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Abstract

We aim to contribute to the problem of finding desingularisations of
codimension-1 holomorphic foliations in arbitrary ambient dimension. To
this end, we prove an alternate characterisation of simple singularities, which
leads to an equivalent condition for the existence of a desingularisation in
the non-dicritical case. We then give some results and conjectures to show
when this condition is satisfied.
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Introduction

Foliations of complex manifolds arise from holomorphic differential forms
on the manifold, where an open submanifold can be written as the disjoint
union of the solutions of the corresponding system of differential equations.
By duality, a foliation also corresponds to a sheaf of holomorphic vector
fields; the open submanifold is the locus where this sheaf is locally free. Its
complement is called the singular locus of the foliation.

Just as with algebraic varieties, we seek a classification of foliations up
to birational equivalence. (See [3]). For varieties, such a classification first
depends on proving the existence of a desingularistion. Desingularisation
of varieties, as well as embedded desingularisation of closed subschemes of
smooth varieties, was first proved by Hironaka in [17]. The method involves a
sequence of blow-ups in smooth centres until we reach simple normal cross-
ings, that is, the scheme is locally isomorphic to a union of co-ordinate
hyperplanes. Various simplifications of the proof have since appeared, in-
cluding by Bierstone and Milman in [2], and by Kolldr in [21], although to
date desingularisation has only been proved in characteristic zero.

Similarly, in seeking to classify singular holomorphic foliations on a com-
plex manifold X, one first seeks the existence of a resolution — a sequence of
blow-ups of X such that the pull-back foliation has the best possible singu-
larities, so-called simple singularities, as in Figure 1 below. (In most cases,
it is impossible to resolve the foliation to make it smooth. For example,
blowing up the singularity in Figure 1 gives two singularities of the same
form.)

Existence of resolutions was first proved by Seidenberg in [28], in the
case when dim X = 2. In the case dim X = 3, existence of resolutions
for codimension-1 foliations has been proved by Cano, firstly for the non-
dicritical case (that is, for foliations where the exceptional divisors of any
sequence of blow-ups in smooth centres remain tangent) in [5], and then in
the general case in [7]. Existence of resolutions for foliations by curves on
a 3-fold was proved by Panazzolo and McQuillan in [24]. We note that the
paper of Panazzolo and McQuillan provides an example of a foliation by
curves which cannot be resolved without passing from manifolds to stacks,
so the problem of resolution is in general more difficult for foliations than

for schemes.
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The existence of resolutions of codimension-1 foliations in arbitrary am-
bient dimension is still conjectural; there are however a number of partial
results pertaining to it: By [6, Theorem 16] a resolution to simple singu-
larities exists if all the singularities of the foliation are so-called pre-simple
singularities (which we define in Section . From the discussion following
Statement 9 in the same paper we see that such is the case for any foliation
with a holomorphic first integral, a class which by [22] includes any foliation

with singular locus of codimension at least three.

/

/

Figure 1: A foliation with simple Figure 2: A dicritical foliation

singularities

An important tool used in the thesis is the jet space. The space of m-
jets of a manifold or analytic space X is the set of equivalence classes of
germs of holomorphic functions C — X, with two germs being equivalent if
their corresponding power series have the same truncation to degree m. In
the algebraic setting, the jet space can be constructed as a scheme, whose
closed points are the morphisms Spec(C[t]/(#™!)) — X. Jet spaces have
been applied to the study of singularities of schemes, for example by Mustata
in [26]; this motivates us to introduce the jet spaces of foliations. These are
defined in Section [0.1] as those jets of the ambient manifold which pull back
the 1-forms defining the foliation to zero. (The notion of the jet space of a
foliation is new; however in the smooth case it is equal to the jet space of a
directed manifold constructed in [10]).

Using the jet spaces, we can define stronger notions of tangency to a
foliation: A complex subspace of the ambient manifold is strongly tangent
to the foliation if its jet spaces of every order are contained in the jet spaces

of the foliation. As opposed to classical notions of tangency, which deal only



with the 1-jets (that is, the tangent vectors), or which define tangency as
being contained in a finite union of leaves of the foliation, this definition
allows us to view as tangent non-reduced spaces, and so better consider the
behaviour of the foliation at the singular locus.

The jet spaces of a foliation also allow us to produce a geometrically more
natural definition of simple singularities. These are defined for codimension-
1 foliations in arbitrary ambient dimension in [6], however the definition
is somewhat technical—we therefore present an alternate characterisation,
given in Theorem for ambient dimension 2, and Corollary in
the higher dimensional case. These results state that in a neighbourhood
of a simple singularity, the foliations has the same geometric structure (as
determined by the jet spaces) as a normal crossings divisor.

Armed with these tools, we return to the problem of the existence of res-
olutions. We restrict to the case of codimension-1 non-dicritical foliations,
in arbitrary ambient dimension. The non-dicriticality condition ensures the
existence of a separatrix, that is, a leaf of the foliation whose analytic clo-
sure passes through the singular locus; assuming mild finiteness conditions,
for example, quasi-compactness of the ambient manifold and algebraicity of
the defining 1-form, we have that there are finitely many separatrices—we
thus define the total separatriz of the foliation to be the maximal (formal)
subscheme supported on their union which is strongly tangent. Having ob-
served that the endpoints of desingularisations of varieties and resolutions
of foliations have isomorphic jets, we are led to prove the following (Theo-
rem : A non-dicritical foliation admits a resolution to simple singu-
larities if and only if the total separatrix exists and can be resolved to a
normal crossings divisor. (As a formal scheme is not guaranteed to have
a resolution globally, existence is not enough to prove resolvability. We do
however show that if the total separatrix exists the foliation can be resolved
on the level of germs.)

This result serves as a generalisation of results such as [9, Theorem
1], which states that non-dicritical foliations on a 3-fold with certain extra
properties have the same resolution as their set of separatrices, although it
was proved quite independently. The stronger nature of the results in this
thesis comes from our defining of strong tangency, which allows us to replace
the union of separatrices with something potentially non-reduced.

At the end of the thesis we give a conjecture (Conjecture on the
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structure of the jet spaces of foliations; assuming this we show that the
total separatrix always exists (Proposition . We also give a way of
constructing it, which comes with an alternate characterisation of dicritical-
ity, given in terms of the jets (Proposition .

The thesis is structured as follows: In Section [I] to Section [ we set out
background material and notation regarding commutative algebra, schemes
and analytic spaces, and coherent sheaves. In these sections we give all the
definitions and results used in the rest of the thesis.

In Section [{l we introduce formal schemes. We take as our definition that
of Yasuda in [32], and show how other categories of formal schemes in the
literature, especially those desccribed by Grothendieck and by McQuillan,
relate to this one. We also state a theorem of Temkin ([3I]) regarding
desingularisation of formal schemes.

Section [6] introduces jet spaces, with descriptions of both the algebraic
and analytic constructions. In Section [7] we introduce linear spaces on
manifolds (a generalisation of vector bundles that correspond to coherent
sheaves), and then in Section [8| we introduce foliations, giving attention to
both the vector field and differential form characterisations.

The final four sections form the main body of the thesis. In Section
[ we introduce the jet spaces of a foliation. We also define the notion of
a subscheme being strongly tangent to the foliation (Definition . In
Section we define the separatrices. From here onwards, we consider only
the codimension-1 case.

In Section we prove the alternate characterisation of simple singu-
larities. In Section we define the total separatrix, and use it to prove
results on resolutions. Section [12] gives some results pertaining to dicritical

foliations.

Convention. We denote by N the set of natural numbers {1,2,3,...}. We
denote by Ny the set NU {0}.

All rings are assumed to be commutative with unit.

All schemes are defined over the field of complex numbers C.

Any manifold X is a complex manifold, with holomorphic tangent sheaf Tx,
holomorphic tangent bundle T'X, and sheaf of holomorphic 1-forms Qk-
We denote by my, the ideal (z1,...,x,) C C[[z1,...,Z]].
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1 Commutative Algebra

1.1 Basic Ring Theory

For a ring R, we denote by Spec(R) the set of prime ideals, which is endowed
with the topology which has closed sets of the form

{p € Spec(R) | p D I},

for some ideal I C R.

Proposition 1.1. Let ¢ : R — S be a ring homomorphism.
(1) If J is an ideal of S, then ¢~1(J) is an ideal of R.
(2) If ¢ is surjective, and I is an ideal of R, then ¢(I) is an ideal of S.

Proof: Trivial. O

Definition 1.2. Let R be a ring. The nilradical of R, denoted Ng, is the
ideal of nilpotent elements of R, or equivalently the radical of the zero ideal.

We denote by Ryeq the quotient ring R/9r. The ring R is said to be
reduced if Rieq = R.

Proposition 1.3. Let ¢ : R — S be a ring homomorphism. Then there
is an induced morphism ¢ : Rieq — Srea given by é([z]) = [#(x)], where
[z] = x + Ng.

Proof: A ring homomorphism maps nilpotent elements of R to nilpotent
elements of S, and so ¢ is well-defined. The rest of the proof follows natu-
rally. O

Proposition 1.4. Let ¢ : R — S be a surjective ring homomorphism, and
suppose the induced morphism ¢ : Ryeq — Syed 1S injective. Then Ker ¢ C
Nkg.

Proof: Let z € Ker¢. Then ¢([z]) = [¢p(z)] = 0, and so [z] = 0, since ¢ is
injective. Hence x € Mp. O
1.2 Complete Rings

Definition 1.5. A topological ring is a ring R endowed with a topology

such that both addition and multiplication are continuous.



Definition 1.6. Let R be a topological ring. R is linearly topologised if
there is a fundamental system of open neighbourhoods of 0 consisting of
ideals.

Such a system is called a basis of open ideals.

Remark 1.7. If a ring R has a descending filtration of ideals (I))xea, where
A is a poset, then this defines a unique topology on R for which R is linearly

topologised, with the I forming a basis of open ideals.

Definition 1.8. A topological ring R is called separated if it is separated

as a topological space; in particular, if R is a Hausdorff space.

Proposition 1.9. Let R be a linearly topologised ring, with basis of open
ideals (Iy). Then R is separated if and only if (I, = 0.

Proof: Suppose () I, = 0. By continuity of addition, to prove R is separated
it suffices to show that there are open neighbourhoods separating any x from
0. Let x # 0. By assumption, there exists some Iy which does not contain
x. Then Iy, z + I are disjoint open neighbourhoods of 0 and z respectively,
so we are done.

Conversely, suppose there exists some 0 # x € [)I). Any open neigh-
bourhood U of 0 contains some [, and so also contains z. So R is not

separated. ]

Definition 1.10. Let R be a linearly topologised ring, with basis of open
ideals (Iy). The completion of R with respect to this basis is the limit

R=1imR/I,.

We endow R with the linear topology generated by the kernels of the
canonical maps R — R/I.

Definition 1.11. A linearly topologised ring R is said to be complete if the

canonical map R — R is an isomorphism.

We observe that 132 >~ R, where the second completion is with respect
to the canonical topology from the inverse limit, the ideals in the filtration
being I = Ker(]% — R/I,), and so the completion of a ring is a complete
ring. We further observe that the kernel of the canonical map R — R is

() I, and so any complete ring is separated.



Definition 1.12. Let R be a linearly topologised ring, with basis of open
ideals (I)), and let M be a topological R-module (that is, a module with
continuous addition and scalar multiplication). The completion of M with

respect to this basis is the limit
M = lim M/I\M.

Again there is a canonical map M — M. The module M is said to be

complete with respect to () if this map is an isomorphism.

Remark 1.13. Let R be aring, and I C R a proper ideal. Then (I"),¢n is
a descending filtration of ideals, and so defines a topology. Completing R,
or any topological R-module, with respect to this basis of ideals is referred
to as completion with respect to I. Similarly, if R is isomorphic to this

completion, we say it is complete with respect to I.

Definition 1.14. A complete local ring is local ring R which is complete

with respect to its unique maximal ideal m.

Proposition 1.15. Let R be a Noetherian complete local ring, and I C R

a proper ideal. Then R/I is a complete local ring.

Proof: That R/I is local follows from the correspondence theorem for ideals
of quotient rings. As completion with respect to the maximal ideal mp C R
is exact (by [30, Tag 00MA], as all modules are finitely generated), we have

an exact sequence of R-modules
01— R— ﬁ/\f — 0.

As R is complete, R = R. Also, I = I. So R/I is also complete as an

R-module. Hence
R/I = @(R/I)/m’é(}?/]).

As 'y (R/I) = mfp r, we have that R/I is a complete local ring. O

1.3 Prorings

Definition 1.16. A proring is a directed projective system of rings (R))xea,
where A is a poset, with morphisms fy, : R, — R).


https://stacks.math.columbia.edu/tag/00MA

Definition 1.17. Let R = (Ry)xea,S = (Su)uem be two prorings. A

morphism of prorings R — S is an element of

Hom(R, S) = limlim Hom(Ry, S,),
nooA

where the latter sets are morphisms of rings.

Such a morphism of prorings f : R — S is defined by a collection of

representative ring homomorphisms f[} : Ry — 5,. Then the diagrams

R—1L5s
[
R)\*”>SM

commute.

Example 1.18. By indexing a projective system over a singleton set, we

see that every ring is a proring.
Proposition 1.19. The category of prorings has all projective limits.

Proof: This is true of the category of rings, so the result follows by [32,
Proposition 1.2]. O

Remark 1.20. By [16, Theorem 1], there is an uncountable projective sys-
tem of rings, each of which is countably infinite, such that the projective
limit is the zero ring. Hence the limit of a projective system of rings in
the category of rings may not be isomorphic to its limit in the category of

prorings.

Definition 1.21. A proring is said to be epi if all the morphisms f), are

epimorphisms.

For a topological space X we can define a sheaf of prorings. Such a sheaf
can be presented as a projective system of sheaves of rings. Therefore by [32)],

Proposition 1.2] the category of sheaves of prorings has projective limits.



1.4 Excellent Rings

Definition 1.22. Let R be a ring. The Krull dimension of R, denoted

dim R, is the supremum of the lengths of all chains of prime ideals
PoCpPL S-S CR

Definition 1.23. Let R be a Noetherian local ring with maximal ideal m,
which has minimal set of generators aq,...,a,. If dim R = n, it is said to
be a regular local Ting.

A Noetherian ring R is said to be a regular ring if the localisation at

every prime ideal is a regular local ring.

Definition 1.24. A ring homomorphism ¢ : R — S is regular if:

(1) The functor M — M ®p S is exact, where M is an R-module. (That
is, ¢ is flat).

(2) For any prime ideal p C R, and any finite field extension K of ky,
where £y is the residue field of the localisation Ry, the ring (S ®r kp) ®g, K

is regular.

Definition 1.25. A Noetherian ring R is a G-ring if for every prime ideal

p C R, the map from the localisation R, to its completion is regular.

Definition 1.26. A ring R is a J-2 ring if for every finitely generated R-
algebra S, the singular points of Spec(S) (that is, the prime ideals p C S

for which S, is not a regular local ring) form a closed subset.

Definition 1.27. Let p,p’ be two prime ideals of a ring R. Then if any two

chains of prime ideals

which are saturated, (that is, the chain cannot be extended while keeping
all inclusions strict), have the same length, then R is said to be catenary.
R is universally catenary if all finitely generated R-algebras are catenary

rings.

Definition 1.28. A ring R is quasi-ezcellent if it is a G-ring and a J-2 ring.

A ring R is excellent if it is quasi-excellent and universally catenary.



Example 1.29. All fields are excellent rings. Further, all Noetherian com-
plete local rings are excellent. (See [30, Tag 07TQW]).
In particular, the power series rings C|[x1,...,%,]] and their quotients

are excellent.

Example 1.30. A finitely generated algebra over an excellent ring is excel-
lent. (See [30, Tag 07QW]). In particular, rings of the form Clzy,...,x,]/I

are excellent.

1.5 Modules over Rings

Definition 1.31. Let R be a ring, and let (M;, ¢;;) be directed inverse
system of R-modules indexed by a poset Z. The system (M;, ¢;;) is Mittag-
Leffler if for each i € Z, there exists j > i such that for k > j, ¢r;(My) =

®ji(M;).

Definition 1.32. Let M be a module over an integral domain R. An
element x € M is a torsion element if there exists » € R\ {0} such that
re = 0.

M is torsion-free if 0 is the only torsion element.

Remark 1.33. The notion of being torsion-free can be generalised for mod-
ules over arbitrary rings, replacing the condition » = 0 with being a zero-

divisor.

Definition 1.34. Let M be a module over a ring R. The dual module is
M* = Hom(M, R).

Let M be a module over a ring R. We define the canonical morphism
Jgav s Mo — M** by ja(x)(f) = f(x). This morphism has kernel Ker jy =
mfGM* Ker f
Definition 1.35. Let M be a module over a ring R. M is torsionless if the

canonical morphism is injective.

M is reflexive if the canonical morphism is an isomorphism.

Proposition 1.36. If R is an integral domain, any torsionless R-module

M is torsion-free.

Proof: Let x € M and r € R\ {0} such that rx = 0. Then for all f € M*,
f(rz) = rf(x) = 0. As R is an integral domain, it follows that f(x) = 0,


https://stacks.math.columbia.edu/tag/07QW
https://stacks.math.columbia.edu/tag/07QW

for all f € M*. Hence x € Ker jy = ﬂfeM* Ker f. As M is torsionless, it

follows that x = 0, and we are done. O

The converse is not true in general: Viewing @ as a Z-module, we see
that @ is clearly torsion-free, but is not torsionless, as Hom(Q, Z) = 0.

We do however have the following:

Proposition 1.37. Let R be an integral domain. A finitely generated

torsion-free R-module M s torsionless.
Proof: See [15], Proposition 4.5.7]. O

Definition 1.38. Let R be a ring, and f : M — N a homomorphism of
R-modules. The dual is the homomorphism f* : N* — M™* defined by

[ (@)(x) = ¢(f(x)).

Lemma 1.39. Let f : M — N be a surjective homomorphism of R-modules.
Then the dual f* is injective.

Proof: If ¢ € N*, and f*(¢) = 0, then by definition of the dual we have
o(f(x)) =0, for all x € M. By surjectivity of f, we have ¢(y) = 0, for all
y € N,ie. ¢ =0. So f* is injective. O

Lemma 1.40. Let f : M — N be a surjective homomorphism of R-modules,
with kernel K. By the previous lemma, we can view N* as a submodule of
M* via the map f*. Let ¢ € M*. Then ¢ € N* if and only if (x) = 0,V €
K.

Proof: 1If ¢ € M* lies in N*, we can factorise it as ¢ = ¢’ o f, for some
¢’ € N*. Then ¢(z) =0, for all z € K.

Conversely, if ¢(x) = 0 for all z € K, then, for z,y € M, we have
o(x) = ¢(y) whenever z—y € K. So f factors through ¢, hence ¢ € N*. O

Lemma 1.41. In the setup of the previous lemma, suppose also that N is
torsionless, and let x € M. Then x € K if and only if ¢(x) = 0,V €

Jr(N7).
Proof: The forward implication holds by the above lemma. Conversely, let

x € M be such that ¢(x) = 0, for all ¢ € f*(N*). So f(z) € Ny~ Ker¢' =
Ker jn; as N is torsionless, this implies that f(z) =0, so z € K. ]



2 Schemes and Resolutions

Let X be a scheme over C. We assume that X is of finite type and separated
(and so is locally Noetherian). The structure sheaf of X is the sheaf of
regular functions Ox, and so (X, Ox) is a locally ringed space.

Recall that X admits an open cover by affine schemes of the form
U = Spec(Clz1, ..., x,]/I).

Each open subscheme U embeds in Spec(C[z1,...,z,]) = A, and so we

have local algebraic co-ordinates on X.

Notation 2.1. Let I = (f1,..., fr) C Clz1,...,x,] be an ideal. The affine
scheme X = Spec(Clz1,...,x,]/I) is also denoted by V(I) or V(f1,..., fr).

Remark 2.2. The closed points of X correspond to set

{zeC"| filz) =" = fr(x) =0},
justifying the notation.

Definition 2.3. Let X be a separated scheme of finite type over C. Then

X is a variety if it is reduced and irreducible.

Definition 2.4. Let X a separated scheme of finite type over C. We denote
by Xging the singular locus of X, that is, the set of points z € X such that

Ox ., is not a regular local ring.

Definition 2.5. Let X be a smooth variety. A divisor £ = > F; is an NC
(normal crossings) divisor if, choosing local analytic co-ordinates x1, ...,z

in a neighbourhood of any point, E is given by an equation of the form
xl oo xk = 0‘

It is simple normal crossings (SNC) if the co-ordinates can be chosen in
a Zariski open neighbourhood, in which case every irreducible component is
smooth.

A Q-divisor Y «; E; has (simple) normal crossing support if > E; is an
(S)NC divisor.



Definition 2.6. Let F be an NC divisor of X, and let x € E. Then e(F, x)
is the number of components of E through x in some formal neighbourhood

of x.

Example 2.7. Let X = A% and F = V(y? — 22 — 23). E is NC, but not
SNC. Although there is one irreducible component, we have e(F,0) = 2, as

we work in a formal neighbourhood of the origin.

Definition 2.8. Let m : X’ — X be a birational morphism of schemes.
The exceptional locus exc(rm) of 7 is the locus of X’ over which 7 is not an

isomorphism. It is the sum of the exceptional divisors.

Definition 2.9. Let 7 : X’ — X be a birational morphism of schemes,
and let Y be a closed subscheme of X. The pre-image 7~!(Y) is called the
total transform of Y. We define the strict transform 7*(Y') of Y to be the
smallest subscheme satisfying 7=1(Y) = 7*(Y) U exc(7).

Definition 2.10. Let X be a smooth variety, and Y a closed subscheme
of X. A log resolution, or resolution of singularities, of Y is a projective
birational mapping 7 : X’ — X, with X’ smooth, such that 7=1(Y) =

7Y U exc(m) has simple normal crossing support.

Theorem 2.11. [17, Main Theorem II] For any smooth variety X and

closed subscheme Y C X, there exists a log resolution of Y.



