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Abstract—This paper presents a novel reconstructed model for
the delayed load frequency control (LFC) schemes considering
wind power, which aims to improve the computational efficiency
for PID controllers while retaining their dynamic performance.
Via fully exploiting system states influenced by time delays direct-
ly, this novel reconstructed method is proposed with controller
isolated. Hence, when the PID controllers are unknown, the
stability criterion based on this model can resolve controller
gains with less time consumed. For given PID gains, this model
can be employed to establish criteria for stability analysis which
can realize the tradeoff between the calculation accuracy and
efficiency. Case study is firstly based on a two-area traditional
LFC system to validate the merits of novel reconstructed model,
including accurately estimating the influence of time delay on
system frequency stability with increased computation capa-
bility. Then, under traditional and deregulated environments,
case studies are carried out on the two-area and three-area
schemes, respectively. Through the novel reconstructed model, the
efficiency of obtaining controller parameters is highly improved
while their robustness against the random wind power, tie-line
power changes, inertial reductions, and time delays remains
almost unchanged.

Index Terms—Load frequency control, communication delays,
model reconstruction, stability analysis, controller design

I. INTRODUCTION

Load frequency control (LFC) has been employed by the
power system such that its frequency and power interchanges
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can be maintained at scheduled values [1]. The traditional LFC
system utilizes dedicated communication channels to transmit
control signal and measurement data [2]. Under deregulated
environment, these communication channels are employed to
support the bilateral protocol between generation companies
(Gencos) and distribution companies (Discos). Such networks
introduce time delays, which affects the stability of system
frequency [3], [4]. Also, the injection of wind power into
power system solves two problems, i.e., the poor storage of
non-renewable energy resources and the seriously environmen-
tal pollution arisen from consuming fossil energy [5]. The
wind power has features of intermittency and fluctuations
and its high penetration also makes challenges to power
system in maintaining the frequency balance since replacing
the conventional generators with wind turbines leads to low
or zero inertia [6]. The main grid does not have sufficient
regulation capability to maintain system frequency deviation
within a specified range [7]. Therefore, it is necessary to
investigate the influences that both time delay and wind power
have on the frequency stability in the LFC schemes such that
the robust control strategy can be designed to eliminate these
kinds of impacts.

Since the actual time delay is stochastic and time-varying,
current researches tend to use time domain method including
Lyapunov-Krasovskii method to derive linear matrix inequal-
ities (LMIs) such that the maximum allowable delay upper
bound called delay margin can be calculated [8]. For de-
layed LFC schemes, via constructing appropriate Lyapunov-
Krasovskii functional (LKF) and bounding its derivative
with conservatism-reduced inequalities, the improved delay-
dependent stability conditions are derived in terms of LMIs
[9], [10] to obtain the delay margins with increased accuracy.
In fact, the model of power system is naturally high-dimension.
The derived LMIs that based on the original model have diffi-
culty in determining delay margin with computation efficiency,
especially for the multi-area LFC schemes. Via considering the
sparsity of the LFC model, [11] tends to reduce the maximal
order of LMIs to speed up the calculation. A transform matrix
is defined such that all system states in the original model
can be decomposed into the delayed part and the delay-
irrelated part, and the LKF is constructed using the low-order
delayed part [12]. When the system is equipped with the PID
controller, this division is too strict to be realized. Hence,
by introducing a new composition method, a reconstructed
method is proposed [13], based on which the stability criterion
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is established to obtain delay margins with highly improved
computation accuracy and efficiency. Whereas, the selection
of a transformation matrix relies on finding non-zero elements
in the coefficient matrix of the delayed state. In some cases,
we find the calculation accuracy is decreased a lot through
using the reconstructed model in comparison with the original
model. There lacks a novel method to reconstruct model
standing on the special features of delayed power system
so that a tradeoff between the computation accuracy and
efficiency is achieved.

In order to reduce the influence that time delays have on the
system dynamics, some research works are presented, i.e., the
robust LFC strategies are presented based on the H∞ theory
[14], [15]. Focusing on the problems caused by introducing
wind power into power system, some researches aim to deter-
mine the highest penetration level that guarantees the stable
operation of the system [16]. The virtual synchronous machine
(VSM) was developed to compensate the inertia reduction
when the parameters of VSM are appropriately adjusted [17].
Note that these parameters cannot be guaranteed to be ap-
plicable in the practical synchronous generators. Hence, by
introducing an index of decay rate related to settling time
[18], the exponential stability of the delayed power system
is analyzed using Lyapunov-Krasovskii method and therefore,
the decay rate-based state feedback controller is designed,
which have robustness against the inertia reduction [19]. As we
all known, not all system states can be detected conveniently
and the PID-type LFC controllers are alternative. Note that all
of these controller gains are obtained based on the original
model. When the multi-area LFC schemes are considered,
it is complex and time consumed that the improved cone
complementarity linearization (ICCL) algorithm is employed
to obtain the optimal parameters for PID controller [14]. A
reconstructed approach was presented in [13], based on which
the stability analysis of delayed LFC scheme is realized with
enhanced accuracy and calculation efficiency. Despite that,
since this method relies on the value of PID gains, the derived
criterion is unable to guide the design of controllers. Therefore,
a novel reconstructed method needs to be investigated such that
it enables controller parameters to be calculated efficiently.

This paper focuses on proposing a novel reconstructed
approach for the LFC scheme with time delay and wind power,
which enables to compute controller gains. Moreover, both
increased efficiency and dynamic performance are guaranteed.
When compared the method presented in [13], the method
proposed in this paper further increase the calculation accuracy
with the little cost of computation efficiency. Firstly, via
considering the states that are directly influenced by the time
delay in the input channel, a proper transfer matrix is exploited
to develop a novel reconstructed model. Secondly, this novel
reconstructed method is able to separate the gain matrix apart
from the input and output matrix. Based on the Lyapunov
theory and the novel reconstructed model, the asymptotical
stability criterion is established at first in terms of LMIs. These
LMIs are able to derive accurate delay margins with increased
efficiency. To address the aforementioned problems coming
from wind power, the asymptotical condition is extended to
provide the constraint between time delay and the index of

decay rate such that the exponential stability of power system
can be guaranteed. This exponential criterion is capable of
guiding the development of decay rate-based PID controllers
with high efficiency. In addition, the robustness of these
controllers against wind power disturbance, tie line power
changes, inertia reduction, and time delays is expected to
be unchanged in comparison with that based on the original
model.

