≠ 0 ) as in (38), i.e., the generalized eigenvector with non-

zero eigenvalue. There are 𝑛𝑛𝑠𝑠  solutions of 𝒂𝒂  and their 

corresponding 𝒙𝒙’s are orthogonal 

Mode shape is a vector subjected to scaling constraint. One scalar measure of mode shape 

uncertainty analogous to the c.o.v. of a scalar variable is the ‘mode shape c.o.v.’, defined as 

the square root sum of eigenvalues of the mode shape covariance matrix under unit norm 

constraint; see, e.g., Section 11.3 of [24]. The mode shape c.o.v. can be viewed approximately 

as the standard deviation of the hyper angle (in radian) between the uncertain and most 

probable mode shape, which is invariant to the scaling of mode shape.  

Further to the eigenvalue properties in Table 1, we have obtained the contributions to the 

global mode shape c.o.v. (squared) from different principal uncertainties, as summarized in 

Table 2. Since the principal uncertainties are mutually uncorrelated, their contributions can 

be simply summed to give the total mode shape c.o.v. (squared), as indicated in the bottom 

row of the table. Manageable expression for type G eigenvalues of 𝑱𝑱 has not been found but 

it is still possible to determine the sum of their reciprocals that gives the contribution to mode 

shape c.o.v.; see Section 4.7 for details. When there is only one setup (𝑛𝑛𝑠𝑠 = 1), the results in 

Table 1 and Table 2 reduce to those found previously for single setup data [28]. In particular, 

the eigenvalues of Type R, V and G are all equal to 𝑘𝑘1−1. Their eigenvectors form an orthogonal 

basis in the (𝑛𝑛 − 1)-dimensional orthogonal complement of 𝝋𝝋.  

Table 2 Contributions to c.o.v. (squared) of global mode shape 𝝋𝝋 = �𝒖𝒖𝑅𝑅;𝒖𝒖1; … ;𝒖𝒖𝑛𝑛𝑠𝑠� from 
different types of principal uncertainty; 𝑐𝑐𝑅𝑅 = ‖𝒖𝒖𝑅𝑅‖2, 𝑐𝑐𝑖𝑖 = ‖𝒖𝒖𝑖𝑖‖2 (𝑖𝑖 = 1, … ,𝑛𝑛𝑠𝑠) 

Type Nature Contribution to global mode shape c.o.v. (squared) 

N Norm constraint 0 

R Local, reference DOFs 𝛿𝛿𝑅𝑅2 = (𝑛𝑛𝑅𝑅 − 1)(Σ𝑖𝑖𝑘𝑘𝑖𝑖)−1 

V Local, rover DOFs 𝛿𝛿𝑉𝑉2 = Σ𝑖𝑖(𝑛𝑛𝑣𝑣𝑖𝑖 − 1)𝑘𝑘𝑖𝑖−1 

G Global, all DOFs 𝛿𝛿𝐺𝐺2 = Σ𝑖𝑖𝑘𝑘𝑖𝑖−1 + Σ𝑖𝑖<𝑖𝑖
𝑐𝑐𝑖𝑖𝑐𝑐𝑖𝑖
𝑐𝑐𝑅𝑅

(𝑘𝑘𝑖𝑖−1 + 𝑘𝑘𝑖𝑖−1) 

Total  𝛿𝛿𝜑𝜑2 = 𝛿𝛿𝑅𝑅2 + 𝛿𝛿𝑉𝑉2 + 𝛿𝛿𝐺𝐺2 
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3.3.1 Bounds on mode shape c.o.v. 

As mentioned earlier, only type G uncertainty depends on sensor location through the partial 

mode shape norms 𝑐𝑐𝑅𝑅 = ‖𝒖𝒖𝑟𝑟‖2 and 𝑐𝑐𝑖𝑖 = ‖𝒖𝒖𝑖𝑖‖2 (𝑖𝑖 = 1, … ,𝑛𝑛𝑠𝑠). As a result of norm constraint 

‖𝝋𝝋‖ = 1,  they satisfy 𝑐𝑐𝑅𝑅 + ∑ 𝑐𝑐𝑖𝑖𝑖𝑖 = 1 . For fixed 𝑐𝑐𝑅𝑅 , by studying the extreme values of 𝛿𝛿𝐺𝐺2 

among all {𝑐𝑐𝑖𝑖}𝑖𝑖=1
𝑛𝑛𝑠𝑠  satisfying this constraint, we show that 

∑ 𝑘𝑘𝑖𝑖−1i ≤ 𝛿𝛿𝐺𝐺2 ≤ ∑ 𝑘𝑘𝑖𝑖−1i + 1
2𝑄𝑄
�𝑐𝑐𝑅𝑅 + 1

𝑐𝑐𝑅𝑅
− 2� (fixed reference, distinct rovers)   (8) 

where 𝑄𝑄 is the sum of all entries of 𝑨𝑨−1; 𝑨𝑨 is a 𝑛𝑛𝑠𝑠 × 𝑛𝑛𝑠𝑠  matrix with entries 𝑨𝑨(𝑖𝑖, 𝑖𝑖) = 0 and 

𝑨𝑨(𝑖𝑖, 𝑗𝑗) = 𝑘𝑘𝑖𝑖−1 + 𝑘𝑘𝑖𝑖−1, 𝑖𝑖 = 1, … ,𝑛𝑛𝑠𝑠, 𝑖𝑖 ≠ 𝑗𝑗. The lower bound in (8) is the tightest possible one 

because it can be reached by picking an arbitrary 𝑖𝑖 and setting 𝑐𝑐𝑖𝑖 = 0 (𝑗𝑗 ≠ 𝑖𝑖). The upper bound 

corresponds to the global maximum 𝒄𝒄� = ��̂�𝑐1, … , �̂�𝑐𝑛𝑛𝑠𝑠�
𝑇𝑇

 of 𝛿𝛿𝐺𝐺2, where each �̂�𝑐𝑖𝑖 is equal to the sum 

of the 𝑖𝑖th row of 𝑨𝑨−1  multiplied by (1 − 𝑐𝑐𝑅𝑅)/𝑄𝑄 . If 0 ≤ �̂�𝑐𝑖𝑖 ≤ 1 for all 𝑖𝑖 = 1, … ,𝑛𝑛𝑠𝑠  then the 

upper bound is achievable and hence is the tightest possible one. See Section 4.8 for details. 

Substituting the bounds in (8) into 𝛿𝛿2 = 𝛿𝛿𝑅𝑅2 + 𝛿𝛿𝑉𝑉2 + 𝛿𝛿𝐺𝐺2 gives the bounds for the mode shape 

c.o.v. 𝛿𝛿2 with the same tightness. 

As a remark, the lower bound in (8) does not account for practical constraints on the number 

of sensors, the locations they together must cover, logistics, etc. In reality, these constraints 

will narrow the range of values of 𝛿𝛿𝐺𝐺2 (and hence 𝛿𝛿2) among candidate setup choices. How to 

incorporate these constraints depends on the application; discrete/combinatorial type of 

approach is often more effective. The lower bound does not offer solution to optimal sensor 

location; the corresponding setup (rovers in only one setup) is clearly against the objective of 

multiple setups. At the other extreme, the upper bound in (8) is unlikely one that will be 

intentionally pursued but its upper bound nature offers a simple conservative means for 

checking whether a candidate setup choice has acceptable global mode shape uncertainty; 

and to control (if necessary) through a single parameter 𝑐𝑐𝑅𝑅. It can be reasoned that the upper 

bound decreases monotonically from ∞ at 𝑐𝑐𝑅𝑅 = 0 to the lower bound value Σ𝑖𝑖𝑘𝑘𝑖𝑖−1 (with zero 

slope) at 𝑐𝑐𝑅𝑅 = 1. 
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4 Theory 

In this section we present the mathematical theory supporting the results presented in Section 

3. Recall from Section 2 that the set of all modal parameters 𝜽𝜽  comprises the natural 

frequencies {𝑓𝑓𝑖𝑖}𝑖𝑖=1
𝑛𝑛𝑠𝑠 , damping ratios {𝜁𝜁𝑖𝑖}𝑖𝑖=1

𝑛𝑛𝑠𝑠 , modal force PSDs {𝑆𝑆𝑖𝑖}𝑖𝑖=1
𝑛𝑛𝑠𝑠 , channel noise PSDs 

�𝑆𝑆𝑒𝑒𝑖𝑖�𝑖𝑖=1
𝑛𝑛𝑠𝑠  and global mode shape 𝝋𝝋. The latter is subjected to norm constraint ‖𝝋𝝋‖ = 1 and 

{𝑆𝑆𝑖𝑖}𝑖𝑖=1
𝑛𝑛𝑠𝑠  correspond to this common scaling. The covariance matrix of 𝜽𝜽  is the inverse of 

Hessian matrix of the NLLF 𝐿𝐿 = Σ𝑖𝑖𝐿𝐿𝑖𝑖 (satisfying the norm constraint), where 𝐿𝐿𝑖𝑖 is the NLLF of 

Setup 𝑖𝑖 as given in (2). For notational simplicity, unless otherwise stated Σ𝑖𝑖  denotes a sum 

over 𝑖𝑖  from 1 to 𝑛𝑛𝑠𝑠 . Clearly, 𝜕𝜕2𝐿𝐿/𝜕𝜕𝜃𝜃2 = ∑ 𝜕𝜕2𝐿𝐿𝑖𝑖/𝜕𝜕𝜃𝜃2𝑖𝑖 . We will investigate the asymptotic 

behavior of 𝜕𝜕2𝐿𝐿/𝜕𝜕𝜃𝜃2 by leveraging on previous findings for single setup data [28,29], which 

is intimately related to the behavior of the individual 𝜕𝜕2𝐿𝐿𝑖𝑖/𝜕𝜕𝜃𝜃2. Alternatively, one can also 

approach based on the Fisher Information Matrix to derive the asymptotic expressions for the 

entries in the Hessian matrix [36]. Such approach is applicable for general situations and has 

been performed in [37] (see Chapter 4), yielding the same result in Sections 3.1 and 3.2.  

