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1D Hierarchical Ritz and 2D GDQ Formulations for

the free vibration analysis of Circular/Elliptical

Cylindrical Shells and Beam Structures

Fiorenzo A Fazzolaria,1,∗, Matteo Viscotib, Rossana Dimitrib, Francesco Tornabeneb

aUniversity of Liverpool, School of Engineering, Brownlow Hill, Liverpool, L69 3GH, UK
bUniversity of Salento, Department of Innovation Engineering, 73100 Lecce, Italy

Abstract

The present paper proposes a comparison between two different computational techniques

to evaluate the natural frequencies of some selected structural components. More specifi-

cally, three case studies have been investigated: i) Isotropic circular and elliptical cylindrical

shells; ii) Non-homogeneous circular cylindrical shell sectors; iii) Homogeneous and non-

homogeneous rectangular beams. The 1D-Ritz formulation with 3D capabilities and the

2D-GDQ formulation (both in a strong- and weak-form) have been assessed by using a 3D

FEM software. A parametric investigation is performed to study the sensitivity of the natural

frequencies to some significant parameters, namely, the boundary conditions, the length-to-

thickness ratio, as well as some material and geometrical properties. The main advantages of

the proposed solution techniques, in terms of convergence and accuracy, for each case study

analysed, are discussed.

Key words: 1D Hierarchical Ritz, 2D GDQ formulation, 3D FEM, Shell structures, Beam

structures, Non-homogeneous materials

1. Introduction

Thin-walled shell and beam structures have been widely employed in many engineering

applications during the last two centuries. One of the main reason that justify their use, is

the optimal strength-to-weight ratio.

As far as shell structures is concerned, a wide group of shell theories have been proposed in

the twentieth century [1–11]. They are the basis of most advanced 2D shell theories devel-

oped over the last two decades. When a real-life structure has two dimension significantly
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bigger than the third one, three different approaches can be used depending on the addressed

problem: the pure 3D Elasticity [1–3, 12–15] (applicable to a very few cases); and 2D approx-

imations subdivided in two cases for an increased accuracy, namely, the Equivalent Single

Layer (ESL) [4–7, 15–17] and the Layer Wise (LW) [11, 15, 18, 19] theories.

Among different solution strategies for structural problems, one of the most popular

numerical tool is represented by the classical finite element method (FEM) [20–22], which is

based on a variational or weak formulation of the governing equations, with the advantage of

having symmetric stiffness matrices and an a priori enforcement of the boundary conditions.

An alternative approach can be represented by collocation methods, or strong formulation

methods, which are based on the algebraic form of the partial derivatives of a fundamental

system of equations for a given problem. An efficient technique, largely used to solve the

governing equations in their strong form, is the Generalized Differential Quadrature (GDQ)

method. The mathematical fundamentals and recent developments of the GDQ method are

discussed in detail in the book by Shu [23], in the book by Zong et al. [24] and in the book

by Tornabene et al. [15], together with its possible applications in many engineering fields.

The interest of the scientific community in this procedure is enormously increasing due to its

great simplicity, versatility, efficiency and accuracy, even with a reduced computational cost,

as shown in the literature [25–28], for different engineering problems. In the last decade, the

GDQ method has been also extended for solving a new set of particular problems. These new

versions include the Local GDQ method[29–34], and the domain decomposition techniques,

also known as Differential Quadrature Element Method (DQEM), Differential Quadrature

FEM (DQFEM), Generalized Differential Quadrature FEM (GDQFEM), or Strong FEM

(SFEM) [15, 35, 36]. A mathematical model of deformation of orthotropic shell structures

under dynamic loading with transverse shears was provided by Semenov [37]. Başar et al

[38] dealt with free-vibration analysis of thin/thick laminated structures by layer-wise shell

models. Buckling and vibration analysis of laminated composite plate/shell structures via a

smoothed quadrilateral flat shell element with in-plane rotations were addressed by Nguyen-

Van et al [39]. Casimir et al [40] derived the of the dynamic stiffness formulation of a cross-ply

laminated circular cylindrical shell subjected to distributed loads.

Concerning the development of beam models, the research has started some decades be-

fore. In fact, the first pioneering works due to Euler, Bernoulli and de Saint-Venant [41–43]

can be traced back to the eighteenth and nineteenth centuries. A more refined theory embed-
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ding also shear deformation effects has been subsequently developed by Timoshenko [44]. For

a comprehensive review on this aspect, the reader is referred to Kapania and Raciti [45, 46].

It is worth highlighting that, despite several enhancements have been observed for a proper

computation of the shear correction factor, for instance by Gruntman et al. [47], Jensen [48],

Cowper [49], Stephen [50], Kaneko [51] and Dong et al. [52], it was pointed out the difficulty

in deriving a generalised and universal method for its definition. More advanced and modern

approaches in the analysis of beam structures are concisely mentioned below. The Variational

Asymptotic Beam Sectional Analysis (VABS), based on a more general Variational Asymp-

totic Method (VAM) has been introduced for the first time by Berdichevsky. According to

his approach, a characteristic parameter (e.g. the cross-section thickness) is expanded and

an asymptotic series is carried out. Some significant works for this theory are in Volovoi et

al. [53]. Another effective beam formulation is the Generalised Beam Theory (GBT), which

adopts a piece-wise beam description of thin walled sections, in order to enhance the clas-

sical theories (introduced by Schardt [54, 55], and extensively researched by Silvestre et al.

[56–58]). Some recent contributions on the development and use of computational techniques

for beam structures, are mentioned in the following. Alesadi et al.[59] used the iso-geometric

analysis (IGA) combined with the unified formulation for the analysis of thin walled beam

structures, whereas Pagani et al. [60] adopted the dynamic stiffness method (DSM) with

higher order beam theories for the vibration analysis of both solid and thin-walled beam

structures. A NURBS-based formulation for the analysis of laminated composite beams was

proposed by Faraoughi et al.[61]. Carrera et al. [62] analysed the free vibration behaviour

of single and multi-bay laminated box structures by using refined beam theories and the

FEM. Varello et al.[63] adopted a 1D investigation on free vibrations of thin and thick non-

homogeneous shells. Naccache et al [64] performed a numerical free vibration analysis of

homogeneous or composite beam using a refined beam theory built on Saint Venant’s so-

lution. Banerjee and Su [65] obtained s dynamic stiffness formulation and free vibration

analysis of a spinning composite beam. Fazzolari [66] proposed an enhanced version of the

1D Hierarchical Ritz Formulation (HRF) for the free vibration analysis of beams. The HRF

is based on the method of power series expansion of displacement components (MPSEDC),

so it retains all the advantages of the meshless method and none of the limits inherent to the

FEM. The HRF has been subsequently enhanced with the implementation of various of the

most accurate orthogonal polynomials used as sets of admissible functions within the approx-
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imation, more information can be found in Refs. [67, 68]. The same formulation employed

in the analysis of plates and shells can be found in Refs. [69–74] amongst other.

The main purpose of this work is to highlight the high level of accuracy as well as the fast

convergence rate of the 1D hierarchical Ritz formulation with 3D capabilities, when analysing

shell structures. Its effectiveness is, thus, tested by comparison with both 2D GDQ shell for-

mulation and with a 3D FEM commercial software. Three different case studies are here

proposed: i) isotropic circular and elliptical cylindrical shells; ii) non-homogeneous circular

cylindrical shell sectors; iii) homogeneous and non-homogeneous rectangular beams. In each

analysed problem, the effect of various mechanical inputs and geometrical parameters on the

natural frequencies is discussed. The various set of results proposed could be successfully

used for practical design purposes.

2. Theoretical formulation

In this section, we provide the fundamentals of the 1D hierarchical Ritz formulation and

the 2D GDQ formulation, as applied comparatively in the numerical investigation. The main

aim of the proposed investigation is to compare the two computational techniques through

some selected case studies. Readers interested in having more information on the more subtle

theoretical aspects of both formulations can refer to other authors’ publications exhaustively

mentioned in this paper’s introduction.

2.1. 1D Hierarchical Ritz Formulation with 3D Capabilities

According to the 1D hierarchical Ritz formulation, beam structures are analysed by setting

up a reference orthogonal Cartesian system, in which x is referred to the longitudinal reference

line of the beam, whereas z and y are related to the beam cross section coordinate system,

as shown in Fig 1. The length of the beam is indicated with l, while Ω indicates the cross-

sectional area, which can assume various geometries. The axial coordinate x ∈ [0, l] is for

convenience transformed into the dimensionless variable η ∈ [−1, 1] through the following

relationship:

η =
2x

l
− 1 (1)

Stress and strain vectors are given as follows

σ =
{
σηη σyy τηy τηz τyz σzz

}T
, ε =

{
εηη εyy γηy γηz γyz εzz

}T
(2)
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The strain-displacement relationship in a vectorial form assumes the following form

ε = Du (3)

where

D =



2
l
∂
∂η

0 0

0 ∂
∂y

0

∂
∂y

2
l
∂
∂η

0

∂
∂z

0 2
l
∂
∂η

0 ∂
∂z

∂
∂y

0 0 ∂
∂z


, u =


uη

uy

uz

 (4)

The stress and strain vector components are related each other by the 3D constitutive Hooke’s

law, which in a compact vectorial form can be given as

σk = Cε (5)

The constitutive matrix C, for a non-homogeneous material made up of several isotropic

layers, can be expressed as follows:

C =



λk + 2µk λk 0 0 0 λk

λk λk + 2µk 0 0 0 λk

0 0 µk 0 0 0

0 0 0 µk 0 0

0 0 0 0 µk 0

λk λk 0 0 0 λk + 2µk


(6)

Where the index k refers to the kth-layer in the stacking sequence; and λk and µk are the

Lamé’s coefficients. The latter are expressed in the following, in terms of the two independent

elastic constants which characterise isotropic materials: Young’s modulus E and Poisson’s

ratio ν.

λk =
Ekνk

(1 + νk) (1− 2νk)
; µk =

Ek

2 (1 + νk)
(7)

It should be borne in mind that the Lamé’s coefficient µk coincides with the shear modulus

Gk of the kth-layer.

The displacement field in its most general form, accounting for a plethora of 2D polyno-

mials to be used in the axiomatic assumption that defines the mechanical behaviour of the
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beam structures under investigation, is given below

uη (η, y, z, t) =

Nuη∑
τuη=1

Fτuη (y, z) uητuη (η, t)

uy (η, y, z, t) =

Nuy∑
τuy=1

Fτuy (y, z) uyτuy (η, t)

uz (η, y, z, t) =

Nuz∑
τuz=1

Fτuz (y, z) uzτuz (η, t)

(8)

A separation of variable technique is used. More specifically, the cross-section shape functions

Fτi , with i = uη, uy, uz, are the assigned functions mentioned above; the displacement vector

components ui, with i = ητuη , yτuy , zτuz , represent the unknowns; and the expansion orders Ni

with i = uη, uy, uz are the expansion order of the displacement components. Based on this

method, it is possible to decide a priori the required degree of accuracy. Obviously, to obtain

a higher degree of accuracy, higher expansion orders are needed for the displacement field,

with a consecutive higher computational cost.

