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Abstract 

The exploration of renewable energy technology is increasingly important owing 

to depletion of fossil fuels and the environmental pollution caused by the use of fossil 

fuels. Converting mechanical energy to electrical energy is one approach to developing 

renewable energy. However, the harvesting of ultralow-frequency mechanical energy is 

a challenge that limits the development of energy harvesting technology. To address 

this difficult problem, this paper proposes a nonlinear hybrid energy harvester in which 

an electromagnetic generator (EMG) and a triboelectric generator (TEG) are coupled 

to harvest the mechanical energy from ambient vibrations at ultralow frequencies. The 

energy harvester is combined with a quasi-zero-stiffness (QZS) mechanism composed 

of four QZS springs and a linear spring to produce a large-amplitude response and 

improve the energy harvesting performance. The effect of the mechanical condition 

(linear, quasi-zero-stiffness and bistable) on the efficiency of energy harvesting is 

analysed analytically and verified by theoretical and numerical analyses. The dynamics 

responses of the nonlinear energy harvester influenced by systematic parameters are 

also dissected. This work provides a guideline for improving the ultralow frequency 

ambient vibration energy harvesting performance of a TEG through nonlinearity.  
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1. Introduction 

Petroleum and coal are two major sources of energy supply for modern society. 

However, both of them are non-renewable energy resources and produce greenhouse 

gases, which will seriously constrain the development of both economy and society. 

Therefore, the exploration of renewable energy, including solar energy, tidal energy, 

nuclear power, wind power and wave energy, have aroused widespread interest among 

researchers [1–3]. Furthermore, harvesting energy from ambient vibration is another 

avenue to produce renewable energy supplies for wireless sensors and other equipment 

that do not allow easy replacement of batteries. Various energy harvesting ideas have 

attracted much attention [4]. 

Up till now, the mechanisms to convert mechanical energy to electrical energy 

mainly include electromagnetic [5], magnetoelectric [6], electrostatic [7], piezoelectric 

[8] and pyroelectric [9]. Energy harvesting performance is highly related to the types 

of the excitation source and the operating mechanism applied to harvest energy [10]. 

Generally, piezoelectric energy harvesters and electrostatic energy harvesters have 

better energy harvesting performance under high-frequency excitations, while 

electromagnetic energy harvesters and magnetoelectric energy harvesters can 

effectively convert low-frequency vibratory energy to electrical energy [11]. 

All of these energy harvesters with different physical principles can be utilized to 

harvest energy from ambient vibration. Fan et al. [12] put forward a monostable 

electromagnetic energy harvester to realize efficient energy harvesting from low-

frequency vibration. Halim et al. [6, 13] converted from human-limb motion by an 

electromagnetic energy harvester that can up-convert the low-frequency vibration to a 

high-frequency one. Zhu et al. [14] investigated an electromagnetic inertial mass 

damper energy harvester for mitigating the vibration and harvesting energy 
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simultaneously. Yang et al. [15] put forward a multi-frequency electromagnetic energy 

harvester. Foong et al. [16] proposed an anti-phase electromagnetic energy harvester to 

increase the output power. Liu et al. [17] minimized the overall volume of the 

electromagnetic energy harvester by a dual Halbach arrays. Zhang et al. [18] designed 

a rolling magnet electromagnetic energy harvester and improved the energy harvesting 

performance by introducing a friction effect. Castagnetti [5, 19, 20] engineered energy 

harvesters based on fractal geometry, a pendulum structure and Belleville springs to 

improve the low-frequency vibration energy harvesting performance.  

As a typical application of the electrostatic mechanism, a triboelectric generator 

(TEG) has attracted increasing attention since it was proposed by Wang et al. [21]. 

Wang et al. [22] presented a sliding-triboelectric generator based on the relative sliding 

between two contacting planes. He et al. [23] demonstrated a square-grid TEG to 

convert the vibration energy to electrical energy over a broad bandwidth. Bhatia et al. 

[24] also reported a TEG that could harvest vibration energy in a wide frequency range. 

To harvest energy from low-frequency vibration better, Wu et al. [25] proposed a single-

spring resonator based on the TEG. Fu et al. [26] investigated the effect of electrical 

properties on the dynamic features of a TEG. 

To convert mechanical energy to electrical energy efficiently, designing an energy 

harvester making use of more than one electric transduction principle is a promising 

approach [27]. In some previous publications, several kinds of hybrid energy harvesters 

were devised by combining an electromagnetic generator (EMG) and a TEG [28]. Other 

mechanisms of electricity generation mentioned above can be combined together to 

construct different types of hybrid energy harvesters [29].  