The NLLF 𝐿𝐿𝑖𝑖 in (2) and the data PSD 𝑬𝑬𝑖𝑖𝑖𝑖 in (3) have the same form for single setup data, except 

for one important difference that the local mode shape 𝒗𝒗𝑖𝑖 does not have unit norm. However, 

we can rewrite 𝑬𝑬𝑖𝑖𝑖𝑖 as 

𝑬𝑬𝑖𝑖𝑖𝑖 = 𝑆𝑆𝑖𝑖‖𝒗𝒗𝑖𝑖‖2𝐷𝐷𝑖𝑖𝑖𝑖
𝒗𝒗𝒊𝒊𝒗𝒗𝑖𝑖

𝑇𝑇

‖𝒗𝒗𝑖𝑖‖2
+ 𝑆𝑆𝑒𝑒𝑖𝑖𝑰𝑰 = 𝑆𝑆�̅�𝑖𝐷𝐷𝑖𝑖𝑖𝑖𝒗𝒗�𝑖𝑖𝒗𝒗�𝑖𝑖𝑇𝑇 + 𝑆𝑆𝑒𝑒𝑖𝑖𝑰𝑰     (9) 

where 𝒗𝒗�𝑖𝑖 = ‖𝒗𝒗𝑖𝑖‖−1𝒗𝒗𝑖𝑖 is the local mode shape with unit norm, and  

𝑆𝑆�̅�𝑖 = 𝑆𝑆𝑖𝑖‖𝒗𝒗𝑖𝑖‖2           (10) 

is now the modal force PSD ‘scaled locally’, i.e., corresponding to the local mode shape scaled 

to have unit norm. It should be distinguished from 𝑆𝑆𝑖𝑖  which is ‘scaled globally’, i.e., 

corresponding to the global mode shape 𝝋𝝋 scaled to have unit norm. In terms of 𝑆𝑆�̅�𝑖 and 𝒗𝒗�𝑖𝑖 

(instead of 𝑆𝑆𝑖𝑖 and 𝒗𝒗𝑖𝑖), 𝑬𝑬𝑖𝑖𝑖𝑖 has the same form as in the single setup situation and so we can 

use previous results [28] to predict the behavior of 𝜕𝜕2𝐿𝐿𝑖𝑖/𝜕𝜕𝜃𝜃2 . Let 𝜽𝜽𝑖𝑖 = {𝝕𝝕𝑖𝑖 ,𝒗𝒗𝑖𝑖} =

�𝑓𝑓𝑖𝑖 , 𝜁𝜁𝑖𝑖 , 𝑆𝑆�̅�𝑖 , 𝑆𝑆𝑒𝑒𝑖𝑖 ,𝒗𝒗𝑖𝑖�  denote the parameters in Setup 𝑖𝑖  and 𝝕𝝕𝑖𝑖 = �𝑓𝑓𝑖𝑖 , 𝜁𝜁𝑖𝑖 , 𝑆𝑆�̅�𝑖 , 𝑆𝑆𝑒𝑒𝑖𝑖�  excludes the 

mode shape. Then asymptotically  
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𝜕𝜕2𝐿𝐿𝑖𝑖
𝜕𝜕𝜃𝜃𝑖𝑖

2 = �

𝜕𝜕2𝐿𝐿𝑖𝑖
𝜕𝜕𝜛𝜛𝑖𝑖

2

𝜕𝜕2𝐿𝐿𝑖𝑖
𝜕𝜕𝑣𝑣𝑖𝑖

2

�                     𝜕𝜕
2𝐿𝐿𝑖𝑖
𝜕𝜕𝑣𝑣𝑖𝑖

2 = 𝑘𝑘𝑖𝑖�𝑰𝑰 − 𝒗𝒗�𝑖𝑖𝒗𝒗�𝑖𝑖𝑇𝑇�     (11) 

where 𝑘𝑘𝑖𝑖 was defined in (7). The expression of 𝜕𝜕2𝐿𝐿/𝜕𝜕𝑣𝑣𝑖𝑖2 is the same as the one previously 

found for single setup data except that the modal force PSD in the definition of 𝑘𝑘𝑖𝑖 is now the 

one scaled globally rather than locally. 

4.1 Decorrelation between parameters 

To facilitate analysis, let the total set of parameters be arranged as 𝜽𝜽 = �𝝕𝝕1, … ,𝝕𝝕𝑛𝑛𝑠𝑠 ,𝝋𝝋�. 

Recalling 𝒗𝒗𝑖𝑖 = 𝑳𝑳𝑖𝑖𝝋𝝋 and assembling the partitions in (11) into 𝜕𝜕2𝐿𝐿/𝜃𝜃2 gives 

𝜕𝜕2𝐿𝐿
𝜕𝜕𝜃𝜃2

=

⎣
⎢
⎢
⎢
⎢
⎡
𝜕𝜕2𝐿𝐿1
𝜕𝜕𝜛𝜛1

2

⋱
𝜕𝜕2𝐿𝐿𝑛𝑛𝑠𝑠
𝜕𝜕𝜛𝜛𝑛𝑛𝑠𝑠

2

𝑱𝑱 ⎦
⎥
⎥
⎥
⎥
⎤

        (12) 

where 

𝑱𝑱 = 𝜕𝜕2𝐿𝐿
𝜕𝜕𝜑𝜑2

= ∑ 𝑳𝑳𝑖𝑖𝑇𝑇
𝜕𝜕2𝐿𝐿𝑖𝑖
𝜕𝜕𝑣𝑣𝑖𝑖

2 𝑳𝑳𝑖𝑖𝑖𝑖          (13) 

The multiplicative terms in 𝑱𝑱  related to 𝑳𝑳𝑖𝑖  stems from the chain rule 𝜕𝜕(⋅)/𝜕𝜕𝝋𝝋 = [𝜕𝜕(⋅)/

𝜕𝜕𝒗𝒗𝑖𝑖][𝜕𝜕𝒗𝒗𝑖𝑖/𝜕𝜕𝝋𝝋] = [𝜕𝜕(⋅)/𝜕𝜕𝒗𝒗𝑖𝑖]𝑳𝑳𝑖𝑖 . In (12), the cross-partitions between 𝝕𝝕𝑖𝑖  and 𝝕𝝕𝑖𝑖  (𝑖𝑖 ≠ 𝑗𝑗) are 

zero because 𝐿𝐿𝑖𝑖 does not depend on 𝝕𝝕𝑖𝑖; and this implies that the parameters (except mode 

shape) in different setups are asymptotically uncorrelated. On the other hand, the cross-

partitions between the 𝝕𝝕𝑖𝑖s and 𝝋𝝋 are zero because 𝝕𝝕𝑖𝑖 does not depend on 𝒗𝒗𝑖𝑖 (𝑖𝑖 ≠ 𝑗𝑗) and it 

is asymptotically uncorrelated from 𝒗𝒗𝑖𝑖, as seen in (11); and this implies that in a multiple setup 

situation the mode shape is also uncorrelated from the remaining parameters. Since the 

inverse of a block diagonal matrix is equal to a block diagonal matrix of the individual inverses, 

the covariance matrix of each 𝝕𝝕𝑖𝑖 = �𝑓𝑓𝑖𝑖 , 𝜁𝜁𝑖𝑖 , 𝑆𝑆�̅�𝑖 , 𝑆𝑆𝑒𝑒𝑖𝑖� is simply equal to the inverse of 𝜕𝜕2𝐿𝐿𝑖𝑖/𝜕𝜕𝜛𝜛𝑖𝑖
2, 

i.e., their single setup counterpart. Similarly, the covariance matrix of 𝝋𝝋  is equal to the 

(pseudo) inverse of 𝑱𝑱 in (13). Substituting 𝜕𝜕2𝐿𝐿/𝜕𝜕𝑣𝑣𝑖𝑖2 in (11) into (13) gives (6). 
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Although the results here are based on a parameterization with 𝑆𝑆�̅�𝑖, they also apply to 𝑆𝑆𝑖𝑖 =

‖𝒗𝒗𝑖𝑖‖−2𝑆𝑆�̅�𝑖 = �𝒗𝒗𝑖𝑖𝑇𝑇𝒗𝒗𝑖𝑖�
−1𝑆𝑆�̅�𝑖. To see this, note that their uncertain perturbations (denoted by Δ) 

are related by  

Δ𝑆𝑆𝑖𝑖 = �𝒗𝒗𝑖𝑖𝑇𝑇𝒗𝒗𝑖𝑖�
−1Δ𝑆𝑆�̅�𝑖 − 2�𝒗𝒗𝑖𝑖𝑇𝑇𝒗𝒗𝑖𝑖�

−2Δ𝒗𝒗𝑖𝑖𝑇𝑇𝒗𝒗𝑖𝑖𝑆𝑆�̅�𝑖      (14) 

The correlation of the first term with Δ𝒗𝒗𝑖𝑖 is of the same order as the correlation between Δ𝑆𝑆�̅�𝑖 

and Δ𝒗𝒗𝑖𝑖, which is asymptotically small (as just established). The covariance of the second term 

with Δ𝒗𝒗𝑖𝑖  is −2�𝒗𝒗𝑖𝑖𝑇𝑇𝒗𝒗𝑖𝑖�
−2𝐸𝐸�Δ𝒗𝒗𝑖𝑖Δ𝒗𝒗𝑖𝑖𝑇𝑇�𝒗𝒗𝑖𝑖𝑆𝑆�̅�𝑖 . Since 𝐸𝐸[Δ𝑆𝑆𝑖𝑖2]  and 𝐸𝐸[Δ𝒗𝒗𝑖𝑖Δ𝒗𝒗𝑖𝑖𝑇𝑇]  are respectively 

𝑂𝑂(𝑆𝑆𝑖𝑖2)  and 𝑂𝑂(𝑘𝑘𝑖𝑖−1)  [28], the correlation between 𝑆𝑆𝑖𝑖  and 𝒗𝒗𝑖𝑖  will be 𝑂𝑂 �𝑘𝑘𝑖𝑖
−1/2� , which is 

asymptotically small and hence the claim follows. 

4.2 Fixed reference DOFs and distinct rover DOFs 

To gain further insights on mode shape uncertainty beyond (6), we now narrow the scope to 

the case of fixed reference DOFs and distinct rover DOFs in different setups. An additional 

technical assumption is that in any given setup a DOF is measured by at most one data channel. 