3 Complex Spaces

Definition 3.1. A locally ringed space (X, Ox) is called a C-space if all the
rings in the sheaf are C-algebras, and Ox ,/mx , = C, as C-algebras, for all
zeX.

Let U C C™ be open, and fi,..., fr : U — C holomorphic functions. Let

X=V(fi,.... fe) ={z € U| filx) = = fr(x) = 0}.

Define a sheaf of rings on X by

Ox = ﬁU/(flavfkﬂX

The ringed space (X, Ox) is a C-space, called a local model space.

Definition 3.2. A complex analytic space, or complex space, is a C-space
(X, Ox) locally isomorphic to a local model space, where the underlying

topological space X is assumed to be Hausdorff.

Let (X, Ox), (Y, Oy) be ringed spaces, and ¢ : X — Y a continuous
map of the underlying topological spaces. Then for V C Y open, we define
a presheaf ¢,0x on Y (indeed a sheaf) by

¢ Ox(V) = 0(¢71(V)).

Definition 3.3. Let (X, 0x), (Y, Oy) be complex spaces. A holomorphic
map ¢ : X — Y is a morphism of locally ringed spaces, i.e. a pair (¢, ),
where ¢ : X — Y is a continuous map of the underlying topological spaces,

and ¢ : Oy — ¢.Ox is a morphism of sheaves of C-algebras.

Definition 3.4. Let S be a complex space. A complex space over S is a

pair (X, ¢), where X is a complex space and ¢ : X — S is holomorphic.

If (X, ¢) and (Y, ¢’) are complex spaces over S, a morphism ¢ : X =Y

in the category of complex spaces over S is a holomorphic map satisfying
¢ oy =¢.

Example 3.5. Any complex manifold is a complex space, as each point has
a neighbourhood isomorphic to the trivial local model, defined by the zero

ideal.
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Example 3.6. Any scheme of finite type over C has an associated complex
space with the same set of closed points, formed by considering the gener-
ating polynomials as holomorphic functions. The topology of the complex
space is the Hausdorff topology generated by the Euclidean topology on
the charts; it is a refinement of the Zariski topology on the scheme. The

structure sheaf is also extended to include all holomorphic functions.

Remark 3.7. We can define normal crossings space (and all the associated
definitions) for complex spaces in the same way as for schemes. Resolution

of singularities also holds in this category (see [17, Main Theorem IIJ).
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4 Coherent Sheaves

Let (X, Ox) be a ringed space. We may assume that it is a locally ringed
space, that is, all the stalks Ox , are local rings. Let F be a sheaf of O'x-

modules.

Definition 4.1. The sheaf F is locally free if for every point x € X there
is an open neighbourhood U > x and a set Z such that

Fluv =P oxlu.
1€L
Remark 4.2. If 7 is finite, its cardinality is constant on connected compo-
nents of X, and is called the rank of the sheaf.

Definition 4.3. The sheaf F is finitely generated if for every point x €
X there is an open neighbourhood U > x such that there is a surjective
morphism 0%y — Flu.

F is coherent if it is finitely generated, and for every open U C X and
every p € N, every homomorphism &% |y — F|y has a finitely generated

kernel.

We now assume that X is either a scheme of finite type over C or a
complex space. In this case, the structure sheaf x is a coherent sheaf
of modules over itself. (For the analytic case, this comes from the Oka
coherence theorem. For the case of locally Noetherian schemes, see [30, Tag

01XZ]). In this setting, locally free sheaves of finite rank are coherent.

Proposition 4.4. Let (X, Ox) be a scheme over C or complex space which
is reduced, and let F be a coherent sheaf of Ox-modules. Then F is locally

free outside an analytic subset of X.

Proof: Let x € X. We define the rank of F at x by
rank F, = dimy ) (Fz ®@oy, k(T)),

where k() is the residue field of &'x ;. This is upper semicontinuous (see [14},
Example 12.7.2] for the scheme case; the same argument, using Nakayama’s
lemma, holds in general), and so there exists an open set U C X where it
is constant. Then F|y is a coherent sheaf of constant rank, so it is locally
free. O
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Remark 4.5. The analytic subset is called the singular locus of the sheaf
F, denoted Sing F.

Definition 4.6. Let (X, 0x) be a ringed space, and F a sheaf of Ox-
modules. F is torsion-free if for all z € X, F, is a torsion-free Ox ,-module.
If £ is a subsheaf of F, it is called saturated if the quotient sheaf F /€ is

torsion-free.

Definition 4.7. Let (X, Ox) be a ringed space, and F a sheaf of Ox-
modules. We define the torsion subsheaf Tor(F) C F to be the sheaf gen-

erated by the torsion elements.

Definition 4.8. Let (X, 0x) be a ringed space, and F a sheaf of Ox-
modules. The dual of F is the sheaf F* = 0w, (F, Ox).

Proposition 4.9. [25, Corollary 92] Let (X, Ox) be a ringed space, and F
a sheaf of Ox-modules. For any v € X, (F*)y = (Fz)*.

As with modules over a ring, there is a canonical morphism F — F**.

Definition 4.10. A sheaf of &x-modules F is reflexive if the canonical

morphism F — F** is an isomorphism.

Example 4.11. All locally free sheaves of finite rank are reflexive. (See [25]

Proposition 74]).

Definition 4.12. Let (X, Ox) be a complex space, and F a sheaf of Ox-
modules.

F is normal if for any open U C X and any analytic subset A C U
of codimension at least 2, the restriction map F(U) — F(U \ A) is an

isomorphism.

Lemma 4.13. [27, Lemma 11.1.1.16] Let F be a reflexive sheaf, and & C F

a saturated subsheaf. Then & is normal.

Proposition 4.14. Let (X,0x) be a ringed space. Then the functorial
mapping F +— F., where F a sheaf of Ox-modules, is exact.

Proof:  See [30), Tag 01AG]. O

Corollary 4.15. Let (X,0x) be a ringed space, and F a sheaf of Ox-
modules. Let & C F be a subsheaf, and let x € X. Then (F/&)y = Fu/Ey.
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Proof: The sequence
08 —>F—>F/&—0
is exact, and hence by Proposition [£.14] the sequence
0—=8 = Fp— (F/E)r—0

is exact. The result follows. O

Corollary 4.16. Let F be a coherent sheaf of Ox-modules. Then for each
x € X, Fy 1s a finitely generated Ox ,-module.

Proof: Fix x € X. As F is coherent, it is finitely generated, and so there

is an open neighbourhood U > z and an exact sequence
o}lv — Flu — 0.

By Proposition there is an exact sequence of stalks
Xz — Fr— 0.

It follows that F, is finitely generated. O
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5 Formal Schemes

We now introduce formal schemes. In the literature, several different classes
of objects go by this name. The first, which we call classical formal schemes,
were introduced by Grothendieck in [I3]. This is the most commonly used
case in the literature, but is quite restrictive. We therefore take as our
definition of formal scheme that introduced by Yasuda in [32]; this is suffi-
ciently general, and indeed includes most other cases of formal schemes as
subcategories.

We start by introducing these formal schemes, following Yasuda’s pa-
per. We then introduce formal schemes as defined via the functor of points,
classical formal schemes, and McQuillan formal schemes (a generalisation of
classical formal schemes introduced by McQuillan in [23]), and look at the

relations between these categories.

5.1 Formal Schemes via Prorings

Definition 5.1. Let X be a topological space. We say that X is quasi-
separated if the intersection of any two quasi-compact open subsets is quasi-
compact.

We say that X is gsqc if it is quasi-separated and quasi-compact.

A g¢sqc basis is a basis of open subsets, all of which are gsqc.

Any scheme has a gsqc basis. An affine scheme, or any Noetherian

topological space, is gsqc.

Definition 5.2. An admissible system of schemes is a directed inductive
system (X))aea of schemes such that every morphism X, — X, is a bijective

closed immersion.

Definition 5.3. A proring R = (R))xea is admissible if every morphism
R\ — R, is surjective, and induces an isomorphism (R))red — (R )red-
Equivalently, R is admissible if (Spec(R)))aea is an admissible system

of schemes.

An admissible proring R has an associated reduced ring Rieq = (R )red,
for any A € A.

Definition 5.4. A locally admissibly proringed space is a pair (X, Ox),

where X is a topological space with a gsqc basis 28, Ox is a sheaf of prorings
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such that Ox(U) is admissible for all U € 9B, and for each z € X the stalk
Ox is the sheaf of rings defined on B by U — (Ox (U))req,

is a local ring.

where Ox

red,T? red

Definition 5.5. Let R = (R))) be an admissible proring. We define the
formal spectrum of R to be the locally admissibly proringed space Spf(R),
which as a topological space is equal to Spec(Ryeq) = Spec(R)), for all A,

and whose structure sheaf is

where the limit is taken in the category of sheaves of prorings.

Definition 5.6. A formal scheme is a locally admissibly proringed space
locally isomorphic to the formal spectrum of an admissible proring.

A formal scheme which is isomorphic to a formal spectrum is called

affine.

Example 5.7. Any ring R can be viewed as a proring, in which case it will
be admissible, with Spf(R) = Spec(R). Thus any scheme can be viewed as

a formal scheme.

Remark 5.8. To distinguish from strict formal schemes (i.e. formal schemes

which are not schemes), schemes are sometimes called ordinary schemes.

Proposition 5.9. [32, Corollary 2.14] The category of affine formal schemes

s equivalent to the dual category of the category of admissible prorings.

An affine formal scheme X corresponds to an admissible system of affine
schemes (X))aea. As such, we can view X as the limit X = liquA. A
general formal scheme which is gsqc can also be viewed as the limit of an
admissible system of schemes (see [32, Proposition 3.32]). We therefore

sometimes write formal schemes in this limit notation.

Definition 5.10. Let X = liﬂX,\ be an affine formal scheme. X is count-
ably indexed if the indexing set A can be taken to be countable (say A = N).
If X is a general formal scheme, we say it is locally countably indexed if

it admits a cover by countably indexed affine formal schemes.

Remark 5.11. In [32], the term gentle is used in place of locally countably

indexed.
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Definition 5.12. An admissibile proring R = (R)), is called pro-Noetherian
if every R) is Noetherian.

A formal scheme X is called locally ind-Noetherian if every x € X admits
an affine neighbourhood Spf(R) C X, where R is pro-Noetherian.

Definition 5.13. Let X = liﬂX,\ and Y = liﬂYu be formal schemes. We
say that X C Y if for all A € A there exists u € M such that X, C Y.

Remark 5.14. Note that this is a more general notion than that of a formal
subscheme in [32], as we do not take into account the topologies on the formal

schemes.

Proposition 5.15. Let (X, )aca be an inductive system of formal schemes,
all of which have the same underlying topological space. Then the direct limit

li%mXa exists as a formal scheme.

Proof: We focus on the affine case. Then by duality we have a projective
system ((Rx)xeA,)aca of admissible prorings, with surjective morphisms
between them. The projective limit R of this system exists as a proring; it
remains to show that this is admissible. Now every ring R, that appears in
the system has the same reduction. Every admissible proring is epi, so by
[32] Lemma 1.17] all the morphisms Ry — R,, representing the morphisms
in the projective system are epimorphisms, and so induce isomorphims on
the reduced rings. So R is admissible, as required.

The general case can be proved by gluing affine formal schemes. O

5.2 Formal Schemes via the Functor of Points

We denote by F the category of contravariant functors from schemes to sets.
We have as full subcategories Fz,,., the category of Zariski sheaves, and F,
the category of étale sheaves.

For every formal scheme X, there is an associated contravariant functor
Fx € F, defined by Fx(Y) = Hom(Y, X), where the morphisms are of

formal schemes.

Theorem 5.16. [32, Theorem 4.3] The functorial mapping X — Fx on
formal schemes is fully faithful.

If we write X = ligX \, then Fx is isomorphic to the inductive limit of
the F'x, in Fz,, or Fg. Thus our notion of formal scheme corresponds to
that used in [I, Section 7.11].
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5.3 Formal Schemes via Complete Rings

Definition 5.17. A locally topologically ringed space is a pair (X, Ox),
where X is a topological space, and Ox is a sheaf of topological rings whose

stalks Ox ;, are local rings.

Definition 5.18. Let R be topological ring which is linearly topologised,
complete and separated.

R is admissible if there exists an open ideal I C R such that every
neighbourhood of 0 contains I" for some n € N. Such an ideal is called an
ideal of definition.

R is weakly admissible if there exists an open ideal I C R such that
limy, o f* = 0, for all f € I. Such an ideal is called a weak ideal of
definition.

Remark 5.19. The collection of all (weak) ideals of definition forms a

fundamental system of neighbourhoods of 0.

Remark 5.20. Any ring with the discrete topology is admissible, with the
zero ideal being an ideal of definition.
Any ideal of definition is a weak ideal of definition. So any admissible

ring is weakly admissible.

Lemma 5.21. Let R be a (weakly) admissible ring, and let (Ix)xen be the
collection of all (weak) ideals of definition. Then for every X\ € A, the image
of the morphism Spec(R/I\) — Spec(R) is the set of open prime ideals of
R.

Proof: As R is complete, we have R = 1£1R/ I, and the topology is the
limit topology of discrete topologies. Thus any prime ideal in the image of
the map Spec(R/I)) — Spec(R) is the pre-image of a prime ideal of R/I)
under the quotient map, and so is open.

Conversely, let p € Spec(R) be an open prime ideal. As an open neigh-
bourhood of 0, it contains some (weak) ideal of definition I,,. Now for any
f € Iy, we have lim,_, f" = 0, and so f" € I, for sufficiently large n.

Hence
IyCc\I,CVp=p.

The result follows. O
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Definition 5.22. Let R be a (weakly) admissible ring, and let (I))xea
be the collection of all (weak) ideals of definition. We define the formal
spectrum of R to be the locally topologically ringed space Spf(R), which as
a topological space comprises the open prime ideals of R with the subspace
topology from Spec(R), or equivalently is equal to Spec(R/I), and has the

structure sheaf

ﬁSpf(R) = 1£1 ﬁspeC(R/IA)'

Definition 5.23. A classical formal scheme is a locally topologically ringed
space X locally isomorphic to the formal spectrum of an admissible ring.
A McQuillan formal scheme is a locally topologically ringed space X
locally isomorphic to the formal spectrum of a weakly admissible ring.
A classical (respectively, McQuillan) formal scheme which is isomorphic

to a formal spectrum is called affine.

Remark 5.24. Any scheme is a classical formal scheme.

Any classical formal scheme is a McQuillan formal scheme.

For any proring R = (R))\, we define R to be the limit R = yLnR)\
in the category of rings, and endow it with the linear topology for which
(Ker(R — Ry)) forms a basis of ideals. Then R is a complete ring.

Conversely, if S is a complete ring with (I,) the collection of open ideals,
then Z2(S) = (S/1,). is an epi proring.

The mappings R — R and S — 2(S) are both functorial, and we have
5(?) = § for any complete ring S.

Definition 5.25. A proring R is called mild if R = £(S) for some complete
ring S.

Proposition 5.26. Any classical or McQuillan formal scheme X corre-

sponds to a unique formal scheme.

Proof: Without loss of generality, we may assume that X is an affine Mc-
Quillan formal scheme. Then X = Spf(S), for a weakly admissible ring
S. Let () be the collection of all ideals of definition. Let R = £(S) =
(S/I))x. Then R is a uniquely determined proring. By construction, each
of the Spec(S/I,) has the same underlying topological space, so it follows

that R is an admissible proring, and so defines an affine formal scheme. [J
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Proposition 5.27. Let X be a locally countably indexed formal scheme.
Then X corresponds to a unique McQuillan formal scheme Y. If X is
further assumed to be locally ind-Noetherian, then Y 1is a classical formal

scheme.

Proof: 'We may assume that X is affine. Then X corresponds to an admis-
sible proring R = (Ry,)nen. As the indexing set is countable, all the natural
maps R — R, are surjective. As R is by definition epi, by [32, Proposition
5.3], R is mild. Hence Risa uniquely determined complete ring.

Set I, = Ker(R — R,). Then the (I,) form a basis of open ideals.
Let x € I,. This corresponds to a sequence (Zp,)men, With z,, € Ry,
fmp(xp) = T, for p > m, and z;, = 0 for k£ < n. So for m > n, we have
Tm € Ker frun. As fin induces an isomorphism on the reduced rings, we
can apply Proposition to see that x,, is nilpotent, for all m > n. Hence
N € Ig, for some K € N and for sufficiently large N. It follows that I,, is
a weak ideal of definition for R, and so R is weakly admissible. It therefore
corresponds to an affine McQuillan formal scheme Y.

If X is locally ind-Noetherian, then in the affine case we have that R is
pro-Noetherian. As R is mild we have R = @(R), applying [32] Proposition

6.6] we see that R is admissible. Hence Y is a classical formal scheme. ]

Example 5.28. Let X be a smooth variety, and Z C X be a closed reduced
subscheme given by the ideal sheaf Z. For n € N, let Z" be the scheme given
by the ideal sheaf Z™. The formal scheme X, = hgrl Z™ is called the formal
completion of X along Z.

The formal completion is a classical formal scheme. In the affine case,
with X = Spec(R) and Z = Spec(R/I), then Xz = Spf(lim R/I™).

Definition 5.29. Let X be a classical (respectively, McQuillan) formal
scheme with affine cover |JSpf(Ry). A closed formal subscheme Z C X
is the classical (respectively, McQuillan) formal scheme with affine cover

USpf(Ra/I.), where the I, are closed ideals forming a coherent sheaf.

Proposition 5.30. Let P be a point in a smooth variety X, and let Z =
lian be a formal scheme with Z, C P"', for alln € N. Then Z is a

closed formal subscheme of Xp.

Proof: 'We choose co-ordinates locally on X so that P = 0. We let R =
Clz1,...,2zy], and denote by m the ideal (z1,...,2,) C R. Then P" =
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Spec(R/m™), and so Xp = Spf(C[[z1, . .., zn]]). We write Z,, = Spec(R/I,),
and A = lim R/I,, so that Z = Spf(A).

Moving into the category of rings, we have the following diagram:

L1,

Ker f3 — R/m* — % R/I

o

Ker f — R/m —2% R/,

! ]

Ker fi — R/m> % R/I,

The surjections correspond to the inclusions of schemes. If ¢ > j, we define
bij = Pii—1 00 Pjy1,5-

If z € Ker f;, then by commutativity f;(¢i;(x)) = 0, for j < 4; hence
¢ij(Ker f;) is an ideal of R/m/*! contained in Ker f;. If k > i > j, then
orj(Ker fi) = ¢ij(oni(Ker fi)) C ¢(Ker f;). So (¢n;(Ker fi))p,1q is a
decreasing sequence of ideals in R/m’*! and therefore stabilises by the Ar-
tinian property. So the sequence (--- — Ker f; — ---) satisfies the Mittag-
Leffler property.

Taking the projective limits of the above diagram, we have, for each

m € N, the diagram

lim Ker f; > Clfy,...,z,]] ——» A

| [~ J>-

Ker fr «— R/m™+ — ™ o p/1.

That the map f is indeed surjective comes from [30, Tag 0598]. We
therefore have that Ker f = @Ker fi, and so Ker f = ﬂ;’il pj_l(Ker fi)s
which is a closed ideal of C[[z1,...,z,]]. The result follows. O

Remark 5.31. We expect that an analogue of this result can be proved
with P replaced by a reduced subscheme of arbitrary dimension. However,

the given proof does not generalise to this case.

Example 5.32. We use the notation of Proposition Let g1,...,9, €
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Cl[z1,...,zn]]. Let I, = m" T+ (g7, ..., g"), where the superscripts denote
truncation to order n. Then Ker f,, = (g7, ..., g")/m" L.

Let G € Ker f. Then G" € Ker fy, so G" = hi, g1 + -+ k9" =
(hingi+- - +hrnge)", for some h;,, € Cllz1,...,2,]]. As (G")™ =G™,m <
n, we can assume that b}, = k. and hence that the h; are independent

of n. So Kerf C (g1,...,9r). The other inclusion is trivial, so we have
Z = ligSpec(R/In) = Spf(Cl[x1,. .-, zn]]/(91,- -, 9r))-

Remark 5.33. Thus for formal power series g1,..., g, € C[[z1,...,2,]] we

can define the formal scheme

V(gla cee 797“) = Spf(@[[l’b sy :En“/(glv s 797‘))7

which is a closed formal subscheme, and has the expected kernel when
we move to complete rings. Furthermore, any closed formal subscheme of

Spf(C[[z1, ..., xy]]) is isomorphic to a formal scheme of this form.

Definition 5.34. A classical (respectively, McQuillan) formal scheme is
called (quasi-) excellent if it admits an open affine cover by formal spectra

of (quasi-) excellent rings.

Remark 5.35. We can similarly define (quasi-) excellent schemes. However,
all schemes of finite type over a field are excellent (see Example |1.30)), so

this property is superfluous in our setting.

As with schemes and complex spaces, we can define normal crossings

divisors of formal schemes. We have the following:

Theorem 5.36. [31, Theorem 1.1.9, Theorem 1.1.13]

Let X be a quasi-compact, quasi-excellent classical formal scheme, and
Z C X a closed formal subscheme. Then there is a sequence of blow-ups
f: X' = X with X' smooth, such that f~1(Z) has simple normal crossings
support.

Remark 5.37. In this setting, we say that Z has a desingularisation.
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6 Jet Spaces

We present two ways of looking at the jets of a space: firstly the algebraic
setting, where, following [11], we define the jet scheme and the arc scheme,
and secondly the analytic setting, where we view jets as equivalence classes
of holomorphic maps. We then show their equivalence in terms of closed
points. Following this, we define the jet space of a formal scheme, and then
give a third way of construting the jet space, which has some advantages in

calculations.

6.1 Algebraic Jets

Definition 6.1. Let X be a scheme of finite type over C, and m € Ny. The
scheme of m-jets of X is the scheme .J,,,(X) which, if it exists, satisfies for

every C-algebra A the functorial relation
Hom(Spec(A), Jo, (X)) = Hom(Spec(A[t]/(t™1)), X).