In the present article the 2D-Taylor’s polynomial expansions are assumed to be the cross-

section shape functions. Therefore, the displacement field takes the following form

uη (η, y, z, t) =

Nuη∑
nuη=0

 nuη∑
n∗
uη

=0

z(nuη−n∗
uη)yn

∗
uηuηÑuη

(η, t)


uy (η, y, z, t) =

Nuy∑
nuy=0

 nuy∑
n∗
uy

=0

z(nuy−n∗
uy)yn

∗
uyuyÑuy

(η, t)


uz (η, y, z, t) =

Nuz∑
nuz=0

 nuz∑
n∗
uz

=0

z(nuz−n∗
uz)yn

∗
uzuzÑuz

(η, t)


(9)

where Ñu = [nu(nu+1)+2(n∗
u+1)]

2
. The total number of degrees of freedom (DOFs) required by

this model is

DOFs =

[(
Nuη + 1

) (
Nuη + 2

)
2

+

(
Nuy + 1

) (
Nuy + 2

)
2

+
(Nuz + 1) (Nuz + 2)

2

]
(10)

In the Ritz method, the unknown functional DOFs uητuη , uyτuy , uzτuz are expressed through a
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series expansion as follows

uητuη (η, t) =
N∑
i

Uητuη i ψηi (η) eı ωij t

uyτuy (η, t) =
N∑
i

Uyτuy i ψyi (η) eı ωij t

uzτuz (η, t) =
N∑
i

Uzτuz i ψzi (η) eı ωij t

(11)

where i =
√
−1; t is time variable and ωij the circular frequency; N is the order of

expansion in the Ritz approximation; Uητuηi , Uyτuyi and Uzτuzi are the unknown coefficients

to be determined, and ψηi(z), ψyi(z) and ψzi(z) are the selected admissible functions. For

more details about the proper selection of the admissible functions see Refs. [68, 75, 76]. In

the present formulation the Legendre polynomials are used as admissible functions and their

mathematical expression is given below:

Pi (η) =
(−1)i−1

2i−1 (i− 1)!

di−1

dηi−1

[(
1− η2

)i−1
]

; i = 1, · · · , I (12)

By applying the Ritz expansion for the displacement field, after some algebraic manipulations,

we obtain the following relations:

uη (η, y, z, t) =
N∑
i=1

Nuη∑
τuη=1

Uητuη i Fτuη (y, z) ψηi (η) eı ωij t

uy (η, y, z, t) =
N∑
i=1

Nuy∑
τuy=1

Uyτuy i Fτuy (y, z) ψyi (η) eı ωij t

uz (η, y, z, t) =
N∑
i=1

Nuz∑
τuz=1

Uzτuz i Fτuz (y, z) ψzi (η) eı ωij t

(13)

The equations of motion are, then, obtained through the Hamilton’s Principle, expressed as

follows: ∫ t2

t1

δLk dt = 0 (14)

where t1 and t2 are the initial and the generic instant of time; Lk is the Lagrangian which

assumes the following form

Lk = T k − Φk
e (15)

where Φk
e and T k are the potential strain energy and the kinetic energy, respectively; and at

the k-layer can be written as, The elastic potential energy and kinetic energy can be written
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in an expanded form as

Φk
e =

l

4

∫
Ω

∫ 1

−1

(
σkηη εηη + σkyy εyy + τ kηy γηy + τ kηz γηz + τ kyz γyz + σkzz εzz

)
dΩ dη

T k =
l

4

∫
Ω

∫ 1

−1

ρk
[
(u̇z)

2 + (u̇y)
2 + (u̇z)

2] dΩ dη

(16)

By substituting Eqs.(3) and (5) into Eq.(14), Hamilton’s principle assumes the following final

form: ∫ t2

t1

{∫
Ω

∫ 1

−1

l

2

[ (
λk + 2µk

)
δuη,η uη,η + µk δuη,y uη,y + µk δuη,z uη,z+

µk δuη,y uy,η + λk δuη,η uy,y+

λk δuη,η uz,z + µk δuη,z uz,η+

λk δuy,y uη,η + µk δuy,η uη,y+

µk δuy,η uy,η +
(
λk + 2µk

)
δuy,y uy,y + µk δuy,z uy,z+

λk δuy,y uz,y + µk δuy,z uz,y

µk δuz,η uη,z + λk δuz,z uη,η+

µk δuz,y uy,z + λk δuz,z uy,y

µk δuz,η uz,η + µk δuz,y uz,y +
(
λk + 2µk

)
δuz,z uz,z

]
dΩ dη

+

∫
Ω

∫ 1

−1

l

2

[
ρk (δu̇z u̇z + δu̇y u̇y + δu̇z u̇z)

]
dΩ dη

}
dt = 0

(17)

The discretized form of Eq.(17) can be obtained by approximating the displacement compo-

nents with the Ritz functions, as in Refs. [66–68].

δ


Uk
ητuη i

Uk
yτuy i

Uk
zτuz i

 :



Kk
τuη suη i j

Kk
τuη suy i j

Kk
τuη suz i j

Kk
τuy suη i j

Kk
τuy suy i j

Kk
τuy suz i j

Kk
τuz suη i j

Kk
τuz suy i j

Kk
τuz suz i j

+

ω2
ij


Mk

τuη suη i j
0kτuη suy i j 0kτuη suη i j

0kτuy suη i j Mk
τuy suy i j

0kτuy suη i j

0kτuz suη i j 0kτuz suy i j Mk
τuz suz i j





Uk
ηsuη j

Uk
ysuy j

Uk
zsuz j

 =


0ksuη j

0ksuy j

0ksuz j

 (18)

The explicit form of the secondary nuclei of both the primary stiffness and mass nuclei

is provided in Ref. [66–68]. For the free-vibration investigation both natural frequencies

and mode shapes can be computed from Eq.(18) by solving the associated eigenvalues and

eigenvectors problem.
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2.2. 2D GDQ Formulation

In the 2D GDQ formulation, the 3D shell structure is reduced to the behaviour of its

middle reference surface. This structural idealisation comes from the approximation made

within the displacement field.

An orthogonal and principal curvilinear reference system is here adopted. The two principal

middle surface coordinates are referred to as α1 and α2; the third direction (ζ) refers to

the thickness of the structure, and is defined by the normal vector of the middle surface.

Based on this local reference system, the displacement field of an arbitrary point within the

three-dimensional solid, is described by the following set of components:

U(α1, α2, ζ, t) = [U1(α1, α2, ζ, t) U2(α1, α2, ζ, t) U3(α1, α2, ζ, t)]
T (19)

2.2.1. 2D-GDQ based on the strong formulation of the governing equations

The displacement field among the shell thickness is described as

U(α1, α2, ζ, t) = Fτu
(τ) (20)

where u(τ)(α1, α2, t) =
[
u

(τ)
1 (α1, α2, t) u

(τ)
2 (α1, α2, t) u

(τ)
3 (α1, α2, t)

]T
is the τ -order gener-

alized displacement vector of an arbitrary point in the reference surface (ζ = 0), t is the time

variable and Fτ is the thickness function matrix:

Fτ =


Fα1
τ 0 0

0 Fα2
τ 0

0 0 Fα3
τ

 (21)

It is worth noting that each displacement component is independent from each other;

therefore they are connected to different thickness functions, since the mechanical behaviour

is different along the thickness direction with respect to the other two directions.

From this perspective, one can obtain a generalized shell theory by simply adopting a

different thickness function for the description of the displacement field in the each direction.

Among different possibilities of selecting a thickness function, an interesting overview of the

most adopted functions can be found in Ref. [15]. These thickness functions are assumed to

maintain constant at each time instant; otherwise the generalized displacement components

would be time-depended. In the present work, we consider a 2nd, 3rd, and 4th expansion

order, as classically defined within the three different theories, known as ED2, ED3, ED4,
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briefly reported in the following

UED2 (α1, α2, ζ, t) =
[
u

(0)
1 + ζu

(1)
1 + ζ2u2

1 u
(0)
2 + ζu

(1)
2 + ζ2u2

2 u
(0)
3 + ζu

(1)
3 + ζ2u2

3

]T
(22)

UED3 (α1, α2, ζ, t) =
[
u

(0)
1 + ζu

(1)
1 + ζ2u2

1 + ζ3u3
1 u

(0)
2 + ζu

(1)
2 + ζ2u2

2 + ζ3u3
2

u
(0)
3 + ζu

(1)
3 + ζ2u2

3 + ζ3u3
3

]T
(23)

UED4 (α1, α2, ζ, t) =
[
u

(0)
1 + ζu

(1)
1 + ζ2u2

1 + ζ3u3
1 + ζ4u4

1 u
(0)
2 + ζu

(1)
2 + ζ2u2

2 + ζ3u3
2 + ζ4u4

2

u
(0)
3 + ζu

(1)
3 + ζ2u2

3 + ζ3u3
3 + ζ4u4

3

]T
(24)

To describe the middle surface of the shell, the coefficients for the first and the second funda-

mental form of the differential geometry are defined in the curvilinear orthogonal coordinate

system. The first two case studies proposed in this paper, can be classified as a singly-curved

translational surface. This particular reference surface, can be described by the curvilinear

orthogonal coordinates α1, y, that correspond to the principal curvature lines. The position

of an arbitrary point of the reference surface for an elliptical shape, is defined by means of

the following vector r(α1, y):

r(α1, y) = a cosα1e1 − ye2 + b sinα1e3 (25)

where a, b are the semi diameters of the ellipse and α1 is the angle between the arbitrary

point of the ellipse and the x1 axis. Please, note that the circular cylinder corresponds to

the subcase, where a = b. Starting from the equations of a 3D elastic formulation, by using

the differential geometry, we obtain the following kinematic relations in matrix form [15]:

ε =
3∑
i=1

Z(τ)αiε(τ)αi (26)

being ε(τ)αi the τ -th order generalized strain vector and Z(τ)αi the matrix reported hereafter:

ε(τ)αi =
[
ε

(τ)αi
1 ε

(τ)αi
2 γ

(τ)αi
1 γ

(τ)αi
2 γ

(τ)αi
13 γ

(τ)αi
23 ω

(τ)αi
13 ω

(τ)αi
23 ε

(τ)αi
3

]T
(27)

Z(τ)αi =



F
αi
τ

H1
0 0 0 0 0 0 0 0

0 F
αi
τ

H2
0 0 0 0 0 0 0

0 0 F
αi
τ

H1

F
αi
τ

H2
0 0 0 0 0

0 0 0 0 F
αi
τ

H1
0 ∂F

αi
τ

∂ζ
0 0

0 0 0 0 0 F
αi
τ

H2
0 ∂F

αi
τ

∂ζ
0

0 0 0 0 0 0 0 0 ∂F
αi
τ

∂ζ


(28)
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The constitutive equations are also defined by Eqs.(5) and (6). Based on a 2D treatment

of the problem, we can introduce the stress resultants or generalized internal forces on the

reference surface, associated with the punctual stress distribution along the shell thickness.