In this case, let the global mode shape be partitioned as 

𝝋𝝋 = �

𝒖𝒖𝑅𝑅
𝒖𝒖1
⋮
𝒖𝒖𝑛𝑛𝑠𝑠

�          (15) 

where 𝒖𝒖𝑅𝑅  (𝑛𝑛𝑅𝑅 × 1) corresponds to the partial mode shape of the reference DOFs; 𝒖𝒖𝑖𝑖 (𝑛𝑛𝑣𝑣𝑖𝑖 × 1) 

corresponds to the partial mode shape of the rover DOFs of the 𝑖𝑖th setup, 𝑖𝑖 = 1, … ,𝑛𝑛𝑠𝑠. Since 

the reference DOFs are assumed to be fixed, the DOFs covered by 𝒗𝒗𝑖𝑖 comprise those from 𝒖𝒖𝑅𝑅  

and 𝒖𝒖𝑖𝑖. The local mode shape 𝒗𝒗𝑖𝑖 and [𝒖𝒖𝑅𝑅;𝒖𝒖𝑖𝑖] are related by a permutation matrix (omitted 

here) that accounts for the data channel ordering in Setup 𝑖𝑖. Corresponding to (15), 𝑱𝑱 has the 

partitioned form 

𝑱𝑱 =

⎣
⎢
⎢
⎡
𝑱𝑱𝑅𝑅𝑅𝑅 𝑱𝑱𝑅𝑅1 ⋯ 𝑱𝑱𝑅𝑅𝑛𝑛𝑠𝑠
𝑱𝑱1𝑅𝑅 𝑱𝑱11
⋮ ⋱

𝑱𝑱𝑛𝑛𝑠𝑠𝑅𝑅 𝑱𝑱𝑛𝑛𝑠𝑠𝑛𝑛𝑠𝑠⎦
⎥
⎥
⎤
        (16) 
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where 𝑱𝑱𝑖𝑖𝑅𝑅 = 𝑱𝑱𝑅𝑅𝑖𝑖𝑇𝑇  because Hessian matrix is symmetric. The cross-partitions 𝑱𝑱𝑖𝑖𝑖𝑖  ( 𝑖𝑖 ≠ 𝑗𝑗 ) 

between the rover DOFs in different setups are zero because the setups do not share any 

common rover DOFs.  

As an outline, in Sections 4.3 to 4.7 we first derive using (16) the eigenvalue properties of 𝑱𝑱 as 

reported in Table 1. Since the eigenvectors of 𝑱𝑱 (real-symmetric) are orthogonal, one can then 

write 𝑱𝑱 as the sum of contributions from different eigenspaces: 

𝑱𝑱 = 𝑱𝑱𝑅𝑅 + 𝑱𝑱𝑉𝑉 + 𝑱𝑱𝐺𝐺          (17) 

where the contribution from each type (indicated by subscript) is a sum Σ𝑖𝑖𝜆𝜆𝑖𝑖𝒙𝒙𝑖𝑖𝒙𝒙𝑖𝑖𝑇𝑇  over all 

eigenvalues of the type; 𝜆𝜆𝑖𝑖 and 𝒙𝒙𝑖𝑖 denote respectively an eigenvalue and the corresponding 

eigenvector. The pseudo-inverse (ignoring type N) of 𝑱𝑱  is given by the sum of individual 

inverses: 

𝑱𝑱+ = 𝑱𝑱𝑅𝑅−1 + 𝑱𝑱𝑉𝑉−1 + 𝑱𝑱𝐺𝐺−1         (18) 

where the contribution from each type is a sum Σ𝑖𝑖𝜆𝜆𝑖𝑖−1𝒙𝒙𝑖𝑖𝒙𝒙𝑖𝑖𝑇𝑇 with the eigenvalues replaced by 

their reciprocals. The eigenvalues of type R and V are explicitly known and hence their 

reciprocals that contribute to the global mode shape c.o.v. can be obtained. Analytical 

solution for type G eigenvalues has not been found but it turns out that the sum of their 

reciprocals can be obtained in a manageable form, giving the contribution 𝛿𝛿𝐺𝐺2 to global mode 

shape c.o.v. (squared) as summarized in Table 2. The bounds on 𝛿𝛿𝐺𝐺2 in (8) are derived in Section 

4.8. The lower bound is reasoned from first principle. The upper bound is derived by analyzing 

𝛿𝛿𝐺𝐺2 as a quadratic function of {𝑐𝑐𝑖𝑖}𝑖𝑖=1
𝑛𝑛𝑠𝑠  subjected to mode shape norm constraint.  

4.3 Eigenvalue equation in partitioned form 

The basic approach adopted to solve the eigenvalue problem 𝑱𝑱𝒙𝒙 = 𝜆𝜆𝒙𝒙  is to consider a 

candidate form of the eigenvector 𝒙𝒙 (guess by observation) and then substitute it into the 

equation to determine the eigenvalue and unknown coefficients (if any). The validity of the 

form of eigenvector is verified automatically when the equations are satisfied.  

Consistent with (15), let an eigenvector of 𝑱𝑱 be partitioned as 
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𝒙𝒙 = �

𝒙𝒙𝑅𝑅
𝒙𝒙1
⋮
𝒙𝒙𝑛𝑛𝑠𝑠

�          (19) 

Substituting (16) and (19) into 𝑱𝑱𝒙𝒙 = 𝜆𝜆𝒙𝒙  and multiplying the partitions gives the following 

system of matrix equations that is equivalent to the original eigenvalue equation: 

𝑱𝑱𝑅𝑅𝑅𝑅𝒙𝒙𝑅𝑅 + Σ𝑖𝑖𝑱𝑱𝑅𝑅𝑖𝑖𝒙𝒙𝑖𝑖 = 𝜆𝜆𝒙𝒙𝑅𝑅         (20) 

𝑱𝑱𝑖𝑖𝑅𝑅𝒙𝒙𝑅𝑅 + 𝑱𝑱𝑖𝑖𝑖𝑖𝒙𝒙𝑖𝑖 = 𝜆𝜆𝒙𝒙𝑖𝑖                     (𝑖𝑖 = 1, … ,𝑛𝑛𝑠𝑠)      (21) 

In Sections 4.4 to 4.7 to follow, we will consider different candidate forms of 𝒙𝒙 in terms of its 

partitions, which will lead to different types of eigenvectors. To facilitate the analysis of (20) 

and (21), the partitions are expressed in terms of the local mode shapes: 

𝑱𝑱𝑅𝑅𝑅𝑅 = Σ𝑖𝑖𝑘𝑘𝑖𝑖�𝑰𝑰 − 𝑏𝑏𝑖𝑖−1𝒖𝒖𝑅𝑅𝒖𝒖𝑅𝑅𝑇𝑇�        (22) 

𝑱𝑱𝑖𝑖𝑖𝑖 = 𝑘𝑘𝑖𝑖�𝑰𝑰 − 𝑏𝑏𝑖𝑖−1𝒖𝒖𝑖𝑖𝒖𝒖𝑖𝑖𝑇𝑇�         (23) 

𝑱𝑱𝑅𝑅𝑖𝑖 = −𝑘𝑘𝑖𝑖𝑏𝑏𝑖𝑖−1𝒖𝒖𝑅𝑅𝒖𝒖𝑖𝑖𝑇𝑇         (24) 

where 𝑘𝑘𝑖𝑖 was defined in (7) and  

𝑏𝑏𝑖𝑖 = ‖𝒗𝒗𝑖𝑖‖2          (25) 

is defined for convenience. See Appendix A for the derivation of (22) to (24).  

4.4 Type N (mode shape norm constraint) 

As a consequence of mode shape norm constraint, 𝑱𝑱 has a zero eigenvalue with eigenvector 

𝝋𝝋. This can be easily checked by substituting 𝒙𝒙 = 𝝋𝝋 = �𝒖𝒖𝑅𝑅;𝒖𝒖1;⋯ ;𝒖𝒖𝑛𝑛𝑠𝑠� into (20) and (21). In 

particular, for (20),  

𝑱𝑱𝑅𝑅𝑅𝑅𝒖𝒖𝑅𝑅 = Σ𝑖𝑖𝑘𝑘𝑖𝑖�𝑰𝑰 − 𝑏𝑏𝑖𝑖−1𝒖𝒖𝑅𝑅𝒖𝒖𝑅𝑅𝑇𝑇�𝒖𝒖𝑅𝑅 = Σ𝑖𝑖𝑘𝑘𝑖𝑖 �1 − 𝑐𝑐𝑅𝑅
𝑏𝑏𝑗𝑗
� 𝒖𝒖𝑅𝑅 = Σ𝑖𝑖𝑘𝑘𝑖𝑖

𝑐𝑐𝑗𝑗
𝑏𝑏𝑗𝑗
𝒖𝒖𝑅𝑅    (26) 

𝑱𝑱𝑅𝑅𝑖𝑖𝒖𝒖𝑖𝑖 = −𝑘𝑘𝑖𝑖𝑏𝑏𝑖𝑖−1𝒖𝒖𝑅𝑅𝒖𝒖𝑖𝑖𝑇𝑇𝒖𝒖𝑖𝑖 = −𝑘𝑘𝑖𝑖
𝑐𝑐𝑖𝑖
𝑏𝑏𝑖𝑖
𝒖𝒖𝑅𝑅        (27) 
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where 

𝑐𝑐𝑅𝑅 = ‖𝒖𝒖𝑅𝑅‖2                    𝑐𝑐𝑖𝑖 = ‖𝒖𝒖𝑖𝑖‖2                    𝑐𝑐𝑅𝑅 + 𝑐𝑐𝑖𝑖 = 𝑏𝑏𝑖𝑖    (28) 

The LHS of (20) with 𝒙𝒙 = �𝒖𝒖𝑅𝑅;𝒖𝒖1;⋯ ;𝒖𝒖𝑛𝑛𝑠𝑠� then reads 

𝑱𝑱𝑅𝑅𝑅𝑅𝒖𝒖𝑅𝑅 + Σ𝑖𝑖𝑱𝑱𝑅𝑅𝑖𝑖𝒖𝒖𝑖𝑖 = Σ𝑖𝑖 �𝑘𝑘𝑖𝑖
𝑐𝑐𝑗𝑗
𝑏𝑏𝑗𝑗
− 𝑘𝑘𝑖𝑖

𝑐𝑐𝑗𝑗
𝑏𝑏𝑗𝑗
� 𝒖𝒖𝑅𝑅 = 0 ⋅ 𝒖𝒖𝑅𝑅     (29) 

For (21), 

𝑱𝑱𝑖𝑖𝑅𝑅𝒖𝒖𝑅𝑅 = −𝑘𝑘𝑖𝑖𝑏𝑏𝑖𝑖−1𝒖𝒖𝑖𝑖𝒖𝒖𝑅𝑅𝑇𝑇𝒖𝒖𝑅𝑅 = −𝑘𝑘𝑖𝑖
𝑐𝑐𝑅𝑅
𝑏𝑏𝑖𝑖
𝒖𝒖𝑖𝑖       (30) 

𝑱𝑱𝑖𝑖𝑖𝑖𝒖𝒖𝑖𝑖 = 𝑘𝑘𝑖𝑖�𝑰𝑰 − 𝑏𝑏𝑖𝑖−1𝒖𝒖𝑖𝑖𝒖𝒖𝑖𝑖𝑇𝑇�𝒖𝒖𝑖𝑖 = 𝑘𝑘𝑖𝑖 �1 − 𝑐𝑐𝑖𝑖
𝑏𝑏𝑖𝑖
� 𝒖𝒖𝑖𝑖 = 𝑘𝑘𝑖𝑖

𝑐𝑐𝑅𝑅
𝑏𝑏𝑖𝑖
𝒖𝒖𝑖𝑖     (31) 

The LHS of (21) then reads 

𝑱𝑱𝑖𝑖𝑅𝑅𝒖𝒖𝑅𝑅 + 𝑱𝑱𝑖𝑖𝑖𝑖𝒖𝒖𝑖𝑖 = �−𝑘𝑘𝑖𝑖
𝑐𝑐𝑅𝑅
𝑐𝑐𝑖𝑖

+ 𝑘𝑘𝑖𝑖
𝑐𝑐𝑅𝑅
𝑏𝑏𝑖𝑖
� 𝒖𝒖𝑖𝑖 = 0 ⋅ 𝒖𝒖𝑖𝑖      (32) 

Equations (29) and (32) imply that that 𝒙𝒙 = �𝒖𝒖𝑅𝑅;𝒖𝒖1;⋯ ;𝒖𝒖𝑛𝑛𝑠𝑠� is indeed an eigenvector of 𝑱𝑱 

with eigenvalue 0, as reported in Table 1.  