If m > p, and J,,(X) and J,(X) both exist, the truncation morphism
Alt]/ (™) — A[t]/(#P+!) induces a map

Hom(Spec(A[t]/(#™ 1)), X) — Hom(Spec(A[t]/(tpH)), X),

and thence a (canonical) projection 7, @ Jn(X) — Jp(X). Where the
maps are defined, we have m, , 0 Ty m = 7y p.
Jo(X) = X, and so we have projections m,, = mp0 : Jm(X) — X.
J1(X) is canonically isomorphic to the tangent bundle 7'X.

Lemma 6.2. IfU C X is an open set, and J,,(X) exists, then J,,(U) exists,
and equals 7, (U).

Proof: For A a C-algebra, let 14 : Spec(A) — Spec(A[t]/(#™1)) be induced
by the truncation map. If a morphism f : Spec(A[t]/(t™"1)) — X factors
through U, then f o4 does; conversely, we can cover a general open set
with affine open subsets, and so assume U = Spec(R). If f o4 factors
through U, we have a ring homomorphism R — A and so a homomorphism
R — A[t]/(t™1); hence f factors through U. The result follows from the
definition of the jet scheme. O
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Proposition 6.3. For every scheme X of finite type over C, and every
m € No, Jn(X) exists, is a scheme of finite type over C, and is unique up

to a canonical isomorphism.

Proof: Suppose that X is affine: We can then present it in the form
X = V({) c A", where I = (f1,...,fr). Now for a C-algebra A, a
morphism Spec(A[t]/(t™!)) — X corresponds to a ring homomorphism
¢ : Clwy,...,x,]/I — A[t]/(#™"1). This map is determined by setting
u; = ¢(x;) = Z;'n:o aijt’ such that fi(ui,...,u,) = 0 for each I. Equat-
ing co-efficients, this gives a system of polynomial constraints g;, on the

a;;, depending on the f;; we can then define
Jm(X) = V(gl,p ‘ 1<I<r,0<p< m) C A(m+1)n.

Now suppose X is arbitrary (of finite type), with open affine cover
X =U;U---UU,. For each i, the jet scheme J,,(U;) exists, and we have
the projection 7, : J,,(U;) — U;. Now by Lemma for each ¢ and j,
(7)Y U; N U;) and (7)1 (U; N Uj) both give the jet scheme J,,,(U; N U;),
and so are canonically isomorphic. We can then construct .J,,(X) by gluing
the jet schemes of the affine charts along these isomorphims; the projections
also glue to give the projection 7, : J(X) — X.

Showing that J,,(X) has the required properties is then straightforward;

uniqueness comes from the universal property. O

Definition 6.4. Let X be a scheme, m € Ny and z € X. The scheme of m-
jets of X above z is the fibre of J,,,(X) above z, denoted J,,,(X, z). Suppose
x lies in an affine open subset U = Spec(A), where A = Clz1,...,zy,]/I. It
then corresponds to a maximal ideal m, C A, where by the Nullstellensatz,
m, = (r1—ay,..., T, —a,). We can identify J,, (X, z) with J,,,(Spec(4), x),
this latter defined by morphisms A — C[t]/(#™T),z; — > a;;t/, setting

;0 = Q5.

Definition 6.5. Let X be a scheme of finite type over C, and m € Ny. The

m-jets of X are the closed points of the scheme of m-jets
Jm(X)(€) = Hom(Spec(C[t]/(t™ ), X).

Remark 6.6. By abuse of notation, we sometimes write .J,,,(X) for J,,,(X)(C).
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Let X C A" be an affine scheme. Then J,,,(X) C J,,,(A") = A(m+Dn,
We have a system of algebraic co-ordinates (a;; | 1 <i<n,0<j <m)on
the jet space, as in the proof of Proposition [6.3

If n = 2, we write a; for aj; and b; for ag;.

Example 6.7. Let C = V(zy) C A2. The jet spaces J,,,(C,0) are the union

of the co-ordinate hyperplanes

ap=ay=-=ap-1=0,a1 =" =ap2=>0 =0,

coap=by = =bypo=0by = =by_1=0.

Indeed, as in the proof of Proposition we set x = > a;t’,y = > bit'.
Equating co-efficients so that zy € (#™'!), we have Jo(C,0) = V(aiby).
Also, we have J;(C,0) = A2

If the result holds for m, the extra equation to define the (m + 1)-jets,

that is, the co-efficient of ™! in the new co-ordinates, is
(m+ 1)(a1by, + agbm—1 + -+ - + am—1b2 + amby).

Each string of equalities kills every summand except bji1am—;,0 < j <
m — 1, and so is appended by either bj;1 = 0 or a,,—; = 0. Replacing m
with m 4+ 1, we see that this gives the equations of the next jet space, so the

result follows by induction.

Remark 6.8. The mapping X — J,,(X) is functorial: For any morphism
f:X =Y, and any m € N, there is an induced morphism f,,, : J,,(X) —
I (Y) given by 7 — for.

If p < m, the diagram

commutes.

Taking X to be a closed subscheme of Y, and f the inclusion map, we
see that J,,(X) C J(Y).



Proposition 6.9. Let (Y;);cz be closed subschemes of a scheme X of finite
type over C. Then Jn((N;ez Yi) = Niez Im(Yi) for each m.

Proof: First note that, for each i € Z, [);c7Y; is a closed subscheme of
Y;. Applying J,, to the inclusion map we get an inclusion Jy,((;cz Yi) —
Jm(Y:). So we have Jy, (e Yi) C Niez Im(Yi)-

Conversely, consider a point 7 € [\;cz Jm(Yi). For each i € Z, 7 €
Jm(Y;), and so it corresponds to a morphism Spec(C[t]/(t™1)) — ;. We
then see that 7 corresponds to a single morphism Spec(C[t]/(t™+1)) —
Nicz Yi, and therefore z € Jp((;e7 Yi)- O

Definition 6.10. Let X be a scheme of finite type over C. The scheme of
arcs of X is the projective limit Joo(X) = lim J;, (X) of the jet spaces.

As the truncation morphisms 7, : Jn(X) — J,(X) are all affine,
Joo(X) exists as a scheme over C, though not in general of finite type. It
comes with canonical projection morphisms py, : Joo(X) — Jp(X) for each

m € Ny.

Lemma 6.11. If X is a smooth scheme, the projections pp, : Joo(X) —

Im(X) are all surjective.

Proof: 1f X = A", then J,,,(X) = A7 and the jet truncations Tm,p ale
co-ordinate projections, hence are all surjective. A general smooth scheme is
locally isomorphic to A™, so again the jet truncation maps are all surjective.
Joo(X) is then the limit of a projective system with surjective morphisms,

so the canonical maps p,, are surjective. O
Definition 6.12. Lat X be a scheme of finite type over C. The arcs of X
are the closed point of the scheme of arcs

Joo(X)(C) = Hom(Spec(C[[t]}), X).

Remark 6.13. For any morphism f : X — Y of schemes of finite type,
there is an induced morphism fo : Joo(X) = Joo(Y).
If m € Ny, the diagram



commutes.

Definition 6.14. A subset D C Jo(X) is called thin if D C Jo(Y'), where

Y C X is a closed subset not containing any irreducible component of X.

Definition 6.15. A subset Y of a topological space X is constructible if it
is the finite union of subsets which are locally closed, that is, they are the

intersection of an open subset and a closed subset.

Definition 6.16. A subset C' C J(X) is called a cylinder if it is of the form
C = p,;;1(S), for some m € Ny and some constructible subset S C Jp,(X).

Lemma 6.17. [11, Lemma 5.1] If C C J(X) is a cylinder, then C is thin

if and only if it is contained in Joo(Xging)-

Proposition 6.18. Let f : X — Y be a proper birational morphism of
smooth wvarieties. Then for each m € N, the induced morphism fp, :
In(X) = Jn(Y) is surjective.

Proof: Let Z C Y be the smallest closed subset such that f|x\f-1(z) :
X\ f1(Z) = Y\ Z is an isomorphism. Let 7 € J,,,(Y). As Y is smooth, the
fibre p;,1(7) C Joo(Y) is non-empty; it is a cylinder, and so by Lemma
is not thin. In particular, p,)}(7) ¢ Joo(Z). We can then choose an arc
v € Joo(Y) \ Joo(Z) such that pp,(y) = 7.

By [11}, Proposition 3.2], fo induces a bijection

Joo(X)\ Joo(fTH(2)) = oo (V) \ J(2),

so we have an arc 7' € Jo(X) such that foo(7') = . By commutativity, we

have
7= pi(fo (V) = (o (¥)),

and the result follows. O

Remark 6.19. This is not true in general. Consider the map f : Al —
AY x — 23. The induced morphism f; : Ji(A!) — Ji(Al) is given by
(ag,a1) ~ (a3, 3akay), which is not surjective, as on the fibre above 0 it is

constantly zero.

Proposition 6.20 (Change of Variables). Let W C X be a closed sub-
scheme, and m : X' — X a morphism of schemes. For each m € N,
T (11 (W) = 73! (T (W)).
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Proof: Let 7 € Ju(m~'(W)).  This corresponds to a morphism
Spec(C[t]/ (™)) — X’ with image in 7=1(W). Hence 7 o7 € J,,(W),
so 7 € m (I (W)).

Conversely, let 7 € 7.1 (Jn(W)). Then woT € J,,(W), so corresponds to
a morphism Spec(CJt]/(t™)) — X with image in W. Hence 7 corresponds
to a morphism with image in 7=1(W), and so 7 € J,,,(x~1(W)). O

Keeping the notation of the proposition, we have the following corollaries:
Corollary 6.21. 7, (Jp, (W) C Jp(m(W)), with equality if mp, is surjective.

Corollary 6.22. 7, (J;(W)|c) = Jo(n= (W))|z=1(cy, where C C W is a

closed subscheme.

6.2 Analytic Jets

Let X be a complex space, and x € X. The space of analytic m-jets of X
above z, J¥'(X,z), can then be defined as the set of germs of holomorphic
maps f : (C,0) — (X, z) modulo the equivalence relation f ~ g if f((0) =
g (0) for all 0 < i < m. We define J*™(X) = |, x J2 (X, z).

rzeX Ym

Proposition 6.23 (Jet GAGA). Suppose X is a scheme of finite type over
C. Then J,(X)(C) = J2(X).

Proof: Let f € J¥(X). As f is a germ, we can assume its image lies in an
open affine set of X, which has local co-ordinates x1, . .., z,. The equivalence
relation on the germs means we can define the jet by assigning to each
co-ordinate z; an element of C[t]/(t™*1), and these truncated polynomials
must satisfy the defining equations of the affine chart. Thus the vector of
co-efficients of these polynomials lies in .J,,,(X)(C).

Conversely an element of .J,,(X)(C) corresponds to a ring homomor-
phism ¢ : Clxy,...,7,)/I — C[t]/(#™*), with each z; mapped to a trun-
cated polynomial of order m. It can thus be presented as a representative of
the equivalence class of germs of holomorphic maps that define the analytic
jets. O

6.3 Jets of Formal Schemes

Proposition 6.24. Let X = @XA be a formal scheme. Then for each
meNand x € X, Jn(X,2) = Uyep Im(Xn, ).
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Proof: As each X is a subscheme of X, we clearly have the union |, J, (X, z) C
I (X, x).

Conversely, let 7 : Spec(C[t]/(#™*1)) — X be an m-jet. We may assume
that 7 factors through an affine subset U C X, where U = Spf((R))). By du-
ality, 7 then corresponds to an element of lim | Hom(Ry, C[t]/(t™+1)), which
in turn corresponds to a a collection of morphisms Spec(C[t]/(t™!)) —
Spec(Ry). As Jn(Spec(Ry)) = Jm(X)|v, the result follows.

Now suppose X = ligYM is another presentation, and let 7 € J,, (X, x).
Then 7 maps into one of the X,: that is, 7 € J,,,(X},). It follows that the

jets of X are independent of the limit presentation. O

Corollary 6.25. Let X = @X)\ be a direct limit of formal schemes. Then
for each m € N and v € X, Jn (X, 2) = Uycp Jm(Xn, 2).

The algebraic and analytic constructions of the jet space can also be
applied to complex spaces and formal schemes defined by formal power se-
ries, so we have full generalisation. (As such, we will now only consider the
algebraic setting.) In particular, the change of variables formula still holds

in these cases.

Proposition 6.26. Let X be a complex space (not necessarily algebraic),
and let x € X. Then for each m € N, the fibre of the jet space J,(X,x) is

an affine scheme.

Proof: By applying a linear shift of co-ordinates, we may assume x = 0;
this induces an affine isomorphism on the jet fibres by Proposition [6.20]
Suppose that, in these shifted co-ordinates, X is locally given as X =
V(gi,---,9%),9i € Cllx1,...,zy]]. Then

Im(V(g1,-- -, 9x),0) = Jm(V(91", - -, 9i"), 0),

where g/ denotes the truncation to degree m. These spaces are affine

schemes. O

Example 6.27. Let X be a smooth variety, Z C X a closed subscheme,
and z € Z. Consider the formal completion Xz along Z. Then J,, (X 7,2) =
I (X, 2).

Indeed, X is the formal direct limit of the schemes Z*, so by Propo-
sition In(Xz,2) = Usen Im(Z%, 2). As Z' has degree > i, its jets of

lower orders are the full affine space, equal to J,,, (X, 2).
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Lemma 6.28. Let X be a smooth variety, and let Y1,Ys be two formal
subschemes of X with the same underlying topological space. Suppose that
I (Y1) C Jn(Y2), for allm € N. Then Yy C Ys.

Proof: Let X be the truncation map J,,(X) — X. Then 7X|y, = w5 :

Jn(Y:) = Yi. We have X (J;(Y1)) C 7% (Jm(Y2)), and so, as Y7 and Yz have
the same underlying topological space, we have 711 (J,,(Y1)) C m72(J,,(Y2)).
This holds for all m € N, so Y7 C Ys. O

Theorem 6.29. Let X = hngA be a formal scheme such that for each
A€ A, (X))rea = {P} C Y, where Y is a smooth variety. Then X is
countably indexed, is a quasi-excellent classical formal scheme, and is a

closed formal subscheme of Y{p}. In particular X has a desingularisation.

Proof: 'We choose co-ordinates such that P = 0. Let

X\ = SpeC(C[iEl, . 7$n]/(g)\,la e 79)\,@))'

By Proposition In(Xy) = Jm(V(ggfl, ... ,gg\’fkk)), where the super-
script denotes truncation to order m.

The ideals Iy corresponding to the X form a descending chain; quotient-
ing each by m™*!1 where m denotes the ideal (x1,...,2,) C Clz1,..., 7],
gives a descending chain that stabilises, and which yields the same jets.
So, for all m € N, there exists A, € A such that J,,(X,) = Jn(X),,),
for all 4 > A,,. Therefore for all m € N, there exists k,, € A such that
Je(X) = Jp(Xp,,), for all k& < m.

We define S,,,(X) to be the smallest scheme supported at P such that
Je(X) C Jp(Sm(X)) for all k < m. We define /(X)) = lim Sy, (X). From
these definitions, we have S,,(X) C X}, for all m, and hence . (X) C X.
Therefore Jp, (7 (X)) C Jmn(X), for all m. The other inclusion holds by
definition, so we have equality. It follows from Lemmal6.28|that . (X) = X,
and so X is countably indexed.

That X is a classical formal scheme follows from Proposition For
each m € N, S,,(X) € P™! and so X satisfies the conditions of Propo-
sition m So X is a closed formal subscheme of Y{ py; by the proof of
Proposition [5.30] X is the formal spectrum of a quotient of a power series

ring, and so is excellent. O
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Corollary 6.30. The result of Proposition also holds if X is a formal

scheme.

Proof: Take an affine open neighbourhood U 3 x. We can write U as
U= hﬂ Zy, where the Z are affine schemes all with the same support, and
so we can embed U as a formal subscheme of some smooth affine variety Y.
By Theorem Uun Y{m} is a closed formal subscheme of Y{m}, and so is
isomorphic to V(g1,...,gr), for some g; € C[[z1,...,xy]]

By the same argument as in Proposition [6.26]

Im(V(g1, -, 9x),0) = Jm(V(g1", - -, 95"), 0),

where g;" denotes the truncation to degree m. We then have, using an

appropriate change of co-ordinates,
In(X,2) = I (U, 2) = Jon (U N Y0y, 2) =2 Jn(V(g1, - ... gk), 0),

which is an affine scheme. O

Proposition 6.31. Let f : X — Y be a (formal) isomorphism of com-
plex spaces. Then the induced isomorphisms Jp,(X,x) — Jn (Y, f(x)) are

algebraic.

Proof: 'We choose appropriate co-ordinates such that f(0) = 0. Then the
induced map filo : Jm(X,0) = Jpn(Y,0) is the same as that induced by the
truncation f"*, and so is algebraic.

As all the jet fibres are algebraic, we can apply this construction at every

point, and hence get the result. ]

6.4 Jets by Formal Derivatives

We can construct the jet space a third way, compatible with the algebraic
and analytic constructions:
Let W C Spec(Clz1,...,x,]) be an affine algebraic set defined by poly-

nomials fi,..., fr. We have J,,(W) C A+ denote the co-ordinates of

() 0 _ z;. We can

() ¢ LU+

% 7

this affine space by x”',1 < i < n,0 < j < m, where x

then define a derivation D on the space, sending x , and setting

$Z(m+1) =0.
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Jm (W) is then defined by fi, fi,..., fém), 1 < k < r, where the formal
derivative is with respect to the derivation D. We sometimes write D7 f;,
for f,g] ). We obtain the definition of the jet scheme given in Section by
()

= Q5.

setting x;
Suppose we have a morphism of schemes 7 : X’ — X, and a subscheme
W =V(fi,...,fr) C X. For each m € N, there is an induced map m, :
In(X') = Jmn(X). How 7™ pulls back D7z; is induced from how it pulls
back z;.
Using this contruction of the jet space, 7' (J(W)) = 7,1 (V(D’ £;)),
and Jp, (7 ~Y(W)) = V(D’(7* f;). By the chain rule, these two sets are equal,

and we reprove the change of variables formula.
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7 Linear Spaces on Manifolds

Let X be a complex manifold. There is a one-to-one correspondence between
rank r vector bundles on X and locally free sheaves of rank r on X: If

m: I — X is a vector bundle, then its sheaf of sections &, given by
EU)={0:U — E|moo =idy, o holomorphic}.

is locally free; conversely any locally free sheaf is the sheaf of sections of
some vector bundle.

We now seek to generalise this equivalence.

Throughout the sequel, let S be a complex space.

If ag, ue are the addition and multiplication maps on C, R = § x C

becomes a ring under the operations idg Xag,ids Xuc on R xg R.

Definition 7.1. A linear space L is a unitary S x C-module, that is, a
complex space over S with operations + : L xg L — L,-: (S x C) xg L =
C x L — L satisfying the module axioms.

Remark 7.2. If S is a complex manifold, then any vector bundle over S is

a linear space.

Definition 7.3. Let (L,+,-), (L', +’,") be linear spaces over S. A homo-

morphism of linear spaces is a holomorphic map £ : L — L’ such that the

diagrams
LxgL 2558 [/ xg I/ CxL- Y exr
[
L ———— [ L —> 1/
commute.

Proposition 7.4. Let L be a linear space over S, with given mapp: L — S;

let (T,&) be a complex space over S. Then L xg T is a linear space over T.

Proof: L xg T exists and is a complex space ([I2, Prop 0.28]); projecting
onto the second co-ordinate gives a complex space over T'. To endow the

space with module structure, we need operations
(LxsgT)xp(LxsT)=LxgLxgT—LxgT;
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(TxC)xp(LxsgT)=LxCxT — LxgT,;

it is clear then that the linear operations on L carry over to L x gT', making

it into a linear space. O

Corollary 7.5. The fibres Ls of L are vector spaces over C; homomorphisms

induce maps & : Ls — LI, which are linear maps.

Proof: Let T be the singleton subset {s} of S, with £ the inclusion. Then
T is a complex space over S. The fibre Ly is then the space L xg T, a linear
space over 1. By definition we can only add up elements of a linear space
if they are in the same fibre; as Ls has only fibre, any two elements can
be added (and any can be multiplied by complex scalars), so L is a vector
space. As linear space homomorphisms commute with addition and scalar

multiplication, the pullbacks to the fibres will be linear. O

Definition 7.6. Let L, L’ be two linear spaces over S, with given maps
p: L — Sandp : L' — S respectively. Let U C S be open. We define
Ly = p7'(U) and L}, = p'"}(U). We can then define s g(L,L')(U) =
Homy (Lyr, LY, ), the set of homomorphisms; this gives a sheaf of @s-modules

on S.

Theorem 7.7 (Duality Theorem). Let L be a linear space over a complex
space S. The sheaf of linear forms on L, Ls(L) = Hemg(L,S x C), is
a coherent sheaf of Og-modules. The functor L from the category of lin-
ear spaces over S to the category of coherent sheaves of Og-modules is an

antiequivalence.

Proof: The outline of the proof is given in [I2, Theorem 1.6]. See the

references there for the full details. O

As a result of the antiequivalence, kernels and cokernels exist in the

category of linear spaces over S, and are unique up to isomorphism.

Proposition 7.8. Let £ : L — L' be a morphism of linear spaces over S.
Then Ker¢ = {x € L | {(z) = 0}.

Proof: The set described is the equaliser of £ and the zero map L — L/,
which exists as a complex subspace of L by [12, Prop 0.33]. Linearity of &
implies that it is a linear subspace, and thus is a kernel in the category of

linear spaces. ]
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Now let F be a coherent sheaf of 0g-modules. Then we have an exact
sequence
on on - F 0.

The transpose of 17 defines a homomorphism
E:SxC"— S xC™.

We define V(F) = Ker {&—this is the linear space corresponding to the co-
herent sheaf F under the antiequivalence. We have the following canonical

isomorphisms:

I

F = L(V(F)),
L=V(L(L))

Hom o5 (F, F') = Homs(V(F'), V(F)),

Hems(L,L') = Ao gy (L(L'), L(L)).