The remainder of this paper is organized as follows. Section
II shows the original model of the multi-area LFC schemes
whose reconstructed formes are realized by proposing a novel
approach. Section III provides asymptotical stability condition-
s considering both the models before and after reconstructed
and then, extends them to exponentially stable criteria. In
Section IV, case studies are carried out on the two-area and
three-area LFC schemes under the traditional and deregulated
environments, respectively to validate the effectiveness of
proposed novel reconstructed model. Finally, Section V comes
to the conclusions.

II. DYNAMIC MODELS OF MULTI-AREA LFC SCHEMES

This section models the LFC power system with time delay
and wind power at first. Then, a novel method is investigated
to turn the original system model into the reconstructed one.
The stability conditions established based on this reconstructed
model can provide guidance for obtaining controller gains
with increased efficiency while guaranteeing their dynamic
performance.

i

i

Fig. 1. Configuration of control area i (Traditional LFC: without dotted line;
Deregulated LFC: with dotted line).

A. Original model

Fig. 1 shows the structure of area i, in which n Gencos
equipped with non-reheat turbines, m Discos, and a PID
controller are involved. Exponential block e−sτi represents the
delays arising in the transmission channels. Other notations are
mentioned in [13].

When the dotted line connections used in Fig. 1 are ignored,
the model of area i in the multi-area traditional LFC scheme
with N areas included is described as:{

ẋi(t) = Aixi(t) +Biui(t− τi) + Fiωi

yi(t) = Cixi(t)
(1)
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where

xi =[∆fi,∆Ptie−i,∆Pm1i, · · ·,∆Pmni,∆Pv1i, · · ·,∆Pvni,

∆PWTGi]
T
, yi = ACEi, ∆PCi = ui(t− τi)

ωT
i =

∆Pdi,

N∑
j=1,j ̸=i

Tij∆fj ,∆Pwind



Ai =


A11i A12i 0 A14i

0 A22i A23i 0
A31i 0 A33i 0
0 0 0 − 1

TWTi

 , Bi =


0
0
B3i

0


A11i =

[
−Di

Mi
− 1

Mi

2π
∑N

j=1,j ̸=i Tij 0

]
, A12i =

[
1
Mi

· · · 1
Mi

0 · · · 0

]
A14i =

[
1
Mi

0

]
, A22i = −A23i = −diag

{
1

Tt1i
, · · ·, 1

Ttni

}
A31i = −

[
1

R1iTt1i
· · · 1

RniTtni

0 · · · 0

]T
, B3i =

[
α1i

Tg1i
, · · ·, αni

Tgni

]T
A33i = −diag

{
1

Tg1i
, · · ·, 1

Tgni

}
, Ci = [βi, 1, 0]

Fi =


− 1

Mi
0 0

0 −2π 0
0 0 0
0 0 1

TWTi


with ∆PWTGi and TWTi being wind turbine generator output
power change and wind turbine generator time constants
respectively, and other notations are defined in [13].

In Fig. 1, when the dotted line connections that represent
the new load demands based on the deregulated contract are
taken into account, we can obtain the following model for area
i contained in the multi-area deregulated LFC scheme with N
areas.

{
ẋi(t) = Aixi(t) +Biui(t− τi) + Fiωi

yi(t) = Cixi(t)
(2)

where Ai, Bi and Ci are defined identically to equation (3),
and notations ωi and Fi are redefined as

ωT
i =

w1i,
N∑

j=1,j ̸=i

Tij∆fj ,w2i,w3i,∆Pwind



Fi =


F1i 0 0
0 0 0
0 F2i 0
0 0 1

TWTi

 , F1i =

[
− 1

Mi
0 0

0 −2π −1

]

F2i = diag

{
1

Tg1i
, · · ·, 1

Tgni

}
The construction of a multi-area LFC scheme is formed

by connecting area to area, and the interactions or coupling
terms between different regions are regarded as disturbances.
Compared with the traditional LFC scheme, in the deregulated
LFC scheme, the new demand signals can be seen as additional
disturbances. Moreover, due to analyzing the internal stability

of system, the external disturbances can be ignored and the
following model is capable of describing both the power
systems under traditional and deregulated environments.

{
ẋi(t) = Aixi(t) +Biui(t− τi)

yi(t) = Cixi(t)
(3)

The PID-type LFC controller in area i is designed as

ui(t) = KPiACEi +KIi

∫
ACEidt+KDi

d

dt
ACEi.

When defining two virtual vectors x̄i = [xT
i

∫
yTi dt]

T and
ȳi = [yTi

∫
yTi dt (d/dt)y

T
i ]

T , we can develop the closed-loop
model for the delayed LFC scheme as follow.{

˙̄xi(t) = Āix̄i(t) + B̄iKiC̄ix̄i(t− τi)

ȳi(t) = C̄ix̄i(t)
(4)

where

Āi=

[
Ai 0
Ci 0

]
, B̄i=

[
Bi

0

]
, C̄i=

 Ci 0
0 1

CiAi 0

,Ki = [KPiKIiKDi].

B. Novel reconstructed model

The stability criteria established directly based on the w-
hole system model (4) are reported to have computational
difficulties in checking the LMI-based conditions and deter-
mining delay margins. The latest literature tends to propose a
composition method to reconstruct the system model with a
delayed part and a delay-free part [13]. The construction of
the LKF candidate is mainly based on the lower-order delayed
part in order to decrease the order of the LMI-based criteria
while increasing its computational performance. However, this
composition method highly depends on finding elements that
are not-zero from the coefficient matrices, but the special
features of the delayed LFC scheme are not concerned. As a
result, it is hard to realize a tradeoff between the computation
accuracy and efficiency based on the model presented in [13].
Moreover, the value of coefficient matrices plays a significant
role in determining the composition method, which will be
ineffective if the controller gains remain designed. That is,
the existing reconstructed method is unable to be used for
designing controller gains. Thus, a novel reconstructed model
needs to be proposed in this paper by analyzing the special
features of system (4) based on the diagram of Fig.1.