4.5 Type R (Local uncertainty confined to reference DOFs) 

Consider eigenvector of the form 𝒙𝒙 = [𝒖𝒖𝑅𝑅′ ;𝟎𝟎;⋯ ;𝟎𝟎] where 𝒖𝒖𝑅𝑅′  (𝑛𝑛𝑅𝑅 × 1) is orthogonal to 𝒖𝒖𝑅𝑅, 

i.e., 𝒖𝒖𝑅𝑅𝑇𝑇𝒖𝒖𝑅𝑅′ = 0. The LHS of (20) and (21) then read, respectively,  

𝑱𝑱𝑅𝑅𝑅𝑅𝒖𝒖𝑅𝑅′ + Σ𝑖𝑖𝑱𝑱𝑅𝑅𝑖𝑖 ⋅ 𝟎𝟎 = Σ𝑖𝑖𝑘𝑘𝑖𝑖�𝒖𝒖𝑅𝑅′ − 𝑏𝑏𝑖𝑖−1𝒖𝒖𝑅𝑅𝒖𝒖𝑅𝑅𝑇𝑇𝒖𝒖𝑅𝑅′ � = (Σ𝑖𝑖𝑘𝑘𝑖𝑖)𝒖𝒖𝑅𝑅′     (33) 

𝑱𝑱𝑖𝑖𝑅𝑅𝒖𝒖𝑅𝑅′ + 𝑱𝑱𝑖𝑖𝑖𝑖 ⋅ 𝟎𝟎 = −𝑘𝑘𝑖𝑖𝑏𝑏𝑖𝑖−1𝒖𝒖𝑖𝑖𝒖𝒖𝑅𝑅𝑇𝑇𝒖𝒖𝑅𝑅′ = 𝟎𝟎       (34) 

The above implies that 𝒙𝒙 = [𝒖𝒖𝑅𝑅′ ;𝟎𝟎;⋯ ;𝟎𝟎] is indeed an eigenvector and the eigenvalue is Σ𝑖𝑖𝑘𝑘𝑖𝑖, 

as reported in Table 1. Since the orthogonal complement of 𝒖𝒖𝑅𝑅  has a dimension of (𝑛𝑛𝑅𝑅 − 1), 

there are (𝑛𝑛𝑅𝑅 − 1) possible eigenvectors of this type. They must be mutually orthogonal in 

order that their corresponding eigenvectors of the form 𝒙𝒙 = [𝒖𝒖𝑅𝑅′ ;𝟎𝟎;⋯ ;𝟎𝟎]  are mutually 

orthogonal, because 𝑱𝑱  is real and symmetric. Summing the reciprocals of the (𝑛𝑛𝑅𝑅 − 1) 

eigenvalues gives the contribution of global mode shape c.o.v. from type R in Table 2. 
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4.6 Type V (Local uncertainty confined to rover DOFs) 

Similar to type R, consider a candidate eigenvector where only the partition of the rover DOFs 

in Setup 𝑖𝑖 is non-zero and is equal to 𝒖𝒖𝑖𝑖′. Here, 𝒖𝒖𝑖𝑖′ (𝑛𝑛𝑣𝑣𝑖𝑖 × 1) is orthogonal to 𝒖𝒖𝑖𝑖, i.e., 𝒖𝒖𝑖𝑖𝑇𝑇𝒖𝒖𝑖𝑖′ = 0. 

The LHS of (20) and (21) then read, respectively,  

𝑱𝑱𝑅𝑅𝑅𝑅 ⋅ 𝟎𝟎 + Σ𝑖𝑖𝑱𝑱𝑅𝑅𝑖𝑖𝒖𝒖𝑖𝑖′ = −𝑘𝑘𝑖𝑖𝑏𝑏𝑖𝑖−1𝒖𝒖𝑅𝑅𝒖𝒖𝑖𝑖𝑇𝑇𝒖𝒖𝑖𝑖′ = 𝑘𝑘𝑖𝑖 ⋅ 𝟎𝟎      (35) 

𝑱𝑱𝑖𝑖𝑅𝑅 ⋅ 𝟎𝟎 + 𝑱𝑱𝑖𝑖𝑖𝑖𝒖𝒖𝑖𝑖′ = 𝑘𝑘𝑖𝑖�𝑰𝑰 − 𝑏𝑏𝑖𝑖−1𝒖𝒖𝑖𝑖𝒖𝒖𝑖𝑖𝑇𝑇�𝒖𝒖𝑖𝑖′ = 𝑘𝑘𝑖𝑖�𝒖𝒖𝑖𝑖′ − 𝑏𝑏𝑖𝑖−1𝒖𝒖𝑖𝑖𝒖𝒖𝑖𝑖𝑇𝑇𝒖𝒖𝑖𝑖′� = 𝑘𝑘𝑖𝑖𝒖𝒖𝑖𝑖′   (36) 

The above shows that the candidate vector is indeed an eigenvector with eigenvalue 𝑘𝑘𝑖𝑖, as 

reported in Table 1. For each Setup 𝑖𝑖, since the orthogonal complement of 𝒖𝒖𝑖𝑖 has dimension 

(𝑛𝑛𝑣𝑣𝑖𝑖 − 1) , there are (𝑛𝑛𝑣𝑣𝑖𝑖 − 1)  possible eigenvectors of this type. They must be mutually 

orthogonal in order that their corresponding eigenvectors of 𝑱𝑱 are orthogonal. Summing the 

reciprocals of the (𝑛𝑛𝑣𝑣𝑖𝑖 − 1) eigenvalues of Setup 𝑖𝑖 and over all setups (𝑖𝑖 = 1, … ,𝑛𝑛𝑠𝑠) gives the 

contribution of global mode shape c.o.v. from type R in Table 2. 

4.7 Type G (Global uncertainty, involving all DOFs) 

The eigenvectors of type R and V considered in the last two sections are ‘local’ in the sense 

that their non-zero values are confined respectively to the reference DOFs and rover DOFs of 

a particular setup, while the values at other DOFs are zero. Within the local DOFs the 

eigenvector is orthogonal to the mode shape, which is the same as the one for a single setup. 

In addition to these local types, there are non-trivial eigenvectors of ‘global’ nature that 

involve all the DOFs. Consider a candidate eigenvector of the form 

𝒙𝒙 = �

𝑎𝑎𝑅𝑅𝒖𝒖𝑅𝑅
𝑎𝑎1𝒖𝒖1
⋮

𝑎𝑎𝑛𝑛𝑠𝑠𝒖𝒖𝑛𝑛𝑠𝑠

� =

⎣
⎢
⎢
⎡𝒖𝒖𝑅𝑅 𝒖𝒖1

⋱
𝒖𝒖𝑛𝑛𝑠𝑠⎦

⎥
⎥
⎤
�

𝑎𝑎𝑅𝑅
𝑎𝑎1
⋮
𝑎𝑎𝑛𝑛𝑠𝑠

� = 𝑼𝑼𝒂𝒂     (37) 

where 𝑎𝑎𝑅𝑅  and 𝑎𝑎𝑖𝑖  ( 𝑖𝑖 = 1, … ,𝑛𝑛𝑠𝑠 ) are scalar coefficients. That is, within each partition the 

eigenvector is proportional to the mode shape, but the coefficients associated with different 

partitions are not necessarily equal to 1. Substituting 𝒙𝒙 = 𝑼𝑼𝒂𝒂  into 𝑱𝑱𝒙𝒙 = 𝜆𝜆𝒙𝒙  and pre-

multiplying both sides by 𝑼𝑼𝑇𝑇 gives the generalized eigenvalue problem 𝑫𝑫𝒂𝒂 = 𝜆𝜆𝑪𝑪𝒂𝒂, where 
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𝑫𝑫 = 𝑼𝑼𝑇𝑇𝑱𝑱𝑼𝑼 =

⎣
⎢
⎢
⎡
Σ𝑖𝑖𝑑𝑑𝑖𝑖 −𝑑𝑑1 ⋯ −𝑑𝑑𝑛𝑛𝑠𝑠
−𝑑𝑑1 𝑑𝑑1
⋮ ⋱

−𝑑𝑑𝑛𝑛𝑠𝑠 𝑑𝑑𝑛𝑛𝑠𝑠 ⎦
⎥
⎥
⎤

                    𝑪𝑪 = 𝑼𝑼𝑇𝑇𝑼𝑼 =

⎣
⎢
⎢
⎡𝑐𝑐𝑅𝑅 𝑐𝑐1

⋱
𝑐𝑐𝑛𝑛𝑠𝑠⎦

⎥
⎥
⎤
 (38) 

are real-symmetric matrices; 𝑐𝑐𝑅𝑅 = ‖𝒖𝒖𝑅𝑅‖2 and 𝑐𝑐𝑖𝑖 = ‖𝒖𝒖𝑖𝑖‖2 were defined in (28); and 

𝑑𝑑𝑖𝑖 = 𝑖𝑖𝑖𝑖𝑐𝑐𝑖𝑖
𝑏𝑏𝑖𝑖
𝑐𝑐𝑅𝑅          (39) 

The entries in (38) can be derived with the help of (26), (27), (30) and (31). Note that each row 

of 𝑫𝑫 sums to zero. It then follows that 𝒂𝒂 = [1, … ,1]𝑇𝑇  is an eigenvector with eigenvalue 0, 

which corresponds to the type N eigenvector 𝒙𝒙 = 𝝋𝝋  found earlier in Section 4.4. The 

remaining 𝑛𝑛𝑠𝑠 eigenvalues are all non-negative (as expected). To see this, for any (𝑛𝑛𝑠𝑠 + 1) × 1 

vector 𝒂𝒂 we have 𝒂𝒂𝑇𝑇𝑫𝑫𝒂𝒂 = (𝑼𝑼𝒂𝒂)𝑇𝑇𝑱𝑱(𝑼𝑼𝒂𝒂) ≥ 0 since 𝑱𝑱 is positive semi-definite. As eigenvectors 

𝒂𝒂  of the generalised eigenvalue problem are orthogonal with respect to 𝑪𝑪 = 𝑼𝑼𝑇𝑇𝑼𝑼 , the 

corresponding 𝒙𝒙 = 𝑼𝑼𝒂𝒂 are orthogonal, consistent with the real-symmetric nature of 𝑱𝑱.  