If ¢ : L — L' is a morphism of linear spaces over S, and n : L(L") — L(L)
is the associated map of sheaves, then Ker{ = V(Cokern), and Coker{ =
V(Kern).

Example 7.9. Let X be a complex manifold, let £ be a vector bundle of
finite rank over X, and let & be the sheaf of sections of E. Then L(FE) = &*.
In particular, if TX is the tangent bundle, then £(TX) = QL, the sheaf

of 1-forms.

Lemma 7.10. Let X be a complex manifold. Then there is a one-to-one

correspondence between linear subspaces of T X and quotient sheaves of Qﬁ(

Proof: Let L C TX be a linear subspace. By the duality theorem, there
is a sheaf of modules £(L) corresponding to L, and a morphism of sheaves
QY — L(L) corresponding to the inclusion L — TX, and given by the
suitable restriction of the linear forms. This morphism is surjective; the
sheaf £(L) is thus isomorphic to the quotient sheaf Q% /¢, where % is the
kernel sheaf of the morphism.

Conversely, any quotient sheaf 2 of Q}( is a coherent analytic sheaf on

M, so corresponds to a linear space V(£Z2) over X; by the isomorphisms
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given in Theorem the quotient map corresponds to an injective homo-
morphism of linear spaces V(2) — V(Q4) = TX. Thus V(2) may be
thought of as a linear subspace of T'X.

The one-to-one correspondence comes from the antiequivalence in the

duality theorem. O

Definition 7.11. Let S be an irreducible complex space. A linear space
L over S is said to be irreducible (as a linear space), if, whenever we write
L=L'"UL", for L', L"” linear spaces over S, then either L = L' or L = L".

Otherwise L is reducible (as a linear space).

Remark 7.12. If L is irreducible as a complex space, then it will be irre-
ducible as a linear space, but the converse is not true in general, as in the

following:

Example 7.13. Consider L = V(zy), which can be viewed as a linear space
over Al. Clearly it is reducible as a complex space. However, as any linear
subspace must contain the y = 0 component, a subspace containing more
than this must be the whole space by linearity. Hence L is irreducible as a

linear space.

Definition 7.14. The support of a linear space L over an irreducible com-
plex space S is the closure of {z € S | L, # 0}, denoted supp L. It is an

analytic subset.

Remark 7.15. We similary define the support of a sheaf. We have supp £(Q)
supp @, and supp V(&) = supp &

Proposition 7.16. Let L be a linear space over S. Then L is reducible as
a linear space if and only if there is a non-zero, non-isomorphic surjective

morphism of linear spaces L — @, such that dimsupp @ < dim S.

Proof: Suppose L is reducible, with decomposition L = |J;c; L;. Now one
of the L; must have lower-dimensional support; if not we can write L as
L=L"UL", where L' and L” both have all of S as their support. Then for
each z € S, Ll = L, or L'/ = L,; the set of x € S satisfying one of these
conditions is an analytic set, so we have the union of two analytic subsets
being the whole of S, and therefore one of them equalling S—so L' = L or

L" = L, a contradiction.
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The canonical map L — L; taken by quotienting out the other compo-
nents satisfies the conditions of the proposition.

Conversely, suppose we have a surjective map ¢ : L — @, with
dimsupp @ < dim S. Let m: Q — S be the projection onto the base space.
Let U = Q\ 7 !(supp Q), the zero section outside the support. U is then the
whole zero section of (). Now as ¢ is continuous, qT(U) C ¢ Y(U) = Kerg;
as ¢ is assumed to be non-zero, the linear closure L’ of qT(U) is then a
proper linear subspace of L.

We define a linear space L” with the same support as @, equal to
¢ (supp Q) above the support. L” is a proper linear subspace of L, and we
have L = L' U L"”. So L is reducible. O

Proposition 7.17. Let (X,0x) be a complex manifold, and let F be a
coherent sheaf of Ox-modules. Then F has torsion if and only if there is a
subsheaf € C F such that dimsupp & < dim X.

Proof:  See discussion following [I8, Definition 1.1.4]. O

Proposition 7.18. Let (X, Ox) be a complex manifold. Then there is a
one-to-one correspondence between torsion-free coherent sheaves on X and

irreducible linear spaces over X with full support.

Proof: Let F be a torsion-free sheaf on X, and let L = V(F) be the
associated linear space under duality. Then supp(L) = supp(F) = X. Let @
be a linear space such that there exists a non-zero non-isomorphic surjection
L — Q. Then £(Q) is a proper subsheaf of F. As F is torsion-free, we have
dim supp £(Q) = dim X; it follows that L is irreducible.

Conversely, let L be an irreducible linear space on X with full support,
and let 7 = L(L) be the associated sheaf. Let & C F be a non-zero proper
subsheaf. Then there is a non-zero non-isomorphic surjection L — V(&).
As L is irreducible, dim supp V(&) = dim X; as F has full support it follows

that it is torsion-free. ]
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8 Foliations

Throughout this section we let X be a complex manifold.

8.1 Foliations by Vector Fields

Definition 8.1. A subsheaf F C Tx is called a foliation if it is saturated
and is integrable, that is, [F,F] C F, where the Lie bracket is defined on

the sections of the sheaf.

Remark 8.2. The condition of being saturated is not preserved under many
operations, for example pullback. Hence we sometimes deal with unsatu-
rated foliations. If F is an unsaturated foliation, we define its saturation
sat(F) to be the smallest saturated sheaf containing it. It is the kernel of
the morphism

Tx — Tx/F — (Tx /F)/ Tor(Tx | F).

Definition 8.3. Let F be a foliation on X. The singular locus of F, denoted
Sing(F), is the singular locus of F as a coherent sheaf, that is, the locus of
points of X around which F is not locally free. It is a complex subspace of

X of codimension at least 2.

Remark 8.4. Let F be a foliation on X, and let A = Sing F. The tangent
sheaf Ty is reflexive, and so the saturation property gives that F is normal
(see Lemma [4.13). As F is saturated, we also have that A has codimension
at least 2, and so for all open U C X, we have F(U) = F(U \ A). So the

global behaviour of F is defined by its behaviour on the smooth locus.

Theorem 8.5 (Frobenius). Let F be a smooth dimension-r foliation on
X (that is, F is locally free of rank r). Thus F corresponds to a rank r
vector subbundle E C TX. Then X can be written as the disjoint union of
connected submanifolds (Ly), where TyLo = Ey, for all x € X, and locally
at each point x € X, there is a system of local holomorphic co-ordinates
T1,...,Tn on an open neighbourhood U > x, such that the components of

UnN L, can be written as

Lr4+1 = Mr415- -+ Tn = MUn,

with the w; constant.
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Definition 8.6. The L, in Frobenius’ theorem are called the leaves of the

foliation.

Definition 8.7. Let X be a vector field on a complex manifold X. An
integral curve of X is a holomorphic map o : U — X, where U C C is an
open domain, such that o/(t) = X(«a(t)), for all t € U.

The subsheaf of Tx defined by a vector field X is clearly integrable, and
so defines a foliation F if it is also saturated. On the smooth locus of F,

the leaves of the foliation are the integral curves of X.

Definition 8.8. Let X be a vector field on a complex manifold X. A flow
of X is a holomorphic function ¢ : U — X, where U C X x C is an open
subset such that for each x € X, UN{z} x C is an open domain containing

0, such that for all z € X, the function ¢(x,_) is an integral curve of X.

8.2 Foliations by 1-forms

Theorem 8.9. Let X be a complex manifold. Then there is a one-to-one
correspondence between torsion free quotient sheaves of the sheaf of 1-forms
Q = Q% and saturated subsheaves of the tangent sheaf T = Tx.

Proof: We prove the statement, equivalent by definition of saturatedness,
that there is a one-to-one correspondence between saturated subsheaves of

T and saturated subsheaves of {2. To this end, we define a map
F : {saturated subsheaves of Q} — {saturated subsheaves of T},

F(X) = (Q/A)"
Let J# be a saturated subsheaf of 2, and 2 the quotient sheaf. Then

we have an exact sequence
02 =05 2-0.

Fix x € X; we now consider the stalks at  and get a sequence of Ox .-
modules,
0— H — Q2 9, 0.

By Proposition this sequence is exact. We also have that 2, is torsion-

free.
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By Lemma the dual g} of the quotient map g, is an injection from

27 into QF, and so we now have another exact sequence:
q*
0—2; = Q, = Q,/2;, —0.

We also have, by Lemma that if 7 € Q, then 7 € 27 if and only
if 7(w) =0, for all w € .

Now let 7 € Q5/2% and f € Ox, \ {0} be such that f7 = 0. Then
0= f7 = fr = fr € 2% Therefore

(fr)(w) = fr(w) =0,Yw € H, = 7(w) = 0,Vw € H,.

So 7 € 2% hence T = 0. So QF /2% = (U*/2%), is torsion-free. As x was
arbitrary, it follows that the sheaf Q*/2* is torsion-free, so 2* is a saturated
subsheaf of Q* = 7. Hence the map F' is well-defined.

Now suppose %, %" are two saturated subsheaves of 2, with quotient
sheaves 2, 2’ and such that F(#) = F(¥") (that is, 2* = 2™). As
A, " are saturated subsheaves of , they are normal, as Q is reflexive
(Lemma . Outside of an analytic set A C X, 2 and 2’ are both
locally free, so reflexive. By the torsion-free property, A has codimension at
least 2. We then have, restricting to X \ A,

D=9 =9 =9"=92=09 =>4 =x"

Now for U C X any open set, this, along with the normality of % and

A, gives us
H(U)=2H(U\A) =" (U\A)=x'U).

So # = %" on all X, hence the map F is injective.

We now define a map
G : {saturated subsheaves of T} — {saturated subsheaves of Q},

G(F)=(T/F)".
By the same argument, G is also well-defined and injective.
Let % be a saturated subsheaf of ), and 2 the quotient sheaf. Fix

a point x € X. 2 is a torsion-free coherent sheaf, and so 2, is a finitely
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generated torsion-free module over an integral domain by Corollary[4.16] and
is therefore torsionless by Proposition We can then apply Lemma|1.41
with M = Q, and N = 2, to see that for w € Q, w € JZ, if and only if
T(w) =0, for all T € 25.

Applying Lemma, with M = 7, and N = (T /2*),, we have that
w e (T/2%)% if and only if 7(w) = 0, for all T € 2%.

As x was arbitrary, we have that % = (T/2*)* = G(F(*')), and so Go
F is the identity map. It follows from set-theoretic arguments that the other
composition is also the identity, so we have the one-to-one correspondence

required. O

We can now redefine a foliation in terms of differential forms: If F C Tx
is a foliation, we can take the kernel of the quotient sheaf of Q& given
by the theorem, and define that also as a foliation. It remains to give an

integrability condition in this case.

Definition 8.10. Let G C Q}( be a saturated subsheaf. On some open
subset U C X, this is generated by 1-forms wq,...,w,, which generate an
ideal in Q(U), the ring of all differential forms. G is said to be integrable if

this ideal is closed under the exterior derivative.

Lemma 8.11. Let G C Qﬁ( be a saturated subsheaf. Then G is integrable
if and only if the subsheaf F C Tx it corresponds to by Theorem is

integrable.

Proof: Take an open U C X. As G is normal, we can restrict to the case
where G|y is locally free. G(U) is the annihilator of F(U) by Lemmas [1.39]
and so the result holds by [29, Proposition 7.14]. O

Thus any foliation F is defined uniquely by a saturated subsheaf of the
sheaf of 1-forms 2, and so the foliation is locally defined as the integrable
distribution of vector fields annihilated by a collection of 1-forms. A foliation
can be given equivalently in either the vector field or 1-form presentations,
as convenient.

Furthermore, by Lemmal[7.10]and Proposition [7.1§|F corresponds uniquely
to an irreducible linear subspace Lx C T X, which has full support. If F is
given by 1-forms

wp = Zbil(acl, ey T )day,
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then Lr is given by the equations

Z bil(fl(o)v ce vfn(o))fz/(o)7

where f; are the components of the germs of holomorphic maps f: C — X
which define the tangent vectors.

Outside the singular locus Sing F of the foliation, the associated linear
space is a smooth distribution, so by Frobenius’ theorem we can write X \
Sing F as a disjoint union of locally parallel submanifolds; these are called
the leaves of the foliation. The fibres of the linear space are the tangent

spaces of the leaves.

8.3 Codimension-1 Foliations

We briefly restrict to the case of codimension-1 foliations, where we have

the following results.

Lemma 8.12. Let G C Q}( be a saturated subsheaf given locally by w. Then
G is integrable if and only if w A dw = 0.

Proof: By normality of G we can choose an open set U such that w does
not vanish on U; we extend to a basis w, dxa, . .., dz, of Q' (U).

If G is integrable, then we have dw = w A « for some 1-form «. Hence
dw A w = 0 by skew-symmetry of the wedge product.

Conversely, suppose dw A w = 0. We have as a basis for Q?(U)

{wAdz;} U{dxj Aday}.

We write
dw = Z bijw N dx; + Z cjkdr; N\ dxy.

As dw A w = 0, we have
Z cikdxj Ndxg ANw =0,
and thus c;; = 0. We therefore have

dw =w A (Z bidx;).
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Remark 8.13. In the literature which is concerned exclusively with codimension-
1 foliations, this characterisation is often given as the definition of integra-
bility.

Lemma 8.14. Let G C Q}( be an integrable subsheaf given locally by w =
bidxy + - - - + bpdx,, where the b; are holomorphic. Then G is saturated if
and only if ged(by, ..., b,) = 1.

Proof: Suppose ged(by,...,b,) = f # 1. Then we can write w = fu/,
where w’ is not a section of G. Hence G is unsaturated by definition.

Now suppose G is unsaturated. Then there exists a 1-form 7, which is
not a multiple of w, and holomorphic functions f,g such that fw = gn.
Then ¢ divides fb;, for each 1 <1i < n.

Suppose ged(by, ..., b,) = 1. Then g divides ged(fby, ..., fb,) = f, that
is, there exists a holomorphic function h such that f = gh. Then n = hw, a

contradiction. O

Corollary 8.15. Let G C Q}( be a sheaf given locally by w = bydxy + --- +
bndxy, where the b; are holomorphic. Then G is integrable if and only if its

saturation 1s.

Proof: Let f = ged(by,...,b,). Then w = fuw', where w’ generates a satu-

rated subsheaf. Now
wAdw = (fu') Nd(fo') = (fu') Adf A + (o) A (fdo') = F2 A dus

as f is holomorphic and non-zero, this implies that w’ A dw’ = 0 if and only
if w A dw = 0. The result follows. O

Lemma 8.16. Let G C Qﬁ( be a foliation given locally by w = bydxy +---+
bpdx,, where the b; are holomorphic. Then SingG = V(by,...,by).

Proof: Let x € X \ V(by,...,b,). Then w does not vanish at z, so by
continuity does not vanish in an open neighbourhood U of x. In this neigh-
bourhood w defines a line bundle, and so U is contained in the smooth locus

of the foliation.

Conversely, suppose x € V(by,...,b,). Let Lx be the linear space as-
sociated to the foliation. Then the fibre (Lr), = A", which is of higher
dimension than the general fibre. So z € Sing F. O
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Corollary 8.17. Let G C Q}( be an integrable subsheaf given locally by
w = bidxy + - -+ + bpdx,, where the b; are holomorphic. Then SingG has

codimension 2 in X if and only if G is saturated.

Proof: 1If G is saturated, then the singular locus has codimension 2 by stan-
dard results. If not, then f = ged(by,...,b,) # 1, and V(f) is a component

of the singular locus of codimension 1. O

8.4 Pullback Foliations

Proposition 8.18. Let f : X — Y be a holomorphic map of complex mani-
folds. Then a foliation F on'Y pulls back to a (possibly unsaturated) foliation
on X.

Proof: Suppose on some open set V' C Y the foliation is given by 1-forms

Wi, ..., wpr. These pull back to 1-forms f*wi, ..., f*w, on f~5(V). It remains

to show that these generate an ideal closed under the exterior derivative.
Indeed,

df*wj = [*(dwy) = [*O JwiAn) =Y fHwiAm) =Y (Fwi) A (),
proving the result. O

We call this foliation f~1(F).

Definition 8.19. Let F be a foliation on X, and V C X a reduced, irre-
ducible complex subspace. The restriction Fl|y of F to V is the pullback of
F along the inclusion map ¢ : V — X.

Definition 8.20. Let X and Y be manifolds, and F a foliation on X. Let
G be the pullback of F along the projection X x Y — X. Then G is called
the cylinder over F.

Example 8.21. Let X = A", and F be given by the form w = fidz; +
-+« + frdxy, k < n, where the f; are functions of x1,...,x; only. Then F is
the cylinder over the foliation of A¥ given by w.

8.5 Normal Forms

Let F be a foliation on a smooth surface X with an isolated singularity at

a point P. We can choose a system of holomorphic co-ordinates on X such
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that P is the origin of the co-ordinate chart. In a neighbourhood of the
origin, the foliation is descibed by a single vector field X, which is unique

up to a factor. We can write X in the form

0 0

X=(ax+by+- )=+ (cx+dy+---)=—,

(az + by ), (e +dy )ay

where a,b,c,d € C. The linear part of X" is the vector field (ax + by)a% +
(cx + dy)a%.

Let A1, A2 be the eigenvalues of the linear part of X, that is, the eigen-
values of the matrix (CCL g). Depending on these eigenvalues, we can take a
system of formal co-ordinates at the origin so that the 1-form w generating
F can be written in a standard form, called a formal normal form. As we
now consider a formal neighbourhood, we may assume that X = A2,

We first define the following:

Definition 8.22. A ordered tuple of complex numbers A = (A1,..., \,) €
C"™ is called resonant if there is a tuple of non-negative integers a = (v, ..., ),
with |o| = >~ a; > 2, such that for some j € {1,...,n}, \; =D 1" a;\i.

We call A a resonant tuple; |a| is called the order of the resonance.

Lemma 8.23. Let p,q € C*, such that g,% € QT \N. Then the pair (p,q)

1S non-resonant.

Proof: Suppose there exists «, f € Ny such that ap + f¢ = p. Then (a —
p+pg=0.1f =0, =1, and (1,0) is not a resonant pair.
If 8 # 0, then O‘T_l = —% < 0, and hence a = 0. Therefore § = % ¢ 7,

a contradiction. The other resonance relation fails to hold by a similar

argument. ]
Definition 8.24. A formal vector field is a derivation on Cl[xy, ..., zy]]. It
can equivalently be thought of as a tuple in C[[z1,...,zy,]]".

Remark 8.25. All holomorphic vector fields are formal vector fields.

Definition 8.26. Two formal vector fields F, F’ are said to be formally
equivalent if there exists an algebra isomorphism H : C[z1,...,z,]] —
C[[z1,...,2y]] such that H.(x)F(z) = F'(H(x)), for all z € C", where

H, is the Jacobian matrix (g;’; ).
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Proposition 8.27 (Poincaré Linearisation Theorem). Let X' be a vector
field defining a foliation on the plane. (We can assume without loss of gen-
erality that there is an isoated singularity at the origin). If the eigenvalues
of the linear part form a non-resonant pair, then X is formally equivalent to
its linear part. In particular, the formal normal form of the corresponding

1-form w has linear co-efficients.
Proof:  See [19, Sections 4B-4C]. O

Proposition 8.28. [79, Theorem 4.23] Let X be a vector field defining a fo-
liation on the plane, whose linear part is non-zero but has two zero eigenval-
ues. Then the formal normal form of w is w = ydy— (p(x)+yq(z))dz,ordp >
2,ordqg > 1.

Proposition 8.29. Let X be a vector field defining a foliation on the plane
with a resonance among its eigenvalues, at least one of which is non-zero.
Let X be the ratio of the eigenvalues. Then we have the following formal

normal forms:

A=0: w = (z(1 4+ vy"))dy — y'dz,v € C,l € N.
A= —g €Q :  w=-Ay+g2(@Py?))dz + x(1 + g1(z"y?))dy, g € M.

A=reNyr>2: w=ydx— (re+ay")dy,a € C.

Proof:  See [19, Proposition 4.29] and [3, Section 1.1]. O
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9 Jet Spaces of Foliations

Throughout, we let X be a complex manifold.

9.1 Basic Definitions

Definition 9.1. Let F be a foliation on X, given by 1-forms wq,...,w.
The jet space of F is defined as

In(F)=A{1 € Jn(X) | 7" (w;) = 0,1 <1 <r}.

If on some open subset of X we have local co-ordinates x1, ..., x,, then,
following the construction of the jet space of an affine scheme (see Propo-
sition , we define a morphism 7 : Spec(C[t]/(t™"!)) — X by setting
T, = Z;'n:() aijtj , and by pullback we have the differential dz; mapped
to >0, jaijt’~1dt. The jet space Jp,(F) is again defined as the vanish-
ing locus of the polynomial constraints imposed on the a;; to ensure that
7*(w) € (t"™)dt for each of the 1-forms w defining the foliation, noting that
as t"™*! = 0, we have t™dt = 0. We thus see that J,,(F) is a subscheme of
I (X).

As I (F) C Jm(X), we can look at its fibres Jp,(F,x) = Jn(X,z) N
Jm(F), again constructed in the same way as with jet spaces of schemes.

As in the case of schemes, we can define the jet spaces of foliations by
formal derivatives: if F is a foliation given by 1-forms w; = > bydz;, 1 <1 <
r, then, identifying dx; with x}, these correspond to forms ) b;Dx; on the
tangent bundle, where D is the derivation in Section[6.4} we also call these w;.
Then J,,(F) is defined by the vanishing of w;, Dwy, ..., D™ w1 <1 <.

Proposition 9.2 (Change of Variables for Foliations). Let f : X — Y be
a map of complex manifolds, and F a foliation onY . Then J,,(f~1(F)) =

S (T (F)).-

Proof: Let 7 : Spec(C[t]/(t™ 1)) = X € Ju(f~1(F)). Then 7*(f*w;) =0
for each of the w; generating . Then (f o 7)*(w;) = 0, and so fn(7) €
Jm(F). Hence 7 € f,,5(Jm(F)).