Fig. 1 reveals that, in area i, time delays are introduced into
the control input channel through

∆PCi(t) = ui(t− τi) (5)

which directly affects states ∆Pvki(t). The relationship can
be expressed with

∆Ṗvki(t) = f(∆fi(t),∆Pvki(t)) +
αki

Tgki
ui(t− τi)

where f(·) is an appropriate function.
Define x̄i2 = [∆Pv1i(t), · · · ,∆Pvni(t)]

T ∈ Rn2 and
x̄i1 = x̄i − x̄i2 ∈ Rn1 . Hence, by pre-multiplying with a
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suitable transfer matrix T1, we can obtain T1x̄i(t) =

[
x̄i1

x̄i2

]
,

and therefore, system (4) can be turned into[
˙̄xi1

˙̄xi2

]
= T1ĀiT

−1
1

[
x̄i1

x̄i2

]
+ T1B̄iKiC̄iT

−1
1

[
x̄i1(t− τi)
x̄i2(t− τi)

]
.

Its equivalent form is{
˙̄xi1(t) = Ai11x̄i1(t)+Ai12x̄i2(t)

˙̄xi2(t) = Ai21x̄i1(t)+Ai22x̄i2(t) + biKicix̄i1(t− τi)
(6)

where

T1ĀiT
−1
1 =

[
Ai11 Ai12

Ai21 Ai22

]
, T1B̄i =

[
0
bi

]
, C̄iT

−1
1 = [ci, 0] .

Since the row number of states ∆Pvki(t), i = 1, 2, · · · , n
ranges from 3 + n to 2 + 2n in state vector x, in order to
separate them from the whole state vector, we can define
nonsingular matrix T1 as

T =[E1, E2, · · · , E2+n, E3+2n, E4+2n, E3+n, · · · , E2+2n]
T

(7)

where Ek = [01×(k−1), 1, 01×(2n+3−k)]
T .

Considering equation (7), transfer matrix T1 can be deter-
mined by the locations of states ∆Pvki(t), i = 1, 2, · · · , n, i.e.,
if the number of generators is given, the order of system model
(4) will be determined to obtain T1 intuitively. Unlike this
paper, the method in [13] focuses on finding the non-zero ele-
ments in matrix BiKiCi through using mathematical analysis
in order to find transfer matrix T1. Due to the ignorance of the
special physical characteristics of the delayed LFC scheme, the
existing method can realize increased computation efficiency,
but the conservatism introduced by using the existing method
for analyzing delay-dependent stability still remains to be
further reduced.

In addition, to investigate the delay-dependent stability anal-
ysis of the LFC scheme involving time delays, based on the
time domain method, we need to construct an LKF candidate
making use of information on the length of time delays. In
this way, the conservatism of delay-dependent conditions is
reduced, and they are expected to derive allowable maximum
delay margins. Hence, in Section III, considering the original
model (4), the time delays are contained in x̄i ∈ Rn1+n2 which
is required to construct the LKF. Whereas, the reconstructed
model (6) only contains the information of time delays in state
x̄i1 ∈ Rn1 whose order is far less than x̄i. Thus, Section
IV will show that the construction of the LKF mainly based
on x̄i1 does not introduce increased conservatism into the
delay-dependent conditions developed, but their computational
efficiency is greatly improved.

Most importantly, the novel reconstructed model (6) is
available for obtaining controller gains using the Lyapunov
theory. Controller gain Ki is always segmented apart from
input matrix B̄i and output matrix C̄i. By contrast, the
approach presented in [13] is applied to a system model with
totally known coefficient matrices, and the choice of transfer
matrix T1 highly depends on the value of gain Ki. Hence,
this method can only be used for investigating the stability
of delayed power systems. If the controller gains remain to

be resolved, the method in [13] will be infeasible. In Section
IV, it will be validated that, based on the Lyapunov theory,
the proposed model enables to design controller gains with
greatly improved efficiency while guaranteeing the dynamic
performance of obtained controllers.

III. DELAY DEPENDENT STABILITY ANALYSIS

Based on the Lyapunov theory, this section provides two
stability conditions. Firstly, the delay-dependent asymptotical-
ly stable condition is derived based on the novel reconstructed
model, which can be used to achieve almost accurate delay
upper bounds with increased efficiency in comparison with that
relying on the original model. Secondly, the asymptotically
stable condition is extended to the condition of exponential
stability for the delayed power system with wind power
integrated. It can be used to optimize decay rate-based PID
controllers by minimizing the decay rate α with the PSO
algorithm for a preset delay upper bound. The time spent on
calculating PID gains is reduced through using the criterion
based on the novel reconstructed model while the dynamic
performance of designed controller is also guaranteed.

A. Asymptotical stability criterion

This part presents an asymptotical stability condition for
the delayed power system considering wind power. In order
to show the utilization of novel reconstructed model only
introduces little conservatism, the started part of Theorem 1 is
based on the original model, and its second part is dependent
on the novel reconstructed model.

Theorem 1. For given scalars τi, system (4) is asymptotical
stable, if one of the following conditions holds
C1: there exist symmetric 2n×2n matrix Pi>0, symmetric n×
n matrices Qi > 0, Ri > 0, such that the following inequality
holds

Πi < 0 (8)

where

Πi=

[
e1
τie3

]T
Pi

[
esi

e1−e2

]
+

[
esi

e1−e2

]T
Pi

[
e1
τie3

]
+eT1 Qie1−eT2 Qie2

+ τ2i e
T
siRiesi −

[
e1−e2

e1+e2−2e3

]T[
Ri 0
0 3Ri

][
e1−e2

e1+e2−2e3

]
esi = Āie1 + B̄iKiC̄ie2

ej =
[
0n×(j−1)n, In×n, 0n×(3−j)n

]
, j = 1, 2, 3.