Manageable analytical solution for 𝑫𝑫𝒂𝒂 = 𝜆𝜆𝑪𝑪𝒂𝒂 has not been found but it is still possible to 

obtain the sum of reciprocals of the eigenvalues that gives the type G contribution 𝛿𝛿𝐺𝐺2 to mode 

shape c.o.v. (squared). For this purpose, we first eliminate 𝑎𝑎𝑅𝑅 from the problem as follows. 

The first and subsequent 𝑖𝑖th row of partition of 𝑫𝑫𝒂𝒂 = 𝜆𝜆𝑪𝑪𝒂𝒂 reads  

∑ 𝑑𝑑𝑖𝑖(𝑎𝑎𝑅𝑅 − 𝑎𝑎𝑖𝑖)𝑖𝑖 = λ𝑐𝑐𝑅𝑅𝑎𝑎𝑅𝑅
−𝑑𝑑𝑖𝑖(𝑎𝑎𝑅𝑅 − 𝑎𝑎𝑖𝑖) = λ𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖  

    𝑖𝑖 = 1, … ,𝑛𝑛𝑠𝑠    (40) 

If 𝜆𝜆 = 0  the only solution to (40) is 𝑎𝑎𝑅𝑅 = 𝑎𝑎𝑖𝑖  (𝑖𝑖 = 1, . . . ,𝑛𝑛𝑠𝑠 ), which corresponds to type N 

eigenvector. Now consider 𝜆𝜆 ≠ 0. Substituting the second equation into the summand of the 

first and rearranging gives 𝑎𝑎𝑅𝑅 = −Σ𝑖𝑖𝑎𝑎𝑖𝑖𝑐𝑐𝑖𝑖/𝑐𝑐𝑅𝑅 . This implies (as expected) that the 

corresponding eigenvector 𝒙𝒙 = 𝑼𝑼𝒂𝒂 is orthogonal to 𝝋𝝋, because 𝒙𝒙𝑇𝑇𝝋𝝋 = 𝑎𝑎𝑅𝑅𝑐𝑐𝑅𝑅 + Σ𝑖𝑖𝑎𝑎𝑖𝑖𝑐𝑐𝑖𝑖 = 0. 

Substituting 𝑎𝑎𝑅𝑅 = −Σ𝑖𝑖𝑎𝑎𝑖𝑖𝑐𝑐𝑖𝑖/𝑐𝑐𝑅𝑅  into the equations for 𝑖𝑖 = 1, … ,𝑛𝑛𝑠𝑠  in (40) gives the standard 

eigenvalue problem 𝑫𝑫𝑐𝑐𝒂𝒂𝑐𝑐 = 𝜆𝜆𝒂𝒂𝑐𝑐  where 𝒂𝒂𝑐𝑐 = �𝑎𝑎1, … ,𝑎𝑎𝑛𝑛𝑠𝑠�
𝑇𝑇

 excludes 𝑎𝑎𝑅𝑅  and the entries of 

𝑫𝑫𝑐𝑐  (𝑛𝑛𝑠𝑠 × 𝑛𝑛𝑠𝑠) are given by 

𝑫𝑫𝑐𝑐(𝑖𝑖, 𝑖𝑖) = 𝑘𝑘𝑖𝑖                     𝑫𝑫𝑐𝑐(𝑖𝑖, 𝑗𝑗) = 𝑘𝑘𝑖𝑖
𝑐𝑐𝑗𝑗
𝑏𝑏𝑖𝑖

                    𝑖𝑖, 𝑗𝑗 = 1, … ,𝑛𝑛𝑠𝑠; 𝑗𝑗 ≠ 𝑖𝑖   (41) 
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Similar to 𝑫𝑫𝒂𝒂 = 𝜆𝜆𝑪𝑪𝒂𝒂, manageable analytical solution for 𝑫𝑫𝑐𝑐𝒂𝒂𝑐𝑐 = 𝜆𝜆𝒂𝒂𝑐𝑐  has not been found. 

However, it is found that the inverse of 𝑫𝑫𝑐𝑐  has a simple form: 

𝑫𝑫𝑐𝑐
−1(𝑖𝑖, 𝑖𝑖) = 𝑏𝑏𝑖𝑖(1−𝑐𝑐𝑖𝑖)

𝑖𝑖𝑖𝑖𝑐𝑐𝑅𝑅
                    𝑫𝑫𝑐𝑐

−1(𝑖𝑖, 𝑗𝑗) = − 𝑏𝑏𝑗𝑗𝑐𝑐𝑗𝑗
𝑖𝑖𝑗𝑗𝑐𝑐𝑅𝑅

                    𝑖𝑖, 𝑗𝑗 = 1, … ,𝑛𝑛𝑠𝑠; 𝑗𝑗 ≠ 𝑖𝑖  (42) 

Summing the diagonal entries of 𝑫𝑫𝑐𝑐
−1 , substituting 𝑏𝑏𝑖𝑖 = 𝑐𝑐𝑅𝑅 + 𝑐𝑐𝑖𝑖  from (28) and simplifying 

gives the expression of 𝛿𝛿𝐺𝐺2  in Table 2. As a remark, theoretically one can obtain the 

eigenvectors of 𝒂𝒂 = �𝑎𝑎𝑅𝑅 ,𝑎𝑎1, … ,𝑎𝑎𝑛𝑛𝑠𝑠�
𝑇𝑇

 by either solving 𝑫𝑫𝒂𝒂 = 𝜆𝜆𝑪𝑪𝒂𝒂  or 𝑫𝑫𝑐𝑐𝒂𝒂𝑐𝑐 = 𝜆𝜆𝒂𝒂𝑐𝑐 . 

Computationally, however, the former is recommended (as in Table 1) because standard 

algorithms dealing with real symmetric matrices have better numerical properties.  

4.8 Bounds on mode shape uncertainty 

The partial mode shape norms 𝑐𝑐𝑖𝑖 = ‖𝒖𝒖𝑖𝑖‖2, 𝑖𝑖 = 1, … ,𝑛𝑛𝑠𝑠, are the only parameters related to 

how the rovers are planned. Consider fixing the reference DOFs, hence 𝑐𝑐𝑅𝑅 = ‖𝒖𝒖𝑅𝑅‖2, and study 

how the global mode shape c.o.v. 𝛿𝛿2  depends on {𝑐𝑐𝑖𝑖}𝑖𝑖=1
𝑛𝑛𝑠𝑠 . This should be subjected to the 

global mode shape norm constraint 𝑐𝑐𝑅𝑅 + Σ𝑖𝑖𝑐𝑐𝑖𝑖 = 1. From Table 2, among the different types 

of contributions, only type G depends on {𝑐𝑐𝑖𝑖}𝑖𝑖=1
𝑛𝑛𝑠𝑠  and so it is sufficient to study how 𝛿𝛿𝐺𝐺2 

depends on {𝑐𝑐𝑖𝑖}𝑖𝑖=1
𝑛𝑛𝑠𝑠  subjected to 𝑐𝑐𝑅𝑅 + Σ𝑖𝑖𝑐𝑐𝑖𝑖 = 1 . The lower bound of 𝛿𝛿𝐺𝐺2  in (8) has been 

reasoned in Section 3.3.1 and so it remains to derive the upper bound. For this purpose, 

rewrite 𝛿𝛿𝐺𝐺2 in Table 2 as a quadratic form: 

𝛿𝛿𝐺𝐺2 = Σ𝑖𝑖𝑘𝑘𝑖𝑖−1 + 1
2𝑐𝑐𝑅𝑅

𝒄𝒄𝑇𝑇𝑨𝑨𝒄𝒄         (43) 

where 𝒄𝒄 = �𝑐𝑐1, … , 𝑐𝑐𝑛𝑛𝑠𝑠�
𝑇𝑇

 and 𝑨𝑨 is a 𝑛𝑛𝑠𝑠 × 𝑛𝑛𝑠𝑠 matrix whose entries are given by 

𝑨𝑨(𝑖𝑖, 𝑖𝑖) = 0                    𝑨𝑨(𝑖𝑖, 𝑗𝑗) = 𝑘𝑘𝑖𝑖−1 + 𝑘𝑘𝑖𝑖−1                    𝑖𝑖, 𝑗𝑗 = 1, … ,𝑛𝑛𝑠𝑠; 𝑖𝑖 ≠ 𝑗𝑗  (44) 

Now consider the following Lagrangian that incorporates the constraint 𝑐𝑐𝑅𝑅 + Σ𝑖𝑖𝑐𝑐𝑖𝑖 = 1: 

𝐹𝐹(𝒄𝒄) = 𝛿𝛿𝐺𝐺2 + 𝜇𝜇(1 − 𝑐𝑐𝑅𝑅 − Σ𝑖𝑖𝑐𝑐𝑖𝑖) = Σ𝑖𝑖𝑘𝑘𝑖𝑖−1 + 1
2𝑐𝑐𝑅𝑅

𝒄𝒄𝑇𝑇𝑨𝑨𝒄𝒄 + 𝜇𝜇(1 − 𝑐𝑐𝑅𝑅 − 𝟏𝟏𝑇𝑇𝒄𝒄)   (45) 

where 𝜇𝜇  is a Lagrange multiplier and 𝟏𝟏 = [1, … ,1]𝑇𝑇  denotes a vector of ones. Solving 

𝜕𝜕𝐹𝐹/𝜕𝜕𝒄𝒄 = 𝟎𝟎 for 𝒄𝒄 together with the constraint gives 
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�̂�𝜇 = 1−𝑐𝑐𝑅𝑅
𝑐𝑐𝑅𝑅𝑄𝑄

                    𝒄𝒄� = 1−𝑐𝑐𝑅𝑅
𝑄𝑄

𝑨𝑨−1𝟏𝟏                    𝑄𝑄 = 𝟏𝟏𝑇𝑇𝑨𝑨−1𝟏𝟏 = Σ𝑖𝑖,𝑖𝑖𝑨𝑨−1(𝑖𝑖, 𝑗𝑗)  (46) 

Substituting 𝒄𝒄 = 𝒄𝒄� into (43) and simplifying gives the rightmost expression in (8). It is shown 

in Appendix B that the Hessian of 𝛿𝛿𝐺𝐺2 with respect to 𝒄𝒄 satisfying the constraint is a negative 

semi-definite constant matrix, and so 𝒄𝒄�  corresponds to the global maximum of 𝛿𝛿𝐺𝐺2, i.e., an 

upper bound. Since the inequality constraints 0 ≤ �̂�𝑐𝑖𝑖 ≤ 1 − 𝑐𝑐𝑅𝑅  (𝑖𝑖 = 1, … ,𝑛𝑛𝑠𝑠) have not been 

explicitly imposed in the above analysis, it is possible that 𝒄𝒄�  does not lie in the admissible 

region. If it does, the global maximum can be achieved, in which case the upper bound is the 

tightest possible one. 