Conversely, let 7 € f,1(J,,(F)). Then for € J,,(F), and so 7*(f*w;) =
(f o7)*(w) = 0, and hence 7 € J,,(f~1(F)). O
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In the case that f is smooth, the above result can be reproved using the

chain rule, using the same arguments as in Section [6.4]

Corollary 9.3. The fibres of the jet spaces of foliations, and the morphisms
between them induced by (formal) isomorphisms of the ambient space, are
algebraic. In particular, formally equivalent vector fields yield isomorphic

jets.

Proof: If F is a foliation on X, then J,,,(F,x) C J,(X,z). The result then

follows using the same arguments as in Propositions [6.26| and ]
Lemma 9.4. Let F be a foliation given by 1-forms wi,...,w,, each of

which has an algebraic first integral: that is, for each I, w; = dg; for

some polynomial g;. Then for any point x € V(g1,...,9:), Jn(F,x) =
Jm(v(gla'-'7g7")7x)'

Proof:  Jm(V({gi}1)) = V{91, Dai, - .., D™gi}1), and
Jn(F) =V({Dg,...,D"gi}1),

since w; = dg; and therefore corresponds to Dg;. Cutting out the equation

for g; in the jet scheme of the foliation gives the result. O

Proposition 9.5. Let F be a foliation on X, and V' be a reduced, irreducible
complex subspace. Set G = Fly. Then Jn(G) = Jn(F) N JIn(V), for all m.

Proof: By definition of G, and the change of variables formula for foliations,

we have

Im(G) = L;zl(Jm(]:)) C Jm(F),

where ¢ : V' — X is the inclusion; hence J,,(G) C Jpn(F) N I (V).

Conversely, let 7 : Spec(C[t]/(t™*1)) — V be a jet in J,(F) N T (V).
Then ¢ o 7 is a defined composition of maps. Suppose F is defined by the
1-forms wi,...,w,. Then G is defined by t*wi,...,t*w,. Then, for each
1<I<r,

T w) = (LoT) (w) = 7% (w;) = 0.

So 7 € Jn(G). O
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9.2 Motivating Examples

We now let X = A2, and consider foliations F given by a 1-form w and
having a single singular point at the origin. To calculate the m-jets above

the origin (the singular point), we set
T =ait+ agt? + -+ amt™;y = bit + bat® + - - + byt™,
and so
dx = (a1 + 2ast + - - - + mapt™ V)dt; dy = (by + 2bot + - - + mbmtm_l)dt.

By equating co-efficients, we find the a;, b; such that the image of w under

this morphism lies in (¢")dt.

Example 9.6. The foliation F7, given by w1 = ydz+xdy, has a first integral
zy. Let C = V(zy). Then by Lemmal9.4] for each m, Jy,(F1,0) = Jin(C,0).
These jets were calculated in Example

The foliation F» given by wy = ydx — z2dy has the same jets above the

origin, so the jets are not sufficient to determine the foliation.

Example 9.7. Let F be the foliation given by w = ydx — (x + y)dy. Com-

puting the jet spaces, we have that J,,(F,0) is given as the union of sets

by =by="---=bpy_1=0,
by=by=-=bpo2=0a=0,...,
by = :bT—IZ(llz :amT—le
if m is odd, and by
by =by=---=bp_1=0,
by=by=-=bpo2=0a=0,...,
blz...:b%:alz...:a%_gzo’

if m is even.
Indeed, from the equations Jo(F,0) = V(b1), J3(F,0) = V(by1,a2by —

a1by — 3b1b2), so the assertion holds here. If m is odd, the extra equation to
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define the (m + 1)-jets is

(m —1)(ambr — a1by) + -+ 2(amssbm_1—

2 2
m+1
The string of equalites by = --- =b; = a1 = --- = a; = 0,k = m —

1—j for a component of the lower order jets (henceforth denoted by {7, k}),
for j < mT_:)’, causes all but the term ajy1bj11 to vanish—so the string of
equalities can be extended to either {j + 1,k} or {j,k + 1}. The string

’”T_l, mT_l} causes all but the term b%,, to vanish, so it can be extended
2

to mT‘H, mT_l} Replacing m by m + 1 gives the equations for an even order

jet space.

If m is even, the extra equation is

(m —1)(amb1 — a1by) +---+a +2b%—

2

ambmiz — (m+1)(b1bp +---+b

2

bunss).

2

w[3

The string of equalities {j, k} causes all but the term az41bj41 to vanish,
so it can be extended to either {j+1,k} or {j, k+1}. Replacing m by m+1
gives the equations for an odd order jet space. The whole result follows by
induction.

Let C = V(3?). By simple calculation, we see that J,,(C,0) =
V(by,... ,me_1), if m is odd, and J,,(C,0) = V(by,.. -, bm), if m s even.

Comparing with the jets calculated in Example [6.7, we have
Tn(F,0) = In(V(5%),0) 0 i (V(29),0) = Jn(V (5%, 29), 0)

—the jets of the xz-axis with a double point at the origin.

Lemma 9.8. Consider the affine space A%", with co-ordinates a1, ..., an,
bi,...,b,. Denote by [i,j] the class of polynomials p1(a;bj — a;b;), for some
w € C*. Then if a; and b; are not both zero, [i,j] =0,[i,k] =0 = [j,k] =0,
1<,k <n.

Proof: 'We have the relations a;b; — a;b; = 0,a;b — arb; = 0. If a; = 0,
then we have a; = a;, = 0, and the result holds. Similarly the result holds
if b; = 0. We then assume a;, b; # 0. Then a; = 0 if and only if b; = 0, and
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ar, = 0 if and only if by = 0; in either case the result holds.

Now suppose none of the terms equals zero. We have % = Z—J, be — Sk
Rearranging we get Z—’; = Z—’;, which implies that a;b; — aib; = 0. O

Example 9.9. Let F be the foliation given by w = ydx — xdy. This has jet

spaces Jp,(F,0) given as the union of the sets

[1,2]:[1,3]:‘--:[1,771—1}:0,a1:blz[2,3]:-..:[2,m—2]:0,
m—1 m+1
,a1 = :aT_3:b1=' 262—32[272]—07

if m is even and m > 4. Jo(F,0) = A%,

Indeed, we see from the equations that J3(F,0) = V([1,2]), Ja(F,0) =
V([1,2],[1,3]). If m is odd, the extra equation to define the (m + 1)-jets is

m—1 m+3
1,m|+2m-1]+ -+ | —, ——|;
2 2

by the previous proposition (assuming a;, b; are non-zero unless stated oth-
erwise), the string of equalities for each component is appended by [j,m +
1—-j]=0,1<j5< mT_l Replacing m by m + 1 gives the equation for an
even order jet space.

If m even, the extra equation is

)

[1,m] +[2,m—1]+ -+ [m m”]

27 2
again we append the equation [j,m + 1 — j] = 0 to the strings of equalities,
1<5< mT_2, and we get the extra equation a1 =+ =am-—2 =by =--- =
2
bm74 =7, mT’LQ] = 0. Replacing m by m + 1 gives the equation for an odd
order jet space, and so we have the whole result by induction.
We have Jp,(F,0) = Uyee Jm(V(z(y — Az),0). So there are foliations
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where a whole family of subschemes are needed to describe the jets at the

singularity.

9.3 Tangent Schemes

Definition 9.10. Let F be a foliation on a complex manifold X, and C' C X
a complex subspace.

C' is weakly tangent to F if J1(C) C Ji(F).

C is strongly tangent to F if J,,(C) C Jpn(F), for all m € N.

C' is fully tangent to F if J,(C) = Jum(F)|c, for all m € N.

A complex subspace C' C X is a solution for the foliation F if locally its
defining equations g1, . . ., gi solve all the 1-forms wy, ..., w, that determine
F; that is, wilc € (dg1, .. .,dgr)|c € Q%|c for each L.

If F is a codimension-1 foliation given by w, and C' = V(f) is a hypersur-
face, C is an integral hypersurface for F if wAdf = fn, for some holomorphic
2-form 7).

Remark 9.11. The notion of C being weakly tangent is the simplest con-
ception of tangency: It is simply that the tangent vectors of C are tangent
to the foliation. This, along with notions of a solution or an integral hy-
persurface, is classical; in the literature one of these three will be given a
the definition for tangency to a foliation. (We note that the definition of
a solution given above is more general than that found elsewhere, where a
solution is generally required to be a disjoint union of finitely many leaves.)

However, these notions fail to encapsulate the behaviour of the foliation
at the the singular locus. To rectify this, we introduce the notion of being
strongly tangent, or indeed fully tangent. This allows us to consider the
tangency of subspaces with non-reduced structure. We discuss the relations
between these notions in the following paragraphs, showing that, when C' is

reduced, they co-incide over the smooth locus of the foliation.

Remark 9.12. We can also define all these notions of tangency if C' is in-
stead a formal subscheme of X. (A formal scheme C' = hg Y can be viewed
as a subscheme of a complex manifold X if we identify each Y with its asso-
ciated complex space, and take the formal direct limit of complex subspaces
of X). For a formal scheme to be a solution or integral hypersurface, we

assume it is given by some collection of formal power series.
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Example 9.13. Let X = A2, w = ydx + 2dy. The leaves of the resultant
foliation are of the form xy = a; these are clearly solutions, and integral
hypersurfaces, for the foliation. All points of the plane are also strongly
tangent.

Tangent schemes need not be reduced: let C' be the origin counted with
multiplicity 2—this is defined by the equations x2, zy, y?. As d(zy) = ydx +
xdy, we see that C is indeed a solution of the foliation.

However the origin counted with multiplicity 3 is not: This is defined by
22, 2%y, xy?, 3%, and so the space of 2-jets is all of A%, which is not contained

in Jo(F,0), as calculated in Example

It follows from the definitions that all notions of tangency (as described in
Deﬁnition are locally defined. Furthermore, if C' C X is weakly tangent
(respectively, strongly tangent, respectively, a solution), then any subspace
of C is also weakly tangent (respectively, strongly tangent, respectively, a
solution). As the definitions of a solution or integral hypersurface are given
with reference to the defining equations, we see that these properties are

preserved by taking closures.

Proposition 9.14. All notions of tangency are invariant under co-ordinate

changes.

Proof: Let F be a foliation on X, let 7 : X’ — X be a surjective map,
with X’ smooth, and suppose C' C X is strongly tangent to F. So J,,,(C) C
JIm(F), for all m € N. Then by Propositions and

T (17HC)) = 13! (T (C)) C 1! (T (F)) = T~ H(F)),

m

for all m € N. So 7~1(C) is strongly tangent to 71 (F). A similar argument
holds if C' is weakly tangent or fully tangent.
Now suppose C' = V(g1, ..., gx) is a solution for F. For each w; defining

F, we have

Wiy = T (wile) = 7 ((fidgr + - - - + frdgr)lo),

where the f; are holomorphic. This in turn equals

(m* fim*dgr + -+ 7 fymtdgg) |r-1 0y € (d(gr o), ..., d(gk © T))|r-1(0)-
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So 7~1(C) is a solution for 71 (F).

Suppose F is codimension-1, and given by w, and let C' = V(f) be an
integral hypersurface. Then w A df = fn, for some holomorphic 2-form 7.
Then

T*wAd(form) =m'w AT df =71 (wAdf) =7"(fn) = (fom)n™n.

So 7~1(C) is an integral hypersurface for ==1(F). O

Corollary 9.15. Suppose 7 : X' — X is a proper birational morphism (for
example, a sequence of blow-ups in smooth centres), and suppose, for some
C C X, that 7=1(C) is strongly tangent (respectively, weakly tangent, respec-
tively, fully tangent) to 7= *(F). Then C is strongly tangent (respectively,
weakly tangent, respectively, fully tangent) to F.

Similarly, if C C X' is strongly tangent (respectively, weakly tangent,
respectively, fully tangent) to 7=(F), then m(C) is strongly tangent (respec-
tively, weakly tangent, respectively, fully tangent) to F.

Proof: Suppose first that 7=1(C) is strongly tangent to 7~ (F). Then for
all m € N, Jp,(771(C)) C Jm(n~1(F)). By Propositions and we
then have 7,1 (J,(C)) C m. (Jm(F)). By Proposition Tm 18 surjective,
and so Jp,(C) C J(F), for all m € N; that is, C is strongly tangent to F.

In the second case, if C' is strongly tangent to 7—'(F), then for all
m € N, Ju(C) C Jn(r Y F)) = 7, (Jm(F)), and hence 7, (J,(C)) C
Tm (7.1 (Jm(F))). By Proposition Tm 18 surjective, and so by Corol-
lary we have J,(7(C)) C Jn(F), for all m € N. So n(C) is strongly
tangent to F.

The cases for weakly tangent and fully tangent are proved in the same

way. ]

Proposition 9.16. Let F be a codimension-1 foliation on X. A wunion
of integral hypersurfaces is also an integral hypersurface. The irreducible

components of an integral hypersurface are integral hypersurfaces.

Proof: Suppose F is given by w, and V(f) and V(g) are integral hypersur-
faces. Then w Adf = fni,w Adg = gna. So

wAd(fg) = wA(gdf + fdg) = gwNdf + fwndg = gfm+ fagna = fg(m +n2).
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Therefore V(fg) = V(f) U V(g) is an integral hypersurface.

Conversely, if S is an integral hypersurface with multiple components,
denote one of them by V(f), so that S = V(fg); we can assume f and g are
coprime. Then we have wA(gdf+ fdg) = fgn, and so gwAdf = f(gn—wAdg).
Now g | (fw A dg), and by coprimality of f and g, g | w A dg. Hence
wANdf = f(n— éw A dg), where the latter is holomorphic. So V(f) is an

integral hypersurface. O

Proposition 9.17. The union of weakly tangent schemes to a foliation F

15 weakly tangent to F.

Proof: Let C1, Cy be two weakly tangent schemes. If they are disjoint, then
clearly their union is weakly tangent. If not, we notice that for z € C1y N Cy,
J1(Cy U Cy,x) = J1(Ch,x) + J1(Co, z), where the addition is addition of
spaces of tangent vectors. As Ji(Cj,x) C Ji(F,z),i = 1,2, it follows that
J1(Cy U Co,z) C Ji(F,x). Hence C1 U Cy is weakly tangent. O

Remark 9.18. Note that this does not hold for strongly tangent schemes:
Let X = A% F be given by w = ydr — zdy, C; = V(zy), and Cy =
V(y — z). C; and Cy are both strongly tangent, but C; U Cy is not: It has
x=t+t>4+ 13,y =t +2t2 +t3 as a 3-jet over the origin, which does not lie
in J3(F,0), by the calculations in Example

We now look at equivalences between the notions of tangency. First off,
clearly anything fully tangent is strongly tangent, and anything strongly

tangent is weakly tangent.

Lemma 9.19. Let F be a foliation on X and C' C X a reduced solution for
F. Then C is strongly tangent to F.

Proof: Let gy(z1,...,2n),r = 1,...,k be the defining equations of C' in
a local co-ordinate system, and (a;;) € J,(C), that is, (a;;) is a tuple of
complex numbers defining the morphism 7 : Spec C[t]/(t"*!) — C C X.
Then g, o7 = g (31 gait!, ..., Y5 g ant?) € (™), and 7*dg, = d(g, o
7) = 0 € Qgpecgpy/emt)- As C is a solution for F, all the 1-forms w
determining F satisfy wi|c € (dgi,...,dgr)|c, hence wi|c pulls back to 0
too. As Im(7) C C, and the inclusion C' — X is a monomorphism, it follows
that 7%w; = 0, and hence (ai;) € Jpn(F). O
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Proposition 9.20. Let F be a foliation on X, let U C X be the smooth
locus of the foliation, and let C C X be a reduced subspace. Then:

(1) CNU is weakly tangent to F if and only if it is strongly tangent if
and only if it is a solution if and only if it is contained in a disjoint union
of finitely many leaves;

(2) If C is of leaf dimension and C' is weakly tangent to F, then C N U
is fully tangent (and a solution);

(3) If F is codimension 1, and C is a hypersurface, then C N U is an

integral hypersurface if and only if it is a solution.

Proof: We start by looking at the case where F is smooth (so U = X),
and is given by dx1,...,dzr. We note that the leaves of the foliation are
reduced, irreducible solutions, and so are strongly tangent.

(1) A disjoint union of finitely many leaves is a strongly tangent solution,
so if C' is contained in a disjoint union of finitely many leaves, it too is a
strongly tangent solution. By definition, anything strongly tangent is weakly
tangent.

Suppose C' is weakly tangent and irreducible. As the foliation satisfies
the conditions of Lemma we have Ji(C,z) C Ji(F,z) = Ji(Lg, ), for
each x € CNU, and where L, is the unique leaf through z. So every tangent
vector of C is a tangent vector of one of the leaves. However, as C' is reduced
and irreducible, these vectors must all be tangent to the same leaf, and so C'
is contained in one of the leaves. Therefore any weakly tangent subscheme
is contained in a disjoint union of finitely many leaves.

Now suppose C' is weakly tangent to F (but not necessarily irreducible).
Let g1,...,gs be the generators of C. By definition, J;(C) C J;(F), and so

(dzq,...,dxg) C (91,---,9s,dg1,...,dgs).

Restricting to C yields

(dl’l, - ,d(l?k)‘c C (dgl, - 7d95)‘0~

So C'is a solution for F.
Suppose now that C' is a solution for F. It is reduced, and so is strongly
tangent by Lemma [9.19 and hence weakly tangent.

(2) If C is of leaf dimension, each component of C' N U must be equal
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to one of the leaves, and so be a solution. Therefore, C' itself is a solution.
Further, the leaves are fully tangent, as the foliation satisfies the conditions
of Lemma [9.41

(3) Suppose we are in the codimension-1 case (so F is generated by
dzxy1), and let V(f) be a reduced integral hypersurface for 7. Then we have
dx1 Ndf = fn for some 2-form 7, hence f divides % for ¢ > 1. Therefore,
as f is represented as a power series, % = 0,7 > 1, and so f is dependent
only on z1. Hence V(f) is a disjoint union of leaves, so is a solution.

By part (2), a reduced hypersurface which is a solution is a union of
leaves, and hence an integral hypersurface, as each leaf is an integral hyper-
surface.

Now for the general case, the foliation restricted to its smooth locus
is locally isomorphic to a smooth foliation in the given co-ordinates; the

result follows from the local nature of the tangency definitions, and Propo-
sition 19,14 ]

Corollary 9.21. Reduced integral hypersurfaces of codimension-1 foliations

are weakly tangent.

Proof: From the proposition, a reduced integral hypersurface is a solution
over the smooth locus, and so is weakly tangent over the smooth locus. It
is also weakly tangent over the singular locus, as for x € Sing F, J;(F,z) =

J1(X, ), so we are done. O

Non-reduced integral hypersurfaces also exist: If V(f) is an integral
hypersurface, so is V(f"),r € N. (Set f = g in the proof of the first part of
Proposition . We can also thicken single components.

Conversely, if V(") is an integral hypersurface, so is V(f):

wAd(f") :f’"n:rfolw/\df:frniw/\df:f%n.

Corollary 9.22. If C' C X is reduced, irreducible subspace, which is weakly

tangent to F and of the same dimension as the leaves, then C is a solution.

Proof: By the proposition, CNU is a solution, where U is the smooth locus;
as C'is reduced and irreducible, it is the closure of C N U, and so is itself a

solution. O
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Proposition 9.23. Let F be a foliation given by 1-forms wi,...,w,, and
F' the unsaturated foliation given by fwi,..., fw., for some holomorphic
function f. If C = V(g1,...,gr) is tangent to F, for any of the notions of
tangency given in Definition then C" =V (fgi1,..., fgr) is tangent to
F'.

Proof: 1f C is a solution for F, then wi|c € (dg1,...,dgr)|c, for all . Hence

(fwle € (fdgy, .., fdg:)lc = (d(far), .-, d(far))lc,

and (fwi)lv(p) =0€ (d(fg1),---,d(fgr))lv(s); so C' is a solution for F.
In codimension 1, if C = V(g) is an integral hypersurface for F, then
w A dg = gn, and hence

foNd(fg) = fw A (gdf + fdg) = fgw ANdf + f2gn = fg(w Adf + fn).

So C' is an integral hypersurface for F’.

Now suppose C' is strongly tangent to F. We can work pointwise: We
choose a point x € C' —without loss of generality, we may assume f(x) = 0;
otherwise, the local nature of the jet space construction makes the result
trivial.

We work with the derivative description of the jets. By our hypothesis,

we have for all m
V(wi, Dy, ..., D™ rwy)| D V(gj, Dgj, ..., D™g;)|e = V(Dgj, . . ., D™ gj) |z,

1<l<r1<j<k.
Now, by the product rule, and in analogy with the jets of V(xy), Jy, (F', z)

is the union of the sets cut out by the equations

Df=-.=D"'f=0,Df=---=D"2f=w,=0,...,

Df:wl:---:Dm_?’wl:0,wl:le:~--:Dm_2wl:0,

each restricted to the point x, where 1 <1 < 7.
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Similarly, J,,,(C’, z) is the union of the sets cut out by the equations

Df=---=D"'f=0,Df =---=D""2f =Dg; =0,...,
Df =Dgj=:+=D""g;=0,Dgj=--=D"""g; =0,

each restricted to the point z, where 1 < j < k. From the hypothesis, we
see that J,,(C',x) C Jp(F', x), so we are done.

The cases for weak tangency and full tangency use the same argument.

O

Corollary 9.24. Let X = hﬂX)\ be a direct limit of formal schemes. If
each Xy s strongly tangent to a foliation F, then X is also strongly tangent
to F.

Proof:  Jn(X,x) = Usep Jm(Xn,2) C Jin(F, z), by strong tangency of the
X». Hence X is strongly tangent. O

9.4 Separatrices and Dicriticality

Definition 9.25. Let F be a singular foliation on a manifold X. A separa-
triz is a reduced, irreducible complex subspace of X, of dimension equal to
that of the leaves of F, which intersects the singular locus and is strongly

tangent to the foliation.