The interested reader can refer to the book by Tornabene et al. [15]. Another key aspect of the

theory is related to the definition of the boundary conditions, to obtain a unique expression for

the displacement, stress and strain fields.These conditions vary with the different restraints

enforced in the problem [15], i.e.

• – Clamped (C)

– uτ1 = uτ2 = uτ3 = 0 for α1 = α0
1

– uτ1 = uτ2 = uτ3 = 0 for α2 = α0
2

• – Free (F)

– N
(τ)α1

1 = 0 , N
(τ)α2

12 = 0 , T
(τ)α3

1 = 0 for α1 = α0
1

– N
(τ)α1

21 = 0 , N
(τ)α2

2 = 0 , T
(τ)α3

2 = 0 for α2 = α0
2

• – Simply supported (S)

– N
(τ)α1

1 = 0 , u
(τ)
2 = u

(τ)
3 = 0 for α1 = α0

1

– N
(τ)α2

2 = 0 , u
(τ)
1 = u

(τ)
3 = 0 for α2 = α0

2

The shell boundary edges are here identified with North (N)- α1 = α0
1 α

0
2 ≤ α2 ≤ α1

2, South

(S) - α1 = α1
1 α

0
2 ≤ α2 ≤ α1

2, East (E) - α2 = α1
2 α

0
1 ≤ α1 ≤ α1

1, West (W) - α2 = α0
2

α0
1 ≤ α1 ≤ α1

1. However, for a closed section structure, or complete revolution surface, or

toroidal shell, only two boundary conditions are introduced, whereas the remaining conditions

are intended as compatibility conditions. These conditions can be written both in terms of

displacements or stress resultants [15]. If a boundary edge is denoted as α0
1 = α1

1, one gets

N
(τ)α1

1 (α0
1, α2, t) = N

(τ)α1

1 (α1
1, α2, t) u

(τ)
1 (α0

1, α2, t) = u
(τ)
1 (α1

1, α2, t)

N
(τ)α2

12 (α0
1, α2, t) = N

(τ)α2

12 (α1
1, α2, t) u

(τ)
2 (α0

1, α2, t) = u
(τ)
2 (α1

1, α2, t)

T
(τ)α3

1 (α0
1, α2, t) = T

(τ)α3

1 (α1
1, α2, t) u

(τ)
3 (α0

1, α2, t) = u
(τ)
3 (α1

1, α2, t)

(29)

For a free vibration analysis of the shell structure, the governing equations of the problem

can be obtained by enforcing the external forces q̃(τ) equal to zero. Thus, the governing

equation can be written in a compact matrix form [15] as follows

N+1∑
η=0

L(τη)u(η) =
N+1∑
η=0

M(τη)ü(η) (30)
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In order to solve the modal analysis problem, the generalized displacement variable vector is

expressed as

u(τ)(α1, α1, t) = U(τ)(α1, α2)eiωt (31)

where i =
√
−1 and ω is the circular frequency. This assumption leads to an eigenvalue

problem of the following type:

Kδ = ω2Mδ (32)

being K the global stiffness matrix of the system, M the global mass matrix, and δ the modal

shape algebraic vector. Based on this approach, the maximum number of natural frequencies

depends on the DOFs of the differential system, i.e. on the number of grid points selected

for the discretization. In order to reduce the dimension of the problem, it can be applied

the so called kinematic condensation: the DOF vector δ is divided in two parts, ie. δb and

δd, which refer to the boundary edges and internal part of the structure, respectively. The

eigenvalue equations of the problem are, thus, defined in matrix form as: Kbb Kbd

Kdb Kdd

 δb
δd

 = ω2

 0 0

0 Mdd

 δb
δd

 (33)

and after some algebraic manipulation become as follows:

(
M−1

dd

(
−KdbK

−1
bb Kbd + Kdd

)
− ω2I

)
δd = 0 (34)

2.2.2. 2D-GDQ based on the Weak Formulation of the governing equations: IsoGeometric

Approach

As far as the Weak Formulation IsoGeometric Approach is concerned [15], the 2D analysis

of the above mentioned shell structure is developed by adopting the weak formulation. In this

perspective, the generalized τ -th order displacement vector u(τ)(α1, α2, t) is approximated by

the Lagrange polynomials [15], as follows:
u

(τ)
1 (α1, α2, t)

u
(τ)
2 (α1, α2, t)

u
(τ)
3 (α1, α2, t)

 =
In∑
f=1

Im∑
g=1


lf (α1)lg(α2) 0 0

0 lf (α1)lg(α2) 0

0 0 lf (α1)lg(α2)



u

(τ)
1 (α1f , α2g, t)

u
(τ)
2 (α1f , α2g, t)

u
(τ)
3 (α1f , α2g, t)


(35)

where u
(τ)
1 (α1f , α2g, t) , u

(τ)
2 (α1f , α2g, t) , u

(τ)
3 (α1f , α2g, t) refers to the value assumed by the

generalized displacement vector at the discretizing grid points. The k-th Lagrange interpo-
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lating polynomials lk(r) of the (M − 1)th order are intended to be as:

lk(r) =

M∏
j=1

(r − rj)

(r − rk)
M∏

j=1,j 6=k
(rk − rj)

(36)

The application of the Hamilton’s Principle leads to the discretised form of the governing

equations, which assume the following form [15]:

N+1∑
η=0

K(τη)u(η) +
N+1∑
η=0

M(τη)ü
(η)

= 0 (37)

More information can be found in Ref. [15, 77], where all the terms of the previous equations

are obtained and reported in a complete form.

2.2.3. Generalized Differential and Integral Quadrature method

The 2D GDQ is a computational method applied for solving PDE problems by directly

approximating the expression of the n-th order derivatives that occur in the differential

problem with a weighted sum of the function values of some grid points:

∂nf(x)

∂xn

∣∣∣
x=xm

=
T∑
k=1

ζ
(n)
mkf(xk) k = 1, 2, ..., T (38)

In the previous relation, the weighting coefficients are given by the recursive formulae given

below:

ζ
(n)
ij = n

(
ζ

(1)
ij ζ

(n−1)
ii − ζ

(n−1)
ij

xi−xj

)
i 6= j (39)

ζ
(n)
ii = −

∑N
j=1,j 6=i ζ

(n)
ij i = j (40)

where i, j = 1, 2, ..., N and n = 2, 3, ..., N − 1. For the computation of the ESL stiffness

coefficients, the Generalized Integral Quadrature (GIQ) method is also necessary:∫ xj

xi

f(x)dx =
T∑
k=1

(ζIjk − ζIik)f(xk) k = 1, 2, ..., T (41)

where coefficients ζIik are defined in [15]. The main advantage of a 2D GDQ method is the

fact that the governing differential equations of the structure are transformed directly into

their algebraic computational method in only one step. Therefore, a very high accuracy in

results, can be achieved by employing a very small number of grid points, and a reduced

computational effort [15].
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The discretization of the reference domain is obtained with the roots of the Chebychev-

Gauss-Lobatto polynomial in both α1 and α2 directions, and their position on the reference

surface is expressed with the following coordinates [15]:

α1i =
(

1− cos
(

i−1
In−1

π
))

α1
1−α0

1

2
+ α0

1 i = 1, 2, ..., IN α1 ∈ [α0
1;α1

1] (42)

α2j =
(

1− cos
(

j−1
Im−1

π
))

α1
2−α0

2

2
+ α0

2 j = 1, 2, ..., IM α2 ∈ [α0
2;α1

2] (43)

IM , IN are the numbers of sampling points of the rectangular 2D grid in the reference domain.

An important key point in the discretization of the governing equation, is related to the

definition of the discrete boundary conditions, by using an appropriate grid point distribution,

see Ref. [15].

3. Numerical results

In the present section, a numerical investigation is performed for the free vibration anal-

ysis of some selected case studies, based on the 1D Hierarchical Ritz and 2D GDQ formu-

lations, compared to a classical 3D FEM. More specifically, in the case of 2D GDQ, both a

2D-SF-GDQ (2D Strong Formulation Generalized Differential Quadrature) and a 2D-WF-

GDIQ (2D Weak Formulation Generalized Differential and Integral Quadrature) have been

employed. The selected cases include i) isotropic circular and elliptical cylindrical shells; ii)

non-homogeneous circular cylindrical shell sectors; iii) homogeneous and non-homogeneous

rectangular beams.

The 3D FEM-based models have been implemented within the commercial software Abaqus,

while adopting a 20-node brick-based discretization of the geometry. The total number of

DOFs is fixed equal to 957498, 729261, and 218688, respectively, for the three cases here

analysed. In other words, the shell geometries have been discretized by a 3× 106× 200 mesh

(in the first case), a 3×80×200 mesh (in the second case), a 3×50×200 or a 9×50×200 mesh

(in the third case, for the isotropic or the non-homogeneous rectangular beam, respectively).

The accuracy of results is here quantified by means of the relative difference, in percentage,

with respect to the 3D FEM solution:

∆fHRF% =
∥∥∥fHRF−fFEMfFEM

∥∥∥× 100 ∆fGDQ% =
∥∥∥fGDQ−fFEMfFEM

∥∥∥× 100 (44)

In what follows, for the sake of simplicity, the boundary conditions (BCs) refer to a 1D-based

formulation; whereas, for a GDQ-based analysis, the complete form of the four combinations
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of BCs are actually considered: CFCF, CFFF, CFSF, SFSF.

3.0.1. Case Study 1 - Circular and elliptic cylindrical shells

In the first case study, the following mechanical properties are assumed for the material:

E = 69[GPa], ν = 0.33, ρ = 2700[kg/m3]. The circular cylindrical shell is defined by

the following geometrical properties: Ri = 50[mm], Re = 47[mm], l = 500[mm]; whereas

the elliptical cylindrical shell has the following geometry: ae = 100[mm], be = 47[mm],

ai = 100[mm], bi = 47[mm], l = 500[mm].