5 Verification with synthetic data 

In this section, synthetic data is used to validate the uncertainty law with multiple setup data. 

Consider an eleven-storied shear building with uniform floor mass and story stiffness of 500 

tons and 1000 kN/mm, respectively. The natural frequencies of the first four modes are 

calculated to be 0.97 Hz, 2.9 Hz, 4.77 Hz, and 6.55 Hz. Assume classically damped modes with 

damping ratios of 1% for all modes. The structure is subjected to horizontal independent and 

identically distributed (i.i.d.) Gaussian white noise excitation with a PSD of 24.06 𝑁𝑁2/Hz per 

floor. Figure 1(a) shows the setup that covers the 11 horizontal DOFs in three setups. The top 

two levels are chosen as reference DOFs. The remaining levels will be covered by rover DOFs. 

Theoretical modal force PSDs (scaled globally) of the first mode for the three setups are 

calculated to be 𝑆𝑆1 = 0.75 (μg)2/Hz , 𝑆𝑆2 = 0.55 (μg)2/Hz  and 𝑆𝑆3 = 0.38 (μg)2/Hz. 

Acceleration data is generated at a sampling rate of 100 Hz. It is contaminated by i.i.d. 

Gaussian white noise with a PSD of 10 (μg)2/Hz. Based on 𝛾𝛾𝑖𝑖 = 𝑆𝑆𝑖𝑖‖𝒗𝒗𝑖𝑖‖2/4𝑆𝑆𝑒𝑒𝑖𝑖𝜁𝜁𝑖𝑖
2 in (4), the 

theoretical modal s/n ratio of the first mode in the three setups are 𝛾𝛾1 = 186.85 , 𝛾𝛾2 =

137.23, and 𝛾𝛾3 = 95.83. Figure 1(b) shows the root singular value (SV) spectrum based on 

300 seconds of data in Setup 1. The BAYOMA algorithm for well-separated modes 

incorporating multiple setup data is used for calculating the posterior MPV [26] and 

covariance matrix [27] of modal parameters for given data. This applies to the BAYOMA results 

in Section 6 as well. The frequency band and initial guess of frequency used in the algorithm 

are indicated in Figure 1(b) by horizontal bar below the spectral peaks and a circle, respectively. 
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Figure 1. (a) Setup plan; (b) Root SV spectrum in Setup 1. 

5.1 Principal mode shape uncertainty 

We first investigate the eigenvector properties of the posterior covariance matrix of the global 

mode shape, which give the (mutually uncorrelated) principal directions where uncertainty 

can take place. Recall the prediction from uncertainty law in Table 1. In this example, there 

are 𝑛𝑛𝑅𝑅 = 2 reference DOFs, giving (𝑛𝑛𝑅𝑅 − 1) = 1 eigenvector of type R, i.e., with non-zero 

value in the reference DOFs only. For type V, each setup (𝑖𝑖 = 1,2,3) has 𝑛𝑛𝑣𝑣𝑖𝑖 = 3 rover DOFs 

and hence (𝑛𝑛𝑣𝑣𝑖𝑖 − 1) = 2 eigenvectors with non-zero value in the rover DOFs of the setup only. 

Type G has 𝑛𝑛𝑠𝑠 = 3 eigenvectors, with non-zero values in all measured DOFs. 

The above predictions from uncertainty law are verified in Figure 2, which shows the 

eigenvectors of the 11 × 11 global mode shape posterior covariance matrix of Mode 1 from 

BAYOMA algorithm with 300 seconds of data in each setup. The type and eigenvalue are also 

indicated. The eigenvector of type N (top left corner) is simply the MPV of global mode shape. 

The eigenvectors in the bottom row (type R and V) are all local in nature. Here, V2 denotes 

type V localized to Setup 2, for which the eigenvectors are plotted together in different colors 

and line types. The eigenvectors in the top row (G1, G2, G3) are global in nature, involving all 

DOFs. Consistent with the prediction by uncertainty law, the local shapes within the reference 

DOFs or rover DOFs in a particular setup are similar to the counterparts of the mode shape. 

Nevertheless, the overall spatial pattern that involves scaling of different parts is non-trivial.  
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Figure 2 Principal directions (eigenvectors) of global mode shape uncertainty. Value in 

parenthesis indicates the eigenvalue. Type ‘N’ for ‘norm constraint’; ‘R’ involves reference 
DOFs only; ‘V’ (followed by setup number) involves rover DOFs only, eigenvectors are 

distinguished by blue-dot-solid line and red-square-dash line; ‘G’ involves all DOFs.  

5.2 Data length effect 

We next investigate how the ID uncertainty depends on data length. Figure 3 shows the 

posterior c.o.v.s of the modal parameters of Mode 1 in Setup 1 versus the normalized data 

length 𝑁𝑁𝑐𝑐 (i.e., as a multiple of natural period). For each modal parameter, the black stars and 

red squares show the values from BAYOMA algorithm (for given data) and uncertainty law, 

respectively. For the latter, the parameters in the formula are substituted by their MPVs for 

the given data, as is often done. The two sets of values (stars and squares) generally agree and 

converge to each other as data length increases, verifying the mathematical correctness of 

the uncertainty law. The results for other modes and setups (omitted here) are qualitatively 

similar. 

Figure 4 shows the global mode shape c.o.v. versus the normalized data length. The values 

from BAYOMA algorithm (given data) and uncertainty law are shown with stars and squares, 

respectively. In addition to the ‘total’ c.o.v. 𝛿𝛿 (black), the c.o.v. of different types, i.e., 𝛿𝛿𝑅𝑅 (red), 

𝛿𝛿𝑉𝑉 (blue) and 𝛿𝛿𝐺𝐺  (green) are also shown. It is seen that the uncertainty law values capture well 
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the BAYOMA values, demonstrating mathematical correctness of the theory. The contribution 

from type R is smallest, which is reasonable because reference DOFs are measured repeatedly 

in different setups. Type V gives the major contribution to mode shape c.o.v., attributed in 

part to their abundance in number. For example, Figure 2 shows that the eigenvalues (shown 

in parenthesis) of type G and type V eigenvector are of similar order of magnitude; and some 

type G eigenvalue can be greater than type V. 

 
Figure 3. Posterior c.o.v. of modal parameters vs 𝑁𝑁𝑐𝑐 = data length/natural period. Mode 1, 
Setup 1, synthetic data; stars for values from BAYOMA algorithm (given data) and squares 

for uncertainty law. 
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Figure 4. Posterior c.o.v. of global mode shape vs 𝑁𝑁𝑐𝑐 = data length/natural period. Mode 1, 
synthetic data; stars for values from BAYOMA algorithm (given data), squares for uncertainty 

law; Black for total c.o.v. (𝛿𝛿), red for R (𝛿𝛿𝑅𝑅), blue for V (𝛿𝛿𝑉𝑉), green for G (𝛿𝛿𝐺𝐺).  

5.3 Modal s/n ratio effect 

The effect of modal s/n ratio is next investigated. The focus is on the global mode shape, since 

the effect on the remaining parameters is the same as in a single setup setting that has been 

studied previously [29]. Table 2 reveals that the c.o.v. of global mode shape depends on the 

modal s/n ratios of different setups in a non-trival aggregate manner. Consider a data duration 

of 2,000 seconds in each setup, which corresponds to 𝑁𝑁𝑐𝑐 = 1,940 for the first mode. As the 

focus is on modal s/n ratio, a relatively long duration is considered here to reduce spurious 

data length effects. Modal identification results are obtained from BAYOMA algorithm for 100 

data sets. They are contaminated with noise PSD ranging logarithmically from 250 (μg)2/Hz 

to 0.25 (μg)2/Hz, corresponding to a modal s/n ratio of 10 (low) to 10,000 (high). 

Figure 5 shows the uncertainty law results (y-axis) versus the BAYOMA values (given data) for 

the first four modes. The color bar indicates the level of the modal s/n ratio. It is seen that as 

the modal s/n ratio increases (from blue to yellow), the c.o.v. decreases; the uncertainty law 

and BAYOMA values agree better, converging on the 1:1 line. 
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Figure 5. Comparison of mode shape c.o.v. calculated by BAYOMA algorithm (given data) 
and uncertainty law. Modal s/n ratio is indicated by color; first four modes; synthetic data. 

6 Verification with laboratory and field data 

Investigation is now extended to laboratory and field data, based on a laboratory-scale shear 

frame and an eight-storied office building, respectively.  

6.1 Laboratory data 

Consider a three-storied laboratory shear frame, as shown in Figure 6(a). Each floor is a 30 cm 

(length) × 20 cm (width) × 3 cm (thickness) aluminum plate with a uniform mass of 4.86 kg. 

The frame is supported by aluminum bars (dimensions of 22 cm × 1.5 cm × 0.3 cm) fixed at 

four corners of each floor. The original data set comprises 24 DOFs of biaxial piezoelectric 

accelerometer measurements at the 3 × 4 = 12 corners of the frame. For the study here, we 

divide the 24 DOFs into two setups, as shown in Figure 6(b). Data was collected at a sampling 

rate of 2048 Hz and later decimated to 256 Hz for analysis. Figure 7 shows the root SV 

spectrum of the data in Setup 1. In the resonance band of the mode TX2, although the bottom 

group of lines suggests a channel noise level below 10 μg/√Hz, the (right) tail contribution of 

TY1 there leads to modeling error (unaccounted mode). Figure 8 and Figure 9 show the c.o.v. 

of the modal parameters and global mode shape of TX2, analogous to Figure 3 and Figure 4, 

respectively. Generally, the uncertainty law values (squares) can capture the BAYOMA values 

(stars) especially for long data, although the scatter can be observed in short data length. This 

may be attributed to the modeling error from the unaccounted mode just mentioned. As is 

typical, with real data the c.o.v. (and in fact the MPVs as well) need not follow a smooth trend 

with data length, due to statistical error and potential modeling error.  Similar results can also 

be observed in other modes (omitted here). 
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Figure 6. (a) Three-storied aluminum shear frame; (b) setup plan, reference DOFs are 
colored red. 