Generally, an energy harvester has an optimal harvesting performance at the 

resonant frequency of a system (except the contact-mode triboelectric energy harvester 

[30]), owing to the large-amplitude response at such a frequency. Therefore, it is 

important to design an energy harvester system with low resonant frequency to harvest 

low-frequency vibration energy. Unfortunately, it is difficult to design an energy 

harvester using linear stiffness and lightweight mass to achieve ultralow resonant 

frequency, and thus a linear energy harvester always fails to produce a large-amplitude 



4 

 

resonance at ultralow frequencies [31]. Fortunately, the quasi-zero-stiffness (QZS) 

mechanism could provide a configuration with an ultralow and even zero stiffness 

feature, which enables an energy harvester to achieve ultralow resonant frequency. In 

some previous works, the QZS mechanism has been utilized to design vibration 

isolators for isolating ultralow frequency vibrations [32–34] and metamaterials for 

manipulating ultralow frequency waves [35–37]. Nevertheless, for a conventional QZS 

(CQZS) system, the near-zero stiffness only occurs in a small displacement range 

around the static equilibria, and increases obviously with the increase in the 

displacement. This might prevent a harvester from producing large-amplitude 

resonance. 

In order to harvest the vibration energy in the ultralow frequency region effectively, 

a dual QZS (DQZS) system is put forward by replacing the inclined spring with a QZS 

spring (a paired magnet ring connecting a linear spring in parallel). By removing the 

QZS spring or adjusting the compression of the horizontal coil spring in the QZS spring, 

the system could produce different mechanical mechanisms: a linear mechanism, a 

CQZS mechanism, a DQZS mechanism and a bistable mechanism. Based on such a 

mechanical configuration and coupling an electromagnetic generator (EMG) and a 

triboelectric generator (TEG), this paper presents a new nonlinear hybrid energy 

harvester. The energy harvesting performance for each mechanical mechanism is 

evaluated analytically and verified numerically. The nonlinear dynamic characteristics 

and the effects of systematic parameters on the energy harvesting performance are also 

studied. 

2. Structural details 

2.1 Model and principle 

A schematic diagram of the hybrid energy harvester is shown in Fig. 1. The 

configuration includes two components: the mechanical structure and the energy 

harvester system. The mechanical structure was obtained by upgrading a TQZS system 
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by replacing the inclined linear spring with a QZS spring. The QZS spring consists of 

a set of paired magnet rings and a linear spiral spring, and is used to provide negative 

stiffness along the vertical direction. To ensure that the guide rod in the QZS spring 

moves only in the axial direction, two sliding bearings are installed in the spring, which 

are also used to decrease the damping by changing the sliding friction to rolling one. 

One end of the QZS spring is hinged on the platform, and the other is hinged on the 

frame of the main structure. In the initial configuration of the energy harvester, which 

is also the static equilibrium configuration, the QZS spring is perpendicular to the 

platform; the spiral springs in the QZS springs are compressed, and the platform is 

supported by the linear spring alone. When an excitation is applied to the energy 

harvester, the force balance is broken, and the platform deviates from the equilibrium 

configuration, causing the energy harvester to harvest energy from ambient vibration. 

 

Fig.1. Schematic diagram of (a) QZS spring, (b) the hybrid energy harvester and (c) the Halbach 

array. 

To avoid collisions between the platform and the bottom of the energy harvester, 

a limiting stopper is installed at the bottom. The energy harvester system has two 

components, a triboelectric generator (TEG) and an electromagnetic generator (EMG) 

that is comprised of a Halbach array [38] and a coil. The presented energy harvester 

possesses a cylindrical appearance with a diameter of 2b+w and a height of about three 

times of w. Variables b and w denote the length of the QZS spring at the rest equilibrium 

position and the width of the dielectrics in the TEG, respectively. The operating 

principle of the energy harvester is presented in Fig. 2, and the electrical parameters are 
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listed in Table 1. Note that some of the parameters are selected from previous studies 

[39, 40]. Fig. 2a shows the operating principle of the TEG, and Fig. 2b shows a 

schematic diagram of the QZS spring in different states. Fig. 2c illustrates the operating 

principle of the EMG. 

 Initially, as shown in Fig. 2b-I, the energy harvester is in the static equilibrium 

configuration. Dielectric 1 and Dielectric 2 in the TEG overlap completely and are in 

close contact with each other. Because of the very large difference in their electron-

attracting abilities, electrons are transferred from Dielectric 2 to Dielectric 1, and their 

surfaces become positively and negatively charged, respectively. Because the 

separation between the surfaces of Dielectric 1 and Dielectric 2 is negligible in the 

contact area, and the charges on the surface will not escape quickly, there will be a small 

difference in electric potential across the two electrodes. Under excitation, the 

mechanical structure of the energy harvester will deviate from the static equilibrium 

configuration (Fig. 2b-II). Because Dielectric 2 is fixed on the platform and Dielectric 

1 is fixed on the base, the relative motion of the base and platform causes Dielectric 2 

to move away from Dielectric 1, causing the charge distribution to become unstable 

(Fig. 2a-II). Then, an electric field is generated and drives a current flow from the left-

hand electrode to the right-hand electrode, which cancels the tribo-charge-induced 

potential. When the energy harvester reaches its peak displacement, Dielectric 1 and 

Dielectric 2 are separated by the largest distance (no more than 0.9l [40]) (Fig. 2-II). 

Then Dielectric 1 moves downward and returns to its static equilibrium position (Fig. 

2-III) [22].  