Remark 9.26. A separatrix is in fact the closure of a leaf of the foliation
that extends holomorphically through the singular locus, and so is a solution

for the foliation. In the codimension 1 case, it is an integral hypersurface.

Remark 9.27. In the literature, separatrices are only defined for codimension-
1 foliations, as either the holomorphic closure of a leaf through the singular
locus, or as a reduced, irreducible integral hypersurface intersecting the sin-
gular locus. By Lemma and Corollary we can relax the require-
ment that a separatrix be strongly tangent to requiring only weak tangency,

and so in the codimension-1 case these definitions are all equivalent.

Remark 9.28. We also allow for formal separatrices, which are formal sub-
schemes of X strongly tangent to the foliation (and which are reduced,

irreducible, of leaf dimension, and which intersect the singular locus).
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Example 9.29. Consider the foliations on X = A? given by the following
1-forms:

(1) w = ydx + zdy. This has separatrices {x = 0} and {y = 0}.

(2) w = ydx — xdy. Here every line through the origin is a separatrix.

(3) w = ydzr— (xr+y)dy. The only separatrix is {y = 0}. The other leaves
of the foliation cannot be extended holomorphically through the origin, so
do not satisfy the definition.

(4) w = (y — ¥)dr — x®dy. This has one convergent separatrix, {z =
0}. It also has a formal separatrix, given by the formal power series y =
>SS o klak L,

We now give some results on the existence of separatrices. We henceforth
assume that X is quasi-compact, and the foliation is codimension-1, and
generated by an algebraic 1-form. (So in particular the singular locus has

finitely many irreducible components.)

Theorem 9.30. [}/ Suppose dim X = 2. Then any foliation on X has a

separatrix.

The same is not true in higher dimensions: Let X = A3, and, for m > 2,

let F,,, be the foliation given by
Wi = (@™y — 2™ dz + (y"z — 2™ dy + (2 — y™ ) dz.

Then none of the foliations F,,, have any separatrices at the origin. (See
[20]).

To proceed, we introduce the following notion:

Definition 9.31. A codimension-1 foliation F on X is said to be dicritical
if there exists a sequence of blow-ups in smooth centres, where the centre of
each blow-up is contained in the singular locus, after which a component of
the exceptional divisor is transversal to the transformed foliation (that is, is
not an exceptional divisor).

Otherwise F is called non-dicritical.

Example 9.32. Let F be the foliation on A? given by w = ydz — zdy.
Then F is dicritical. Indeed, blowing up at the origin we get the form
—x2dv, which describes a foliation whose saturation is transversal to the

exceptional divisor.
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Proposition 9.33. [8, Theorem 4] Let F be a germ of a codimension-1
foliation on A™. Then F is dicritical at 0 if and only if there exist a germ of
an irreducible surface Z, which is not tangent to F, and an infinite collection
of germs of distinct curves ((T's, z;))ien such that:

(a) Each T; is tangent to F, and contained in Z;

(b) Each x; is contained in Sing F, with limx; = 0;

(c) For each i € N, (I';, z;) # (Sing F, z;).

Remark 9.34. By taking n = 2, we see that a foliation on a surface is
dicritical if and only if it has infinitely many separatrices. In this case, the
germs of a countable subset of the separatrices can be taken as the I'; in the

proposition.

Example 9.35. The foliations F;, on A3 defined above are dicritical. In-

deed, blowing up at the origin we get the form
™2 ((u™v — 1)du + (V™ — u™ ) dv).

The exceptional divisor is seen to be transversal to the saturated foliation.

Theorem 9.36. [8, Theorem 5] Any non-dicritical foliation has a separa-

trix.

In [§] the theorem is given in terms of germs. However, if the germ of
the foliation has a germ of a separatrix, then expanding from a formal to an
open neighbourhood of the origin, we see that the hypersurface will still be

a separatrix to the full foliation.

Definition 9.37. Let F be a codimension-1 foliation on X. A hypersurface
V C X is said to be truly transversal to F if it is smooth, reduced and
irreducible; if it is not tangent to F; and if the restriction foliation F|y is

saturated.

The condition that the restriction foliation is saturated means that V'
does not contain any codimension-2 component of the singular locus, and
its intersection with any leaf has codimension at least 2. By taking hyper-
surfaces of sufficiently high degree, a truly transversal hypersurface can be

found through every point x € X.

Proposition 9.38. A non-dicritical foliation on a quasi-compact manifold

has only finitely many separatrices.
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Proof: Suppose F has infinitely many separatrices (Lqy)aca. We first as-
sume the L, pass through a point z € Sing F.

Let V C X be a truly transversal hypersurface passing through z. As
each L, is the closure of a leaf of F, L, NV is a leaf of F|y; moreover
(Lo NV)N(Sing FNV) # 0, and so each L, NV is a separatrix of F|y. (If
any of the L, is a formal separatrix, then L, NV is a formal separatrix of
Flv. So Fly is a foliation with infinitely many separatrices on a manifold
of lower dimension.

We apply this procedure recursively, and get a surface W C X, not
tangent to F, such that F|y has infinitely many separatrices. Therefore
F|w is dicritical, and hence F is dicritical by [8, Proposition 5.

If the L, cannot be taken to all pass through the same point, then they
pass through a sequence of points in the singular locus converging to a limit.
Take a non-tangent, irreducible hypersurface V' containing these points. (It
need not be truly transversal). The intersections L, NV are separatrices
of Fly. Applying the procedure recursively to get a surface, we see that F
satisfies Case (V) of [8, Section 2.1]. By [8, Theorem 4], F is dicritical. [
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10 Singularities of Codimension 1 Foliations

We now consider the case where X is a quasi-compact complex manifold,
and F is a codimension-1 foliation on X given by an algebraic 1-form. We
study the behaviour of the singular loci. In particular, we seek the best pos-
sible singularities, in order to provide an endpoint for a resolution process.
(Achieving a smooth foliation by repeated blowing up is often impossible.
For example, if F is the foliation of A? given by w = ydx + xdy, blowing up
at the origin yields a foliation with two singularities of the same type.)

In this section we introduce reduced and simple singularities, which turn
out to be the optimal singularities required. We use the jet spaces to char-
acterise their behaviour. We then state the known results about existence

of resolutions.
10.1 Preliminaries
Example 10.1. Let C = V(z1---x,) C A", n > 2, and suppose m > n.

Then, setting z; = > a;;t7, we have

it in=men+11<i<n, 1< <js

Proof: We prove by induction on n. The base case n = 2 is proved in
Example
For n > 3 and m > n, the co-efficient of ¢t"*, which vanishes for jets of

order m and higher, is

Yn—10nm—n+1 T+ YnGnm—n T Yn+10nm—n—1 1+ Ym—10n1,

where y; is the co-efficient of ) obtained from y = z1---x, 1. (Note that

Y= = Yuz = 0.)
Then J,,,(C,0) is given by the union of the sets cut out by the equations

an,1 = 0n2 = " = Gpm—n+1 = 0, ap1 =" = 0nm-n = Yn—-1 = 0,...,

1 =Yn-1=Yn="""=Ym—2=0,Yp—1 =Y =" =yYm—1 =0,

by the same argument as in Example
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By the induction hypothesis, the equations y,—1 = --- =y, = 0 give

Ulan = =ayj, = =an11 =+ = an-1j,_, =0},

with the union taken over indices with ji+- - j,—1 = p—(n—1)+1 = p—n+2.
Now we have j, = m —1—p,andso j1 + -+ jp, = m—n+1, as

required. O

Now let z = (x1,...,z,) be a non-zero point of C; let I be the set of
indices of its non-zero entries. Let C" = V(J[;¢;2i). Then Jn(C,z) =
Jm(C',0).

10.2 The 2-dimensional Case

Definition 10.2. Let F be a foliation on a smooth surface with an iso-
lated singularity at a point P, which can be taken to be the origin of some
co-ordinate chart. Let X be a vector field describing the foliation in a neigh-
bourhood of the origin; let A1, Ao be the eigenvalues of the linear part of X.
If one of these eigenvalues, s say, is non-zero, and the ratio A = % is not
a positive rational number, then the singularity is said to be reduced.

If in addition, A ¢ (—o0,0], the foliation is said to be in the Poincaré
domain.

If A € (—00,0), the foliation is said to be in the Siegel domain.

If A =0, the singularity is called a saddle-node.

Theorem 10.3. Let F be a foliation on a smooth surface X given locally
by a 1-form w. Then a singular point P is reduced if and only if Jp,(F, P) is
isomorphic to Jp,(V(xy),0), for all m € N. If the singular point is reduced,
then choosing formal co-ordinates at P, the separatrices of F are given by

x =0 and y =0, and their union is fully tangent.

Proof: As all the singularities are isolated, we consider each in turn, and
may assume that P = 0 in some co-ordinate system. We restrict to a neigh-
bourhood of 0 on which the foliation is given by a vector field X', whose linear
part has eigenvalues A1, As. Then, taking a formal co-ordinate system at 0,
we write w in one of the formal normal forms from Section [8.5, Throughout
the proof, though we are using formal co-ordinate changes, we can assume
the induced isomorphisms on the jet fibres converge by Corollary
(A) The reduced cases. Here we may assume that Ay # 0; let A = %
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Case 1: A€ C\ ((—o0,0]UQ™) (Poincaré domain): w = ydz — Axdy.

We set 2 = Y aitl,y = Y bit' de = (Y iait™V)dt, dy = (> ibit*~1)dt,
as in the examples in Section [9.2] Expanding out ydz — Azdy = 0, we see
that the co-efficient of ¥ (which vanishes for jets of order k 4 1 and higher)
is Z;?:l(k —j+1—jAbjagr1—j. Since A ¢ QT, none of the co-efficients
in these sums vanishes; we then see that the result holds in this case, from
Example

Case 2.1: A € R~ \ Q (Siegel domain): w = ydzr — A\xdy. Same proof
as above.

Case 2.2: A = —% € Q, p,q € N coprime (Siegel domain):
w=—=Ay(1+ g2(2Py?))dz + z(1 + g1 (2Py?))dy, g; € my.

We start by noting that for foliations given by 1-forms of the form
z™y"dy, where m > 1, m+n > 2, the co-efficient of ¢* is zero for k < m+n.
By symmetry, a similar result holds for the 1-forms 2™y"dx. Now in this
case, we have w = xdy — A\ydx + ) | w;, where the w; are of the above forms.
Let k be the smallest integer where the w; contribute a non-zero co-efficient
for t*. Then for m < k, the m-jets of the foliation above the origin are equal
to J (V(zy),0).

Let K > k, and suppose the result holds for jets of lower order. Then we
have the relations by = - =bj =a1 =---=ag_1-; =0for 0 < j < K —1.
Every summand in the co-efficient of t contributed by the w; is of the
form ra;, ---a;, bj, ---bj,a, or ra;, ---a;,bj ---bj, b, where the sum of the
indices equals K. The equalities from the lower order jets necessarily cause
these contributions to vanish: If such a summand is not annihilated by one
of the strings of equalities, it must have b terms only of index > j 4+ 1 and
a terms only of index > K — j, contradicting that the sum of the indices is
K. Therefore they do not affect the equations of the (K + 1)-jets, and so
we have Jg11(F,0) = Jx+1(V(zy), 0); the result follows by induction.

Case 3: A = 0 (saddle-node): w = (x(1 + vy'))dy — y*dx,v € C,1 € N.

Noting that the equation xdy = 0 gives the same jets above the origin
as zy = 0 (setting A = 0 in Case 1), this case reduces to the one above, so
we are done.

For the result on the separatrices, see [3, Section 1.1]. The union of the
separatrices is C' = V(xy), and so J,,(C,0) = J,(F,0). Other points of C
are in the smooth locus of the foliation, and so C' is fully tangent.

(B) The non-reduced cases.
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Case 4.1: The linear part of X is zero: w = p(z,y)dx+q(x,y)dy, ord p >
2,ordq > 2.

We see that Jo(F,0) = A%, and so is not isomorphic to Jo(V(zy),0).

Case 4.2: Ay = Ay = 0, but the linear part of X’ is non-zero (cuspidal
case): w = ydy — (p(x) + yq(x))dz, ordp > 2,0rd g > 1.

Then Jo(F,0) = V(b;) C A?* which has one fewer component than
J2(V(zy,0)), so there is no isomorphism.

Henceforth we assume Ao # 0.

Case 5: A\] = A2t w = ydx — zdy or w = ydx — (x + y)dy, as in this case,
X is linearisable, that is, formally equivalent to a linear vector field.

We have calculated the jets at the origin in these cases (Examples
and [9.7), and we see there is no isomorphism to J,(V(zy),0).

Case 6: :\\—;, )‘—f ¢ 7: w=vydr— \xdy, \ = %, since by Lemma the
pair (A1, \2) is non-resonant, so X is linearisable.

Jm(F,0) is cut out by the equations Z]K:l(K—j +1—jNbjagi1—j,1 <
K <m—1. For m < A+ Ao, none of the co-efficients in these sums vanishes,
so we have Jp,(F,0) = J,(V(xy),0). For the jets of order m = A; + A2, the
extra defining equation has a co-efficient of 0 for the by,a), term, hence, as

for the order below, there is a component given by
bl :.‘.:b)\Qfl :al — ... :aAlfl :O,

which is of higher dimension than J,,(V(zy),0), so there is no isomorphism.

Case T: % =reZ,r>2 w=ydr— (re+ay")dy,a € C.

If @ = 0, we are in the same case as above in terms of jets.

Let a # 0. We blow up the singularity. On the chart x = yt, we
get w = y(ydt — ((r — 1)t + ay"1)dy), which is of the same form. So we
take r iterated blow-ups. On one chart we have x = y"t. Then we have
w = y"(ydt — ady), which gives a smooth (unsaturated) foliation with fully
tangent curve through the origin V(y"*1), by Proposition applied to
the leaf V(y).

On the other charts, we have z = 3/u,0 < j < r — 1, which gives
w =1y (ydu — ((r — j)u + ay"7)dy), followed by y = ut. This gives

w=uwIT (1 =74+ )t — a7 ) du — ((r — j)u + au"~9t"9)dt).

The linear part has ratio of eigenvalues 1;%;” < 0, so the saturation is
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reduced. Therefore the unsaturated foliation has fully tangent curve through
the origin V(u/*2t/*1), by Proposition applied to V(ut), which is fully
tangent by the argument for reduced foliations above.

Blowing back down, we see that the original foliation has fully tangent
curve C = V(y" 1 zy), by Corollary Now J,+1(V(y™t1),0) = V(by),
and 50 Jy1(F,0) = J,41(C,0) = J.11(V(y",0) N J41(V(2y),0) has one
fewer irreducible component than J,41(V(zy),0), by Example so there
is no isomorphism.

By reversing the roles of Ay and Ao, the case where % is the reciprocal

of a natural number reduces to the case above, and we are done. ]

10.3 The Higher Dimensional Case

When looking at singularities of higher dimensional foliations, we first in-

troduce the following concepts.

Definition 10.4. Let f : X — Y be a holomorphic map of complex man-
ifolds, and define the sheaf Qﬁqy to be the cokernel of the induced map
df - f*Q%, — Q}( The dual of this sheaf is called the relative tangent sheaf

of f.

Definition 10.5. Let F be a foliation on a complex manifold X given
locally by a 1-form w, (so in particular w generates a saturated sheaf, and
wAdw = 0), and let x € X. The dimensional type 7(F, x) is the codimension
in T, X of Dr(x) = {X(z) | w(X) = 0}, where X is a germ of a vector field

at x.

Remark 10.6. The space Dr(x) can also be defined for foliations F of

higher codimension.

Proposition 10.7. Let F be a codimension-1 foliation on X, and letx € X.
The dimension type 7(F,x) is the minimal number of formal co-ordinates

needed to write a generator w of the foliation in a neighbourhood of x.

Remark 10.8. This result is used without proof in many papers, including

[6]. We give a proof below, making use of the following lemma.

Lemma 10.9. Let F be a codimension-1 foliation on X, and let x € X.
Then in a neighbourhood of x, F is the cylinder over a foliation on a T(F,x)-

dimensional submanifold of X.
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Proof of Lemma[I0.9 Let r = dim D (x). We use induction on r. If r = 0,
then we write F as the trivial cylinder over itself, and there is nothing to
prove.

Suppose r > 1. Then there is a holomorphic vector field X' in a neigh-
bourhood of « which is tangent to F and does not vanish at . We can choose
holomorphic co-ordinates (z1, . .., x,) at x such that x = (0,...,0) € C" and
X = 8%1. Let m: C™ — C be the projection onto the first co-ordinate.

Let F' C F be the subsheaf of vector fields also tangent to the fibres of
7. The leaves of F containing the integral curves of X intersect the fibres of
7 transversally, so ' is saturated. As both F and the relative tangent sheaf
of 7 are integrable, so is F'. The flow generated by X maps the smooth
part of F to itself; by normality, this extends to all of F. The fibres of w
are also mapped to each other by X, and so F' is invariant under the flow
of X. Thus F is a cylinder over F| -1 ().

Now as F' is a subsheaf of F, we have Df\rl(m (0) = Dx(0) C Dx(0).
D#(0) does not contain X'; by the cylindrical structure of F, all the vector
fields in Dr can be written as the sum of a multiple of X and a vector field
tangent to the restriction. Hence dim Dz/(0) = r — 1.

By induction, F|;-1(g) is a cylinder over a foliation on a submanifold of
771(0) of dimension (n — 1) — (r —1) =n —r. As F itself is a cylinder over

this foliation, we have the result. ]

Proof of Proposition[10.7: Let ¢ be the minimum number of formal co-
ordinates needed to write w. By the lemma, we have t < n —r = 7(F, z).
Indeed, the flows ¢1,..., ¢, of the vector fields 8%17 ey % tangent to F
map w to itself, because of the cylindrical structure, so w(¢;+(z) = w(z).
Also d(¢i(z5)) = dz;j.

Hence the co-efficient functions of w = Y7 | fidz; only depend on
Zr41y- .-y 2n. Finally, w(%) =0,i=1,...,r,andso f; =0, =1,...,r.

If z1,...,2, is a system of co-ordinates at x, and w can be written in

_9
0zi417"

Sor>n-—t. O

terms of just the first ¢ co-ordinates, then ..,% annihilate w at z.

Proposition 10.10. Let F be a codimension-1 foliation on X, defined by
w, and let z € X. Then 7(F,z) =1 if and only if x € X \ Sing(F).

Proof: 1f 7(F,z) =1, then by Proposition there are co-ordinates in a

neighbourhood of x such that w is given only in terms of the first co-ordinate
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x1. There is only one such form yielding a saturated sheaf, namely dz1, and
so the foliation around x is smooth.

Conversely, if x is a smooth point of the foliation, then by Frobenius’
theorem F is given by the form dz; in some neighbourhood of z, and so
T(F,z) = 1. O

Example 10.11. Let X = A3, and let F be given by w = yzdz + zzdy +
xydz. The singular locus is the union of the three co-ordinate axes. The form
w is annihilated only by the vector fields in the span of a:a% —ya%, :Ea% — z%.

All these vector fields vanish at the origin, so we have 7(F,0) = 3.
We now consider the singular point p = (0,0,1). We see that Dx(p) is
spanned by %, and so 7(F,p) = 2. By symmetry, all other points of the
singular locus have dimensional type 2. The points of the smooth locus have

dimensional type 1.

Let F be a codimension 1 foliation on a complex manifold X, let z € X
be a point with dimensional type ¢t = 7(F, x), and let £ be a normal crossings

divisor of X through x with each component tangent to F.

Proposition 10.12. In this setting, E has at most t components through

Z.

Proof: In a neighbourhood of x, F is a cylinder over a foliation on a t-
dimensional subspace of X. As each component of E is tangent to F, F
is a cylinder over an SNC divisor of this subspace, and so has at most ¢

components. O

Taking appropriate holomorphic co-ordinates at z, as in [0, Section 4],
there is a subset A C {1,...,t} such that we can write £ = V([ [;c4 7:),

and the foliation is generated by

i€A i€A i€{l,...t}\A

where b; = b;(x1,...,2;) are germs of holomorphic functions without com-
mon factor. Indeed, as the dimensional type is t at x, we can write w in
the first ¢ co-ordinate as w = ZieA fidx; + ZigéA fidx;. As the components
of E are tangent, we have z; | f;, for all i € A and all j # i. Setting

bi ) P yields the result.
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Proposition 10.13. Let F be a foliation on X, and let E be an SNC' divisor

with each component tangent to F. Then E itself is a solution for F.

Proof: 'We choose holomorphic co-ordinates so E and F are given in the
form above. If £ = V([],c4 i), then for each component V(x;) of £, we
have w|z;—0 = bid(] [;c 4 %i)|z;=0, and the result follows. O

It follows from Lemma that F is strongly tangent.

Lemma 10.14. Let F be a foliation on X given by w and let C C X be a
smooth irreducible hypersurface. Suppose for some point x € C, J,(C,x) C
Im(F,x), for all m. Then C is a solution for F.

Proof: We choose a co-ordinate system around x so that z = 0 and C' =
V(z1). We write w = bydzy + - - - + bydxy, for holomorphic functions b;. If C
is not a solution, then there exists ¢ > 1 such that x; does not divide b;.
Using the derivation description of the jet spaces (see Section and
Section, we have that J,,,(F,0) = V(w, Dw, ..., D™ Yw 21,...,2,). As
w is not a multiple of z1, for high enough m, D™ w has summands containing

no zj, terms for k > 1, and no Dz, terms, contradicting that
V(x1, Dx1,...,D™x1,29,. .. ,24) C Jn(F,0),Vm.

O]

Corollary 10.15. The same result holds if C' is an SNC' divisor with smooth

components.