 

Figure 7. Root SV spectrum with selected frequency bands, based on 300 seconds of data in 
Setup 1, lab model. TX1 is the first translational mode, R1 is the first rotational mode.  
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Figure 8. Posterior c.o.v. of modal parameters vs 𝑁𝑁𝑐𝑐 = data length/natural period. Mode 

TX2, Setup 1, lab model. Same legend as Figure 3. 

 

Figure 9. Posterior c.o.v. of global mode shape vs 𝑁𝑁𝑐𝑐 = data length/natural period. Mode 
TX2, lab model. Same legend as Figure 4. 

6.2 Field data 

The field data discussed here was collected from the Brodie Tower at the University of 

Liverpool, which is an eight-storied office building; see Figure 10(a). The same set of data was 

investigated previously in[38]. Five triaxial servo accelerometers with a noise PSD of about 1 

(μg)2/Hz were used for the test. Figure 10(b) shows the floor plan with sensor locations. The 

reference sensor (circled ‘R’) was deployed at the left corner of the top floor. The rover 
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sensors (circled numbers) formed a ‘T-shape’. The test comprised seven setups, proceeding 

from the top floor to the bottom. It should be noted that in this study the DOFs of the 

reference sensor are considered to be different from those measured by sensor 1 in Setup 1, 

although the two locations are close. Thus, in the context of the proposed theory, the 

reference DOFs comprise those of the reference sensor (on the top floor); the rover DOFs in 

Setup 1 comprise those measured by sensors 1 to 4 on the top floor; the rover DOFs in Setup 

2 comprise those measured by sensors 1 to 4 on the floor below; and so on. For each setup, 

ambient vibration data was collected for 20 minutes at a sampling rate of 50 Hz. Figure 11 

shows the root SV spectrum of the data in Setup 1. The discussion here focuses on the modes 

R1 and TY2, which have moderate (about 600) and low (about 20) modal s/n ratios, 

respectively. The c.o.v.s of modal parameters and global mode shape of R1 are shown in 

Figure 12 and Figure 13, respectively, which are analogous to Figure 3 and Figure 4. The 

uncertainty law values (squares) capture well the BAYOMA values (stars) to a similar extent 

as the synthetic data example. With a low modal s/n ratio and potentially high contribution 

from unaccounted modes, discrepancy can be observed in the results of TY2 in Figure 14 when 

the data duration is short.  

 

Figure 10. (a) Overview of Brodie Tower; (b) floor plan and sensor locations. 

 
Figure 11. Root SV spectrum with selected frequency bands, Setup 1, Brodie Tower. 



28 

 

Figure 12 Posterior c.o.v. of modal parameters vs 𝑁𝑁𝑐𝑐 = data length/natural period. Mode R1, 
Setup 1, Brodie Tower. Same legend as Figure 3. 

 

Figure 13. Posterior c.o.v. of global mode shape vs 𝑁𝑁𝑐𝑐 = data length/natural period. Mode 
R1, Brodie Tower. Same legend as Figure 4. 
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Figure 14. Posterior c.o.v. of modal parameters vs 𝑁𝑁𝑐𝑐 = data length/natural period. Mode 
TY2, Setup 1, Brodie Tower. Same legend as Figure 3. 

 
Figure 15. Posterior c.o.v. of the global mode shape vs 𝑁𝑁𝑐𝑐 = data length/natural period. 

Mode TY2, Brodie Tower. Same legend as Figure 4. 

7 Conclusions 

This work has discovered the relationship between the identification uncertainty (in terms of 

c.o.v.) of modal parameters and test configuration for operational modal analysis with 

multiple setup data. Referred collectively as ‘uncertainty law’, the results have been derived 

for a classically damped well-separated mode, long data, small damping, and high modal s/n 

ratio. Data is assumed to be distributed as the likelihood function, so the results do not 
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account for modeling error. The uncertainty law reveals that the identification uncertainty of 

natural frequency and damping ratio in a particular setup is the same as in a single setup 

setting found previously, i.e., as if other setups were absent. This is not surprising, because 

they are parameterized separately in different setups and they are asymptotically 

uncorrelated from local mode shape, which is the only link that connects different setups. 

Mode shape uncertainty is non-trivial. Focusing on the case of fixed reference and distinct 

rovers in different setups, the analytical study on the eigenvalue properties of the mode shape 

covariance matrix reveals that the uncertainty comprises mutually uncorrelated principal 

directions of local and global nature. While both local and global types of uncertainty depend 

on modal s/n ratios, only those of global nature depends on sensor locations through the 

partial mode shape norms of reference DOFs and rover DOFs in each setup. The proposed 

theory has been validated using synthetic, laboratory and field data. The uncertainty law 

presented provides the basis for planning multiple setup ambient vibration tests taking into 

account identification uncertainty. By virtue of the Cramer-Rao bound, up to the same 

modeling assumptions, the uncertainty law gives the lower bound of identification uncertainty 

and hence dictates the achievable precision limit of OMA regardless of identification method 

[36]. Although the theory has been developed assuming acceleration data, it is applicable for 

data of other kinematic types (e.g., velocity). This follows from the same argument for single 

setup data; e.g., see Section 16.6 of [24].  

Advancing the state of knowledge, recently discovered uncertainty law for close modes [32–

34] identified with single setup data reveals that the insights generated in this paper is unlikely 

to carry over directly to close modes with multiple setup data. Mode shapes of close modes 

have an uncertainty within the mode shape subspace that does not vanish even for noiseless 

data and that correlates with all parameters. This uncertainty is not found in well-separated 

modes, exhibiting the complexity of modal entangling and another level of challenge. 
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Appendix A: Expressions for partitions of 𝑱𝑱 

This appendix derives the expressions of the partitions of 𝑱𝑱 in (22) to (24). As in Sections 3.3 

and 4.2, it is assumed that the reference DOFs are fixed and rover DOFs are distinct in different 

setups. Also, in any given setup a DOF is measured by at most one data channel. Let 𝑩𝑩𝑅𝑅  

(𝑛𝑛𝑅𝑅 × 𝑛𝑛) and 𝑩𝑩𝑖𝑖  (𝑛𝑛𝑣𝑣𝑖𝑖 × 𝑛𝑛) be selection matrices that pick from the global mode shape the 

reference DOFs and the rover DOFs in Setup 𝑖𝑖, respectively, i.e.,  

𝒖𝒖𝑅𝑅 = 𝑩𝑩𝑅𝑅𝝋𝝋                    𝒖𝒖𝑖𝑖 = 𝑩𝑩𝑖𝑖𝝋𝝋        (47) 

The partitions of 𝑱𝑱 appearing in (20) and (21) can then be written as 

𝑱𝑱𝑅𝑅𝑅𝑅 = 𝑩𝑩𝑅𝑅𝑱𝑱𝑩𝑩𝑅𝑅𝑇𝑇                     𝑱𝑱𝑖𝑖𝑖𝑖 = 𝑩𝑩𝑖𝑖𝑱𝑱𝑩𝑩𝑖𝑖𝑇𝑇                     𝑱𝑱𝑅𝑅𝑖𝑖 = 𝑩𝑩𝑅𝑅𝑱𝑱𝑩𝑩𝑖𝑖𝑇𝑇    (48) 

Substituting 𝑱𝑱 in (6) into the expression of 𝑱𝑱𝑅𝑅𝑅𝑅  gives 

𝑱𝑱𝑅𝑅𝑅𝑅 = ∑ 𝑘𝑘𝑖𝑖𝑩𝑩𝑅𝑅𝑳𝑳𝑖𝑖𝑇𝑇�𝑰𝑰 − 𝒗𝒗�𝑖𝑖𝒗𝒗�𝑖𝑖𝑇𝑇�𝑳𝑳𝑖𝑖𝑩𝑩𝑅𝑅𝑇𝑇𝑖𝑖 = ∑ 𝑘𝑘𝑖𝑖 �𝑩𝑩𝑅𝑅𝑳𝑳𝑖𝑖𝑇𝑇𝑳𝑳𝑖𝑖𝑩𝑩𝑅𝑅𝑇𝑇 − �𝑩𝑩𝑅𝑅𝑳𝑳𝑖𝑖𝑇𝑇𝒗𝒗�𝑖𝑖��𝑩𝑩𝑅𝑅𝑳𝑳𝑖𝑖𝑇𝑇𝒗𝒗�𝑖𝑖�
𝑇𝑇�𝑖𝑖   (49) 

It can be reasoned that 𝑳𝑳𝑖𝑖𝑇𝑇𝑳𝑳𝑖𝑖 is a 𝑛𝑛 × 𝑛𝑛 diagonal matrix whose 𝑗𝑗th diagonal entry is equal to 

the number of data channels in Setup 𝑖𝑖 measuring DOF 𝑗𝑗. The matrix 𝑩𝑩𝑅𝑅𝑳𝑳𝑖𝑖𝑇𝑇𝑳𝑳𝑖𝑖𝑩𝑩𝑅𝑅𝑇𝑇  is then a 

diagonal matrix where the 𝑗𝑗th diagonal entry is equal to the number of channels in Setup 𝑖𝑖 

measuring reference DOF 𝑗𝑗. Under the assumptions stated in the beginning, every reference 

DOF is measured in all setups by exactly one data channel, and so the diagonal entries are all 

equal to 1, implying that 𝑩𝑩𝑅𝑅𝑳𝑳𝑖𝑖𝑇𝑇𝑳𝑳𝑖𝑖𝑩𝑩𝑅𝑅𝑇𝑇  is a 𝑛𝑛𝑅𝑅 × 𝑛𝑛𝑅𝑅  identity matrix. On the other hand, 𝑳𝑳𝑖𝑖𝑇𝑇𝒗𝒗�𝑖𝑖 

(𝑛𝑛𝑅𝑅 × 𝑛𝑛𝑖𝑖 ) puts the measured DOFs of 𝒗𝒗�𝑖𝑖  to an expanded 𝑛𝑛 × 1 vector. Every entry in this 

vector is equal to the mode shape value multiplied by the number of times the DOF is 

mailto:yanlongxie@zju.edu.cn
mailto:yanlongxie@zju.edu.cn
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measured in Setup 𝑖𝑖. Since a DOF is measured by at most one channel in a given setup, the 

entry is either equal to zero (when the DOF is not measured in Setup 𝑖𝑖) or otherwise the mode 

shape value. As the same 𝑛𝑛𝑅𝑅 reference DOFs are measured in all setups, the 𝑛𝑛𝑅𝑅 × 1 vector 