As Dielectric 1 continues to move downward, the two dielectrics move away from 

each other in the opposite direction compared with Fig. 2a-II. Note that the operating 

principle of triboelectrification is the same as that when Dielectric 1 moves upward. 

Therefore, the motion of Dielectric 1 from its static equilibrium position to its 

maximum negative position is not described. 
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Fig.2. Operating principle of the EMG and TEG within one cycle of motion. (a) Operating principle 

of the TEG, (b) schematic diagram of the negative stiffness mechanism at different times, and (c) 

operating principle of the EMG. The terms of ‘Meta 1’ and ‘Meta 2’ denote metal electrodes 

deposited on right-hand dielectric and left-hand dielectric, respectively.  

When an excitation is applied to the energy harvester, the permanent magnet block 

of the EMG leaves its static equilibrium position and moves relatively to the coil fixed 

on the frame of the energy harvester. The change in magnetic flux within the coil 

induces an electric potential in the coil owing to electromagnetic induction. If an 

electrical load is connected to the circuit, a current can be produced [41]. 

2.2 Static analysis  

First, a static analysis of the hybrid energy harvester is conducted. Under 

excitation, the mechanical structure of the energy harvester deviates from its static 
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equilibrium position by a distance y, and the QZS spring rotates around the hinge point 

by an angle   (Fig. 2b). In addition, the permanent magnetic rings in the negative 

stiffness mechanism also deviate from their static equilibrium position by a distance x. 

According to Ref. [42], the restoring force of the QZS spring can be given by 

  *

NSM H PMRf k x f x    (1) 

where        2

PMR MPSD m 0/ 2f x R x x h x h            denotes the thrust force 

of the magnet ring, and 
MPSD  J n  denotes the magnetic pole surface density. J  

is the magnetic polarisation vector, n   is the unit normal vector, and 0   is the 

permeability of vacuum. m inner2R g r l     is the average radius of the inner and 

outer permanent magnets, where rinner, l, and g denote the inner radius of the inner 

permanent magnet, the width of both the inner and outer permanent magnets, and the 

air gap between the inner and outer permanent magnets, respectively. In addition, h 

denotes the height of both the inner and outer permanent magnets, and 
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where a denotes a variable. By differentiating the expression for the restoring force Eq. 

(1) with respect to the displacement x, and substituting x = 0 into the derived stiffness 

expression, one can obtain the stiffness provided by the magnet ring in the QZS spring 

as 
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By substituting Eq. (3) into Eq. (1), the QZS restoring force can be written as 

      
2

* MPSD
NSM

0

2mR
f k x x x h x h


  


          (4) 

In this study, the QZS spring provides negative stiffness in the energy harvester. 

Therefore, both the permanent magnet ring and the horizontal spring apply a thrust 
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force to the energy harvester. In addition, to evaluate the effect of the horizontal spring 

in the QZS mechanism on the mechanical features of the energy harvester, a parameter 

  is introduced into the expressions for the restoring force and stiffness. Note that  , 

which is referred to as the stiffness ratio, represents the ratio of the stiffness of the 

negative stiffness mechanism in the static equilibrium configuration to that of the 

horizontal spring. At this point, the thrust force provided by the QZS spring to the 

energy harvester is given by 

        
2

* MPSD
NSM,TH

0

2mR
f k x x x h x h


    


           (5) 

where   is the compression of the horizontal spring in the QZS mechanism in the 

static equilibrium configuration. According to the geometry of the mechanical 

configuration, the restoring force of the energy harvester can be expressed as 

      NSM,TH4 sinF y Ky f x     (6) 

where K denotes the stiffness of the vertical spring, and the sine function is expanded 

as   2 2sin /y b y    , where b is the length of the QZS spring in the static 

equilibrium configuration. Furthermore, the displacement x of the inner permanent 

magnet ring can be expressed as the vertical displacement, namely, 2 2x b y b   . 

Therefore, the stiffness of the energy harvester can be obtained by substituting the sine 

function into the restoring force and differentiating the result with respect to the vertical 

displacement y 
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 (8) 

Note that the function  a  in the expression can be expanded as [43] 
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By deriving the QZS condition * / / 4k K b   and substituting it into Eqs. (6) 

and (7), the expressions for the restoring force and stiffness of the energy harvester 

with the QZS mechanism can be written as 
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2.3 Static characteristics 

For the structural parameters in Table 1, the stiffness of the hybrid energy harvester 

for different   is shown in Fig. 3. Fig. 3a shows a contour plot, and Fig. 3b shows the 

relationship between the stiffness and the displacement for stiffness ratios of =0.5 , 

=0.77  , and =0.9  . The black and white solid lines in Fig. 3a represent stiffness 

values of 1000 and 0 N/m, respectively. The grey area represents the parameter region 

in which the stiffness is zero. Clearly, the stiffness can be changed by varying  .  

More importantly, a threshold value of   appears at the intersection of the two 

white lines in Fig. 3a. As shown in Fig. 3b, when   is 0.77, the energy harvester has 

the largest displacement region, in which the stiffness is very low. Such an appealing 

stiffness feature is beneficial to decrease the resonant frequency of the energy harvester 

and amplify its dynamical responses. When   exceeds the threshold, the stiffness of 

the energy harvester clearly increases, and the low-stiffness region becomes smaller. 