For each shell structure under different BCs, we compute the first 20 free frequencies, and

compare the results based on a 1D hierarchical Ritz and 2D GDQ, with respect to the 3D

FEM method. Within a 1D hierarchical Ritz formulation, a beam theory TE999 is considered

with a Ritz expansion of i = j = 26, for a total number of DOFs involved equal to 4290. For

a 2D GDQ-based formulation (both in the SF and WF), an ED3 shell theory is employed

with a 14 × 27 discretization grid distribution, with an overall number of DOFs equal to

4536. In the specific case of SS boundary condition, to avoid possible numerical errors, a

14 × 35 discretization is applied, for a total number of DOFs equal to 5880. In Fig. 3,

we show the results from a preliminary convergence analysis for a circular cylindrical shell,

between the 1D-Ritz and 2D-GDQ formulations, whereas Tabs. 1-4 summarize the results

for the isotropic cylindrical shell under different BCs with respect to a 3D FEM approach.

Based on these results, it seems that both the employed computational techniques are highly

accurate. In particular, both the average and the maximum differences of the 1D hierarchical

Ritz and the 2D GDQSF with respect to the 3D FEM are significantly lower then 1%, for

all BCs. Only the 2D GDQSF showes a maximum difference of 1.52% and 1.29% in the CF

and SS case. Tabs. 5-8 propose a similar set of results for the elliptical cylindrical shell

geometry. In this case, the accuracy of the 1D hierarchical Ritz is significantly higher than

both 2D GDQ formulations. Despite the adoption of more than 3000 DOFs with respect to

the 1D hierarchical Ritz, the maximum difference in percentage for a 2D GDQSF is higher

than 3.00% in all cases, while reaching a percentage of 9.55% for a SS boundary condition

and 5.57% for a CF one. A similar behaviour is noticed by applying a 2D GDQWF . The

accuracy of the 1D-Ritz, instead, remains unchanged with respect to the circular cylindrical

case, with a maximum difference in percentage of only 1.27%, for the SS boundary condition.

The first six odd modes of both shell-types are also shown in Figs. 6 and 7, as computed in

the software DiQuMASPAB [78].
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3.0.2. Case Study 2 - Non-homogeneous circular cylindrical shell sector

In order to validate the effect of an opened cross section geometry as well as the non-

homogeneity, the second case study considers a non-homogeneous circular cylindrical shell

sector, with Ri = 50[mm], Re = 47[mm], l = 500[mm], and opening angle θ between

[−pi/3; pi/3]. The sector is made of three isotropic layers, with mechanical properties as

reported in Tab. 9. Based on the results from the convergence analyses in Fig. 4, for dif-

ferent BCs, accurate solutions can be reached by adopting 14 grid points along the cross

section, and 27 points along the main axis of the structure, within a 2D GDQ-based formu-

lation, together with a ED3 thickness function, for a total number of DOFs equal to 4536 for

each BC. For a Ritz model, instead, 2808 DOFs have been employed, independently of the

BC, which corresponds to a 7th-order Taylor expansion and a 26th-order Ritz expansion. As

also summarized in Tabs 10-13, it seems that a 1D hierarchical Ritz formulation gives more

accurate results than a 2D GDQ formulation, even for a lower number of DOFs. This occurs

for all the selected BCs.

For a CC boundary condition, the maximum error estimation (in percentage) with respect

to a 3D FEM, is equal to 1.20% for a 1D hierarchical Ritz formulation, and 3.57% or 5.93%,

for a 2D GDQ formulation in the strong and weak form, respectively. The first six odd modes

for the non-homogeneous circular cylindrical sector are also shown in Fig. 8.

3.0.3. Case Study 3 - Homogeneous and non-homogeneous rectangular beams

The last example aims at computing the first 20 natural frequencies for a rectangular

beam structure with l = 400[mm], a = 50[mm], h = 10[mm], under different BCs (i.e. CF,

CC, CS, SS). First, we consider an isotropic beam structure with the following material

properties: E = 69[GPa], ν = 0.33, ρ = 2700[kg/m3]. Then, we consider a layered beam,

made of different isotropic layers with material properties as reported in Tab. 9 and thickness

hk = 10[mm] per each layer, while keeping constant the other geometrical features, as in the

previous example. After the usual convergence analysis for both methodologies (see Fig. 5),

a discretization of 15 grid points along the cross section, and 31 points along the geometrical

axis of the structure has been chosen, and the ED3 shell theory has been adopted, with a

total of 5580 DOFs, at least, for a SS boundary condition. For a CC and CS boundaries, the

discretization consists of 19 points along the axis and 15 points along the cross section, with

a total number of DOFs equal to 3024. The CF beam has been implemented by using 6396

DOFs, which means a discretization of 41 grid points along its length and 13 grid points in the

16



transverse direction. In the Ritz model, 7098 DOFs have been requested, independently of

the selected BC, which means a 12th-order Taylor expansion and a 26th-order Ritz expansion.

All the results are always compared with those ones based on a 3D FEM, as visible in Tabs.

15-17, for the isotropic (homogeneous) beam, and in Tabs. 19-21, for the non-homogeneous

beams, with a clear high level of accuracy.

For the homogeneous beam, both 1D hierarchical Ritz and 2D GDQSF provide accurate

results with a percentage error lower than 1.00% with respect to the 3D formulation. Only

for a CF BC, a 2D GDQWF gets less accurate results, with a percentage error equal to 1.24%.

For non-homogeneous beams, the 1D-Ritz maintains the percentage error significantly lower

than 1.00%, whereas for a 2D GDQSF we estimate a percentage error of 1.43% (for a CC

BC), and for a 2D GDQWF the percentage error increases up to 3.85% (for a SS BC). Also

in this last example, we show the first six odd modes for the non-homogeneous rectangular

beam, as visible in Fig. 9.

4. Conclusions

The present article provides a benchmark for two different high-performing computational

techniques for structural analyses. In detail, we apply an advanced 1D hierarchical Ritz for-

mulation with 3D capabilities, and a 2D GDQ formulation in its strong- and weak-form

whose performances are evaluated against 3D FEM-based predictions. Three case stud-

ies are here investigated, including i) isotropic circular and elliptical cylindrical shells; ii)

non-homogeneous circular cylindrical shell sectors; iii) homogeneous and non-homogeneous

rectangular beams. Based on the large parametric study here performed, it can be drawn that

both computational methods are highly accurate compared to a 3D FEM, and exhibit a very

fast rate of convergence. It can also be stated that the 1D hierarchical Ritz formulation gets

more accurate results than 2D GDQ formulations both in the strong and weak form, even

with a reduced computational effort. Possible differences among the different approaches

are related to the selected shell structure. Among the different examples here analysed, the

highest difference between a 1D hierarchical Ritz formulation and 2D GDQ formulation is

noticed for an elliptical cylindrical shell structure. Moreover, no loss of accuracy has been

noted neither in the analysis of non-homogeneous thick structures nor in the computation of

higher frequencies.
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Tables

Table 1: First twenty natural frequencies f (Hz) of a CF isotropic circular cylindrical shell.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 364.97 365.4725 (0.14) 362.758 (0.61) 359.639 (1.46)

f2 364.97 365.4725 (0.14) 362.758 (0.61) 367.611 (0.72)

f3 850.71 850.7855 (0.01) 860.240 (1.12) 854.142 (0.40)

f4 850.71 850.7855 (0.01) 860.240 (1.12) 854.142 (0.40)

f5 1128.3 1129.100 (0.07) 1137.729 (0.84) 1130.362 (0.18)

f6 1128.3 1129.100 (0.07) 1137.729 (0.84) 1145.446 (1.52)

f7 1549.5 1550.900 (0.09) 1549.786 (0.02) 1553.609 (0.27)

f8 1762.4 1764.100 (0.10) 1767.682 (0.30) 1774.406 (0.68)

f9 1762.4 1764.100 (0.10) 1767.682 (0.30) 1780.395 (1.02)

f10 2029.6 2032.100 (0.12) 2032.486 (0.14) 2041.176 (0.57)

f11 2029.6 2032.100 (0.12) 2032.486 (0.14) 2041.176 (0.57)

f12 2367.0 2384.200 (0.73) 2374.310 (0.31) 2375.859 (0.37)

f13 2367.0 2384.200 (0.73) 2374.310 (0.31) 2378.697 (0.49)

f14 2443.2 2460.400 (0.70) 2448.222 (0.21) 2449.750 (0.27)

f15 2443.2 2460.400 (0.70) 2448.222 (0.21) 2461.804 (0.76)

f16 2528.9 2531.200 (0.09) 2524.845 (0.16) 2537.016 (0.32)

f17 2680.3 2697.300 (0.63) 2681.928 (0.06) 2696.050 (0.59)

f18 2680.3 2697.300 (0.63) 2681.928 (0.06) 2696.050 (0.59)

f19 3164.2 3180.700 (0.52) 3166.703 (0.08) 3175.110 (0.34)

f20 3164.2 3180.700 (0.52) 3166.703 (0.08) 3195.310 (0.98)

∆fave% (0.29) (0.23) (0.63)

∆fmax% (0.73) (1.12) (1.52)

DOFs (957498) (4290) (4536) (4536)

Table 2: First twenty natural frequencies f (Hz) of a CC isotropic circular cylindrical shell.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 1105.2 1106.265 (0.10) 1106.600 (0.13) 1105.543 (0.03)

f2 1105.2 1106.265 (0.10) 1106.600 (0.13) 1106.767 (0.14)

f3 1655.2 1657.245 (0.12) 1658.508 (0.20) 1660.107 (0.30)

f4 1655.2 1657.245 (0.12) 1658.508 (0.20) 1660.243 (0.30)

f5 1929.6 1932.614 (0.16) 1933.686 (0.21) 1933.461 (0.20)

f6 1929.6 1932.614 (0.16) 1933.686 (0.21) 1934.768 (0.27)

f7 2421.4 2438.735 (0.72) 2421.612 (0.01) 2417.266 (0.17)

f8 2421.4 2438.735 (0.72) 2421.612 (0.01) 2420.739 (0.03)

f9 2634.3 2651.511 (0.65) 2635.635 (0.05) 2631.443 (0.11)

f10 2634.3 2651.511 (0.65) 2635.635 (0.05) 2634.876 (0.02)

f11 3085.0 3102.136 (0.56) 3088.265 (0.11) 3084.764 (0.01)

f12 3085.0 3102.136 (0.56) 3088.265 (0.11) 3088.235 (0.10)

f13 3099.1 3103.209 (0.13) 3099.573 (0.02) 3099.573 (0.02)

f14 3118.1 3123.727 (0.18) 3124.000 (0.19) 3125.334 (0.23)

f15 3118.1 3123.727 (0.18) 3124.000 (0.19) 3127.566 (0.30)

f16 3530.8 3534.050 (0.09) 3534.522 (0.11) 3536.020 (0.15)

f17 3530.8 3534.050 (0.09) 3534.522 (0.11) 3537.221 (0.18)

f18 3770.9 3787.831 (0.45) 3776.639 (0.15) 3772.780 (0.05)

f19 3770.9 3787.831 (0.45) 3776.639 (0.15) 3776.724 (0.15)

f20 4468.7 4475.801 (0.16) 4476.107 (0.17) 4475.982 (0.16)