C2: there exist symmetric (2n1 + n2) × (2n1 + n2) matrix
Ui > 0, symmetric n1 × n1 matrices Hi > 0,Wi > 0, such
that the following inequality holds

Θi < 0 (9)



5

where

Θi=

 ϑ1

ϑ0

τiϑ3

T

Ui

 ϑιi

ϑκi

ϑ1−ϑ2

+
 ϑιi

ϑκi

ϑ1−ϑ2

T

Ui

 ϑ1

ϑ0

τiϑ3

+ϑT
1 Hiϑ1−ϑT

2 Hiϑ2

+τ2i ϑ
T
ιiWiϑιi −

[
ϑ1−ϑ2

ϑ1+ϑ2−2ϑ3

]T[
Wi 0
0 3Wi

][
ϑ1−ϑ2

ϑ1+ϑ2−2ϑ3

]
ϑιi = Ai11ϑ1 +Ai12ϑ0

ϑκi = Ai21ϑ1 +Ai22ϑ0 + biKiciϑ2

ϑj =
[
0n1×(j−1)n1

, In1×n1 , 0n1×(3−j)n1
, 0n1×n2

]
, j=1, 2, 3

ϑ0 = [0n2×3n1 , In2×n2 ] .

Proof. Considering the original model (4), the following
general LKF used for analyzing the delay-dependent stability
of delayed systems is recalled from [20].

Vi(t) =

[
x̄i(t)∫ t

t−τi
x̄i(s)ds

]T
Pi

[
x̄i(t)∫ t

t−τi
x̄i(s)ds

]
(10)

+

∫ t

t−τi

x̄T
i (s)Qix̄i(s)ds+τi

∫ 0

−τi

∫ t

t+θ

˙̄xT
i (s)Ri ˙̄xi(s)dsdθ

where Pi, Qi, Ri are symmetric positive-definite matrices.
The derivative of Vi(t) is calculated along system (4). When

employing the same procedure for analyzing delayed power
system in [13], we can obtain

V̇i(t) ≤ ζTi (t)Πiζi(t) (11)

with ζTi (t) = [x̄T
i (t), x̄

T
i (t − τi),

1
τi

∫ t

t−τi
x̄T
i (s)ds]. Hence,

the holding of criterion in Theorem 1.C1 leads to V̇i(t) ≤
−ε∥x̄i(t)∥2 with a sufficient small scalar ε > 0, which
guarantees the asymptotical stability for system (14).

Based on the reconstructed model (6), the time delay
information is included in states x̄i1(t). Hence, by replacing
the terms that are used to deal with the delayed states in the
LKF (10), we have the following newly constructed LKF.

Ṽi(t)=

 x̄i1(t)
x̄i2(t)∫ t

t−τi
x̄i1(s)ds

T

Ui

 x̄i1(t)
x̄i2(t)∫ t

t−τi
x̄i1(s)ds

+∫ t

t−τi

x̄T
i1(s)Hix̄i1(s)ds

+ τi

∫ 0

−τi

∫ t

t+θ

˙̄xT
i1(s)Wi ˙̄xi1(s)dsdθ (12)

where Ui,Hi, and Wi are symmetric positive definite matrices.
Similarly, when the derivative of Ṽi(t) is calculated along

system (6), it is convenient to obtain

˙̃Vi(t) ≤ ξTi (t)Θiξi(t) (13)

with ξTi (t) = [x̄T
i1(t), x̄

T
i1(t − τi),

1
τi

∫ t

t−τi
x̄T
i1(s)ds, x̄

T
i2(t)],

and therefore, the asymptotical stability of system (6) is
guaranteed.

As can be seen from the LKF (10), its augmented term
and Qi and Ri-dependent terms are employed to handle the
delayed states x̄i. Whereas, since the LKF (12) is estab-
lished based on the reconstructed model (6) whose delay-
related information is contained in x̄i1, the augmented term
and Hi and Wi-dependent terms just need to deal with the
delayed states x̄i1. The following section will verify that the

replacement of x̄i by x̄i1 introduces minor conservatism into
deriving the delay-dependent stability condition. Moreover,
when comparing inequalities (11) and (13), we find that both
ζi(t) and ξi(t) include the delayed states related information
while the latter has a lower dimension. That is, the order
of matrix Θi is far less than Πi, which greatly improve the
calculation efficiency.

In addition, since Theorem 1.C2 is established through the
novel reconstructed model whose gain matrix is separated,
it can be extended to design PID controllers with desired
dynamic performances based on the methods including the
H∞ theory [21], [22], passivity technique [23], dissipativity
[24], [25], exponential stability [26], etc..

B. Exponential stability criterion

The injection of wind power into power system leads to
system inertia reduction. To design controllers which have
robustness to inertia reduction, [19] proposed delay-dependent
state feedback controllers based on the decay rates. When
compared with the complex or high-order state feedback
controller, the PID-type controller is alternative in industry.
Hence, the asymptotical stability criterion is extended to the
exponential stability criterion, which is capable of designing
decay rate-based PID controller for the delayed LFC scheme
considering wind power. Base the novel model reconstruction
method, the asymptotical stability condition has features of
high accuracy and efficiency. Its extension that the exponential
stability criterion can be employed to obtain the PID gains with
less time while letting their robustness to wind power distur-
bance, tie line power change and inertia reduction unchanged.

This part investigates the exponential stability condition for
the delayed power system considering wind power, which
provides the guideline for designing decay rate-based PID
controllers considering the influence of time delay. To show
the effective of proposed method, Theorem 2.C1 is firstly
established based on the original model, while Theorem 2.C2
employs the novel reconstructed model.

For investigating the exponential stability of the delayed
power system integrated with wind energy, an index of decay
rate α related to settling time can be introduced, i.e., set
zi(t) = eαtx̄i(t) by following [27]. Then, system (4) is
transformed into

żi(t) = (Āi + αI)zi(t) + eατiB̄iKiC̄izi(t− τi). (14)

For any α > 0, the asymptotic stability of (14) implies the
exponential stability of the original system model (4) [27].