By contrast, when   is below the threshold value of 0.77, the stiffness of the energy 
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harvester becomes negative near the equilibrium configuration. Thus, the structure is 

bistable.  

Table 1 Utilized parameters in the calculation of hybrid energy harvester’s static 

characteristics. 

Parameter Value 

Magnetic pole surface density MPSD 1 T   

Permeability of vacuum 7

0 4π 10 N/A     

Inner radius of the inner permanent magnet rinner=2 mm 

Width of inner and outer permanent magnets l=4 mm 

Height of inner and outer permanent magnets h=5 mm 

Air gap between the inner and outer permanent magnets g=2 mm 

Length of the QZS spring at the rest equilibrium position b=80 mm 

Stiffness of the vertical spring K=
42 10 N/m   

Stiffness of the magnet ring in the equilibrium position 
* 36.42 10 N/mk    

Mass of the platform M=5 kg 

 

 

Fig. 3. Stiffness of the energy harvester for different  . (a) surface plot of stiffness and (b) stiffness 

versus displacement for stiffness ratios  of 0.5, 0.77, and 0.9. The grey area in (a) indicates the 

parameter region in which the stiffness is equal to 0 N/m. 

To further analyse the effect of   on the energy harvester, the potential energy is 

analysed. The potential energy of the restoring force HEH,QZSF  can be expressed as  
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where   denotes a variable of integration. 

Fig. 4a and 4b show the potential energy curves and mechanical properties, 

respectively, of the energy harvester at different stiffness ratios. The dashed-dotted and 

dashed lines in Fig. 4a denote the potential energy profiles for =0.77  and =0.9 , 

respectively. In both cases, the energy harvester is monostable; that is, there is only one 

equilibrium. By contrast, when =0.5   and =0.3   (dotted and solid lines, 

respectively), the energy harvester switches to a bistable state.  

The potential energy is locally maximised in the unstable central configuration, 

whereas the adjacent stable equilibria at 0y y    locally minimise the potential 

energy of the energy harvester. Specifically, the bistable mechanism has a double-well 

restoring-force potential with two stable equilibria and one unstable equilibrium. 

According to the principle of minimum total potential energy, disturbances to the 

energy harvester when it is initially placed at the unstable equilibrium will push the 

platform toward one of the stable equilibria.  

 

Fig.4. (a) Potential energy curves and (b) mechanical properties of the hybrid energy harvester for 
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different  . 

The energy harvester with a bistable structure has two motion patterns: intrawell 

oscillations and interwell oscillations. The intrawell oscillations occur around one of 

the two stable equilibria, whereas the interwell oscillations can cross the unstable 

equilibrium twice per excitation cycle. More importantly, the interwell oscillations also 

include two vibration patterns, namely, interwell chaotic oscillations and interwell 

periodic motion, which are determined by the amplitude and frequency of excitation. 

The effect of the motion patterns on the energy harvesting performance is discussed 

below in detail. 

3. Analytical analysis 

3.1 Dynamic analysis 

It is convenient to consider the hybrid energy harvester proposed in this paper in 

terms of different mechanical systems, i.e., the linear system, conventional QZS (CQZS) 

system, dual QZS (DQZS) system, and bistable system. In this section, the electrical 

properties of the energy harvester are analysed. However, the analysis of the bistable 

system is not presented here, because it is difficult to derive an analytical result for the 

displacement and velocity responses in this type of system, as well as the electrical 

characteristics. Considering a base excitation    sinz t Z t  that is applied to the 

energy harvester, the equation of motion can be given by 

  sinMy cy F MA t      (13) 

where 
2A Z   is the amplitude of the base acceleration,    is the excitation 

frequency, and c is the total damping of the mechanical structure and electromagnetic 

system. K and M denote the stiffness of the vertical spring and the lumped mass of the 

energy harvester, respectively. Note that, the lumped mass of the platform is supported 

by the linear coil spring (positive stiffness mechanism) alone at the equilibrium position, 

enabling an outstanding carrying capacity of the energy harvester. 
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First, the mechanical structure of the energy harvester can be easily converted to 

a linear one by removing the negative stiffness mechanism. In this case, the expression 

for F in Eq. (13) is equal to Ky, and the expressions for the displacement and velocity 

are given as 

  
 

 
2 2 2

sinMA t
y t

K A c
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where   is the phase angle of the response. 

When the permanent magnet rings are removed from the QZS spring, the energy 

harvester has a CQZS structure. The restoring force can be written as 

 
2 2

1
by b

F K y
b y





  
    

    

  (16) 

The equation of motion for this CQZS system has been analysed by the harmonic 

balance method in previous works[44] and is written as 

    siny t Y t     (17) 

      cosv t y t Y t        (18) 

where Y denotes the response amplitude and can be calculated as [45] 

 2 2 4 2 4 2 2

1,2

1 4
3 8 4 3

2
Y Y Y

Y
             (19) 

where 0/    denotes the ratio of the excitation frequency to the natural frequency 

of the corresponding linear system. /Y Y b  denotes the dimensionless amplitude of 

the displacement response.   is a nonlinear parameter of the stiffness of the energy 

harvester, / 2c KM    is the damping ratio, and A b     is the 

dimensionless external load applied to the energy harvester. For a given excitation, one 

can easily obtain the displacement response using Eq. (19). 