∆fave% (0.32) (0.11) (0.15)

∆fmax% (0.72) (0.21) (0.30)

DOFs (957498) (4290) (4536) (4536)
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Table 3: First twenty natural frequencies f (Hz) of a CS isotropic circular cylindrical shell.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 995.96 996.190 (0.02) 996.828 (0.09) 995.001 (0.10)

f2 995.96 996.190 (0.02) 996.828 (0.09) 996.198 (0.02)

f3 1313.4 1313.903 (0.04) 1315.918 (0.19) 1315.768 (0.18)

f4 1313.4 1313.903 (0.04) 1315.918 (0.19) 1316.182 (0.21)

f5 1739.3 1740.252 (0.05) 1739.644 (0.02) 1740.560 (0.07)

f6 1739.3 1740.252 (0.05) 1739.644 (0.02) 1741.855 (0.15)

f7 2406.9 2424.184 (0.72) 2407.012 (0.00) 2402.587 (0.18)

f8 2406.9 2424.184 (0.72) 2407.012 (0.00) 2406.056 (0.04)

f9 2530.0 2531.141 (0.05) 2524.265 (0.23) 2538.894 (0.35)

f10 2582.0 2598.868 (0.65) 2582.112 (0.00) 2578.257 (0.14)

f11 2582.0 2598.868 (0.65) 2582.112 (0.00) 2581.754 (0.01)

f12 2932.0 2933.899 (0.06) 2935.154 (0.11) 2935.531 (0.12)

f13 2932.0 2933.899 (0.06) 2935.154 (0.11) 2937.085 (0.17)

f14 2991.6 3007.361 (0.53) 2993.301 (0.06) 2989.331 (0.08)

f15 2991.6 3007.361 (0.53) 2993.301 (0.06) 2992.682 (0.04)

f16 3099.6 3101.563 (0.06) 3099.573 (0.00) 3099.573 (0.00)

f17 3330.5 3331.707 (0.04) 3331.426 (0.03) 3334.209 (0.11)

f18 3330.5 3331.707 (0.04) 3331.426 (0.03) 3334.916 (0.13)

f19 3653.8 3668.381 (0.40) 3655.150 (0.04) 3652.896 (0.02)

f20 3653.8 3668.381 (0.40) 3655.150 (0.04) 3656.827 (0.08)

∆fave% (0.26) (0.05) (0.11)

∆fmax% (0.72) (0.23) (0.35)

DOFs (957498) (4290) (4536) (4536)

Table 4: First twenty natural frequencies f (Hz) of a SS isotropic circular cylindrical shell.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 920.56 920.578 (0.00) 920.558 (0.00) 914.665 (0.64)

f2 920.56 920.578 (0.00) 920.576 (0.00) 919.964 (0.06)

f3 972.51 972.512 (0.00) 972.512 (0.00) 974.351 (0.19)

f4 972.51 972.512 (0.00) 972.512 (0.00) 975.707 (0.33)

f5 1547.7 1547.676 (0.00) 1547.663 (0.00) 1546.639 (0.07)

f6 1547.7 1547.676 (0.00) 1547.673 (0.00) 1549.963 (0.15)

f7 2396.7 2414.030 (0.72) 2394.444 (0.09) 2399.246 (0.11)

f8 2396.7 2414.030 (0.72) 2395.952 (0.03) 2427.515 (1.29)

f9 2537.6 2554.369 (0.66) 2535.402 (0.09) 2541.122 (0.14)

f10 2537.6 2554.369 (0.66) 2536.825 (0.03) 2567.376 (1.17)

f11 2732.2 2732.191 (0.00) 2732.189 (0.00) 2734.563 (0.09)

f12 2732.2 2732.191 (0.00) 2732.189 (0.00) 2738.622 (0.24)

f13 2902.6 2917.999 (0.53) 2900.714 (0.06) 2909.186 (0.23)

f14 2902.6 2917.999 (0.53) 2901.944 (0.02) 2930.690 (0.97)

f15 3089.8 3089.815 (0.00) 3089.807 (0.00) 3095.958 (0.20)

f16 3089.8 3089.815 (0.00) 3089.823 (0.00) 3096.735 (0.22)

f17 3099.6 3099.572 (0.00) 3099.573 (0.00) 3099.573 (0.00)

f18 3535.6 3549.040 (0.38) 3534.088 (0.04) 3546.970 (0.32)

f19 3535.6 3549.040 (0.38) 3535.086 (0.01) 3560.991 (0.72)

f20 4161.9 4161.907 (0.00) 4162.043 (0.00) 4165.493 (0.09)

∆fave% (0.23) (0.02) (0.36)

∆fmax% (0.72) (0.09) (1.29)

DOFs (957498) (4290) (5880) (5880)
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Table 5: First twenty natural frequencies f (Hz) of a CF isotropic elliptical cylindrical shell.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 197.64 197.966 (0.16) 208.655 (5.57) 195.248 (1.21)

f2 340.1 340.397 (0.09) 329.725 (3.05) 233.799 (31.26)

f3 1053.8 1055.306 (0.14) 1059.272 (0.52) 1061.332 (0.71)

f4 1084.9 1087.624 (0.25) 1114.299 (2.71) 1125.919 (3.78)

f5 1307.5 1324.587 (1.31) 1331.346 (1.82) 1355.205 (3.65)

f6 1401.3 1417.625 (1.16) 1423.562 (1.59) 1449.520 (3.44)

f7 1417.1 1422.479 (0.38) 1476.334 (4.18) 1518.184 (7.13)

f8 1763.0 1771.754 (0.50) 1781.175 (1.03) 1766.381 (0.19)

f9 1770.7 1775.983 (0.30) 1786.109 (0.87) 1815.774 (2.55)

f10 1872.1 1876.781 (0.25) 1914.791 (2.28) 1941.372 (3.70)

f11 1894.2 1897.953 (0.20) 1945.661 (2.72) 1953.042 (3.11)

f12 2435.3 2444.016 (0.36) 2461.346 (1.07) 2466.021 (1.26)

f13 2454.2 2457.801 (0.15) 2468.102 (0.57) 2490.011 (1.46)

f14 2532.4 2534.056 (0.07) 2529.038 (0.13) 2539.968 (0.30)

f15 2684.3 2688.096 (0.14) 2717.553 (1.24) 2752.656 (2.55)

f16 3299.1 3304.677 (0.17) 3340.799 (1.26) 3367.794 (2.08)

f17 3595.3 3613.583 (0.51) 3726.568 (3.65) 3750.582 (4.32)

f18 3656.2 3674.751 (0.51) 3733.535 (2.12) 3762.147 (2.90)

f19 3657.0 3684.795 (0.76) 3741.208 (2.30) 3770.317 (3.10)

f20 3672.6 3690.612 (0.49) 3772.905 (2.73) 3777.171 (2.85)

∆fave% (0.39) (2.07) (4.08)

∆fmax% (1.31) (5.57) (31.26)

DOFs (957498) (5148) (8064) (9280)

Table 6: First twenty natural frequencies f (Hz) of a CC isotropic elliptical cylindrical shell.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 1000.1 1002.619 (0.25) 987.188 (1.29) 999.326 (0.08)

f2 1373.4 1378.641 (0.38) 1420.766 (3.45) 1428.251 (3.99)

f3 1384.9 1401.347 (1.19) 1421.730 (2.66) 1429.542 (3.22)

f4 1716.6 1718.462 (0.11) 1724.031 (0.43) 1702.019 (0.85)

f5 1718.1 1731.688 (0.79) 1755.034 (2.15) 1761.278 (2.51)

f6 1819.4 1824.560 (0.28) 1865.195 (2.52) 1868.973 (2.72)

f7 2239.5 2244.230 (0.21) 2246.733 (0.32) 2251.689 (0.54)

f8 2349.7 2359.666 (0.42) 2391.299 (1.77) 2395.134 (1.93)

f9 2583.9 2589.197 (0.21) 2618.161 (1.33) 2620.911 (1.43)

f10 3168.1 3175.225 (0.22) 3209.221 (1.30) 3209.882 (1.32)

f11 3194.6 3196.771 (0.07) 3219.177 (0.77) 3221.088 (0.83)

f12 3476.7 3487.739 (0.32) 3547.778 (2.04) 3549.267 (2.09)

f13 3568.9 3574.765 (0.16) 3594.345 (0.71) 3595.345 (0.74)

f14 3639.3 3657.799 (0.51) 3724.539 (2.34) 3724.520 (2.34)

f15 3681.0 3701.079 (0.55) 3781.435 (2.73) 3771.107 (2.45)

f16 3698.0 3731.726 (0.91) 3787.333 (2.42) 3779.958 (2.22)

f17 3775.2 3793.539 (0.49) 3917.351 (3.77) 3909.987 (3.57)

f18 3958.2 3974.208 (0.40) 4004.560 (1.17) 3986.503 (0.72)

f19 3991.1 4023.937 (0.82) 4077.354 (2.16) 4069.973 (1.98)

f20 4058.3 4064.507 (0.15) 4123.093 (1.60) 4121.801 (1.56)

∆fave% (0.42) (1.85) (1.86)

∆fmax% (1.19) (3.77) (3.99)