Thus, using the proposed reconstruction technique leads to{
żi1(t)=Ai1αzi1(t)+Ai2αzi2(t)

żi2(t)=Ai3αzi1(t)+Ai4αzi2(t)+eατibiKicizi1(t−τi)

(15)

where T1zi(t)=

[
zi1
zi2

]
and T1(Āi+αI)T−1

1 =

[
Ai1α Ai2α

Ai3α Ai4α

]
.

Theorem 2. For given scalars τi, α, system (4) is exponen-
tially stable, if one of the following conditions holds
C1: there exist symmetric 2n × 2n matrix Pi > 0, symmetric
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n × n matrices Qi > 0, Ri > 0, such that the following
inequality holds

Π̂i < 0 (16)

where

Π̂i=

[
e1
τie3

]T
Pi

[
ês

e1−e2

]
+

[
ês

e1−e2

]T
Pi

[
e1
τie3

]
+eT1 Qie1−eT2 Qie2

+ τ2i ê
T
s Riês −

[
e1−e2

e1+e2−2e3

]T[
Ri 0
0 3Ri

][
e1−e2

e1+e2−2e3

]
ês = (Āi + αI)e1 + eατiB̄iKiC̄ie2

with ej defined as Theorem 1.C1.
C2: there exist symmetric (2n1 + n2) × (2n1 + n2) matrix
Ui > 0, symmetric n1 × n1 matrices Hi > 0,Wi > 0, such
that the following inequality holds

Θ̂i < 0 (17)

where

Θ̂i=

 ϑ1

ϑ0

τiϑ3

T

Ui

 ϑ̂ιi

ϑ̂κi

ϑ1−ϑ2

+
 ϑ̂ιi

ϑ̂κi

ϑ1−ϑ2

T

Ui

 ϑ1

ϑ0

τiϑ3

+ϑT
1 Hiϑ1−ϑT

2 Hiϑ2

+τ2i ϑ̂
T
ιiWiϑ̂ιi−

[
ϑ1−ϑ2

ϑ1+ϑ2−2ϑ3

]T[
Wi 0
0 3Wi

][
ϑ1−ϑ2

ϑ1+ϑ2−2ϑ3

]
ϑ̂ιi = Ai1αϑ1 +Ai2αϑ0

ϑ̂κi = Ai3αϑ1 +Ai4αϑ0 + eατibiKiciϑ2

with ϑj and ϑ0 expressed in Theorem 1.C2.

Proof. For system (14), replacing Āi and B̄iKiC̄i in
Theorem 1.C1 with (Āi +αI) and eατiB̄iKiC̄i, respectively,
gives (16). For system (15), replacing Ai11, Ai12, Ai21, Ai22

and biKici that presented in Theorem 1.C2 with
Ai1α, Ai2α, Ai3α, Ai4α and eατibiKici, respectively, derives
(17). Then, following the similar line in [27], we can
conclude that the holdings of LMIs in the Theorem 2.C1 and
Theorem 2.C2 guarantee the exponential stability of systems
(4) and (6), respectively.

C. Summary of presented method

The following steps of how to implement the presented
method are given.

Step1. Model establishment. The state-space model of area
i in the multi-area LFC system equipped with PID
controller is shown in Section II.A Then, a novel
method for reconstructing the original system model
is presented in Section II.B.

Step2. Stability analysis. The asymptotical stability condi-
tion is established for both the original model and
the novel reconstructed model. It is extended to
the exponential analysis of delayed power system
considering wind power. When the upper bound of
time delay is given, the allowable maximum decay
rate is calculated. For a desired decay rate, the delay
margin can be obtained as well.

Step3. Controller design. Based on the reconstructed model
and the original model, for a preset delay upper

bound, the controller gains are optimized by max-
imizing the index of decay rate through selecting
PSO algorithm.

Step4. Case studies. Case studies are carried out to show
the proposed method is effective.

IV. CASE STUDIES

The first case study is tested on the two-area traditional LFC
scheme. This case aims to demonstrate the novel reconstructed
model can be employed to estimate the effects of the time
delays on system stability without introducing conservatism.
The other two case studies consider the two-area LFC scheme
and three-area one with wind power under the traditional
and deregulated environment, respectively. Simulation results
demonstrate that, the stability criterion derived by using the
novel reconstructed model can not only improve the efficiency
of obtaining PID controller gains, but also their robustness to
inertia reduction, tie-line power change, external disturbances,
and time delays is guaranteed.

The simulation studies are carried out based on the Simulink
models following the diagram of Fig. 1 and considering some
nonlinearities such as generation rate constraints. Firstly, the
code written in the m file needs to transfer the essential
parameters to the Simulink models by using the sim function.
Meanwhile, the Simulink models are driven, and the To
Workspace module can be employed to transfer the simulation
results including the desired system states to the m file, which
can be directly called in the m file. Secondly, through the
m file, the simulation results are presented with curves and
figures by using the plot function.

A. Accuracy improvement
The proposed criterion in [13] based on a reconstructed

model enables the calculation efficiency to be improved. Since
this reconstructed method is presented without considering
the special features of delayed LFC scheme, in some cases,
we find the calculation accuracy is decreased a lot by using
the reconstructed model and analyzing the system stability.
The two-area traditional LFC scheme with the PI controller
contained is taken as an example. Hence, in order to use the
reconstructed model to accurately estimate the effects of time
delays on system frequency stability, and to design controllers
to eliminate these effects, a novel reconstructed method should
be proposed.