As mentioned above,    can be varied to change the structure of the energy 
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harvester to one with a different mechanical mechanism.   has the threshold value of 

0.77, at which the energy harvester has a DQZS structure with a large displacement 

region in which the stiffness is close to zero. The corresponding restoring force, HEH,QZSF , 

is given by Eq. (10), and the amplitude–frequency relationship is given by 

  
2

22 3 5 7 2

1 2 3 4

3 5 35
2

4 8 64
a Y a Y a Y a Y Y  

 
       
 

  (20) 

where 1 0.006   , 2 0.45    , 3 14.74   , and 4 27.69     are the coefficients 

for the x , 
3x , 

5x , and 
7x  components, respectively, of the fitted polynomial. For a 

given excitation frequency, the dimensionless displacement response is easily obtained 

using Eq. (20). 

The open-circuit voltage and short-circuit current of a TEG can be written as [46] 

  

 

 
CD 1 2

OC TEG

1 20

| | , 0.9
y t d d

V y L
L y t



 

 
   

    
  (21) 

    CD CDSC TEG

d

d

x
I w wv t

t
     (22) 

where y(t) and v(t) denote the separation between the two friction surfaces and the 

sliding velocity of Dielectric 1, respectively; 1d   and 2d   denote the thicknesses of 

Dielectric 1 and Dielectric 2, respectively. L is the length of the dielectrics, CD  is the 

charge density of the dielectrics when they slide, and 1   and 2   are the relative 

permittivity of Dielectric 1 and Dielectric 2, respectively. 0  is the permittivity of free 

space, and w is the width of the dielectrics. 

According to the literature [13], the open-circuit voltage produced by the EMG 

can be written as 

 
   EMGOC EEH

V NBL v t   (23) 

where B and N denote the magnetic field strength and number of coil turns, respectively, 

and LEMG represents the length of each coil. In addition, the short-circuit current of the 

EMG is given by 
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 EMG

SC EEH

L

NBL v t
I

R
   (24) 

where LR  denotes the total coil resistance.  

3.2 Jump phenomena 

Fig. 5 shows the analytical results for the open-circuit voltage of the TEG and 

EMG calculated using the parameters listed in Table 2. Note that the black, blue, and 

red lines denote the open-circuit voltages of the DQZS, CQZS, and linear energy 

harvesters, respectively. Clearly, compared with the CQZS and linear TEGs, the DQZS 

TEG exhibits the highest open-circuit voltage owing to its low resonant frequency. The 

peak open-circuit voltage of the DQZS EMG is approximately equal to that produced 

by a CQZS. However, the excitation frequency of the DQZS EMG corresponding to 

the maximum open-circuit voltage is lower than that of the CQZS EMG, about 4 Hz.  

Table 2 Numerical simulation parameters of the devised hybrid energy harvester. 

Parameter Value 

Dielectric 1 4

1 14, 2.2 10 mr d      

Dielectric 2 2

2 22, 2.2 10 mr d     

Width of the dielectrics w = 0.04 m 

Length of the dielectrics L = 0.045 m 

Surface tribo-charge density 2

CD 80μC/m    

Permittivity of free space 12

0 8.85 10 F/m     

Magnetic field strength (at 1.5 mm distance) B=0.45 T 

Length of coil LEMG=10 mm 

Number of coil turns N=800 

Total coil resistance LR =128   
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Fig.5. Analytical results for the open-circuit voltage of (a) the TEG and (b) the EMG for different 

mechanical systems at an acceleration amplitude of 2 g. Black, blue, and red lines represent the 

DQZS, CQZS, and linear systems, respectively. Dashed lines denote the unstable solutions. 

Fig. 6 shows the analytical short-circuit currents of the TEG and EMG in each 

mechanical system. The lines have the same meanings as in Fig. 5. A comparison of 

Figs. 5 and 6 reveals that the short-circuit currents of the TEG and EMG exhibit the 

same trend as the open-circuit voltages for each mechanical system. However, the peak 

short-circuit currents of the DQZS and CQZS are approximately equal, which is 

different from the open-circuit voltages of the TEG.  

 

Fig.6. Analytical results for the short-circuit currents of (a) the TEG and (b) the EMG for different 

mechanical systems at an acceleration amplitude of 2 g.  

2. Numerical simulations 
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outputs for a small-amplitude excitation. However, when the excitation amplitude 

increases, resulting in strong nonlinearity, the analytical method cannot accurately 

predict the energy harvesting efficiency of the system. In addition, when the mechanical 

structure becomes bistable, the analytical method also fails. Therefore, to overcome this 

shortcoming of the analytical approach and to validate the analytical results, the 

equation of motion of the energy harvester with the original nonlinear stiffness is solved 

by a numerical method in this section. The numerical electrical outputs of the energy 

harvester are also obtained. 