DOFs (957498) (5148) (7728) (9240)
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Table 7: First twenty natural frequencies f (Hz) of a CS isotropic elliptical cylindrical shell.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 763.97 765.041 (0.14) 770.246 (0.82) 759.264 (0.62)

f2 1304.9 1305.756 (0.07) 1322.298 (1.33) 1287.225 (1.35)

f3 1334.7 1339.794 (0.38) 1387.514 (3.96) 1390.706 (4.20)

f4 1354.5 1371.255 (1.24) 1387.977 (2.47) 1395.711 (3.04)

f5 1627.2 1641.183 (0.86) 1660.251 (2.03) 1669.915 (2.63)

f6 1705.7 1710.410 (0.28) 1755.665 (2.93) 1757.783 (3.05)

f7 2055.5 2058.226 (0.13) 2064.300 (0.43) 2062.242 (0.33)

f8 2221.8 2231.392 (0.43) 2258.994 (1.67) 2265.187 (1.95)

f9 2428.2 2431.858 (0.15) 2466.534 (1.58) 2466.598 (1.58)

f10 2531.4 2533.053 (0.07) 2524.334 (0.28) 2540.075 (0.34)

f11 3041.2 3047.175 (0.20) 3085.615 (1.46) 3089.984 (1.60)

f12 3193.9 3195.221 (0.04) 3207.474 (0.42) 3209.397 (0.49)

f13 3399.6 3407.654 (0.24) 3437.551 (1.12) 3439.343 (1.17)

f14 3412.6 3415.966 (0.10) 3460.747 (1.41) 3459.944 (1.39)

f15 3451.8 3457.170 (0.16) 3465.967 (0.41) 3460.165 (0.24)

f16 3631.8 3650.245 (0.51) 3773.303 (3.90) 3765.832 (3.69)

f17 3692.6 3726.290 (0.91) 3775.761 (2.25) 3772.938 (2.18)

f18 3746.4 3764.700 (0.49) 3886.070 (3.73) 3883.319 (3.65)

f19 3826.9 3856.610 (0.78) 3901.949 (1.96) 3889.990 (1.65)

f20 3948.0 3951.984 (0.10) 4005.092 (1.45) 4007.431 (1.51)

∆fave% (0.36) (1.78) (1.83)

∆fmax% (1.24) (3.96) (4.20)

DOFs (957498) (5148) (8568) (9240)

Table 8: First twenty natural frequencies f (Hz) of a SS isotropic elliptical cylindrical shell.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 538.38 538.386299 (0.00) 589.819 (9.55) 529.569 (1.64)

f2 917.95 917.951858 (0.00) 930.190 (1.33) 884.783 (3.61)

f3 1308.6 1313.604800 (0.38) 1331.673 (1.76) 1365.135 (4.32)

f4 1335.0 1351.959095 (1.27) 1365.349 (2.27) 1378.483 (3.26)

f5 1546.9 1561.343638 (0.93) 1577.758 (1.99) 1590.008 (2.79)

f6 1606.2 1610.650010 (0.28) 1639.273 (2.06) 1660.993 (3.41)

f7 1844.4 1844.590132 (0.01) 1859.722 (0.83) 1845.528 (0.06)

f8 2094.6 2103.944000 (0.45) 2126.935 (1.54) 2135.916 (1.97)

f9 2272.5 2274.784741 (0.10) 2297.123 (1.08) 2312.859 (1.78)

f10 2908.1 2912.753645 (0.16) 2946.935 (1.34) 2953.371 (1.56)

f11 3093.2 3094.074024 (0.03) 3101.699 (0.27) 3092.894 (0.01)

f12 3193.6 3193.928501 (0.01) 3204.453 (0.34) 3209.218 (0.49)

f13 3249.5 3250.298967 (0.02) 3265.897 (0.50) 3276.702 (0.84)

f14 3308.0 3312.366906 (0.13) 3357.100 (1.48) 3354.926 (1.42)

f15 3626.2 3644.636208 (0.51) 3770.805 (3.99) 3761.226 (3.72)

f16 3687.8 3721.587010 (0.92) 3777.835 (2.44) 3767.663 (2.17)

f17 3722.1 3740.395404 (0.49) 3866.579 (3.88) 3855.247 (3.58)

f18 3783.7 3816.386825 (0.86) 3871.482 (2.32) 3860.837 (2.04)

f19 3832.5 3834.205519 (0.04) 3881.856 (1.29) 3887.175 (1.43)

f20 3923.3 3955.890024 (0.83) 4008.610 (2.17) 4002.033 (2.01)

∆fave% (0.37) (2.12) (2.10)

∆fmax% (1.27) (9.55) (4.32)

DOFs (957498) (5148) (9240) (9240)
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layer E[GPa] ν[−] ρ[kg/m3]

1 69 0.33 2700

2 30 0.33 2000

3 15 0.33 1800

Table 9: Mechanical properties for the non-homogeneous material

Table 10: First twenty natural frequencies f (Hz) of a CF non-homogeneous circular cylindrical shell sector.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 67.791 67.880 (0.13) 66.485 (1.93) 68.097 (0.45)

f2 76.389 76.683 (0.39) 75.374 (1.33) 77.060 (0.88)

f3 251.82 252.452 (0.25) 252.716 (0.36) 253.731 (0.76)

f4 273.55 274.081 (0.19) 274.234 (0.25) 275.165 (0.59)

f5 404.98 405.509 (0.13) 406.042 (0.26) 407.018 (0.50)

f6 518.58 520.063 (0.29) 517.753 (0.16) 523.614 (0.97)

f7 869.14 871.501 (0.27) 872.261 (0.36) 878.041 (1.02)

f8 945.74 947.499 (0.19) 946.889 (0.12) 955.330 (1.01)

f9 1058.1 1059.453 (0.13) 1055.926 (0.21) 1073.142 (1.42)

f10 1144.6 1146.927 (0.20) 1145.871 (0.11) 1160.226 (1.37)

f11 1254.7 1258.372 (0.29) 1262.460 (0.62) 1272.043 (1.38)

f12 1292.3 1296.358 (0.31) 1292.301 (0.00) 1306.732 (1.12)

f13 1422.0 1423.180 (0.08) 1420.921 (0.08) 1428.246 (0.44)

f14 1440.8 1443.986 (0.22) 1443.536 (0.19) 1453.773 (0.90)

f15 1536.6 1542.250 (0.37) 1547.421 (0.70) 1559.661 (1.50)

f16 1758.4 1765.304 (0.39) 1762.531 (0.23) 1780.215 (1.24)

f17 1848.0 1855.229 (0.39) 1866.226 (0.99) 1876.369 (1.54)

f18 2089.5 2090.888 (0.07) 2095.090 (0.27) 2097.296 (0.37)

f19 2199.7 2207.594 (0.36) 2215.514 (0.72) 2229.939 (1.37)

f20 2240.5 2251.751 (0.50) 2241.477 (0.04) 2271.525 (1.38)

∆fave% (0.26) (0.45) (1.01)

∆fmax% (0.50) (1.93) (1.54)

DOFs (729261) (2808) (4536) (4536)
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Table 11: First twenty natural frequencies f (Hz) of a CC non-homogeneous circular cylindrical shell sector.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 199.51 200.244 (0.37) 199.943 (0.22) 200.290 (0.39)

f2 404.73 405.644 (0.23) 405.679 (0.23) 405.885 (0.29)

f3 467.78 469.291 (0.32) 468.876 (0.23) 469.799 (0.43)

f4 820.41 823.177 (0.34) 822.515 (0.26) 823.929 (0.43)

f5 917.76 919.794 (0.22) 919.286 (0.17) 921.271 (0.38)

f6 1100.6 1102.305 (0.15) 1100.861 (0.02) 1104.268 (0.33)

f7 1211.5 1215.319 (0.32) 1213.298 (0.15) 1216.821 (0.44)

f8 1239.6 1244.105 (0.36) 1242.578 (0.24) 1245.470 (0.47)

f9 1375.6 1378.640 (0.22) 1377.579 (0.14) 1379.611 (0.29)

f10 1392.4 1394.406 (0.14) 1394.920 (0.18) 1395.416 (0.22)

f11 1470.2 1475.644 (0.37) 1472.904 (0.18) 1477.379 (0.49)

f12 1699.2 1706.986 (0.46) 1706.003 (0.40) 1707.615 (0.50)

f13 1768.7 1775.971 (0.41) 1774.619 (0.33) 1778.027 (0.53)

f14 2129.6 2138.558 (0.42) 2138.962 (0.44) 2130.322 (0.03)

f15 2173.7 2185.517 (0.54) 2184.466 (0.50) 2172.448 (0.06)

f16 2198.0 2202.582 (0.21) 2202.226 (0.19) 2203.086 (0.23)

f17 2540.9 2552.177 (0.44) 2630.678 (3.53) 2612.791 (2.83)

f18 2656.3 2673.832 (0.66) 2751.189 (3.57) 2727.813 (2.69)

f19 2993.8 3007.281 (0.45) 3064.863 (2.37) 2816.377 (5.93)

f20 3063.6 3100.260 (1.20) 3074.118 (0.34) 2933.320 (4.25)

∆fave% (0.39) (0.69) (1.06)

∆fmax% (1.20) (3.57) (5.93)

DOFs (729261) (2808) (4536) (4536)

Table 12: First twenty natural frequencies f (Hz) of a CS non-homogeneous circular cylindrical shell sector.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 168.08 168.643 (0.33) 168.358 (0.17) 168.597 (0.31)

f2 287.47 287.811 (0.12) 288.428 (0.33) 288.024 (0.19)

f3 410.24 411.343 (0.27) 410.832 (0.14) 411.547 (0.32)

f4 743.67 745.540 (0.25) 744.787 (0.15) 746.156 (0.33)

f5 815.91 817.115 (0.15) 816.231 (0.04) 818.080 (0.27)

f6 1040.4 1041.231 (0.08) 1043.860 (0.33) 1042.130 (0.17)

f7 1091.5 1093.139 (0.15) 1091.727 (0.02) 1095.121 (0.33)

f8 1152.9 1156.221 (0.29) 1154.779 (0.16) 1157.119 (0.37)

f9 1168.0 1171.173 (0.27) 1168.876 (0.08) 1172.584 (0.39)

f10 1292.6 1295.119 (0.19) 1292.903 (0.02) 1296.167 (0.28)

f11 1422.4 1427.250 (0.34) 1423.909 (0.11) 1428.574 (0.43)

f12 1609.2 1615.043 (0.36) 1611.377 (0.14) 1615.555 (0.39)

f13 1715.3 1721.605 (0.37) 1717.051 (0.10) 1723.139 (0.46)

f14 2008.6 2011.347 (0.14) 2011.750 (0.16) 2011.795 (0.16)

f15 2065.2 2072.731 (0.36) 2069.789 (0.22) 2069.054 (0.19)

f16 2086.4 2091.749 (0.26) 2082.801 (0.17) 2088.384 (0.10)

f17 2090.4 2096.168 (0.28) 2091.946 (0.07) 2099.439 (0.43)

f18 2464.0 2473.486 (0.38) 2538.203 (3.01) 2500.307 (1.47)

f19 2569.4 2584.244 (0.58) 2651.486 (3.19) 2604.841 (1.38)

f20 2840.3 2843.439 (0.11) 2840.566 (0.01) 2766.787 (2.59)

∆fave% (0.26) (0.43) (0.53)

∆fmax% (0.58) (3.19) (2.59)