Under traditional environment, the two-area LFC systems
with different PI controllers (KP1 = 0.4,KI1 = 0.2,KP2 =
0.4,KI2 = 0.3), the delay margin calculated through Theo-
rem 1 in [13] (τcom), Theorem 1.C1 (τc1) and Theorem 1.C2
(τc2) in this paper are listed in Table I. Moreover, to further
validate the proposed method based on the time domain
method can derive results with minor conservatism when
compared with the exact method, the real value for delay
margins (τr) are developed based on the simulation results
and they are shown in Table I. In this table, τ =

√
τ21 + τ22

represents magnitude of τ1 and τ2 and θ = tan−1(τ1/τ2).
Also, the relative error (ρ) is defined with

ρ =
|τν − τr|

τr
× 100% (18)
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TABLE I
DELAY MARGINS IN TRADITIONAL TWO-AREA LFC SYSTEM WITH DIFFERENT PI CONTROLLERS

KP1 = 0.4,KI1 = 0.2 KP2 = 0.4,KI2 = 0.3

θ τcom(ρ) τc1 (ρ) τc2 (ρ) τr τcom(ρ) τc1 (ρ) τc2 (ρ) τr

0◦ 7.13(15.4%) 7.53(10.7%) 7.50(11.0%) 8.43 4.86(9.3%) 5.11(4.7%) 5.06(5.6%) 5.36
20◦ 8.15(9.2%) 8.73(2.8%) 8.65(3.7%) 8.98 5.63(2.4%) 5.76(0.2%) 5.75(0.3%) 5.77
40◦ 11.10(0.4%) 11.11(0.4%) 11.11(0.4%) 11.15 7.15(0.4%) 7.16(0.3%) 7.16 (0.3%) 7.18
45◦ 11.84(0.9%) 11.87(0.7%) 11.87(0.7%) 11.95 7.57(0.5%) 7.58(0.4%) 7.58(0.4%) 7.61
50◦ 10.97(0.6%) 10.97(0.6%) 10.97(0.6%) 11.04 6.98(0.4%) 6.99(0.3%) 6.99(0.3%) 7.01
70◦ 7.86(12.4%) 8.65(3.6%) 8.57(4.5%) 8.97 5.51(3.5%) 5.64(1.2%) 5.62(1.6%) 5.71
90◦ 6.98(17.2%) 7.59(10.0%) 7.44(11.7%) 8.43 4.80(10.4%) 5.03(6.2%) 4.97(7.3%) 5.36

where ν can donate τcom, τc1 , and τc2 , respectively.
All research works are finished in the same calculation

requirements, i.e., a PC with an imbedded Intel i5 CPU,
a 8GB RAM and a 64-bit operation system, and the same
presets of computation process. The computation time spent
on determining delay margins is recorded in Table II

TABLE II
CALCULATION PERFORMANCE OF THEOREM 1 [13] AND THEOREM 1 IN

THIS PAPER

Methods The.1.C1 The. 1[13](ratio) The.1.C2 (ratio)
CPU time (s) 124 15(12%) 36 (29%)

From Table I, we can see when the LFC system equipped PI
controllers KP1 = 0.4,KI1 = 0.2, neither Theorem 1.C1 nor
Theorem 1.C2 can realize accurate computations of delay mar-
gins like the exact method considering θ ∈ [0◦, 20◦, 70◦, 90◦].
Moreover, the same conclusion can be obtained for the case
that the LFC system controlled by KP1 = 0.4,KI1 = 0.3
and θ ∈ [0◦, 70◦, 90◦]. Despite that, they can derive allowable
bigger results to approach the real values in comparison with
the methods in [13]. When θ ∈ [40◦, 45◦, 50◦], the time
domain based methods Theorem 1.C1 and Theorem 1.C2
can still realize accurate delay margins. Especially, although
Theorem 1.C2 is established based on the reconstructed model,
it can obtain the almost same delay margins as Theorem 1.C1
using the original system model. That is, the conservatism
introduced by using the reconstructed model is minimized, and
the novel reconstruction method proposed in this paper can be
applied for delay-dependent stability analysis of delayed LFC
schemes without sacrificing computational accuracy.

According to Table II, even though Theorem 1.C2 spends
more time on finding delay margin than Theorem 1 in [13],
it only takes 29 percent of time consumed by Theorem 1.C1
based on the original model. Thus, there exists a tradeoff be-
tween calculation efficiency and accuracy, and it is acceptable.

B. Decay rate-based PID controller design

The time delay of each area is assumed to have same upper
bound equal to 3s. The exponential stability of the system is
guaranteed through Theorem 2 which shows the requirements
of controller gains. Given delay bound τi and controller gain
Ki, the maximal value of decay rate αmax can be addressed.
αmax is a function of τi and Ki.

αmax = g(τi,Ki) = g(h,KPi,KIi,KDi) (19)

For a preset time delay, to provide optimal robust perfor-
mance for inertia reduction and the disturbance of wind power,
the control gains are improved by solving the optimisation
problem.
Maximize αmax = g(h,KPi,KIi,KDi)
Subject to KPimin ≤ KPi ≤ KPimax, KIimin ≤ KIi ≤
KIimax, and KDimin ≤ KDi ≤ KDimax.

This problem can be addressed by various kinds of opti-
misation algorithms. This paper chooses the PSO algorithm
that is widely employed in numerical optimisation thanks to
its excellent behaviors [28].

The PSO algorithm is partially initialized with the following
parameters. Set position bounds, Xmin = −1 and Xmin = 1,
velocity bounds Vmin = −0.3 and Vmin = 0.3, population
size, N = 20 and the maximal iteration times kmax = 30.
The detailed procedure can be found in [28].

Hence, under traditional environment, controller gains K1

and K2 can be determined by Theorem 1.C1 and Theo-
rem 1.C2, respectively. Both of them are listed in Table III.
When the case study is carried out under the deregulated three-
area LFC scheme, similar steps can help obtain controllers
K3 and K4, and Table IV shows these results. The solutions
of K1 and K3 based on the original model are presented to
make comparisons with K2 and K4 in the terms of calculation
efficiency and robust performance such that the effectiveness
of employing the novel reconstructed model is demonstrated.