Proof: Each component of C satisfies the conditions of the above lemma, so
is a solution for F. As C'is SNC, it too is a solution by Proposition[10.13] [

Definition 10.16. [0, Section 4] Let F be a codimension-1 foliation on a
complex manifold X, let x € X be a point with dimensional type t = 7(F, z),
and let F be a normal crossings divisor of X through x with each component

tangent to F. We write the generator of the foliation in the form

icA i€A ie{l,..t}\A

with the b; holomorphic.
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The adapted order is v(F, E;x) = min{ord, b; }.
The adapted multiplicity p(F, E; x) is the order at x of the ideal gener-
ated by

{bitiea U{z;bitigaj=1,. n>

that is, the minimum of the orders at x of all the functions in the ideal.

Remark 10.17. As composition with an invertible holomorphic function
does not change the order, the adapted order and adapted multiplicity are

independent of the normal form chosen.

Definition 10.18. [0, Definition 4] In the above situation, z € Sing F is a
pre-simple singularity of F adapted to E if and only if one of the following
occurs:

v(F,E;z) =0;

v(F,E;x) = u(F,E;x) = 1, and for some i € A, the linear part of b;
does not depend only on {z; | i € A}.

Proposition 10.19. [6, Proposition 12] Let x € Sing F be a pre-simple sin-
gularity (that is, pre-simple adapted to some SNC' divisor E ), with 7(F,z) =
t. Then in a formal co-ordinate system x1, ..., x, at x, F is locally generated
by a 1-form in one of the following normal forms:

(A):w =12 (Yi_g M%), \i € €

(B): w = 1 - --xt(Zlepii‘? + Wt alk) St N where 1 <

T

E<t,1<p1,...,pr €N (we can assume them to have no common factor),
Ai € C, with M\gt1,..., ¢ € C*, and ¥ € my, which we can assume to be
non-vanishing except at 0;

(C): w = x3---x4(dr1 — 1 Zf:QpiL?f + byt )\fgi), where

k>2,pa,....0 €N, and \; € C, with/\k+1,...,/\t€C*.

These three cases are mutually exclusive; case (A) can be seen as case
(B) with k = 0.

In cases (A) and (B), we can take E' = V(1 ---x¢); in case (C), we can
take E = V(zg---xy).

A 1-form w in one of these normal forms is said to be of the form (A),
(respectively, (B) or (C)). A singular point z of a foliation F is said to be
of the form (A), (respectively, (B) or (C)), if in a neighbourhood of z, F is

generated by such a 1-form.
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Definition 10.20. A pre-simple singularity is simple if we are in the case
(A) or (B) above, and the tuple (Ag11,...,A¢) is non-resonant in the sense
that for all maps ¢ : {k+1,...,t} — Ny, not constantly zero, Z;:k—f—l d(J)Aj
# 0.

Remark 10.21. If dim X = 2, then simple singularities correspond to re-

duced singularities.

Notation 10.22. Let Z" denote the set {(i,j) € Z? | 1 <i < j <n}.
For k < n, let Z}' denote Z™ \ {(1,k +1),...,(1,n)}.

Let F be a foliation with a pre-simple singularity at the point x, with
7(F,x) = t, and let U be an open (or formal) neighbourhood of the point on
which the foliation is given by one of the normal forms in Proposition
(written in the first ¢ co-ordinates). Then, in cases (A) and (B), Sing FNU =
Ui, jyer{zi = z; = 0}, and in case (C), Sing FNU = U(iyj)gi{a:i =xz; = 0}.

If y € Sing F, we denote the number of the first ¢ co-ordinates which
equal zero by z(y).

Lemma 10.23. Let F be a foliation with a pre-simple singularity of type (A)
or (B) at the point x, with T(F,x) = t, and let U be an open (or formal)
neighbourhood of the point on which the foliation is given by one of the
normal forms in Proposition[10.19 Let y € Sing F. Then 7(F,y) = 2(y).

Proof: Let w be the 1-form generating F near x. If y; # 0, then %
annihilates the 1-form at y. Thus 7(F,y) < z(y). However, y lies in an SNC
divisor E with e(E,y) = z(y), hence the result holds by Proposition [10.12

O

Definition 10.24. Let F be a foliation given locally by the 1-form w =
bi(z1,...,x¢)dxy+- -+ by(z1,. .., 2)dxs. For a fixed point y = (y1,...,yt),

we define the 1-form

w; =bi(z1,. - Yis- s x)der + o+ b (X1, Yy @) AT+
bi-‘rl(xl? sy Yiy e 7xt)dmi+l +-+ bt(xlv s Yiy - .,.Tt)d.’L't;

denote by }Z the foliation generated by w;. Extra indices are added recur-

sively: wzsi’j ) = (w?

. )y, etcetera, and the same for FibD)
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Lemma 10.25. Let F be a foliation given by w, with a pre-simple singu-
larity at the point x, with 7(F,z) = t, and let U be an open (or formal)
neighbourhood of the point on which the foliation is given by one of the nor-
mal forms in Proposition . Let y € Sing F, and let I C {1,...,t} be
the list of indices of non-zero co-ordinates of y. Then F is generated in a

neighbourhood of y by wé.

Proof: 1Ifi € I, then B%i annihilates w at y. Then by the proof of Lemma|10.9
in a neighbourhood of y, F is a cylinder over F|,,—, icry- This foliation is

given by the form wé . O

Theorem 10.26. Let F be a codimension-1 foliation on X, and let © €
Sing F be pre-simple singularity with 7(F,z) = t. Then x is a simple sin-
gularity if and only if there is an open (or formal) neighbourhood U >
x such that in a local co-ordinate system on U, x = 0, SingF NU C
Sing V(zy ---x¢), and Jn(F,y) is isomorphic to Jp(V(xy---x¢),y) for all
y € Sing F NU and all m € Ny.

Proof: First, by Proposition we can choose a neighbourhood U of x
on which, by a formal co-ordinate change, we can write the generator w in
one of the above normal forms, and say x = 0 and that the singular locus is
in the right form. Again, Corollary 9.3 says that the induced isomorphism
on the jet fibres converges.

In calculating the jets, we set z; = Y a;;t/, and so dz; = (3 ja;;jt/~1)dt,
and we equate co-efficients to get the co-efficient of #/.

Now let us suppose z is a simple singularity. We have the following cases:

(A): The co-efficient that vanishes for jets of order m or higher at the

origin can be calculated as

t
E E Ajij | a1 G2, - G,

{(ir, i) lin+--+iz=m} \J=1

By non-resonance of the A;, none of the co-efficients in the sum vanishes;
hence we have J,,,(F,0) = Jp(V(z1 - - 2),0).

Now let y be some other singular point, lying in U, with 7(F,y) = s,
and with T the list of indices of its non-zero co-ordinates. Then J,,(F,y) =
Jm(fyI,O). As wé = i<ictigr vi(X1<icrigr )\i%) is also of the form (A),
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with the \; non-resonant, this in turn is isomorphic to J,,(V(x1 - - - xs),0)
In(V(z1 - x¢),9).

(B): We write w = w’ + Ww”. For m < p; + -+ + pp +t — 1, (where the
notation is the same as in Proposition , the jets of order m are given
solely by the w’ term. Write ' = xjy1 - 24n, where n = p1zg- - zpdry +

-+ prxy - wg—1drg. This is of the form (A), and the tuple (p1,...,pr)
is non-resonant. Letting G denote the foliation generated by 7, we have
Im(G,0) = Jn(V(zy -+ - 2x),0), and hence J,,(F,0) = Jp(V(z1 - - 2),0) by
Proposition |9.23

So for low order, Jp,(F,0) = {an1 = -+ = a5, = ag1 = -+ = agj, =

c=apn =--=at, =0|j1+--+j =m—t+1}. Suppose this holds for
all orders m < K. Now every summand in the co-efficient of ¢* contributed
by the Ww” term is the product of p; + ---pp +t — 1 terms of the form
a;j, where the sum of the second indices equals K. The equalities from the
lower order jets cause these terms to vanish; else there is a summand with
a; terms only of order > j;, contradicting that the sum of the indices is K.

Hence by induction, Jp,(F,0) = Jp(V(zy - - 2¢),0) for all m.

Again let y be some other singular point, lying in U, with 7(F,y) = s,
and with I the list of indices of its non-zero co-ordinates. Then J,,,(F,y) =
Jm(FL,0). I I > {1,...,k}, then

BT R

k4+1<i<t,i¢ k+1<i<tig¢l t

is of the form (A), with the A\; non-resonant. Otherwise

= I =| ¥ w50

1<i<t,i¢l 1<i<k,i¢l

LG H:c )Z)\d%
J,

1<i<k,i¢l l<z<t zEI 2<i<t,igl

1%

is of the form (B). In either case, we have J,,(F,y) =
In(V (1 21),y).
Conversely, suppose that x is a pre-simple singularity that is not simple.

m( s),0)

We again have the following cases:
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(A): Non-simplicity means that the tuple (A1,...,\:) is resonant: Let
(ri,...,m) be a tuple of non-negative integers (not all zero), such that
Zle r;A; = 0. (We can choose the r; so that their sum is minimal among
all such tuples). Let K =7 4+ -+ 1.

Again, the co-efficient that vanishes for jets of order m or higher at the
origin is

t
Z Z )\jij (1,41 Q259 * Ot gy -
{(i1,esie) [ir++ig=m} \J=1
For m < K, none of the co-efficients in the sum vanishes; hence we have
Im(F,0) = Jpn(V(x1---24),0). For the jets of order K, the extra defining
equation has a co-efficient of 0 for the ay,, a2, ---as,, term, hence, as for

the order below, there is a component given by
A1 =" =Qly—1 =021 = =A2py—1 ="+ = Q1 = "+ = Qgr—1 = 0,

which is of higher dimension than Jg (V(zy ---2¢),0), so there is no isomor-
phism.

(B): We have k < t — 1, otherwise the non-resonance condition on the
A; is trivial, and the singularity is automatically simple. Consider the point
y=(y1,--,Yk,0,...,0), where y; # 0 for all i = 1, ..., k. This is a singular
point with dimensional type t — k, and I = (1,...,k). The 1-form w! is of

Y
the form (A) and is resonant. So we have

I (Fy) = I (FL0) 2 T (V(wy - 24-5),0) 2 T (V21 -+ 2¢), 1)

for some m € N.

(C): The point y = (0,0,ys,...,y:), where y; # 0 for all i = 3,...,t, is a
singular point of dimensional type 2, about which the foliation is given by
wé for I = (3,...,t). Now w! = xodxy — (pox1 — Ao Hf:?) YV ah?)dxo, which

Yy 7
by Theorem Case 7, does not yield jet spaces isomorphic to those of
an SNC divisor. The result follows. O

Theorem 10.27. Let F be a codimension-1 foliation on X, and let x €
Sing F be a singularity with 7(F,z) = t which is not pre-simple. Then
there exists a natural number m such that Jp,(F,x) is not isomorphic to
I (V(xy -+ x4),0).
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Proof: That x is not a pre-simple singularity means that for any SNC
divisor E C X, either F is not tangent to F, or z is not pre-simple adapted
to F.

Suppose there is a divisor F with ¢ components through x and tangent
to F. Non-pre-simplicity implies that v(F, E;x) > 1, which means that the
unadapted order v(F,(;z) > t. Hence the co-efficients of the pullback of w
under the map z; = Y a;;87 are zero for all k < t, and so Ji(F,z) = A",
and there is no isomorphism to J;(V(zy---x¢),0).

Now suppose our divisor F has t — 1 components: We can write it as
E =V(x1---x_1). There are three cases for non-pre-simplicity:

(i) v(F, Bix) > 2

(i) u(F, Eiz) > 2.

In both these cases we have v(F, ;) > ¢, and so there is no isomorphism
as in the first case.

(iii) v(F, E;x) = p(F,E;x) = 1, and for all i = 1,...,¢t — 1, the linear
part of b; is independent of x;. Some of these linear parts are non-zero;
denote them by [i,...,ls (relabelling co-ordinates if necessary). Then the

equation defining the t-jets is

i a1, (ll (Z a@jtj) 4t (Z a¢7jtj)) = 0.

This is either zero, or else gives ¢ components in ¢ — 1 variables—in either
case, there is no isomorphism to J;(V(xy---24),0), which is SNC (see Ex-
ample .

Now suppose that the only SNC divisors tangent to F through x have
at most t — 2 components. If we have J,,,(F,x) = Jp(V(xy1---2¢),0), then
by Corollary the pre-image of V(z1 - --x¢) under the isomorphism is

a solution for F, a contradiction. ]

Combining Theorems [10.26| and [10.27] we have:

Corollary 10.28. Let F be a codimension-1 foliation on X, and let x €
Sing F be singularity with 7(F,z) = t. Then x is a simple singularity if
and only if there is an open (or formal) neighbourhood U > x such that in
a local co-ordinate system on U, x =0, Sing FNU C Sing V(z1---x¢), and
Im(F,y) is isomorphic to Jp,(V(z1---x¢),y) for ally € Sing FNU and all
m € Np.
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Moreover, if x is simple, Sing F N U = Sing V(z1 - - - x¢), and the union
of the separatrices of F at x is given by V(xy---xy), which is fully tangent
mn U.

Remark 10.29. If we were to define simple singularities by the jet condi-
tion of Corollary we could not then recover the normal forms from
Proposition Indeed, if F; and F, are two foliations on X with the
same singular locus, and such that each singular point of either foliation is a
simple singularity, then we have Jp,(Fi,z) = Jp,(Fa, x) for each x € X and
each m € N, and yet the global jet spaces are not isomorphic if the foliations

are given by different normal forms.

Definition 10.30. Let F be a singular codimension-1 foliation on X. A
resolution of singularities for F is a sequence of blow-ups f : X’ — X, where

X" is a manifold and sat(f~!(F)) has only simple singularities.

Theorem 10.31. Let F be a singular codimension-1 foliation on X. Then
F is known to have a resolution of singularities in the following cases:
dim X =2 [2§];
dim X =3 [7/;

Remark 10.32. Resolution of singularities, along with the appropriate no-
tion of simple singularities, for codimension-2 foliations on a threefold (in

the category of stacks) have been defined and proved to exist in [24].
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11 Jets and Separatrices of Non-dicritical Codi-

mension 1 Foliations

Throughout this section, we assume that X is a quasi-compact complex
manifold, and that F is a codimension-1 foliation on X given by an algebraic
1-form. Unless stated otherwise, we assume that F is non-dicritical. In this
case, F has finitely many separatrices by Proposition [9.3§

In this section, we begin by introducing the notion of the total sepa-
ratrix of a foliation F. We then prove a series of results culminating in
Theorem that the existence of a desingularisation of the total sep-
aratrix is equivalent to the existence of a resolution of the foliation itself.
We then give some results and conjectures pertaining to the existence and

uniqueness of the total separatrix.

Definition 11.1. Let F be a foliation on X, and let Z be the union of the
separatrices of F. We define

€ (F)={Y C X |supp(Y) = Z,Y is strongly tangent to F},

where the elements of € (F) are formal subschemes of X.
Remark 11.2. €(F) # 0 if and only if Z itself is strongly tangent to F.
Lemma 11.3. If € (F) # 0, then it has a mazximal element.

Proof: By Corollary all ascending chains of strongly tangent formal
subschemes through the singular locus have a strongly tangent upper bound,

namely, the direct limit; the result follows by Zorn’s lemma. O

Definition 11.4. Such a formal scheme, if it exists, is called the total sep-
aratriz of F. It is the maximal strongly tangent formal scheme passing
through the singular locus.

A non-dicritical foliation with a total separatrix is called totally separable.

Lemma 11.5. If there exists a scheme C' supported on the union Z of the

separatrices of F which is fully tangent to F, then C' is the total separatriz.

Proof: As C' is fully tangent and supported on Z, we have J,,(C) =
I (F)|z, for all m € N. For any scheme S supported on Z and strongly
tangent to F, we have for all m € N that J,,,(S) C Jpn(F)|z, and therefore
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I (S) C I (C), for all m € N. As S and C have the same support, we have
that S C C' by Lemma [6.28] and so C' is maximal among all such schemes.

Therefore C' serves as a total separatrix for F. O

Example 11.6. If a foliation has a first integral, that is, it is generated by
a form w = df for some function f, then it has total separatrix V(f). (See
Lemma . In particular, the total separatrix need not be irreducible.

Example 11.7. The foliation of the plane generated by w = ydx — (z+y)dy
has total separatrix V(zy,y?). (See Example . So the total separatrix

need not be reduced.

Example 11.8. The foliation of the plane given by w = (y — z)dz — z%dy

o0

has total separatrix V(zy — > o°_ m!z™2). So the total separatrix need

not be an ordinary scheme.

Lemma 11.9. Let S C X be a scheme. Let m : X' — X be a surjective
morphism of schemes, with S' = 7=(S). Let Z C X' be a scheme with the
same support as S’, such that S’ is a strict subscheme of Z. Then S is a

strict subscheme of w(Z).

Proof: The scheme S’ is the fibre product S” = S x x X’. Clearly S C 7(2);
if there is equality, then the diagram

~

— X

™

N+ N

— X

commutes, and so by the universal property of fibre products, Z = §’, a

contradiction. The conclusion of the lemma follows. O

Lemma 11.10. Consider the function f : D — C, z +— 2*, for some X € C
with ReA > 0, and where D C C is an open domain on which the function
is well-defined, with 0 € D. (For example, D can be taken as a slitted disc
AN\ [0,1].) If ReA > 0, then lim,_,o f(z) = 0. If ReX = 0, then the limit is
undefined.

Proof: We write A = a + bi,a,b € R,a > 0, and the variable z as z = re'.
Then 2* = rortietfe=0  The limit as z tends to zero is the limit as r tends

to zero: The 6 terms are non-zero and so do not contribute, and the term
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bi — ebIn7i ig non-zero but has no limit as r — 0. Therefore we consider

r
the r® term. If @ > 0, then lim,_,gr® = 0, and so the limit for z is also zero.

If a =0, then lim,_,or® = 1; the limit for z is thus undefined. O

Proposition 11.11. Pre-simple singularities of types (A) and (B) that are

not simple are dicritical.

Proof: We consider type (A) first. By a suitable choice of formal co-

ordinates, the foliation is given locally about the singular point by
w = AT2 - x¢dr1 + X123 - - - Tpdwo + - -+ N1 - Tp_1dxy,

where there is a resonance relation Zle riA; = 0,7; € Ng.

Claim: Without loss of generality, we may assume that there is at least
one i € {1,...,t} with Re\; > 0, and at least one with Re); < 0.

Indeed, if all the real parts have the same sign, then as the resonance
relation also holds for the real parts, we must have r; = 0 whenever SRe)\; # 0.
The other A\; have non-zero imaginary part, and as the imaginary parts also
satisfy the resonance relation, there must be at least one with JmA; > 0 and
at least one with Jm)\; < 0. As we can divide w through by v/—1, the claim
is proved.

Now w has solutions of the form :c?l : ~-x?t = p,pu € C. Take a fixed
1 # 0. By the claim, we can re-arrange the equation so that on both sides,
the xf‘l terms have PRe); > 0, with at least one strictly positive term. By
Lemma s results on limits, it follows that the origin lies on this leaf.
As p was arbitrary, we have that every leaf of the foliation passes through
the origin, and so is a separatrix. Therefore the foliation is dicritical about
the singularity.

For type (B), we note that the foliation is of type (A) around a compo-

nent of the singular locus, so we are done. O

Proposition 11.12. Let F be a foliation, and let x be a singular point with
T(F,x) = t, which is adapted to an SNC divisor E with t components but
not pre-simple. Then there are non-reduced schemes supported on E that

are strongly tangent to F in a neighbourhood of x.

Proof: In a neighbourhood of x, choose holomorphic co-ordinates so that

x = 0 and the components of the divisor are given by x; = 0. F is given by
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the 1-form
w=xy- - wbrdry + 2123 - WibodWo + -+ 11 - - w1 bpdy,

where b; = b;(z1,...,x;) are holomorphic functions of order at least 1. (See
Proposition [10.12}) We now blow up at the origin: For j = 1,... ¢, the map
is given in the corresponding chart by z; = x;v;,7 # j.

In the jth chart, the pre-image foliation is given by the form

_ dv;
xz H o8 Zx]b —l + (by + -+ by)dz; |,
1=1,i#j i#£]

where b; = bj(z;v1,...,Tvj—1,%j,TjVj41,...,2T;vt). As the order of each b;
is at least 1, in the new co-ordinates we can factor out a further copy of z;.
It is clear that V(z;) is a solution for the transformed foliation, as is V(v;)
for all ¢ £ j—they are therefore strongly tangent by Lemma These hy-
perplanes form the components of an SNC divisor, so by Propositions [10.13]
and we therefore have that V(v - - 'Uj_1$§+lvj+1 -+ - vy) is strongly tan-
gent to the transformed foliation. Blowing back down each chart by replac-
ing v; with 7%, we see by Corollary that V(2x3zg - 24, ..., 21 - 24 177)
is strongly tangent to F. O

Lemma 11.13. Suppose a foliation F has total separatriz E, an NC divisor.
Then for each point x € Sing F, e(E,x) = 7(F,x) (where e(E,x) is the

number of local components of E through x).

Proof: Suppose not. Let 7(F,x) = t, and choose holomorphic co-ordinates
about z so that F is given by w = bidx1 + - - - + bidx¢, where b; are holomor-
phic, and that 1 = 0,...,xx = 0, are the components of F through x. By
Proposition we have e(E,z) < T(]: x) and so here we have k < t.
For 1 <i <k, we can write b; = x1 - -~ xb;, where the hat denotes

omission; for ¢ > k we can write b; = z7 - - ~xkbi. Thus the vector fields

0 0 0 0
e A VA
2 18562 e 281‘1 » Lk 189% 1 kal’l’
0 0 0 0 0 0
e b —, ... b — — b —
Y921 e F19x 7 Oy e Yoxy Oz Oday,

annihilate w at x. As the dimensional type is ¢, we conclude that b} (z) = 0.
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Using a different collection of vector fields, we also have that b(z) = 0, for
alli € {2,...,k}, and hence ordb; > 1,1 <i < k.
We now blow up at z, with the charts given by z; = z;v;,i = 1,...,t.
If j < Kk, then in the jth chart, the pre-image foliation is given by the

form

k
k—1 Z , (dv;  dxj
iL‘j U1 Vj—1T5Vj41 " Ukbi (U + ? +
i=1,i#j g J

¢
U1 Vj—1Vj41 " Ukb;-dibj + Z U1 Vj—1T5Vj41 " Ukbg($jd’0i + vidacj)) .
i=k+1

As the order of each b;,1 < i < k, is at least 1, in the new co-ordinates we
can factor out a further copy of x;. It is clear that V(x;) is a solution of the
transformed foliation, and hence strongly tangent by Lemma as is V(v;)
for all ¢ # j,7 < k. By Propositions [10.13| and we therefore have that
V(v --- 'Uj_lx‘];_'_l'l}j_l'_l -+ - v is strongly tangent to the transformed foliation.