DOFs (957498) (2808) (4536) (4536)
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Table 13: First twenty natural frequencies f (Hz) of a SS non-homogeneous circular cylindrical shell sector.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 142.92 143.368 (0.31) 143.016 (0.07) 143.245 (0.23)

f2 188.13 188.136 (0.00) 188.136 (0.00) 188.282 (0.08)

f3 358.54 359.306 (0.21) 358.699 (0.04) 359.350 (0.23)

f4 670.29 671.437 (0.17) 670.506 (0.03) 671.840 (0.23)

f5 691.32 691.563 (0.04) 691.344 (0.00) 692.284 (0.14)

f6 719.1 719.128 (0.00) 719.104 (0.00) 719.702 (0.08)

f7 1066.7 1068.709 (0.19) 1067.021 (0.03) 1069.467 (0.26)

f8 1084.1 1085.729 (0.15) 1084.278 (0.02) 1087.758 (0.34)

f9 1124.0 1126.455 (0.22) 1124.163 (0.01) 1127.671 (0.33)

f10 1232.3 1234.510 (0.18) 1232.494 (0.02) 1235.687 (0.27)

f11 1380.8 1384.917 (0.30) 1381.110 (0.02) 1386.101 (0.38)

f12 1519.3 1523.302 (0.26) 1518.852 (0.03) 1523.746 (0.29)

f13 1664.0 1669.437 (0.33) 1663.942 (0.00) 1670.715 (0.40)

f14 1827.5 1828.593 (0.06) 1827.629 (0.01) 1829.462 (0.11)

f15 1997.9 2005.448 (0.38) 1994.737 (0.16) 1999.676 (0.09)

f16 2000.7 2007.270 (0.33) 1998.432 (0.11) 2004.635 (0.20)

f17 2390.0 2397.826 (0.33) 2454.761 (2.71) 2422.607 (1.36)

f18 2483.1 2483.429 (0.01) 2483.133 (0.00) 2486.499 (0.14)

f19 2483.4 2495.774 (0.50) 2556.717 (2.95) 2516.366 (1.33)

f20 2826.5 2835.944 (0.33) 2884.322 (2.05) 2671.505 (5.48)

∆fave% (0.22) (0.41) (0.60)

∆fmax% (0.50) (2.95) (5.48)

DOFs (957498) (2808) (4536) (4536)

Table 14: First twenty natural frequencies f (Hz) of a CF isotropic rectangular beam.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 153.21 153.642 (0.28) 153.449 (0.16) 154.109 (0.59)

f2 253.13 253.616 (0.19) 254.168 (0.41) 254.359 (0.49)

f3 935.62 938.141 (0.27) 937.271 (0.18) 941.171 (0.59)

f4 1482.9 1485.699 (0.19) 1483.006 (0.01) 1490.230 (0.49)

f5 1588.2 1593.634 (0.34) 1592.213 (0.25) 1606.642 (1.16)

f6 2522.3 2528.937 (0.26) 2526.917 (0.18) 2537.594 (0.61)

f7 3170.1 3172.165 (0.07) 3170.763 (0.02) 3182.664 (0.40)

f8 3801.6 3808.672 (0.19) 3803.925 (0.06) 3820.469 (0.50)

f9 4704.2 4716.181 (0.25) 4713.015 (0.19) 4733.336 (0.62)

f10 4768.7 4785.064 (0.34) 4781.007 (0.26) 4824.425 (1.17)

f11 6723.5 6736.361 (0.19) 6725.761 (0.03) 6757.228 (0.50)

f12 7351.6 7370.158 (0.25) 7366.278 (0.20) 7398.673 (0.64)

f13 7961.0 7988.625 (0.35) 7982.603 (0.27) 8055.322 (1.18)

f14 9492.3 9498.615 (0.07) 9493.491 (0.01) 9529.644 (0.39)

f15 10020.0 10039.928 (0.20) 10023.930 (0.04) 10070.838 (0.51)

f16 10343.0 10369.307 (0.25) 10365.541 (0.22) 10412.158 (0.67)

f17 11172.0 11211.154 (0.35) 11204.327 (0.29) 11306.894 (1.21)

f18 13533.0 13561.360 (0.21) 13538.164 (0.04) 13603.230 (0.52)

f19 13585.0 13619.482 (0.25) 13617.331 (0.24) 13679.824 (0.70)

f20 14407.0 14458.230 (0.36) 14452.126 (0.31) 14585.185 (1.24)

∆fave% (0.24) (0.17) (0.71)

∆fmax% (0.36) (0.41) (1.24)

DOFs (218688) (7098) (6396) (6396)
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Table 15: First twenty natural frequencies f (Hz) of a CC isotropic rectangular beam.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 948.56 952.120 (0.38) 950.667 (0.22) 952.688 (0.44)

f2 1485.2 1489.429 (0.28) 1486.738 (0.10) 1490.086 (0.33)

f3 2499.1 2507.862 (0.35) 2504.815 (0.23) 2510.099 (0.44)

f4 3206.9 3221.714 (0.46) 3216.153 (0.29) 3236.404 (0.92)

f5 3694.1 3704.356 (0.28) 3697.224 (0.08) 3705.949 (0.32)

f6 4643.5 4659.728 (0.35) 4654.563 (0.24) 4665.393 (0.47)

f7 6358.8 6365.908 (0.11) 6361.141 (0.04) 6376.426 (0.28)

f8 6423.7 6453.045 (0.46) 6442.762 (0.30) 6483.342 (0.93)

f9 6509.1 6528.568 (0.30) 6513.884 (0.07) 6530.266 (0.33)

f10 7233.2 7257.775 (0.34) 7251.370 (0.25) 7268.639 (0.49)

f11 9659.1 9704.445 (0.47) 9688.253 (0.30) 9713.791 (0.57)

f12 9682.4 9712.183 (0.31) 9689.431 (0.07) 9750.802 (0.71)

f13 10155.0 10190.652 (0.35) 10182.292 (0.27) 10208.753 (0.53)

f14 12682.0 12696.959 (0.12) 12687.102 (0.04) 12717.124 (0.28)

f15 12920.0 12980.937 (0.47) 12963.890 (0.34) 13046.247 (0.98)

f16 13085.0 13129.267 (0.34) 13092.779 (0.06) 13129.106 (0.34)

f17 13321.0 13367.893 (0.35) 13360.091 (0.29) 13395.034 (0.56)

f18 16213.0 16291.175 (0.48) 16272.052 (0.36) 16376.696 (1.01)

f19 16637.0 16694.401 (0.35) 16646.457 (0.06) 16692.850 (0.34)

f20 16668.0 16729.610 (0.37) 16721.769 (0.32) 16768.784 (0.60)

∆fave% (0.35) (0.20) (0.54)

∆fmax% (0.48) (0.36) (1.01)

DOFs (218688) (7098) (3420) (3420)

Table 16: First twenty natural frequencies f (Hz) of a CS isotropic rectangular beam.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 660.2 661.892 (0.26) 660.810 (0.09) 662.867 (0.40)

f2 1059.7 1061.539 (0.17) 1059.660 (0.00) 1063.099 (0.32)

f3 2065.1 2070.208 (0.25) 2069.475 (0.21) 2073.734 (0.42)

f4 3153.1 3158.417 (0.17) 3156.229 (0.10) 3163.295 (0.32)

f5 3170.1 3172.023 (0.06) 3174.256 (0.13) 3183.562 (0.42)

f6 3178.0 3188.689 (0.34) 3186.015 (0.25) 3206.286 (0.89)

f7 4110.9 4120.625 (0.24) 4117.211 (0.15) 4128.653 (0.43)

f8 5950.6 5960.929 (0.17) 5952.733 (0.04) 5970.226 (0.33)

f9 6367.3 6388.910 (0.34) 6384.202 (0.27) 6424.733 (0.90)

f10 6655.7 6671.118 (0.23) 6668.983 (0.20) 6685.968 (0.45)

f11 9174.7 9191.402 (0.18) 9180.257 (0.06) 9205.614 (0.34)

f12 9492.3 9498.190 (0.06) 9490.730 (0.02) 9532.388 (0.42)

f13 9573.5 9595.590 (0.23) 9591.751 (0.19) 9619.817 (0.48)

f14 9578.2 9611.060 (0.34) 9604.838 (0.28) 9666.367 (0.92)

f15 12654.0 12678.509 (0.19) 12659.343 (0.04) 12698.027 (0.35)

f16 12764.0 12793.979 (0.23) 12793.402 (0.23) 12829.986 (0.52)

f17 12819.0 12863.527 (0.35) 12857.706 (0.30) 12940.186 (0.95)

f18 15757.0 15767.478 (0.07) 15764.414 (0.05) 15823.098 (0.42)

f19 16095.0 16152.063 (0.35) 16147.995 (0.33) 16243.446 (0.92)

f20 16153.0 16191.047 (0.24) 16192.287 (0.24) 16253.113 (0.62)

∆fave% (0.22) (0.16) (0.54)

∆fmax% (0.35) (0.33) (0.95)

DOFs (218688) (7098) (3420) (3420)
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Table 17: First twenty natural frequencies f (Hz) of a SS isotropic rectangular beam.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 425.44 425.963 (0.12) 425.964 (0.12) 427.072 (0.38)

f2 698.23 698.536 (0.04) 698.537 (0.04) 700.373 (0.31)

f3 1658.6 1660.581 (0.12) 1660.603 (0.12) 1665.041 (0.39)

f4 2612.9 2613.965 (0.04) 2613.973 (0.04) 2621.170 (0.32)

f5 3149.6 3156.142 (0.21) 3156.531 (0.22) 3176.754 (0.86)

f6 3588.2 3592.124 (0.11) 3592.328 (0.12) 3602.286 (0.39)

f7 5370.6 5372.537 (0.04) 5372.578 (0.04) 5388.040 (0.32)

f8 6073.4 6079.662 (0.10) 6080.587 (0.12) 6098.155 (0.41)

f9 6311.9 6312.998 (0.02) 6312.998 (0.02) 6336.407 (0.39)

f10 6312.9 6325.157 (0.19) 6326.414 (0.21) 6366.936 (0.86)

f11 8639.6 8642.445 (0.03) 8642.558 (0.03) 8668.343 (0.33)

f12 8978.5 8987.286 (0.10) 8990.124 (0.13) 9016.826 (0.43)

f13 9498.4 9518.652 (0.21) 9521.754 (0.25) 9583.257 (0.89)

f14 12190.0 12201.426 (0.09) 12204.299 (0.12) 12243.612 (0.44)

f15 12200.0 12204.118 (0.03) 12208.209 (0.07) 12243.612 (0.36)

f16 12588.0 12588.326 (0.00) 12593.005 (0.04) 12633.333 (0.36)

f17 12718.0 12745.954 (0.22) 12752.410 (0.27) 12836.910 (0.93)

f18 15620.0 15634.412 (0.09) 15648.095 (0.18) 15696.007 (0.49)

f19 15921.0 15926.721 (0.04) 15927.720 (0.04) 15968.162 (0.30)

f20 15978.0 16013.523 (0.22) 16025.406 (0.30) 16148.385 (1.07)