4.1 Verification of the analytical results 

Fig. 7 shows the numerically obtained electrical characteristics (including the 

open-circuit voltage and short-circuit current) of the TEG for different mechanical 

systems and excitation frequencies. Panels (a), (b), and (c) show the electrical outputs 

of the linear, CQZS, and DQZS TEGs, respectively. A comparison of Figs. 5a and 6a 

reveals that the numerically obtained open-circuit voltage and short-circuit current of 

the TEG at an excitation amplitude of 2 g are in excellent agreement with the analytical 

results. As the excitation frequency increases, the peak values of the open-circuit 

voltage and short-circuit current of the linear TEG clearly increase monotonically in 

the given frequency range. For the CQZS and DQZS TEGs, however, both the open-

circuit voltage and short-circuit current first increase monotonically to the peak value 

and then decrease sharply. That is, a jump-down phenomenon also appears in the 

electrical outputs.  
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Fig.7. Numerical results for the open-circuit voltage and short-circuit current of the TEG for 

different mechanical systems. (a) Linear system, (b) CQZS system, and (c) DQZS system. 

Fig. 8 shows the time series of the open-circuit voltage and short-circuit current of 

the EMG for different mechanical systems and excitation frequencies. The excitation 

amplitude is 2 g. Before the excitation frequency reaches the jump-down frequency, the 

open-circuit voltage and short-circuit current both clearly increase with increasing 

excitation frequency, but they decrease sharply when the excitation frequency matches 

the jump-down frequency. A comparison of Figs. 5b, 6b, and 8 reveals that the 

theoretical and numerical results are in excellent agreement. Therefore, the analytical 

approach using the harmonic balance method can accurately predict the energy 

harvesting performance at ultralow frequencies.  
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Fig.8. Numerical results for the open-circuit voltage and short-circuit current of the EMG for 

different mechanical systems. (a) Linear system, (b) CQZS system, and (c) DQZS system. 

As mentioned in section 2, when the stiffness ratio   is less than the threshold of 

0.77, the energy harvester becomes a bistable system. Fig. 9 shows the open-circuit 

voltage and short-circuit current of the energy harvester for 0.4   . The bistable 

energy harvester clearly converts the ultralow-frequency mechanical energy more 

efficiently than the other systems. Specifically, the bistable TEG produces an open-

circuit voltage of 7.47 kV and a short-circuit current of 1.53 μA   at an excitation 

frequency of 2.5 Hz. Clearly, these electrical outputs are superior to those generated by 

the linear TEG, CQZS TEG, and even the DQZS TEG in this low-frequency range. Fig. 

9b shows the electrical features of the bistable EMG at different excitation frequencies. 

Unlike the results for the other three systems, the excitation frequency corresponding 

to the peak open-circuit voltage and the peak short-circuit current are lower. In fact, the 
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improvement in the electrical characteristics of the bistable EMG is similar to that of 

the bistable TEG and results from the large dynamic response at low frequency. 

 

Fig.9. Numerical results for the open-circuit voltage and short-circuit current for (a) the bistable 

TEG and (b) the bistable EMG. 

4.2 Nonlinear electrical characteristics 

For a sliding-mode TEG, the approximate V–Q–y relationship can be written as 

[40] 
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where Q is the total charge transferred between the electrodes. When a load resistance 

is introduced into the TEG, according to Ohm’s law, the output current and voltage are 

expressed as 
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By combining Eqs. (26) and (25), the nonlinear relationship between the geometrical 

and electrical parameters can be expressed as  

 
   

 

 

 
CD1 2 1 2

1 2 1 20 0

d

d r r r r

Q t Q t y td d d d
R

t w L y t L y t



    

   
       

          
  (27) 

(a)

(b)

TEG

EMG

TEG

EMG1 Hz1.5 Hz
2.5 Hz

3.5 Hz 4 Hz
5 Hz

1 Hz

1.5 Hz

2.5 Hz

3.5 Hz

4 Hz

5 Hz

1 Hz

1.5 Hz

2.5 Hz

3.5 Hz

4 Hz

5 Hz
1 Hz

1.5 Hz

2.5 Hz

3.5 Hz
4 Hz

5 Hz



22 

 

The output electrical performance of the sliding-mode TEG, including the output 

current, voltage, and power, can be evaluated by solving the electrical and dynamic 

equations using the Runge-Kutta method.  

Fig. 10 compares the numerical electrical features of the energy harvester with the 

linear, QZS, and bistable systems at an excitation frequency of 3.5 Hz and an excitation 

amplitude of 2 g. ‘C-’ and ‘P-’ denote the peak values of the output current and output 

power, respectively, of the energy harvesters. 