TABLE III
CONTROLLERS DETERMINED BY THEOREM 2.C1 (K1) AND

THEOREM 2.C2 (K2)

area K1 α K2 α
1 [-0.16 -0.16 -0.12] 0.0592 [-0.13 -0.13 -0.13] 0.0592
2 [-0.18 -0.18 -0.18] 0.0580 [-0.15 -0.15 -0.042] 0.0580

TABLE IV
CONTROLLERS DETERMINED BY THEOREM 2.C1 (K3) AND

THEOREM 2.C2 (K4)

area K3 α K4 α
1 [-0.007 -0.15 -0.002] 0.20 [-0.007 -0.118 -0.007] 0.19
2 [-0.066 -0.118 -0.01] 0.31 [-0.076 -0.121 -0.013] 0.31
3 [-0.046 -0.17 0.015] 0.21 [-0.023 -0.123 0.022] 0.20

Theorem 2.C1 and Theorem 2.C2 are both used to cal-
culate the gains of PID controller through PSO algorithm.
Table V records the time consumed, where notations tc1 and
tc2 represent the time in seconds required by Theorem 2.C1
and Theorem 2.C2, respectively. From Table V, when the
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traditional two-area LFC scheme is considered with one gen-
erator in each area, the time consumed by Theorem 2.C2 just
accounts for around 50 percent of that used by Theorem 2.C1.
That is, Theorem 2.C2 based on the reconstructed model is
able to improve the calculation efficiency for PID controller.
Considering the three-area LFC scheme under deregulated
environment and each area is assumed to have two Gencos
and two Discos, we can find that it will take Theorem 2.C1
more than three times of time that spent by Theorem 2.C2. It
can be concluded that more generators (Gencos) are included
in one area, more time will be required to obtain PID gains.
In this two cases, although the order of system model is
just increased by 2, the time consumption behaves a sharp
rise. Therefore, it is essential to apply the novel reconstructed
model to establishing stability criterion such that less time will
be demanded to obtain PID gains, especially if more generators
(Gencos) are included in one area.

TABLE V
COMPARISON OF COMPUTATION PERFORMANCE BETWEEN

THEOREM 2.C1 AND THEOREM 2.C2

Traditional Deregulated
K1 K2 Ratio(%) K3 K4 Ratio(%)

area tc1 (s) tc2 (s) tc2/tc1 tc1 (s) tc2 (s) tc2/tc1
1 761 385 51% 3325 1139 34%
2 715 373 52 % 4647 1666 36%
3 - - - 1049 3145 33%

C. Simulation verification

In order to show the controllers obtained form the recon-
structed model performance as well as that derived from orig-
inal model, two simulation cases are considered including the
two-area traditional LFC scheme and three-area deregulated
one. Both of them are integrated with wind power. Each case
has designed three scenarios.

Firstly, each area are assumed to have one generator in the
traditional LFC scheme. For scenario 1 (S1), there appears a
step change with 0.1 pu from wind power in each area. After 5
seconds, a step load demand with 0.2 pu is introduced into two
areas. The area control error (ACE) of the first area regulated
by controller K1 is drawn with blue dotted line in Fig. 2,
where the performance of K2 is recorded with the red solid
line. Fig. 2 (a) shows the curves of ACE considering zero
inertia reduction in the LFC scheme. When there exists 30%
inertia reduction, Fig. 2 (b) shows how the ACE changes with
the introduction of wind power and load disturbance. Similarly,
in the following scenarios, Fig. (a) is based on the normal
LFC schemes while Fig. (b) is obtained under the system
with 30% inertia reduction.

For scenario 2 (S2), the random change of wind power with
the amplitude of 0.1 pu is assumed for each area at t = 0.
A step load disturbance having 0.2 pu amplitude is added to
each area at t = 5. Then, the ACEs of LFC schemes equipped
controllers K1 or K2 are shown in Fig. 3.

For scenario 3 (S3), the controllers K1 and K2 are designed
under constant time delay τi = 3s. This test is to check
whether they have similar robustness against time delays
considering (a) τi = 5s or (b) τi ∈ [2, 8]s. Here, we still
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Fig. 3. The ACE of area 1 in the traditional two-area LFC scheme with
inertia reductions (a) 0%; (b) 30%.

assume the same types of wind power and load change as
scenario 2 are introduced into the traditional two-area LFC
scheme. The system response for area 1 is shown in Fig. 4
with time delay τi = 5s. The random time delay τi ∈ [2, 8]s
is depicted in the first picture of Fig. 5 where the ACE1 of
the two-area LFC scheme is also described accordingly.

Secondly, for deregulated case, each area contains two Gen-
cos and Discos. The constraint of generator rate is assumed
to be ±0.1 pu/min. The AGPM is listed to show the contract
for the Discos and the Gencos as follow.

AGPM =


0.25 0 0.25 0 0.5 0
0.5 0.25 0 0.25 0 0
0 0.5 0.25 0 0 0

0.25 0 0.5 0.75 0 0
0 0.25 0 0 0.5 0
0 0 0 0 0 1

 . (20)

The load disturbance with 0.1 pu step change appears in
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Fig. 5. The ACE of area 1 in the traditional two-area LFC scheme with
random delays (τi ∈ [2, 8]s)

each Disco (∆PLi = 0.2pu), and Disco 1 in area 1 and 2
as well as Disco 2 in area 3 demands 0.05pu, 0.04pu and
0.03pu as un-contracted loads (∆Pd1 = 0.05pu,∆Pd2 =
0.04pu,∆Pd3 = 0.03pu).

For scenario 4 (S4), at t = 0, a step change of 0.15 pu for
wind power is introduced. Two curves in Fig. 6 display the
variation tendencies of the ACEs in area 1 equipped with K3

and K4, respectively.
For scenario 5 (S5), when the disturbance of wind power is

a random change with 0.1 pu, Fig. 7 shows, in area 1, how
the ACEs controlled by K3 and K4 change.