If j > Kk, then in the jth chart, the pre-image foliation is given by the

form

L (& , (dvi  dx;
Ly Zvl“‘vkbi 74‘7 +
i=1 t

T
t
> v b (xgdo; + videy) + vy - opbda;
=kt Lt

Again we see that V(vy),...,V(vg) are strongly tangent to the trans-

formed foliation; so is V(z;), as we can factor out a copy of z; from each

of the b;,1 < i < k. Thus by Propositions |10.13 and V(v -- ~vk1:§+1)

is strongly tangent to the transformed foliation. Blowing back down each
chart, we see by Corollary that

2 2
V(xizy Ty ooy @1 X1 T8, T1 - Tl 1y - - -, L1 * - - Tt

is strongly tangent to F, thus contradicting maximality of E. O

Proposition 11.14. A foliation F has all singularities being simple if and
only if it is totally separable, and its total separatriz is a mormal crossings

divisor.
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Proof: Suppose all singularities are simple. Then by Theorem m (for
dim X = 2) and Corollary (for dim X > 3), at each singular point
x, there exists an SNC divisor E,, whose components are the separatrices,
and which is fully tangent on a neighbourhood of . The E, can be glued
together to give an NC divisor C, which is fully tangent to F. Thus C is
the total separatrix.

Conversely, if the total separatrix C' exists and is NC, then by
Lemma the number of local components of C' through a singular
point z is 7(F,x). Proposition excludes the case that x is non-pre-
simple; Proposition excludes the case that x is pre-simple of type (A)
or (B) but not simple. Suppose z is pre-simple of type (C). Then there
exists a point y in a neighbourhood of = with 7(F,y) = 2 and e(C,y) = 1,
(see the proof of Theorem . This is a contradiction to Lemma

so we have the result. ]

Theorem 11.15. Let F be a non-dicritical codimension-1 foliation on X.
Then F admits a resolution to simple (or reduced, if dim X = 2) singularities
if and only if F is totally separable, and its total separatriz C' admits a
resolution to a normal crossings support divisor. In this case, the resolutions

can be assumed to be the same map.

Proof: Suppose C exists, and admits a log resolution 7 : X’ — X. Let
F =sat(m1(F)). Suppose F is given locally by the form w, so that 71 (F)
is given by fw, for some holomorphic function f. If 7=!(C) is given by the
function g, we let C be the complex space defined by % (This is indeed
holomorphic, as f defines the non-reduced structure from the exceptional
divisors. We can recover 7~ 1(C) from C by adding in the exceptional divi-
sors.)

Now (' is SNC, and is strongly tangent to F (by Proposition as
each component is a separatrix and hence strongly tangent). Moreover, Cis
the total separatrix. Indeed, if there exists a larger strongly tangent scheme
supported on C , then by Proposition adding in the exceptional divisors
of 7 yields a scheme strongly tangent to 7~ !(F) and strictly larger than
771(C); by Corollary blowing down yields a scheme strongly tangent
to F and strictly larger than C' by Lemma [11.9] a contradiction.

Therefore by Proposition F has all singularities simple, so 7 is a

resolution of singularities for F.
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Conversely, suppose there is a resolution 7 : X’ — X such that F =
sat(7~1(F)) has only simple singularities. By Proposition F is to-
tally separable, and its total separatrix £ is NC and fully tangent. By
Proposition adding in the exceptional divisors of 7 yields a scheme
fully tangent to 7~ !(F); blowing down yields a scheme C, which is fully
tangent to F by Corollary and hence the total separatrix for F by
Lemma and which is resolved by . O

Corollary 11.16. If F admits a resolution, then its total separatrix is fully

tangent.

Definition 11.17. Let F be a codimension-1 foliation on X given by w,
and suppose in the some co-ordinate chart we have 0 € Sing F. The germ
of F at 0, denoted Fy, is given by writing w in the germs of the co-ordinate

functions at 0. It is defined on the formal completion Xj.

By choosing appropriate co-ordinates, we can define the germ of F at any
singular point. Now suppose F is totally separable, with total separatrix C,
and let P € Sing F. Then C'NXp is the total separatrix for the germ Fp. It
satisfies the hypotheses of Theorem [6.29] and so admits a desingularisation.
By Theorem Fp can be desingularised (as a sheaf on the formal

completion).

Proposition 11.18. Let F be a non-dicritical codimension-1 foliation on

X. If F is totally separable, then its total separatriz C is fully tangent.

Proof: Choose a point P € Sing . Then C' NXp is the total separatrix for
the germ Fp. Fp can then by desingularised, so by Corollary|11.16) C' NXp
is fully tangent to Fp. Then for all m € N

Jin(C, P) = Jn(CN Xp, P) = Jyu(Fp, P) = Ju(F, P).

As this holds for any singular point P, and C is clearly fully tangent over
the smooth locus, it follows that C' is fully tangent to F. O

Corollary 11.19. If F is totally separable, then the total separatrix is

UNIQUE.

Proof: Suppose C,C’ are two candidates for the total separatrix. They are
both fully tangent, and both have the same support. Then for any =z €
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C,m € N, Jp(C,z) = Jin(F,z) = Jp(C’,z). Tt follows from Lemma [6.28]
that C' = C". O

It then remains to show whether the total separatrix indeed exists. By
Remark and Lemma [I1.3] this is equivalent to the union Z of the
separatrices of F being strongly tangent.

We introduce the following notation:

Notation 11.20. Let F be a non-dicritical codimension-1 foliation on X.
We denote by U(F) the set of hypersurfaces V' C X which are truly transver-
sal to F. (See Definition 9.37)).

We then have the following conjecture:

Conjecture 11.21. Let F be a non-dicritical codimension-1 foliation on
X, and let Z be the union of its separatrices. Then for each m € N,
Uvenr) Im(Z) N (V) is dense in Jp, (2).

Assuming Conjecture [11.21] we have the following:

Proposition 11.22. Let F be a non-dicritical codimension-1 foliation on
X, and let Z be the union of its separatrices. Then Z is strongly tangent to

F. In particular, F is totally separable.

Proof: We use induction on the dimension of X. If dim X < 3, the result
holds by Theorems [10.31] and [T1.15] Now assume dim X = n, and that the

result holds for foliations on manifolds of lower dimension. Let V' be a truly

transversal hypersurface. Then Z NV is a union of leaves of the foliation
Flv on V. By hypothesis, the union of all separatrices of F|y is strongly
tangent, and so any union of separatrices is strongly tangent. As leaves

which are not separatrices are disjoint, we have
In(Z)NJm(V) = I (ZNV) C I (Flv) = I (F) N I (V),

for each m € N. Hence Uy ey Jm(Z) N Im(V) C Jm(F). By Con-
jecture [I1.21} we can take the closure on both sides, and have J,,(Z) C
T (F). O

Remark 11.23. A priori, we cannot assume that the total separatrix is
locally countably indexed, so total separability is not enough to prove desin-

gularisation.
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12 Dicritical Foliations

Let X be a quasi-compact complex manifold of dimension n, and let F be a
codimension-1 foliation on X given by an algebraic 1-form. In this section

we also allow for dicritical foliations.

Lemma 12.1. Let Y be a formal scheme supported on a point P € X, and
let r € N. Suppose that Jp(Y,P) = A*" for all k <r. Then P"*1 C Y.

Proof: Suppose Y is an ordinary scheme, and consider the intersection of
all schemes satisfying the condition on the jets. This is contained in Y.
Pr*1 also satisfies the condition; by looking at the generators we see that
any proper subscheme of P™+! does not. Therefore P™*! is equal to the
intersection, and is contained in Y.

Now suppose Y = li%mYA. By the proof of Theorem one of the Y)
satisfies the condition on the jets; hence P"*! C Yy C Y. O

Proposition 12.2. Let Y be a formal scheme supported on a smooth hy-
persurface H C X, and let r € N. Suppose that J,(Y,z) = A* for allk <r
and all x € H. Then H™t' C Y.

Proof: Let € H. Then for k < r, Jy(Y N Xy, z) = Jo(Y,2) N Jp(Xy, z) =
A" Then Y N X, satisfies the assumptions of Lemma and so contains

r+1

x This holds for every point x € H, so it follows that Y contains

H’I‘—l—l. ]

Lemma 12.3. Let F be a foliation, and suppose there is a fully tangent
formal scheme Y supported on the singular locus. Then for any sequence of
blow-ups 7 : X' — X, 7= Y(F) has a fully tangent formal scheme supported

on its singular locus.

Proof: By Proposition 71(Y) is fully tangent to 7~ !(F), and is sup-

ported on its singular locus. O
Assuming Conjecture [11.21] we have the following:

Proposition 12.4. Let F be a foliation on X. Then F is non-dicritical if
and only if there is a (unique) fully tangent formal schemeY supported on

the singular locus ¥ = Sing F.
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Proof: Suppose F is non-dicritical. Then by Proposition[I1.22] F admits a
total separatrix C, which by Proposition is fully tangent. Then CNXx,
is fully tangent and supported on the singular locus.

If Y is another fully tangent formal scheme supported on ¥, then for
each m e Nand z € Y, J,(Y,z) = Jou(F,z) = Ju(C N Xy, x). As they
have the same support, it follows that Y = C' N X..

Now suppose F is dicritical. Then there is a sequence of blow-ups 7 :
X’ — X such that one of the exceptional divisors of 7 is transversal to the
leaves of sat(G), where G = 7~ 1(F). On the smooth locus of sat(G) we
can write a generator as dry in some co-ordinate chart; as the exceptional
divisor is transversal to this, we can choose holomorphic co-ordinates on
some open set U C X', contained in the smooth locus of sat(G), such that
the underlying reduced scheme of the divisor is V(x1). Hence G is given by
the 1-form z}dxg, for some r € N.

Suppose there is a fully tangent formal scheme Y supported on Sing F.
Then by Lemma there is a formal scheme Y” fully tangent to G|y and
supported on H = V(z1). Now for k < r, Ji,(Y’,x) = A¥" forallz € H. So
by Proposition H™ = V(™) C Y. However, H"*! is not strongly

tangent to G: The 2r + 1-jet given by 1 = t?, 29 = t, 23 = --- =2, = 0 is
a jet in Jor11(V(2"t1),0) but not in Jo,41(G,0). This is a contradiction, so
the formal scheme Y does not exist. O

A candidate for the formal scheme Y in Proposition [12.4] can be con-
structed as follows:

Let F be a foliation on X with singular locus X. We define S,,(F)
to be the smallest formal subscheme supported on ¥ such that Ji(F,z) C
Ji(Sm(F),x) for all k < m and all x € 3. We define the hull of jets to
be the formal scheme .(F) = lim Sy (F). As Sp(F) C ¥+l we have
S(F) C X5

Proposition 12.5. ¥ (F) is the smallest formal scheme supported on %
such that Jp(F,x) C Jp(L(F),x) for all k € N and all x € .

Proof: Let Y be another such formal scheme. For each m € N, we have
Ji(F,z) C Jp(Y,z) for all k < m and all x € ¥. Hence S,,(F) C Y, for all
m €N, and so ./(F) CY. O
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We can then reformulate Proposition as follows (again assuming
Conjecture [11.21)):

Proposition 12.6. Let F be a foliation on X with singular locus . Then
F is dicritical if and only if /(F) is not strongly tangent to F.

Proof: If F is dicritical, then by Proposition there is no formal scheme
supported on ¥ which is fully tangent. In particular, .(F) is not fully
tangent, and hence not strongly tangent.

Conversely, if . (F) is not strongly tangent, then by Proposition m
any formal scheme Y supported on ¥ with J,,(F,z) C Jn(Y,z) for all
m € N and all x € ¥ is not strongly tangent, and hence none of them is
fully tangent. By Proposition F is dicritical. O

If 7 (F) is strongly tangent, then F is non-dicritical. We have . (F) =
C' N Xy, where C is the total separatrix. The codimension-1 components of
S (F) are the germs of the separatrices, so if we start with .(F) we can
reconstruct the total separatrix by taking the union with those separatrices

which are ordinary schemes.

Proposition 12.7. Let F be a dicritical foliation on X which has a res-
olution to simple singularities. Then there is a family of strongly tangent
subschemes (Co)aca of X such that Jp(F,z) = Uyea Im(Ca,x), for all
m € N and all x € Sing F.

Proof: We can take m to be a partial resolution of F, such that G =
sat(m~1(F)) is non-dicritical. Then G has a resolution to simple singularities
(by completing the resolution of F), and so by Theorem is totally sep-
arable, with fully tangent total separatrix. Let D be the exceptional divisor
of w. As F is dicritical, at least one of the components of D is transversal
to the leaves of G.

For each © € D, let L, be either the unique leaf of G through x, or the
total separatrix of G, as appropriate. Then for each m € N, J,,,(G,z) =
Jm (L, ). So by Proposition I (7Y F),x) = Jn(Ly U D, z). Using
Corollary we blow back down to get Jp,(F,z) = J Jm(7(Ly U D), x),
which yields the result. O

Example 12.8. Let X = A2, and let F be given by w = y2dx — 2%dy. This

has a single dicritical singularity at the origin. The leaves of the foliation
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are {x = 0}, {y = 0}, {y = =}, and {zy + kx — ky = 0}, k € C*, all of which
are separatrices.

We blow up at the origin. In the first chart we set y = zv, and get a new
foliation given by z2((v? — v)dx — zdv). This has two singularities: (0,0),
which is reduced, and (0, 1), which is again dicritical.

We blow up this second singularity. In one chart we set v—1 = xt, which
leaves us with x*(t2dz — dt). The saturation of this foliation is smooth,
and has leaves V(t) and V(xt + kt 4+ 1),k € C. In the other chart we set
x = (v —1)s, which gives (v — 1)*s%(vds + sdv), the saturation of which has
a single simple singularity.

So the jets of the unsaturated foliation along the exceptional divisor are
of the form J,,,(V(z*(zt + kt + 1)), (0, —1/k)) and J,,,(V(z*t), (0,0)) in one
chart, and J,,,(V(v(v — 1)%s%), (0,1)) in the other. Blowing down, the jets
are of the form J,,(V(z3v(v —1))) and Jp,(V (23 (zv + kv — k))).

In the second chart of the initial blow-up, we set z = yb to get the
form y2((b — b?)dy + ydb). This also has two singularities: (0,0), which is
reduced, and corresponds to the reduced singularity in the first chart, and
(1,0), which is dicritical. Applying the same method as before, we see that
the jets are of the form J,,(V(b(b— 1)y3)) and J,,(V(y3(yb + kb — k))).

Blowing down again, we have
I (F,0) = Jmn(V(@?y — 2y?), 0)U

U o (V (22 (zy + kx — ky), v (zy + kz — ky)),0).
keC*

89



References

[1]

[11]

[12]

A. Beilinson, V. Drinfeld. Quantization of Hitchin’s integrable system
and Hecke eigensheaves. http://math.uchicago.edu/~drinfeld/
langlands/hitchin/BD-hitchin.pdf, 1991.

E. Bierstone, P. Milman. Canonical desingularization in characteristic
zero by blowing up the maximum strata of a local invariant. Inventiones
mathematicae, 128, 1997.

M. Brunella. Birational geometry of foliations. IMPA, Rio de Janeiro,
2010.

C. Camacho, P. Sad. Invariant varieties through singularities of holo-
morphic vector fields. The Annals of Mathematics, 115(3), 1982.

F. Cano. Reduction of the singularities of non-dicritical singular folia-
tions. dimension three. American Journal of Mathematics, 115:509-588,
1993.

F. Cano. Reduction of the singularities of foliations and applications.
Banach Center Publications, 44:51-71, 1998.

F. Cano. Reduction of the singularities of codimension one singular
foliations in dimension three. Annals of Mathematics, 160:907-1011,
2004.

F. Cano, J.-F. Mattei. Hypersurfaces intégrales des feuilletages holo-
morphes. Annales de l'institut Fourier, 42:49-72, 1992.

G. Cuzzuol, R. Mol. Second type foliations of codimension one.
arXiv:math/1708.00708, 2017.

S. Diverio. Jet differentials, holomorphic Morse inequalities and hyper-
bolicity. PhD thesis, Dipartimento di Matematica, Sapienza Universita
di Roma, 2008.

L. Ein, M. Mustatd. Jet schemes and singularities. Proceedings of
Symposia in Pure Mathematics, 80, 2007.

G. Fischer. Complex Analytic Geometry, volume 538 of Lecture Notes
in Mathematics. Springer Berlin Heidelberg, Berlin, Heidelberg, 1976.

90


http://math.uchicago.edu/~drinfeld/langlands/hitchin/BD-hitchin.pdf
http://math.uchicago.edu/~drinfeld/langlands/hitchin/BD-hitchin.pdf

[13]

[16]

[17]

[18]

[19]

[20]

[21]

22]

A. Grothendieck, J. Dieudonné. Eléments de géométrie algébrique.
Number Bd. 166 in Die Grundlehren der mathematischen Wis-
senschaften in Einzeldarstellungen. Springer-Verlag, Berlin, New York,
1971.

R. Harsthorne. Algebraic Geometry. Graduate Texts in Mathematics.
Springer, 1977.

M. Hazewinkel, N. M. Gubareni. Algebras, rings and modules: non-

commutative algebras and rings. CRC Press, 2016.

G. Higman, A. H. Stone. On inverse systems with trivial limits. In
Journal of the London Mathematical Society, volume 29, 1954.

H. Hironaka. Resolution of singularities of an algebraic variety over a
field of characteristic zero: 1. Annals of Mathematics, vol. 79, no. 1,
JSTOR, pages 109-203, 1964.

D. Huybrechts, M. Lehn. The Geometry of Moduli Spaces of Sheaves.
Cambridge University Press, Cambridge; New York, 2010.

Y. S. Ilyashenko, S. Yakovenko. Lectures on analytic differential equa-
tions. Number v. 86 in Graduate studies in mathematics. American
Mathematical Society, Providence, R.I, 2008.

J.-P. Jouanolou. FEquations de Pfaff algébriques. Springer-Verlag,
Berlin; New York, 1979.

J. Kollar. Lectures on Resolution of Singularities, volume 166 of Annals
of Mathematics Studies. Princeton University Press, 2007.

B. Malgrange. Frobenius avec singularités. i. codimension un. Publica-
tions Mathématiques de l’IHE’S, 46:163-173, 1976.

M. McQuillan. Formal formal schemes. In A. J. Berrick, M. C. Leung,
X. Xu, editors, Topology and geometry: Commemorating SISTAG: Sin-
gapore International Symposium in Topology and Geometry, (SISTAG)
July 2-6, 2001, National University of Singapore, Singapore, Contem-
porary mathematics. American Mathematical Society, Providence, R.I,
2002.

91



[24]

[25]

[26]

M. McQuillan, D. Panazzolo. Almost étale resolution of foliations. Jour-
nal of Differential Geometry, 95:279-319, 2013.

D. Murfet. Modules over a ringed space. http://therisingsea.org/
notes/RingedSpaceModules.pdf}, 2006.

M. Mustata. Singularities of pairs via jet schemes. Journal of the
American Mathematical Society, 15:599-615, 2002.

C. Okonek, M. Schneider, H. Spindler. Vector Bundles on Complex
Projective Spaces, volume 3 of Progress in Mathematics. Springer US,
Boston, MA, 1980.

A. Seidenberg. Reduction of singularities of the differential equation
Ady = Bdx. American Journal of Mathematics, 90:248-269, 1968.

M. Spivak. A comprehensive introduction to differential geometry, Vol-
ume 1. Publish or Perish, Inc, Houston, Tex, 3rd ed edition, 1999.

The Stacks Project Authors. The Stacks Project. https://stacks.
math.columbia.edu, 2020.

M. Temkin. Functorial desingularization over Q: boundaries and the
embedded case. Israel Journal of Mathematics, 224:455-504, 2018.

T. Yasuda. Non-adic formal schemes. International Mathematics Re-
search Notices, 2009:2417-2475, 2007.

92


http://therisingsea.org/notes/RingedSpaceModules.pdf
http://therisingsea.org/notes/RingedSpaceModules.pdf
https://stacks.math.columbia.edu
https://stacks.math.columbia.edu

	Abstract
	Acknowledgements
	Introduction
	Commutative Algebra
	Basic Ring Theory
	Complete Rings
	Prorings
	Excellent Rings
	Modules over Rings

	Schemes and Resolutions
	Complex Spaces
	Coherent Sheaves
	Formal Schemes
	Formal Schemes via Prorings
	Formal Schemes via the Functor of Points
	Formal Schemes via Complete Rings

	Jet Spaces
	Algebraic Jets
	Analytic Jets
	Jets of Formal Schemes
	Jets by Formal Derivatives

	Linear Spaces on Manifolds
	Foliations
	Foliations by Vector Fields
	Foliations by 1-forms
	Codimension-1 Foliations
	Pullback Foliations
	Normal Forms

	Jet Spaces of Foliations
	Basic Definitions
	Motivating Examples
	Tangent Schemes
	Separatrices and Dicriticality

	Singularities of Codimension 1 Foliations
	Preliminaries
	The 2-dimensional Case
	The Higher Dimensional Case

	Jets and Separatrices of Non-dicritical Codimension 1 Foliations
	Dicritical Foliations
	References