Fig. 10a and 10c show the numerically obtained electrical outputs of the linear, 

CQZS, and DQZS EMGs. With increasing load resistance, the output current clearly 

decreases continuously, but the output power increases to a maximum and then 

decreases. In addition, the linear EMG exhibits the worst electrical performance among 

the three mechanical systems. By contrast, the DQZS EMG generates the maximum 

output voltage and maximum output power, as indicated by the orange dotted and solid 

lines, respectively, in Fig. 10c. In fact, the electrical performance of the EMG can be 

attributed to the differences in the dynamic response (including the displacement 

response and velocity response) produced by the energy harvester. As mentioned above, 

the dynamic response is related to the natural frequency of the linear and QZS energy 

harvesters, and the distance between the two equilibria of the bistable energy harvester. 

When the excitation frequency is close to the natural frequency, or the excitation forces 

the energy harvester to cross the potential barrier, the system produces a dynamic 

displacement and velocity response with large amplitude.  

Fig. 10b and 10d show the output current and output power of the three different 

types of TEG under different load resistances. Like the linear EMG, the linear TEG 

exhibits the worst energy harvesting performance, and the DQZS TEG exhibits the best 

performance. The two types of energy harvester differ in the optimal load resistance 

corresponding to the best energy conversion performance. Specifically, the optimal load 

resistance of the EMG is approximately 127.3  , but that of the TEG is approximately 

91.5 10  .  

In addition, the behaviour of the output current of the TEG differs from that of the 
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EMG. Specifically, the output current of the linear TEG remains unchanged and is close 

to the short-circuit current when the load resistance is less than the optimal one. When 

the load resistance exceeds the optimal value, the output current decreases sharply and 

approaches zero as the load resistance increases further. For the CQZS and DQZS TEGs 

(Fig. 10d), with increasing load resistance, the output current initially remains stable 

and then reaches a peak value and decreases sharply. In fact, the plateau in the output 

current can be attributed to the fact that the increase speed of the voltage peak value is 

greater than that of the load resistance [40]. 

More importantly, with increasing load resistance, the output power increases 

slowly when the resistance is much lower than the optimal value. However, when the 

resistance is close to the optimal value, the output power increases sharply and then 

reaches a peak at the optimal resistance. When the resistance increases beyond the 

optimal value, the output power decreases sharply and approaches zero.  

The output current and power of the bistable EMG and TEG are shown in Fig. 10e 

and 10f, respectively. Compared with the QZS energy harvesters, the bistable energy 

harvesters convert the ultralow frequency vibration energy more efficiently, with a peak 

power of 7.33 mW for the EMG and 6.04 mW for the TEG. In fact, the better energy 

harvesting performance of the bistable mechanical system can be attributed to the fact 

that the bistable mechanism induces periodic interwell (also called snap-through) 

oscillations with a large amplitude displacement and velocity. 
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Fig.10. Numerical results for the output current and corresponding power of (a) and (b) linear EMG 

and TEG, (c) and (d) QZS EMG and TEG, (e) and (f) bistable EMG and TEG ( = 0.5  ). The 

excitation frequency is 3 Hz, and the excitation amplitude is 2 g. ‘C-’ and ‘P-’ denote the peak values 

of the output current and output power, respectively. 

4.3 Nonlinear dynamics of the hybrid energy harvester 

Fig. 11 illustrates the motion patterns of the energy harvester under different 

excitation amplitudes and excitation frequencies. The green, yellow, light blue, and dark 

blue regions indicate areas of interwell periodic oscillation, interwell aperiodic/chaotic 

oscillations, intrawell aperiodic oscillations, and intrawell periodic oscillations, 

respectively. There is a threshold value of the excitation amplitude for each excitation 

frequency at which the motion pattern switches from intrawell oscillation to interwell 

oscillation. In addition, it is noteworthy that there may not be a clear boundary between 

the two motion patterns, for example, in region 4, where interwell aperiodic/chaotic 

oscillations and interwell periodic oscillations are intermixed. The interwell 
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aperiodic/chaotic oscillations and intrawell aperiodic oscillations are intermixed in 

region 2. The low-frequency energy harvesting performance of each of the motion 

patterns of the energy harvester is analysed below. 

 

Fig.11. Motion patterns of the energy harvester under different excitation frequencies and excitation 

amplitudes for a stiffness ratio of 0.5.  

To analyse the effect of the excitation frequency on the energy harvesting 

performance of the energy harvester, the influence of the excitation frequency on the 

motion pattern is first analysed. Fig. 12 shows the response of the energy harvester for 

a stiffness ratio of =0.5   and an excitation amplitude of A=2 g. At all of these 

excitation frequencies, the fundamental motion pattern is large-amplitude interwell 

oscillation. With increasing excitation frequency, the peak values of both the 

displacement response and velocity amplitude increase. However, when the excitation 

frequency exceeds a threshold, for example, 4 Hz in Fig. 12d, the motion of the hybrid 

energy harvester switches from interwell periodic oscillation to interwell 

aperiodic/chaotic oscillation; consequently, both the displacement amplitude and 

velocity amplitude decrease.  
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Fig.12. Response of the energy harvester at an excitation amplitude of A=2 g, a stiffness ratio of 

=0.5 , and an excitation frequency of (a) =1Hz , (b) 2Hz  , (c) =3Hz , (d) =4Hz . 