∆fave% (0.10) (0.12) (0.51)

∆fmax% (0.22) (0.30) (1.07)

DOFs (218688) (7098) (5580) (5580)

Table 18: First twenty natural frequencies f (Hz) of a CF non-homogeneous rectangular beam.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 113.15 113.496 (0.31) 112.900 (0.22) 113.909 (0.67)

f2 209.51 209.926 (0.20) 208.943 (0.27) 210.627 (0.53)

f3 691.21 693.479 (0.33) 693.839 (0.38) 696.624 (0.78)

f4 1169.0 1175.404 (0.55) 1178.145 (0.78) 1186.077 (1.46)

f5 1244.9 1248.785 (0.31) 1249.271 (0.35) 1256.117 (0.90)

f6 1864.9 1871.691 (0.36) 1873.519 (0.46) 1882.305 (0.93)

f7 2626.0 2627.835 (0.07) 2628.709 (0.10) 2635.922 (0.38)

f8 3104.1 3111.191 (0.23) 3108.862 (0.15) 3123.204 (0.62)

f9 3486.3 3500.755 (0.41) 3509.147 (0.66) 3525.087 (1.11)

f10 3599.8 3622.807 (0.64) 3637.192 (1.04) 3663.459 (1.77)

f11 5433.8 5448.933 (0.28) 5446.448 (0.23) 5473.334 (0.73)

f12 5454.4 5480.019 (0.47) 5499.253 (0.82) 5524.714 (1.29)

f13 6052.8 6090.068 (0.62) 6111.782 (0.97) 6156.293 (1.71)

f14 7677.2 7713.245 (0.47) 7743.351 (0.86) 7777.412 (1.31)

f15 7868.7 7878.987 (0.13) 7880.779 (0.15) 7912.541 (0.56)

f16 7970.4 8000.596 (0.38) 8006.305 (0.45) 8048.162 (0.98)

f17 8596.8 8644.307 (0.55) 8670.397 (0.86) 8730.107 (1.55)

f18 10140.0 10197.759 (0.57) 10254.419 (1.13) 10302.505 (1.60)

f19 10565.0 10616.375 (0.49) 10636.600 (0.68) 10699.814 (1.28)

f20 11242.0 11297.847 (0.50) 11323.702 (0.73) 11397.779 (1.39)

∆fave% (0.39) (0.57) (1.08)

∆fmax% (0.64) (1.13) (1.77)

DOFs (218688) (7098) (6396) (6396)
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Table 19: First twenty natural frequencies f (Hz) of a CC non-homogeneous rectangular beam.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 702.04 705.237 (0.46) 705.152 (0.44) 706.551 (0.64)

f2 1221.5 1225.180 (0.30) 1223.053 (0.13) 1225.642 (0.34)

f3 1853.0 1862.071 (0.49) 1864.749 (0.63) 1868.816 (0.85)

f4 2415.0 2434.312 (0.80) 2442.662 (1.15) 2457.822 (1.77)

f5 3021.4 3030.575 (0.30) 3025.677 (0.14) 3032.815 (0.38)

f6 3450.7 3469.734 (0.55) 3479.149 (0.82) 3486.767 (1.05)

f7 4860.8 4899.362 (0.79) 4916.502 (1.15) 4947.010 (1.77)

f8 5253.8 5261.181 (0.14) 5258.190 (0.08) 5270.562 (0.32)

f9 5281.5 5299.579 (0.34) 5290.918 (0.18) 5304.499 (0.44)

f10 5395.2 5426.594 (0.58) 5447.991 (0.98) 5461.129 (1.22)

f11 7365.4 7424.297 (0.80) 7449.253 (1.14) 7494.947 (1.76)

f12 7587.1 7637.590 (0.67) 7675.255 (1.16) 7694.067 (1.41)

f13 7768.4 7798.361 (0.39) 7789.133 (0.27) 7811.621 (0.56)

f14 9955.5 10033.375 (0.78) 10065.988 (1.11) 10126.813 (1.72)

f15 9983.5 10054.424 (0.71) 10113.416 (1.30) 10140.196 (1.57)

f16 10350.0 10398.405 (0.47) 10391.892 (0.40) 10425.218 (0.73)

f17 10453.0 10467.282 (0.14) 10463.620 (0.10) 10487.556 (0.33)

f18 12532.0 12628.961 (0.77) 12711.412 (1.43) 12746.313 (1.71)

f19 12651.0 12748.348 (0.77) 12784.345 (1.05) 12858.653 (1.64)

f20 12951.0 13019.975 (0.53) 13025.304 (0.57) 13072.559 (0.94)

∆fave% (0.54) (0.71) (1.06)

∆fmax% (0.80) (1.43) (1.77)

DOFs (218688) (7098) (6396) (6396)

Table 20: First twenty natural frequencies f (Hz) of a CS non-homogeneous rectangular beam.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 487.99 489.506 (0.31) 489.174 (0.24) 490.648 (0.54)

f2 874.97 876.550 (0.18) 874.933 (0.00) 877.831 (0.33)

f3 1528.3 1533.658 (0.35) 1535.866 (0.50) 1539.174 (0.71)

f4 2373.4 2388.819 (0.65) 2398.429 (1.05) 2413.132 (1.67)

f5 2599.7 2604.807 (0.20) 2603.826 (0.16) 2610.137 (0.40)

f6 2624.9 2626.547 (0.06) 2628.889 (0.15) 2636.079 (0.43)

f7 3047.7 3059.816 (0.40) 3066.691 (0.62) 3075.190 (0.90)

f8 4743.4 4768.457 (0.53) 4778.824 (0.75) 4801.682 (1.23)

f9 4902.0 4918.693 (0.34) 4924.042 (0.45) 4946.437 (0.91)

f10 4945.2 4967.455 (0.45) 4986.366 (0.83) 4999.443 (1.10)

f11 7131.1 7167.099 (0.50) 7201.145 (0.98) 7222.291 (1.28)

f12 7213.5 7256.745 (0.60) 7279.932 (0.92) 7318.529 (1.46)

f13 7446.1 7469.269 (0.31) 7475.160 (0.39) 7504.720 (0.79)

f14 7842.9 7848.459 (0.07) 7843.716 (0.01) 7878.540 (0.45)

f15 9536.5 9589.751 (0.56) 9646.123 (1.15) 9674.359 (1.45)

f16 9776.4 9839.257 (0.64) 9876.759 (1.03) 9934.834 (1.62)

f17 10095.0 10128.158 (0.33) 10134.834 (0.39) 10173.363 (0.78)

f18 12103.0 12176.248 (0.61) 12257.125 (1.27) 12296.516 (1.60)

f19 12447.0 12526.224 (0.64) 12574.114 (1.02) 12648.670 (1.62)

f20 12760.0 12809.893 (0.39) 12829.236 (0.54) 12878.221 (0.93)

∆fave% (0.41) (0.62) (1.01)

∆fmax% (0.65) (1.27) (1.67)

DOFs (218688) (7098) (3420) (3420)
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Table 21: First twenty natural frequencies f (Hz) of a SS non-homogeneous rectangular beam.

Mode 3D FEM 1D HRF ∆f% 2D-SF-GDQ ∆f% 2D-WF-GDIQ ∆f%

f1 314.14 314.621 (0.15) 314.717 (0.18) 316.289 (0.68)

f2 577.66 577.918 (0.04) 577.928 (0.05) 580.062 (0.42)

f3 1225.5 1227.752 (0.18) 1229.138 (0.30) 1234.954 (0.77)

f4 2153.3 2154.215 (0.04) 2154.416 (0.05) 2155.594 (0.11)

f5 2352.6 2364.901 (0.52) 2376.764 (1.03) 2261.909 (3.85)

f6 2654.2 2660.280 (0.23) 2666.326 (0.46) 2677.901 (0.89)

f7 4396.6 4398.879 (0.05) 4400.113 (0.08) 4387.991 (0.20)

f8 4500.3 4512.903 (0.28) 4528.862 (0.63) 4546.286 (1.02)

f9 4729.9 4754.865 (0.53) 4779.249 (1.04) 4552.967 (3.74)

f10 5224.1 5224.291 (0.00) 5224.835 (0.01) 5259.271 (0.67)

f11 6668.2 6690.271 (0.33) 6722.237 (0.81) 6744.353 (1.14)

f12 7003.2 7008.455 (0.08) 7014.099 (0.16) 6899.430 (1.48)

f13 7158.4 7196.750 (0.54) 7235.002 (1.07) 6967.744 (2.66)

f14 9078.0 9112.768 (0.38) 9166.689 (0.98) 9188.626 (1.22)

f15 9669.0 9720.950 (0.54) 9772.663 (1.07) 9328.942 (3.52)

f16 9754.5 9766.510 (0.12) 9839.220 (0.87) 9807.061 (0.54)

f17 10382.0 10383.740 (0.02) 10392.361 (0.10) 10383.513 (0.01)

f18 11668.0 11718.473 (0.43) 11797.352 (1.11) 11725.654 (0.49)

f19 12296.0 12359.912 (0.52) 12328.377 (0.26) 11833.389 (3.76)

f20 12512.0 12536.392 (0.19) 12536.392 (0.19) 12536.392 (0.19)

∆fave% (0.26) (0.52) (1.37)

∆fmax% (0.54) (1.11) (3.85)

DOFs (218688) (7098) (5580) (5580)
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Figure 1: Beam and shell geometries and nomenclatures.
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Circular and elliptical isotropic cylindrical shells
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Homogeneous and non-homogeneous rectangular beams

Figure 2: Case studies.
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Figure 3: Convergence analysis for the isotropic circular cylindrical shell.
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Figure 4: Convergence analysis for the non-homogeneous circular cylindrical shell sector.
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Figure 5: Convergence analysis for the non-homogeneous rectangular beam.
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(a) Mode 1 (b) Mode 3 (c) Mode 5

(d) Mode 7 (e) Mode 9 (f) Mode 11

Figure 6: Isotropic circular cylindrical shell modes

(a) Mode 1 (b) Mode 3 (c) Mode 5

(d) Mode 7 (e) Mode 9 (f) Mode 11

Figure 7: Isotropic elliptical cylindrical shell modes.
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(a) Mode 1 (b) Mode 3 (c) Mode 5

(d) Mode 7 (e) Mode 9 (f) Mode 11

Figure 8: Non-homogeneous circular cylindrical shell sector modes.

(a) Mode 1 (b) Mode 3 (c) Mode 5

(d) Mode 7 (e) Mode 9 (f) Mode 11

Figure 9: Non-homogeneous rectangular beam modes.
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