𝑩𝑩𝑅𝑅𝑳𝑳𝑖𝑖𝑇𝑇𝒗𝒗�𝑖𝑖 collects the mode shape values of the refence DOFs, i.e., 𝑩𝑩𝑅𝑅𝑳𝑳𝑖𝑖𝑇𝑇𝒗𝒗�𝑖𝑖 = 𝒖𝒖𝑅𝑅/‖𝒗𝒗𝑖𝑖‖. The 

above considerations imply 𝑱𝑱𝑅𝑅𝑅𝑅 = Σ𝑖𝑖𝑘𝑘𝑖𝑖�𝑰𝑰 − 𝑏𝑏𝑖𝑖−1𝒖𝒖𝑅𝑅𝒖𝒖𝑅𝑅𝑇𝑇� as in (22), where 𝑏𝑏𝑖𝑖 = �𝒗𝒗𝑖𝑖�
2

. Under 

the same assumptions, it can be reasoned in a similar manner that 𝑱𝑱𝑖𝑖𝑖𝑖 = 𝑘𝑘𝑖𝑖�𝑰𝑰 − 𝑏𝑏𝑖𝑖−1𝒖𝒖𝑖𝑖𝒖𝒖𝑖𝑖𝑇𝑇� as 

in (23), where only the 𝑖𝑖th term in (6) contributes because the rover DOFs in different setups 

are distinct. Also, 𝑱𝑱𝑅𝑅𝑖𝑖 = −𝑘𝑘𝑖𝑖𝑏𝑏𝑖𝑖−1𝒖𝒖𝑅𝑅𝒖𝒖𝑖𝑖𝑇𝑇 as in (24), where the identity matrix in (6) disappears 

because 𝑱𝑱𝑅𝑅𝑖𝑖  corresponds to an off-diagonal partition. 

Appendix B: Constrained Hessian of 𝜹𝜹𝑮𝑮𝟐𝟐  

In this appendix we show that the Hessian of 𝛿𝛿𝐺𝐺2 in (43) at 𝒄𝒄 = 𝒄𝒄� in (46) under the mode shape 

norm constraint 𝑐𝑐𝑅𝑅 + Σ𝑖𝑖𝑐𝑐𝑖𝑖 = 1 is negative semi-definite. Let the constraint be specified as the 

scalar equation 𝑔𝑔(𝒄𝒄) = 0 and 𝒗𝒗(𝒄𝒄) be a function that maps 𝒄𝒄 to a 𝑛𝑛𝑠𝑠 × 1 vector that always 

satisfies the constraint, i.e., 𝑔𝑔�𝒗𝒗(𝒄𝒄)� = 0 for any 𝒄𝒄. The Hessian of 𝛿𝛿𝐺𝐺2 under constraint can 

then be determined as the Hessian of the composite function 𝛿𝛿𝐺𝐺2(𝒗𝒗(𝒄𝒄)) with respect to 𝒄𝒄. At 

the stationary point 𝒄𝒄 = 𝒄𝒄�, this ‘constrained Hessian’ is given by [39]  

𝑯𝑯 = �𝜕𝜕𝑣𝑣�
𝜕𝜕𝑐𝑐
�
𝑇𝑇
�𝜕𝜕

2𝛿𝛿�𝐺𝐺
2

𝜕𝜕𝑐𝑐2
+ �̂�𝜇 𝜕𝜕2𝑔𝑔�

𝜕𝜕𝑐𝑐2
� �𝜕𝜕𝑣𝑣�

𝜕𝜕𝑐𝑐
�        (50) 

where a hat ‘^’ denotes that the derivative is evaluated at 𝒄𝒄 = 𝒄𝒄�; �̂�𝜇 is the Lagrange multiplier 

obtained in (46). The choice of 𝒗𝒗 and 𝑔𝑔 is not unique but 𝑯𝑯 is invariant to the choice. For the 

purpose here we take 

𝑔𝑔(𝒄𝒄) = 1 − 𝑐𝑐𝑅𝑅 − Σ𝑖𝑖𝑐𝑐𝑖𝑖                𝒗𝒗 = �
𝑣𝑣1
⋮
𝑣𝑣𝑛𝑛𝑠𝑠

�                𝑣𝑣𝑖𝑖 = 𝑐𝑐𝑖𝑖 − 𝑐𝑐̅ + 𝑛𝑛𝑠𝑠−1(1 − 𝑐𝑐𝑅𝑅)  (51) 

where 𝑐𝑐̅ = Σ𝑖𝑖𝑐𝑐𝑖𝑖/𝑛𝑛𝑠𝑠 is the mean of {𝑐𝑐𝑖𝑖}𝑖𝑖=1
𝑛𝑛𝑠𝑠 . Note that   

𝑔𝑔(𝒗𝒗) = 1 − 𝑐𝑐𝑅𝑅 − Σ𝑖𝑖𝑣𝑣𝑖𝑖 = 1 − 𝑐𝑐𝑅𝑅 − (Σ𝑖𝑖𝑐𝑐𝑖𝑖 − 𝑛𝑛𝑠𝑠𝑐𝑐̅ + 1 − 𝑐𝑐𝑅𝑅) = 0    (52) 

and so 𝒗𝒗(𝒄𝒄) satisfies the norm constraint for any 𝒄𝒄. Direct differentiation gives  
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𝜕𝜕2𝛿𝛿𝐺𝐺
2

𝜕𝜕𝑐𝑐2
= 𝑐𝑐𝑅𝑅−1𝑨𝑨                       𝜕𝜕

2𝑔𝑔
𝜕𝜕𝑐𝑐2

= 𝟎𝟎                       𝜕𝜕𝑣𝑣
𝜕𝜕𝑐𝑐

= 𝑰𝑰 − 𝑛𝑛𝑠𝑠−1𝟏𝟏𝟏𝟏𝑇𝑇     (53) 

where 𝟏𝟏 = [1, … ,1]𝑇𝑇 denotes a column vector of ones. Substituting (50) into gives 

𝑯𝑯 = 𝑐𝑐𝑅𝑅−1(𝑰𝑰 − 𝑛𝑛𝑠𝑠−1𝟏𝟏𝟏𝟏𝑇𝑇)𝑨𝑨(𝑰𝑰 − 𝑛𝑛𝑠𝑠−1𝟏𝟏𝟏𝟏𝑇𝑇)       (54) 

To proceed, we rewrite 𝑨𝑨 in (44) as 

𝑨𝑨 = 𝒔𝒔𝟏𝟏𝑇𝑇 + 𝟏𝟏𝒔𝒔𝑇𝑇 − 2𝑑𝑑𝑖𝑖𝑎𝑎𝑔𝑔(𝒔𝒔)        (55) 

where 𝒔𝒔 = �𝑠𝑠1, … , 𝑠𝑠𝑛𝑛𝑠𝑠�
𝑇𝑇

, 𝑠𝑠𝑖𝑖 = 𝑘𝑘𝑖𝑖−1 and 𝑑𝑑𝑖𝑖𝑎𝑎𝑔𝑔(𝒔𝒔) denotes a diagonal matrix of the entries in 𝒔𝒔. 

Substituting into (54) and simplifying gives 

𝑯𝑯 = 2𝑐𝑐𝑅𝑅−1𝑛𝑛𝑠𝑠−1[𝒔𝒔𝟏𝟏𝑇𝑇 + 𝟏𝟏𝒔𝒔𝑇𝑇 − 𝑛𝑛𝑠𝑠𝑑𝑑𝑖𝑖𝑎𝑎𝑔𝑔(𝒔𝒔) − �̅�𝑠𝟏𝟏𝟏𝟏𝑇𝑇]     (56) 

where �̅�𝑠 = Σ𝑖𝑖𝑘𝑘𝑖𝑖−1/𝑛𝑛𝑠𝑠. For any 𝒙𝒙 = �𝑥𝑥1, … , 𝑥𝑥𝑛𝑛𝑠𝑠�
𝑇𝑇

, direct algebra gives 

𝒙𝒙𝑇𝑇𝑯𝑯𝒙𝒙 = 2𝑐𝑐𝑅𝑅−1�2�̅�𝑥Σ𝑖𝑖𝑠𝑠𝑖𝑖𝑥𝑥𝑖𝑖 − Σ𝑖𝑖𝑠𝑠𝑖𝑖𝑥𝑥𝑖𝑖2 − 𝑛𝑛𝑠𝑠�̅�𝑠�̅�𝑥2� = 2𝑐𝑐𝑅𝑅−1𝑛𝑛𝑠𝑠�̅�𝑠�2�̅�𝑥Σ𝑖𝑖𝑤𝑤𝑖𝑖𝑥𝑥𝑖𝑖 − Σ𝑖𝑖𝑤𝑤𝑖𝑖𝑥𝑥𝑖𝑖2 − �̅�𝑥2� (57) 

where �̅�𝑥 = 𝑛𝑛𝑠𝑠−1 ∑ 𝑥𝑥𝑖𝑖𝑖𝑖  and 𝑤𝑤𝑖𝑖 = 𝑠𝑠𝑖𝑖/Σ𝑖𝑖𝑠𝑠𝑖𝑖 (𝑖𝑖 = 1, … ,𝑛𝑛𝑠𝑠) can be viewed as positive weights that 

sum to unity. Denoting the weighted mean by 𝑦𝑦� = Σ𝑖𝑖𝑤𝑤𝑖𝑖𝑥𝑥𝑖𝑖  and using the standard result 

Σ𝑖𝑖𝑤𝑤𝑖𝑖𝑥𝑥𝑖𝑖2 ≥ (Σ𝑖𝑖𝑤𝑤𝑖𝑖𝑥𝑥𝑖𝑖)2 = 𝑦𝑦�2 (mean square is bounded below by square of mean),  

𝒙𝒙𝑇𝑇𝑯𝑯𝒙𝒙 ≤ 2𝑐𝑐𝑅𝑅−1𝑛𝑛𝑠𝑠�̅�𝑠(2�̅�𝑥𝑦𝑦� − 𝑦𝑦�2 − �̅�𝑥2) = −2𝑐𝑐𝑅𝑅−1𝑛𝑛𝑠𝑠�̅�𝑠(�̅�𝑥 − 𝑦𝑦�)2 ≤ 0    (58) 

As this holds for any 𝒙𝒙, it follows that 𝑯𝑯 is negative semi-definite. 
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