The effect of the excitation frequency on the root-mean-square (RMS) output 

power is shown in Fig. 13. Clearly, the output power of both the EMG and TEG 

increases with increasing excitation frequency and then decreases sharply when the 

excitation frequency exceeds a threshold. Specifically, the EMG and TEG with bistable 

structure produce the maximum output power when the excitation frequency is equal 

to the threshold value; this behaviour is identical to the jump-down phenomenon in 

nonlinear systems such as the CQZS system. In fact, as mentioned above, the 

fundamental reason for this variation in the output power is that increasing the 

excitation frequency causes the motion pattern to switch from interwell periodic 

oscillation to aperiodic/chaotic oscillation. Consequently, the response amplitude 

decreases, and the ultralow-frequency vibration energy conversion is degraded. 

 

Fig.13. Numerical RMS of output power of (a) EMG and (b) TEG at a stiffness ratio of =0.5  and 

an excitation amplitude of A=2 g. 

Fig. 14 shows the effect of the stiffness ratio on the motion pattern of the energy 
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harvester. When the stiffness ratio is 0.1, as shown in Fig. 14a, the energy harvester 

cannot cross the potential barrier induced by the negative stiffness mechanism. It 

oscillates at one of the stable equilibria with a small dynamic response amplitude. For 

this motion pattern, the energy harvester cannot convert the ultralow frequency 

vibration energy effectively. 

 For a stiffness ratio of 0.3 (Fig. 14b), the energy harvester oscillates periodically 

between two wells. The response amplitude is larger than that of the intrawell periodic 

oscillations in Fig. 14a. At stiffness ratios of 0.5 and 0.7, as shown in Fig. 14c and 14d, 

respectively, the phase diagram of the energy harvester has an almost elliptical profile, 

and the dynamic response amplitude gradually decreases. Therefore, the stiffness ratio 

is important for improving the energy harvesting performance for ultralow frequency 

vibrations. 

 

Fig.14. Motion patterns induced by bistable structure for an excitation frequency of =2Hz , an 

excitation amplitude of A=2 g, and a stiffness ratio of (a) =0.1 , (b) =0.3 , (c) =0.5 , and (d) =0.7 . 

Fig. 15 shows the effect of the stiffness ratio on the RMS output power of the 

energy harvester at an excitation frequency of 2 Hz and an excitation amplitude of 2 g. 

Note that as the stiffness ratio decreases, the potential barrier of the bistable energy 

harvester can increase significantly, resulting in intrawell oscillation and mediocre 

energy harvesting performance for ultralow frequency vibration. However, increasing 

the stiffness ratio could decrease the distance between the two stable equilibria, which 

also degrades the energy conversion. More importantly, the bistable energy harvester 

becomes a DQZS system when 0.77    and a CQZS system when 0.77   . 
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According to the above analysis, the energy harvesting performance of the QZS system 

cannot exceed that of the bistable system. Therefore, a suitable    value should be 

chosen to convert the ultralow-frequency vibration energy efficiently. 

As shown in Fig. 15a, as the stiffness ratio increases, the RMS power of the EMG 

decreases monotonously from 2.95 mW to 1.61 mW. The RMS power of the TEG (Fig. 

15b) is similar to that of the EMG with increasing stiffness ratio; it decreases from 

1.26 mW to 0.43 mW . Therefore, it is best to design an energy harvesting system with 

a low stiffness ratio to harvest the ultralow frequency vibration energy. However, as 

mentioned above, as the stiffness ratio decreases, the potential barrier could increase 

significantly, and a large-amplitude excitation is needed for the energy harvester to 

cross the potential barrier. 

 

Fig.15. Numerically obtained RMS output power of (a) EMG and (b) TEG at different stiffness 

ratios for a driving frequency of =2Hz and an external excitation amplitude of A=2 g. 

3. Conclusions 

This paper proposes a nonlinear hybrid energy harvester containing an EMG and 

a TEG to improve the energy harvesting performance at ultralow frequencies. The 

mechanical configuration of the energy harvester includes a linear spring and four QZS 

springs that provide negative stiffness along the vertical direction. According to the 

parametric design, the energy harvester shows different mechanical behaviour, 
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including linear, CQZS, DQZS, and bistable systems. The energy harvesting 

performance of the linear and QZS systems is analysed theoretically and verified 

numerically. The electrical outputs of the bistable energy harvester are also obtained 

using a numerical method. The conclusions are as follows. 

1. The DQZS system has a larger low-stiffness displacement region than the CQZS 

system, and the energy harvester has a large-amplitude response and thus better energy 

harvesting performance at ultralow frequencies.  

2. Among the four mechanical systems, the linear system exhibits the worst energy 

harvesting performance, and the bistable system exhibits the best performance for both 

the EMG and TEG under an excitation with the same amplitude and frequency. 

3. According to the dynamical response of the nonlinear system, the energy 

harvesting performance improves with increasing excitation frequency until it reaches 

a maximum at the threshold frequency. When the excitation frequency exceeds the 

threshold value, the energy harvesting performance degrades considerably.  
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