For scenario 6 (S6), two kinds of time delays are assumed
to be introduced into the deregulated three-area LFC scheme,
i.e., (a) constant time delays τi = 8s, (b) random time delays
τi ∈ [2, 10]s. Meanwhile, the random wind power and load
disturbance are added to the related system, whose values are
given in scenario 5. This scenario is designed to demonstrate
controller K4 which is based on the reconstructed model
behaves the same robustness to time delays as controller K3

does, as both of them are designed with the consideration of
τi = 3s. Therefore, Fig.8 shows the ACEs of area 1 controlled
by K3 or K4. The random delays are expressed in Fig.9 In
this figure, the system responses of area 1 are also recorded
when the random delays are introduced into the transmission
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channels of the deregulated three-area LFC system.
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The integral of the time multiplied absolute value of the
error (ITAE) is defined as

ITAE =

∫ tend

0

t(|ACE1|)dt (21)
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where tend is equal to the simulation time.
The ITAEs are calculated for above six scenarios and they

are listed in Table VI.

TABLE VI
PERFORMANCE INDICES OF ITAE FOR DIFFERENT SCENARIOS

ITAE (Traditional) ITAE (Deregulated)
Scenarios K1 K2 Scenarios K3 K4

S1(a) 9.08 10.42 S4(a) 7.95 9.52
S1(b) 14.66 13.13 S4(b) 8.52 10.65
S2(a) 58.80 58.78 S5(a) 28.66 28.22
S2(b) 83.25 84.24 S5(b) 42.68 42.84
S3(a) 72.92 77.50 S6(a) 32.09 32.90
S3(b) 62.44 65.49 S6(b) 29.05 29.24

As can be seen from Fig.2, both controllers K1 and K2 can
eliminate the ACE within 20s after a step change is introduced
into the traditional LFC scheme. When there is 30% inertial
reduction, K1 and K2 still enable the ACE to be zero. Hence,
the robustness of K1 and K2 to inertial reduction can be
verified. For scenario 2, the random wind power is added to
the traditional two-area power system. Fig.3 confirms that the
almost identified robustness against disturbance of wind power
belongs to K1 and K2 regardless of the inertia being reduced
from 0% to 30%. From Fig.4, although both controllers K1

and K2 are designed considering τi = 3s, their dynamic
performances are not changed obviously when the tested time
delay is given as 5s. Moreover, controller K2 still behaves as
well as K1. Additionally, if the random time delay shown as
Fig.5 are taken into account, same conclusion can be obtained
as the constant time delays introduced into the LFC system.
Therefore, the extremely similar robustness against time delays
is verified between controllers K1 and K2.

Based on Fig.6 and Fig.7, controllers K3 and K4 which
are calculated using standard parameters are verified to have
robustness against system parameter variations. When different
kinds of time delays are assumed in the simulations, Fig.8
and Fig.9 validate both controllers K3 and K4 are tolerated
to time delays. In these two figures, the similar tendency of

curves further shows the reconstructed model proposed in this
paper can be used to develop controllers without reducing their
dynamic performance.

In Table VI, the ITAEs numerically show that, under
traditional environment, there only exists a little difference
between controller K1 and K2. For the deregulated case,
similar conclusion can be obtained for controllers K3 and K4.

V. CONCLUSION

This paper has proposed a novel method to reconstruct the
system model for the power system with wind energy and
time delay. This novel method has been formed by taking
the special features of delayed LFC system into account,
based on which the conservatism contained in the asymptotical
stability criterion has been minimized. More importantly,
this reconstructed method is available for deriving controller
gains. The established asymptotical stability criterion has been
extended to the exponential stability condition, which is able
to guide the design of decay rate-based PID controller for
the delayed LFC scheme with wind power. Based on the
criteria using the novel reconstructed model, the efficiency
of obtaining controller gains has been apparently improved
while guaranteeing their robustness to wind disturbance, tie
line power change and inertia reduction when compared with
the controllers based on the original model.

Case study has been completed using the traditional two-
area power system to validate the merit of reconstructed
model in enhancing the calculation accuracy. Then, in order
to demonstrate the novel reconstructed model can be used to
establish criterion and to design controller gains with high effi-
ciency while keeping their dynamic performance, case studies
are tested on the two-area and three-area LFC schemes under
traditional and deregulated environments, respectively. The
developed controller based on the novel reconstructed model
has been verified to performance as well as the controller
resorting the model before reconstruction.

Since the power systems become increasingly interconnect-
ed, the wide-area damping control systems (WADCs) using
remote feedback signals is an alternative method to address
the low-frequency inter-area oscillation. The WADCs utilize
remote signals as inputs, which relies on the communication
networks to transmit the signals and therefore, the feedback
signals of wide-area controllers are also time-delayed in-
evitably. This scenario is similar to the LFC system with
communication delays. As a result, the presented approach
based on the delayed LFC scheme can be extended to the
delay-dependent stability analysis of WADCs involving time
delays with improved computation efficiency. Moreover, it is
also applicable that the proposed approach is used to determine
the controller gains of WADCs with less time consumption
while guaranteeing their dynamic performances unchanged
obviously.

APPENDIX I
The parameters that are required in the traditional two-

area LFC scheme with each area containing one generator,
are listed in Table VII. Also, the deregulated three-area LFC
scheme is parameterized in Table VIII where one area contains
two Gencos and Discos.
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TABLE VII
TRADITIONAL TWO-AREA LFC SYSTEM AND EACH AREA INCLUDING ONE

GENERATOR

Parameters Tt Tg R D β M α T12

Area1 0.30 0.10 0.05 1.00 21.0 10 1.00 0.1968
Area2 0.40 0.17 0.05 1.50 21.5 12 1.00

TABLE VIII
DEREGULATED THREE-AREA LFC SCHEME AND EACH AREA INCLUDING

TWO GENCOS AND DISCOS

Parameters (k − i: k in area i) Areas
1-1 2-1 1-2 2-2 1-3 2-3 1 2 3

Tt 0.32 0.30 0.30 0.32 0.31 0.34 M 0.1667 0.2084 0.1600
Tg 0.06 0.08 0.06 0.07 0.08 0.06 D 0.0084 0.0084 0.0080
R 2.4 2.5 2.5 2.7 2.8 2.4 β 0.4250 0.3966 0.3522
α 0.5 0.5 0.5 0.5 0.6 0.4 Tij T12=0.2450 T13=0.212 T23=0
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